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Abstract

Pseudocolimits are formal gluing constructions that combine objects in a category

indexed by a pseudofunctor. When the objects are categories and the domain of the

pseudofunctor is small and filtered it is known [1, Exposé 6] that the pseudocolimit

can be computed by taking the Grothendieck construction of the pseudofunctor and

inverting the class of cartesian arrows with respect to the canonical fibration. In

this thesis we present a set of conditions on an ambient category E for defining the

Grothendieck construction as an oplax colimit and another set of conditions on E
along with conditions on an internal category, C, in Cat(E) and a map w : W →
C1 that allow us to translate the axioms for a category of (right) fractions, and

construct an internal category of (right) fractions. We combine these results in a

suitable context to compute the pseudocolimit of a small filtered diagram of internal

categories.
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Chapter 1

Introduction

The term ‘Grothendieck construction’ is used to describe a correspondence between

pseudofunctors A → Cat, and fibrations over A. For a given pseudofunctor A →
Cat the domain of the corresponding fibration is often called ‘the Grothendieck con-

struction’ (of the pseudofunctor) or the ‘category of elements.’ The ‘construction’

aspect of this naming is fitting because the category of elements is the oplax colimit

of the pseudofunctor [6], which we can think of as a category constructed from the

diagram in Cat determined by the pseudofunctor. The pseudocolimit of the pseud-

ofunctor can be computed by a bit of renovation to the Grothendieck construction;

more precisely, by localizing with respect to a suitable class of arrows. When the

indexing category, A, is filtered the Grothendieck construction satisfies the Gabriel-

Zisman axioms for a (left) category of fractions [5] and the pseudocolimit is given by

a category of (left) fractions. A weaker set of axioms is given in [14] which allows for

localization with respect to a smaller class of arrows.

Having colimits in a category is important for understanding how to glue or

combine things in that category. The usual Grothendieck construction, as an oplax

colimit, is a gluing construction for categories indexed by a pseudofunctor and this

has been translated in various other settings such as (∞, 1)-cats [6], enriched cate-

gories [3], and bicategories by [14]. The geometric realization of the Grothendieck

construction for a diagram of small categories has also been studied as a homotopy

colimit by Thomason in [12] and for a diagram of quasi categories in [10]. In the

first part of this thesis we will translate the usual Grothendieck construction into

the language of internal category theory in order to compute an oplax colimit of a

small diagram of internal categories. The fibration perspective of the Grothendieck

construction has already been developed for monoidal categories [9], 2-cats and bi-

categories [4], and (∞, 1)-categories [6] as well but we focus more on the colimit

perspective because it is not possible to view the indexing category as an internal

1
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category in general.

A different setting in which this would be useful is to describe the tom Dieck

fundamental group for a space equipped with a group action. This is a category

enriched in topological spaces that is the oplax colimit of fundamental groups of fixed

point sets of all the subgroup actions [13]. This is also useful for computing atlas

groupoids for orbifolds, which are pseudocolimits of categories internal to Top [11].

Yet another relevant setting is for double categories, which are internal categories in

Cat. Such a construction here would allow us to compute oplax colimits of category-

indexed diagrams of double categories.

To replicate these colimit constructions we need an ambient category, E , with
sufficient structure. In particular, to define an internal Grothendieck construc-

tion/category of elements for a pseudofunctor D : Aop → Cat(E) we need that

E has pullbacks along certain source and target maps of the internal categories in

the image of D, has disjoint coproducts of these pullbacks and of the objects of ob-

jects for the internal categories in the diagram, and that these commute with one

another. This allows us to construct an oplax colimit of D, by Theorem 19 which

we restate here:

Theorem (The internal Grothendieck Construction, D, as an oplax colimit). Let

E admit an internal Grothendieck construction of D : A → Cat(E), as in Defini-

tion 2.Let D denote the internal Grothendieck construction. Then for every internal

category X ∈ Cat(E), the category of lax natural transformations D =⇒ ∆X and

their modifications is isomorphic to the category of internal functors D → X and

their internal natural transformations.

[D,∆X]ℓ ∼= Cat(E)(D,X)

The pullback and coproduct commutativity is an extensivity property and is relied

on heavily to define the internal category structure and prove the required properties

are satisfied and makes the construction unlikely to work for arbitrary diagrams of

categories internal to non-extensive categories such as the category of vector spaces.

The internal category of fractions requires a special class of epimorphisms in the

ambient category to locally witness internalized versions of category of fractions

axioms in the sense of admitting lifts that define local sections. Part of what makes
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these epimorphisms special is that the local data they witness (on their codomains)

can be combined to give global definitions of structure on their codomains provided

the pieces of local data satisfy a kind of compatibility/descent condition.

In the contexts we describe we show that the constructions used and the result

stated in [1] can be translated into the language of internal categories. The class

of epimorphisms we require for our internal category of fractions are coequalizers of

their kernel pairs, stable under pullback, and closed under composition. Such a class

always exists in any category, namely the identity arrows, but it is not always possible

to get an internal fractions construction with this class. The Internal Fractions

Axioms are described in Definition 34 in terms of certain lifts of these epimorphisms

and a section of an induced target structure map. Asking for sections in settings

where continuity is important can be a strong condition. For example, when working

with an arbitrary internal category in Top asking for continuous global sections is

generally too much when the axiom of choice is being used, but there are nice classes

of effective epimorphisms given by open surjections or étale surjections which give

us local sections instead of global sections. In Section 5.1 we show that the internal

Grothendieck construction, when it exists in a suitable context, satisfies the Internal

Fractions Axioms with respect to the object representing the canonical cleavage of

the cartesian arrows by global sections, meaning it only requires identities for the

class of epimorphisms in Definition 33. We prove this in the main theorem of this

thesis which we restate here:

Theorem. Let D : Aop → Cat(E) be a pseudofunctor for which E admits an internal

Grothendieck construction 2 and let w : W → D1 be the object of a canonical cleavage

of the internal Grothendieck construction as defined in Section 5.1.1. If the pair

(D,W ) satisfies the Internal Fractions Axioms in Definition 34, then for any X in

Cat(E) there is an isomorphism

[D,∆X]ps ∼= [D[W−1],X]E

between the category of pseudonatural transformations D =⇒ ∆X (and their modi-

fications) and the category of internal functors D[W−1] → X.

We begin in Chapter 2 with a few words on notation and internal categories.

In Chapter 3 we present a context, E , in which we define an internal Grothendieck
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construction for a pseudofunctor A → E . We then define the internal Grothendieck

construction, D, and show it is a lax colimit. The context for an internal (right)

category of fractions and its definition are given in Chapter 4 and an isomorphism of

categories that describes the universal property of the internal localization is proven

at the end in Section 4.6. Chapter 5 describes a setting in which we can compute

the pseudocolimit of D as the localization of the internal Grothendieck construction

with respect to the canonical cleavage of the cartesian arrows object, w : W → D1.



Chapter 2

Notation and A Word on Internal Categories

Composition is written diagrammatically, so that ‘f followed by g’ is written by

juxtaposition as ‘fg.’ Internal categories are denoted with blackboard bold font,

C,D,X, and we use A to denote the indexing category for pseudofunctors we will

consider. We assume A is small for Chapter 3 and will assume it is also cofiltered in

Chapter 5.

The main point of this thesis is to take a technique for computing pseudocolimits

of small filtered diagrams of categories, give an internal category theoretic version

of it, and show that it satisfies the universal property of a pseudocolimit of a small

filtered diagram of internal categories. Internal categories are defined in Section

B2.3 in [7] when working in an ambient category with all pullbacks. Some of the

ambient categories we wish to consider in future applications of this thesis, such as

the category of smooth manifolds, do not have all pullbacks however. In this thesis,

we do note assume the existence of all pullbacks in an ambient category, rather

we make the existence of the necessary pullbacks and structure maps part of the

definition of an internal category.

Definition 1. An internal category, C in E , consists of the following data.

• An object of objects, C0 ∈ E0.

• An object of arrows, C1 ∈ E0.

• Structure maps

C1 C0 C1

s

t

e

in E1 such that e is a common section of s and t.

• The iterated pullbacks of composable chains of arrows, Cn = C1 ×t s . . . ×t s C1

in E1.

5
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• A composition structure map c : C2 → C1 such that the squares

C2 C1

C1 C1

c

π0 s

s

C2 C1

C1 C1

c

π1 t

t

commute in E , along with the associativity diagram,

C3 C2

C2 C1

1×c

c×1 c

c

,

and the identity law diagrams

C1 C2 C1

C1

1C1

(1C1 ,te)

c

(se,1C1 )

1C1

.



Chapter 3

Internal Grothendieck Construction

In this chapter we define (the category of elements for) the (internal) Grothendieck

construction of a pseudofunctor D : A → Cat(E) where E is an extensive category

and show that it is the oplax colimit of D. Section 3.1 defines the internal category

structure of the (internal) Grothendieck construction, D, of D. Section 3.2 proves the

associativity and identity laws for composition and shows it is an internal category.

Section 3.3 shows the existence of a canonical lax natural transformation from D =⇒
∆D, and then proves the universal properties that show D is the oplax colimit of

D. We often consider how the usual proofs and definitions look in the case E = Set

to help our readers follow the internalized definitions and results for an arbitrary

extensive category E .

3.1 Internal Category Structure

3.1.1 Classical

Let A be a small category and let Cat(Set) denote the 2-category of small categories,

strict functors, and natural transformations. This is a fully faithful subcategory of

Cat so for every pseudofunctor

A Cat(Set)D ,

the Grothendieck construction of D is the strict 2-pullback of D along the canonical

projection, π, from the lax-pointed 2-category of categories, Cat∗,ℓ [7].∫
F Cat∗,ℓ

A Cat

P π

D

The objects of
∫
D are pairs (A, a), where A ∈ A0 and a ∈ (DA)0. The morphisms

are pairs (φ, f) : (A, a) → (B, b) where φ : A→ B is an arrow inA and f : φ(f)(a) →

7
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b is an arrow in D(B). Let δA : D(1A) =⇒ 1D(A) and δφ;ψ : D(φψ) =⇒ D(φ)D(ψ)

denote the identity and composition natural isomorphisms associated to A ∈ A0 and

an arbitrary composable pair φ, ψ in A1 respectively. The identity morphisms in D
are the pairs (1A, δA,a) : (A, a) → (A, a) where δA,a ∈ is the a-indexed component

the natural transformaiton δA. Two morphisms (φ, f), (ψ.g) are composable when

cod(D(ψ)1(f)) = dom(g) in D(C). Then

f : D(φ)0(a) → b , g : D(ψ)0(b) → d

and the following diagram

D(ψ)0 (D(φ0)(a))) D(φψ)0(a)

D(ψ)0(b) d

D(ψ)1(f)

δφ;ψ,a
∼=

g

defines the composite

(φ, f)(ψ, g) := (φψ, δψ,aD(ψ)1(f)g).

The so-called category of elements,
∫
D is an oplax colimit of D in Cat [6]. Next we

translate this into the language of internal categories.

3.1.2 Internal

Let D : A → Cat(E) be a pseudofunctor. In this section we give a suitable context,

E , for defining an internal category of elements, D, in Cat(E) for a pseudofunctor,

A → Cat(E), that is inspired by the usual category of elements. The context given

in the following definition can be thought of as a kind of ‘local extensivity’ condition

on E with respect to the pseudofunctor D.

Definition 2. We say E admits an internal Grothendieck construction of D : A →
Cat(E) if

1. for every φ : A→ B in A, the pullback

Dφ D(B)1

D(A)0 D(B)0

π0

π1

s

D(φ)0
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exists in E .

2. For any composable chain of maps φi : Ai → Ai+1 in A, where 1 ≤ i ≤ n for

an arbitrary n ∈ N, the pullback

Dφ1;...;φn = Dφ1 ×π1t π0
. . . ×π1t π0

Dφn+1

exists in E .

3. Let A0 denote the objects of A and let An denote the composable paths of

length n ≥ 1 in A. The coproducts

D0 =
∐
A∈A0

D(A)0

and

D∐
(n) =

∐
(φi)ni=1∈An

Dφ1;...;φn

exist for all n ≥ 1 and are disjoint, with coprojections:

ιφ1;...;φn : Dφ1;...;φn → D∐
(n)

4. The coproducts, D∐
(n), are stable under pullbacks of source and target in the

sense that

D∐
(n)

∼= D1 ×t s D1 ×t s . . . ×t s D1 = Dn

where s, t : D1 → D0 are uniquely induced by the source and target maps.

D2 D1 Dφ

D1 D0

Dφ

ρ0

ρ1

s

ιφ

π0ιA

t

ιφ
π1tιB
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These conditions allow us to define the objects and structure maps of our internal

Grothendieck construction, D. The last condition above should be thought of as an

extensivity condition that allows us to to define the composition structure and prove

D is an internal category.

For the rest of this section we will assume that E admits an internal Grothendieck

construction.

Define the object of objects to be

D0 :=
∐
A∈A0

D(A)0.

Remark 3. When E = Set, we can think of the elements of D0 as elements a ∈
D(A)0 for each A ∈ A0. This implies that every element of D0 can be represented

as a pair (A, a) where A ∈ A0 and a ∈ D(A)0.

For any φ : A→ B in A1, we have the pullback

Dφ D(B)1

D(A)0 D(B)0

π0

π1

s

D(φ)0

which is used to define the object of arrows:

D1 :=
∐
φ∈A1

Dφ

Remark 4. When E = Set an arbitrary element of D1 is an element of Dφ for

some unique φ ∈ A1. In this case elements of Dφ are pairs (x, f) where x ∈ D(A)0,

f ∈ D(B)1 and D(φ)0(x) = s(f). In this way every element of D1 can be represented

by a pair (φ, f) where f : D(φ)(x) → y in D(B).

To define source and target maps for D, it suffices to define them on the components,

Dφ, for each φ ∈ A1. Let

sφ, tφ : Dφ → D0

be defined as the composites on the top and left in the following diagram.
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Dφ D(B)1 D(B)0 D0

D(A)0 D(B)0

D0

sφ

tφ

π0

π1

s

t ιB

ιA

D(φ)0

These induce the source and target maps s, t : D1 → D0 by the universal property of

the coproduct D1. Their pullback defines the object of composable arrows, D2.

D2 D1 Dφ

D1 D0

Dφ

ρ0

ρ1

s

ιφ

sφ

t

ιφ
tφ

For any φ, ψ ∈ A1 we also pull tφ back along sψ and denote the object Dφ;ψ. If φ

and ψ are not composable in A then sψ and tφ land in different components of D0.

In that case Dφ;ψ is trivial because coproducts are disjoint in E .

Using the universal property of the coproduct D2 we describe composition in D by

defining composition on the cofibers Dφ;ψ. Suppose φ ∈ A(A,B) and ψ ∈ A(B,C).

Then φψ ∈ A(A,C) and the outsides of the following diagrams commute

Dφ;ψ Dφ D(B)1

Dφ D(C)2 D(C)1

D(A)0 D(C)1 D(C)0

c′
δ;(φ;ψ)

p0

p0 π1

D(ψ)1

π0

q1

q0 s

δφ,ψ t

(⋆⋆)
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and
Dφ;ψ Dψ

Dφ D(C)2 D(C)1

D(B)1 D(C)1 D(C)0

c′φ;ψ
p0

p1
π1

π1

q1

q0 s

D(ψ)1 t

. (⋆⋆)

To see the first diagram commutes we can check directly that

p0π0δφ,ψt = p0π0D(φ)0D(ψ)0 (Def. δφ,ψ)

= p0π1sD(ψ)0 (Def. Dφ)

= p0π1D(ψ)1s (D(ψ) an internal functor )

and to see the second square commutes it suffices to show that the canonical monic

ιC : D(C)0 ↣ D0 coequalizes both sides of the diagram.

p0π1D(ψ)1tιC = = p0π1tD(ψ)0ιC

= p0π1tιBχψ

= p0tφχψ

= p1sψχψ

= p1π0ιBχψ

= p1π0D(ψ)0ιC

= p1π1sιC

Since ιC is monic, we can conclude that the outer squares above commute and induce

the maps c′φ;ψ and c′δ;(φ;ψ) by diagrams (⋆⋆) and (⋆⋆). Let q01, q12 : D(C)3 → D(C)2

denote the pullback projections of D(C)3. Notice that

c′φ;ψq0 = c′δ;(φ;ψ)q1

so there is a unique map
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Dφ;ψ

D(C)2 D(C)3 D(C)2

c′
δ;(φ;ψ) c′φ;ψ

c′δ;φ;ψ

q01 q12

which we can postcompose with triple-composition in D(C) (given by associativity).

Notice that

p0π0D(φψ)0 = p0π0δφ,ψs (Def. δφ,ψ)

= c′δ;(φ;ψ)q0s (Def. c′δ;(φ;ψ))

= c′δ;φ;ψq01q0s (Def. c′δ;φ;ψ)

= c′δ;φ;ψcs (source-composite law in D(C))

so there exists a unique ‘cofiber-wise composition’ map as shown in the following

diagram.

Dφ;ψ D(C)3

Dφ Dφψ D(C)1

D(A)0 D(C)0

cφ;ψ

c′δ;φ;ψ

p0

c

π0

π1

π0 s

D(φψ)0

Define composition in D as the universal map out of the coproduct D2 induced by

the family of maps {cφ;ψιφψ}(φ,ψ)∈A2 .

D2 D1

Dφ;ψ Dφψ

c

cφ,ψ

ιφ;ψ ιφψ

The identity structure map

ϵ : D0 → D1

is defined as the universal map out of the coproduct D0 induced by a family of unique

maps ϵA
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D0 D1

D(A)0 D1A

ϵ

ιA

ϵA

ι1A

where ϵA = ⟨1D(A)0 , δA⟩ is induced by the components δA : D(A)0 → D(A)1 of the

natural isomorphism D(1A) ∼= 1D(A) and the identity map 1D(A)0 . This is well-defined

because

δAs = D(1A)0

by definition of δA:

D(A)0

D1A D(A)1

D(A)0 D(A)0

δA

ϵA

π1

π0 s

D(1A)0

The following commuting diagram shows that the source and target maps of D are

compatible with these identity maps.

D0 D1

D0

D(A)0 D1A

D(A)0

ϵ

s

ιA

ιA

ϵA

π0

ι1A

D0 D1

D0

D(A)0 D1A

D(A)0

ϵ

t

ιA

ιA

ϵA

π1t

ι1A
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The top squares commute by definition of ϵ, the bottom squares commute trivially,

and the squares on the right commute by definition of s1A and t1A respectively. The

left front triangle commutes by definition of ϵA and the right front triangle commutes

by definition of δA. More precisely, on the left we have

ϵAπ1t = δAt = 1D(A)0 .

3.2 Associativity and Identity Laws

3.2.1 Classical

When E = Set, the identity arrows of the usual Grothendieck construction are pairs

(1A, δA,a) for each object (A, a) where A ∈ A and a ∈ D(A)0. The coherence law be-

tween the natural isomorphisms, δ1A;φ, δA and δφ;1B , δB respectively, says that pasting

the 2-cells δ1A;φ and δA and the 2-cells δφ;1B and δB is equal to 1D(φ) respectively.

This means that at the level of components we have a commuting diagram

D(φ)(a) (D(φ)D(1B)) (a)

(D(1A)D(φ)) (a) D(φ)(a)

δφ;1B,a

δ1A;φ,a δB,D(φ)(a)

D(φ)(δA,a)

in D(B) for each a ∈ D(A)0. The upper and lower triangles are necessary for proving

the right and left identity laws for the Grothendieck construction respectively. For

example, the lower coherence precisely cancels the isomorphisms we pick up in our

definitions of identity and composition in order for the left identity law to hold.

(1A, δA,a)(φ, f) = (1Aφ, δ1A;φ,aD(φ)(δA,a)f) = (φ, f)

The associativity law relies on the other coherence law for D that gives the

following commutating squares for every composable triple, φ, ψ, and γ, involving

the components
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D(φψγ)(a) D(φ)D(ψγ)(a)

D(φψ)D(γ)(a) D(φ)D(ψ)D(γ)(a)

δφ;ψγ,a

δφψ;γ,a δψ;γ,D(φ)(a))

D(γ)(δφ;ψ,a)

.

3.2.2 Internal

Now we give internal translations of the proofs of the associativity and identity laws

for the Grothendieck construction. The following proposition states that the identity

map ϵ : D1 → D0 of the internal Grothendieck construction satisfies the identity laws.

Proposition 5 (Identity Laws for D). Given the following pullbacks,

D1 ×D0 D0 D0

D0 ×D0 D1 D1 D0

D0 D0

ρ0

ρ1

s

t

let ⟨ρ0ϵ,ρ1⟩ and ⟨ρ0,ρ1ϵ⟩ be the universal maps induced by the pairs of pullback pro-

jections with ϵ postcomposed respectively. Then the following diagram commutes.

D0 ×D0 D1 D2 D1 ×D0 D0

D1

⟨ρ0ϵ,ρ1⟩

ρ1
c

⟨ρ0,ρ1ϵ⟩

ρ0

Proof. For each A ∈ A0 and each φ ∈ A1, we have the following commuting diagram
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D1 ×D0 D0 D0 D1

D0 ×D0 D1 D1 D0

D0 D0

D1 Dφ ×π1t 1 D(B)0 D(B)0 D1B

D(A)0 ×1 π0
Dφ Dφ D(B)0

D(A)0 D(A)0

D1A

ρ0

ϵ

ρ1

s

t

ϵ

p0

ϵA

p1

π0

π1t

ϵA

where the dotted arrows are all coproduct monos by stability of coproducts under

pullback. Let ⟨p0ϵA, p1⟩ and ⟨p1, p0ϵA⟩ be universal maps out of D1A;φ and Dφ;1B

induced by the pairs p0ϵA, p1 and p0, p1ϵB respectively. We have a similar diagrams

for each of the triangles in the proposition.

D0 ×D0 D1 D2

D1

D(A)0 ×D(A)0 Dφ D1A;φ

Dφ

⟨ρ0ϵ,ρ1⟩

ρ1
c

⟨p0ϵA,p1⟩

p1
c1A;φ

and so it suffices to show the component triangles commute. Each case similarly

follows by the universal property of the pullback Dφ so we only show the proof for

the diagram above. By the pullback square defining D(A)0×D(A)0 Dφ above we have

that

p0D(φ)0 = p1π0D(φ)0 = p1π1s.

This induces the unique map in the following commuting diagram.
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D(A)0 ×D(A)0 Dφ Dφ

Dφ D(B)1

D(A)0 D(B)0

D0 D9

p1

π1

sφ

π0

π1

sp0

D(φ)0

ιA ιB

χφ

It suffices to check that plugging in ⟨p0ϵA, p1⟩c1A;φ and p1 as the dotted arrow both

make the triangles above commute. By definition of D(A)0 ×D(A)0 Dφ we have that

p1π0 = p0

and we tautologically know p1π1 = p1π1 so we only need to check what happens

when postcomposing ⟨p0ϵA, p1⟩c1A;φ with π0 and π1. First notice that

⟨ϵA, 1Dφ⟩c1A;φπ0ιA = ⟨ϵA, 1Dφ⟩c1A;φsφ (Def : sφ)

= ⟨ϵA, 1Dφ⟩p0s1A (Lemma 81)

= p0ϵAs1A (Def : ⟨ϵA, 1Dφ⟩)

= p0ϵAπ0ιA (Def : sφ)

= p0ιA (Def : ϵA)

implies that

⟨p0ϵA, p1⟩c1A;φπ0 = p0

since ιA is monic. Now by definition of eB

seBt = s

and this induces a unique map ⟨seB, 1⟩D(B)1 → D(B)2 which factors uniquely as
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⟨seB, 1⟩ = ⟨s, 1⟩⟨eB, 1⟩.

Recall that composition in D is defined cofiber-wise and is in part induced by com-

position in the internal category associated to the codomain of a composable pair in

A. It’s reasonable to think that the family of composable pairs of arrows in D(B)

indexed by the composite ⟨p0ϵA, p1⟩c′1A;φ should simplify in terms of identity maps,

eB, at the internal level. More precisely, we claim that

⟨p0ϵA, p1⟩c′1A;φ = p1π1⟨seB, 1⟩

and for this we use the universal property of the pullback D(B)2. By pasting com-

muting squares we have that

D(A)0 ×D(A)) Dφ Dφ

D1A;φ

D(A)0 D(B)2 D(B)1

D1A D(A)1 D(B)1 D(B)0

p0

⟨p0ϵA,p1⟩

p1

π1

p0

p1

c′1A;φ

ϵA

q1

q0 s

π1 D(φ)1 t

commutes. Now

p1π1⟨seB, 1⟩q1 = p1π1

and
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p1π1⟨seB, 1⟩q0 = p1π1seB (Def ⟨seB, 1⟩)

= p1π0D(φ)0eB (Def Dφ)

= p0D(φ)0eB (Def D(A)0 ×D(A)0 Dφ)

= p0eAD(φ)1 ((internal) functoriality)

= p0ϵAπ1D(φ)1 (Def ϵA)

so by uniqueness we have that

⟨p0ϵA, p1⟩c′1A;φ = p1π1⟨seB, 1⟩.

This allows us to consider the following cone

D(A)0 ×D(A)) Dφ Dφ

D1A;φ

D(A)0 D(B)3 D(B)2 D(B)1

D(B)2 D(B)1 D(B)0

D(B)1 D(B)0

p0

⟨p0ϵA,p1⟩

p1

π1

p0π0

c′
δ;(1A;φ)

c′1A;φ

c′δ;1A;φ

δ1A;φ

q12

q01 q0

q1

s

q1

q0 s

t

t

which is construcucted by pasting commuting squares and triangles. Notice that

⟨p0ϵA, p1⟩c′δA;1A;φ = ⟨p0δ1A;φ, p0δAD(φ)1, p1π1⟩

where the left and right components can be seen in the commuting diagram above

and the middle component is verified by checking that
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⟨p0ϵA, p1⟩c′δ;(1A;φ)q1 = ⟨p0ϵA, p1⟩p0π1D(φ)1 = ⟨p0ϵA, p1⟩c′1A;φq0.

In fact

⟨p0ϵA, p1⟩p0π1D(φ)1 = p0ϵAπ1D(φ)1 = p0δAD(φ)1

shows what the middle component must be in the composable triple. After forming

the composite of this triple in D(B) we should have the coherence isomorphisms

canceling by the coherence law for δ1A;φ and δA, and we formalize this internally

by using associativity in D(B) first along with the coherence law for the structure

isomorphisms of D that say

⟨δ1A;φ, δAD(φ)1⟩c = eAD(φ)1

and

⟨p0δ1A;φ, δAD(φ)1, p1π1⟩c = ⟨⟨p0δ1A;φ, p0δAD(φ)1⟩c, p1π1⟩c

= ⟨p0⟨δ1A;φ, δAD(φ)1⟩c, p1π1⟩c

= ⟨p0eAD(φ)1, p1π1⟩c

= ⟨p0D(φ)0eB, p1π1⟩c

= ⟨p1π0D(φ)0eB, p1π1⟩c (Def. D(A)0 ×D(A)0 Dφ)

= ⟨p1π1seB, p1π1⟩c

= p1π1⟨seB, 1⟩c

= p1π1⟨s, 1⟩⟨eB, 1⟩c

= p1π1⟨s, 1⟩

= p1π1.

and now we can put our calculations above together to see that

⟨p0ϵA, p1⟩c1A;φπ1 = ⟨p0ϵA, p1⟩c′δ;1A;φc (Def: c1A;φ)

= ⟨p0δ1A;φ, p1π1eB, p1π1⟩c (above)

= p1π1 (above)
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and by the universal property of Dφ we can conclude

⟨p0ϵA, p1⟩c1A;φ = p1.

To see that D is an internal category in E with the structure defined above it only

remains to show that composition is associative. This proof is long and technical,

follows by a similar pattern to the proof for the identity laws, and ultimately relies on

proving associativity on the cofibers of the composable triples coproduct and using

the universal property of coproducts.

Proposition 6. Composition in D is associative.

Proof. By extensivity of E it suffices to show that cofiber composition is associative

and this is shown using several lemmas along with the universal property of each

cofiber of D1. A complete proof can be seen in the appendix, precisely in Proposi-

tion 85.

This brings us to the main theorem of this section.

Theorem 7 (The Internal Category D). The objects, (D0,D1), along with the struc-

ture maps s, t : D1 → D0 and c : D2 → D1 defined above form an internal category

in E .

Proof. The required objects, structure maps, and pullbacks exist by definition of

E admitting an internal Grothendieck construction. The associativity and identity

laws follow from Propositions 6 and 5.

3.3 Internal Grothendieck Construction as an Oplax Colimit

In Sections 3.3.1 and A.3 we define the 1-cells and 2-cells of a canonical lax natural

transformation

ℓ : D =⇒ ∆D

respectively. In Section 3.3.3 we prove that a lax transformation D =⇒ ∆X

corresponds uniquely to an internal functor D → X. Section 3.3.4 shows modifica-

tions of lax transformations D =⇒ ∆X correspond uniquely to internal natural
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transformations of internal functors D → X. Section 3.3.5 combines these results

with functoriality to give an equivalence of categories that establishes D as the oplax

colimit of D.

3.3.1 Canonical Transformation 1-cells

Classical

For a diagram of small categories D : A → Cat(Set), for each A ∈ A there is a

functor ℓA : D(A) → D. On an arbitrary object a ∈ D(A)0, it is defined as

ℓA(a) = (A, a).

For an arrow f ∈ D(A)(a, b), it is defined as

ℓA(f) = (1A, δA,af)

because s(δA,af) = s(δA,a) = D(1A)(a).

D(1A)(a) a

b

δA,a
∼=

f .

Identities are preserved by the identity law in A in the left component along with

coherence in the right component, for any φ : A→ B in A and any f : D(φ)(a) → b

in D(B)1

ℓA(1a)(φ, f) = (1A, δA,a)(φ, f)

= (1Aφ, δ1A;φ,aD(φ)(δA,a)f) Def.

= (φ, f) Coherence

= (φ1B, δφ;1B ,aδB,D(φ)(a)f Coherence

= (φ1B, δφ;1B ,aD(1B)(f)δB,b) Naturality

= (φ, f)(1B, δB,b) Def.

= (φ, f)ℓB(1b).
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Similarly, composition is preserved in the left component because it is defined as

composition in A, and in the right component we only need naturality of the identity

coherence isomorphism. For any f : a→ b and g : b→ c in D(A)1, we have that

ℓA(f)ℓA(g) = (1A, δA,af)(1A, δA,bg) Def.

= (1A1A, δ1A;1A,aD(1A)(δA,af)δA,bg) Def.

= (1A, δ1A;1A,aD(1A)(δA)D(1A)(f)δB,bg) Functoriality

= (1A, δ1A;1A,aD(1A)(δA)δA,afg) Naturality δA

=
(
1A, δ1A;1A,aδA,D(1A)(a)δA,afg

)
NaturalityδA

= (1A, δA,afg) Coherence

= (ℓA)(fg) Def.

Internal

The definitions and proofs above can be internalized within an arbitrary extensive

category E as follows. For each A ∈ A0, notice that

sδAt = s1D(A)0 = s = 1D(A)1s

so there exists a unique map ⟨sδA, 1D(A)1⟩ : D(A)1 → D(A)2 in E . Now

⟨sδA, 1D(A)1⟩cs = ⟨sδA, 1D(A)1⟩q0s = sδAs = sD(1A)0

induces a unique map (ℓA)
′
1 := ⟨s, ⟨sδA, 1D(A)1⟩c⟩ which we can use to define ℓA =

((ℓA)0, (ℓA)1):

D(A)0 D0 D(A)1 D1A

D1

(ℓA)0:=ιA

(ℓA)1

(ℓA)
′
1

ιA .

Lemma 8. Identities are preserved by ℓA. That is, the diagram

D(A)0 D(A)1

D0 D1

(ℓA)0

eA

(ℓA)1

ϵ
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commutes in E .

Proof. First compute

eA(ℓA)
′
1π0 = eAs = 1D(A)0

and

eA(ℓA)
′
1π1 = eA⟨sδA, 1D(A)1⟩c

= ⟨eAsδA, eA1D(A)1⟩c

= ⟨δA, eA⟩c

= δA

by the identity law in D(A) and then see

eA(ℓA)
′
1 = ⟨1D(A)0 , δA⟩ = ϵA,

by definition of ϵA. Now post-composing with ι1A and using the equality above along

with the definitions of ϵA and ϵ gives

eA(ℓA)1 = eA(ℓA)
′
1ι1A = ϵAι1A = ιAϵ

as required.

Due to extensivity and our definition of D involving coproducts, in order to prove

composition is preserved by ℓA we need to prove that composition is preserved by ℓ′A

at the level of cofibers. This is done in Lemma 86 in the appendix.

Lemma 9. For each A ∈ A0, composition is preserved by ℓA. That is, the diagram

D(A)2 D(A)1

D2 D1

c

⟨q0(ℓA)1,q1(ℓA)1⟩ (ℓA)1

c

commutes in E .
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Proof. First notice that

⟨q0(ℓA)′1,q1(ℓA)′1⟩ι1A;1Aρ0 = ⟨q0(ℓA)′1,q1(ℓA)′1⟩p0ι1A Def. D1A;1A

= q0(ℓA)
′
1ι1A

= q0(ℓA)1 Def.

and

⟨q0(ℓA)′1,q1(ℓA)′1⟩ι1A;1Aρ1 = ⟨q0(ℓA)′1,q1(ℓA)′1⟩p1ι1A
= q1(ℓA)

′
1ι1A

= q1(ℓA)1

so by the universal property of D2,

⟨q0(ℓA)1,q1(ℓA)1⟩ = ⟨q0(ℓA)′1,q1(ℓA)′1⟩ι1A;1A .

Use the equation above along with Lemma 86,

⟨q0(ℓA)1,q1(ℓA)1⟩c = ⟨q0(ℓA)′1,q1(ℓA)′1⟩ι1A;1Ac

= ⟨q0(ℓA)′1,q1(ℓA)′1⟩c1A;1Aι1A Def. c

= c(ℓA)
′
1ι1A Lemma 86

= c(ℓA)1 Def. (ℓA)1

to see the square in question commutes.

The following proposition is the main result of this subsection.

Proposition 10. For each A ∈ A0, ℓA : D(A) → D is an internal functor.

Proof. It preserves identities by Lemma 8 and it preserves composition by Lemma 9.
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3.3.2 2-cells of Canonical Lax Transformation

Classical

When E = Set, for each φ ∈ A(A,B) the natural transformation ℓφ is defined with

components

ℓφ,a := (φ, 1D(φ)(a))

such that for any f : a→ b in D(A), the square

a D(φ)(a)

b D(φ)(b)

(1A,δA,af)

(φ,1D(φ)(a))

(1B ,δB,D(φ)(a)D(φ)(f))

(φ,1D(φ)(b))

commutes. This calculation looks like

(1A, δA,af)(φ,1D(φ)(b))

=
(
φ,δ1A;φ,aD(φ)(δA,af)1D(φ)(b)

)
= (φ,δ1A;φ,aD(φ)(δA,a)D(φ)(f)) Functoriality

=
(
φ1B,δφ;1B ,aδB,D(φ)(a)D(φ)(f)

)
Coherence

=
(
φ1B,δφ;1B ,aD(1B)(1D(φ)(a))δB,D(φ)(a)D(φ)(f)

)
Functoriality

= (φ, 1D(φ)(a))(1B, δB,D(φ)(a)D(φ)(f)) Def.

and can all be internalized to an arbitrary extensive category E . Note that the class
of cartesian arrows in the usual Grothendieck contruction are pairs (φ, f) : (A, a) →
(B, b) such that f is an isomorphism. The components of ℓφ are a special subclass

of these which are actually a set when A is small and these are typically called the

canonical cleavage of the cartesian arrows.

Internal

Define the internal natural transformation ℓφ : ℓA =⇒ D(φ)ℓB as the composite
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D(A)0 Dφ

D1

⟨1D(A)0
,D(φ)0eB⟩

ℓφ
ιφ

and we can immediately check

ℓφs = ⟨1D(A)0 ,D(φ)0eB⟩ιφs

= ⟨1D(A)0 ,D(φ)0eB⟩π0ιA Def. sφ

= 1D(A)0ιA

= (ℓA)0

and

ℓφt = ⟨1D(A)0 ,D(φ)0eB⟩ιφt

= ⟨1D(A)0 ,D(φ)0eB⟩π1tιB Def. tφ

= D(φ)0eBtιB

= D(φ)01D(B)0ιB] Def. eB

= D(φ)0(ℓB)0 Def. ℓB

= (D(φ)ℓB)0 Functoriality.

This shows us that ℓφ is well-defined in terms of its source and target. Now we

need to check that it satisfies the naturality square. This is done in the proof of the

following proposition as a big calculation that involves manipulating pairing maps of

pullbacks. References to a few side calculations appearing as lemmas in Section A.3

of the appendix are included on the side along with references to definitions, internal

category structure laws, functoriality, and coherences.

Proposition 11 ((Internal) Naturality of ℓφ). For each φ : A → B, the map ℓφ :

D(A)1 → D1 defines an internal natural transformation, ℓA =⇒ D(φ)ℓB in the

sense that the diagram,
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D(A)1 D2

D2 D1

⟨sℓφ,D(φ)1(ℓB)1⟩

⟨(ℓA)1,tℓφ⟩ c

c

commutes in E .
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Proof.

⟨(ℓA)1, tℓφ⟩c

= ⟨(ℓA)′1ι1A , t⟨1D(A)0 , D(φ)0eB⟩ιφ⟩c

= ⟨(ℓA)′1 , t⟨1D(A)0 , D(φ)0eB⟩⟩ι1A;φc Lemma 87

= ⟨(ℓA)′1 , t⟨1D(A)0 , D(φ)0eB⟩c1A;φιφ Def. c

= ⟨s , ⟨sδ1A;φ, sδAD(φ)1, D(φ)1⟩c⟩ιφ Lemma 89

= ⟨s , ⟨s⟨δ1A;φ, δAD(φ)1⟩c,D(φ)1⟩c⟩ιφ Assoc.

= ⟨s , ⟨s⟨δφ;1B , D(φ)0δB⟩c,D(φ)1⟩c⟩ιφ Coherence.

= ⟨s , ⟨sδφ;1B , sD(φ)0δB, D(φ)1⟩c⟩ιφ Assoc.

= ⟨s , ⟨sδφ;1B , sD(φ)0⟨D(1B)0, δB⟩p1, D(φ)1⟩c⟩ιφ

= ⟨s , ⟨sδφ;1B , sD(φ)0⟨D(1B)0, δB⟩⟨p0eB, p1⟩c,D(φ)1⟩c⟩ιφ Id.-Law

= ⟨s , ⟨sδφ;1B , sD(φ)0⟨D(1B)0eB, δB⟩c,D(φ)1⟩c⟩ιφ

= ⟨s , ⟨sδφ;1B , sD(φ)0⟨eBD(1B)1, δB⟩c,D(φ)1⟩c⟩ιφ Func’y D(1B)

= ⟨s , ⟨sδφ;1B , sD(φ)0eBD(1B)1, ⟨sD(φ)0δB, D(φ)1⟩c⟩c⟩ιφ Assoc.

= ⟨s , ⟨sδφ;1B , sD(φ)0eBD(1B)1, ⟨D(φ)1sδB, D(φ)1⟩c⟩c⟩ιφ Def. D(φ)

= ⟨s , ⟨sδφ;1B , sD(φ)0eBD(1B)1, D(φ)1⟨sδB, 1D(B)1⟩c⟩c⟩ιφ Factor

= ⟨s , ⟨sδφ;1B , sD(φ)0eBD(1B)1, D(φ)1(ℓB)
′
1π1⟩c⟩ιφ Def. (ℓB)

′
1

= ⟨s⟨1D(A)0 , eAD(φ)1⟩ , ⟨sD(φ)0, D(φ)1(ℓB)
′
1π1⟩⟩cφ;1B ιφ Lemma 91

= ⟨s⟨1D(A)0 , eAD(φ)1⟩ , ⟨D(φ)1s,D(φ)1(ℓB)
′
1π1⟩⟩cφ;1B ιφ Def. D(φ)

= ⟨s⟨1D(A)0 , eAD(φ)1⟩ , D(φ)1⟨s, (ℓB)′1π1⟩⟩cφ;1B ιφ Factor

= ⟨s⟨1D(A)0 , eAD(φ)1⟩ , D(φ)1(ℓB)
′
1⟩cφ;1B ιφ Uniqueness

= ⟨s⟨1D(A)0 , eAD(φ)1⟩ , D(φ)1(ℓB)
′
1⟩ιφ;1Bc Def. c

= ⟨s⟨1D(A)0 , eAD(φ)1⟩ιφ , D(φ)1(ℓB)
′
1ι1B⟩c Lemma92

= ⟨sℓφ, D(φ)1(ℓB)1⟩ Def. ℓφ, (ℓB)1
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3.3.3 Universal Property for 1-cells

Classical

Suppose E = Set and x : D =⇒ ∆X is a lax natural transformation. That is, there

are functors

xA : D(A) → X

for each A ∈ A0 and natural transformations

xφ : xA → D(φ)xB

for each φ : A → B in A that are coherent with respect to the pseudofunctor’s

structure isomorphisms. More concretely, for each a ∈ D(A)0 and each composable

φ, ψ ∈ A where A = dom(φ) we have

x1A,a = xA(δ
−1
A,a) , xφψ,axC(δφ;ψ,a) = xφ,axψ,D(φ)(a).

Then we can define a functor θ : D → X on an object (A, a) in D as

θ ((A, a)) = xA ((A, a))

and on a morphism (φ, f) : (A, a) → (B, b) in D as

θ ((φ, f)) = xφ,axB(f).

Identities are preserved by this assignment because the diagram

xA(a) xA(D(1A)(a)) xA(a)

θ((1A,δA,a))

xA(δ
−1
A,aδA,a)=xA(1a)=1xA(a)

xA(δ
−1
A,a) xA(δA,a)

commutes in X and composition is preserved by the following commuting diagram

in X.
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xC (D(φψ)(a))

xA(a) xB(D(φ)(a)) xC ((D(φ)D(ψ)) (a))

xA(b) xC (D(ψ)(b))

xA(c)

xC(δφ;ψ,a)
xφψ,a

θ((φ,f))

xφ,a xψ,D(φ)(a)

xB(f)

xC(D(ψ)(f))

xC(D(ψ)(f)g)

θ((ψ,g))

xψ,a

xC(g)

The top square commutes by coherence, the triangles on the left commute by defi-

nition of θ, the middle square commutes by naturality of xψ and by functoriality of

xC we know the bottom right triangle commutes so we can see

θ((φ, f))θ((ψ, g)) = xφψ,axC(δφ;ψ,a)xC(D(ψ)(f)g) Def.θ

= xφψ,axC(δφ;ψ,aD(ψ)(f)g) Functoriality xC

= θ((φψ, δφ;ψ,aD(ψ)(f)g)) Def. θ

= θ((φ, f)(ψ, g)).

Notice that

θ(ℓA(a)) = θ((A, a)) = xA(a)

and

θ(ℓA(f)) = θ((1A, δA,af))

= x1A,axA(δA,af)

= xA(δ
−1
A,a)xA(δA,af) Coherence

= xA(δ
−1
A,aδA,af) Functoriality

= xA(f) Functoriality
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so ℓAθ = xA for each A in A. Moreover, for any functor ω : D → X and any

φ : A→ B in A one can get a natural transformation

ωφ : ℓAω =⇒ D(φ)ℓBω

by whiskering. Componentwise this amounts to defining

ωφ,a := ω(ℓφ,a).

Functoriality of ω makes ωφ coherent with respect to composition in A,

ωφψ,a = ω(ℓφψ,a)

= ω(ℓφ,aℓψ,D(φ)(a)ℓC(δ
−1
φ;ψ,a))

= ω(ℓφ,a)ω(ℓψ,D(φ)(a))ω(ℓC(δ1φ;ψ,a))

= ωφ,aωψ,D(φ)(a) ((ℓCω)(δφ;ψ,a))
−1 ,

and with respect to identities in A

ω1A,a = ω(ℓ1A,a) = ω(ℓA(δ
−1
A,a)) = (ℓAω)(δ

−1
A,a).

The assignments above are inverses to one another. On one hand if we start with

a family of natural transformations {xφ : xA =⇒ D(φ)xB}φ∈A(A,B), consider the

induced functor θ and its induced lax natural transformation. For each φ : A → B

in A, the natural transformation

θφ : ℓAω =⇒ D(φ)ℓBω

has precisely the same components as the natural transformation xφ from the family

we started with since ℓAω = xA for each A in A.

θφ,a = θ(ℓφ,a) = θ((φ, 1D(φ)(a))) = xφ,axB(1D(φ)(a)) = xφ,a

Now if we start with a functor ω : D → X, get the natural transformations ωφ :

ℓAω =⇒ D(φ)ℓBω, and then let θω : D → X be the induced functor, we have that

for each (A, a) ∈ D(A),
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θω((A, a)) := (ℓAω)((A, a)) = (ω(ℓA(a)) = ω((A, a))

as well as

θω((φ, f)) = ωφ,a ((ℓBω)(f))

= ω(ℓφ,a) ((ℓBω)(f))

= ω (ℓφ,aℓB(f))

= ω
(
(φ, 1D(φ)(a))(1B, δB,D(φ)(a)f)

)
= ω

(
(φ1B, δφ;1B ,aD(1B)(1D(φ)(a))δB,D(φ)(a)f)

)
= ω

(
(φ, δφ;1B ,aδB,D(φ)(a)f)

)
= ω ((φf))

where the last equality is by coherence. This shows that θω = ω and it follows that

the assignments

{xφ : xA =⇒ D(φ)xB}φ∈A(A,B) 7→ (θ : D → X)

and

(ω : D → X) 7→ {ωφ : ℓAω =⇒ D(φ)ℓBω}φ∈A(A,B)

are inverses of one another. In particular, every functor D → X corresponds uniquely

to a lax natural transformation D =⇒ ∆X.

Internal

Let E be an extensive category and let X be an arbitary internal category in E with

{xA : D(A) → D} an A0-indexed family of internal functors and {xφ : xA =⇒
D(φ)xB} an A1-indexed family of internal natural transformations that satisfy the

following (internalized) coherences with respect to the pseudofunctor isomorphisms

⟨x1A , δA(xA)1⟩c = eA(xA)1 , ⟨xφψ, δφ;ψxC⟩c = ⟨xφ, D(φ)0xψ⟩c.
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Define θ0 to be uniquely induced by the maps {xA}A∈A0

D0 X0

D(A)0

θ0

ιA

(xA)0

and define θ1 to be uniquely induced by the family of composites

D1 X1

Dφ X2

θ1

ιφ

⟨π0xφ,π1(xB)1⟩

c .

on each component. The following lemma shows θ = (θ0, θ1) preserves identities and

will be used later to conclude θ is an internal functor.

