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Abstract

A polynomial f(z) € Q[z] is called integer-valued if f(n) € Z for all n € Z. Bhar-
gava’s p-orderings and p-sequences have been helpful tools in the study of integer-
valued polynomials over subsets of Z and arbitrary Dedekind domains, and similar
useful definitions exist of v-orderings and v-sequences in the case of certain noncom-
mutative rings. In a 2015 paper by Evrard and Johnson, these v-sequences are used
to construct a regular p-local basis for the rational integer-valued polynomials over
the ring of 2 x 2 integer matrices My(Z) by way of moving the problem to maximal
orders within an index 2 division algebra over Q,. In this work, we will demonstrate
how the construction used there extends nicely to maximal orders in index p division
algebras over Qy, where p is an odd prime, thereby giving the construction for a

regular basis for polynomials that are integer-valued over this maximal order.
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Chapter 1
Introduction

The goal of this research is to study the ring of integer-valued polynomials on p x p
matrices for p a prime, and its integral closure, extending results for 2 x 2 matrices
given in [11] and [6]. This introductory chapter seeks to introduce the reader to
integer-valued polynomials over Z, before discussing computational tools in Int(Z)

and extending the results to integer-valued polynomials over a domain D.

Definition of ring of integer-valued polynomials

The ring of integer-valued polynomials Int(7Z) is defined as the set of rational poly-

nomials taking integer values over the integers:
Int(Z) = {f € Qla] : f(Z) € Z} |

which carries the structure of a subring of Q[z]. The ring Int(Z) has a number of
interesting properties, such as the fact that it is a polynomial ring with reqular basis

as a Z-module comprised of the binomial polynomials

{(i)zx(x—l)“'lg!x_(k_l)) ;keZ>o} ;

with convention that (j) = 1 and (]) = 2. This means that every f € Int(Z) can

T

k), the set of which contains

be expressed uniquely as a Z-linear combination of the (
exactly one polynomial of degree k for k > 1. [4]

We can also consider integer-valued polynomials on a subset S C Z, which is
defined by

Int(5,Z) ={f € Qlz] : f(5) S Z} .



Note that Int(.S,Z) is also a ring contained in Q[z].

The binomial polynomials (2) have been long used in interpolation problems, but
it was not until 1919 that separate papers by Pdélya and Ostrowski studied integer-
valued polynomials as a topic of their own. These polynomials are the subject of
a monograph from 1997 by Cahen and Chabert [3], but the nature of the study of
integer-valued polynomials changed in 2000 with the introduction of p-orderings and

p-sequences by Bhargava [2].



Chapter 2

Summary of Known Results

2.1 Results over 7Z

2.1.1 p-orderings and p-sequences

The notion of a p-ordering of a subset of Z and its application to the study of integer-
valued polynomials was first introduced by Bhargava in [2].

Let S be any subset of Z, and let p be a fixed prime. A p-ordering of S is
a sequence {a;}°, of elements in S defined as follows: choose an element ay € S
arbitrarily. Further elements are defined inductively where, given ag, a, ..., ar_1, the

element a; € S is chosen so as to minimize the highest power of p dividing

k—1

H(ak —a;) .
i=0
The choice of p-ordering of S C Z gives an associated integer sequence, the associ-
ated p-sequence of S, denoted {as,(k)}52,. The k™ element ag (k) of this monotone
increasing sequence is the power of p minimized at the k'™ step of the process of
defining a p-ordering.
If we let v, denote the p-adic valuation on Z, where v,(z) = max{t € N : p'|x} if
x # 0 and v,(0) = oo, then

asp(k) =1, (H(ak — ai)> = ' vp(ar — a;) .

Though the choice of a p-ordering of .S is not unique, we do get the following nice

result:



Theorem 2.1.1 ([2], Thm 5). The associated p-sequence of a subset S C Z is inde-

pendent of the choice of p-ordering.

In order to give a proof of Theorem 2.1.1, we need a bit more machinery. Let {a;}

be a fixed p-ordering of a set S C Z. We can define the falling factorials x™s» by
e Mse = (z — ag)(x —a1) - (T — an_1) .

Lemma 2.1.2 ([2], Lemma 12). A polynomial f over the integers, written in the

form
k k

f(z) = Zcix(i)svp = ch(x —ag)(x—ay) - (x —a;_q), (2.1)

=0 =0

vanishes on S modulo p¢ if and only if ¢;z?s» does for each 0 < i < k.

Proof. Suppose f vanishes on S (mod p®), but that some term on the right side of
Equation (2.1) does not. Let j be the smallest index for which c;z9s» does not
vanish on S (mod p®). By setting x = a;, all terms on the right side with ¢ > j vanish
identically, while the minimality of j tells us that all terms with ¢ < j vanish modulo
p°. Therefore cja§j )57 must also vanish modulo p¢, from which we see that ij(j)s,p
vanishes on all of S (mod p°), since {a;} is a p-ordering. This contradiction gives the

desired result. O

Proof of Theorem 2.1.1, [2]. Given a set S C Z, let d be a positive integer, choose a
large positive integer e such that e > ag,(d). Consider the set G4 of all polynomials
in (Z/p°Z)|x] that vanish on S modulo p and have degree at most d — this set forms
an additive group. By Lemma 2.1.2, the polynomials z(s» form a basis for the
polynomials f which vanish on S modulo p°. Since the {a;} are a p-ordering for S,
we know these elements are chosen in such a way that minimizes ag,(k), and hence
every falling factorial 2(s» is divisible by p®s»(®). This shows that as an abelian

group, (G4 is isomorphic to

d
Pz .
k=0

Therefore the numbers p*s»®) for 0 < k < d, form the structure coefficients for the
abelian group G4. By the structure theorem for finitely generated abelian groups,

these constants depend only on G itself, which gives the result of Theorem 2.1.1. [



2.1.2 Generalized factorial

Bhargava’s motivating question in [2] is not explicitly on the topic of integer-valued
polynomials, but instead on extending the idea of the factorial (which relies on the
fact that we are working over all of Z) to subsets of the integers. Given the fact that
the natural ordering of nonnegative integers 0, 1,2, 3, ... gives a p-ordering of Z for all
primes p simultaneously (see [2], Prop 6), Bhargava notes that using the definitions
made in Section 2.1.1, we can define the usual factorial function over the integers just

in terms of the invariants ay ,(k) as
k' = HpO‘Z,p(k)
P

and the use of these invariants allows for the following definition.

Definition 2.1.3. Let S be a subset of Z. Then the factorial function of S, denoted

k!s, is defined as
k's = Hpasap(k) .
p

Note that though the product is over the infinite set of all primes in Z, for a fixed
k only finitely many of the ag,(k) are not equal to 0. Thus this definition makes
sense for all choices of S and k.

As referred to in the Introduction, we have the following result.

Theorem 2.1.4 (Pélya). A polynomial is integer-valued on Z if and only if it can

be written as a Z-linear combination of the polynomials

(gg) _a(z =) (@ -kt 1)

k !
with k =0,1,2,. ..

As this conveniently characterizes all elements of Int(Z), we would like to be able
to do the same for Int(S,Z). To do so, we first need the notion of the “global falling

factorial” described in [2].

Definition 2.1.5. The global falling factorial polynomials By ¢ are defined by

Bips(z) = (x —aop)(@ —arg) - (x — ag—1x) , (2.2)

where {a; 1}, is a sequence in Z that, for some prime p dividing klg, is termwise

congruent modulo p®s»*) to some p-ordering of S.

5



Note. Such a sequence {a; x }32, as in Definition 2.1.5 exists by the Chinese Remainder

Theorem.
This definition allows for the analogous result to Theorem 2.1.4 for subsets of the

integers.

