ON THE DEGREE POLYNOMIAL OF GRAPHS

lan C. George

Submitted in partial fulfillment of the requirements
for the degree of Master of Science

at

Dalhousie University
Halifax, Nova Scotia
July 2023

(© Copyright by Ian C. George, 2023



Table of Contents

List of Tables . . . . . . . . . . . iv
List of Figures . . . . . . . . . . . . . .. . v
Abstract . . . . . . . ix
List of Abbreviations and Symbols Used . . . . . .. ... ... .. ... X
Acknowledgements . . . . .. . ... xi
Chapter 1 Introduction . . . ... ... ... ... ... ... . 1
1.1 Basic Graph Theory . . . . . . . .. .. ... ... ... 1
1.2 Graph Polynomials . . . . ... ... .. ... ... 6

1.3 The Roots of Polynomials . . . . ... ... ... ... ........ 12
Chapter 2 The Degree Polynomial . . ... ... .. ... ...... 25
2.1 Definition . . . . . . . ..o 25
2.2 Observations. . . . . . . . . . . 26
2.3 Degree Polynomials of Some Families of Graphs . . . . . . ... ... 33
2.4 Outline of the Thesis . . . . . . . .. .. ... ... ... ..., 39
Chapter 3 Roots of the Degree Polynomial . . . ... ... ... . . 41
3.1 Degree Roots . . . . . . . . 41
3.2 Density of Degree Roots . . . . . . .. .. ... ... ... 47
3.3 Degree Roots and Graph Parameters . . . . . ... ... ... .... 50
3.3.1 Order of Graphs . . . . . ... ... ... . 50

3.3.2 Maximum Degree of Graphs . . . . . . . ... ... ... ... 63

3.4 Degree Roots for Some Families of Graphs . . . . ... ... ... .. 65
341 Trees . . . . oL 65

3.4.2 Complete Graphs with a Leaf . . . . . .. ... ... .. ... 74

3.4.3 Anti-Regular Graphs . . . . . .. ... ... ... .. .. ... 85

3.4.4 Complete p-Partite Graphs . . . . . . . ... ... ... .... 90

i



Chapter 4 Conclusion . . . . . . . . . . ... ... ... ... 96

4.1 Open Problems . . . . ... ... . 96
4.2 Generalizations . . . . . ... Lo 99
4.2.1 Directed Graphs . . . . .. ..o oo 99

4.2.2  Multivariable Polynomials . . . . ... .. ... .. ... ... 100

4.3 Concluding Remarks . . . . . . . ... ... L. 101
Bibliography . . . . . . . . 103

1l



List of Tables

2.1 Some degree polynomials of graphs. . . . . .

4.1 Rational degree roots for graphs of small order

v



List of Figures

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

1.10

1.11

1.12

1.13

1.14

The empty graph with vertices 0,1,....n—1. . . . . . .. . ..
The complete graph with vertices 0,1,....n—1. . . . .. . ..
The path graph with vertices 0,1,....n—1. . . . . . . ... ..
The cycle graph with vertices 0,1,....n—1.. . . . . . .. ...
The star graph with vertices 0,1,....n—1. . . . . . . .. ...
The complete bipartite graph K, . . . . . . . . ..o

Examples for the above graph operations, taking G = P3 and
H = P,. Top row, left to right: GUH, G+ H, G® H. Bottom
row, left to right: G[H|, GO H,Gx H. . ... ........

An example graph to illustrate various degree related concepts.

This graph has A =4, § = 0, and degree sequence 4, 3,2,2,1,0.

The graph Cj with labelled vertices and edges. . . . . . . . ..

A portion of the polynomial f(x) = 22° — 3z* — 1923 + 3322 +
172 —30. In the case of this polynomial, the number of positive

(negative) roots of f(x) is precisely the number of sign changes
in the coefficients of f(z) (f(—x)). . ... ... ... ... ..

A portion of the polynomial g(z) = z* — 6% + 92% — 62 + 8.
While there are four sign changes in the coefficients of g(x),
there are only two positive roots. . . . . . . . ... ... ...

The roots of g(z) = 825 + 8iz* — 112% 4222 + (2 4+ 2V/3i)z — 3
(red), and the modulus bound |z| < 2 on these roots found with
Theorem 1.3. . . . . . .. ... oo

The roots of the polynomial p(x) (red), and the annulus that
bounds them as determined from Theorem 1.5. The inner ra-
dius of the annulus is 1/2, while the outer radius is 4/3. . . . .

Roots of the polynomials P;(z) = (z — 1)at + x(z — 1)! + 22,
for 1 <t < 100 (red). In blue are the limits of these roots
found using the BKW Theorem (Theorem 1.6): S; U Sy U S3U
{3 e ™3

13

15

17

18



1.15

1.16

2.1
2.2
2.3

2.4

2.5

2.6

2.7

2.8

2.9
2.10

2.11

3.1

Roots of the polynomials P,(z) = (tz + 1)z + t*(z — 1), for
1 <t <80 (red). In blue are the limits of these roots found
using the extension of the BKW Theorem (Theorem 1.7). . . .

Left: the roots of the polynomial p(x) = 2%+ 223+ 322+ 5z +1.
Each root lies to the left of the origin, a fact shown with the
Hermite-Biehler Theorem. Right: the roots of the polynomial
p(z) = x*+ 223+ 222 + Tz + 6. This polynomial has roots to the

right of the origin, as shown with the Hermite-Biehler Theorem.

The graphs G, G, and their degree polynomials. . . . . . . .
A disconnected graph and its degree polynomial. . . . . . . . .

The graphs Gy, G, and the generalization G; form the family
{Gi}2o. The degree polynomial of G, is easily found to be
D(Gur)=a" + 4> +4x. . .. ..

Two graphs having the same degree polynomial 323 + 222 + 5,
and hence the same degree sequence, that have very different
structures. They do not share the same diameter, chromatic
number, cycles, or connectedness. . . . . .. ... .. ... ..

The first four graphs of the family {A;}, from t = 1 to ¢t = 4,
and their degree polynomials. . . . . . ... .. .. ... ...

Two examples of hydrocarbon/alkane graphs. The left hydro-
carbon has four carbon vertices (ten hydrogen), and the right-
most has five (and 12 hydrogen). . . . ... .. .. ... ...

Two example half-wheels, using cycles Cy and Cg. . . . . . . .

Two complete p-partite graphs. Left: the complete 3-partite
graph Ky o3. Right: the complete 4-partite graph Kss91. . . .

The first three graphs from the family {Y,}: Y4, Y5, Y.

The four smallest C'L,, graphs, constructed by attaching a leaf
to complete graphs. . . . . . ... oo

Examples of anti-regular graphs and their degree polynomi-
als. Top, left to right: H,, Hs, Hy, H5. Bottom, left to right:
HS HS HS HE. o oo o

Degree roots for graphs from orders two to ten. Beginning with
order two in the top left, each plot shows all degree roots for
graphs of order n, ending with order ten in the bottom right. .

vi

23

24

26
26

27

28

35

36
36

37
37

38

40

43



3.2

3.3
3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11
3.12

3.13

3.14

3.15

3.16

Left: a multigraph M with D(M;z) = 2* + 2® + z. Right: a
simple graph G with degree polynomial D(G;x) = 3D(M;x),
formed through the process described in Proposition 3.2. . . . 45

Schematic of the construction of the graph F. . . . . . .. .. 48

Top left: degree roots of (simple) graphs for n = 4. Top right:
degree roots of multigraphs of order n = 4, allowing a maximum
edge bundle size of 3. Bottom: roots of polynomials belonging
to Zso|x] whose sum of coefficients is 4, and whose degrees are
atmost 9. . ... 52

Three examples of graphs formed from adding a universal vertex
to Ko, with a perfect matching removed. These graphs have
degree roots at —(n — 1), where n =2k +1. . . . . ... ... 57

Construction of disconnected graph with root at —(n—1), made
by taking the union of P; and copiesof P,. . . . . . . .. ... 58

The four graphs of order n = 7 with degree polynomial z* + 623. 59

Left: one of the 28 graphs of order n = 9 with degree polynomial
24823, Right: one of the 20 graphs of order n = 9 with degree
polynomial 26 +8x°. . . . . .. ... ... 60

Three graphs having imaginary degree roots with largest possi-
ble modulus. . . . . . . ... 61

Two cycles Cs and C} intersecting on a single vertex. Setting
n = s+t — 1, this graph has degree polynomial z* + (n — 1)z%. 62

Degree roots for trees of orders three through eighteen. . . . . 66

Degree roots for trees of orders three through eighteen that have

A< e 71

Roots of D(T; x) for trees T with t vertices of degree k, and the
rest being leaves, where 1 <t <10 and 2 < k <40. . ... .. 75

Roots of D(T;z) for trees T with ¢ = 4 vertices of degree k,
2 < k <40, and the remaining vertices being leaves. . . . . . . 75

Roots of D(T;x) for trees T with ¢ vertices of degree k = 6,
for 1 <t < 40. There are five non-zero limit points of the
roots, which lie on and are approached along the rays that pass
through the 5" roots of —1. . . . . . . . ... ... ...... 76

All roots of D(C'Ly;z) for 2 <m <50. . ... ......... 7

vii



3.17

3.18

3.19

3.20

4.1

4.2
4.3

The roots of D(C'L,;x) for 2 < n < 50 that are contained in
the unit circle. The roots appear to be converging outward to
the unit circle as n increases. . . . . . . . .. ...

The roots of D(C'L,;z) for 2 < n < 50 on the real line (or at
least seeming to bereal). . . . . . ...

Degree roots for anti-regular graphs, up to order n = 50. (Top)
All roots of D(H,,; x). (Bottom) All roots of D(HS; ). In each
plot, roots for even n are shown in red, and roots for odd n are
shown in blue. Note the property that each root of the bottom
plot is a reciprocal of a non-zero root of the top plot, and vice

Degree roots for some complete p-partite graphs which have the
form a; = sj for s > 1. Top left: the roots for p = 10, s = 1.
Top right: the roots for p = 6, s = 2. Bottom left: the roots
for p = 8, s = 3. Bottom right: the roots for p = s = 4. In

each plot, the blue circle is the circle |z| = (2p + 1)1%5, which is

a bound on the modulus of the roots that will be discussed later. 92

Degree roots for some small values of n (red). The blue curves

show |z| = n — 1, while the green curves are |z| = (n — 1)’%|. .
A directed graph ﬁ .......................
A multigraph H with labelled vertices and edges. . . . . . ..

viil

98



Abstract

Graph polynomials encode graph theoretic information in the form of polynomials.
These polynomials have been of interest for decades, for both graph theoretic insight
and their mathematical properties. This thesis discusses one particular graph polyno-
mial: the degree polynomial. This graph polynomial encodes the degree sequence of a
graph, and has only recently appeared in the literature. We begin by examining basic
properties of the degree polynomial, including some special evaluations. Much of our
focus is on roots of the degree polynomial: we explore how these roots are related
to the roots of polynomials with non-negative integer coefficients, their density, and
how they are impacted by restricting certain graph parameters. The latter leads us
to bounds on the roots in terms of graph order. We also study the roots of degree
polynomials for a few families of graphs, as we are able to say much more about their
roots. Some possible extensions or generalizations of the degree polynomial are also

briefly discussed.
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Notation Description

V(G)
E(G)
G—e

Dmulti
Sn

The vertex set of a graph G.
The edge set of a graph G.

The graph G with an edge e removed, that is V(G — e)

E(G —e) = E(G) — {e}.

The graph complement of G.

The complex conjugate of a complex number z.
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The imaginary component of a complex number z.
The domain of integers.
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The integers greater than or equal to an integer a.

= V(@) and

The polynomials with coefficients that are integers greater than or equal

to an integer a.

The set of all roots of polynomials in a family of polynomials F.

The Degree Polynomial of a graph G, with indeterminate x.

The set of all degree polynomials for graphs in G, a family of graphs.

The set of all degree polynomials for (simple) graphs.
The set of all degree polynomials for multigraphs.
The set of all simple graphs of order n.
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Chapter 1

Introduction

1.1 Basic Graph Theory

We begin simply by defining a graph and its variations, as the terminology for graphs

is not universal across the literature.

Definition 1.1. A multigraph G is an ordered pair (V, E) where V = V(G) is a
(possibly empty) finite set whose elements are called vertices, and £ = E(G) is a
finite multiset of sets of vertices of size two, called edges. G is called simple if an edge
appears in F at most once, ie. if E is a set. The term graph by default will refer to

a simple multigraph, unless specified otherwise.

A graph with n vertices and m edges (i.e. order n and size m) may be referred to as
an (n,m)-graph. Unless otherwise indicated, n and m will stand for the number of
vertices and edges of a graph under discussion. We shall follow [38] for further graph
theory definitions.

Now we list some well known families of graphs. These graphs will repeatedly

appear and prove useful for certain examples, so it is worth defining them here.

e The empty graph O,, = ([n], 0) has vertices [n] = {0,1,2,...,n—1} and no edges.

In other words, O,, consists of n isolated vertices. See Figure 1.1.

® ® ® - - - 0
0 1 2 n—1

Figure 1.1: The empty graph with vertices 0,1, ...,n — 1.

e The complete graphs K,, = ([n], E£) where E = {{i,j} : i < j}. These simple

graphs have n vertices, and every possible edge. See Figure 1.2.



Figure 1.2: The complete graph with vertices 0,1,...,n — 1.

e The path graphs P, = ([n], E), where £ = {{i,i +1} : 0 <7 <n—2}. See
Figure 1.3.

® ® — - - -—o
0 1 2 n—1

Figure 1.3: The path graph with vertices 0,1, ...,n — 1.

e The cycle graphs C,, = ([n], E), where E = {{i,i+ 1} : i € [n]}. The addition

is taken to be modulo n. See Figure 1.4.

e The star graphs S, = ([n], £), where E = {{0,i} : 1 <i<n—1}. See Figure
1.5.

e The complete bipartite graphs K,,, = ([n + m|, E), having edge set
E={{ij} : 0<i<n—1,n<j<n+m—1}. See Figure 1.6.

Let G, H be graphs. Unless otherwise stated, we refer to [38] for the following
graph operations. If V/(G) and V(H) are disjoint, the graph union GU H is the graph

with vertex and edge sets



Figure 1.4: The cycle graph with vertices 0,1, ...,n — 1.

Figure 1.5: The star graph with vertices 0,1, ...,n — 1.

V(GUH) =V(G)UV(H), E(GUH)=EG)UE(H).

If V(G) and V(H) are not disjoint, simply take disjoint isomorphic copies of G, H.
As an example, consider the path graphs G = Ps: G = ({1,2,3},{{1,2},{2,3}}) and
H =Py H=({4,5},{{4,5}}). Then G U H is the graph with vertices {1,2,3,4,5}
and edges {{1,2},{2,3},{4,5}}. If V(G) and V(H) are disjoint, then the graph join
G + H has vertices and edges given by

V(G + H) = V(G)UV(H),



0
n
1
n+1
2
n+m-—1
n—1

Figure 1.6: The complete bipartite graph K, ,,.

E(G+H)=E(G)UEH)U{{g,h} : g€ V(G), h € V(H)}.

If V(G) and V(H) are not disjoint, take disjoint copies as was done for the graph
union. The corona [21] G ® H is formed in the following way: first, take |V (G)|
disjoint copies H, of H. Join each vertex v of G to H,, and the resulting graph is
G @ H. The lexicographic product G[H] is the graph where

V(GH]) = V(G) x V(H),

and

E(G[H]) = {{(9.h), (¢, 1)} : {9,9'} € E(G), or g =g" and {h, '} € E(H)}.
The cartesian product G O H has vertices V(G) x V(H) and edges

{9,9'} € E(G) and h =}, or }

E(GOH)= {{(g,h% AL {h,1'} € BE(H)

The tensor product G x H has vertices V(G) x V(H) and edges

E(G x H) ={{(9,h),(¢". 1))} : {g,9'} € E(G) and {h,h'} € E(H)}.



>
. I><1

%

Figure 1.7: Examples for the above graph operations, taking G = P; and H = P,.
Top row, left to right: GU H, G+ H, G ® H. Bottom row, left to right: G[H],
GUOH,GxH.

[ 1]

See Figure 1.7 for an example of these graph products.

Each operation just outlined is a binary operation of graphs. An important unary
operator of graphs is the graph complement, or simply complement. For a graph G,
its complement, denoted G°, is the graph with the same vertices as G and with edges
e € E(G°) if and only if e € E(G). In other words, two distinct vertices are adjacent
in G¢ if and only if they are not adjacent in G.

For a vertex v of a graph G, the neighbourhood set Ng(v) is the set of vertices

Ne(v) = {u : {v,u} € B(G)}.

That is, Ng(v) is the set of all vertices adjacent to v in G. The degree of v, denoted
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degq(v) (or deg(v) if G is clear by the context), is the number of edges to which
v belongs. If G is simple, then deg.(v) = |Ng(v)|. The maximum degree across
all vertices we shall denote by A(G), or simply A. Similarly, the minimum degree
will be denoted by §(G) or §. Suppose {vy,...,v,} are the vertices of G, and that
d; = deg(v;). If, without loss of generality, the vertices have been labelled such that
di > dy > --- > d,, then the sequence di,ds, ..., d, is called the degree sequence of
G. For example, consider the graph in Figure 1.8. Vertex a has a degree of 4, while
vertex f has degree 0. Furthermore, we have A = 4, § = 0, and the degree sequence

of the graph is 4,3,2,2,1,0.

b ® /

Figure 1.8: An example graph to illustrate various degree related concepts. This
graph has A =4, § =0, and degree sequence 4, 3,2,2,1,0.

1.2 Graph Polynomials

Those who study graph polynomials are concerned with special types of polynomials
that encode graph theoretic information about a graph. Some graph polynomials
were motivated by applications of graph theory, and others are simply derived from a
generating function definition. Let us now give a brief overview of some well known
graph polynomials.

A proper vertex colouring of a graph G with x colours is a function ¢ : V(G) —
{1,2,...,x} such that if {u,v} € E(G), then c¢(u) # c(v). The chromatic polynomial

m(G,x) of a graph G is a polynomial in x that counts the number proper vertex
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colourings of G with x colours [18]. If G is an (n,m)-graph, then 7(G, ) is a monic
polynomial of degree n, with alternating integer coefficients. Due to a theorem of
Whitney [39], the coefficients of 7(G,z) can be expressed in terms of the broken
cycles of G: suppose that b: E(G) — [m] is a fixed bijective map, ie. an ordering of
the edges of G. For any cycle C of G, let e be the edge of C' such that b(e) > b(f) for
all other edges f of C. Then C' — e is a broken cycle with respect to b [18]. Setting h;
to be the number of spanning subgraphs of G with exactly n — i edges, and having

no broken cycles with respect b, the Broken Cycle Theorem [18] says that

n

m(Gx) =) (—=1)""ha'.

i=1
In particular, the coefficient on 2"~' is —m, and the coefficient on 2"~ is () —n(Cj),
where n(Cj3) is the number of subgraphs of GG isomorphic to C3. More information
about G is encoded in the roots of w(G,z): the multiplicity of 0 as a root is the
number of components of G, and the multiplicity of 1 as a root is the number of
blocks [18]. The least positive integer that is not a root is the chromatic number of

G.