Lemma 12. The assignment (θ0, θ1) : D → X preserves identities.

Proof. By the universal property of the coproduct, D1, it suffices to see the following

diagram commutes.

D0 X0 X1 X0 X1

D(A)0 D(A)1 D(A)0 D1A X2

D0 D1 X1

θ0 e s e

ιA
(xA)0

eA

ιA

s

(xA)1 (xA)0

⟨1D(A)0
,δA⟩

⟨x1A ,δA(xA)1⟩

ι1A

⟨π0x1A ,π1(xA)1⟩

c

c

ϵ θ1

The top left two squares commute by definition of θ0 and e. They show that the

composite θ0e is uniquely induced by the family of maps {eA(xA)1}A∈A0 . The other

two squares on the top commute by functoriality of xA and coherence. In the middle
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on the left we have the source-identity coherence in D(A), and a short calculation

on the right using the universal property of X2 shows that

⟨x1A , δA(xA)1⟩ = ⟨1D(A)0 , δA⟩⟨π0x1A , π1(xA)1⟩.

Recall that ϵA := ⟨1D(A)0, δA⟩ to see that the bottom left square commutes by

definition of ϵ and the bottom right square commutes by definition of θ1. Together

they show that ϵθ1 is uniquely induced by {ϵA⟨π0ι1A , πA(xA)1⟩c}A∈A0 . Commutativity

above shows

ϵA⟨π0ι1A , πA(xA)1⟩c = eAs⟨x1A , δA(xA)1⟩c = eA(xA)1

and therefore

ϵθ1 = θ0e

by uniqueness.

Lemma 13. The assignment (θ0, θ1) : D → X preserves composition.

Proof. By definition of composition in D and the map θ1, the composite cθ1 : D2 →
X2 is uniquely induced by the family of maps cφ;ψ⟨π2xφψ, π1(xC)1⟩c, where φ : A→ B

and ψ : B → C are composable morphisms in A.

By the universal property of the coproduct D it suffices to show that

cφ;ψ⟨π2xφψ, π1(xC)1⟩c = ⟨p0⟨π0xφ, π1(xB)1⟩ , p1⟨π0xψ, π1(xC)1⟩⟩c

so that the middle pentagon (disguised as a triangle) in the diagram
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D2 D1 X1

Dφ;ψ Dφψ X2

X2

D2 X2 X1

c θ1

⟨p0⟨π0xφ,π1(xB)1⟩ , p1⟨π0xψ ,π1(xC)1⟩⟩

cφ;ψ

ιφ;ψ

ιφ;ψ

ιφψ

⟨π0xφψ ,π1(xC)1⟩

c

c

c

⟨ρ0θ1,ρ1θ1⟩ c

commutes. The remaining squares and triangle in the diagram above commute by

definition or by the identity law for composition in E . Let δ
(−1)
φ;ψ : D(A)0 → D(C)1

denote the ‘family of inverse coherence isomorphisms’ associated to φ, ψ. In partic-

ular,

⟨δ(−1)
φ;ψ , δφ;ψ⟩c = D(φ)0D(ψ)0eC

cφ;ψ⟨π0xφ;ψ, π1(xC)1⟩c

= ⟨p0π0xφ, p0π0D(φ)0xψ, p0π0δ
(−1)
φ;ψ (xC)1, p0π0δφ;ψ(xC)1,

p0π1D(ψ)1(xC)1, p1π1(xC)1⟩c

= ⟨p0π0xφ, p0π0D(φ)0xψ, p0π0D(φ)0D(ψ)0(xC)0e,

p0π1D(ψ)1(xC)1, p1π1(xC)1⟩c

= ⟨p0π0xφ, p0π0D(φ)0xψ, p0π1D(ψ)1(xC)1, p1π1(xC)1⟩c

= ⟨p0π0xφ, p0π1sxψ , p0π1D(ψ)1(xC)1, p1π1(xC)1⟩c Id. Law

= ⟨p0π0xφ, p0π1(xB)1 , p0π1txψ, p1π1(xC)1⟩c Naturality xψ

= ⟨p0π0xφ , p0π1(xB)1, p1π0xψ, p1π1(xC)1⟩c Def. Dφ;ψ

= ⟨⟨p0⟨π0xφ, π1(xB)1⟩c, p1⟨π0xψ, π1(xC)1⟩c⟩c Assoc. & Factor
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Proposition 14. The assignment θ = (θ0, θ1) : D → X is an internal functor.

Proof. Immediate from Lemmas 12 and 13.

On the other hand, given an internal functor ω : D → X, for each φ : A → B in

A define

ωA = ℓAω and ωφ := ℓφω1.

Notice that ωA is an internal functor (by definition of internal functor composition)

and we have that the source of ωφ is ωA

ωφs = ℓφω1 = ℓφsω0 = (ℓA)0ω0 = (ℓAω)0 = (ωA)0,

its target is D(φ)ωB

ωφt = ℓφω1t = ℓφtω0 = (D(φ)ℓB)0ω0 = D(φ)(ℓBω)0 = D(φ)(ωB)0,

and the (family of) naturality square(s)

⟨sωφ, (D(φ)ωB)1⟩c = ⟨sℓφω1, (D(φ)ℓBω)1⟩c

= ⟨sℓφω1, (D(φ)ℓB)1ω1⟩c

= ⟨sℓφ, (D(φ)ℓB)1⟩cω1 Functoriality ω

= ⟨(ℓA)1, tℓφ⟩cω1

= ⟨(ℓA)1ω1, tℓφω1⟩c

= ⟨ωA, tωφ⟩c

commutes so ωφ : ωA =⇒ D(φ)ωB is an internal natural transformation. Putting

these families of A0-indexed internal functors and A1-indexed internal natural trans-

formations together precisely defines an internal lax transformation

ω∗ : D =⇒ ∆X

where ∆X : A → Cat(E) is the constant functor on X.
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Proposition 15. For each X ∈ Cat(E), lax transformations D =⇒ ∆X correspond

uniquely to internal functors D → X.

Proof. Suppose x : D =⇒ ∆X is a lax transformation. Then for each object A in

A there exists an internal functor xA : D(A) → X and for each morphism φ : A→ B

in A there exists an internal natural transformation xφ : xA =⇒ D(φ)xB that

is coherent with respect to the composition and identity isomorphisms of D. Let

θ : D → X be the internal functor constructed above, and then consider the induced

lax transformation θ∗. As seen above we have that

θA = ℓAθ = xA

for each A ∈ A0 and for each φ ∈ A1 we have

θφ := ℓφθ1 = xφ

so θ∗ = x.

On the other hand, let ω∗ : D =⇒ ∆X denote the lax transformation constructed as

above from an arbitrary internal functor ω : D → X. Let θ∗ be the induced internal

functor as above, then θ∗0 is uniquely induced by the A0-indexed family of internal

functors of ω∗. These are precisely the maps (ωA)0 and so θ∗0 = ω0 by uniqueness.

Using functoriality of ω and the definition of ω∗ we can see that θ∗1 is uniquely induced

by the family of maps,ιφω1. We break the calculation up with terms on separate lines

due to their length. We start with the functoriality of ω giving us

⟨π0ℓφω1, π1(ℓBω)1⟩c = ⟨π0ℓφ, π1(ℓB)1⟩cω1

and then by definition of ℓφ,ℓB the right-hand side is equal to

⟨π0⟨1D(A)0 , D(φ)0eB⟩ιφ, π1⟨s, ⟨sδB, 1D(B)1⟩c⟩ιB⟩cω1.

The definition of ιφ;1B says the last term is equal to

⟨π0⟨1D(A)0 , D(φ)0eB⟩, π1⟨s, ⟨sδB, 1D(B)1⟩c⟩⟩ιφ;1Bcω1

which is equal to

⟨π0⟨1D(A)0 , D(φ)0eB⟩, π1⟨s, ⟨sδB, 1D(B)1⟩c⟩⟩cφ;1B ιφω1
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by definition of cφ;1B . The same definition gives that this is equal to

⟨π0, ⟨π0δφ;1B , π0D(φ)0D(1B)0eB, π1⟨sδB, 1D(B)1⟩c⟩c⟩ιφω1

which is equal to

⟨π0, ⟨π0δφ;1B , π1⟨sδB, 1D(B)1⟩c⟩c⟩ιφω1

by the identity law in D(B). Associativity of internal composition gives that this is

equal to

⟨π0, ⟨⟨π0δφ;1B , π1sδB⟩c, π1⟩c⟩ιφω1

which becomes

⟨π0 , ⟨⟨π0δφ;1B , π0D(φ)0δB⟩c, π1⟩c⟩ιφω1

by definition of Dφ. Factoring pairing maps makes the last term equal to

⟨π0 , ⟨π0⟨δφ;1B , D(φ)0δB⟩c, π1⟩c⟩ιφω1

which, by coherence of the structure isomorphisms for the pseudofunctor D, is equal

to

⟨π0 , ⟨π0D(φ)0eB, π1⟩c⟩ιφω1.

The definition of Dφ and the identity law in D(B) allows us to see the term above

is really the left-hand side of the final equality:

⟨π0, π1⟩ιφω1 = ιφω1

By the universal property of the coproduct D1 we have

θ∗1 = ω1

and it follows that θ∗ = ω.
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3.3.4 Universal Property for 2-cells

Classical

When E = Set and let X be a small category. Then any natural transformation

α : θ =⇒ ω where θ, ω : D → X induces a modification

α̃ : x⇛ y

where x, y : D =⇒ ∆X are the lax natural transformations corresponding uniquely

by Proposition 15 to θ and ω respectively. For each A ∈ A0 and a ∈ D(A)0 we have

α̃A,a : xA(a) → yA(a)

defined as the component

αℓA(a) : θ(ℓA(a)) → ω(ℓA(a)).

For any g : a→ a′ in D(A)0, the diagram

xA(a) θ(ℓA(a)) ω(ℓA(a)) yA(a)

xA(a
′) θ(ℓA(a

′)) ω(ℓA(a
′)) yA(a

′)

α̃A,a

xA(g) θ(ℓA(g))

αℓA(a)

ω(ℓA(g)) yA(g)

α̃A,a′

αℓA(a′)

commutes by definition and naturality of α. Similarly, for any φ : A → B in A and

any a ∈ D(A)0 we have that the diagram

xA(a) (ℓAθ)(a) (ℓAω)(a) yA(a)

D(φ)xB(a) D(φ)ℓBθ(a) D(φ)ℓBω(a) D(φ)yB(a)

α̃A,a

xφ,a θ(ℓφ,a)

αℓA(a)

ω(ℓφ,a) yφ,a

α̃A,a

α(D(φ)ℓB)(a)



42

commutes. It follows that α̃ is a modification x⇛ y.

Alternatively, given a modification γ : x ⇛ y between two lax natural transfor-

mations x, y : D =⇒ ∆X, let θ, ω : D → X be the functors uniquely determined by

x and y respectively. Then the middle two squares in the following diagram commute

by definition of γ

θ((A, a)) xA(a) yA(a) ω((A, a))

xB(D(φ)(a)) yB(D(φ)(a))

θ((B, b)) xB(b) yB(b) ω((B, b))

θ((φ,f))

xφ,a

γA,a

yφ,a

ω((φ,f))

xB(f)

γB,D(φ)(a)

yB(f)

γB,b

and the left and right squares commute by definition of θ and ω respectively. This

means

γ := {γA,a : (A, a) ∈ D}

is a natural transformation θ =⇒ ω. Notice that the lax natural transformation α̃

has components

α̃(A,a) = α̃A,a = αℓA(a) = α(A,a)

so that α̃ = α. The modification γ̃ has components

γ̃A,a = γℓA(a) = γ(A,a) = γA,a

and so γ̃ = γ by definition. The bijection follows and by uniqueness it suffices to see

functoriality in one direction. Let γ : x⇛ y and let η : y ⇛ z be modifications, then

their composite γη has components

xA(a) yA(a)

zA(a)

(γη)A,a

γA,a

ηA,a
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and so

γη := {(γη)A,a : (A, a) ∈ D} = {γA,aηA,a : (A, a) ∈ D} =: (γ)(η)

where the right-hand side is the composite of lax natural transformations.

θ ω σ
γ η

and θ, ω, σ : D → X are the internal functors uniquely determined by x, y, z re-

spectively. It follows that composition of modifications is preserved by the bijection

above and identities are trivially preserved because

(1x)A,a = 1xA(a)

for each A ∈ A0 and each a ∈ D(A)0 by definition of the identity modification

1x : x⇛ x.

Internal

Let E be a category that admits an internal Grothendieck construction of D : A →
Cat(E) and let X be an arbitrary internal category in E . Let α : θ =⇒ ω be an

internal natural transformation where θ, ω : D → X are internal functors and further

let x, y : D =⇒ ∆X denote the unique lax natural transformations induced by θ

and ω respectively. For each A in A0 define

D(A)0 D0

X1

(ℓA)0

α̃A
α .

Proposition 16. The A0-indexed family of maps α̃A : D(A)0 → X1 defines an

internal modification

α̃ : x⇛ y.

Proof. First notice that

α̃As = (ℓA)0αs = (ℓA)0θ0 = (ℓAθ)0 = (xA)0
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and

α̃At = (ℓA)0αt = (ℓA)0ω0 = (ℓAω)0 = (yA)0.

Then

(sα̃A)t = s(yA)0 = (yA)1s

and

(xA)1t = t(xA)0 = tα̃As

so there are two composable pairs given by the maps

⟨sα̃, (yA)1⟩, ⟨(xA)1, tα̃A⟩ : D(A)1 → X2

which coincide after composition in X.

⟨(xA)1, tα̃A⟩c = ⟨(ℓA)1θ1, t(ℓA)0α⟩c Def. α̃, xA

= ⟨(ℓA)1θ1, (ℓA)1tα⟩c FunctorialityℓA

= (ℓA)1⟨θ1, tα⟩c Factor

= (ℓA)1⟨sα, ω1⟩c Naturality α

= ⟨(ℓA)1sα, (ℓA)1ω1⟩c Factor

= ⟨s(ℓA)0α, (ℓA)1ω1⟩c Functoriality

= ⟨sα̃A, (yA)1⟩c Def. α̃, yA

This shows α̃A : xA =⇒ yA is an internal natural transformation for each A in A0.

Now since ℓφs = (ℓA)0 and ℓφt = (D(φ)ℓB)0 we have that

α̃t = (ℓAω)0 = yφs , D(φ)0α̃s = (D(φ)ℓAθ)0 = xφt

by definitions of the induced internal natural transformations x, y : D =⇒ ∆X.
These give us the other two composable pairs which are equal in X after composition.
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⟨α̃A, yφ⟩c = ⟨(ℓA)0α, ℓφω1⟩c Def.

= ⟨ℓφsα, ℓφω1⟩c Def.ℓφ

= ℓφ⟨sα, ω1⟩c Factor

= ℓφ⟨θ1, tα⟩c Naturality α

= ⟨ℓφθ1, ℓφtα⟩c Factor

= ⟨ℓφθ1, D(φ)0(ℓB)0α⟩c Def. ℓφ

= ⟨xφ, D(φ)0α̃B⟩c Def.

This last equality shows that the indexing of α̃ is naturally compatible with the

components of the natural transformations xφ and yφ, for each φ : A → B in A. It

follows that α̃ : x⇛ y is a modification.

On the other hand, suppose γ : x ⇛ y is a modification between two lax natural

transformations x, y : D =⇒ ∆X. Let θ, ω : D → X be the unique internal functors

corresponding to x and y respectively. Let γ be the map uniquely induced by the

natural transformations of γ indexed by A0.

D0 X1

D(A)0

γ

ιA γA

Proposition 17. The map γ is a natural transformation θ =⇒ ω.

Proof. For each A in A0, the following diagrams commute by definition of θ and γ.

D0 X1 X0

D(A)0

θ0

γ s

ιA γA

(xA)0

D0 X1 X0

D(A)0

ω

γ t

ιA γA

(yA)0

and so by the universal property of the coproduct D0 we have that

θ0 = γs , ω0 = γt.
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Naturality is all that remains to show and this is done using the universal property

of the coproduct D1. For each φ : A→ B in A1 we can see

ιφtγ = π1tιBγ = π1tγB

and

ιφsγ = π0ιAγ = π0γA

and therefore

ιφ⟨θ1, tγ⟩c = ⟨ιφθ1, ιφtγ⟩c

= ⟨⟨π0xφ, π1(xB)1⟩c, π1tγB⟩c

= ⟨π0xφ, π1⟨(xB)1, tγB⟩c⟩c Assoc.

= ⟨π0xφ, π1⟨sγB, (yB)1⟩c⟩c Nat. γB

= ⟨⟨π0xφ, π1sγB⟩c, π1(yB)1⟩c Assoc.

= ⟨⟨π0xφ, π0D(φ)0γB⟩c, π1(yB)1⟩c Def. Dφ

= ⟨π0⟨xφ, D(φ)0γB⟩c, π1(yB)1⟩c Factor.

= ⟨π0⟨γA, yφ⟩c, π1(yB)1⟩c Def.γ

= ⟨π0γA, ⟨π0yφ, π1(yB)1⟩c⟩c Assoc.

= ⟨ιφsγ, ιφω⟩c Def.

= ιφ⟨sγ, ω⟩c Factor.

By uniqueness we must have that

⟨θ1 , tγ⟩c = ⟨sγ, ω⟩c

and it follows that γ : θ =⇒ ω is an internal natural transformation.

Proposition 18. There is a one-to-one correspondence between modifications of lax

natural transformations D =⇒ ∆X and internal natural transformations between

the corresponding internal functors of Proposition 15.
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Proof. The assignments (−) and ˜(−) are inverses. For any modification γ : x =⇒ y

we have that for each A ∈ A0,

γ̃A := (ℓA)0γ = ιAγ = γA

and so γ̃ = γ by definition. On the other hand for any internal natural transformation

alpha : θ =⇒ ω, and any A ∈ A we have that

ιAα̃ = α̃A = (ℓA)0α = ιAα

and by the universal property of the coproduct D0, α̃ = α.

3.3.5 Internal Category of Elements as an OpLax Colimit

In the previous two subsections we’ve seen that internal functors D → X and internal

natural transformations between them correspond uniquely to lax natural transfor-

mations D =⇒ ∆X and modifications between them respectively. In this section

we put this together as an equivalence of categories that establishes D as the oplax

colimit of D in Cat(E).

Theorem 19 (D is the oplax colimit of D). Let E admit an internal Grothendieck

construction of D : A → Cat(E), as in Definition 2. Then for every internal

category X ∈ Cat(E), the category of lax natural transformations D =⇒ ∆X and

their modifications is isomorphic to the category of internal functors D → X and

their internal natural transformations.

[D,∆X]ℓ ∼= Cat(E)(D,X)

Proof. The objects and morphisms are in bijection by Propositions 15 and 18 respec-

tively. We only need to show composition and identities are preserved in one direction

of the 2-cell correspondence. For any lax natural transformation x : D =⇒ ∆X,
the identity modification 1x consists by the family of identity internal natural trans-

formations 1xA for each A ∈ A0. Let θ : D → X and 1X : θ =⇒ θ be the internal

functor and internal natural transformation corresponding to x and 1X respectively.

Then
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ιA1X := (1X)A = 1xA := eA(xA)1 = (xA)0e = ιAθ0e

shows 1X is the identity natural transformation on θ.

Let γ : x ⇛ y and σ : y ⇛ z be modifications of lax natural transformations

x, y, z : D =⇒ ∆X. For each A ∈ A0 let γA : xA =⇒ yA and σA : yA =⇒ zA be

the internal natural transformations defining γ and σ so the composite

γσ : x⇛ z

is defined by the composite of internal natural transformations

(γσ)A = γAσA

Internally this is given by the composite

D(A)0 X2

X1

γAσA

⟨γA,σA⟩

c

and now we can see that

ιAγσ = (γσ)A = γAσA = ⟨γA, σA⟩c = ⟨ιAγ, ιAσ⟩c = ιA⟨γ, σ⟩c.

By the universal property of D0 we have that

γσ = ⟨γ, σ⟩c

where the right-hand side defines the (horizontal) composition of natural transfor-

mations γ : θ =⇒ ω , σω =⇒ ν, where θ, ω, ν : D → X correspond to x, y, and z

respectively.



Chapter 4

Internal Category of Fractions

In this chapter we give a suitable context, E , and conditions on an internal category,

C, and a map w : W → C1 that allow us to express a set of axioms for an internal

category of (right) fractions. We show that such a pair (C, w) satisfying our Internal

Fractions Axioms allows us to define an internal category, C[W−1], which satisfies

an analogous universal property expressed by Theorem 65. We write (C,W ) for

the pair from now on, as the map w : W → C1 will be fixed and implied by W .

The contextual conditions on (C,W ) allow us to build the objects of diagrams in C
we need in the Internal Fractions Axioms and also represent the arrows and paths

of composable arrows in our internal category of fractions as equivalence classes of

spans and paths of composable spans respectively. The contextual conditions on

E then allow us formulate the Internal Fractions Axioms in terms of lifts of local

witnesses to the axioms. This local data can be glued together to give globally

defined structure maps provided a gluing condition is satisfied and we use this to

define the internal category of fractions, C[W−1], along with its structure maps and

to prove it is an internal category. We will often give representations of our definitions

and constructions as they would appear in E = Set to help our readers and we will

overload the symbols for structure maps of internal categories, namely s, t, c, and e.

We will also abuse some notation and language by referring to arrows W → C1 as

representing ‘arrows in W ’ when in general we mean it represents a family of arrows

in an internal category C indexed by W . The symbols, πi, will be overloaded and

used for the i’th (pullback) projection of all pullbacks. Here i stands for ‘number of

components to the right of the left-most component,’ naturally.

In Section 4.1 we describe the conditions we require for the pair (C,W ) in order

to state the Internal Fractions Axioms that culminate to Definition 28. In Section

4.2 we define the structure we need on the ambient category E in Definition 33 and

present the Internal Fractions Axioms as part of Definition 34. We define the objects

49
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and structure maps for the internal category C[W−1] in Section 4.3. We show that

internal composition is assocaitive and satisfies the identity laws in C[W−1], making

C[W−1] an internal category, in Section 4.4. In Section 4.5 we define the associated

internal localization functor and prove that it inverts w : W → C1 in a suitable

sense. In the last section, Section 4.6, we prove the universal property of the internal

category of fractions as Theorem 65.

4.1 The Context

For an internal category of fractions, we need to work in a suitably structured cate-

gory E and with suitable internal categories C in E . The conditions on E will allow

us to define the category structure on our internal category of fractions, C[W−1],

and the conditions on the internal categories we consider, C, allow us to construct

objects necessary to describe the Internal Fractions Axioms and describe reflexive

internal graphs of fractions. The following definition will be important for defining

the context in this section and the Internal Fractions Axioms in the next section.

Definition 20. An effective epimorphism in a category E is the coequalizer of its

kernel pair.

Effective epimorphisms appear in each of the Internal Fractions Axioms in Defini-

tion 34 and are used to define composition, source, and target structure maps for the

internal category of fractions. For the rest of this chapter we assume E has a class of

effective epimorphisms, J , that is stable under pullback and composition. We call

these epimorphisms covers. We will see these in the next section when we give the

Internal Fractions Axioms in Section 4.2.

For the rest of this section we focus on the conditions we will impose on an internal

category C and an arrow w : W → C1 in E in order to construct the building blocks

of our internal category of fractions, C[W−1], as well as the objects of diagrams in

C that we use to internalize the axioms for a category of fractions. For example, let

spn denote the object of spans in C whose left leg is in W ,

· · ·◦ ,

let csp denote the object of cospans in C whose right leg is in W ,
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· · ·◦ ,

let W△ denote the object of pairs of arrows whose terminal arrow and composite

is in W ,

·

· ·
◦
◦

,

and let sb denote the object of the following commuting diagrams (in C) that we

will call sailboats.

·

· · ·
◦
◦

These are given by the following pullbacks in E respectively.

spn C1

W C0

π1

π0 s

ws

csp W

C1 C0

π1

π0 wt

t

W△ W

C1 ×t sW C1

π0

π1

w

c

sb C1

W△ C0

π0

π1

s

π0π1ws

The following pullback,

W◦ W

C1 ×t wsW ×wt wsW C1

π0

π1

w

c

,

is the object of composable paths of length three where the last two arrows are in

W and their composite is again in W . In E = Set, the elements of this set would be

composable pairs of arrows in the image of w : W → C1 along with a pre-composable

arrow in C1 such that their composition (in C) gives an element in the image of W .

We use this object to express a weak composition axiom for internal fractions.

The pullback

W□ C1 ×t sW

W ×t s C1 C1

π0

π1

c

c
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represents commuting diagrams in C that will be referred to as Ore squares:

· ·

· ·

◦ ◦

The arrows marked with ◦ denote arrows in the image of w : W → C1. This object

is used to express the internal (right) Ore condition. Let P (C) denote the object of

parallel arrows in C given by the pullback of pairing of source and target maps:

P (C) C1

C1 C0 × C0

π1

π0 (s,t)

(s,t)

Let Peq(C) and Pcq(C) be the objects of equalized and coequalized parallel arrows in

C (that don’t satisfy any kind of internal universal property) given by the equalizers

Peq(C) W ×wt s P (C) C1
ιeq (π0w,π1π0)c

(π0w,π1π1)c

and

Pcq(C) P (C) ×t wsW C1
ιeq (π0π0,π1w)c

(π0π1,π1w)c

in E (with the usual universal property). Let P(C) denote the following pullback

P(C) Pcq(C)

Peq(C) P (C)

π1

π0 π0

π1

representing diagrams of the form:

· · · ·◦ ◦

where the ◦ marked arrows represent arrows indexed by W . This will be used for

internalizing what is sometimes called the ‘right-cancellability’ or ‘lifting’ condition

for internal fractions. In this thesis we refer to this as ‘zippering’ in order to avoid

confusion with the lifts in the Internal Fractions Axioms and because of the way

it witnesses commutativity of parts of diagrams that don’t commute prior to its
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application to make new ones that do commute. The best place to see this is in

the process of defining composition and proving the associativity and identity laws.

Note that these equalizers can be given as pullbacks of pairing maps

(1, (π0π0, π1w)c), (1, (π0π1, π1w)c) : (P (C) ×t wsW ) → (P (C) ×t wsW )× C1

(1, (π0w, π1π0)c), (1, (π0w, π1π1)c) : (W ×wt s P (C)) → (W ×wt s P (C))× C1

when they all exist in E with the pullback projections being made equal by the iden-

tity maps in the left-hand components of the pairing maps above and the equalizer

condition being forced by the right-hand components respectively. The constructions

above allow us to formalize the axioms for a category of (right) fractions and we now

give a name to the collection of internal categories, C, of E and maps, w : W → C1,

in E for which this happens. The next definition describes a setting in which we

can internal the Internal Fractions Axioms. We’ll be overloading notation for the

structure maps of an internal category, and suppress w : W → C1 when describing

internal composition with arrows in C indexed by W .

Definition 21. Let C be an internal category in E and let w : W → C1 be an arrow

in E . We say the pair (C,W ) is a pre-candidate for internal fractions if the following

pullbacks
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csp W

C1 C0

π1

π0 wt

t

spn C1

W C0

π1

π0 s

ws

W ×wt s C1 W

C1 C0

π1

π0 ws

t

C1 ×t wsW C1

W C0

π1

π0 s

wt

W□ W ×wt s C1

C1 ×t wsW C1

π0

π1

c

c

W ×t sW W

W C0

π1

π0 ws

wt

W▲ W ×t sW

C1 C0

π1

π0 π0ws

t

W◦ W

W▲ C1

π0

π1

w

c

W△ W

C1 ×t sW C1

π0

π1

w

c

sb C1

W△ C0

π0

π1

s

π0π1ws

P (C) C1

C1 C0 × C0

π1

π0 (s,t)

(s,t)

W ×wt π0s
P (C) P (C)

W C0

π1

π0 π0s

wt

P (C) ×π0t wsW W

P (C) C0

π1

π0 ws

π0t

P(C) Pcq(C)

Peq(C) P (C)

π1

π0 π0

π1

exist in E along with the equalizers,

Peq(C) W ×wt s P (C) C1
ιeq (π0w,π1π0)c

(π0w,π1π1)c

and

Pcq(C) P (C) ×t wsW C1
ιeq (π0π0,π1w)c

(π0π1,π1w)c
.

These pullbacks and equalizers give us the building blocks we need to construct an

internal category of fractions so for the rest of this chapter we assume that (C,W ) is

a pre-candidate for internal fractions. Our construction requires a bit of ‘scaffolding’
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however, in the form of a family of reflexive internal graphs encoding the data for an

equivalence relation we hope to define on spans and paths of composable spans. At

this point we can only define the first one given by the two maps p0, p1 : sb → spn,

defined explicitly as the pairing maps

p0 = (π0π0π1,π1), p1 = (π0π1,(π0π0π0,π1)c)

by the universal property of the pullback spn. These maps represent projecting two

different spans out of a commuting diagrams (in C) which we call a sailboat. The

idea is that coequalizing these will produce equivalence classes of spans that are

related by being part of a common sailboat. For example, when E = Set, the maps

p0 and p1 can be seen to project sailboats in sb to spans in spn like this:

 ·

· · ·
◦
◦

 p0=(π0π0π1,π1) [
· · ·◦

]
 ·

· · ·
◦
◦

 p1=(π0π1,(π0π0π0,π1)c)

 ·

· ·
◦


The dotted arrow on the left-hand side is just emphasizing that the pair is composable

(in C) in order to make the mapping more clear. The arrows in a category of

fractions are equivalence classes of spans, where two distinct spans represent the

same equivalence class whenever there exists an intermediate span and two sail-

boats such that the intermediate span forms the p1 span projection of two different

sailboats whose p0 span projections are the original two spans. For E = Set the

coequalizer of p0 and p1 describes precisely this set of equivalence classes of spans.

The following lemma shows p0 and p1 form a reflexive pair in general.

Lemma 22. The parallel pair

sb spn
p0

p1

is reflexive.
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Proof. Define a map,

φs : spn → sb,

by the pairing map

φs =
(
((π0wse, π0), π0), π1

)
.

The component

φsπ0 = ((π0wse, π0), π0) : spn → W△

is well-defined by the identity law for composition in C:

(π0wse, π0w)c = π0w(se, 1)c = π0w

The other component is well-defined because

φsπ1s = π1s = π0ws = φsπ0s.

To see that φs is a common section of p0 and p1 we get

φsp0π0 = φsπ0π0π1 φsp0π1 = φsπ1

= π0 = π1

by definition and by the identity law in C we also get

φsp1π0 = φsπ0π1 φsp1π1 = φs(π0π0π0, π1)c

= π0 = (π0wse, π1)c

(π1se, π1)c

π1(se, 1)c

π1.

By the universal property of the pullbacks sb and spn

φsp0 = 1spn = φsp1.
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To define the source, target, and composition structure maps, and prove associativity

and identity laws we need to reason about paths (or zig-zags more accurately) of

composable spans and sailboats. In the following definition we give a sufficient

condition for obtaining these as reflexive internal graphs.

Definition 23. We say that a pre-candidate for internal fractions, (C,W ), in E ,
admits reflexive graphs of fractions if the source and target maps on spn and sb,

spn spn

C0

π0wt π1t

sb sb

C0

π0π0π1wt

s

π1t

t

admit pullbacks along one another.

The following lemma shows precisely which reflexive graphs are being referred to in

Definition 23.

Lemma 24. The pairs

sb ×t s . . . ×t s sb spn ×t s . . . ×t s spn
pn0

pn1

are reflexive for each n ≥ 1 where n = 1 is the case p0, p1 : sb → spn and

pni = (π0pi, π1pi, ..., πn−1pi) is the unique map determined by the iterated pullback

projections and the map pi for i = 0, 1.

Proof. The proof is by induction on the number of pullbacks. The base case, n = 1,

follows from Lemma 22. Assume pn0 and pn1 have a common section φns . Let sbn

denote the n-fold pullback of t, s : sb → C0, similarly for spnn, for each natural

number n. The induction step follows from the following commuting diagram:

spnn+1 sbn+1 spnn+1

spnn ×t s spn sbn ×t s sb spnn ×t s spn

∼= ∼=

pn+1
0

pn+1
1

∼=

φns×φs

pn0×p0

pn1×p1
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The bottom commutes by the universal property of the pullbacks in the bottom row

above:

(φns × φs)(p
n
0 × p0) = (π0φ

n
s , π1φs)(π0p

n
0 , π1p0)

= (π0φ
n
sp

n
0 , p1φsp0)

= (π0, π1)

= 1

= (π0, π1)

= (π0φ
n
sp

n
1 , p1φsp1)

= (π0φ
n
s , π1φs)(π0p

n
1 , π1p1)

= (φns × φs)(p
n
1 × p1).

This implies the top commutes and we get a reflexive graph:

sb ×t s . . . ×t s sb spn ×t s . . . ×t s spn

pn+1
0

pn+1
1

φns

The result follows by induction.

The arrows and composable paths in the internal category of fractions should be the

coequalizers of the internal reflexive graphs in Lemmas 22 and 24 respectively. For

this we need to require the existence of these coequalizers and the pullbacks of the

induced source and target maps on the coequalizer of p0 and p1, and we need them to

coincide. The following definition is used to restrict our focus to internal categories

for which these coequalizers exist.

Definition 25. We say (C,W ) admits internal quotient graphs of fractions if the

coequalizer,
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sb ×t s . . . ×t s sb spn ×t s . . . ×t s spn C[W−1]n
pn0

pn1

qn
,

exists in E for each n ≥ 1.

The coequalizers in Definition 25 are named suggestively. In particular C[W−1]1 is

how we will define the object of arrows for the internal category of fractions. Using

its universal property we can define source and target structure maps by the following

lemma.

Lemma 26 (Source and Target Structure for C[W−1]). The source and target maps

for C[W−1] are determined by the universal property of the coequalizer C[W−1]1 and

more precisely induced by s′ = π0wt and t
′ = π1t.

C1 C0

sb spn C[W−1]1

W C0

t

p0

p1

q

π0
s′

π1
t′

s

t

wt

Proof. This is well-defined by the following calculations.

p0s
′ = (π0π0π1,π1)s

′ p0t = (π0π0π1, π1)t
′

= (π0π0π1,π1)π0wt = (π0π0π1, π1)π1t

= π0π0π1wt = π1t

= π0π0ct = (π0π0π0, π1)ct

= π0π1wt = (π0π1, (π0π0π0, π1)c)π1t

= (π0π1, (π0π0π0, π1)c)π0wt = (π0π1, (π0π0π0, π1)c)t
′

= (π0π1, (π0π0π0, π1)c)s
′ = p1t

′

= p1s
′

Now we define the pairs, (C,W ), that admit internal quotient graphs of fractions in

E for which the pullbacks of the induced source and target maps on the coequalizers
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C[W−1]1 exist. Notice this only requires the coequalizer of the pair p0, p1 : sb → spn

so these could exist without the other reflexive graphs. Being able to construct proofs

for coherences for associativity of composition for longer paths of arrows becomes un-

clear without the universal property of the coequalizers of the other internal reflexive

graphs, pn0 and pn1 .

Definition 27. We say the pair (C,W ) admits paths of fractions if the coequalizer

C[W−1]1 exists and E admits pullbacks of the induced source or target maps, s, t :

C[W−1]1 → C0, along one another as well as the source and target maps of spn and

sb.

The next definition is the last one in this section and describes all the structure we

need for the internal categories we consider.

Definition 28. We say the pair (C,W ) is a candidate for internal fractions if it

satisfies Definitions 21, 25, and 27 and the induced left and right product functors

on the slice category for each of the source and target maps for sb, spn, and C[W−1]1

(−)× s :, t× (−) : E/C0 → E/C0

preserve reflexive coequalizers.

For the rest of this thesis we will assume the pair (C,W ) is a candidate for internal

fractions in E . The remainder of this chapter consists of general lemmas which are

combined to state that the coequalizers

sb ×t s . . . ×t s sb spn ×t s . . . ×t s spn C[W−1]n
pn0

pn1

qn

exist in E for each n ≥ 1. The following lemmas hold very generally and combine in

Proposition 32 to show how the coequalizer, C[W−1]2, of the reflexive pair, p20 and

p21, above coincides with the pullback, C[W−1]1 ×t s C[W−1]1, of the induced source

and target maps in Lemma 26.

Lemma 29. For any category E , the underlying-structure functor, U : E/C0 → E ,
which maps objects A → C0 in E/C0 to objects A in E and is defined similarly on

arrows, reflects coequalizers.
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Proof. Suppose we have a commuting diagram

A B C

C0

f

g

a b

h

c

such that

A B C
f

g

h

is a coequalizer in E . Now suppose there exists an arrow x : X → C0 and another

arrow φ : B → X such that the diagram

A B X

C0

f

g

a b

φ

x

commutes in E . In E we get a unique map θ : C → X such that θx = c by the

universal property of the coequalizer:

A B C

X

C0

f

g

a

b

h

φ
θ

c

x

This implies that for any φ : b → x in E/C0, there exists a unique θ : c → x such

that the diagram

a b c

x

f

g

h

φ θ

commutes. It follows that U reflects coequalizers.

Notice that the proof above holds for reflexive coequalizers as well, since a section

for a reflexive pair in E/C0 is a section of the underlying reflexive pair in E . Next
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we restate and prove Lemma 4.7 from [2]. It will be used in the proofs of Lemma 31

and Proposition 32 immediately after.

Lemma 30. In any category, if the top row and right column are reflexive coequaliz-

ers and the middle column is a reflexive parallel pair, then the diagonal is a coequal-

izer.

A B C

B′ C ′

C ′′

f

g

f ′g′

h

f ′′g′′

h′

h′′

Proof. Let x : B′ → X be any arrow in the category such that

ff ′x = gg′x.

We claim the following diagram commutes where the notation for the sections, s, is

suppressed:

A B C

B′ C ′

X C ′′

f

g

f ′g′

h

f ′′g′′

x

h′

sθ
h′′

θ

γ

Pre-composing the common section of f and g gives

f ′x = g′x

and induces the unique map θ : C → X such that

hθ = f ′x = g′x
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by the universal property of the coequalizer C. Then

hg′′sθ = g′h′sθ = g′shθ = g′sg′x = g′x

and similarly

hf ′′sθ = f ′x

which implies

hg′′sθ = hf ′′sθ.

By the universal property of the coequalizer C, we have that

g′′sθ = f ′′sθ

which induces the unique map γ : C ′′ → X such that

h′′γ = sθ.

Now we can also see that

h′h′′γ = h′sθ = shθ = sf ′x = x

and it is unique by the universal property of the coequalizer, C ′′, in the right-hand

row. It follows that the diagonal is a coequalizer and it is reflexive with the section

given by composing the common section of f ′ and g′ and the common section of f

and g.

We now apply Lemmas 29 and 30 to get the coequalizers we need to form the internal

category of fractions.

Lemma 31. The pullback

C[W−1]1 ×t s C[W−1]1 C[W−1]1

C[W−1]1 C0

π1

π0 s

t

is also a coequalizer

sb ×t s sb spn ×t s spn C[W−1]1 ×t s C[W−1]1
p20

p21

q×q

in E .
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Proof. Since (C,W ) admits internal quotient graphs of fractions we know that the

object C[W−1]1 is a reflexive coequalizer of p0 and p1. By Lemma 29, the diagrams

sb spn C[W−1]1

C0

p0

p1

s

q

s
s

and

sb spn C[W−1]1

C0

p0

p1

t

q

t
t

are coequalizers in E/C0. These coequalizers are preserved by the left and right

product functors on E/C0 induced by the source and target maps for sb, spn, and

C[W−1]1 in E/C0. This means the top row and right column in the following diagram

are reflexive coequalizers in E/C0

sb ×t s sb sb ×t s spn sb ×t s C[W−1]1

spn ×t s spn spn ×t s C[W−1]1

C[W−1]1 ×t s C[W−1]1

1×p0

1×p1

p0×1p1×1

1×q

p0×1p1×1

1×q

q×1

where we suppress the arrows into C0 given by the commuting pullback squares.

The middle row is a reflexive pair whose coequalizer, q × 1, is just not drawn in the

diagram. Lemma 30 says the diagonal is a coequalizer in E/C0:

sb ×t s sb spn ×t s spn C[W−1]1 ×t s C[W−1]1

C0

p20

p21

π0t

q×q

π0t
π0t

Let q2 : spn ×t s spn → C[W−1]2 denote the coequalizer of p
2
0 and p

2
1 in E . Notice the

following diagram commutes in E
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sb ×t s sb spn ×t s spn C[W−1]2

sb spn C[W−1]1

p20

p21

πi

q2

πi q×q
πiq

p0

p1
q

by the universal property of the coequalizer, C[W−1]2, in E . The same universal

property induces the following unique map between the coequalizer and the pullback

in the following commuting diagram:

sb ×t s sb spn ×t s spn C[W−1]2

C0 C[W−1]1 ×t s C[W−1]1

p20

p21

π0t

q2

π0t
q×q

π0q×π1q

π0t

More precisely, since π0t coequalizes p20 and p21 above, the universal property of

C[W−1]2 says there is a unique π0t : C[W−1]2 → C0 such that q2π0t = π0t. In

particular

π0t = (π0q × π1q)π0t = π0qt

Now the diagram

sb ×t s sb spn ×t s spn C[W−1]1 ×t s C[W−1]1

C0

C[W−1]2

p20

p21

π0t

q×q

π0t
π0t

γ

π0t

q2
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commutes in E and induces the map γ on the right by the universal property of the

coequalizer, π0t : C[W−1]1 ×t s C[W−1]1 → C0, in E/C0. In particular we have that

q2 = q × qγ. Finally we can see

q2(π0q × π1q)γ = (q × q)γ = q2

and

γ(π0q × π1q)π0t = γπ0qt = π0t.

By the universal property of C[W−1]2 we have that

(π0q,π1q)γ = 1C[W−1]2

and by the universal property of the coequalizer, C[W−1]1 ×t s C[W−1]1, in E/C0

γ(π0q,π1q) = 1C[W−1]1 ×t sC[W−1]1 .

It follows that

C[W−1]2 ∼= C[W−1]1 ×t s C[W−1]1.

Proposition 32. The paths of composable arrows of length n in C[W−1] given by

pullbacks

C[W−1]1 ×t s ... ×t s C[W−1]1

of n copies of C[W−1]1 are coequalizers of the parallel pairs

sb ×t s . . . ×t s sb spn ×t s . . . ×t s spn
pn0

pn1

,

for every n ≥ 2.

Proof. This proof follows by induction on the length of path of composable arrows.

Use Lemma 31 as the base case. Assume the result holds for paths of length n. Then

the following diagram is a reflexive coequalizer,

sbn spnn C[W−1]1 ×t s ... ×t s C[W−1]1
pn0

pn1

q×...×q
,
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where sbn and spnn are pullbacks defining paths of composable sailboats and spans

of length n respectively. On the right we have iterated pullbacks of n copies of

C[W−1]1. By Lemma 29, we can view these as reflexive coequalizers in C0 using

the induces source and target maps given by taking the left-most or right-most

pullback projections and applying the source or target maps on sb, spn, and C[W−1]1

respectively. Since (C,W ) is a candidate for internal fractions, the top row and right

column in the following diagram are reflexive coequalizers in E/C0,

sb ×t s sb
n sb ×t s spn

n sb ×t s C[W−1]n

spn ×t s spn
n spn ×t s C[W−1]n

C[W−1]1 ×t s C[W−1]n

1×p0

1×p1

p0×1p1×1

1×q

p0×1p1×1

1×q

q×1

,

and the middle column is a reflexive pair with common section φs×1 : spn ×t sspn
n →

sb ×t s spn
n. By Lemma 30, the diagonal is a (reflexive) coequalizer. Then

C[W−1]n+1
∼= C[W−1]1 ×t s C[W−1]n ∼= C[W−1]1 ×t s (C[W−1]1 ×t s ... ×t s C[W−1]1)

and we can drop the brackets on the right-hand side due to a canonical isomorphism

encoding associativity of taking pullbacks.

4.2 The Axioms

Here we give an internal description of a weakened version of the axioms in [5] that

allow for the construction of a category of fractions. In particular we internalize

weaker conditions for the class of arrows, W , which we intend to invert by not

assuming that W contains identities nor that it is closed under composition. Instead

we assume that every object in C0 is the target of some map in W , and that every

composable pair in W can be pre-composed by some arrow in C1 to give a composite
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inW . The purpose of this, as shown in [15], is to allow for a smaller class of arrows to

be inverted when constructing the category of fractions. In particular, when applied

to the Grothendieck construction, this allows us to invert a cleavage of the cartesian

arrows in the category of elements rather than all of the cartesian arrows. This saves

us some work in Section 5.1 because there is a convenient cleavage of the cartesian

arrows that is easier to describe than all of the cartesian arrows.

These axioms generally sound like, ‘for any diagram of a certain shape, there

exist some filler arrows that make a larger diagram commute.’ Internalizing these

statements in a category of spaces like Top becomes an issue because, while we can

form the objects representing such diagrams in Set and give them topologies, picking

out the arrows to fill in the larger diagrams can rarely be done globally and continu-

ously. For topological spaces one might work with effective descent covers to witness

local information on a space that, when it satisfies a certain gluing condition, can be

pasted together to give global information. In general we ask that our category E has

a class of effective epimorphisms, J , that are stable under pullback and composition.

These give a way of witnessing the fractions axioms in C locally and continuously

and then construct global maps with them provided their coequalizer condition is

satisfied. The coequalizer condition for these amounts to saying constructions we

wish to define, such as composition of spans for example, are well-defined. Stability

under pullback and composition is required in order to witness multiple applications

of the Internal Fractions Axioms.

Definition 33. We say (E ,J ) is a candidate context for internal fractions if J is a

class of effective epimorphisms that are stable under pullback and composition. We

will refer to the elements of J as covers.

With a candidate context for internal fractions, (E ,J ), and a candidate for internal

fractions, (C,W ), we can formulate the Internal Fractions Axioms below and begin

to ask whether (E ,J ) is a context for internal fractions, for a given candidate for

internal fractions, (C,W ) as defined in Definition 28 in the previous section.

Definition 34 (Internal Fractions Axioms). Let (E ,J ) be a candidate context for

internal fractions, as in Definition 33, and let (C,W ) be a candidate for internal

fractions in E , as in Definition 28. We say (C,W ) satisfies the internal (right)
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fractions axioms or admits an internal category of fractions (with respect to w :

W → C1) if the following conditions hold.