Theorem 2.1.6 ([2], Thm 23). A polynomial is integer-valued on a subset S C Z if

and only if it can be written as a Z-linear combination of the polynomials

Bk,S _ (x - ao,k)(x - al,k) t (m - ak—1,k)
ks kg

with k£ =0,1,2,... and with By g defined as in Equation (2.2).

The study of integer-valued polynomials of subsets has long since extended to that

of other commutative domains, which we discuss in Section 2.2.

2.2 Extensions of Results over 7Z

The notion of rings of integer-valued polynomials can be generalized from Z to the
following. Let D be a commutative integral domain with quotient field K. Then the

integer-valued polynomials on D form a ring
Int(D) ={f € K[z] : f(D) C D} .

If E is a subset of D, we can also consider the integer-valued polynomials of E, defined

Int(E, D) = {f € K[x] : {(E) € D},

and we note that Int(E, D) is also a ring contained in K[x].
For a subset E of a domain D having quotient field K, we have the following chain

of inclusions of rings:
Diz] C Int(D) C Int(E, D) C Klz] . (2.3)

A common question in this area of study is under which conditions we have equality
within this chain.

When considering integer-valued polynomials of a subset, it is possible that for
two different subsets £ and F' of K, we have Int(E, D) = Int(F, D).



Lemma 2.2.1 ([3], IV.1.1). For each subset E of K, the subset
F={rxeK: f(x)eD forall felnt(E, D)}

is the largest subset of K such that Int(E, D) = Int(F, D).
Definition 2.2.2 ([3], IV.1.2).

i) Two subsets F and F of K are called polynomially equivalent if Int(E, D) =
Int(F, D).

ii) The largest subset of K that is D-equivalent to E is the polynomial closure of
E.

iii) If E is equal to its polynomial closure, then E' is polynomially closed.

iv) If E is a subset of the domain D which is polynomially equivalent to D, then
E is a polynomaially dense subset of D.

By this definition, the subset F' of K in Lemma 2.2.1 is the polynomial closure of
E. We also see that Int(D) = Int(E, D) in the chain of rings in Equation (2.3) if £
is a polynomially dense subset of D. [3]

2.2.1 Regular bases of Int(F, D)

Definition 2.2.3. Let D be a domain and F a subset of D. Let J,,(E, D) denote the
set formed by the leading coefficients of all degree n polynomials in Int(E, D), with
0 also adjoined. Then each J,(F, D) is a fractional ideal of D, and we call them the
characteristic ideals of Int(E, D). By J,(D), we denote the characteristic ideals of
Int(D).

Proposition 2.2.4 ([3], [1.1.4). Let E be an infinite subset of the domain D. Then
the D-module Int(E, D) admits a regular basis if and only if all the fractional ideals
J,(E, D) are principal. In this case, a sequence {f,},>0 of polynomials in Int(£, D)
where deg(f,) = n forms a regular basis if and only if, for each n, the leading
coefficient of f, generates J,(F, D).

In the case where D is a discrete valuation domain with uniformizing parameter
t, then all fractional ideals of D are of the form t*D for some k € Z-q. Since D
is principal, every subring B of Int(D) admits a regular basis ([3], 1I.1.6), and to

determine this basis we consider the characteristic ideals J,(B), which are of the

7



form J,(B) = t~*2(™ D. We call the sequence {ap(n)} the characteristic sequence of
the ring B. By Proposition 2.2.4, a sequence { f,,} of polynomials is a regular basis for
B if and only if for each n, deg(f,,) = n and the leading coefficient of f,, has valuation
—ap(n) ([3], IX.3 pg. 241).

Definition 2.2.5. Let {a,},>0 be a sequence of distinct elements of a subset E of a

domain D. We define the generalized binomials (x) by

Qn

n—1
(x): (x):Hx ak,fornZl.
ap ap, Qp — A

k=0

Proposition 2.2.6 ([4], 20). Let E be an infinite subset of a domain D and {ay, },>0

be a sequence of distinct elements of E. Then the following are equivalent:

i) The generalized binomials (x

> are integer-valued on E.
an

X

ii) The generalized binomials ( ) form a basis of the D-module Int(£, D).

an

iii) A polynomial f € K|x] of degree at most n is integer-valued on F if and only

if it is integer-valued on the first n + 1 terms of the sequence {a,}n>0.

It may be the case that there exists no such sequence as in Proposition 2.2.6, but
for subsets of Z one can obtain such a sequence locally, namely by constructing a

p-ordering (see Section 2.1.1).

2.2.2 Regular bases of subsets of Dedekind domains

In the case where D is a Dedekind domain with quotient field K, and E is any subset
of D, it is possible to give an explicit description of Int(E, D). Due to Bhargava [1],
there also exist necessary and sufficient conditions for the existence of a regular basis
for Int(E, D), as well as a construction for the case where a regular basis exists. We
discuss these results below.

First we will define what is meant by a P-ordering of a subset of a Dedekind

domain in a fashion analogous to that in Section 2.1.1.

Definition 2.2.7. Let D be a Dedekind domain, E any nonempty subset of D, and
P be a fixed nonzero prime ideal of D. We define a P-ordering of E as follows: let



ap € F be any element, and for k = 1,2,... choose a; € E to be an element which

minimizes the exponent of the highest power of P containing
k—1
H(ak —a;) .
i=0

We denote by vp(a) the exponent of the highest power of P containing a € D, called
the P-adic valuation of a. Then given such a P-ordering {a;}3°,, we can define the
associated P-sequence of E corresponding to the P-ordering {a;} as {ag p(k)}72,,

with each term of the sequence being defined by
k-1 k—1
CYE7P<]{Z) = Up (H(ak — al)> = Z Vp((lk — ai) .
i=0 ;

Also analogous to our discussion for subsets of the integers, we can define a fac-

torial function.

Definition 2.2.8. For D a Dedekind domain and E an arbitrary subset, we define

VE(k‘): H poe.pk)

P prime

where the product above is taken over all proper prime ideals P of D for which
pesrpk) oL D

With these definitions, we may now relay some useful results.

Theorem 2.2.9 ([1], Theorem 11). Let E be a subset of a Dedekind domain D, and
let f(z) € DJx] be such that deg(f) = k and the coefficients of f generate D. If
I C D is the smallest ideal such that f maps F into I, then

Moreover, for any k € Z~q, the case where vg(k) = I is achieved by the polynomial
Sk = (v —aor)(® —aig) - (z — ap_1x)

where {a; ;}5°, is a sequence in D which, for each prime ideal P D vg(k), is termwise

congruent modulo P*#*®) to some P-ordering of E.

Theorem 2.2.10 ([1], Theorem 12). The set of all leading coefficients of polynomials

9



of degree k in Int(E, D) is the fractional ideal given by vz (k)™!, with the convention
that the inverse of the zero ideal is the quotient field K.

The following theorem shows that elements of Int(FE, D) can be written in terms
of the sequences {a; 1 }°, and the polynomials Sy described in Theorem 2.2.9. It also
describes the structure of Int(£, D) as a D-module.

Theorem 2.2.11 ([1], Theorem 13). Let f(x) € Int(E,D). Then f can be repre-

sented in the form

where n € Z and the by € vg(k)™! are uniquely determined by f. Conversely, any
polynomial of the form above is an element of Int(E, D).

It follows that, as a D-module, Int(F, D) is isomorphic to the direct sum

Brek) .

k=0

Now that the description of the D-module structure of Int(E, D) has been estab-
lished, we can provide a criterion for the existence of a regular basis, as well as a

construction for this regular basis when it exists.

Theorem 2.2.12 ([1], Theorem 14). The ring Int(F, D) has a regular basis if and
only if vg(k) is a nonzero principal ideal for all k& > 0. In this case, a regular basis of

Int(F, D) is given by the polynomials

(z —aok)(@ —aip) - (& — ap-1)

B

for k=0,1,2,..., where () is a generator of the ideal vg (k).