Example 1.1. Consider the graph C}, labelled as in Figure 1.9. Before computing the
chromatic polynomial of Cy, we define an ordering of the edges: ab < bec < cd < da.
Cy is a cycle, and thus contains only one broken cycle (with respect to our ordering),
namely the subgraph with edges ab, bc, cd. We can now find the coefficients h; for the
chromatic polynomial: there are three spanning subgraphs with three edges that do
not contain the broken cycle (the other spanning subgraph with three edges is precisely
the broken cycle), namely the subgraphs with edge sets {bc, cd, da}, {cd, da,ab}, and
{da, ab,bc}. Hence, hy = 3. Since the only broken cycle of C, has three edges, we
need not worry about spanning subgraphs containing a broken cycle for hs, hs, or
hy as for these coefficients we count subgraphs with fewer than three edges. It is
therefore easy to see that hy = 6 (every pair of edges forms a spanning subgraph),

hs = 4, and hy = 1. Putting this all together, we have

m(C,) = (=1 Hhaa' + (=1)"Phga® + (=1)'Phaa + (—1)" e

= 2% — 42% + 62% — 3.



ab

da bc

cd
d C

Figure 1.9: The graph C; with labelled vertices and edges.

The reliability polynomial of a graph is useful when studying a graph as a net-
work of communication. For this brief discussion on reliability, we refer to [15]. In
this model vertices are considered to be agents that communicate with each other
through edges, and each edge is independently operational with probability p € [0, 1].
Only operational edges can pass information between agents, and agents are assumed
to be always operational (ie. they cannot fail). There are various notions of graph
reliability, such as two-terminal reliability: for two specified agents a, b, one is con-
cerned with whether or not a and b can communicate, ie. if there is a path between
a and b consisting of all operational edges. This can be naturally extended for &
specified agents. The type of reliability we consider here is all-terminal reliability,
where we wish for all pairs of agents to be able to communicate. That is, the spanning

subgraph with the operational edges contains a spanning tree.

A subset S of the edge set is called a state. Thus a state allows all pairs of agents
to communicate if and only if it contains a spanning tree of the graph, and such a
state is called an operational state. Let N; be the number of operational states with
1 edges. The reliability polynomial is a polynomial in p giving the probability that a

graph has all-terminal communication, and is calculated from the N;:



Rel(G,p) =Y  Np'(1—p)"".
1=0

Of particular interest are methods for computing the reliability polynomial (see, for

example, [28], [5], [23]), or properties of its roots [11].

Example 1.2. Consider again the graph C} from Figure 1.9. Cj4 has one edge subset
of cardinality 4, namely all the edges, which indeed contains a spanning tree. Thus
Ny = 1. We have N3 = 4, since any three edges of Cy form a spanning tree. Any
subgraph of C; with two edges is disconnected, so Ny = 0, and similarly N; = Ny = 0.

Therefore,

Rel(Cy,p) = N3p*(1 — p)*=* + Nyp*(1 — p)**
=4p°(1 —p) +p'
= 4p® — 3p*.

The independence polynomial (or independent set polynomial) 1(G,x) of a graph

is formed by counting the number of independent sets of each possible size ([25]):

I(G,x) =) bp(G)a".

The coefficients b,(G) are the number of independent sets of G of cardinality k (b is
taken to be 1). Thus by = n, by = |E(G°)| = (3) —m, and all non-zero coefficients are
positive integers. The degree of I(G, x) is 3, the independence number of G. Closely
related to the independence polynomial is the cligue polynomial C(G,x): if ax(G) is

the number of cliques of G with order k, then the clique polynomial is

n

C(G,x) = Z ar(G)z".

k=0
Since bi(G) = ar(G°), it is easily seen that I(G, z) = C(G¢, x). As before, the roots
of the independent polynomial are of interest. Such roots are called independence
roots. In [12] it is shown that the modulus of roots of independence polynomials of

graphs of order n and independence number 3 is bounded by (n/3)?~! + O(nf~?).
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A graph is said to be well-covered if all of its maximal independent sets have the
same cardinality [32]. If G is well-covered, then the bound on the moduli of the
independence roots is improved to simply be 8 [8]. Furthermore, the real roots of
independence polynomials are dense in the set of non-positive real numbers, and the

complex roots are dense in C [9].

Example 1.3. We return to C4 to compute its independence polynomial. It is easily
seen that by = by = 0, since any subgraph induced by three or four vertices will
contain an edge. For the other coefficients, we have by = (Z) —m=6—4 = 2,

by =n =4, and by = 1 by definition. Thus the independence polynomial of C} is

1(04, l‘) = szEQ + blflf + b()
=22% + 4+ 1.

Lastly, we mention two other graph polynomials that are generating functions.
First is the domination polynomial: a set of vertices D of a graph G is called a
dominating set if, for any vertex v € V(G), either v € D or v is adjacent to some u €
D. In other words, a dominating set is a set of vertices who, collectively, are adjacent
to every other vertex in the graph [24]. Consider the sequence (so(G), s1(G), ..., $n(G))
where s;(G) is the number of dominating sets of G with i vertices. The domination

polynomial Dom(G,z) is the generating function of this sequence ([2]):

Dom(G,x) = Z si(G)x.

The lowest degree of a non-zero term of Dom(G, x) has exponent v(G), the domina-
tion number of GG, which is the order of the smallest dominating set of G. Hence v(G)
is the multiplicity of the root 0 of Dom(G, x). It is conjectured that the coefficients
of Dom(G,z) form a unimodal sequence for all graphs [2], and several families of
graphs are known for which this holds [2, 4]. Recently it was shown that this holds

for almost all graphs [4], and a counterexample has yet to be found.

Example 1.4. For the cycle Cy, it is clear that sy = 0 and s; = 0 as there is no
universal vertex. We also see that any subset of vertices with at least two vertices

forms a dominating set, hence s, = 6, s3 = 4, and s, = 1. Hence,
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Dom(Cy, x) = s4x* + s30° + 590

= 2% 4 42° 4 627
Another generating function type polynomial is the Wiener polynomial [34):

diam(c)

W(G, x) = ZxdiStG(“’U) = Z ci(G)a'.

i=1
Here, ¢;(G) is the number of pairs of vertices in G that are distance ¢ apart, and the

first sum is taken over all subsets {u, v} of V' of size two. In particular, ¢; = m. Hence
W (G, x) is the generating function of the sequence (c¢1(G), c2(G), ""Cdiam(G)(G))'
This polynomial is closely related to the Wiener index W (G), first defined by Harry
Wiener [40] for use in chemistry. If D is the distance matriz of G (the matrix whose
(,7)-th element is the distance from vertex i to vertex j), the Wiener index is de-
fined to be W(G) = (1/2)32,,; Dy; [31]. If an alkane (hydrocarbon) molecule is
represented with a graph by having vertices and edges represent atoms and chemical
bonds respectively, then the Wiener index gives insight to the boiling point of that

molecule [31]. Two notable evaluations [34] of the Wiener polynomial are

W@ =y 1= (’;)

and

WG, 1) = distg(u,v) = W(G).
Example 1.5. Once again, we will use Cjy to illustrate the Wiener polynomial. The
pairs of vertices which are adjacent are {a, b}, {b, c},{c,d}, and {d,a}. Hence, ¢; = 4.
The only remaining pairs of vertices are the corners of Cy, or {a,c} and {b,d}, both
of which are distance two apart. Thus ¢, = 2, and all other coefficients are zero.

Therefore,

W(Cy, 1) = co2® + 1
= 227 + 4x.
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1.3 The Roots of Polynomials

In this section we highlight some results concerning the roots of polynomials. This
is a rich area of study, so we will focus on what will be useful for us later on. A
complex number z € C is called a root (or zero) of a polynomial f(x) if f(z) = 0.
Every polynomial we will encounter will be a real polynomial: a polynomial whose
coefficients are all real. Thus it is worth recalling that if z is a non-real root of a real
polynomial f, then the complex conjugate Z is also a root of f.

A useful result for counting the number of positive (or negative) roots of a poly-

nomial is Descartes’ Rule of Signs (see, for example, [3]):

Theorem 1.1 (Rule of Signs). If f(z) = ap2"™ + ap_ 12" 1 + -+ + a1z + ag is a real
polynomial, then the number of positive roots (counting multiplicity) of f(x) is equal
to the number of sign changes in consecutive (non-zero) coefficients of f(x), or less

than that amount by an even number.

A corollary is that the number of negative roots of f(x) is found by counting the sign

changes of f(—x). Let us demonstrate this with a few examples.

Example 1.6. Consider the polynomial f(z) = 22° — 32* — 1923 + 332% + 17z — 30,
shown in Figure 1.10. Quick inspection reveals three changes in sign of the coefficients:
2 - =3, =19 — 33, and 17 — —30. Therefore by the Rule of Signs, f(z) has
three positive roots or just one. In fact f(z) has three positive roots: z = 1,2,5/2,

substantiated by Figure 1.10. For the negative roots of f(z), we examine

f(=z) = 2(—2)® = 3(—2)* = 19(—2)* + 33(—2)* + 17(—2) — 30
= —22° — 32* +192% + 3327 — 17z — 30.

There are two changes of sign in the coefficients of f(—z): —3 — 19, and 33 — —17.
Thus f(z) has either two negative roots or none. Figure 1.10 reveals that there are

two negative roots: r = —1, —3.

Example 1.7. Now consider the polynomial g(z) = 2*—623+922—6x+8, as in Figure
1.11. There are four sign changes in the coefficients: 1 - —6, -6 — 9, 9 — —6,

and —6 — 8, so by the Rule of Signs g(z) either has four, two, or zero positive roots.
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b2
1

Figure 1.10: A portion of the polynomial f(x) = 22° — 3z% — 1923 4 3322 + 17z — 30.
In the case of this polynomial, the number of positive (negative) roots of f(x) is
precisely the number of sign changes in the coefficients of f(z) (f(—z)).

We will use elementary arguments from calculus to deduce the number of positive
roots of g(z), rather than relying on the plot of g(x). First, we eliminate the choice

of having zero positive roots:

and

9(3) = (3)" = 6(3)° +9(3)* — 6(3) + 8
= —10.

Therefore, by the Intermediate Value Theorem (IVT), ¢g(z) must have a root in the
interval (1,3). Furthermore, we now know g(z) has either four or two positive roots.

Consider ¢'(x) and ¢"(x):
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g (x) = 42 — 1822 + 18z — 6,

g"(z) = 122 — 361 + 18.
By the Rule of Signs, ¢’(x) has one or three positive roots. Solving ¢”(x) = 0 gives
the two critical points of ¢'(x):

3+43 3—-V3

5 T T

Simple calculation reveals that the value of ¢’(x) at these critical points is less than

Tr =

g'(ml)—4<3+\/§) — 18 <3+2\/§> 18 <3+\/§) -6
- %(54—30@) -~ 2(12 —6V3)+27-9V3 -6
=3vV3-6
< 0,
and

g (z2) =4 (3 _2‘/§> —18 <3 _2\/3) +18 (3 —2\/3) —6

1 9
= 5(54+30\/§)—5(12+6\/§)+27+9\/§—6
= -3V3 -6

< 0.

Since each critical point of ¢'(z) is located below the z-axis, any local maximum of
¢'(x) must be below the z-axis. But deg(¢'(z)) = 3 and ¢'(x) has positive leading
coefficient, so we conclude that ¢’(z) can only have one real, and thus one positive,
root (the only way to have three real roots would be to have a local maximum on

or above the z-axis). Consequently, g(x) has only one critical point for positive .
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Figure 1.11: A portion of the polynomial g(z) = z* — 62® + 922 — 62 + 8. While there
are four sign changes in the coefficients of g(z), there are only two positive roots.

But g(x) has positive leading coefficient, so g(x) > 0 for all sufficiently large x. Since
g(1) > 0 and ¢g(3) < 0, as = increases along the positive z-axis g(x) initially decreases,
but then must eventually increase without bound. Thus the positive critical point of
g(x) must be a local minimum located at some x > 1. Furthermore, the minimum
must be below the z-axis, as if not we could not have g(x) being negative for any
x > 1. Hence, g(z) has at least two positive roots: one in the interval (1,3), and
the other in the interval (3,00). However, there cannot be any more positive roots
since there is only one positive critical point (local minimum). Any other roots would
require g(z) to “bend” in order to touch the z-axis, resulting in additional critical

points. Therefore, g(z) has exactly two positive roots.

Another kind of root counting theorem is Rouché’s Theorem [29], which relates

the number of zeros of two analytic functions inside a region of the complex plane.

Theorem 1.2 (Rouché, [29]). Let P(z) and Q(z) be functions that are analytic on
the interior of a simple, closed Jordan curve C. If P(z) and Q(z) are continuous on
C and |P(2)| < |Q(2)| on C, then P(z) + Q(z) and Q(z) have the same number of

zeros in the interior of C.
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In many cases we may want to bound the roots of a polynomial. The following
theorems give circular bounds to all roots of a polynomial, that need not be a real

polynomial.

Theorem 1.3 (Cauchy, [29]). Let g(z) = co+crz+...4+¢p12" "1 +¢,2™ be a polynomial
with complex coefficients, ¢, # 0, and set h(z) = |cp|2" — |cn1]z" =+ —]c1]z —|col-
Then all the zeros of g(z) lie in the circle |z| < r, where r is the unique positive root

of the equation h(z) = 0.

Example 1.8. Consider the complex coefficient polynomial

g(z) = 82° + 8iz* — 1123 4+ 222 + (2 + 2V/3i)z — 3.

Finding all roots of this polynomial would prove difficult, but Cauchy’s bound restricts

the roots to a small domain: let h(z) be the polynomial

h(z) = |8]2% — [8i]z* — | — 11|2% — [2]2% — |(2 + 2V/3i)|z — | — 3]
=820 — 82" —112% — 222 — 42 — 3,

which admits the factorization

h(z) = (22 — 3)(42° + 62" + 52° + 222 + 22 + 1).

3

Thus h(z) has the positive root 7 = 5, and the modulus of any root of g(z) cannot

exceed 2. See Figure 1.12 for the roots of g(z) and this bound.

Sometimes it may not be ideal to try and find the positive root r of h(z), as even
that could be difficult. However, since the root is unique and h(z) has positive leading
coefficient, if we find some positive value zy such that h(zg) > 0, then all roots of
g(z) satisfy |z| < xo. Finding such a value xy only requires testing some reasonable
points, so a strict bound like this can be much easier to obtain.

The following theorem provides a bound which is much easier to compute than
that from Theorem 1.3. However, it is not always as useful, as illustrated in Example

1.9.
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Figure 1.12: The roots of g(z) = 82° + 8iz* — 112% 4222 + (24 2/3i)z — 3 (red), and
the modulus bound |z| < 2 on these roots found with Theorem 1.3.

Theorem 1.4 (Cauchy, [29]). Let g(z) = co+crz+...4+¢,12" ¢, 2" be a polynomial
with complex coefficients, ¢, # 0. Then any root z of g(z) satisfies

2] <1+ max {ex/cnl}-

Example 1.9. Recall the polynomial g(z) from Example 1.8. It is not difficult to
see that maxg<,_1{|ar/a,|} = | — 11/8| = 11/8. Thus all the roots of g(z) lie in the
circle of radius 1 + 11/8 = 19/8. While true, the bound from Theorem 1.3 gives a

much tighter bound on the modulus of the roots.

An advantage of the previous theorems is that they apply to any polynomial with
complex coefficients. However, for specific types of polynomials it may not give a
tight or interesting bound. For polynomials that have real and positive coefficients,

there is the following result.

Theorem 1.5 (Enestrom-Kakeya, [19], [27]). Consider the following real polynomial
p(x) = apa™ + ap_ 12" + -+ -+ ayx + ag where each a; is positive. Let q, = aj_1/ay,

for 1 < k <mn. Then any root z of p(x) satisfies
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Figure 1.13: The roots of the polynomial p(z) (red), and the annulus that bounds
them as determined from Theorem 1.5. The inner radius of the annulus is 1/2, while
the outer radius is 4/3.

min{g} < |z] < max{g,}.

Example 1.10. Consider the polynomial p(z) = 32°% 4 22° + 22 + 323 + 222 + 2 + 1.
Then the ¢;’s are 2/3, 1, 3/4, 4/3, 1/2, and 1. Therefore the roots z of p(z) satisfy

<zl <

?

N | —
[GCRTN

as verified in Figure 1.13.

The next result concerns limits of the roots to polynomials in certain polynomial
sequences. If pi(x), pa(x), ..., or {p:(x)}, is a sequence of polynomials, then z is a limit
of the roots of {p;(x)} if there is a sequence {z;} such that p;(z;) = 0 for each ¢ and

2y —> 2.

Theorem 1.6 (Beraha-Kahane-Weiss, [6]). Suppose {P;(z) : t € N} is a sequence of

polynomials having the form
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Pix) = 3 ay(a)hy )

for some functions o; and \;, satisfying the following non-degeneracy condition: there
is no constant w, with |w| =1, such that \; = wA; for some i # j. Then z is a limit
of zeros for {Py(x)} if and only if the a;’s, \;’s can be reordered such that at least
one of the following holds:

Lo M(2)] > N(2)], 2<j<s, and a;(z) =0
2. M) =1E@)] == )| > |N(=)], I+1<j5<s, for some | >2.

Example 1.11. Consider the sequence of polynomials {P;(x)}, where

Pi(z) = (v — D' + z(z — 1)" + 22
These polynomials are quickly seen to be of the correct form to apply Theorem 1.6,
the BKW Theorem. Letting ay(x) =z — 1, ao(z) = z, az(z) = 2%, and A\ (z) = z,
Xo(z) =2 — 1, A\3(z) = 1, we have

Py(z) = ar ()M (2)" + ao(2) Ao ()" + as(x) A3(2)".

Furthermore, there is no w with |w| = 1 such that \; = wA; for i # j. It is acceptable
to permute the indices of the «;’s and A;’s, as our labelling was arbitrary. To find
the limits of the roots of these polynomials, we check conditions 1) and 2) from the

BKW Theorem (1.6) across all possible index permutations.
Condition 1.

o |z| > |z—1], |z2] > 1, and z—1 = 0. The last equality gives z = 1, which contra-

dicts the inequality |z| > 1. Therefore no complex z satisfies these conditions.

e [z—1| > |z|, |z =1 > 1, and z = 0. Since z = 0 contradicts |z — 1| > 1, we

again find no root limits.