In.Frc(1) The identity map 1C0 : C0 → C0, admits a lift along wt : W → C0.

W

C0 C0

wt
τ

In.Frc(2) There exists a cover U W ×t sW/u that admits a lift, ω : U → W◦,

along π0π12 : W◦ → W ×wt wsW .

W◦

U W ×wt wsW

π0π12
ω

/ u

In.Frc(3) There exists a cover U C1 ×t wtW/u that admits a lift, θ : U →
W□, along (π0π1, π1π1) : W□ → C1 ×t wtW .

W□

U C1 ×t wtW

(π0π1,π1π1)
θ

/ u

In.Frc(4) There exists a cover U Pcq/u that admits a lift, δ : U → P(C),
along π1 : P(C) → Pcq(C).

P(C)

U Pcq(C)

π1δ

/ u

The lifts in the axioms above represent the existence of fillers for diagrams in C
represented by codomains of the covers. In order to prove our composition is well-

defined, associative, and satisfies the identity laws, we want to have a notion of base

change. The following lemma shows how this works with stability of covers under

pullback.
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Lemma 35. If u : U ↛ B is a cover that admits a lift along f : A → B, then for

any map g : X → B, there exists a cover, u′ : U ′ ↛ X, such that the diagram

A

U ′ X B

f

ℓ

/
u′ g

commutes in E .

Proof. Since covers are stable under pullback, taking the pullback of the cover u :

U ↛ B along the map g : X → B gives a cover u′ : U ′ ↛ X. Then the desired lift

ℓ : U ′ → Ai is given by post-composing the pullback projection with the lift ℓ. This

is seen in the following commuting diagram:

Ai

U Bi

U ′ X

fi

/u

/
u′

π

ℓ

g

Lemma 35 allows us to apply the axioms In.Frc(1) - In.Frc(4), in Definition 34 a

little more broadly. For simplicity in notation in later proofs we will typically supress

the pullbacks in Lemma 35 and just write u : U → X for the cover u′ : U ′ → X with

lift ℓ.

4.3 Defining the Internal Category of Fractions

In this section we define structure for an internal category of fractions, C[W−1], for

a pair (C,W ) that admits an internal category in a context for internal fractions,

(E ,J ), as in Definitions 28 and 34. Before we begin we should mention that the

proofs in this section and Section 3.2, using axioms In.Frc(1) - In.Frc(4), can be

difficult to follow so we have labeled and colour coded diagrams in a particular way.

The diagrams labeled with capital letters, (A), (B), (C), ..., are representing diagrams

in C which contain the data of the usual proofs for the case E = Set. The ‘cover
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diagrams’ labeled with stars, (⋆), (⋆⋆), ..., describe the corresponding applications

of In.Frc(1) - In.Frc(4) whose covers and lifts allow us to witness the arrows

represented by the diagrams (A), (B), (C), .... Any reference to these diagrams or

equations should be interpreted ‘locally’ within the scope of the proof in which the

reference occurs. We use covers to define the composition structure for the internal

category of fractions and we also use the fact that they are epimorphisms to show

other maps out of spn ×t s spn are equal by showing the can be equalized by covers

or their composites with other epimorphisms (such as coequalizer maps).

The composition, source, target, and identity notation for internal categories

is being overloaded, as well as notation for pullback and product projections. We

have included colours in both kinds of diagrams mentioned above as well as the

corresponding equations for the maps in E of the star-labeled cover diagrams. The

reference scope between these diagrams is contained within respective lemmas and

propositions so there should be no issue with re-using labeling and colour patterns for

diagrams in different lemma and proposition representing these two things similarly.

The object of objects is that of C0, and the object of arrows is the coequalizer

from Lemma 31:

C[W−1]0 = C0,

(
sb spn C[W−1]1

p0

p1
q

)
The source and target maps s, t : C[W−1]1 → C[W−1]0 are defined by the universal

property of C[W−1]1 as seen in Lemma 26:

C1 C0

sb spn C[W−1]1

W C0

t

p0

p1

q

π0

π1

s

t

wt

To define the identity map, e : C[W−1]0 → C[W−1]1, it helps to think about the

case when E = Set for a moment. In this case, the identity for an object, a, in a

category of fractions is represented by any span with two of the same legs in W :

a b a◦u ◦u
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By In.Frc(1), we have a section, α, of the target map wt : W → C0 we can use to

define the identity structure map. Take the unique span σα = (α, αw) : C0 → spn

induced by α and αw and post-compose it with the coequalizer map to define the

identity map for C[W−1].

C0 spn

C[W−1]0 C[W−1]1

σα

q

e

Now we will prove that this definition does not depend on the choice of section,

α : C0 → W , of wt : W → C0.

Proposition 36. The identity map, e : C[W−1]0 → C[W−1]1 does not depend on the

section, α : C0 → W .

Proof. Let α and β be two sections of wt, and let

σα = (α, αw) , σβ = (β, βw)

be two spans C0 → spn. We will show that σαq = σβq by finding a cover, u : U → C0,

to witness a family of intermediate spans σαβ : U → spn for which

uσαq = σαβq = uσβq.

Since u is an epimorphism, this will imply σαq = σβq. Notice that α(wt) = 1C0 =

β(wt) so there is an induced pairing map (αw, β) : C0 → csp which is a section of

both π0t and π1wt. By In.Frc(3), there exists a cover, u1 : U0 → C0, and a lift, θαβ

of u1(αw, β)C0 → csp, along the cospan projection, W□ → csp, in the bottom right

of the following diagram:

W◦ W ×t sW

U U0 C0

W□ csp

(π0π1,π0π2)

/
u0

ωαβ

/
u1

θαβ

(θαβπ0π0,u1α)

(αw,β)

(π0π1w,π1π1)

(⋆)
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By definition of W□, we have that

θαβπ0π0wt = θαβπ0π1s = u1(αw, β)π0s = u1αws

inducing the map U0 → W ×t sW in the diagram abovel. By In.Frc(2), there exists

a cover, u0 : U → U0, and a lift, ωαβ : U → W◦ to make the square in the upper

left of the diagram above commute. When E = Set the process can be represented

by the following picture with labels of arrows corresponding to the arrows in the

diagram above that would be witnessing those below internally to C.

·

·

· ·

· · ·

ωαβπ0π0π0

◦

ωαβπ1

u0θαβπ1π0
◦

u0θαβπ0π0

uαw◦uα uβw
◦

uβ

(A)

where, since covers are stable under composition, we let u = u0u1 denote the com-

posite cover of u0 and u1. Note that by definition of W□ (ie. the Ore condition)

ωαβπ1 = (ωαβπ0π0π0, u0θαβπ0π0w, uαw)c

=
(
ωαβπ0π0π0, (u0θαβπ0π0w, uαw)c

)
c

=
(
ωαβπ0π0π0, (u0θαβπ0π0w, u0θαβπ0π1)c

)
c

=
(
ωαβπ0π0π0, (u0θαβπ1π0, u0θαβπ1π1w)c

)
c

=
(
ωαβπ0π0π0, (u0θαβπ1π0, uβπ1π1w)c

)
c

= (ωαβπ0π0π0, u0θαβπ1π0, uβπ1π1w)c.

So the outer span in Diagram (A) can be represented by the map, σαβ : U → spn,

defined by the pairing map

σαβ =
(
ωαβπ1, (ωαβπ0π0π0, u0θαβπ1π0, uβπ1π1w)c

)
whose right component is the composite
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U C3

C1

σαβπ1

(ωαβπ0π0π0, u0θαβπ1π0, uβπ1π1w)c

c .

This composite represents the internal triple composition in C of the arrows repre-

sented on the right side of Diagram (A) above. Now let

µα = (ωαβπ0π0π0, u0θαβπ0π0)c , µβ = (ωαβπ0π0π0, u0θαβπ1π0)c

and notice the map φα : U → sb given by

φα =
(
((µα, uα), ωαβπ1), uαw)

is well-defined by associativity of composition and the definitions above. Similarly

we can see

φαp0 = φα(π0π0π1, π1) = (uα, uαw)

= uσα

and

φαp1 = φα(π0π1, (π0π0π0, π1)c)

=
(
ωαβπ1, (µα, uαw)c

)
= (σαβπ0, σαβπ1)

= σαβ.

On the other hand we have another map φβ : U → sb given by

φβ =
(
((µβ, uβ), ωαβπ1), uβw)

for which

φβp0 = φβ(π0π0π1, π1) = (uβ, uβw) = uσβ



75

and

φβp1 = φβ(π0π1, (π0π0π0, π1)c) =
(
ωαβπ1, (µβ, uβw)c

)
= (σαβπ0, σαβπ1) = σαβ.

From here we can conclude that

uσαq = φαp0q = φαp1q = σαβq = φβp1q = φβp0q = uσβq

and since u is epic

σαq = σβq.

We can immediately see that the identity structure map, σαq : C0 → C[W−1]1, is a

section of both the source and target maps:

σαqs = (α, αw)qs σαqt
′ = (α, αw)qt

= (α, αw)ŝ = (α, αw)t̂

= (α, αw)π0wt = (α, αw)π1t

= αwt = αwt

= 1C0 = 1C0

The composition structure map needs to be defined out of the following pullback,

C[W−1]1 ×t s C[W−1]1 C[W−1]1

C[W−1]1 C0

π1

π0 s

t

,

in order for C[W−1] to be an internal category. Since (C,W ) is a candidate for

internal fractions, by Lemma 31, this pullback is also the coequalizer of the parallel

pair p20, p
2
1 : sb ×t s sb → spn ×t s spn. When E = Set we can see how p20 maps a pair

of composable sailboats · ·

· · · · ·
◦ ◦
◦ ◦


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to the pair of composable spans

[
· · · · ·◦ ◦

]
,

and how p21 maps a pair of composable sailboats · ·

· · · · ·
◦ ◦
◦ ◦


to the pair of composable spans · ·

· · ·
◦ ◦


where the dotted arrows are just used to point out the composite of the arrows in

the sailboats respectively that make up the right legs of the spans being picked out

by p21.

The first thing to do is to use the Internal Fractions Axioms to obtain a cover,

u : U → spn ×t s spn, of composable spans which witnesses the span composition

operation in the form of a map

U spn
σ◦ .

When E = Set, span composition for fractions is defined by applying the right Ore

condition followed by the weak-composition axiom to get a span whose left leg is in

W , as shown in the following figure.
· ·

· · ·

◦ ◦


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·

·

· ·

· · ·

◦

◦

◦ ◦


.

To internalize this we construct a diagram of covers below, starting with a map,

spn ×t s spn → csp, picking out a cospan whose right leg is in W from a pair of

composable spans and apply Int.Frc.(3) along with Lemma 35 to get the cover

u1 : U0 → spn ×t′ s′ spn that makes the bottom right square below commute. Next

consider the map which picks out the composable pair in W from the Ore-square

filler and the left leg of the first span in the original composable pair and apply

Int.Frc.(2) along with Lemma 35 to get the cover u0 : U → U0 that makes the top

left square below commute.

W◦ W ×C0 W

U U0 spn ×t s spn

spn W□ csp

(π0π1,π0π2)

σ◦

ω

/
u0

θ

(θπ0π0,u1π0π0)

/
u1

(π0π1,π1π0)

(π0π1,π1π1)

Since covers are stable under composition we can take u = u0u1 : U → spn ×t s spn

as our cover, and define σ◦ : U → spn by the pairing map

σ◦ =
(
ωπ1, (ωπ0π0π0, u0θπ1π0, uπ1π1)c

)
.

We claim the construction represented by σ◦ is well-defined on equivalence classes in

the sense that for any two choices of fillers for the Ore-square and weak-composition

conditions above, there exists a sailboat relating them. Internally this is translated

as independence of the choice of filler-arrows in the lifts, θ and σ, and is proven in

Lemma 37 by finding a cover ũ : Ũ → ker(u) and two families of sailboats,
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φ0 : Ũ → sb , φ1 : Ũ → sb,

which witness commutativity of the square

ker u U

U C[W−1]1

π0

π1

σ◦q

σ◦q

in E . The proof is rather long and technical but full of colourful pictures. The cover u

is an effective epimorphism so it is the coequalizer of its kernel pair and in Lemma 38

we use this universal property to induce a composition map on spans

c′ : spn ×t s spn → C[W−1]1

such that the square

U spn

spn ×t s spn C[W−1]1

/

u

σ◦

q

c′

commutes in E . Finally, in the proof of Proposition 39 we show how to find an even

finer cover û : Û → sb ×t s sb witnessing that the map c′ respects the sailboat relation.

More precisely, the proof of Proposition 39, shows how to construct sailboats

φi : Û → sb

witnessing equivalences between the spans

σj : Û → spn

so that

ûp0c
′ = π̂0σ0q = φ0p0q = φ0p1q = ... = φ4p0 = π̂1σ0q = ûp1c

′.

Then since û is an epimorphism, we can conlude that p0c
′ = p1c

′ and induce the

composition map, c : C[W−1]2 → C[W−1]1. For the rest of this section we prove the

lemmas and propositions we required to define composition.
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Lemma 37. There is a cover ũ : Ũ → ker(u), together with two maps

φ0 : Ũ → sb , φ1 : Ũ → sb

, which witness that the composite σ◦q coequalizes the kernel pair of u : U → spn ×t s

spn. That is, the diagram

ker u U

U C[W−1]1

π0

π1

σ◦q

σ◦q

commutes.

Proof.

We are essentially showing that any two choices of fillers above represent equiv-

alent spans. Classically this can be done with the data in the following sketch.

• Take two composites (pictured in orange and teal below) of a single pair of

composable spans

• Apply the right Ore condition (corresponding to In.Frc(3)) on the cospan

determined by the left legs of the composites

• Apply the zippering axiom (corresponding to In.Frc(4)) to the parallel pair

which, after post-composing with the left leg of the first span in the original

composable pair, gives the two sides of the commuting Ore-square

• Apply zippering (corresponding to In.Frc(4)) to the parallel pair which is

coequalized after post-composing with the left leg of the second span in the

original composable pair

• Apply weak-composition (corresponding to In.Frc(2)) three times to obtain a

span whose left leg is in W .
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·

·

· · · · · · · ·

· ·

· ·

·

◦ ◦
◦

◦

◦

◦

◦

◦ ◦
◦

◦

◦

(A)

To translate this internally to E , first note that the definition of σ◦ implies π0σ◦ and

π1σ◦ have the same source.

π0σ◦s
′ = π0uπ0π0wt = π1uπ0π0wt = π1σ◦s

′

Now take covers to witness the application of the axioms above in that order as fol-

lows. First take the Ore-square and zippering lifts given by In.Frc(3) and In.Frc(4)

respectively:

P(C) Pcq(C)

Ũ2 Ũ3 Ũ4 ker u

P(C) Pcq(C) W□ csp

π1

/
ũ3

δ̃1

/
ũ4

δ̃0

δ1

/
ũ5

δ0

θ̃ (π0σ◦π0w,π1σ◦π0)

π1 (π0π1,π1π1)

, (⋆)

and then take the weak-composition lifts.
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W◦ W ×wt wsW W◦ W ×wt wsW

Ũ Ũ0 Ũ1 Ũ2

W◦ W ×wt wsW

π0π12 π0π12

/
ũ0

ω̃0

/
ũ1

ω0

ω̃1

/
ũ2

ω̃2

ω1

ω2

π0π12

(⋆⋆)

The first vertical map representing cospans with right legs in W , seen on the right-

hand side of Diagram (⋆), is witnessing the following cospan of Diagram (A).

·

·

·

◦

◦

(B)

Axiom In.Frc(3) along with Lemma 35 then give the cover and lift

Ũ4 ker u

W□

θ̃

/
ũ5

that make the bottom right square in Diagram (⋆) commute. The map δ0 is induced

by a map, δ′0 : Ũ → P (C) ×t ws W , which can be found by expanding both sides of

the commuting Ore square equation

Ũ4 C1
(θ̃π0π0w, ũ5π0σ◦π0w)c=(θ̃π1π0, ũ5π1σ◦π0w)c

The arrows involved in this calculation are pictured:
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·

·

· · ·

·

·

◦
◦

◦

◦

◦

◦

(C)

On the bottom we have

(θ̃π0π0w, ũ5π0σ◦π0w)c

= (θ̃π0π0w, ũ5π0ωπ1w)c

=
(
θ̃π0π0w, ũ5π0(ωπ0π0, ωπ0π1w, ωπ0π2w)c

)
c

=
(
θ̃π0π0w, ũ5π0(ωπ0π0, u0θπ0π0w, uπ0π0w)c

)
c

=
(
(θ̃π0π0w, ũ5π0ωπ0π0, ũ5π0u0θπ0π0w)c, ũ5π0uπ0π0w

)
c

(4.1)

and on the top we have

(θ̃π1π0, ũ5π1σ◦π0w)c

= (θ̃π1π0w, ũ5π1ωπ1w)c

=
(
θ̃π1π0w, ũ5π1(ωπ0π0, ωπ0π1w, ωπ0π2w)c

)
c

=
(
θ̃π1π0w, ũ5π1(ωπ0π0, u0θπ0π0w, uπ0π0w)c

)
c

=
(
(θ̃π1π0w, ũ5π1ωπ0π0, ũ5π1u0θπ0π0w)c, ũ5π1uπ0π0w

)
c.

(4.2)

Since π0u = π1u : ker u→ spn ×t s spn by definition of ker u, we have the equality

Ũ4 C1
ũ5π0uπ0π0w=ũ5π1uπ0π0w

between the final components in the bottom lines of calculations (1) and (2) which

says there is an arrow in W coequalizing a parallel pair in C. This determines a

unique map, δ′0 : Ũ4 → P (C) ×t wsW , by the fact that

δ′0π0π1 = (θ̃π1π0w, ũ5π1ωπ0π0, ũ5π1u0θπ0π0w)c,
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δ′0π0π0 = (θ̃π0π0w, ũ5π0ωπ0π0, ũ5π0u0θπ0π0w)c,

and

δ′0π1 = ũ5π0uπ0π0;

and that the equality

δ′0(π0π0, π1w)c = δ′0(π0π1, π1w)c

holds. The map δ′0 uniquely determines the map δ0 : Ũ3 → Pcq(C) for which the

equalizer diagram

Pcq(C) P (C) ×t wsW C1

Ũ4

ιcq (π0π0,π1w)c

(π0π1,π1w)c

δ′0

δ0

commutes in E . By In.Frc(4) and Lemma 35 the cover and lift

P(C)

Ũ3 Ũ4

δ̃0

/
ũ4

from Diagram (⋆) exist. Similarly, the map δ1 is induced by a map δ′1 : P (C) ×t wsW .

For readability purposes, let ũi;j = ũiũi+1...ũj for 0 ≤ i < j ≤ 5 with ũ = ũ0;5. Apply-

ing the zippering axiom and Ore conditions as we did above gives another equation,

from the definitions of P and W□, which internally expresses the commutativity in

the following picture:

·

·

· · · · ·

·

·

◦
◦

◦

◦

◦
(C)
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(
(δ̃0π0ιeqπ0, ũ4θ̃π0π0w, ũ4;5π0ωπ0π0, ũ4;5π0u0θπ1π0)c, ũ4;5π0uπ1π0w

)
c

=
(
δ̃0π0ιeqπ0, ũ4θ̃π0π0w, ũ4;5π0ωπ0π0, (ũ4;5π0u0θπ1π0, ũ4;5π0uπ1π0w)c

)
c

=
(
δ̃0π0ιeqπ0, ũ4θ̃π0π0w, ũ4;5π0ωπ0π0, (ũ4;5π0u0θπ0π0w, ũ4;5π0uπ0π1)c

)
c

=
(
(δ̃0π0ιeqπ0, ũ4θ̃π0π0w, ũ4;5π0ωπ0π0, ũ4;5π0u0θπ0π0w)c, ũ4;5π0uπ0π1

)
c

=
(
(δ̃0π0ιeqπ0, ũ4θ̃π1π0, ũ4;5π0ωπ0π0, ũ4;5π0u0θπ0π0w)c, ũ4;5π0uπ0π1

)
c

=
(
δ̃0π0ιeqπ0, ũ4θ̃π1π0, ũ4;5π1ωπ0π0, (ũ4;5π1u0θπ0π0w, ũ4;5π0uπ0π1)c

)
c

=
(
δ̃0π0ιeqπ0, ũ4θ̃π1π0, ũ4;5π1ωπ0π0, (ũ4;5π1u0θπ1π0, ũ4;5π0uπ1π0w)c

)
c

=
(
(δ̃0π0ιeqπ0, ũ4θ̃π1π0, ũ4;5π1ωπ0π0, ũ4;5π1u0θπ1π0)c, ũ4;5π0uπ1π0w

)
c

(4.3)

The first and last lines in equation (4.3) correspond to the concatenations of the

‘inside’ paths in Diagram (C). They imply the existence of a map, δ′1 : Ũ3 →
P (C) ×t wsW , uniquely determined by the projections

δ′1π0π0 = (δ̃0π0ιeqπ0, ũ4θ̃π0π0w, ũ4;5π0ωπ0π0, ũ4;5π0u0θπ1π0)c,

δ′1π0π1 = (δ̃0π0ιeqπ0, ũ4θ̃π1π0, ũ4;5π1ωπ0π0, ũ4;5π1u0θπ1π0)c,

δ′1π1 = ũ4;5π0uπ1π0w

for which

δ′1(π0π0, π1w)c = δ′1(π0π1, π1w)c

represents the inner cyan-colored arrow in Diagram C. The map δ′1 induces the unique

map δ1 that makes the following equalizer diagram

Pcq(C) P (C) ×t wsW C1

Ũ3

ιcq (π0π0,π1w)c

(π0π1,π1w)c

δ′1

δ1

commute in E . By In.Frc(4) the cover lift

Ũ2 Ũ3

P(C)

δ̃1

/
ũ3
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in Diagram (⋆) to make the bottom left square commute. The covers and lifts

W◦ W◦

Ũ Ũ0 Ũ1 Ũ2

W◦

/
ũ0

ω̃0

/
ũ1

ω̃1

/
ũ2

ω̃2

in Diagram (⋆⋆) are given by In.Frc(2) and Lemma 35. It suffices to define ωi : Ũi →
W ×wt ws W , in Diagram (⋆⋆) that pick out composable pairs in W . The relevant

representative diagram in C to keep in mind is:

· · · ·

·

· ·

·

◦ ◦

◦ ◦
◦

◦

◦

(D)

The maps ωi : Ũi → W ×wt ws are defined in sequence as follows. First, the pair

of arrows obtained from the two diagram-extension conditions (colored in cyan in

Diagram (D)) are composable by definition of P(C):

δ̃1π0ιeqπ0wt = δ̃1π0ιeqπ1π0s Def. W ×wt s P (C)

= δ̃1π1ιcqπ0π0s Def. P(C)

= ũ3δ1ιcqπ0π0s Def. δ̃1

= ũ3δ
′
1π0π0s Def. δ1

= ũ3δ̃0π0ιeqπ0s Def. δ′1
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This uniquely determines the map

Ũ2 W ×wt wsW
ω2=(δ̃1π0ιeqπ0,ũ3δ̃0π0ιeqπ0)

which gives the lift ω̃2 : Ũ1 → W◦ in Diagram (⋆⋆). The composite (in W ) witnessed

by ω̃2 can be composed with the arrow in W (colored olive in Diagram (D) ) that

filled the Ore square because

ω̃2π1wt = ω̃2π0π12π1wt Def. W◦

= ũ2ω2π1wt Def. ω̃2

= ũ2;3δ̃0π0ιeqπ0wt Def. ω2

= ũ2;3δ̃0π0ιeqπ1π0s Def. W ×wt s P (C)

= ũ2;3δ̃0π1ιcqπ0π0s Def. P(C)

= ũ2;4δ0ιcqπ0π0s Def.

= ũ2;4δ
′
0π0π0s Def. δ0

= ũ2;4θ̃π0π0ws Def. δ′0

and it induces the pairing map

Ũ2 W ×wt wsW
ω1=(ω̃2π1,ũ2;4θ̃π0π0)

.

This gives the cover ũ1 : Ũ0 → Ũ)1 and lift ω̃1 : Ũ0 → W◦ in Diagram (⋆⋆). Finally,

the composite witnessed by ω̃1 can be composed with the left leg of the original span

(colored in orange in Diagram D and) witnessed by ũ1;5π0σ◦ : Ũ1 → spn because

ω̃1π1wt = ω̃1π0π12π1wt Def. W◦

= ũ1ω1π1wt Def. ω̃1

= ũ1;4θ̃π0π0wt Def. Ω1

= ũ1;5π0σ◦π0ws Def. θ.

This gives the unique pairing map
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Ũ2 W ×wt wsW
ω0=(ω̃1π1,ũ1;5π0σ◦π0)

which induces the cover u0 : Ũ → Ũ0 and lift ω̂0 : Ũ → W◦ in Diagram (⋆⋆). Now let

Ũ C1
ω=(ω̃0π0π0, ũ0ω̃1π0π0,ũ0;1ω̃2π1w)c

witness the composite(s) of the three vertical violet-colored arrows and the two hor-

izontal cyan-colored arrows in Diagram (D):

· · ·

·

·

·

◦ ◦
◦

By zippering we get commutativity of the following piece of Diagram (A)

·

·

· · · · ·

·

·
◦

◦ ◦ (E)

Internally we can use associativity of composition, definitions of the pairing maps

involved, and the definition of P(C) to write this commutativity by the equation:

(ω, ũ0;4θ̃π0π0w, ũπ0σ◦π1)c = (ω, ũ0;4θ̃π1π0, ũπ1σ◦π1)c. (4.4)

or the commuting diagram
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Ũ C3

C3 C1

(ω, ũ0;4θ̃π0π0w, ũπ0σ◦π1)

(ω, ũ0;4θ̃π1π0, ũπ1σ◦π1)

c

c

.

For readability we define µ0 and µ1 by composition in C

Ũ C2

C1

(ω, ũ0;4θ̃π0π0w)

µ0
c

Ũ C2

C1

(ω, ũ0;4θ̃π1π0w)

µ1
c

to internally represent the composites in the following piece of Diagram (A):

·

· · ·

·

· ·

·

◦

◦ ◦

(E)

Note that equation (4.4) above gives two descriptions of the right leg of an interme-

diate span σ01 : Ũ → spn given by the pairing

σ01 = (ω̃0π1, σ01π1),

where the right-hand component can be rewritten as either one of the terms in the

following equation:

(µ0, ũπ0σ◦π1)c = σ01π1 = (µ1, ũπ1σ◦π1)c

The different representations of the right leg of this intermediate span can be seen

by the two paths in Diagram (A) given by combining Diagrams (C) and (E). Now
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by expanding internal composition in terms of pairing maps; by associativity of

composition in C; and by the definitions of W◦,P(C), and W□ we can represent the

left leg of the intermediate span σ01 by:

(µ0, ũπ0σ◦π0)c = ω̃0π1 = (µ1, ũπ1σ◦π0)c.

Note that the sources of the composites (in C) in the previous two equations are the

sources of the maps µ0, µ1 : Ũ → C1, which have a common source in ωs : Ũ → C0.

We can now give well-defined explicit descriptions of the two sailboats, Ũ → sb, using

the universal property of sb. The first sailboat represents picking out the following

piece of Diagram (A):

· · · · · ·

· ·

· ·

·

◦
◦

◦ ◦

◦

(F)

This is determined uniquely by the components in the pairing map:

φ0 =
(
((µ0, ũπ0σ◦π0), ω̃0π1), ũπ0σ◦π1

)
.

By definition of φ0 we can compute

φ0p0 = φ0(π0π0π1, π1) = (ũπ0σ◦π0, ũπ0σ◦π1) = ũπ0σ◦

and additionally with the definition of σ01 we can see
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φ0p1 = φ0(π0π1, (π0π0π0, π1)c)

=
(
ω̃0π1, (µ0, ũπ0σ◦π1)c

)
= (ω̃0π1, σ01π1)

= σ01.

The second sailboat represents picking out the following piece of Diagram (A):

·

·

· · · · · ·

·

·

·

◦

◦ ◦

◦

(G)

This one is uniquely determined by the pairing map:

φ1 =
(
((µ1, ũπ1σ◦π0), ω̃0π1), ũπ1σ◦π1

)
.

By definition of φ1 we get

φ1p0 = φ1(π0π0π1, π1)

= (ũπ1σ◦π0, ũπ1σ◦π1)

= ũπ1σ◦
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and by definition of σ01

φ0p1 = φ0(π0π1, (π0π0π0, π1)c)

=
(
ω̃0π1, (µ0, ũπ0σ◦π1)c

)
= (ω̃0π1, σ01π1)

= σ01.

Putting the previous few computations together we can see

ũπ0σ◦q = φ0p0q Def. φ0

= φ0p1q Def. q

= σ01q Def. φ0

= φ1p1q Def. φ1

= φ1p0q Def. q

= ũπ1σ◦q Def. φ1

and since ũ is epic:

π0σ◦q = π1σ◦q

That is, the diagram

ker u U

U C[W−1]1

π0

π1

σ◦q

σ◦q

commutes.

Lemma 38. There exists a unique ‘composition on representatives’ map c′ : spn ×t s

spn → C[W−1]1 such that the diagram

U spn ×t s spn

spn C[W−1]1

/
u

σ◦ c′

q

commutes in E .
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Proof. This follows by the universal property of u being the coequalizer of its kernel

pair and Lemma 37 showing that σ◦q : spn ×t s spn → C[W−1]1 also coequalizes the

kernel pair of u.

Having defined composition on representative spans by a map c′ : spn ×t s spn →
C[W−1]1, the next thing to do is to check it is well-defined. This is translated

internally by the following proposition.

Proposition 39. The composition operation on spans,

c′ : spn ×t s spn → C[W−1]1,

is well-defined on equivalence classes in the sense that the square

sb ×t s sb spn ×t s spn

spn ×t s spn C[W−1]1

p21

p20 c′

c′

commutes in E .

Proof. By Lemma 40

ûp20c
′ = φ0p0q = φ3p0q = ûp21c

′

and since û is epic

p20c
′ = p21c

′

A direct consequence of Proposition 39 is it induces a unique composition map c :

C[W−1]2 → C[W−1]1 such that the diagram

spn ×t s spn C[W−1]2

C[W−1]1

q2

c′
c

commutes in E , by the universal property of the coequalizer C[W−1]2. Lemma 40

is doing all the heavy lifting for showing that c′ is well-defined and subsequently
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defining the composition map c : C[W−1]2 → C[W−1]1. We now prove this lengthy

and technical lemma.

Lemma 40. There exists a cover Û → sb ×t s sb, and four families of sailboats,

φi : Û → sb for 0 ≤ i ≤ 3, such that the diagram

sb2 spn2

Û U

sb spn C[W−1]

p20

p21

c′
/

û

φ0φ3

π̂0

π̂1

/

u

σ◦

p0
q

commutes in the sense that

φ0p0q = π̂0σ◦q = π̂0uc
′ = ûp20c

′,

φ4p0q = π̂1σ◦q = π̂1uc
′ = ûp21c

′,

and the sailboats glue together along comparison spans

φ0p0q = φ0p1q = φ1p1q = φ1p0q = φ2p0q = φ2p1q = φ3p1q = φ3p0q.

Proof. The main idea is to use the explicit definition

σ◦ =
(
ωπ1, (ωπ0π0π0, u0θπ1π0, uπ1π1)c

)
and post-compose it with the maps p20 and p

2
1 to get two different spans. To show these

two spans are equivalent we construct a comparison span from the data involved in

each of their constructions and show they’re both equivalent to the comparison span.

Each of these equivalences in turn requires constructing an additional comparison

span and a witnessing sailboat. This accounts for the four sailboats.

To do this we need a common domain for the covers so take pullbacks of u : U →
spn ×t s spn along p20 and p21 to get two covers of sb ×t s sb

Ū0 U Ū1

sb ×t s sb spn ×t s spn sb ×t s sb

/

ū0

π1

/ u / ū1

π1

p20 p21

(1)
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Now take a refinement

Ū Ū1

Ū0 sb ×t s sb

π0

π1

/
ū

/ ū1

/
ū0

(2)

by taking a pullback of ū0 and ū1 to get a cover of the pairs of composable sailboats.

Note that

ūp20 = π0π0p
2
0 = π0π1u

projects out the composable spans represented by

[
· · · · ·◦ ◦

]
while

ūp21 = π1π0p
2
1 = π1π1u

projects out the composable spans represented by · ·

· · · · ·
◦ ◦


From this point the usual set-theoretic proof can be translated into a chain of covers

and lifts. The outline is that for any pair of composable sailboats, · ·

· · · · ·
◦ ◦
◦ ◦


the composites of the spans represented by ūp20 and ūp21 are equivalent to the com-

posite of a comparison pair of composable spans, ·

· · · · ·
◦

◦


The following figure shows the construction of three different composites being con-

structed.



95

·

· ·

· · ·

· · · · ·

·

·

◦ ◦
◦ ◦◦

◦

◦

◦
◦

◦

(A)

To internalize this we define the maps that pick out each of the three spans and their

composites by finding a corresponding cover Ũ Ū/ũ . Two of the spans can be

given in terms of the composition, σ◦, on the cover U but the comparison span needs

a finer covering to witness applying the Ore and weak composition conditions to

arrows from both of the first two spans. Denote the comparison pair of composable

spans by γ and define it by the universal property in the following pullback diagram.

Ū sb ×t s sb spn ×t s spn

sb ×t s sb spn ×t s spn spn

spn ×t s spn spn C0

/

ū

/ ū

γ

p21

π1

p20 π0

π1

s

π0 t

(3)

The following diagram of covers shows how the intermediate span is constructed by

a similar span-composition construction for γ. Note there is another way to do this

by taking a pullback of the pairing map (π0p0, π1p1) : sb ×t s sb → spn ×t s along

u : U → spn ×t s spn and a refinement with the previous refinement of covers of

spn ×t s spn above, and then using the span composition σ◦ : U → spn to obtain

the intermediate span σγ in Diagram (⋆) below. Both approaches lead to the same

result.
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W◦ W ×C0 W

Ũ Ũ0 Ū

spn W□ C1 ×t wtW

(π0π1,π0π2)

σ1σγσ0

ωγ

/
ũ0

θγ

(θγπ0π0,ũ1γπ0π0)

/
ũ1

(γπ0π1,γπ1π0)

(π0π1,π1π1)

(⋆)

The left and right curved arrows, σ0 and σ1, into spn in the bottom left corner are

defined by applying the composite of spans, σ◦, to the composable spans given by

applying p20 and p
2
1 to the pair of composable sailboats. Since σ◦ is only defined on U

we need to pass through the appropriate cover. The colours in the previous diagram

and following equations indicate which of the three different span compositions in

Figure (A) the arrows in the following equations are witnessing.

σ0 = ũπ0π1σ◦

= ũπ0π1
(
ωπ1, (ωπ0π0,u0θπ1π0,uπ1π1)c

) (4.5)

and

σ1 = ũπ1π1σ◦

= ũπ1π1
(
ωπ1, (ωπ0π0,u0θπ1π0,uπ1π1)c

)
.

(4.6)

The arrow into spn on the bottom left side of the cover diagram is the universal map

σγ =
(
ωγπ1,(ωγπ0π0,ũ

′θγπ1π0,ũūp
2
1π1π1)c

)
.

The data necessary to construct witnessing sailboats for the equivalences between the

pairs of spans σ0, σ1, and σγ can be obtained by applying the Ore condition, followed

by the diagram-extension twice, and then weak composition three times. Internally

this corresponds to a chain of six covers and lifts. All of this is color-coded below

using olive and brown for the Ore condition and cyan and violet for the zippering and

weak composition step(s) that follow. Note that in both cases the first zippering is

done to parallel pairs of composites that can be post-composed by the left leg of the

bottom left span. The second zipper is done to parallel pairs of composites that can

be post-composed with the left leg of the bottom right span in the pair of composale
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sailboats. Weak composition is then applied three times in to get comparison spans,

σ0,γ and σ1,γ, whose left legs are in W .

· · · ·

·

·

· · ·

· · ·

· · · · · · · ·

· ·

· ·

·

◦ ◦
◦◦

◦

◦◦
◦◦

◦
◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

(B)

Internally this is given by finding a cover Û Ũ/û that witnesses application of

the Ore condition, zippering, and weak composition in that order. The first three

covers, û5, û4, and û3, witness the Ore condition being to each of the two cospans

and the two applications of zippering that follow from each Ore-square.

P(C) Pcq(C)

Û3 Û4 Û5 Ũ

P(C) Pcq(C) W□ C1 ×t wtW

π1

/
û3

δρ0δρ1

/
û4

δλ0δλ1

ρ0ρ1

/
û5

θγ0θγ1

λ0λ1

(σ1π0w,σγπ0) (σ0π0w,σγπ0)

π1 (π0π1,π1π1)

(⋆⋆)
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The covers, û2, û1, and û0, witness three applications of weak composition in each

case as seen in the following continued sequence of covers:

W◦ W ×C0 W W◦ W ×C0 W

Û Û1 Û2 Û3

sb W◦ W ×C0 W

(π0π1,π0π2) (π0π1,π0π2)

/
û0

ω0,0ω1,0

/
û1

ω′
0,0ω′

1,0

ω0,1ω1,1

/
û2

ω0,2ω1,2

ω′
1,1 ω′

0,1

ω′
0,2ω′

1,2

(π0π1,π0π2)

(⋆ ⋆ ⋆)

The diagrams above will allow us to extract four sailboats that relate the three spans

above through two new intermediate spans, σ0,γ and σ1,γ. All of these will be defined

after we justify the maps in Diagrams (⋆⋆) and (⋆ ⋆ ⋆) above. The maps, λ0 and λ1

are induced by maps λ′0 and λ
′
1 which pick out two parallel pairs of arrows in C along

with a post-composable arrow in W that coequalizes them (in C). The following

figure serves as a guide to defining these.

·

· · ·

· ·

· · ·

·

·

◦
◦

◦

◦ ◦

◦

◦

◦

◦

◦

(B)

The explicit definitions are obtained using the universal property of the equalizer

Pcq(C). This is done similarly as in Lemma 37, by specifying two maps (on the left

below) that also equalize the parallel pair on the right below.

Û5 P (C)×C0 W C1
λ′0

λ′1 (π0π0,π1w)c

(π0π1,π1w)c
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The maps λ′0 and λ
′
1 are uniquely determined in a similar fashion to δ′0 in Lemma 37,

namely by descending through the covers above and expanding both sides of the

Ore-square equations witnessed. The calculations are lengthy and technical and can

be found in Lemma 93 of Section B.1. The proof shows that the map λ′0 is uniquely

determined by the projections

λ′0π1 = û5ũπ0π0p
2
0π0π0

λ′0π0π0 = (θγ0π0π0w , û5ũπ0π1ωπ0π0 , û5ũπ0π1u0θπ0π0w)c

λ′0π0π1 = (θγ0π1π0w , û5ωγπ0π0 , û5ũ
′θγπ0π0w)c

and that the equalizer diagram

Pcq P (C) ×t wsW C1

Û5

ιcq (π0π0,π1w)c

(π0π1,π1w)c

λ′0

λ0

commutes in E . The map λ′1, inducing λ1 in Diagram (⋆⋆), such that the equalizer

diagram

Pcq P (C) ×t wsW C1

Û5

ιcq (π0π0,π1w)c

(π0π1,π1w)c

λ′1

λ1

commutes in E can be derived by a similar computation to the one in Lemma 93

in the appendix where one replaces θγ0 with θγ1 and factors through the cover Ū1

instead of Ū0 to access the arrows used to construct the span σ1. The map λ′1 is

uniquely determined by the following maps Ũ4 → C1:

λ′1π1 = û5ũπ0π0p
2
0π0π0,

λ′1π0π0 = (θγ1π0π0w , û5ũπ1π1ωπ0π0 , û5ũπ1π1u0θπ0π0w , û5ũūπ0π0π0π0)c,

λ′1π0π1 = (θγ1π1π0w , û5ωγπ0π0 , û5ũ
′θγπ0π0w)c

Applying In.Frc(4) along with Lemma 35 twice gives two covers and two lifts, one

for each of λ0 and λ1. Since covers are stable under pullback and composition we
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can take a common refinement by pulling one cover back along the other and get the

cover and two lifts

P(C)

Û4 Û5

δλ0δλ1

/
û4

in Diagram (⋆⋆).

The violet and cyan arrows in the figure below are witnessed by post-composing

the maps, δλ1 and δλ0 , with the projection π0 : P → Peq(C). There are two pairs

of parallel composites that begin at each of these arrows whose codomain is that

of the vertical arrow in the second of the composable sailboats. These pairs are

determined by the legs of the brown and olive spans respectively. As a consequence

of commutativity of the teal and purple Ore squares along with the previous diagram

extension, both parallel pairs are respectively coequalized after post-composing with

the left leg of the bottom span in the second of the composable sailboats. The parallel

pairs ρ0 and ρ1 can be seen beginning at each • and ending at ■ in the following

figure with their common coequalizing arrow in W having domain ■:

•

·

· · ·

· · ·

· · ■ · •

·

·

◦
◦◦

◦
◦

◦

◦
◦

◦

(C)
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Let ûi;j = ûiûi+1...ûj for 0 ≤ i < j ≤ 5 to make composition of covers a bit easier

to read, where û = û0;5. Internally, we use Figure (C) as a blueprint for defining the

maps ρ′0, ρ
′
1 : Û4 → Pcq(C) in termds of parallel pair of arrows in C, Û4 → P (C),

which are coequalized (in C) by an arrow Û4 → W :

Û4 P (C)×C0 W C1
ρ′0

ρ′1 (π0π0,π1w)c

(π0π1,π1w)c

completely determined by the following maps:

ρ′0π1 = û4;5ũūp
2
0π1π0,

ρ′0π0π0 = (δλ0π0ιeqπ0w, û4ωγ0π1π0, û4;5ωγπ0π0, û4;5ũ
′θγπ1π0, û4;5ũūπ1π0π0π0)c,

ρ′0π0π1 = (δλ0π0ιeqπ0w, û4ωγ0π0π0, û4;5ũπ0π1ωπ0π0, û4;5ũπ0π1u0θπ1π0)c

Another lengthy but straight forward computation that comes down to the definition

of δλ0ιeq : Û4 → Peq(C) and the Ore-square can be found in Lemma 94 of the appendix

and shows that

(ρ′0π0π0, ρ
′
0π1)c = (ρ′0π0π1, ρ

′
0π1)c

implying the equalizer diagram

Pcq(C) P (C) ×t wsW C1

Ũ3

ιcq (π0π0,π1w)c

(π0π1,π1w)c

ρ′0

ρ0

commutes in E . The map inducing ρ1 is a map ρ′1 : Û
′′ → Pceq(C) similarly defined

but replacing δλ0 with δλ1 and θγ0 with θγ1 . It is uniquely determined by

ρ′1π1 = û4;5ũūp
2
0π1π0,

ρ′1π0π0 = (δλ1π0ιeqπ0w, û4ωγ1π1π0,

û4;5ωγπ0π0, û4;5ũ
′θγπ1π0, û4;5ũūπ1π0π0π0)c,
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ρ′1π0π1 = (δλ1π0ιeqπ0w, û4θγ1π0π0,

û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ1π0, û4;5ũūπ1π0π0π0)c

and a similar lengthy but straightforward computation found in Lemma 95 of the

appendix shows that

(ρ′1π0π0, ρ
′
1π1)c = (ρ′1π0π1, ρ

′
1π1)c.

Pcq(C) P (C) ×t wsW C1

Ũ3

ιcq (π0π0,π1w)c

(π0π1,π1w)c

ρ1

ρ1

Applying In.Frc(4) along with Lemma 35 twice gives two covers and two lifts, one

for each of ρ0 and ρ1. A common refinement given by pulling one cover back along

the other gives the cover and two lifts

Û3 Û4

P(C)

δρ0δρ1

/
û3

in Diagram (⋆⋆). It remains to define the ‘weakly-composable maps’ being picked

out by ω′
i,j for i = 0, 1 and j = 0, 1, 2 in Diagram (⋆ ⋆ ⋆). First we have maps

Û3 → W ×wt wsW given by

ω′
0,2 = (δρ0π0ιeqπ0, û3δλ0π0ιeqπ0) ω′

1,2 = (δρ1π0ιeqπ0, û3δλ1π0ιeqπ0)

and by applying In.Frc(2) and Lemma 35 twice and taking a common refinement

of covers we get the cover and lift

W◦

Û2 Û3/
û2

ω0,2ω1,2

in Diagram (⋆ ⋆ ⋆). Next we have maps Û2 → W ×wt wsW given by
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ω′
0,1 = (ω0,2π1, û2;4θγ0π0π0)

=
(
(ω0,2π0π0, û2ω

′
0,2c)c, û2;4θγ0π0π0)

=
(
(ω0,2π0π0, û2δρ0π0ιeqπ0, û2;3δλ0π0ιeqπ0)c, û2;4θγ0π0π0

)
and

ω′
1,1 = (ω1,2π1, û2;4θγ1π0π0)

=
(
(ω1,2π0π0, û2ω

′
1,2c)c , û2;4θγ1π0π0)

=
(
(ω1,2π0π0, û2δρ1π0ιeqπ0, û2;3δλ1π0ιeqπ0)c, û2;4θγ1π0π0

)
that, by applying In.Frc(2) and Lemma 35 twice and taking a common refinement

of covers, gives the cover and lifts

Û1 Û2

W◦

/
û1

ω0,1ω1,1

in Diagram (⋆ ⋆ ⋆). Finally, we have maps Û1 → W ×wt wsW given by

ω′
0,0 = (ω0,1π1, û1;5σ0π0π0)

=
(
(ω0,1π0π0, û1ω

′
0,1c)c, û1;5σ0π0π0

)
=

(
(ω0,1π0π0, û1ω0,2π0π0, û1;2δρ0π0ιeqπ0, û1;3δλ0π0ιeqπ0, û1;4θγ0π0π0)c,

û1;5σ0π0π0
)

and

ω′
1,0 = (ω1,1π1, û1;5σ1π0)

=
(
(ω1,1π0π0, û1ω

′
1,1c)c, û1;5σ1π0

)
=

(
(ω1,1π0π0, û1ω1,2π0π0, û1;2δρ1π0ιeqπ0, û1;3δλ1π0ιeqπ0, û1;4θγ1π0π0)c,

û1;5σ1π0
)
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that, by applying In.Frc(2) and Lemma 35 twice and taking a common refinement

of covers, gives the cover and lifts

W◦

Û Û1/
û0

ω0,0ω1,0

in Diagram (⋆ ⋆ ⋆). The object Û witnesses five spans, Û → spn related by four

sailboats, Û → sb, via the covers, û0;j : Û → Ûj+1, and lifts in Diagrams (⋆), (⋆⋆),

and (⋆⋆⋆), and the covers and projections in Diagrams (1) and 2). The original three

spans ûσ0, ûσγ, and ûσ1 are immediate; and two intermediate spans, σ0,γ and σ1,γ,

defined in technical Lemmas 96 and 97 in Section B.1 of the appendix. Lemma 98

in the same section shows that the sailboat φ0 : Û → sb, defined by the pairing map

φ0 =
(
((µ0, ûσ0π0), ω0,0π1), ûσ0π1

)
is well-defined, where

µ0 = (ω0, û0;4θγ0π0π0)c.

