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t❤❡ ✉♥✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✸✳✶ P✐♦♥❡❡r P✸✲❉❳ ❛♥❞ P✸✲❆❚ r♦❜♦ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸✳✷ ❍❛♥❞ ♣♦s✐t✐♦♥ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ❞r✐✈❡ P✐♦♥❡❡r r♦❜♦t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✸ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❞❡✈✐❝❡s ♦❢ ❈r❛③②✢✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✹ ❈r❛③②✢✐❡ ❛r❝❤✐t❡❝t✉r❡ ❬✶❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✺ ❚❤❡ ✐♥❡rt✐❛❧✭XY Z✮ ❛♥❞ ❜♦❞②✭XBYBZB✮ ❢r❛♠❡s ♦❢ ❈r❛③②✢✐❡ ✷✳✵
✭✾ ❝♠ ❜❡t✇❡❡♥ ❞✐❛❣♦♥❛❧ r♦t♦rs✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✻ ❈♦♥tr♦❧ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ❈r❛③②✢✐❡✬s ♦♥✲❜♦❛r❞ ❝♦♥tr♦❧❧❡r ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✼ ■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ r❡s✉❧ts ❢♦r r♦❧❧ ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✽ ■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ r❡s✉❧ts ❢♦r ♣✐t❝❤ ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✷✾

✸✳✾ ❱❛❧✐❞❛t✐♦♥ r❡s✉❧ts ❢♦r ②❛✇ ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✶✵ ❖♣t✐❚r❛❝❦ ♠♦t✐♦♥ ❝❛♣t✉r❡ ✭▼♦❈❛♣✮ ❝❛❧✐❜r❛t✐♦♥ st❡♣s ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✶✶ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤ ♦❢ t❤❡ ❤♦✈❡r✐♥❣ ❝♦♥tr♦❧ ♦❢ ❈r❛③②✢✐❡ ✳ ✳ ✳ ✸✷

✸✳✶✷ ◆❡t✇♦r❦ s❡tt✐♥❣s ❢♦r ❞❡♣❧♦②✐♥❣ ❛ ❝♦♥tr♦❧❧❡r ♥♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✶✸ ◗✉❛❞❝♦♣t❡r ❝♦♥tr♦❧ ❢r❛♠❡✇♦r❦ ✐♥ ❘♦❜♦t ❖♣❡r❛t✐♥❣ ❙②st❡♠ ✭❘❖❙✮ ✸✸

✹✳✶ ❙❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ t❤❡ ith ❛❣❡♥t✿ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ✇✐t❤
❡✈❡♥t tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹✳✷ ❈♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ♦❢ ❛ ♠♦❜✐❧❡ r♦❜♦t s②st❡♠ ✇✐t❤ ❛♥ ❛✉✲
t♦♥♦♠♦✉s ❧❡❛❞❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✸ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡❛♠ ✇✐t❤ ǫ = 0.0005 ✹✻

✈✐✐



✹✳✹ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✺ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ s②st❡♠ ✭✹✳✶✮ ✐♥ t❤❡ ❳✲❨
♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✸✳✸ sec✱ ❝✮ t❂✻✳✻ sec✱ ❞✮ t❂✶✵ sec ✳ ✹✼

✹✳✻ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✼ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡❛♠ ✇✐t❤ ǫ = 2 ✳ ✳ ✳ ✺✵

✹✳✽ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡❛♠ ✇✐t❤ ǫ = 0.0005 ✺✶

✹✳✾ ■♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ♣♦s✐t✐♦♥s ♦❢ P✐♦♥❡❡r r♦❜♦ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✶✵ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✶✶ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵
sec✱ ❜✮ t❂✻✳✻ sec✱ ❝✮ t❂✶✸✳✸ sec✱ ❞✮ t❂✷✵ sec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✶✷ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✶✸ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡❛♠ ✉♥❞❡r P❈▼ ✺✹

✹✳✶✹ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡ ✉♥❞❡r P❈▼ ✳ ✳ ✺✹

✹✳✶✺ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✉♥❞❡r P❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡
❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✻✳✻ sec✱ ❝✮ t❂✶✸✳✸ sec✱ ❞✮ t❂✷✵ sec ✳ ✳ ✳ ✳ ✺✺

✹✳✶✻ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✉♥❞❡r P❈▼ ✳ ✳ ✳ ✳ ✺✺

✺✳✶ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✭✺✳✶✮ ✇✐t❤ ǫ = 0.0005 ✻✽

✺✳✷ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✸ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱
❜✮ t❂✹✳✻ sec✱ ❝✮ t❂✾✳✸ sec✱ ❞✮ t❂✶✹ sec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✺✳✹ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✺✳✺ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✉♥❞❡r ❡st✐♠❛t❡✲
❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✺✳✻ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ✉♥❞❡r ❡st✐♠❛t❡✲
❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✼ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✉♥❞❡r ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞
❊❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱ ❝✮ t❂✾✳✸
sec✱ ❞✮ t❂✶✹ sec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✽ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✉♥❞❡r ❡st✐♠❛t❡✲❡rr♦r✲
❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✈✐✐✐



✺✳✾ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✉♥❞❡r st❛t❡✲
❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✺✳✶✵ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ✉♥❞❡r st❛t❡✲❡rr♦r✲
❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✶✶ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✉♥❞❡r st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼
✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱ ❝✮ t❂✾✳✸ sec✱ ❞✮
t❂✶✹ sec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✶✷ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✉♥❞❡r st❛t❡✲❡rr♦r✲
❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✺✳✶✸ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✉♥❞❡r P❈▼ ✳ ✼✻

✺✳✶✹ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ✉♥❞❡r P❈▼ ✳ ✳ ✳ ✳ ✼✼

✺✳✶✺ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✉♥❞❡r P❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡
❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱ ❝✮ t❂✾✳✸ sec✱ ❞✮ t❂✶✹ sec ✳ ✳ ✳ ✳ ✼✼

✺✳✶✻ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✉♥❞❡r P❈▼ ✳ ✳ ✳ ✳ ✼✽

✻✳✶ ◆♦❞❡ ❛♥❞ ❡❞❣❡ tr✐❣❣❡r❡❞ s❝❤❡♠❡s ✭r❡❞ ❛rr♦✇ ❞❡♥♦t❡s ❛ ❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ❡❞❣❡ ✐s ❡♥❛❜❧❡❞✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✻✳✷ ❆ s❝❤❡♠❛t✐❝ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ st❡♣s ✐♥ ✭✻✳✹✵✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✻✳✸ ❆ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ✇✐t❤ ❡❞❣❡s ❧❛❜❡❧❡❞ ✳ ✾✽

✻✳✹ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮
✉♥❞❡r ❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✻✳✺ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡ ♦❢ t❤❡ s②st❡♠
✭✺✳✶✮ ✉♥❞❡r ❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✻✳✻ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r ❡❞❣❡✲
tr✐❣❣❡r❡❞ ❊❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱
❝✮ t❂✾✳✸ sec✱ ❞✮ t❂✶✹ sec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✻✳✼ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥✲
❞❡r ❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✻✳✽ ❋❡❛s✐❜✐❧✐t② r❡❣✐♦♥ ♦❢ ✭✻✳✷✽✮ ♦✈❡r ρ1, ρ2, α ∈ [0, 2] ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✻✳✾ ❋❡❛s✐❜✐❧✐t② r❡❣✐♦♥ ♦❢ ✭✻✳✷✽✮ ♦✈❡r ρ1, ρ2 ∈ [0, 2] ✇❤❡♥ α = 1 ✳ ✳ ✳ ✶✵✷

✻✳✶✵ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✺✳✶✮ ✉♥✲
❞❡r t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
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✻✳✶✶ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r
t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✻✳✶✷ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r
❡❞❣❡✲tr✐❣❣❡r❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿
❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱ ❝✮ t❂✾✳✸ sec✱ ❞✮ t❂✶✹ sec ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✻✳✶✸ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮
✉♥❞❡r t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✻✳✶✹ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠
✭✺✳✶✮ ✉♥❞❡r t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✻✳✶✺ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮
✉♥❞❡r t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✻✳✶✻ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r t❤❡
❡❞❣❡✲tr✐❣❣❡r❡❞ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮
t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱ ❝✮ t❂✾✳✸ sec✱ ❞✮ t❂✶✹ sec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✻✳✶✼ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮
✉♥❞❡r t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✻✳✶✽ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠
✭✺✳✶✮ ✉♥❞❡r t❤❡ ❡❞❣❡✲❜❛s❡❞ P❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✻✳✶✾ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮
✉♥❞❡r t❤❡ ❡❞❣❡✲❜❛s❡❞ P❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✻✳✷✵ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r t❤❡
❡❞❣❡✲❜❛s❡❞ P❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱
❝✮ t❂✾✳✸ sec✱ ❞✮ t❂✶✹ sec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✻✳✷✶ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ♦❢ t❤❡ s②st❡♠
✭✺✳✶✮ ✉♥❞❡r t❤❡ ❡❞❣❡✲❜❛s❡❞ P❈▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✼✳✶ ◆♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ t❤r❡❡ ❧❡❛❞❡rs ✭✐♥ r❡❞✮ ❛♥❞
t❤r❡❡ ❢♦❧❧♦✇❡rs ✭✐♥ ❜❧✉❡✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✼✳✷ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✐♥ ❳✲❨ ♣❧❛♥❡ ✳ ✳ ✶✶✽

✼✳✸ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾

✼✳✹ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡
❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✶✵ sec✱ ❝✮ t❂✷✵ sec✱ ❞✮ t❂✸✵ sec ✶✶✾

✼✳✺ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✐♥ ✸❉ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
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❆❜str❛❝t

❚❤✐s t❤❡s✐s ✐♥✈❡st✐❣❛t❡s t❤❡ t✐♠❡✲✐♥✈❛r✐❛♥t ❛♥❞ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥✲

tr♦❧ str❛t❡❣✐❡s ❢♦r ♠✉❧t✐✲❛❣❡♥t s②st❡♠s ✭▼❆❙s✮✳ ❚❤❡ t✐♠❡✲✐♥✈❛r✐❛♥t ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣

❝♦♥tr♦❧ str❛t❡❣✐❡s ❛r❡ st✉❞✐❡❞ ❢♦r ♠✉❧t✐✲r♦❜♦t✐❝ s②st❡♠s ✇✐t❤ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❛❣❡♥t ❞②✲

♥❛♠✐❝s ✉♥❞❡r s❛♠♣❧❡❞✲❞❛t❛✲❜❛s❡❞ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❡tt✐♥❣s✳ ❯♥❧✐❦❡

tr❛❞✐t✐♦♥❛❧ t✐♠❡✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ str❛t❡❣✐❡s✱ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥

str❛t❡❣✐❡s ✭❡✈❡♥t ❣❡♥❡r❛t♦rs✮ ❛r❡ ❞❡s✐❣♥❡❞ ✐♥ t❤✐s t❤❡s✐s t♦ ❛❞❛♣t✐✈❡❧② r❡❣✉❧❛t❡ t❤❡

✐♥t❡r✲❛❣❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ❣♦❛❧ t♦ r❡❞✉❝❡ ✉♥♥❡❝❡ss❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥ ✇❤✐❧❡

♠❛✐♥t❛✐♥✐♥❣ ❛❝❝❡♣t❛❜❧❡ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡rs ❛r❡

t❤❡♥ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❡✈❡♥t✲r❡❣✉❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥ s♦ t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧

♣r♦❜❧❡♠ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♣r♦❜❧❡♠ ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r✲

♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❧✐♥❡❛r ♠❛tr✐① ✐♥❡q✉❛❧✐t✐❡s

✭▲▼■s✮ t❤❛t ❡♥s✉r❡ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✲

✐❝s ❛r❡ ❞❡r✐✈❡❞ ❢♦r s②st❡♠s ✇✐t❤ ❛♥ ❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ✉s✐♥❣ ▲②❛♣✉♥♦✈✲❜❛s❡❞ st❛❜✐❧✐t②

❛♥❛❧②s✐s ♠❡t❤♦❞s✱ ❛♥❞ t❤❡ ❡✈❡♥t ❣❡♥❡r❛t♦r ❛♥❞ ❝♦♥tr♦❧❧❡r ❣❛✐♥s ❛r❡ ❝♦✲❞❡s✐❣♥❡❞ s✉❝❤

t❤❛t t❤❡ ❞❡r✐✈❡❞ ❝♦♥❞✐t✐♦♥s ❛r❡ ❢❡❛s✐❜❧❡✳ ❯♥❞❡r ❛ s✐♠✐❧❛r str✉❝t✉r❡✱ ❛ ♥❡✇ ❡✈❡♥t ❣❡♥✲

❡r❛t♦r ❛♥❞ ❛ ❝♦♥tr♦❧❧❡r ❛r❡ t❤❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r s②st❡♠s ✇✐t❤ ❛ ♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r

t♦ ❡♥❛❜❧❡ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ❢♦r♠❛t✐♦♥ ♠❛♥❡✉✈❡r✐♥❣s✳ ❆ ♥♦✈❡❧ ❡❞❣❡✲❜❛s❡❞

❡✈❡♥t✲tr✐❣❣❡r✐♥❣ str❛t❡❣② ✐s ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞ t♦ r❡❞✉❝❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s

✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ❝♦♠♣❛r❛❜❧❡ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡

❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s ❛r❡ ❞❡r✐✈❡❞✱ ✇❤❡r❡ t❤❡

❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞ ❛♥❞ ❝❛♥ ❜❡ t✉♥❡❞ ❜❛s❡❞ ♦♥ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞

r❡q✉✐r❡♠❡♥ts✳ ❚❤❡ ❞❡✈❡❧♦♣❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦rs ❛r❡ ✈❛❧✐❞❛t❡❞

✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ ❛ ❣r♦✉♣ ♦❢ ♠♦❜✐❧❡ r♦❜♦ts ✇✐t❤ ❧✐♥❡❛r✐③❡❞ ❞②♥❛♠✲

✐❝s✳ ❚❤✐s t❤❡s✐s ❛❧s♦ st✉❞✐❡s t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ❛ ❣r♦✉♣ ♦❢

q✉❛❞❝♦♣t❡rs ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧❧② ✐❞❡♥t✐✜❡❞ ❞②♥❛♠✐❝s ✉s✐♥❣ ❛ t✇♦✲❧❛②❡r ❛✣♥❡ ❢♦r♠❛✲

t✐♦♥ ❝♦♥tr♦❧ str❛t❡❣②✱ ✇❤❡r❡ ❛ ❧✐♥❡❛r ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✐s ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥

t❤❡ ✈✐rt✉❛❧ tr❛♥s❧❛t✐♦♥❛❧ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❢♦r♠❛t✐♦♥ ❧❛②❡r ❛♥❞ ❛ ✜♥✐t❡✲t✐♠❡ ❝♦♥tr♦❧❧❡r

✐s ❞❡s✐❣♥❡❞ t♦ tr❛❝❦ t❤❡ ✈✐rt✉❛❧ ✐♥♣✉ts ✐♥ t❤❡ ❧♦❝❛❧ ❝♦♥tr♦❧ ❧❛②❡r✳

①✐



▲✐st ♦❢ ❆❜❜r❡✈✐❛t✐♦♥s ❛♥❞ ❙②♠❜♦❧s ❯s❡❞

❆❜❜r❡✈✐❛t✐♦♥s

❉❖❋ ❞❡❣r❡❡✲♦❢✲❢r❡❡❞♦♠✳

❊❈▼ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳

❊❚❈ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♥tr♦❧✳

■▼❯ ✐♥❡rt✐❛❧ ♠❡❛s✉r❡♠❡♥t ✉♥✐t✳

▲▼■ ❧✐♥❡❛r ♠❛tr✐① ✐♥❡q✉❛❧✐t②✳

▼❆❙ ♠✉❧t✐✲❛❣❡♥t s②st❡♠✳

▼■❊❚ ♠✐♥✐♠✉♠ ✐♥t❡r✲❡✈❡♥t t✐♠❡✳

▼♦❈❛♣ ♠♦t✐♦♥ ❝❛♣t✉r❡✳

P❈▼ ♣❡r✐♦❞✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳

P■❉ ♣r♦♣♦rt✐♦♥❛❧✲✐♥t❡❣r❛❧✲❞❡r✐✈❛t✐✈❡✳

❘❖❙ ❘♦❜♦t ❖♣❡r❛t✐♥❣ ❙②st❡♠✳

❚❚❈ t✐♠❡✲tr✐❣❣❡r❡❞ ❝♦♥tr♦❧✳

❙②♠❜♦❧s

In n× n ✐❞❡♥t✐t② ♠❛tr✐① s♦rt✳

‖ · ‖ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ ❛ ✈❡❝t♦r✳

⊗ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t✳

Z≥0 ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r s❡t✳

→ t❡♥❞s t♦✳

G ❣r❛♣❤✳

A ❛❞❥❛❝❡♥❝② ♠❛tr✐①✳

D ✐♥✲❞❡❣r❡❡ ♠❛tr✐①✳

E ❡❞❣❡ s❡t ♦❢ ❛ ❣r❛♣❤✳

V ♥♦❞❡ s❡t ♦❢ ❛ ❣r❛♣❤✳

L ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①✳

Ni ♥❡✐❣❤♦r s❡t ♦❢ ❛ ♥♦❞❡ i✳

①✐✐



Iinc ♦r✐❡♥t❡❞ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐①✳

RM×N s❡t ♦❢ M ×N r❡❛❧ ♠❛tr✐❝❡s✳

RN s❡t ♦❢ N × 1 r❡❛❧ ✈❡❝t♦rs✳

Ω str❡ss ♠❛tr✐①✳

∞ ✐♥✜♥✐t②✳

∈ ❜❡❧♦♥❣s t♦✳

A−1 ✐♥✈❡rs❡ ♦❢ ♠❛tr✐① A✳

AT tr❛♥s♣♦s❡ ♦❢ ♠❛tr✐① A✳
∑

s✉♠♠❛t✐♦♥✳

A > 0 ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① A✳

λi(·) ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ♠❛tr✐①✳

∗ tr❛♥s♣♦s❡ ♦❢ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❜❧♦❝❦ ✐♥ ❛ ❜❧♦❝❦ ♠❛tr✐①✳

τ(t) t✐♠❡✲✈❛r②✐♥❣ ❞❡❧❛②✳

ǫ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞✳

| · | ❝❛r❞✐♥❛❧✐t② ♦❢ s❡t✳

inf ✐♥✜♠✉♠ ♦❢ ❛ s❡t✳

A(i, :) ith r♦✇ ♦❢ t❤❡ ♠❛tr✐① A✳

①✐✐✐



❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst ♦❢ ❛❧❧✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦ ♠② s✉♣❡r✈✐s♦rs ❉r✳ ❨❛✲

❏✉♥ P❛♥ ❛♥❞ ❉r✳ ❘♦❜❡rt ❇❛✉❡r ♦❢ t❤❡ ▼❡❝❤❛♥✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣ ❉❡♣❛rt♠❡♥t ❢♦r t❤❡✐r

❝♦♥t✐♥✉❡❞ ❞❡❞✐❝❛t✐♦♥ ❛♥❞ ❛✈❛✐❧❛❜✐❧✐t② ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ ♠② P❤❉ ♣r♦❣r❛♠✳ ■t ✇♦✉❧❞

❤❛✈❡ ❜❡❡♥ ✐♠♣♦ss✐❜❧❡ t♦ r❡❛❝❤ ♠② ❞♦❝t♦r❛❧ ♠✐❧❡st♦♥❡s ✇✐t❤♦✉t t❤❡✐r ❝♦♥st❛♥t ❤❡❧♣ ❛♥❞

❡♥❝♦✉r❛❣❡♠❡♥t✳

❇❡s✐❞❡s ♠② s✉♣❡r✈✐s♦rs✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② s✉♣❡r✈✐s♦r② ❝♦♠♠✐tt❡❡ ♠❡♠❜❡rs

❉r✳ ❚❡❞ ❍✉❜❜❛r❞✱ ❉r✳ ❏❛s♦♥ ●✉ ❛♥❞ ❉r✳ ❍✉❣❤ ❍✳❚✳ ▲✐✉ ❢♦r t❤❡✐r ✐♥✈❛❧✉❛❜❧❡ ❢❡❡❞❜❛❝❦

❛♥❞ ❛❞✈✐❝❡✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❆❞✈❛♥❝❡❞ ❈♦♥tr♦❧s ❛♥❞ ▼❡❝❤❛tr♦♥✐❝s

▲❛❜♦r❛t♦r② r❡s❡❛r❝❤ ❣r♦✉♣ ❢♦r t❤❡✐r s✉❣❣❡st✐♦♥s ❛♥❞ ❝♦♠♠❡♥ts ♦✈❡r t❤❡ ②❡❛rs✳

■ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ◆♦✈❛ ❙❝♦t✐❛ ●r❛❞✉❛t❡

❙❝❤♦❧❛rs❤✐♣ ✭◆❙●❙✮✱ t❤❡ ◆❛t✉r❛❧ ❙❝✐❡♥❝❡s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ♦❢ ❈❛♥❛❞❛

✭◆❙❊❘❈✮✱ ❛♥❞ t❤❡ ❉❡♣❛rt♠❡♥t ♦❢ ▼❡❝❤❛♥✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣ ❛t ❉❛❧❤♦✉s✐❡ ❯♥✐✈❡rs✐t②✳

▲❛st ❜✉t ♥♦t t❤❡ ❧❡❛st✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ♣❛r❡♥ts ❛♥❞ ♠② ✜❛♥❝é❡ ❢♦r

s✉♣♣♦rt✐♥❣ ♠❡ s♣✐r✐t✉❛❧❧② t❤r♦✉❣❤♦✉t t❤❡ ✇r✐t✐♥❣ ♦❢ t❤✐s t❤❡s✐s ❛♥❞ ♠② ❧✐❢❡ ✐♥ ❣❡♥❡r❛❧✳

①✐✈



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

✶✳✶ ❘❡s❡❛r❝❤ ❇❛❝❦❣r♦✉♥❞

▼❆❙s ❛r❡ ❧❛r❣❡✲s❝❛❧❡ s②st❡♠s ❝♦♥s✐st✐♥❣ ♦❢ ♠✉❧t✐♣❧❡ ✐♥t❡❧❧✐❣❡♥t ❛✉t♦♥♦♠♦✉s ❛❣❡♥ts

t❤❛t ❝❛♥ ❛❝❤✐❡✈❡ ❝♦♦r❞✐♥❛t❡❞ t❛s❦s ❜② ✐♥t❡r❛❝t✐♥❣ ✇✐t❤ ❡❛❝❤ ♦t❤❡r t❤r♦✉❣❤ ❡①❝❤❛♥❣✐♥❣

✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ✇♦r❞ ✏❛❣❡♥t✑ ❝❛♥ r❡♣r❡s❡♥t ❛ ♠♦❜✐❧❡ r♦❜♦t✱ ❛♥ ❛❡r✐❛❧ r♦❜♦t✱ ♦r ❛

s❡♥s♦r ♥♦❞❡ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♥tr♦❧ ❝♦♥t❡①t✳ ▼❆❙s ❝❛♥ ♣♦t❡♥t✐❛❧❧② ♦✛❡r ❤✐❣❤❡r

❡✣❝✐❡♥❝②✱ ❧♦✇❡r ❝♦st ❛♥❞ ♠♦r❡ ♦♣❡r❛t✐♦♥❛❧ ❝❛♣❛❜✐❧✐t② t❤❛♥ ❛ s✐♥❣❧❡ ❛❣❡♥t s②st❡♠ ✐♥

❛❝❤✐❡✈✐♥❣ t❛s❦s t❤❛t ❛r❡ ❞✐✣❝✉❧t ❢♦r ❛ s✐♥❣❧❡ ❛❣❡♥t t♦ ❝♦♠♣❧❡t❡ s✉❝❤ ❛s s❡❛r❝❤ ❛♥❞

r❡s❝✉❡✱ ❜♦r❞❡r s✉r✈❡✐❧❧❛♥❝❡✱ ♣❛②❧♦❛❞ tr❛♥s♣♦rt❛t✐♦♥ ✭❛s ✐♥ ❋✐❣✳ ✶✳✶❛✮ ❛♥❞ ❛ss❡♠❜❧② ✭❛s

✐♥ ❋✐❣✳ ✶✳✶❜✮✳

✭❛✮ P❛②❧♦❛❞ tr❛♥s♣♦rt❛t✐♦♥ ❬✷❪ ✭❜✮ ❆ss❡♠❜❧② ❬✸❪

❋✐❣✉r❡ ✶✳✶✿ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ▼❆❙s

❈♦♦r❞✐♥❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛❣❡♥ts ✐s ♠❛♥❞❛t♦r② ❢♦r t❤❡ ▼❆❙ t♦ ❛❝❤✐❡✈❡ t❛s❦s ❛s ❛

❣r♦✉♣✳ ❚r❛❞✐t✐♦♥❛❧❧②✱ ❝♦♦r❞✐♥❛t✐♥❣ ❛❧❣♦r✐t❤♠s ✐♥ ▼❆❙s ❛r❡ ❞❡✈❡❧♦♣❡❞ ✉s✐♥❣ ❝❡♥tr❛❧✲

✐③❡❞ str✉❝t✉r❡s ✇❤❡r❡ ❛ ❝❡♥tr❛❧ ❝♦♠♣✉t❡r ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r ❝♦❧❧❡❝t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞

s❝❤❡❞✉❧✐♥❣ ❝♦♥tr♦❧ t❛s❦s ❢♦r ❛❧❧ ❛❣❡♥ts❀ ❤♦✇❡✈❡r✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥

♣♦✇❡r r❡q✉✐r❡❞ ❜② ❝❡♥tr❛❧✐③❡❞ str✉❝t✉r❡s ❝❛♥ ❣r♦✇ r❛♣✐❞❧② ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts

✐♥❝r❡❛s❡s✳ ❈❡♥tr❛❧✐③❡❞ str✉❝t✉r❡s ❛r❡ ❛❧s♦ s✉s❝❡♣t✐❜❧❡ t♦ ✉♥❛♥t✐❝✐♣❛t❡❞ ❢❛✐❧✉r❡s ✐♥ t❤❡

✶



✷

♥❡t✇♦r❦✱ ✇❤❡r❡ ✇❤♦❧❡ s②st❡♠ ❢❛✐❧s ✐❢ t❤❡r❡ ✐s ❛ ❢❛✐❧✉r❡ ✐♥ t❤❡ ❝❡♥tr❛❧ ❛❣❡♥t✳ ❘❡❝❡♥t❧②✱

❛ s✉❜st❛♥t✐❛❧ ❛♠♦✉♥t ♦❢ ✇♦r❦ ❤❛s ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ♦♥ ❞❡✈❡❧♦♣✐♥❣ ❞✐str✐❜✉t❡❞ ❝♦♦r❞✐✲

♥❛t✐♦♥ ❝♦♥tr♦❧ str❛t❡❣✐❡s ❢♦r ▼❆❙s✳ ■♥ ❞✐str✐❜✉t❡❞ str✉❝t✉r❡s✱ ❡❛❝❤ ❛❣❡♥t ✐s ❡q✉✐♣♣❡❞

✇✐t❤ ♠✐❝r♦♣r♦❝❡ss♦rs✱ s❡♥s♦rs ❛♥❞ ❛❝t✉❛t♦rs✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ✐t t♦ ❝♦❧❧❡❝t ❞❛t❛ ❢r♦♠

♥❡t✇♦r❦s✱ ♣❧❛♥ ✐ts ♦✇♥ t❛s❦s✱ ❛♥❞ ❡①❡❝✉t❡ ❝♦♥tr♦❧ ❛❝t✐♦♥s✳

❈♦♥s❡♥s✉s ❛♥❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❛r❡ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♦r❞✐♥❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥

t❤❡ st✉❞② ♦❢ ▼❆❙s✳ ❆ ❝♦♥s❡♥s✉s ❝♦♥tr♦❧ ♣r♦❜❧❡♠ r❡❢❡rs t♦ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ❝♦♥tr♦❧❧❡r

❢♦r ❡❛❝❤ ❛❣❡♥t ♦♥❧② ❜❛s❡❞ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧♦❝❛❧❧② ❛✈❛✐❧❛❜❧❡ ✭❧♦❝❛❧❧②✲❝♦♠♣✉t❛❜❧❡✮

s✉❝❤ t❤❛t t❤❡ ❣r♦✉♣ ♦❢ ❛❣❡♥ts ❝❛♥ r❡❛❝❤ ❛♥ ❛❣r❡❡♠❡♥t ♦♥ ❝❡rt❛✐♥ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st

✭❡✳❣✳ ♣♦s✐t✐♦♥✱ ✈❡❧♦❝✐t②✱ ❛♥❞ ❤❡❛❞✐♥❣✮✳ ❋♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❛✐♠s t♦ ❞❡s✐❣♥ ❞✐str✐❜✉t❡❞

❝♦♥tr♦❧❧❡rs t❤❛t ❞r✐✈❡ t❤❡ ✇❤♦❧❡ ❣r♦✉♣ t♦ ❛❝❤✐❡✈❡ ❛♥❞ ♠❛✐♥t❛✐♥ ❛ ❝❡rt❛✐♥ ❣❡♦♠❡tr✐❝

♣❛tt❡r♥ ♦❢ ✐♥t❡r❡st✳ ■❢ t❤❡r❡ ✐s ❛ ❣r♦✉♣ r❡❢❡r❡♥❝❡✱ t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❞❡s✐❣♥ ❝❛♥

❣❡♥❡r❛❧❧② ❜❡ ❝❧❛ss✐✜❡❞ ❛s ❛ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❞❡s✐❣♥✱ ♦t❤❡r✇✐s❡ ✐t ✐s r❡❢❡rr❡❞ t♦ ❛s ❛

❢♦r♠❛t✐♦♥ ♣r♦❞✉❝✐♥❣ ❞❡s✐❣♥✳

❈♦♥t✐♥✉♦✉s ✐♥❢♦r♠❛t✐♦♥ ❡①❝❤❛♥❣❡ ✐s ♦❢t❡♥ ❛ss✉♠❡❞ ✐♥ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♥s❡♥✲

s✉s ❛♥❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ st✉❞✐❡s ✐♥ ▼❆❙s❀ ❤♦✇❡✈❡r✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✉♥r❡❛❧✐st✐❝

✐♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s s✐♥❝❡ ❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦s ❤❛✈❡ ❛ ❧✐♠✐t ♦♥ ❜❛♥❞✲

✇✐❞t❤✳ ❖♥❡ ♣♦ss✐❜❧❡ str❛t❡❣② ✐s t♦ ✉s❡ ❛ ♣❡r✐♦❞✐❝ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✭P❈▼✮

✭t✐♠❡✲tr✐❣❣❡r❡❞✮ ✇❤❡r❡ ✐♥t❡r✲❛❣❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❝❝✉rs ❛t r❡❣✉❧❛r ❡q✉❛❧❧②✲s♣❛❝❡❞

s❛♠♣❧✐♥❣ ✐♥st❛♥ts✳ ❚❤✐s str❛t❡❣② ❝❛♥ ♦❢t❡♥ ❧❡❛❞ t♦ ✉♥♥❡❝❡ss❛r② ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❜♦t❤

♥❡t✇♦r❦ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ r❡s♦✉r❝❡s✱ ❡s♣❡❝✐❛❧❧② ❛s t❤❡ s②st❡♠ ❛♣♣r♦❛❝❤❡s ✐ts ❡q✉✐❧✐❜✲

r✐✉♠ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✳ ❊✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤✲

❛♥✐s♠s ✭❊❈▼s✮ ❤❛✈❡ r❡❝❡♥t❧② r❡❝❡✐✈❡❞ ❝♦♥s✐❞❡r❛❜❧❡ ❛tt❡♥t✐♦♥ ❛♠♦♥❣ r❡s❡❛r❝❤❡rs ❞✉❡

t♦ t❤❡✐r ♣♦t❡♥t✐❛❧ ❛❞✈❛♥t❛❣❡s ✐♥ s❛✈✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♥❡t✇♦r❦ r❡s♦✉r❝❡s ✇❤✐❧❡ st✐❧❧

♠❛✐♥t❛✐♥✐♥❣ ❝♦♠♣❛r❛❜❧❡ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛ ✐♥ ❡✈❡♥t tr✐❣❣❡r❡❞

❜r♦❛❞❝❛st✐♥❣ ✐s t♦ ❤❛✈❡ ❛❣❡♥ts ❜r♦❛❞❝❛st ❛♥❞ ✉♣❞❛t❡ t❤❡✐r s❛♠♣❧❡❞ st❛t❡s ♦♥❧② ✇❤❡♥

♥❡❝❡ss❛r②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ♣r♦✈✐❞❡ ❛ ❞❡t❛✐❧❡❞ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ♦♥ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧✱ ❛♥❞ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♥tr♦❧ ✭❊❚❈✮✳

✶✳✷ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇ ♦♥ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧

❋♦r♠❛t✐♦♥ str❛t❡❣✐❡s✱ s✉❝❤ ❛s ❜✐r❞s ♠✐❣r❛t✐♥❣ ✐♥ ❛ ❱✲s❤❛♣❡❞ ❢♦r♠❛t✐♦♥ t♦ ✐♠♣r♦✈❡

❛❡r♦❞②♥❛♠✐❝ ❡✣❝✐❡♥❝② ❬✹❪✱ ❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♠❛♥② ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s✳ ■♥ r❡❝❡♥t



✸

②❡❛rs✱ t❤❡s❡ ❢♦r♠❛t✐♦♥ t❛❝t✐❝s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ r♦❜♦t✐❝ s②st❡♠s ❜② ♠❛♥②

r❡s❡❛r❝❤❡rs ✐♥ t❤❡ ❝♦♥tr♦❧ ❛♥❞ r♦❜♦t✐❝s ❝♦♠♠✉♥✐t✐❡s t♦ ❛❝❝♦♠♣❧✐s❤ ✈❛r✐♦✉s t❛s❦s ✐♥✲

❝❧✉❞✐♥❣ ♣❛②❧♦❛❞ tr❛♥s♣♦rt❛t✐♦♥ ❬✷❪✱ ♦❜❥❡❝t s❡❛r❝❤ ❬✺❪✱ ❛♥❞ ❢♦r❡st ✜r❡ ♠♦♥✐t♦r✐♥❣ ❬✻❪✳

❊❛r❧② ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❛♣♣r♦❛❝❤❡s✱ s✉❝❤ ❛s ✈✐rt✉❛❧✲str✉❝t✉r❡ ❬✼❪ ❛♥❞ ❜❡❤❛✈✐♦r✲

❜❛s❡❞ ❬✽❪ ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞ t♦ ❜❡ s✉❝❝❡ss❢✉❧ ✐♥ ❛❝❝♦♠♣❧✐s❤✐♥❣ ♠❛♥② ❝♦♠♣❧✐❝❛t❡❞ ❢♦r✲

♠❛t✐♦♥ ❝♦♥tr♦❧ t❛s❦s ✇✐t❤ ❝♦♠♣❧❡① ❛❣❡♥t ❞②♥❛♠✐❝s ❛♥❞ ❝♦♥str❛✐♥ts✳ ■♥ t❤❡ ✈✐rt✉❛❧✲

str✉❝t✉r❡ ❛♣♣r♦❛❝❤✱ r♦❜♦ts ❛r❡ tr❡❛t❡❞ ❛s ♣❛rt✐❝❧❡s ✐♥ ❛ ♣❤②s✐❝❛❧ r✐❣✐❞ ❜♦❞②✱ ❛♥❞ t❤❡

❣❡♦♠❡tr✐❝ r❡❧❛t✐♦♥s❤✐♣ ✭✈✐rt✉❛❧ str✉❝t✉r❡✮ ❜❡t✇❡❡♥ r♦❜♦ts ❛r❡ ❡♥❢♦r❝❡❞ ❜② ❤✉♠❛♥ ♠❛❞❡

❝♦♥tr♦❧ s②st❡♠s✳ ●r♦✉♣ ♠♦t✐♦♥ ✐s ❡♥❛❜❧❡❞ ✇❤❡♥ ❛ ✈✐rt✉❛❧ ❢♦r❝❡ ✜❡❧❞ ✐s ❡①❡rt❡❞ ♦♥ t❤❡

✈✐rt✉❛❧ str✉❝t✉r❡ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ r♦❜♦t ✇✐❧❧ t❤❡♥ ♠♦✈❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❢♦r❝❡❀

❤♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ r❡q✉✐r❡s ❛ ❝❡♥tr❛❧✐③❡❞ ❢♦r♠✉❧❛t✐♦♥✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ❞✐✣❝✉❧t

t♦ ❝♦♥tr♦❧ t❤❡ r♦❜♦ts ✐♥ ❛ ❞✐str✐❜✉t❡❞ ♠❛♥♥❡r✳ ■♥ ❛ ❜❡❤❛✈✐♦r✲❜❛s❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧

❛♣♣r♦❛❝❤✱ s❡✈❡r❛❧ ❜❡❤❛✈✐♦rs ❛r❡ ♣r❡s❝r✐❜❡❞ ❢♦r ❡❛❝❤ ❛❣❡♥t✱ ❛♥❞ t❤❡ ✜♥❛❧ ❝♦♥tr♦❧ ✐♥♣✉t

❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ✐♥♣✉t ❢r♦♠ ❡❛❝❤ ❜❡❤❛✈✐♦r✳

❚❤✐s ❛♣♣r♦❛❝❤ ✐s r❡❧❛t✐✈❡❧② str❛✐❣❤t❢♦r✇❛r❞ t♦ ✐♠♣❧❡♠❡♥t✱ ❜✉t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡

✇❤♦❧❡ s②st❡♠ ✐s ♥♦t ❣✉❛r❛♥t❡❡❞ ❛♥❞ st❛❜✐❧✐t② ❛♥❛❧②s✐s ✐s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✳ ❋✐❣✳ ✶✳✷

s❤♦✇s ❛♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❜❡❤❛✈✐♦r✲❜❛s❡❞ ❝♦♥tr♦❧ str❛t❡❣②✱ ✇❤❡r❡ t❤❡ ❝♦♥tr♦❧

♦❜❥❡❝t✐✈❡ ❢♦r t❤❡ ❣r♦✉♣ ♦❢ r♦❜♦ts ✐s t♦ ♠♦✈❡ ❢r♦♠ t❤❡✐r ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s t♦ s♦♠❡ ❞❡s✐r❡❞

♣♦s✐t✐♦♥s ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ tr✐❛♥❣✉❧❛r ❢♦r♠❛t✐♦♥✳ ❊❛❝❤ r♦❜♦t ✐♥ t❤❡ s②st❡♠ ❤❛s

t✇♦ ❜❡❤❛✈✐♦rs✿ ♠♦✈❡ t♦ t❤❡ ❣♦❛❧✱ ❛♥❞ ♠❛✐♥t❛✐♥ t❤❡ ❢♦r♠❛t✐♦♥✳ ❚❤❡ ✜♥❛❧ ❝♦♥tr♦❧ ✐♥♣✉t

✐s t❤❡♥ ❝♦♠♣✉t❡❞ ❛s t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ✐♥♣✉ts ❢r♦♠ t❤❡s❡ t✇♦ ❜❡❤❛✈✐♦rs✳

S1

S2 S3

Initial positions

Final positions

Desired formation

Trajectory

❋✐❣✉r❡ ✶✳✷✿ ❆♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❜❡❤❛✈✐♦r✲❜❛s❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ str❛t❡❣②
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❉✐str✐❜✉t❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs t❤❛t ❝❛♥ ❣✉❛r❛♥t❡❡ t❤❡ ♦✈❡r❛❧❧ s②st❡♠ ❝♦♥✈❡r✲

❣❡♥❝❡ ❤❛✈❡ r❡❝❡✐✈❡❞ ✐♥❝r❡❛s❡❞ ❛tt❡♥t✐♦♥ ❢r♦♠ r❡s❡❛r❝❤❡rs ❣✐✈❡♥ t❤❡ ❡❛r❧② s✉❝❝❡ss ♦❢

❛♣♣❧②✐♥❣ ❞✐str✐❜✉t❡❞ ❝♦♥s❡♥s✉s✲❜❛s❡❞ ❝♦♥tr♦❧ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♦❢

♠♦❜✐❧❡ r♦❜♦ts ❬✾✱ ✶✵❪✳ ❋♦r ▼❆❙s ✇✐t❤ s✐♠♣❧❡ ✐♥t❡❣r❛t♦r✲t②♣❡ ❛❣❡♥ts✱ ❝♦♥s❡♥s✉s✲❜❛s❡❞

❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ❝❛♥ ❣❡♥❡r❛❧❧② ❜❡ ❝❛t❡❣♦r✐③❡❞ ❛s ❞✐s♣❧❛❝❡♠❡♥t✲❜❛s❡❞ ❬✶✶✱ ✶✷❪✱

❞✐st❛♥❝❡✲❜❛s❡❞ ❬✶✸✱✶✹❪✱ ♦r ❜❡❛r✐♥❣✲❜❛s❡❞ ❬✶✺✱✶✻❪ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❝♦♥st❛♥t ✐♥t❡r✲

❛❣❡♥t ❞✐s♣❧❛❝❡♠❡♥t✱ ❞✐st❛♥❝❡✱ ♦r ❜❡❛r✐♥❣ ❝♦♥str❛✐♥ts t❤❛t ❛r❡ ❡♠♣❧♦②❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡

❞❡s✐r❡❞ ❣r♦✉♣ ❢♦r♠❛t✐♦♥✳ ❚❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ♠❛♥❡✉✈❡r❛❜✐❧✐t② ✐s ❧❛r❣❡❧② ❞❡♣❡♥❞❡♥t

♦♥ t❤❡ ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ♦♥ t❤❡ s②st❡♠✳ ❋♦r ❡①❛♠♣❧❡✱ ❞✐s♣❧❛❝❡♠❡♥t✲❜❛s❡❞ ❢♦r♠❛✲

t✐♦♥ ❝♦♥tr♦❧❧❡rs ❝❛♥ ♦♥❧② ❜❡ ❛♣♣❧✐❡❞ t♦ tr❛❝❦ ❢♦r♠❛t✐♦♥s ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ tr❛♥s❧❛t✐♦♥s

s✐♥❝❡ t❤❡ ❝♦♥st❛♥t ❞✐s♣❧❛❝❡♠❡♥t ❝♦♥str❛✐♥t ❛❧s♦ ✐♠♣❧✐❝✐t❧② ✐♠♣♦s❡s ❝♦♥st❛♥t ♦r✐❡♥t❛✲

t✐♦♥ ❛♥❞ s❝❛❧❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥✳ ■♥ ❝♦♠♣❛r✐s♦♥✱ ❞✐st❛♥❝❡✲❜❛s❡❞

❝♦♥tr♦❧❧❡rs ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ t❛s❦s ✇❤❡r❡ ❜♦t❤ t✐♠❡✲✈❛r②✐♥❣ tr❛♥s❧❛t✐♦♥s ❛♥❞ ♦r✐❡♥t❛✲

t✐♦♥s ❛r❡ ❞❡s✐r❡❞✱ ❜✉t ♥♦t ❛♣♣❧✐❝❛❜❧❡ t♦ t❛s❦s t❤❛t r❡q✉✐r❡ t✐♠❡✲✈❛r②✐♥❣ s❝❛❧❡s✱ ✇❤✐❧❡

❜❡❛r✐♥❣✲❜❛s❡❞ ❝♦♥tr♦❧❧❡r ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ tr❛❝❦ ❢♦r♠❛t✐♦♥s ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ tr❛♥s✲

❧❛t✐♦♥s ❛♥❞ s❝❛❧❡s✱ ❜✉t ♥♦t ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ♦r✐❡♥t❛t✐♦♥s✳ ❚❛❜❧❡ ✶✳✶ s✉♠♠❛r✐③❡s t❤❡

❝♦♥st❛♥t ❝♦♥str❛✐♥ts ✐♠♣♦s❡❞ ♦♥ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝♦♠♠♦♥ t♦♦❧s

✉s❡❞ t♦ ❞❡✈❡❧♦♣ t❤❡ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠ ❛♠♦♥❣ t❤❡s❡ t❤r❡❡ t②♣❡s ♦❢ ❢♦r♠❛t✐♦♥ ❝♦♥✲

tr♦❧❧❡rs✳ ▼♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡s❡ ❝♦♥tr♦❧❧❡rs ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t t♦ ♦✈❡r❝♦♠❡ s♦♠❡

♦❢ t❤❡ ❧✐♠✐t❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② t❤❡ ❝♦♥st❛♥t ❢♦r♠❛t✐♦♥ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❋♦r ✐♥st❛♥❝❡✱ ❬✶✼❪ ✐♥❝♦r♣♦r❛t❡❞ ❛ ❢♦r♠❛t✐♦♥ s❝❛❧✐♥❣ ❢❛❝t♦r ❢♦r t❤❡ ❢♦r♠❛t✐♦♥ s✐③❡ ✐♥ ❛

❞✐s♣❧❛❝❡♠❡♥t✲❜❛s❡❞ s❡t✉♣✳ ❚❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r ✐s ♦♥❧② ❦♥♦✇♥ t♦ ❛ s✉❜s❡t ♦❢ t❤❡ ❛❣❡♥ts

✭❧❡❛❞❡rs✮✱ ❛♥❞ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ r❡♠❛✐♥✐♥❣ ❛❣❡♥ts t❤♦✉❣❤ ❛ ❢♦r♠❛t✐♦♥✲s❝❛❧❡

❡st✐♠❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳ ■♥ t❤❡ ❞✐st❛♥❝❡✲❜❛s❡❞ ❝♦♥tr♦❧ s❝❤❡♠❡✱ ❬✶✽❪ ❞❡♠♦♥str❛t❡❞ t❤❛t

✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ ❛ r❡s✐③❡❞ ❢♦r♠❛t✐♦♥ ❜② ♦♥❧② ❝❤❛♥❣✐♥❣ t❤❡ ❞❡s✐r❡❞ ❞✐st❛♥❝❡

♦❢ t❤❡ ❧❡❛❞❡r ❡❞❣❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛❞❞✐t✐♦♥❛❧ s❡♥s✐♥❣ ♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛❜✐❧✐t✐❡s ❛r❡

♦❢t❡♥ r❡q✉✐r❡❞ ✐♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡s❡ ♠♦❞✐✜❝❛t✐♦♥s✱ ❛♥❞ t❤❡ r❡s✉❧t❛♥t ❝♦♥tr♦❧❧❡r ♦r

❡st✐♠❛t♦r ✐s ✉s✉❛❧❧② ❝♦♠♣❧✐❝❛t❡❞✳

❘❡❝❡♥t❧②✱ ♥❡✇ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❧✐t✲

❡r❛t✉r❡ ❜❛s❡❞ ♦♥ ✈❛r✐♦✉s ❝♦♥str❛✐♥ts s✉❝❤ ❛s ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡s ❬✶✾❪✱ ❝♦♠♣❧❡①

▲❛♣❧❛❝✐❛♥s ❬✷✵❪✱ ❣r❛♣❤✐❝❛❧ ▲❛♣❧❛❝✐❛♥s ❬✷✶❪✱ ❛♥❞ str❡ss ♠❛tr✐❝❡s ❬✷✷❪ t❤❛t ❞❡✜♥❡ t❤❡



✺

❚❛❜❧❡ ✶✳✶✿ ❈♦♥str❛✐♥ts ❛♥❞ t♦♦❧s ❛♠♦♥❣ ❞✐s♣❧❛❝❡♠❡♥t✲✱ ❞✐st❛♥❝❡✲✱ ❛♥❞ ❜❡❛r✐♥❣✲❜❛s❡❞
❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✭pi ❛♥❞ pj ❞❡♥♦t❡ t❤❡ ♣♦s✐t✐♦♥ ✈❡❝t♦rs ♦❢ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ❛❣❡♥ts✮

❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧❧❡rs ❈♦♥st❛♥t ❈♦♥str❛✐♥t ❚❤❡♦r❡t✐❝❛❧ ❚♦♦❧s
❉✐s♣❧❛❝❡♠❡♥t✲❜❛s❡❞ pi − pj ❈♦♥♥❡❝t❡❞ ❣r❛♣❤s

❉✐st❛♥❝❡✲❜❛s❡❞ ‖pi − pj‖ ❘✐❣✐❞ ❣r❛♣❤s

❇❡❛r✐♥❣✲❜❛s❡❞
pi−pj

‖pi−pj‖
❇❡❛r✐♥❣ ▲❛♣❧❛❝✐❛♥s

t❛r❣❡t ❢♦r♠❛t✐♦♥s✳ ❆♠♦♥❣ t❤❡s❡ ♥❡✇ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs✱ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥✲

tr♦❧❧❡r ❬✷✸❪✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❝♦♥st❛♥t str❡ss ♠❛tr✐❝❡s✱ ✐s ❛ ♣r♦♠✐s✐♥❣ ♠❡t❤♦❞ t♦

s♦❧✈❡ ❣❡♥❡r❛❧ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✳ ■♥ ❛♥ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧

❞❡s✐❣♥✱ t❤❡ ❣r♦✉♣ t❛r❣❡t ❢♦r♠❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❛♥ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭tr❛♥s❧❛t✐♦♥✱

r♦t❛t✐♦♥✱ s❝❛❧✐♥❣✱ s❤❡❛r✱ ♦r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡♠✮ ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥✱ ❛♥❞ t❤❡

❝♦♥tr♦❧❧❡rs ❛r❡ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡ str❡ss ♠❛tr✐❝❡s ✭❞❡t❡r♠✐♥❡❞

❢r♦♠ ♥♦♠✐♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ✉♥❞❡r❧②✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ str✉❝t✉r❡✮ ❛r❡ ✐♥✈❛r✐❛♥t

t♦ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r str❛t❡❣✐❡s ❛r❡ ♦❢t❡♥ ❛❞♦♣t❡❞ ✐♥

❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❞❡s✐❣♥✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇❡rs✬ ❞❡s✐r❡❞ ♣♦s✐t✐♦♥s ❝❛♥ ❜❡ ✉♥✐q✉❡❧②

❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ❧❡❛❞❡rs✬ ♣♦s✐t✐♦♥ ✐❢ t❤❡ ❧❡❛❞❡rs ❛r❡ ♣r♦♣❡r❧② ❝❤♦s❡♥✳

❋♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❢♦r ▼❆❙s ✇✐t❤ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❞②♥❛♠✐❝ ❛❣❡♥ts ❤❛✈❡ ❛❧s♦

❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ t✐♠❡✲✐♥✈❛r✐❛♥t ❢♦r♠❛t✐♦♥ ♣r♦❞✉❝✐♥❣ ♣r♦❜❧❡♠

✭❧❡❛❞❡r❧❡ss✮ ❢♦r ▼❆❙s ✇✐t❤ ❧✐♥❡❛r ❛❣❡♥ts ✇❛s ✐♥✐t✐❛❧❧② st✉❞✐❡❞ ✐♥ ❬✷✹❪ ✉s✐♥❣ t❤❡ ◆②q✉✐st

st❛❜✐❧✐t② ❝r✐t❡r✐♦♥✳ ❚❤❡ ♠♦r❡ ❣❡♥❡r❛❧ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ ♣r♦❞✉❝✐♥❣ ♣r♦❜❧❡♠ ✇❛s

✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✷✺✕✷✽❪ ✉♥❞❡r ✈❛r✐♦✉s s❡tt✐♥❣s✳ ❆ ❞✐str✐❜✉t❡❞ t✐♠❡✲❞❡❧❛②❡❞ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧❧❡r ✇❛s ❞❡s✐❣♥❡❞ ✐♥ ❬✷✺❪ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♥st❛♥t ❞❡❧❛②s ✐♥ t❤❡ ❝♦♠✲

♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧s✳ ❚❤❡ ❛✉t❤♦rs ✐♥ ❬✷✻❪ ❞❡✈❡❧♦♣❡❞ s✉❜✲❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ❜❛s❡❞