Corollary 2.2.13 ([1], Corollary 3). If D is a principal ideal domain, then for any
infinite subset £ C D the ring Int(FE, D) has a regular basis.

In particular, this means that for every infinite subset E of a discrete valuation
ring D, the ring Int(E, D) has a regular basis. If we let v denote the valuation in D
and P the uniformizing parameter, then a P-ordering of E' is a sequence {a;}$, of

elements in S such that for each & > 0, the element a; minimizes V(Hf;ol (a — a;))

10



over a € E. In particular, the set of polynomials

k—1 T —a
{H ’:k:0,1,2,...}
ap — a;

1=0

provides a regular basis for Int(F, D).

We now have a number of results regarding rings of polynomials of subsets over
commutative domains. We would like to extend these results to noncommutative
rings, which leads us to the description of the differences between polynomials in

commutative and noncommutative rings.

2.3 Polynomials over Noncommutative Rings

As the goal of this research is to better understand the integer-valued polynomials
over matrix rings M, (Z), it is important to comprehend the differences between
polynomials over commutative rings and their noncommutative counterparts.

Let R be any ring, and let R[x] be the polynomial ring in a single variable x over

R, where x commutes elementwise with all of R. Given a polynomial

n

flx) =Y az’ € Rlz]
i=0
and some element € R, we define the evaluation of f at r by f(r) =1 ,ar" € R.

It is important to note that while

n n
E a;r" = E z'a;
i=0 i=0

in the ring R[z], the two elements Y ' ja;r* and Y . r'a; in R may be different if
r does not commute with with all the coefficients a;. Thus the standard definition
of evaluation of f at r requires f(z) to be expressed in the form y "  a;2’, and then
substituting r for x. Another important difference between polynomials in general
rings and in the commutative case is that evaluation at r is not generally a ring
homomorphism from R[z] to R, meaning that if f(z) = g(x)h(x) € R|x] it does not
follow that f(r) = g(r)h(r) for r € R.

An element r € R is a right root of a polynomial f(z) € F[z] if f(r) = 0, but
since we will only consider right roots, we will drop this defining adjective from what

follows.
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Proposition 2.3.1 ([12], 16.2). An element r € R is a root of a nonzero polynomial
f(z) € R[z] if and only if the linear factor x — r is a right divisor of f(z) in R[z].
The set of polynomials in R[x] which have r as a root is the left ideal R[x] - (z — 7).

2.3.1 Polynomials over division rings

Rather than considering general rings R, we now focus particularly on division rings,

which will be the type of ring of interest for much of this thesis.

Proposition 2.3.2 ([12], 16.3). Let D be a division ring, and let f(x) = g(z)h(x) €
Diz]. Let d € D be such that a := h(d) # 0. Then

f(d) = g(ada™")h(d) .

-1

In particular, if d is a root of f but not h, then ada™" is a root of g.

Proof. Let g(z) =Y bia’, then f(x) = > b;h(x)x'. Evaluating at d € D,

f(d) = bih(d)d’
— Z bad’ = Z badata
= Z bi(ada™")'a
= g(ada™")h(d) .

The last statement follows because D has no zero-divisors. O

Over a field, polynomials of degree n have at most n distinct roots, but this is not

the case over division rings. However, there is an analogue to this fact:

Theorem 2.3.3 (Gordon-Motzkin, [12] 16.4). Let D be a division ring, and let f be
a polynomial of degree n in D[z]. Then the roots of f lie in at most n conjugacy
classes of D. This means that if f(z) = (r—aq) -+ (r —a,) with aq,...,a, € D, then

any root of f is conjugate to some a;.

Let F be the centre of a division ring D. Suppose that a € D is a root of the
polynomial f(z) € F[z], then every conjugate of a is also a root of f(z), which we

can see by conjugating the equation f(a) = 0 by all nonzero elements of D.

Definition 2.3.4. Let D be a division ring, F' its centre, and A a conjugacy class
of D. We call the conjugacy class A algebraic over F' if one (and therefore all) of its

elements are algebraic over F'.
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In the case that the conjugacy class A is algebraic, then the elements of S have

the same minimal polynomial over F', which we call the minimal polynomial of A.

Lemma 2.3.5 ([12], 16.5). Let D be a division ring with centre F', and let A be a
conjugacy class of D which is algebraic over F' with minimal polynomial f(z) € F[z].

If a nonzero polynomial h(t) € D]t| vanishes identically on A, then degh > deg f.

A classical result about polynomials over division rings is given by Dickson, to

which we will make future reference.

Theorem 2.3.6 (Dickson’s Theorem, [12] 16.8). Let D be a division ring and F' its
centre. Let a,b € D be two elements that are algebraic over F. Then a and b are

conjugate in D if and only if they have the same minimal polynomial over F'.

Proof. Suppose a and b are conjugate in D, and let f, and f, denote their minimal
polynomials, respectively. Since a is a root of f,, so too are all its conjugates, so
fa(b) = 0 from which we obtain deg(f,) > deg(f,). Switching a and b gives deg(f,) =
deg(fy), and since both are monic the uniqueness of minimal polynomials shows that
fa = To.

Conversely, let A be the conjugacy class determined by a, and assume that a,b
have the same minimal polynomial f(x) € F[z]. Since f(b) = 0, we know = — b is a
factor of f(z) in the polynomial over the field F'(b). Then there exists h(z) € F(b)[z]

for which

f(x) = hz)(z = b) = (x = b)h(z) .

By Lemma 2.3.5, h(x) is not identically zero on A and thus there exists o’ € A for
which h(a’) # 0. Since f(a') = 0, this implies that a conjugate of @’ is a root of t — b,

so that b is a conjugate of a’. Hence b € A, and b is a conjugate of a. m

So far we have some results for the minimal polynomial of a single element, but
would like to define the minimal polynomial of a finite list of elements (see Defini-
tion 2.5.7). The following theorem offers justification that such a polynomial should

exist.

Theorem 2.3.7 (Bray-Whaples, [12] 16.13). Let D be a division ring and ¢y, ..., ¢,
be n pairwise nonconjugate elements of D. Then there exists a unique polynomial
g(x) € Dl[z] with deg(g) = n that is monic and such that g(¢;) = -+ = g(¢,) = 0.

Moreover, g(x) has the following properties:

i) c1,...,c, are all the roots of g € D.

13



ii) If h(x) € D[x] vanishes on all ¢; with 1 < i < n, then h(x) € D[x] - g(x).
We can explicitly describe this minimal polynomial of a set, as given below.

Proposition 2.3.8 ([11], 2.4). Let D be a subring of a division algebra, and ¢4, ..., ¢,
be n pairwise nonconjugate elements of D. Then the minimal polynomial of {cy, ..., ¢, }

is given inductively by

f(Ch s 7671)(3:) = (.T - [f(Ch s 7cn*1>(cn)]cn[f(cl7 s >Cn*1)(cn)]71> ’ f(cl7 s 7cn*1)(x)
= (v = [fler s enmn)(en)lealf(ers -y cnn)(en)] )
(x = [fler, s ena)(enDlena[flers o ena)(cnn)] ) o (=)

We would ultimately like to describe rings of integer-valued polynomials on n x n
matrices. To do this, we will look at integer-valued polynomials over the maximal

order of a division ring.

2.4 Maximal Orders

As there is a strong link between the sets of integer-valued polynomials of algebraic
integers and that of maximal orders (described in more detail in Section 2.5.1), we
first introduce some theory behind maximal orders before discussing integer-valued

polynomials of matrices.