The same lemma shows that φ0 : Û → sb relates the spans ûσ0, σ0,γ : Û → spn in

the sense that

φ0p0 = φ0(π0π0π1, π1) φ0p1 = φ0(π0π1, (π0π0π0, π1)c)

= (ûσ0π0, ûσ0π1)c = (ω0,0π1, σ0,γπ1)

= ûσ0 = σ0,γ,

and so

ûσ0q = φ0p0q = φ0p1q = σ0,γq. (4.7)

Lemma 99 of Section B.1 in the appendix similarly shows that the sailboat, φ0,γ :

Û → sb, defined by
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φ0,γ =
(
((µ0,γ, ûσγπ0), ω0,0π1), ûσγπ1

)
where

µ0,γ = (ω0, û0;4θγ0π1π0)c

is well-defined and relates σγ to σ0,γ in the sense that

φ0,γp0 = ûσγ φ0,γp1 = σ0,γ.

This implies

σ0,γq = φ0,γp1q = φ0,γp0q = ûσγq. (4.8)

By Lemma 100, the sailboat, φ1 : Û → sb, defined by

φ1 =
(
((µ1, ûσ1π0), ω1,0π1), ûσ1π1

)
where

µ1 = (ω1, û0;4γ1π0π0)c

is well-defined and relates the spans σ1, σ1,γ : Û → spn in the sense that

φ1p0 = ûσ1 φ1p1 = σ1,γ

This implies

ûσ1q = φ1p0q = φ1p1q = σ1,γq (4.9)

By Lemma 101, the sailboat, φ1,γ : Û → sb, defined by

φ1,γ =
(
((µ1,γ, ûσγπ0), ω1,0π1), ûσγπ1

)
where

µ1,γ = (ω1, û0;4θγ1π1π0)c
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relates the spans σγ, σ1,γ : Û → spn in the sense that

φ1,γp0 = ûσγ φ1,γp1 = σ1,γ.

It follows that

σ1,γq = φ1,γq = φ1,γp0q = σγq. (4.10)

Equations (4.7), (4.8), (4.9), and (4.10) imply

ûσ0q = φ0p0q

= φ0p1q

= σ0,γq

= φ0,γp1q

= φ0,γp0q

= ûσγq

= φ1,γp0q

= φ1,γp1q

= σ1,γq

= φ1p1q

= φ1p0q

= ûσ1q.

By the definitions of c′ : spn2 → C[W−1]1 in Lemma (37) and the spans σ1, σ0 : Ũ →
spn in (4.5)and (4.6) above along with commutativity of Diagrams (1), (2), (3), and

(⋆) we can see
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ûũūp21c
′ = ûũπ1π0p

2
1c

′

= ûũπ1π1uc
′

= ûũπ1π1σ◦q

= ûσ1q

= ûσ0q

= ûũπ0π1σ◦q

= ûũπ0π1uc
′

= ûũπ0π0p
2
0c

′

= ûũūp20c
′.

where ûũū : Û → sb ×t s sb is a cover because covers are closed under composition.

The result follows by renaming the φi : Û → sb for 0 ≤ i ≤ 3 to match with

φ0, φ0,γ, φ1,γ and φ1 (in that order). The cover û : Û → sb ×t s sb in the statement

of the Lemma corresponds to the composite ûũū mentioned above and constructed

in the proof.

4.4 Associativity and Identity Laws

This section consists of technical proofs of associativity and identity laws for compo-

sition that are required to see that C[W−1], as defined in Section 4.3, is an internal

category in E .

4.4.1 Associativity

The proof for associativity of composition in the internal category of fractions is

rather involving so we have given it its own subsection. Before we prove associativity

we give a remark about induced projection maps for the quotient objects of the

reflexive graphs of fractions and prove a Lemma to give explicit descriptions of the

two possible compositions

1× c, c× 1 : C[W−1]3 → C[W−1]2
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in terms of the representative composition, c′ : spn → C[W−1]1, and the first quotient

map q : spn → C[W−1]1. We use these to differentiate between which maps are being

composed first for a triple composite in C[W−1] and then prove that they are equal

using the universal property of the coequalizer C[W−1]3.

Remark 41. By definition, the canonical pullback projections commute with the

coequalizer diagram maps:

sbk spnk C[W−1]k

sbℓ spnℓ C[W−1]ℓ

pk0

pk1πi0,...,ij πi0,...,ij

qk

πi0,...,ij

pℓ0

pℓ1
qℓ

.

Before we can prove associativity we need to define the maps that show up in the

statement. We use Proposition 32 and the universal property of the coequalizer to

do this.

Lemma 42. Let c × 1 = (π01c, π2) and 1 × c = (π0, π12c) denote the pairing maps

C[W−1]3 → C[W−1]2, and let

q × c′ = (π0q,π12c
′) and c′ × q = (π01c

′,π2q).

The diagram

spn3

C[W−1]2 C[W−1]3 C[W−1]2

q3
q×c′ c′×q

1×c c×1

commutes in E .

Proof. On the right we have

q3(c× 1) = (q3π01c, q3π2) = (π01q2c, π2q) = (π01c
′, π2q) = c′ × q

and on the left we have

q3(1× c) = (q3π0, q3π12c) = (π0q, π12q2c) = (π0q, π12c
′) = q × c′.
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Now we can state and prove the associativity law. This proof is long and technical but

follows a similar pattern to the proofs in Section 4.3. Recall that diagrams labeled

with capital letters are guides for the usual proofs when E = Set and represent

diagrams in the internal category C, with diagrams labeled with stars giving the

internal translation involving covers and lifts from the Internal Fractions Axioms.

Proposition 43. The diagram

C[W−1]3 C[W−1]2

C[W−1]2 C[W−1]1

1×c

c×1

c

c

commutes in E .

Proof. The plan is to show there exists a cover Û → spn3 with two sailboats, φi :

Û → sb, with a common sail-projection, φ0p1 = φ1p1, so that

ûq3(1× c)c = φ0p0q = φ0p1q = φ1p1q = φ1p0q = ûq3(c× 1)c.

The result then follows from the fact that û and q3 are epic. First we find rep-

resentative spans for the equivalence classes of spans being picked out by (c × 1)c

and (1 × c)c, then we build a comparison span and two sailboats witnessing their

equivalence.

Begin by taking pullbacks of the projections, π01, π12 : spn
3 → spn2, along the cover,

u : U → spn2, that witnesses the span composition construction

Ũ0 U Ũ1

Ũ0:0 U0 Ũ0:1

spn3 spn2 spn3

/

ũ0:0

/

ũ0

π̃01

/ u0 / ũ0:1

/

ũ1

π̃12

/

ũ1:0

π̃0:01

/ u1 / ũ1:1

π̃0:12

π01 π12

(1)

and since the outer squares are pullbacks, as seen in [8] we also have

Ũ0 U Ũ1

spn3 spn2 spn3

/

ũ0

π̃01

/ u / ũ1

π̃12

π01 π12

(2)
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and then taking a common refinement

Ũ Ũ1

Ũ0 spn3

π0

π1

/
ũ

/ ũ1

/
ũ0

. (3)

This induces two maps, σc × 1 and 1× σc, Ũ → spn2 defined by

σc × 1 = (π0π̃01σc, ũπ2) and 1× σc = (ũπ0, π1π̃12σc).

Taking pullbacks of these induced maps along the composites that make up u : U →
spn2 once again gives

Ū0 U Ū1

Ū0:0 U0 Ū0:1

Ũ spn2 Ũ

/
ū0:0

/
ū0

π̄01

/ u0 / ū0:1

/

ū1

π̄12

/

ū1:0

π̄0:01

/ u1 / ū1:1

π̄0:12

σc×1 1×σc

(4)

and taking a common refinement of the covers on the left and right

Ū Ū1

Ū0 Ũ

π1

π0 /
ū / ū1

/
ū0

, (5)

gives a cover ¯̃u = ūũ : Ū → spn3 that witnesses representatives for the two ways to

compose a composable triple of spans. Let

σ0 : Ū → spn and σ1 : Ū → spn

be defined by

σ0 = π0π̄01σc and σ1 = π1π̄12σc.

To see σ0 represents the equivalence class of ¯̃uq3(c × 1)c : Ū → C[W−1]1 we use

the left squares in the diagrams and definitions above along with the definitions of

c′ : spn2 → C[W−1]1 and c : C[W−1]2 → C[W−1]1 to compute
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σ0q = π0π̄01σcq

= π0π̄01uc
′

= π0ū0(σc × 1)c′

= π0ū0(σc × 1)qc

= π0ū0(π0π̃01σc, ũπ2)qc

= π0ū0(π0π̃01σcq, ũπ2q)c

= π0ū0(π0π̃01uc
′, ũπ2q)c

= π0ū0(π0ũ0π01c
′, ũπ2q)c

= π0ū0(π0ũ0π01c
′, ũπ2q)c

= ū(ũπ01c
′, ũπ2q)c

= ūũ(π01c
′, π2q)c

= ¯̃u(c′ × q)c

= ¯̃uq3(c× 1)c.

A similar computation using the right squares in the diagrams above shows the spans

σ1 : Ū → spn represent

σ1q = ¯̃uq3(1× c)c.

To see these representatives are equivalent we will show there exists a cover, û : Û →
Ū , along with two sailboats φi : Û → sb for i = 0, 1 such that

φ0p0 = ûσ0 , φ0p1 = φ1p1 , and φ1p0 = ûσ1.

.The following algorithm outlines the necessary steps for constructing the cover

û : Û → Ū

• Apply the Ore-condition to the cospan consisting of the left legs, σ0π0 : Ū → W

and σ1π0 : Ū → W

• Apply three zippers, one for each left leg of each span in the composable triple

in order from initial to final.

• Apply weak-composition four times to get a span whose left leg is in W
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The figure below illustrates it.

·

·

·

·

· · · · · · · · · · ·

· ·

· ·

· ·

· ·

◦ ◦ ◦

◦

◦
◦

◦
◦

◦

◦

◦ ◦

◦ ◦
◦

◦

◦

◦

◦ (A)

Internally taking the Ore-square and zippering three times corresponds to applying

In.Frc(3) followed by In.Frc(4) four times to get the chain of covers and lifts:

P(C) Pcq(C) P(C) Pcq(C)

Û3 Û4 Û5 Û6 Ū

P(C) Pcq(C) W□ csp

π1 π1

/
û4

δ2

/
û5

δ1

δ′2

/
û6

δ0

δ′1

/
û7

δ′0

θa (σ0π0w,σ1π0)

π1 (π0π1,π1π1)

(⋆)

where δ′0 is induced by the map δ′′0 : Û6 → P (C) wt×wsW that can be found by taking

the equality
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θa(π0π0, π0π1)c = θa(π1π0, π1π1)c

from the definition of W□; expanding the second components using the definitions of

θa, σc × 1, and 1× σc with the definition

σc = (ωπ1, (ωπ0π0, u0θπ1π0, uπ1π1)c) : U → spn

and finding a common final arrow in W in this expansion process. This arrow is

the left leg of the initial span in the original composable triple of spans and can be

seen in Figure (A) above. The composite obtained from the teal upper half of the

figure is longer than the other as it requires factoring through two weak-composition

triangles. This is formalized by expanding

θaπ0π1 = ū7σ0π0w

= ū7π0π̄01σcπ0w

= ū7π0π̄01ωπ1w

= ū7π0π̄01(ωπ0π0, u0θπ0π0w, uπ0π0w)c

= ū7π0(π̄01ωπ0π0, π̄01u0θπ0π0w, π̄01uπ0π0w)c

= ū7π0(π̄01ωπ0π0, ū0:0π̄0:01θπ0π0w, ū0(σc × 1)π0π0w)c

(4.11)

and similarly

θaπ1π1 = ū7σ1π0

...

= ū7π1
(
π̄12ωπ0π0, ū0:1π̄0:12θπ0π0w, ū1(1× σc)π0π0w

)
c.

(4.12)

Now recall that

σc × 1 = (π0π̃01σc, ũπ2) and 1× σc = (ũπ0, π1π̃12σc)

and we have

(σc × 1)π0π0w = π0π̃01σcπ0w

= π0π̃01ωπ1w

= π0π̃01(ωπ0π0, u0θπ0π0w, uπ0π0w)c

(4.13)
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where the last map, Ũ → C1 in this composite is:

π0π̃01uπ0π0w = π0ũ0π01π0π0w

= ũπ01π0π0w

= ũπ0π0w

= (1× σc)π0π0w

(4.14)

The definition of the cover ū from Diagram (5) and equation (4.14) imply the final

component of the internal composition defining θaπ1π1 in equation (4.12) is the final

component of the internal composition defining θaπ0π1 in equation (4.11):

û7π0ū0π0π̃01uπ0π0w = û7π1ū1π0π̃01uπ0π0w

= û7π1ū1(1× σc)π0π0w.
(4.15)

With these calculations and the commuting diagrams defining the covers above we

can see there exists a map δ′′0 : Û6 → P (C) wt×wsW , uniquely determined by the

maps

δ′′0π1 = û7ū(1× σc)π0π0,

δ′′0π0π0 =
(
θaπ1π0, ū7π1(π̄12ωπ0π0, ū0:1π̄0:12θπ0π0w)c

)
c,

and

δ′′0π0π1 =
(
θaπ0π0,

ū7π0(π̄01ωπ0π0, ū0:0π̄0:01θπ0π0w,

ū0(π0π̃01(ωπ0π0, u0θπ0π0w)c )c
)
c

=
(
θaπ0π0,

ū7π0(π̄01ωπ0π0, ū0:0π̄0:01θπ0π0w, ū0(σc × 1)π0π0w)c
)
.

Moreover, the equations five equations above imply
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δ′′0(π0π0, π1)c =
(
θaπ1π0,

ū7π1(π̄12ωπ0π0, ū0:1π̄0:12θπ0π0w)c,

û7ū(1× σc)π0π0
)
c

= (θaπ1π0, θaπ1π1)c

= (θaπ0π0, θaπ0π1)c

=
(
θaπ0π0,

ū7π0(π̄01ωπ0π0, ū0:0π̄0:01θπ0π0w, ū0(σc × 1)π0π0w)c
)
c

= δ′′0(π0π1, π1)c.

(4.16)

By the universal property of the equalizer,Pcq(C), equation (4.16) induces a unique

map δ′0 : Û6 → Pcq(C) such that the diagram

Pcq(C) P (C) t×wsW

Û6

ιcq

δ′′0

δ′0

commutes in E . Next, to define the map δ′1 : Û5 → Pcq(C), we start by considering

the definition of the pullback, P(C), that says

δ0π0ιeq(π0, π1π0)c = δ0π0ιeq(π0, π1π1)c : Û5 → C1

are equal in E and represent that same family of arrows in C. We can post-compose

these internally to C with the family of arrows

û6;7ūũπ0π1 : Û5 → C1

and after re-associating the internal composition to find each of the two Ore-squares

arising at the two different covers in the following diagram.
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Ũ0 Ũ0:0 U0 W□

Û5 Ū Ũ spn2 C1

Ū1 Ū0:1 U0 W□

/
ũ0:0 π̃0:01

/ u1

θ

π0π1

□0,1

□1,0

/
û6;7

π1

/ū

π0

/
π0π1

/
ū0:1 π̄0:12

/u1

θ

π0π1

(■)

This diagram commutes in the sense that the two maps on the outside, Û5 → C1, are

equal. In the figure above this corresponds to the statement that the two left-most

Ore-squares on the top and bottom agree on the projection, π0π1 : W□ → C1. Notice

□1,0 represents one of the two Ore-squares in Diagram A of the triple composition

construction on the top (in teal) while □0,1 represents the second of two Ore-squares

in the triple composition construction on the bottom (in orange). Now compute the

projection

□0,1π1π1 = û6;7π1ū0:1π̄0:12θπ1π1

= û6;7π1ū0:1π̄0:12u1π1π0

= û6;7π1π̄12u0u1π1

= û6;7π1π̄12uπ1π0

= û6;7π1ū1(1× σc)π1π0

= û6;7ū(1× σc)π1π0

= û6;7ūπ1π̃12σcπ0

= û6;7ūπ1π̃12ωπ1.

Since ωπ1 = (ωπ0π0, ωπ0π1, ωπ0π2)c with ωπ0π2 = uπ0π0 by definition of ω : U → W◦

we can expand and notice that the final map,
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û6;7ūπ1π̃12ωπ0π2 : Û5 → W

is equal to

û6;7ūπ1π̃12uπ0π0 = □1,0π1π1 : Û5 → W.

This induces a unique map δ′′1 : Û5 → P (C) t×wsW determined by the map Û5 → W

given by

δ′′1π1 = □1,0π1π1,

and the map δ′′1π0 : Û5 → P (C) whose left projection, δ′′1π0π0, is the pairing map(
δ0ιeqπ0w,

û6θaπ1π0,

û6;7π1π̄12ωπ0π0,

û6;7π1π̄12u0θπ1π0,

û6;7ūπ1π̃12ωπ0π0,

û6;7ūπ1π̃12u0θπ0π0w
)
c

and whose right projection, δ′′1π0π1, is the pairing map(
δ0ιeqπ0w,

û6θaπ0π0w,

û6;7π0π̄01ωπ0π0,

û6;7π0π̄01u0θπ0π0w,

û6;7ūπ1π̃01ωπ0π0,

û6;7ūπ0π̃01u0θπ1π0
)
c.

The fact that δ′′1 satisfies the equalizer condition for Pcq(C), namely

δ′′1(π0π0, π1)c = δ′′1(π0π1, π1)c,

follows from the calculations above. This induces the unique map δ′1 that makes the

following diagram commute:
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Pcq(C) P (C) t×wsW

Û5

ιcq

δ′′1

δ′1

Finally, the map δ′2 : Û4 → Pcq(C) is similarly induced by a map δ′′2 : Û4 →
P (C) t×wsW which can be deduced expanding the right and left-hand sides of the

equation

δ1ιeq(π0, π1π0)c = δ1ιeq(π0π1π1)c

whose common target is the middle object of the original composable triple of spans,

post-composing with the arrow

û5;6ūũπ1π1 : Û4 → C1,

which is final map given by applying the projection π0π1 : W□ → C1 of the Ore-

squares

Ũ0 Ũ0:0 U0 W□

Û4 Ū Ũ spn2 W

Ū1 Ū0:1 U0 W□

/
ũ0:0 π̃0:01

/ u1

θ

π1π1

□0,0

□1,1

/
û4;7

π0

/ū

π1

/
π1π0

/̄
u0:1 π̄0:12

/u1

θ

π1π1

. (■■)

Picking out the composable pairs in W to get a cover witnessing a family of spans

whose left leg is in W is done in order from right to left in the diagram before. This

is identical to how it was done in the proof of Lemma 40 from Section 4.3, except

this time an extra zippering step leads to an extra composable pair in W . The chain

of covers and lifts are given by applying In.Frc(2) four times as seen in diagrams



119

W◦ W wt×wsW

Û1 Û2 Û3

W◦ W wt×wsW

(π0π1,π0π2)

/
û2

ω1

/
û3

ω0

(ω0π1,û3;5δ0ιeqπ0)

(δ2ιeqπ0,û4δ1ιeqπ0)

(π0π1,π0π2)

(⋆⋆)

and

W◦ W wt×wsW

Û Û0 Û1

W◦ W wt×wsW

(π0π1,π0π2)

ω3

/
û0 /

û1

ω2

(ω2π1,û1;7σ0π0)

(ω1π1,û2;6θaπ0π0)

(π0π1,π0π2)

. (⋆ ⋆ ⋆)

At this point we can define two sailboats, φ0, φ1 : Û → sb, whose deck-projections

give the two composite representatives we care for,

φ0p0 = ûσ0 , φ1p0 = ûσ1

and whose sail-projections agree,

φ0p1 = φ1p1

by virtue of zippering. To define these explicitly we first expand both sides of the

equation

û0;3δ2ιeq(π0, π1π0)c = û0;3δ2ιeq(π0, π1π1)c

into composites and post-compose both sides with the map represented by

ûūũπ2π1 : Û → C1.

This gives two equal representations of the right leg of the intermediate span,

φ0p1π1 = φ1p1π1,

and by re-associating the composites in both representations we can get
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φ0p1π1 = (µ0, ûσ0π1)c

and

φ1p1π1 = (µ1, ûσ1π1)c

for two maps, µ0, µ1 : Û → C1, which represent the masts of the sailboats being

picked out. This gives the maps Û → sb defined by the pairing maps

φ0 =
(
((µ0, ûσ0), ω2π1), ûσ0π1

)
φ1 =

(
((µ1, ûσ1), ω2π1), ûσ1π1

)
.

It follows that

ûσ0q = φ0p0q = φ0p1q = φ1p1q = φ1p0q = ûσ1q

and since û is epic,

σ0q = σ1q.

4.4.2 Identity Laws

The only conditions left to check in order to see that C[W−1] is an internal category

are the left and right identity laws for composition. This rest of this section is

dedicated precisely to this. The identity laws are typically proven, when E = Set,

by looking at the composites

·

·

· ·

· · ·
◦x x ◦

f g

◦v h

u

◦

y
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and
·

·

· ·

· · ·
◦

f g
◦x x

◦v h

u

◦

y

and producing the sailboats

·

· · ·

uh◦
y

◦
f g

·

· · ·

uv◦
y

◦
f g

that relate each composite to the span (f, g) respectively. Since proving the identity

laws requires a lot of source and target maps for different objects and we have been

overloading their notation, for the rest of this section we rename the source and

target maps for spans and sailboats to keep our calculations somewhat more legible.

Let s′, t′ : spn → C0 denote the source and target maps for spans, given by the

pairing maps s′ = π0wt and t
′ = π1t respectively. Also let s′′, t′′ : sb → C0 denote the

source and target maps for sailboats given by the pairing maps s′′ = π0π1t = π0π0π1t

and t′′ = π1t. Internalizing this will require covers that witness composition of spans

along with the canonical left and right identity inclusions,

spn spn ×t′ s′ spn
(s′σα,1)

spn spn ×t′ s′ spn
(1,t′σα)

and

sb sb ×t′′ s′′ sb
(s′′φα,1)

sb sb ×t′′ s′′ sb
(1,t′′φα)

,

induced by σα = (α, αw), φα =
(
((αswe, α), α), αw

)
, and the fact that α is a section

of wt. The following lemma is used to define the identity inclusions C[W−1]1 →
C[W−1]1 ×t s C[W−1]1 used in the identity law statement.

Lemma 44. The diagrams
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sb spn C[W−1]1

sb ×t′′ s′′ sb spn ×t′ s′ spn C[W−1]1 ×t s C[W−1]1

(s′′φα,1)

p0

p1

(s′σα,1)

q

(se,1)

p20

p21
q2

and

sb spn C[W−1]1

sb ×t′′ s′′ sb spn ×t′ s′ spn C[W−1]1 ×t s C[W−1]1

(1,t′′φα)

p0

p1

(1,t′σα)

q

(1,te)

p20

p21
q2

commute in the sense that for i = 0, 1

(s′′φα, 1)p
2
i = pi(s

′σα, 1) , (t′′φα, 1)p
2
i = pi(t

′σα, 1),

which uniquely determines

(se, 1) and (1, te)

respectively.

Proof. To see the squares on the left commute first notice that

p0s
′ = p0π0wt = π0π0π1wt = s′′ = π0π1wt = p1π0wt = p1s

′

and

p0t
′ = p0π1t = π1t = t′′ = p1π1t = p1t

′.

Now for i = 0, 1 we have

(s′′φα, 1)p
2
i = (s′′φα, 1)(π0pi, π1pi)

=
(
(s′′φα, 1)π0pi, (s

′′φα, 1)π1pi
)

=
(
s′′φαpi, pi

)
=

(
s′′(α, αw), pi

)
=

(
s′′σα, pi

)
=

(
pis

′σα, pi
)

= pi(s
′σα, 1)
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and similarly

(t′′φα, 1)p
2
i = pi(t

′σα, 1)

showing that the squares on the left commute as described. Then since p20q2 = p21q2

we get

p0(s
′σα, 1)q

2 = p1(s
′σα, 1)q

2

and

p0(1, t
′σα)q

2 = p1(1, t
′σα)q

2

inducing the unique vertical maps on the right in the lemma’s diagrams by the

universal property of the coequalizer C[W−1]1. Now we show these are precisely

(se, 1), (1, te) : C[W−1]1 → C[W−1]1 ×t s C[W−1]1. Notice the outer squares of the

following pullback diagrams

spn

C[W−1]1 ×t s C[W−1]1 C[W−1]1

C[W−1]1 C[W−1]0

s′e

q

(s′σα,1)q2

π2
0

π2
1

s

t

spn

C[W−1]1 ×t s C[W−1]1 C[W−1]1

C[W−1]1 C[W−1]0

q

t′e

(1,t′σα)q2

π2
0

π2
1

s

t

commute because s′ = qs implies

et = σαqt = σαt
′ = σαπ1t = (α, αw)π1t = αwt = 1C0

and similarly t′ = qt implies

es = σαqs = σαs
′ = αwt = 1C0 .
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The triangles in the left diagram commute because

(s′σα,1)q
2π2

0 = (s′σα,1)π0q = s′σαq = s′e

and

(s′σα,1)q
2π2

1 = (s′σα,1)π1q = q

and a similar calculation shows the triangles on the right commute. Then we have

(s′σα, 1)q
2 = (s′e, q) = (qse, q) = q(se, 1)

and

(1, t′σα)q
2 = (q, t′e) = (q, qte) = q(1, te).

as required.

Lemma 45. The diagram

spn spn ×t′ s′ spn spn

C[W−1]1

s′σα,1)

q c′

(1,t′σα)

q

commutes in E .

Proof. We show the left triangle commutes, the argument for the right triangle is

similar. Pullback u1 along (s′σα, 1) and then pullback along u0 as shown in the

diagram below to obtain a cover of spn that witnesses the entire composition process

of an arbitary span and a pre-composable span representing the identity in C[W−1]1.

The following diagram commutes by definition.

U∗ U spn

U∗
0 U0

spn spn ×t′ s′ spn C[W−1]1

/

u∗

/ u∗0

π1

/

u/

u0

σ◦

q

/ u∗1

π1

/

u1

(s′σα,1) c
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By commutativity of the outer square above and since u∗ is epic, it suffices to show

u∗π1σ◦q = u∗q.

This can be done by translating the usual proof of the left identity law for span

composition and defining a sailboat φ : U∗ → sb such that

φp0 = u∗ and φp1 = π1σ◦

to give

u∗q = φp0q = φp1q = π1σ◦q.

First compute

π1σ◦ = π1
(
ωπ1, (ωπ0π1, u0θπ1π0, uπ1π1)c

)
=

(
π1ωπ1, (π1ωπ0π1, π1u0θπ1π0, π1uπ1π1)c

)
=

(
π1ωπ1, (π1ωπ0π1, u

∗
0π1θπ1π0, u

∗π1)c
)
.

Now notice that

π1uπ0π0w = u∗(s′σα, 1)π0π0w

= u∗(s′σα, 1)π0π0w

= u∗s′σαπ0w

= u∗s′αw

= u∗s′σαπ1

= u∗0u
∗
1(s

′σα, 1)π0π1

= u∗0π1u1π0π1

= u∗0π1θπ0π1

and use this in the third line of the following calculation along with the definition of

W□ (the Ore-condition) in the fifth line.
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π1ωπ1 = (π1ωπ0π0, π1ωπ0π1w, π1ωπ0π2w)c

= (π1ωπ0π0, π1u0θπ0π0w, π1uπ0π0w)c

= (π1ωπ0π0, u
∗
0π1θπ0π0w, u

∗
0π1θπ0π1)c

=
(
π1ωπ0π0, u

∗
0π1(θπ0π0w, θπ0π1)c

)
c

=
(
π1ωπ0π0, u

∗
0π1(θπ1π0, θπ1π1w)c

)
c

= (π1ωπ0π0, u
∗
0π1θπ1π0, u

∗
0π1θπ1π1w)c

= (π1ωπ0π0, u
∗
0π1θπ1π0, u

∗
0π1u1π1π0w)c

= (π1ωπ0π0, u
∗
0π1θπ1π0, u

∗(s′σα, 1)π1π0w)c

= (π1ωπ0π0, u
∗
0π1θπ1π0, u

∗π0w)c

The last calculation shows that the sailboat φ : U∗ → sb defined by

φ =
(
(((π1ωπ0π0, u

∗
0π1θπ1π0w)c, u

∗π0), π1ωπ1), u
∗π1

)
is well-defined. Clearly we have

φp0 = φ(π0π0π1, π1) = (u∗πo, u
∗π1) = u∗

and the first calculation along with associativity of composition in the last equality

below shows us that

φp1 = φ(π0π1, (π0π0π0, π1)c)

=
(
π1ωπ1, ((π1ωπ0π0, u

∗
0π1θπ1π0)c, u

∗π1
)

= π1σ◦.

Proposition 46 (Identity Laws). The diagram

C[W−1]1 C[W−1]1 ×t s C[W−1]1 C[W−1]1

C[W−1]1

(se,1)

c

(1,te)
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commutes in E .

Proof. By Lemma 44, the diagrams

spn C[W−1]1

spn ×t′ s′ spn C[W−1]1 ×t s C[W−1]1

C[W−1]1

(s′σα,1)

q

(se,1)

q2

c′
c

and
spn C[W−1]1

spn ×t′ s′ spn C[W−1]1 ×t s C[W−1]1

C[W−1]1

(1,t′σα)

q

(1,te)

q2

c′
c

commute and by Lemma 45 the composites on the left sides are both equal to q. It

follows that the right-hand sides are identities by uniqueness.

4.5 The Internal Localization Funtor

In this section we define the (internal) localization functor, L : C → C[W−1], prove

it is an internal functor, define what it means for an internal functor to invert an

arrow w : W → C1, and then show that L inverts w : W → C1.

Defining the Internal Functor

The localizing internal functor, L : C → C[W−1], is defined on objects to be the

identity map, L0 = 1C0 , because C[W−1]0 = C0. On arrows we use the section

α : C0 → W along with the source map and the identity to get a (family of) span(s)

which can be mapped to C[W−1]1 as follows.

C1 spn

C[W−1]1

L1

(
sα,(sαw,1)c

)

q
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When E = Set this says L1 maps an arrow f : a → b in C1 to the equivalence class

of spans represented by the span

a a a b◦α(a)
α(a)f

◦
α(a) f

.

Identities are preserved since es = 1C0 and by the identity law, (1, te)c = 1C1 , in C

eL1 = e
(
sα,(sαw,1)c

)
q

=
(
esα,(esαw,e)c

)
q

=
(
α,(αw,e)c

)
q

=
(
α,αw(1, te)c

)
q

= (α,αw)q

where the last line is the identity structure map, e = (α,αw)q : C[W−1]0 → C[W−1]1,

for the internal category C[W−1]. This shows the diagram

C0 C[W−1]0

C1 C[W−1]1

e

L0

e

L1

commutes in E so L = (L0, L1) preserves the identity structure. Composition is

preserved in a less obvious way. We need Lemma 47 to see

cL1 = c
(
sα,(sαw,1)c

)
q

=
(
csα,(csαw,c)c

)
q

=
(
π0sα,(π0sαw,c)c

)
q

=
(
π0(sα,(sαw,1)c), π1(sα,(sαw,1)c)

)
c′

=
(
π0(sα,(sαw,1)c), π1(sα,(sαw,1)c)

)
(q × q)c

=
(
π0(sα,(sαw,1)c)q, π1(sα,(sαw,1)c)q

)
c

= (L1 × L1)c

and conclude that the diagram
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C2 C[W−1]21

C1 C[W−1]1

c

L1×L1

c

L1

commutes in E . It follows that L = (L0, L1) is an internal functor.

Lemma 47. The diagram

C2 spn2

spn C[W−1]1

(
π0sα,(π0sαw,c)c

)

(
π0(sα,(sαw,1)c),π1(sα,(sαw,1)c)

)

c′

q

commutes in E .

Proof. Internalize the following figure

·

·

a · a b · b c · · ·

·

· b ·

·

· a

· ·

·

◦α(a)
α(a) f

α(a)f

◦α(b)
α(b) g

α(b)g

◦

◦

◦ α(a)

α(a)

f

g

◦
◦

◦

◦

◦

◦ ◦

◦

◦

◦

(A)
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where olive coloured arrows are fillers of Ore-squares, violet coloured arrows W -

composition fillers, and magenta coloured arrows are zippering fillers. To do this

internally, start by taking the pullback

Ũ U

C2 spn2

π

/

ũ
/ u

(
π0(sα,(sαw,1)c),π1(sα,(sαw,1)c)

)
(0)

to give a cover witnessing span-composition along with the representative spans for

L1. In Figure (A), this gives access to the teal and black coloured arrows. We begin

by internalizing the ‘inner’ part of Figure A

a · a b · b c

·

· b

·

· a

·

·

◦α(a)
α(a) f

α(a)f

◦α(b)
α(b) g

α(b)g

◦ α(a)

α(a)

f

g

◦

◦

◦

◦

. (B)

We can build diagram (1) below by noticing

πuπ0π0 = ũπ0sα (a)

which means there is a unique map (ũπ0sαw, πuπ0π0) : Ũ → csp. Applying the

internal Ore condition, Int.Frc.(3), witnesses the first (family of) Ore-square(s),

θ0 : Û8 → W□, and using diagram (0) and equation (a) above we can rewrite

û9πuπ0π1 = û9ũπ0(sαw, 1)c = (û9ũπ0sαw, û9ũπ0)c = (θ0π1π1w, û9ũπ0)c
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and see its source coincides with the target of θ0π1π0 : Û8 → W by definition of W□.

This induces the unique map

(θ0π1π0, πuπ0π1) : Û8 → C2.

Now the target of πuπ0π1 : Ũ → C1 is the target of πuπ1π0 : Ũ → W by definition

of spn2, and this gives rise to the map

(
(θ0π1π0, πuπ0π1)c, πuπ1π0

)
: Û8 → csp

in diagram (1) below. Applying Int.Frc.(3) here witnesses the second (family of)

Ore-square(s), θ1 : Û7 → W□. The map representing pairs of composable arrows in

W , that induce the cover ũf and the lift ω0 : Û6 → W◦ by Int.Frc.(2) in diagram (1)

below, are pretty self-explanatory. The one inducing ω1 : Û5 → W◦ can be justified

by chasing through the already established parts of diagram (1) below. First notice

that

û7;8θ0π0π1 = û7;9ũπ0sαw

and

ω0π1 = (ω0π0π0, θ1π0π0, û8θ0π0π0)c.

The target of this last composite is the target of the last arrow which is the source

ω0π1wt = û7;8θ0π0π0wt = û7;8θ0π0π1s = û7;9ũπ0sαws.

Applying Int.Frc.(3) induces the map ω1 : û5 → W◦ and all together we get a

commuting diagram of witnesses to the the inner part of Figure (A).
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W□ csp

Û7 Û8 Ũ

W□ csp

W◦ W wt×wsW

Û5 Û6 Û7

W◦ W wt×wsW

(π0π1,π1π1)

θ1

/
û8

(
(θ0π1π0,û9πuπ0π1)c,û9πuπ1π0

)

θ0

/
û9

(ũπ0sαw,πuπ0π0)

(π0π1,π1π1)

(π0π1,π0π2)

ω1

/
û6

(ω0π1,û7;9ũπ0sα)

ω0

/
û7

(θ1π0π0,û8θ0π0π0)

(π0π1,π0π2)

(1)

Applying Int.Frc(3) once followed by Int.Frc(4) twice gives local witnesses to the

existence of the outer Ore-square and zippering arrows in magenta from Figure (A).

Note that the first and second magenta arrows equalize the parallel pairs obtained

by going around either side of the Ore-square and ending at the domains of α(a) and

α(b) respectively.

·

·

a · a b · b c · · ·

·

· b

·

· a

·

◦α(a)
α(a) f

α(a)f

◦α(b)
α(b) g

α(b)g

◦

◦

◦ α(a)

α(a)

f

g

◦

◦

◦

◦

◦

◦ ◦

(C)
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For the additional Ore-square added in (C) recall the construction of the cover u :

u → spn2 and notice that target of the left leg of the composite coincides with the

target of ω1π1 : Û5 → W ,

û6;9πσ◦π0wt = û6;9πωπ1wt

= û6;9πuπ0π0wt

= û6;9sαwt

= ω1π0π2wt

= ω1π1wt.

This induces a unique map (ω1π1, û6;9πσ◦π0) : Û5 → csp which in turn gives a

witnessing map θ2 : Û4 → W□ in diagram (2) below. The map λ′ : Û4 → Pcq(C)
is induced by λ′′ : Û → P (C) π0t×sW , which itself is induced by the universal

property of the pullback P (C) π0t×sW and can be defined explicitly as a pairing

map by expanding each side of the equality determined by commutativity of the last

Ore-square. Internally this is captured by the definition of W□ and the lift θ2 from

Int.Frc.(3). On one side of the equality we have

(θ2π0π0, θ2π0π1)c

= (θ2π0π0, û5ω1π1)c

=
(
θ2π0π0, û5(ω1π0π0, û6ω0π1, û6;9ũπ0sαw)c

)
c

=
(
θ2π0π0, û5ω1π0π0, û5;6ω0π1, û5;9ũπ0sαw

)
c

=
(
θ2π0π0, û5ω1π0π0, û5;6(ω0π0π0, û7θ1π0π0, û7;8θ0π0π0)c, û5;9ũπ0sαw

)
c

=
(
θ2π0π0, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π0π0, û5;8(θ0π0π0w, û9ũπ0sαw)c

)
c

=
(
θ2π0π0, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π0π0, û5;8θ0π1π0, û5;9ũπ0sαw

)
c

(4.17)

and on the other we have
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(θ2π1π0, θ2π1π1w)c

= (θ2π1π0, û5;9πσ◦π0w)c

= (θ2π1π0, û5;9πωπ1w)c

=
(
θ2π1π0, û5;9π(ωπ0π0, u0θπ0π0w, uπ0w)c

)
c

=
(
θ2π1π0, û5;9πωπ0π0, û5;9πu0θπ0π0w, û5;9πuπ0w

)
c

=
(
θ2π1π0, û5;9πωπ0π0, û5;9πu0θπ0π0w, û5;9ũπ0sαw

)
c

. (4.18)

Notice that the last coordinates of the internal compositions described in the last

lines of equations (4.17) and (4.18) coincide. Then the map λ′′ : Û4 → P (C) t×wsW

is determined by the projections

λ′′π1 = û5;9ũπ0sαw

λ′′π0π0 = (θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π0π0, û5;8θ0π1π0)c

λ′′π0π1 = (θ2π1π0, û5;9πωπ0π0, û5;9πu0θπ0π0w)c.

The left-hand sides of equations (4.17) and (4.18) are equal by definition of W□ and

this induces the unique map λ′ : Û4 → Pcq(C) such that the triangle

Pcq(C) P (C) t×wsW

Û4

ιcq

λ′

λ

commutes by the universal property of the equalizer Pcq(C). By definition of the

pullback P(C) we have

λπ0ιeqπ1 = λπ1ιcqπ0 = λ′ιcqπ0 = λ′′π0,

so that

(λπ0ιeqπ0w, λ
′′π0π0)c = (λπ0ιeqπ0w, λ

′′π0π1)c. (4.19)

Define

η = (θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π1π0)c (Def. η)
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and then by definition of the first two Ore-square maps in diagram (1) we have

(
λ′′π0π0, û5;9πuπ0π1

)
c

=
(
(θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π0π0w, û5;8θ0π1π0)c, û5;9πuπ0π1

)
c

=
(
θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π0π0w, û5;8(θ0π1π0, û9πuπ0π1)c

)
c

=
(
θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π0π0w, û5;7θ1π0π1

)
c

=
(
θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7(θ1π0π0w, θ1π0π1)c

)
c

=
(
θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7(θ1π1π0, θ1π1π1w)c

)
c

=
(
θ2π0π0w, û5ω1π0π0, û5;6ω0π0π0, û5;7θ1π1π0, û5;9πuπ1π0w

)
c

= (η, û5;9πuπ1π0w)c

. (4.20)

It will help to define,

ν = (θ2π1π0, û5;9πωπ0π0, û5;9πu0θπ1π0w)c (Def. ν)

and by definition of the Ore-square in the definition of composition on representative

spans, σ◦ : U → spn, we have(
λ′′π0π1, û5;9πuπ0π1

)
c

=
(
(θ2π1π0, û5;9πωπ0π0, û5;9πu0θπ0π0w)c, û5;9πuπ0π1

)
c

=
(
θ2π1π0, û5;9πωπ0π0, û5;9πu0(θπ0π0w, u1π0π1)c

)
c

=
(
θ2π1π0, û5;9πωπ0π0, û5;9πu0(θπ0π0w, θπ0π1)c

)
c

=
(
θ2π1π0, û5;9πωπ0π0, û5;9πu0(θπ1π0w, θπ1π1)c

)
c

=
(
θ2π1π0, û5;9πωπ0π0, û5;9πu0θπ1π0w, û5;9πuπ1π0w

)
c

= (ν, û5;9πuπ1π0w)c

(4.21)

Putting equations (4.19), (4.20), and (4.21) all together gives

(λπ0ιeqπ0w, û4η, û4;9πuπ1π0w)c = (λπ0ιeqπ0w, û4λ
′′π0π0, û4;9πuπ0π1)c

= (λπ0ιeqπ0w, û4λ
′′π0π1, û4;9πuπ0π1)c

= (λπ0ιeqπ0w, û4ν, û4;9πuπ1π0w)c

(4.22)

and induces the unique map ρ′′ : Û3 → P (C) t×wsW which is determined by the

projections
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ρ′′π1 = û4;9πuπ1π0w,

ρ′′π0π0 = (λπ0ιeqπ0w, û4η)c,

ρ′′π0π1 = (λπ0ιeqπ0w, û4ν)c.

equation (4.22) induces the unique map ρ′ : Û3 → Pcq(C) such that the triangle

Pcq(C) P (C) t×wsW

Û

ιcq

ρ′

ρ

commutes by the universal property of the equalizer, Pcq(C).

P(C) Pcq(C)

Û2 Û3 Û4 Û5

P(C) Pcq(C) W□ csp

π1

ρ

/
û3

λ

ρ′

/
û4

λ′

θ2

/
û5

(ω1π1,û6;9πσ◦π0)

π1 (π0π1,π1π1)

. (2)

Applying Int.Frc(2) three times gives a cover that witnesses everything in Diagram

A, and from there we can find two sailboats, φ, ψ : Û → sb, along with a comparison

span, φp1 = ψp1, whose left leg is in W .

W◦ W wt×wsW W◦ W wt×wsW

Û Û0 Û1 Û2

sb W◦ W wt×wsW

(π0π1,π0π2) (π0π1,π0π2)

ψ φ

ω4

/
û0

(ω3π1,û2;5ω1π1)

ω3

/
û1

ω2

(ω2π1,û2;4θ2π0π0)

/
û2

(ρπ0ιeqπ0,û3λπ0ιeqπ0)

(π0π1,π0π2)

(3)

For defining the sailboats above we should notice that commutativity of the first two

Ore-squares and weak-composition triangle along with the commuting forks given by

zippering imply that the composites of solid arrows in Figure B below are equal.
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·

·

a · a b · b c · · ·

·

· b

·

· a

·

◦α(a)
α(a) f

α(a)f

◦α(b)
α(b) g

α(b)g

◦ α(a)

α(a)

f

g

◦

◦

◦

◦

◦ ◦

(B)

This is seen internally by first taking the equation

(ρπ0ιeqπ0w, ρπ0ιeqπ1π0)c = (ρπ0ιeqπ0w, ρπ0ιeqπ1π1)c

from the definition of the equalizer Peq(C), post-composing (in C) on both sides with

û3;9πuπ1π1 : Û3 → C1 and using associativity to get the equation

(ρπ0ιeqπ0w, ρπ0ιeqπ1π0, û3;9πuπ1π1)c = (ρπ0ιeqπ0w, ρπ0ιeqπ1π1, û3;9πuπ1π1)c, (4.23)

and then expanding the latter composites on both sides to get

(ρπ0ιeqπ1π0, û3;9πuπ1π1)c =
(
ρπ1ιcqπ0π0, (û3;9ũπ1(sαw, 1)c

)
c

= (û3ρ
′ιcqπ0π0, û3;9ũπ1sαw, û3;9ũπ1)c

= (û3ρ
′′π0π0, û3;9πuπ1π0w, û3;9ũπ1)c

=
(
û3(λπ0ιeqπ0w, û4η)c, û3;9πuπ1π0w, û3;9ũπ1

)
c

= (û3(λπ0ιeqπ0w, û4η, û4;9πuπ1π0w)c, û3;9ũπ1)c
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from the left-hand side, and

(ρπ0ιeqπ1π1, û3;9πuπ1π1)c = (ρπ1ιcqπ0π1, û3;9ũπ1(sαw, 1)c)c

= (û3ρ
′ιcqπ0π1, û3;9ũπ1sαw, û3;9ũπ1)c

= (û3ρ
′′π0π1, û3;9πuπ1π0w, û3;9ũπ1)c

= (û3(λπ0ιeqπ0w, û4ν)c, û3;9πuπ1π0w, û3;9ũπ1)c

= (û3(λπ0ιeqπ0w, û4ν, û4;9πuπ1π0w)c, û3;9ũπ1)c

from the right-hand side. These expansions are used below in equation (4.24) where

we start establishing how the middle arrows for the sailboats picked out by φ, ψ :

Û → sb coincide. These middle arrows will be picked out by maps, µ0, µ1 : Û → C1,

which will be internal composites, µ0 = (ω′, û0;2µ
′
0)c and µ1 = (ω′, û0;2µ

′
1)c, for the

arrow ω′ : Û → C1 that is defined after Figure (C). The map picking out the part of

the middle arrows in the sailboats determined by φ : Û → sb is

µ′
0 = (ρπ0ιeqπ0w, û3λπ0ιeqπ0w, û3;4θ2π0π0w, û3;5ω1π0π0, û3;6ω0π1w)c

and by expanding the composites with the definitions of θ0, θ1, and ω0 in 1 along

with the fact that πuπ0π1 = ũπ0(sαw, 1)c from 0 we can see

(ρπ0ιeqπ0w, û3λιeqπ0w, û3;4η, û3;9πuπ0π1)c =
(
µ′
0, û3;9ũc(sαw, 1)c

)
c.