1>z, 1 >]z—1], and 22 = 0. But 22 = 0 implies z = 0, contradicting

1> |z —1]. So once again, we obtain no root limits.
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Condition 2.

e |z| = |z — 1] > 1. The equality may be interpreted as being all z that are

equidistant from 0 and 1. That is, all z with real part equal to % Therefore

the solutions to these constraints are precisely elements of the set

Slz{ze(C ; Re(z):%, |z\>1}.

e |z — 1| =1 > |z|. The equality describes the points of a circle in the complex
plane of radius 1, centered at 1. The inequalities 1 > |z| and |z—1| > |z]| restrict
solutions to be on the interior of the unit circle, and with real component less
than %, respectively. Formally, |z — 1| = 1 implies z = 1+ €%, and z lying inside

the unit circle is equivalent to z having real part equal to %, which is equivalent

to 6 € (27”, 4?”) Therefore all z satisfying these constraints are
, 2m A4
Sp=22€C :z2=1+¢% 0= —)}.
33
e 1 = |z| > |z — 1]. These constraints are similar to the previous, giving the

following solutions: z must lie on the unit circle, and be interior to the circle of
radius 1 centred at 1 (equivalent to having a real part greater than ). In other

words, the solutions are

ng{ze(C : z:ei",ee(%ﬁ,g)}.

e |z—1| = |z| = 1. There are only two points satisfying this constraint: the points
where the unit circle and circle of radius 1 centered at 1 intersect. Precisely,

these are the points €™/® and e~™/3. In fact, these are the points that were
missed by Sy and S, in the sense that the union Sy U Sz U {e™™/3 e=/3} forms

a continuous closed curve in the complex plane.

Therefore the limits of the roots of { P;(x)} are the points S;US,US3U{e"™/3 e~i"/3}
(see Figure 1.14).
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B
(ot

Figure 1.14: Roots of the polynomials Pi(z) = (x—1)x!+z(x—1) 422, for 1 < ¢ < 100
(red). In blue are the limits of these roots found using the BKW Theorem (Theorem
16) Sl U SQ U 83 U {6”’/3, 6_”/3}.

While powerful, the BKW Theorem suffers limitations. For example, it does
not apply to polynomials P;(xz) whose coefficients depend on t. Polynomials like
this frequently appear when studying graph polynomials, prompting the following

extension of the BKW Theorem to handle the root limits of some of these sequences.

Theorem 1.7 ([10]). Suppose {P,(x)} is a sequence of analytic functions where

Py(z) = oy (t; 2) M1 ()" + ao(t; 2) Mo ()"

are such that the \; are analytic, non-zero, and A\ # w\s for some unit constant

w € C, and the oy have the form

a;(t; ) =t 4,(x) + 17 g g1 () + -+ g (z) + gio().

The functions q; ; are assumed to be analytic, and q; 4, non-zero. Then z € C is a

limit of the zeros of { P(x)} if either of the following hold:
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Lo [A(2)] > |Xae(2)] and qia,(2) =0, or |Xa(z)] > [A(2)| and g24,(2) = 0.

2. |M(2)] = |A2(2)] > 0 and at least one of q1.4,(2), q2.4,(2) is non-zero.

Let us give a simple example of an application of this theorem.

Example 1.12. Consider the polynomial sequence {P;(x)} where

Pi(x) = (tz + D2’ + t*(z — 1)

Writing P;(z) in the required form to apply Theorem 1.7, we have Ai(z) = =z,
ai(t;r) =tr+1, A\y(z) = x—1, and ay(t;x) = ¢2. Thus d; = 1 and ¢q;1(x) = z, while
dy = 2 and go2(x) = 1. Now it is straightforward to find the limits of the roots, using
Theorem 1.7:

Condition 1.

e |z| > |z —1] and ¢ 1(2) = 0. Thus z = 0, contradicting the inequality.

e |z — 1| > |2] and ga2(2) = 0. This would imply 1 = 0, a clear contradiction.
Condition 2.

e |z| = |z — 1] > 0, and at least one of ¢y (%) and ¢22(%) is non-zero. This is

easily seen to be satisfied by the points z = % +1ib, b e R.

Therefore, the limits of the roots of {P,(z)} is the line of points {3 +ib : b € R}
(see Figure 1.15).

Next, we discuss the Hermite-Biehler Theorem (see, for example, [37]). This
theorem concerns polynomials which have all their roots lying in the closed left-half-
plane (LHP). First, some definitions are needed. A polynomial is considered Hurwitz
quasi-stable, or simply stable, if each of its roots lies in the closed LHP. That is, if
Re(z) < 0 for each root z. A polynomial is called standard if it is identically zero, or
its leading coefficient is positive. Let f(z), g(z) be real polynomials only having real

roots, where u; < --- <, are the roots of f(x) and v; < --- < v, are the roots of
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Figure 1.15: Roots of the polynomials P;(x) = (tz + 1)z’ + t*(x — 1)!, for 1 < ¢ < 80
(red). In blue are the limits of these roots found using the extension of the BKW
Theorem (Theorem 1.7).

g(x). We say f interlaces gif m =n+1and vy <uy <wvy < -+ <y < Vg, OF
that f alternates left of gift m =n and uy < vy <wuy <--- < wu, <wv,. In either case,
we say f < g. The following theorem gives necessary and sufficient conditions for a

polynomial to be stable.

Theorem 1.8 (Hermite-Bichler). Let p(z) = p.(z?) + zpo(z?) be a real, standard
polynomial. Then p(z) is stable if and only if p.(z),po(x) are standard, have only

non-positive roots, and p,(x) < pe(x).
The following examples show how this theorem may be used.

Example 1.13. Consider the polynomial p(z) = z* + 223 + 32% + 52 + 1. Does
p(z) have a root in the open right-half-plane (RHP)? First, let us write p(x) =
pe(2?) + xpo(2?), so that p.(z) = 2* + 3z + 1 and p,(z) = 2z + 5. We immediately
see that both p.(z) and p,(z) are standard as they have positive leading coefficient.
Letting v; 2 be the roots of p.(z) and u; be the root of p,(z), we have

_3-V5 3445

V] = ————, U2 5

2



24

and u; = —5/2. Each root is non-positive, and v; < u; < ve. Hence, p,(z) < pe(z).
Therefore, by the Hermite-Biehler Theorem, all roots of p(z) are located in the closed
LHP, and thus p(z) has no roots in the open RHP. See Figure 1.16 for the location

of the roots.

Example 1.14. Consider the polynomial p(z) = z* + 22 + 22% + 7x + 6. Writing
p(z) = pe(x?)+2p,(2?), we find p.(z) = 22 +22+6 and p,(x) = 22+7. The only root
of po() is non-positive and real, but the roots of p,(z) are —144+/5. Since these roots
are non-real, we cannot say that p,(x) < pe(z). Therefore, by the Hermite-Bichler
Theorem, p(x) has roots in the open RHP. Solving for the roots of p(z) reveals it has
the roots (1 £ 4v/11)/2, which lie in the open RHP. This can be seen in Figure 1.16.

054 0.5+

Figure 1.16: Left: the roots of the polynomial p(x) = z* + 22® + 32? + 5x + 1. Each
root lies to the left of the origin, a fact shown with the Hermite-Biehler Theorem.
Right: the roots of the polynomial p(z) = z* + 223 + 22% + 7z + 6. This polynomial
has roots to the right of the origin, as shown with the Hermite-Biehler Theorem.



Chapter 2
The Degree Polynomial

2.1 Definition

We now define the degree polynomial of a graph. Unless otherwise stated, all graphs
considered will be simple. Given an (n,m)-graph G, let ax(G) (or aj) denote the
number of vertices of degree k in G. Furthermore, let § and A denote the minimum
and maximum degrees of G, respectively. We define the degree polynomial D(G; x) of
G to be the generating function for the sequence (ao(G), a1(G), ..., an—1(G)). In other

words,

n—1 A

D(G;z) = Zakxk = Zakxk = Zmdeg(”)

k=0 k=6 veV
Such a graph polynomial has been previously defined independently by a number of

researchers ([13], [26]). By D and D, we denote the set of degree polynomials for
simple graphs and multigraphs, respectively. If F is a family of graphs, then we use
D(F) to denote the set of all degree polynomials for graphs in F with indeterminate

x. Let us illustrate the definition of this polynomial with some examples.

Example 2.1. In Figure 2.1 we show two graphs, G; and G5, and their degree
polynomials. (G; contains two vertices each of degree two and three, so its degree
polynomial is D(Gy;z) = 22° + 222 G5 has a vertex of degree four, two vertices of

degree three, and four leaves, and thus D(Go;x) = 2t + 223 + 4x.

Example 2.2. There is no additional difficulty even if the graph is disconnected. As
in Figure 2.2, we form the degree polynomial simply by counting degrees across each

component to obtain D(G;x) = x° + 42 + 5x + 3.

Example 2.3. Sometimes a family of graphs has enough structure to form a general

expression for their degree polynomials. Consider the following family of graphs: let

25
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P X

D(Gy;x) = 22 + 222 D(Ga;x) = 2* + 22° + 4x

Figure 2.1: The graphs GGy, G4, and their degree polynomials.

A

D(G;x) = x° + 4a* + 5x + 3

Figure 2.2: A disconnected graph and its degree polynomial.

Gy = S5. Let GG be the graph made from adding a leaf to each leaf of Gy. In general,
let G be the graph formed by adding a leaf to each leaf of G;_;. Thus G, has a single
vertex of degree four connected to four distinct paths, each ending in a vertex of
degree one. Each of the four paths contributes ¢ vertices of degree two, and therefore

we find D(Gy; x) = z* + 4t2? + 4.

2.2 Observations

Graph polynomials encode graph theoretic information in the form of a polynomial.
For example, the chromatic polynomial encodes information about the number of ver-
tices and edges, cycles, block number, colourability, etc. [18]. The degree polynomial
encodes precisely the degree sequence of a graph, and hence the same information as

the degree sequence. If dy > dy > --- > d,, is the degree sequence of a graph G, then



27

“ 1

Figure 2.3: The graphs Gy, G1, and the generalization G; form the family {G;}{°,.
The degree polynomial of Gy is easily found to be D(Gy; x) = a* + 4tz? + 4a.

D(G;z) = Y x%. Conversely, if G has degree polynomial D(G;z) = Eﬁ:5 apxk
then

AL AL+ L0+ 1,6, ...,0
—— —_———— ——
an as41 as
is the degree sequence of GG. In the following example we illustrate the lack of graph

theoretic information encoded by degree polynomials/degree sequences.

Example 2.4. The two graphs shown in Figure 2.4 have the same degree polynomial
323 + 2% + 5x, yet bear different structural properties and are non-isomorphic. The
graph on the left is connected, has a diameter of 5, and is a tree, thus is bipartite and
has no cycles. In contrast, the graph on the right is disconnected, thus has infinite
diameter, has a cycle C3, and has chromatic number 3. Hence, degree polynomials

cannot encode such graph theoretic information.

For the question of whether or not a given polynomial is degree-graphic, that is if
it is the degree polynomial of some graph G, there of course is the necessary condition
that all its coefficients are non-negative integers. Given such a polynomial, we can
extract a sequence of non-negative integers from the coefficients and exponents as
described above. Viewing this sequence as a possible degree sequence, we recall the

Erdos-Gallai theorem which gives the answer to this problem:

Theorem 2.1 (Erdos-Gallai, [14]). A sequence of non-negative integers dy > -+ > d,
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Figure 2.4: Two graphs having the same degree polynomial 322 + 222 + 5z, and hence
the same degree sequence, that have very different structures. They do not share the
same diameter, chromatic number, cycles, or connectedness.

is graphic (the degree sequence of a finite, simple graph) if and only if the following
hold:

1. dy+---+d, 1s even,

n

J
2. ) d;<j(j—1)+ Y min(d;,j), forall 1<j<n.
=1

i=j+1

If we expand our consideration to (multi)graphs, the same question has an answer

due to Hakimi:

Theorem 2.2 (Hakimi, [22]). A sequence of non-negative integers dy > -+ > d,, is
the degree sequence of a multigraph if and only if

1. di+---+d, is even,

n 1 n
2. d; < Zdi’ or equivalently d; < 3 Zdi'
i=1

1=2
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Below we list some more observations on the degree polynomial. For each of the

following, G is a (n, m)-graph, and H;, Hy are graphs of order ny, ng, respectively.

Observation 2.1. Some facts concerning degree polynomials.

A
1. D(G;1) :Zak—n
k=6
A A
2. D(G;—-1) = Z ar — Z ar.
k even kodd

3. DM(G;0) = rla,, for 0 <r < A.
A
4. D'(G;1) = Z kay = 2m.
k=1
5. The multiplicity of the root 0 of D(G;x) is 0.
6. D(G%x)=2""'D(G;1/x).

7. If G’ is the graph resulting from adding a universal vertex to G, then

D(G';z) = 2" + xD(G; x).

8. If Hy, Hy are vertex disjoint graphs, then
D(Hy U Hy; x) = D(Hy;x) + D(Hs; x).

What follows are some results about degree polynomials under graph operations

that deserve more attention than just a quick mention.

Proposition 2.3 ([13]). If H, and Hy are vertex disjoint, then the degree polynomial
of the join Hy + Hy of graphs Hy and Hy s

D(Hy + Hy;x) = 2™ D(Hy; ) + 2™ D(Ha; x).
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Proof. Recall that V(H; + Hy) = V(H;) U V(H,). Furthermore if u is a vertex
of Hy and v is a vertex of Hj, then degy, ,p,(v) = ng + degy (u) and similarly

degy, g, (v) = ny + degy, (v). Thus,

D(H, + Hy;z) = Z 2908, 1, ()

weV (H1+H2)

_ Z xdegH1+H2 + Z l‘deng+H2
weV (Hy) weV (Ha)

_ Z nngdegH1 n Z n1+degH2 w)
weV (Hy) weV (Ha)

—am Y 2408, @) | om 3 €8y, (w)

weV (Hy) weV (Hz)

[

Proposition 2.4 ([13]). The degree polynomial for the corona Hy ® Hy of Hy and
H2 18

D(H; ® Hy;x) = 2™ D(Hy; x) + nyx - D(Ho; ).

Proof. If u is a vertex of Hy, then degy, oy, (u) = degy, (u) + no. If v is a vertex
belonging to one of the copies of Hy in H; ® Hy, then degy, oy, (v) = degy,(v) + 1

since each copy of H, is joined to a single vertex of H;. Hence,

D(H, ® Hy;z) = Z 24€8y o u, ()

’U}GV(H1®H2)

- ¥ 2981, 6, () S 29081, 611, ()
weV (Hy) wEV(H1®H2)—V(H1)

_ Z xdegH (w)+nz Z JEdegH2(u)+1
wGV Hl) wEV(Hl(DHz)fV(Hl)

- Z $degH1 @) 4 Z xdegHz(v)H

weV (Hy) weV (Hs)

= 2" D(Hy;x) +nix - D(Ha; ).
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Proposition 2.5 ([13]). The degree polynomial of the lexicographic product Hi[H,|

18

D(Hy[Hs);x) = D(Hy; ™) D(Hy; ).

Proof. Recall that two vertices (u,v) and (v/,v"), where u,u’ € V(H;) and v,v" €
V(Hs), of Hy[H,] are adjacent if and only if {u,u'} € E(H;) or u = v’ and {v,v'} €
E(Hs). Therefore degy, 1, ((u,v)) = nadegy, (u) + degy, (v). Computing the degree

polynomial,

D(H,[H,); z) = 23€8s 1 (w)

(]

(u,v)€V (Hi[Hz])

xngdeg u, (+deg . (v)

(]

(u,v)EV (H1[H2])
o Inzdeng (u)xdegH2 (v)

(u,’U)GV(Hl [Hg])

= Y s § pdega,e)

we€V (Hi) vEV (H2)

]

Proposition 2.6 ([13]). If Hy and Hy are connected, then the degree polynomial of

their cartesian product is

D(H, O Hy;z) = D(Hy;x)D(Hy; x).

Proof. Recall that two vertices (u,v) and (u/,v"), where w,v’ € V(H;) and v,v" €
V(Hz), of Hy O H, are adjacent if and only if {u,u'} € E(H,) and v = v' or u = o/
and {v,v'} € E(H,). Thus degy, o g, ((u,v)) = degy, (u) + degy, (v). Computing the

degree polynomial,
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D(H, O Hy; z) = 3 4684, 5, (w)

(u,v)GV(H1 O HQ)
_ Z xdeng (w+deg,, (v)
(u,v)eV(Hl O HQ)

_ S degy, ), degy, @)

(u 'U)GV(Hl d H2)

Z %degH1 Z xdegHQ

u€V (Hy) veV (Hz)

= D(Hy;x)D(Hy; ).
[

Proposition 2.7 ([13]). If H; and Hy are connected, then the degree polynomial of

their tensor product is

D(H, x Hy;x) = Z D(HQ;xdegH1(“)): Z D(Hl;xdegHQ(v))'

uweV (Hy) veV (Hz)

Proof. Recall that the edges of H; x Hy are

E(H; x Hy) = {{(u,v),(w,v)} : {u,u'} € E(H,) and {v,v'} € E(H,)}.

Thus degy, ., (v, v)) = degy, (u)degy, (v), since there are degy, (u) choices for v ad-
jacent to u, and degy, (v) choices for v" adjacent to v. Therefore the degree polynomial

18

D(H; x Hy; z) = 3 24085, ()

(u,v)EV(Hl ><H2)
_ Z degy, (wdegy, @)
(u U)EV(Hl ><H2)

_ Z Z degH1 (u) degH

uGV(Hl) UGV(HQ)
= 3 D(Hy a0 ),

u€V (Hy)
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and equivalently

D(H; x Hy; z) = D degy, (wdegy, @)

(u U)EV(Hl ><H2)

_ Z Z degH2 (v) degHl

’UGV(HQ) UGV(H1)
_ Z D(Hlsmdeg@(v))‘

veV (Hz)

In addition to the observations made above, we can obtain an alternate statement
of Theorem 2.2. Using the method previously described to extract a sequence of non-
negative integers from a polynomial p(x) € Zs[x] and the result of Observation 4, we

can re-express Theorem 2.2 in non-graph theoretic terms and give a characterization
of Dmulti~

Theorem 2.8 (Hakimi, re-expressed). A polynomial p(x) € Zso[x] is the degree
polynomial of a multigraph if and only if the following hold:

1. p'(1) is even,
2. deg(p(x)) < p'(1)/2.

In other words, we have

Donuri = {p(x) € Zso[z] : p'(1) is even, and deg(p(x)) < p'(1)/2}.

2.3 Degree Polynomials of Some Families of Graphs

We begin this section by listing general formulas for the degree polynomials of common

graph families.
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’ G ‘ D(G;x) ‘

O, n
K, nx™ !

k-regular, order n na®
P, (n —2)z* + 2z
C, nx?