Definition 2.4.1 ([14], Section 8). Let R be a Noetherian integral domain with
quotient field K, and A a finite-dimensional K-algebra.

i) Let V be a finite-dimensional K-space. A full R-lattice in V is a finitely-
generated R-submodule M in V such that K - M = V| where we define

K- M= {Zaimi co; € Komy € M, sum is ﬁnite} .

ii) An R-order in A is a subring A of A which has the same unit element as A,
and is such that A is a full R-lattice in A.

14



Note that every finite-dimensional K-algebra A contains R-orders, since there
exist y1,Y2,...,Yn € A such that A = > " | Ky;, and so A = > | Ry; is a full
R-lattice in A, and hence an R-order.

Given that A =>""" | Ky;, for « € A we may write

m

sy =) iy

i=1

with a;; € K and 1 < j < m. Then we can define the characteristic polynomial for o

over K by

char. pol.gpa = det(d;;x — a;))

= Im — (TA/KOOImil + -+ <—1)mNA/KOé

where we call Tk the trace and N4k the norm of a. The subscript A/K here
(and in Theorem 2.4.2 for the characteristic polynomial) simply denotes the fact that
these expressions are computed using a K-basis for A. The monic polynomial of least
degree for which f(«) = 0 divides the characteristic polynomial, and is called the

minimal polynomial of a € A, denoted min. pol.a.

Theorem 2.4.2 ([14], 8.6). Every element of an R-order A is integral over R. More-
over, if R is integrally closed, then for every a € A both the minimal polynomial and

characteristic polynomial for a over K are in R[z], i.e.

min. pol.xa € R[z] char. pol.,,xa € Rlz] .
Definition 2.4.3. A maximal R-order in A is an R-order which is not properly
contained in any other R-order in A.

We will see in Section 2.4.1 that there are some cases where there is a unique
maximal R-order. Finally, as we are ultimately concerned about matrices, we note

the following result.

Theorem 2.4.4 ([14], 8.7). If A is a maximal R-order in A, then for each n, M,(A)
is a maximal R-order in M, (A). If R is integrally closed, then M, (R) is a maximal
R-order in M, (K).
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2.4.1 Maximal orders of division rings, local case

When R is a complete discrete valuation ring (i.e. R is a principal ideal domain with
unique maximal ideal P = 7R # 0, and R is complete with respect to the P-adic
valuation), K is the quotient field of R, and D is a division ring whose centre contains
K and is such that [D : K| = m is finite, then D contains a unique maximal R-order
A. This fact is shown below.

Let v denote the P-adic valuation defined on K and let Np,x be the norm map,
defined by

char. pol.p a = 2™ — (Tp/ga)z™ ' + -+ (=1)"Np/ga
for a € A. We define a new function
w(a) =m™" - v(Np/xa)

for a € D. This new map w is a discrete valuation on D extending v, meaning that
w(a) = v(a) for a € K ([14] Theorem 8.7).
We also define

A={a€D:w(a)>0}
:{GGDtND/KCLER}.

Then A is a ring containing R, and is finitely generated as an R-module. We call A

the valuation ring of w, and

Theorem 2.4.5 ([14], 12.8). A is the unique maximal R-order in D, and is the

integral closure of R in D.

Theorem 2.4.6 ([14], 12.10). The valuation w is the unique extension of v to D
that maintains the properties of a valuation, and has infinite cyclic value group (i.e.
{w(a) : a € D,a # 0} is infinite cyclic).

2.4.2 Maximal orders of division rings, local case with finite

residue class field

Now that it has been established that a division ring D contains a unique maximal

R-order A when R is a complete discrete valuation ring with unique maximal ideal
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P, K is the quotient field of R, and D has centre containing K such that [D : K] is
finite, we can look specifically at the case where the residue class field R = R/P is
finite.

Assume the above with R a finite field containing ¢ elements. Assume also that
[D : K] = n? we call n the indez of D. Let A be the unique maximal R-order in
D. Then the structures of the division ring D and maximal order A can be described
explicitly, and can be chosen to depend only on the index n.

The proof of Theorem 14.6 in [14] gives a construction! for D. Suppose, as we
have been doing, that K is a complete field. Let the inertia field be W = K(w),

" — 1™ root of unity. If a division ring D exists with

where w is a primitive (g
centre K and index n, then W is a maximal subfield of D and hence splits D, so
that W ®x D = M, (W). Thus every element d € D is representable by a matrix
d* € M,(W). We can therefore represent D by a set of matrices in M, (W) which
constitute a division ring with the desired properties.

Let 6 be the automorphism of W for which 6(w) = w?, and let 7 € R be a prime

element. For av € W, define

0 0
0 6a) 0 .- 0 00
a*: 0 0 02(04) 7 WB: . .
0 0 0 - 0" a) T 00 - 0

For each a € W, the map @ — a* gives a K-isomorphism of W onto the field
W* = K(w*) € M, (W), where each A\ € K is identified with the diagonal matrix
A, € M,(W). This identification gives us the properties

(mp)" =7l T w' e (1h) T = (W)

Setting
D = K[w*, 7]

gives a K-subalgebra of M, (W) which is the desired division ring (this is justified in

IThe proof shows that there exists a division ring D with any Hasse invariant r/n for any choice
of r € Z such that 1 < r < n and ged(r,n) = 1. Since we only care about the existence of a division
ring of index n and not a specific one, the description of the construction has been simplified slightly
to the case where r = 1.
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Section 14 of [14] but will not be done here). The unique maximal R-order of D is
A = R[w*,7p)] .

Since Fy» is a splitting field for the polynomial 2" — z over F, with p prime and
[Fn : F,] = n, it follows that as w is a (¢" — 1)™ root of unity and hence a root of
27" — x, that [W : K| = [K(w) : K] = n. As 7}, satisfies the polynomial 2" — 7,
the extension [D : W] < n and hence [D : K] < n? and so any element a € D is

*

expressible as a K-linear combination of the n? elements {(w')* - (73)’}. Because

(w*)" = (w')*, we can also express a in the form

, 0 I,
with a; € W and (7},) = 7.
7TIj 0

In doing so, we can write an element a as

m0(an_1) 0(ap) O(ar) -+ Olap_s9)
. 0% (o) wO*(n1)  0*(ag) - 0*(ay_3)
71'9”72(6!2) 7T0n72(0z3) 7T9n72(0é4) cee 9”72(Oé1)
70" N ay) w0 ) w0 (az) o 0" (ap)

and hence if a = 0, we must have all a; = 0 as well. This shows that D is a vector
space over W with basis {(75)? : 0 < j < n — 1}, and hence [D : W| = n and
therefore [D : K| = n?.

2.4.3 Constructing a division ring of index 3 with p = 2

Let our complete field K be Qq, the complete field of 2-adic numbers, and let w = (7
be a primitive (23— 1) root of unity. Then we can let W = Qy(w), and if there exists
a division ring D with centre Q and index 3, then W must be a maximal subfield of
D, and so W ®q, D = M;s(W).

Let 0 € Aut(W) be the automorphism for which 6(w) = w? We need to pick a

prime element in Zs, the 2-adic integers, and we can choose m = 2. For an element
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a € W, we can define

a 0 0 010
a* =10 0a) 0 =10 0 1
0 0 6*«) 2 00
so that
w 0 0 w 0 0
w'=10 Ow) 0 =10 w? 0
0 0 6*(w) 0 0 w!

The map a — a* gives a Qq-isomorphism W — W* = Qq(w*) C M3(Q3) under
which we identify scalars A € Qy with the scalar matrix Al3 € M3(Q,). We observe
the following relations involving w* and 77,:

(1p)° = 213 Wt = (W) .