♦♥ t❤❡ s♦❧✉t✐♦♥s ❢r♦♠ ❛❧❣❡❜r❛✐❝ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥s ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r ▼❆❙s t❤❛t ❝❛♥

❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ s✉❜✲❣r♦✉♣s✳ ❙✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❢♦r♠❛t✐♦♥ ❢❡❛s✐❜✐❧✐t② ❝♦♥❞✐✲

t✐♦♥s ❛❧♦♥❣ ✇✐t❤ ❛ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ ♣r♦t♦❝♦❧ ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✼❪ ❢♦r ▼❆❙s

✉♥❞❡r s✇✐t❝❤✐♥❣ ❞✐r❡❝t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣✐❡s✳ ❋✉❧❧② ❞✐str✐❜✉t❡❞ t✐♠❡✲✈❛r②✐♥❣

❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✇❡r❡ st✉❞✐❡❞ ✉s✐♥❣ ❛❞❛♣t✐✈❡ ❣❛✐♥ s❝❤❡❞✉❧✐♥❣ t❡❝❤♥✐q✉❡s ✐♥ ❬✷✽❪ ❢♦r

▼❆❙s ✇✐t❤ ❞✐r❡❝t❡❞ ❛♥❞ ✉♥❞✐r❡❝t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣✐❡s✳ ❆♣❛rt ❢r♦♠ ❢♦r♠❛t✐♦♥

♣r♦❞✉❝✐♥❣ ♣r♦❜❧❡♠s✱ t❤❡ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ♣r♦❜❧❡♠s ✭❧❡❛❞❡r✲❢♦❧❧♦✇❡r✮ ✇❤❡r❡ t❤❡ ❡♥✲

t✐r❡ ❣r♦✉♣ ✐s ❡①♣❡❝t❡❞ t♦ tr❛❝❦ ❝❡rt❛✐♥ r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r✐❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ r❡s❡❛r❝❤❡❞✳



✻

❚❤❡ ❛✉t❤♦rs ✐♥ ❬✷✾❪ st✉❞✐❡❞ r♦❜✉st t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ❢♦r ❛ ❣❡♥✲

❡r❛❧ ❤♦♠♦❣❡♥❡♦✉s ❧✐♥❡❛r ▼❆❙ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣❛r❛♠❡t❡rs ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ❡①t❡r♥❛❧

❞✐st✉r❜❛♥❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥tr♦❧❧❡rs ✇❡r❡ ❞❡s✐❣♥❡❞ s✉❝❤ t❤❛t t❤❡ ❝❧♦s❡❞✲❧♦♦♣ s②s✲

t❡♠ ✐s ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❣❛✐♥s ✇❡r❡ ❛❞❛♣t✐✈❡❧② ❛❞❥✉st❡❞ ✉s✐♥❣ t❤❡

σ✲♠♦❞✐✜❝❛t✐♦♥ ♠❡t❤♦❞ t♦ ❛✈♦✐❞ ♣♦t❡♥t✐❛❧ ✉♥❜♦✉♥❞❡❞ ❣❛✐♥s✳ ❚❤✐s r❡s❡❛r❝❤ ✇❛s ❧❛t❡r

❡①t❡♥❞❡❞ t♦ r♦❜✉st ♦✉t♣✉t ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❧✐♥❡❛r ▼❆❙s

✐♥ ❬✸✵❪✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✐♥ ❬✷✺✕✸✵❪ ❛r❡ ❞❡✜♥❡❞ ❜❛s❡❞ ♦♥

s♦♠❡ ♣r❡s♣❡❝✐✜❡❞ t✐♠❡✲❜❛s❡❞ ❢♦r♠❛t✐♦♥ ✈❡❝t♦rs✳ ❉❡✜♥✐♥❣ t✐♠❡✲✈❛r②✐♥❣ ❣r♦✉♣ t❛r❣❡t

❢♦r♠❛t✐♦♥s t❤❛t ❝❛♥ ❞②♥❛♠✐❝❛❧❧② ❛❞❛♣t t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❢♦r ❤✐❣❤✲♦r❞❡r

❧✐♥❡❛r ▼❆❙s ✐s st✐❧❧ ❛♥ ♦♣❡♥ r❡s❡❛r❝❤ ♣r♦❜❧❡♠✳

✶✳✸ ▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇ ♦♥ ❊❚❈

❉✐✛❡r❡♥t ❢r♦♠ t❤❡ tr❛❞✐t✐♦♥❛❧ t✐♠❡✲tr✐❣❣❡r❡❞ ❝♦♥tr♦❧ ✭❚❚❈✮ s❝❤❡♠❡ ✇❤❡r❡ s❛♠♣❧✐♥❣

❛♥❞ ❝♦♥tr♦❧ ✉♣❞❛t❡s ❛r❡ ❡①❡❝✉t❡❞ ❛t ❛ ✜①❡❞ ♣❡r✐♦❞✱ ❊❚❈ s❝❤❡♠❡s ♣r♦✈✐❞❡ ❛♥ ❛❞❛♣t✐✈❡

✇❛② ♦❢ ❞❡t❡r♠✐♥✐♥❣ ✇❤❡♥ t♦ s❛♠♣❧❡ t❤❡ s②st❡♠ ❛♥❞ ✇❤❡♥ t♦ ✉♣❞❛t❡ t❤❡ ❝♦♥tr♦❧ ✐♥♣✉t✳

❚❤✐s ♣r♦❝❡ss ✐s ✉s✉❛❧❧② ❣♦✈❡r♥❡❞ ❜② s♦♠❡ ♣r❡✲❞❡s✐❣♥❡❞ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s t❤❛t ❞❡✲

♣❡♥❞ ♦♥ s②st❡♠ st❛t❡s ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ❧❡✈❡❧s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ♠♦♥✐t♦r❡❞ ♦r

♣❡r✐♦❞✐❝❛❧❧② ❝❤❡❝❦❡❞✳ ❆❧t❤♦✉❣❤ ❊❚❈ str❛t❡❣✐❡s ❤❛✈❡ ❜❡❡♥ ❤✐st♦r✐❝❛❧❧② ♣r❡s❡♥t❡❞ ✉♥❞❡r

❞✐✛❡r❡♥t ♥❛♠❡s ✭❛❞❛♣t✐✈❡ s❛♠♣❧✐♥❣✱ ♠✐♥✐♠✉♠ ❛tt❡♥t✐♦♥ ❝♦♥tr♦❧✮✱ ✐t ✐s ♦♥❧② ♦✈❡r t❤❡

♣❛st ❞❡❝❛❞❡ t❤❛t t❤❡② ❤❛✈❡ ❣❛✐♥❡❞ t❤❡✐r ♣♦♣✉❧❛r✐t② ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ▼❆❙ ❝♦♠♠✉♥✐✲

t✐❡s✳ ❚❤✐s s❡❝t✐♦♥ ♠❛✐♥❧② r❡✈✐❡✇s ❊❚❈ str❛t❡❣✐❡s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♥s❡♥s✉s ❝♦♥tr♦❧

♦❢ ▼❆❙s✳

✶✳✸✳✶ ❊❚❈ ❈♦♥s❡♥s✉s ❈♦♥tr♦❧

❚❤❡ r❡s❡❛r❝❤ ✐♥ ❊❚❈ ❝♦♥s❡♥s✉s ❝♦♥tr♦❧ ❝❛♥ ❣❡♥❡r❛❧❧② ❜❡ ❝❛t❡❣♦r✐③❡❞ ❜❛s❡❞ ♦♥✿ ❛❣❡♥t

❞②♥❛♠✐❝s✱ ✐♥t❡r❛❝t✐♦♥ t♦♣♦❧♦❣②✱ tr✐❣❣❡r r❡s♣♦♥s❡✱ ❡✈❡♥t ❞❡t❡❝t✐♦♥✱ ❛♥❞ tr✐❣❣❡r ❞❡♣❡♥✲

❞❡♥❝❡ ❬✸✶❪✳ ❊❚❈ ✇❛s ✐♥✐t✐❛❧❧② st✉❞✐❡❞ ❢♦r s✐♥❣❧❡✲✐♥t❡❣r❛t♦r ▼❆❙s ✇✐t❤ ❛s②♠♣t♦t✐❝

❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ✐♥ ❬✸✷❪✱ ❛♥❞ ❛ ✜♥✐t❡✲t✐♠❡ ❝♦♥s❡♥s✉s ❝♦♥tr♦❧❧❡r ✇❛s ♣r♦♣♦s❡❞ ✐♥ ❬✸✸❪

✉s✐♥❣ ♥♦♥❧✐♥❡❛r ❊❚❈ str❛t❡❣✐❡s✳ ❆ ❧❡ss ❝♦♥s❡r✈❛t✐✈❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ✭❛❧❧♦✇✐♥❣ ❢♦r

❧❛r❣❡r ✐♥t❡r✲❡✈❡♥t t✐♠❡✮ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ❬✸✹❪ ✉s✐♥❣ ❛♥ ✐♥t❡❣r❛❧ ❜❛s❡❞ ▲②❛♣✉♥♦✈ ❛♣✲

♣r♦❛❝❤✳ ❚❤❡ ❛✉t❤♦rs ✐♥ ❬✸✺❪ s♦♦♥ ❡①t❡♥❞❡❞ ❊❚❈ str❛t❡❣✐❡s t♦ ❞♦✉❜❧❡✲✐♥t❡❣r❛t♦r ▼❆❙s

✉s✐♥❣ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❬✸✺❪
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❛❧s♦ ❡❧✐♠✐♥❛t❡s t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❝♦♥t✐♥✉♦✉s st❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛s ✐♥ ❬✸✷✕✸✹❪✳ ❚♦ ❡①✲

♣❛♥❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ t♦ ✐♥❝❧✉❞❡ ♠♦r❡ r❡❛❧✐st✐❝ ♣❤②s✐❝❛❧ s②st❡♠ ❞②♥❛♠✐❝s✱ ❊❚❈

str❛t❡❣✐❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r ▼❆❙s ✇✐t❤ ❬✸✻❪ ♦r ✇✐t❤♦✉t ❬✸✼✕✸✾❪

❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✱ ❛♥❞ ▼❆❙s ✇✐t❤ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❛❣❡♥ts ❬✹✵❪✳ ■♥ ❣❡♥❡r❛❧✱ ❞❡✈❡❧✲

♦♣✐♥❣ ❊❚❈ str❛t❡❣✐❡s ❢♦r ♥♦♥❧✐♥❡❛r ▼❆❙s ✐s ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ ❛♥❞ ♦♥❧② ❛ ❢❡✇ r❡s✉❧ts

❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ■♥t❡r❛❝t✐♦♥ t♦♣♦❧♦❣✐❡s ❜❡t✇❡❡♥ ❛❣❡♥ts ♣❧❛② ✐♠♣♦rt❛♥t

r♦❧❡s ✐♥ t❤❡ ❝♦♥s❡♥s✉s ❝♦♥tr♦❧ ♦❢ ▼❆❙s✳ ■t ✐s ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t t❤❡ ❝♦♥s❡♥s✉s ❞❡s✐❣♥

❢♦r ▼❆❙s ✉♥❞❡r ❞✐r❡❝t❡❞ t♦♣♦❧♦❣✐❡s ✐s ❣❡♥❡r❛❧❧② ❤❛r❞❡r t❤❛♥ t❤❛t ❢♦r ▼❆❙s ✉♥❞❡r

✉♥❞✐r❡❝t❡❞ t♦♣♦❧♦❣✐❡s✳ ❊❛r❧② ✇♦r❦s ❬✸✷✕✸✹✱ ✹✶❪ ♦❢ ❊❚❈ ❝♦♥s❡♥s✉s ❝♦♥tr♦❧ ✇❡r❡ ♣r✐✲

♠❛r✐❧② ❝♦♥❞✉❝t❡❞ ❢♦r ▼❆❙s ✉♥❞❡r ✉♥❞✐r❡❝t❡❞ t♦♣♦❧♦❣✐❡s✳ ❚❤❡ ❛✉t❤♦rs ✐♥ ❬✹✷❪ st✉❞✐❡❞

t❤❡ ❊❚❈ ❛✈❡r❛❣❡ ❝♦♥s❡♥s✉s ♣r♦❜❧❡♠ ✉♥❞❡r ❛ ✇❡✐❣❤t✲❜❛❧❛♥❝❡❞ ❞✐r❡❝t❡❞ ❝♦♠♠✉♥✐❝❛✲

t✐♦♥ t♦♣♦❧♦❣②✳ ❘❡s✉❧ts ♦❢ ❊❚❈ ✉♥❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ❞✐r❡❝t❡❞ t♦♣♦❧♦❣✐❡s ✇❡r❡ ♣r❡s❡♥t❡❞

✐♥ ❬✹✸❪✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ✜①❡❞✲t♦♣♦❧♦❣✐❡s✱ s♦♠❡ ♣r❡❧✐♠✐♥❛r② st✉❞✐❡s ♦♥ ❊❚❈ ❞❡s✐❣♥ ❢♦r

▼❆❙s ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ t♦♣♦❧❣✐❡s ✇❡r❡ ♣✉❜❧✐s❤❡❞ ✐♥ ❬✹✹✱✹✺❪✳

❚r✐❣❣❡r r❡s♣♦♥s❡✱ ❡✈❡♥t ❞❡t❡❝t✐♦♥✱ ❛♥❞ tr✐❣❣❡r ❞❡♣❡♥❞❡♥❝❡ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❡✈❡♥t

❣❡♥❡r❛t♦r ❞❡s✐❣♥ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s ♣❧❛❝❡❞ ♦♥ t❤❡ ❛❣❡♥ts✬ ❝♦♠♠✉♥✐❝❛t✐♦♥✴❝♦♠♣✉✲

t❛t✐♦♥ ❛❜✐❧✐t✐❡s✳ ❚r✐❣❣❡r r❡s♣♦♥s❡ r❡❢❡rs t♦ ✇❤❛t ❛❝t✐♦♥ ✇✐❧❧ ❜❡ tr✐❣❣❡r❡❞ ✐❢ ❛♥ ❡✈❡♥t

✐s ❞❡t❡❝t❡❞✳ ❚❤❡r❡ ❛r❡ ❣❡♥❡r❛❧❧② t❤r❡❡ ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛❝t✐♦♥s✿ ✐♥❢♦r♠❛t✐♦♥

♣✉s❤ ❬✸✷✕✸✻✱✸✽✱✹✵❪✱ ✐♥❢♦r♠❛t✐♦♥ ♣✉❧❧ ❬✹✻✱✹✼❪✱ ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ❡①❝❤❛♥❣❡ ❬✹✽✱✹✾❪✳ ■♥ t❤❡

✐♥❢♦r♠❛t✐♦♥ ♣✉s❤ s❝❤❡♠❡✱ ❛♥ ❛❣❡♥t ❜r♦❛❞❝❛sts ✐ts st❛t❡ ✐♥❢♦r♠❛t✐♦♥ t♦ ♥❡✐❣❤❜♦r✐♥❣

❛❣❡♥ts ❛♥❞ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ❛❧❧ ♥❡✐❣❤❜♦rs ❝❛♥ s✉❝❝❡ss❢✉❧❧② r❡❝❡✐✈❡ t❤❡ ❜r♦❛❞❝❛st❡❞

✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛❝t✐♦♥ ✐s t❤❡ ♠♦st ❝♦♠♠♦♥ tr✐❣❣❡r r❡s♣♦♥s❡ ✐♥

❊❚❈ st✉❞✐❡s✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣✉❧❧ s❝❤❡♠❡ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ s❡❧❢✲tr✐❣❣❡r❡❞

❢♦r♠✉❧❛t✐♦♥ ❬✹✻❪ ✇❤❡r❡ ❛♥ ❛❣❡♥t ❞❡t❡r♠✐♥❡s ✐ts ♥❡①t tr✐❣❣❡r✐♥❣ ✐♥st❛♥t ❜❛s❡❞ ♦♥❧② ♦♥

✐♥❢♦r♠❛t✐♦♥ ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡✱ ❛♥❞ t❤❡ ❛❣❡♥t s❡♥❞s ❛ r❡q✉❡st t♦ ✐ts ♥❡✐❣❤❜♦rs ❢♦r

♥❡✇ ✐♥❢♦r♠❛t✐♦♥ ✇❤❡♥ ❛ tr✐❣❣❡r ✐s ❛❝t✐✈❛t❡❞✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❡①❝❤❛♥❣❡ s❝❤❡♠❡ ✐s

♦❢t❡♥ ❛ss✉♠❡❞ ✐♥ ❡❞❣❡✲❜❛s❡❞ ❊❚❈ ❞❡s✐❣♥✱ ✇❤❡r❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r

t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧✐♥❦s ❛♥❞ ❛❣❡♥ts ❝♦♥♥❡❝t❡❞ ❜② ❛ ❧✐♥❦ ❡①❝❤❛♥❣❡✴s✇❛♣ ✐♥❢♦r♠❛t✐♦♥

✇❤❡♥ t❤❡ ❧✐♥❦ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s ✈✐♦❧❛t❡❞✳ ❚r✐❣❣❡r ❞❡t❡❝t✐♦♥ r❡❢❡rs t♦ ❤♦✇ t❤❡ tr✐❣✲

❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥s ✭❡✈❡♥ts✮ ❛r❡ ♠♦♥✐t♦r❡❞✳ ▼♦st ♦❢ t❤❡ ❡❛r❧② st✉❞✐❡s ✐♥ ❊❚❈

❞❡s✐❣♥ ❛ss✉♠❡❞ t❤❛t t❤❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ♠♦♥✐t♦r❡❞ ❝♦♥t✐♥✉♦✉s❧②✱ ✇❤✐❝❤

✐s ♥♦t ♣r❛❝t✐❝❛❧ ❢r♦♠ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❝♦♥str❛✐♥t
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♦❢ ❝♦♥t✐♥✉♦✉s ♠♦♥✐t♦r✐♥❣ ✐♥ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ♣❡r✐♦❞✐❝ ♠♦♥✐t♦r✐♥❣ s❝❤❡♠❡s✱

✇❤❡r❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ ♣❡r✐♦❞✐❝❛❧❧② ❝❤❡❝❦❡❞✱ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✺✵✱ ✺✶❪

❜② ✉s✐♥❣ s❛♠♣❧❡❞✲❞❛t❛ s②st❡♠ ❢♦r♠✉❧❛t✐♦♥s✱ ♦r ❛rt✐✜❝✐❛❧❧② ❢♦r❝✐♥❣ ❛ ♠✐♥✐♠✉♠ ♣♦s✐✲

t✐✈❡ ✐♥t❡r✲❡✈❡♥t t✐♠❡✳ ❆♣❡r✐♦❞✐❝ ♠♦♥✐t♦r✐♥❣ ♠❡t❤♦❞s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞ r❡❝❡♥t❧②

✐♥ ❬✺✷❪ t♦ ❛❧❧❡✈✐❛t❡ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ s②♥❝❤r♦♥✐③❛t✐♦♥ ❢r♦♠ ♣❡r✐♦❞✐❝ ♠♦♥✐t♦r✐♥❣ ♠❡t❤✲

♦❞s✳ ❚r✐❣❣❡r ❞❡♣❡♥❞❡♥❝❡ r❡❢❡rs t♦ ❤♦✇ ❛ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❞❡s✐❣♥❡❞ ❛♥❞ ✇❤❛t

✐♥❢♦r♠❛t✐♦♥ ✐s r❡q✉✐r❡❞✳ ■♥ ❣❡♥❡r❛❧✱ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ st❛t✐❝ ♦r ❞②♥❛♠✐❝✳

❚❤❡ st❛t✐❝ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥s ❝❛♥ ❢✉rt❤❡r ❜❡ ❝❧❛ss✐✜❡❞ ❛s st❛t❡✲❞❡♣❡♥❞❡♥t ❬✸✷✱✸✹❪ ♦r

t✐♠❡✲❞❡♣❡♥❞❡♥t ❬✸✺✱ ✸✻✱ ✹✽❪✳ ❉②♥❛♠✐❝ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥s ❬✺✸✱ ✺✹❪ ❞❡♣❡♥❞ ♦♥ ✐♥t❡r♥❛❧

❞②♥❛♠✐❝ ✈❛r✐❛❜❧❡s ✇✐t❤ t❤❡✐r ♦✇♥ ❞②♥❛♠✐❝s t❤❛t ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ s❡♣❛r❛t❡❧② t♦ s❛t✐s❢②

❝❡rt❛✐♥ ❞❡s✐❣♥ r❡q✉✐r❡♠❡♥ts✳

❆❧t❡r♥❛t✐✈❡❧②✱ r❡s❡❛r❝❤ ✐♥ ❊❚❈ ♦❢ ▼❆❙s ♠❛② ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ ❢♦✉r t②♣❡s ♦❢

s❝❤❡♠❡s ❬✺✺❪✿ ❡✈❡♥t✲❜❛s❡❞ s❛♠♣❧✐♥❣ ❬✸✷❪✱ ♠♦❞❡❧✲❜❛s❡❞ ❬✸✼❪✱ s❛♠♣❧❡❞✲❞❛t❛✲❜❛s❡❞ ❬✺✵❪✱

❛♥❞ s❡❧❢✲tr✐❣❣❡r❡❞ ❬✹✻❪✳ ■♥ ❡✈❡♥t✲❜❛s❡❞ s❛♠♣❧✐♥❣ s❝❤❡♠❡s✱ s②st❡♠s s❛♠♣❧❡ t❤❡ ❝✉rr❡♥t

♠❡❛s✉r❡♠❡♥t ♦♥❧② ✇❤❡♥ ♣r❡✲❞❡s✐❣♥❡❞ ❡✈❡♥ts ❛r❡ tr✐❣❣❡r❡❞✳ ❚❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ♦❢ t❤✐s

s❝❤❡♠❡ ✐s t❤❛t ❝♦♥t✐♥✉♦✉s ♠♦♥✐t♦r✐♥❣ ♦❢ ❡✈❡♥ts ✐s ✉s✉❛❧❧② r❡q✉✐r❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤✐s

s❝❤❡♠❡ ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r ❛❣❡♥ts ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ❡q✉✐❧✐❜r✐✉♠ tr❛❥❡❝t♦r✐❡s✳ ■♥

♠♦❞❡❧✲❜❛s❡❞ s❝❤❡♠❡s✱ st❛t❡ ❡st✐♠❛t♦rs ❛r❡ ❞❡s✐❣♥❡❞ ✉s✐♥❣ ♠♦❞❡❧ ❦♥♦✇❧❡❞❣❡✱ ❛♥❞ t❤❡

❡st✐♠❛t❡❞ st❛t❡s ❛r❡ ✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ tr✉❡ st❛t❡s ✐♥ t❤❡ tr✐❣❣❡r✐♥❣ ❡✈❛❧✉❛t✐♦♥✳ ❚❤✐s

s❝❤❡♠❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❝♦♥t✐♥✉♦✉s ♠♦♥✐t♦r✐♥❣❀ ❤♦✇❡✈❡r✱ t❤❡ ♠❛✐♥

❞✐s❛❞✈❛♥t❛❣❡ ✐s t❤❛t ❛♥ ❡①♣❧✐❝✐t ❛♥❞ ❛❝❝✉r❛t❡ s②st❡♠ ♠♦❞❡❧ ✭❡✳❣✳ s②st❡♠ ♠❛tr✐① A ✐♥

❧✐♥❡❛r s②st❡♠s✮ ♠✉st ❜❡ ❦♥♦✇♥ ❛ ♣r✐♦r✐✳ ❚❤❡ s❛♠♣❧❡❞✲❞❛t❛✲❜❛s❡❞ s❝❤❡♠❡ ✐s s✐♠✐❧❛r

t♦ t❤❡ ♣❡r✐♦❞✐❝ ❡✈❡♥t ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞✱ ❛♥❞ t❤❡ ♠❛✐♥ ❞r❛✇❜❛❝❦ ✐s t❤❡ r❡q✉✐r❡♠❡♥t ♦❢

s❛♠♣❧✐♥❣ s②♥❝❤r♦♥✐③❛t✐♦♥ ❛❝r♦ss ❛❧❧ ❛❣❡♥ts✳ ❚❤❡ s❡❧❢✲tr✐❣❣❡r❡❞ s❝❤❡♠❡ ♦✈❡r❧❛♣s ✇✐t❤

t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣✉❧❧ s❝❤❡♠❡ ❝❧❛ss✐✜❡❞ ❜② tr✐❣❣❡r r❡s♣♦♥s❡✳ ❚❤❡ ♠❛✐♥ ❞✐s❛❞✈❛♥t❛❣❡ ✐s

t❤❛t t❤❡ s❡❧❢✲tr✐❣❣❡r❡❞ r✉❧❡ ❞❡s✐❣♥ ✐s ✈❡r② ❝♦♠♣❧❡① ❛♥❞ ✐s ✉s✉❛❧❧② s②st❡♠ s♣❡❝✐✜❝✳

✶✳✸✳✷ ❩❡♥♦ ❇❡❤❛✈✐♦r ❛♥❞ ❩❡♥♦✲❢r❡❡ ❆♣♣r♦❛❝❤❡s

❊❚❈ s②st❡♠s ❛r❡ s♣❡❝✐❛❧ t②♣❡s ♦❢ s✇✐t❝❤✐♥❣ s②st❡♠s ✇❤❡r❡ t❤❡② ❛r❡ ❞✐s❝♦♥t✐♥✉♦✉s ❛t

tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦t❤❡r✇✐s❡✳ ❆s ❜②♣r♦❞✉❝ts ♦❢ s✇✐t❝❤✐♥❣ s②st❡♠s✱

❩❡♥♦ ❜❡❤❛✈✐♦rs ✇❤❡r❡ ✐♥✜♥✐t❡ s✇✐t❝❤❡s ✭❥✉♠♣s✴tr✐❣❣❡rs✮ t❛❦❡ ♣❧❛❝❡ ✐♥ ❛ ✜♥✐t❡ t✐♠❡

✐♥t❡r✈❛❧ ❝❛♥ ❛❧s♦ ♦❝❝✉r ✐♥ ❊❚❈ s②st❡♠s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❩❡♥♦ ❜❡❤❛✈✐♦r ❝❛♥ ❝❛✉s❡ ❛♥



✾

❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ✭❞❡❛❞❧♦❝❦✮ ✐♥ t❤❡ s②st❡♠✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♦❢ ✉t♠♦st ✐♠♣♦rt❛♥❝❡

t♦ t❤❡♦r❡t✐❝❛❧❧② r✉❧❡ ♦✉t ❩❡♥♦ ❜❡❤❛✈✐♦rs ❢♦r ❛ ✈❛❧✐❞ ❊❚❈ ❞❡s✐❣♥✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞

t❤❛t s✐♠♣❧② ❡♥❢♦r❝✐♥❣ ♣♦s✐t✐✈❡ ✐♥t❡r✲❡✈❡♥t t✐♠❡ ✭tk+1 − tk > 0✮ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧②

❡①❝❧✉❞❡ ❩❡♥♦ ❜❡❤❛✈✐♦rs✳ ■♥ ❛❞❞✐t✐♦♥✱ r✉❧✐♥❣ ♦✉t ❩❡♥♦ ❜❡❤❛✈✐♦r ❞♦❡s ♥♦t ❣✉❛r❛♥t❡❡ ❛

♠✐♥✐♠✉♠ ✐♥t❡r✲❡✈❡♥t t✐♠❡ ✭▼■❊❚✮ ✭tk+1−tk > c, ∀k ∈ Z≥0✱ ✇❤❡r❡ c ✐s ❛ s♠❛❧❧ ♣♦s✐t✐✈❡

❝♦♥st❛♥t ✈❛❧✉❡✮✳ ◆❡✈❡rt❤❡❧❡ss✱ ❛ ♣♦s✐t✐✈❡ ▼■❊❚ ✐s r❡q✉✐r❡❞ ❢♦r ❛♥ ❊❚❈ ❛❧❣♦r✐t❤♠ t♦

❜❡ ❢✉❧❧② ✐♠♣❧❡♠❡♥t❛❜❧❡ s✐♥❝❡ ❛❧❧ ❞❡✈✐❝❡s ❤❛✈❡ ❛ ❧✐♠✐t ♦♥ ♦♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝②✳ ❚♦

❝❧❡❛r❧② ❞❡♠♦♥str❛t❡ t❤❡s❡ ❝♦♥❝❡♣ts✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ❬✸✶❪✿

❊①❛♠♣❧❡ ✶✳✶✳ ❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ❞❡✜♥❡❞ ❜②

tk =
k
∑

i=1

1

i2
, k ∈ Z≥0.

■t ✐s ❝❧❡❛r t❤❛t tk+1 − tk → 0 ❛s k → ∞✳ ❋✉rt❤❡r ❛♥❛❧②s✐s r❡✈❡❛❧s t❤❛t t❤❡ s❡q✉❡♥❝❡

{tk} ❛❝t✉❛❧❧② ❤❛s ❛♥ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ✭❩❡♥♦ ❜❡❤❛✈✐♦r ♦❝❝✉rs✮ ❛s tk → π2

6
❛s k → ∞✳

❊①❛♠♣❧❡ ✶✳✷✳ ❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ❞❡✜♥❡❞ ❜②

tk =
k
∑

i=1

1

i
, k ∈ Z≥0.

■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ❩❡♥♦ ❜❡❤❛✈✐♦r ❞♦❡s ♥♦t ♦❝❝✉r s✐♥❝❡ tk → ∞ ❛s k → ∞✱ ❛♥❞

t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛ ♣♦s✐t✐✈❡ ▼■❊❚ ❜❡❝❛✉s❡ ♦❢ tk+1 − tk → 0 ❛s k → ∞✳

❊①❛♠♣❧❡ ✶✳✸✳ ❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ❞❡✜♥❡❞ ❜②

tk =
k
∑

i=1

1

i
+ ck, k ∈ Z≥0,

✇❤❡r❡ c ✐s ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ✐♥t❡r✲❡✈❡♥t t✐♠❡ ✐s

❧♦✇❡r ❜♦✉♥❞❡❞ ❛s tk+1 − tk > c✳ ❚❤❡r❡❢♦r❡✱ t❤✐s tr✐❣❣❡r✐♥❣ s❡q✉❡♥❝❡ ❤❛s ❛ ♣♦s✐t✐✈❡

▼■❊❚ ❛♥❞ t❤❡ ❩❡♥♦ ❜❡❤❛✈✐♦r ✐s ♥❛t✉r❛❧❧② ❡①❝❧✉❞❡❞✳

❩❡♥♦✲❢r❡❡ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ✜rst ♠❡t❤♦❞ ✐♥✈♦❧✈❡s

♠♦❞✐❢②✐♥❣ t❤❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ f(t) ❜② ❛❞❞✐♥❣ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ t✐♠❡✲❞❡♣❡♥❞❡♥t

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ h(t) ✭❡✳❣✳ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢✉♥❝t✐♦♥✮ ❬✸✺✱✺✻❪✳ ❚❤❡♥ t❤❡ ❩❡♥♦
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❜❡❤❛✈✐♦r ❝❛♥ ❜❡ ❡①❝❧✉❞❡❞ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ✐♥t❡r✲❡✈❡♥t t✐♠❡ ✐s ❧♦✇❡r ❜♦✉♥❞❡❞ ❜② ❛

♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞❡♥t ♦♥ h(t)❀ ❤♦✇❡✈❡r✱ t❤✐s ♠❡t❤♦❞ ❞♦❡s ♥♦t ❣❡♥❡r❛t❡ ❛ ▼■❊❚✳

❙✐♠✐❧❛r❧②✱ ❛ str✐❝t❧② ❝♦♥st❛♥t c ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ❞❡s✐❣♥ ❬✺✼✱

✺✽❪✳ ❚❤❡r❡ ✉s✉❛❧❧② ❡①✐sts ❛ ▼■❊❚ ❜② ✉s✐♥❣ t❤✐s ♠❡t❤♦❞✱ ❜✉t t❤❡ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡

✐s ❞❡t❡r✐♦r❛t❡❞ s✐♥❝❡ t❤❡ s②st❡♠ ❝❛♥ ♦♥❧② ❛❝❤✐❡✈❡ ❝♦♥s❡♥s✉s ✇✐t❤ ❜♦✉♥❞❡❞ ❡rr♦r t❤❛t

✐s ❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ c✳ ❚❤❡s❡ t✇♦ ♠❡t❤♦❞s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦❣❡t❤❡r ✐♥ t❤❡

❧✐t❡r❛t✉r❡ ❬✺✾❪✳ ❆♥♦t❤❡r ♠❡t❤♦❞ ✉s❡s ❛ t✐♠❡✲r❡❣✉❧❛t❡❞ tr✐❣❣❡r ❝♦♥❞✐t✐♦♥ ❬✹✻✱ ✻✵❪✳ ❚❤❡

♥❡①t tr✐❣❣❡r✐♥❣ ✐♥st❛♥t tk+1 ✐s ❞❡✜♥❡❞ ❛s tk+1 = tk+max{d, τk}✱ ✇❤❡r❡ tk ✐s t❤❡ ❧❛t❡st
tr✐❣❣❡r✐♥❣ ✐♥st❛♥t✱ d ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ ❛♥❞ τk ✐s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛ r❡❣✉❧❛r tr✐❣❣❡r✐♥❣

❢✉♥❝t✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ s✐♠♣❧② ❡♥❢♦r❝❡s ❛ ▼■❊❚ ♦❢ d ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❡✈❡♥ts

❛♥❞ t❤❡r❡❢♦r❡ r✉❧❡s ♦✉t ❩❡♥♦ ❜❡❤❛✈✐♦r ✇❤❡♥ t❤❡ ✐♥t❡r✲❡✈❡♥t t✐♠❡ ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡

r❡❣✉❧❛r tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❧❡ss t❤❛♥ d✳ ◆♦t✇✐t❤st❛♥❞✐♥❣ t❤✐s str❛✐❣❤t❢♦r✇❛r❞ ✐❞❡❛ t♦

❡①❝❧✉❞❡ ❩❡♥♦ ❜❡❤❛✈✐♦r✱ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ d t❤❛t ❡♥s✉r❡s ♦✈❡r❛❧❧ s②st❡♠ ❝♦♥✈❡r❣❡♥❝❡ ✐s

✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ ❡s♣❡❝✐❛❧❧② ❢♦r ▼❆❙s ✇✐t❤ ❝♦♠♣❧❡① ❛❣❡♥t ❞②♥❛♠✐❝s ♦r ❝♦♠♠✉♥✐❝❛t✐♦♥

t♦♣♦❧♦❣✐❡s✳ ❚❤❡♦r✐❡s ❢r♦♠ ❤②❜r✐❞ s②st❡♠s ❬✻✶❪ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❛❞♦♣t❡❞ ✐♥ ❬✺✹✱ ✻✷❪ t♦

st✉❞② ❩❡♥♦✲❢r❡❡ ❝♦♥tr♦❧❧❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❊❚❈ s②st❡♠ ✐s r❡❢♦r♠✉❧❛t❡❞ ❛s ❛ ❤②❜r✐❞

s②st❡♠ ❛♥❞ t❤❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ ❛♥ ✐♥t❡r♥❛❧ ❞②♥❛♠✐❝ ✈❛r✐❛❜❧❡✳

❚❤❡ ❛s②♠♣t♦t✐❝ s②st❡♠ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♣r✐♥❝✐♣❧❡ ❢♦r

❤②❜r✐❞ s②st❡♠s✱ ❛♥❞ t❤✐s ♠❡t❤♦❞ ❣✉❛r❛♥t❡❡s ❛ ▼■❊❚✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ♠❡t❤♦❞ ✐s

♠❛✐♥❧② ❞❡✈❡❧♦♣❡❞ ❢♦r ❛✈❡r❛❣❡ ❝♦♥s❡♥s✉s ♦❢ s✐♥❣❧❡✲✐♥t❡❣r❛t♦r ▼❆❙s ❛♥❞ ✇❤❡t❤❡r ✐t ❝❛♥

❜❡ ❡①t❡♥❞❡❞ t♦ ▼❆❙s ✇✐t❤ ♠♦r❡ ❝♦♠♣❧❡① ❛❣❡♥t ❞②♥❛♠✐❝s st✐❧❧ r❡♠❛✐♥s ❛s ❛♥ ♦♣❡♥

♣r♦❜❧❡♠✳ ❚❤❡ ❧❛st ♠❡t❤♦❞ ✉s❡s ❛ s❛♠♣❧❡❞✲❞❛t❛✲❜❛s❡❞ s❝❤❡♠❡ ❬✺✵✱✻✸❪✱ ✇❤❡r❡ tr✐❣❣❡r✐♥❣

❢✉♥❝t✐♦♥s ❛r❡ ♦♥❧② ❡✈❛❧✉❛t❡❞ ❛t ❡❛❝❤ s❛♠♣❧✐♥❣ ✐♥st❛♥t✳ ❆ ♣♦s✐t✐✈❡ ▼■❊❚ ✐s ✐♥❤❡r❡♥t❧②

❣✉❛r❛♥t❡❡❞ ❛s t❤❡ s❛♠♣❧✐♥❣ ♣❡r✐♦❞✱ t❤✉s t❤❡ ❩❡♥♦ ❜❡❤❛✈✐♦r ✐s ❝♦♠♣❧❡t❡❧② r✉❧❡❞ ♦✉t✳

❚❤✐s ♠❡t❤♦❞ ✐♥❤❡r✐ts t❤❡ ❞r❛✇❜❛❝❦s ❢r♦♠ s❛♠♣❧❡❞✲❞❛t❛ s②st❡♠s✳ ❋♦r ❡①❛♠♣❧❡✱ s♦♠❡

✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ♠❛② ❜❡ ✐❣♥♦r❡❞ ✇❤❡♥ ❛ ❧❛r❣❡ s❛♠♣❧✐♥❣ ✐♥t❡r✈❛❧ ✐s ✉s❡❞✳

✶✳✹ ❚❤❡s✐s ❖❜❥❡❝t✐✈❡s

❇❛s❡❞ ♦♥ t❤❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❊❚❈ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧

♣r♦❜❧❡♠ ✐s st✐❧❧ ♥❡✇ ❛♥❞ ❢❡✇ r❡s✉❧ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ❡✈❡♥t✲tr✐❣❣❡r❡❞

❢♦r♠❛t✐♦♥ ♣r♦❞✉❝✐♥❣ ♣r♦❜❧❡♠ ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r ▼❆❙s ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✻✹❪✳

❆❧t❤♦✉❣❤ t❤❡ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♥s❡♥s✉s tr❛❝❦✐♥❣ ♣r♦❜❧❡♠ ✕ ✇❤✐❝❤ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦



✶✶

t❤❡ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ♣r♦❜❧❡♠ ✕ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✻✺❪ ❛♥❞ ❬✻✻❪✱ t❤❡ ❊❚❈ ❢♦r♠❛t✐♦♥

tr❛❝❦✐♥❣ ♣r♦❜❧❡♠ ❤❛s ♥♦t ②❡t ❜❡❡♥ ❛❞❞r❡ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❚❤❡r❡❢♦r❡✱ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤✐s t❤❡s✐s ❛r❡ ♠❛✐♥❧② t♦ ❛❝❤✐❡✈❡ t❤❡ t✐♠❡✲✐♥✈❛r✐❛♥t

❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ♦❢ ❣❡♥❡r❛❧ ❧✐♥❡❛r ▼❆❙s ✭✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ♣♦♣✉❧❛r s✐♥❣❧❡✲ ❛♥❞

❞♦✉❜❧❡✲✐♥t❡❣r❛t♦r t②♣❡ ❛❣❡♥ts ✐♥ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ st✉❞✐❡s✮ ✇✐t❤ ❛♥ ❛✉t♦♥♦♠♦✉s ❛♥❞ ❛

♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ✉s✐♥❣ s❛♠♣❧❡❞✲❞❛t❛✲❜❛s❡❞ ❊❚❈ str❛t❡❣✐❡s ❛♣♣❧✐❡❞ t♦ ✇❤❡❡❧❡❞

♠♦❜✐❧❡ r♦❜♦ts✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s t❤❡s✐s ❛❧s♦ ❝♦♥❞✉❝ts s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❛✣♥❡ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧ st✉❞✐❡s ❛♣♣❧✐❡❞ t♦ ❛ ♠✉❧t✐✲q✉❛❞❝♦♣t❡r s②st❡♠✳

✶✳✺ ❚❤❡s✐s ❖✉t❧✐♥❡ ❛♥❞ ❈♦♥tr✐❜✉t✐♦♥s

❚❤✐s ❝❤❛♣t❡r ♣r♦✈✐❞❡❞ ❛ ❣❡♥❡r❛❧ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇ ♦❢ t❤❡ r❡s❡❛r❝❤ t♦♣✐❝s ✐♥ t❤✐s t❤❡s✐s

❛❧♦♥❣ ✇✐t❤ t❤❡ t❤❡s✐s ♦❜❥❡❝t✐✈❡s✳ ❈❤❛♣t❡r ✷ ♣r❡s❡♥ts t❤❡ ❜❛❝❦❣r♦✉♥❞ t❤❡♦r✐❡s ♥❡❡❞❡❞

t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ r❡s❡❛r❝❤ ♣r♦❜❧❡♠s st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ✇❤✐❧❡

❈❤❛♣t❡r ✸ ✐♥tr♦❞✉❝❡s t❤❡ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡ ✉s❡❞ ❢♦r ❝♦♥❞✉❝t✐♥❣ ❡①♣❡r✐♠❡♥ts ✐♥

t❤✐s t❤❡s✐s✳ ❈❤❛♣t❡r ✹ st✉❞✐❡s ❊❚❈ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r ▼❆❙s

✇✐t❤ ❛♥ ❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r✳ ❈❤❛♣t❡r ✺ ❡①t❡♥❞s t❤❡ ✇♦r❦ ❢r♦♠ ❈❤❛♣t❡r ✹ ❛♥❞ st✉❞✐❡s

t❤❡ ❊❚❈ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ❢♦r ❣❡♥❡r❛❧ ❧✐♥❡❛r ▼❆❙s ✇✐t❤ ❛ ♥♦♥✲❛✉t♦♥♦♠♦✉s

❧❡❛❞❡r✳ ❈❤❛♣t❡r ✻ st✉❞✐❡s t❤❡ s❛♠❡ ❊❚❈ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❛s ✐♥

❈❤❛♣t❡r ✺ ✉s✐♥❣ ❛♥ ❡❞❣❡✲❜❛s❡❞ tr✐❣❣❡r✐♥❣ str❛t❡❣②✳ ❈❤❛♣t❡r ✼ st✉❞✐❡s ❛✣♥❡ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧ str❛t❡❣✐❡s ❢♦r ❛ ♠✉❧t✐✲q✉❛❞❝♦♣t❡r s②st❡♠✱ ✇❤✐❧❡ ❈❤❛♣t❡r ✽ s✉♠♠❛r✐③❡s t❤❡

♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s ❛♥❞ s✉❣❣❡sts ❛r❡❛s ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s t❤❡s✐s ❛r❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❲❤✐❧❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ❬✷✺✕✸✵❪ ❛ss✉♠❡ ❝♦♥t✐♥✉♦✉s ❞❛t❛ ❝♦♠✲

♠✉♥✐❝❛t✐♦♥✱ t❤✐s t❤❡s✐s st✉❞✐❡s t❤❡ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ♣r♦❜❧❡♠ ✉s✐♥❣ s❛♠♣❧❡✲

❞❛t❛✲❜❛s❡❞ ❊❚❈ str❛t❡❣✐❡s✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♥❡t✇♦r❦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧♦❛❞ ✐s

s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞✳

✷✳ ❚❤❡ ❞❡✈❡❧♦♣❡❞ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥ ❛♥❞ ❢♦r♠❛t✐♦♥ ♣r♦t♦❝♦❧s ✉s❡ ❝♦♠❜✐♥❡❞ ♠❡❛✲

s✉r❡♠❡♥t ♦❢ ❛❧❧ ♥❡✐❣❤❜♦rs✬ st❛t❡s ❛s ♦♣♣♦s❡❞ t♦ ❛ s♣❡❝✐✜❝ ♥❡✐❣❤❜♦r✬s ✐♥❢♦r♠❛t✐♦♥

✭❛s ✉s❡❞ ❜② ❬✺✾✱ ✻✺❪✮ ✇❤❡♥ t❤❡ ❛❣❡♥t ❞♦❡s ♥♦t ❤❛✈❡ ❞✐r❡❝t ❛❝❝❡ss t♦ t❤❡ ❧❡❛❞❡r✬s

✐♥❢♦r♠❛t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❢♦r♠✉❧❛t❡❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❝♦♥✲

tr♦❧❧❡r ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❞❡s✐❣♥ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ s❡t



✶✷

♦❢ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡r❡❜② ❣r❡❛t❧② r❡❞✉❝✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡

❝♦♠♣✉t❛t✐♦♥s✳

✸✳ ❚❤❡ ❞②♥❛♠✐❝ ♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ✐s t❛❦❡♥ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✇❤❡♥ ❞❡s✐❣♥✐♥❣

t❤❡ ❢♦r♠❛t✐♦♥ ♣r♦t♦❝♦❧s ✐♥ ❈❤❛♣t❡r ✺✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❝❛♥

❛❝❝♦♠♣❧✐s❤ ♠♦r❡ ❣❡♥❡r❛❧ ❛♥❞ ♣r❛❝t✐❝❛❧ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ❣r♦✉♣ ❢♦r♠❛t✐♦♥s✳

✹✳ ❆ ♥❡✇ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥ ✐s ❞❡✈❡❧♦♣❡❞ t♦ ❡✛❡❝t✐✈❡❧② r❡✲

❞✉❝❡ t❤❡ ✉♥♥❡❝❡ss❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts t❤❛t ♦❢t❡♥ ♦❝❝✉r ✇❤❡♥ ✉s✐♥❣ ❛ st❛t❡✲

❡rr♦r✲❜❛s❡❞ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥ ❬✻✹❪✳ ❆ ♥❡✇ ❝❧♦s❡❞✲❧♦♦♣ st❛t❡ ❡st✐♠❛t♦r ❛❧♦♥❣

✇✐t❤ ❛ ♥❡✇ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡r ❛r❡ ♣r♦♣♦s❡❞ t♦ ❝♦♣❡ ✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛

♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ✐♥ ❈❤❛♣t❡r ✺✳ ◆❡✇ s✉✣❝✐❡♥t ❢❡❛s✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❜❛s❡❞

♦♥ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧❧❡r t❤❛t ❡♥s✉r❡ ❛♥ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡ ❞❡r✐✈❡❞✳

✺✳ ❆ ♥♦✈❡❧ ❡❞❣❡✲❜❛s❡❞ ❊❚❈ str❛t❡❣②✱ ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ♥♦❞❡✲❜❛s❡❞

❛♣♣r♦❛❝❤❡s✱ ✐s ♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡r ✻ t♦ r❡❞✉❝❡ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ❝♦♠♠✉♥✐✲

❝❛t✐♦♥ r❡s♦✉r❝❡s ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ❝♦♠♣❛r❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡✳ ◆❡✇ ❝♦♥tr♦❧❧❡rs

❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦rs t❤❛t ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ st❛t❡s ❛r❡ ♣r♦♣♦s❡❞✳

❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ ❜♦t❤ ❛s②♠♣t♦t✐❝ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r✲

❣❡♥❝❡s ❛r❡ ❞❡r✐✈❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ s♣❡❡❞ ✐s ❡①♣❧✐❝✐t❧②

❢♦r♠✉❧❛t❡❞ ✐♥ t❤❡ ❞❡r✐✈❡❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s✳

✻✳ ❋♦r t❤❡ ✜rst t✐♠❡✱ t❤✐s t❤❡s✐s ❛♣♣❧✐❡s t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ str❛t❡❣✐❡s t♦

st✉❞② t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ❛ ❣r♦✉♣ ♦❢ q✉❛❞❝♦♣t❡r

❛❣❡♥ts✳ ❆ t✇♦✲❧❛②❡r ✭❛✣♥❡ ❢♦r♠❛t✐♦♥ ❧❛②❡r ❛♥❞ ❧♦❝❛❧ ❝♦♥tr♦❧ ❧❛②❡r✮ ❛✣♥❡ ❢♦r♠❛✲

t✐♦♥ ❝♦♥tr♦❧ ❞❡s✐❣♥ s❝❤❡♠❡ ❣✐✈❡♥ ❜② t❤❡ ✉♥❞❡r❛❝t✉❛t❡❞ ♥❛t✉r❡ ♦❢ q✉❛❞❝♦♣t❡rs ✐s

♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡r ✼✳ ❚❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ t❛s❦s ❝❛♥ t❤❡♥ ❜❡ ❛❝❤✐❡✈❡❞

❜② ♣r♦♣❡r❧② ❞❡s✐❣♥✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥s ✐♥ ❜♦t❤ ❧❛②❡rs✳

◆♦t❡ t❤❛t t❤❡ ❛✉t❤♦r✬s ♣✉❜❧✐❝❛t✐♦♥s ❛r❡ ❧✐st❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✱ ✇❤❡r❡ ❥♦✉♥❛❧ ♣❛♣❡rs

✶✲✹ ❛♥❞ ❝♦♥❢❡r❡♥❝❡ ♣❛♣❡rs ✶✲✸ ❛r❡ r❡❧❛t❡❞ t♦ t❤✐s t❤❡s✐s✳



❈❤❛♣t❡r ✷

Pr❡❧✐♠✐♥❛r② ❚❤❡♦r② ❛♥❞ Pr♦❜❧❡♠ ❋♦r♠✉❧❛t✐♦♥

■♥ t❤✐s ❈❤❛♣t❡r✱ ♣r❡❧✐♠✐♥❛r② t❤❡♦r✐❡s ✉s❡❞ ✐♥ t❤❡ t❤❡s✐s ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ ♣r♦❜❧❡♠

❢♦r♠✉❧❛t✐♦♥s ♦♥ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❛♥❞ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♥❡❡❞❡❞

❢♦r ❈❤❛♣t❡r ✸ t♦ ❈❤❛♣t❡r ✼ ❛r❡ ♣r❡s❡♥t❡❞ ✇✐t❤ t❤❡ ▼❆❙ ❢♦r♠✉❧❛t✐♦♥✳

✷✳✶ ●r❛♣❤ ❚❤❡♦r②

❉✐r❡❝t❡❞ ♦r ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛r❡ ♥❛t✉r❛❧❧② ❛❞♦♣t❡❞ t♦ ♠♦❞❡❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❡①✲

❝❤❛♥❣❡ ❜❡t✇❡❡♥ ✐♥t❡r❛❝t✐♥❣ ❛❣❡♥ts ✐♥ ▼❆❙s✳ ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✭❞✐❣r❛♣❤✮ ✐s ✉s✉❛❧❧②

❞❡♥♦t❡❞ ❜② G(V , E) ✇❤❡r❡ V = 1, · · · , N ❞❡♥♦t❡s t❤❡ ♥♦❞❡ s❡t ✇❤✐❝❤ s②♠❜♦❧✐③❡s t❤❡

❛❣❡♥ts✱ ❛♥❞ E ⊆ {(i, j) : i, j ∈ V , j 6= i} r❡♣r❡s❡♥ts t❤❡ ❡❞❣❡ s❡t ✇❤✐❝❤ s②♠❜♦❧✐③❡s

t❤❡ ❛✈❛✐❧❛❜❧❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧s✳ ❚❤❡ ❡❞❣❡s ✐♥ ❞✐❣r❛♣❤s ❛r❡ ✉♥✐❞✐r❡❝t✐♦♥❛❧ s✉❝❤

t❤❛t ❛♥ ❡❞❣❡ (j, i) ∈ E ✐♥❞✐❝❛t❡s t❤❛t ❛❣❡♥t i ✭❝❤✐❧❞ ♥♦❞❡✮ ❝❛♥ r❡❝❡✐✈❡ ✐♥❢♦r♠❛t✐♦♥