The middle of the sailboats being picked out by ψ are given explicitly by

µ′
1 = (ρπ0ιeqπ0w, û3λπ0ιeqπ0w, û3;4θ2π1π0)c.

Putting together equation (4.23) with the expansions and definitions of µ′
0 and µ′

1

and the definitions (Def. η) and (Def. ν) and the definition of σ◦ : U → spn.

(
µ′
0, û3;9ũc(sαw, 1)c

)
c =

(
ρπ0ιeqπ0w, û3λιeqπ0w, û3;4η, û3;9πuπ1π1)c

=
(
ρπ0ιeqπ0w, û3λιeqπ0w, û3;4ν, û3;9πuπ1π1)c

=
(
µ′
1, û3;9πσ◦π1)c

. (4.24)

The maps φ and ψ picking out the sailboats can be seen in Figure (C) below as the

appropriate composites of the solid arrows.
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·

·

a · a b · b c · · ·

·

· b ·

·

· a

· ·

·

◦α(a)
α(a) f

α(a)f

◦α(b)
α(b) g

α(b)g

◦

◦

◦ α(a)

α(a)

f

g

◦

◦

◦

◦

◦

◦ ◦

◦

◦

◦

(C)

Explicitly define ω′ : Û → C1 to be the composite of the weak-composition arrows

in (3),

ω′ = (ω4π0π0, û0ω3π0, û0;1ω2π0)c, (Def. ω′)

and then µ0 : Û → C1 by

µ0 = (ω′, û0;2µ
′
0)c. (Def. µ0)

By definition of ω4 : Û → W◦ we have

ω4π1 = (µ0, ûũπ0sαw)c

so the map φ : Û → sb, that picks out the sailboats in the bottom of Figure (C)

(consisting of orange and violet arrows and factoring through the bottom of the olive

coloured Ore-square arrows), given by

φ =
(
((µ0, ûũπ0sαw), ω4π1), ûũc(sαw, 1)c

)
(Def. φ)
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is well-defined. Similarly define

µ1 = (ω′, û0;2µ
′
1)c. ( Def. µ1)

By the first zippering, λ : Û3 → P(C), in (2), in particular by λπ0 : Û3 → Peq(C)
and the equalizer in its codomain we have that

(û0;2µ
′
1, û0;9πωπ0π0, ûπu0θπ0π0w)c

= (û0;2ρπ0ιeqπ0w, û0;3λπ0ιeqπ0w, û0;3λπ0ιeqπ1π1)c

= (û0;2ρπ0ιeqπ0w, û0;3λπ0ιeqπ0w, û0;3λπ0ιeqπ1π0)c

where the second to last line comes from the definition of µ′
0 and the Ore-square

picked out by θ0 : Û8 → W□ and the last line is by definition of ω4 : Û → W◦. This

allows us to see

(µ1, ûπσ◦π0w)c

= (ω′, û0;2µ
′
1, ûπωπ0π0, ûπu0θπ0π0w, ûπuπ0π0w)c

= (ω′, û0;2µ
′
1, ûπωπ0π0ûπu0θπ0π0w, ûπuπ0π0w)c

= (ω′, û0;2ρπ0ιeqπ0w, û0;3λπ0ιeqπ0w, û0;3λπ0ιeqπ1π0, ûπuπ0π0w)c

= (ω′, û0;2µ
′
0, ûπuπ0π0w)

= (µ0, ûũπ0sαw)

= ω4π1

so that the map ψ : Û → sb determined by

ψ =
(
((µ1, ûπσ◦π0), ω4π1), ûπσ◦π1

)
(Def. ψ)

is well-defined. Notice the intermediate spans picked out by φ and ψ coincide due

to the composites in Figure (B) being equal. Formally, by (Def. φ), (Def. ψ), and

equation (4.24), we can see
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φp1 = φ(π0π1, (π0π0π0, π1)c)

=
(
ω4π1, (µ0, û3;9ũc(sαw, 1)c

)
c

=
(
ω4π1, (ω

′, û0;2µ
′
0, û3;9ũc(sαw, 1)c

)
c

=
(
ω4π1, (ω

′, û0;2µ
′
1, û3;9ũπσ◦π1)c

)
c

=
(
ω4π1, (µ1, ûũπσ◦π1)c

)
c

= ψ(π0π1, (π0π0π0, π1)c)

= ψp1

(4.25)

Also notice that by (Def. φ),

φp0 = φ(π0π0π1, π1)

=
(
ûũπ0sαw, ûũc(sαw, 1)c

)
= ûũ

(
π0sαw, c(sαw, 1)c

) (4.26)

and by (Def. ψ),

ψp0 = ψ(π0π0π1, π1)

= (ûπσ◦π0, ûπσ◦π1)

= ûπσ◦.

(4.27)

Putting equations (4.25), (4.27), and (4.26) together gives

ûũ
(
π0sαw, c(sαw, 1)c

)
q = φp0q

= φp1q

= ψp1q

= ψp0q

= ûπσ◦q

= ûπuc′

= ûũ
(
π0(sα,(sαw,1)c),π1(sα,(sαw,1)c)

)
c′
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and since ûũ : Û → C2 is epic, we get

(
π0sαw, c(sαw, 1)c

)
q =

(
π0(sα,(sαw,1)c),π1(sα,(sαw,1)c)

)
c′

as promised.

Inverting the Canonical Cartesian Cleavage

Now that we know L : C → C[W−1] is an internal functor, we can show that it

satisfies an important property. The rest of this section consists of lemmas leading

to Proposition 55, which shows that the localization functor, L : C → C[W−1],

inverts w : W → C1 in the sense of the following definition.

Definition 48. We say a map x : X → C1 is invertible if there exists a map

x−1 : X → C1 such that the diagrams

X

C2 C1

C1 C1

x−1

x

(x,x−1)

π0

π1

s

t

,

X

C2 C1

C1 C1

x

x−1

(x−1,x)

π0

π1

s

t

,

X C2

C1 C1

(x,x−1)

x c

se

, and

X C2

C1 C1

(x−1,x)

x c

te

commute in E . In this case we say x−1 is an inverse for x in C.

The next definition describes what it means for an internal functor to invert a class

of arrows in its domain.

Definition 49. We say an internal functor, F : C → D inverts x : X → C1 if there

exists a map F (x)−1 : X → D1 such that F (x)−1 is an inverse for the composite

X C1

D1

x

F (x)
F1

in D1.
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One might expect that internal functors preserve inverses, and sure enough the fol-

lowing lemma states and proves this:

Lemma 50. If x : X → C1 is an arrow in E that has an inverse x−1 : X → C1 and

F : C → X is an internal functor, then the composite

X C1

D1

F (x)

x

F1

has an inverse given by

X C1

D1

F (x)−1

x−1

F1
.

Proof. By functoriality we can compute

(F (X), F (X)−1)c = (xF1, x
−1F1)c

= (x, x−1)cF1

= xseF1

= xF1se

= F (X)se

and

(F (X)−1, F (X))c = (x−1F1, xF1)c

= (x−1,x)cF1

= xteF1

= xF1te

= F (X)te

and the result follows from Definition 49.

The following lemma shows how every span is equivalent to a canonical composite

of spans and will be useful for proving our main result, Proposition 55. The idea is

that every span, represented as
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c a b,◦v f

is equivalent to a composite of the pair of composable spans, represented as

c a a d a b◦ v ◦α(b)

α(a)f

◦α(a) f

in particular. This is translated to the following statement about internal categories.

Lemma 51. The triangle

spn spn2

C[W−1]1

q

(
(π0,π0wse) , (π0wsα,(π0wsαw,π1)c)

)

c′

commutes in E .

Proof. Let γ : spn → spn2 be the unique pairing map

γ =
(
(π0,π0wse) , (π0wsα,(π0wsα,π1)c)

)
.

Take the pullback of the cover u : U → spn2, used to define c′ : spn2 → C[W−1]1

in Lemmas 37 and 38, along γ to get a cover ũ : Ũ → spn that witnesses the span

composition process for the family of composable spans represented by γ.

Ũ U

spn spn2

/ ũ

π

/ u

γ

It suffices to construct a (family of) sailboat(s) φ : Ũ → sb such that

φp0 = ũ and φp1 = πσ◦

because that would give

ũq = φp0q = φp1q = πσ◦q = πuc′ = ũγc′

and since ũ is epic we could conclude that

γc′ = q
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as desired. This family of sailboats will be constructed using the definition of the span

composition, but let us take a moment to consider how this works when E = Set.

In this case, for each f : a → b in C1 and u : a → c in W we have a diagram that

looks like

·

·

c a a d a b◦ v f◦
α(a)

◦
α(a)

◦v′ k

f

h

◦v′′

α(a)f

which gives rise to the sailboat

·

c a b

◦v′′ hkα(a)f

◦v
f

hv′

showing that the span (u, f) is equivalent to the composite (u, 1) ∗ (α(a), α(a)f).

The map picking out such sailboats internally, φ : Ũ → sb, can be constructed by

picking out the corresponding arrows through the composition process witnessed by

the cover u : U → spn2. Explicitly, this is given by

φ =
(
(((πωπ0π0, πu0θπ0π0w)c, ũπ0), πσ◦π0), ũπ1

)
and this is well-defined because ũπ0 = ũγπ0π0 and the definition of W◦ shows

(
(πωπ0π0, πu0θπ0π0w)c, ũπ0w

)
c =

(
πωπ0π0, πu0θπ1π0, ũγπ0π0w

)
c

=
(
πωπ0π0, πu0θπ0π0w, πuπ0π0w

)
c

= πωπ1w

= πσ◦π0w.
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We can immediately see that

φp0 = φ(π0π0π1, π1) = (ũπ0, ũπ1) = ũ (4.28)

and by adding an identity map, Ũ → C1, given by

ũπ0wse = ũγπ0π1 = πuπ0π1

into the following computation we can use the definition of W□, the fact that

(ũπ0wsαw, ũπ1)c = ũγπ1 = πuπ1,

and the definition of σ◦ : U → spn in Lemma 37.

φ(π0π0π0, π1)c =
(
(πωπ0π0, πu0θπ0π0w)c, ũπ1

)
c

= (πωπ0π0, πu0θπ0π0w, ũπ1)c

= (πωπ0π0, πu0θπ0π0w, ũπ0wse, ũπ1)c

= (πωπ0π0, πu0θπ0π0w, πuπ0π1, ũπ1)c

= (πωπ0π0, (πu0θπ0π0w, πuπ0π1)c, ũπ1)c

= (πωπ0π0, (πu0θπ1π0, πuπ1π0w)c, ũπ1)c

= (πωπ0π0, πu0θπ1π0, ũπ0wsαw, ũπ1)c

= π(ωπ0π0, u0θπ1π0, uπ1)c

= πσ◦π1.

Now we can easily see

φp1 = φ
(
π0π1, (π0π0π0, π1)c

)
=

(
πσ◦π0, πσ◦π1)

= πσ◦

(4.29)

The result follows from equations (4.28) and (4.29) as discussed at the beginning of

this proof.
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The next lemma is used to give an equivalent representation of the identity spans in

C[W−1] which we use in the proof of Proposition 55.

Lemma 52. The diagram

W spn

C0 C[W−1]1

(1,w)

wt q

(α,αw)q

commutes, where α : C0 → W is a section of wt : W → C0 from Int.Frc.(1).

Proof. By Int.Frc.(2) and Int.Frc.(3) there exist covers, ũ0 and ũ1, and lifts, ω̃

and θ̃, that make the squares in the following diagram commute respectively:

W◦ W wt×wsW

Ũ Ũ0 W

W□ csp.

(π0π1,π0π2)

ω̃

/
ũ0

θ̃

/
ũ1

(1,wtαw)

(π0π1,π1π1)

The map ω̃π1 : Ũ → W results in an intermediate (family of) span(s), (ω̃π1, ω̃π1w) :

Ũ → spn and by definition of W□ and the maps in the diagram above we have that

ω̃π1 = (ω̃π0π0, ũ0θ̃π0π0w, ũw).

This gives a map Ũ → W△ and since sb = W△ ×π0π1s sC1 we can see this determines

a sailboat, φ : Ũ → sb, given by the unique pairing map

φ =
(
(((ω̃π0π0, ũ0θ̃π0π0w)c, ũ), ω̃π1), ũw

)
.

Similarly, we have

ω̃π1 = (ω̃π0π0, ũ0θ̃π1π0, ũwtαw)

giving another unique map Ũ → W△ and determining a sailboat ψ : Ũ → sb, by the

unique pairing map

ψ =
(
(((ω̃π0π0, ũ0θ̃π1π0)c, ũwtα), ω̃π1), ũwtαw

)
.
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First we can use the calculations and definitions above (along with the definition of

the pullback projections and how they interact with pairing maps) to see

φp0 = φ(π0π0π1, π1)

= ũ(1, w)

and

φp1 = φ(π0π1, (π0π0π0, π1)c)

= (ω̃π1, ω̃π1w)

= ω̃(π1, π1w)

as well as

ψp0 = ψ(π0π0π1, π1)

= (ũwtα, ũwtαw)

= (ũwt(α, αw)

and

ψp1 = ψ(π0π1, (π0π0π0, π1)c)

= (ω̃π1, ω̃π1w)

= ω̃(π1, π1w).

Putting it all together shows

ũ(1, w)q = φp0q = φp1q = ψp1q = ψp0q = ũwt(α, αw)q

and since ũ is epic we get that

(1, w)q = wt(α, αw)q

as desired.

An immediate corollary to Lemma 52 is that the internal localization functor, L :

C → C[W−1], maps the arrows from w : W → C1 to arrows in C[W−1] that have left

inverses.



149

Corollary 53. The map L1 : C1 → C[W−1]1 has left inverses with respect to w :

W → C1, in the sense that the diagram

W C[W−1]2

spn C[W−1]1

(
(1,wse)q,wL1

)

(1,w) c

q

commutes.

Proof. Consider the following diagram.

W

spn spn2 C[W−1]2

C[W−1]1

(1,w)

(
(1,wse) , (wsαw,(wsα,w)c)

) (
(1,wse)q,wL1

)

q

(
(π0,π0wse) , (π0wsα,(π0wsαw,π1)c)

)

c′

q×q

c

The bottom left triangle commutes by Lemma 51; the bottom right commutes by def-

inition of c; the top left triangle commutes by the universal property of the pullback

spn2; and the top right triangle commutes by the universal property of the pullback

C[W−1]2 along with the definitions of L1 and q × q. More precisely, post-composing

the upper right triangle with the projection π1 : C[W−1]2 → C[W−1]1 gives precisely

(wsα,(wsα,w)c)q = w(sα,(sα,1)c)q = wL1.

It follows that the diagram above commutes, in particular the outer square commutes.

Next we prove a lemma that shows the internal localization functor, L : C → C[W−1],

maps arrows coming from w : W → C1 to arrows that have right inverses in C[W−1].

Lemma 54. The diagram

W C[W−1]2

spn C[W−1]1

(
wL1,(1,wse)q

)

ws(α,αw) c

q
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commutes.

Proof. Using the fact that

(wsα,(wsα,w)c)q = w(sα,(sα,1)c)q = wL1

and the universal property of the pullback C[W−1]2 we can see the top triangle in

the diagram,

W spn2 C[W−1]2

spn C[W−1]1

(wL1,(1,wse)q
)

(wsα,wsαw)

(
(wsα,(wsαw,w)c) , (1,wse)

)

c′

q×q

c

q

,

commutes. The right triangle commutes by definition so it suffices to show the

bottom left square commutes.

Let γ =
(
(wsα,(wsαw,w)c) , (1,wse)

)
and take the pullback of the cover u : U →

spn2 along γ.

Ũ U

W spn2

π

/

ũ

/ u

γ

The cover ũ : Ũ → W witnesses the composition of the spans being picked out by

γ. Thinking momentarily about the case when E = Set for visualization purposes,

this says that for every arrow v : a → b in W there exists a point in Ũ witnessing

the commuting diagram:

·

·

a c a b a a◦v◦
α(a)

◦α(a) ◦v

◦v′
k

h

α(a)v

◦v′′
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In this case the parallel pair of arrows, hv′α(a) and hk being coequalized by v : a→ b

allows us to zipper before applying weak composition for W to get a span whose left

leg is in W , as pictured in the following diagram:

· ·

·

·

a c a b a a◦v◦
α(a)

◦α(a) ◦v

◦v′
k

h

α(a)v

◦v′′

◦

d

g

◦v′′′

The zippering axiom says there exists a map d such that

dhv′α(a) = dhk

and the weak-composition axiom says there exists a map g in the diagram above

such that gdv′′ = v′′′ is in W . This data gives rise to two sailboats with a common

projection,

·

a c a

v′′′ gdhk
gdhv′

α(a) α(a)

·

a · a

v′′′ gdhk
gd′

v′′ hk

implying that the composite of spans, (α(a), α(a)v) ∗ (v, 1a) = (v′′, hk), is equivalent

to the span (α(a), α(a)) by transitivity. Translating this argument to the internal

setting for E not necessarily equal to Set amounts to defining the map δ : Ũ → Pcq(C)
in the following diagram,

W◦ W wt×wsW

Û Û0 Ũ

P(C) Pcq(C)

(π0π1,π0π2)

/
û0

ω̂

/û

δ̂

(δ̂π0ιeqπ0,û1πσ◦π0)

δ

π1
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applying Int.Frc(4) to get the cover û1 : Û0 → Ũ and the lift δ̂ : Û1 → P(C), and
then applying by Int.Frc(2) to get the cover û0 : Û → Û0 and the lift ω̂ : Û → W◦.

The map δ : Ũ → Pcq(C) is induced by the universal property of the equalizer

Pcq(C) and the map δ′ : Ũ → P (C) t×wsW . The map δ′ is induced by the universal

property of the pullback P (C) t×wsW and to define it we start by using the definition

of W□ to see

π(ωπ0π0, u0θπ0π0w, uπ0π1)c = π(ωπ0π0, u0θπ1π0, uπ1π0w)c. (⋆)

Since

πuπ0π1 = ũγπ0π1 = ũ(wsαw,w)c

the left-hand side of equation (⋆) becomes

π(ωπ0π0, u0θπ0π0w, uπ0π1) = (πωπ0π0, πu0θπ0π0w, ũwsαw, ũw)c.

Rewriting equation (⋆) while recalling that πu = ũγ and γπ1π0 = 1W gives

(πωπ0π0, πu0θπ0π0w, ũwsαw, ũw)c = (πωπ0π0, πu0θπ1π0, ũw)c (⋆⋆)

and induces a unique δ′ : Ũ → P (C) t×wsW such that

δ′π1 = ũ

δ′π0π0 = (πωπ0π0, πu0θπ0π0w, ũwsαw)c

δ′π0π0 = (πωπ0π0, πu0θπ1π0)c.

equation (⋆⋆) can then be simplified as

δ′(π0π0, π1)c = δ′(π0π1, π1)c

which induces the unique map δ : Ũ → Pcq(C) such that

Pcq(C) P (C) t×wsW

Ũ.

ιcq

δ′
δ

The two (families of) sailboats, φ, ψ : Û → sb, with a common projection, φπ1 = ψπ1,

can now be defined. By definition of
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W◦ = (C1 ×t wsW ×wt wsW ) ×c wsW

we have

ω̂π1 = (ω̂π0π0, û0δ̂π0ιeqπ0w, ûπσ◦π0w)c

so let

µ0 = (ω̂π0π0, û0δ̂π0ιeqπ0w)c

to determine the unique pairing map

ψ =
(
((µ0, ûπσ◦π0), ω̂π1), ûπ(ωπ0π0, u0θπ1π0)c

)
.

Notice the last map in the composite

ûπuπ1π1 = ûũwse

is the identity structure map for C. The identity laws in C[W−1] and C can then

both be used in the final calculation we need to determine the span projections for

ψ : Û → sb.

(ûπωπ0π0, ûπu0θπ1π0)c = ûπ(ωπ0π0, u0θπ1π0)c

= (ûπωπ0π0, ûπu0θπ1π0)c

= (ûπωπ0π0, ûπu0θπ1π0(1, te)c)c

= (ûπωπ0π0, ûπu0θπ1π0, ûπu0θπ1π0te)c

= (ûπωπ0π0, ûπu0θπ1π0, ûπu0θπ1π1wse)c

= (ûπωπ0π0, ûπu0θπ1π0, ûπuπ1π0wse)c

= (ûπωπ0π0, ûπu0θπ1π0, ûπuπ1π1se)c

= (ûπωπ0π0, ûπu0θπ1π0, ûũwsese)c

= (ûπωπ0π0, ûπu0θπ1π0, ûũwse)c

= (ûπωπ0π0, ûπu0θπ1π0, ûπuπ1π1)c

= ûπ(ωπ0π0, u0θπ1π0, uπ1π1)c

= ûπσ◦π1
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Now we can see

ψp0 = ψ(π0π0π1, π1) = (ûπσ◦π0, ûπσ◦π1) = ûπσ◦

and

ψp1 = ψ(π0π1, (π0π0π0, π1)c) =
(
ω̂π1, (µ0, ûπωπ0π0, ûπu0θπ1π0)c

)
.

For φ : Û → sb let

µ1 = (µ0, ûπωπ0π0, ûπu0π0π0w)c

and notice on one hand that

(µ1, ûũwsαw)c = (µ1, ûπuπ0π0w)c = (µ0, ûπσ◦π0w)c = ω̂π1

and on the other hand that

(µ1, ûũwsαw)c = (ω̂π0π0, δπ0ιeqπ0, δπ0ιeqπ1π0)c

= (ω̂π0π0, δπ0ιeqπ0, δπ0ιeqπ1π1)c

= (µ0, ûπωπ0π0, ûπu0θπ1π0)c

Then define

φ =
(
((µ1, ûũwsα), ω̂π1), ûũwsαw

)
and we get

φp0 = (π0π0π1, π1)

= (ûũwsα, ûũwsαw)

and

φp1 = φ
(
π0π1, (π0π0π0, π1)c

)
=

(
ω̂π1, µ1, ûũwsαw)c

)
= (ω̂π1, (µ0, ûπωπ0π0, ûπu0θπ1π0)c

= ψp1.
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Combining our computations gives us that

ûũ(wsα,wsαw)q = φp0q = φp1q

= ψp1q = ψp0q

= ûπσ◦q

= ûπuc′

= ûũγc′

and since the composite ûũ is epic we can conclude

(wsα,wsαw)q = γc′.

Now we prove the second main result of this section.

Proposition 55. The localization (internal) functor, L : C → C[W−1] inverts w :

W → C1.

Proof. Consider the composite

W spn

C[W−1]1

(1,wse)

q

In the proofs of Lemma 54 and Corollary 53 we have already seen that

(1, wse)qs = wL1t, (1, wse)qt = wL1s

so it suffices to show the last two diagrams from Definition 49 commute in this

setting.

First note that e = (α, αw)q : C0 → C[W−1]1 is the identity structure map on

C[W−1], and that the source map s : C[W−1]1 → C0 is uniquely determined by the

map qs = π0wt : spn → C0. Also recall that

wL1 = (wsα, (wsα,w)c)q
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and then compute

wL1se = wL1s(α, αw)q

= (wsα, (wsα,w)c)qs(α, αw)q

= (wsα, (wsα,w)c)π0wt(α, αw)q

= wsαwt(α, αw)q

= ws(α, αw)q.

We can replace the left and bottom composite in the commuting square of Lemma 54

by the last equation to give the commuting square

W C[W−1]2

C[W−1]1 C[W−1]1

(
wL1,(1,wse)q

)

wL1 c

se

in E and shows (1, wse)q : W → C[W−1]1 satisfies half of Definition 49. For the

rest of it we recall that qt = π1t : spn → C0 uniquely determines the structure map

t : C[W−1]1 → C0 and similarly compute

wL1te = wL1t(α, αw)q

= (wsα, (wsα,w)c)qt(α, αw)q

= (wsα, (wsα,w)c)π1t(α, αw)q

= (wsα,w)ct(α, αw)q

= wt(α, αw)q.

Putting this together with Lemma 52 gives

wL1te = wt(α, αw)q = (1, w)q

and allows us to rewrite the commuting square in Corollary 53 as

W C[W−1]2

C[W−1]1 C[W−1]1

(
(1,wse)q,wL1

)

wL1 c

te

.
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This means (1,wse)q inverts (wL1) by Definition 49.

4.6 Universal Property of Internal Fractions

The main result of this section is Theorem 65, the universal property of internal

localization. It is an isomorphism of categories between the category of internal

functors, C → D, that invert w : W → C1 and their natural transformations, and

the category of internal functors C[W−1] → D and their natural transformations.

In Section 4.6.1 we prove that the objects in each category uniquely correspond

to one another in Proposition 60, and then in Lemma 63 we show that the 2-cells

in each category uniquely correspond to one another. In Lemma 64 we show that

the correspondence between natural transformations is functorial, and Theorem 65

follows immediately.

4.6.1 Correspondence Between 1-cells

The results in this subsection come together to prove that for any internal functor

F : C → X that inverts w : W → C1, there exists a unique internal functor [F ] :

C[W−1] → X such that the diagram

C X

C[W−1]

L

F

[F ]

commutes. First we define [F ] and prove it is an internal functor, then we notice

how every internal functor C[W−1] → X corresponds to an internal functor C → X
that inverts W by pre-composition with L : C → X. Finally we show that these

assignments are inverses to one another to prove the main result of this subsection,

Proposition 60.

It’s clear how to define [F ] on objects:

C[W−1]0 X0

C0 X0

[F ]0

F0

.
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On arrows we use the universal property of the coequalizer C[W−1]1. By Defini-

tion 49, there exists a map F (w)−1 : W → X1 that inverts wF1 : W → X1 in X.
That is, the diagrams

W X2

X1 X1

wF1

(wF1,F (w)−1)

c

se

W X2

X1 X1

wF1

(F (w)−1,wF1)

c

te

commute in E . In particular we have that

F (w)−1t = wF1s

and this along with functoriality of F and the definition of spn = W ×ws s C1 is

enough to see that the outside of the diagram,

spn C1

W X2 X1

X1 X0

π0

π1

[F ]′
F1

F (w)−1

π1

π0 s

t

,

commutes and induces the unique map [F ]′ : spn → X2. This map is used to

define [F ]1 : C[W−1]1 → X1 in the following lemma by the universal property of the

coequalizer C[W−1]1.

Lemma 56. The coequalizer diagram,

sb spn C[W−1]1

X2 X1

p0

p1

[F ]′

q

[F ]1

c

commutes in E and uniquely determines the map [F ]1 : C[W−1]1 → X1.

Proof. The main idea here is that the left legs of the two spans inhabiting a sailboat,

represented by p0, p1 : sb → spn, are arrows coming from W . These are part of a

commuting triangle represented by π0 : sb → W△. More precisely, the left leg of the
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p1 projection factors through the left leg of the p0 projection by the arrow represented

by the map π0π0π0 : sb → C1 in E . This is shown in the following calculation:

p1π0w = π0π1w

= π0(π0π0, π0π1w)c

= (π0π0π0, π0π0π1w)c

= (π0π0π0, p0π0w)c

Functoriality of F then gives

p1π0wF1 = (π0π0π0F1, p0π0wF1)c.

The internal functor F inverts the arrows coming from w : W → C1 so we can

internally post-compose with p0π0F (w)
−1 : sb → X1 to give the following calculation.

This calculation uses associativity and the identity laws for internal composition in

X, along with the definitions of F (w)−1 and sb and functoriality of F .

(p1π0wF1, p0π0F (w)
−1)c = (π0π0π0F1, p0π0wF1, p0π0F (w)

−1)c

= (π0π0π0F1, p0π0(wF1, F (w)
−1)c)c

= (π0π0π0F1, p0π0wF1se)c

= (π0π0π0F1, π0π0π1wF1se)c

= (π0π0π0F1, π0π0π1wsF0e)c

= (π0π0π0F1, π0π0π0tF0e)c

= (π0π0π0F1, π0π0π0F1te)c

= π0π0π0F1(1, te)c

= π0π0π0F1

A similar internal composition involving the first and last terms in the equation

above with p1π0F (w)
−1 : sb → X1 gives
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(p1π0F (w)
−1, π0π0π0F1)c = (p1π0F (w)

−1, p1π0wF1, p0π0F (w)
−1)c

= (p1π0(F (w)
−1, wF1)c, p0π0F (w)

−1)c

= (p1π0wF1te, p0π0F (w)
−1)c

= (p1π0wtF0e, p0π0F (w)
−1)c

= (p0π0wtF0e, p0π0F (w)
−1)c

= (p0π0wF1te, p0π0F (w)
−1)c

= (p0π0F (w)
−1se, p0π0F (w)

−1)c

= p0π0F (w)
−1(se, 1)c

= p0π0F (w)
−1

Now we can substitute the last equation into the following calculation to see [F ]′c

coequalizes the pair p0 and p1:

p0[F ]
′c = p0(π0F (w)

−1, π1F1)c

= (p0π0F (w)
−1, p0π1F1)c

=
(
(p1π0F (w)

−1, π0π0π0F1)c, p0π1F1

)
c

= (p1π0F (w)
−1, π0π0π0F1, p0π1F1)c

= (p1π0F (w)
−1, (π0π0π0F1, p0π1F1)c)c

= (p1π0F (w)
−1, (π0π0π0, p0π1)cF1)c

= (p1π0F (w)
−1, p1π1F1)c

= p1(π0F (w)
−1, π1F1)c

= p1[F ]
′c

The existence and uniqueness of the map [F ]1 : C[W−1]1 → X1 such that q[F ]1 =

[F ]′c follows from the universal property of C[W−1]1.

The next step is to show that [F ] = ([F ]0, [F ]1) is an internal functor. First we show

identities are preserved by proving the following lemma.
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Lemma 57. The diagram

C0 X0

C[W−1]1 X1

F0

(α,αw)q e

[F ]1

commutes in E .

Proof. By the universal property of the pullback X2, the definition of F (w)−1, func-

toriality of F , and the fact that α is a section of wt we have

(α, αw)q[F ]1 = (α, αw)[F ]′c

= (α, αw)(π0F (w)
−1, π1F1)c

= (αF (w)−1, αwF1)c

= α(F (w)−1, wF1)c

= αwF1te

= αwtF0e

= F0e

The following lemma shows that [F ] preserves (internal) composition. When E = Set

this is saying that for any pair of composable spans

a b c d e◦v
f ◦

v′

f ′

with composite span,

a b′ e◦
v′′

f ′′
,

the diagram

F (a) F (b) F (c)

F (d)

F (b′) F (e)

F (v)−1

f(v′′)−1

F (f)

f(v′)−1

F (f ′)

F (f ′′)



162

commutes in X. To see this we look at the composition data

e

d

a b c b′ a′v◦ f

v0 ◦

h

v′
◦

f ′

k

v′′ ◦
f ′′

and apply the functor F to the weak-composition triangle on the left to get the

equation

F (v′′) = F (h)F (v0)F (v).

Since F inverts W , we can pre-compose both sides by F (v′′)−1 and post-compose

them both by F (v)−1 to get the equation

F (v)−1 = F (v′′)−1F (h)F (v0).

Similarly, applying F to the Ore-square gives the equation

F (v0)F (f) = F (k)F (v′)

and post-composing with F (v′)−1 gives

F (v0)F (f)F (v
′)−1 = F (k).

Put it all together with functoriality of F to see the square commutes.

F (v)−1F (f)F (v′)−1F (f ′) = F (v′′)−1F (h)F (v0)F (f)F (v
′)−1F (f ′)

= F (v′′)−1F (h)F (k)F (f ′)

= F (v′′)−1F (f ′′).

Lemma 58. The diagram,

C[W−1]2 X2

C[W−1]1 X1

c

[F ]1×[F ]1

c

[F ]1
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where [F ]1 × [F ]1 = (π0[F ]1, π1[F ]1) is the unique pairing map, commutes in X.

Proof. Recall that u : U ↛ spn ×t s spn is the cover on which we defined composition,

with u = u0u1 in the diagram constructed by the Internal Fractions Axioms:

W◦ W ×C0 W

U U0 spn ×t s spn

spn W□ csp

(π0π1,π0π2)

σ◦

ω

/
u0

θ

(θπ0π0,u1π0π0)

/
u1

(π0π1,π1π0)

(π0π1,π1π1)

We use this cover when we need to show certain maps out of spn ×t s spn are equal.

More precisely, by showing it (or its composition with other epimorphisms) equalizes

two maps we are interested in proving are equal. We begin this proof with the weak-

composition triangle, ω : U → W◦, and the equation encoding it is commutativity.

ω0π1 = (ω0π0π0, u0θπ0π0w, uπ0π0w)c

By functoriality of F we have

ωπ1wF1 = (ω0π0π0F1, u0θπ0π0wF1, uπ0π0wF1)c.

We can internally pre-compose both sides of X with the map ωπ1F (w)
−1 : U → X1

and internally post-compose with uπ0π0F (w)
−1 : U → X1. Before writing down the

new equation however we do the following intermediate calculation:

(ωπ1F (w)
−1, ωπ1wF1)c = ωπ1(F (w)

−1, wF1)c

= ωπ1wF1te

= ωπ1wteF1

= uπ0π0wteF1

= uπ0π0wF1te

= uπ0π0F (w)
−1se

Using this along with the definitions of W□, θ, and csp gives
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(uπ0π0wF1, uπ0π0F (w)
−1)c = uπ0π0(wF1, F (w)

−1)c

= uπ0π0wF1se

= uπ0π0wseF1

= u0u1π0π1wteF1

= u0θπ0π0wteF1

= u0θπ0π0wF1te.

Now the pre/post-composed equation is

(uπ0π0F (w)
−1se, uπ0π0F (w)

−1)c

== (ωπ1F (w)
−1, ω0π0π0F1, u0θπ0π0wF1, u0θπ0π0wF1te)c

where the left side simplifies via the identity law in X as

(uπ0π0F (w)
−1se, uπ0π0F (w)

−1)c = uπ0π0F (w)
−1(se, 1)c = uπ0π0F (w)

−1

and the right side simplifies similarly as

(ωπ1F (w)
−1, ω0π0π0F1, u0θπ0π0wF1, u0θπ0π0wF1te)c

=
(
ωπ1F (w)

−1, ω0π0π0F1, u0θπ0π0wF1(1, te)c
)
c

=
(
ωπ1F (w)

−1, ω0π0π0F1, u0θπ0π0wF1

)
c

giving the simplified equation:

uπ0π0F (w)
−1 =

(
ωπ1F (w)

−1, ω0π0π0F1, u0θπ0π0wF1

)
c. (⋆)

Now take the Ore-square, u0θ : U → W□, and the equation describing commutativity,

(u0θπ0π0w, uπ0π1)c = (u0θπ1π0, uπ1π0w)c,

and apply F to get the equation

(u0θπ0π0wF1, uπ0π1F1)c = (u0θπ1π0F1, uπ1π0wF1)c.
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Since F inverts w : W → C1 we can post-compose both sides with uπ1π0F (w)
−1 :

U → X1 to get a new equation. The following computation showing how this is done

follows more or less by the definitions of F (w)−1 and θ and functoriality of F :

(uπ1π0wF1, uπ1π0F (w)
−1)c = uπ1π0(wF1, F (w)

−1)c

= uπ1π0wF1se

= uπ1π0wseF1

= u0θπ1π0teF1

= u0θπ1π0F1te

Adding internal composition with u0θπ1π0F1 : U → X1 on the right of both side of

the internal compositions shown in the last equation and applying the identity law

in X gives:

(u0θπ1π0F1, uπ1π0wF1, uπ1π0F (w)
−1)c = (u0θπ1π0F1, u0θπ1π0F1te)c

= u0θπ1π0F1(1, te)c

= u0θπ1π0F1.

Then by the definition of W□ we get the equation

(u0θπ0π0wF1, uπ0π1F1, uπ1π0F (w)
−1)c

= ((u0θπ0π0wF1, uπ0π1F1)c, uπ1π0F (w)
−1)c

= ((u0θπ1π0F1, uπ1π0wF1)c, uπ1π0F (w)
−1)c

= (u0θπ0π0wF1, uπ0π1F1, uπ1π0F (w)
−1)c

= u0θπ1π0F1. (⋆⋆)

which simplifies to the equality

(u0θπ0π0wF1, uπ0π1F1, uπ1π0F (w)
−1)c = u0θπ1π0F1. (⋆⋆)

which we use in following calculation that shows [F ] preserves composition. By

equations (⋆⋆) and (⋆) along with functoriality of F and the identity law in X we

have:
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u(q × q)c[F ]1

= uc′[F ]1

= σcq[F ]1

= σc[F ]
′

= (σcπ0F (w)
−1, σcπ1F1)c

= (ωπ1F (w)
−1, ωπ0π0F1, u0θπ1π0F1, uπ1π1F1)c

= (ωπ1F (w)
−1, ωπ0π0F1, u0θπ0π0wF1, uπ0π1F1, uπ1π0F (w)

−1, uπ1π1F1)c

= ((ωπ1F (w)
−1, ωπ0π0F1, u0θπ0π0wF1)c, uπ0π1F1, uπ1π0F (w)

−1, uπ1π1F1)c

= (uπ0π0F (w)
−1, uπ0π1F1, uπ1π0F (w)

−1, uπ1π1F1)c

=
(
uπ0(π0F (w)

−1, π1F1)c, uπ1(π0F (w)
−1, π1F1)c

)
c

=
(
uπ0[F ]

′c, uπ1[F ]
′c
)
c

= u
(
π0q[F ]1, π1q[F ]1

)
c

= u(q × q)([F ]1 × [F ]1)c.

The composite u(q × q) is epic, so we get

c[F ]1 = ([F ]1 × [F ]1)c

as desired.

Proposition 59. The maps [F ]0 = F0 : C0 → X0 and [F ]1 : C[W−1]1 → X1

determine an internal functor [F ] : C[W−1] → X such that the diagram

C X

C[W−1]

F

L [F ]

commutes in E .

Proof. Functoriality follows from Lemma 57 and Lemma 58. To see the diagram

commutes we can immediately see

L0[F ]0 = 1C0F0 = F0
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and then use the definitions of L1, [F ]1, and [F ]′, along with functoriality of F , the

identity law, (se, 1)c = 1, in X, and the fact that α is a section of wt to compute

L1[F ]1 = (sα, (sαw, 1)c)q[F ]1

= (sα, (sαw, 1)c)[F ]′c

= (sα, (sαw, 1)c)(π0F (w)
−1, π1F1)c

= (sαF (w)−1, (sαw, 1)cF1)c

= (sαF (w)−1, sαwF1, F1)c

= (sα(F (w)−1, wF1)c, F1)c

= (sαwF1te, F1)c

= (sαwteF1, F1)c

= (seF1, F1)c

= (F1se, F1)c

= F1(se, 1)c

= F1.

Proposition 60. Every internal functor F : C → X that inverts w : W → C1

corresponds uniquely to an internal functor [F ] : C[W−1] → X.

Proof. Lemma 59 implies the forward direction. Now notice that for any internal

functor G : C[W−1] → X, there is an internal functor LG : C → X given by pre-

composing with the localization functor L : C → C[W−1]. In Proposition 55 we saw

that L inverts w : W → C1, with (wL)−1 = (1, wse)q : W → C[W−1]1. Functoriality

of G implies (wL)−1G1 : W → X1 is an inverse of wLG : W → X1 in X so this

establishes the other direction of the correspondence.

For any F : C → X inverting w : W → C1, let [F ] : C[W−1] → X be the

corresponding internal functor. Pre-composing with L : C → X gives

L[F ] = F



168

so composing the assignments in one direction gives an identity. On the other hand,

for any G : C[W−1] → X, if we pre-compose with L : C → C[W−1] and then find the

corresponding internal functor C[W−1] → X we get that

[LG] : C[W−1] → X

where q[LG] = [LG]′c : spn → X1. Now expanding this with the explicit definition

of

[LG]′ = (π0(LG)(w)
−1, π1(LG)1)

we can use the definition

(LG)(w)−1 = (wL)−1G1 = (1, wse)qG1,

functoriality of L and G, the definition

L1 = (sα, (sαw, 1)c)q,

a bit of factoring with pairing maps, the fact that q2c = c′ : spn ×t s spn → spn, and

Lemma 51 in the last line to see:

[LG]′c = (π0(LG)(w)
−1, π1(LG)1)c

= (π0(wL)
−1G1, π1L1G1)c

= (π0(wL)
−1, π1L1)cG1

= (π0(1, wse)q, π1(sα, (sαw, 1)c)q)cG1

= ((π0, π0wse)q, (π1sα, (π1sαw, π1)c)q)cG1

= ((π0, π0wse), (π0sα, (π0sαw, π1)c)q2cG1

= ((π0, π0wse), (π0sα, (π0sαw, π1)c)c
′G1

= qG1

This implies that [LG] = G1 by the universal property of the coequalizer C[W−1]1.

We have shown that the assignments in either direction are inverses to one another,

so this correspondence is unique.
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4.6.2 Correspondence Between 2-Cells

Next we show the 2-cell correspondence between internal natural transformations for

the internal functors in the 1-cell correspondence of Proposition 60.

In this subsection we see that internal natural transformations, α : F =⇒ G,

between internal functors, F,G : C → X, that invert w : W → C1 correspond

uniquely to natural transformations, [α] : [F ] =⇒ [G], between the uniquely

corresponding internal functors [F ], [G] : C[W−1] → X from Section 4.6.1. The main

result of Section 4.6 is the isomorphism of categories established in Theorem 65.

We begin with a lemma that shows one direction of the correspondence between

the aforementioned natural transformations,

Lemma 61. Every internal natural transformation,

C X

F

G

α ,

induces a canonical natural transformation:

C[W−1] X

[F ]

[G]

[α]

Proof. Since C[W−1]0 = C0, define the components of [α] to be the components of

α:

C[W−1]0 X1

C0

[α]

L0 α

To see this is well-defined we need to show the (naturality) square
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C[W−1]1 X2

X2 X1

(s[α],[g]1)

([f ]1,t[α]) c

c

commutes in E . Let F (w)−1, G(w)−1 : W → X1 denote the inverses of wF1, wG1 :

W → X1. Naturality of α : F =⇒ G implies the diagram

W X2

X2 X1

(wsα,wG1)

(wF1,wtα) c

c

commutes in E . Using internal composition in X to compose with F (w)−1 : W → X1

on the left and G(w)−1 : W → X1 on the right on both sides gives a new commuting

diagram,

W X2

X2 X1

(F (W )−1,wsα)

(wtα,g(W )−1) c

c

,

by cancellation using the identity law in X. It will also be helpful to recall the follow-

ing commuting diagrams from the definition of C[W−1] and its universal property.

spn C[W−1]1

X2 X1

q

(π0F (w)−1,π1F1) [F ]1

c

spn C[W−1]1

W C0

q

π0 s

wt

spn C[W−1]1

C1 C0

q

π1 t

t

Now consider the following diagram:
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C[W−1]1 spn C[W−1]1

X2 X2

X1

([F ]1,t[α])

q q

(qs[α],q[G]1)(q[F ]1,qt[α])

(s[α],[G]1)

c c

The inside commutes by the following calculation which uses associativity of compo-

sition along with naturality of α and the definitions of [F ]1, [G]1, and the pullback

spn = W ×ws s C1:

(q[F ]1, qtα)c =
(
(π0F (w)

−1, π1f1)c, qtα
)
c Def. [F ]1

=
(
π0F (w)

−1, π1f1, π1tα
)
c Assoc.

=
(
π0F (w)

−1, π1(F1, tα)c
)
c Assoc.

=
(
π0F (w)

−1, π1(sα,G1)c
)
c Nat. α

=
(
π0F (w)

−1, π1sα, π1G1

)
c Assoc.

=
(
π0F (w)

−1, π0wsα, π1G1

)
c Def. spn

=
(
π0(F (w)

−1, wsα)c, π1G1

)
c Assoc.

=
(
π0(wtα,G(w)

−1)c, π1G1

)
c Nat. α

=
(
π0wtα, π0G(w)

−1, π1G1

)
c Assoc.

=
(
qsα, (π0G(w)

−1, π1G1)c
)
c Assoc.

=
(
qsα, q[G]1

)
c Def. [g]1.

Since q is an epi we can conclude that[α] satisfies the appropriate naturality condition:

([F ]1,t[α])c = ([α],[G]1)c.

It’s source and target can be computed component-wise by the following commuting
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diagrams

C[W−1]0 X1

C0 X0

C[W−1]0

[α]

s

F0

α

[F ]0

C[W−1]0 X1

C0 X0

C[W−1]0

[α]

t

G0

α

[G]0

,

It follows that [α] : [F ] =⇒ [G] is an internal natural transformation.

We continue with another lemma establishing the other direction of the correspon-

dence between natural transformations.

Lemma 62. Every internal natural tranformation,

C[W−1] X

H

K

β ,

induces a canonical natural transformation:

C X

LH

LK

Lβ

Proof. The notation is suggestive of the fact that this these are given by composing

with the internal functors H,K : C[W−1] → X and whiskering the internal natural

transformation β : H =⇒ K with the internal functor L : C → C[W−1]. Note that

the components of the whiskered transformation coincide with those of β because L

is the identity on objects:

C0 X1

C[W−1]0

Lβ

L0
β

.
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Lemmas 61 and 62 show us the two directions of the correspondence we need to

prove. Now we show the assignments described in the proofs of these lemmas are

inverses to get the correspondence we need in the following lemma.

Lemma 63. Let F,G : C → X be internal functors that invert w : W → C1 in X.
Then the internal natural transformations

C X

F

G

α

(bijectively) correspond to the internal natural transformations

C[W−1] X

[F ]

[G]

[α] .

Proof. Let α : F =⇒ G be an internal natural transformation between internal

functors C → X that invert w : W → C1 in X. We will show whiskering the

internal natural transformation [α] : [F ] =⇒ [G] with L : C → C[W−1] recovers

α : F =⇒ G:

C X

L[F ]

L[G]

L[α] = C X

F

G

α

By definition of [F ], [G] : C[W−1] → X we have

L[F ] = F L[G] = G

and the following commuting diagram in E shows the components of L[α] : F =⇒ G

are precisely those of α:
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C0 X1

C[W−1]0 C0

L[α]

L0
[α]

α

On the other hand, for any natural transformation

C[W−1] X

H

K

β

we can see that

C[W−1] X

[Lh]

[LK]

[Lβ] = C[W−1] X

H

K

β

by first noticing that the triangles,

X C X

C C[W−1] C

L[LK]L[LH]

LLH

L

[LK][LH]
LK

L

,

commute in E and imply that [LH] = H and [LK] = K by the 1-cell universal

property of the internal localization in Proposition 60. The following commuting

diagram shows that the components for the natural transformations agree too:

C[W−1]0 X1

C0 C[W−1]0

[Lβ]

L0

Lβ
β
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The only other piece we need to prove Theorem 65 is that the correspondence between

2-cells in Lemma 63 is functorial. It suffices to show functoriality in one direction.