Given this, we define

D = QQ[W*JTE] =Q,

o O &

0
w2
0

S

and the maximal order is similarly defined by A = Zs[w*, 75,].
Each element a € D may be expressed as a Qo-linear combination of the elements
{(w*)" - (7h)7 : 0 <4,5 < 2}. Explicitly, these basis elements are

0 0 010 0 01
Ii=]101 0 =10 0 1 (m)?*=12 0 0
0 01 2 00 020
w 0 0 w 0 0 0 w
w=10 w? 0 Wy = 0 w? Ww(rp)P =12 0 0
0 0 w 20t 0 0 0 2w* 0
w2 0 0 0 w? 0 0 0 2
WX=10 w 0 W) rp=]0 0 | WPEH*=]20* 0
0 0 w 2 0 0 0 2w



We will make use of this construction in Chapter 3. In future, for ease of notation,

we will identify w and w*, and 7 and 7*.

2.5 Integer-Valued Polynomials over Matrix Rings

As in our prior discussion, if we denote by M,(Z) the ring of n X n matrices with

integer entries, then we can denote by
Intg(Mn(Z)) ={f € Qlz] : f(M) € M, (Z) for all M € M, (Z)}

the set of rational polynomials mapping integer matrices to integer matrices. This is

a Z-module for which we have the inclusion
Z[z] C Intg(M,(Z)) C Int(Z) . (2.4)

To justify the existence of a regular basis for Int(M,(Z)), we require the following

result:

Corollary 2.5.1 (II.1.6, [3]). Let B be a domain such that D[z] C B C Int(FE, D)
for some infinite fractional subset F of D. If D is a principal ideal domain, then B

has a regular basis.

Since Z is a principal ideal domain, and is an infinite fractional subset of itself, we
may conclude from this corollary and Equation 2.4 that Intg(M,,(Z)) has a regular
basis. Unlike for Int(Z), however, it turns out that this regular basis is not easy to

describe using a formula in closed form. [6]

2.5.1 The integral closure of Intg(M,(Z))

Recall the following standard definition from abstract algebra:

Definition 2.5.2. Let A and B be commutative unital rings, and let A be a subring

of B. The set of elements of B that are integral over A is called the integral closure

of Ain B.

In particular we will see that for our interests, the integral closure of Intg (M, (Z)),
the set of all polynomials f(z) € Q[z] which are integral over Intg(M,(Z)), is a very
useful object. We can learn information about computing regular bases for both
of these rings by making use of the following two results of Frisch, and Loper and

Werner, respectively.
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Theorem 2.5.3 ([7], Lemma 3.4). Let f(x) = %m) with g(x) € Z[z] and ¢ € Z~ {0}.
Then f(z) maps M, (Z) to itself if and only if g(z) is divisible modulo ¢Z[z]| by all

monic polynomials in Z[x] of degree n.

Theorem 2.5.4 ([13], 3.8 and 4.6). Let O,, denote the set of all algebraic integers in
number fields Q(#) with [Q(#) : Q] = n. Then the integral closure of Intg(M,(Z)) is

equal to

() Into(Op) ,

0eO,

where Oy denotes the ring of algebraic integers in Q(6), and Intg(Op) denotes the

algebra of rational polynomials preserving Oy.

To study the integral closure of Inty (M, (Z)) we would like to describe its local-
izations at rational primes, which can be done using the localizations of the algebras
Intg(Op) from Theorem 2.5.4. Loper and Werner [13] suggest that a basis for the
integral closure of Int(M,,(Z)) can be found by computing Intg(Op)p) for all possible
Oy and a given rational prime p, and then intersect, but computing the intersection
becomes complicated.

Another way by which we can study the integral closure of Intg(M,(Z)) is by

using results about division algebras over local fields.

Theorem 2.5.5 (Embedding Theorem, in appendix of [16]). If D is a division algebra
of degree n? over a local field K and F is a field extension of degree n of K, then I’

can be embedded as a maximal commutative subfield of D.

From this theorem, it follows that if R, is the maximal order of D, then by
inclusion Intg(R,) lies in the intersection of all the rings Intg(Op) (since each Q(0)
can be embedded as a maximal commutative subfield of D). The rings Intg(R,) and
Npeo, Intg(Op) are, in fact, equal, and so constructing an R, basis for Intg(R,) via
p-orderings (see Section 2.5.2) will give the means to describe the integral closure of
Intg(M,(Z)).

Let p be a fixed prime, let D be a division algebra of degree n?

over K a local
field, and let R,, denote the maximal order in D (see Section 2.4). In all applications,

we will take K = Q, the p-adic numbers, equipped with the usual p-adic valuation.

Proposition 2.5.6 ([13] 4.6, [6], 2.1). The integral closure of Intg(M,(Z))) is
IIth<Rn>

Proof. Suppose f € Intg(R,). Let F' be a degree n extension of Q,, then by Theo-

rem 2.5.5 F'is a maximal commutative subfield of D, hence its ring Op of algebraic
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integers is a subring of the maximal order R,,. By restriction, f € Intg(Or) so by
Theorem 2.5.4, f is in the integral closure of Intg(M,(Z)) and hence f is in the
integral closure of Intg (M, (Z) ().

Conversely, suppose that f € Q[x] and that f € Int(Oy) for all § € O,,. Let
z € R,. Then z is an integral element of Q,(z) (by Theorem 2.4.2), a commutative
subfield of D (by Theorem 2.5.5). Therefore f(z) € O, and so f € R,,. O

Proposition 2.5.6 demonstrates that the problem of describing the integral closure
of Intg(M,(Z)() is exactly that of describing Intg(R,), so we move our attention

towards studying integer-valued polynomials over maximal orders.

2.5.2 v-orderings of subsets of maximal orders in division

algebras

To describe Intg(R,,), we establish results analogous to the p-orders of Section 2.1.1,
extending to maximal orders of division algebras over a local field. While in the pre-
vious case we referred to p-orderings, since the p-adic valuation is a natural valuation
defined over Z, in a general local field we will consider an associated valuation v, and

hence may establish the definition of a v-ordering.

Definition 2.5.7. ([11], 1.1) Let K be a local field with valuation v, D be a division
algebra over K to which v extends, R the maximal order in D, and S a subset of R.
Then a v-ordering of S is a sequence {a; : i = 0,1,2,...} C S such that for each
k > 0, the element a; minimizes the quantity v( fx(aqg,...,ax—1)(a)) over a € S, where
fr(ag,...,ax_1)(x) is the minimal polynomial of the set {ag,ay,...,axr_1}, with the
convention that fo = 1. We call the sequence of valuations {v(fx(ao, ..., ar—1)(ax)) :
k=0,1,...} the v-sequence of S.

Proposition 2.5.8 ([11], 1.2). As in Definition 2.5.7, let K be a local field with
valuation v, D be a division algebra over K to which v extends, R the maximal order
in D, and S a subset of R. Additionally, let 7 € R be a uniformizing element, meaning
an element for which (7") = (p), let {a; : i =0,1,2,...} C S be a v-ordering, and let
fr(ag, ..., ax_1) be the minimal polynomial of {ag,ay,...,ar_1}. Then the sequence
{as(k) = v(fx(aog,...,ax-1)(ar)) : k = 0,1,2,...} depends only on the set S, and

not on the choice of v-ordering. The sequence of polynomials

{W_QS(k)fk(ao, coap1)(w) i k=0,1,2,...}
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forms a regular R-basis for the R-algebra of polynomials which are integer-valued on

S.

To utilize Proposition 2.5.8, we first need to be able to construct a v-ordering of
our maximal order R,,. A recursive method for constructing v-orderings for elements

of a maximal order is based on two lemmas.