❢r♦♠ ❛❣❡♥t j ✭♣❛r❡♥t ♥♦❞❡✮ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ✈✐❝❡ ✈❡rs❛✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥♦❞❡ j ✐s

❝❛❧❧❡❞ ❛ ♥❡✐❣❤❜♦r ♦❢ ♥♦❞❡ i ❛♥❞ Ni = {j ∈ V | (j, i) ∈ E} ❞❡♥♦t❡s t❤❡ ♥❡✐❣❤❜♦r✐♥❣ s❡t

♦❢ ♥♦❞❡ i✳ ■♥ ❝♦♥tr❛st t♦ ❞✐❣r❛♣❤s✱ ❡❞❣❡s ✐♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛r❡ ❜✐❞✐r❡❝t✐♦♥❛❧✱ ✐✳❡✳

(i, j) ∈ E ✐♠♣❧✐❡s (j, i) ∈ E ✳ ❚❤✉s ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡

♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❆ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ ♥♦❞❡s i1 t♦ ik ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♦r❞❡r❡❞ ❡❞❣❡s

♦❢ t❤❡ ❢♦r♠ (il, il+1), l = 1, · · · , k − 1✳ ❆ ❞✐❣r❛♣❤ ❤❛s ❛ ❞✐r❡❝t❡❞ s♣❛♥♥✐♥❣ tr❡❡ ✐❢ ✐t

❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ ❝❛❧❧❡❞ t❤❡ r♦♦t ✇❤✐❝❤ ❤❛s ♥♦ ♣❛r❡♥t ♥♦❞❡ ❛♥❞ ❤❛s ❞✐r❡❝t❡❞

♣❛t❤s ❢r♦♠ t❤❛t ♥♦❞❡ t♦ ❡✈❡r② ♦t❤❡r ♥♦❞❡ ❬✶✵❪✳

✷✳✶✳✶ ▲❛♣❧❛❝✐❛♥ ▼❛tr✐①

❚❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① A = [aij] ♦❢ ❛ ❣r❛♣❤ ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t aij ✐s ❛ ♣♦s✐t✐✈❡ ✇❡✐❣❤t

✐❢ (j, i) ∈ E ❛♥❞ aij = 0 ♦t❤❡r✇✐s❡✳ ◆♦t❡ t❤❛t aii = 0 s✐♥❝❡ ❛ s❡❧❢✲❡❞❣❡ ✐s ♥♦t ❛❧❧♦✇❡❞✳

❚❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✱ ✇❡ ❛ss✐❣♥ aij = 1 ✐❢ (j, i) ∈ E ✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ✐♥✲❞❡❣r❡❡ ♠❛tr✐①

D ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ✐ts ❞✐❛❣♦♥❛❧ ❡♥tr② ❣✐✈❡♥ ❜② dii =
∑N

j=1 aij, i = 1, · · · , N ✳

❚❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ♦❢ t❤❡ ❣r❛♣❤ G ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s L = D −A✱ ✇❤✐❝❤ ✐s ❛❧✇❛②s

✶✸



✶✹

s②♠♠❡tr✐❝ ❢♦r ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✳ ▲❡❛❞❡r✲❢♦❧❧♦✇❡r✲t②♣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣✐❡s

❛r❡ ❛❞♦♣t❡❞ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ✐❢ ♥♦t ❡①♣❧✐❝✐t❧②

st❛t❡❞ ❤❡r❡❛❢t❡r✳ ❊①❛♠♣❧❡ ✷✳✶ s❤♦✇s t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❢♦r ❛♥ ✉♥❞✐r❡❝t❡❞ t♦♣♦❧♦❣②✳

❆ss✉♠♣t✐♦♥ ✷✳✶✳ ❚❤❡ ❧❡❛❞❡r ❛❣❡♥t ❤❛s ❛ ❞✐r❡❝t❡❞ ♣❛t❤ t♦ ❛❧❧ ❢♦❧❧♦✇❡r ❛❣❡♥ts ❜✉t ❞♦❡s

♥♦t r❡❝❡✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❛♥② ♦❢ t❤❡♠✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♠♦♥❣

❢♦❧❧♦✇❡r ❛❣❡♥ts ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❜✐❞✐r❡❝t✐♦♥❛❧✳

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ▲❛♣❛❧❛❝✐❛♥ ♠❛tr✐① L̄ ❢♦r ❛ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r✲t②♣❡ t♦♣♦❧♦❣② ✇✐t❤

♦♥❡ ❧❡❛❞❡r ✭❛❣❡♥t 0✮ ❛♥❞ ◆ ❢♦❧❧♦✇❡rs ✭❛❣❡♥t 1, · · · , N✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

L̃ =





0 01×N

−d Lff ,



 , ✭✷✳✶✮

✇❤❡r❡ t❤❡ ❡❧❡♠❡♥t di ✐♥ d ✐s ✶ ✐❢ ❛❣❡♥t i ❝❛♥ r❡❝❡✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ❧❡❛❞❡r ❛♥❞

di ✐s ✵ ♦t❤❡r✇✐s❡✳ ▼♦r❡♦✈❡r✱ Lff = L + diag{d1, · · · , dN}✱ ✇❤❡r❡ L ❝❤❛r❛❝t❡r✐③❡s t❤❡

❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♠♦♥❣ ❢♦❧❧♦✇❡r ❛❣❡♥ts✳

▲❡♠♠❛ ✷✳✶✳ ❬✻✼❪ ❋♦r ❛ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r✲t②♣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ✉♥❞❡r ❆ss✉♠♣✲

t✐♦♥ ✷✳✶✱ Lff ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

✷✳✶✳✷ ❖r✐❡♥t❡❞ ■♥❝✐❞❡♥❝❡ ▼❛tr✐①

■♥❝✐❞❡♥❝❡ ♠❛tr✐❝❡s ❛r❡ ♦❢t❡♥ ✉s❡❞ t♦ ❡♥❝♦❞❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡❞❣❡s ❛♥❞ ♥♦❞❡✲

♥♦❞❡ ♣❛✐rs ✐♥ ❣r❛♣❤ t❤❡♦r②✳ ❚❤❡ ♦r✐❡♥t❡❞ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s

❞❡♥♦t❡❞ ❛s Iinc ∈ RM×N ✱ ✇❤❡r❡ M ❛♥❞ N ❛r❡ t❤❡ ♥✉♠❜❡rs ♦❢ ❛✈❛✐❧❛❜❧❡ ❡❞❣❡s ❛♥❞

♥♦❞❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❆♥ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ❝❛♥ t❤❡♥ ❜❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t Iinc[ij] = 1

✐❢ ♥♦❞❡ j ✐s t❤❡ ❤❡❛❞ ♦❢ ❡❞❣❡ i✱ Iinc[ij] = −1 ✐❢ ♥♦❞❡ j ✐s t❤❡ t❛✐❧ ♦❢ ❡❞❣❡ i✱ ❛♥❞

Iinc[ij] = 0 ✐❢ ❡❞❣❡ i ❛♥❞ ♥♦❞❡ j ❛r❡ ♥♦t ✐♥❝✐❞❡♥t✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❤❡❛❞ ✐♥❝✐❞❡♥❝❡

♠❛tr✐① IH ∈ RM×N ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t IH [ij] = 1 ✐❢ ♥♦❞❡ j ✐s ❛ ❤❡❛❞ ♦❢ ❡❞❣❡ i ❛♥❞

IH [ij] = 0 ♦t❤❡r✇✐s❡✳ ❚❤❡ t❛✐❧ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① IT ∈ RM×N ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡

♠❛♥♥❡r✳ ❈❧❡❛r❧②✱ Iinc = IH−IT ✳ ▼♦r❡♦✈❡r✱ ✐t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐①

L ❢♦r ❛ ❜✐✲❞✐r❡❝t✐♦♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s 1
2
ITincIinc ❬✻✽❪✳

❊①❛♠♣❧❡ ✷✳✶✳ ❋♦r t❤❡ ❜✐❞✐r❡❝t✐♦♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✱ t❤❡

❤❡❛❞ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐①✱ t❛✐❧ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐①✱ ❛♥❞ ♦r✐❡♥t❛t❡❞ ✐♥❝✐❞❡♥❝❡ ♠❛tr✐① ❛r❡



✶✺

1

3

2

❋✐❣✉r❡ ✷✳✶✿ ❆ ❜✐✲❞✐r❡❝t✐♦♥❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ✇✐t❤ t❤r❡❡ ❛❣❡♥ts ❛s ❛♥ ❡①❛♠♣❧❡

❣✐✈❡♥ ❛s

IH =

























1 0 0

1 0 0

0 1 0

0 1 0

0 0 1

0 0 1

























, IT =

























0 1 0

0 0 1

1 0 0

0 0 1

1 0 0

0 1 0

























, Iinc =

























1 −1 0

1 0 −1

−1 1 0

0 1 −1

−1 0 1

0 −1 1

























.

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐① ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s

L =









2 −1 −1

−1 2 −1

−1 −1 2









=
1

2
ITincIinc.

✷✳✶✳✸ ❙tr❡ss ▼❛tr✐①

❚❤❡ str❡ss ♠❛tr✐① Ω ❢♦r ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G(V , E) ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t Ωij = −ωij ✐❢
i 6= j, (i, j) ∈ E ✱ Ωii =

∑

k∈Nk
ωij✱ ❛♥❞ Ωij = 0 ♦t❤❡r✇✐s❡✳ ❋r♦♠ ❛ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠

♣❡rs♣❡❝t✐✈❡✱ ωij > 0 ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❛ttr❛❝t✐♥❣ ❢♦r❝❡ ❜❡t✇❡❡♥ ♥♦❞❡ i ❛♥❞

♥♦❞❡ j✱ ✇❤❡r❡❛s ωij < 0 r❡♣r❡s❡♥ts ❛ r❡♣❡❧❧✐♥❣ ❢♦r❝❡✳ ❉✐✛❡r❡♥t ❢r♦♠ t❤❡ ▲❛♣❧❛❝✐❛♥

♠❛tr✐① ✇❤❡r❡ t❤❡ ✇❡✐❣❤t ♦♥ ❛♥ ❡❞❣❡ ✐s ✉s✉❛❧❧② ♣♦s✐t✐✈❡ ♦r ③❡r♦✱ t❤❡ ✇❡✐❣❤t ✭str❡ss✮

❝❛♥ ❜❡ ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡✱ ♦r ③❡r♦ ✐♥ ❛ str❡ss ♠❛tr✐①✳ ❆ str❡ss ♠❛tr✐① ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠

❢♦r ❛ ❝♦♥✜❣✉r❛t✐♦♥ P =
[

pT1 , · · · , pTN
]T

✐❢
∑

j∈Ni
ωij(pj − pi) = 0✱ i ∈ V ❬✻✾❪✳ ❚❤❡ ❦❡②



✶✻

♣r♦♣❡rt② ♦❢ ❛ str❡ss ♠❛tr✐① ✐s t❤❛t ✐t ✐s ✐♥✈❛r✐❛♥t t♦ ❛♥② ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭s✉❝❤

❛s r♦t❛t✐♦♥✱ s❝❛❧✐♥❣ ❛♥❞ s❤❡❛r✐♥❣✮ ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥✳

❊①❛♠♣❧❡ ✷✳✷✳ ❋✐❣✳ ✷✳✷ s❤♦✇s ❛ ❣r❛♣❤ ✇✐t❤ ❝♦♥✜❣✉r❛t✐♦♥

p1 =

[

−1

1

]

, p2 =

[

1

1

]

, p3 =

[

1

−1

]

, p4 =

[

−1

−1

]

,

❛♥❞ ❛♥ ❡q✉✐❧✐❜r✐✉♠ str❡ss ♠❛tr✐①

Ω =















1 −1 1 −1

−1 1 −1 1

1 −1 1 −1

−1 1 −1 1















.

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ str❡ss ♠❛tr✐① ❢♦r ❛ ❢♦r♠❛t✐♦♥ ✇✐t❤ ♠✉❧t✐♣❧❡ ❧❡❛❞❡rs ❛♥❞ ♠✉❧t✐♣❧❡

❢♦❧❧♦✇❡rs ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ❛s

Ω =





Ωll Ωlf

Ωfl Ωff ,



 . ✭✷✳✷✮

1

3

2

4

ω12 = 1

ω
1

4
=

 1

ω
2

3
=

 1

ω43 = 1

Attraction

Repulsion

❋✐❣✉r❡ ✷✳✷✿ ❆♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ♦❢ ❛ str❡ss ♠❛tr✐① ✇✐t❤ ❢♦✉r ❛❣❡♥ts ✐♥ t❤❡ ✉♥✐t



✶✼

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❬✻✾✱ ✼✵❪ ❚✇♦ ❢♦r♠❛t✐♦♥s (G, P )✱ (G, P ′

) ✐♥ Rd ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢

‖pi − pj‖ = ‖p′

i − p
′

j‖ ❢♦r ❛❧❧ (i, j) ∈ E✱ ❛♥❞ ❝♦♥❣r✉❡♥t ✐❢ ‖pi − pj‖ = ‖p′

i − p
′

j‖ ❢♦r ❛❧❧

i, j ∈ V✳ ❚❤❡ ❢♦r♠❛t✐♦♥ (G, P ) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐❢ ✐ts ❡q✉✐✈❛❧❡♥t ❢♦r♠❛t✐♦♥s ❛r❡ ❛❧s♦

❝♦♥❣r✉❡♥t t♦ ✐t✳ ❚❤❡ ❢♦r♠❛t✐♦♥ (G, P ) ✐s ✉♥✐✈❡rs❛❧❧② r✐❣✐❞ ✐❢ ✐t ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ ❛♥②

Rd1✱ ✇❤❡r❡ d1 ≥ d✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❆ s❡t ♦❢ ♣♦✐♥ts p1, · · · , pn ✐♥ Rd ❛✣♥❡❧② s♣❛♥ Rd ✐❢ t❤❡✐r ❛✣♥❡ s♣❛♥

❞❡✜♥❡❞ ❜②

S =
{

n
∑

i=1

aipi : ∀ai ∈ R and
n
∑

i=1

ai = 1
}

❤❛s ❛ ❞✐♠❡♥s✐♦♥ ♦❢ d✳

❆ss✉♠♣t✐♦♥ ✷✳✷✳ ❋♦r ❛ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ (G, r)✱ ✇❡ ❛ss✉♠❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥

❣r❛♣❤ G ✐s ✉♥✐✈❡rs❛❧❧② r✐❣✐❞ ❛♥❞ t❤❡ ❧❡❛❞❡r ❝♦♥✜❣✉r❛t✐♦♥ s❡t {ri}i∈Vl ✭Vl ❞❡♥♦t❡s t❤❡

❧❡❛❞❡r ♥♦❞❡ s❡t✮ ✐♥ Rd ❛✣♥❡❧② s♣❛♥ Rd✳

▲❡♠♠❛ ✷✳✷✳ ❬✷✸❪ ❋♦r ❛ ♠✉❧t✐✲❧❡❛❞❡r✲♠✉❧t✐✲❢♦❧❧♦✇❡r ❢♦r♠❛t✐♦♥ (G, r) ✉♥❞❡r ❆ss✉♠♣✲

t✐♦♥ ✷✳✷✱ Ωff ✐♥ ✭✷✳✷✮ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

✷✳✷ ▼❛tr✐① ❚❤❡♦r②

❚❤✐s s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s ♠❛tr✐① ♥♦t❛t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ❝♦♠♠♦♥❧② ✉s❡❞ t❤r♦✉❣❤♦✉t

t❤✐s t❤❡s✐s✳

✷✳✷✳✶ ❑r♦♥❡❝❦❡r Pr♦❞✉❝t

❋♦r A ∈ Rm×n✱ B ∈ Rp×q✱ t❤❡ ❦r♦♥❡❝❦❡r ♣r♦❞✉❝t ♦❢ A ❛♥❞ B✱ A ⊗ B✱ ✐s ❛ mp × nq

♠❛tr✐① ❞❡✜♥❡❞ ❛s

A⊗ B =















a11B a12B · · · a1nB

a21B a22B · · · a2nB
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

am1B am2B · · · amnB















.



✶✽

❚❤❡ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ❬✼✶❪✿

(kA)⊗ B = A⊗ (kB) = k(A⊗ B)

(A+B)⊗ C = A⊗ C +B ⊗ C

A⊗ (B ⊗ C) = (A⊗ B)⊗ C

(A⊗ B)(C ⊗D) = (AC)⊗ (BD)

(A⊗ B)T = AT ⊗ BT

(A⊗ B)−1 = A−1 ⊗ B−1,

✇❤❡r❡ k ✐s ❛ ❝♦♥st❛♥t ❛♥❞ t❤❡ ❧❛st ♣r♦♣❡rt② ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤ A ❛♥❞ B ❛r❡

✐♥✈❡rt✐❜❧❡✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A ⊗ B ❝❛♥ ❜❡ ❢✉❧❧② ❝❤❛r❛❝t❡r✐③❡❞ ❛s λiµj✱

✇❤❡r❡ λi ❞❡♥♦t❡s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ❛♥❞ µj ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ B✳

✷✳✷✳✷ ❯s❡❢✉❧ ▼❛tr✐① ■♥❡q✉❛❧✐t② ❛♥❞ Pr♦♣❡rt②

▲❡♠♠❛ ✷✳✸✳ ❋♦r ❛ ❢✉❧❧ ❝♦❧✉♠♥ r❛♥❦ ♠❛tr✐① B ∈ Rn×m✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲s✐♥❣✉❧❛r

♠❛tr✐① Y =
[

B̃T B̄T

]T

∈ Rn×n s✉❝❤ t❤❛t B̃B = Im ❛♥❞ B̄B = 0(n−m)×m✳

Pr♦♦❢✳ ❙✐♥❝❡ B ❤❛s ❢✉❧❧ ❝♦❧✉♠♥ r❛♥❦✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t❛❧ ♠❛tr✐① E s✉❝❤ t❤❛t

EB =
[

ITm 0T(n−m)×m

]T

✳ ❲❡ ❝❛♥ ❝❤♦♦s❡ B̃ ❛s
[

Im 0m×(n−m)

]

E t♦ ❣❡t B̃B = Im✱

❛♥❞ ❝❤♦♦s❡ B̄ ❛s
[

0m×(n−m) I(n−m)×(n−m)

]

E t♦ ❣❡t B̄B = 0(n−m)×m✳ ❚❤❡ ♠❛tr✐① Y

❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s

Y =

[

Im 0m×(n−m)

0(n−m)×m In−m

]

E.

❙✐♥❝❡ E ✐s ♥♦♥✲s✐♥❣✉❧❛r✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t Y ✐s ♥♦♥✲s✐♥❣✉❧❛r✳

▲❡♠♠❛ ✷✳✹ ✭❙❝❤✉r ❈♦♠♣❧❡♠❡♥t ▲❡♠♠❛✮✳ ❬✼✷❪ ❈♦♥s✐❞❡r ❛ s②♠♠❡tr✐❝ ❜❧♦❝❦ ♠❛tr✐①

M =

[

A B

BT D

]

,

✐❢ D < 0✱ t❤❡♥ t❤❡ ❙❝❤✉r ❝♦♠♣❧❡♠❡♥t ♦❢ M ❣✐✈❡♥ ❜② A− BD−1BT ✐s ♥❡❣❛t✐✈❡ s❡♠✐✲

❞❡✜♥✐t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ≤ 0✳



✶✾

▲❡♠♠❛ ✷✳✺✳ ❋♦r ♠❛tr✐❝❡s A > 0 ❛♥❞ B > 0✱ t❤❡ ♠❛tr✐① ✐♥❡q✉❛❧✐t② ρ2ATBA−2ρA+

B−1 ≥ 0 ❤♦❧❞s ❢♦r ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ρ✳

Pr♦♦❢✳ ❚❤❡ ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡♥❡ss ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❡ t❡r♠ ρ2ATBA− 2ρA+

B−1 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s (ρB
1

2A− B− 1

2 )T (ρB
1

2A− B− 1

2 )✳

▲❡♠♠❛ ✷✳✻ ✭●❡♥❡r❛❧✐③❡❞ ◗✉❛❞r❛t✐❝ ■♥❡q✉❛❧✐t②✮✳ ❋♦r ❛r❜✐tr❛r② ♠❛tr✐❝❡s A,B✱ ❛♥❞ ❛

♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① F ✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ❞✐♠❡♥s✐♦♥s✱ t❤❡ ♠❛tr✐① ✐♥❡q✉❛❧✐t② ATFB+

BTFA ≤ ρATFA+ ρ−1BTFB ❤♦❧❞s ❢♦r ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ρ✳

Pr♦♦❢✳ ❚❤✐s ▲❡♠♠❛ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② s❤♦✇✐♥❣ (
√
ρA−

√

ρ−1B)TF (
√
ρA−

√

ρ−1B) ≥
0✳

✷✳✸ Pr♦❜❧❡♠ ❋♦r♠✉❧❛t✐♦♥

❚✇♦ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ t❤❡s✐s ✇✐t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞

❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳

✷✳✸✳✶ ❊✈❡♥t✲❚r✐❣❣❡r❡❞ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧

❲❡ ❝♦♥s✐❞❡r ❛ ▼❆❙ ❝♦♥s✐st✐♥❣ ♦❢ N ❤♦♠♦❣❡♥❡♦✉s ❧✐♥❡❛r✐③❡❞ ♠♦❜✐❧❡✲❢♦❧❧♦✇❡r✲r♦❜♦t

❛❣❡♥ts ✇✐t❤ ❞②♥❛♠✐❝s ❣✐✈❡♥ ❜②

ẋi = Axi +Bui, i = 1, · · · , N, ✭✷✳✸✮

❛♥❞ ❛♥ ❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r

ẋ0 = Ax0, ✭✷✳✹✮

♦r ❛ ♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r

ẋ0 = Ax0 +Bu0, ✭✷✳✺✮

✇❤❡r❡ xi ∈ Rn ✐s t❤❡ st❛t❡ ♦❢ ❢♦❧❧♦✇❡r i✱ x0 ∈ Rn ❞❡♥♦t❡s t❤❡ ❧❡❛❞❡r✬s st❛t❡s✱ ui ∈ Rm

r❡♣r❡s❡♥ts t❤❡ ❢♦❧❧♦✇❡rs✬ ❝♦♥tr♦❧ ✐♥♣✉ts t♦ ❜❡ ❞❡s✐❣♥❡❞✱ ❛♥❞ u0 ✐s ❧❡❛❞❡r✬s ❝♦♥tr♦❧

✐♥♣✉t✳ A✱ B ❛r❡ ❦♥♦✇♥ s②st❡♠ ❛♥❞ ❝♦♥tr♦❧ ♠❛tr✐❝❡s ✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ❞✐♠❡♥s✐♦♥s✳ ■♥

❛❞❞✐t✐♦♥✱ B ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❢✉❧❧ r❛♥❦✳



✷✵

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❚❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ❛ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ▼❆❙ ✐s s♦❧✈❡❞

❛s②♠♣t♦t✐❝❛❧❧② ✐❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ✈❡❝t♦rs ηi = xi − fi − x0 s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❞✐t✐♦♥✿

lim
t→∞

‖ηi‖ = 0, i = 1, · · · , N. ✭✷✳✻✮

❚❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ✇✐t❤ ❜♦✉♥❞❡❞ ❡rr♦r ✐❢

lim
t→∞

‖ηi‖ ≤ σ, i = 1, · · · , N, ✭✷✳✼✮

✇❤❡r❡ σ ✐s ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ t✉♥❛❜❧❡ ♣❛r❛♠❡t❡r✱ ❛♥❞ fi ✐s ❛ ♣r❡✲❞❡s✐❣♥❡❞ ❢♦r♠❛t✐♦♥

✈❡❝t♦r t❤❛t ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❞❡s✐r❡❞ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ ❛❣❡♥t i ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

❧❡❛❞❡r✳

❘❡♠❛r❦ ✷✳✶✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ t❤❛t fi = 0 ❢♦r ❛❧❧ i ∈ V✱ t❤❡ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣

❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ❝♦♥s❡♥s✉s tr❛❝❦✐♥❣ ♣r♦❜❧❡♠✳

❚❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐s st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s ✉♥❞❡r ❛ s❛♠♣❧❡❞✲❞❛t❛

❡♥✈✐r♦♥♠❡♥t✳ ❲❤✐❧❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛❣❡♥ts✬ ❝♦♥tr♦❧ s②st❡♠ ✐s s❛♠♣❧❡❞ ❛t ❛ ♣❡r✐♦❞✐❝ r❛t❡

✭❤❛✈✐♥❣ r❡❣✉❧❛r ❡q✉❛❧❧②✲s♣❛❝❡❞ s❛♠♣❧✐♥❣ ✐♥st❛♥ts✮✱ t❤❡ ✐♥t❡r✲❛❣❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s

❣♦✈❡r♥❡❞ ❜② s♦♠❡ ♣r❡✲❞❡s✐❣♥❡❞ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❡✈❛❧✉❛t❡❞ ❛t ❡❛❝❤

s❛♠♣❧✐♥❣ ✐♥st❛♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛♥ ❛❣❡♥t ❜r♦❛❞❝❛sts ✐ts s❛♠♣❧❡❞ st❛t❡s t♦ ♥❡✐❣❤❜♦rs

♦♥❧② ✇❤❡♥ ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧

♣r♦❜❧❡♠s st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✶✳ ❉❡✈❡❧♦♣ ❞✐str✐❜✉t❡❞ ❝♦♥tr♦❧❧❡rs ❛s ✇❡❧❧ ❛s ❧♦❝❛❧❧②✲❝♦♠♣✉t❛❜❧❡

❡✈❡♥t✲tr✐❣❣❡r✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s s✉❝❤ t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠

❢♦r t❤❡ ▼❆❙ ✭✷✳✸✮✲✭✷✳✹✮ ✇✐t❤ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✷✳✶

❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳

❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷✳ ❯♥❞❡r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✶✱

❞❡✈❡❧♦♣ ❝♦♥tr♦❧❧❡rs ❛♥❞ ❡✈❡♥t✲tr✐❣❣❡r✐♥❣ ♠❡❝❤❛♥✐s♠s ❢♦r t❤❡ ▼❆❙ ✇✐t❤ ❢♦❧❧♦✇❡rs ✭✷✳✸✮

❛♥❞ ❛ ♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ✭✷✳✺✮✳

❘❡♠❛r❦ ✷✳✷✳ ◆♦t❡ t❤❛t ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✐♥ t❤✐s t❤❡s✐s ❛r❡ ❞❡✲

s✐❣♥❡❞ ❢♦r ❧✐♥❡❛r ❢♦❧❧♦✇❡r ❛❣❡♥ts✳ ❚❤❡ ❞❡✈❡❧♦♣❡❞ ♠❡t❤♦❞ ❝❛♥ ❛❧s♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t♦

s②st❡♠s ✇❤❡r❡ t❤❡ ❛❣❡♥ts ❞②♥❛♠✐❝s ❛r❡ ♥♦♥❧✐♥❡❛r t❤r♦✉❣❤ ❧✐♥❡❛r✐③❛t✐♦♥✳



✷✶

✷✳✸✳✷ ❆✣♥❡ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❬✷✸❪ ❚❤❡ t❛r❣❡t ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ (G, r) ✐♥ Rd

❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
[

p∗l (t)

p∗f (t)

]

= [In ⊗ A(t)]

[

rl

rf

]

+ 1n ⊗ b(t), ✭✷✳✽✮

✇❤❡r❡ A(t) ∈ Rd×d✱ b(t) ∈ Rd ❛♥❞ r = [rTl , r
T
f ]
T ✭t❤❡ s✉❜s❝r✐♣t l ❞❡♥♦t❡s ❧❡❛❞❡r s❡t

❛♥❞ f ❞❡♥♦t❡s ❢♦❧❧♦✇❡r s❡t✮ ✐s t❤❡ ♥♦♠✐♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ p∗ = [p∗Tl , p
∗T
f ]T r❡♣r❡s❡♥ts

❛ t✐♠❡✲✈❛r②✐♥❣ ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥✳

❚❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡ ✐s t❤❡♥ t♦ ❞❡s✐❣♥ ❝♦♥tr♦❧❧❡rs ❢♦r ❛ ❢♦r♠❛t✐♦♥

(G, p) s✉❝❤ t❤❛t p(t) → p∗(t)✱ ❛s t → ∞✳ ❙✐♥❝❡ t❤❡ ❧❡❛❞❡r s❡t ✐s ✉s✉❛❧❧② s♠❛❧❧

❛♥❞ ♠❛② ❜❡ ❞✐r❡❝t❧② ❝♦♥tr♦❧❧❡❞ ❜② ❤✉♠❛♥ ♦♣❡r❛t♦rs ♦r ♦t❤❡r ❤✐❣❤✲❧❡✈❡❧ ✐♥t❡❧❧✐❣❡♥t

❝♦♥tr♦❧❧❡rs✱ ✇❡ ❛ss✉♠❡ pl(t) = p∗l (t) ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❛t ❛❧❧ t✐♠❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛✣♥❡

❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♦❜❥❡❝t✐✈❡ ❜❡❝♦♠❡s t♦ ❞❡s✐❣♥ ❝♦♥tr♦❧❧❡rs ❢♦r ❢♦❧❧♦✇❡r ❛❣❡♥ts s✉❝❤ t❤❛t

pf (t) → p∗f (t)✱ ❛s t → ∞✳ ◆♦t❡ t❤❛t t❤❡ ❞❡s✐r❡❞ ❢♦❧❧♦✇❡r t❛r❣❡t ❝♦♥✜❣✉r❛t✐♦♥ p∗f (t)

❢♦r ❛ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✷✳✷ ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡

❧❡❛❞❡r ❝♦♥✜❣✉r❛t✐♦♥ p∗l (t) ❛s

p∗f (t) = −Ω̄−1
ff Ω̄flp

∗
l (t), ✭✷✳✾✮

✇❤❡r❡ Ω̄ff = Ωff ⊗ Id ❛♥❞ Ω̄fl = Ωfl ⊗ Id✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❚❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ❛ ♠✉❧t✐✲❧❡❛❞❡r✲♠✉❧t✐✲❢♦❧❧♦✇❡r

▼❆❙ ✐s ❛❝❤✐❡✈❡❞ ✐❢ t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ✈❡❝t♦r

δp(t) = pf (t) + Ω̄−1
ff Ω̄flp

∗
l (t), ✭✷✳✶✵✮

s❛t✐s✜❡s limt→∞ ‖δp(t)‖ = 0✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s st✉❞✐❡❞ ✐♥ t❤✐s t❤❡s✐s ❝❛♥

❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✳

❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✸✳ ❉❡s✐❣♥ ❝♦♥tr♦❧❧❡rs s✉❝❤ t❤❛t t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧

♣r♦❜❧❡♠ ❢♦r ❛ ♠✉❧t✐✲q✉❛❞❝♦♣t❡r s②st❡♠ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❆ss✉♠♣t✐♦♥ ✷✳✷

❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳



❈❤❛♣t❡r ✸

❊①♣❡r✐♠❡♥t❛❧ ❍❛r❞✇❛r❡ ❛♥❞ ❙♦❢t✇❛r❡

❚❤✐s ❈❤❛♣t❡r ✐♥tr♦❞✉❝❡s t❤❡ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡ ✉s❡❞ ❢♦r ❝♦♥❞✉❝t✐♥❣ t❤❡ ❡①♣❡r✐✲

♠❡♥ts ✐♥ t❤✐s t❤❡s✐s✳

✸✳✶ P✐♦♥❡❡r ▼♦❜✐❧❡ ❘♦❜♦ts

❚✇♦ P✐♦♥❡❡r P✸✲❉❳✶ r♦❜♦ts ❛♥❞ ♦♥❡ P✐♦♥❡❡r P✸✲❆❚✷ r♦❜♦t ❢r♦♠ t❤❡ ❆❞✈❛♥❝❡❞ ❈♦♥✲

tr♦❧ ❛♥❞ ▼❡❝❤❛tr♦♥✐❝s ▲❛❜ ✭❆❈▼ ▲❛❜✮ ❛t ❉❛❧❤♦✉s✐❡ ❯♥✐✈❡rs✐t② ❛r❡ ✉s❡❞ ✐♥ ❡①♣❡r✐✲

♠❡♥ts ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡rs ✹ t♦ ✻✳ ❚❤❡ P✸✲❉❳ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶❛ ✐s ❛ t✇♦✲✇❤❡❡❧

t✇♦✲♠♦t♦r ❞✐✛❡r❡♥t✐❛❧ ❞r✐✈❡ r♦❜♦t ✭✇✐t❤ ❛ ❝❛st❡r✮✱ ❛♥❞ ✐t ❝❛♥ r❡❛❝❤ ❛ ♠❛①✐♠✉♠ ❧✐♥❡❛r

s♣❡❡❞ ♦❢ 1.2m/s ❛♥❞ ❛ ♠❛①✐♠✉♠ ❛♥❣✉❧❛r s♣❡❡❞ ♦❢ 300 deg /s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ❤❛s ❛

♠❛①✐♠✉♠ ♣❛②❧♦❛❞ ♦❢ 17 kg✳ ❚❤❡ P✐♦♥❡❡r P✸✲❆❚ s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶❜ ✐s ❛ ❢♦✉r✲✇❤❡❡❧

❢♦✉r✲♠♦t♦r s❦✐❞✲st❡❡r r♦❜♦t✳ ■t ❝❛♥ r❡❛❝❤ ❛ ♠❛①✐♠✉♠ ❧✐♥❡❛r s♣❡❡❞ ♦❢ 0.7m/s ❛♥❞ ❛

♠❛①✐♠✉♠ ❛♥❣✉❧❛r s♣❡❡❞ ♦❢ 140 deg /s ❛♥❞ ❤❛s ❛ ♠❛①✐♠✉♠ ♣❛②❧♦❛❞ ♦❢ 12 kg✳ ❇♦t❤

r♦❜♦ts ❤❛✈❡ ♦♥❜♦❛r❞ ♠✐❝r♦✲❝♦♥tr♦❧❧❡rs t❤❛t ❝❛♥ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ ❡①t❡r♥❛❧ ❝♦♠♣✉t❡rs

t❤r♦✉❣❤ s❡r✐❛❧ ♣♦rts✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ r♦❜♦ts ❝♦♠❡ ✇✐t❤ ❛ s♦❢t✇❛r❡ ❞❡✈❡❧♦♣♠❡♥t ❦✐t

✇❤✐❝❤ ✐♥❝❧✉❞❡ ❛ s❡t ♦❢ s♦❢t✇❛r❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆❘■❆✸ ✐s ❛ ❝♦r❡ ♦♣❡♥✲s♦✉r❝❡ s♦❢t✇❛r❡

t❤❛t ♣r♦✈✐❞❡s ❛ ♣❧❛t❢♦r♠ ❢♦r ❝♦♥tr♦❧❧✐♥❣ ❛♥❞ r❡❝❡✐✈✐♥❣ ❞❛t❛ ❢r♦♠ ❛❧❧ P✐♦♥❡❡r r♦❜♦ts✳

▼♦❜✐❧❡❙✐♠✹ ✐s t❤❡ ♥❛t✐✈❡ s✐♠✉❧❛t✐♦♥ ❡♥✈✐r♦♥♠❡♥t t❤❛t ❡♥❛❜❧❡s s✐♠✉❧❛t✐♥❣ ♠✉❧t✐♣❧❡

P✐♦♥❡❡r r♦❜♦ts s✐♠✉❧t❛♥❡♦✉s❧②✳

✶❤tt♣s✿✴✴✇✇✇✳❣❡♥❡r❛t✐♦♥r♦❜♦ts✳❝♦♠✴♠❡❞✐❛✴P✐♦♥❡❡r✸❉❳✲P✸❉❳✲❘❡✈❆✳♣❞❢
✷❤tt♣s✿✴✴✇✇✇✳❣❡♥❡r❛t✐♦♥r♦❜♦ts✳❝♦♠✴♠❡❞✐❛✴P✐♦♥❡❡r✸❆❚✲P✸❆❚✲❘❡✈❆✲❞❛t❛s❤❡❡t✳♣❞❢
✸❤tt♣s✿✴✴✇✇✇✳❡❡❝s✳②♦r❦✉✳❝❛✴❝♦✉rs❡❴❛r❝❤✐✈❡✴✷✵✵✾✲✶✵✴❲✴✹✹✷✶✴❞♦❝✴♣✐♦♥❡❡r✴❛r✐❛✴♠❛✐♥✳

❤t♠❧
✹❤tt♣✿✴✴✈✐❣✐r✳♠✐ss♦✉r✐✳❡❞✉✴⑦❣❞❡s♦✉③❛✴❘❡s❡❛r❝❤✴▼♦❜✐❧❡❘♦❜♦t✐❝s✴❙♦❢t✇❛r❡✴▼♦❜✐❧❡❙✐♠✴

❘❊❆❉▼❊✳❤t♠❧

✷✷



✷✸

✭❛✮ P✐♦♥❡❡r P✸✲❉❳ ✭0.46×0.38×0.24
✐♥ ♠❡t❡rs✮

✭❜✮ P✐♦♥❡❡r P✸✲❆❚✭0.51×0.50×0.28
✐♥ ♠❡t❡rs✮

❋✐❣✉r❡ ✸✳✶✿ P✐♦♥❡❡r P✸✲❉❳ ❛♥❞ P✸✲❆❚ r♦❜♦ts

❚❤❡ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ♦❢ ❛ P✐♦♥❡❡r r♦❜♦t ❝❛♥ ❜❡ ❣✐✈❡♥ ❛s























ẋ = v cos(θ)

ẏ = v sin(θ)

θ̇ = w,

✭✸✳✶✮

✇❤❡r❡ x✱ y r❡♣r❡s❡♥t t❤❡ ♣♦s✐t✐♦♥ ✐♥ ❳ ❛♥❞ ❨✲❞✐r❡❝t✐♦♥s✱ θ ❞❡♥♦t❡s t❤❡ r♦❜♦t ♦r✐❡♥✲

t❛t✐♦♥✱ ❛♥❞ v✱ w ❛r❡ t❤❡ ❧✐♥❡❛r ❛♥❞ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ✐♥♣✉ts✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t❡ t❤❛t

✭✸✳✶✮ ✐s ❛♥ ✉♥❞❡r✲❛❝t✉❛t❡❞ ♥♦♥✲❤♦❧♦♥♦♠✐❝ s②st❡♠ ❛♥❞ t❤❡r❡ ❡①✐sts ♥♦ s♠♦♦t❤ st❛t✐❝

st❛❜✐❧✐③✐♥❣ ❝♦♥tr♦❧❧❡rs ❛t ❛ ♣♦✐♥t ❬✼✸❪✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥❡t✇♦r❦❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r

❞❡s✐❣♥ ✐♥ ▼❆❙s✱ ✇❡ ❧✐♥❡❛r✐③❡ ✭✸✳✶✮ ❛r♦✉♥❞ ❛ ❤❛♥❞ ♣♦s✐t✐♦♥ Ph =
[

Phx Phy

]T

t❤❛t ✐s

d m ❛✇❛② ❢r♦♠ t❤❡ r♦❜♦t ❝❡♥tr♦✐❞ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✷✳ ❚❤❡ ❤❛♥❞ ♣♦s✐t✐♦♥ ❝❛♥ t❤❡♥

❜❡ ❡①♣r❡ss❡❞ ❛s






Phx = x+ d cos(θ)

Phy = y + d sin(θ),

❛♥❞ t❤❡✐r t✐♠❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ❣✐✈❡♥ ❛s

[

Ṗhx

Ṗhy

]

=

[

cos(θ) −d sin(θ)
sin(θ) d cos(θ)

][

v

w

]

. ✭✸✳✷✮



✷✹

x

Y ɵ(𝑃ℎ𝑥, 𝑃ℎ𝑦)
d(𝑥, 𝑦)

❋✐❣✉r❡ ✸✳✷✿ ❍❛♥❞ ♣♦s✐t✐♦♥ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ❞r✐✈❡ P✐♦♥❡❡r r♦❜♦t

❇② ❞❡s✐❣♥✐♥❣
[

v

w

]

=

[

cos(θ) sin(θ)

−1
d
sin(θ) 1

d
cos(θ)

][

ux

uy

]

,

✭✸✳✷✮ ❜❡❝♦♠❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r s②st❡♠

[

Ṗhx

Ṗhy

]

=

[

ux

uy

]

, ✭✸✳✸✮

✇❤✐❝❤ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ ❜② t❤❡ ❧✐♥❡❛r st❛t❡✲s♣❛❝❡ ❡q✉❛t✐♦♥ ẋ = Ax+Bu ✇✐t❤

x =

[

Phx

Phy

]

,u =

[

ux

uy

]

, A =

[

0 0

0 0

]

, B =

[

1 0

0 1

]

.

❘❡♠❛r❦ ✸✳✶✳ ❚❤❡ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ♦❢ t❤❡ ❤❛♥❞ ♣♦s✐t✐♦♥ ✐s ❤♦❧♦♥♦♠✐❝ ✭❝❛♥ ♠♦✈❡ ✐♥ ❛❧❧

❞✐r❡❝t✐♦♥s✮✳ ❋♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❤❛♥❞ ♣♦s✐t✐♦♥ ♠♦❞❡❧

✭✸✳✸✮ ✐♥ t❤✐s t❤❡s✐s✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡s✐❣♥ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ❜❛s❡❞ ♦♥ t❤❡ r♦❜♦t

❝❡♥tr♦✐❞ ❜② ❝❤♦♦s✐♥❣ s♠❛❧❧ d❀ ❤♦✇❡✈❡r✱ t❤❡r❡ ♠❛② ❡①✐st ❛ s✐♥❣✉❧❛r✐t② ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡

❛❝t✉❛❧ ✐♥♣✉ts ✐❢ t❤❡ ❤❛♥❞ ♣♦s✐t✐♦♥ ✐s ✐♥✜♥✐t❡❧② ❝❧♦s❡ t♦ t❤❡ ❝❡♥tr♦✐❞✳



✷✺

✸✳✷ ❈r❛③②✢✐❡ ❆❡r✐❛❧ ❘♦❜♦t

❚❤❡ ❈r❛③②✢✐❡✺ ❛❡r✐❛❧ r♦❜♦t ✐s ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ✇♦r❦ ❝❛rr✐❡❞ ♦✉t ✐♥ ❈❤❛♣t❡r ✼✳

❆s s❤✇♦♥ ✐♥ ❋✐❣✳ ✸✳✺✱ ❈r❛③②✢✐❡ ✐s ❛♥ ♦♣❡♥✲s♦✉r❝❡ ✭❜♦t❤ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡✮ ♥❛♥♦✲

q✉❛❞❝♦♣t❡r ♣❧❛t❢♦r♠ t❤❛t ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ✐♥t♦ t❤✐r❞✲♣❛rt② s♦❢t✇❛r❡ s✉❝❤ ❛s ▼❛t❧❛❜➤

❛♥❞ ❘♦❜♦t ❖♣❡r❛t✐♥❣ ❙②st❡♠ ✭❘❖❙✮✳ ■t ❤❛s ❛ ❜❛tt❡r② ❧✐❢❡ ❛r♦✉♥❞ s❡✈❡♥ ♠✐♥✉t❡s ❛t

❛ ✇❡✐❣❤t ♦❢ ✷✼ ❣r❛♠s✳ ■ts s♠❛❧❧ s✐③❡ ♠❛❦❡s ✐t s✉✐t❛❜❧❡ ❢♦r ✐♥❞♦♦r ✢✐❣❤t ❛♥❞ ❞❡♥s❡

❢♦r♠❛t✐♦♥s✳ ■t ❤❛s ❤✐❣❤ s✉r✈✐✈❛❜✐❧✐t② ✐♥ ❝r❛s❤❡s ❛♥❞ ♣♦s❡s ❧✐tt❧❡ r✐s❦ ❢♦r ❤✉♠❛♥s

❜❡❝❛✉s❡ ♦❢ ✐ts ♠✐♥✐❛t✉r❡ s✐③❡❀ t❤❡ ❛✉t❤♦r ❤❛❞ s❡✈❡r❛❧ ❝r❛s❤❡s ❢r♦♠ ❛ ❤❡✐❣❤t ♦❢ ✷ ♠ t♦

❛ ❝♦♥❝r❡t❡ ✢♦♦r ✇✐t❤ ♦♥❧② ❞❛♠❛❣❡ t♦ t❤❡ r❡♣❧❛❝❡❛❜❧❡ ♣r♦♣❡❧❧❡rs ❛♥❞ ♠♦t♦r ♠♦✉♥ts✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ❤❛s ❛ ✶✵ ❞❡❣r❡❡✲♦❢✲❢r❡❡❞♦♠ ✭❉❖❋✮ ✐♥❡rt✐❛❧ ♠❡❛s✉r❡♠❡♥t ✉♥✐t ✭■▼❯✮

❛♥❞ ❝♦♥t❛✐♥s ❛ ✸✷✲❜✐t✱ ✶✻✽✲▼❍③ ❆❘▼ ♠✐❝r♦❝♦♥tr♦❧❧❡r ✇✐t❤ ✢♦❛t✐♥❣✲♣♦✐♥t ✉♥✐t t❤❛t

✐s ❝❛♣❛❜❧❡ ♦❢ ♣❡r❢♦r♠✐♥❣ s✐❣♥✐✜❝❛♥t ❝♦♠♣✉t❛t✐♦♥s ♦♥❜♦❛r❞✳ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥

t❤❡ ❈r❛③②✢✐❡ ❝❧✐❡♥t ✐♥ ❋✐❣✳ ✸✳✸❛ ❛♥❞ ❈r❛③②✢✐❡ ✐s ❡♥❛❜❧❡❞ t❤r♦✉❣❤ ❛ ✷✳✹ ●❍③ ❯❙❇

r❛❞✐♦ ✐♥ ❋✐❣✳ ✸✳✸❜ t❤❛t tr❛♥s♠✐ts ✉♣ t♦ ✷ Mb/s ✐♥ ✸✷✲❜②t❡ ♣❛❝❦❡ts✳ ▼♦r❡♦✈❡r✱ r❡❧✐❛❜❧❡

❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ❜② ♣r♦♣❡r❧② ❛❞❥✉st✐♥❣ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝❤❛♥♥❡❧

❛♥❞ ❞❛t❛ r❛t❡ ✉s✐♥❣ t❤❡ ❈r❛③②✢✐❡ ❝❧✐❡♥t✳ ❚❛❜❧❡ ✸✳✶ s✉♠♠❛r✐③❡s t❤❡ ♠❛✐♥ t❡❝❤♥✐❝❛❧

s♣❡❝✐✜❝❛t✐♦♥s ♦❢ ❈r❛③②✢✐❡✱ ❛♥❞ t❤❡ ❤❛r❞✇❛r❡ ❛r❝❤✐t❡❝t✉r❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✹✳

✭❛✮ ❈r❛③②✢✐❡ ❝❧✐❡♥t ✻ ✭❜✮ ❈r❛③②r❛❞✐♦ P❆

❋✐❣✉r❡ ✸✳✸✿ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❞❡✈✐❝❡s ♦❢ ❈r❛③②✢✐❡

✺❤tt♣s✿✴✴✇✇✇✳❜✐t❝r❛③❡✳✐♦✴♣r♦❞✉❝ts✴♦❧❞✲♣r♦❞✉❝ts✴❝r❛③②❢❧✐❡✲✷✲✵✴
✻❤tt♣s✿✴✴✇✇✇✳❜✐t❝r❛③❡✳✐♦✴✷✵✶✽✴✵✸✴❝r❛③②❢❧✐❡✲❝❧✐❡♥ts✴



✷✻

❚❛❜❧❡ ✸✳✶✿ ❚❡❝❤♥✐❝❛❧ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ ❈r❛③②✢✐❡

❙❚▼✸✷❋✹✵✺ ♠❛✐♥ ♠✐❝r♦❝♦♥tr♦❧❧❡r✱ ✉s❡❞ ❢♦r st❛t❡✲❡st✐♠❛t✐♦♥✱ ❝♦♥tr♦❧✱ ❛♥❞ ❤❛♥❞❧✐♥❣ ❡①t❡♥s✐♦♥s
♥❘❋✺✶✽✷✷ r❛❞✐♦ ❛♥❞ ♣♦✇❡r ♠❛♥❛❣❡♠❡♥t ♠✐❝r♦❝♦♥tr♦❧❧❡r
▼P❯✾✷✺✵ ✾✲❛①✐s ✐♥❡rt✐❛❧ ♠❡❛s✉r❡♠❡♥t ✉♥✐t
▲P❙✷✺❍ ♣r❡ss✉r❡ s❡♥s♦r
❯❙❇ ❝❤❛r❣✐♥❣ ❛♥❞ ✇✐r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥

❋✐❣✉r❡ ✸✳✹✿ ❈r❛③②✢✐❡ ❛r❝❤✐t❡❝t✉r❡ ❬✶❪

❆ ❈r❛③②✢✐❡ ✇✐t❤ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❞❡✜♥❡❞ ✐♥ ❋✐❣✳ ✸✳✺ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✉s✐♥❣

◆❡✇t♦♥✲❊✉❧❡r ❡q✉❛t✐♦♥s ❬✼✹❪ ♦r ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❡q✉❛t✐♦♥s ❬✼✺❪✳ ❆♥ ✐❞❡❛❧ ◆❡✇t♦♥✲

❊✉❧❡r ♠♦❞❡❧ ✇✐t❤♦✉t ❝♦♥s✐❞❡r✐♥❣ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ❛♥❞ ❣②r♦s❝♦♣✐❝ ❢♦r❝❡s ✐s t❤❡♥

❣✐✈❡♥ ❛s









ẍ

ÿ

z̈









= −g









0

0

1









+
T

m









CψSθCφ + SψSφ

SψSθCφ − CψSφ

CθCφ









, ✭✸✳✹❛✮









ṗ

q̇

ṙ









=









Iyy−Izz
Ixx

qr +
τφ
Ixx

Izz−Ixx
Iyy

pr + τθ
Iyy

Ixx−Iyy
Izz

pq +
τψ
Izz









, ✭✸✳✹❜✮

✇❤❡r❡ x, y, z ❛r❡ t❤❡ ❧✐♥❡❛r ♣♦s✐t✐♦♥s ❞❡✜♥❡❞ ✐♥ t❤❡ ✐♥❡rt✐❛❧ ❢r❛♠❡ ❛♥❞ φ, θ, ψ ❛r❡
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t❤❡ r♦❧❧✱ ♣✐t❝❤✱ ❛♥❞ ②❛✇ ❊✉❧❡r ❛♥❣❧❡s ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡ ❝✉rr❡♥t✲❢r❛♠❡ ❨❛✇✲P✐t❝❤✲❘♦❧❧

❝♦♥✈❡♥t✐♦♥ ❬✼✻❪✳ ❙t❛t❡s p, q, r ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t✐❡s ❛❧♦♥❣ t❤❡ XB, YB✱

❛♥❞ ZB ❜♦❞② ❢r❛♠❡ ❛①❡s✱ r❡s♣❡❝t✐✈❡❧②✳ P❛r❛♠❡t❡r ❣ ✐s t❤❡ ❣r❛✈✐t② ❝♦♥st❛♥t✱ m ❞❡♥♦t❡s

t❤❡ ♠❛ss✱ ❛♥❞ Ixx, Iyy, Izz ❛r❡ t❤❡ ♠♦♠❡♥ts ♦❢ ✐♥❡rt✐❛ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r ♣r✐♥❝✐♣❛❧