We show it in the direction of Lemma 61 and leave the other direction (involving

whiskering) as an exercise to the reader who wants to take a break.

Lemma 64. The assignment of natural transformations, α 7→ [α], in Lemma 61 is

functorial.

Proof. For any internal functor f : C → X, we have

C X

F

F

1F C[W−1] X

[F ]

[F ]

[1F ]

where the commuting diagram

C[W−1]0 X1

C0

C[W−1]0

[1F ]

1F

1[F ]

shows that the components of [1F ] coincide with those of 1[f ]. This means [1F ] = 1[F ]

are the same natural transformation and so identities are preserved.

To see composition is preserved suppose we have two vertically composable internal

natural transformations:

C X

F

G

H

α

β

C[W−1] X

[F ]

[G]

[H]

[α]

[β]
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We can see

C[W−1] X

[F ]

[G]

[H]

[α]

[β]

= C[W−1] X

[F ]

[H]

[αβ]

by noticing that their components coincide via the following commuting diagram:

C[W−1]0 X2 X1

C0

C[W−1]0

([α],[β]) c

(α,β)

αβ

L0 [αβ]

The following theorem is a direct consequence of all the lemmas that came before

in this section and formalizes the universal property of the internal localization,

C[W−1].

Theorem 65. There is an isomorphism of categories

[C,X]EW ∼= [C[W−1],X]E

between internal functors C → X in E that invert w : W → C1 and their internal

natural transformations, and internal functors C[W−1] → X in E and their internal

natural transformations.

Proof. The objects are in bijection by Proposition 60, the arrows are in bijection by

Lemma 63, and functoriality follows from Lemma 64.



Chapter 5

Pseudocolimits of Small Filtered Diagrams of Internal

Categories

5.1 Application to the Internal Grothendieck Construction

Exercise 6.6, of Exposé VI in [1] states that the pseudocolimit of a filtered diagram

Aop → Cat can be obtained by localizing the Grothendieck construction with respect

to the cartesian arrows. A current paper in progress, [15], by Bustillo-Vazquez,

Pronk, and Szyld shows that with a weaker composition axiom for the category of

fractions, the class of arrows one needs to invert to get the pseudocolimit can be

reduced from all cartesian arrows to a convenient cleavage of them. For the rest of

this chapter we consider an arbitrary but fixed filtered diagram, D : Aop → Cat(E) so
that every finite diagram in Aop has a cone. The main theorem of this section states

that, in a suitable context E , the pseudocolimit of a filtered diagram of internal

categories, Aop → Cat(E), can be computed by forming the internal category of

(right) fractions of the internal Grothendieck construction with respect to the object

representing the canonical cleavage of the cartesian arrows.

Note that the axioms we gave in Section 4.2 are for a category of right fractions, so

we need to use the contravariant form of the internal Grothendieck construction for

a functor D : Aop → Cat(E). In Section 5.1.1 we introduce the object representing

the canonical cleavage and show that it satisfies the Internal Fractions Axioms in

Definition 34. Section 5.2 is all about proving the main result of this thesis. Namely

that, when it exists, the internal category of (right) fractions, D[W−1], of the internal

Grothendieck construction with respect to the canonical cleavage object, (D,W ), is

the pseudocolimit of the original filtered diagram D : Aop → Cat(E).

177



178

5.1.1 The Canonical Cleavage of the Internal Grothendieck

Construction

The internal Grothendieck construction we need for a contravariant functor and a

calculus of (right) fractions has an object of arrows defined by

D1 =
∐
φ∈A1

Dφ where

Dφ D(A)1

D(B)0 D(A)0

π0

π1

t

D(φ)0

whenever φ : A → B is an arrow in A. The subtle difference in this definition is

that the vertical map on the right is a target rather than a source and that D(φ) :

D(B) → D(A) for φ : A → B in A. Another subtle but important difference is the

definition of cofiber composition for this version of the Grothendieck construction.

For φ : A→ B and ψ : B → C in A, the cofiber composition is given by

Dφ;ψ D(A)3

Dψ Dφ◦ψ D(A)1

D(C)0 D(A)0

π1

c′
φ;ψ;δ−1

cφ;ψ

c

π0

π1

π0 t

D(φ◦ψ)0

where c′φ;ψ;δ−1 is the universal map

Dφ;ψ

D(A)3 D(A)2

D(A)2 D(A)1

c′φ;ψ

c′
(φ;ψ);δ−1

c′
φ;ψ;δ−1

π1

π0 π0

π1

.

given explicitly by the triple:

c′φ;ψ;δ−1 =
(
π0π1, π1π1D(φ)1, π1π0δ

−1
φ;ψ

)
(⋆)

in which δ−1
φ;ψ : D(C)0 → D(A)1 represents the inverse components for the structure

isomorphism of the pseudofunctor, D : Aop → Cat(E).
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When E = Set, the arrows represented by D1 are pairs (φ, f) : (A, a) → (B, b)

where b ∈ D(B)0 and f : a→ D(φ)(b) is in D(A)1. The arrows being picked out by

w : W → D1 should correspond to pairs (φ, 1D(φ)(b)) : (A,D(φ)(b)) → (B, b) where

b ∈ D(B)0 and 1D(φ)(b) : D(φ)(b) → D(φ)(b) is the identity map in D(A)1. The

following definition describes an extra condition on E that we need in order to work

with an object of the canonical cleavage of cartesian arrows in D.

Definition 66. Suppose E admits an internal Grothendieck construction of D :

Aop → Cat(E). Then we say that D admits a canonical cleavage of cartesian arrows

if for each φ : A→ B in A, the top pullback

Wφ D(A)0

Dφ D(A)1

D(B)0 D(A)0

wφ

πφ

e

π0

π1

t

D(φ)0

exists and the coproduct

W =
∐
φ∈A1

Wφ

over all φ ∈ A1 exists in E .

When D admits an object of the canonical cleavage of cartesian arrows as in Definition

66 we can use the universal property of the coproduct,W , to get the map w : W → D1

in E as follows:

W D1

Wφ

w

ιφ

wφ

This can be thought of as indexing the canonical cleavage of the cartesian arrows in

the internal category D. From this point on we assume that D admit a canonical

cleavage of cartesian arrows. The first lemma we prove in this section shows that

(C[W−1],W ) satisfies Int.Frc.1. In the case when E = Set, the sections of the
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target map are given by

(1B, D(1B)(b) : (B,D(1B)(b)) → (B, b)

which are completely determined by B ∈ A0 and the objects of D(B).

Lemma 67 (Int.Frc.1). There exists a section of the target map wt : W → D0.

Proof. It suffices to show that the cofibers wφπ0 : Wφ → D(B)0 have sections. For

each B ∈ A0, the cofiber section, αB : D(B)0 → W1B , of the target map on, w1Bπ0 :

W1B → D(B)0, is induced by the pair of maps 1D(B)0 , D(1B)0 : D(B)0 → D(B)0.

This is shown in the following commuting diagram, where the outer square clearly

commutes and induces the dotted arrows on the left by the universal property of the

two pullback squares on the inside.

D(B)0

W1B D(B)0

D1B D(B)1

D(B)0 D(B)0

αB

D(1B)0

w1B

π1B

e

π0

π1

t

D(1B)0

Using the universal property of coproducts, the section α : D0 → D1 is induced by

the family of maps {αBι1B : B ∈ A0}. Since the map wt : W → D0 is induced by

the family of maps {wφπ0 : φ ∈ A1} we have that

ιBαwt = αBι1Bwt = αBw1Bπ0ιB.

This means the diagram

D0 W

D0

α

wt

commutes by the universal property of the coproduct D0 and it follows that α : D0 →
W is a section of wt : W → D0.
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Before we prove the second axiom, let us consider the case when E = Set. Here one

typically shows that any composable arrows

(A, a) (B, b) (C, c)
(φ,1) (ψ,1)

in W ⊆ D1 can be precomposed by an arrow,

(
A,D(φ ◦ ψ)(c)

)
(A, a)

(
1A,δ1A◦(φ◦ψ),cD(1A)(δφ◦ψ,c)

)

in D1 to make the diagram

(
A,D(φ ◦ ψ)(c)

)

(A, a) (B, b) (C, c)

(
1A,δ1A◦(φ◦ψ),cD(1A)(δφ◦ψ,c)

) (φ◦ψ,1)

(φ,1) (ψ,1)

commute in D. A convenient way to show this is to first notice that a = D(φ)(b) and

b = D(ψ)(c) by definition, D(φ)(1D(ψ)(c)) = 1D(φ)◦D(ψ)(c) by functoriality of D(φ),

and the composite of the two arrows in W is:

(A, a) (B, b)

(C, c)

(φ,1)

(φ◦ψ, δ−1
φ◦ψ,c)

(ψ,1)

Now computing the composite

(
A,D(φ ◦ ψ)(c)

)
(A, a)

(C, c)

(
1A,δ1A◦(φ◦ψ),cD(1A)(δφ◦ψ,c)

)

(φ◦ψ , 1)

(φ◦ψ , δ−1
φ◦ψ,c)

in D is done by noting that 1A ◦ (φ ◦ ψ) = φ ◦ ψ in Aop and checking that
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D(φ ◦ ψ)(c) D(φ ◦ ψ)(c)

D(1A) ◦D(φ ◦ ψ)(c) D(1A) ◦D(φ ◦ ψ)(c)

D(1A) ◦D(φ) ◦D(ψ)(c)

δ1A◦(φ◦ψ),c

D(1A)(δφ◦ψ,c)

δ−1
1A◦(φ◦ψ),c

D(1A)(δ
−1
φ◦ψ,c)

(⋆)

commutes in the category D(A). The bottom left triangle commutes by functori-

ality of D(1A) and then the outer triangle commutes by definition of the natural

isomorphism δ1A◦(φ◦ψ). We now give an internal version of this proof.

Lemma 68 (Int.Frc.2). There exists a cover U W ×wt wsW/u and a lift

ℓ : U → W◦ such that the diagram

W◦

U W wt×wsW

π0π12

ℓ

/ u

commutes in E .

Proof. By extensivity we have that W wt×wsW ∼=
∐

(φ,ψ)∈A2
Wφ;ψ where the cofibers

are given by pullbacks

Wφ;ψ Wψ Dψ

Wφ D(B)0 D(B)1

Dφ

π1

π0
πψe

wψ

πψ π1

tφ

wφ

s

π0

Now using the component maps of the structure isomorphisms for the pseudofunctor

D : Aop → Cat(E) we represent the composable vertical maps on the left-hand side

in Diagram (⋆) by the internally composable pair, D(C)0 → D(A)2, determined by

the unviersal property of the following pullback:
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D(C)0 D(A)1

D(A)2 D(A)1

D(A)1 D(A)0

δ1A◦(φ◦ψ)

δφ◦ψ

δ̃wφ◦ψ
D(1A)1

π1

π0 s

t

.

Specifying that such a pair comes from Wφ;ψ and composing with the composition

structure map of D(A) gives the internal version of one component of pre-composable

map in D that we need define the necessary lift:

Wφ;ψ D(C)0 D(A)2

D(A)1

π1wψπ0

δwφ◦ψ

δ̃wφ◦ψ

c

To bring this together with the other component keeping track of the indexing, we

need to map into the proper cofiber, D1A , which can be done using the universal

property of the pullback:

Wφ;ψ

D1A D(A)1

D(C)0 D(B)0 D(A)0 D(A)0

δwφ◦ψ

π1wψπ0

δw1A;φ◦ψ

π1

π0 t

D(ψ)0 D(φ)0 D(1A)0

along with the fact that



184

δwφ◦ψt = π1wψπ0δ̃
w
φ◦ψct

= π1wψπ0δφ◦ψD(1A)1t

= π1wψπ0δφ◦ψtD(1A)0

= π1wψπ0D(ψ)0D(φ)0D(1A)0.

Now we need to compose the cofiber triple and show that it factors through Wφ◦ψ

via some map cwφ;ψ in the following diagram.

Wφ;ψ D1A;φ;ψ

Wφ◦ψ Dφ◦ψ

cwφ;ψ

(
δw1A;φ◦ψ ,π0wφ,π1wψ

)

c1A;φ;ψ

wφ◦ψ

(⋆⋆)

We break this up into a couple steps using associativity of composition. First we

compute the composite

Wφ;ψ Dφ;ψ

Dφ◦ψ

(π1wψπ0,π1wψπ0δ
−1
φ;ψ)

(π0wφ,π1ψ)

cφ;ψ

by calculating

(π0wφ,π1wψ)c
′
φ;ψ;δ−1 = (π0wφ,π1wψ)(π0π1, π1π1D(φ)1, π1π0δ

−1
φ;ψ)

= (π0wφπ1, π1wψπ1D(φ)1, π1wψπ0δ
−1
φ;ψ)

= (π0πφe, π1πψeD(φ)1, π1wψπ0δ
−1
φ;ψ)

= (π0πφe, π0wφπ0eD(φ)1, π1wψπ0δ
−1
φ;ψ)

= (π0πφe, π0wφπ0D(φ)0e, π1wψπ0δ
−1
φ;ψ)

= (π0πφe, π0πφe, π1wψπ0δ
−1
φ;ψ)

and then using the identity law in D(A) twice in the last line below to see
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(π0wφ,π1wψ)cφ;ψ = (π0wφ,π1wψ)(π1π0, c
′
φ;ψ;δ−1c)

=
(
π1wψπ0, (π0wφ,π1wψ)c

′
φ;ψ;δ−1c

)
=

(
π1wψπ0, (π0πφe, π0πφe, π1wψπ0δ

−1
φ;ψ)c

)
=

(
π1wψπ0, π1wψπ0δ

−1
φ;ψ

)
.

Now to see that we can pre-compose

(π0wφ, π1wψ)cφ;ψ : Wφ;ψ → Dφ◦ψ

with δw1A;φ◦ψ : Wφ;ψ → D1A at the cofiber D1A;(φ◦ψ), we check that

δw1A;φ◦ψπ0 = π1wψπ0D(ψ)0D(φ)0

= π1wψπ0δφ;ψt

= π1wψπ0δ
−1
φ;ψs

= (π1wψπ0, π1wψπ0δ
−1
φ;ψ)π1s

= (π0wφ, π1wψ)cφ;ψπ1s.

To see this cofiber composition factors through Wφ◦ψ we need to show that the arrow

given by post-composing with the first projection, π1 : Dφ◦ψ → D(A)1 is an identity.

To break this up a bit we first calculate

(
δw1A;φ◦ψ, (π0wφ, π1wψ)cφ;ψ

)
c′1A;(φ◦ψ);δ−1

=
(
δw1A;φ◦ψ, (π0wφ, π1wψ)cφ;ψ

)(
π0π1, π1π1D(1A)1, π1π0δ

−1
1A;(φ◦ψ)

)
=

(
δw1A;φ◦ψπ1, π1wψπ0δ

−1
φ;ψD(1A)1, π1wψπ0δ

−1
1A;(φ◦ψ)

)
=

(
δwφ◦ψ, π1wψπ0δ

−1
φ;ψD(1A)1, π1wψπ0δ

−1
1A;(φ◦ψ)

)
=

(
π1wψπ0δ̃

w
φ◦ψc, π1wψπ0δ

−1
φ;ψD(1A)1, π1wψπ0δ

−1
1A;(φ◦ψ)

)

and then substituting it into the following calculation along with the definition

δ̃wφ◦ψ = (δ1A;◦(φ◦ψ, δφ;ψD(1A)1)
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gives:

(
δw1A;φ◦ψ, (π0wφ, π1wψ)cφ;ψ

)
c1A;(φ◦ψ)π1

=
(
δw1A;φ◦ψ, (π0wφ, π1wψ)cφ;ψ

)
c′1A;(φ◦ψ);δ−1c

=
(
π1wψπ0δ̃

w
φ◦ψc, π1wψπ0δ

−1
φ;ψD(1A)1, π1wψπ0δ

−1
1A;(φ◦ψ)

)
c

=
(
π1wψπ0δ̃

w
φ◦ψc, π1wψπ0(δ

−1
φ;ψD(1A)1, δ

−1
1A;(φ◦ψ))c

)
c

= π1wψπ0
(
δ1A;◦(φ◦ψ), δφ;ψD(1A)1, δ

−1
φ;ψD(1A)1, δ

−1
1A;(φ◦ψ)

)
c

= π1wψπ0
(
δ1A;◦(φ◦ψ), (δφ;ψD(1A)1, δ

−1
φ;ψD(1A)1)c, δ

−1
1A;(φ◦ψ)

)
c

= π1wψπ0
(
δ1A;◦(φ◦ψ), (δφ;ψ, δ

−1
φ;ψ)cD(1A)1, δ

−1
1A;(φ◦ψ)

)
c

= π1wψπ0
(
δ1A;◦(φ◦ψ), eD(φ ◦ ψ)1D(1A)1, δ

−1
1A;(φ◦ψ)

)
c

= π1wψπ0
(
δ1A;◦(φ◦ψ), D(φ ◦ ψ)0D(1A)0e, δ

−1
1A;(φ◦ψ)

)
c

= π1wψπ0
(
δ1A;◦(φ◦ψ), δ1A;◦(φ◦ψ)te, δ

−1
1A;(φ◦ψ)

)
c

= π1wψπ0
(
δ1A;◦(φ◦ψ), δ

−1
1A;(φ◦ψ)

)
c

= π1wψπ0D(1A ◦ (φ ◦ ψ))0e

= π1wψπ0D(φ ◦ ψ)0e.

This internalizes the commutativity of Diagram (⋆) and shows that for every com-

posable φ : A→ B and ψ : B → C in A there is a commuting diagram

Wφ;ψ

Wφ◦ψ D(A)0

Dφ;ψ Dφ◦ψ D(A)1

cwφ;ψ

(
δw1A;φ◦ψ ,(π0wφ,π1wψ)cφ;ψ

)

π1wψπ0D(φ◦ψ)0

wφ◦ψ

πφ◦ψ

e

c1A;(φ◦ψ)

π1

.

The factorization we needed appears on the left of the diagram above and by asso-

ciativity of composition in D we can conclude that the diagram we originally wanted

(⋆⋆) involving composable triples commmutes. This allows us to compute
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(δwφ;ψ,1)(π0ι1A ,ι
w
φ;ψ)(π0,π1π0w,π1π1w)c =

(
δwφ;ψι1A , ι

w
φ;ψπ0w, ι

w
φ;ψπ1w

)
c

=
(
δwφ;ψι1A , π0ι

w
φw, π1iota

w
ψw

)
c

=
(
δwφ;ψι1A , π0wφιφ, π1wψιψ

)
c

=
(
δwφ;ψ, π0wφ, π1wψ

)
ι1A;φ;ψc

=
(
δwφ;ψ, π0wφ, π1wψ

)
c1A;φ;ψιφ◦ψ

= cwφ;ψwφ◦ψιφ◦ψ

= cwφ;ψι
w
φ◦ψw

and induce the unique cofiber lift, ℓφ;ψ : Wφ;ψ → W◦, by the universal property of

the pullback, W◦, that makes the following diagram commute.

Wφ;ψ Wφ◦ψ

W◦ W

D1A t×s(Wφ;ψ) D1 t×ws(W wt×wsW ) D1

Wφ;ψ W wt×wsW

ℓφ;ψ

(δwφ;ψ ,1)

cwφ;ψ

ιwφ◦ψ

π0

π1

w

(π0ι1A ,ι
w
φ;ψ)

π1

(π0,π1π0w,π1π1w)c

π12

ιwφlψ

The universal property of coproducts then gives us the desired lift

W wt×wsW W◦ W wt×wsW

Wφ;ψ

ℓ π0π12

ιwφ;ψ ℓφ;ψ

ιwφ;ψ

where we take the identity map

W wt×wsW W wt×wsW
1W wt×wsW

as our cover.
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The next thing we need to show is the right Ore condtition. Taking a look at the

proof when E = Set will be useful for guiding the reader through the internal version.

Start by assuming there exists a cospan in D whose right leg is in W :

(
C,D(ψ)(b)

)
(
A, a

) (
B, b

)◦

(ψ,1D(ψ)(b))

(φ,f)

Since A is filtered, there exists an object E ∈ A0 and two maps φ∗ : E → A and

ψ∗ : E → C such that the square

E C

A B

ψ∗

φ∗ ψ

φ

commutes in A. Now letting ⋆ denote the composition of arrows in the non-indexing

compenent of the Grothendieck construction we can consider the commuting dia-

gram:

D(φ∗)(a) D(φ∗)(a) D(φ∗) ◦D(φ)(b)

D(φ∗ ◦ φ)(b)

D(ψ∗ ◦ ψ)(b)

D(φ∗)(a) D(ψ∗) ◦D(ψ)(b) D(ψ∗) ◦D(ψ)(b)

1D(φ∗)(b)⋆f

D(φ∗)(f)

δ−1
φ∗;φ,b

δψ∗;ψ,b

g

g⋆1D(ψ)(b)

D(ψ∗)(1D(ψ)(b)

where

g = D(φ∗)(f)δ−1
φ∗;φ,bδψ∗;ψ,b.

In particular we have

g ⋆ 1D(ψ)(b) = 1D(φ∗)(b) ⋆ f

and so the square
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(
E,D(φ∗)(a)

) (
C,D(ψ)(b)

)
(
A, a

) (
B, b

)◦

(φ∗,1D(φ∗)(a))

(ψ∗,g)

◦

(ψ,1D(ψ)(b))

(φ,f)

commutes in D. Now we show how to internalize this proof when E is not necessarily

Set.

Lemma 69 (Int.Frc.3).

There exists a cover, U D1 t×wtW/u and a lift U W□
ℓ such that

the following diagram commutes:

W□

U D1 t×wtW

(π0π1,π1π1)

/ u

ℓ

where

W□ = (W wt×sD1) c×c(D1 t×wsW ).

Proof. Recall that csp = D1 t×wtW and let csp(A) denote all the cospans in A for

simpler notation. Since E is extensive we have the following isomorphisms:

csp ∼=
∐

(φ,ψ)∈csp(A)

Dφ tφ
×wψtψWψ

D1 t×wsW ∼=
∐

(ψ∗,ψ)∈A2)

Dψ∗
tψ∗

×wψsψWψ

W wt×sD1
∼=

∐
(φ∗,φ)∈A2)

Wφ∗
wφ∗ tφ∗

×sφDφ

Now we will define two families of maps

Wφ∗
wφ∗ tφ∗

×sψDψ Dφ tφ
×wψtψWψ Dψ∗

tψ∗
×wψsψWψ

ℓφ;ψ,0 ℓφ;ψ,1

before showing they agree after post-composing them each with the appropriate

cofiber compositions. The left-hand side is simpler so we start there. Consider the

following commuting pullback diagram:
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Dφ tφ
×wψtψWψ Wψ D(A)1 D(A)0

Wφ∗ D(E)0

Dφ Dφ∗ D(E)1

D(A)1 D(A)0 D(E)0

π0

π0

ℓwφ;ψ,0

π1 s

D(φ∗)0

wφ∗

πφ∗

e

π1

π0

π1

t

s D(φ∗)0

The lower left commuting square above then induces the map we need, ℓφ;ψ,0, by the

following commuting pullback diagram:

Dφ tφ
×wψtψWψ

Wφ∗
wφ∗ tφ∗

×sφDφ Dφ D(A)1

Wφ∗ D(A)0

Dφ∗

ℓφ;ψ,0

π0

ℓwφ;ψ,0
π0

π1

sφ

π1

s

wφ∗

wφ∗ tφ∗

π0

The map, ℓφ;ψ,1, on the right-hand side is more involving to define, as we saw when

E = Set, because it requires defining the map ‘g’ by composing with several other

maps at hand. We first compute

π0π0δ
−1
φ∗;φs = π0π0δφ∗;φt

= π0π0D(φ)0D(φ∗)0

= π0π1tD(φ∗)0

= π0π1D(φ∗)1t

to get one composable pair and then
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π0π0δ
−1
φ∗;φt = π0π0δφ∗;φs

= π0π0D(φ ◦ φ∗)0

= π0π0D(ψ ◦ ψ∗)0

= π0tφD(ψ ◦ ψ∗)0

= π1wψtψD(ψ ◦ ψ∗)0

= π1wψπ0D(ψ ◦ ψ∗)0

= π1wψπ0δψ∗;ψs

to get another with the same map in the middle. This gives a unique map

Dφ tφ
×wψtψWψ D(E)3

(π0π1D(φ∗)1, π0π0δ
−1
φ∗;φ, π1wψπ0δψ;ψ∗ )

representing compsable triples in D(E) whose composite we denote

Dφ tφ
×wψtψWψ D(E)3

D(E)1

(π0π1D(φ∗)1, π0π0δ
−1
φ∗;φ, π1wψπ0δψ∗;ψ)

g̃
c .

The target of this composite is

g̃t = π1wψπ0δψ∗;ψt = π1wψπ0D(ψ)0D(ψ∗)0

so there exists a unique map, g, in the commuting pullback diagram:

Dφ tφ
×wψtψWψ

Wψ

Dψ Dψ∗ D(E)1

D(B)0 D(C)0 D(E)0

π1

g

g̃

wψ

πψ

π0

π1

π0 t

D(ψ)0 D(ψ∗)0
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The left side of the diagram above, along with the fact that sψ = π0s, allows us to

finally define the cofiber lift by the universal property of the pullback:

Dφ tφ
×wψtψWψ

Dψ∗
tψ∗

×wψsψWψ Wψ Dψ

Dψ∗ D(C)0 D(C)1

g

π1

ℓφ;ψ,1

π1

π0
πψ

wψ

πψe
π1

π0 s

It only remains to show that the outside of the diagram,

Dφ tφ
×wψtψWψ

W□ D1 t×wsW Dψ∗
tψ∗

×wψsψW
′′
ψ

W wt×sD1 D1 Dψ∗;ψ

Wφ∗
wφ∗ tφ∗

×sφDφ Dφ∗;φ Dφ∗◦φ

ℓφ;ψ

ℓφ;ψ,0

ℓφ;ψ,1

π1

π0 c 1Dψ∗×wψ

ιψ∗×ιwψ

c

cψ∗;ψιw
φ∗×ιφ

wφ∗×1Dφ
cφ∗;φ

ιφ∗◦φ

,

commutes in E in order to induce the cofiber lift ℓφ;ψ. Then the universal property of

the coproduct, csp, will give the lift we need with the cover taken to be the identity on

csp. All of the arrows involved have been defined by universal properties of pullbacks

so we use pairing map notation to expand and manipulate them. Starting with the

bottom composite, first we note, that by the universal properties of the pullbacks in

the codomains of the following maps we have

w∗
φ × 1Dφ = (π0wφ∗ , π1), cφ∗;φ = (π1π0, c

′
φ∗;φ;δ−1c)

where similarly, by equation (⋆) at the beginning of this section,
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c′φ∗;φ;δ−1 =
(
π0π1, π1π1D(φ∗)1, π1π0δ

−1
φ∗;φ

)
.

Then in one component of the bottom composite we have

ℓφ;ψ,0(wφ∗ × 1Dφ)cφ∗;φπ0 = ℓφ;ψ,0(π0wφ∗ , π1)cφ∗;φπ0

= (ℓφ;ψ,0π0wφ∗ , ℓφ;ψ,0π1)π1π0

= ℓφ;ψ,0π1π0

= π0π0

= π0tφ.

and in the other component we have

ℓφ;ψ,0(wφ∗ × 1Dψ)cφ∗;φπ1 = ℓφ;ψ,0(π0wφ∗ , π1)cφ∗;φπ1

= (ℓφ;ψ,0π0wφ∗ , ℓφ;ψ,0π1)cφ∗;φπ1

= (ℓφ;ψ,0π0wφ∗ , ℓφ;ψ,0π1)c
′
φ∗;φ;δ−1c

= (ℓwφ;ψ,0wφ∗ , π0)c
′
φ∗;φ;δ−1c

= (ℓwφ;ψ,0wφ∗ , π0)
(
π0π1, π1π1D(φ∗)1, π1π0δ

−1
φ∗;φ

)
c

=
(
ℓwφ;ψ,0wφ∗π1, π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ

)
c.

Now the first component in the triple of the last line above can be rewritten using

the definition of the pullback Wφ∗ along with the definition of ℓwφ;ψ,0 and functoriality

of D(φ∗):

ℓwφ;ψ,0wφ∗π1 = ℓwφ;ψ,0πφ∗e

= π0π1sD(φ∗)0e

= π0π1seD(φ∗)1.

Substituting this side calculation into the last line of the prior calculation and using

associativity of composition, functoriality of D(φ∗), and the identity law in D(A)

allows us to finally see that
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ℓφ;ψ,0(wφ∗ × 1Dψ)cφ∗;φπ1 = ... =
(
ℓwφ;ψ,0wφ∗π1, π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ

)
c

=
(
π0π1seD(φ∗)1, π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ

)
c

=
(
(π0π1seD(φ∗)1, π0π1D(φ∗)1)c, π0π0δ

−1
φ∗;φ

)
c

=
(
(π0π1se, π0π1)cD(φ∗)1, π0π0δ

−1
φ∗;φ

)
c

=
(
π0π1(se, 1D(A)1)cD(φ∗)1, π0π0δ

−1
φ∗;φ

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ

)
c.

By the universal property of the pullback Dφ∗◦φ = Dψ∗◦ψ, we can write the bottom

composite as the following pairing map:

ℓφ;ψ,0(wφ∗ × 1Dφ)cφ∗;φ =
(
π0tφ, (π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ)c

)
For the top composite, we begin similarly by noting that

1D∗
ψ
× wψ = (π0, π1wψ), cψ∗;ψ = (π1π0, c

′
ψ∗;ψ;δ−1c)

where similarly, by equation (⋆) at the beginning of this section,

c′ψ∗;ψ;δ−1 =
(
π0π1, π1π1D(ψ∗)1, π1π0δ

−1
ψ∗;ψ

)
.

Then in one component of the top composite we have

ℓφ;ψ,1(1D∗
ψ
× wψ)cψ∗;ψπ0 = ℓφ;ψ,1(π0, π1wψ)cψ∗;ψπ0

= (ℓφ;ψ,1π0, ℓφ;ψ,1π1wψ)cψ∗;ψπ0

= (ℓφ;ψ,1π0, ℓφ;ψ,1π1wψ)π1π0

= ℓφ;ψ,1π1wψπ0

= π1wψπ0

= π1wψtψ.

In the other component we get
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ℓφ;ψ,1(1D∗
ψ
× wψ)cψ∗;ψπ1 = ℓφ;ψ,1(π0, π1wψ)cψ∗;ψπ1

= (ℓφ;ψ,1π0, ℓφ;ψ,1π1wψ)c
′
ψ∗;ψ;δ−1c

= (ℓφ;ψ,1π0, ℓφ;ψ,1π1wψ)
(
π0π1, π1π1D(ψ∗)1, π1π0δ

−1
ψ∗;ψ

)
c

=
(
ℓφ;ψ,1π0π1, ℓφ;ψ,1π1wψπ1D(ψ∗)1, ℓφ;ψ,1π1wψπ0δ

−1
ψ∗;ψ

)
c

=
(
gπ1, π1πψeD(ψ∗)1, π1wψπ0δ

−1
ψ∗;ψ

)
c

=
(
g̃, π1πψeD(ψ∗)1, π1wψπ0δ

−1
ψ∗;ψ

)
c

=
(
g̃, (π1πψeD(ψ∗)1, π1wψπ0δ

−1
ψ∗;ψ)c

)
c.

Now looking at the last line above recall the definition of g̃:

g̃ = (π0π1D(φ∗)1, π0π0δ
−1
φ∗;φ, π1wψπ0δψ∗;ψ)c

By definition of the pullback Wψ, functoriality of D(ψ∗), the definition of the struc-

ture isomorphism components δ−1
ψ∗;ψ, and the identity law for internal composition in

D(E) we get

(π1πψeD(ψ∗)1, π1wψπ0δ
−1
ψ∗;ψ)c = (π1πψ1D(C)1eD(ψ∗)1, π1wψπ0δ

−1
ψ∗;ψ)c

= (π1πψ1D(C)1eD(ψ∗)1, π1wψπ0δ
−1
ψ∗;ψ)c

= (π1wψπ0D(ψ)0eD(ψ∗)1, π1wψπ0δ
−1
ψ∗;ψ)c

= (π1wψπ0D(ψ)0D(ψ∗)0e, π1wψπ0δ
−1
ψ∗;ψ)c

= (π1wψπ0δ
−1
ψ∗;ψse, π1wψπ0δ

−1
ψ∗;ψ)c

= π1wψπ0δ
−1
ψ∗;ψ(se, 1D(E)1)c

= π1wψπ0δ
−1
ψ∗;ψ.

Taking these side calculations into account and applying associativity of composition;

the definition of the structure isomorphism components δψ∗;ψ and δ−1
ψ∗;ψ; the defini-

tions of tψ, tφ, and the pullback Dφ tφ
×wψtψWψ; the assumption that φ∗φ = ψ∗ψ in

A which means φ ◦φ∗ = ψ ◦ψ∗ in Aop; and the identity law for internal composition

in D(E) gives:
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(
g̃, (π1πψeD(ψ∗)1, π1wψπ0δ

−1
ψ∗;ψ)c

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π1wψπ0δψ∗;ψ, π1wψπ0δ

−1
ψ∗;ψ

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, (π1wψπ0δψ∗;ψ, π1wψπ0δ

−1
ψ∗;ψ)c

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π1wψπ0(δψ∗;ψ, δ

−1
ψ∗;ψ)c

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π1wψπ0δψ∗;ψse

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π1wψπ0δψ∗;ψse

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π1wψπ0D(ψ ◦ ψ∗)0e

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π1wψπ0D(φ ◦ φ∗)0e

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π1wψtψD(φ ◦ φ∗)0e

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π0tφD(φ ◦ φ∗)0e

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π0π0D(φ ◦ φ∗)0e

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ, π0π0δ

−1
φ∗;φte

)
c

=
(
π0π1D(φ∗)1, (π0π0δ

−1
φ∗;φ, π0π0δ

−1
φ∗;φte)c

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ(1D(E)1 , te)c

)
c

=
(
π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ

)
c.

Putting all these calculations together along with the universal property of the pull-

back Dφ∗◦φ = Dψ∗◦ψ allows us to write the top composite as the following pairing

map:

ℓφ;ψ,1(1D∗
ψ
× wψ)cψ∗;ψ =

(
π1wψtψ, (π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ)c

)
.

By definition of the pullback Dφ tφ
×wψtψWψ we know that π0tφ = π1wψtψ and so

both components in the following pairing maps agree:

ℓφ;ψ,0(wφ∗ × 1Dφ)cφ∗;φ =
(
π0tφ, (π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ)c

)
=

(
π1wψtψ, (π0π1D(φ∗)1, π0π0δ

−1
φ∗;φ)c

)
= ℓφ;ψ,1(1D∗

ψ
× wψ)cψ∗;ψ.
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This finally shows that the outside of the last diagram commutes and induces the

cofiber lift

Dφ tφ
×wψtψWψ W□

ℓφ;ψ
.

The universal property of the coproduct csp gives a candidate for the lift we need:

csp W□

Dφ tφ
×wψtψWψ

ℓ

ℓφ;ψ
ιφ×ιwψ .

To see this is in fact the lift we need we need to see that the diagram

W□ csp

Dφ tφ
×wψtψWψ

(π0π1,π1π1)

ℓφ;ψ ιφ×ιwψ

also commutes. This can be done by considering the commuting diagram

Dφ tφ
×wψtψWψ

W□ D1 t×wsW Dψ∗
tψ∗

×wψsψWψ

W wt×sD1 D1 W

Wφ∗
wφ∗ tφ∗

×sφDφ D1

ℓφ;ψ

ℓφ;ψ,0

ℓφ;ψ,1

π1

π0 c π1 π1ιwψ

ιψ∗×ιwψ

c

π1
ιw
φ∗×ιφ

π1ιφ

and recalling that

ℓφ;ψ,0π0 = π0 and ℓφ;ψ,1π1 = π1.

This allows us to see



198

ℓφ;ψ(π0π1, π1π1) = (ℓφ;ψπ0π1, ℓφ;ψπ1π1)

= (ℓφ;ψ,0π1ιφ, ℓφ;ψ,1π1ι
w
ψ)

= (π0ιφ, π1ι
w
ψ)

= ιφ × ιwψ

and by the universal property of the coproduct csp we get the commuting diagram:

csp W□ csp

Dφ tφ
×wψtψWψ

ℓ (π0π1,π1π1)

ℓφ;ψ
ιφ×ιwψ

ιφ×ιwψ

.

The top triangle in the previous diagram shows that when taking the identity map

1csp : csp → csp as our cover, the map ℓ : csp → W□ is precisely the lift we need.

The last condition we need to check is the internal right-cancellation property

which we have referred to as ‘zippering.’ The objects in E representing diagrams in

D that are important to recall for this part are those of parallel pairs, P (D), parallel
pairs that are coequalized by an arrow inW , Pcq(D), parallel pairs that are equalized
by an arrow in W , Peq(D), and parallel pairs that are simultaneously equalized and

coequalized by arrows in W respectively, P(D). The explicit constructions of these

can be reviewed in Section 4.1.

As is our tradition by now, we first review the usual proof for when E = Set

before translating it internally to a more general category E . Consider the following

commuting diagram in D:

(A, a) (B,D(γ)(c)) (C, c)
(φ,f)

(ψ,g)
◦

(γ,1D(γ)(c))
.

By definition of composition in D, this means φ ◦ γ = ψ ◦ γ in Aop and the diagram
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D(ψ) ◦D(γ)(c) a D(φ) ◦D(γ)(c)

D(ψ) ◦D(γ)(c) D(φ) ◦D(γ)(c)

D(ψ ◦ γ)(c) D(φ ◦ γ)(c)

D(ψ)(1D(γ)(c))

fg

D(φ)(1D(γ)(c))

δ−1
ψ;γ,c δ−1

φ;γ,c

(⋆)

commutes in the category D(A). Since A is filtered, there exists a map µ : E → A

such that the square

E A

A B

µ

µ ψ

φ

commutes in A and so µ◦ψ = µ◦φ in Aop. There is an obvious candidate equalizing

arrow in W for the parallel pair, (f, φ) and (g, ψ), seen in the following diagram:

(E,D(µ)(a)) (A, a) (B,D(γ)(c))◦
(µ,1D(µ)(a)) (φ,f)

(ψ,g)
(⋆⋆)

To see this diagram commutes in D first notice that the diagram

D(µ) ◦D(ψ) ◦D(γ)(c) D(µ)(a) D(µ) ◦D(φ) ◦D(γ)(c)

D(µ ◦ ψ) ◦D(γ)(c) D(µ) ◦D(φ ◦ γ)(c) D(µ ◦ φ) ◦D(γ)(c)

D((µ ◦ ψ) ◦ γ) D(µ) ◦D(ψ ◦ γ)(c) D((µ ◦ φ) ◦ γ)

D(µ ◦ (ψ ◦ γ))(c) D(µ ◦ (φ ◦ γ))(c)

δ−1
µ;ψ,D(γ)(c)

D(µ)(δ−1
ψ;γ,c)

D(µ)(g) D(µ)(f)

δ−1
µ;φ,D(γ)(c)

D(µ)(δ−1
φ;γ,c)

δ−1
µ◦ψ;γ,c

δ−1
µ;φ◦γ,c δ−1

µ◦φ;γ,c

δ−1
µ;ψ◦γ,c

(⋆3)

commutes in D(E). The top square commutes by functoriality of D(µ) and commu-

tativity of diagram (⋆) above, the left and right squares commute by coherence of the

structure isomorphisms for the pseudofunctor, D, and the bottom square commutes

trivially because ψ ◦ γ = φ ◦ γ in A. Then the outside of the previous diagram

commutes and implies that the following diagram commutes as well:
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D(µ)(a) D(µ)(a)

D(µ)(a) D(µ)(a)

D(µ) ◦D(ψ) ◦D(γ)(c) D(µ) ◦D(φ) ◦D(γ)(c)

D(µ ◦ ψ) ◦D(γ)(c) D(µ ◦ φ) ◦D(γ)(c)

D((µ ◦ ψ) ◦ γ)(c) D((µ ◦ φ) ◦ γ)(c)

1D(µ)(a)∗g 1D(µ)(a) 1D(µ)(a)∗f1D(µ)(a)

D(µ)(g) D(µ)(f)

δ−1
µ;ψ,D(γ)(c)

δ−1
µ;φ,D(γ)(c)

δ−1
µ◦ψ;γ,c δ−1

µ◦ψ;γ,c

(⋆4)

This shows that the original diagram (⋆⋆) commutes in D and proves the desired

property in the case E = Set.

Lemma 70 (Int.Frc.4). There exists a cover U Pcq(D)/u and a lift

P(D)

U Pcq(D)

π1

ℓ

/u

.

Proof. For a more general extensive category E with a terminal object, products can

be written as pullbacks over the terminal object and equalizers can then be written

as pullbacks over products. In particular we have the pullback diagram

Pcq(D) P (D) t×wsW

P (D) t×wsW
(
P (D) t×wsW

)
× D1

ιcq

ιcq ρ1

ρ0

,

where

ρ0 = (1P (D),(π0π0,π1w)c)

and

ρ1 = (1P (D),(π0π1,π1w)c).



201

Note that each object is a pullback of coproducts, and since E is extensive each of

these pullbacks can be expressed as a coproduct of pullbacks of their corresponding

cofibers. The cofibers for the parallel pairs objects are denoted

P (D)(φ,ψ) = Dφ (s,t)
×(s,t)Dψ

The corresponding pullback diagram of the cofiber corresponding to the maps φ, ψ,

and γ in A such that φγ = ψγ is

Pcq(D)(φ,ψ);γ P (D)(φ,ψ) t×wγsγWγ

P (D)(φ,ψ) t×wγsγWγ

(
P (D)(φ,ψ) t×wγsγWγ

)
×Dφ◦γ

π0

π1

ρ1,(φ;ψ);γ

ρ0,(φ;ψ);γ

, (⋆)

where

ρ0,(φ;ψ);γ =
(
1P (D)(φ,ψ)×Wγ ,(π0π0,π1wγ)cφ;γ

)
and

ρ1,(φ;ψ);γ =
(
1P (D)(φ,ψ)×Wγ ,(π0π1,π1wγ)cψ;γ

)
.

Similarly we have the pullback diagram for the object of parallel pairs that are

equalized by an arrow in W

Peq(D) W wt×sP (D)

W wt×sP (D)
(
W wt×sP (D)

)
× D1

ιeq

ιeq λ1

λ0

,

where

λ0 = (1P (D),(π1w,π0π0)c)

and

λ1 = (1P (D),(π1w,π0π1)c).

The corresponding pullback of a cofiber indexed by a maps µ, φ, and ψ such that

µφ = µψ in A is

Peq(D)µ;(φ,ψ) Wµ wµtµ×s(P (D)(φ,ψ))

Wµ wµtµ×s(P (D)(φ,ψ))
(
Wµ wµtµ×sP (D)(φ,ψ)

)
×Dµ◦φ

π0

π1

λ1,µ;(φ,ψ)

λ0,µ;(φ,ψ)

, (⋆⋆)



202

where

λ0,µ;(φ,ψ) =
(
1Wµ×P (D)(φ,ψ)

,(π0wµ,π1π0)cµ;φ
)

and

λ1,µ;(φ,ψ) =
(
1Wµ×P (D)(φ,ψ)

,(π0wµ,π1π1)cµ;ψ
)
.

We use the cofibers in Diagrams (⋆) and (⋆⋆) to translate the usual proof for when

E = Set and then the universal property of coproducts will give us the result we

want. Since A is filtered, there exists a map µ : E → A in A such that the diagram

E A

A B

µ

µ ψ

φ

commutes in A. Picking out the arrow we need to precompose was done by taking

the source of the parallel pair and applying D(µ) to it. Internally this is done at the

level of cofibers by first considering the following commuting diagram,

Pcq(D)(φ,ψ);γ Dφ (s,t)
×(s,t)Dψ Dφ D(A)1

D(A)0

Dφ (s,t)
×(s,t)Dψ Wµ D(E)0

Dφ Dµ D(E)1

D(A)1 D(A)0 D(A)0

π0π0

π0π0
ℓwµ

π0 π1

s

D(µ)0

π0 wµ

πµ

e

π1 π0

π1

t

s D(µ)0

The left side of the previous diagram then makes up the outside of the following

pullback diagram:
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Pcq(D)(φ,ψ);γ

Wµ wµtµ×sP (D)(φ,ψ) Dφ (s,t)
×(s,t)Dψ Dφ

Wµ D(A)0 D(A)1

Dµ

ℓ̃µ,(φ,ψ)

ℓwµ

π0π0

π0

π1 π0

s π1

wµ

wµtµ

s

π0

There are two ways to compose the arrows in the diagrams being represented by

the previous universal map. To show they agree we show the the following diagram

commutes

Pcq(D)(φ,ψ);γ Wµ wµtµ×sP (D)(φ,ψ)

Wµ wµtµ×sP (D)(φ,ψ) Dµ;ψ

Dµ;φ Dµ◦φ

ℓ̃µ,(φ,ψ)

ℓ̃µ,(φ,ψ)

(π0wµ,π1π1)

(π0wµ,π1π0)

cµ;ψ

cµ;φ

.

By definition of ℓ̃µ,(φ,ψ) the first two maps on either both sides can be composed to

give the top and left arrows in the following square:

Pcq(D)(φ,ψ);γ Dµ;ψ

Dµ;φ Dµ◦φ

(ℓwµwµ,π0π0π1)

(ℓwµwµ,π0π0π0) cµ;ψ

cµ;φ

To see that this square commutes we use the universal property of the pullback Dµ◦φ.

It will help to recall the definition of cofiber composition in D. In particular

cµ;φ = (π1π0, c
′
µ;φ;δ−1c) and cµ;ψ = (π1π0, c

′
µ;ψ;δ−1c)

where

c′µ;φ;δ−1 = (π0π1, π1π1D(µ)1, π1π0δ
−1
µ;φ)
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and similarly

c′µ;ψ;δ−1 = (π0π1, π1π1D(µ)1, π1π0δ
−1
µ;ψ).