Lemma 2.5.9 (see [11], 6.2). Let {a; : ¢ =0,1,2,...} be a v-ordering of a subset S
of R with associated v-sequence {ag(i) : i = 0,1,2,...} and let b be an element in
the centre of R. Then:

i) {a;+b:i=0,1,2,...} is a v-ordering of S + b, and the v-sequence of S + b is
the same as that of S

ii) If p is the characteristic of the residue field of K (so that (p) = (7)" in R),
then {pa; : i = 0,1,2,...} is a v-ordering for pS and the v-sequence of pS is
{as(i)+in:i=0,1,2,...}

Definition 2.5.10. The shuffle of two nondecreasing sequences of integers is their
disjoint union sorted into nondecreasing order. If the sequences are {b;} and {¢;},
their shuffle is denoted {b;} A {c;}.

Lemma 2.5.11 ([11], 5.2). Let S; and S be disjoint subsets of S with the property
that there is a non-negative integer k such that v(s; — s3) = k for any s; € S; and
s € S9, and that S; and S5 are each closed with respect to conjugation by elements
of R, by which we mean rsr—! € S, for all r € R and s € S, and respectively for S,.
If {a;} is a v-ordering of S; U Sy then the subsequence of this ordering consisting of
those elements in S is a v-ordering of S; and similarly for .S5.

Conversely, if {b;} and {¢;} are v-orderings of S; and Sy respectively with associ-
ated v-sequence {ag, (1)} and {ag, (i)}, then the v-sequence of S; U S; is the sum of
the linear sequence {ki : i =0,1,2,...} with the shuffle {ag, (i) — ki} A {as, (i) — ki},
and this shuffle applied to {b;} and {¢;} gives a v-ordering of S; U Ss.

As the linear sequence mentioned in the above Lemma will come up many times

in this document, we formalize its notation here:

Definition 2.5.12. The sequence (kn) denotes the linear sequence {kn : n =0,1,2,...},

whose n' term is kn.

The case where n = 2, in which D is a division algebra of degree 4, has been
described for the case where p = 2 in [11] and extended to the case where p is an odd
prime in [6]. As all results extend to the latter case, we will describe the results as

given in [6].
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2.5.3 Constructing a v-order for R,

Using the construction described in Section 2.4.2, we can build the division algebra D,
and hence the maximal order Ry, and decompose Ry into a disjoint union of subsets
to which Lemma 2.5.11 applies.

Let K = Q, the p-adic numbers, let w be a primitive (p*—1)™ root of unity, and let
W = Q,(w), an unramified extension of Q, of degree 2. Let § be the automorphism of
W for which §(w) = w?, and let 7 be a uniformizing element of Ry, so that (72) = (p).
Commutativity relations within Dy are determined by mwr ™! = w? (or 7w = wPr),
and an element z € Dy can be expressed uniquely in the form z = ay + ay7m with
ap, 1 € W. Ry consists of those elements z for which ag, o are integers in W, so
that v(ap),v(aq) > 0.

With this presentation, the trace and norm of an element z € D, are given by

Tr(z) = ag+ 0(a) N(z) = apb(ag) — a10(aq)p .

The characteristic polynomial for z is given by ch,(x) = 2* — T'(2)x + N(z).

The ideal (7) in Ry is a two-sided prime ideal, and z € Ry is in (7) if and only
if N(z) =0 (mod p). We have Ry/(m) = F,2, and the powers of w provide a set of
representatives for the nonzero residue classes mod 7. In particular powers of w?™!
gives representatives of the residue classes of the subfield F,,.

We can decompose R, into the following sets:
Definition 2.5.13 ([6], 2.6).
i) Let So ={z € Ry:2=0 (mod 7)}.

ii) For i = 1,2,...,p—1, let S; = Sy +i. Note that each 1 < i < p—11is an

element of the centre of Ry and so this addition makes sense.

iii) For a,b € F, such that 2*> — az + b is irreducible in F,[z], let S, = {2 € Ry :
Tr(z) =a (mod p), N(z) = b (mod p)}.

With these sets S; and S, defined, we have the following result.
Lemma 2.5.14 ([6], 2.7).

i) If z € S;, then ch,(x) = (x —4)? (mod p).

ii) If z € S, 4, then ch,(z) = 2* — az + b (mod p).

iii) There are (p? — p)/2 distinct sets S, .
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iv) Each of the sets S;, S, is closed with respect to conjugation by elements of R.
v) The disjoint union of all S; and S, is equal to Rs.
Proof.

i) If 2 € Sy, then 22 = 0 (mod 7?), so z is a root of the polynomial z? modulo

72 = p. The same argument applied to z — i demonstrates that if z € S;, then

2z is a root of (z —7)? modulo 72 = p.
ii) Follows from the definition of a characteristic polynomial.

iii) Follows from a well-known formula for the number of irreducible quadratics

modulo p.

iv) Follows from Dickson’s Theorem (Theorem 2.3.6), which states that conjugate

elements share a characteristic polynomial.
v) Is implied by the uniqueness of the characteristic polynomial.
O

By the results of Lemma 2.5.14, the sets S;, S, 5, satisfy the hypotheses of Lemma 2.5.11,
and therefore it suffices to find the v-orderings for each separately. We do this for
each set S,; in Proposition 2.5.20. Each of the sets S; fori = 1,2,...,p—11is a
translate of Sy by elements in the centre of Ry, so by Lemma 2.5.9 it suffices to just

order Sy. We further decompose the set Sy to aid in finding the v-ordering.

Definition 2.5.15 ([6], 2.8). For ¢ = 0,....,p— 1, let T; = {z € Ry : N(2) =
ip (mod p*)}.

Lemma 2.5.16 ([6], 2.9).
i) Each element of Sy is in exactly one of the sets T;.
ii) Each set T; is closed with respect to conjugation by elements of Rs.
iii) If z € T}, w € T with ¢ # j, then v(z —w) = 1.

iv) For each z € T; with 7 # 0, the characteristic polynomial C.(z) = 2 — jpz +

ip (mod p?) for some j.

v) To = pR.
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Proof.
i) Follows from the definition of the sets T;.
ii) Follows from the multiplicativity of the norm.

iii) Since z,w € Sy we know that v(z — w) > 1. If we had v(z — w) > 1, then z
and w would be in the same residue class modulo 72, in which case their norms

would be congruent modulo p?. Therefore we must have v(z — w) = 1.

iv) Follows from the definition of T; along with the fact that Tr(z) = 0 (mod p)
for z € ;.

v) We have Ty = {z € Ry : N(2) = 0 (mod p?)}, so z € Ty if and only if z is

divisible by 72 = p in R,, and since p is in the centre of R,, the result follows.
O

Between Lemmas 2.5.16 and 2.5.11, we know that we can express a r-ordering
for Sy as a shuffle of those for the sets T; with ¢ > 0 and the set T;. Note that by
Lemmas 2.5.9 and 2.5.16 v), we can express the v-ordering of T} in terms of that of
R,.

The decomposition of Ry into a disjoint union of sets S, and 7}, @ > 0, combined
with the results of Lemmas 2.5.9 and 2.5.11, yield a recursive formula for a v-ordering
of R,.

It is shown in Proposition 2.5.20 that all the r-sequences for the sets S, are the
same, and likewise for the T;s with ¢ > 0. We denote these v-sequences by ag and ar,
respectively, and recall the notation for a linear sequence given in Definition 2.5.12.

This gives us the following result.