❛①✐s ✐♥ t❤❡ ❜♦❞② ❢r❛♠❡✳ T, τφ, τθ, τψ ❛r❡ t❤❡ ❡①t❡r♥❛❧ t❤r✉st ❢♦r❝❡ ❛♥❞ r♦❧❧✐♥❣✱ ♣✐t❝❤✐♥❣✱

❛♥❞ ②❛✇✐♥❣ ♠♦♠❡♥ts✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❊✉❧❡r r❛t❡s ❛♥❞ t❤❡ ❛♥❣✉❧❛r

✈❡❧♦❝✐t✐❡s ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥









φ̇

θ̇

ψ̇









=









1 SφTθ CφTθ

0 Cφ −Sφ
0 Sφ/Cθ Cφ/Cθ

















p

q

r









, θ 6= ±π
2
, ✭✸✳✺✮

✇❤❡r❡ Cx✱ Sx✱ Tx r❡♣r❡s❡♥t cos(x)✱ sin(x) ❛♥❞ tan(x)✳ ◆♦t❡ t❤❛t q✉❛t❡r♥✐♦♥s ❬✼✼❪ ❝❛♥

❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ r❡♣r❡s❡♥t q✉❛❞❝♦♣t❡r ♦r✐❡♥t❛t✐♦♥s✳

XB
YB

ZB

X Y

Z

M1

M2

M3

M4

❋✐❣✉r❡ ✸✳✺✿ ❚❤❡ ✐♥❡rt✐❛❧✭XY Z✮ ❛♥❞ ❜♦❞②✭XBYBZB✮ ❢r❛♠❡s ♦❢ ❈r❛③②✢✐❡ ✷✳✵ ✭✾ ❝♠
❜❡t✇❡❡♥ ❞✐❛❣♦♥❛❧ r♦t♦rs✮

❈❛s❝❛❞❡ ❝♦♥tr♦❧ str✉❝t✉r❡s ❛r❡ ♦❢t❡♥ ❡♠♣❧♦②❡❞ t♦ ❢✉❧❧② st❛❜✐❧✐③❡ ❛ q✉❛❞❝♦♣t❡r ✐♥

r❡❛❧✲✇♦r❧❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❜❡❝❛✉s❡ ♦❢ ❛ q✉❛❞❝♦♣t❡r✬s ❤✐❣❤❧② ♥♦♥❧✐♥❡❛r ❛♥❞ ✉♥st❛❜❧❡

❜❡❤❛✈✐♦rs ❬✼✽❪✳ ▼♦st ❝❛s❝❛❞❡ str✉❝t✉r❡s ❝♦♥s✐st ♦❢ ❛♥ ❛tt✐t✉❞❡ ❝♦♥tr♦❧❧❡r ❢♦r st❛❜✐❧✐③✐♥❣

♦r✐❡♥t❛t✐♦♥s ❛♥❞ ❛ ♣♦s✐t✐♦♥ ❝♦♥tr♦❧❧❡r ❢♦r st❛❜✐❧✐③✐♥❣ ♣♦s✐t✐♦♥s✳ ❆tt✐t✉❞❡ ❝♦♥tr♦❧❧❡rs ❛r❡

t②♣✐❝❛❧❧② ✐♠♣❧❡♠❡♥t❡❞ ♦♥✲❜♦❛r❞ ❛♥❞ ✉s❡ t❤❡ ❢❡❡❞❜❛❝❦ ❢r♦♠ ❛♥ ♦♥✲❜♦❛r❞ ■▼❯ ❢♦r ❢❛st
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❝♦♥tr♦❧ ✉♣❞❛t❡s✳ P♦s✐t✐♦♥ ❝♦♥tr♦❧❧❡rs✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡✐t❤❡r ♦♥✲❜♦❛r❞ ♦r ♦✛✲❜♦❛r❞✱ ♦❢t❡♥

✉s❡ t❤❡ ❢❡❡❞❜❛❝❦ ❢r♦♠ ❡①t❡r♦❝❡♣t✐✈❡ s❡♥s♦rs✱ s✉❝❤ ❛s ●P❙ ❛♥❞ ♦♥✴♦✛✲❜♦❛r❞ ❝❛♠❡r❛s✳

■♥ ♦✉r s②st❡♠✱ ❛ ❝❛s❝❛❞❡ ♦♥✲❜♦❛r❞ P❉ ❝♦♥tr♦❧❧❡r ✇❛s ♣r♦✈✐❞❡❞ ❢♦r ❛tt✐t✉❞❡ ❝♦♥tr♦❧

❜② t❤❡ ✈❡♥❞♦r✱ ❛♥❞ ✇❡ ❞❡s✐❣♥ ♦✛✲❜♦❛r❞ ♣♦s✐t✐♦♥ ❝♦♥tr♦❧❧❡rs ✉s✐♥❣ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠

t❤❡ ❖♣t✐❚r❛❝❦ ▼♦❈❛♣ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❤♦st ❧❛❜✳ ❋✐❣✳ ✸✳✻ s❤♦✇s ❈r❛③②✢✐❡✬s ♦♥❜♦❛r❞

❝♦♥tr♦❧ ❛r❝❤✐t❡❝t✉r❡✱ ✇❤❡r❡ φc, θc, ψc,Ωc ❞❡♥♦t❡ t❤❡ ❞❡s✐r❡❞ ✐♥♣✉ts t♦ t❤❡ ♦♥✲❜♦❛r❞

❝♦♥tr♦❧❧❡r✳

Actuators

(4 motors) 

Gyroscope 

Accelerometer

Crazyflie HardwareOn-board controller

Attitude

Stabilizer

250 Hz 

Rate

Stabilizer  

500 Hz 

Control 

mixer 

ሶ𝜓𝑐
𝜙𝑐 , 𝜃𝑐

Ω𝑐

Sensor 

Fusion 

500 Hz

250 Hz

𝜙, 𝜃 𝑝, 𝑞, 𝑟
Δ𝜙𝑞𝑐𝑝𝑐 Δ𝜃 , Δ𝜓

❋✐❣✉r❡ ✸✳✻✿ ❈♦♥tr♦❧ ❛r❝❤✐t❡❝t✉r❡ ♦❢ ❈r❛③②✢✐❡✬s ♦♥✲❜♦❛r❞ ❝♦♥tr♦❧❧❡r

❚♦ ♦❜t❛✐♥ ❛♥ ❡①♣❧✐❝✐t ❛tt✐t✉❞❡ ♠♦❞❡❧ ✭✐♥❝❧✉❞✐♥❣ t❤❡ ♦♥❜♦❛r❞ ❝♦♥tr♦❧❧❡r✮ ❢♦r ❝♦♥✲

tr♦❧❧❡r ❞❡s✐❣♥ ♦❢ t❤❡ ♠✉❧t✐♣❧❡ q✉❛❞❝♦♣t❡r s②st❡♠✱ ✇❡ ❛ss✉♠❡❞ s♠❛❧❧ ♦♣❡r❛t✐♥❣ ❛♥❣❧❡

❝♦♥❞✐t✐♦♥s ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐❞❡♥t✐✜❡❞ t❤❡ ❛tt✐t✉❞❡ ❞②♥❛♠✐❝s ✐♥ r♦❧❧✱ ♣✐t❝❤ ❛♥❞ ②❛✇

❞✐r❡❝t✐♦♥s ✉s✐♥❣ ❛ ❝❧♦s❡❞✲❧♦♦♣ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥ ♠❡t❤♦❞✳ ■t ✇❛s ❞✐s❝♦✈❡r❡❞ t❤❛t

✜rst✲♦r❞❡r ❞②♥❛♠✐❝s✱ ✇❤✐❝❤ ❛r❡ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ❢♦r ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥✱ ❝♦✉❧❞ s✉✣✲

❝✐❡♥t❧② ❝❛♣t✉r❡ ❈r❛③②✢✐❡✬s r♦❧❧ ❛♥❞ ♣✐t❝❤ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r✳ ❚❤❡ ♣r❡❞✐❝t❡❞ r♦❧❧ ❛♥❞

♣✐t❝❤ ❛♥❣❧❡ r❡s♣♦♥s❡s ✉s✐♥❣ t❤❡ ✐❞❡♥t✐✜❡❞ ✜rst✲♦r❞❡r ❞②♥❛♠✐❝s ❛r❡ s✉♣❡r✐♠♣♦s❡❞ ♦♥

t❤❡ ❛❝t✉❛❧ ❡①♣❡r✐♠❡♥t❛❧❧② ♠❡❛s✉r❡❞ r❡s♣♦♥s❡ ✐♥ ❋✐❣✳ ✸✳✼ ❛♥❞ ❋✐❣✳ ✸✳✽✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❝♦❧❧❡❝t❡❞ ✐♥ ✜rst ✶✺ s❡❝♦♥❞s ✇❛s ✉s❡❞ ❢♦r ♠♦❞❡❧ ✐❞❡♥t✐✜❝❛t✐♦♥

✇❤✐❧❡ t❤❡ ❞❛t❛ ✐♥ t❤❡ ❧❛st ✶✺ s❡❝♦♥❞s ✇❛s ✉s❡❞ ❢♦r ♠♦❞❡❧ ✈❛❧✐❞❛t✐♦♥✳ ❋✐❣✳ ✸✳✾ s❤♦✇s t❤❡

♦♣❡♥✲❧♦♦♣ ♣r❡❞✐❝t❡❞ ✭s✐♠♣❧❡ ✐♥t❡❣r❛t♦r✮ ❛♥❞ ❝❧♦s❡❞✲❧♦♦♣ ❛❝t✉❛❧ ✭✉♥❞❡r ♣r♦♣♦rt✐♦♥❛❧✲

✐♥t❡❣r❛❧✲❞❡r✐✈❛t✐✈❡ ✭P■❉✮ ❝♦♥tr♦❧❧❡r✮ s②st❡♠ r❡s♣♦♥s❡s ❢r♦♠ ❛ ✷✵✲❞❡❣r❡❡ st❡♣ ②❛✇ ❛♥❣❧❡
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✐♥♣✉t✳ ■t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t ❛ s✐♠♣❧❡ ✐♥t❡❣r❛t♦r ❝❛♥ ❛♣♣r♦①✐♠❛t❡❧② r❡♣r❡s❡♥t t❤❡

②❛✇ ❞②♥❛♠✐❝s✳ ▼♦r❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡ ❛✉t❤♦r✬s ♣✉❜❧✐❝❛t✐♦♥ ✐♥ ❬✼✾❪✳
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❋✐❣✉r❡ ✸✳✼✿ ■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ r❡s✉❧ts ❢♦r r♦❧❧ ❞②♥❛♠✐❝s
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❋✐❣✉r❡ ✸✳✽✿ ■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ✈❛❧✐❞❛t✐♦♥ r❡s✉❧ts ❢♦r ♣✐t❝❤ ❞②♥❛♠✐❝s
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Actual result

❋✐❣✉r❡ ✸✳✾✿ ❱❛❧✐❞❛t✐♦♥ r❡s✉❧ts ❢♦r ②❛✇ ❞②♥❛♠✐❝s

❚❤❡ ✐❞❡♥t✐✜❡❞ ❛tt✐t✉❞❡ ❞②♥❛♠✐❝s ❛r❡ t❤❡♥ s✉♠♠❛r✐③❡❞ ❛s























φ̇ = 1
τφ
(−φ+ kφφc),

θ̇ = 1
τθ
(−θ + kθθc),

ψ̇ = ψc,

✭✸✳✻✮

✇❤❡r❡ τφ = 0.1993✱ kφ = 1.043✱ τθ = 0.1967✱ ❛♥❞ kθ = 1.085✳

✸✳✸ ▼♦t✐♦♥ ❈❛♣t✉r❡ ❙②st❡♠s

❆ ▼♦❈❛♣ s②st❡♠ ♠❡❛s✉r❡s t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ ♦❜❥❡❝ts ✐♥ ❛ ♣❤②s✐❝❛❧ s♣❛❝❡✳

❚❤❡ ❖♣t✐❚r❛❝❦✼ ▼♦❈❛♣ s②st❡♠ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s ❝♦♥s✐sts ♦❢ ♠✉❧t✐♣❧❡ ❝♦st✲❡✛❡❝t✐✈❡

❋❧❡① ✶✸✽ ❝❛♠❡r❛s t♦ ♠❡❛s✉r❡ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❈r❛③②✢✐❡ ❢♦r ❝♦♥tr♦❧

♣✉r♣♦s❡s✳ ❚❤❡ ❋❧❡① ✶✸ ❝❛♠❡r❛ ❤❛s ❛ r❡s♦❧✉t✐♦♥ ♦❢ 1.3 ♠❡❣❛♣✐①❡❧s ❛♥❞ ❛ ❝❛♣t✉r✐♥❣ r❛t❡

♦❢ 120 ❢r❛♠❡s ♣❡r s❡❝♦♥❞✱ ❛♥❞ ✉s❡s ❯❙❇ ✷✳✵ ❢♦r ❝♦♥♥❡❝t✐✈✐t②✳ ◆♦t❡ t❤❛t ❖♣t✐❚r❛❝❦ ✐s

❛♥ ♦♣t✐❝❛❧✲♣❛ss✐✈❡ s②st❡♠✱ ✇❤❡r❡ r❡✢❡❝t✐✈❡ ♠❛r❦❡rs ❛r❡ ♣❧❛❝❡❞ ♦♥ ❛♥ ♦❜❥❡❝t ♦❢ ✐♥t❡r❡st

❛♥❞ t❤❡ ♣♦s✐t✐♦♥ ❢♦r ❡❛❝❤ ♠❛r❦❡r ✐s tr✐❛♥❣✉❧❛t❡❞ ✇✐t❤ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❢r♦♠ ♠✉❧t✐♣❧❡

✼❤tt♣s✿✴✴♦♣t✐tr❛❝❦✳❝♦♠✴
✽❤tt♣s✿✴✴♦♣t✐tr❛❝❦✳❝♦♠✴❝❛♠❡r❛s✴❢❧❡①✲✶✸✴
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✜①❡❞ ❤✐❣❤ s♣❡❡❞ ❝❛♠❡r❛s✳ ❋✐❣✳ ✸✳✺ s❤♦✇s ❛ ❈r❛③②✢✐❡ ✇✐t❤ r❡✢❡❝t✐✈❡ ♠❛r❦❡rs✳

❚❤❡ ❖♣t✐❚r❛❝❦ s②st❡♠ ❝♦♠❡s ✇✐t❤ ❛ ▼♦t✐✈❡✾ s♦❢t✇❛r❡ ✐♥t❡r❢❛❝❡ ❢♦r ❝❛♠❡r❛ ❝❛❧✐❜r❛✲

t✐♦♥ ❛♥❞ ❞❛t❛ str❡❛♠✐♥❣✳ ❈❛❧✐❜r❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧ ❢♦r ❖♣t✐❚r❛❝❦ t♦ ❛❝❤✐❡✈❡ ❛❝❝✉r❛t❡

♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ r❡❛❞✐♥❣s✳ ❚❤❡ ❝❛❧✐❜r❛t✐♦♥ ♣r♦❝❡ss r♦✉❣❤❧② ❝♦♥s✐sts ♦❢ ✜✈❡

st❡♣s✿ ♣r❡♣❛r✐♥❣ ❛♥❞ ♦♣t✐♠✐③✐♥❣ t❤❡ s❡t✉♣✱ ♠❛s❦✐♥❣ ✐♥ ❣r❛②s❝❛❧❡ ♠♦❞❡ ✭❋✐❣✳ ✸✳✶✵❛✮✱

✇❛♥❞✐♥❣ ✐♥ ♣r❡❝✐s✐♦♥ ♠♦❞❡ ✭❋✐❣✳ ✸✳✶✵❜✮✱ ❛♥❛❧②③✐♥❣ r❡s✉❧ts ✭❋✐❣✳ ✸✳✶✵❝✮✱ ❛♥❞ ❣r♦✉♥❞✐♥❣

✭❋✐❣✳ ✸✳✶✵❞✮✳ ❆❢t❡r ❝❛❧✐❜r❛t✐♦♥✱ t❤❡ r✐❣✐❞ ❜♦❞② ❞❛t❛ ❝❛♥ ❜❡ str❡❛♠❡❞ ✐♥t♦ ✈❛r✐♦✉s

❝❧✐❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✭▼❛t❧❛❜➤✴❙✐♠✉❧✐♥❦➤✴❘❖❙✮ ❢r♦♠ ▼♦t✐✈❡ ✭s❡r✈❡r✮✳

✭❛✮ ●r❛②s❝❛❧❡ ✐♠❛❣❡ ♦❢ ❛ r✐❣✐❞ ❜♦❞② ✭❜✮ Pr❡❝✐s✐♦♥ ♠♦❞❡

✭❝✮ ❈♦❧❧❡❝t ✇❛♥❞✐♥❣ s❛♠♣❧❡s ✭❞✮ ●r♦✉♥❞ ♣❧❛♥❡

❋✐❣✉r❡ ✸✳✶✵✿ ❖♣t✐❚r❛❝❦ ▼♦❈❛♣ ❝❛❧✐❜r❛t✐♦♥ st❡♣s

✸✳✹ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❈♦♥tr♦❧ ❙②st❡♠

❚❤❡ ❞✐str✐❜✉t❡❞ ❛❧❣♦r✐t❤♠s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s t❤❡s✐s ❛r❡ ✈❛❧✐❞❛t❡❞ ✉s✐♥❣ ❝❡♥tr❛❧✐③❡❞

r❡❛❧✐③❛t✐♦♥s ✐♥ t❤❡ ❘❖❙ ❡♥✈✐r♦♥♠❡♥t✳ ❘❖❙✶✵ ✐s ❛♥ ♦♣❡♥✲s♦✉r❝❡ s♦❢t✇❛r❡ ♣❧❛t❢♦r♠ ❢♦r

r♦❜♦t s♦❢t✇❛r❡ ❞❡✈❡❧♦♣❡rs ✇✐t❤ t❤❡ ✐♥t❡♥t✐♦♥ t♦ ❡❛s❡ s♦♠❡ s✐❣♥✐✜❝❛♥t ❝❤❛❧❧❡♥❣❡s✱ s✉❝❤

❛s ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t❛t✐♦♥✱ s♦❢t✇❛r❡ r❡✉s❡✱ ❛♥❞ r❛♣✐❞ t❡st✐♥❣ ❬✽✵❪✳ ❈♦♠♣♦♥❡♥ts✱ s✉❝❤

✾❤tt♣s✿✴✴♦♣t✐tr❛❝❦✳❝♦♠✴s♦❢t✇❛r❡✴♠♦t✐✈❡✴
✶✵❤tt♣✿✴✴✇✐❦✐✳r♦s✳♦r❣✴
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❛s ❝♦♥tr♦❧❧❡rs ❛♥❞ s❡♥s♦rs✱ ✐♥ ❛ ❝♦♥tr♦❧ s②st❡♠ ❛r❡ ❛❜str❛❝t❡❞ ❛s ♥♦❞❡s ✭❡①❡❝✉t❛❜❧❡s✮ ✐♥

❘❖❙ ❛♥❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ♥♦❞❡s ❛r❡ ❡♥❛❜❧❡❞ t❤r♦✉❣❤ ❚♦♣✐❝s ✭❜r♦❛❞❝❛st✮

♦r ❙❡r✈✐❝❡s ✭r❡q✉❡st✲r❡♣❧②✮✳

❘❖❙ ❛❧s♦ ♣r♦✈✐❞❡s ❛ ❣r❛♣❤✐❝❛❧ ✇❛② ♦❢ ✈✐❡✇✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♥♦❞❡s ❛♥❞

t♦♣✐❝s✳ ❋✐❣✳ ✸✳✶✶ s❤♦✇s ❛ t②♣✐❝❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤ ♦❢ ❤♦✈❡r✐♥❣ ❝♦♥tr♦❧ ♦❢ ❛ s✐♥❣❧❡

❈r❛③②✢✐❡✳ ❚❤❡ ♥♦❞❡ ✴❝r❛③②❢❧✐❡✴❥♦② t❛❦❡s ❤✉♠❛♥ ✐♥♣✉t ❢r♦♠ ❛ ❥♦②st✐❝❦ ❝♦♥tr♦❧❧❡r

❛♥❞ ♣✉❜❧✐s❤❡s ♠❡ss❛❣❡s t♦ t❤❡ t♦♣✐❝ ✴❝r❛③②❢❧✐❡✴❥♦②✳ ❚❤❡ ♥♦❞❡ ✴❝r❛③②❢❧✐❡✴✈r♣♥

♣✉❜❧✐s❤❡s t❤❡ ❝❛♠❡r❛ ♠❡❛s✉r❡♠❡♥t t♦ t❤❡ t♦♣✐❝ ✴t❢ ❛♥❞ t❤❡♥ t♦ t❤❡ ❝♦♥tr♦❧❧❡r ♥♦❞❡

✴❝r❛③②❢❧✐❡✴❝♦♥tr♦❧❧❡r✳ ❚❤❡ ❞❡s✐r❡❞ ❤♦✈❡r✐♥❣ ❝♦♥tr♦❧ ✐♥♣✉ts ❛r❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡

❝♦♥tr♦❧❧❡r ♥♦❞❡ ❛♥❞ ♣✉❜❧✐s❤❡❞ t♦ t❤❡ t♦♣✐❝ ✴❝r❛③②❢❧✐❡✴❝♠❞❴✈❡❧✱ ✇❤✐❝❤ t❤❡♥ s❡♥❞s

t♦ ♥♦❞❡ ✴❝r❛③②❢❧✐❡❴s❡r✈❡r t♦ ❝♦♠♠✉♥✐❝❛t❡ ✇✐t❤ t❤❡ ❈r❛③②✢✐❡ t❤♦✉❣❤ ❈r❛③②r❛❞✐♦✳

▼♦r❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ♠❛t❡r✐❛❧s ❛❜♦✉t ❘❖❙ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✽✶❪ ❛♥❞ ❬✽✷❪✳

❋✐❣✉r❡ ✸✳✶✶✿ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤ ♦❢ t❤❡ ❤♦✈❡r✐♥❣ ❝♦♥tr♦❧ ♦❢ ❈r❛③②✢✐❡

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❘❖❙ ❧✐❜r❛r✐❡s ❛r❡ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳

❼ ❝r❛③②❢❧✐❡❴r♦s✶✶ ❬✽✸❪✿ ❘❖❙ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞r✐✈❡r ❢♦r ❈r❛③②✢✐❡✳

❼ ❘❖❙❆❘■❆✶✷✿ ♣r♦✈✐❞❡s ❛ ❘❖❙ ✐♥t❡r❢❛❝❡ ✭r❡❝❡✐✈✐♥❣ ❝♦♥tr♦❧ ❝♦♠♠❛♥❞s ❛♥❞ ♣✉❜❧✐s❤

s❡♥s♦r ♠❡❛s✉r❡♠❡♥ts✮ ❢♦r P✐♦♥❡❡r r♦❜♦ts✳

❼ ✈r♣♥❴❝❧✐❡♥t❴r♦s✶✸✿ str❡❛♠s r✐❣✐❞ ❜♦❞② ❞❛t❛ ✭♣♦s✐t✐♦♥ ❛♥❞ ❛tt✐t✉❞❡✮ t♦ ❘❖❙✳

■♥ ❛❧❧ ❡①♣❡r✐♠❡♥ts✱ ❝♦♥tr♦❧❧❡rs ❛r❡ ❝♦❞❡❞ ✐♥ ❙✐♠✉❧✐♥❦➤ ❛♥❞ t❤❡♥ ❞✐r❡❝t❧② ❝♦♠♣✐❧❡❞

❛♥❞ ❞❡♣❧♦②❡❞ t♦ t❤❡ t❛r❣❡t ❤❛r❞✇❛r❡ ❛s ❘❖❙ ♥♦❞❡s ✉s✐♥❣ t❤❡ ▼❛t❧❛❜➤ ❘❖❙ t♦♦❧❜♦①✶✹

✶✶❤tt♣s✿✴✴❣✐t❤✉❜✳❝♦♠✴✇❤♦❡♥✐❣✴❝r❛③②❢❧✐❡❴r♦s
✶✷❤tt♣✿✴✴✇✐❦✐✳r♦s✳♦r❣✴❘❖❙❆❘■❆
✶✸❤tt♣✿✴✴✇✐❦✐✳r♦s✳♦r❣✴✈r♣♥❴❝❧✐❡♥t❴r♦s
✶✹❤tt♣s✿✴✴✇✇✇✳♠❛t❤✇♦r❦s✳❝♦♠✴♣r♦❞✉❝ts✴r♦s✳❤t♠❧
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❜② ❛♣♣r♦♣r✐❛t❡❧② s❡tt✐♥❣ t❤❡ ♥❡t✇♦r❦ ♣r♦♣❡rt✐❡s ✭❡✳❣✳ ■P ❛❞❞r❡ss ♦❢ t❤❡ ❘❖❙ ▼❛st❡r

❞❡✈✐❝❡✮✳ ❋✐❣✳ ✸✳✶✷ s❤♦✇s ❛♥ ✐♥t❡r❢❛❝❡ ❢♦r s❡tt✐♥❣ t❤❡ ❘❖❙ ❛♥❞ ♥❡t✇♦r❦ ♣r♦♣❡rt✐❡s

✉♥❞❡r ❍❛r❞✇❛r❡ ■♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ ❙✐♠✉❧✐♥❦➤✱ ❛♥❞ ❋✐❣✳ ✸✳✶✸ ✐❧❧✉str❛t❡s ❛ t②♣✐❝❛❧

q✉❛❞❝♦♣t❡r ❝♦♥tr♦❧ ❢r❛♠❡✇♦r❦ ✐♥ ❘❖❙✳

❋✐❣✉r❡ ✸✳✶✷✿ ◆❡t✇♦r❦ s❡tt✐♥❣s ❢♦r ❞❡♣❧♦②✐♥❣ ❛ ❝♦♥tr♦❧❧❡r ♥♦❞❡

Server

MoCap

Agent

Controls 

Controller
States

❋✐❣✉r❡ ✸✳✶✸✿ ◗✉❛❞❝♦♣t❡r ❝♦♥tr♦❧ ❢r❛♠❡✇♦r❦ ✐♥ ❘❖❙



❈❤❛♣t❡r ✹

❊✈❡♥t✲❚r✐❣❣❡r❡❞ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧ ✇✐t❤ ❛♥ ❆✉t♦♥♦♠♦✉s

▲❡❛❞❡r

❚❤✐s ❈❤❛♣t❡r ✐s ❞❡❞✐❝❛t❡❞ t♦ s♦❧✈✐♥❣ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✶ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠

❢♦r♠✉❧❛t✐♦♥ s❡❝t✐♦♥ ♦❢ ❈❤❛♣t❡r ✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ❧♦❝❛❧❧②✲❝♦♠♣✉t❛❜❧❡ st❛t❡✲❡st✐♠❛t❡✲

❜❛s❡❞ ❊❈▼ ❛❧♦♥❣ ✇✐t❤ ❛ ❞✐str✐❜✉t❡❞ ❝♦♥tr♦❧❧❡r ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r t❤❡ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r

▼❆❙ ✭✹✳✶✮ ✉♥❞❡r ❛ s❛♠♣❧❡❞✲❞❛t❛ s❡tt✐♥❣✳







ẋi = Axi +Bui, i = 1, · · · , N,

ẋ0 = Ax0.
✭✹✳✶✮

❚❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ st❛❜✐❧✐t② ❛♥❛❧②s✐s ♣r♦❜❧❡♠ ♦❢ ❛

❝❧♦s❡❞✲❧♦♦♣ s②st❡♠ ✉♥❞❡r t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠❛t✐♦♥ ♣r♦t♦❝♦❧ ❛♥❞ ❊❈▼✳ ❙✉✣❝✐❡♥t ❝♦♥✲

❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ t❤❡ ❝♦✲❡①✐st❡♥❝❡ ♦❢ ❛ ✈❛❧✐❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ❛♥❞ ❛♥ ❡✈❡♥t✲

tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❛r❡ ❞❡r✐✈❡❞ ✉s✐♥❣ ❛ ▲②❛♣✉♥♦✈✲❜❛s❡❞ ♠❡t❤♦❞ ❛♥❞

▲▼■ t❡❝❤♥✐q✉❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡q✉✐✈❛❧❡♥t ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ ✭❛❣❡♥t✲s✐③❡❞✮ s✉✣❝✐❡♥t ❝♦♥✲

❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳ ▲❛st❧②✱ t❤❡ ❞❡✈❡❧♦♣❡❞

❝♦♥tr♦❧❧❡r ❛♥❞ ❊❈▼ ❛r❡ ❛♥❛❧②③❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛♥❞ ✈❛❧✐❞❛t❡❞ ✐♥ ❡①♣❡r✐✲

♠❡♥ts ✉s✐♥❣ ❛ ❣r♦✉♣ ♦❢ t❤r❡❡ P✐♦♥❡❡r ♠♦❜✐❧❡ r♦❜♦ts✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛✱ ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❬✽✹❪ ❛♥❞

t❤❡ r❡❝✐♣r♦❝❛❧ ❝♦♥✈❡①✐t② ❧❡♠♠❛ ❬✽✺❪✱ ✐s ✉s❡❢✉❧ ✐♥ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r♠✉❧❛t✐♦♥

✐♥ t❤✐s t❤❡s✐s✳

▲❡♠♠❛ ✹✳✶✳ ●✐✈❡♥ ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① R ∈ Rn×n✱ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❛r❜✐tr❛r②

♠❛tr✐① S ∈ Rn×n s✉❝❤ t❤❛t
[

R ∗
ST R

]

≥ 0, ✭✹✳✷✮

✸✹



✸✺

t❤❡♥ ❢♦r ❛♥② τ ∈ [0, h]✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s

−h
∫ t

t−h

η̇T (υ)(IN ⊗R)η̇(υ)dυ ≤ −φT1 (IN ⊗R)φ1 − φT2 (IN ⊗R)φ2

− φT1 (IN ⊗ S)φ2 − φT2 (IN ⊗ ST )φ1, ✭✹✳✸✮

✇❤❡r❡ φ1 = η(t− τ)− η(t)✱ ❛♥❞ φ2 = η(t− h)− η(t− τ)✳

✹✳✶ ❈♦♥tr♦❧❧❡r ❛♥❞ ❊✈❡♥t ●❡♥❡r❛t♦r ❉❡s✐❣♥

❆ ❞✐str✐❜✉t❡❞ ❝♦♥tr♦❧❧❡r ❛s ✇❡❧❧ ❛s ❛♥ ❊❈▼ ❛r❡ ♣r♦♣♦s❡❞ t♦ ❛❞❞r❡ss ❘❡s❡❛r❝❤ Pr♦❜✲

❧❡♠ ✷✳✶ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❚❤❡ ❝♦♥tr♦❧❧❡r ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❛r❡ ❝♦✲❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥

t❤❡ s✉✣❝✐❡♥t ▲▼■ ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡ s②st❡♠ ❝♦♥✈❡r❣❡♥❝❡✳

✹✳✶✳✶ ❈♦♥tr♦❧❧❡r ❉❡s✐❣♥

❋♦r t ∈ [vh, (v + 1)h)✱ t❤❡ ❞✐str✐❜✉t❡❞ ❝♦♥tr♦❧ ✐♥♣✉t ❢♦r ❛❣❡♥t i ✐s ♣r♦♣♦s❡❞ ❛s

ui = −µi +K(
∑

j∈Ni

aij(x̂i(vh)− x̂j(vh)− fi + fj) + di(x̂i(vh)− fi − x0)), ✭✹✳✹✮

✇❤❡r❡ µi ✐s t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥♣✉t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✱ x̂i(vh) ❛♥❞ x̂j(vh) ❛r❡

t❤❡ ❡st✐♠❛t❡❞ st❛t❡s ♦❢ ❛❣❡♥ts i ❛♥❞ j ❛t t❤❡ ❧❛t❡st s❛♠♣❧✐♥❣ ✐♥st❛♥t vh✳ ■t ✐s ❛ss✉♠❡❞

t❤❛t t❤❡ st❛t❡ ❡st✐♠❛t❡ ❡✈♦❧✈❡s ❢♦❧❧♦✇✐♥❣ t❤❡ ❞②♥❛♠✐❝s x̂i(t) = eA(t−t
i
k
h)xi(t

i
kh) ❛♥❞

x̂j(t) = eA(t−t
j

k̃
h)
xj(t

j

k̃
h) ✇❤❡r❡ tikh ❛♥❞ tj

k̃
h r❡♣r❡s❡♥t t❤❡ ❧❛t❡st r❡❧❡❛s❡❞ ✭❛✈❛✐❧❛❜❧❡

t♦ t❤❡✐r ♥❡✐❣❤❜♦rs✮ s❛♠♣❧✐♥❣ ✐♥st❛♥ts ❢♦r ❛❣❡♥ts i ❛♥❞ j✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ t❤❡

❡st✐♠❛t❡s ❢♦❧❧♦✇ t❤❡ ❞②♥❛♠✐❝s ˙̂xi(t) = Ax̂i(t) ❛♥❞ ˙̂xj(t) = Ax̂j(t) ❛♥❞ t❤❡ ❡st✐♠❛t❡s ❛t

❡❛❝❤ s❛♠♣❧✐♥❣ ✐♥st❛♥ts ♠❛② ❜❡ ❡✈❛❧✉❛t❡❞ ❛s x̂i(vh) = eA(vh−t
i
k
h)xi(t

i
kh) ❛♥❞ x̂j(vh) =

eA(vh−t
j

k̃
h)
xj(t

j

k̃
h)✳ ■♥ ❛❞❞✐t✐♦♥✱ K ✐s ❛ st❛t✐❝ ❣❛✐♥ ♠❛tr✐① t❤❛t ✇✐❧❧ ❜❡ ❞❡s✐❣♥❡❞ ❜❛s❡❞

♦♥ t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡ s②st❡♠ st❛❜✐❧✐t②✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛

♠❛tr✐① B̃ s✉❝❤ t❤❛t B̃B = Im ❢r♦♠ ▲❡♠♠❛ ✷✳✸✳ ❚❤❡ ❢♦r♠❛t✐♦♥ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥♣✉t

µi ❝❛♥ t❤❡♥ ❜❡ ❞❡s✐❣♥❡❞ ❛s B̃Afi✳

❘❡♠❛r❦ ✹✳✶✳ ◆♦t❡ t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✭✹✳✹✮ r❡❞✉❝❡s t♦ ❛ ❝♦♥✈❡♥t✐♦♥❛❧

❝♦♥s❡♥s✉s ❝♦♥tr♦❧❧❡r ✇❤❡r❡ fi = 0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐♥ t❤✐s ❈❤❛♣t❡r

❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ s♦❧✈❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♥s❡♥s✉s ♣r♦❜❧❡♠s ♦❢ ❣❡♥❡r❛❧ ❧✐♥❡❛r ▼❆❙s✳



✸✻

✹✳✶✳✷ ❈❧♦s❡❞✲❧♦♦♣ ❉②♥❛♠✐❝s

❚❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❞②♥❛♠✐❝s ♦❢ ❢♦❧❧♦✇❡r ❛❣❡♥t i ✉♥❞❡r ❝♦♥tr♦❧ ✐♥♣✉t ✭✹✳✹✮ ❛r❡✱ t❤❡r❡❢♦r❡

ẋi = Axi+BK(
∑

j∈Ni

aij(x̂i(vh)−x̂j(vh)−fi+fj)+di(x̂i(vh)−fi−x0(vh)))−Bµi. ✭✹✳✺✮

❚❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❛s

η̇i = Aηi+BK(
∑

j∈Ni

aij(x̂i(vh)−x̂j(vh)−fi+fj)+di(x̂i(vh)−fi−x0(vh)))+(Afi−Bµi).

✭✹✳✻✮

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥♣✉t µi ✐♥ ✭✹✳✻✮ ✐s t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡

❡✛❡❝t ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ✈❡❝t♦r fi✳ ❉✐✛❡r❡♥t ❢r♦♠ t❤❡ ❢♦r♠❛t✐♦♥ ♣r♦t♦❝♦❧s ❢♦r ▼❆❙ ✇✐t❤

❧♦✇✲♦r❞❡r ❛❣❡♥ts ✭s✐♥❣❧❡✴❞♦✉❜❧❡✲✐♥t❡❣r❛t♦rs✮✱ ✐t ✇❛s s❤♦✇♥ ✐♥ ❬✽✻❪ t❤❛t ❞✐str✐❜✉t❡❞

❢♦r♠❛t✐♦♥ ♣r♦t♦❝♦❧s ♠❛② ♥♦t ❡①✐st ✐♥ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❛❣❡♥t ❝❛s❡s ❣✐✈❡♥ ❝❡rt❛✐♥ ❞❡s✐r❡❞

❢♦r♠❛t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❢♦r♠❛t✐♦♥

✈❡❝t♦rs fi ❤♦❧❞s tr✉❡✳

❆ss✉♠♣t✐♦♥ ✹✳✶✳ B̄Afi = 0 ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ ❢♦r♠❛t✐♦♥ ✈❡❝t♦rs✳

❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✳✶✱ ✇❡ ❤❛✈❡ B̄Afi − B̄Bµi = 0✱ ❛♥❞ B̃Afi − B̃Bµi = 0✳

❚❤❡r❡❢♦r❡✱ t❤❡ t❡r♠ Afi−Bµi ✐♥ ✭✹✳✻✮ ✐s ♥✉❧❧✐✜❡❞ ❛♥❞ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠❛t✐♦♥ ❡rr♦r

❞②♥❛♠✐❝s ✭✹✳✻✮ ❛r❡ t❤❡r❡❢♦r❡ r❡❞✉❝❡❞ t♦

η̇i = Aηi +BK(
∑

j∈Ni

aij(x̂i(vh)− x̂j(vh)− fi + fj)di(x̂i(vh)− fi − x0(vh)). ✭✹✳✼✮

❉❡✜♥✐t✐♦♥ ✹✳✶✳ ❉❡✜♥❡ ❛♥ ❡st✐♠❛t❡ ❡rr♦r ✈❡❝t♦r ❢♦r ❛❣❡♥t i ❛s ei(vh) = x̂i(vh) −
xi(vh)✱ ✇❤❡r❡ vh r❡♣r❡s❡♥ts t❤❡ ❧❛st s❛♠♣❧✐♥❣ ✐♥st❛♥t✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡✜♥❡ ej(vh) =

x̂j(vh)− xj(vh)✳ ❚❤❡♥✱ x̂i(vh) = ei(vh) + xi(vh)✱ ❛♥❞ x̂j(vh) = ej(vh) + xj(vh)✳

❉❡✜♥✐t✐♦♥ ✹✳✷✳ ❆♥ ❛rt✐✜❝✐❛❧ ❞❡❧❛② τ(t) ✐s ❞❡✜♥❡❞ ❛s τ(t) = t−vh, t ∈ [vh, (v + 1)h)✱

✇❤✐❝❤ ✐s ❛ t✐♠❡✲✈❛r②✐♥❣ s❛✇t♦♦t❤✲t②♣❡ ❞❡❧❛② ✇✐t❤ ❛ ❝♦♥st❛♥t s❧♦♣❡ ♦❢ ✶✳

❘❡♠❛r❦ ✹✳✷✳ ❚❤❡ ❛rt✐✜❝✐❛❧ ❞❡❧❛② ✐♥ ❉❡✜♥✐t✐♦♥ ✹✳✷ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❛♥❛❧②③✐♥❣

s❛♠♣❧❡❞✲❞❛t❛ s②st❡♠s ❬✽✼❪✳ ❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥✱ t❤❡ ❧❛st s❛♠♣❧❡ ✐♥st❛♥t vh ❝❛♥ ❜❡

r❡♣r❡s❡♥t❡❞ ❛s t − τ(t)✱ ❛♥❞ ❛♥❛❧②s✐s ♠❡t❤♦❞s ✐♥ ❞❡❧❛② s②st❡♠s ❝❛♥ ❜❡ ❛❞♦♣t❡❞ t♦
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❛♥❛❧②③❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ◆♦t❡ τ(t) ✇✐❧❧ ❜❡ s✐♠♣❧② ✇r✐tt❡♥

❛s τ ❢♦r ❜r❡✈✐t② ❤❡r❡❛❢t❡r✳

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ❛♥❞ ❞❡✜♥✐t✐♦♥s st❛t❡❞ ❛❜♦✈❡✱ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠❛t✐♦♥

❡rr♦r ❞②♥❛♠✐❝s ❢♦r t❤❡ ith ❢♦❧❧♦✇❡r ❛❣❡♥t ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

η̇i = Aηi +BK(
∑

j∈Ni

aij(ηi(t− τ)− ηj(t− τ) + ei(t− τ)− ej(t− τ))

+ di(ei(t− τ) + ηi(t− τ)). ✭✹✳✽✮

❚❤❡♥✱ t❤❡ ♦✈❡r❛❧❧ s②st❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

η̇ = (IN ⊗ A)η + (Lff ⊗ BK)η(t− τ) + (Lff ⊗ BK)e(t− τ), ✭✹✳✾✮

✇❤❡r❡ η✱ η(t − τ)✱ ❛♥❞ e(t − τ) ❛r❡ t❤❡ st❛❝❦❡❞ ❢♦r♠ ♦❢ ηi✱ ηi(t − τ)✱ ❛♥❞ ei(t − τ)✱

r❡s♣❡❝t✐✈❡❧②✳

✹✳✶✳✸ ❊✈❡♥t ●❡♥❡r❛t♦r ❉❡s✐❣♥

❊✈❡♥t ❣❡♥❡r❛t♦rs ❛r❡ ❞❡s✐❣♥❡❞ t♦ r❡❣✉❧❛t❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♠♦♥❣ ❛❣❡♥ts✳ ■♥ ❜r✐❡❢✱

❛❣❡♥ts ❞♦ ♥♦t tr❛♥s♠✐t t❤❡✐r s❛♠♣❧❡❞ st❛t❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡✐r ♥❡✐❣❤❜♦rs ✉♥❧❡ss ❝❡r✲

t❛✐♥ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ♠❡t ✭♥♦❞❡✲❜❛s❡❞ ❜r♦❛❞❝❛st s❝❤❡♠❡✮✳ ❋✐❣✳ ✹✳✶ s❤♦✇s t❤❡

str✉❝t✉r❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✇✐t❤ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✳

❙✐♠✐❧❛r t♦ t❤❡ ✐❞❡❛ ♦❢ ❝♦♠❜✐♥❡❞ ♠❡❛s✉r❡♠❡♥t ❬✽✽❪✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♠❜✐♥❡❞ ❢♦r♠❛t✐♦♥

❡rr♦r ❢♦r ❛❣❡♥t i ❛s ❢♦❧❧♦✇s

qi(vh) =
∑

j∈Ni

aij(x̂i(vh)− x̂j(vh)− fi + fj) + di(x̂i(vh)− fi − x0(vh)

=
∑

j∈Ni

aij(ηi(vh) + ei(vh)− ηj(vh)− ej(vh)) + di(ηi(vh) + ei(vh)). ✭✹✳✶✵✮

❚❤❡♥✱ ❛ q✉❛❞r❛t✐❝ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ ❛s

Fi(vh) = ei(vh)
TΨei(vh)− qi(vh)

TΦqi(vh)− ǫ2, ✭✹✳✶✶✮

✇❤❡r❡ Ψ ❛♥❞ Φ ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✱ ❛♥❞ ǫ ✐s ❛ s♠❛❧❧

♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❚❤❡ ♥❡①t ❡✈❡♥t r❡❧❡❛s❡ ✐♥st❛♥t ❢♦r ❛❣❡♥t i ❝❛♥ t❤❡♥ ❜❡ ❞❡t❡r♠✐♥❡❞
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Communication Network

Agent i
Formation 

Controller i

Sensor i

Event 

generator i

Estimator  i… …
Latest-triggered 

neighbor states

Latest-triggered

self-state

❋✐❣✉r❡ ✹✳✶✿ ❙❝❤❡♠❛t✐❝ ❞✐❛❣r❛♠ ♦❢ t❤❡ ith ❛❣❡♥t✿ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ✇✐t❤ ❡✈❡♥t tr✐❣❣❡r❡❞
❝♦♠♠✉♥✐❝❛t✐♦♥

❛s ❢♦❧❧♦✇s

tik+1h = inf{vh > tkh| Fi(vh) > 0}. ✭✹✳✶✷✮

◆♦t❡ t❤❛t ✐♥t❡r✲❛❣❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ ♦♥❧② ❡♥❛❜❧❡❞ ✇❤❡♥ t❤❡ tr✐❣❣❡r✐♥❣ r✉❧❡s

❛r❡ ❛❝t✐✈❛t❡❞✱ ❛t ✇❤✐❝❤ ♣♦✐♥t t❤❡ ❡rr♦r ❡st✐♠❛t❡ ei ✇✐❧❧ ❜❡ r❡s❡t t♦ ③❡r♦✳ ❚❤❡r❡❢♦r❡✱

Fi(vh) ≤ 0 ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❢♦r ❛❧❧ ❛❣❡♥ts ❛t ❛❧❧ s❛♠♣❧✐♥❣ ✐♥st❛♥ts✱ ❛♥❞
∑N

i=1 Fi(vh) ≤
0✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r❛t✐❝ ❢♦r♠

[

e(vh)

η(vh)

]T [

IN ⊗Ψ− LTffLff ⊗ Φ ∗
−LTffLff ⊗ Φ −LTffLff ⊗ Φ

][

e(vh)

η(vh)

]

≤ Nǫ2. ✭✹✳✶✸✮

❘❡♠❛r❦ ✹✳✸✳ ❚❤❡ s♠❛❧❧ ♣♦s✐t✐✈❡ t❤r❡s❤♦❧❞ ǫ ✐s ✐♥tr♦❞✉❝❡❞ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♥✉♠❡r✐✲

❝❛❧ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥ ❡✈❛❧✉❛t✐♦♥s✳ ■t ✐s ❡①♣❡❝t❡❞ t❤❛t ❧❛r❣❡r

✈❛❧✉❡s ♦❢ ǫ ✇✐❧❧ r❡s✉❧t ✐♥ ❢❡✇❡r tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts✖❛t t❤❡ ❡①♣❡♥s❡ ♦❢ s②st❡♠ ♣❡r❢♦r✲

♠❛♥❝❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ t❤❡♦r❡t✐❝❛❧❧② ✐❢ ✇❡ ❝❤♦♦s❡

ǫ = 0✳ ❚❤❡r❡ ✇✐❧❧ ❜❡ ♠♦r❡ ❞✐s❝✉ss✐♦♥s ♦♥ t❤❡ ❡✛❡❝ts ♦❢ ǫ ✇❤❡♥ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts

❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳

✹✳✶✳✹ ▼❛✐♥ ❘❡s✉❧ts

❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✈❛❧✐❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❛♥❞ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧❧❡r ❢♦r ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✶ ❛r❡ ❡st❛❜❧✐s❤❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳

❚❤❡♦r❡♠ ✹✳✶✳ ❚❤❡ s②st❡♠ ✭✹✳✶✮ ❛❝❤✐❡✈❡s ❢♦r♠❛t✐♦♥ ✇✐t❤ ❜♦✉♥❞❡❞ ❡rr♦r ✉♥❞❡r ❝♦♥tr♦❧
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❧❛✇ ✭✹✳✹✮ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡❣✉❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✹✳✶✷✮ ✐❢✱ ❢♦r ❣✐✈❡♥ ♣♦s✐t✐✈❡ s❝❛❧❛rs

ρ✱ β✱ ❛♥❞ ǫ✱ t❤❡r❡ ❡①✐st s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s Φ̃✱ Ψ̃✱ P̃ ✱ Q̃✱ R̃ ∈ R
n×n✱

❛s ✇❡❧❧ ❛s ❛r❜✐tr❛r② ♠❛tr✐❝❡s S̃ ∈ R
n×n ❛♥❞ Y ∈ R

m×n✱ s✉❝❤ t❤❛t

[

R̃ ∗
S̃T R̃

]

≥ 0, ✭✹✳✶✹✮

Ĥi =





















Ĥi11 ∗ ∗ ∗ ∗
Ĥi21 Ĥi22 ∗ ∗ ∗
Ĥi31 Ĥi32 Ĥi33 ∗ ∗
Ĥi41 Ĥi42 Ĥi43 Ĥi44 ∗
Ĥi51 Ĥi52 Ĥi53 Ĥi54 Ĥi55





















< 0, i ∈ 1, · · · , N, ✭✹✳✶✺✮

✇❤❡r❡

Ĥi11 = P̃AT + AP̃ + Q̃− R̃ + βIn,

Ĥi21 = λiY
TBT + R̃− S̃T ,

Ĥi22 = −2R̃ + S̃ + S̃T + λ2i Φ̃,

Ĥi31 = S̃T ,

Ĥi32 = R̃− S̃T ,

Ĥi33 = −Q̃− R̃,

Ĥi41 = λiY
TBT

Ĥi42 = λ2i Φ̃,

Ĥi44 = −Ψ̃ + λ2i Φ̃,

Ĥi51 = hAP̃ ,

Ĥi52 = hλiBY,

Ĥi54 = hλiBY,

Ĥi55 = ρ2R̃− 2ρP̃

❛♥❞ λi ✐s t❤❡ ith ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ♠❛tr✐① Lff ✐♥ ❛♥ ❛s❝❡♥❞✐♥❣ ♦r❞❡r✳ ❚❤❡♥✱ t❤❡ ❝♦♥✲

tr♦❧❧❡r ❣❛✐♥ K ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s Y P̃−1✱ ❛♥❞ t❤❡ ♠❛tr✐❝❡s Φ ❛♥❞ Ψ ✐♥ t❤❡ tr✐❣❣❡r✐♥❣

❝♦♥❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❛s P̃−1Φ̃P̃−1 ❛♥❞ P̃−1Ψ̃P̃−1✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡

❢♦r♠❛t✐♦♥ ❡rr♦r ✐s ✉❧t✐♠❛t❡❧② ❜♦✉♥❞❡❞ ❜②

‖η‖ ≤
√

N

β
ǫ. ✭✹✳✶✻✮
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Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ ♦♥ t❤❡ ✐♥✲

t❡r✈❛❧ t ∈ [vh, (v + 1)h) ❢♦r t❤❡ ❧✉♠♣❡❞ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s

V (t) = V1(t) + V2(t) + V3(t), ✭✹✳✶✼✮

✇❤❡r❡

V1(t) = η(t)T (IN ⊗ P )η(t), ✭✹✳✶✽✮

V2(t) =

∫ t

t−h

ηT (s)(IN ⊗Q)η(s)ds, ✭✹✳✶✾✮

V3(t) = h

∫ t

t−h

∫ t

s

η̇T (υ)(IN ⊗R)η̇(υ)dυds, ✭✹✳✷✵✮

❛♥❞ P,Q,R ∈ Rn×n ❛r❡ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s✳ ❚❛❦✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛✲

t✐✈❡ ♦❢ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ ❛❧♦♥❣ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②✲

♥❛♠✐❝s ✭✹✳✾✮ ②✐❡❧❞s✱

V̇1 = 2ηT (t− τ)(LTff ⊗KTBTP )η(t) + 2eT (t− τ)(LTff ⊗KTBTP )η(t)

+ η(t)T (IN ⊗ (ATP + PA))η(t), ✭✹✳✷✶✮

V̇2 = ηT (t)(IN ⊗Q)η(t)− ηT (t− h)(IN ⊗Q)η(t− h), ✭✹✳✷✷✮

V̇3 = −h
∫ t

t−h

η̇T (υ)(IN ⊗R)η̇(υ)dυ + h

∫ t

t−h

∂

∂t

∫ t

s

η̇T (υ)(IN ⊗R)η̇(υ)dυds

= −h
∫ t

t−h

η̇T (υ)(IN ⊗R)η̇(υ)dυ + h2η̇T (t)(IN ⊗R)η̇(t). ✭✹✳✷✸✮

■❢ t❤❡r❡ ❡①✐st ❛♥ ❛r❜✐tr❛r② ♠❛tr✐① S ✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ❞✐♠❡♥s✐♦♥ s✉❝❤ t❤❛t

[

R ∗
ST R

]

≥ 0, ✭✹✳✷✹✮

t❤❡♥✱ ❢r♦♠ ▲❡♠♠❛ ✹✳✶ ✇❡ ❤❛✈❡

V̇3 ≤− φT1 (IN ⊗R)φ1 − φT2 (IN ⊗R)φ2 − φT1 (IN ⊗ S)φ2

− φT2 (IN ⊗ ST )φ1 + h2η̇T (t)(IN ⊗R)η̇(t). ✭✹✳✷✺✮



✹✶

❉❡✜♥❡ ξ(t) ❛♥❞ ζ ❛s

ξ(t) =
[

η(t)T η(t− τ)T η(t− h)T e(t− τ)T
]T

,

ζ =
[

IN ⊗ A Lff ⊗ BK 0 Lff ⊗ BK
]

.