To see both sides agree on the projection π0 : Dµ ◦ φ→ D(E)0 we can compute

(ℓwµwµ,π0π0π0)cµ◦φπ0 = (ℓwµwµ,π0π0π0)π1π0

= π0π0π0π0

and

(ℓwµwµ,π0π0π1)cµ◦ψπ0 = (ℓwµwµ,π0π0π1)π1π0

= π0π0π1π0

and notice that that the last lines are equal by definition of the pullback Pcq(D)(φ,ψ);γ).
To see that the other projection π1 : Dµ ◦ φ→ D(E)0 also coequalizes both sides of

the square is more involving. First notice that the diagram

P (D)(φ,ψ) t×wγsγWγ

Dφ (s,t)
×(s,t)Dψ Dψ

Dφ D(B)0 ×D(A)0

D(A)0

π0

π0π1

π0π0

π0

π1

(π1s,π0)

π0

(π1s,π0)

π0

π1

(A)

commutes and precomposing with the projection

Pcq(D)(φ,ψ);γ (Dφ (s,t)
×(s,t)Dψ) t×wγsγWγ

π0

gives the last line in the following side-calculation:
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ℓwµwµπ1 = ℓwµπµe

= π0π0π0π1sD(µ)0e

= π0π0π0π1D(µ)1se.

We use this side calculation in the fourth equality of the following calculation:

(ℓwµwµ,π0π0π0)cµ◦φπ1

= (ℓwµwµ,π0π0π0)c
′
µ;φ;δ−1c

= (ℓwµwµ,π0π0π0)(π0π1, π1π1D(µ)1, π1π0δ
−1
µ;φ)c

=
(
ℓwµwµπ1, π0π0π0π1D(µ)1, π0π0π0π0δ

−1
µ;φ

)
c

=
(
π0π0π0π1D(µ)1se, π0π0π0π1D(µ)1, π0π0π0π0δ

−1
µ;φ

)
c

=
(
π0π0π0π1D(µ)1(se, 1)c, π0π0π0π0δ

−1
µ;φ

)
c

=
(
π0π0π0π1D(µ)1, π0π0π0π0δ

−1
µ;φ

)
c

The last calculation we need requires a side calculation along with the coherences

for the structure isomorphisms of the pseudo functor D : Aop → Cat(E). We start

similarly by noticing that the diagram

P (D)(φ,ψ) t×wγsγWγ

Dφ (s,t)
×(s,t)Dψ Dψ

Dφ D(B)0 ×D(A)0

D(A)0

π0

π0π1

π0π0

π0

π1

(π1s,π0)

π1s

(π1s,π0)

π1s

π0

(B)

commutes in E and noticing that pre-composing with the projection

Pcq(D)(φ,ψ);γ (Dφ (s,t)
×(s,t)Dψ) t×wγsγWγ

π0
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gives the last line in the following side-calculation:

ℓwµπµe = π0π0π0π1sD(µ)0e

= π0π0π1π1sD(µ)0e

= π0π0π1π1D(µ)1se.

Another side-calculation we will need can be seen in the following commuting dia-

gram:

D(C)0 D(B)0

Dγ D(B)1

P (D)(φ,ψ) t×wγsγWγ Wγ D(B)0

Dφ (s,t)
×(s,t)Dψ Dγ D(B)1

Dφ D(B)0 D(E)0

D(γ)0

π0

π1

t

π1

π0

wγ

πγ

wγ e

e

π1
t

sγ

π1

s

π0

(C)

In particular we will use commutativity of the outside several times which says:

π0π1π0 = π1wγπ0D(γ)0

Coherence of the structure isomorphisms of the pseudofunctor D says that the dia-

grams

D(C)0 D(E)2

D(C)2 D(E)1

(δµ;ψ◦γ ,δψ;γD(µ)1)

(δµ◦ψ;γ ,D(γ)0δψ;γ)

c

c
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and

D(C)0 D(E)2

D(C)2 D(E)1

(δµ;φ◦γ ,δφ;γD(µ)1)

(δµ◦φ;γ ,D(γ)0δφ;γ)

c

c

commute in E . Using the internal composition in D(E) to pre-compose with the

inverse structure isomorphism components δ−1
µ◦ψ;γ : D(C)0 → D(E)1 and δ−1

µ◦φ;γ :

D(C)0 → D(E)1 respectively and then applying the identity law in D(E) gives new

commuting diagrams:

D(C)0 D(E)0

D(C)3 D(E)1

(δ−1
µ◦ψ;γ ,δµ;ψ◦γ ,δψ;γD(µ)1)

D(γ)0

δψ;γ

c

and

D(C)0 D(E)0

D(C)3 D(E)1

(δ−1
µ◦φ;γ ,δµ;φ◦γ ,δφ;γD(µ)1)

D(γ)0

δφ;γ

c

Taking inverses in D(E) then gives the commuting diagrams,

D(C)0 D(B)0

D(C)3 D(E)1

D(γ)0

(δ−1
ψ;γD(µ)1,δ

−1
µ;ψ◦γ ,δµ◦ψ;γ) δ−1

µ;ψ

c

D(C)0 D(B)0

D(C)3 D(E)1

D(γ)0

(δ−1
φ;γD(µ)1,δ

−1
µ;φ◦γ ,δµ◦φ;γ) δ−1

µ;φ

c

which we will use in the calculation(s) below. The first of the latest side-calculations

along with associativity of composition and the identity law for composition in D(E)
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allows us to see

(ℓwµwµ,π0π0π1)cµ◦ψπ1

= (ℓwµwµ,π0π0π1)c
′
µ;ψ;δ−1c

= (ℓwµwµ,π0π0π1)(π0π1, π1π1D(µ)1, π1π0δ
−1
µ;ψ)c

=
(
ℓwµwµπ1, π0π0π1π1D(µ)1, π0π0π1π0δ

−1
µ;ψ

)
c

=
(
π0π0π1π1D(µ)1se, π0π0π1π1D(µ)1, π0π0π1π0δ

−1
µ;ψ

)
c

=
(
(π0π0π1π1D(µ)1se, π0π0π1π1D(µ)1)c, π0π0π1π0δ

−1
µ;ψ

)
c

=
(
π0π0π1π1D(µ)1(se, 1D(E)1)c, π0π0π1π0δ

−1
µ;ψ

)
c

=
(
π0π0π1π1D(µ)1, π0π0π1π0δ

−1
µ;ψ

)
c

The second of the latest side-calculations along with the left square deduced from

the coherence diagrams allow us to see

(
π0π0π1π1D(µ)1, π0π0π1π0δ

−1
µ;ψ

)
c

=
(
π0π0π1π1D(µ)1, π0π1wγπ0D(γ)0δ

−1
µ;ψ

)
c

=
(
π0π0π1π1D(µ)1, π0π1wγπ0(δψ;γD(µ)1,δ

−1
µ;ψ◦γ,δµ◦ψ;γ)c

)
c

The next side calculation shows how we can replace the last line above. The first line

below comes from the definition of Pcq(D)(φ;ψ);γ. The second and third lines follow

from the definition of cofiber composition and the fourth line is a standard com-

putation using the calculus of pairing maps by the universal property of pullbacks.

The fifth, sixth, and seventh lines are consequences of the definition of Wγ and the

eighth line follows by definition of δ−1
ψ;γ. The ninth line comes from associativity of

composition, and in the tenth line we apply the identity law for composition in D(A).
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π0(π0π0, π1wγ)cφ;γπ1D(µ)1

= π1(π0π1, π1wγ)cψ;γπ1D(µ)1

= π1(π0π1, π1wγ)c
′
ψ;γ;δ−1cD(µ)1

= π1(π0π1, π1wγ)(π0π1, π1π1D(ψ)1, π1π0δ
−1
ψ;γ)cD(µ)1

=
(
π1π0π1π1, π1π1wγπ1D(ψ)1, π1π1wγπ0δ

−1
ψ;γ

)
cD(µ)1

=
(
π1π0π1π1, π1π1πγeD(ψ)1, π1π1wγπ0δ

−1
ψ;γ

)
cD(µ)1

=
(
π1π0π1π1, π1π1πγD(ψ)0e, π1π1wγπ0δ

−1
ψ;γ

)
cD(µ)1

=
(
π1π0π1π1, π1π1wγπ0D(γ)0D(ψ)0e, π1π1wγπ0δ

−1
ψ;γ

)
cD(µ)1

=
(
π1π0π1π1, π1π1wγπ0δ

−1
ψ;γse, π1π1wγπ0δ

−1
ψ;γ

)
cD(µ)1

=
(
π1π0π1π1, π1π1wγπ0δ

−1
ψ;γ(se, 1D(A)1)c

)
cD(µ)1

=
(
π1π0π1π1, π1π1wγπ0δ

−1
ψ;γ

)
cD(µ)1

=
(
π1π0π1π1D(µ)1, π1π1wγπ0δ

−1
ψ;γD(µ)1

)
c

Functoriality of D(µ) gives the final line in the computation above. Expanding the

composition in the last line of the previous calculation and recalling that that the

diagram

Pcq(D)(φ,ψ);γ
(
P (D)(φ,ψ) t×wγsγWγ

)
×Dφ◦γ

π0π0

π1π0

commutes by definition of the pullback Pcq(D)(φ,ψ);γ allows us to see that up to this

point we have:

(ℓwµwµ,π0π0π1)cµ◦ψπ1 =
(
π0π0π1π1D(µ)1, π0π0π1π0δ

−1
µ;ψ

)
c

=
(
π0(π0π0, π1wγ)cφ;γπ1D(µ)1, π1π1wγπ0δ

−1
µ;ψ◦γδµ◦ψ;γ

)
c

A similar side calculation to the last one, where we can cancel composition with an

identity map in the middle, shows
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π0(π0π0, π1wγ)cφ;γπ1D(µ)1

= π0(π0π0, π1wγ)c
′
φ;γ;δ−1cD(µ)1

= π0(π0π0, π1wγ)(π0π1, π1π1D(φ)1, π1π0δ
−1
φ;γ)cD(µ)1

=
(
π0π0π0π1, π0π1wγπ1D(φ)1, π0π1wγπ0δ

−1
φ;γ

)
cD(µ)1

=
(
π0π0π0π1, π0π1πγeD(φ)1, π0π1wγπ0δ

−1
φ;γ

)
cD(µ)1

...

=
(
π0π0π0π1D(µ)1, π0π1wγπ0δ

−1
φ;γD(µ)1

)
c.

Note that the parallel arrows

Pcq(D)(φ,ψ);γ Wγ

π1π1

π0π1

are equal by definition of the pullback Pcq(D)(φ,ψ);γ. Since ψ ◦ γ = φ ◦ γ and µ ◦ψ =

µ ◦ φ, composition in D(E) is associative, the commuting square(s) deduced from

the coherence of the structure isomorphisms for D, and by diagrams (C) and (A),

we have that

(ℓwµwµ,π0π0π1)cµ◦ψπ1

=
(
π0π0π0π1D(µ)1, π0π1wγπ0δ

−1
φ;γD(µ)1, π1π1wγπ0δ

−1
µ;φ◦γδµ◦φ;γ

)
c

=
(
π0π0π0π1D(µ)1, π0π1wγπ0δ

−1
φ;γD(µ)1, π0π1wγπ0δ

−1
µ;φ◦γδµ◦φ;γ

)
c

=
(
π0π0π0π1D(µ)1, π0π1wγπ0(δ

−1
φ;γD(µ)1, δ

−1
µ;φ◦γδµ◦φ;γ)c

)
c

=
(
π0π0π0π1D(µ)1, π0π1wγπ0D(γ)0δ

−1
µ;φ

)
c

=
(
π0π0π0π1D(µ)1, π0π0π1π0δ

−1
µ;φ

)
c

=
(
π0π0π0π1D(µ)1, π0π0π0π0δ

−1
µ;φ

)
c

= (ℓwµwµ,π0π0π0)cµ◦ψπ1

It follows that

(ℓwµwµ,π0π0π0)cµ◦ψ = (ℓwµwµ,π0π0π1)cµ◦ψ
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so there exists a unique map ℓµ;(φ,ψ) : Pcq(D)(φ,ψ);γ → Peq(D)µ;(φ,ψ) at the cofiber

level:

Pcq(D)(φ,ψ);γ

Peq(D)µ;(φ,ψ)

Wµ wµtµ×sP (D)(φ,ψ) Wµ wµtµ×sP (D)(φ,ψ)

(
Wµ wµtµ×sP (D)(φ,ψ)

)
×Dµ◦φ

ℓµ;(φ;ψ)

ℓ̃µ;(φ,ψ)ℓ̃µ;(φ,ψ)

π0 π1

(
1P (D)(φ,ψ)

,(π0wµ,π1π0)cµ;φ
) (

1P (D)(φ,ψ)
,(π0wµ,π1π1)cµ;ψ

)

Since this is true for arbitrary parallel pairs (φ, ψ) in A and an arbitrary γ in A
which coequalizes them, the universal property of coproducts induces unique maps

ℓ̃0 : Pcq(D) → W wt×sP (D) and ℓ0 : Pcq(D) → Peq(D) such that the diagram

Pcq(D)

Peq(D) W wt×sP (D)

W wt×sP (D)
(
W wt×sP (D)

)
× D1

ℓ̃0

ℓ̃0

ℓ0

ιeq

ιeq (1P (D),(π1w,π0π1)c)

(1P (D),(π1w,π0π0)c)

commutes in E . The lift we need is then given by the following pullback diagram

Pcq(D)

P(D) Pcq(D)

Peq(D) P (D)

ℓ0

ℓ

π0

π1

ιcqπ0

ιeqπ1

where the upper triangle shows we can assume the cover to be the identity map

1Pcq(D) : Pcq(D) → Pcq(D). The outside of the pullback diagram commutes because

by definition of ℓ0 we have
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ℓ0ιeqπ1 = ℓw0 π1

and then the following diagram

Pcq(D) W wt×sP (D) P (D)

Pcq(D)(φ,ψ);γ Wµ wµtµ×sP (D)(φ,ψ) Dφ (s,t)
×(s,t)Dψ

ℓ̃0

ιcqπ0

π1

ι(φ,ψ);γ

ℓ̃µ;(φ,ψ)

π0π0

ιwµ×ι(φ,ψ)

π1

ι(φ,ψ)

commutes in E .

The preceding lemmas in this section come together to show that the object of the

convenient cleavage of cartesian arrows we consider for the internal Grothendieck

construction can be formally inverted to give an internal category of (right) fractions,

D[W−1].

Proposition 71. Let D : Aop → Cat(E) be a pseudofunctor such that E is a candi-

date context for internal fractions and admits an internal Grothendieck construction,

D, which is a candidate for internal fractions. Let W =
∐

φ∈A1
Wφ be the object of

the canonical cleavage of the cartesian arrows we defined at the beginning of this

section. Then (D,W ) admits an internal category of fractions.

Proof. Lemmas 67, 68, 69, and 70 come together to show that the Internal Fractions

Axioms of Definition 34 are satisfied and the result follows by Definition 27.

5.2 Pseudocolimits of Certain Small Filtered Diagrams of Internal

Categories

The crux of our main theorem is an observation that in the correspondence between

oplax natural transformations D =⇒ ∆X and internal functors D → X for an arbi-

trary internal category X established in Theorem 19, the components of the natural

transformations factor through the family of arrows w : W → D1 that get inverted
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by the internal localization L : D → D[W−1]. The oplax natural transformations

D =⇒ ∆ are required here since we are dealing with a contravariant pseudofunctor

and constructing a category of right fractions.

Recall that there is a canonical oplax natural transformation D =⇒ ∆D whose

components are internal functors ℓB : D(B) → D defined by:

D(B)0 D0
(ℓB)0=ιB

D(B)1 D1A

D1

(ℓB)1

(
t,(1D(B)1

,tδ−1
B )c

)

ι1A
.

For each φ : A → B in A, the internal transformation , ℓφ : D(φ)ℓA =⇒ ℓB

is defined by its components, ℓφιφ : D(B)0 → D1, which factor through Wφ as a

consequence of the commuting diagram:

D(B)0

Wφ D(A)0

Dφ D(A)1

D(B)0 D(A)0

ℓφ

ℓwφ

D(φ)0

wφ

πφ

e

π0

π1

t

D(φ)0

More precisely, the components of the natural transformation, ℓφ, are picked out by

the composite ℓφιφ : D(B)0 → D1, which represents the arrows in the component

Dφ which are given by applying the identity structure map, e : D(A)0 → D(A)1,

after applying D(φ)0 : D(B)0 → D(A)0.

Definition 72. For an arbitrary oplax natural transformation x : D =⇒ ∆X, the
induced internal functor θx : D → X is defined on components and then induced by

the universal property of the coproduct as follows:
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D0 X0

D(B)0

(θx)0

ιB
(xB)0

D1 X1

Dφ X2

(θx)1

ιφ

(
π1(xA)1,π0xφ

)
c

The subtle difference here from the induced internal functor in Section 3.3.3 is the

map

Dφ X2

(
π1(xA)1,π0xφ

)

which twists the order of composition in X to account for working with a contravariant

functor the covariant used in Lemma 19. Next we review how every internal functor

D → X induces an oplax natural transformation by whiskering. This is the same as

in Section 3.3.4 but we restate it for our reader’s convenience and the fact that we’re

working with a contravariant functor and oplax transformations.

Definition 73. For an arbitrary internal functor F : D → X, the induced oplax

natural transformation F ∗ : D =⇒ ∆X has components that are internal functors

F ∗
B : D(B) → X defined by post-composition

D(B) D

X
F ∗

ℓB

F

For each φ : A → B in A, the induced transformation F ∗
φ : D(φ)F ∗ =⇒ F ∗ is

defined by whiskering. More precisely, the components are given by post-composing

the components of ℓφ with F1:

D(B)0 D1

X1

ℓφ

F ∗
φ

F1

A similar proof to the one in Proposition 15 shows the assignments in Definitions 72

and 73 are inverses. The following Lemma shows that the induced internal functor

in Definition 72 inverts the cartesian arrows, w : W → D1.
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Lemma 74. If x : D =⇒ ∆X is a natural isomorphism, then the induced internal

functor θx : D → X inverts the family of cartesian arrows, w : W → D, as in

Definition 49.

Proof. By Definition 49 we need to show that the composite

W D1

X1

w

θx(W )
(θx)1

is invertible in X as in Definition 48. It suffices to produce a map θx(w)
−1 : W → X1

such that such that

(θx(w)
−1, θx(w))c = θx(w)te, (θx(w), θx(w)

−1)c = θx(w)se.

Since x : D =⇒ ∆X is a natural isomorphism, for each B ∈ A0 the components

xφ : D(B)0 → X1 are invertible in X. By Definition 48 there exists x−1
φ : D(B)0 → X1

such that

x−1
φ s = xφt, x−1

φ t = xφs

and

(x−1
φ , xφ)c = xφte, (xφ, x

−1
φ )c = xφse.

commutes in E . Define a candidate inverse for wθx : W → X1 (with respect to

composition in X) to be the universal map induced by the family of composites,

Wφ Dφ D(B)0

X1

wφ

θx(Wφ)−1

π0

x−1
φ
,

in E for each arrow φ : A→ B in A. Note that by definition of xφ and θx(W )−1
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θx(Wφ)
−1s = wφπ0x

−1
φ s

= wφπ0xφt

= wφ(π1(xA)1, π0xφ)ct

= wφ(θx)1t

= ιwφw(θx)1

= ιwφθx(W ).

For the rest of our argument we need a nicer characterization of θx(W ) = w(θ)1 :

W → the following commuting diagram

Wφ D(A)0

Dφ D(A)1 X1

D(B)0 D(A)0 X0

X1

wφ

πφ

e

π0

π1

t

(xA)1

t

xφ

D(φ)0

(xA)0

s

in E , where the pullback squares commute by definition, the bottom right square

commutes by functoriality, and the bottom part of the diagram commutes by defini-

tion of the natural transformation xφ : D(φ)xA =⇒ xB. Use the previous diagram’s

commutativity along with the identity law for internal composition in X to compute

the composite
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wφ
(
π1(xA)1,π0xφ)c =

(
wφπ1(xA)1,wφπ0xφ)c

=
(
πφe(xA)1,wφπ0xφ)c

=
(
πφete(xA)1,wφπ0xφ)c

=
(
wφπ0D(φ)0e(xA)1,wφπ0xφ)c

=
(
wφπ0D(φ)0(xA)0e,wφπ0xφ)c

=
(
wφπ0xφse,wφπ0xφ)c

= wφπ0xφ(se,1X1)c

= wφπ0xφ.

Now we can see the target of θx(Wφ)
−1 is the source of ιwφθx(Wφ) : Wφ → X0,

θx(Wφ)
−1t = wφπ0x

−1
φ t

= wφπ0xφs

= wφ(π1(xA)1, π0xφ)cs

= wφιφ(θx)1s

= ιwφw(θx)1s

= ιwφθx(W )s,

and get a convenient description of the cofibers of the map w(θx)1 : W → X1 as

shown in the commuting diagram:

W D1 X1

Wφ Dφ X2 X1

Dφ D(B)0

w (θx)1

wφ

ιwφ

wφ

ιφ

(
π1(xA)1,π0xφ

) c

c

π0

xφ

.

Now we can compute
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ιwφ(θx(W )−1, θx(W ))c = (ιwφθx(W )−1, ιwφθx(W ))c

= (wφπ0x
−1
φ , ιwφw(θx)1)c

= (wφπ0x
−1
φ , wφιφ(θx)1)c

= (wφπ0x
−1
φ , wφ(π1(xA)1, π0xφ)c)c

= (wφπ0x
−1
φ , wφ(π1(xA)1, π0xφ)c)c

= (wφπ0x
−1
φ , wφπ0xφ)c

= wφπ0(x
−1
φ , xφ)c

= wφπ0xφte

= θx(Wφ)
−1se

= ιwφθx(W )te

as well as

ιwφ(θx(W ), θx(W )−1)c = (ιwφθx(W ), ιwφθx(W )−1)c

= (ιwφw(θx)1, wφπ0x
−1
φ )c

= (wφιφ(θx)1, wφπ0x
−1
φ )c

= (wφ(π1(xA)1, π0xφ)c, wφπ0x
−1
φ )c

= (wφ(π1(xA)1, π0xφ)c, wφπ0x
−1
φ )c

= (wφπ0xφ, wφπ0x
−1
φ )c

= wφπ0(xφ, x
−1
φ )c

= wφπ0xφse

= θx(Wφ)
−1te

= ιwφθx(W )−1te

= ιwφθx(W )se

and by the universal property of the coproduct W we get

(θx(W )−1, θx(W ))c = θx(W )te
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and

(θx(W ), θx(W )−1)c = θx(W )se.

It follows that θx(W ) has an inverse in X and that θx inverts w : W → D1.

The next lemma we will need in our main result will help us establish that every

natural transformation induced by an internal functor that inverts w : W → D1

under the equivalence in Theorem 19 is a pseudonatural transformation. This is

done by seeing that for each φ : A → B in A the internal natural transformation

obtained by whiskering ℓφ with L,

D(B)

D(A) D D[W−1]

D(φ)

ℓB

ℓA

ℓφ

L

,

gives a natural isomorphism. The key observation to make here is that the 2-cells

from the canonical oplax natural transformation ℓ : D =⇒ D have components that

factor through w : W → D1 so that whiskering with the internal localization functor

L : D → D[W−1] inverts them to give a natural isomorphism after whiskering.

Lemma 75. For each φ : A→ B in A, the internal natural transformation

ℓφL : D(φ)ℓAL =⇒ ℓBL

given by whiskering,

D(B) D D[W−1]

D(A) D D[W−1]

D(φ)

ℓB L

ℓA

ℓφ

L

1L =

D(B) D[W−1]

D(A) D[W−1]

D(φ)

ℓBL

ℓAL

ℓφL ,

is an isomorphism.

Proof. Recall that the internal localization functor, L, inverts w : W → D1. In par-

ticular (wL1)
−1 = (1, wse)q : W → D[W−1]1 is an inverse of wL1 : W → D[W−1]1 by

Proposition 55. Also recall from Definition 3.3.1 that the components of the natural

transformation ℓφ are given by ℓφιφ : D(B)0 → D1 where ℓφ = (1D(B)0 , D(φ)0e) is
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the unique pairing map induced by the universal property of the pullback Dφ. Notice

this map factors through w : W → D1 since ℓφ : D(B)0 → Dφ factors through Wφ

via the composite:

D(B)0 Wφ

Dφ

ℓφ

ℓwφ

wφ .

Then since wφιφ = ιwφw : Wφ → D1, we have the following commuting diagram:

D(B)0 Dφ

W D1.

ℓφιφ
ℓwφ ι

w
φ

ℓwφwφ

ιφ

w

(⋆)

Abusing notation by reusing the label ℓφL we can see that the composite

D(B)0 Dφ D1

D[W−1]1

ℓwφwφ

ℓφL

ιφ

L1

represents the components of the transformation ℓφL : D(φ)ℓAL =⇒ ℓBL. Diagram

(⋆) implies these components are all invertible in D[W−1] via an inverse given by the

composite

D(B)0 Wφ W

D[W−1]1

ℓwφ

(ℓφL)−1

ιwφ

(wL1)−1

in E . To see this is really an inverse we can use the definitions and diagrams above

in the proof of this lemma along with the fact that (wL1)
−1 is an inverse of wL1 to

see
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(ℓφL, (ℓφL)
−1)c = (ℓwφwφιφL1, ℓ

w
φ ι
w
φ(wL1)

−1)c

= (ℓwφ ι
w
φL1, ℓ

w
φ ι
w
φ(wL1)

−1)c

= ℓwφ ι
w
φ(L1, (wL1)

−1)c

= ℓwφ ι
w
φL1se

= ℓwφwφιφL1se

= (ℓφL)se

and a similar proof shows

((ℓφL)
−1, ℓφL)c = (ℓφL)te.

It follows that the whiskered transformation

ℓφL : D(φ)ℓAL =⇒ ℓBL

has an inverse, (ℓφL)
−1 and is an internal natural isomorphism between internal

functors for each φ : A→ B in A.

Lemma 76. Every internal functor F : D → X that inverts w : W → D1 corre-

sponds to a pseudonatural transformation D =⇒ ∆X via the oplax version of the

isomorphism of categories in Theorem 19

Proof. Suppose F : D → X is an internal functor that inverts w : W → D1. Then

by the universal property of the internal localization, in Proposition 60, there exists

a unique [F ] : D[W−1] → X such that L[F ] = F . The natural transformation

corresponding to F under the contravariant version of the isomorphism of categories

in Theorem 19 is obtained by whiskering

D(B)

D(A) D X

D(φ)

ℓB

ℓA

ℓφ

F

for each φ : A→ B in A. Since F = L[F ] this whiskering can be done in two steps.

Starting with
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D(B)

D(A) D D[W−1] X

D(φ)

ℓB

ℓA

ℓφ

L [F ]

,

we can use Lemma 75 to get a natural isomomorphism

D(B)

D(A) D[W−1] X

D(φ)

ℓBL

ℓAL

ℓφL

[F ]

and then we can whisker once more to get

D(B)

D(A) X

D(φ)

ℓBL[F ]

ℓAL[F ]

ℓφL[F ]

=

D(B)

D(A) X

D(φ)

ℓBF

ℓAF

ℓφF

.

Recall that the components of ℓφ are ℓφιφ : D(B)0 → D1 and notice that the com-

ponents of ℓφF are precisely

D(B)0 D1 D[W−1]1

X1

ℓφιφ

ℓφL

ℓφF
F1

L1

[F ]1

.

Lemma 75 shows that ℓφL : D(B)0 → D[W−1]1 is invertible in D[W−1] and since

[F ] : D[W−1] → X is an internal functor, the total composite in the diagram above

is invertible in X by Lemma 50.

The next two lemmas allow us to contextualize the previous two lemmas more pre-

cisely in terms of the oplax version of the isomorphism of categories in Theorem 19.

This helps us avoid many explicit but unnecessary details in the proof of the isomor-

phism of categories in our main result.
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Lemma 77. The underlying-structure functor

[D,∆X]ps [D,∆X]opℓU

is fully faithful.

Proof. If two modifications, µ, ν : α → β between pseudonatural transformations

α, β : D =⇒ ∆X are equal after forgetting the additional pseudonaturality structure

then they are the same modification by definition. This implies U is faithful. It is

clearly full because any modification between pseudonatural transformations is what

it is.

Lemma 78. The underlying-structure functor

[D,X]EW [D,X]EU ′

is fully faithful.

Proof. Any two natural transformations α, β : f =⇒ g between internal functors

f, g : D → X that invert w : W → D1 which become equal after forgetting that f and

g invert w : W → D1 must be the same natural transformations by definition. This

implies U ′ is faithful. Any natural transformation between internal functors D → X
that invert w : W → D1 is precisely that, so U ′ is also clearly full.

The previous four lemmas come together in the following lemma which does most of

the work for the proof of our main theorem which follows immediately after.

Lemma 79. There is an isomorphism of categories

[D,∆X]ps ∼= [D,X]EW

between the category of pseudonatural transformations D =⇒ ∆X and their modifi-

cations; and internal functors, D → X, that invert the cartesian arrows, w : W → D,
and their natural transformations.

Proof. By Lemma 74, every pseudonatural transformation D =⇒ ∆X induces an

internal functor D → X that inverts w : W → D by the following composition of

functors
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[D,∆X]ps

[D,∆X]opℓ [D,X]E

U

∼=

where the bottom isomorphism of categories is the oplax version of Theorem 19. By

Lemma 75, the composite

[D,X]EW

[D,∆X]opℓ [D,X]E

U ′

∼=

factors through [D,∆X]ps. By Lemmas 77 and 78, we know [D,∆X]ps and [D,X]EW
are both fully faithful subcategories of [D,∆X]opℓ and [D,X]E respectively so the

isomorphism of categories in Theorem 19 restricts to an isomorphism between these

subcategories.

We can finally state and prove the main theorem of this paper.

Theorem 80. Let A be a cofiltered category and let E admit an internal Grothendieck

constructoin, D, for the pseudofunctor D : Aop → Cat(E). If (D,W ) admits an

internal category of fractions, D[W−1], then D[W−1] is the pseudocolimit of D :

Aop → Cat(E).

Proof. Under the given assumptions, we can apply Lemmas 79 and Theorem 65 to

get a chain of isomorphisms (of categories) which can be composed to prove the

result.

[D,∆X]ps ∼= [D,X]EW ∼= [D[W−1],X]E
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Conclusion

Having given contexts for an internal Grothendieck construction and an internal

category of (right) fractions, we have implicitly described a context for computing

(op)lax colimits of certain diagrams of internal categories and another for computing

pseudocolimits of certain filtered diagrams of internal categories. The purpose of

doing this was to isolate and better understand the categorical constructions that

are used when working in the context of Set, with diagrams of small categories, and

to give a new formalism for gluing constructions in categories of internal categories.

For the internal Grothendieck construction of a pseudofunctor we required specific

pullbacks along source (or target) maps of our internal categories, and certain disjoint

coproducts that commute with these pullbacks. Any extensive category that has

these pullbacks will satisfy these conditions, for example Set,Cat,Top, and the

category of smooth manifolds all admit internal Grothendieck constructions for small

diagrams of their internal categories this way. We state these conditions so carefully

in order to include other possible examples of larger categories which may not be

extensive all around, or which may not contain all pullbacks, but which have these

coproducts and pullbacks that interact well with one another.

The internal category of fractions construction requires a collection of pullbacks

and equalizers in order to define the objects involved in the internal description of

(a weakened version) of the (right) fractions axioms, as well as the relations and

quotient objects which were required to define objects of paths of arrows with an

appropriate universal property.

An interesting part of our main result, Theorem 80, is that some of the inter-

nal fractions structure from the definition of the Internal Fractions Axioms (Defini-

tion 34) becomes trivial when the internal category being considered is an internal

Grothendieck construction. In this case we proved a formal gluing construction for

these internal categories by showing that the resulting internal category of fractions
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is the pseudocolimit of the original diagram.

Future work in this area includes exploring more examples of diagrams of internal

categories arising in contexts that satisfy our conditions. We have plenty extensive

categories that allow for an internal Grothendieck construction, and it would be

interesting to find an example where the entire category is not extensive, but the

pullbacks and coproducts we have interact nicely for other reasons.

We hope to use our construction to eventually study the homotopy theory of

certain generalized spaces called stacks. These are special pseudofunctors that can be

represented by internal groupoids and a proposed topic of PhD research in the coming

years. Another direction for future work is translating this result into the language

of a proof assistant, like Lean or Agda, in order to make the lengthy calculations

easier to verify and accept. Having this framework would make it more feasible to

consider diagrams of internal higher categories and try to replicate higher categorical

colimit constructions such as in [15] by extending the notion of internal fractions

appropriately.



Appendix A

Internal Grothendieck Construction

This section of the appendix contains technical lemmas used in Chapter 3.

A.1 Associativity of Composition

This first lemma we need states that the source and target of a composite coincides

with the source and target of the first and second map in the composite respectively.

Lemma 81. For any composable pair (φ, ψ) ∈ A(W,X) × A(X, Y ) in A we have

that ‘the source (target) of the composite is the source (target) of the first (second)

map (respectively).’

cφ;ψtφψ = p1tψ , cφ;ψsφψ = p0sφ.

Proof. By definition of tφψ, sφψ, c
′
δ;φ;ψ, c

′
φ;ψ, and cφ;ψ.

cφ;ψtφψ = cφ;ψπ1tιY cφ;ψsφψ = cφ;ψπ0ιW

= cφ;ψπ1tιY = p0π0ιW

= c′δ;φ;ψctιY = p0sφ

= c′δ;φ;ψq12q1tιY

= c′φ;ψq1tιY

= p1π1tιY

= p1tψ

This next two lemmas contain calculations that show how to compute cofiber com-

position of the first and last two maps of a composable triple in the internal category
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of fractions, D. These results are used to prove associativity of composition in D in

Proposition 85.

Lemma 82. For any φ, ψ, γ composable in A

c′01c
′
δ;φψ;γ = (p01p0π0δφψ;γ, p01c

′
δ;φ;ψcD(γ)1, p12p1π1)

where

c′δ;φ;ψcD(γ)1 = (p0π0δφ;ψD(γ)1, p0π1D(ψ)1D(γ)1, p1π1D(γ)1)c

Proof. By the universal property of the relevant pullback of ‘composable-triples,’ it

suffices to check that

c′01c
′
δ;φψ;γq01q0 = c′01c

′
δ;(φψ;γ)q0

= c′01p0π0δφψ;γ

= p01cφ;ψπ0δφψ;γ

= p01p0π0δφψ;γ,

c′01c
′
δ;φψ;γq01q1 = c′01c

′
δ;(φψ;γ)q1

= c′01p0π1D(γ)1

= p01cφ;ψπ1D(γ)1

= p01c
′
δ;φ;ψcD(γ)1,

and

c′01c
′
δ;φψ;γq12q1 = c′01c

′
δ;φψ;γq12q1

= c′01c
′
φψ;γq1

= c′01p1π1

= p12p1π1
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respectively. By functoriality of D(γ) and associativity of composition the middle

component in that triple composite factors

c′δ;φ;ψcD(γ)1 = c′δ;φ;ψ(q01q1D(γ)1, q01q1D(γ)1, q12q1D(γ)1)c

= (p0π0δφ;ψD(γ)1, p0π1D(ψ)1D(γ)1, p1π1D(γ)1)c.

Lemma 83. For any φ, ψ, γ composable in A

c′12c
′
δ;φ;ψγ = (p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, p12c

′
δ;φ;ψγc).

Proof. By the universal property of the relvant ‘composable-triples’ pullback, it suf-

fices to check that

c′12c
′
δ;φ;ψγq01q0 = c′12c

′
δ;φ;ψγq01q0

= c′12c
′
δ;(φ;ψγ)q0

= c′12p0π0δφ;ψγ

= c′12p0π0δφ;ψγ

= p01p0π0δφ;ψγ ,

c′12c
′
δ;φ;ψγq01q1 = c′12c

′
δ;φ;ψγq01q1

= c′12c
′
δ;(φ;ψγ)q1

= c′12p0π1D(ψγ)1

= p01p0π1D(ψγ)1,

and
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c′12c
′
δ;φ;ψγq12q1 = c′12c

′
φ;ψγq1

= c′12p1π1

= p12cψ;γπ1

= p12c
′
δ;ψ;γc.

The last lemma provides some calculations using the internal coherence for the com-

position natural isomorphisms associated to the pseudofunctor along with natural-

ity and functoriality. In the classical Grothendieck construction (when E = Set),

Lemma 84 internally encodes the intermediate step

δφψ;γ,aD(γ)(δφ;ψ,a)D(γ)(D(ψ)(D(φ)(f))) = δφ;ψγ,aD(ψγ)(D(φ)(f))δψ;γ

for each a ∈ D(A)0 when proving associativity of composition.

Lemma 84. For any φ, ψ, γ composable in A

(π0δφψ;γ, π0δφ;ψD(γ)1, π1(D(ψ)1D(γ)1))c = (π0δφ;ψγ , π1D(ψγ)1, π1tδψ;γ)c

Proof. By coherence of composition isomorphisms for the original pseudofunctor, D,

we have that

(δφ;ψγ , D(φ)0δψ;γ)c = (δφψ;γ, δφ;ψD(γ)1)c,

and by definition of the natural isomorphism δψ;γ : D(ψγ) =⇒ D(ψ)D(γ)

(D(ψγ)1, tδψ;γ)c = (sδψ;γ, D(ψ)1D(γ)1)c.

Putting coherence and naturality together with associativity we get the following

equality of triple composites
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(π0δφψ;γ, π0δφ;ψD(γ)1, π1(D(ψ)1D(γ)1))c

= (π0(δφψ;γ, δφ;ψD(γ)1)c, (D(ψ)1D(γ)1))c

= (π0(δφ;ψγ , D(φ)0δψ;γ)c, π1D(ψ)1D(γ)1)c

= (π0δφ;ψγ , (π0D(φ)0δψ;γ, π1D(ψ)1D(γ)1)c)c

= (π0δφ;ψγ , (π1sδψ;γ, π1D(ψ)1D(γ)1)c)c

= (π0δφ;ψγ , π1(sδψ;γ, D(ψ)1D(γ)1)c)c

= (π0δφ;ψγ , π1(D(ψγ)1, tδψ;γ)c)c

= (π0δφ;ψγ , π1D(ψγ)1, π1tδψ;γ)c

We’re now ready to prove associativity of composition in D.

Proposition 85. Composition in D is associative.

Proof. The object of composable triples is given by pulling back the pullback pro-

jections ρ0, ρ1 : D2 → D1. Denote its canonical maps by ρ′0 and ρ′1 respectively. By

Definition 2 we have

D3
∼=

∐
(φ,ψ,γ)∈A3

Dφ;ψ;γ

where Dφ;ψ;γ is given by pulling back the projections p1 : Dφ;ψ → Dψ and p0 : Dψ;γ →
Dψ. More precisely, for any composable triple

W X Y Z
φ ψ γ

we have the following commuting diagram where the squares on the front and back

are all pullbacks.
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D3 D2 D1

Dφ;ψ;γ Dψ;γ Dγ D2 D1 D0

Dφ;ψ Dψ D0 D1 D0

Dφ D0

ρ01

ρ12

ρ0

ρ1

s
ιφ;ψ;γ

p01

p12

ιψ;γ

p1

ιγ

ρ0

ρ1

s

t

ιφ;ψ

p0

p1

ιψ
p0

tψ

sγ

t

tφ

ιφ
sψ

By the universal property of the coproduct D3, we have maps c01 and c12 which rep-

resent composing the first two and last two maps in a composable triple respectively.

These are uniquely determined on cofibers by the maps c′01 and c
′
12 respectively. The

following diagrams are pastings of commuting cubes that show how c′01 and c01 are

related. The coproduct inclusions from left to right are suppressed for readability

but are indicated with the bent dotted arrows.

D3 D2

Dφ;ψ;γ Dψ;γ D2 D2 D1

Dφ;ψ D(φψ);γ Dγ D1 D0

Dφψ D0

c01ρ01

ρ12
ρ1

ιφ;ψ;γ

c′01p01

p12
p1

c

ρ1

ρ0 s

cφ;ψ

ι(φψ);γ

p1

p0 sγ

t

tφψ

(c′01)

A similar diagram shows the relation between c′12 and c12 and in particular the

following squares commute by the universal property of D2.
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D3 D2

Dφ;ψ;γ Dφψ;γ

c01

ιφ;ψ;γ

c′01

ιφψ;γ

D3 D2

Dφ;ψ;γ Dφ;ψγ

c12

ιφ;ψ;γ

c′12

ιφ;ψγ

To show that composition is associative, we need to show that the front of the

commuting cube below commutes.

D3 D2

Dφ;ψ;γ Dφ;ψγ

D2 D1

Dφψ;γ Dφψγ

c12

c01

c

ιφ;ψ;γ

c′01

c′12

ιφ;ψγ

c

ιφψ;γ

cφψ;γ

ιφψγ

cφ;ψγ

We’ll use the universal property of the pullback Dφψγ . First notice that

D(φψ)γ = Dφψγ = Dφ(ψγ)

because of associativity in A. That is,

(φψ)γ = φ(ψγ)

so we drop the parentheses and just write φψγ for the triple composite in A without

loss of generality. On one hand by Lemma 81 we have

p01cπ0ιA = p01csφψ = p01p0sφ = p01p0π0ιA

and since ιA is monic,

p01cπ0 = p01p0π0. (*)

Now recall by the definition of cofiber composition we have

cφψ;γ = (p0π0, c
′
δ;φψ;γc) cφ;ψγ = (p0π0, c

′
δ;φ;ψγc)
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and so for the π0 projection we get:

c′01cφψ;γπ0 = c′01p0π0 Def. cφψ;γ

= p01cπ0 Dgm. (c′01)

= p01p0π0 Eq. ∗

= c′12p0π0 Dgm. (c′01)

= c′12cφ;ψγπ0 Def. cφ;ψγ

For the π1 projection we have the following calculation split up on separate lines for

readability. By definition of cφψ;γ:

c′01cφψ;γπ1 = c′01c
′
δ;φψ;γc

then by Lemma 82 the right-hand side is:

(p01p0π0δφψ;γ, p01c
′
δ;φ;ψcD(γ)1, p12p1π1)c

The definition of c′δ;φ;ψ says this is equal to

(p01p0π0δφψ;γ, p01(p0π0δφ;ψD(γ)1, p0π1D(ψ)1D(γ)1, p1π1D(γ)1)c, p12p1π1)c

which, by associativity of internal composition (and factoring out a p0 from the

pairing map into the object of composable paths of length 4, C4) is equal to

((p01p0π0δφψ;γ, p01p0(π0δφ;ψD(γ)1, π1D(ψ)1D(γ)1)c)c, p01p1π1D(γ)1, p12p1π1)c.

More associativity of internal composition and factoring p01p0 from the pairing map

being post-composing with internal composition gives

(p01p0(π0δφψ;γ, (π0δφ;ψD(γ)1, π1D(ψ)1D(γ)1)c)c, p01p1π1D(γ)1, p12p1π1)c

By associativity of internal composition and the definition of Dφ;ψ;γ this becomes:

(p01p0(π0δφψ;γ, π0δφ;ψD(γ)1, π1D(ψ)1D(γ)1)c, p12p0π1D(γ)1, p12p1π1)c
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By Lemma 84 this is equal to:

(p01p0(π0δφ;ψγ , π1D(ψγ)1, π1tδψ;γ)c, p12p1π1)c

By associativity of internal composition we get

(p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, p01p0π1tδψ;γ, p12p0π1D(γ)1, p12p1π1)c

and then by more associativity

(p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, (p01p0π1tδψ;γ, p12p0π1D(γ)1, p12p1π1)c)c

By definition of Dφ;ψ this becomes

(p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, (p01p1π0δψ;γ, p12p0π1D(γ)1, p12p1π1)c)c

and by definition of Dφ;ψ;γ we get

(p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, (p12p0π0δψ;γ, p12p0π1D(γ)1, p12p1π1)c)c

Factoring gives

(p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, p12(p0π0δψ;γ, p0π1D(γ)1, p1π1)c)cp12

and the definition of c′ψ;γ says this is equal to

(p01p0π0δφ;ψγ , p12p0π1D(γ)1, p01p0π1D(ψγ)1, p12(c
′
δ;(ψ;γ)q0, c

′
δ;(ψ;γq1, c

′
ψ;γq1)c)c

The definitions of Def. c′δ;ψ;γ and c′δ;(ψ;γ) imply the last term is equal to

(p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, p12(c
′
δ;ψ;γq01q0, c

′
δ;ψ;γq01q1, c

′
δ;ψ;γq12q1)c)c

and the definition of c′δ;ψ;γ makes it

(p01p0π0δφ;ψγ , p01p0π1D(ψγ)1, p12c
′
δ;ψ;γc)c
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By Lemma 83 this is equal to the left-hand side of the final equation

c′12c
′
δ;φ;ψγc = c′12cφ;ψγπ1

which follows from the definition of cφ;ψγ . Then the universal property of pullbacks

says

c′01cφψ;γ = c′12cφ;ψγ .

This shows composition is associative on cofibers/components of the coproduct. As-

sociativity of composition in D now follows by the universal property of the coproduct

D3.

A.2 Lemmas for 1-cells of the Canonical Lax Transformation

The following are technical lemmas used in Section 3.3 of Chapter 3.

Lemma 86. For any A ∈ A0:

(q0(ℓA)
′
1,q1(ℓA)

′
1)c1A;1A = c(ℓA)

′
1

Proof. First compute the 0’th projection:

(q0(ℓA)
′
1,q1(ℓA)

′
1)c1A;1Aπ0 = (q0(ℓA)

′
1,q1(ℓA)

′
1)p0π0 Def.

= q0(ℓA)
′
1π0 Def.

= q0s Def. (ℓA)
′
1

= cs Def. c

= c(ℓA)
′
1π0 Def. (ℓA)

′
1

For the first projection we break up equalities on separate lines and provide justifica-

tion for each step in between once again for readability. Starting with the equation,

(q0(ℓA)
′
1,q1(ℓA)

′
1)c1A;1Aπ1 = (q0(ℓA)

′
1,q1(ℓA)

′
1)c

′
δ;1A;1A

c,
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the right-hand side is equal to

(q0sδ1A;1A , q0(sδA, 1D(A)1)cD(1A)1 , q1(sδA, 1D(A)1)c)c

by definition of c′1A;1A . By functoriality of D(1A) the last term is equal to

(q0sδ1A;1A , q0(sδAD(1A)1, D(1A)1)c, q1(sδA, 1D(A)1)c)c

which, by associativity of internal composition, is equal to

(q0sδ1A;1A , q0sδAD(1A)1, (q0D(1A)1, q1sδA)c, q1)c.