Sp=Kin " 1+ (n—1)x
Kon-a ax" "+ (n —a)z”

Table 2.1: Some degree polynomials of graphs.

The above families of graphs present fairly simple degree polynomials, requiring
very little derivation. Below we attempt to show the variety of degree polynomials

by describing particular families of graphs.

Example 2.5. We define the family of graphs {A;} recursively as follows: A; = P,
As = P3, and for Ay 1, t > 2, connect t leaves to one of the leaf neighbours of the
vertex of highest degree in A; (see Figure 2.5). The degree polynomials for these

graphs are thus also recursive:

D(Ai1;7) = D(Ag; ) + 2 4 (¢ — 1)

Explicitly,

DAy ;o) =2+t —-Dar+a'+(t -2z + - +2° +r+ 27+ 22
t+1

= E x’ +lt+1x7
Jj=2

where [;,1 is the number of leaves of A;, ;. For ¢t > 2, A;,; has t — 1 more leaves than

Ay Thus Iy =1 +t — 1, with [y = Iy = 2. Therefore,

iy =(t—=1)+t-2)+ - +2+1+2
=t(t—1)/2+2,

or

I, =t(t—3)/2+3.
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Part of what makes these graphs interesting is that their degree polynomials have
no gaps (in the exponents). Additionally, the polynomial D(A;;z) = 2322 +l;x has
t terms. Thus by choosing large enough ¢ we can find a polynomial that has as many

terms as desired.

1 ‘

x2 + 2z

!

23+ 2% + 3z ()

at + 23 4+ 22 + 5

Figure 2.5: The first four graphs of the family {A;}, from ¢ = 1 to t = 4, and their
degree polynomials.

Example 2.6. Hydrocarbons (alkanes): a tree consisting of degree four vertices (car-
bon) and leaves (hydrogen) (see Figure 2.6). With k carbons and n total atoms (ver-
tices), a hydrocarbon HC), has degree polynomial D(HCy;z) = kx* + (n—k)x. Sum-
ming the degrees, and knowing there are n—1 edges, we have 2(n—1) = dk+n—k —
n = 3k + 2. Thus D(HCy;z) = ka* + (2k + 2)z. These polynomials are binomials,

and no matter the graph there are only terms of degree one and four.

Example 2.7. Starting with Cy, (k > 2), construct a half-wheel by adding a new
vertex, and connect this new vertex to every other vertex of the cycle. The resulting
degree polynomial is D(G;z) = 2% + ka® + ka?. As k increases, these polynomials
have arbitrarily large gaps in their terms. If £ > 4 then D(G;z) will be a trinomial,

and a binomial otherwise.
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geseadl

474 + 10z o

524 + 12z

Figure 2.6: Two examples of hydrocarbon/alkane graphs. The left hydrocarbon has
four carbon vertices (ten hydrogen), and the rightmost has five (and 12 hydrogen).

223 4 32 ot + 423 4 422
Figure 2.7: Two example half-wheels, using cycles C, and Cs.

Example 2.8. For complete p-partite graphs Ky, . q,, set n = a; + -+ a,. Then
the degree polynomial is D(Ky, . ;%) = Y ¢ a;z""%. These degree polynomials
have as many terms as unique a;, and can have arbitrary gaps in the terms, that is,

they can be lacunary.

Example 2.9. Consider the family of graphs {Y,}, n > 4 constructed in the fol-
lowing manner: take a complete graph K, 4, and join to it Oy. The current degree
polynomial is (n —4)z" 3 + 22" 4. Next, connect a new vertex to the two just added,

changing the polynomial to (n—2)z" 3+ 2% Finally, add a universal vertex. We now
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2% 4 62°

227 + 325 + 42°

Figure 2.8: Two complete p-partite graphs. Left: the complete 3-partite graph K49 3.
Right: the complete 4-partite graph Ks991.

have a graph on n vertices, with degree polynomial D(Y,,;z) = 2" ' +(n—2)a" 2+ 23.

These polynomials will also have an arbitrarily large gap, as n increases.

213 + 222 xt 4+ 403 é; éé

20 4 4ot 4 23
Figure 2.9: The first three graphs from the family {Y,}: Y4, Y5, Y.

Example 2.10. For n > 2, attach a leaf to a vertex of K,,_;. This graph, which we
will call C'L,,, has degree polynomial D(CL,,; z) = 2" '+(n—2)x" ?+z. This example
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is very similar to the previous, the only difference between the degree polynomials is

the replacement of the 23 term with x.

2x ()

2+ 2x 3+ 202 + o o

2t + 323 + 2
Figure 2.10: The four smallest C'L,, graphs, constructed by attaching a leaf to com-
plete graphs.

Example 2.11. An interesting family of graphs are the anti-reqular graphs [1], also
known as quasi-perfect, maximally non-regular, degree anti-regular, or half-complete
([1], [20], [17]): those with n vertices and having n — 1 distinct degrees. Indeed there
cannot be more than n — 1 distinct degrees: if there were n distinct degrees, then
each of 0,1,...,n — 1 must appear as the degree of exactly one vertex. Thus there
would simultaneously be a vertex adjacent to all others (degree n — 1) and a vertex
not adjacent to any (degree 0), which is a contradiction.

For a given n > 2, there are precisely two graphs (up to isomorphism) with n — 1
distinct degrees (we refer to [17] for the following): first, the graph H,,, with degrees
1,2,...,n — 1. Every degree appears once in the degree sequence, except for |n/2],
which appears twice. H, can be formed by taking vertices vy, ..., v,, and adding all
edges of the form {v;,v;} such that i + 7 > n + 1. The other graph has degrees
0,1,...,n — 2, and is the graph complement H¢ of H,. The degree which appears

twice in the degree sequence in this case is n — 1 — |n/2], or |(n —1)/2]:
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en=2k:n—1—|n/2|=2k—-1-k=k—-1=n/2—-1=|(n—-1)/2]

en=2k+1:n—1—|n/2]=2k—|k+1/2|=k=(n—-1)/2=[(n—1)/2].

Furthermore, H¢ can be formed by taking vertices vy, ..., v, and adding edges {v;, v;}

such that i + j > n + 1. Thus we can easily write the degree polynomials for these

graphs:
n—1
D(H,;z) = Zx’ + g/
1
_z@@" -1 4 gln/2)
r—1 ’
and

D(HS;z) = 2" 'D(H,;1/x)

n—2
_ le 4 pln=1)/2]
0

n—1
_ e = ey

r—1
These polynomials have no gaps, and have only a single term with coefficient greater
than one. This contrasts with many other families of graphs, who have arbitrarily
many vertices with a certain degree. See Figure 2.11 for some examples of anti-regular

graphs and their degree polynomials.

2.4 Outline of the Thesis

So far we have defined the degree polynomial, investigated some of its properties, and
given some examples of computing it. The remainder of the thesis will focus on roots
of degree polynomials, which is the subject of Chapter 3. We will begin by making
some observations on these roots, and provide a characterization of them independent
of graph theoretic constraints. This will allow us to make statements concerning the
density of these roots. We then investigate how roots of degree polynomials depend

on certain graph parameters. In particular, we will give bounds on the roots that
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2r 2+ 2x 3+ 2%+ 434+ 202 4+ ¢

2x + 1 24+ 2r+1 4202 +x+1

Figure 2.11: Examples of anti-regular graphs and their degree polynomials. Top, left
to right: H,, Hs, Hy, Hs. Bottom, left to right: HS, HS, Hf, H.

depend on graph order, and locate them to certain regions of the complex plane.
Chapter 3 concludes with an exploration of roots for some families of graphs. By
narrowing in on families for which their degree polynomials can be explicitly written,
we are able to prove results on the roots specific to those families.

In Chapter 4 we discuss future directions for the study of the degree polynomial.
We mention open problems, conjectures, and ways to generalize the degree poly-
nomial. In particular, a two variable degree polynomial for directed graphs and a

multivariate generalization based on vertex labellings are presented.



Chapter 3

Roots of the Degree Polynomial

3.1 Degree Roots

Possibly the most natural problem concerning polynomials is that of the location of
their roots. The study of roots for degree polynomials is absent in the literature, so

we will explore this topic beginning with the following definition:

Definition 3.1. A complex number z is a degree root if it is the root of a degree
polynomial for some multigraph, that is, if there exists a multigraph G such that
D(G;z) = 0. In this case, we also say that z is a degree root of G. If F is a family of
graphs, the set of all degree roots for graphs in F is Z(D(F)), as per our notation.

To help motivate conjectures and future results, let us examine the behaviour of
degree roots for graphs of low order. Figure 3.1 shows all degree roots for (simple)

graphs from orders two to ten, from which we make the following observations.

e Focusing on the real axis, degree roots appear to be filling up the negative real
axis as the order of graphs increases. Thus we conjecture that degree roots are

dense on the negative real axis.

e Since the coefficients of a degree polynomial are non-negative, there cannot be
a positive root of a degree polynomial. Thus we see no positive roots in any

plot.

e When the order n of graphs is odd, the largest negative root seems to be located

at —(n—1). When n is even, the largest negative root seems to be near —(n—2).

e For orders n > 5, the root of largest modulus seems to be real and never
surpasses a modulus of n — 1. Furthermore, roots on the imaginary axis appear

to never exceed a modulus of y/n.

41
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e The region surrounding the origin (excluding the negative real axis) that extends
a small distance to the right seems to be filling in very slow. Only seeing roots
up to order ten, it is not clear whether this region will actually fill with roots
or not. On the same note, the real parts of the non-real roots lie within a small

band, only being the approximate interval (—2,1.5) for graphs of order ten.

Recall that D and D,,.;;; represent, respectively, the set of degree polynomials for
(simple) graphs and multigraphs. While D C D, s, how are their roots related?
The previous inclusion implies Z (D) C Z(Dyyui), but is this inclusion strict? Fur-
thermore, since both D and D,,4; are contained in Zsg[z], the set of polynomials
with non-negative integer coefficients, how does Z(Zxo[z]) fit into this picture? We

will now answer these questions, beginning with the following folklore lemma.

Lemma 3.1. There exists an r-reqular (simple) graph on n vertices if and only if
nr is even, and n > r+ 1. It follows that for any r > 1, there are infinitely many

r-reqular (simple) graphs.

Proof. ( =) This direction is clear since nr = 2m, where m is the number of edges,
and r < n — 1 as the graph is simple.

( <) We will show the existence of such a desired regular (simple) graph with the
Erdos-Gallai Theorem. The sequence in question is r,r, ..., which is of length n.
By the assumption that nr is even, the theorem’s first condition is met. The second

condition requires that

kr <k(k—1)+ (n—k)-min(k,r)

hold true for all 1 < k < n. We can consider two cases:

Case 1: k < r. Therefore min(k,r) = k, and we have

kr <k(k—1)+(n—k)k
<— kr <nk-—k

<~ r<n-—1,

which is true by assumption.
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n=2 y n=3 g n=4

Figure 3.1: Degree roots for graphs from orders two to ten. Beginning with order two
in the top left, each plot shows all degree roots for graphs of order n, ending with
order ten in the bottom right.
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Case 2: r < k. This is equivalent tor < k—1. Sincen—k >0,andr <k—-1 =
kr < k(k — 1), we indeed have kr < k(k — 1)+ (n — k)r.

Thus the second condition is met, and it follows that there exists a (simple) graph
with degree sequence r, ..., r, (of length n), ie. there exists a (simple) r-regular graph

on n vertices. O

This lemma allows us to show that given a multigraph, there is a process which

creates a (simple) graph while preserving degree roots.

Proposition 3.2. Let M be a multigraph. Then there ezists a (simple) graph G for
which D(M;z) and D(G;z) have precisely the same roots, including multiplicities.

Proof. Let eq, ..., e, be the pairs of vertices of M that are joined with multiple edges.
That is, e; = {v;1,v;2} is an unordered pair of vertices being the endpoints of b; > 2
parallel edges. Suppose the pairs are indexed so that b; < --- < b;. Let My, ..., M,
be disjoint isomorphic copies of M, and set G = M; U ---U M,,. Thus D(G;x) =
b D(M; x). Furthermore, let ez be the copy of the pair e; belonging to M;. We shall
modify G so that it turns into a simple graph through a sequence of degree-preserving

steps:

1. Take the subgraph of G induced by el e?, ..., e?’“, and observe that each vertex
has an induced degree of b;. Remove all edges of this subgraph, and add new
edges in the vertices of the subgraph so that the subgraph is simple and b;-
regular (this can be achieved by Lemma 3.1 since there are 2b; vertices in the

subgraph, and b; + 1 < 2b;). Each vertex still has an induced degree of b;.

2. Repeat Step 1. with the vertices from el, ..., eg’“, and making the induced sub-

graph by-regular.

k. Repeat Step 1. with the vertices from ey, ..., 62’“, and making the induced sub-

graph bg-regular.

Since in each step the induced degree of every vertex is preserved, these rewiring
procedures preserve all vertex degrees of GG, and hence the degree polynomial D(G; x).

Furthermore, we have eliminated all multi-edges by creating the b;-regular subgraphs
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and thus G is now simple. Since D(G;x) = b D(M;x), G and M have precisely the

same degree roots and we are done. O]

Let us illustrate this proof with an example.

Example 3.1. Consider the multigraph M on the left of Figure 3.2, which has
degree polynomial D(M;x) = x* + 2 + z. M has a single edge bundle: there
are 3 edges between vertices v and v. First, we form a graph G that is the disjoint
union of 3 copies of M. Let u;,v; be the copies of vertices u, v in the j'th copy of M
(7 = 1,2,3). We then modify G by removing all edges in the subgraph induced by
{uy,v1, us, v9,uz, v3}. This step removes all bundles of edges. Lastly, we add edges
back into this subgraph so that it induces a 3-regular (simple) subgraph. This can be
done in several ways, but here we choose to add edges {u;,v;} (j = 1,2,3), {u;, uj}
(7 # 7)), and {vj,vy} (j # j'). The resulting graph G is simple, and has degree
polynomial D(G;z) = 3x* + 32° + 3z = 3D(M;z). See the right of Figure 3.2 for
this final graph G.

Uy

u —
V3 (%]
v us (%)

43+

3zt 4 323 + 3z

Figure 3.2: Left: a multigraph M with D(M;z) = 2% + 23 + x. Right: a simple
graph G with degree polynomial D(G;z) = 3D(M;z), formed through the process
described in Proposition 3.2.
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As a corollary, we are able to relate the degree roots of multigraphs to those of
(simple) graphs.
Corollary 3.3. Z(D) = Z(Dpuui)-

Proof. The inclusion Z (D) € Z(D) follows from Proposition 3.2. n

Interestingly, the expansion to multigraphs adds no new degree roots. We will
shortly see how the roots Z(Zso[z]) are related. First, however, we need the following
corollary due to our re-expressed version of Hakimi’s Theorem (Theorem 2.8). Recall
that this theorem asserts that a polynomial p(x) € Zso[z] is the degree polynomial
of a multigraph if and only if p/(1) is even and deg(p(z)) < p/(1)/2.

Corollary 3.4. If f(z) € Z>o[z], then 2f(x) € Dyui-

Proof. Let g(x) = 2f(z). Then as ¢'(z) = 2f'(x) and f'(x) € Z>o[z] it is easy to see

that 2 | ¢’(1). Furthermore, we can write g(z) = 2az® + - - -, where a > 1, and thus

g(1)/2=aA+---
> A
= deg(g(x))-

Therefore by Theorem 2.8, g(z) € Dypuii- O

The above result implies that the roots of polynomials with non-negative integer
coefficients are degree roots for some multigraph, which are degree roots for a (simple)

graph. Thus we also have the following.
Corollary 3.5. Z(D) = Z(Z>o[x]).

Proof. The forward inclusion Z(D) C Z(Zxo[z]) is true by definition, so we need
only to show the other direction. Suppose p(z) € Zso|z], and that p(z) = 0 (so
z € Z(Zsolx])). Then 2p(z) = 0, and since 2p(x) € Dy by Corollary 3.4, we have
2 € Z(Dypuri) = Z(D), and we are done. O

While Z(D) = Z(Dyuiti) = Z(Z>o|x]) may make it seem that degree roots are not
deserving of investigation beyond examining the roots of Z(Zx|x]), the restriction of
certain graph parameters can restrict degree roots. This problem is the concern of a

later section.
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3.2 Density of Degree Roots

In this section we investigate the distribution of degree roots in the complex plane.
In particular, we are interested in the density of degree roots. The density of roots
for other graph polynomials has been studied. For example, see [35] for the density of
chromatic roots. Our approach will make use of the results from the previous section,
in particular Corollary 3.5.

To begin, consider the following set of complex numbers, which contains all a**

roots of all negative rational numbers:

1/a
R = {Wa <§> a,p,.qc ZZl? ng(pa Q) = 17 (wa)a = _1} :

Observe that an element z = w, (p/ q)l/ “ of R is a root of the polynomial qz®**+pz® €
Z>o|z]. Therefore, z € Z(D) = Z(Z>o[x]) and hence R C Z(D). A useful subset of

R for showing density of degree roots is

A= {““ (5) ap.0 € Lo, ged(p ) = 1, (w)" = —1} ,

which is obtained by taking a'® roots of negative rational powers —(p/q)®. Before
using A to give a result on the density of degree roots, let us describe how to form
graphs with degree roots belonging to A.

Let s > 2, a > 1 be integers. Take any ¢ graphs G; that are each s-regular of the
same order ng, and set G} = G; — e; for any edge e; of G;. Let v; and v;; be the
endpoints of e;, so they now have degree s — 1 in G. Similarly, take r graphs H; that
are (s+ a)-regular of the same order n,, and set H; = H; — €], (e, any edge of H;). Let
u;p and u; ; be the endpoints of €], so they have degree s +a — 1 in H]. Next, form
a new graph F'in the following way: start by adding an edge between vy ; and vy .
Then add an edge between v, ; and vz . Continue adding edges between vertices v;_1 1
and v;, up to ¢ = t. Repeat this process for u;_1; and w;, for 2 < i < r. Finally,
add an edge between v; ¢ and u; o, and between v;; and u, ;. Figure 3.3 gives a sketch
of this process. The resulting graph F' will have order tng + rn,. Furthermore, we
began with tngy vertices of degree s from the G; graphs, and rn, vertices of degree
s+a from the H; graphs. After removing edges, we had ¢(ng — 2) vertices of degree s,

2t vertices of degree s — 1, r(n, — 2) vertices of degree s+ a, and 2r vertices of degree
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s +a — 1. However, adding edges between vertices v;_11 and v; 0, u;—1,1 and w;, V1
and u; o, and v, and w,; increased their degrees back up by 1. Therefore I has tn,
vertices of degree s and rn, vertices of degree s + a, thus its degree polynomial is
D(F;x) = rnga®t® + tngz®.