❚❤❡♥ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❞②♥❛♠✐❝s ✭✹✳✾✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s η̇(t) = ζξ(t)✱ ❛♥❞ V̇3 ✐s ✉♣♣❡r

❜♦✉♥❞❡❞ ❜②

V̇3 ≤− φT1 (IN ⊗R)φ1 − φT2 (IN ⊗R)φ2 − φT1 (IN ⊗ S)φ2

− φT2 (IN ⊗ ST )φ1 + h2ξ(t)T (ζT (IN ⊗R)ζ)ξ(t). ✭✹✳✷✻✮

❈♦♠❜✐♥✐♥❣ r❡s✉❧ts ❢r♦♠ V̇1, V̇2, V̇3✱ ✇❡ ❤❛✈❡

V̇ = V̇1 + V̇2 + V̇3 ≤ ξT (t)Ωξ(t) + h2ξ(t)T (ζT (IN ⊗R)ζ)ξ(t), ✭✹✳✷✼✮

✇❤❡r❡

Ω =















Ω11 ∗ ∗ ∗
Ω21 Ω22 ∗ ∗
Ω31 Ω32 Ω33 ∗
Ω41 0 0 0















, ✭✹✳✷✽✮

✇✐t❤ 0 ❞❡♥♦t✐♥❣ ❛ ③❡r♦ ♠❛tr✐① ✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ❞✐♠❡♥s✐♦♥s ❛♥❞

Ω11 = IN ⊗ (ATP + PA+Q−R),

Ω21 = LTff ⊗KTBTP + IN ⊗ (R− ST ),

Ω22 = IN ⊗ (−2R + S + ST ),

Ω31 = IN ⊗ ST ,

Ω32 = IN ⊗ (R− ST ),

Ω33 = −IN ⊗ (Q+R),

Ω41 = LTff ⊗KTBTP.

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ tr✐❣❣❡r✐♥❣ ❡♥❢♦r❝❡❞ ✐♥❡q✉❛❧✐t② ✭✹✳✶✸✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

ξT (t)Ω̄ξ(t) ≤ Nǫ2, ✭✹✳✷✾✮



✹✷

✇❤❡r❡

Ω̄ =















0 ∗ ∗ ∗
0 Ω̄22 ∗ ∗
0 0 0 ∗
0 Ω̄42 0 Ω̄44















, ✭✹✳✸✵✮

✇✐t❤

Ω̄22 = −LTffLff ⊗ Φ,

Ω̄42 = −LTffLff ⊗ Φ,

Ω̄44 = IN ⊗Ψ− LTffLff ⊗ Φ.

❚❤❡♥✱ ✉s✐♥❣ ✭✹✳✷✾✮✱ V̇ ✐♥ ✭✹✳✷✼✮ ❝❛♥ ❜❡ ❡♥❧❛r❣❡❞ ❛♥❞ r❡✇r✐tt❡♥ ❛s

V̇ ≤ ξ(t)TΞξ(t) +Nǫ2 − βηTη. ✭✹✳✸✶✮

✇❤❡r❡ β ✐s ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ❛♥❞

Ξ = Ω− Ω̄ + h2ζT (IN ⊗R)ζ + βET
1 E1, ✭✹✳✸✷✮

✇✐t❤ E1 =
[

In 0 0 0
]

✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r η ✇✐❧❧ ❜❡ ✉❧t✐♠❛t❡❧②

❜♦✉♥❞❡❞ ❛s ‖η‖ ≤
√

N
β
ǫ ✐❢ Ξ ≤ 0✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t ✉s✐♥❣ ▲❡♠♠❛ ✷✳✹ t♦

[

Ω− Ω̄ + βET
1 E1 ∗

h(IN ⊗R)ζ −IN ⊗R

]

< 0. ✭✹✳✸✸✮

❲❡ ♣r❡✲ ❛♥❞ ♣♦st✲♠✉❧t✐♣❧② t❤❡ ✐♥❡q✉❛❧✐t② ✭✹✳✸✸✮ ❜② diag{IN ⊗ P̃ , IN ⊗ P̃ , IN ⊗ P̃ , IN ⊗
P̃ , IN ⊗R−1}✱ ✇❤❡r❡ P̃ = P−1✳ ■♥ ❛❞❞✐t✐♦♥✱ ❞❡✜♥❡ Q̃ = P̃QP̃ ✳ R̃, S̃, Ψ̃, Φ̃ ❛r❡ ❞❡✜♥❡❞

❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ✭✹✳✸✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

[

Ω̃ ∗
hζ(IN ⊗ P̃ ) −IN ⊗R−1

]

< 0, ✭✹✳✸✹✮

✇❤❡r❡✱



✹✸

Ω̃11 = IN ⊗ (P̃AT + AP̃ + Q̃− R̃ + βIn),

Ω̃21 = LTff ⊗ P̃KTBT + IN ⊗ (R̃− S̃T ),

Ω̃22 = IN ⊗ (−2R̃ + S̃ + S̃T ) + (LTffLff ⊗ Φ̃),

Ω̃31 = IN ⊗ S̃T ,

Ω̃32 = IN ⊗ (R̃− S̃T ),

Ω̃33 = −IN ⊗ (Q̃+ R̃),

Ω̃41 = LTff ⊗ P̃KTBT ,

Ω̃42 = (LTffLff ⊗ Φ̃),

Ω̃44 = −IN ⊗ Ψ̃ + (LTffLff ⊗ Φ̃).

❚♦ ❛❞❞r❡ss t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ −IN⊗R−1 ✐♥ ✭✹✳✸✹✮✱ ✇❡ ❛♣♣❧② ▲❡♠♠❛ ✷✳✺ ❛♥❞ ❝♦♥❝❧✉❞❡

t❤❛t −IN ⊗R−1 ≤ ρ2IN ⊗ R̃− 2ρ(IN ⊗ P̃ ) ❢♦r ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ρ > 0✳ ❚❤❡r❡❢♦r❡✱

✐t ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ✭✹✳✸✹✮ ✐❢

H =

[

Ω̃ ∗
hζ(IN ⊗ P̃ ) ρ2IN ⊗ R̃− 2ρ(IN ⊗ P̃ )

]

< 0, ✭✹✳✸✺✮

✐s s❛t✐s✜❡❞✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ t❤❡ ✐♥❡q✉❛❧✐t② ✭✹✳✸✺✮ ✇✐❧❧ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ❞❡❝♦♠♣♦s❡❞ ✐♥t♦

❛ s❡t ♦❢ ✐♥❡q✉❛❧✐t✐❡s ✇✐t❤ ❧♦✇❡r ❞✐♠❡♥s✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s✐③❡ ♦❢ ❛ s✐♥❣❧❡ ❛❣❡♥t✳

❙✐♥❝❡ Lff > 0✱ t❤❡r❡ ❡①✐sts ❛♥ ♦rt❤♦♥♦r♠❛❧ ♠❛tr✐① U s✉❝❤ t❤❛t UΛUT ✱ ✇❤❡r❡ Λ =

diag{λ1, · · · , λN} ✇✐t❤ λi ❞❡♥♦t✐♥❣ t❤❡ ith ❡✐❣❡♥✈❛❧✉❡ ♦❢ ♠❛tr✐① Lff ✐♥ ❛♥ ❛s❝❡♥❞✐♥❣

♦r❞❡r✳ ❚❤❡♥ ❞❡✜♥❡ ❛ ♥♦♥✲s✐♥❣✉❧❛r ♠❛tr✐① W = I5 ⊗ (U ⊗ In)✱ ❛♥❞ ♥♦t❡ t❤❛t H < 0 ✐s

❡q✉✐✈❛❧❡♥t t♦

H̃ = WHW T < 0, ✭✹✳✸✻✮

✇❤❡r❡

H̃11 = IN ⊗ (P̃AT + AP̃ + Q̃− R̃ + βIn),

H̃21 = Λ⊗ P̃KTBT + IN ⊗ (R̃− S̃T ),

H̃22 = IN ⊗ (−2R̃ + S̃ + S̃T ) + Λ2 ⊗ Φ̃,

H̃31 = IN ⊗ S̃T ,

H̃32 = IN ⊗ (R̃− S̃T ),

H̃33 = −IN ⊗ (Q̃+ R̃),

H̃44 = −IN ⊗ Ψ̃ + Λ2 ⊗ Φ̃,

H̃51 = h(IN ⊗ AP̃ ),

H̃52 = h(Λ⊗ BKP̃ ),



✹✹

H̃41 = Λ⊗ P̃KTBT ,

H̃42 = Λ2 ⊗ Φ̃

H̃54 = h(Λ⊗ BKP̃ ),

H̃55 = ρ2(IN ⊗ R̃)− 2ρ(IN ⊗ P̃ ),

❛♥❞ t❡r♠s ✐♥ H̃ ♥♦t s♣❡❝✐✜❡❞ ❛r❡ ❛❧❧ ③❡r♦s✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ ❛❧❧ ❡❧❡♠❡♥ts ✐♥ H̃ ❛r❡

❜❧♦❝❦ ❞✐❛❣♦♥❛❧✱ ✐t ❢♦❧❧♦✇s t❤❛t H̃ < 0 ⇔ Ĥi < 0✱ ❢♦r ❛❧❧ i = 1, · · · , N ✱ ✇❤❡r❡ t❤❡ t❡r♠s

✐♥ Ĥi ❛r❡ ❞❡✜♥❡❞ ❛s ✐♥ ✭✹✳✶✺✮ ✇✐t❤ Y = KP̃ ✳ ❚❤❡♥ ✇❡ ❝❛♥ s♦❧✈❡ ❢♦r t❤❡ ❝♦♥tr♦❧ ❣❛✐♥

♠❛tr✐① ❛s K = Y P̃−1✱ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s Ψ,Φ ✐♥ t❤❡ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥

❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s P̃−1ΨP̃−1, P̃−1ΦP̃−1✳

❘❡♠❛r❦ ✹✳✹✳ ❋r♦♠ ✭✹✳✶✻✮✱ s♠❛❧❧❡r N ✱ ǫ ❛♥❞ ❧❛r❣❡r β ❝♦✉❧❞ r❡s✉❧t ✐♥ ❛ s♠❛❧❧❡r ✉❧t✐✲

♠❛t❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ❜♦✉♥❞❀ ❤♦✇❡✈❡r✱ s♠❛❧❧❡r ǫ t❡♥❞s t♦ ✐♥❞✉❝❡ ♠♦r❡ ❢r❡q✉❡♥t tr✐❣❣❡r✲

✐♥❣ ✐♥st❛♥ts✱ ❛♥❞ ❧❛r❣❡r β ❛♥❞ N ❝❛♥ r❡❞✉❝❡ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ s✉✣❝✐❡♥t

▲▼■ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✹✳✶✺✮✳

❘❡♠❛r❦ ✹✳✺✳ ■t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ s❡t ♦❢ ▲▼■s ✐s ❝♦♥✈❡① ✐♥ λi ∈ [λ1, λN ]✳ ❚❤❡r❡✲

❢♦r❡✱ Ĥi < 0, i = 1, · · · , N ✐s ❡q✉✐✈❛❧❡♥t t♦ Ĥ1 < 0 ❛♥❞ ĤN < 0✳ ❚❤✐s ♣r♦♣❡rt② ✐♠♣❧✐❡s

t❤❛t ♦♥❧② t✇♦ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ ▲▼■ ❝♦♥❞✐t✐♦♥s ♥❡❡❞ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ❛s ♦♣♣♦s❡❞ t♦ ❛

s✐♥❣❧❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ▲▼■ ❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❬✻✺❪ ❛♥❞ ❬✺✾❪✱ t❤✉s s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝✐♥❣

t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣❧❡①✐t② ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ ❧❛r❣❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞

t❤❛t✱ ✇❤✐❧❡ t❤❡ ❞❡✈❡❧♦♣❡❞ ♠❡t❤♦❞ ❛❧s♦ ❛♣♣❧✐❡s t♦ ▼❆❙s ✇✐t❤ ❞✐r❡❝t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥

t♦♣♦❧♦❣✐❡s✱ t❤❡ r❡s✉❧t❛♥t ▲▼■ ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ♣♦ss❡ss ❛ ✈❡r② ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❞❡❝✐s✐♦♥

✈❛r✐❛❜❧❡s ❛♥❞ ❝❛♥ ❜❡❝♦♠❡ ✐♥tr❛❝t❛❜❧❡ r❛♣✐❞❧② ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐♥❝r❡❛s❡s✳

❘❡♠❛r❦ ✹✳✻✳ ❚❤❡ r❡s✉❧ts ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❝❛♥ ❜❡ ❢✉rt❤❡r ❡①t❡♥❞❡❞ t♦ t✐♠❡✲

✈❛r②✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ❝❛s❡s ✇❤❡r❡ ✜♥✐t❡ ❛r❜✐tr❛r② t♦♣♦❧♦❣② s✇✐t❝❤❡s ❝❛♥

♦❝❝✉r ✇✐t❤✐♥ ❛ s❡t ♦❢ ❝♦♥♥❡❝t❡❞ t♦♣♦❧♦❣✐❡s ✐♥ ❛ ✜♥✐t❡✲t✐♠❡ ✐♥t❡r✈❛❧✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐♥

❛❞❞✐t✐♦♥ t♦ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❣♦✈❡r♥❡❞ ❜② tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ❛♥ ❛❣❡♥t

✇♦✉❧❞ ❛❧s♦ ❜r♦❛❞❝❛st ✐ts ✐♥❢♦r♠❛t✐♦♥ t♦ ❛❧❧ ♦❢ ✐ts ♥❡✐❣❤❜♦rs ✇❤❡♥❡✈❡r ❛ ♥❡✇ ♥❡✐❣❤❜♦r✐♥❣

❛❣❡♥t ✐s ✐♥tr♦❞✉❝❡❞✳ ❖♥❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s t❤❛t ✐t

r❡q✉✐r❡s t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Lff ✱ ✇❤✐❝❤ ♠❛② ♥♦t ❛❧✇❛②s

❜❡ ❛✈❛✐❧❛❜❧❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s ✐♥ ❬✽✾✱✾✵❪ ❝❛♥ ❜❡ ♣♦ss✐❜❧②

✉s❡❞ t♦ ❡st✐♠❛t❡ t❤♦s❡ ❡✐❣❡♥✈❛❧✉❡ ❜♦✉♥❞s✳

❘❡♠❛r❦ ✹✳✼✳ ❚❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ s②♥❝❤r♦♥✐③❡❞ s❛♠♣❧✐♥❣ s❝❤❡♠❡ ♣♦s❡s

❛ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ♠❡t❤♦❞✳ ■♥ ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ❞✐str✐❜✉t❡❞ ❝❧♦❝❦
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s②♥❝❤r♦♥✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s②♥❝❤r♦♥✐③❡ t❤❡ ❝❧♦❝❦s ❛❝r♦ss ♠✉❧t✐♣❧❡

❛❣❡♥ts ❬✾✶❪✳

✹✳✷ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♥❡✇❧②✲❞❡✈❡❧♦♣❡❞ ❡✈❡♥t✲tr✐❣❣❡r✐♥❣ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠ ✐s

❛♣♣❧✐❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s t♦ ❛ ❣r♦✉♣ ♦❢ ❢♦✉r P✐♦♥❡❡r r♦❜♦ts ✭♦♥❡ ✈✐rt✉❛❧ ❧❡❛❞❡r

❞❡♥♦t❡❞ ❛s ♥♦❞❡ 0 ❛♥❞ t❤r❡❡ ❢♦❧❧♦✇❡rs ❛s ♥♦❞❡s 1, 2, 3✮ ✇✐t❤ ❧✐♥❡❛r✐③❡❞ ❞②♥❛♠✐❝s ✭✸✳✸✮

✉♥❞❡r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✷✳ ◆♦t❡ t❤❛t ❛ st❛t✐❝ ❧❡❛❞❡r ✇❛s ❝❤♦✲

s❡♥ ❢r♦♠ ✭✹✳✶✮ ❛♥❞ t❤❡ s②st❡♠ ♠❛tr✐① ✐♥ ✭✸✳✸✮ ✐s ❛ ③❡r♦ ♠❛tr✐①✳ ❚❤❡ ❞❡s✐r❡❞ ❣r♦✉♣

❢♦r♠❛t✐♦♥ ✭tr✐❛♥❣❧❡ ❢♦r♠❛t✐♦♥✮ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠❛t✐♦♥ ✈❡❝t♦rs f1 =
[

1 0
]T

✱

f2 =
[

−0.7 0.7
]T

✱ ❛♥❞ f3 =
[

−0.7 −0.7
]T

✳ ❚❤❡ s❛♠♣❧✐♥❣ ✐♥t❡r✈❛❧ ✐s ❝❤♦s❡♥ ❛s

h = 0.1 sec ❛♥❞ t❤❡ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞ ǫ ✐s 0.0005✳ ■t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ t❤❛t ❆ss✉♠♣✲

t✐♦♥ ✷✳✶ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✹✳✶ ❛r❡ s❛t✐s✜❡❞ ✇✐t❤ t❤❡ s❡❧❡❝t❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣②

❛♥❞ ❢♦r♠❛t✐♦♥ ✈❡❝t♦rs✳

0 1

3

2

❋✐❣✉r❡ ✹✳✷✿ ❈♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ♦❢ ❛ ♠♦❜✐❧❡ r♦❜♦t s②st❡♠ ✇✐t❤ ❛♥ ❛✉t♦♥♦♠♦✉s
❧❡❛❞❡r

❚❤❡ ❝♦♥tr♦❧ ❣❛✐♥ ♠❛tr✐① ❑ ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❣❛✐♥ ♠❛tr✐❝❡s Φ ❛♥❞ Ψ ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ✭✹✳✶✺✮ ❣✐✈❡♥ ♣❛r❛♠❡t❡rs ρ ❛♥❞ β✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❝♦♥tr♦❧❧❡r ❛♥❞ ❡✈❡♥t✲❣❡♥❡r❛t♦r ❞❡s✐❣♥ ❧❛r❣❡❧② ❞❡♣❡♥❞ ♦♥ t❤❡ s❡❧❡❝t✐♦♥s ♦❢ ρ ❛♥❞

β✳ ■t ✐s ♦❜s❡r✈❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s t❤❛t ✐♥❛♣♣r♦♣r✐❛t❡ s❡❧❡❝t✐♦♥s ♦❢ ρ ❛♥❞ β ♦❢t❡♥ r❡s✉❧t

✐♥ ♣♦♦r s②st❡♠ ♣❡r❢♦r♠❛♥❝❡s ♦r ❡✈❡♥ ✐♥❢❡❛s✐❜❧❡ ❝♦♥tr♦❧❧❡rs✳ ■♥ t❤✐s ❈❤❛♣t❡r✱ t❤❡

♣❛r❛♠❡t❡r s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱

❛ ❝♦st ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s
√

∫ tsim

0
‖η(t)‖2dt ✭l2 ♥♦r♠ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r✮ ✐❢ ❛ ❢❡❛s✐❜❧❡

❝♦♥tr♦❧❧❡r ❡①✐sts✱ ✇❤❡r❡❛s ❛ ❧❛r❣❡ ♣❡♥❛❧t② ✐s ❛ss✐❣♥❡❞ t♦ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐♥ s❝❡♥❛r✐♦s

✇✐t❤ ♥♦ ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧❧❡rs✳ ❚❤❡♥✱ ρ ❛♥❞ β ❛r❡ ♦♣t✐♠✐③❡❞ s✉❝❤ t❤❛t t❤❡ ❝♦st ❢✉♥❝t✐♦♥



✹✻

✐s ♠✐♥✐♠✐③❡❞✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥s st❛t❡❞ ❛❜♦✈❡✱ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs ❛r❡

♦❜t❛✐♥❡❞ ✉s✐♥❣ ▼❛t❧❛❜➤✬s ❢♠✐♥❝♦♥✶ s♦❧✈❡r ❛s ρ = 0.6082 ❛♥❞ β = 0.2839✳ ❙✐♠✉❧❛t✐♦♥s

❛r❡ t❤❡♥ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ t❤❡ s❡❧❡❝t❡❞ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❝♦♥tr♦❧ ❣❛✐♥ ♠❛tr✐① K ❛♥❞

t❤❡ ❡✈❡♥t ❣❡♥❡r❛t♦r ❣❛✐♥ ♠❛tr✐❝❡s Ψ ❛♥❞ Φ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

K =

[

−1.1483 0

0 −1.1483

]

,Ψ =

[

70.2332 0

0 70.2332

]

,Φ =

[

0.0277 0

0 0.0277

]

.

✭✹✳✸✼✮

■♥ ❛ 10 sec s✐♠✉❧❛t✐♦♥ r✉♥✱ ❋✐❣✳ ✹✳✸ s❤♦✇s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ t❤❛t✱

✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡ ✐♥ ❋✐❣✳ ✹✳✹✱ ❝❧❡❛r❧② ✐❧❧✉str❛t❡s t❤❛t

t❤❡ ❞❡s✐r❡❞ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ❜♦✉♥❞❡❞ ❡rr♦r ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧❧❡r ✭✹✳✹✮✱ t❤❡ ❡✈❡♥t tr✐❣❣❡r✐♥❣ r✉❧❡ ✭✹✳✶✷✮ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❣❛✐♥s ✐♥ ✭✹✳✸✼✮✳ ❋✐❣✳ ✹✳✺

❞❡♠♦♥str❛t❡s t❤❡ s♥❛♣s❤♦ts ♦❢ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✭❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥s ✐♥ s♦❧✐❞ ❧✐♥❡s

❛♥❞ ❛❝t✉❛❧ ❢♦r♠❛t✐♦♥s ✐♥ ❞❛s❤❡❞ ❧✐♥❡s✮ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t t ❂ ✵ s❡❝✱ ✸✳✸ s❡❝✱ ✻✳✻ s❡❝✱

❛♥❞ ✶✵ s❡❝✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✳ ✹✳✻ s❤♦✇s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥st❛♥ts ♦♥ ❡❛❝❤ ❛❣❡♥t

♦✈❡r t❤❡ s♣❛♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❛✈❡r❛❣❡ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ❢♦r

❢♦❧❧♦✇❡rs ✶✲✸ ❛r❡ ❝♦♠♣✉t❡❞ ❛s 78%✱ 75%✱ ❛♥❞ 75%✱ r❡s♣❡❝t✐✈❡❧②✳
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❋✐❣✉r❡ ✹✳✸✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡❛♠ ✇✐t❤ ǫ = 0.0005

✶❤tt♣s✿✴✴✇✇✇✳♠❛t❤✇♦r❦s✳❝♦♠✴❤❡❧♣✴♦♣t✐♠✴✉❣✴❢♠✐♥❝♦♥✳❤t♠❧
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❋✐❣✉r❡ ✹✳✹✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡
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❋✐❣✉r❡ ✹✳✺✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ s②st❡♠ ✭✹✳✶✮ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿
❛✮ t❂✵ sec✱ ❜✮ t❂✸✳✸ sec✱ ❝✮ t❂✻✳✻ sec✱ ❞✮ t❂✶✵ sec



✹✽
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❋✐❣✉r❡ ✹✳✻✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts

✹✳✷✳✶ ❊✛❡❝t ♦❢ ❈♦♠♠✉♥✐❝❛t✐♦♥ ▼❡❝❤❛♥✐s♠s

◆♦t❡ t❤❛t t❤❡ s②st❡♠ ♠❛tr✐① A ❢♦r ❛ ❧✐♥❡❛r✐③❡❞ ♠♦❜✐❧❡ r♦❜♦t ✐s ❛ ③❡r♦ ♠❛tr✐① ❛♥❞ t❤❡

❡st✐♠❛t❡❞ st❛t❡ x̂i(vh) ✐s ❡q✉❛❧ t♦ t❤❡ ❧❛t❡st tr✐❣❣❡r❡❞ st❛t❡ xi(t
i
kh) ❢♦r ❛❣❡♥t i✱ ❛♥❞ t❤❡

❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❜❡❝♦♠❡s ❛ tr❛❞✐t✐♦♥❛❧ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❣❡♥❡r❛✲

t♦r ❛s ✐♥ ❬✻✹❪✳ ❚❤❡r❡❢♦r❡✱ ❢♦r t❤✐s ❝❛s❡ t❤❡ ❞❡✈❡❧♦♣❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ♥❡❡❞

♦♥❧② ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ✭♥♦t ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼✮ ❛ P❈▼ ✇❤❡r❡

❝♦♠♠✉♥✐❝❛t✐♦♥ ♦❝❝✉rs ❛t r❡❣✉❧❛r ❡q✉❛❧❧②✲s♣❛❝❡❞ s❛♠♣❧✐♥❣ ✐♥st❛♥ts ❛t ❛ ❢r❡q✉❡♥❝② ♦❢

10Hz✳ ❚♦ ❝♦♠♣❛r❡ t❤❡ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡s ✉♥❞❡r t❤❡s❡ t✇♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛✲

♥✐s♠s✱ s✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s ❡①❝❡♣t t❤❛t t❤❡ tr✐❣❣❡r✐♥❣

r✉❧❡ ✐s ❞✐s❝❛r❞❡❞ ✐♥ t❤❡ P❈▼ ❝❛s❡✳

❚❤❡ l2 ♥♦r♠s ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦rs ♦❢ ❡❛❝❤ ❢♦❧❧♦✇❡r ❛❣❡♥t ✉♥❞❡r ❞✐✛❡r❡♥t ❝♦♠♠✉✲

♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✳ ❚❤❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ l2 ♥♦r♠s ♦❢

❡❛❝❤ ❢♦❧❧♦✇❡r ✉♥❞❡r t❤❡ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼s ❛♥❞ t❤❡ P❈▼ ✐♥❞✐❝❛t❡ t❤❛t s✐♠✐✲

❧❛r ❢♦r♠❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✈❡r❛❣❡

❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s ✇❤✐❝❤ ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✹✳✷ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♥❡✇❧②✲

❞❡✈❡❧♦♣❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ r❡q✉✐r❡s r❡❞✉❝❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s✳



✹✾

❚❛❜❧❡ ✹✳✶✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ l2 ♥♦r♠ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ✭♠✮

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✶✳✵✽ ✷✳✷✶ ✷✳✷✶

P❈▼ ✶✳✵✻ ✷✳✷✶ ✷✳✷✶

❚❛❜❧❡ ✹✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ✭%✮

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✼✽ ✼✺ ✼✺

P❈▼ ✶✵✵ ✶✵✵ ✶✵✵

✹✳✷✳✷ ❊✛❡❝t ♦❢ ❚r✐❣❣❡r✐♥❣ ❚❤r❡s❤♦❧❞ ǫ

❙✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣

t❤r❡s❤♦❧❞ ✈❛❧✉❡s ♦♥ ❜♦t❤ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡♠❛♥❞✳ ❚❤❡ ❛✈✲

❡r❛❣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r❡q✉❡♥❝② r❡s✉❧ts ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❡st✐♠❛t❡✲❜❛s❡❞ ❊❈▼ ✇✐t❤

r❡s♣❡❝t t♦ ❞✐✛❡r❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✸✳ ■t ❝❛♥ ❜❡ ❝♦♥✲

❝❧✉❞❡❞ t❤❛t ✉s✐♥❣ ❛ ❧❛r❣❡r t❤r❡s❤♦❧❞ ❣❡♥❡r❛❧❧② r❡s✉❧ts ✐♥ ❧❡ss ♥❡t✇♦r❦ ❝♦♠♠✉♥✐❝❛t✐♦♥

r❡s♦✉r❝❡s ✭7.6Hz ✇✐t❤ ǫ = 0.0005✱ 1.3Hz ✇✐t❤ ǫ = 2✮✳ ❍♦✇❡✈❡r✱ ❛s s❡❡♥ ❜② t❤❡ s②s✲

t❡♠ ❡✈♦❧✉t✐♦♥ ✉♥❞❡r ❛ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞ ǫ = 2 s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✼✱ ❧❛r❣❡r t❤r❡s❤♦❧❞s

❝❛♥ ❧❡❛❞ t♦ ❛ ❞❡❣r❛❞❡❞ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ✭❝♦♠♣❛r❡ t♦ t❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥ ✇✐t❤ ❛

t❤r❡s❤♦❧❞ ♦❢ 0.0005 ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✸✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❝♦♠✲

♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s ❛♥❞ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ✇❤❡♥ ❝❤♦♦s✐♥❣ ❛ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞

ǫ✳

❚❛❜❧❡ ✹✳✸✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❛✈❡r❛❣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r❡q✉❡♥❝② ✭❍③✮ ♦❢ ❛❧❧ ❛❣❡♥ts
✐♥ ✭✹✳✶✮ ✉♥❞❡r ✶✵ ❍③ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✇✐t❤ ❞✐✛❡r❡♥t tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞s

▼❡❝❤❛♥✐s♠s
❋♦r t❤r❡s❤♦❧❞ ǫ❂

✵✳✵✵✵✺ ✵✳✵✵✶ ✵✳✵✶ ✵✳✶ ✷
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ 7.6 6.8 4.4 2.8 1.3
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❋✐❣✉r❡ ✹✳✼✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡❛♠ ✇✐t❤ ǫ = 2

✹✳✸ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts

❆❞❞✐t✐♦♥❛❧ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ ❤✐❣❤✲✜❞❡❧✐t② r♦❜♦t✐❝s s✐♠✉❧❛t♦rs s✉❝❤ ❛s

▼♦❜✐❧❡❙✐♠✷ ❛♥❞ ❱✲❘❊P ✭❝✉rr❡♥t❧② ❦♥♦✇♥ ❛s ❈♦♣♣❡❧✐❛❙✐♠✮ ❬✾✷❪ ♣r✐♦r t♦ ✐♠♣❧❡♠❡♥t✐♥❣

t❤❡ ♣r♦♣♦s❡❞ ❝♦♥t♦❧ ❛♣♣r♦❛❝❤ ♦♥ t❤❡ ❤❛r❞✇❛r❡✳ ❊①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ✇❛s t❤❡♥

❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ❛ ❣r♦✉♣ ♦❢ P✐♦♥❡❡r r♦❜♦ts ✭s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✳✶✮ ❡❛❝❤ ❞r✐✈❡♥ ❜② ❛

❘❛s♣❜❡rr② P✐✸ ✐♥ t❤❡ ❘❖❙ ❡♥✈✐r♦♥♠❡♥t✳

❋✐❣✳ ✹✳✽ s❤♦✇s t❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ P✐♦♥❡❡r r♦❜♦ts ✐♥ ❛ 20 sec ❡①♣❡r✐♠❡♥t

r✉♥ ✉♥❞❡r t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧❧❡r ✭✹✳✹✮✱ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣ r✉❧❡ ✭✹✳✶✷✮✱ ❛♥❞

❣❛✐♥s ✐♥ ✭✹✳✸✼✮✳ ❋✐❣✳ ✹✳✾ s❤♦✇s s❝r❡❡♥s❤♦ts ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡

P✐♦♥❡❡r r♦❜♦ts✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts t❤❛t t✇♦ ❢♦❧❧♦✇❡r

r♦❜♦ts ♠♦♠❡♥t❛r✐❧② ♠♦✈❡❞ ❛✇❛② ❢r♦♠ t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥ ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤❡ ❢♦r✲

♠❛t✐♦♥ ❞✉r✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ♣❤❛s❡✳ ❚❤✐s ✐s ❧❛r❣❡❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ♦✈❡rs❤♦t ✐♥ t❤❡

❨✲❞✐r❡❝t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ ❧❛r❣❡ ❝♦♥tr♦❧ ✐♥♣✉ts✳ ❋✐❣✳ ✹✳✶✶ ❞❡♣✐❝ts t❤❡ s♥❛♣s❤♦ts ♦❢

t❤❡ P✐♦♥❡❡r ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ❛t t = 0 sec✱ t = 6.6 sec✱ t = 13.3 sec ❛♥❞ t = 20 sec✱

r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✳ ✹✳✶✵ ✐❧❧✉str❛t❡s t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ❡✈♦❧✉t✐♦♥ ❢♦r ❡❛❝❤ ❛❣❡♥t ✐♥ t❤❡

✷❤tt♣✿✴✴✈✐❣✐r✳♠✐ss♦✉r✐✳❡❞✉✴⑦❣❞❡s♦✉③❛✴❘❡s❡❛r❝❤✴▼♦❜✐❧❡❘♦❜♦t✐❝s✴❙♦❢t✇❛r❡✴▼♦❜✐❧❡❙✐♠✴

❘❊❆❉▼❊✳❤t♠❧
✸❤tt♣s✿✴✴✇✇✇✳r❛s♣❜❡rr②♣✐✳❝♦♠✴♣r♦❞✉❝ts✴r❛s♣❜❡rr②✲♣✐✲✹✲♠♦❞❡❧✲❜✴
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❳ ❛♥❞ ❨ ❞✐r❡❝t✐♦♥s✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥st❛♥ts ♦♥ ❡❛❝❤ P✐♦♥❡❡r r♦❜♦t ❛r❡ ❣✐✈❡♥

✐♥ ❋✐❣✳ ✹✳✶✷✳ ❚❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥✱ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡✱ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ s♥❛♣✲

s❤♦ts✱ ❛♥❞ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ❢♦r t❤❡ P✐♦♥❡❡r r♦❜♦t s②st❡♠ ✉♥❞❡r P❈▼ ❛r❡ s❤♦✇♥ ✐♥

❋✐❣s✳ ✹✳✶✸ t♦ ✹✳✶✻✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ l2 ♥♦r♠ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦rs ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥

tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ♦❢ ❛❧❧ P✐♦♥❡❡r r♦❜♦ts ✉♥❞❡r t❤❡ ♣r♦♣♦s❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞

❊❈▼ ❛♥❞ P❈▼ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✹ ❛♥❞ ❚❛❜❧❡ ✹✳✺✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡

♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❛ ❝♦♠♣❛r❛❜❧❡ s②st❡♠ ♣❡r❢♦r♠❛♥❝❡ ✭l2 ♥♦r♠s ❛r❡

s❧✐❣❤t❧② ❧❛r❣❡r✮ ✇❤✐❧❡ ✉s✐♥❣ r❡❞✉❝❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s ✭♦♥❧② r❡q✉✐r❡s ❛r♦✉♥❞

60% ♦❢ t❤❡ r❡s♦✉r❝❡s✮✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✲

✐♥❣ ✐♥st❛♥ts ✐♥ ❋✐❣✳ ✹✳✶✷ t❤❛t t❤❡r❡ ✐s ❛ s❤♦rt ♣❡r✐♦❞ ♦❢ t✐♠❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡

❡①♣❡r✐♠❡♥t ✇❤❡r❡ ♥♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r❡❞✳ ❚❤✐s r❡s✉❧t ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ s✐♠✲

✉❧❛t✐♦♥s ✇❤❡r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣ st❛rt❡❞ ✐♠♠❡❞✐❛t❡❧② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡

s✐♠✉❧❛t✐♦♥ ❛s s❤♦✇♥ ✐♥ ❋✐❣✳ ✹✳✻✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❞✐s❝r❡♣❛♥❝② ✐s t❤❛t t❤❡ ♠♦t♦r

❞②♥❛♠✐❝s ✇❡r❡ ♥❡❣❧❡❝t❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❡ s②st❡♠ ❝❛♥ t❤❡r❡❢♦r❡ ❛❝❤✐❡✈❡ t❤❡

❝♦♠♠❛♥❞❡❞ ✈❡❧♦❝✐t✐❡s ✐♠♠❡❞✐❛t❡❧②✱ ✇❤❡r❡❛s ♠♦t♦r ❞②♥❛♠✐❝s ✭✐♥❡rt✐❛✮ ❡①✐st ✐♥ t❤❡

❛❝t✉❛❧ ❤❛r❞✇❛r❡ t❤❛t ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ ❧❛❣ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♠❛♥❞❡❞ ✐♥♣✉t ❛♥❞ ❛❝t✉❛❧

♠♦t♦r ♦✉t♣✉t✳ ❚❤❡ s❛♠❡ r❡❛s♦♥ ❝❛♥ ❡①♣❧❛✐♥ ✇❤② t❤❡r❡ ✇❡r❡ ♠♦r❡ ♦s❝✐❧❧❛t✐♦♥s ♦❜s❡r✈❡❞

✐♥ t❤❡ ❡①♣❡r✐♠❡♥ts ✭❋✐❣✳ ✹✳✶✵✮ t❤❛♥ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥s ❋✐❣✳ ✹✳✹✳
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❋✐❣✉r❡ ✹✳✽✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡❛♠ ✇✐t❤ ǫ = 0.0005
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✭❛✮ ■♥✐t✐❛❧ ♣♦s✐t✐♦♥s ✭❜✮ ❋✐♥❛❧ ♣♦s✐t✐♦♥s

❋✐❣✉r❡ ✹✳✾✿ ■♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ♣♦s✐t✐♦♥s ♦❢ P✐♦♥❡❡r r♦❜♦ts
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❋✐❣✉r❡ ✹✳✶✵✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡

❚❛❜❧❡ ✹✳✹✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ l2 ♥♦r♠ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ✭♠✮

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✶✳✼✶ ✸✳✵✹ ✸✳✵✹

P❈▼ ✶✳✻✾ ✸✳✵✵ ✸✳✵✵

❚❛❜❧❡ ✹✳✺✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ✭%✮

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✻✶ ✻✺ ✻✺

P❈▼ ✶✵✵ ✶✵✵ ✶✵✵
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❋✐❣✉r❡ ✹✳✶✶✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮
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❋✐❣✉r❡ ✹✳✶✷✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts
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❋✐❣✉r❡ ✹✳✶✻✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ✉♥❞❡r P❈▼
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✹✳✹ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ❝❤❛♣t❡r ♣r♦♣♦s❡❞ ❛ ♥♦✈❡❧ ❞✐str✐❜✉t❡❞ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡r ❢♦r ❣❡♥❡r❛❧

❧✐♥❡❛r ▼❆❙s ❝♦♥s✐st✐♥❣ ♦❢ ♦♥❡ ❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ❛♥❞ ♠✉❧t✐♣❧❡ ❤♦♠♦❣❡♥❡♦✉s ❢♦❧❧♦✇❡rs✳

❋✐rst✱ ❛ ♥❡✇ ❧♦❝❛❧❧②✲❝♦♠♣✉t❛❜❧❡ st❛t❡✲❡st✐♠❛t❡✲❜❛s❡❞ ❡✈❡♥t✲tr✐❣❣❡r✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥

❝♦♥❞✐t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ❢♦r ❡❛❝❤ ❛❣❡♥t✳ ❚❤❡♥✱ t❤❡ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ♣r♦❜❧❡♠ ✇❛s

❢♦r♠✉❧❛t❡❞ ❛s ❛ st❛❜✐❧✐t② ❛♥❛❧②s✐s✱ ❝♦♥tr♦❧❧❡r ❣❛✐♥ ❛♥❞ ❡✈❡♥t✲❣❡♥❡r❛t♦r ❣❛✐♥ ❞❡s✐❣♥

♣r♦❜❧❡♠ ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r✲

❛♥t❡❡ t❤❡ ❝♦✲❡①✐st❡♥❝❡ ♦❢ ❛ ✈❛❧✐❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ❛♥❞ ❛♥ ❊❈▼ ✇❡r❡ ❞❡r✐✈❡❞ ✉s✐♥❣

❛ ▲②❛♣✉♥♦✈✲❜❛s❡❞ ♠❡t❤♦❞ ❛♥❞ ▲▼■ t❡❝❤♥✐q✉❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡q✉✐✈❛❧❡♥t ❧♦✇ ✭❛❣❡♥t✲

s✐③❡❞✮ ❞✐♠❡♥s✐♦♥❛❧ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ✇❡r❡ ♦❜t❛✐♥❡❞ t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧

❝♦♠♣❧❡①✐t②✳ ❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✇❛s ✈❛❧✐❞❛t❡❞ ✐♥ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❡①♣❡r✐♠❡♥ts ✉s✲

✐♥❣ ❛ ❣r♦✉♣ ♦❢ ✉♥✐❝②❝❧❡✲t②♣❡ ♠♦❜✐❧❡ r♦❜♦ts ✇✐t❤ ❧✐♥❡❛r✐③❡❞ ❞②♥❛♠✐❝s✳



❈❤❛♣t❡r ✺

❊✈❡♥t✲❚r✐❣❣❡r❡❞ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧ ✇✐t❤ ❛ ◆♦♥✲❛✉t♦♥♦♠♦✉s

▲❡❛❞❡r

❚❤✐s ❈❤❛♣t❡r ✐s ❞❡❞✐❝❛t❡❞ t♦ s♦❧✈✐♥❣ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r♦❜✲

❧❡♠ ❢♦r♠✉❧❛t✐♦♥ s❡❝t✐♦♥ ♦❢ ❈❤❛♣t❡r ✷✳ ❈♦♠♣❛r❡❞ ✇✐t❤ ❛♥ ❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r✱ ❛

♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ✐♥ ❛ ▼❆❙ ❞❡s❝r✐❜❡❞ ❜② ✭✺✳✶✮ ❝❛♥ ✈❛st❧② ✐♥❝r❡❛s❡ ❣r♦✉♣ ❢✉♥❝✲

t✐♦♥❛❧✐t✐❡s✳






ẋi = Axi +Bui, i = 1, · · · , N,

ẋ0 = Ax0 +Bu0.
✭✺✳✶✮

❋♦r ✐♥st❛♥❝❡✱ ❛ ❤✉♠❛♥ ♦♣❡r❛t♦r ❝❛♥ r❡♠♦t❡❧② ❝♦♥tr♦❧ ❛ ❧❛r❣❡ ❣r♦✉♣ ♦❢ r♦❜♦ts ❜② ♦♥❧②

❞✐r❡❝t❧② ❝♦♥tr♦❧❧✐♥❣ t❤❡ ❧❡❛❞❡r✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❝❤❛♣t❡r ❡①t❡♥❞s t❤❡ r❡s✉❧ts ❢r♦♠ ❈❤❛♣✲

t❡r ✹ t♦ ❡♥❛❜❧❡ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ✇✐t❤ ❛ ♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ❛♥❞

❞❡✈❡❧♦♣s ❛ ♥❡✇ ❊❈▼ ❢♦r r❡❣✉❧❛t✐♥❣ ❞❛t❛ tr❛♥s♠✐ss✐♦♥✳ ❆ ♥❡✇ ❞✐str✐❜✉t❡❞ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧❧❡r ✇✐❧❧ ❛❧s♦ ❜❡ ♣r♦♣♦s❡❞ ❜❛s❡❞ ♦♥ t❤❡ r❡❣✉❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱

t❤❡ ❝♦♥tr♦❧❧❡r ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❣❛✐♥s ✇✐❧❧ ❜❡ ❝♦✲❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❢♦r♠✉❧❛t❡❞

s✉✣❝✐❡♥t ▲▼■ ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡ t❤❡ ✉❧t✐♠❛t❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣

❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛s ✇❡❧❧ ❛s ❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❧❡♠❡♥✲

t❛t✐♦♥s ❢♦r ♠✉❧t✐♣❧❡ ♠♦❜✐❧❡ r♦❜♦ts ❛r❡ t❤❡♥ ❝♦♥❞✉❝t❡❞ t♦ ❞❡♠♦♥str❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss

❛♥❞ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♠❡t❤♦❞✳

✺✳✶ ❉✐str✐❜✉t❡❞ ❊✈❡♥t✲❚r✐❣❣❡r❡❞ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧ ❙tr❛t❡❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ❛ ❞✐str✐❜✉t❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ❛❧♦♥❣ ✇✐t❤ ❛ ♥♦❞❡✲❜❛s❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✲

tr✐❣❣❡r✐♥❣ ♠❡❝❤❛♥✐s♠ ✇✐❧❧ ❜❡ ❞❡✈❡❧♦♣❡❞ t♦ s♦❧✈❡ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷✳

✺✼



✺✽

✺✳✶✳✶ ❈♦♥tr♦❧❧❡r ❉❡s✐❣♥

❋♦r t ∈ [vh, (v + 1)h)✱ ❛ ❧♦❝❛❧❧②✲❝♦♠♣✉t❛❜❧❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ✐♥♣✉t ❢♦r ❢♦❧❧♦✇❡r ❛❣❡♥t

i ❝❛♥ ❜❡ ♣r♦♣♦s❡❞ ❛s

ui(t) =
K

|Ni|
[

N
∑

j=1

aij(x̂i(vh)− x̂j(vh)− fi + fj) + ai0(x̂i(vh)− fi − x0)
]

+

∑N

j=1 aij

|Ni|
uj(t

j

k
′h) +

ai0
|Ni|

u0(vh)−
µi
|Ni|

, i = 1, · · · , N, ✭✺✳✷✮

✇❤❡r❡ µi ✐s t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥♣✉t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✱ x̂i(vh) ❛♥❞ x̂j(vh) ❛r❡

t❤❡ ❡st✐♠❛t❡❞ st❛t❡s ♦❢ ❛❣❡♥ts i ❛♥❞ j ❛t t❤❡ ❧❛t❡st s❛♠♣❧✐♥❣ ✐♥st❛♥t vh✳ ❋♦r ❋♦❧❧♦✇❡r

❛❣❡♥ts i = 1, · · · , N ✱ t❤❡ st❛t❡ ❡st✐♠❛t♦rs ❢♦❧❧♦✇ t❤❡ ❞②♥❛♠✐❝s ˙̂xi = Ax̂i + Bui(t
i

k̃
h)✱

t ∈
[

ti
k̃
h, (ti

k̃
+ 1)h

)

❛♥❞ x̂i(t
i

k̃
h) = xi(t

i

k̃
h)✱ ✇❤❡r❡ ti

k̃
h ❛♥❞ (ti

k̃
+ 1)h r❡♣r❡s❡♥t t❤❡

❧❛t❡st r❡❧❡❛s❡❞ ❛♥❞ ♥❡①t tr✐❣❣❡r✐♥❣ ✭❛✈❛✐❧❛❜❧❡ t♦ t❤❡✐r ♥❡✐❣❤❜♦rs✮ s❛♠♣❧✐♥❣ ✐♥st❛♥ts

❢♦r ❛❣❡♥ts i✱ r❡s♣❡❝t✐✈❡❧②✳ K ✐s ❛ st❛t✐❝ ❣❛✐♥ ♠❛tr✐① t❤❛t ✇✐❧❧ ❜❡ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥

t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡ t❤❡ s②st❡♠ st❛❜✐❧✐t②✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ▲❡♠♠❛ ✷✳✸

t❤❡r❡ ❡①✐sts ❛ ♠❛tr✐① B̃ s✉❝❤ t❤❛t B̃B = Im ❢♦r ❛ ❢✉❧❧ ❝♦❧✉♠♥ r❛♥❦ ♠❛tr✐① B✳ µi ❝❛♥

t❤❡♥ ❜❡ ❞❡s✐❣♥❡❞ ❛s B̃A
∑N

j=0 aij(fi − fj)✳

❘❡♠❛r❦ ✺✳✶✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡r ♣r♦♣♦s❡❞ ✐♥ ❬✾✸❪✱ t❤❡

❝♦♥tr♦❧❧❡r ✭✺✳✷✮ ❛❧s♦ ✉t✐❧✐③❡s t❤❡ ❝♦♥tr♦❧ ✐♥♣✉t ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ♥❡✐❣❤❜♦r✐♥❣ ❛❣❡♥ts✳

❆s ❛ r❡s✉❧t✱ t❤❡ ✜♥❛❧ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ❡rr♦r ❜♦✉♥❞ ✇✐❧❧ ❜❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❜♦✉♥❞ ♦❢

❧❡❛❞❡r✬s ✐♥♣✉t✳

✺✳✶✳✷ ❈❧♦s❡❞✲❧♦♦♣ ❉②♥❛♠✐❝s

❚❤❡ ♥❡t✇♦r❦❡❞ ❝❧♦s❡❞✲❧♦♦♣ ❞②♥❛♠✐❝s ♦❢ ❛❣❡♥t i ✉♥❞❡r t❤❡ ❢♦r♠❛t✐♦♥ ✐♥♣✉t ✭✺✳✷✮ s❛t✲

✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r t ∈ [vh, (v + 1)h)

N
∑

j=0

aijB(ui(t)− uj(t)) =
N
∑

j=0

aijBK(ei(vh)− ej(vh)) +
N
∑

j=0

aijBK(ηi(vh)− ηj(vh))

+

N
∑

j=1

aij ēj(vh)−Bµi, ✭✺✳✸✮



✺✾

✇❤❡r❡ ei(vh) = x̂i(vh) − xi(vh) ❛♥❞ ej(vh) = x̂j(vh) − xj(vh) ❞❡♥♦t❡ t❤❡ st❛t❡ ❡st✐✲

♠❛t✐♦♥ ❡rr♦r ❢♦r ❛❣❡♥ts i ❛♥❞ j ❛t t❤❡ s❛♠♣❧✐♥❣ ✐♥st❛♥t vh✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱

ēi(vh) = ui(t
i
kh)−ui(vh) ❞❡♥♦t❡s t❤❡ s❡❧❢ ❝♦♥tr♦❧ ✐♥♣✉t ❡rr♦r ❛t t❤❡ s❛♠♣❧✐♥❣ ✐♥st❛♥t

vh✳ ❙✉❜st✐t✉t❡ t❤❡ s②st❡♠ ❞②♥❛♠✐❝s ✭✺✳✶✮ ✐♥t♦ ✭✺✳✸✮ t♦ ♦❜t❛✐♥

N
∑

j=0

aij(ẋi(t)− ẋj(t)) =

N
∑

j=0

aijBK(ei(vh)− ej(vh)) +

N
∑

j=0

aijBK(ηi(vh)− ηj(vh))

+

N
∑

j=1

aij ēj(vh) +

N
∑

j=0

aij(Axi(t)−Axj(t)−Afi +Afj)

+
N
∑

j=0

aij(Afi −Afj)−Bµi. ✭✺✳✹✮

◆♦t❡ t❤❛t fi ✐s ❝♦♥st❛♥t ❢♦r ❛❧❧ i = 1, · · · , N ✱ ✇❡ ❤❛✈❡ ẋi − ẋj = η̇i − η̇j✳ ❚❤❡r❡❢♦r❡✱

✭✺✳✹✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

N
∑

j=0

aij(η̇i(t)− η̇j(t)) =
N
∑

j=0

aijBK(ei(vh)− ej(vh)) +
N
∑

j=0

aijBK(ηi(vh)− ηj(vh))

+

N
∑

j=1

aij ēj(vh) +

N
∑

j=0

aijA(ηi(t)− ηj(t))

+
N
∑

j=0

aij(Afi −Afj)−Bµi. ✭✺✳✺✮

❲❡ ❛ss✉♠❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✹✳✶ ❤♦❧❞s✱ ❛♥❞ ✐t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ t❤❛t Afi = BB̃Afi ❛♥❞

t❤❡ t❡r♠
∑N

j=0 aij(Afi − Afj) − Bµi ✐♥ ✭✺✳✺✮ ✐s ♥✉❧❧✐✜❡❞✳ ❚❤❡r❡❢♦r❡✱ ✭✺✳✺✮ ✐s r❡❞✉❝❡❞

t♦

N
∑

j=0

aij(η̇i(t)− η̇j(t)) =
N
∑

j=0

aijBK(ei(vh)− ej(vh)) +
N
∑

j=0

aijBK(ηi(vh)− ηj(vh))

+
N
∑

j=1

aij ēj(vh) +
N
∑

j=0

aijA(ηi(t)− ηj(t)). ✭✺✳✻✮

❚❤❡ ❛✉❣♠❡♥t❡❞ ♦✈❡r❛❧❧ s②st❡♠ ❞②♥❛♠✐❝s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❛s

(Lff ⊗ In)η̇(t) = (Lff ⊗ A)η(t) + (Lff ⊗ BK)e(vh) + (Lff ⊗ BK)η(vh)

+ (Af ⊗ B)ē(vh), ✭✺✳✼✮



✻✵

✇❤❡r❡ Af ❞❡♥♦t❡s t❤❡ ❆❞❥❛❝❡♥❝② ♠❛tr✐① ❛♠♦♥❣ t❤❡ ❢♦❧❧♦✇❡r ❛❣❡♥ts✱ ❛♥❞ η̇(t)✱ η(t)✱

η(vh)✱ e(vh)✱ ❛♥❞ ē(vh) ❛r❡ t❤❡ st❛❝❦❡❞ ❢♦r♠ ♦❢ η̇i(t)✱ ηi(t)✱ ηi(vh)✱ ei(vh)✱ ❛♥❞ ēi(vh)✱

r❡s♣❡❝t✐✈❡❧②✳ ❈♦♥s✐❞❡r✐♥❣ ❆ss✉♠♣t✐♦♥ ✷✳✶ ❛♥❞ ▲❡♠♠❛ ✷✳✶✱ Lff ⊗ In ✐s ♥♦♥s✐♥❣✉❧❛r✱

❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s

η̇(t) = (IN ⊗ A)η(t) + (IN ⊗ BK)e(t− τ) + (IN ⊗ BK)η(t− τ)

+ (L−1
ffAf ⊗ B)ē(t− τ), ✭✺✳✽✮

✇❤❡r❡✱ η(t− τ)✱ e(t− τ)✱ ❛♥❞ ē(t− τ) ❛r❡ t❤❡ st❛❝❦❡❞ ❢♦r♠ ♦❢ ηi(t− τ)✱ ei(t− τ)✱ ❛♥❞

ēi(t− τ)✱ r❡s♣❡❝t✐✈❡❧②✳

✺✳✶✳✸ ❊✈❡♥t ●❡♥❡r❛t♦r ❉❡s✐❣♥

❲❡ ❞❡✜♥❡ t❤❡ ❝♦♠❜✐♥❡❞ ❢♦r♠❛t✐♦♥ ❡rr♦r ❢♦r ❛❣❡♥t i ❛s

qi(vh) =
N
∑

j=1

aij(x̂i(vh)− x̂j(vh)− fi + fj) + ai0(x̂i(vh)− fi − x0)

=
N
∑

j=0

aij(ηi(vh) + ei(vh)− ηj(vh)− ej(vh)). ✭✺✳✾✮

❚❤❡♥✱ ❛ ♥♦❞❡✲❜❛s❡❞ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r ❛❣❡♥t i ❛t ✐♥st❛♥t vh ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ ❛s

fi(vh) = ei(vh)
TΨ1ei(vh) + ēTi (vh)Ψ2ē

T
i (vh)− qi(vh)

TΦqi(vh)− ǫ2, ✭✺✳✶✵✮

✇❤❡r❡ Ψ1✱ Ψ2 ❛♥❞ Φ ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛♥❞ ǫ ✐s ❛ s♠❛❧❧

♣♦s✐t✐✈❡ ❞❡s✐❣♥ ♣❛r❛♠❡t❡r✳ ❚❤❡ ♥❡①t ❡✈❡♥t r❡❧❡❛s❡ ✐♥st❛♥t ❢♦r ❛❣❡♥t i ❝❛♥ t❤❡♥ ❜❡

❞❡t❡r♠✐♥❡❞ ❛s ❢♦❧❧♦✇s

tik+1h = inf{vh > tkh| fi(vh) > 0}, i = 1, · · · , N. ✭✺✳✶✶✮

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ st❛t❡ ❡st✐♠❛t❡ ❡rr♦r ei(vh) ❛♥❞ ❝♦♥tr♦❧ ✐♥♣✉t ❡rr♦r ēi(vh)

❛r❡ r❡s❡t t♦ ③❡r♦ ✇❤❡♥❡✈❡r ✐♥t❡r✲❛❣❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ ❡♥❛❜❧❡❞✱ ✇❤✐❝❤ ❤❛♣♣❡♥s

✇❤❡♥ tr✐❣❣❡r✐♥❣ r✉❧❡s ✭✺✳✶✶✮ ❛r❡ ❛❝t✐✈❛t❡❞✳ ❚❤❡r❡❢♦r❡✱ fi(vh) ≤ 0 ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❢♦r

❛❧❧ ❛❣❡♥ts ❛t ❛❧❧ s❛♠♣❧✐♥❣ ✐♥st❛♥ts✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
∑N

i=1 fi(vh) ≤ 0 ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳



✻✶

◆♦t❡ t❤❛t✱

N
∑

i=1

fi(vh) =
N
∑

i=1

(ei(vh)
TΨ1ei(vh) + ēTi (vh)Ψ2ē

T
i (vh)− qi(vh)

TΦqi(vh)− ǫ2)

=
N
∑

i=1

ei(vh)
TΨ1ei(vh) +

N
∑

i=1

ēTi (vh)Ψ2ē
T
i (vh)−Nǫ2

−
N
∑

i=1

[

N
∑

j=0

aij(ηi(vh) + ei(vh)− ηj(vh)− ej(vh)
T )

]

Φ

[

N
∑

j=0

aij(ηi(vh) + ei(vh)− ηj(vh)− ej(vh))

]

. ✭✺✳✶✷✮

❚❤❡r❡❢♦r❡✱
∑N

i=1 fi(vh) ≤ 0 ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❢♦r♠









e(vh)

η(vh)

ē(vh)









T 







IN ⊗Ψ1 − LTffLff ⊗ Φ ∗ ∗
−LTffLff ⊗ Φ −LTffLff ⊗ Φ ∗

0 0 IN ⊗Ψ2

















e(vh)

η(vh)

ē(vh)









≤ Nǫ2,

✭✺✳✶✸✮

❇② ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ vh = t− τ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✷✱ ✇❡ ❤❛✈❡









e(t− τ)

η(t− τ)

ē(t− τ)









T 







IN ⊗Ψ1 − LTffLff ⊗ Φ ∗ ∗
−LTffLff ⊗ Φ −LTffLff ⊗ Φ ∗

0 0 IN ⊗Ψ2

















e(t− τ)

η(t− τ)

ē(t− τ)









≤ Nǫ2.