Proposition 2.5.17 ([6] 2.10). The v-sequence of Ry, denoted ap, satisfies and is

determined by the formula
ar = [[(ar + () A (ar — ()7 + ()P A (ag® 7 (2.5)

Given the v-sequences ag and ag, Equation (2.5) uniquely determines ag(n) for
all n. It now remains to compute the v-sequences and v-orderings for the sets S,
and T;. The method from [6] given below for p a prime in general is an extension of

the p = 2 case given in [11].
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Definition 2.5.18 ([6], 2.11).

i) Let a,b € F, be given and let n = Zizo n;p’ be the expansion of n in base p.
Define the map

¢ = (¢1,02) : Z7° = (a + pZ=°) x (b+ pZ=°)

d(n) = (a +p Z nep’, b+p Z n2¢+1pi>

>0 >0

Additionally, let the polynomial f,(x) be defined by

n—1

fule) = [T = 61(0) + 6ali)

1=0

ii) Let 0 < j < p be given and let n = Zizo n;p’ be the expansion of n in base p.
Define the map

U= (Y1) : Z7° — (pZ7°) x (jp + p*Z7°)

U(n) = (p > nap', jp+pt ) nz¢+1p">

i>0 i>0
Additionally, let the polynomial g, (z) be defined by
n—1

() = 1] = dr(D)z + 4 (0)) -

1=0

Note. To remain consistent with [6], here we have ordered our component polynomials
¢ and ¥ so that ¢o, 15 correspond to the constant terms of quadratic polynomials in f,
and g,. For ease of notation in future chapters, we will let the polynomial component

¢; denote the coefficient of z°.
Lemma 2.5.19 ([6], 2.12).

i) If z € Sap then v(f(2)) > 2n+23, L%J with equality if Tr(z) = ¢1(n)
and N(z) = ¢a(n).

ii) If z € T for j > 0 then v(gn(2)) > 3n+ >, L%J with equality if Tr(z) =
¥1(n) and N(z) = ¥y(n).
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The proof of Lemma 2.5.19 is omitted from this section as a similar computation
is presented in Section 3.3 for the case of 3 x 3 matrices.

From the embedding theorem (Theorem 2.5.5), for any choice of n there are
elements a,,b, € Ry that are roots of the polynomials ? — ¢;(n)xr + ¢9(n) and
22— (n)z+1be(n), respectively. The definition of f,, and g, given in Definition 2.5.18
imply that fo,(z) is the minimal polynomial of the set

{a07 0(@0), ai, 0(@1), <oy Oy, Q(G’n)}
while g, (x) is the minimal polynomial of
{bo,0(by), b1,0(b1),...,bn,0(bs)} .

This result suggests that
Proposition 2.5.20 ([6], 2.13).

i) The sequence {ag, 0(ap), a1,6(ay),. ..} is a v-ordering of S,;, and the associated

v-sequence is

as(2n) = ag(2n+1) =2n+2) L%J .

ii) The sequence {by,8(bo),b1,6(b1), ...} is a v-ordering of 7, and the associated

v-sequence is

ar(2n) = ar(2n+1) —1=3n+Y L%J .

Corollary 2.5.21 (to Prop 2.5.20, see [6], 2.14).

i) The sequence of polynomials
{rmes@f (), pmosCr g f (1) :n=0,1,2,...}
forms a regular Ry-basis for Int(S, ).
ii) The sequence of polynomials
{rorCg (z), 70T pg (2) :n=10,1,2,...}
forms a regular Ry-basis for Int(75).
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We have now established that the ring of integer-valued polynomials of each com-
ponent in our disjoint union characterizing Ry has a regular basis, and we would like
to put these together to obtain a regular Ry-basis for Intg(Rs) itself. The following

lemma provides the means of doing so with basis elements of a convenient form.

Lemma 2.5.22 ([6], 2.15). If two subsets of Rj satisfying the hypotheses of Lemma 2.5.11
each has a regular basis whose elements are each quotients of polynomials in Z[x] by

powers of 7, then their union also has a regular basis of this form.

Proof. Let {m=1™h, (z) :n=0,1,2...} and {72k, (2) : n =0,1,2...} be the
two bases in question, with h,(z), k,(x) € Z[z]. Since by assumption the sets satisfy
the hypotheses of Lemma 2.5.11, we already know that the vr-sequence « of their
union is the shuffle of the sequences a; and as.

For each n, there is a pair of integers ¢ and m such that ¢{ +m = n, and either
a(n) = ai(¢) and a(n) > as(m) or a(n) = a;(m) and a(n) > as(¢)

or both. This implies that 7=*™ hy(z)k,,(x) is a polynomial of degree n which is Rj-
valued on the union of the two sets, and has the same denominator as the polynomial
of degree n in a regular basis for the ring of polynomials that are Ry-valued on the
union. By choosing one of these polynomials for each degree n, we obtain a regular
basis of the desired form. O

Since each of the polynomials f,,(z), g,(x) have integer coefficients, we can apply

Lemma 2.5.22 to our maximal order to obtain:

Corollary 2.5.23 ([6], 2.16). Int(R2) has a regular basis whose elements are each a

quotient of a polynomial in Z[z] by a power of 7.

Corollary 2.5.24 ([6], 2.17). The p-sequence of Intg(Rz) is {|ar,(n)/2] : n =
0,1,2,...}.

2.5.4 Valuative capacity

One thing that is of interest to describe is the asymptotic behaviour of a v-sequence

a(n).

Definition 2.5.25 ([5], §4). The valuative capacity of a set S is described by

lim ag(n)

n—o0 n
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if this limit exists, where ag(n) is the characteristic sequence of S.

Proposition 2.5.26 ([10], Prop 7). If «, 8 are nondecreasing unbounded sequences

with
limw:a>0 and lim@:b>0
n—oo N n—oo N
then
ti (SO eyt
n—oo n

Continuing the example given for Ry over Q, from earlier in this section, we obtain

the following result for the valuative capacity of Rs.

Proposition 2.5.27. The valuative capacity of Ry over Q, is given by

lim (1) = 2 .
n—oco N p24+p—2

Proof. Since we have
0ty = [[(e, + () A (o — ()] 4+ (m)]% A (3772

we see from Proposition 2.5.26 that

lim o, (1) = !
lim,, o0 aST(n) 1
1+
p—1 1
lim, o 20— 1 Yim,,,, 220 4y
Since
n
as(2n) =as(2n+1) =2n+ QZ LEJ
k>0
ar(2n) =ar(2n+1) —1=3n+ Z {%J
k>0 p
it can be directly computed that
2 3 1
lim as(n) I and lim ar(n) =+,
I ) p?—1 n—oo N 2 2(p-1)
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from which it becomes clear that the valuative capacity of Ry is the positive solution

to the quadratic equation

(p* —p)/2 p
=) :
1+
p—1 1
24120 —1) 241

P +x+1

from which we obtain

lim ry (1) = — 2 .
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Chapter 3

The Index 3, 2-local Case

3.1 Notation

We are working within the division algebra D3 and its maximal order Ag, represented

as subsets of the 3 x 3 matrices as described in Section 2.4.3:
D3 = Qzlw, 7] Ag = Zo|w, ]

where 9, Zs denote the 2-adic numbers and integers, respectively, and

¢ 0 0 010
w=10 ¢ 0 =10 0 1
0 0 ¢ 2.0 0

with (7 a primitive 7" root of unity. Note that we have the relations 73 = 2/5 and

1

7 w-7 ! = w? and also a valuation v in Az described by v(z) = y(det(z)) for

z € Az realized as a matrix, where vy denotes the 2-adic valuation.

3.2 Subsets Closed Under Conjugation in Aj

3.2.1 Conjugacy classes of A3 modulo 7

Each element in Aj is expressible as a Zs-linear combination of the nine elements
{w'-7: 0 <4,j <2}. The quotient Az/(m) is isomorphic to the finite field Fys = Fyg
with nonzero residue classes modulo 7 represented by powers of w. We would like to
decompose Az using the conjugacy classes of A3 modulo 7, and denote these classes

as follows:
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Definition 3.2.1. Define the sets

T={2€A3:2=0 (mod n)} =nA
T+1={z€Az:z=13 (mod )}
S={z€A3:2z=worw’orw! (mod )}
S+1={z€A3:2=w’orw® or w’ (mod 7)}
={z€l3:2=wt+Lorw’ +Lorw'+1I3 (modm)}.