If p/q is any positive (and without loss of generality, fully reduced) rational num-
ber, observe that if we set ¢ = Lp®/ng and r = Lq¢®/n,, where L = LCM(ng,n,),
then the degree polynomial of F' is D(F;x) = Lq®z5t* 4 Lp®z®. This polynomial has
s Toots at 0, and the remaining roots are the a'* roots of —p®/q®, that is, roots of
the form w,p/q where again w, is any a'" root of —1. Therefore, the non-zero degree

roots of F' belong to A.

Figure 3.3: Schematic of the construction of the graph F.

We remark that in the construction of F' it did not matter which v; ; or uy; were
connected to each other. As long as each only received one new edge, the degree
polynomial would remain Lg%z*t® + Lp®z*®. It is the roots of these polynomials that

gives us the following theorem concerning the density of degree roots.

Theorem 3.6. Degree roots are dense in the complex numbers C, in the non-positive

real azis (—o0, 0], and in the imaginary axis iR.

Proof. To begin, we claim that the set Q,qq of odd-numerator rational numbers is

dense in R. We are interested in Q44 for the following reason: consider an a”* root of

_ (@j+Dr

—1, wg, as in the set A above. Then the argument of w, has the form g—l—% —,

which is precisely 7 times an element of Q.q4y. Conversely, if h = % € Qogq, then

7h is the argument of an a'” root of —1 since
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(emh)a — im(2it1)

To prove our claim, we shall show that between any two real numbers there exists an
element of Q,q4. Let z,y € R such that x < y. Since Q is dense in R, there exists a

rational number ™ in reduced form such that x < < y. If n is odd, then we are

done. Suppose n is even, so n = 2k. Then m must be odd (otherwise * would not
be reduced). Then observe 0 < y — fn—k As the sequence {%}Hoo converges to zero,

. 1 2% . 2% _ 2k | 1
there exists ¢ € N such that 0 < <y — 2 implying v < =% < =2 4+ & <y =

2kt+m

r < poows

< y. But since m is odd, it follows that 2’“;% € Quqq- Hence we have
shown there is an odd-numerator rational number between any two real numbers,
which means Q,4q is dense in R.

Now we may continue with the proof that degree roots are dense in C. Let
z=re? € C, 0 € [0,2r). We will show there are degree roots arbitrarily close to
z. Let € > 0 be given. We may assume that r > 0, as we have already seen that 0
is a degree root (so of course all balls around 0 contain a degree root). We can also
assume € < r. Choose 1’ € Q so that |r — r’| < ¢, which is possible since Q is dense
in R. Furthermore, let h € Quuq be such that |#/7 — h| < ¢/7, which can be done
since Q,qq is dense in R by our argument above. Notice that 8 = 7wh has the form

7(2j + 1)/a, for some a and j. Hence, |0 — 0’| < ¢ and @' is the argument of an a'

root of —1 (as shown above). Therefore, 2/ = ¢ € A has modulus and argument
within € of the modulus and argument of z. Thus we can find degree roots belonging
to the set A arbitrarily close to z, implying A, and consequently the set of all degree
roots, is dense in C.

For the case of density in (—o0, 0], the complex number z would have argument
0 = w. Therefore, to ensure 2’ is within € of z we need only to set h = 1, or ' = 7,
and choose " to be within € of r.

For the case density in the imaginary axis R, we proceed as in the real case except
setting h = 1/2 or 3/2 (and hence #' = 7/2 or 37/2), depending on if z is in the

upper or lower half-plane (as these would also be the values of ). n
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3.3 Degree Roots and Graph Parameters

In this section we investigate how restraining certain graph parameters impacts degree
roots, or how degree roots may depend on certain graph parameters. So far we
have seen that, as a whole, degree roots for all graphs are the same as roots for
polynomials with non-negative integer coefficients, and that these roots are dense in
C, (—00,0], and iR. We wish to see how these facts may change with the addition
of graph theoretic constraints, and discover any dependence of degree roots on graph

parameters.

3.3.1 Order of Graphs

The simplest of graph parameters is the order, or the number of vertices, n. If n is
fixed, there are only finitely many graphs and thus only finitely many degree roots
which are, of course, bounded. Furthermore, the degrees are naturally bounded since
no degree may exceed n — 1. As early as Figure 3.1 the influence of n on degree roots
could be seen, as the roots were restricted to a finite region that grew as n increased.
We look to better understand this influence and any other dependence of degree roots

on n. Let us start with the following simple result about when —1 is a degree root.

Proposition 3.7. If —1 is a degree root of a graph G with order n, then n is a
multiple of four.

Proof. Recall our observation from Section 2.2 that —1 is a degree root of G if and
only if G has an equal number of even and odd degree vertices. Suppose there are k
of each, so that n = 2k. But we also know that G must have an even number of odd

degree vertices, hence k = 2t for some t. Therefore, n = 4t and we are done. O

Conversely, if n = 4t there exists a graph for which —1 is a degree root. One
such graph is formed by taking the disjoint union of ¢ copies of P, which has degree
polynomial 222 4 2z, though this is not the only construction.

Let us now see how restricting n creates a difference between degree roots for
(simple) graphs, multigraphs, and the roots of polynomials with non-negative integer
coefficients. In Figure 3.4, we show a comparison of these roots for n = 4. The left

plot shows degree roots for (simple) graphs for n = 4, the middle shows degree roots
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of multigraphs for n = 4 and a maximum edge bundle size of 3, and the rightmost
plot shows the roots of all polynomials of Zs¢[z] with sum of coefficients equal to
n = 4 and degree at most 9. Degree polynomials for multigraphs were calculated
from their adjacency matrices found with nauty [30].

While the roots in each plot are distributed in similar shapes, these plots are
strikingly different. The main reason for this is that each plot has a visibly different
number of roots. Unsurprisingly, degree roots for (simple) graphs has the least dense
plot: we are looking at roots to polynomials of Zx¢[z] having a sum of coefficients
equal to 4, degree 3, and also satisfying restraints of being degree-graphic. Having
more roots, the plot for multigraphs shows roots for polynomials in Z>o[z] with sum
of coefficients equal to 4, degree at most 9 (a vertex has at most 3 neighbours, each
of which having an edge bundle of at most 3 edges), and satisfying weaker degree-
graphic restraints. Removing these weaker graph theoretic restraints produces the
final plot.

Our focus from here on is (simple) graphs. We will now look toward bounding
degree roots in terms of n, since there are only finitely many of them. To find a
modulus bound on degree roots of graphs with order n, the following lemma will be

useful.

Lemma 3.8. Consider the weighted sum B = Zf\il biy; where y1 > ya > ... > yn
are real numbers and each b; is a non-negative real number with Zf\il b; = k. Then

Proof. Rewrite B in the following way:

N
B:Zbiyi
i1
=(k—=by— - —=bn)y1 + oo + - + bnyn
=kyr +bo(y2 —y1) + -+ bn(yny — y1).

Since y; — y; < 0 for each ¢, and the b; are non-negative, it is immediately seen that

We recall Cauchy’s bound (Theorem 1.3) on the modulus of roots of a polynomial

with complex coefficients: every root of a polynomial g(x) = ¢,2" + - - - + 1z + ¢o of
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Figure 3.4: Top left: degree roots of (simple) graphs for n = 4. Top right: degree
roots of multigraphs of order n = 4, allowing a maximum edge bundle size of 3.
Bottom: roots of polynomials belonging to Zso[z] whose sum of coefficients is 4, and
whose degrees are at most 9.
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degree n > 1 with ¢y # 0 has modulus at most r, where 7 is the unique positive root
of the real polynomial h(z) = |¢,|z™ — - -+ — |c1|x — |¢o|. We are now able to prove a
modulus and argument bound on the roots of polynomials with non-negative integer

coefficients.

Proposition 3.9. Let p(z) = aaz® + -+ + a2’ € Zso[z] where A > & and with
an,as > 1. Suppose that p(1) = ap + -+ as =n. If z is a root of p(x), then

|| Smax{n_aA, aa }
an n—aa

Proof. Let ¢ = max {%, nfﬁA }, and observe that ¢ takes on the value of whichever

of (n—ana)/an, an/(n—aa) is greater than or equal to one. Hence in any case ¢ > 1.

By Theorem 1.3 we have |z| < R, where R is the positive root of

h(z) = apx™ 70 —ap 0T — =g
Notice that h(0) = —as < 0. We now consider two cases:
Case 1: ¢ = (n —aa)/an.

Observe

:CI,A—S,

where S = Zf:]5aA,j/cj. Since ¢ > 1, we have 1/c > 1/c* > --- > 1/c®7°. By

Lemma 3.8 where we have y; = 1/¢,

n—aa
SS - = QA.

Therefore h(c) = apn — S > 0, and since h(0) < 0, by the IVT and Theorem 1.3, we
have R € (0, c].
Case 2: ¢ =ap/(n —anp).
We proceed in the same manner as in Case 1, and find
n—an (n—an)?

S < =
C an
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However,

(n —an)?

an

<aa

<« n?—2nap <0

n
e ESCLA.

Since we have ¢ = aa/(n —aa) > 1, the last inequality is indeed true. Thus S < aa
and again we have h(c) >0, so R € (0, .
In any case on ¢, we have found R < ¢. Therefore by Theorem 1.3 |z] < ¢, as

desired. O

A=l Thus we can use

Equality is met for this bound when p(r) = ap2® + aa_17
this bound to give another for the degree roots of graphs with fixed order. Recall that
in Figure 3.1 we observed that the degree roots for graphs of fixed order n seemed to
never exceed a modulus of n — 1, and roots that had such a modulus were real. This
modulus bound is in fact true, as stated in the following Corollary which is due to

considering the extreme of Proposition 3.9. For simplicity, we let S,, be the family of

all (simple) graphs of order n.

Corollary 3.10. If z € Z(D(S,,)) is non-zero, then

— < |zl <n—1.
Proof. The upper bound follows directly from Proposition 3.9, when an = 1 or n— 1.
The lower bound follows since 1/z also belongs to Z(D(S,,)) (as a degree root to the
graph complement of a graph for which z was a degree root). Thus 1/|z| < n —1,

and the lower bound is obtained from rearranging. O]

Let us now consider the extreme of Corollary 3.10, when there is a degree root of
modulus n — 1 (considering graphs of order n). Figure 3.1 seems to suggest that the
only roots of such modulus are real, and only appear when n is odd. The following
propositions address these observations for n > 4, since all degree roots for n = 2 or

n = 3 are already real.
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Proposition 3.11. Let G be a graph of order n > 4, and suppose D(G; x) has a degree
root z, where |z| = n — 1. Then D(G;x) has the form D(G;z) = z° + (n — 1)z°7 1,

and in particular z = —(n — 1).

Proof. Let D(G;z) = apz®+---+asz’ (aa > 0) be the degree polynomial of G' which
has the root z of modulus n—1. Recall Cauchy’s theorem (Theorem 1.4) which states

that all roots of D(G;x) have modulus strictly less than

1 + max {
k#£A

k } —1 4 man;,gA{ak}.

an an

Since this applies to the root z with modulus n — 1, we must have

maxyza{ay}

an

n—2<

This inequality is only satisfied when ap = 1 and maxy:a{ar} = n—1. If maxj.a{as}
were any smaller value, the RHS of the above inequality would be at most n — 2 and
thus gives a contradiction. We must also ensure that the sum of the a;’s is equal to
n, so no single coefficient may be greater than n — 1 (if ax = n for some k, then all
other coefficients are zero and therefore D(G;x) is a monomial, having no non-zero
roots). Thus we have apn = 1, ax = n — 1 for some k < A, and all other coefficients

are zero. This gives D(G;z) the form D(G;z) = 22 + (n — 1)z*.

Furthermore, since D(G; z) = 0 we must have z27% = —(n — 1). As |z| =n — 1,
it follows that A —k =1, or k = A — 1. Thus D(G;x) = 2® + (n — 1)z>71, and we
also conclude that z = —(n — 1). O

A—1

Polynomials of the form 22 + (n — 1)2®~! are not degree-graphic for all values of

n and A, however. The next proposition tells us precisely when they are.

Proposition 3.12. A polynomial of the form x®+(n—1)z>~t withn > 4, A <n—1,

1s degree-graphic if and only if n is odd and A is even.

Proof. ( =) We first prove the forward direction. Since 22 + (n— 1)z~ is degree-
graphic, we know that the sum of the degrees must be even (the degree-sum formula).
Hence, A + (n — 1)(A — 1) is even, implying A and (n — 1)(A — 1) are of the same
parity. If both are odd, then n — 1 and A — 1 must also be odd, so that their product

is odd. But here we have a contradiction since A and A — 1 are odd. In the case
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where A and (n — 1)(A — 1) are both even, we know A — 1 is odd, and hence n — 1
must be even (to ensure (n —1)(A — 1) is even). In other words, n is odd. Therefore,
we conclude that A is even and n is odd.

( <) Suppose n is odd, so n = 2k + 1 for some k > 2, and also that A is even,
so A = 2d for some 1 < d < k. The potential degree sequence from the polynomial
724+ (n—1)2271 = 2242k is 2d,2d — 1, ..., 2d — 1. We will show this sequence is
graphic using the Erdos-Gallai Theorem. First, observe that the sum of the sequence
is 2d + 2k(2d — 1) = 2(d + k(2d — 1)), which is even (2d — 1 > 1). Thus the first

condition is satisfied. The second condition may be expressed as

2d+(j—1)(2d—1)<j(j—1)+ 2k+1—7) min(2d — 1,7),

which simplifies to

2dj +1 < 524+ (2k + 1 — j) - min(2d — 1, )

for each 57 € 1,...,2k + 1. We show this condition holds by considering three cases on
J, in terms of d.

Case 1: 7 <2d — 1. Then

2dj+1 < j% + (2k + 1 — §) - min(2d — 1, §)
< 2dj+1 < 2kj+ 7
= 1<j2(k—d)+1),

which is indeed true since kK —d >0 and 57 > 1.

Case 2: j = 2d. In this case the second condition becomes

2d(2d)+1 < (2d)* + (2k + 1 — 2d)(2d — 1)
— 1< (2k+1—2d)(2d—1),

which is true since 2d —1 > 1, and d < k so 2k — 2d + 1 > 1.
Case 3: j > 2d + 1. The second condition is then
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2dj+1 < 52 4+ (2k + 1 — j) - min(2d — 1, §)
= 1<j*—2dj + (2k+1—j)(2d — 1).

But j2—2dj >j>1,2k+1—3>0,and 2d — 1 > 1, so the final inequality is true.

This exhausts all cases for 7, and we are done. O]

Propositions 3.11 and 3.12 confirm our observations of Figure 3.1 previously men-
tioned. In the following example we show some types of graphs that have a degree

root at —(n — 1), for small values of n.

Example 3.2. Let n = 2k + 1, £ > 1. One construction of graphs having a degree
root at —(n — 1) is the following: remove a perfect matching from Ky, creating a

graph with degree polynomial 2kz2+~2

, and then add a universal vertex. The resulting
graph has degree polynomial 22+ 2kz*~!, with a root at —2k = —(n—1). See Figure

3.5 for some of these graphs.

2% 4 2z 2t + 423 2% + 62°

Figure 3.5: Three examples of graphs formed from adding a universal vertex to Ky
with a perfect matching removed. These graphs have degree roots at —(n — 1), where
n=2k+1.

There is also the following family of disconnected graphs: take the disjoint union of
Py with (n—3)/2 copies of P, (see Figure 3.6). These graphs have degree polynomial
2?4+ 21 + 2x(n — 3)/2 = 22 + (n — 1), again with a root at —(n — 1).
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Figure 3.6: Construction of disconnected graph with root at —(n—1), made by taking
the union of P; and copies of P».

In addition to these constructions, when n = 7 there are four distinct graphs with
degree polynomial z* + 623 (see Figure 3.7), and when n = 9 there are 28 graphs with
degree polynomial z* + 823 and 20 graphs with polynomial 2% + 82° (see Figure 3.8

for examples). All of these graphs have a real degree root at —(n — 1).

We have seen there are real degree roots for graphs of order n with modulus as
large as n — 1. Now we look toward the imaginary axis. It was observed in Figure
3.1 that purely imaginary roots seemed to never exceed a modulus of \/n. The next

proposition confirms and improves on this observation.

Proposition 3.13. Let z = ir (r € R) be a purely imaginary root of a degree poly-
nomial D(G;x), where G has order n. Then |z| < +/n — 1.

Proof. Let us write D(G;z) = aax® + - -+ + as2°. D(G;ir) = 0 can be written as

iA (CLATA . CLA_QTA_2 4. ) 4 Z~A—1 (CLA_lTA_l . CLA_3T‘A_3 4. ) — 07

or simply i*A + 271 B = 0. Therefore, both A and B must be equal to zero. Since
aa > 1, there must be another coefficient (ay, for some k) in A that is non-zero. Let
us now consider two cases on the parity of A.

Case 1: A = 2k. In this case, we may write A =0 as
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Figure 3.7: The four graphs of order n = 7 with degree polynomial 2* + 6x3.

aggr? — g o™ 4 = 0,
Setting s = 72 we have
G/kak — agk_gSk_l + = 0,
and thus —s is a root of f(z) = aga® + age_o2x* ' + ---. Since f(z) has only non-

negative integer coefficients, we apply Proposition 3.9: f(1) <nand 1 < ag, < n—1,

SO

Therefore, |z| = |r| < v/n — 1.
Case 2: A — 2k + 1. In this case, we may write A =0 as

Uet1 2U%—1 _
Ap 41T — Qgk—1T + - =0.
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Figure 3.8: Left: one of the 28 graphs of order n = 9 with degree polynomial z* +8z3.
Right: one of the 20 graphs of order n = 9 with degree polynomial z° + 8x°.

Dividing by r and again setting s = r? we have

k -1
agk418" — Agp—18°  + - =0,

so —s is aroot of g(x) = agpy 128 +ag,_ 128 14+ --. As above, we can apply Proposition
3.9 to obtain |z| < v/n — 1.

Therefore, in any case, we have |z| < /n — 1. Note that it is possible that B
is equal to zero because each of its coefficients ¢, are zero. If B has some non-
zero coefficients, we may proceed as above to reach the same conclusion. The only
difference in this instance is that ax_; may not be the leading coefficient of B, so we

would simply write B starting from its leading coefficient. O]

The following example describes some graphs that have imaginary roots with

largest possible modulus, that is, with modulus vn — 1.

Example 3.3. For n < 3, all degree roots are real. Starting at n = 4, we begin to see
purely imaginary degree roots with largest possible modulus: the complete bipartite
graph K7 3 has degree polynomial D(K 3;x) = 2® + 3z. Thus its degree roots are 0
and 4iv/3. For n = 5, consider the graph formed by intersecting two copies of K3 on
a single vertex. This graph has degree polynomial 2 4422, and thus has degree roots
0 (with multiplicity two) and 4+2i. For n = 6, make a graph by adding a universal
vertex to Cs. The resulting graph has degree polynomial ° 4+ 523, having degree roots
at 0 (with multiplicity three) and =+iv/5. Each of these graphs, shown in Figure 3.9,

share a common construction. To make a graph of order n > 4 with degree roots at
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+iv/n — 1, begin with an (n — 4)-regular graph on n — 1 vertices (this can always be
done since n —4 <n —1 and (n —4)(n — 1) is always even). Then, add a universal
vertex. The graph resulting from this process has a single vertex of degree n — 1, and

n — 1 vertices of degree n — 3. Therefore its degree polynomial is "' + (n — 1)2" 73,
having roots at +ivn — 1.