✭✺✳✶✹✮

❘❡♠❛r❦ ✺✳✷✳ ❙t❛t❡ ❡rr♦rs ❤❛✈❡ ❜❡❡♥ ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥ ❞❡s✐❣♥ ✐♥

t❤❡ ❧✐t❡r❛t✉r❡ ❬✺✾❪✱ ❬✻✹❪✳ ❍♦✇❡✈❡r✱ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❡✈❡♥t ❣❡♥❡r❛t♦rs t❡♥❞ t♦ ♣r♦❞✉❝❡

❢r❡q✉❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥st❛♥ts ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❞②♥❛♠✐❝ ❧❡❛❞❡r ✐♥ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧ ❡✈❡♥ ✇❤❡♥ t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥ ❤❛s ❜❡❡♥ ❛❝❤✐❡✈❡❞✳ ❆♥ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞

❡✈❡♥t ❣❡♥❡r❛t♦r ✐s ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✇✐t❤ t❤❡ ❛✐♠ t♦ r❡❞✉❝❡ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts

✇❤✐❧❡ st✐❧❧ ❣✉❛r❛♥t❡❡✐♥❣ ❝♦♠♣❛r❛❜❧❡ ❢♦r♠❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡✳ ■t ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ s✐♠✲

✉❧❛t✐♦♥s ♦❢ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ✇✐t❤ ❛ ❞②♥❛♠✐❝ ❧❡❛❞❡r t❤❛t t❤❡ ❡st✐♠❛t❡ ❡rr♦r ❜❛s❡❞

tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s ❣❡♥❡r❛❧❧② ✐♥tr♦❞✉❝❡ ❧❡ss tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts t❤❛♥ t❤❡ st❛t❡ ❡rr♦r

❜❛s❡❞ ♦♥❡s ✇❤✐❧❡ st✐❧❧ ❣✉❛r❛♥t❡❡✐♥❣ ❝♦♠♣❛r❛❜❧❡ ❢♦r♠❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡s✳



✻✷

✺✳✶✳✹ ▼❛✐♥ ❘❡s✉❧ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ♣r♦✈✐❞❡s s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡✈❡♥t ❣❡♥❡r❛t♦r ❛♥❞

❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥ ❢♦r ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷✳

❚❤❡♦r❡♠ ✺✳✶✳ ❯♥❞❡r t❤❡ ❝♦♥tr♦❧ ❧❛✇ ✭✺✳✷✮ ❛♥❞ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡❣✉❧❛t✐♦♥ ❝♦♥✲

❞✐t✐♦♥ ✭✺✳✶✶✮✱ t❤❡ s②st❡♠ ✭✺✳✶✮ ❛❝❤✐❡✈❡s ❢♦r♠❛t✐♦♥ ✇✐t❤ ❜♦✉♥❞❡❞ ❡rr♦r ✐❢✱ ❢♦r ❣✐✈❡♥

♣♦s✐t✐✈❡ s❝❛❧❛rs ρ✱ β✱ t❤❡r❡ ❡①✐st s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s Φ̃✱ Ψ̃1✱ Ψ̃2✱ P̃ ✱

Q̃✱ R̃ ∈ R
n×n✱ ❛s ✇❡❧❧ ❛s ❛r❜✐tr❛r② ♠❛tr✐❝❡s S̃ ∈ R

n×n ❛♥❞ Y ∈ R
m×n✱ s✉❝❤ t❤❛t

[

R̃ ∗
S̃T R̃

]

≥ 0, Ĥi < 0, i ∈ 1, · · · , N, ✭✺✳✶✺✮

✇❤❡r❡
































H11 ∗ ∗ ∗ ∗ ∗ ∗
H21 H22 ∗ ∗ ∗ ∗ ∗
H31 H32 H33 ∗ ∗ ∗ ∗
H41 H42 0Nn H44 ∗ ∗ ∗
H51 0Nn 0Nn 0Nn H55 ∗ ∗
H61 H62 0Nn H64 0Nn H66 ∗
H71 0Nn 0Nn 0Nn 0Nn 0Nn H77

































,

✇✐t❤

H11 = IN ⊗ (P̃AT +AP̃ + Q̃− R̃)

H21 = IN ⊗ (Y TBT + R̃− S̃T )

H22 = IN ⊗ (−2R̃+ S̃ + S̃T ) + LTffLff ⊗ Φ̃

H31 = IN ⊗ S̃T

H32 = IN ⊗ (R̃− S̃T )

H33 = −IN ⊗ (Q̃+ R̃)

H41 = IN ⊗ Y TBT

H42 = LTffLff ⊗ Φ̃

H44 = −IN ⊗ Ψ̃1 + LTffLff ⊗ Φ̃

H51 = ATL−T
ff ⊗ P̃BT

H55 = −IN ⊗ Ψ̃2

H61 = h(IN ⊗AP̃ )

H62 = h(IN ⊗BY )

H64 = h(IN ⊗BY )

H65 = h(L−1
ffA⊗BP̃ )

H66 = ρ2(IN ⊗ R̃)− 2ρ(IN ⊗ P̃ )

H71 = IN ⊗ P̃

H77 = − 1

β
INn.
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❚❤❡♥✱ t❤❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥ ♠❛tr✐① K ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s Y P̃−1✱ ❛♥❞ t❤❡ ♠❛tr✐❝❡s Φ✱

Ψ1 ❛♥❞ Ψ2 ✐♥ t❤❡ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❛s P̃−1Φ̃P̃−1✱ P̃−1Ψ̃1P̃
−1✱ ❛♥❞

P̃−1Ψ̃2P̃
−1 r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ✐s ✉❧t✐♠❛t❡❧② ❜♦✉♥❞❡❞ ❛s

lim
t→∞

‖η‖ ≤
√

N

β
ǫ. ✭✺✳✶✻✮

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ ♦♥ t❤❡ ✐♥✲

t❡r✈❛❧ t ∈ [vh, (v + 1)h) ❛s

V (t) = V1(t) + V2(t) + V3(t), ✭✺✳✶✼✮

✇❤❡r❡

V1(t) = η(t)T (IN ⊗ P )η(t), ✭✺✳✶✽✮

V2(t) =

∫ t

t−h

ηT (s)(IN ⊗Q)η(s)ds, ✭✺✳✶✾✮

V3(t) = h

∫ t

t−h

∫ t

s

η̇T (υ)(IN ⊗R)η̇(υ)dυds, ✭✺✳✷✵✮

❛♥❞ P,Q,R ∈ Rn×n ❛r❡ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s✳ ❚❛❦✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛✲

t✐✈❡ ♦❢ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ ❛❧♦♥❣ t❤❡ ❛✉❣♠❡♥t❡❞ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②✲

♥❛♠✐❝s ✭✺✳✽✮ ②✐❡❧❞s✱

V̇1 = η̇(t)T (IN ⊗ P )η(t) + η(t)T (IN ⊗ P )η̇(t)

= η(t)T (IN ⊗ (ATP + PA))η(t) + 2η(t− τ)T (IN ⊗KTBTP )η(t)

+ 2e(t− τ)T (IN ⊗KTBTP )η(t) + 2ē(t− τ)T (AT
f L

−1
ff ⊗ BTP )η(t)

V̇2 = ηT (t)(IN ⊗Q)η(t)− ηT (t− h)(IN ⊗Q)η(t− h),

V̇3 = −h
∫ t

t−h

η̇T (υ)(IN ⊗R)η̇(υ)dυ + h2η̇T (t)(IN ⊗R)η̇(t).

❚❤❡♥✱ ❢r♦♠ ▲❡♠♠❛ ✹✳✶ ✇❡ ❤❛✈❡

V̇3 ≤− φT1 (IN ⊗R)φ1 − φT2 (IN ⊗R)φ2 − φT1 (IN ⊗ S)φ2

− φT2 (IN ⊗ ST )φ1 + h2η̇T (t)(IN ⊗R)η̇(t).



✻✹

❉❡✜♥❡ ξ(t) ❛♥❞ ζ ❛s

ξ(t) =
[

η(t)T η(t− τ)T η(t− h)T e(t− τ)T ē(t− τ)T
]T

,

ζ =
[

IN ⊗ A IN ⊗ BK 0 IN ⊗ BK L−1
ffAf ⊗ B

]

.

❚❤❡♥✱ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❞②♥❛♠✐❝s ✭✺✳✽✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s η̇(t) = ζξ(t)✱ ❛♥❞ V̇3 ✐s

✉♣♣❡r ❜♦✉♥❞❡❞ ❜②

V̇3 ≤ −φT1 (IN ⊗R)φ1 − φT2 (IN ⊗R)φ2 − φT1 (IN ⊗ S)φ2 − φT2 (IN ⊗ ST )φ1

+ h2ξ(t)T (ζT (IN ⊗R)ζ)ξ(t).

❈♦♠❜✐♥✐♥❣ r❡s✉❧ts ❢r♦♠ V̇1, V̇2, V̇3✱ ✇❡ ❤❛✈❡

V̇ ≤ ξT (t)Ωξ(t) + h2ξ(t)T (ζT (IN ⊗R)ζ)ξ(t), ✭✺✳✷✶✮

✇❤❡r❡

Ω =





















Ω11 ∗ ∗ ∗ ∗
Ω21 Ω22 ∗ ∗ ∗
Ω31 Ω32 Ω33 ∗ ∗
Ω41 0 0 0 ∗
Ω51 0 0 0 0





















, ✭✺✳✷✷✮

✇✐t❤

Ω11 = IN ⊗ (ATP + PA+Q−R),

Ω21 = LTff ⊗KTBTP + IN ⊗ (R− ST ),

Ω22 = IN ⊗ (−2R + S + ST ),

Ω31 = IN ⊗ ST ,

Ω32 = IN ⊗ (R− ST ),

Ω33 = −IN ⊗ (Q+R),

Ω41 = IN ⊗KTBTP,

Ω51 = AT
f L

−T
ff ⊗ BTP.



✻✺

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♠❛tr✐① ✐♥❡q✉❛❧✐t② ✭✺✳✶✹✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

ξT (t)Ω̄ξ(t) ≤ Nǫ2, ✭✺✳✷✸✮

✇❤❡r❡

Ω̄ =





















0 ∗ ∗ ∗ ∗
0 Ω̄22 ∗ ∗ ∗
0 0 0 ∗ ∗
0 Ω̄42 0 Ω̄44 ∗
0 0 0 0 Ω̄55





















, ✭✺✳✷✹✮

✇✐t❤

Ω̄22 = −LTffLff ⊗ Φ,

Ω̄42 = −LTffLff ⊗ Φ,

Ω̄44 = IN ⊗Ψ1 − LTffLff ⊗ Φ,

Ω̄55 = IN ⊗Ψ2.

❚❤❡♥✱ ✉s✐♥❣ ✭✺✳✷✸✮✱ V̇ ✐♥ ✭✺✳✷✶✮ ❝❛♥ ❜❡ ❡♥❧❛r❣❡❞ ❛♥❞ r❡✇r✐tt❡♥ ❛s

V̇ ≤ ξ(t)TΞξ(t)− βηTη +Nǫ2 ✭✺✳✷✺✮

✇❤❡r❡ β ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❛♥❞

Ξ = Ω− Ω̄ + h2ζT (IN ⊗R)ζ + βET
1 E1 ✭✺✳✷✻✮

✇✐t❤ E1 =
[

INn 0Nn 0Nn 0Nn 0Nn

]

✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r

η ✇✐❧❧ ❜❡ ✉❧t✐♠❛t❡❧② ❜♦✉♥❞❡❞ ❛s ✭✺✳✶✻✮ ✐❢ Ξ ≤ 0✱ ✐s ❜② r❡♣❡❛t❡❞❧② ✉s✐♥❣ ▲❡♠♠❛ ✷✳✹

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦









Ω− Ω̄ ∗ ∗
h(IN ⊗R)ζ −IN ⊗R ∗

E1 0 − 1
β
INn









< 0. ✭✺✳✷✼✮

❲❡ ♣r❡✲ ❛♥❞ ♣♦st✲♠✉❧t✐♣❧② t❤❡ ✐♥❡q✉❛❧✐t② ✭✺✳✷✼✮ ❜② diag{IN ⊗ P̃ , IN ⊗ P̃ , IN ⊗ P̃ , IN ⊗



✻✻

P̃ , IN⊗P̃ , IN⊗R−1, INn}✱ ✇❤❡r❡ P̃ = P−1✳ ■♥ ❛❞❞✐t✐♦♥✱ ❞❡✜♥❡ Q̃ = P̃QP̃ ✳ R̃, S̃, Ψ̃1, Ψ̃2✱

Φ̃, M̃ ❛r❡ ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡♥✱ ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✹ ❛❣❛✐♥✱ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥

✭✺✳✷✼✮ ✐s ❡q✉✐✈❛❧❡♥t t♦









Ω̃ ∗ ∗
hζ(IN ⊗ P̃ ) −IN ⊗R−1 ∗
E1(IN ⊗ P̃ ) 0 − 1

β
INn









< 0, ✭✺✳✷✽✮

✇❤❡r❡

Ω̃11 = IN ⊗ (P̃AT + AP̃ + Q̃− R̃),

Ω̃21 = IN ⊗ P̃KTBT + IN ⊗ (R̃− S̃T ),

Ω̃22 = IN ⊗ (−2R̃ + S̃ + S̃T ) + (LTffLff ⊗ Φ̃),

Ω̃31 = IN ⊗ S̃T ,

Ω̃32 = IN ⊗ (R̃− S̃T ),

Ω̃33 = −IN ⊗ (Q̃+ R̃),

Ω̃41 = IN ⊗ P̃KTBT ,

Ω̃42 = LTffLff ⊗ Φ̃

Ω̃44 = −IN ⊗ Ψ̃1 + LTffLff ⊗ Φ̃,

Ω̃51 = AT
f L

−T
ff ⊗ P̃BT ,

Ω̃55 = −IN ⊗ Ψ̃2.

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ −IN ⊗ R−1 ≤ ρ2IN ⊗ R̃ − 2ρ(IN ⊗ P̃ ) ❢♦r ❛♥② ♣♦s✐t✐✈❡

❝♦♥st❛♥t ρ > 0 ❢r♦♠ ▲❡♠♠❛ ✷✳✺✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥

✭✺✳✷✽✮ ✐❢

H =









Ω̃ ∗ ∗
hζ(IN ⊗ P̃ ) ρ2IN ⊗ R̃− 2ρ(IN ⊗ P̃ ) ∗
E1(IN ⊗ P̃ ) 0 − 1

β
INn









< 0, ✭✺✳✷✾✮

✐s s❛t✐s✜❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ t❡r♠s ✐♥ H ❛r❡ ❞❡✜♥❡❞ ✐♥ ❛s ✭✺✳✶✺✮✳

✺✳✷ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts

◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ♦♥ ❛ ❣r♦✉♣ ♦❢ t❤r❡❡ ❢♦❧❧♦✇❡r ♠♦❜✐❧❡ r♦❜♦ts

❛♥❞ ❛ ❧❡❛❞❡r ❞❡✜♥❡❞ ❜② ✭✺✳✶✮ ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ❛s ✐♥ ❋✐❣✳ ✹✳✷

t♦ ✈❛❧✐❞❛t❡ t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❢♦r♠❛t✐♦♥ ✈❡❝t♦rs ❛r❡

❝❤♦s❡♥ ❛s f1 =
[

1 0
]T

✱ f2 =
[

−0.7 0.7
]T

✱ ❛♥❞ f3 =
[

−0.7 −0.7
]T

✳ ❚❤❡ s❛♠♣❧✐♥❣
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✐♥t❡r✈❛❧ ✐s h = 0.1 sec ❛♥❞ t❤❡ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞ ǫ ✐s ❡♠♣✐r✐❝❛❧❧② ❝❤♦s❡♥ ❛s 0.0005✳

■♥ ❛ ✶✹✲s❡❝ s✐♠✉❧❛t✐♦♥ r✉♥✱ t❤❡ ✈✐rt✉❛❧ ❧❡❛❞❡r ♠♦✈❡s ❛t ❛ ❝♦♥st❛♥t s♣❡❡❞ ♦❢ 0.3m/s

✐♥ t❤❡ ❳✲❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥✱ ❛♥❞ ❛❧❧ ❢♦❧❧♦✇❡rs ❛r❡ ✐♥✐t✐❛❧❧② ❞✐str✐❜✉t❡❞ ♥❡❛r t❤❡

♦r✐❣✐♥✳ ❚❤❡ ▲▼■ ♣❛r❛♠❡t❡rs ❛r❡ ♦♣t✐♠✐③❡❞ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷

❛s ρ = 1.5198✱ ❛♥❞ β = 1.0657✳ ❚❤❡ ❝♦♥tr♦❧ ❣❛✐♥ ♠❛tr✐① K ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❣❛✐♥

♠❛tr✐❝❡s Φ1✱ Φ2 ❛♥❞ Ψ ❝❛♥ t❤❡♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s

K =

[

−1.0347 0

0 −1.0347

]

,Φ =

[

0.0011 0

0 0.0011

]

,

Ψ1 =

[

0.4087 0

0 0.4087

]

,Ψ2 =

[

1.8022 0

0 1.8022

]

,

❢r♦♠ ❡✈❛❧✉❛t✐♥❣ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ ✐♥❡q✉❛❧✐t② ✭✺✳✶✺✮✳

❋✐❣✳ ✺✳✶ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❧❧ ❛❣❡♥ts ✉♥❞❡r t❤❡ ♣r♦♣♦s❡❞ ❡st✐♠❛t❡✲

❜❛s❡❞ ❝♦♥tr♦❧❧❡r ✭✺✳✷✮ ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ✭✺✳✶✶✮✳ ❋✐❣✳ ✺✳✷ ✐❧❧✉str❛t❡s t❤❡ ❢♦r♠❛t✐♦♥

❡rr♦r ♣r♦✜❧❡s ♦❢ ❛❧❧ ❛❣❡♥ts ✐♥ t❤❡ ❳✲ ❛♥❞ ❨✲❞✐r❡❝t✐♦♥s✱ ✇❤✐❝❤ ❝❧❡❛r❧② s❤♦✇s t❤❛t ❛ s♦❧✉✲

t✐♦♥ t♦ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷ ❤❛s ❜❡❡♥ ❛❝❤✐❡✈❡❞✳ ❋✐❣✳ ✺✳✸ ❞❡♠♦♥str❛t❡s t❤❡ s♥❛♣s❤♦ts

♦❢ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t t ❂ ✵ s❡❝✱ ✹✳✻ s❡❝✱ ✾✳✸ s❡❝✱ ❛♥❞ ✶✹ s❡❝✱ r❡✲

s♣❡❝t✐✈❡❧②✳ ❚❤❡ tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❢♦r ❛❧❧ ❛❣❡♥ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺✳✹✱

✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❛r❡ r❡❧❛t✐✈❡❧② s♣❛rs❡❧② ❞✐str✐❜✉t❡❞ ❛s t❤❡

s②st❡♠ ❛♣♣r♦❛❝❤❡s t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❛✈❡r❛❣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥

tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ♦♥ ❛❣❡♥ts ✶✲✸ ❛r❡ 41%✱ 74%✱ ❛♥❞ 74%✱ r❡s♣❡❝t✐✈❡❧②✳

✺✳✷✳✶ ❊✛❡❝t ♦❢ ❈♦♠♠✉♥✐❝❛t✐♦♥ ▼❡❝❤❛♥✐s♠s

❚♦ ❝♦♠♣❛r❡ ✇✐t❤ ♦t❤❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛♥❞ t♦ s❤♦✇ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡

♣r♦♣♦s❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✭ei(vh) = x̂i(vh) − xi(t
i
kh)✱ ✇❤❡r❡ x̂i ✐s ❞❡✜♥❡❞

❜❡❧♦✇ ✭✺✳✷✮✮✱ s✐♠✐❧❛r s✐♠✉❧❛t✐♦♥s ❛r❡ ❛❧s♦ ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼

✭ei(vh) = xi(vh)−xi(t
i
kh)✮ ❛♥❞ ❛ 10Hz P❈▼✳ ❚❤❡ l2 ♥♦r♠s ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦rs ♦❢

❡❛❝❤ ❢♦❧❧♦✇❡r ❛❣❡♥t ✉♥❞❡r t❤❡s❡ ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛r❡ s✉♠♠❛r✐③❡❞

✐♥ ❚❛❜❧❡ ✺✳✶✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ❣❡♥❡r❛❧❧② ♣r♦❞✉❝❡s

t❤❡ ❧❛r❣❡st l2 ♥♦r♠s ✭t❤✉s t❤❡ ✇♦rst ♣❡r❢♦r♠❛♥❝❡✮ ✉♥❞❡r s✐♠✐❧❛r s✐♠✉❧❛t✐♦♥ ❝♦♥❞✐✲

t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❚❛❜❧❡ ✺✳✷ s✉♠♠❛r✐③❡s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ♦♥
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❋✐❣✉r❡ ✺✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡

❡❛❝❤ ❛❣❡♥t ✉♥❞❡r ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛♥❞ s❤♦✇s t❤❛t t❤❡ ♣r♦♣♦s❡❞

❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ❡♥t❛✐❧s t❤❡ ❧❡❛st ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s✳
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❋✐❣✉r❡ ✺✳✸✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻
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❋✐❣✉r❡ ✺✳✹✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts



✼✵

❚❛❜❧❡ ✺✳✶✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ l2 ♥♦r♠ ✭♠✮ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✵✳✽✾ ✷✳✶✽ ✷✳✶✽
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✵✳✾✵ ✷✳✸✷ ✷✳✸✷

P❈▼ ✵✳✽✽ ✷✳✶✼ ✷✳✶✼

❚❛❜❧❡ ✺✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ✭%✮

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✹✶ ✼✹ ✼✹
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✻✾ ✼✷ ✼✷

P❈▼ ✶✵✵ ✶✵✵ ✶✵✵

✺✳✷✳✷ ❊✛❡❝t ♦❢ ❚r✐❣❣❡r✐♥❣ ❚❤r❡s❤♦❧❞ ǫ

❚❤❡ ❛✈❡r❛❣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r❡q✉❡♥❝② r❡s✉❧ts ❢♦r ❜♦t❤ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ❛♥❞

❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✉♥❞❡r t❤❡ s❛♠❡ s✐♠✉❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❞✐❢✲

❢❡r❡♥t t❤r❡s❤♦❧❞ ✈❛❧✉❡s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✺✳✸✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ✉s✐♥❣

❛ ❧❛r❣❡r t❤r❡s❤♦❧❞ ✐♥ ❜♦t❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❣❡♥❡r❛❧❧② r❡s✉❧ts ✐♥ ❛ s♠❛❧❧❡r

❛✈❡r❛❣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣ ❢r❡q✉❡♥❝②❀ ❤♦✇❡✈❡r✱ ❛s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✺✳✹✱ ❛ ❧❛r❣❡r

tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞ ❝❛♥ ❣❡♥❡r❛❧❧② ✐♥❞✉❝❡ ❛ ❧❛r❣❡ l2 ♥♦r♠ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r✳ ■♥

❛❞❞✐t✐♦♥✱ ❛ s♠❛❧❧❡r l2 ♥♦r♠ ♦❢ t❤❡ s②st❡♠ ❢♦r♠❛t✐♦♥ ❡rr♦r ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r

t❤❡ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ❢♦r ❛❧❧

tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞s ✐♥ ❚❛❜❧❡ ✺✳✹✳

❚❛❜❧❡ ✺✳✸✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❛✈❡r❛❣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❢r❡q✉❡♥❝② ✭❍③✮ ♦❢ ❛❧❧ ❛❣❡♥ts
✐♥ t❤❡ t❡❛♠ ✉♥❞❡r ✶✵ ❍③ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✇✐t❤ ❞✐✛❡r❡♥t tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞s

▼❡❝❤❛♥✐s♠s
❋♦r t❤r❡s❤♦❧❞ ǫ❂

✵✳✵✵✵✺ ✵✳✵✵✶ ✵✳✵✶ ✵✳✶ ✶
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ 5.1 4.4 2.6 2 2.1
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ 7.5 5.1 3.6 1.6 0.93



✼✶

❚❛❜❧❡ ✺✳✹✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ l2 ♥♦r♠ ✭♠✮ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ✐♥ t❤❡ t❡❛♠ ✉♥❞❡r
❞✐✛❡r❡♥t tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞s

▼❡❝❤❛♥✐s♠s
❋♦r t❤r❡s❤♦❧❞ ǫ❂

✵✳✵✵✵✺ ✵✳✵✵✶ ✵✳✵✶ ✵✳✶ ✶
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ 3.22 3.20 3.32 4.45 5.59
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ 3.40 3.41 3.61 3.82 10.15

P❈▼ 3.32 3.32 3.32 3.32 3.32

✺✳✸ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ✇❛s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ s❡t✉♣ ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳

❋✐❣✳ ✺✳✺ s❤♦✇s t❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ P✐♦♥❡❡r r♦❜♦ts ✐♥ ❛ 14 sec ❡①♣❡r✐♠❡♥t

✉♥❞❡r t❤❡ ♥❡✇❧②✲❞❡✈❡❧♦♣❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✭✺✳✷✮ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣

r✉❧❡ ✭✺✳✶✶✮✳ ❋✐❣✳ ✺✳✻ ✐❧❧✉str❛t❡s t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ❡✈♦❧✉t✐♦♥ ❢♦r ❡❛❝❤ ❛❣❡♥t ✐♥ t❤❡ ❳

❛♥❞ ❨ ❞✐r❡❝t✐♦♥s✳ ❋✐❣✳ ✺✳✼ ❞❡♣✐❝ts t❤❡ s♥❛♣s❤♦ts ♦❢ t❤❡ P✐♦♥❡❡r ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ❛t

t = 0 sec✱ t = 4.6 sec✱ t = 9.3 sec ❛♥❞ t = 14 sec✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥

✐♥st❛♥ts ♦♥ ❡❛❝❤ P✐♦♥❡❡r r♦❜♦t ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✺✳✽✱ ✇❤✐❝❤ ❝❧❡❛r❧② s❤♦✇s t❤❛t t❤❡

❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❛r❡ s♣❛rs❡❧② ❞✐str✐❜✉t❡❞ ❛s t❤❡ s②st❡♠ ❛♣♣r♦❛❝❤❡s t❤❡ ❞❡s✐r❡❞

❢♦r♠❛t✐♦♥✳ ❚❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥✱ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡✱ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ s♥❛♣s❤♦ts✱

❛♥❞ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ❢♦r t❤❡ P✐♦♥❡❡r r♦❜♦t s②st❡♠ ✉♥❞❡r t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼

❛♥❞ P❈▼ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣s✳ ✺✳✾ t♦ ✺✳✶✷✱ ❛♥❞ ❋✐❣s✳ ✺✳✶✸ t♦ ✺✳✶✻✱ r❡s♣❡❝t✐✈❡❧②✳

◆♦t❡ t❤❛t✱ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts s❤♦✇♥ ✐♥ ❋✐❣✳ ✺✳✽✱ t❤❡ ❝♦♠♠✉♥✐❝❛✲

t✐♦♥ ✐♥st❛♥ts ✉♥❞❡r t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✐♥ ❋✐❣✳ ✺✳✶✷ ❛♥❞ P❈▼ ✐♥

❋✐❣✳ ✺✳✶✻ ✇❡r❡ st✐❧❧ ❞❡♥s❡❧② ❣❛t❤❡r❡❞ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✉♥♥❡❝❡ss❛r② ❝♦♠♠✉♥✐❝❛t✐♦♥✮

✇❤❡♥ t❤❡ ❞❡s✐r❡❞ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✇❛s ❛♣♣r♦❛❝❤❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧

r❡s✉❧ts ♦❢ t❤❡ l2 ♥♦r♠ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦rs ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡

♦❢ ❛❧❧ P✐♦♥❡❡r ❛❣❡♥ts ✉♥❞❡r t❤❡ t❤r❡❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛r❡ s✉♠♠❛r✐③❡❞

✐♥ ❚❛❜❧❡ ✺✳✺ ❛♥❞ ❚❛❜❧❡ ✺✳✻✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❢♦❧❧♦✇

t❤❡ s❛♠❡ tr❡♥❞s ❛s t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✖✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞

❊❈▼ ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❝♦♠♣❛r❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ✇❤✐❧❡ r❡q✉✐r✐♥❣ t❤❡ ❧❡❛st ❛♠♦✉♥t ♦❢

❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s✳
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▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✶✳✵✶ ✷✳✵✽ ✷✳✵✽
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✶✳✶✷ ✷✳✸✼ ✷✳✹✵

P❈▼ ✶✳✵✶ ✷✳✵✹ ✷✳✵✺

❚❛❜❧❡ ✺✳✻✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ✭%✮

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✸✵ ✺✹ ✺✼
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✽✵ ✼✵ ✼✵

P❈▼ ✶✵✵ ✶✵✵ ✶✵✵
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✼✾

✺✳✹ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ❝❤❛♣t❡r st✉❞✐❡❞ t❤❡ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ❧✐♥❡❛r

▼❆❙s ✇✐t❤ ❛ ♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r✳ ❆ ♥❡✇ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✇❛s ❞❡✈❡❧✲

♦♣❡❞ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥tr♦❞✉❝❡❞ ❜② t❤❡ ❧❡❛❞❡r✬s ❝♦♥tr♦❧ ✐♥♣✉t✳ ❚❤❡

❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡r ✇❛s t❤❡♥ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❡✈❡♥t✲❣❡♥❡r❛t♦r r❡❣✉✲

❧❛t❡❞ st❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ ❝♦♥tr♦❧ ✐♥♣✉t ✐♥❢♦r♠❛t✐♦♥✳ ❙✉✣❝✐❡♥t ▲▼■

❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ ❛♥ ❛s②♠♣t♦t✐❝ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦❢

t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥ ✇❡r❡ ❞❡r✐✈❡❞✳ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t s❤♦✇ t❤❛t t❤❡ ♣r♦✲

♣♦s❡❞ ❊❈▼ ❣❡♥❡r❛❧❧② r❡q✉✐r❡s ❧❡ss ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡ t❤❛♥ t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞

❊❈▼ ❛♥❞ P❈▼ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ❝♦♠♣❛r❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡✳



❈❤❛♣t❡r ✻

❊❞❣❡✲❚r✐❣❣❡r❡❞ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧

❚❤✐s ❈❤❛♣t❡r ❛❞❞r❡ss❡s ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥

s❡❝t✐♦♥ ♦❢ ❈❤❛♣t❡r ✷ ✉s✐♥❣ ❛ ♥♦✈❡❧ ❡❞❣❡✲❜❛s❡❞ ❊❈▼✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❊❈▼s ❞❡✈❡❧♦♣❡❞

✐♥ ❈❤❛♣t❡r ✹ ❛♥❞ ❈❤❛♣t❡r ✺ ❛r❡ ❛❧❧ ♥♦❞❡✲❜❛s❡❞✱ ✇❤❡r❡ ❛ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ✐s ❞❡✲

s✐❣♥❡❞ ❢♦r ❡❛❝❤ ❛❣❡♥t ✭♥♦❞❡✮ ❛♥❞ ❛❣❡♥ts ❜r♦❛❞❝❛st t❤❡✐r st❛t❡ ❛♥❞ ❝♦♥tr♦❧ ✐♥❢♦r♠❛t✐♦♥

t♦ ❛❧❧ ♦❢ t❤❡✐r ♥❡✐❣❤❜♦rs ✇❤❡♥ t❤❡ tr✐❣❣❡r✐♥❣ r✉❧❡s ❛r❡ ❛❝t✐✈❛t❡❞✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡

❡❞❣❡✲❜❛s❡❞ ❊❈▼ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ❈❤❛♣t❡r✱ t❤❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥s ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r

❝♦♠♠✉♥✐❝❛t✐♦♥ ❡❞❣❡s✱ ✇❤❡r❡ ❛♥ ❛❣❡♥t tr❛♥s♠✐ts ✐ts s❛♠♣❧❡❞ ✐♥❢♦r♠❛t✐♦♥ t♦ ❛ s♣❡❝✐✜❝

♥❡✐❣❤❜♦r✐♥❣ ❛❣❡♥t t❤❛t ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛ s♣❡❝✐✜❝ ❡❞❣❡ ✇❤❡♥ ❛♥ ❡❞❣❡ tr✐❣❣❡r✐♥❣ r✉❧❡ ✐s

❛❝t✐✈❛t❡❞✳ ❚❤❡r❡❢♦r❡✱ s②st❡♠s ✉♥❞❡r ❡❞❣❡✲❜❛s❡❞ ❊❈▼ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ♠❛✐♥t❛✐♥ ❝♦♠✲

♣❛r❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ✇❤✐❧❡ ❝♦♥s✉♠✐♥❣ r❡❞✉❝❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡s♦✉r❝❡s ❝♦♠♣❛r❡❞

✇✐t❤ ♥♦❞❡✲❜❛s❡❞ ❊❈▼s✳ ❋✐❣✳ ✻✳✶ ✐❧❧✉str❛t❡s ❛ ♥♦❞❡✲tr✐❣❣❡r❡❞ ❛♥❞ ❛♥ ❡❞❣❡✲tr✐❣❣❡r❡❞

s❝❤❡♠❡✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ▲▼■ ❝♦♥❞✐t✐♦♥s ❢♦r ❛♥ ❛s②♠♣t♦t✐❝ s②st❡♠ ❝♦♥✈❡r❣❡♥❝❡

r❛t❡✱ ❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❛r❡ ❞❡r✐✈❡❞ ❜② ✉t✐❧✐③✲

✐♥❣ ❛♥ ❡①t❡♥❞❡❞ ❲✐rt✐♥❣❡r✬s ✐♥❡q✉❛❧✐t② ❬✾✹❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡

r❛t❡ ✐s ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❝❛♥ ❜❡ t✉♥❡❞ ❜❛s❡❞ ♦♥ ❞❡s✐❣♥

r❡q✉✐r❡♠❡♥ts✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❤❛r❞✇❛r❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t

t♦ ✈❛❧✐❞❛t❡ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠ ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❲✐rt✐♥❣❡r

✐♥❡q✉❛❧✐t② ✐s s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

1

2 N…

1

2 N…
a) node-triggered scheme b) edge-triggered scheme

❋✐❣✉r❡ ✻✳✶✿ ◆♦❞❡ ❛♥❞ ❡❞❣❡ tr✐❣❣❡r❡❞ s❝❤❡♠❡s ✭r❡❞ ❛rr♦✇ ❞❡♥♦t❡s ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥
❡❞❣❡ ✐s ❡♥❛❜❧❡❞✮

✽✵



✽✶

▲❡♠♠❛ ✻✳✶✳ ❬✾✺❪ ▲❡t η : [a, b] → Rn ❜❡ ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ✇✐t❤ ❛

sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ❛♥❞ η(a) = 0✱ ♦r η(b) = 0✳ ❚❤❡♥✱ ❢♦r ❛♥②

♣♦s✐t✐✈❡ ❝♦♥st❛♥t α ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① W ∈ Rn×n✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②

❤♦❧❞s✿

e2α(b−a)(b− a)2
∫ b

a

e2αsη̇T (s)Wη̇(s)ds− π2

4

∫ b

a

e2αsηT (s)Wη(s)ds ≥ 0. ✭✻✳✶✮

✻✳✶ ❊❞❣❡✲❚r✐❣❣❡r❡❞ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧ ❙tr❛t❡❣②

❆♥ ❡❞❣❡✲❜❛s❡❞ ❊❈▼ ❛❧♦♥❣ ✇✐t❤ ❛ ❞✐str✐❜✉t❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✉t✐❧✐③✐♥❣ t❤❡ ❡❞❣❡✲

tr✐❣❣❡r❡❞ st❛t❡ ❛r❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳

✻✳✶✳✶ ❊❞❣❡✲st❛t❡s✲❜❛s❡❞ ❋♦r♠❛t✐♦♥ ❈♦♥tr♦❧❧❡r ❉❡s✐❣♥

❋♦r t ∈ [vh, (v + 1)h)✱ ❛♥ ❡❞❣❡✲st❛t❡✲❡st✐♠❛t❡✲❜❛s❡❞ ❝♦♥tr♦❧ ✐♥♣✉t ❢♦r ❢♦❧❧♦✇❡r ❛❣❡♥t i

✐s ♣r♦♣♦s❡❞ ❛s

ui(t) =
1

∑N

j=0 aij

[

K
N
∑

j=1

aij(x̂ji(vh)− x̂ij(vh)− fi + fj) +
N
∑

j=1

aijuij(t
ij

k
′h)
]

+
1

∑N

j=0 aij

[

ai0u0(vh)− µi + ai0K(

∑N

j=1 ajix̂ji(vh)
∑N

j=1 aji
− fi − x0(vh))

]

,

i = 1, · · · , N, ✭✻✳✷✮

✇❤❡r❡ µi ✐s t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥♣✉t ✇❤✐❝❤ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ❞❡s✐❣♥❡❞

✐♥ ❙❡❝t✐♦♥ ✺✳✶✳✶✱ x̂ij(vh) ❛♥❞ x̂ji(vh) ❛r❡ t❤❡ ❡st✐♠❛t❡❞ st❛t❡s ♦❢ ❛❣❡♥ts j ❛♥❞ i ♦♥

❡❞❣❡s Eij ∈ E ❛♥❞ Eji ∈ E ✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ st❛t❡ ❡st✐♠❛t❡s x̂ij(vh) ❢♦r ❛❧❧ Eij ∈ E
❢♦❧❧♦✇ t❤❡ ❞②♥❛♠✐❝s ˙̂xij = Ax̂ij + Buj(t

ij

k̃
h)✱ t ∈

[

tij
k̃
h, (tij

k̃
+ 1)h

)

✱ ✇❤❡r❡ tij
k̃
h ❛♥❞

(tij
k̃
+ 1)h ❛r❡ t❤❡ ❧❛t❡st r❡❧❡❛s❡❞ ❛♥❞ ♥❡①t r❡❧❡❛s✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❢♦r t❤❡

❡❞❣❡ Eij✱ r❡s♣❡❝t✐✈❡❧②✳ K ✐s ❛ st❛t✐❝ ❣❛✐♥ ♠❛tr✐① t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳



✽✷

✻✳✶✳✷ ❈❧♦s❡❞✲❧♦♦♣ ❋♦r♠❛t✐♦♥ ❊rr♦r ❉②♥❛♠✐❝s

❚❤❡ ❝❧♦s❡❞✲❧♦♦♣ s②st❡♠ ❞②♥❛♠✐❝s ✉♥❞❡r t❤❡ ❝♦♥tr♦❧❧❡r ✭✻✳✷✮ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣

❡q✉❛t✐♦♥ ❢♦r t ∈ [vh, (v + 1)h)

N
∑

j=0

aijBui(t) = BK

N
∑

j=1

aij(eji(vh)− eij(vh)− fi + fj + xi(vh)− xj(vh))

+
N
∑

j=1

aijB(ēij(vh) + uj(vh)) + ai0Bu0(vh)− Bµi

+ ai0BK(

∑N

j=1 aji(eji(vh) + xi(vh))
∑N

j=1 aji
− fi − x0(vh)), ✭✻✳✸✮

✇❤❡r❡ eij(vh) = x̂ij(vh) − xj(vh) ❛♥❞ eji(vh) = x̂ji(vh) − xi(vh) ❞❡♥♦t❡ t❤❡ st❛t❡

❡st✐♠❛t✐♦♥ ❡rr♦r ❢♦r ❛❣❡♥ts j ❛♥❞ i ♦♥ ❡❞❣❡s Eij ❛♥❞ Eij ❛t s❛♠♣❧✐♥❣ ✐♥st❛♥t vh✱

r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ ēij(vh) = uij(t
ij

k̃
h)−uj(vh) ❞❡♥♦t❡s t❤❡ ❝♦♥tr♦❧ ✐♥♣✉t ❡rr♦r

❛t s❛♠♣❧✐♥❣ ✐♥st❛♥t vh✳ ◆♦t❡ t❤❛t ✭✻✳✸✮ ❝❛♥ ❜❡ r❡❛rr❛♥❣❡❞ ❛s

N
∑

j=0

aijBui(t)− ai0Bu0(vh)−
N
∑

j=1

aijBuj(vh)−
N
∑

j=1

aijB(ēij(vh))

= BK
N
∑

j=1

aij(eji(vh)− eij(vh)− fi + fj + xi(vh)− xj(vh))

+ ai0BK(

∑N

j=1 aji(eji(vh) + xi(vh))
∑N

j=1 aji
− fi − x0(vh))− Bµi ✭✻✳✹✮

❙✐♥❝❡ ❛ s❛♠♣❧❡❞✲❞❛t❛ s❡tt✐♥❣ ✐s ❛❞♦♣t❡❞ ✐♥ t❤✐s st✉❞②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥tr♦❧

✐♥♣✉ts ❛r❡ ❤❡❧❞ ❝♦♥st❛♥t ❢♦r ❡❛❝❤ s❛♠♣❧✐♥❣ ✐♥t❡r✈❛❧✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ u0(vh) =

u0(t)✱ ❛♥❞ uj(vh) = uj(t) ❢♦r t ∈ [vh, (v + 1)h)✱ ❛♥❞ ✭✻✳✹✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

N
∑

j=0

aijB(ui(t)− uj(t)) = BK

N
∑

j=1

aij(eji(vh)− eij(vh)) + ai0BK

∑N
j=1 ajieji(vh)
∑N

j=1 aji

+BK

N
∑

j=0

aij(ηi(vh)− ηj(vh)) +B

N
∑

j=1

aij ēij(vh)−Bµi. ✭✻✳✺✮



✽✸

❙✉❜st✐t✉t✐♥❣ s②st❡♠ ❞②♥❛♠✐❝s ✭✺✳✶✮ ✐♥t♦ ✭✻✳✺✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

N
∑

j=0

aij(ẋi(t)− ẋj(t))−
N
∑

j=0

aij(Aηi(t)− Aηj(t))

= BK

N
∑

j=1

aij(eji(vh)− eij(vh)) + BK

N
∑

j=0

aij(ηi(vh)− ηj(vh))− Bµi

+B

N
∑

j=1

aij ēij(vh) + ai0BK

∑N

j=1 ajieji(vh)
∑N

j=1 aji
+

N
∑

j=0

aij(Afi − Afj). ✭✻✳✻✮

◆♦t❡ t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥♣✉t µi ✐s ❞❡s✐❣♥❡❞ s✉❝❤ t❤❛t t❤❡ t❡r♠ Bµi−
∑N

j=0 aij(Afi − Afj) ✐s ♥✉❧❧✐✜❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r✱

✇❡ ❤❛✈❡ ẋi(t)− ẋj(t) = η̇i(t)− η̇j(t)✳ ❚❤❡r❡❢♦r❡✱ ✭✻✳✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

N
∑

j=0

aij(η̇i(t)− η̇j(t))−
N
∑

j=0

aij(Aηi(t)− Aηj(t))

= BK

N
∑

j=1

aij(eji(vh)− eij(vh)) + BK

N
∑

j=0

aij(ηi(vh)− ηj(vh))

+B

N
∑

j=1

aij ēij(vh) + ai0BK

∑N

j=1 ajieji(vh)
∑N

j=1 aji
. ✭✻✳✼✮

◆♦✇✱ ✇❡ ❞❡✜♥❡ η̇(t)✱ η(t)✱ η(vh)✱ e(vh)✱ ❛♥❞ ē(vh) ❛s t❤❡ st❛❝❦❡❞ ❢♦r♠ ♦❢ η̇i(t)✱ ηi(t)✱

ηi(vh)✱ eij(vh)✱ ❛♥❞ ēij(vh)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ✭✻✳✼✮ ❝❛♥ ❜❡ ❝♦♠♣❛❝t❧② ✇r✐tt❡♥ ❛s

(Lff (i, :)⊗ In)η̇(t)− (Lff (i, :)⊗ A)η(t)

= (Lff (i, :)⊗ BK)η(vh) + (IH(i, :)
T ⊗ BK)e(vh)

+ (IH(i, :)
T ⊗ B)ē(vh) +

ai0
∑N

j=1 aji
(IT (i, :)

T ⊗ BK)e(vh)