The definition of D(A)2 makes this equal to

(q0sδ1A;1A , q0sδAD(1A)1, (q0D(1A)1, q0tδA)c, q1)c

which, by factoring maps with respect to pairing maps, is equal to

(q0sδ1A;1A , q0sδAD(1A)1, q0(D(1A)1, tδA)c, q1)c.

Naturality of δA makes this equal to

(q0sδ1A;1A , q0sδAD(1A)1, q0(sδA, 1D(A)1)c, q1)c

and by associativity we get

(q0sδ1A;1A , (q0sδAD(1A)1, q0sδA)c, q0, q1)c.

Factoring with respect to pairing maps gives

(q0sδ1A;1A , q0s(δAD(1A)1, δA)c, q0, q1)c

and associativity then gives

((q0sδ1A;1Aq0sδAD(1A)1)c, q0sδA, q0, q1)c.

By factoring again we get

(q0s(δ1A;1A , δAD(1A)1)c, q0sδA, q0, q1)c
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and by coherence of the structure isomorphisms for the pseudofunctor D this becomes

(q0seA, q0sδA, q0, q1)c.

By associativity of internal composition we have equality with

(q0s(eA, δA)c, q0, q1)c

and by factoring with pairing maps we get equality with

(q0s(1D(A)0 , δA)(eA, 1D(A)1)c, q0, q1)c]

The identity law in D(A) makes the last term equal to

(q0s(1D(A)0 , δA)p1, q0, q1)c

and by definition of the pullback projections we get

(q0sδA, q0 , q1)c

Definition of internal composition gives equality with

(csδA, q0 , q1)c

and associativity gives

(csδA, (q0, q1)c)c.

The universal property of the pullbacks D(A)2 make this equal to

(csδA, 1D(A)2c)c

which becomes the left-hand side of the final equality:

c(sδA, 1D(A)1)c = c(ℓA)
′
1π1

The result follows by the universal property of the pullback Dφ.
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A.3 Lemmas for 2-cells of the Canonical Lax Transformation

Lemma 87.

((ℓA)
′
1ι1A , t(1D(A)0 , D(φ)0eB)ιφ) = ((ℓA)

′
1 , t(1D(A)0 , D(φ)0eB))ι1A;φ

Proof. By the universal property of D2 it suffices to compute

((ℓA)
′
1 , t(1D(A)0 , D(φ)0eB))ι1A;φρ0 = ((ℓA)

′
1 , t(1D(A)0 , D(φ)0eB))p0ι1A

= (ℓA)
′
1ι1A

and

((ℓA)
′
1 , t(1D(A)0 , D(φ)0eB))ι1A;φρ1 = ((ℓA)

′
1 , t(1D(A)0 , D(φ)0eB))p1ιφ

= t(1D(A)0 , D(φ)0eB)ιφ.

Notice the following computation contains the first functoriality argument for the

naturality proof above in the case E = Set.

Lemma 88.

((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))c

′
δ;1A;φ

= (sδ1A;φ, (sδAD(φ)1, D(φ)1)c, teAD(φ)1)

Proof. By the universal property of D(B)3 it suffices to check three equalities. First

we have

((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))c

′
δ;1A;φ

q01q0 = ((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))p0π0δ1A;φ

= (ℓA)
′
1π0δ1A;φ

= sδ1A;φ

where the first equality is by definition of c′δ;1A;φ, the second line is by definition of

the pullback projection, p0, and the third line is by definition of (ℓA)
′
1. Second,



240

((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))c

′
δ;1A;φ

q01q1 = ((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))p0π1D(φ)1

= (ℓA)
′
1π1D(φ)1

= (sδA, 1D(A)1)cD(φ)1

= (sδAD(φ)1, D(φ)1)c

where the first line is by definition of c′δ;1A , the second line is by definition of the

pullback projection p0 and the pairing map it is precomposed with, the third line is

be definition of (ℓA)
′
1, and the last line is by functoriality of D(φ). Finally we can

see

((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))c

′
δ;1A;φ

q12q1 = ((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))c

′
1A;φ

q1

= ((ℓA)
′
1, t(1D(A)0 , D(φ)0eB))p1π1

= t(1D(A)0 , D(φ)0eB)π1

= tD(φ)0eB

= teAD(φ)1

= D(φ)1

where the first line is by definition of c′δ;1A;φ, the second line is by definition of c′1A;φ,

the third line is by definition of the pullback projection p1, the third line is by

definition of the pullback projection p1, the fourth line is by functoriality of D(φ)

and the last line is by definition of the identity structure map, eA, of D(A).

The previous calculation is an intermediate step for the following lemma which we

use in our naturality computation at the end of this subsection.

Lemma 89.

((ℓA)
′
1 , t(1D(A)0 , D(φ)0eB))c1A;φ = (s, (sδ1A;φ, sδAD(φ)1, D(φ)1)c)

Proof. By the universal property ofDφ it suffices to compute the pullback projections

and check that they’re equal. First we can see



241

((ℓA)
′
1 , t(1D(A)0 , D(φ)0eB))c1A;φπ0 = ((ℓA)

′
1 , t(1D(A)0 , D(φ)0eB))p0π0

= (ℓA)
′
1π0

= s

by definition of the pullback projections, p0 and π0, and the map (ℓA)
′
1. Next we can

see

((ℓA)
′
1 , t(1D(A)0 , D(φ)0eB))c1A;φπ1

= ((ℓA)
′
1 , t(1D(A)0 , D(φ)0eB))c

′
δ′1A;φ

c

= (sδ1A;φ, (sδAD(φ)1, D(φ)1)c, teAD(φ)1)c

= (sδ1A;φ, sδAD(φ)1, (D(φ)1, teAD(φ)1)c)c

= (sδ1A;φ, sδAD(φ)1, (1D(A)1 , teA)cD(φ)1)c

= (sδ1A;φ, sδAD(φ)1, (1D(A)1 , t)(p0, p1eA)cD(φ)1)c

= (sδ1A;φ, sδAD(φ)1, (1D(A)1 , t)p0D(φ)1)c

= (sδ1A;φ, sδAD(φ)1, D(φ)1)c.

where the first line is by definition of c1A;φ, the second line is by Lemma 88, the

third line is by associativity of composition, the fourth line is by functoriality of

D(φ), the fifth line is given by factoring a pairing map, the sixth line is coming from

the identity law in D(A), and the last line is by definition of the pullback projection

p0.

The remaining lemmas are side calculations that show different ways of representing

internal compositions involving certain pairing maps. We used them to prove results

about the 1-cells of the canonical lax natural transformation, ℓ.

Lemma 90. The cofiber composition, D(A)0 → Dφ, given by the term

(s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))c

′
δ;φ;1B

is equal to

(sδφ;1B , seAD(φ)1D(1B)1, D(φ)1(ℓB)
′
1π1)
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Proof. By the universal property of D(B)3, it suffices to check the three projections

D(B)3 → D(B)1. First we have

(s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))c

′
δ;φ;1B

q01q0

= (s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))p0π0δφ;1B

= s(1D(A)0 , eAD(φ)1)π0δφ;1B

= sδφ;1B ,

Second we have

(s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))c

′
δ;φ;1B

q12q0

= (s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))p0π1D(1B)1

= s(1D(A)0 , eAD(φ)1)π1D(1B)1

= seAD(φ)1D(1B)1 ,

and finally

(s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))c

′
δ;φ;1B

q12q1

= (s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))p1π1

= (sD(φ)0, D(φ)1(ℓB)
′
1π1)π1

= D(φ)1(ℓB)
′
1π1

.

Lemma 91. The pairing map

(s, (sδφ;1B , sD(φ)0eBD(1B)1, sD(φ)0δB, D(φ)1(ℓB)
′
1π1)c)

is equal to the cofiber composition

(s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))cφ;1B
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Proof. By the universal property of Dφ, it suffices to check that

(s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))cφ;1Bπ0

= (s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))p0π0

= s(1D(A)0 , eAD(φ)1)π0

= s1D(A)0

= s

and by Lemma 90 and functoriality of D(φ) we have

(s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))cφ;1Bπ1

= (s(1D(A)0 , eAD(φ)1), (sD(φ)0, D(φ)1(ℓB)
′
1π1))c

′
δ;φ;1B

c

= (sδφ;1B , seAD(φ)1D(1B)1, D(φ)1(ℓB)
′
1π1)c

= (sδφ;1B , sD(φ)0eBD(1B)1, D(φ)1(ℓB)
′
1π1)c

.

Lemma 92.

(s(1D(A)0 , eAD(φ)1), D(φ)1(ℓB)
′
1)ιφ;1B = (s(1D(A)0 , eAD(φ)1)ιφ, D(φ)1(ℓB)

′
1ι1B)

Proof. By the universal property of D2, it suffices to check

(s(1D(A)0 , eAD(φ)1), D(φ)1(ℓB)
′
1)ιφ;1Bρ0 = (s(1D(A)0 , eAD(φ)1), D(φ)1(ℓB)

′
1)p0ιφ

= s(1D(A)0 , eAD(φ)1)ιφ

and

(s(1D(A)0 , eAD(φ)1), D(φ)1(ℓB)
′
1)ιφ;1Bρ1 = (s(1D(A)0 , eAD(φ)1), D(φ)1(ℓB)

′
1)p1ι1B

= D(φ)1(ℓB)
′
1ι1B



Appendix B

Internal Category of Fractions

B.1 Defining Span Composition on Representatives

This appendix consists of technical lemmas which are really just computations used in

the proof of Lemma 40 in Chapter 4. We use these to define the composition structure

of the internal category of fractions and prove it forms an internal category. They

are heavily dependant on their context in that lemma so we restate the beginning of

that proof and include the diagrams of covers that define the lifts from the fractions

axioms being referred to in the lemmas.

First, pullbacks of u : U → spn ×t s spn are taken along p20 and p21 to get two

covers of sb ×t s sb that witness composition of the sailboat projections, p20 and p21:

Ū0 U Ū1

sb ×t s sb spn ×t s spn sb ×t s sb

/

ū0

π1

/ u / ū1

π1

p20 p21

(1)

A refinement

Ū Ū1

Ū0 sb ×t s sb

π0

π1

/
ū

/ ū1

/
ū0

(2)

is given by a pullback of ū0 and ū1 and provides us with a common cover domain

for the cover. Next we need to describe composition for the intermediate pair of

composable spans:  ·

· · · · ·
◦

◦


The following figure shows the construction of three different composites being con-

structed.

244
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·

· ·

· · ·

· · · · ·

·

·

◦ ◦
◦ ◦◦

◦

◦

◦
◦

◦

(A)

We define composition for this intermediate span similarly to how we defined σ◦. This

could actually have been done by taking a pullback of the cover, u : U → spn ×t s spn,

witnessing span composition in general and finding a common refinement for this with

the previous refinement. The same result holds either way. Denote the comparison

pair of composable spans by γ and define it by the universal property in the following

pullback diagram.

Ū sb ×t s sb spn ×t s spn

sb ×t s sb spn ×t s spn spn

spn ×t s spn spn C0

/

ū

/ ū

γ

p21

π1

p20 π0

π1

s

π0 t

(3)

The following diagram of covers shows how the intermediate composite span is con-

structed for γ.

W◦ W ×C0 W

Ũ Ũ0 Ū

spn W□ C1 ×t wtW

(π0π1,π0π2)

σ1σγσ0

ωγ

/
ũ0

θγ

(θγπ0π0,ũ1γπ0π0)

/
ũ1

(γπ0π1,γπ1π0)

(π0π1,π1π1)

(⋆)
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The left and right curved arrows, σ0 and σ1, into spn in the bottom left corner are

defined by applying the composite of spans, σ◦, to the composable spans given by

applying p20 and p
2
1 to the pair of composable sailboats. Since σ◦ is only defined on U

we need to pass through the appropriate cover. The colours in the previous diagram

and following equations indicate which of the three different span compositions in

Figure (A) the arrows in the following equations are witnessing.

σ0 = ũπ0π1σ◦

= ũπ0π1
(
ωπ1, (ωπ0π0,u0θπ1π0,uπ1π1)c

) (B.1)

and

σ1 = ũπ1π1σ◦

= ũπ1π1
(
ωπ1, (ωπ0π0,u0θπ1π0,uπ1π1)c

)
.

(B.2)

The arrow into spn on the bottom left side of the cover diagram is the universal map

σγ =
(
ωγπ1,(ωγπ0π0,ũ

′θγπ1π0,ũūp
2
1π1π1)c

)
.

The data necessary to construct witnessing sailboats for the equivalences between the

pairs of spans σ0, σ1, and σγ can be obtained by applying the Ore condition, followed

by the diagram-extension twice, and then weak composition three times. Internally

this corresponds to a chain of six covers and lifts. All of this is color-coded below

using olive and brown for the Ore condition and cyan and violet for the zippering and

weak composition step(s) that follow. Note that in both cases the first zippering is

done to parallel pairs of composites that can be post-composed by the left leg of the

bottom left span. The second zipper is done to parallel pairs of composites that can

be post-composed with the left leg of the bottom right span in the pair of composale

sailboats. Weak composition is then applied three times in to get comparison spans,

σ0,γ and σ1,γ, whose left legs are in W .
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· · · ·

·

·

· · ·

· · ·

· · · · · · · ·

· ·

· ·

·

◦ ◦
◦◦

◦

◦◦
◦◦

◦
◦

◦
◦

◦

◦

◦

◦

◦

◦

◦

◦

◦

(B)

The corresponding diagrams of covers and lifts which witness the arrows in the Ore

squares and zippering in Diagram B are:

P(C) Pcq(C)

Û3 Û4 Û5 Ũ

P(C) Pcq(C) W□ C1 ×t wtW

π1

/
û3

δρ0δρ1

/
û4

δλ0δλ1

ρ0ρ1

/
û5

θγ0θγ1

λ0λ1

(σ1π0w,σγπ0) (σ0π0w,σγπ0)

π1 (π0π1,π1π1)

(⋆⋆)

The covers, û2, û1, and û0, witness three applications of weak composition in each

case as seen in the following continued sequence of covers:



248

W◦ W ×C0 W W◦ W ×C0 W

Û Û1 Û2 Û3

sb W◦ W ×C0 W

(π0π1,π0π2) (π0π1,π0π2)

/
û0

ω0,0ω1,0

/
û1

ω′
0,0ω′

1,0

ω0,1ω1,1

/
û2

ω0,2ω1,2

ω′
1,1 ω′

0,1

ω′
0,2ω′

1,2

(π0π1,π0π2)

(⋆ ⋆ ⋆)

The following lemmas refer to the labeled diagrams and equations above.

Lemma 93. The maps

Û P (C) ×t wsW
λ′0

λ′1

are defined in a similar fashion to δ′0 in Lemma 37, namely by descending through

the preceeding covers and expanding both sides of the Ore-square equations witnessed.

Proof. To define λ′0 we expand both sides of the Ore-square equation

(
θγ0π0π0w , σγ0π0π1

)
c =

(
θγ0π1π0w , σγ0π1π1w

)
c

On the left-hand side we have

(
θγ0π0π0w , σγ0π0π1

)
c

=
(
θγ0π0π0w , û5σ0π0w

)
c

=
(
θγ0π0π0w , û5ũπ0π1σπ0w

)
c

=
(
θγ0π0π0w , û5ũπ0π1ωπ1w

)
c

=
(
θγ0π0π0w , û5ũπ0π1ωπ1w

)
c

=
(
θγ0π0π0w , û5ũπ0π1(ωπ0π0 , u0θπ0π0w , uπ0π0w)c

)
c

=
(
θγ0π0π0w , (û5ũπ0π1ωπ0π0 , û5ũπ0π1u0θπ0π0w , û5ũπ0π1uπ0π0w)c

)
c

=
(
θγ0π0π0w , û5ũπ0π1ωπ0π0 , û5ũπ0π1u0θπ0π0w , û5ũπ0π1uπ0π0w

)
c

=
(
θγ0π0π0w , û5ũπ0π1ωπ0π0 , û5ũπ0π1u0θπ0π0w , û5ũπ0π0p

2
0π0π0w

)
c

=
(
(θγ0π0π0w , û5ũπ0π1ωπ0π0 , û5ũπ0π1u0θπ0π0w)c , û5ũπ0π0p

2
0π0π0w

)
c

(B.3)
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and on the right we have

(
θγ0π1π0w , σγ0π1π1w

)
c

=
(
θγ0π1π0w , û5σγπ0w

)
c

=
(
θγ0π1π0w , û5ωγπ1w

)
c

=
(
θγ0π1π0w , û5(ωγπ0π0 , ωγπ0π1w , ωγπ0π2w)c

)
c

=
(
θγ0π1π0w , û5(ωγπ0π0 , ũ

′θγπ0π0w , ũγπ0π0w)c
)
c

=
(
θγ0π1π0w , û5(ωγπ0π0 , ũ

′θγπ0π0w , ũπ0π1uπ0π0w)c
)
c

=
(
θγ0π1π0w , û5(ωγπ0π0 , ũ

′θγπ0π0w , ũπ0π0p
2
0π0π0w)c

)
c

= θγ0π1π0w , û5(ωγπ0π0 , ũ
′θγπ0π0w , ũπ0π0p

2
0π0π0w)c

)
c

= θγ0π1π0w , û5ωγπ0π0 , û5ũ
′θγπ0π0w , û5ũπ0π0p

2
0π0π0w

)
c

=
(
(θγ0π1π0w , û5ωγπ0π0 , û5ũ

′θγπ0π0w)c , û5ũπ0π0p
2
0π0π0w

)
c

. (B.4)

The last lines in equations (1) and (2) uniquely determine λ′0 by

λ′0π1 = û5ũπ0π0p
2
0π0π0w

λ′0π0π0 = (θγ0π0π0w , û5ũπ0π1ωπ0π0 , û5ũπ0π1u0θπ0π0w)c

λ′0π0π1 = (θγ0π1π0w , û5ωγπ0π0 , û5ũ
′θγπ0π0w)c

The map λ′1 is similarly determined by expanding both sides of the Ore-square equa-

tion:

(
θγ1π0π0w , σγ1π0π1

)
c =

(
θγ1π1π0w , σγ1π1π1w

)
c

On the left-hand side we get
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(
θγ1π0π0w, σγ1π0π1

)
c

=
(
θγ1π0π0w, û5σ1π0w

)
c

=
(
θγ1π0π0w, û5ũπ1π1σπ0w

)
c

=
(
θγ1π0π0w, û5ũπ1π1ωπ1w

)
c

=
(
θγ1π0π0w, û5ũπ1π1ωπ1w

)
c

=
(
θγ1π0π0w,

û5ũπ1π1(ωπ0π0, u0θπ0π0w, uπ0π0w)c
)
c

=
(
θγ1π0π0w,

(û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w, û5ũπ1π1uπ0π0w)c
)
c

=
(
θγ0π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w, û5ũπ1π1uπ0π0w

)
c

=
(
θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w, û5ũπ1π0p

2
1π0π0w

)
c

=
(
(θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w)c,

û5ũπ1π0p
2
1π0π0w

)
c

=
(
(θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w)c,

û5ũπ1π0π0π0π1w
)
c

=
(
(θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w)c,

û5ũūπ0π0π1w
)
c

=
(
(θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w)c,

(û5ũūπ0π0π0π0, û5ũūπ0π0π0π1w)c
)
c

=
(
(θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w, û5ũūπ0π0π0π0)c,

û5ũūπ0π0π0π1w
)
c

=
(
(θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w, û5ũūπ0π0π0π0)c,

û5ũπ0π0π0π0π0π1w
)
c

=
(
(θγ1π0π0w, û5ũπ1π1ωπ0π0, û5ũπ1π1u0θπ0π0w, û5ũūπ0π0π0π0)c,

û5ũπ0π0p
2
0π0π0w

)
c

(B.5)

and on the right-hand side we have



251

(
θγ1π1π0w , σγ1π1π1w

)
c

=
(
θγ1π1π0w , û5σγπ0w

)
c

=
(
θγ1π1π0w , û5ωγπ1w

)
c

=
(
θγ1π1π0w , û5(ωγπ0π0 , ωγπ0π1w , ωγπ0π2w)c

)
c

=
(
θγ1π1π0w , û5(ωγπ0π0 , ũ

′θγπ0π0w , ũγπ0π0w)c
)
c

=
(
θγ1π1π0w , û5(ωγπ0π0 , ũ

′θγπ0π0w , ũπ0π1uπ0π0w)c
)
c

=
(
θγ1π1π0w , û5(ωγπ0π0 , ũ

′θγπ0π0w , ũπ0π0p
2
0π0π0w)c

)
c

=
(
θγ1π1π0w , û5(ωγπ0π0 , ũ

′θγπ0π0w , ũπ0π0p
2
0π0π0w)c

)
c

=
(
θγ1π1π0w , û5ωγπ0π0 , û5ũ

′θγπ0π0w , û5ũπ0π0p
2
0π0π0w

)
c

=
(
(θγ1π1π0w , û5ωγπ0π0 , û5ũ

′θγπ0π0w)c , û5ũπ0π0p
2
0π0π0w

)
c

(B.6)

The last lines of equations (3) and (4) uniquely determine the λ′1 by

λ′1π1 = û5ũπ0π0p
2
0π0π0,

λ′1π0π0 = (θγ1π0π0w , û5ũπ1π1ωπ0π0 , û5ũπ1π1u0θπ0π0w , û5ũūπ0π0π0π0)c,

λ′1π0π1 = (θγ1π1π0w , û5ωγπ0π0 , û5ũ
′θγπ0π0w)c

Lemma 94. The equation

(ρ′0π0π0, ρ
′
0π1)c = (ρ′0π0π1, ρ

′
0π1)c

holds.

Proof. This follows from equality between the first and last lines in the following

straightforward but tedious calculation. We repeatedly use associativity for internal

composition in C along with the definitions of the arrows and objects in Diagrams

(⋆), (⋆⋆), and ⋆ ⋆ ⋆) of Lemma 40 in this calculation.
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(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0, û4;5ũūπ1π0π0π0)c,

û4;5ũūp
2
0π1π0w

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

(û4;5ũūπ1π0π0π0, û4;5ũūp
2
0π1π0w)c

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

(û4;5ũūπ1π0π0π0, û4;5ũūπ1π0π0π1w)c
)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

û4;5ũūπ1π0π1w
)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ1π0, û4;5ũūπ1π0π1w)c

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ1π0, û4;5ũūp

2
1π1π0w)c

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ0π0w, û4;5ũūp

2
0π0π1)c

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ0π0w, û4;5ũūp

2
0π0π1)c

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ0π0w)c,

û4;5ũūp
2
0π0π1

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π0π0, û4;5ũπ0π1ωπ0π0, û4;5ũπ0π1u0θπ0π0w)c,

û4;5ũūp
2
0π0π1

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π0π0, û4;5ũπ0π1ωπ0π0)c,

(û4;5ũπ0π1u0θπ0π0w, û4;5ũūp0π0π1)c
)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π0π0, û4;5ũπ0π1ωπ0π0)c,

(û4;5ũπ0π1u0θπ1π0, û4;5ũūp
2
0π1π0w)c

)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π0π0, û4;5ũπ0π1ωπ0π0, û4;5ũπ0π1u0θπ1π0)c,

û4;5ũūp
2
0π1π0w

)
c.

uniquely determine the map ρ′0, for which
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ρ′0π1 = û4;5ũūp
2
0π1π0

and ρ′0π0 is the parallel pair with components

ρ′0π0π0 = (δλ0π0ιeqπ0w, û4ωγ0π1π0, û4;5ωγπ0π0, û4;5ũ
′θγπ1π0, û4;5ũūπ1π0π0π0)c

and

ρ′0π0π1 = (δλ0π0ιeqπ0w, û4ωγ0π0π0, û4;5ũπ0π1ωπ0π0, û4;5ũπ0π1u0θπ1π0)c.

This means that the first and last terms of the calculation above precisely says

(ρ′0π0π0, ρ
′
0π1)c = (ρ′0π0π1, ρ

′
0π1)c.

Lemma 95. The equation

(ρ′1π0π0, ρ
′
1π1)c = (ρ′1π0π1, ρ

′
1π1)c

holds.

Proof. This follows from the first and last lines of the following computation which

is saimilar to the one in Lemma 94:
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(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0, û4;5ũūπ1π0π0π0)c,

û4;5ũūp
2
0π1π0w

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

(û4;5ũūπ1π0π0π0, û4;5ũūp
2
0π1π0w)c

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

(û4;5ũūπ1π0π0π0, û4;5ũūπ1π0π0π1w)c
)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

û4;5ũūπ1π0π1w
)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ1π0, û4;5ũūπ1π0π1w)c

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ1π0, û4;5ũūp

2
1π1π0w)c

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ0π0w, û4;5ũūp

2
0π0π1)c

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ0π0w, û4;5ũūp

2
0π0π1)c

)
c

This calculation continues below, we just had to separate because it wouldn’t fit on
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one page. (
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0)c,

(û4;5ũ
′θγπ0π0w, û4;5ũūp

2
0π0π1)c

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ0π0w)c,

û4;5ũūp
2
0π0π1

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0,

û4;5ũπ1π1u0θπ0π0w, û4;5ũūπ0π0π0π0)c,

û4;5ũūp
2
0π0π1

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ0π0w)c,

(û4;5ũūπ0π0π0π0, û4;5ũūp
2
0π0π1)c

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ0π0w)c,

û4;5ũūp
2
1π0π1

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0)c,

(û4;5ũπ1π1u0θπ1π0, û4;5ũūp
2
1π1π0w)c

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ1π0)c,

û4;5ũūp
2
1π1π0w

)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ1π0)c,

(û4;5ũūπ1π0π0π0, û4;5ũūπ1π0π0π1w)c
)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0,

û4;5ũπ1π1u0θπ1π0, û4;5ũūπ1π0π0π0)c,

û4;5ũūπ1π0π0π1w
)
c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0,

û4;5ũπ1π1u0θπ1π0, û4;5ũūπ1π0π0π0)c,

û4;5ũūp
2
0π1π0w

)
c.

Unsurprisingly we get the same coequalizing arrow in W for ρ′1 as for ρ′0

ρ′1π1 = û4;5ũūp
2
0π1π0

and the parallel pair ρ′1π0 is given by the pair of components
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ρ′1π0π0 = (δλ1π0ιeqπ0w, û4ωγ1π1π0, û4;5ωγπ0π0, û4;5ũ
′θγπ1π0, û4;5ũūπ1π0π0π0)c

and

ρ′0π0π1 = (δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0,

û4;5ũπ1π1u0θπ1π0, û4;5ũūπ1π0π0π0)c

The first and last terms of the big equation above being equal then reduces to

(ρ′1π0π0, ρ
′
1π1)c = (ρ′1π0π1, ρ

′
1π1)c.

Lemma 96. There is a unique map σ0,γ : Û → spn determined by

σ0,γπ0 = ω0,0π1

σ0,γπ1 = (ω0, û0;4θγ0π0π0, ûσ0π1)c

= (ω0, û0;4θγ0π1π0 , ûσγπ1)c

where ω0 : Û → W◦ is defined by

ω0 = (ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π1)c

Proof. First, by definition of W◦ we have

ω0s = ω0,0π0π0s = ω0,0π1s =

showing that ω0,γ : Û → spn is well-defined. Now let ω′
0 : Û → C1 be defined by

ω′
0 = (ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π0π0)c.

By definition of W◦, ω0, and ω
′
0 we have
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ω0 = (ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π1)c

= (ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π0π0, û0;2ω
′
0,2c)c

= (ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π0π0, û0;2δρ0π0ιeqπ0, û0;3δλ0π0ιeqπ0)c

=
(
(ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π0π0, û0;2δρ0π0ιeqπ0)c, û0;3δλ0π0ιeqπ0

)
c

=
(
ω′
0, û0;2(δρ0π0ιeqπ0, û3δλ0π0ιeqπ0)c

)
c

(B.7)

Notice that by definition of σ0 and ρ′0π0π1 and the refinement of covers ū : Ū →
sb ×t s sb, we have

(ρ′0π0π1, û4;5ũūp
2
0π1π1)c

=
(
(δλ0π0ιeqπ0w, û4θγ0π0π0, û4;5ũπ0π1ωπ0π0, û4;5ũπ0π1u0θπ1π0)c,

û4;5ũπ0π1uπ1π1
)
c

=
(
δλ0π0ιeqπ0w, û4θγ0π0π0,

(û4;5ũπ0π1ωπ0π0, û4;5ũπ0π1u0θπ1π0, û4;5ũπ0π1uπ1π1)c
)
c

=
(
δλ0π0ιeqπ0w, û4θγ0π0π0, û4;5σ0π1

)
c

(B.8)

and similarly by definition of σγ and ρ′0π0π0

(ρ′0π0π0, û4;5ũ
′θγπ1π0)c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0 , û4;5ωγπ0π0, û4;5ũ

′θγπ1π0, û4;5ũūπ1π0π0π0)c,

û4;5ũπ0π1uπ1π1
)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0 , û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

(û4;5ũūπ1π0π0π0, û4;5ũπ0π1uπ1π1)c
)
c

=
(
(δλ0π0ιeqπ0w, û4θγ0π1π0 , û4;5ωγπ0π0, û4;5ũ

′θγπ1π0)c,

û4;5ũūp1π1π1
)
c

=
(
δλ0π0ιeqπ0w, û4θγ0π1π0 ,

(û4;5ωγπ0π0, û4;5ũ
′θγπ1π0, û4;5ũūp1π1π1)c

)
c

=
(
δλ0π0ιeqπ0w, û4θγ0π1π0 , û4;5σγπ1

)
c.

(B.9)

Also notice since P(C) is a pullback of Peq(C) and Pcq(C) over the object of parallel
pairs in C, P (C), we have



258

δρ0π0ιeqπ1 = δρ0π1ιceqπ0

= û3ρ0ιceqπ0

= û3ρ
′
0π0

and then by definition of Peq(C) the composable pairs

δρ0π0ιeq(π0, π1π0) = (δρ0π0ιeqπ0, δρ0π0ιeqπ1π0) = (δρ0π0ιeqπ0, û3ρ
′
0π0π0)

and

δρ0π0ιeq(π0, π1π1) = (δρ0π0ιeqπ0, δρ0π0ιeqπ1π1) = (δρ0π0ιeqπ0, û3ρ
′
0π0π1)

are equal after post-composing with the composition structure map in C, c : mC2 →
C1:

(δρ0π0ιeqπ0, û3ρ
′
0π0π0)c = (δρ0π0ιeqπ0, û3ρ

′
0π0π1)c (B.10)

Associativity of composition and equations (B.7); (B.8); (B.9); and (B.10), allow us

to see

(ω0, û0;4θγ0π0π0, ûσ0π1)c =
(
ω′
0, û0;2δρ0π0ιeqπ0,

û0;3(δλ0π0ιeqπ0w, û4θγ0π0π0, û4;5σ0π1)c
)
c

=
(
ω′
0, û0;2δρ0π0ιeqπ0,

û0;3(ρ
′
0π0π1, û4;5ũπ0π1uπ1π1)c)c

=
(
ω′
0, û0;2(δρ0π0ιeqπ0, û3ρ

′
0π0π1)c,

û0;5ũπ0π1uπ1π1
)
c

=
(
ω′
0, û0;2(δρ0π0ιeqπ0, û3ρ

′
0π0π0)c,

û0;5ũπ0π1uπ1π1
)
c

=
(
(ω′

0, û0;2δρ0π0ιeqπ0)c,

û0;3(ρ
′
0π0π0, û4;5ũπ0π1uπ1π1)c

)
c

=
(
(ω′

0, û0;2δρ0π0ιeqπ0)c,

û0;3(δλ0π0ιeqπ0w, û4θγ0π1π0, û4;5σγπ1)c
)
c

= (ω0, û0;4θγ0π1π0 , ûσγπ1)c
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Lemma 97. There is a unique map σ1,γ : Û → spn determined by

σ1,γπ0 = ω1,0π1

σ1,γπ1 = (ω1, û0;4ωγ1π0π0, ûσ1π1)c

=
(
ω1, û0;4ωγ1π1π0, ûσγπ1

)
c

where ω1 : Û → W◦ is defined by

ω1 = (ω1,0π0π0, û0ω1,1π0π0, û0;1ω1,2π1)c

Proof. Similarly define

ω′
1 = (ω1,0π0π0, û0ω1,1π0π0, û0;1ω1,2π0π0)c

and we have:

ω1 = (ω1,0π0π0, û0ω1,1π0π0, û0;1ω1,2π1)c

= (ω1,0π0π0, û0ω1,1π0π0, û0;1ω1,2π0π0, û0;2δρ1π0ιeqπ0, û0;3δλ1π0ιeqπ0)c

=
(
ω′
1, û0;2(δρ1π0ιeqπ0, û3δλ1π0ιeqπ0)c

)
c.

By definition of σ1 and ρ′1π0π1:
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(ρ′1π0π1, û4;5ũūp
2
0π1π1)c

=
(
(δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ1π0, û4;5ũūπ1π0π0π0)c,

û4;5ũūp
2
0π1π1

)
c

=
(
δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ1π0,

(û4;5ũūπ1π0π0π0, û4;5ũūp
2
0π1π1)c

)
c

=
(
δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5ũπ1π1ωπ0π0, û4;5ũπ1π1u0θπ1π0, û4;5ũūp

2
1π1π1

)
c

=
(
δλ1π0ιeqπ0w, û4θγ1π0π0,

û4;5(ũπ1π1ωπ0π0, ũπ1π1u0θπ1π0, ũπ1π0p
2
1π1π1)c

)
c

=
(
δλ1π0ιeqπ0w, û4θγ1π0π0,

û4;5(ũπ1π1ωπ0π0, ũπ1π1u0θπ1π0, ũπ1π1uπ1π1)c
)
c

=
(
δλ1π0ιeqπ0w, û4θγ1π0π0, û4;5σ1π1

)
c

(B.11)

Similarly by definition of σγ and ρ′1π0π0:

(ρ′1π0π0, û4;5ũūp
2
0π1π1)c

=
(
(δλ1π0ιeqπ0w, û4ωγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0, û4;5ũūπ1π0π0π0)c,

û4;5ũūp
2
0π1π1

)
c

=
(
δλ1π0ιeqπ0w, û4ωγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0,

(û4;5ũūπ1π0π0π0, û4;5ũūp
2
0π1π1)c

)
c

=
(
δλ1π0ιeqπ0w, û4ωγ1π1π0, û4;5ωγπ0π0, û4;5ũ

′θγπ1π0, û4;5ũūp
2
1π1π1

)
c

=
(
δλ1π0ιeqπ0w, û4ωγ1π1π0,

û4;5(ωγπ0π0, ũ
′θγπ1π0, ũūp

2
1π1π1)c

)
c

=
(
δλ1π0ιeqπ0w, û4ωγ1π1π0, û4;5σγπ1

)
c

(B.12)

Since P(C) is a pullback of Peq(C) and Pcq(C) over the object of parallel pairs in C,
P (C),
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δρ1π0ιeqπ0 = δρ1π1ιceqπ0

= û3ρ1ιceqπ0

= û3ρ
′
1π0

By definition of Peq(C) the composable pairs

δρ1π0ιeq(π0, π1π0) = (δρ1π0ιeqπ0, δρ1π0ιeqπ1π0) = (δρ1π0ιeqπ0, û3ρ
′
1π0π0)

and

δρ1π0ιeq(π0, π1π1) = (δρ1π0ιeqπ0, δρ1π0ιeqπ1π1) = (δρ1π0ιeqπ0, û3ρ
′
1π0π1).

are coequalized (in E) by the composition structure map of C. This implies

(δρ1π0ιeqπ0, û3ρ
′
1π0π0)c = (δρ1π0ιeqπ0, û3ρ

′
1π0π1)c (B.13)

Now the span

σ1,γ = (ω0,1π1, σ1,γπ1)

is well-defined because

ω1,0π1ws = ω1,0π0π0s

where the right leg, σ1,γπ1, is given by the composite
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(ω1, û0;4ωγ1π0π0, ûσ1π1)c =
(
ω′
1, û0;2δρ1π0ιeqπ0,

û0;3(δλ1π0ιeqπ0, û4ωγ1π0π0, û4;5σ1π1)c
)
c

=
(
ω′
1, û0;2δρ1π0ιeqπ0,

û0;3(ρ
′
1π0π1, û4;5ũūp

2
0π1π1)c

)
c

=
(
ω′
1,

û0;2(δρ1π0ιeqπ0, û3ρ
′
1π0π1)c,

û0;5ũūp
2
0π1π1

)
c

=
(
ω′
1,

û0;2(δρ1π0ιeqπ0, û3ρ
′
1π0π0)c,

û0;5ũūp
2
0π1π1

)
c

=
(
ω′
1, û0;2δρ1π0ιeqπ0,

û0;3(ρ
′
1π0π0, û4;5ũūp

2
0π1π1)c

)
c

=
(
ω′
1, û0;2δρ1π0ιeqπ0,

û0;3(ρ
′
1π0π0, û4;5ũūp

2
0π1π1)c

)
c

=
(
ω′
1, û0;2δρ1π0ιeqπ0,

û0;3(δλ1π0ιeqπ0w, û4ωγ1π1π0, û4;5σγπ1)c
)
c

=
(
ω1, û0;4ωγ1π1π0, ûσγπ1

)
c

Lemma 98. There exists a sailboat φ0 : Û → sb, uniquely determined by the pairing

map

φ0 =
(
((µ0, ûσ0π0), ω0,0π1), ûσ0π1

)
where

µ0 = (ω0, û0;4θγ0π0π0)c
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such that

φ0p0 = ûσ0

φ0p1 = σ0,γ.

Proof. Recall that sb = W△ ×π0π0π1s s C1, where W△ = (C1 ×t wsW ) ×c wW so to see

φ0 : Û → sb is well-defined we need to show that

((µ0, ûσ0π0), ω0,0π1) : Û → W△

is well-defined and that

ûσ0π1s = µ0t = ûσ0π0s.

By definition of µ0 and the lift θγ0 : Û5 → W□ we have

µ0t = û0;4θγ0π0π0wt = ûσ0π0ws = ûσ0π1s

showing that (µ0, ûσ0π0) : Û → C1 ×t ws W are composable with respect to the

internal composition structure of C (after appliying w : W → C1 in the right-hand

component) and that ûσ0π1 is well-defined in the right-most component. It remains

to see that the φ0p0 : Û → W△ is well-defined. For this we use the definitions of µ0

and the lifts in Diagrams (⋆⋆) and (⋆⋆) along with associativity of composition in C
to compute
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(µ0, ûσ0π0), ω0,0π1)π1 = ω0,0π1

= (ω0,0π0π0, ω0,0π0π1, ω0,0π0π2)c

= (ω0,0π0π0, û0ω0,1π1, ûσ0π0)c

=
(
ω0,0π0π0,

û0(ω0,1π0π0, ω0,1π0π1, ω0,1π0π2)c,

ûσ0π0
)
c

=
(
ω0,0π0π0, û0ω0,1π0π0, û0ω0,1π0π1, û0ω0,1π0π2, ûσ0π0

)
c

=
(
ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π1, û0;4θγ0π0π0, ûσ0π0

)
c

=
(
(ω0,0π0π0, û0ω0,1π0π0, û0;1ω0,2π1)c,

û0;4θγ0π0π0, ûσ0π0
)
c

=
(
ω0, û0;4θγ0π0π0, ûσ0π0

)
c

=
(
(ω0, û0;4θγ0π0π0)c, ûσ0π0

)
c

= (µ0, ûσ0π0)c

= (µ0, ûσ0π0), ω0,0π1)(π0π0, π0π1)c.

This gives that

φ0p0 = (µ0, ûσ0π0), ω0,0π1) : Û → W△

is well-defined. Similar techniques allow us to see

(µ0, ûσ0π1)c =
(
(ω0, û0;4θγ0π0π0)c, ûσ0π1

)
c

= (ω0, û0;4θγ0π0π0, ûσ0π1)c

= σ0,γπ1.

which shows
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φ0p0 = φ0(π0π0π1, π1) φ0p1 = φ0

(
π0π1, (π0π0π0, π1)c

)
= (ûσ0π0, ûσ0π1) =

(
ω0,0π1, (µ0, ûσ0π1)c

)
= ûσ0 = (ω0,0π1, σ0,γπ1)

= σ0,γ.

Lemma 99. There exists a sailboat φ0,γ : Û → sb, uniquely determined by the pairing

map

φ0,γ =
(
((µ0,γ, ûσγπ0), ω0,0π1), ûσγπ1

)
where

µ0,γ = (ω0, û0;4θγ0π1π0)c

such that

φ0,γp0 = ûσγ

φ0,γp1 = σ0,γ

Proof. First note that the components of the pairing map defining φ0,γ : Û → sb are

appropriately composable with respect to the internal composition structure of C:

µ0,γt = û0;4θγ0π1π0t = ûσγπ0ws = ûσγπ1s.

By Definition of µ0,γ and the lifts, ω0,0 : Û → W◦ and θγ0 : Û5 → W□, we have

ω0,0π1 =
(
ω0, û0;4θγ0π0π0w, ûσ0π0w

)
c

=
(
ω0, (û0;4θγ0π0π0w, ûσ0π0w)c

)
c

=
(
ω0, (û0;4θγ0π1π0, ûσγπ0w)c

)
c

=
(
(ω0, û0;4θγ0π1π0)c, ûσγπ0w

)
c

= (µ0,γ, ûσγπ0w)c.
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showing that the map

φ0,γπ0 = ((µ0,γ, ûσγπ0), ω0,0π1) : Û → W△

is well-defined. Then by associativity of composition in C and the definitions of µ0,γ

and σ0,γ we get

(µ0,γ, ûσγπ1)c =
(
(ω0, û0;4θγ0π1π0)c, ûσγπ1

)
c

=
(
ω0, û0;4θγ0π1π0, ûσγπ1

)
c

= σ0,γπ1.

The previous equation implies the unique pairing, Û → sb, given by

φ0,γ =
(
((µ0,γ, ûσγπ0), ω0,0π1), ûσγπ1

)
is well-defined. From here it is straightforward to calculate

φ0,γp0 = φ0,γ(π0π0π1, π1) φ0,γp1 = φ0,γ

(
π0π1, (π0π0π0, π1)c

)
= (ûσγπ0, ûσγπ1) =

(
ω0,0π1, (µ0,γ, ûσγπ1)c

)
= ûσγ = (ω0,0π1, σ0,γπ1)

= σ0,γ.

Lemma 100. The sailboat, φ1 : Û → sb, defined by

φ1 =
(
((µ1, ûσ1π0), ω1,0π1), ûσ1π1

)
where

µ1 = (ω1, û0;4γ1π0π0)c

is well-defined and relates the spans σ1, σ1,γ : Û → spn in the sense that

φ1p0 = ûσ1 φ1p1 = σ1,γ
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Proof. First notice that the components defining φ1 are apporpriately composable

by checking

µ1t = û0;4γ1π0π0wt = ûσ1π1s = ûσ1π0ws.

Now to see that the component

φ1p0 = ((µ1, ûσ1π0), ω1,0π1) : Û → W△

is well-defined we use the definitions of the lifts ω1,0 : Û → W◦ and θγ1 : Û5 → W□

to see

ω1,0π1 = (ω1,0π0π0, ω1,0π0π1, ω1,0π0π2)c

= (ω1,0π0π0, û0ω1,1π1, ûσ1π0)c

=
(
ω1,0π0π0,

û0(ω1,1π0π0, ω1,1π0π1, ω1,1π0π2)c,

ûσ1π0
)
c

=
(
ω1,0π0π0, û0ω1,1π0π0, û0ω1,1π0π1, û0ω1,1π0π2, ûσ1π0

)
c

=
(
ω1,0π0π0, û0ω1,1π0π0, û0;1ω1,2π1, û0;4θγ1π0π0, ûσ1π0

)
c

=
(
(ω1,0π0π0, û0ω1,1π0π0, û0;1ω1,2π1)c,

û0;4θγ1π0π0, ûσ1π0
)
c

=
(
ω1, û0;4θγ1π0π0, ûσ1π0

)
c

=
(
(ω1, û0;4θγ1π0π0)c, ûσ1π0

)
c

= (µ1, ûσ1π0)c.

This shows φ1 : Û → sb is well-defined. By definition of µ1 and σ1,γ in Lemma 97

we have

(µ1, ûσ1π1)c =
(
(ω1, û0;4θγ1π0π0)c, ûσ1π1

)
c

= (ω1, û0;4θγ1π0π0, ûσ1π1)c

= σ1,γπ1
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which implies

φ1p0 = φ1(π0π0π1, π1) φ1p1 = φ1(π0π1, (π0π0π0, π1)c)

= (ûσ1π0, ûσ1π1)c = (µ1, ûσ1π1)c

= ûσ1 = (ω1,0π1, σ1,γπ1)

= σ1,γ

Lemma 101. The sailboat, φ1,γ : Û → sb, defined by

φ1,γ =
(
((µ1,γ, ûσγπ0), ω1,0π1), ûσγπ1

)
where

µ1,γ = (ω1, û0;4θγ1π1π0)c

relates the spans σγ, σ1,γ : Û → spn in the sense that

φ1,γp0 = ûσγ φ1,γp1 = σ1,γ.

Proof. First use the definition of µ01, the lift θγ1 : Û5 → W□, and the span σγ to see

that the components of φ1,γ are appropriately composable in C:

µ1,γt = û0;4θγ1π1π0t = ûσγπ0ws = ûσγπ1s.

Now use those definitions to compute

ω1,0π1 =
(
ω1, û0;4θγ1π0π0w, ûσ1π0w

)
c

=
(
ω1, (û0;4θγ1π0π0w, ûσ1π0w)c

)
c

=
(
ω1, (û0;4θγ1π1π0, ûσγπ0w)c

)
c

=
(
(ω1, û0;4θγ1π1π0)c, ûσγπ0w

)
c

= (µ1,γ, ûσγπ0w)c.
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This shows that the component

φ1,γπ0 = ((µ1,γ, ûσγπ0), ω1,0π1) : Û → W△

is well-defined. Similarly,

(µ1,γ, ûσγπ1)c =
(
(ω1, û0;4θγ1π1π0)c, ûσγπ1

)
c

=
(
ω1, û0;4θγ1π1π0, ûσγπ1

)
c

= σ1,γπ1.

implies

φ1,γp0 = φ1,γ(π0π0π1, π1) φ1,γp1 = φ1,γ

(
π0π1, (π0π0π0, π1)c

)
= (ûσγπ0, ûσγπ1) =

(
ω1,0π1, (µ1,γ, ûσγπ1)c

)
= ûσγ = (ω1,0π1, σ1,γπ1)

= σ1,γ.
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