APt

% + 3z x* 4 422 x® 4 523

Figure 3.9: Three graphs having imaginary degree roots with largest possible modu-
lus.

Another way to form graphs with degree roots at +iy/n — 1 is the following, which
works for n > 5. Take two disjoint cycles Cs and C;, and intersect them on a single
vertex. The resulting graph, as shown in Figure 3.10, will have n = s+t — 1 vertices
(n > 5 since s,t > 3), one of which has degree 4 while the remaining vertices have
degree 2. Hence, it has degree polynomial z* + (n — 1)z? and has the desired degree
roots. Notice that when s = ¢ = 3 this graph is the same as the graph of order 5 from

the previous construction (Figure 3.9, middle).

Each of the graphs described above had a degree polynomial of a particular form:
2 + (n — 1)2®72. This is, in fact, the only form such degree polynomials can have,

as shown in the following proposition.

Proposition 3.14. Let G be a graph of order n that has an imaginary degree root
with modulus \/n — 1. Then D(G;z) = 22 + (n — 1)z272, for some A.

Proof. Suppose D(G;z) = aprz® + -+ + as2’, s0 aa,as > 1. Since there is a root at
iv/n — 1, there is also a root at —iy/n — 1. Thus we can factor D(G; x) as:

apnt® + -+ a;2° = (2% + (n — 1)) (ba_gz™ 2 + - -« + bya®).
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Figure 3.10: Two cycles Cy and C} intersecting on a single vertex. Setting n = s+t—1,
this graph has degree polynomial z* + (n — 1)z

Expanding the product on the right and equating coefficients, we obtain the following

relations:

ba—2 = an,
ba-3 = aa-1,
ba—k—2+(n—1)bay =aa—k, 2<k<A—-§-2,
(n —1)bst1 = ast1,

(n - 1)()5 = Qas.

The first two of these relations tell us ba_s,ba_3 € Z>p, and ba_2 > 1. Since we
have bao_4 + (n — 1)ba_2 = aa_o, it follows that ba_4 € Z. Similarly, ba_5 € Z as
ba_s + (n — 1)ba_3 = aa—_3. This pattern continues for decreasing indices, so from
bs + (n — 1)bsso = asyio we can conclude bs € Z. The last relation gives us the
inequality 1 < (n — 1)bs < n — 1, and therefore by = 1. Hence, as = n — 1, and the
only other non-zero coefficient of D(G;x) is an = 1 (as the coefficients must sum to
n). Thus D(G;x) = 22 + (n — 1)2°, and since there are roots at 4=iy/n — 1, it must
be that § = A — 2. O



63

3.3.2 Maximum Degree of Graphs

Another graph parameter we may focus on is the maximum degree, or A. Fixing A
does not limit the number of graphs to a finite amount (for example, even for A = 2
there are infinitely many path graphs), nor bound degree roots: the graphs that are a
disjoint union of Cy with k copies of P, all have A = 2, yet their degree polynomials
are 4x? + 2kz which have a root at —k/2 that becomes arbitrarily large in absolute
value as k increases.

Let us begin with a lemma that will allow us to find a bound on the argument of

roots of non-negative real coefficient polynomials, and consequently degree roots.

Lemma 3.15 ([29]). Suppose that w;, 1 < j < p are non-zero complex numbers such

that v < arg (w;) < v+ m for some real constant v. Then Y w; # 0.

The next result is stated in [16] as being true for polynomials with strictly positive
coefficients. Here, we allow for coefficients to simply be non-negative and give a simple

proof.

Lemma 3.16. Let p(z) = bgz® + -+ + byx + by be a polynomial with non-negative,
real coefficients, and without loss of generality by, by # 0. If z is a root of p(x), then

|arg (2)] =

S

Proof. Let z = re? r > 0, € (—m,7w]. Clearly 6 # 0, since p(z) has non-negative
coefficients. It suffices to prove the result for 0 < 6 < 7, due to the symmetry
p(z) =0 <= p(z) =0, and arg(z) = —0. For all j such that b; # 0, let w; = b;rie'.
Then p(z) = p(re??) = > w; = 0. Toward a contradiction, suppose that 6 < /d, so
then 0 < 6d < m. But arg(w;) = 05, so for all j such that b; # 0, we have

0 < arg(w;) < 6d < .

Thus by Lemma 3.15, > w; # 0, which is in contradiction to p(z) = 0. Therefore
0 > m/d, and we are done. O

As a corollary, we have a lower bound to the argument of non-zero degree roots.
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Corollary 3.17. Let G be a graph with degree polynomial D(G;x) = apx®+- - -+asa°

(A > 0). If z is a non-zero degree root of G, then

™

A—§

|arg(z)] >

Proof. This follows directly from applying Lemma 3.16 to D(G;x)/°. O

Furthermore, we can give a lower bound to the arguments of all non-zero degree roots

for graphs of order n.
Corollary 3.18. If z € Z(D(S,)) is non-zero, then

T
-9

>
Jarg(2)] =

Proof. This follows directly from Corollary 3.17, observing that A —§ < n—2 since G
cannot have both a universal vertex (which has degree n — 1) and an isolated vertex.

]

We can prove a simple result on degree root density for certain families of graphs.
We can show that not all families of graphs have degree roots that are dense in C, as a

necessary condition is that the maximum degrees of graphs in a family is unbounded.

Corollary 3.19. Suppose F is a family of graphs. If sup{A(G) : G € F} < o0,
then Z(D(F)) is not dense in C.

Proof. Let M = sup{A(G) : G € F}, so that M is finite. By Lemma 3.16, any
non-zero z € Z(D(F)) satisfies | arg(z)| > m/M. Therefore the region

{z€C : |z| >0,|arg(z)| <m/M} CC

will be free from elements of Z(D(F)), and thus Z(D(F)) cannot be dense in C. [
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3.4 Degree Roots for Some Families of Graphs

Here we shall focus on some families of graphs for which we can say much about their
degree roots. We have so far considered degree polynomials more generally, which
leaves many patterns and properties obscured. Dealing with graph families for which
we can write more explicit degree polynomials, we expect to see simpler pictures of

degree roots with identifiable behaviour and properties.

3.4.1 Trees

By a tree, we mean a connected and acyclic graph. While being a large family of
graphs, trees have distinctive structure and properties. It is natural, then, to wonder
how these properties influence the location of degree roots. The degree roots for trees
of orders three through eighteen are shown in Figure 3.11. The roots appear to be
filling in the negative real line, extend along near vertical lines, yet do not extend
far into the right-half-plane (RHP). We also note the apparent lack of non-real roots
inside the unit circle, which is our first point of investigation into the degree roots for
trees.

With evidence of a root-free region of the complex plane, we make the following

conjecture:

Conjecture 1. Trees have no non-real roots inside the unit circle. Consequently, the

degree roots for trees are not dense in C.

Both a proof or a counterexample to this conjecture have eluded us. However, we are

able to provide a partial answer. The Lemma below will be useful.

Lemma 3.20. Let T be a tree with aj vertices of degree k, 1 < k < A. Then
a; = 24 2?23(]{ — 2)ak

Proof. 1If n = ZkAzl ay is the order of T, then the degree-sum formula states the sum
of the degrees of T is equal to 2(n — 1). We arrive at our result through some simple

rearranging:
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Figure 3.11: Degree roots for trees of orders three through eighteen.
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]

Corollary 3.21. For a tree T with a, vertices of degree k, 1 < k < A, it follows that

a; > ZkA:3 ayg.

Lemma 3.20 shows us that we may change the number of vertices of degree two

in a tree (in fact, in any graph) without changing the number of vertices of any other
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degree. Thus for a tree with fixed ay,as,...,aan, we can allow as to be any value we
want. Graphically, this corresponds to subdividing the edges of a tree arbitrarily

many times.

The proposition below gives a partial answer to Conjecture 1, stating that trees
with sufficiently few or sufficiently many subdivisions have no non-real degree roots

inside the unit circle. It is still unknown if this is true for any number of subdivisions.

Proposition 3.22. Let T be a tree with degree polynomial D(T;z) = 21?21 apxh. If
as < a; — ZkA:?) ap or aj; + Zﬁ:s ar < ag, then D(T;z) has no non-real roots inside

the complex unit circle.

Proof. Our proof will make use of Rouché’s Theorem (Theorem 1.2), taking the simple
closed Jordan curve to be the unit circle C = {z : |z| = 1}. Let us first consider
the case when as < a1 — Zﬁzg ag, or when ZkA:2 ar < ap. This inequality holds
for at least one value of as (az = 0) due to Corollary 3.21. Define the polynomials

P(z) = D(T;z) —ayz, and Q(z) = ayz. Then for z € C, we have

Furthermore, |Q(z)| = |a1z] = a1 for z € C. Thus for z € C, |P(2)| < |Q(2)| and
so by Rouché’s Theorem, Q(z) and Q(z) + P(z) have the same roots inside the unit
circle. But @(z) has only one root, z = 0. Thus P(z) + Q(z) = D(T}; z) has exactly
one root inside the unit circle. It is easily seen that this root is also z = 0.

In the second case, we have a; + ZkAzs ay < ay. Now define P(z) = D(T'; 2) — agz?

and Q(z) = ay2®. For z € C,
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|P(2)] = [D(T; 2) — as2”|
A

= | Z apz” + a1 z|
k=3

A
< D a2l +ail
k=3

A
= E ax + aq,
k=3

while |Q(2)| = |a22?| = ay. Therefore |P(2)| < |Q(2)| on C. By Rouché’s Theorem,
Q(2) + P(z) = D(T}; z) has the same number of roots inside the unit circle as Q(z),
which is exactly two (Q(z) has two roots at z = 0). Since we know D(T’; z) has one
root at z = 0, the other root inside the unit circle must be real. Otherwise, it would

have a conjugate root also inside the unit circle. O]

Now we turn our attention to the real parts of degree roots for trees, asking if
the real parts can be bounded. It is not difficult to show that degree roots for trees
are unbounded along the negative real line. Consider trees with A = 3, that is, trees
which have degree polynomial D(T;x) = azx® + asx? + (a3 + 2)x (there are az + 2

leaves as a result of Lemma 3.20). The roots of these polynomials are simply

0. ~% + /a3 — daz(az + 2)
’ 2&3 )

For sufficiently large as, these roots are all real. Since

a2 —»00 2(]/3 a2 —»00 a3

lim (—a2 _ \/a% — das(as + 2)) = lim —2

it is clear that these degree roots are unbounded on the negative real line.

While not having positive real roots, there are degree roots for trees with positive
real part (as seen in Figure 3.11). Thus we might wonder if there is a bound to
the positive real parts of degree roots for trees. To answer this, we make use of the

following Lemma.
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Lemma 3.23 ([7]). Let R > 0 and f(x) € Rlz] be a polynomial of degree d with

positive coefficients. Then

1. if d > 4, then for m sufficiently large f(z)+mx has a root with real part greater
than R, and

2. if d > 3, then for | sufficiently large f(x) + 1 has a root with real part greater
than R.

The original statement of the lemma assumes f(z) has positive coefficients. However,
the result still holds if f(x) is only assumed to have non-negative coefficients. Thus

we are able to apply Lemma 3.23 to degree polynomials and obtain the following.

Proposition 3.24. For any R > 0, there exists a tree with a degree root having real

part greater than R.

Proof. Let R > 0 be given, and fix a tree T with A > 5. Recall that vertices of degree
two can be inserted by subdividing edges without impacting the degrees of any other

vertices. Thus if 7" is the tree resulting from adding a, edge subdivisions of T', we

have D(T";z) = D(T'; x) + asz®. Define

D(T;x)
= + asx,
x

which is a polynomial since the lowest degree term of D(T'; ) has exponent equal to
one. Since deg(D(T;z)/x)> 4, from Lemma 3.23 it follows that for sufficiently large
as, g(x) and thus D(T”; x) has a root with real part greater than R. O

The above proposition used trees with A > 5 to find roots with arbitrarily large
real part. Plotting the degree roots for trees up to order n = 18 that have A < 4, we
observe that they do not extend far into the RHP (see Figure 3.12). In fact, the real
parts of degree roots for trees with A < 4 do not exceed a value of 1 (and therefore are
bounded to the right) as we shall now argue. For A = 1, the only tree is the path P,
with degree polynomial 2z, and thus the only degree root is at 0. For A = 2, the only
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trees are paths P,, for n > 3. With degree polynomials D(P,;x) = (n — 2)z* + 2z,
the degree roots are 0 and —2/(n — 2), which of course lie in the closed LHP. In the

case of A = 3, recall from above that these trees have the following degree roots:

0, and (—ay + \/a? — 4az(az + 2))/2as, where aj is the number of vertices of degree
k. Other than 0, these roots will have negative real part: either the roots are real
and negative, or are non-real and have real part —as/2a3. Hence, all of these roots
also lie in the (closed) LHP. For the case of A = 4, a tree T' has degree polynomial
D(T;z) = ayx* + azz® + ax® + (2a4 + az + 2)x (there are 2ay + az + 2 leaves due to
Lemma 3.20). Since there is always a root at 0, we shall remove it for simplicity and

instead consider the polynomial P(z):

= a47® + a3x® + aox + (2a4 + as + 2).

Notice that P(z) has a root a + ib, where a > 1, if and only if the polynomial
Q(z) = P(x+1) has aroot in the RHP. Recall that a polynomial is considered stable
if all of its roots lie in the closed LHP, and the Hermite-Biehler Theorem (Theorem
1.8) which states a polynomial f(z) = feven(®?) + @ foaa(2?) is stable if and only if
feven() and f,qq(x) are standard, have only non-positive roots, and foqq() < feven()-
Therefore, after setting Q(z) = Qeven(?) + 2Qouq(x?), we see that P(zx) has a root
with real part greater than 1 if and only if at least one of Qepen(x), Qoqa(z) are

non-standard or have some non-positive root, or Quqqa() £ Qeven(x). First, we must

compute Q(I)7 Qeven(x>a and Qodd(x):

Q(z) = ay(x + 1) + az(x + 1) + ag(x + 1) + (2a4 + a3 + 2)
= a42® + (3ay + a3)r? + (3ay + 2a3 + az)x + (3ay + 2a3 + ay + 2),

and thus

Qeven(x) = (3&4 + a3)l' + (3&4 + 2@3 + a9 + 2)

and
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Figure 3.12: Degree roots for trees of orders three through eighteen that have A < 4.

Qoad(x) = agx + (3ag + 2a3 + az).

We quickly see that both Qepen(z) and Quqq(z) are standard, and have only non-

positive roots. If z. is the root of Qeyen(z) and z, is the root of Quuq(x), then

3a4+2a3+a2—|—2
Ze = —
3ay + az
and

o 3a4+2a3+a2

Q4
Qodd() A Qeven(x) is now equivalent to the inequality z, > z.. We will now show

that this inequality does not hold for any values of as,as3,as. By rearranging the
inequality we have the following:

71
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Zo > Ze
3a4+2a3+a2> 3a4+2a3+a2+2

Qg 3&4 + as

<~ (3&4 + (13)(3a4 + 2a3 + CLQ) < CL4(3CL4 + 2a3 + as + 2),

—

which after expanding and collecting terms becomes

6(1?L + Tasas + 2asa9 + 2(1% + azas < 2ay4.

This inequality implies (since as,az > 0) 6a7 < 2ay, which is a contradiction as
ay > 1. Therefore there are no values of as, az, ay for which z, > z.. Hence, there is
no P(z) with a root having real part greater than 1, i.e. no tree with A = 4 with
degree root having real part greater than 1.

To conclude this discussion of trees, let us consider trees which have only two
degrees present. This is a subfamily of trees for which we can exactly solve for the
degree roots. For a tree of order at least two that has only two degrees, one of them
must be 1 (ie. the tree must have leaves). The other degree, call it k, takes values in
the set {2,3,...,n — 1}. We let T, denote the set of all trees on n vertices that only
have degrees 1 and k (up to isomorphism). The hydrocarbon graphs, or alkane graphs
from Example 2.6, constitute 7, while path graphs make up 7, It is quickly seen
that for some pairs (k,n), Tr, = 0. For example, there is no tree with 6 vertices
having degrees 1 and 4. The star K 4 has 5 vertices, and having an additional vertex
would introduce a degree other than 1 or 4. In [33] all admissible (k,n) pairs, that

is, pairs for which 7y, # 0, are characterized:

Theorem 3.25 ([33]). There exists a tree on n vertices whose degrees are only 1 and

k>2 (ie. Ten #0) if and only if k — 1 divides n — 2.

Therefore every pair (k, n) for which Ty, # @ hasn—2 = (k—1)t,or n = (k—1)t+2,
for some integer t > 1. The form for a degree polynomial of a tree T' belonging to
Tim is D(T;x) = (n—1)z* +lx. Summing the degrees, and knowing that T has n — 1

edges, we obtain

2(n—1)=k(n—1)+1,
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and simplifying yields

_k:n—2n—|—2
k=1

Since we must have n = (k — 1)t + 2 for some ¢ > 1, this further becomes

l

(k — 1)t +2)k — 2((k — 1)t +2) +2
k1

l:

=kt —2(t— 1),

We can then also find

n—1=(k—1)t+2— (kt —2(t — 1))
=t.

Thus ¢ is the number of vertices of degree k. Putting this all together, the degree
polynomial for a tree T with t vertices of degree k and the remaining vertices being

leaves is

D(T;z) = ta* + [kt — 2(t — 1)].

Finding the roots of these polynomials is not difficult: there is a root at z = 0, and
the remaining roots are the (k — 1) roots of —(k — 2(t — 1)/t) = —l/t. Figure 3.13
shows these roots for 1 <t <10, and 2 < k < 40. This picture obscures two kinds of
behaviour going on. The first kind is when ¢ is fixed, and k increases (kK — o0). In

this case, the roots have modulus (k —2(t — 1)/ t)ﬁ which has the following limit:

1
t—1\ %1 ) In (k—zﬂ)
lim (l{; — QT) = eliMk—oo — T t .

k—o0

Since by L’Hopital’s Rule,

C(k—251)  gmrd
lim ————= —t
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we have

1
t—1\*1
lim (k — 2—) = ¢
k—o0 t

=1.