− (IT (i, :)
T ⊗ BK)e(vh), ✭✻✳✽✮



✽✹

✇❤❡r❡ Lff (i, :) r❡♣r❡s❡♥ts t❤❡ ith r♦✇ ♦❢ t❤❡ ♠❛tr✐① Lff ✱ ✇✐t❤ IH(i, :) ❛♥❞ IT (i, :)

❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡ ❛✉❣♠❡♥t❡❞ ♦✈❡r❛❧❧ ❝❧♦s❡❞✲❧♦♦♣ ❞②♥❛♠✐❝s ❛r❡ t❤❡♥ ❣✐✈❡♥ ❛s

(Lff ⊗ In)η̇(t)− (Lff ⊗ A)η(t)

= (Lff ⊗ BK)η(vh) + (ITH ⊗ BK)e(vh)− (ITT ⊗ BK)e(vh)

+ (ITH ⊗ B)ē(vh) +

(











a10∑N
j=1

aj1

✳ ✳ ✳

aN0∑N
j=1

ajN











ITT ⊗ BK

)

e(vh), ✭✻✳✾✮

✇❤✐❝❤ ❝❛♥ ❜❡ ♠♦r❡ ❝♦♠♣❛❝t❧② ✇r✐tt❡♥ ❛s

(Lff ⊗ In)η̇(t) = (Lff ⊗ A)η(t) + (Lff ⊗ BK)e(vh) + (Ĩ⊗ BK)η(vh)

+ (ITH ⊗ B)ē(vh), ✭✻✳✶✵✮

✇❤❡r❡ Ĩ = ITinc + diag{a10, · · · , aN0}D−1ITT ✳ ■♥ ❛❞❞✐t✐♦♥✱ ❝♦♥s✐❞❡r✐♥❣ ❉❡✜♥✐t✐♦♥ ✹✳✷

t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✷✳✶✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t (Lff ⊗ In) ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ t❤❡ ♦✈❡r❛❧❧

❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s ❢♦r t ∈ [vh, (v + 1)h) ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s

η̇(t) = (IN ⊗ A)η(t) + (IN ⊗ BK)e(t− τ) + (L−1
ff Ĩ⊗ BK)η(t− τ)

+ (L−1
ff I

T
H ⊗ B)ē(t− τ), ✭✻✳✶✶✮

✇❤❡r❡✱ η(t− τ)✱ e(t− τ)✱ ❛♥❞ ē(t− τ) ❛r❡ t❤❡ st❛❝❦❡❞ ❢♦r♠ ♦❢ ηi(t− τ)✱ ei(t− τ)✱ ❛♥❞

ēi(t− τ)✱ r❡s♣❡❝t✐✈❡❧②✳

✻✳✷ ❊❞❣❡ ❊✈❡♥t ●❡♥❡r❛t♦r ❉❡s✐❣♥

❆ ♥♦✈❡❧ ❛s②♥❝❤r♦♥♦✉s ❡❞❣❡✲❜❛s❡❞ ❡✈❡♥t✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✇✐❧❧ ❜❡

❞❡s✐❣♥❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ■♥ ❡ss❡♥❝❡✱ ✇❤❡♥ ❛♥ ❡❞❣❡✲❡✈❡♥t ✐s ❞❡t❡❝t❡❞✱ ♦♥❧② t❤❡ ♥♦❞❡

t❤❛t ✐s ✐♥❝✐❞❡♥t t♦ t❤❡ ❡❞❣❡ ✇✐❧❧ ✉♣❞❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡✲❡st✐♠❛t❡ ✉s✐♥❣ t❤❡

tr✐❣❣❡r❡❞ st❛t❡s✳ ■♥s♣✐r❡❞ ❜② t❤❡ ❡❞❣❡✲tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ❞❡s✐❣♥❡❞ ❢♦r ❝♦♥t✐♥✉♦✉s

s②st❡♠s ❬✹✽❪✱ ✇❡ ♣r♦♣♦s❡ ❛♥ ❡❞❣❡✲tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❡❞❣❡ Eij ∈ E ❛s

fij(vh) = eTij(vh)Φ1eij(vh) + ēTij(vh)Φ2ēij(vh)− η̃ij(vh)
TΨη̃ij(vh), ✭✻✳✶✷✮



✽✺

✇❤❡r❡ η̃ij(vh) = x̂ij(vh) − x̂ji(vh) − fj + fi✱ ❛♥❞ Φ1✱ Φ2✱ ❛♥❞ Ψ ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡

♠❛tr✐❝❡s t♦ ❜❡ ❞❡s✐❣♥❡❞✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ eij(vh) ❛♥❞ eji(vh)✱ η̃ij(vh) ❝❛♥ ❜❡

❡①♣r❡ss❡❞ ❛s eij(vh)− eji(vh) + ηj(vh)− ηi(vh) ❛♥❞ ✭✻✳✶✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

fij(vh) =eTij(vh)Φ1eij(vh)− (eij(vh)− eji(vh) + ηj(vh)− ηi(vh))
T

Ψ(eij(vh)− eji(vh) + ηj(vh)− ηi(vh)) + ēTij(vh)Φ2ēij(vh). ✭✻✳✶✸✮

◆♦t❡ t❤❛t ❢r♦♠ t❤❡ ▲❡♠♠❛ ✷✳✻✱ ✇❡ ❤❛✈❡

−(eij(vh)− eji(vh) + ηj(vh)− ηi(vh))
TΨ(eij(vh)− eji(vh) + ηj(vh)− ηi(vh))

= −(eij(vh)− eji(vh))
TΨ(eij(vh)− eji(vh))− (ηj(vh)− ηi(vh))

T

Ψ(ηj(vh)− ηi(vh))− 2(eij(vh)− eji(vh))
TΨ(ηj(vh)− ηi(vh))

≥ −2(eij(vh)− eji(vh))
TΨ(eij(vh)− eji(vh))

− 2(ηj(vh)− ηi(vh))
TΨ(ηj(vh)− ηi(vh)). ✭✻✳✶✹✮

❆♣♣❧② ▲❡♠♠❛ ✷✳✻ ❛❣❛✐♥✱ ✇❡ ♦❜t❛✐♥

−2(eij(vh)−eji(vh))
TΨ(eij(vh)− eji(vh))

= −2eij(vh)Ψeij(vh)− 2eji(vh)Ψeji(vh) + 4eij(vh)Ψeji(vh)

≥ −2eij(vh)Ψeij(vh)− 2eji(vh)Ψeji(vh)

− 2eij(vh)Ψeij(vh)− 2eji(vh)Ψeji(vh)

= −4eij(vh)Ψeij(vh)− 4eji(vh)Ψeji(vh). ✭✻✳✶✺✮

❙✐♥❝❡ ♦✉r ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐s ❜✐✲❞✐r❡❝t✐♦♥❛❧✱ ✇❡ ❤❛✈❡

∑

Eij∈E

−4eij(vh)Ψeij(vh)− 4eji(vh)Ψeji(vh) = −8eT (vh)(IM ⊗Ψ)e(vh). ✭✻✳✶✻✮

■♥ ❛❞❞✐t✐♦♥✱

− 2(ηj(vh)− ηi(vh))
TΨ(ηj(vh)− ηi(vh))

= −2η(vh)T
(

Iinc(i, :)
T ⊗ In

)

Ψ
(

Iinc(i, :)⊗ In
)

η(vh), ✭✻✳✶✼✮



✽✻

❛♥❞

∑

Eij∈E

−2(ηj(vh)− ηi(vh))
TΨ(ηj(vh)− ηi(vh))

= −2η(vh)T
(

M
∑

i=1

(

Iinc(i, :)
T ⊗ In

)

Ψ
(

Iinc(i, :)⊗ In
)

)

η(vh)

= −2η(vh)T
(

M
∑

i=1

(

Iinc(i, :)
T Iinc(i, :)⊗ In

)(

IN ⊗Ψ
)

)

η(vh)

= −2η(vh)T
(

ITincIinc ⊗ In
)(

IN ⊗Ψ
)

η(vh)

= −2η(vh)T
(

ITincIinc ⊗Ψ
)

η(vh). ✭✻✳✶✽✮

❚❤❡r❡❢♦r❡✱ ❜② ❝♦♠❜✐♥✐♥❣ ✭✻✳✶✸✮✲✭✻✳✶✽✮ ✇❡ ❤❛✈❡

∑

Eij∈E

fij(vh) ≥eT (vh)(IM ⊗ Φ1)e(vh) + ēT (vh)(IM ⊗ Φ2)ē(vh)

− 8eT (vh)(IM ⊗Ψ)e(vh)− 2η(vh)T
(

ITincIinc ⊗Ψ
)

η(vh). ✭✻✳✶✾✮

❚❤❡ ♥❡①t ❡✈❡♥t r❡❧❡❛s❡ ✐♥st❛♥t ❢♦r ❡❞❣❡ Eij ∈ E ❝❛♥ t❤❡♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛s ❢♦❧❧♦✇s

tijk+1h = inf{vh > tijk h| fij(vh) > 0}. ✭✻✳✷✵✮

◆♦t❡ t❤❛t t❤❡ st❛t❡ ❡st✐♠❛t❡ ❡rr♦r eij(vh) ❛♥❞ ❝♦♥tr♦❧ ✐♥♣✉t ❡rr♦r ēij(vh) ✇✐❧❧ ❜❡ r❡s❡t

t♦ ③❡r♦ ✇❤❡♥❡✈❡r t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥ t❤❡ ❡❞❣❡ Eij ✐s tr✐❣❣❡r❡❞✳ ❋♦r t❤✐s r❡❛s♦♥✱

fij(vh) ≤ 0 ❝❛♥ ❜❡ ❡♥❢♦r❝❡❞ ❢♦r ❛❧❧ ❡❞❣❡s ❛t ❛❧❧ s❛♠♣❧✐♥❣ ✐♥st❛♥ts✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
∑

Eij∈E
fij(vh) ≤ 0 ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ ✉♥❞❡r t❤❡ tr✐❣❣❡r✐♥❣ r✉❧❡ ✭✻✳✷✵✮✱ t❤❡

✐♥❡q✉❛❧✐t② ✭✻✳✶✾✮ ❝❛♥ ❜❡ ❡♥❧❛r❣❡❞ ❛s

0 ≥
∑

Eij∈E

fij(vh) ≥eT (vh)(IM ⊗ Φ1)e(vh) + ēT (vh)(IM ⊗ Φ2)ē(vh)

− 8eT (vh)(IM ⊗Ψ)e(vh)− 2η(vh)T
(

ITincIinc ⊗Ψ
)

η(vh), ✭✻✳✷✶✮

✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛rr❛♥❣❡❞ ❛s

− eT (vh)(IM ⊗ Φ1)e(vh)− ēT (vh)(IM ⊗ Φ2)ē(vh)

+ 8eT (vh)(IM ⊗Ψ)e(vh) + 2η(vh)T
(

ITincIinc ⊗Ψ
)

η(vh) ≥ 0, ✭✻✳✷✷✮



✽✼

❚❤❡r❡❢♦r❡✱
∑N

i=1 fi(vh) ≤ 0 ❝❛♥ ❜❡ ❝♦♠♣❛❝t❧② r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❢♦r♠









η(vh)

e(vh)

ē(vh)









T 







2(ITincIinc ⊗Ψ) ∗ ∗
0Mn×Nn 8(IM ⊗Ψ)− (IM ⊗ Φ1) ∗
0Mm×Nn 0Mm×Mn −IM ⊗Ψ2

















η(vh)

e(vh)

ē(vh)









≥ 0,

✭✻✳✷✸✮

❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ vh = t− τ ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✹✳✷✱ ✇❡ ❤❛✈❡









η(t− τ)

e(t− τ)

ē(t− τ)









T 







2(ITincIinc ⊗Ψ) ∗ ∗
0Mn×Nn 8(IM ⊗Ψ)− (IM ⊗ Φ1) ∗
0Mm×Nn 0Mm×Mn −IM ⊗Ψ2

















η(t− τ)

e(t− τ)

ē(t− τ)









≥ 0.

✭✻✳✷✹✮

✻✳✸ ▼❛✐♥ ❘❡s✉❧ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠s ♣r❡s❡♥t s✉✣❝✐❡♥t ▲▼■ ❝♦♥❞✐t✐♦♥s ❢♦r ❝♦✲❞❡s✐❣♥✐♥❣ ❡✈❡♥t ❣❡♥✲

❡r❛t♦r ❛♥❞ ❝♦♥tr♦❧❧❡r ❣❛✐♥s t❤❛t ♣r♦✈✐❞❡ ❛s②♠♣t♦t✐❝ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ t♦

t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♦r❡♠ ✻✳✶✳ ❯♥❞❡r t❤❡ ❝♦♥tr♦❧ ❧❛✇ ✭✻✳✷✮ ❛♥❞ t❤❡ ❡❞❣❡✲❜❛s❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡❣✲

✉❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✻✳✶✷✮✱ t❤❡ s②st❡♠ ✭✺✳✶✮ ❛❝❤✐❡✈❡s ❢♦r♠❛t✐♦♥ ❛s②♠♣t♦t✐❝❛❧❧② ✐❢✱ ❢♦r

❣✐✈❡♥ ♣♦s✐t✐✈❡ s❝❛❧❛rs ρ✱ t❤❡r❡ ❡①✐st s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s Φ̃✱ Ψ̃1✱ Ψ̃2✱

P̃ ✱ Q̃✱ R̃ ∈ R
n×n✱ ❛s ✇❡❧❧ ❛s ❛r❜✐tr❛r② ♠❛tr✐❝❡s S̃ ∈ R

n×n ❛♥❞ Y ∈ R
m×n✱ s✉❝❤ t❤❛t

[

R̃ ∗
S̃T R̃

]

≥ 0, H < 0, ✭✻✳✷✺✮

✇❤❡r❡

H =

























H11 ∗ ∗ ∗ ∗ ∗
H21 H22 ∗ ∗ ∗ ∗
H31 H32 H33 ∗ ∗ ∗
H41 0 0 H44 ∗ ∗
H51 0 0 0 H55 ∗
H61 H62 0 H64 H65 H66

























,

✇✐t❤



✽✽

H11 = IN ⊗ (P̃AT + AP̃ + Q̃− R̃)

H21 = IN ⊗ (Y TBT + R̃− S̃T )

H22 = IN ⊗ (−2R̃ + S̃ + S̃T ) + 2(ITincIinc ⊗ Φ̃)

H31 = IN ⊗ S̃T

H32 = IN ⊗ (R̃− S̃T )

H33 = −IN ⊗ (Q̃+ R̃)

H41 = (ĨTL−T
ff )⊗ Y TBT

H44 = −IM ⊗ Ψ̃1 + 8(IM ⊗ Φ̃),

H51 = (IHL
−T
ff )⊗ P̃BT

H55 = −IM ⊗ Ψ̃2

H61 = h(IN ⊗ AP̃ )

H62 = h(IN ⊗ BY )

H64 = h(L−T
ff Ĩ⊗ BY )

H65 = h(L−1
ff I

T
H ⊗ BP̃ )

H66 = ρ2(IN ⊗ R̃)− 2ρ(IN ⊗ P̃ ).

❚❤❡♥✱ t❤❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥ ♠❛tr✐① K ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s Y P̃−1✱ ❛♥❞ t❤❡ ♠❛tr✐❝❡s Φ✱

Ψ1 ❛♥❞ Ψ2 ✐♥ t❤❡ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❛s P̃−1Φ̃P̃−1✱ P̃−1Ψ̃1P̃
−1✱ ❛♥❞

P̃−1Ψ̃2P̃
−1✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❘❡✇r✐t❡ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❞②♥❛♠✐❝s ✭✻✳✶✶✮ ❛s η̇(t) = ζξ✱ ✇❤❡r❡

ξ(t) =
[

η(t)T η(t− τ)T η(t− h)T e(t− τ)T ē(t− τ)T
]T

, ✭✻✳✷✻✮

ζ =
[

IN ⊗ A IN ⊗ BK 0 L−1
ff Ĩ⊗ BK L−1

ff I
T
H ⊗ B

]

. ✭✻✳✷✼✮

❚❤❡ ♣r♦♦❢ ❝❛♥ t❤❡♥ ❜❡ ❝♦♠♣❧❡t❡❞ ❜② ✉t✐❧✐③✐♥❣ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡

✭✺✳✶✼✮ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✳

❚❤❡♦r❡♠ ✻✳✷✳ ❯♥❞❡r t❤❡ ❝♦♥tr♦❧ ❧❛✇ ✭✻✳✷✮ ❛♥❞ t❤❡ ❡❞❣❡✲❜❛s❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡❣✲

✉❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✻✳✶✷✮✱ t❤❡ s②st❡♠ ✭✺✳✶✮ ❛❝❤✐❡✈❡s ❢♦r♠❛t✐♦♥ ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ ❛

❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ α ✐❢✱ ❢♦r ❣✐✈❡♥ ♣♦s✐t✐✈❡ s❝❛❧❛rs ρ1✱ ρ2✱ ❛♥❞ α✱ t❤❡r❡ ❡①✐st s②♠♠❡t✲

r✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s Φ̃✱ Ψ̃1✱ Ψ̃2✱ W̃ ✱ P̃ ✱ Q̃✱ R̃ ∈ R
n×n✱ ❛s ✇❡❧❧ ❛s ❛r❜✐tr❛r②

♠❛tr✐❝❡s S̃ ∈ R
n×n ❛♥❞ Y ∈ R

m×n✱ s✉❝❤ t❤❛t

[

R̃ ∗
S̃T R̃

]

≥ 0, H < 0, ✭✻✳✷✽✮



✽✾

✇❤❡r❡

H =





































H11 ∗ ∗ ∗ ∗ ∗ ∗ ∗
H21 H22 ∗ ∗ ∗ ∗ ∗ ∗
H31 H32 H33 ∗ ∗ ∗ ∗ ∗
H41 0 0 H44 ∗ ∗ ∗ ∗
H51 0 0 0 H55 ∗ ∗ ∗
0 0 0 0 0 H66 ∗ ∗
H71 H72 0 H74 H75 0 H77 ∗
H81 H82 0 H84 H85 0 0 H88





































,

✇✐t❤

H11 = IN ⊗ (P̃AT + AP̃ + Q̃− R̃ + 2αP̃ − e−2αhR̃)

H21 = IN ⊗ (Y TBT + e−2αh(R̃− S̃T ))

H22 = IN ⊗
(

e−2αh(−2R̃ + S̃ + S̃T )
)

+ 2(ITincIinc ⊗ Φ̃),

H31 = e−2αh(IN ⊗ S̃T )

H32 = IN ⊗
(

e−2αh(R̃− S̃T )
)

H33 = −IN ⊗
(

e−2αh(Q̃+ R̃)
)

H41 = (ĨTL−T
ff )⊗ Y TBT

H44 = −IM ⊗ Ψ̃1 + 8(IM ⊗ Φ̃)

H51 = (IHL
−T
ff )⊗ P̃BT

H55 = −IM ⊗ Ψ̃2

H66 = −π
2

4
(IN ⊗ W̃ )

H71 = h(IN ⊗ AP̃ ),

H72 = h(IN ⊗ BY )

H74 = h(L−T
ff Ĩ⊗ BY )

H75 = h(L−1
ff I

T
H ⊗ BP̃ )

H77 = ρ21(IN ⊗ R̃)− 2ρ1(IN ⊗ P̃ )

H81 = h(IN ⊗ AP̃ )

H82 = h(IN ⊗ BY )

H84 = h(L−T
ff Ĩ⊗ BY )

H85 = h(L−1
ff I

T
H ⊗ BP̃ )

H88 = e−2αhρ22(IN ⊗ W̃ )

− 2e−2αhρ2(IN ⊗ P̃ ).

❚❤❡♥✱ t❤❡ ❝♦♥tr♦❧❧❡r ❣❛✐♥ ♠❛tr✐① K ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s Y P̃−1✱ ❛♥❞ t❤❡ ♠❛tr✐❝❡s Φ✱

Ψ1 ❛♥❞ Ψ2 ✐♥ t❤❡ tr✐❣❣❡r✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❛s P̃−1Φ̃P̃−1✱ P̃−1Ψ̃1P̃
−1✱ ❛♥❞

P̃−1Ψ̃2P̃
−1 r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ ♦♥ t❤❡ ✐♥t❡r✈❛❧ t ∈



✾✵

[vh, (v + 1)h)

V (t) = V1(t) + V2(t) + V3(t) + V4(t, vh), ✭✻✳✷✾✮

✇❤❡r❡

V1(t) = η(t)T (IN ⊗ P )η(t),

V2(t) =

∫ t

t−h

e2α(s−t)ηT (s)(IN ⊗Q)η(s)ds,

V3(t) = h

∫ t

t−h

∫ t

s

e2α(v−t)η̇T (υ)(IN ⊗R)η̇(υ)dυds,

V4(t, vh) = h2e2αh
∫ t

vh

e2α(s−t)η̇T (s)(IN ⊗W )η̇(s)ds

− π2

4

∫ t

vh

e2α(s−t)ηT (s)(IN ⊗W )η(s)ds,

❛♥❞ P,Q,R,W ∈ Rn×n ❛r❡ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐❝❡s✱ ❛♥❞ α ✐s ♣♦s✐t✐✈❡

❝♦♥st❛♥t✳ ❚❛❦✐♥❣ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ ❛❧♦♥❣ t❤❡

❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✐❝s ✭✻✳✶✶✮ ②✐❡❧❞s✱

V̇1 + 2αV1 = η̇T (t)(IN ⊗ P )η(t) + η(t)T (IN ⊗ P )η̇(t) + 2αηT (t)(IN ⊗ P )η(t)

= ξT (t)ζT (IN ⊗ P )η(t) + η(t)T (IN ⊗ P )ηξ(t) + 2αηT (t)(IN ⊗ P )η(t), ✭✻✳✸✵✮

V̇2 + 2αV2 = ηT (t)(IN ⊗Q)η(t)− 2α

∫ t

t−h
e2α(s−t)ηT (s)(IN ⊗Q)η(s)ds

− e−2αhηT (t− h)(IN ⊗Q)η(t− h) + 2α

∫ t

t−h
e2α(s−t)ηT (s)(IN ⊗Q)η(s)ds

= ηT (t)(IN ⊗Q)η(t)− e−2αhηT (t− h)(IN ⊗Q)η(t− h),

✭✻✳✸✶✮

V̇3 + 2αV3 = −h

∫ t

t−h
e2α(v−t)η̇T (υ)(IN ⊗R)η̇(υ)dυ + h2η̇T (t)(IN ⊗R)η̇(t)

+

∫ t

t−h

∫ t

s

η̇T (v)(IN ⊗R)η̇(v)e2α(v−t)(−2α)dvds

+ 2α

∫ t

t−h

∫ t

s

η̇T (v)(IN ⊗R)η̇(v)e2α(v−t)dvds

= −h

∫ t

t−h
e2α(v−t)η̇T (υ)(IN ⊗R)η̇(υ)dυ + h2η̇T (t)(IN ⊗R)η̇(t), ✭✻✳✸✷✮



✾✶

V̇4 + 2αV4 = −h2e2αh
∫ t

vh

2αe2α(s−t)η̇T (s)(IN ⊗W )η̇(s)ds

+ 2αh2e2αh
∫ t

vh

e2α(s−t)η̇T (s)(IN ⊗W )η̇(s)ds

+
π2

4

∫ t

vh

2αe2α(s−t)η̄T (s)(IN ⊗W )η̄(s) + h2e2αhη̇T (t)(IN ⊗W )η̇(t)

− 2α
π2

4

∫ t

vh

e2α(s−t)η̄T (s)(IN ⊗W )η̄(s)ds− π2

4
η̄T (t)(IN ⊗W )η̄(t)

= h2e2αhη̇T (t)(IN ⊗W )η̇(t)− π2

4
η̄T (t)(IN ⊗W )η̄(t), ✭✻✳✸✸✮

✇❤❡r❡ η̄(t) = η(t)− η(vh) ❛♥❞ η̄(s) = η(s)− η(vh)✳ ◆♦t❡ t❤❛t e2α(v−t) ≥ e2α(t−h−t) =

e−2αh✱ ❢♦r v ∈ [t− h, t]✱ ❛♥❞ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ ▲❡♠♠❛ ✹✳✶✱ ✭✻✳✸✷✮ ❝❛♥ ❜❡

❡♥❧❛r❣❡❞ ❛s

V̇3 + 2αV3 ≤ −he−2αh

∫ t

t−h

η̇T (υ)(IN ⊗R)η̇(υ)dυ + h2η̇T (t)(IN ⊗R)η̇(t)

≤ −he−2αh
(

− φT1 (IN ⊗R)φ1 − φT2 (IN ⊗R)φ2 − φT1 (IN ⊗ S)φ2

− φT2 (IN ⊗ ST )φ1

)

+ h2η̇T (t)(IN ⊗R)η̇(t), ✭✻✳✸✹✮

❣✐✈❡♥ t❤❛t φ1 = η(t − τ) − η(t)✱ ❛♥❞ φ2 = η(t − h) − η(t − τ) ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥

❛r❜✐tr❛r② ♠❛tr✐① S s✉❝❤ t❤❛t
[

R ∗
ST R

]

≥ 0.

■♥ ❛❞❞✐t✐♦♥✱ ❢♦r t ∈ [vh, (v + 1)h) ❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✻✳✶✱ ✇❡ ❤❛✈❡

h2e2αh
∫ t

vh

e2α(s−t)η̇T (s)(IN ⊗W )η̇(s)ds

≥ (t− vh)2e2α(t−vh)
∫ t

vh

e2α(s−t)η̇T (s)(IN ⊗W )η̇(s)ds

≥ π2

4

∫ t

vh

e2α(s−t)ηT (s)(IN ⊗W )η(s)ds,

✇❤✐❝❤ ✐♠♣❧✐❡s V4 ≥ 0✱ ❛♥❞ t❤❡r❡❢♦r❡ V ✐s ❛ ✈❛❧✐❞ ▲②❛♣✉♥♦✈ ❝❛♥❞✐❞❛t❡✳ ▼♦r❡♦✈❡r✱ V4

✈❛♥✐s❤❡s ❛t ❡❛❝❤ s❛♠♣❧✐♥❣ ✐♥st❛♥t✱ t❤❡r❡❢♦r❡ V4(vh
−) ≥ V4(vh) ❛♥❞ V (vh−) ≥ V (vh)✳



✾✷

❉❡✜♥✐♥❣ ξ̄ ❛♥❞ ζ̄ ❛s

ξ̄(t) =
[

η(t)T η(t− τ)T η(t− h)T e(t− τ)T ē(t− τ)T η̄T (t)
]T

, ✭✻✳✸✺✮

ζ̄ =
[

IN ⊗ A IN ⊗ BK 0 L−1
ff Ĩ⊗ BK L−1

ff I
T
H ⊗ B 0

]

, ✭✻✳✸✻✮

❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ ✭✻✳✸✵✮✱ ✭✻✳✸✶✮✱ ✭✻✳✸✸✮✱ ❛♥❞ ✭✻✳✸✹✮ ②✐❡❧❞s

V̇ +2αV ≤ ξ̄T (t)
(

ζ̄(IN ⊗R)ζ̄+h2e2αhζ̄(IN ⊗W )ζ̄
)

ξ̄(t)+ ξ̄T (Ω+Ω̂+Ω̄+Ω̃)ξ̄, ✭✻✳✸✼✮

✇❤❡r❡

Ω =

























IN ⊗ (PA+ ATP + 2αP ) ∗ ∗ ∗ ∗ ∗
IN ⊗ (KTBTP ) 0 ∗ ∗ ∗ ∗

0 0 0 ∗ ∗ ∗
(ĨTL−T

ff )⊗ (KTBTP ) 0 0 0 ∗ ∗
(IHL

−T
ff )⊗ (BTP ) 0 0 0 0 ∗

0 0 0 0 0 0

























,

Ω̂ =

























IN ⊗Q ∗ ∗ ∗ ∗ ∗
0 0 ∗ ∗ ∗ ∗
0 0 −e−2αh(IN ⊗Q) ∗ ∗ ∗
0 0 0 0 ∗ ∗
0 0 0 0 0 ∗
0 0 0 0 0 0

























,

Ω̄ =

























−e2αh(IN ⊗R) ∗ ∗ ∗ ∗ ∗
e−2αhIN ⊗ (R− ST ) e2αhIN ⊗ (−2R + S + ST ) ∗ ∗ ∗ ∗
e−2αh(IN ⊗ ST ) e−2αhIN ⊗ (R− ST ) −e−2αh(IN ⊗R) ∗ ∗ ∗

0 0 0 0 ∗ ∗
0 0 0 0 0 ∗
0 0 0 0 0 0

























,



✾✸

❛♥❞

Ω̃ =

























0 ∗ ∗ ∗ ∗ ∗
0 2(ITincIinc ⊗ Φ) ∗ ∗ ∗ ∗
0 0 0 ∗ ∗ ∗
0 0 0 −IM ⊗Ψ1 + 8(IM ⊗ Φ) ∗ ∗
0 0 0 0 −IM ⊗Ψ2 ∗
0 0 0 0 0 −π2

4
(IN ⊗W )

























.

❲❡ ♥♦✇ ❞❡✜♥❡

Ξ = h2ζ̄(IN ⊗R)ζ̄ + h2e2αhζ̄(IN ⊗W )ζ̄ + Ω+ Ω̂ + Ω̄ + Ω̃. ✭✻✳✸✽✮

■t ✐s ❝❧❡❛r t❤❛t ✇❤❡♥ Ξ < 0✱ ✇❡ ❤❛✈❡ V̇ + 2αV ≤ 0 ❢♦r t ∈ [vh, (v + 1)h)✱ ✇❤❡r❡

v ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ V1✱ V2✱ V3 ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡

❞✐s❝♦♥t✐♥✉♦✉s t❡r♠ V4 ❞♦❡s ♥♦t ❣r♦✇ ❛t ❡❛❝❤ s❛♠♣❧✐♥❣ ✐♥st❛♥t ✭✐♥ ❢❛❝t✱ V4 ✈❛♥✐s❤❡s✮✱

t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ V ❞♦❡s ♥♦t ❣r♦✇ ❛t s❛♠♣❧✐♥❣ ✐♥st❛♥ts✱ t❤❛t ✐s

limt→vh− V (t) ≥ V (vh)✳ ❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ❈♦♠♣❛r✐s♦♥ ▲❡♠♠❛ ❬✾✻❪✱

V (t) ≤ V (vh)e−2α(t−vh), ∀t ∈ [vh, (v + 1)h) . ✭✻✳✸✾✮

❇② r❡♣❡❛t❡❞❧② ❛♣♣❧②✐♥❣ ✭✻✳✸✾✮✱ ✇❡ ❤❛✈❡

V (t) ≤ V (vh)e−2α(t−vh) ≤ V (vh−)e−2α(t−vh)

≤ V ((v − 1)h)e−2α(vh−(v−1)h)e−2α(t−vh)

≤ V ((v − 1)h−)e−2α(vh−(v−1)h)e−2α(t−vh) ≤ · · · ≤ V (0)e−2αt. ✭✻✳✹✵✮

❆ s❝❤❡♠❛t✐❝ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ st❡♣s ✉s❡❞ t♦ ♦❜t❛✐♥ ✭✻✳✹✵✮ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✻✳✷✳ ❋r♦♠

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ❝❛♥❞✐❞❛t❡ ✭✻✳✷✾✮✱ ✇❡ ❤❛✈❡

‖η(t)‖ ≤ e−αt

λmin(P )

√

V (0), ✭✻✳✹✶✮

✇❤❡r❡ λmin(·) ❞❡♥♦t❡s t❤❡ ♠✐♥✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ ♦❢ ❛ ♠❛tr✐①✳ ■❢ ✇❡ ❢✉rt❤❡r ❛ss✉♠❡

t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ❢✉♥❝t✐♦♥ η(t) ✐s ❜♦✉♥❞❡❞ ❛♥❞ ✐ts ✜rst ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ❛r❡



✾✹

sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [−h, 0)✱ t❤❡♥ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t
√

V (0) ✐s ✜♥✐t❡✳

❚❤❡r❡❢♦r❡✱ ‖η(t)‖ ❝♦♥✈❡r❣❡s t♦ t❤❡ ♦r✐❣✐♥ ✭s②st❡♠ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥✮

❛t ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ α✳

……

Exponential decay

𝑉(𝑣ℎ−)

𝑉(𝑡)

𝑡𝑣ℎ (𝑣 + 1)ℎ(𝑣 − 1)ℎ
𝑉(𝑣ℎ)

𝑉((𝑣 − 1)ℎ)
𝑉((𝑣 − 1)ℎ−)

𝑉((𝑣 + 1)ℎ−)𝑉((𝑣 + 1)ℎ)
❋✐❣✉r❡ ✻✳✷✿ ❆ s❝❤❡♠❛t✐❝ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ st❡♣s ✐♥ ✭✻✳✹✵✮

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t ✭✻✳✷✽✮ ✐♠♣❧✐❡s Ξ < 0✳ ❚♦ ♣r♦❝❡❡❞✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ ❜②

r❡♣❡❛t❡❞❧② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✹ t❤❛t Ξ < 0 ✐s ❡q✉✐✈❛❧❡♥t t♦









Ω + Ω̂ + Ω̄ + Ω̃ ∗ ∗
h(IN ⊗R)ζ̄ −IN ⊗R ∗
h(IN ⊗W )ζ̄ 0 −e−2αh(IN ⊗W )









< 0. ✭✻✳✹✷✮

❲❡ ♣r❡✲ ❛♥❞ ♣♦st✲♠✉❧t✐♣❧② t❤❡ ✐♥❡q✉❛❧✐t② ✭✻✳✹✷✮ ❜② t❤❡ ♥♦♥✲s✐♥❣✉❧❛r ♠❛tr✐① diag{IN⊗
P̃ , IN ⊗ P̃ , IN ⊗ P̃ , IM ⊗ P̃ , IM ⊗ P̃ , IN ⊗ P̃ , IN ⊗ R−1, IN ⊗W−1}✱ ✇❤❡r❡ P̃ = P−1✳

■♥ ❛❞❞✐t✐♦♥✱ ❞❡✜♥❡ Q̃ = P̃QP̃ ✳ R̃, S̃, Ψ̃1, Ψ̃2✱ Φ̃, W̃ ❛r❡ ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡♥✱ t❤❡

✐♥❡q✉❛❧✐t② ✭✻✳✹✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦









Ω̆ ∗ ∗
hζ̄(IN ⊗ P̃ ) −(IN ⊗R)−1 ∗
hζ̄(IN ⊗ P̃ ) 0 −e−2αh(IN ⊗W )−1









< 0, ✭✻✳✹✸✮



✾✺

✇❤❡r❡

Ω̆11 = IN ⊗ (P̃AT + AP̃ + Q̃− R̃ + 2αP̃ − e−2αhR̃)

Ω̆21 = IN ⊗ (P̃KTBT + e−2αh(R̃− S̃T ))

Ω̆22 = IN ⊗
(

e−2αh(−2R̃ + S̃ + S̃T )
)

+ 2(ITincIinc ⊗ Φ̃)

Ω̆31 = e−2αh(IN ⊗ S̃T )

Ω̆32 = IN ⊗
(

e−2αh(R̃− S̃T )
)

Ω̆33 = −IN ⊗
(

e−2αh(Q̃+ R̃)
)

Ω̆41 = (ĨTL−T
ff )⊗ P̃KTBT

Ω̆44 = −IM ⊗ Ψ̃1 + 8(IM ⊗ Φ̃)

Ω̆51 = (IHL
−T
ff )⊗ P̃BT

Ω̆55 = −IM ⊗ Ψ̃2

Ω̆66 = −π
2

4
(IN ⊗ W̃ ),

❛♥❞ Ω̆ij = 0 ✐❢ ♥♦t s♣❡❝✐✜❡❞✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ▲❡♠♠❛ ✷✳✺ ✇❡ ❤❛✈❡

− IN ⊗R−1 ≤ ρ21IN ⊗ R̃− 2ρ1(IN ⊗ P̃ ),

− IN ⊗W−1 ≤ ρ22IN ⊗ W̃ − 2ρ2(IN ⊗ P̃ ),

❢♦r ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ρ1✱ ❛♥❞ ρ2✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❡♥s✉r❡ Ξ < 0 ✐❢









Ω̆ ∗ ∗
hζ̄(IN ⊗ P̃ ) ρ21IN ⊗ R̃− 2ρ1(IN ⊗ P̃ ) ∗
hζ̄(IN ⊗ P̃ ) 0 e−2αhρ22(IN ⊗ W̃ − 2ρ2(IN ⊗ P̃ ))









< 0.

✭✻✳✹✹✮

❈❧❡❛r❧②✱ ✭✻✳✹✹✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✻✳✷✽✮ ❜② ❞❡♥♦t✐♥❣ Y = KP̃ ✳

❘❡♠❛r❦ ✻✳✶✳ ◆♦t❡ t❤❛t ✐❢ ✇❡ ❝❤♦♦s❡ α = 0 ❛♥❞ ❡①❝❧✉❞❡ t❤❡ ▲❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ t❡r♠

V4✱ t❤❡ ▲▼■ ❝♦♥❞✐t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✻✳✷ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✻✳✶✳ ❚❤❡r❡✲

❢♦r❡✱ ❚❤❡♦r❡♠ ✻✳✷ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ ❚❤❡♦r❡♠ ✻✳✶✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡

♣♦s✐t✐✈❡ ❝♦♥st❛♥t α ✐♥ ❚❤❡♦r❡♠ ✻✳✷ ♣r♦✈✐❞❡s ❡①♣❧✐❝✐t ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❝♦♥✈❡r❣❡♥❝❡

s♣❡❡❞ ♦❢ t❤❡ s②st❡♠✳



✾✻

❘❡♠❛r❦ ✻✳✷✳ ❆❧t❤♦✉❣❤ ♠♦r❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s ✭✐♥❝r❡❛s✐♥❣ ❝♦♠♣❧❡①✐t②✮ ❛r❡ ✐♥tr♦❞✉❝❡❞

❢r♦♠ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ V4✱ ❧❡ss ❝♦♥s❡r✈❛t✐✈❡

❝♦♥❞✐t✐♦♥s ✭❛❧❧♦✇✐♥❣ ❢♦r ❧❛r❣❡r s❛♠♣❧✐♥❣ ✐♥t❡r✈❛❧s✮ ❝❛♥ ♦❢t❡♥ ❜❡ ❞❡r✐✈❡❞ ❬✾✼❪✱ ❬✾✽❪✳

◆♦t❡ t❤❛t ❛ s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ǫ2 ❝❛♥ ✉s✉❛❧❧② ❜❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ tr✐❣❣❡r✐♥❣

❢✉♥❝t✐♦♥ t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡rs ♦❢ ✉♥♥❡❝❡ss❛r② tr✐❣❣❡rs✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ tr✐❣❣❡r✐♥❣

❢✉♥❝t✐♦♥ ✭✻✳✶✷✮ ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ❛s

fij(vh) = eTij(vh)Φ1eij(vh) + ēTij(vh)Φ2ēij(vh)− η̃ij(vh)
TΨη̃ij(vh)− ǫ2. ✭✻✳✹✺✮

❚❤❡♦r❡♠ ✻✳✸✳ ❯♥❞❡r t❤❡ ❝♦♥tr♦❧ ❧❛✇ ✭✻✳✷✮ ❛♥❞ t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥

r❡❣✉❧❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✻✳✹✺✮✱ t❤❡ s②st❡♠ ✭✺✳✶✮ ❡①♣♦♥❡♥t✐❛❧❧② ❝♦♥✈❡r❣❡s t♦ ❛ ♥❡✐❣❤❜♦r❤♦♦❞

♦❢ t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥ ✇✐t❤ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ α ✐❢ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s st❛t❡❞ ✐♥

❚❤❡♦r❡♠ ✻✳✷ ❛r❡ s❛t✐s✜❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ✐s ❞❡✜♥❡❞ ❜② {η ∈ RNn|‖η‖ ≤
√

M
2αλmin(P )

ǫ}✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ tr✐❣❣❡r✐♥❣ ❢✉♥❝t✐♦♥ ✭✻✳✹✺✮ ❛♥❞ t❤❡ tr✐❣❣❡r✐♥❣ r✉❧❡ ✭✻✳✷✵✮✱ ✇❡ ❤❛✈❡

2η(t− τ)T
(

ITincIinc ⊗Ψ
)

η(t− τ)− eT (t− τ)(IM ⊗ Φ1)e(t− τ)

− ēT (t− τ)(IM ⊗ Φ2)ē(t− τ) + 8eT (t− τ)(IM ⊗Ψ)e(t− τ) +Mǫ2 ≥ 0. ✭✻✳✹✻✮

❲❡ ♣r♦♣♦s❡ t❤❡ s❛♠❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❛s ✐♥ ✭✻✳✷✾✮ ❛♥❞ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡✲

♦r❡♠ ✻✳✷✳ ■t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ t❤❛t ✐❢ t❤❡ ▲▼■ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✻✳✷✽✮ ❛r❡ s❛t✐s✜❡❞✱ ✇❡

❤❛✈❡

V̇ (t) + 2αV (t) ≤Mǫ2, ∀t ∈ [vh, (v + 1)h) . ✭✻✳✹✼✮

❇② t❤❡ ❈♦♠♣❛r✐s♦♥ ▲❡♠♠❛ ❬✾✻❪✱ ❢♦r t ∈ [vh, (v + 1)h)

V (t) ≤ (V (vh)− Mǫ2

2α
)e−2α(t−vh) +

Mǫ2

2α

≤ V (vh−)e−2α(t−vh) − Mǫ2

2α
e−2α(t−vh) +

Mǫ2

2α
. ✭✻✳✹✽✮

❚❤❡♥ ❜② ❛♣♣❧②✐♥❣ ✭✻✳✹✼✮ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [(v − 1)h, vh−]✱ ✇❡ ❤❛✈❡

V (vh−) ≤ (V ((v − 1)h)− Mǫ2

2α
)e−2α(vh−−(v−1)h) +

Mǫ2

2α
. ✭✻✳✹✾✮



✾✼

❙✉❜st✐t✉t❡ ✭✻✳✹✾✮ ✐♥t♦ ✭✻✳✹✽✮ t♦ ♦❜t❛✐♥✱

V (t) ≤ V ((v − 1)h)e−2α(vh−−(v−1)h)e−2α(t−vh) − Mǫ2

2α
e−2α(vh−−(v−1)h)e−2α(t−vh)

+
Mǫ2

2α
e−2α(t−vh) − Mǫ2

2α
e−2α(t−vh) +

Mǫ2

2α

= V ((v − 1)h)e−2α(t−(v−1)h) − Mǫ2

2α
e−2α(t−(v−1)h) +

Mǫ2

2α

≤ V ((v − 1)h−)e−2α(t−(v−1)h) − Mǫ2

2α
e−2α(t−(v−1)h) +

Mǫ2

2α
. ✭✻✳✺✵✮

❆❣❛✐♥✱ ❢r♦♠ ❛♣♣❧②✐♥❣ ✭✻✳✹✼✮ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [(v − 2)h, (v − 1)h−]✱ ✇❡ ❤❛✈❡

V ((v − 1)h−) ≤ (V ((v − 2)h)− Mǫ2

2α
)e−2α((v−1)h−−(v−2)h) +

Mǫ2

2α
. ✭✻✳✺✶✮

❲❡ t❤❡♥ s✉❜st✐t✉t❡ ✭✻✳✺✶✮ ✐♥t♦ ✭✻✳✺✵✮ t♦ ♦❜t❛✐♥

V (t) ≤ V ((v − 2)h−)e−2α(t−(v−2)h) − Mǫ2

2α
e−2α(t−(v−2)h) +

Mǫ2

2α
. ✭✻✳✺✷✮

❚❤❡♥✱ ❜② r❡♣❡❛t✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡s ❢r♦♠ ❛❜♦✈❡ ❢♦r ✐♥t❡r✈❛❧s [(v − 3)h, (v − 2)h−]✱

[(v − 4)h, (v − 3)h−]✱ · · · ✱ [0, h−]✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

V (t) ≤ V (0)e−2αt − Mǫ2

2α
e−2αt +

Mǫ2

2α
. ✭✻✳✺✸✮

❋♦❧❧♦✇ t❤❡ ❞✐s❝✉ss✐♦♥s ❜❡❧♦✇ ✭✻✳✹✶✮✱ ✇❡ ❤❛✈❡ ❛ ✜♥✐t❡ V (0)✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ V (t) ≥
λmin(P )‖η(t)‖2✱ t❤✉s

λmin(P )‖η(t)‖2 ≤ V (0)e−2αt − Mǫ2

2α
e−2αt +

Mǫ2

2α
, ✭✻✳✺✹✮

✇❤✐❝❤ r❡✈❡❛❧s t❤❛t ‖η(t)‖ ✐s ✉❧t✐♠❛t❡❧② ❜♦✉♥❞❡❞ ✇✐t❤ ❛♥ ✉❧t✐♠❛t❡ ❜♦✉♥❞ ♦❢
√

M
2λmin(P )α

ǫ✳

❘❡♠❛r❦ ✻✳✸✳ ▲❛r❣❡ α ❣✐✈❡s ❛ ❢❛st❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ❛♥❞ ✐♠♣❧✐❡s ❛ s♠❛❧❧❡r ♥❡✐❣❤✲

❜♦r❤♦♦❞ ♦❢ t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥❀ ❤♦✇❡✈❡r✱ ✐t ✐♥tr♦❞✉❝❡s ♠♦r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss

t♦ t❤❡ t❡r♠ H11 ✐♥ t❤❡ ▲▼■ ❝♦♥❞✐t✐♦♥s ✭✻✳✷✽✮✱ ✇❤✐❝❤ ❝❛♥ ♣♦t❡♥t✐❛❧❧② r❡♥❞❡r t❤❡ ▲▼■

❝♦♥❞✐t✐♦♥s ✐♥❢❡❛s✐❜❧❡ ✭s♦ t❤❛t ♥♦ ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧❧❡rs ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡

✐s ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❝❤♦♦s✐♥❣ ❧❛r❣❡ α ✈❛❧✉❡s ✭❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡✮ ❛♥❞ ❣✉❛r❛♥t❡❡✐♥❣



✾✽

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢❡❛s✐❜❧❡ ❝♦♥tr♦❧❧❡rs✳

✻✳✹ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♣r♦♣♦s❡❞ ❡❞❣❡✲st❛t❡✲❜❛s❡❞ ❝♦♥tr♦❧❧❡r ✭✻✳✷✮ ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r

✭✻✳✷✵✮ ✇✐t❤ t❤❡ ❣❛✐♥s ❝♦♠♣✉t❡❞ ❢r♦♠ ❡✈❛❧✉❛t✐♥❣ ✭✻✳✷✽✮ ❛r❡ ❛♣♣❧✐❡❞ ✐♥ ♥✉♠❡r✐❝❛❧ s✐♠✉✲

❧❛t✐♦♥s t♦ ❛ ❣r♦✉♣ ♦❢ ❢♦✉r ♥❡t✇♦r❦❡❞ ✭♦♥❡ ❧❡❛❞❡r ❛♥❞ t❤r❡❡ ❢♦❧❧♦✇❡rs✮ ❧✐♥❡❛r✐③❡❞ ♠♦❜✐❧❡

r♦❜♦ts ✉♥❞❡r t❤❡ t♦♣♦❧♦❣② s❤♦✇♥ ✐♥ ❋✐❣✳ ✻✳✸✳ ❚❤❡ ❢♦r♠❛t✐♦♥ ✈❡❝t♦rs ❛r❡ ❝❤♦s❡♥ ❛s

f1 =
[

1 0
]T

✱ f2 =
[

−0.7 0.7
]T

✱ ❛♥❞ f3 =
[

−0.7 −0.7
]T

✳ ■♥ ❛❧❧ s✐♠✉❧❛t✐♦♥s✱ t❤❡

s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✐s 10Hz ❛♥❞ t❤❡ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞ ǫ ✐s s❡❧❡❝t❡❞ ❛s 0.0005✱ ❛♥❞

t❤❡ ✈✐rt✉❛❧ ❧❡❛❞❡r ♠♦✈❡s ❛t ❛ ❝♦♥st❛♥t s♣❡❡❞ ♦❢ 0.3m/s ✐♥ t❤❡ ❳✲❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡

♦r✐❣✐♥✳ ❚❤❡ ♣❛r❛♠❡t❡rs ρ1✱ ρ2✱ ❛♥❞ α ✐♥ ✭✻✳✷✽✮ ❛r❡ ♦♣t✐♠✐③❡❞ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞s ❞✐s✲

❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ❛s ρ1 = 0.7348✱ ρ2 = 0.0094✱ ❛♥❞ α = 0.1541✳ ❚❤❡ ❝♦♥tr♦❧ ❣❛✐♥

♠❛tr✐① K ❛♥❞ ❡❞❣❡ ❡✈❡♥t ❣❡♥❡r❛t♦r ❣❛✐♥ ♠❛tr✐❝❡s Φ1✱ Φ2 ❛♥❞ Ψ ❛r❡ t❤❡♥ ❝♦♠♣✉t❡❞

❛s

K =

[

−0.9121 0

0 −0.9121

]

,Φ =

[

0.0002 0

0 0.0002

]

,

Ψ1 =

[

0.2391 0

0 0.2391

]

,Ψ2 =

[

0.4645 0

0 0.4645

]

.