Thus as k increases the modulus of the roots approach 1, and since there are k — 1

roots with arguments being those of the (k — 1) roots of —1, the roots of D(T’;z)

approach the entire unit circle. Figure 3.14 shows this for t = 4, and 2 < k£ < 40.
The second kind of behaviour occurs when k is fixed, and ¢ increases (t — o0). In

this case, we see the limit of the modulus of the roots is

1 1
t— 1 k—1 2 k—1
lim <k—2—> = (k—2+lim —)
t—o00 t t—oo

= (k—2)F1.

Since k is fixed, we can say that as t — oo the roots approach the points which lie
on the same rays as the (k — 1) roots of —1, and have a modulus of (k — 2)'/(*=1),
We give an example of this in Figure 3.15, for k = 6. There are five points which
the roots are approaching (other than the always present root at the origin). These
points have modulus (6 — 2)/6~1) = /4, and lie on the same rays as the 5" roots of
—1. We also see that the roots approach these points along the rays, and not from

another direction. This is a consequence of k being fixed.

3.4.2 Complete Graphs with a Leaf

Here we investigate the degree roots of the C'L, graphs from Example 2.10. The
graph C'L,, is constructed by attaching a leaf onto any vertex of K,,_;, and has degree
polynomial D(CL,;z) = 2" ! + (n — 2)2"? + . While complete graphs (and any
regular graph) have uninteresting degree polynomials, the simple addition of a leaf
creates degree polynomials with non-trivial roots. We will study these roots in order
to explain the behaviour observed in Figure 3.16, Figure 3.17, and Figure 3.18. Figure
3.16 shows all roots for D(C'L,; z), 2 < n < 50. We can observe two things: there are

roots which appear to be spaced out along the negative real line, and there are roots
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[

Figure 3.13: Roots of D(T';x) for trees T' with ¢ vertices of degree k, and the rest
being leaves, where 1 <t < 10 and 2 < k < 40.

Figure 3.14: Roots of D(T; ) for trees T with ¢t = 4 vertices of degree k, 2 < k < 40,
and the remaining vertices being leaves.
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Figure 3.15: Roots of D(T';z) for trees T with ¢ vertices of degree k =6, for 1 <t <
40. There are five non-zero limit points of the roots, which lie on and are approached
along the rays that pass through the 5 roots of —1.

which have modulus close to 1. Figure 3.17 focuses on those roots that are within the
unit circle. It appears that the roots are approaching the entire unit circle from the
inside, save for the roots at the origin and —1. Figure 3.18 focuses on the negative
real line. The roots shown here all seem to be real, and are located near the negative
integers.

Addressing the observation of the real roots, let us first count the negative real

roots. Consider the polynomial D(C'L,,; —z):

D(CL,;—z) = (=1)" 2" '+ (=1)"%(n — 2)2" % — 2.

If n is odd, the coefficients have exactly one sign change. Thus D(CL,; x) has exactly
one negative root by the Rule of Signs (Theorem 1.1). If n is even, there are two sign
changes in the coefficients. Thus D(C'L,; z) has zero or two negative roots, also by
the Rule of Signs. We shall see there are in fact two negative roots for even n, except
for n = 2 when the degree polynomial is D(CLy; x) = 2z. For n > 4, which is when
D(CL,;x) is a trinomial (and not a binomial), we can locate a large negative root

within an error that vanishes as n — oo.
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Figure 3.16: All roots of D(CL,;z) for 2 < n < 50.

Figure 3.17: The roots of D(CL,;x) for 2 < n < 50 that are contained in the unit
circle. The roots appear to be converging outward to the unit circle as n increases.
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Figure 3.18: The roots of D(CL,;x) for 2 < n < 50 on the real line (or at least
seeming to be real).

Proposition 3.26. Consider the graphs CL,, n > 4. For odd n, D(CLy;x) has a

real root in the interval (—(n — 2) — €,(n), —(n — 2)) where

1

) = g
For even n, D(CLy;x) has a real root in the interval (—(n — 2),—(n — 2) + €(n)],

where

1

€e(n) = =

Proof. To simplify some calculations, make the change of variables x = (n — 2)y, and

consider the polynomial

fly) = (n_lz)n_lD(CLn;(n 2)y)
— ynfl _|_ynf2 + Y
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The roots of f(y) and D(C'L,;x) are in one-to-one correspondence via the change of
variables. We first consider when n is odd. We will evaluate f(y) at two points that

give values with opposite sign, and apply the IVT. The first point is y = —1:

—1 - o
(n —2)n—2 y
- (1 )
R (e =
B (1 * <n—12>n2)n_ Kl * <n—12>“> - 11
B =
(n—2)2
1 1 — n—3
i | ae) 1]
>0

since (14 1/(n —2)"2)"=3 > 1. Thus by the IVT, f(y) has a root in the interval
(=1 —1/(n —2)"2,—1). Through the change of variables x = (n — 2)y, it is clear
that D(CL,;z) has a root in the interval (—(n —2) — 1/(n — 2)"73, —(n — 2)), or
(—=(n—2) —€(n), —(n —2)).

Similarly, suppose that n is even. We still have that f(—1) = —1/(n —2)""2 < 0.
Let us evaluate f(y) at another point, namely y = =1+ 1/(n — 2)(n — 3)"3:
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/ (‘” <n—2><i—3>n—3)

) (_1 e 2)(2 - 3>"—3)n_1 ! <_1 - 2)(rlz = 3)n-3>n_2
: 1<1 ] ("I”(i‘— 3>”‘3>n_1 (1 <n—z><i—3)"—3)n_2
Bl e
o |
) (1_ <”—2><n—3>”‘3) {_ (1_ (n—2>(n—3>”—3) “}
B 11%
(n—=2)(n—3)"3 (n—2)n2

This quantity is non-negative, as

1
d <_1 - (n—2)(n— 3)n—3> >0
(1_W> 1_W

= - —3r7  ~  (n—2)

_ L " (-3
- (1 (”—2)(n—3)"‘3) = (o)

1 n—3

SR R T T A
= (n—2)(n—3)"" —1> (n—3)"*
= (n=2)(n =3~ 1> (n-2)(n-3""~(n-3""
— 1< (n _ 3)71—3’

and this last inequality is indeed true since n > 4. Furthermore, there is equality

if and only if n = 4. Applying

interval (—1,—1+1/(n —2)(n —

the IVT, we conclude that f(y) has a root in the
3)"73). Thus D(CLy,;z) has a root in the interval

(=(n=2),—=(n=2) +1/(n = 3)"7%), or (=(n = 2),=(n = 2) + €(n)).
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]

Since we have shown there is at least one negative root when n is even, there
in fact must be two negative roots by what we found above with the Rule of Signs.
Using the IVT, we can quickly find that this root is in the interval [—1,0). Evaluating
the polynomial g(z) = D(CL,;z)/x (just removing the known root at 0) at these

endpoints, we find

9(0) = (0)"* + (n = 2)(0)"* + 1

\Y
o

and

as n > 4. Therefore D(C'L,; x) has a root in [—1,0) when n is even. In fact, this last
inequality is equality if and only if n = 4, when D(CLy;z) = 23+ 22° +x = x(x+1)%
In this case there is a double root at —1, which is why the half-closed interval is needed
in Proposition 3.26.

We can address the observation of roots converging to the unit circle, from Figure
3.17, with the extended BKW Theorem (Theorem 1.7). Let us examine the limits of
the roots of D(C'L,;x), as n — oo. Since there is always a root at = 0, we can just

consider the polynomial
D(CL,;x
gu-sla) = 2LELni2)
=2" 24+ (n—2)2" 7 + 1

="z +n—-2)+ 1.
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With a substitution of N =n —3, gy(x) = 2V (z+ N + 1) + 1 is in the form to apply
Theorem 1.7 if we let A\j(z) =z, Aa(x) =1, oy (N;2) =2+ N+ 1, and az(N;z) = 1.
Furthermore, we have p; ;(z) = 1 as the coefficient polynomial on N in a;(N;z), and
p2o(z) = 1 as the coefficient polynomial on N in ay(N;z). Since both p;;(x) and
pao(x) are non-zero, we can rule out using the first condition of Theorem 1.7 to find
the limits. The second condition immediately gives that the limits of gy (z) are the
points z where |A1(2)| = [A2(2)|, or where |z| = 1, i.e. the unit circle. Thus the limits
of the roots of D(CL,;x), as n — oo, are 0 and the unit circle |z| = 1.

We have now verified part of our observation that there are roots of D(CL,;x)
which approach the unit circle from its interior. What we will now show is that for
n > 5, all the roots of D(C'L,;x) except for the real root located near —(n — 2) from
Proposition 3.26 are contained within the unit circle. When we say the root located
near —(n — 2), we mean the root inside the interval (—(n —2) —¢,(n), —(n —2)) if n
is odd, or inside the interval (—(n — 2), —(n — 2) + €.(n)) if n is even. Furthermore,
the root in this interval is unique. When n is odd, D(CL,;z) has only one negative
root, and thus it must be in the respective interval. When n is even, there are two
negative roots: one is contained in the interval (—(n —2), —(n — 2) + €.(n)), and the
other is contained in the disjoint interval (—1,0). Thus there is no confusion when
saying the root located near —(n — 2). Let —r be this root, so that » ~ n — 2. Then

x +ris a factor of D(C'L,;x) and we can write

D(CLy2) = (& +1)f(2)
= (2 4+ 7)(bpox™ 2 + by_z2™ P + - + b)),
where f(z) = by_22™" 2 + b, 32" + - -+ + byx. Expanding the product on the right
and equating the coefficients with D(CL,;z) = "' + (n — 2)2" % + x gives the

following relations:

b2 =1,
b3+ rby_9=n—2,
b +7rbp1 =0, 1<k<n—4,
rb; = 1.
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Thus from these equations we obtain b, o = 1, b,_3 = n—2—r, and b, = (—1)k11/r*

for 1 <k <n —4. Hence,

We will show f(z) has all its roots interior to the unit circle using Cauchy’s bound

(Theorem 1.3). First, let us remove the root at 0 by dividing by x:

n—4 1
="+ (n—-2-r)2" "+ k1< 1)k+1r—kxk_1

To apply Cauchy’s bound, we construct the following polynomial from fy(z) and look

for its (unique) positive root:

n—4

n— n— 1 —
g@)=2"3—|n-2—r|z 4—Zr—kx’€ L
k=1

Evaluating at x = 0 gives g(0) = —1/r < 0. Evaluating at = = 1 gives

n—4

1

gl)y=1—-|n—-2—r|— E e
k=1

and we claim that g(1) > 0. Recall from Proposition 3.26 that |n — 2 — 7| < €,(n)
for odd n, where €,(n) = 1/(n — 2)"3, and for even n, |n — 2 — r| < €.(n) where
€e.(n) = 1/(n—3)""3. In any case on the parity of n, we have |[n—2—r| < 1/(n—3)"3
Furthermore, since either —r < —(n —2) or —r < —(n — 2) + €.(n), we also have

1/r <1/(n—2—e¢.(n)). These inequalities immediately show

|n—2—r|+z = - +Z(n_2_66 )>k‘ (3.1)

The sum on the RHS can be rewritten as it is a geometric series:

A 1 n—3
- ( )k <n—2—ee(n)) —1
— T — 17
1 n—2—ee(n) S —

ke n—2—ce(n)
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and at this point we make a substitution of N =n — 3 (where N > 2 since n > 5) to

simplify our expressions. Therefore the RHS of (3.1) becomes

N
1 N
-1 NN
1 (N+1—N1N) - 1 N (NN(N+1)—1> —1 1

N _ N NN
N Ny N NN L
N2
L e
NN NN_NN(N+1)+1
NN(N+1)-1
1 NN — (NN(N +1) = 1)V .
NN (1 - NN+D)(NN(N +1) — 1)N-1
_l (NN(N +1) = 1)N — NV .
NN (NN+L —1)(NN(N + 1) — 1)N-1
1  NM(N+1)—-1
+
- NN NN+ _ 1
NN
— —1
(NN+1 —1)(NN(N + 1) — 1)N-1
1 NN
=NV T NN
NN
~ (NNHL 1) (NN(N 1) — )N
o, NV’
NN N-— & (NN 1)(NN(N +1) — 1)N-1
1 1
< + .
NN =N -

Furthermore, each term in the final inequality above is strictly decreasing as N in-

creases. Therefore, since N > 2 we have

N
L —1
]_+ N+1-—5 1<1+ 1
N 1 N 1
N s 1 N N -t
N 1
-2 2-4
23
- 28
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By inequality (3.1) it follows that

n—4
1
|n—2—r|—|—zr—k<1,
k=1

thus proving g(1) > 0. Since ¢g(0) < 0 and g(1) > 0, by the IVT it follows that g(z)
has its positive root in the interval (0,1). By Cauchy’s bound, all the roots of fy(z)
(and also f(z)) have modulus less than 1. This completes our argument: that for
n > 5, all roots of D(CL,;z) except for the real root near —(n — 2) is located in the

interior of the unit circle.

3.4.3 Anti-Regular Graphs

Recall the anti-regular graphs from Example 2.11. This family was partitioned into
two sets of graphs: connected and disconnected graphs, which were complementary
to one another (in the graph theoretic sense). Figure 3.19 shows the roots of these
graphs up to order n = 50, separating roots for the connected graphs (top) and
disconnected graphs (bottom). Furthermore, we identify roots for even n with red
and those for odd n with blue. Some immediate observations are: when n is even the
(non-zero) roots appear to be on the unit circle, and not so for odd n. However, the
roots for odd n surround the unit circle and possibly converge to it. No root seems
to exceed a modulus of 2, which occurs for a real root. By examining closely, we can
also notice the reciprocal relationship between the (non-zero) roots of the two plots,
since the graphs giving these degree roots are complements of each other.

We will start investigating these roots by considering the connected graphs. For
a graph of order n > 2, the connected anti-regular graph H,, has degree polynomial

D(H,;x) = 2?2—11 27 + zl"/2 However, we may write D(H,; ) in the form

n—2
D(H,;z) = xej + /2
=0
n—1
NS e A T2
l—z ’

which holds for all  # 1. Thus the roots of D(H,,; ) are the solutions to the equation

z — g™+ g2 g2t — (3.2)
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b2 o

2 o

Figure 3.19: Degree roots for anti-regular graphs, up to order n = 50. (Top) All roots
of D(H,;x). (Bottom) All roots of D(H¢; x). In each plot, roots for even n are shown
in red, and roots for odd n are shown in blue. Note the property that each root of
the bottom plot is a reciprocal of a non-zero root of the top plot, and vice versa.
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except = 1. We now examine the solutions to (3.2) via two cases on n.

Case 1: n =2k, k > 1. Here, (3.2) simplifies to

ka_l_xk-l—l_xk_l,:O

or

z(z® —1)(1 + 21 =o0.

Thus the roots of D(Hoqy; z) are = 0, the k' roots of unity (except for 1 itself), and
the (k — 1)" roots of —1.
Case 2: n =2k + 1, k > 1. In this case, (3.2) becomes

gt ok =0 (3.3)

These polynomials require numerical techniques to find their solutions. However, we
can deduce some information about them. Of course, there is a root at 0. Recall
Theorem 1.1, The Rule of Signs. Since there is exactly one sign change in the coeffi-
cients, there is exactly one positive solution to (3.3). A quick check verifies that this
solution is x = 1, which is exactly the point we are excluding. This simply confirms
that D(Hayy1; ) has no positive roots, which we know to be true. If we substitute

r — —x, we obtain

B (_1)k+1xk L =0.

Regardless if k is even or odd, this equation has exactly one sign change and thus has
exactly one positive root. Therefore, equation (3.3), and hence D(Hagy1;x), has ex-
actly one negative root. A quick check rules out —1 from being this root. However, we
can bound this negative root to the interval [—2, —1/2) using the Enestrom-Kakeya
Theorem (Theorem 1.5) and some algebra. Since D(H,;z) = xzy;g 2l + /2
D(H,;z)/x has all positive coefficients. Furthermore, all of these coefficients is 1
except for the coefficient on z"/2=1 which is 2. Thus the minimum ratio of consecu-
tive coefficients is 1/2, while the maximum ratio is 2. By Theorem 1.5, every root of
D(H,;x)/x (i.e. the non-zero roots of D(H,;z)) has modulus in the interval [1/2,2].

This is true of the real and non-real roots, and also holds for even n. For the real root



38

in the case of odd n (which we were originally interested in), we can slightly improve

this interval. Evaluating the left hand side of (3.3) at x = —1/2, we obtain

L1\ 2K+ 1)\ Bl _1\F
2k+1 k+1 _ ok . (1 -1 (=t 1
T +x T T < 5 ) + ( 5 ) ( 5 ) + 5

1\ 2++1 1\ 1 1\ * 1

R — 1)kl - _ Z

0o (7))

-1 + (_1)k+1<2k +2k+1) +22k
22k+1 :

If k is odd, then this quantity is clearly positive. When £ is even, observe

-1+ (_1)k’+1(2k + 2k+1) + 22k - 1 (zk + 2k+1) + 22k
= —1+252F-3)

> 0,

since 28 > 4 and 2 — 3 > 1, so 2¥(2¥ — 3) > 4 > 1. Thus in any case, the left hand
side of (3.3) is positive when z = —1/2. Therefore the negative root of equation (3.3)
is actually in the interval [—2, —1/2).

We can also study the limits of degree roots for H,, as n — oo, using the BKW
Theorem (Theorem 1.6). The first step in applying the BKW Theorem is writing the

polynomials in the right form. Recall that we can write

(1 —2)D(Hy;z) = 2(1 — 2" ) 4+ (1 — x)z™?,

As before, we shall consider cases on the parity of n.

Case 1: n = 2k, k > 1. Define the polynomial

fr(2) = (1 = 2)D(Hyy; 2)
=2(1 -2 4 (1 —2)2"
=2+ (1-2)2+2

Other than the root of fy at z = 1, fi(z) and D(Ha; 2) have the same roots. Thus

aside from 1, fi(z) will have the same root limits as D(Hay; z). Observe that fi(z) is
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readily in the form to apply the BKW Theorem by setting a;(2) = —1, as(z) = 1— 2z,
az(z) = z, and A\ (2) = 2%, X\o(2) = 2, and A\3(z) = 1. Thus we can now check the

conditions of the theorem:

Condition 1:

e |2%| > |2],|2%| > 1, and —1 = 0. The equality immediately gives a contradiction,

SO We 1move on.

o 2| > |2%|, |z| > 1, and 1 — z = 0. The equality gives z = 1, contradicting the

inequalities. So again, we move on.

e 1>]2%], 1> |z, and z = 0. The point z = 0 satisfies the inequalities, and thus

it is a limit of the roots.

Condition 2:

e |2?| =|z] > 1. No z satisfy these constraints, since the equality implies |z| = 1

or z = 0, contradicting |z| > 1.
e |z| =1 > |2?%|. There are also no z that satisfy these constraints.

e |2?| =1 > |z|. Again, no z are possible.

e |2?| = |2| = 1. These equalities define precisely the unit circle. Thus every

point on the unit circle is a limit of the roots.