1

3

2

0

❋✐❣✉r❡ ✻✳✸✿ ❆ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ t♦♣♦❧♦❣② ✇✐t❤ ❡❞❣❡s ❧❛❜❡❧❡❞

■♥ ❛ 20 sec s✐♠✉❧❛t✐♦♥ r✉♥✱ ❋✐❣✳ ✻✳✹ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❧❧ ❛❣❡♥ts✳

❋✐❣✳ ✻✳✺ ✐❧❧✉str❛t❡s t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡s ♦❢ ❛❧❧ ❛❣❡♥ts ✐♥ t❤❡ ❳✲ ❛♥❞ ❨✲❞✐r❡❝t✐♦♥s✱

✇❤✐❝❤ ❝❧❡❛r❧② s❤♦✇s t❤❛t ❛ s♦❧✉t✐♦♥ t♦ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷ ❤❛s ❜❡❡♥ ❛❝❤✐❡✈❡❞ ✉s✐♥❣

t❤❡ ♥❡✇❧②✲♣r♦♣♦s❡❞ ❡❞❣❡✲st❛t❡ ❜❛s❡❞ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r✳ ❚❤❡

s♥❛♣s❤♦ts ♦❢ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t t ❂ ✵ s❡❝✱ ✻✳✻ s❡❝✱ ✶✸✳✸ s❡❝✱
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❛♥❞ ✷✵ s❡❝ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✻✱ ✇❤✐❝❤ ❛❧s♦ ❞❡♠♦♥str❛t❡s t❤❡ ❛❝❤✐❡✈❡♠❡♥t ♦❢

t❤❡ ❞❡s✐r❡❞ ❣r♦✉♣ ❢♦r♠❛t✐♦♥✳ ❋✐❣✳ ✻✳✼ ❞❡♠♦♥str❛t❡s t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥st❛♥ts ♦❢

❡❛❝❤ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡❞❣❡ ♦✈❡r t❤❡ s♣❛♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t

❛❧❧ t❤❡ ❡❞❣❡s t❡♥❞ t♦ tr✐❣❣❡r ❧❡ss ❢r❡q✉❡♥t❧② ✭✇✐t❤ ❧❡ss ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❛❢t❡r

t = 10 sec✮ ❛s t❤❡ s②st❡♠ ❛♣♣r♦❛❝❤❡s t❤❡ ❞❡s✐r❡❞ ❣r♦✉♣ ❢♦r♠❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡

❛✈❡r❛❣❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ♦♥ ❡❞❣❡s E12✱ E13✱ E21✱ E23✱ E31✱ E32 ❛r❡

❝♦♠♣✉t❡❞ ❛s 56%✱ 56%✱ 14%✱ 14%✱ 56%✱ ❛♥❞ 56%✱ r❡s♣❡❝t✐✈❡❧②✳
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❋✐❣✉r❡ ✻✳✹✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r
❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼

✻✳✹✳✶ ❋❡❛s✐❜✐❧✐t② ❘❡❣✐♦♥ ❆♥❛❧②s✐s

❆s ❞✐s❝✉ss❡❞ ✐♥ ❘❡♠❛r❦ ✻✳✸✱ ❛ ❧❛r❣❡ α ✭❢❛st ❝♦♥✈❡r❣❡♥❝❡✮ ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❝❛✉s❡ t❤❡ ▲▼■

❝♦♥❞✐t✐♦♥ ✐♥ ✭✻✳✷✽✮ t♦ ❜❡ ✐♥❢❡❛s✐❜❧❡ ✭s♦ t❤❛t ♥♦ ❝♦♥tr♦❧❧❡r ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❡①✐st✮✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❛✉t❤♦r ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥s s♣❛♥♥❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡rs ρ1✱

ρ2✱ ❛♥❞ α✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✻✳✷✽✮ ❛r❡ t❡st❡❞ ❢♦r t❤❡ r❡❣✐♦♥ s♣❡❝✐✜❡❞

❜② ρ1, ρ2, α ∈ [0, 2] ✇✐t❤ ❛ r❡s♦❧✉t✐♦♥ ♦❢ 0.1 ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s✳ ❋✐❣✳ ✻✳✽ s❤♦✇s t❤❡ ✸✲❉

❢❡❛s✐❜✐❧✐t② r❡❣✐♦♥ ✭②❡❧❧♦✇ r❡❣✐♦♥✮ ♦✈❡r t❤❡ s♣❡❝✐✜❡❞ t❡st✐♥❣ r❡❣✐♦♥✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞

t❤❛t t❤❡ ▲▼■ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✻✳✷✽✮ t❡♥❞ t♦ ❜❡ ❧❡ss ❢❡❛s✐❜❧❡ ✭❜❧✉❡ r❡❣✐♦♥✮ ❛s α ❣r♦✇s

❧❛r❣❡r r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡s ✐♥ ρ1 ❛♥❞ ρ2✳ ❋✐❣✳ ✻✳✾ s❤♦✇s t❤❡ ❢❡❛s✐❜❧❡ r❡❣✐♦♥ ♦✈❡r ρ1
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❋✐❣✉r❡ ✻✳✺✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡ ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r
❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼
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❋✐❣✉r❡ ✻✳✻✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r ❡❞❣❡✲tr✐❣❣❡r❡❞
❊❈▼ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✹✳✻ sec✱ ❝✮ t❂✾✳✸ sec✱ ❞✮ t❂✶✹ sec

❛♥❞ ρ2 ✇❤❡♥ α ✐s ✜①❡❞ ❛t ✶✳ ■t ✐s t❡♠♣t✐♥❣ t♦ ❝♦♥❝❧✉❞❡ t❤❛t ✭✻✳✷✽✮ ✐s ❢❡❛s✐❜❧❡ ❢♦r ❛♥②

ρ2 > 0 ❣✐✈❡♥ t❤❛t α = 1 ❛♥❞ ρ1 > 0.9✳ ◆❡✈❡rt❤❡❧❡ss✱ s✉♣♣❧❡♠❡♥t❛r② t❡sts r❡✈❡❛❧ t❤❛t
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❋✐❣✉r❡ ✻✳✼✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ♦❢ t❤❡ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r ❡❞❣❡✲
tr✐❣❣❡r❡❞ ❊❈▼

✭✻✳✷✽✮ ❝❛♥ ❜❡❝♦♠❡ ✐♥❢❡❛s✐❜❧❡ ✇✐t❤ ❡✐t❤❡r ❧❛r❣❡ ρ1 ♦r ❧❛r❣❡ ρ2✳

❋✐❣✉r❡ ✻✳✽✿ ❋❡❛s✐❜✐❧✐t② r❡❣✐♦♥ ♦❢ ✭✻✳✷✽✮ ♦✈❡r ρ1, ρ2, α ∈ [0, 2]
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❋✐❣✉r❡ ✻✳✾✿ ❋❡❛s✐❜✐❧✐t② r❡❣✐♦♥ ♦❢ ✭✻✳✷✽✮ ♦✈❡r ρ1, ρ2 ∈ [0, 2] ✇❤❡♥ α = 1

✻✳✹✳✷ ❊✛❡❝t ♦❢ ❈♦♠♠✉♥✐❝❛t✐♦♥ ▼❡❝❤❛♥✐s♠s

❊①t❡♥s✐✈❡ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❜② t❤❡ ❛✉t❤♦r t♦ st✉❞② t❤❡ ❡✛❡❝t ♦❢ ❞✐✛❡r❡♥t

❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s✳ ❚❛❜❧❡ ✻✳✶ s✉♠♠❛r✐③❡s t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣

♣❡r❝❡♥t❛❣❡s ♦❢ ❛❧❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡❞❣❡s ✐♥ ❋✐❣✳ ✻✳✸ ✉♥❞❡r ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼✱

st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼✱ ❛♥❞ P❈▼✱ ✇❤✐❧❡ ❚❛❜❧❡ ✻✳✷ s✉♠♠❛r✐③❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❢♦r♠❛t✐♦♥ ❡rr♦r l2 ♥♦r♠s✳ ■t ✐s ❡✈✐❞❡♥t t❤❛t✱ ❛♠♦♥❣ t❤❡s❡ t❤r❡❡ ❊❈▼s✱ t❤❡ ♣r♦♣♦s❡❞

❡❞❣❡✲tr✐❣❣❡r❡❞ ❡st✐♠❛t❡❞✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ❞❡♠❛♥❞s t❤❡ ❧❡❛st ❛♠♦✉♥t ♦❢ tr✐❣❣❡r✐♥❣

♦♥ ❛❧❧ ❡❞❣❡s ✇❤✐❧❡ st✐❧❧ ❜❡✐♥❣ ❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❝♦♠♣❛r❛❜❧❡ ❢♦r♠❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡✳

❚❛❜❧❡ ✻✳✶✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡ ✭%✮ ♦❢ ❡❞❣❡s ✐♥ ❋✐❣✳ ✻✳✸ ✉♥❞❡r
t❤r❡❡ ❊❈▼s

▼❡❝❤❛♥✐s♠s E12 E13 E21 E23 E31 E32
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✺✻ ✺✻ ✶✹ ✺✻ ✶✹ ✺✻
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✻✷ ✻✷ ✺✽ ✻✵ ✺✽ ✻✵

P❈▼ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵
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❚❛❜❧❡ ✻✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ l2 ♥♦r♠ ✭♠✮ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♦❢ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r
t❤r❡❡ ❊❈▼s

▼❡❝❤❛♥✐s♠s ❆❣❡♥t ✶ ❆❣❡♥t ✷ ❆❣❡♥t ✸
❊st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✵✳✽✻ ✷✳✶✸ ✷✳✶✸
❙t❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✵✳✽✷ ✷✳✶✵ ✷✳✶✵

P❈▼ ✵✳✽✷ ✷✳✶✶ ✷✳✶✶

✻✳✹✳✸ ❊✛❡❝t ♦❢ ❚r✐❣❣❡r✐♥❣ ❚❤r❡s❤♦❧❞ ǫ

❚♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ t❤❡ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞ ❛♥❞ t♦ ❝♦♠♣❛r❡ ✇✐t❤ t❤❡ ♥♦❞❡✲tr✐❣❣❡r❡❞

❊❈▼ ❢r♦♠ ❈❤❛♣t❡r ✺✱ t❤❡ ❝♦♥tr♦❧ ❛♥❞ ❡✈❡♥t ❣❡♥❡r❛t♦r ❢r♦♠ t❤❡ ♥♦❞❡✲tr✐❣❣❡r❡❞ ❝❛s❡

❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ s✐♠✉❧❛t✐♦♥s ✇✐t❤ ❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼s ❢♦r t❤r❡s❤♦❧❞ ✈❛❧✉❡s

❢r♦♠ 0.0005 t♦ 1✳ ❚♦ q✉❛♥t✐❢② t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ✉s❛❣❡s✱ ✇❡ ❞❡✜♥❡ ❛ ❝♦♠♠✉♥✐❝❛t✐♦♥

❡✈❡♥t ❛s ❝♦♠♠✉♥✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ❛♥② ♦❢ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ ❛❣❡♥ts✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥❡

tr✐❣❣❡r ♦♥ t❤❡ ❡❞❣❡ E21 ✐♥ ❋✐❣✳ ✻✳✸ ❝♦✉♥ts ❢♦r ♦♥❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥t✱ ✇❤❡r❡❛s ♦♥❡

tr✐❣❣❡r ♦♥ t❤❡ ♥♦❞❡ 1 ❝♦✉♥ts ❢♦r t✇♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ✭s✐♥❝❡ t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥

❡✈❡♥t ✐s ❜r♦❛❞❝❛st t♦ t✇♦ ♥❡✐❣❤❜♦rs✮✳ ❚❛❜❧❡ ✻✳✸ s✉♠♠❛r✐③❡s t❤❡ t♦t❛❧ ❝♦♠♠✉♥✐❝❛✲

t✐♦♥ ❡✈❡♥ts ❢♦r s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r ❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ ❛♥❞ ♥♦❞❡✲tr✐❣❣❡r❡❞ ❊❈▼ ✇✐t❤

r❡s♣❡❝t t♦ ❞✐✛❡r❡♥t tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞s✱ ❛♥❞ ✭✻✳✹✮ s✉♠♠❛r✐③❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

❢♦r♠❛t✐♦♥ ❡rr♦r l2 ♥♦r♠s✳ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts s❤♦✇ t❤❛t ❧❛r❣❡ tr✐❣❣❡r✐♥❣ t❤r❡s❤♦❧❞s

❝❛♥ ❣❡♥❡r❛❧❧② r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ❛t t❤❡ ❝♦st ♦❢ ♣❡r❢♦r♠❛♥❝❡

✉s✐♥❣ ❜♦t❤ ❊❈▼s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t✱ ✉♥❞❡r t❤❡ s❛♠❡ s✐♠✉❧❛t✐♦♥

❝♦♥❞✐t✐♦♥s✱ t❤❡ ♣r♦♣♦s❡❞ ❡❞❣❡✲❜❛s❡❞ tr✐❣❣❡r✐♥❣ ❛❧❣♦r✐t❤♠ ❣❡♥❡r❛❧❧② ❣❡♥❡r❛t❡s ❢❡✇❡r

tr✐❣❣❡r✐♥❣ ❡✈❡♥ts t❤❛♥ t❤❡ ♥♦❞❡✲❜❛s❡❞ tr✐❣❣❡r✐♥❣ ❛❧❣♦r✐t❤♠s ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ❝♦♠✲

♣❛r❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡s ♦✈❡r t❤❡ s♣❛♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✳

❚❛❜❧❡ ✻✳✸✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t♦t❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥ts ✐♥ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r
❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ ❛♥❞ ♥♦❞❡✲tr✐❣❣❡r❡❞ ❊❈▼ ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✛❡r❡♥t tr✐❣❣❡r✐♥❣
t❤r❡s❤♦❧❞s

▼❡❝❤❛♥✐s♠s
❋♦r t❤r❡s❤♦❧❞ ǫ❂

✵✳✵✵✵✺ ✵✳✵✵✶ ✵✳✵✶ ✵✳✶ ✶
❊❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ 412 398 272 192 222
◆♦❞❡✲tr✐❣❣❡r❡❞ ❊❈▼ 608 524 316 244 256
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❚❛❜❧❡ ✻✳✹✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ l2 ♥♦r♠ ♦❢ ❢♦r♠❛t✐♦♥ ❡rr♦r ♦❢ s②st❡♠ ✭✺✳✶✮ ✉♥❞❡r
❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ ❛♥❞ ♥♦❞❡✲tr✐❣❣❡r❡❞ ❊❈▼ ✇✐t❤ r❡s♣❡❝t t♦ ❞✐✛❡r❡♥t tr✐❣❣❡r✐♥❣
t❤r❡s❤♦❧❞s

▼❡❝❤❛♥✐s♠s
❋♦r t❤r❡s❤♦❧❞ ǫ❂

✵✳✵✵✵✺ ✵✳✵✵✶ ✵✳✵✶ ✵✳✶ ✶
❊❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ 3.14 3.17 3.23 3.41 6.53
◆♦❞❡✲tr✐❣❣❡r❡❞ ❊❈▼ 3.22 3.20 3.32 4.45 5.59

✻✳✺ ❊①♣❡r✐♠❡♥t❛❧ ❘❡s✉❧ts

❊①♣❡r✐♠❡♥t❛❧ ✈❛❧✐❞❛t✐♦♥ ✇❛s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞

❊❈▼✱ t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼✱ ❛♥❞ t❤❡ P❈▼✱ ♦♥ t❤❡ s❛♠❡ s❡t✉♣ ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳

❚❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥✱ ❢♦r♠❛t✐♦♥ ❡rr♦r ♣r♦✜❧❡✱ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ s♥❛♣s❤♦ts✱ ❛♥❞ ❡❞❣❡

tr✐❣❣❡r✐♥❣ ✐♥st❛♥ts ❢♦r t❤❡ P✐♦♥❡❡r r♦❜♦t s②st❡♠ ✉♥❞❡r t❤❡ ❡❞❣❡✲tr✐❣❣❡r❡❞ ❡st✐♠❛t❡✲

❡rr♦r✲❜❛s❡❞ ❊❈▼✱ t❤❡ st❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼✱ ❛♥❞ t❤❡ P❈▼ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣s✳ ✻✳✶✵

t♦ ✻✳✶✸✱ ❋✐❣s✳ ✻✳✶✹ t♦ ✻✳✶✼✱ ❛♥❞ ❋✐❣s✳ ✻✳✶✽ t♦ ✻✳✷✶✱ r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡

s♦❧✉t✐♦♥ t♦ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✷ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✉♥❞❡r ❛❧❧ t❤r❡❡ ❊❈▼s✳ ▼♦r❡♦✈❡r✱

❚❛❜❧❡ ✻✳✺ s✉♠♠❛r✐③❡s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ tr✐❣❣❡r✐♥❣ ♣❡r❝❡♥t❛❣❡s ♦❢ ❛❧❧

❝♦♠♠✉♥✐❝❛t✐♦♥ ❡❞❣❡s ✉♥❞❡r t❤❡s❡ t❤r❡❡ ❊❈▼s✱ ❛♥❞ ❚❛❜❧❡ ✻✳✻ s✉♠♠❛r✐③❡s t❤❡ ❝♦rr❡✲

s♣♦♥❞✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡rr♦r l2 ♥♦r♠s✳ ■t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞

❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts t❤❛t✱ ✇✐t❤ s✐♠✐❧❛r ❢♦r♠❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡s✱ t❤❡ ♣r♦♣♦s❡❞

❡❞❣❡✲tr✐❣❣❡r❡❞ ❊❈▼ ✐♥ t❤✐s ❝❤❛♣t❡r ❞❡♠❛♥❞s t❤❡ ❧❡❛st ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ r❡✲

s♦✉r❝❡s ✭♠❛t❝❤✐♥❣ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ s✐♠✉❧❛t✐♦♥s✮ ❛♠♦♥❣ t❤❡ t❤r❡❡ ❊❈▼s✳
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❝❤❛♥❣❡s ✐♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭❡✳❣✳ ♦❜st❛❝❧❡ ❛✈♦✐❞❛♥❝❡✮✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❞❡s✐r❡❞ ❣r♦✉♣

❢♦r♠❛t✐♦♥ ✐s ❛ t✐♠❡✲✈❛r②✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ ✭✐✳❡✳ r♦t❛t✐♦♥✱ s❝❛❧✐♥❣✱ ❛♥❞ s❤❡❛r✮ ♦❢ ❛

♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ✐♥ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❞❡s✐❣♥s✱ ❛♥❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡

❝♦♠♣❧❡t❡❧② s♣❡❝✐✜❡❞ ❜② ❛ s✉❜s❡t ♦❢ ❛❣❡♥ts ✭❧❡❛❞❡rs✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❧❡❛❞❡rs ✭❡q✉✐♣♣❡❞

✇✐t❤ ✐♥t❡❧❧✐❣❡♥t ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ♣r♦❣r❛♠s ❛♥❞ ❛❞✈❛♥❝❡❞ s❡♥s♦rs✮ ❝❛♥ ✐♥✢✉❡♥❝❡ t❤❡

❢♦❧❧♦✇❡rs ✭✇✐t❤♦✉t ❛❞✈❛♥❝❡❞ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ❛❜✐❧✐t✐❡s✮ t♦ ❞②♥❛♠✐❝❛❧❧② r❡s♣♦♥❞ t♦ t❤❡

❡♥✈✐r♦♥♠❡♥t ❜② ♣r♦♣❡r❧② ❞❡s✐❣♥✐♥❣ t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ str❛t❡❣✐❡s✳ ■♥ t❤✐s

❝❤❛♣t❡r✱ ✇❡ ❞❡s✐❣♥ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ❢♦r ❛ ❣r♦✉♣ ♦❢ q✉❛❞❝♦♣t❡rs ✇✐t❤ t❤❡♦✲

r❡t✐❝❛❧ tr❛♥s❧❛t✐♦♥❛❧ ❞②♥❛♠✐❝s ✭✼✳✶❛✮ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧② ✐❞❡♥t✐✜❡❞ ❛tt✐t✉❞❡ ❞②♥❛♠✐❝s

✭✼✳✶❜✮ ❢♦r t❤❡ ith ❛❣❡♥t ❛s ❢♦❧❧♦✇s ✭♥♦t❡ t❤❡ tr❛♥s❧❛t✐♦♥❛❧ ❞②♥❛♠✐❝s ❛♥❞ ❛tt✐t✉❞❡ ❞②✲

♥❛♠✐❝s ❛r❡ t❛❦❡♥ ❢r♦♠ ❙❡❝t✐♦♥ ✸✳✷✮









ẍi

ÿi

z̈i









= −g









0

0

1









+
T

m









CψiSθiCφi + SψiSφi

SψiSθiCφi − CψiSφi

CθiCφi









, ✭✼✳✶❛✮









φ̇i

θ̇i

ψ̇i









=









1
τφi

(−φi + kφiφci)

1
τθi

(−θi + kθiθci)

ψci









. ✭✼✳✶❜✮

✶✶✸



✶✶✹

✼✳✶ ❆✣♥❡ ❈♦♥tr♦❧❧❡r ❉❡s✐❣♥

◆♦t❡ t❤❛t t❤❡ ❩✲❞②♥❛♠✐❝s ✭✼✳✶❛✮ ❛♥❞ ②❛✇✲❞②♥❛♠✐❝s ✭✼✳✶❜✮ ❛r❡ ❢✉❧❧②✲❛❝t✉❛t❡❞ ❛♥❞

❝♦♥tr♦❧❧❡rs ✭❡✳❣✳ P■❉ ❝♦♥tr♦❧❧❡rs✮ ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ t♦ ✐♥❞❡♣❡♥❞❡♥t❧② st❛❜✐❧✐③❡ t❤❡♠✳

❚♦ s✐♠♣❧✐❢② t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❞❡s✐❣♥✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❝♦✉♣❧❡❞ ❞②♥❛♠✐❝s

✐♥ t❤❡ ❳❨✲♣❧❛♥❡ ❛s
[

ẍi

ÿi

]

=
T

m

[

CψiSθiCφi + SψiSφi

SψiSθiCφi − CψiSφi

]

, ✭✼✳✷❛✮

[

φ̇i

θ̇i

]

=





1
τφi

(−φi + kφiφci)

1
τθi

(−θi + kθiθci)



 . ✭✼✳✷❜✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✈❡❧♦♣♠❡♥t✱ ✇❡ ♣r♦♣♦s❡ ❛ t✇♦✲❧❛②❡r ✭❢♦r♠❛t✐♦♥ ❧❛②❡r ❛♥❞ ❧♦❝❛❧ ❝♦♥✲

tr♦❧ ❧❛②❡r✮ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ❞❡s✐❣♥✳ ■♥ t❤❡ ❢♦r♠❛t✐♦♥ ❧❛②❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ✈✐rt✉❛❧

❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ✐♥♣✉t ❢♦r ✭✼✳✷❛✮ ❛s

[

Uxi

Uyi

]

=
T

m

[

CψiSθiCφi + SψiSφi

SψiSθiCφi − CψiSφi

]

. ✭✼✳✸✮

❚❤❡r❡❢♦r❡✱ ✭✼✳✷❛✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛ ✈✐rt✉❛❧ ❞♦✉❜❧❡✲✐♥t❡❣r❛t♦r s②st❡♠

[

ẍi

ÿi

]

=

[

Uxi

Uyi

]

. ✭✼✳✹✮

❲❡ ❢✉rt❤❡r ❞❡✜♥❡ Ui✱ pi✱ vi ❛♥❞ ai ❢♦r t❤❡ i
th ❛❣❡♥t ❛s

Ui =

[

Uxi

Uyi

]

, pi =

[

xi

yi

]

, vi =

[

ẋi

ẏi

]

, ai =

[

ẍi

ÿi

]

,

❛♥❞ ♣r♦♣♦s❡ ❛♥ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ❛s

Ui = − 1

ri

∑

j∈Ni

ωij
[

kp(pi − pj) + kv(vi − vj)− aj
]

, ✭✼✳✺✮

✇❤❡r❡ ri = [Ωii] ✭Ωii ✐s t❤❡ ❞✐❛❣♦♥❛❧ t❡r♠ ✐♥ ❛ str❡ss ♠❛tr✐①✮✱ ❛♥❞ kp✱ kv ❛r❡ ♣♦s✐t✐✈❡

❣❛✐♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢r♦♠ ▲❡♠♠❛ ✷✳✷✱ t❤❡ ♠❛tr✐① Ωff ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ t❤✉s ri > 0

✭✭✼✳✺✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞✮ ❢♦r ❛ ❣r♦✉♣ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ (G, r) s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✷✳✷✳



✶✶✺

❚❤❡♥ t❤❡ ❛✉❣♠❡♥t❡❞ ❝❧♦s❡❞✲❧♦♦♣ s②st❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s

Ω̄ff v̇f + Ω̄flv̇l = −kpΩ̄flpl − kpΩ̄ffpf − kvΩ̄flvl − kvΩ̄ffvf , ✭✼✳✻✮

✇❤❡r❡ Ω̄ll ✐s ❞❡✜♥❡❞ ❛s Ωll ⊗ I2 ✇✐t❤ Ωll ❢r♦♠ ✭✷✳✷✮✳ Ω̄lf ✱ Ω̄fl✱ Ω̄ff ❛r❡ ❞❡✜♥❡❞ ❛♥❛❧♦✲

❣♦✉s❧②✳ pf✴vf ❞❡♥♦t❡s t❤❡ st❛❝❦❡❞ ❢♦❧❧♦✇❡r ♣♦s✐t✐♦♥✴✈❡❧♦❝✐t② ✈❡❝t♦r ❛♥❞ pf✴vf ❞❡♥♦t❡s

t❤❡ st❛❝❦❡❞ ❧❡❛❞❡r ♣♦s✐t✐♦♥✴✈❡❧♦❝✐t② ✈❡❝t♦r✳ ❚❤❡ ❞②❛♥♠✐❝s ♦❢ t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥

❡rr♦r ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✺ ❝❛♥ t❤❡♥ ❜❡ r❡♣r❡s❡♥t❡❞ ✉s✐♥❣ ✭✼✳✻✮ ❛s

[

δ̇p

δ̇v

]

=

[

δv

−kpδp − kvδv

]

, ✭✼✳✼✮

✇❤✐❝❤ ✐s st❛❜❧❡ ❢♦r kp > 0 ❛♥❞ kv > 0✳ ◆♦t❡ t❤❛t t❤❡ ❞❡s✐r❡❞ ♣✐t❝❤ ❛♥❞ r♦❧❧ ❛♥❣❧❡s

✐♥❞✉❝❡❞ ❜② t❤❡ ✈✐rt✉❛❧ ❝♦♥tr♦❧ ✐♥♣✉ts ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❢r♦♠ ✭✼✳✶❛✮ ❛s

φdi = arcsin(
m

T
(UxiSψi − UyiCψi)), ✭✼✳✽❛✮

θdi = arctan(
UxiCψi + UyiSψi

Uzi + g
), ✭✼✳✽❜✮

✇❤❡r❡ Uzi ❞❡♥♦t❡s t❤❡ ✈✐rt✉❛❧ ❝♦♥tr♦❧ ✐♥♣✉t ✐♥ ❩✲❞✐r❡❝t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ❝❛♥ ❜❡

✈❡r✐✜❡❞ t❤❛t U2
xi + U2

yi + (g + Uzi)
2 = ( T

m
)2✳ ❚❤❡r❡❢♦r❡✱ φdi ❛♥❞ θdi ❝❛♥ ❜❡ ❢✉rt❤❡r

s✐♠♣❧✐✜❡❞ ❛s

φdi = arcsin
((UxiSψi − UyiCψi
√

U2
xi + U2

yi + g2

)

, ✭✼✳✾❛✮

θdi = arctan
(UxiCψi + UyiSψi

g

)

. ✭✼✳✾❜✮

❚❤❡♥✱ ✜♥✐t❡✲t✐♠❡ ❝♦♥tr♦❧❧❡rs ✇✐❧❧ ❜❡ ♣r♦♣♦s❡❞ t♦ tr❛❝❦ φdi ❛♥❞ θdi ✐♥ t❤❡ ❧♦❝❛❧ ❝♦♥tr♦❧

❧❛②❡r✳ ❚♦ ♣r♦❝❡❡❞✱ ✇❡ ❞❡✜♥❡ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r ✐♥ t❤❡ r♦❧❧✲❞✐r❡❝t✐♦♥ ❛s eφi = φdi − φ

❛♥❞ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥ ❝❛♥❞✐❞❛t❡

Vφi =
1

2
e2φi . ✭✼✳✶✵✮



✶✶✻

❚❛❦❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ Vφi t♦ ♦❜t❛✐♥

V̇φi = eφi(φ̇di −
1

τφi
(eφi − φdi + kφiφci)), ✭✼✳✶✶✮

✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❛s

V̇φi ≤ −(σφi − |φ̇di|)|eφi |, ✭✼✳✶✷✮

❜② ❞❡s✐❣♥✐♥❣

φci =
1

kφi
(−eφi + φdi + τφσφisign(eφi)) ✭✼✳✶✸✮

■♥ ❛❞❞✐t✐♦♥✱ ✭✼✳✶✷✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

V̇φi + (σφi − |φ̇di|)
√

2Vφi ≤ 0. ✭✼✳✶✹✮

■t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t Vφi → 0 ✐♥ ✜♥✐t❡ t✐♠❡ ❬✾✾❪ ✐❢ ✇❡ ❝❤♦♦s❡ σφi > max |φ̇di|✳ ❆

s✐♠✐❧❛r ✜♥✐t❡✲t✐♠❡ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡r ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ ❢♦r t❤❡ ♣✐t❝❤ ♠♦t✐♦♥ ❛s

θci =
1

kθi
(−eθi + θdi + τθσθisign(eθi)), ✭✼✳✶✺✮

✇❤❡r❡ σθi max |θ̇di|✳

✼✳✷ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❞❡✈❡❧♦♣❡❞ t✇♦✲❧❛②❡r ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✇✐t❤ ❛

❣r♦✉♣ ♦❢ s✐① q✉❛❞❝♦♣t❡r ❛❣❡♥ts ✭t❤r❡❡ ❢♦❧❧♦✇❡rs ❛♥❞ t❤r❡❡ ❧❡❛❞❡rs✮ ✉♥❞❡r ❛ ♥♦♠✐♥❛❧

❢♦r♠❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ✭G, r✮ s❤♦✇♥ ✐♥ ❋✐❣✳ ✼✳✶✳ ◆♦t❡ t❤❛t t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧❧❡rs ✇✐❧❧ ♦♥❧② ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❳❨✲♣❧❛♥❡ ❛♥❞ ❡❛❝❤ ❛❣❡♥t ✐s ✐♥❞❡♣❡♥❞❡♥t❧②

❝♦♥tr♦❧❧❡❞ ✐♥ ❩✲ ❛♥❞ ②❛✇✲❞✐r❡❝t✐♦♥s ✉s✐♥❣ ✇❡❧❧✲t✉♥❡❞ P■❉ ❝♦♥tr♦❧❧❡rs✳ ■♥ ❛❞❞✐t✐♦♥✱

t❤r❡❡ ❧❡❛❞❡rs ❛r❡ s❡❧❡❝t❡❞ ✐♥ t❤❡ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ✐♥ ♦r❞❡r t♦ s❛t✐s❢② t❤❡ ❛✣♥❡✲

s♣❛♥✲❝♦♥❞✐t✐♦♥ ✐♥ ❆ss✉♠♣t✐♦♥ ✷✳✷ s✐♥❝❡ ❛t ❧❡❛st t❤r❡❡ ❧❡❛❞❡rs ❛r❡ r❡q✉✐r❡❞ t♦ ❛✣♥❡❧②

s♣❛♥ ❛ ✷✲❉ s♣❛❝❡✳ ■t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❣r❛♣❤ ✐♥ ❋✐❣✳ ✼✳✶ ✐s

✉♥✐✈❡rs❛❧❧② r✐❣✐❞ ❜❛s❡❞ ♦♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s st❛t❡❞ ✐♥

❆ss✉♠♣t✐♦♥ ✷✳✷ ❛r❡ s❛t✐s✜❡❞ ❛♥❞ t❤❡ r❡s✉❧t❛♥t Ωff ♠❛tr✐① ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤❡

♥♦♠✐♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ r ✐s ❞❡s✐❣♥❡❞ ❛s



✶✶✼

1

3

2

5

6

4

❋✐❣✉r❡ ✼✳✶✿ ◆♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ t❤r❡❡ ❧❡❛❞❡rs ✭✐♥ r❡❞✮ ❛♥❞ t❤r❡❡
❢♦❧❧♦✇❡rs ✭✐♥ ❜❧✉❡✮

r1 =

[

0.5

0

]

, r2 =

[

0

0.5

]

, r3 =

[

0

−0.5

]

, r4 =

[

−0.5

0.5

]

, r5 =

[

−0.5

−0.5

]

, r6 =

[

−1

0

]

.

❚❤❡ ♥♦r♠❛❧✐③❡❞ ❡q✉✐❧✐❜r✐✉♠ str❡ss ✈❡❝t♦r ❢♦r ❡❞❣❡s ǫ1, · · · , ǫ9 ❝❛♥ t❤❡♥ ❜❡ ❝♦♠♣✉t❡❞

❜❛s❡❞ ♦♥ t❤❡ ♥♦♠✐♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ❛s

ω =
[

0.3254 0.3254 −0.2169 0.4881 −0.1627 −0.1627 0.4881 0.3254 0.3254
]

,

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ str❡ss ♠❛tr✐① ✐s ❣✐✈❡♥ ❛s

Ω =

























0.4339 −0.3254 −0.3254 0 0 0.2169

−0.3254 0.6508 0 −0.4881 0.1627 0

−0.3254 0 0.6508 0.1627 −0.4881 0

0 −0.4881 0.1627 0.6508 0 −0.3254

0 0.1627 −0.4881 0 0.6508 −0.3254

0.2169 0 0 −0.3254 −0.3254 0.4339

























.

▼♦r❡♦✈❡r✱ ✐♥ ❛❧❧ s✐♠✉❧❛t✐♦♥s✱ t❤❡ ❝♦♥tr♦❧❧❡r ♣❛r❛♠❡t❡rs ❛r❡ ❝❤♦s❡♥ ❛s kp = 10✱ kv =

7.05✱ σφi = σθi = 7.31✱ ❛♥❞ t❤❡ Sign ❢✉♥❝t✐♦♥s ✐♥ ✭✼✳✶✸✮ ❛♥❞ ✭✼✳✶✺✮ ❛r❡ r❡♣❧❛❝❡❞ ❜② ❛

❙✐❣♠♦✐❞ ❢✉♥❝t✐♦♥ t♦ r❡❞✉❝❡ t❤❡ ❝❤❛tt❡r✐♥❣ ❡✛❡❝t t❤❛t ♠❛② ♦❝❝✉r✳

❋✐❣✳ ✼✳✷ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❡✈♦❧✉t✐♦♥ ♦❢ ❛❧❧ ❛❣❡♥ts ✉♥❞❡r t❤❡ ♣r♦♣♦s❡❞ t✇♦✲❧❛②❡r

❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡✳ ❚❤❡ ❧❡❛❞❡rs✬ tr❛❥❡❝t♦r✐❡s ❛r❡ ♣❧❛♥♥❡❞ ✐♥

❛❞✈❛♥❝❡✱ ❛♥❞ ❛❧❧ ❧❡❛❞❡rs ❛r❡ ✐♥✐t✐❛❧❧② ♠♦✈✐♥❣ ❛t ❛ ❝♦♥st❛♥t s♣❡❡❞ ✐♥ t❤❡ ❳✲❞✐r❡❝t✐♦♥ ❛♥❞



✶✶✽

t❤❡♥ t❤❡② tr② t♦ s❝❛❧❡ ❞♦✇♥ t♦ ❛ t✐❣❤t❡r ❢♦r♠❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ♣❛ss t❤r♦✉❣❤ ❛ ♥❛rr♦✇

♣❛ss❛❣❡✳ ❚❤❡ ❧❡❛❞❡rs ✇✐❧❧ t❤❡♥ s❝❛❧❡ ❜❛❝❦ t♦ t❤❡ ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ✇❤❡♥ s✉❝❝❡ss❢✉❧❧②

❧❡❛✈✐♥❣ t❤❡ ♣❛ss❛❣❡✳ ◆♦t❡ t❤❛t ❧❡❛❞❡rs ♠❛② ❣❡♥❡r❛t❡ ❞❡s✐r❡❞ tr❛❥❡❝t♦r✐❡s ♦♥❧✐♥❡ ❜❛s❡❞

♦♥ t❤❡ t❛s❦ r❡q✉✐r❡♠❡♥ts ❛♥❞ s✉rr♦✉♥❞✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ r❡❛❧ ❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✐❣✳ ✼✳✸

❞❡♣✐❝ts t❤❡ s②st❡♠ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❡rr♦r ♦✈❡r t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✇❤✐❝❤

✈❛❧✐❞❛t❡s t❤❛t ❛ s♦❧✉t✐♦♥ t♦ ❘❡s❡❛r❝❤ Pr♦❜❧❡♠ ✷✳✸ ❤❛s ❜❡❡♥ ❛❝❝♦♠♣❧✐s❤❡❞ ✐♥ s✐♠✉❧❛t✐♦♥✳

❚❤❡ s♥❛♣s❤♦ts ♦❢ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡ ❛t t ❂ ✵ s❡❝✱ ✶✵ s❡❝✱ ✷✵ s❡❝✱

❛♥❞ ✸✵ s❡❝ ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✼✳✹✱ ❛♥❞ ❋✐❣✳ ✼✳✺ ❞❡♠♦♥str❛t❡s t❤❡ ❣r♦✉♣ ❡✈♦❧✉t✐♦♥ ✐♥ ✸❉✳

❋✐❣✉r❡ ✼✳✷✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✐♥ ❳✲❨ ♣❧❛♥❡
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0 5 10 15 20 25 30

Time (s)
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❋✐❣✉r❡ ✼✳✸✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❡rr♦r
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a) At t = 0 s
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0.5
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)

b) At t = 10 s
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c) At t = 20 s
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d) At t = 30 s

Desired formation

Actual formation

Agent 1

Agent 2

Agent 4

Agent 3
Agent 5

Agent 6

❋✐❣✉r❡ ✼✳✹✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ s♥❛♣s❤♦ts ♦❢ t❤❡ ❣r♦✉♣ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❳✲❨ ♣❧❛♥❡
❛t✿ ❛✮ t❂✵ sec✱ ❜✮ t❂✶✵ sec✱ ❝✮ t❂✷✵ sec✱ ❞✮ t❂✸✵ sec



✶✷✵

Initial

Final  

❋✐❣✉r❡ ✼✳✺✿ ❙✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ ❡✈♦❧✉t✐♦♥ ✐♥ ✸❉



✶✷✶

✼✳✸ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ❝❤❛♣t❡r ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♦❢ ❛ ❣r♦✉♣ ♦❢ q❛✉❞❝♦♣t❡rs ✇✐t❤

❡①♣❡r✐♠❡♥t❛❧❧② ✐❞❡♥t✐✜❡❞ ❞②♥❛♠✐❝s✳ ❆ t✇♦✲❧❛②❡r ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ str✉❝t✉r❡ ✇❛s ♣r♦✲

♣♦s❡❞ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ✉♥❞❡r❛❝t✉❛t❡❞ ♥❛t✉r❡ ♦❢ q✉❛❞❝♦♣t❡r ❞②♥❛♠✐❝s✳ ❆ ❧✐♥❡❛r ❛✣♥❡

❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡r ✇❛s ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♥❡t✇♦r❦❡❞ ✈✐rt✉❛❧ ❞♦✉❜❧❡✲✐♥t❡❣r❛t♦r

❛❣❡♥ts ✐♥ t❤❡ ❢♦r♠❛t✐♦♥ ❧❛②❡r✱ ❛♥❞ ❛ ✜♥✐t❡✲t✐♠❡ ❝♦♥tr♦❧❧❡r ✇❛s ❞❡✈❡❧♦♣❡❞ t♦ tr❛❝❦ t❤❡

❞❡s✐r❡❞ ✈✐rt✉❛❧ ✐♥♣✉ts ✐♥ t❤❡ ❧♦❝❛❧ ❝♦♥tr♦❧❧❡r ❧❛②❡r✳ ❚❤❡ ❞❡✈❡❧♦♣❡❞ t✇♦✲❧❛②❡r ❛✣♥❡ ❢♦r✲

♠❛t✐♦♥ ❝♦♥tr♦❧ ♠❡t❤♦❞ ✇❛s ✈❛❧✐❞❛t❡❞ ✐♥ ❳✲❨ ♣❧❛♥❡ ✉s✐♥❣ ❛ ❣r♦✉♣ ♦❢ s✐① q✉❛❞❝♦♣t❡rs

✐♥ s✐♠✉❧❛t✐♦♥s✳



❈❤❛♣t❡r ✽

❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❋✉t✉r❡ ❘❡s❡❛r❝❤

✽✳✶ ❈♦♥❝❧✉s✐♦♥s

❈❤❛♣t❡r ✹ ✐♥✈❡st✐❣❛t❡s t❤❡ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r

▼❆❙s ❝♦♥s✐st✐♥❣ ♦❢ ♦♥❡ ❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ❛♥❞ ♠✉❧t✐♣❧❡ ❣❡♥❡r❛❧ ❧✐♥❡❛r ❤♦♠♦❣❡♥❡♦✉s

❢♦❧❧♦✇❡rs ✇✐t❤ ❛ s❛♠♣❧❡❞✲❞❛t❛✲❜❛s❡❞ ❊❈▼ ✉s✐♥❣ ▲②❛♣✉♥♦✈✲❜❛s❡❞ ▲▼■ ♠❡t❤♦❞s✳ ■♥

♣❛rt✐❝✉❧❛r✱ t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✇❛s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ st❛❜✐❧✐t② ❛♥❛❧②s✐s

♣r♦❜❧❡♠ ♦❢ ❛ ❝❧♦s❡❞✲❧♦♦♣ t✐♠❡✲❞❡❧❛②❡❞ s②st❡♠ ✉♥❞❡r t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠❛t✐♦♥ ♣r♦✲

t♦❝♦❧ ❛♥❞ ❊❈▼✳ ❚❤❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡✈❡♥t ❣❡♥❡r❛t♦r ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡r ✇❡r❡ t❤❡♥

❝♦✲❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❢♦r♠✉❧❛t❡❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡ ❛♥ ❛s②♠♣t♦t✐❝

❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ❞❡s✐r❡❞ ❢♦r♠❛t✐♦♥✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛♥❞

❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✇❡r❡ ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ❛ ❣r♦✉♣ ♦❢ ✉♥✐❝②❧❡✲t②♣❡ ♠♦❜✐❧❡

r♦❜♦ts ✇✐t❤ ❧✐♥❡❛r✐③❡❞ ❞②♥❛♠✐❝s t♦ ✈❛❧✐❞❛t❡ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞✳

❚❤❡ ❧❡❛❞❡r✲❢♦❧❧♦✇❡r ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢♦r ❧✐♥❡❛r ▼❆❙s ✇✐t❤ ❛

♥♦♥✲❛✉t♦♥♦♠♦✉s ❧❡❛❞❡r ✇❛s st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✺✳ ❆ ♥♦✈❡❧ st❛t❡✲❡st✐♠❛t❡✲❜❛s❡❞ ❡✈❡♥t

❣❡♥❡r❛t♦r ✇❛s ❡st❛❜❧✐s❤❡❞ ❢♦r ❡❛❝❤ ❢♦❧❧♦✇❡r ❛❣❡♥t t♦ r❡❣✉❧❛t❡ t❤❡ ✐♥t❡r✲❛❣❡♥t ❝♦♠✲

♠✉♥✐❝❛t✐♦♥ ❛t ❡❛❝❤ s❛♠♣❧✐♥❣ ✐♥st❛♥t✳ ❆ ♥❡✇ ❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡r ✇❛s t❤❡♥

❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❡✈❡♥t ❣❡♥❡r❛t♦r r❡❣✉❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞ ♥❡✇ ▲▼■ ❝♦♥❞✐t✐♦♥s

t❤❛t ❣✉❛r❛♥t❡❡ t❤❡ ✉❧t✐♠❛t❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❢♦r♠❛t✐♦♥ ❡rr♦r ❞②♥❛♠✲

✐❝s ✇❡r❡ ❞❡r✐✈❡❞✳ ■t ✇❛s ♦❜s❡r✈❡❞ ✐♥ ❜♦t❤ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t t❤❛t✱ ❢♦r t❤❡

❝♦♥❞✐t✐♦♥s ✉s❡❞ ✐♥ t❤✐s r❡s❡❛r❝❤✱ t❤❡ ❞❡✈❡❧♦♣❡❞ ❡st✐♠❛t❡✲❡rr♦r✲❜❛s❡❞ ❊❈▼ ✐♥tr♦❞✉❝❡s

❢❡✇❡r ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥st❛♥ts t❤❛♥ t❤❡ tr❛❞✐t✐♦♥❛❧ st❛t❡✲❡rr♦r✲❜❛s❡❞ ♠❡❝❤❛♥✐s♠s ♦r

P❈▼ ✇✐t❤♦✉t ❛♥② ♥♦t❛❜❧❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣❡r❢♦r♠❛♥❝❡✳

❚❤❡ s❛♠❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❢r♦♠ ❈❤❛♣t❡r ✺ ✇❛s st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✻

✉s✐♥❣ ❛ ♥♦✈❡❧ ❧♦❝❛❧❧②✲❝♦♠♣✉t❛❜❧❡ ❛s②♥❝❤r♦♥♦✉s ❡❞❣❡✲❜❛s❡❞ ❊❈▼✳ ❆ ♥❡✇ ❞✐str✐❜✉t❡❞

✶✷✷
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❢♦r♠❛t✐♦♥ tr❛❝❦✐♥❣ ❝♦♥tr♦❧❧❡r ✇❛s t❤❡♥ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❡❞❣❡✲❡✈❡♥t✲❣❡♥❡r❛t♦r✲

r❡❣✉❧❛t❡❞ ✐♥❢♦r♠❛t✐♦♥✳ ❙✉✣❝✐❡♥t ▲▼■ ❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ ❛s②♠♣t♦t✐❝ ❛♥❞ ❡①✲

♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛r❡ ❞❡r✐✈❡❞✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r✲

❣❡♥❝❡ r❛t❡ ✐s ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❞❡r✐✈❡❞ ❡①♣♦♥❡♥t✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❝♦♥❞✐t✐♦♥s

❛♥❞ ❝❛♥ ❜❡ t✉♥❡❞ ❜❛s❡❞ ♦♥ ❞❡s✐❣♥ r❡q✉✐r❡♠❡♥ts✳ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

s❤♦✇ t❤❛t✱ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✉s❡❞ ✐♥ t❤✐s r❡s❡❛r❝❤✱ t❤❡ ♥❡✇❧②✲♣r♦♣♦s❡❞ ❡❞❣❡✲❜❛s❡❞

❊❈▼ ❝❛♥✱ ✐♥ ❣❡♥❡r❛❧✱ ❣❡♥❡r❛t❡ ❧❡ss tr✐❣❣❡r✐♥❣ ❡✈❡♥ts t❤❛♥ t❤❡ ♥♦❞❡✲❜❛s❡❞ ❊❈▼s✳

❈❤❛♣t❡r ✼ st✉❞✐❡s t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ♦❢ ❛ ♠✉❧t✐✲q✉❛❞❝♦♣t❡r

s②st❡♠ ✉s✐♥❣ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ str❛t❡❣✐❡s✳ ●✐✈❡♥ t❤❡ ✉♥❞❡r❛❝t✉❛t❡❞ ♥❛t✉r❡ ♦❢

q✉❛❞❝♦♣t❡rs✱ ❛ t✇♦✲❧❛②❡r ✭❢♦r♠❛t✐♦♥ ❧❛②❡r ❛♥❞ ❧♦❝❛❧ ❝♦♥tr♦❧ ❧❛②❡r✮ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧

❞❡s✐❣♥ ✐s ♣r♦♣♦s❡❞✳ ■♥ t❤❡ ❢♦r♠❛t✐♦♥ ❧❛②❡r✱ ❛ q✉❛❞❝♦♣t❡r ✐s tr❡❛t❡❞ ❛s ❛ ✈✐rt✉❛❧ ❞♦✉❜❧❡✲

✐♥t❡❣r❛t♦r ❛♥❞ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✇❡r❡ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♥❡t✇♦r❦❡❞ ✈✐r✲

t✉❛❧ ❞♦✉❜❧❡✲✐♥t❡❣r❛t♦r ❛❣❡♥ts✳ ❚❤❡ r❡s✉❧t❛♥t ✈✐rt✉❛❧ ❛✣♥❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧ ✐♥♣✉ts

✇❡r❡ t❤❡♥ ❝♦♥✈❡rt❡❞ t♦ t❤❡ ❞❡s✐r❡❞ ❛tt✐t✉❞❡s ❜❛s❡❞ ♦♥ t❤❡ q✉❛❞❝♦♣t❡r ❞②♥❛♠✐❝s✱ ❛♥❞ ❛

s❧✐❞✐♥❣ ♠♦❞❡ ❝♦♥tr♦❧❧❡r ✇❛s t❤❡♥ ♣r♦♣♦s❡❞ t♦ ❡♥s✉r❡ ✜♥✐t❡✲t✐♠❡ tr❛❝❦✐♥❣ ❝♦♥✈❡r❣❡♥❝❡

t♦ t❤❡ ❞❡s✐r❡❞ ❛tt✐t✉❞❡ ✐♥ t❤❡ ❧♦❝❛❧ ❝♦♥tr♦❧ ❧❛②❡r✳ ❙✐♠✉❧❛t✐♦♥s ✇❡r❡ ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡

❳❨✲♣❧❛♥❡ t♦ s✉❝❝❡ss❢✉❧❧② ✈❛❧✐❞❛t❡ t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧❧❡rs✳

✽✳✷ ❋✉t✉r❡ ❘❡s❡❛r❝❤

❆❧t❤♦✉❣❤ ❝♦❧❧✐s✐♦♥ ❛✈♦✐❞❛♥❝❡ ❛♥❞ ♦❜st❛❝❧❡ ❛✈♦✐❞❛♥❝❡ ❛r❡ ✐♠♣♦rt❛♥t ❢♦r ♣r❛❝t✐❝❛❧ ✐♠✲

♣❧❡♠❡♥t❛❜❧❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs✱ t❤❡② ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s t❤❡s✐s✳

❈♦♥tr♦❧ ❜❛rr✐❡r ❢✉♥❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞ t♦ ❜❡ s✉❝❝❡ss❢✉❧ ✐♥ s❡✈❡r❛❧ ❝♦❧❧✐s✐♦♥ ❛✈♦✐❞✲

❛♥❝❡ s❝❡♥❛r✐♦s ❬✶✵✵✱ ✶✵✶❪✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐♥✈♦❧✈❡s ❞❡s✐❣♥✐♥❣ ❛ s❛❢❡t② ❝♦♥tr♦❧❧❡r t❤❛t

❡♥s✉r❡s t❤❡ ❢♦r✇❛r❞ ✐♥✈❛r✐❛♥❝❡ ♦❢ ❛ ♣r❡✲❞❡s✐❣♥❡❞ s❛❢❡t② s❡t✱ ❛♥❞ t❤❡ s❛❢❡t② ❝♦♥tr♦❧❧❡r

❝❛♥ t❤❡♥ ❜❡ ✉♥✐t❡❞ ✇✐t❤ ♦t❤❡r ♥♦♠✐♥❛❧ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✉s✐♥❣ q✉❛❞r❛t✐❝ ♣r♦✲

❣r❛♠♠✐♥❣ t♦ ❛❝❤✐❡✈❡ s❛❢❡t②✲❝r✐t✐❝❛❧ ❢♦r♠❛t✐♦♥s✳ ❈❡♥tr❛❧✐③❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s t❤❡ ♠❛✐♥

❞r❛✇❜❛❝❦ ♦❢ t❤✐s ♠❡t❤♦❞✱ t❤✉s ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

♦❢ ❝♦♥tr♦❧ ❜❛rr✐❡r ❢✉♥❝t✐♦♥s ✐♥ ❝♦❧❧✐s✐♦♥ ❛✈♦✐❞❛♥❝❡ ✉s✐♥❣ ❛ ❞✐str✐❜✉t❡❞ ♠❛♥♥❡r✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✐♥ ❈❤❛♣t❡rs ✺ ❛♥❞ ✻ r❡q✉✐r❡

❛❜s♦❧✉t❡ ✈❡❧♦❝✐t② ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ♥❡✐❣❤❜♦r✐♥❣ ❛❣❡♥ts❀ ❤♦✇❡✈❡r✱ ✈❡❧♦❝✐t② ✐♥❢♦r♠❛t✐♦♥

✐s ♥♦t ❡❛s✐❧② ♦❜t❛✐♥❡❞ ✭♠♦r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❧♦❛❞✮ ✐♥ ♣r❛❝t✐❝❛❧ ▼❆❙ s❡tt✐♥❣s✳ ■t ✇♦✉❧❞

❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❞❡s✐❣♥ ❢♦r♠❛t✐♦♥ ❝♦♥tr♦❧❧❡rs ✇✐t❤♦✉t ✉s✐♥❣ ✈❡❧♦❝✐t② ♠❡❛s✉r❡♠❡♥ts✳
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❆❧t❡r♥❛t✐✈❡❧②✱ ✈❡❧♦❝✐t② ❡st✐♠❛t♦rs ❝♦✉❧❞ ❜❡ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧♦❝❛❧❧②

❛✈❛✐❧❛❜❧❡✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ s❛♠♣❧✐♥❣ s②♥❝❤r♦♥✐③❛t✐♦♥ ❛❝r♦ss
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