Therefore the limits of the roots for fi(2), and also D(Hag; z) are the unit circle and

the origin, or

Co={z€C : z2=0 or |z] =1}.

Case 2: n=2k+ 1, k > 1. Similar to the first case, define

gr(2) = (1 = 2) D(Ha2k41; 2)
=2(1 -2+ (1 —2)2F

= 2" 4 (1 - 2)2F + 2.
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Observe that gi(z) is also immediately in the form to apply the BKW Theorem,
by setting a;(z) = —2, as(z) = 1 — 2z, az(z) = z, and A\ (2) = 22, X\a(2) = 2z,
A3(z) = 1. The only difference between gx(z) and fi(z) is «y; thus the limits of the
roots will be the same except for possibly those from the constraint |\ (z)] > |A2(2)],
|IA1(2)] > [A3(2)], and ai1(z) = 0. For fi(z) this gave a contradiction, and for g(z)
this also gives a contradiction: |2%| > |z|, |2?| > 1, and —z = 0 which implies z = 0,
contradicting the inequalities. Thus the limits of the roots of gx(z) are the same as
fr(z), which overall gives that the limits of the roots of D(H,;z), as n — oo, are
simply Cp.

For the disconnected anti-regular graphs, we recall that they are precisely the com-
plements of the connected graphs H,,. Using the fact that D(G¢;z) = 2" ' D(G;1/x)
for any graph of order n, we immediately obtain the degree roots of H¢ as the recip-
rocals of the non-zero degree roots of H,. In fact, when n = 2k, k > 1, the non-zero
degree roots of Hyy, and H§, are the same: the non-zero roots of D(Hay; x) are the kth
roots of unity (except for 1), and the (k—1)" roots of —1. Since the k" roots of unity

1 —2imj/k _ p2im(k—j)/k
)

2imi/k where 0 < j <k — 1, we have 27! = ¢

have the form z = e
which is simply another k" root of unity. Thus the reciprocals of the & roots of unity
are exactly the k' roots of unity, simply with different arguments. This is similarly
the case for the (k — 1) roots of —1. When n = 2k + 1, k > 1, however, Hoyy1 and
H3, ., have different degree roots. This is immediate simply from the fact that Hyq,
has a root with modulus not equal to 1. The negative root of D(Hagy1;x), which we
found to lie in the interval [-2, —1/2), tells us that D(H3, ;) has a negative root
in the interval (—2,—1/2]. The limits of the roots of D(H¢;x), as n — oo are the

reciprocals of the limits for D(H,;x), and thus are easily seen to be the unit circle

|z] = 1.

3.4.4 Complete p-Partite Graphs

Complete p-partite graphs have degree polynomials that are easy to compute. Recall

from Example 2.8 that the complete p-partite graph K, .., has degree polynomial

p

D(Ka,,..ap;T) = Z a;z"

j=1
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where n = > " a;. When p = 2 (i.e. for complete bipartite graphs), the degree poly-
nomial is simply D(Ky, 405 %) = @12 + agz®. Assuming, without loss of generality,
that a; < ag, then the roots of this polynomial are 0 (with multiplicity a;) and the
(as —ay)t-roots of —ay/a;. Thus, from here on we assume that p > 3. In this section
we consider the case where the a;’s have the form a; = sj, for some integer s > 1.
In this situation, the degree roots have a particular symmetry as seen in Figure 3.20.
This figure shows the degree roots for four such p-partite graphs, with varying p and
s. The upper left plot shows roots for p = 10 and s = 1. We can observe nine non-zero
roots that are approximately evenly distributed in both directions around a negative
root. That is, there are four roots in both the counterclockwise and counter-clockwise
directions from a negative root, and each root appears to be located after traversing
some fixed angle #. These roots are also similar in modulus; it is not clear whether
they are actually equal or not. The upper right plot shows the roots for p = 6 and
s = 2. In this case, there are five roots distributed evenly (in the same sense as above)
around two distinct points: one on the imaginary axis in the upper half-plane, and
one on the imaginary axis in the lower half-plane. At this point we can already sense
a pattern: that there are s clusters of roots, where each cluster contains p — 1 roots
distributed approximately evenly (in the angular sense) and have similar modulus,
and the angular centres of these clusters have the same argument as one of the s
roots of —1. This pattern holds for the bottom plots, where in the left plot p = 8 and
s = 3, and on the right p = s = 4.

Let us now address these observations. Having a; = sj, we can write the degree

polynomial of K, . ., as follows:

p

D(Ka,,..ap; ) = Z sjax™ %I

J=1

p
— g™ Ps § jx(p—])s'
=1

Hence there are n — ps roots at zero. Let g(z) = Y 0_, ja®P=9)% be the polynomial
which has all of the non-zero roots of D(K,,,  4,;2). We can perform a substitution

y = x° to obtain the polynomial
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5=3 i p=8 s=4 i s p=4

Figure 3.20: Degree roots for some complete p-partite graphs which have the form
a; = sj for s > 1. Top left: the roots for p = 10, s = 1. Top right: the roots for
p =6, s = 2. Bottom left: the roots for p = 8, s = 3. Bottom right: the roots for
p = s = 4. In each plot, the blue circle is the circle || = (2p+ 1)ﬁ, which is a bound
on the modulus of the roots that will be discussed later.
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p
hy) = jy?
j=1
=y 2 (p = Dy +p.

Thus we are close to confirming one of our observations: for each root z of h(y), we
obtain s roots for D(K,, . 4,;*) which are the sth-roots of z. Thus each of the p — 1
roots of h(y) yields s roots of D(K,,, . 4,;%) at equal angles around the origin, and
overall give s “clusters” of roots for the degree polynomial.

To better understand the roots of h(y), let us rewrite h(y) using the geometric

series:
p .
yh(y) = jy"
j=1
=y"+ 2" o (0= Dy py
and thus

(y—Dh(y)=v"+y" '+ +y—p
yr -1
y—1

=Y - D

as long as y # 1. Therefore we have, for all y # 1,

y(y? —1) — ply — 1)‘

hly) = (y—1)2

Hence the roots of h(y) are the roots of

w(y) =y(y’ —1) —ply — 1)
=y —(p+ Dy +p (3.4)

different from 1. While the roots of w(y) must be found numerically, we can bound

their modulus using the following interesting theorem inspired by physics.
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Theorem 3.27 ([36]). The equation AzNTM + B2M 4+ C =0, where

= |Ale™, B= |B|eiﬂ, C = |Cle™,

defines two regular polygons Syinr and Sy concentric in the complex plane. The

(N + M)-gon Sy has vertices

N T N A A=1,...,. N+ M.

The N-gon Sy has vertices

(2N+M CDNiM JAmat(AtDr
E— 6

2N + M N 8= a+(2v+1)7r
— =1,....N.
( N+M > ) v ) )

If at the vertices of these polygons unit masses are placed, and these masses deter-

mine a force field that is inversely proportional to distance, then the solutions to the

trinomial equation are precisely the equilibrium points of these force fields.

Consider the equilibrium points of the above theorem. No equilibrium point may
be further from the origin than any of the polygon vertices, for at such a location

there would be a non-zero net force. Thus we have the following corollary.

Corollary 3.28. If z is a solution to the equation AzNTM + B2M + C =0, then

ol < ON + M |C|\ ™% (2N + M |B|\*¥
2| <max{ [ ——— |— —
- N A "\ N+M
Applying this to w(y) (3.4), we have M =1, N =p, A=1, B=—(p+1), and
C' = p. Substituting, we get

ON + M |C[\ ¥+ o
(BFE) T e

and

”db—‘

N+ M

Therefore, any root y of w(y) satisfies

1
2N + M N
< —D (2p+1)».

ly| < (2p+1)7.
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Since the non-zero roots x of D(K,, . . ;x) were s roots of such roots y # 1, it

follows that the non-zero roots x of D(K,, .. 4,;*) satisfy

|| < (2p + 1)7s.

In each plot of Figure 3.20, the circle |z| = (2p + 1),%3 is shown in blue for the
corresponding values of p and s.

We may also examine the limits of the roots of D(K,, . 4,;%) as p — oo by
applying the extended BKW theorem (Theorem 1.7) to w(y). First, we rewrite w(y)

and relabel it as wy(y):

wp(y) =y -y’ + (Pl —y) —y).
Labelling each part of w,(y) in the notation of Theorem 1.7, we have: A\;(y) = v,
ai1(p;y) =y, sody = 0 and q1.4,(y) = o = y. Similarly, ao(y) = 1, aa(p;y) =
p(I —y) —y,sody =1 and q24,(y) = q21(y) = 1 —y. Indeed, A\; # w, for any

complex w such that |w| = 1, so we are able to apply Theorem 1.7:

Condition 1:

e [\ (y)| > [X2(y)| and g14,(y) = 0: the inequality implies |y| > 1 while ¢1 4, (y) =

0 gives y = 0, which is a contradiction.

e [M\i(y)] < |X(y)| and g2,4,(y) = 0: the inequality implies |y| < 1 while g24,(y) =

0 gives y = 1, which again gives a contradiction.
Condition 2:

e [\(y)| = [X2(y)| > 0, and at least one of ¢14,(vy), g2.4,(y) are non-zero: this

gives |y| = 1, and indeed ¢y 4, (y) = v is non-zero for such y.

From Condition 2, we can conclude that the limits of the roots of w,(y) (or w(y))
as p — oo are the points {z € C : |z| = 1}, or simply the complex unit circle.
Consequently, since y = x°, the non-zero roots of D(Ky,,  q,; ) have the same limits

as p — 00.



Chapter 4

Conclusion

4.1 Open Problems

Many questions about degree roots remain unanswered. For instance, there is our
conjecture concerning the degree roots of trees which proposes there are no non-real
degree roots of trees inside the unit circle. In this section we discuss a few open
problems of degree roots.

We did not focus on the degree roots of multigraphs, save only to briefly compare
or contrast them with degree roots of (simple) graphs. Hence, there is much left to
wonder about the degree roots for multigraphs. For example, how do multigraph
degree roots behave when imposing restrictions to n and A as we did for (simple)
graphs? For fixed n, what are some degree roots for multigraphs that aren’t degree
roots for (simple) graphs?

Returning to the degree roots of (simple) graphs, in Theorem 3.6 we saw that
degree roots were dense in the negative real axis. In particular, we observed that
every negative rational number is a degree root of some graph. One question we
may ask is how rational degree roots depend on graph order n. That is, for graphs
of some order n what rational degree roots may we see? Table 4.1 lists all rational
degree roots that appear for some small values of n. Other than seeing some expected
patterns, such as —1 only appearing when n is a multiple of 4 and the appearance of

—(n—1) as a degree root for odd n, we can make some observations: first, it appears

that every rational degree root —% (in fully reduced form) satisfies (p+¢q)[n. We also
notice that for odd n, all rational numbers —”T_k, for 1 < k < n seem to be degree

roots. For even n, it appears there are fewer rational roots, and that a (fully reduced)
root —§ satisfies p + ¢ = 3.

The rational root theorem tells us that a degree polynomial D(G;z) = aaz™+- - -+
asz® with rational root —§ satisfies glaa and p|as. Therefore, (p + q) < aan + a5 < n,

but the divisibility is yet to be proven (or disproven). Our observation for odd n and

96
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n Rational Degree Roots
2 0
1
3 0, —5, —2
4 0, —1
1 2 3
5 07 T4 T 30 T 9 —4
6 0, —3, —2
1 2 3 _4 _5
7 07 T 6 5y 40 3y —6
8 0, —%, -1, -3

Table 4.1: Rational degree roots for graphs of small order.

the roots of the form —”T_k, however, can be confirmed. For k = 1, we already know
the existence of the degree root —(n — 1). For odd k > 3, construct the following
graph: take the union of a copy of Cy and (n — k)/2 copies of P». This graph has
degree polynomial kx? + (n — k), having a root at —”T’k. For even k, take the graph
that is the union of k/2 copies of P, and n—k isolated vertices. This graph has degree

polynomial kx + n — k, and thus has a root at —”T’k. Thus for all k& (1 < k < n),

n—k :
—1=" is a degree root.

Another area deserving of further study is the bounding of degree roots. Corollary
3.10 bounds the moduli of degree roots for graphs of order n to be at most n — 1.
However, only real roots meet this bound and non-real roots seem to fall quite short
of it (see Figure 4.1). Furthermore, there seems to be a relationship between the
argument of a degree root and its maximum possible modulus: roots with smaller
argument 6 € (0,7 seem to have smaller moduli. Here we conjecture a modified

bound to the moduli of degree roots that takes into account this behaviour.

Conjecture 2. If z is a non-zero degree root of a graph of order n with argument
arg(z) =0 € (—m, 7, then
2] < (n— 1)l
This bound agrees with Corollary 3.10 for real roots (# = 7) and Proposition 3.13
for imaginary roots (6 = +n/2). Figure 4.1 shows the curve |z| = (n — 1)’%’ along
with the circular bound |z| = n — 1 on plots of degree roots for some small values of

n. This conjecture has been verified for n < 9.
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n=s n=0

Figure 4.1: Degree roots for some small values of n (red). The blue curves show

|z| = n — 1, while the green curves are |z| = (n — 1)’%|.
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4.2 Generalizations

There are many ways in which to generalize the degree polynomial. Here we present a
few possible generalizations and extensions with some supporting examples that may

motivate future directions of study.

4.2.1 Directed Graphs

Here we give some extensions for directed graphs. A directed graph is an ordered
pair 8 = (V, ﬁ) where V' is a set of vertices and E is a set of ordered pairs of
vertices, called (directed) edges. A (directed) edge (u,v) € E represents a directional
adjacency from vertex u to vertex v (but not vice-versa). If both (u,v) and (v, u)
are present, we may simply consider there to be an undirected edge between v and v
with the understanding that there is adjacency in both directions. See Figure 4.2 for
an example of a directed graph. For a vertex v € V, its out-degree odegg(v) is the
number of edges for which v is the first coordinate. Similarly, its in-degree idegg (v)
is the number of edges for which v is the second coordinate.

The first way we could extend the degree polynomial is with the following directed

degree polynomial:

DDir<8; x, y) — Z modega(v)yidega(y)'

veV
This directed degree polynomial generalizes the ordinary degree polynomial, since if
G is the underlying undirected graph of 8 (formed by replacing directed edges with
undirected edges) then

D(G;z) = DDir<8;$7x)7

as degg(v) = odegg (v) + idegz (v).

As an example, consider the directed graph ?[) from Figure 4.2. Vertex 0 has an
out-degree of 3 and in-degree of 0, so it contributes a term 3. Vertex 2, having an
out-degree and in-degree of 1, contributes a term xy. The terms for the remaining
vertices are found similarly, and thus we find the directed degree polynomial of ﬁ to

be DDir(ﬁ; r,y) =% +y? + 2%y + 7y,
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Figure 4.2: A directed graph ﬁ

Another approach to a degree polynomial for directed graphs is based on Laurent
polynomials. A Laurent polynomial with real coefficients £(x) is an element of the

ring R[z, z7!]. That is, £(z) has the form

L(z) = Z cpa®

k=—a
where a, b are positive integers and ¢, € R. We define the following Laurent-degree

polynomial for directed graphs:

-DLau<8; .ZU) = Z (adeega(v) + x—idEga(fu)) ‘

veV
Observe that this polynomial does not extend the ordinary degree polynomial in the
same sense that the previous does. We cannot obtain the ordinary degree polynomial
of the underlying undirected graph from this polynomial.
Consider again the directed graph in Figure 4.2. Vertex 0 contributes 23 + 1 to
the polynomial, while vertex 2 contributes = + 1/z. Summing the contributions of

each vertex, we find DLau(ﬁ; ) =23+ 2+ 1/z+2/2* + 2.

4.2.2 Multivariable Polynomials

We can also form multivariable versions of the degree polynomial using labellings of

vertices and edges. The extensions in this section will be defined for multigraphs to
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allow a more general treatment of graphs.
Suppose M = (V, E) is a multigraph where |V| = n, |E| = m, and let w(u,v) be
the number of edges between vertices v and v. If we associate a variable x; to vertex

v (1 <k <n), then we can form a vertez-labelled degree polynomial:

Dy (M;xq,...,x,) = i ﬁ x;:(vj,vk)'

j=1 k=1
Notice that this polynomial generalizes the ordinary degree polynomial since we have
D(M;z) = Dy(M;x,...,x). Similarly, if we associate a variable y; to edge e, we

obtain an edge-labelled degree polynomial:

n

Da(M;yr, .oy ym) = Z H T

j=1 ex€FE
eEdv;

This polynomial generalizes the ordinary degree polynomial in the same sense as the
previous: D(M;x) = Dgy(M;x,...,x).

Let us illustrate these polynomials with an example, beginning with the vertex-
labelled degree polynomial. Consider the multigraph H in Figure 4.3. Vertex 1 has
neighbours 2, 3, 4, though there are two edges to vertex 3. Thus it contributes a term
x2x§x4. Vertex 2 contributes a term zyx4. Computing the other terms similarly, we

have

. _ 2 2
Dy(H;x1, T2, 3, T4) = ToT504 + 124 + T1T4 + T12T2T3.

For the edge-labelled degree polynomial, we see that vertex 1 belongs to edges a, b,
¢, and d. Thus this vertex contributes a term y,ypy.yqs to the polynomial. Vertex 2

contributes a term y,y., and we can compute the other terms to obtain
Dei(H; Yas Yo, Yes Yas Yer Yr) = YaYolYelYa + Yale T YelYa¥s + YoYeYs-

4.3 Concluding Remarks

This thesis has presented a number of topics related to the degree polynomial of
graphs. Our goal was to contribute to the new and small body of work regarding this

graph polynomial, and generate interest for future research. Some properties and
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f

Figure 4.3: A multigraph H with labelled vertices and edges.

special evaluations of the degree polynomial were discussed, notably that the degree
polynomial precisely encodes the degree sequence of a graph. Much of our focus
was on degree roots, or roots of the degree polynomial. We explored the connection
between degree roots for (simple) graphs, multigraphs, and the roots of polynomials
with non-negative integer coefficients. In particular, it was found that the sets of
these roots are equivalent. Inspired by research into the density of roots for other
graph polynomials, we showed that degree roots are dense in the complex plane. Our
investigation into the effect of restricting certain graph parameters on degree roots
showed a distinction between the degree roots of (simple) graphs, multigraphs, and
the roots of polynomials with non-negative integer coefficients for fixed graph order.
Furthermore, these restrictions allowed for degree roots to be bounded in modulus.
We also examined the degree roots for some families of graphs. Dealing with more
explicit degree polynomials, we were able to prove more precise statements about the
degree roots, detect their interesting behaviour, and even calculate limits of the roots.
Future research on the degree polynomial may involve further investigation into the
topics we have tackled thus far, specifically to answer problems that remain open, or

might involve generalizations/extensions of the degree polynomial.
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