Lemma 3.2.2.

i) If 2 € T, then the characteristic polynomial of z is congruent to z* (mod 2).

ii) If z € T'+ 1, then the characteristic polynomial of z is congruent to

(x —1)% (mod 2).

iii) if z € 9, then the characteristic polynomial of z is congruent to

3+ 2+ 1 (mod 2).

iv) if z € S + 1, then the characteristic polynomial of z is congruent to
3+ 2% + 1 (mod 2).

v) Each of the sets T,7 + 1,5,5 + 1 is closed with respect to conjugation by

elements of Az, where “a conjugated by b” is the element bab 1.

vi) Each element of Aj lies in exactly one of the sets T, T+ 1,5, S+ 1, so that their

disjoint union is all of As.

vii) If z,w € Ag are not both simultaneously in one of 7', T'+ 1, S, or S + 1, then

v(z —w)=0.
Proof.

i) If 2 € T, then 2® = 0 (mod 72) so 23 = 0 (mod 2), and hence z is a root of
3 (mod 2).

ii) If z € T+ 1, then (2 — I3)> = 0 (mod 73) so (z — I3)® = 0 (mod 2), and hence

z is a root of (z —1)* (mod 2).

iii) When viewed as a matrix, w has characteristic polynomial 3 + z + 1 (mod 2).
As it is a diagonal matrix, it is easily seen that w has the same eigenvalues as

w? and w*, so all three elements of A3 have the same characteristic polynomial.
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2 or w* (mod ) then z is still a root of the polynomial

If instead z = w,w
23+ 2+ 1 (mod 2). Since this is an irreducible cubic polynomial, we can be

certain that this is actually the characteristic polynomial of z.

iv) When viewed as a matrix, w + I3 has characteristic polynomial 23 + 22 +
1 (mod 2). This matrix is diagonal and it is easily seen that w?+ I3 and w* + I3
have the same entries as w + I3, only permuted, and hence all three elements of
A3 have the same characteristic polynomial. If instead z = w + I3, w? + I3, or
w+ 13 (mod 7) then z is still a root of the polynomial x®+z%+1 (mod 2). Since
this is an irreducible cubic polynomial, we can be certain that this is actually

the characteristic polynomial of z.
v) This follows from Dickson’s Theorem (Theorem 2.3.6).

vi) It is easy to see, since all nonzero residue classes of Az (mod 7) are represented
by powers of w, that T U (T'+ 1)U S U (S + 1) = Az. The fact that each
element of Aj lies in exactly one of these four sets follows by the uniqueness of

the characteristic polynomial.

vii) If z,w are in different sets 7,7 + 1, 5,5 + 1, then z and w are by definition
in different residue classes modulo m. Therefore z — w # 0 (mod 7) and hence
v(z —w) = 0 for all choices of z,w € Ag such that z and w are not in the same

subset of As given in Definition 3.2.1.
O

Knowing this decomposition of Ag into the union of disjoint sets, we can apply
Lemma 2.5.11 to determine a recursive definition for the r-ordering of Aj. Also
by Lemma 2.5.9, we need only concern ourselves with the r-sequences of the sets
T and S, as T+ 1 and S + 1 are simply translates, under which r-sequences are
invariant. However, we can further decompose A3 by examining the subsets closed

under conjugation modulo higher powers of m within the set T

3.2.2 Decomposition of T
Definition 3.2.3. Let
Ty ={z€As;:2=0 (mod 72)} = 7?A

Ty ={z € As: 2 = w'r (mod 7?) for some 0 < i < 6}
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Lemma 3.2.4.

i)
ii)

iii)

Every element in 7' is in exactly one of T} and T5.
Each of T} and T5 is closed with respect to conjugation by elements of Ajs.

If z€ Ty and w € Ty, then v(z —w) = 1.

Proof.

i)

ii)

iii)

As all z € T are such that z = 0 (mod ), the fact that either z € T} or z € Ty

follows from the definition of these sets.

The fact that 77 is closed under conjugation is clear from its definition. In
the case of T,, we can write any element of A as a linear combination of the
elements w¥r? with 0 < k < 6, 0 < m < 2. Using the known relations between
w and 7, it follows that conjugating m € Az by an arbitrary element w*m of As
gives wFnt - - 7w = W™ Fxr. Thus every element wir is in the same orbit
as m under the action of conjugation, hence T is closed under conjugation by

elements of As.

If z € T) and w € Ty then 2 — w = w'n (mod 72) for some 0 < i < 6. Therefore

v(z —w) = v(w'r) = 1 for any choice of z € T} and w € Th.

We can, in fact, break the set T} into components even further.

Definition 3.2.5. Let

Ty ={z€As:2=0 (mod 7°)} = 2As

Ty={z € As: 2z =w'r? (mod 7*) for some 0 < i < 6}

Lemma 3.2.6.

i)
ii)

iii)

Every element of T} is in exactly one of T3 and T}.
Each of T3 and T} is closed with respect to conjugation by elements of As.

If z € T3 and w € Ty, then v(z —w) = 2.
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Proof.

i) As all z € T} are such that z = 0 (mod 7?), the fact that either 2 € T3 or 2 € T

follows from the definition of these sets.

ii) The fact that T3 is closed under conjugation is clear from its definition. In
the case of Ty, we can write any element of Az as a linear combination of the
elements wkr? with 0 < k < 6,0 < 7 < 2. Using the known relations between
w and 7, it follows that conjugating 72 € Ag by an arbitrary element w*m’ of
As gives whirt - 72 - m7tw™F = w2 Since the equation 4k = n (mod 7) has a
solution for every n € Z/(7), it follows that every element w'zn? is in the same
orbit as 72 under the action of conjugation, hence T} is closed under conjugation

by elements of As.

iii) If z € Ty and w € T}, then z—w = wim? (mod 7?) for some 0 < i < 6. Therefore

v(z —w) = v(w'r?) = 2 for any choice of z € T3 and w € T.

From this analysis, it follows that

T:T1UT2
= (T3UTy) UT;
:2A3UT4UT2

with all unions disjoint, and with all sets fulfilling the conditions of Lemma 2.5.11.
The decomposition of Aj into sets is demonstrated graphically in Figure 3.1. By
Lemma 2.5.9, the v-sequence of T3 = 2A3 can be written in terms of the v-sequence
for Az, which provides the eventual recursive definition of aa, we seek, given in
Proposition 3.2.7. Thus, to define the v-sequence of T, it is sufficient to determine

the v-sequences of T5 and Tj.

3.2.3 The r-sequence of Aj

From the description of the decomposition of Aj into appropriate disjoint sets as in
Section 3.2.2, coupled with the results of Lemmas 2.5.9 and 2.5.11, we obtain the

following result.
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A

T =mAs T+1 S S+1
Tl —7T2A3 T2
T3:2A3 T4

Figure 3.1: Tree summarizing decomposition of As.

Proposition 3.2.7. The v-sequence of As, denoted an,, satisfies and is determined

by the formula

asy = ([([(as; + () A (az, = @) + () A (ar, = ()] + (1) A (as)™?
where (kn) denotes the linear sequence whose n*® term is kn.

Proof. This formula follows from Lemmas 2.5.9, 2.5.11, 3.2.2, 3.2.4, and 3.2.6.
Since T3 = 2A3, we have agp, = aa, + (3n). We then know that

ar, = [(aa; + (3n) = (2n)) A (az, — (2n))] + (2n)
= [(@a; + (n)) A (an, — (2n))] + (2n)

and therefore

We know that 7'+ 1 is a translate of 7" and S 4+ 1 of S, so that ay = apy1 and

as = agy1. Therefore

apn, = ar Narppr AN oag N\ agy
= (a7?) A (ag?)

= ([([(aas + (n) A (ar, — (2n))] + () A (az, — (n))] + (n)" A (as)™
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as claimed. O

Once we have determined the v-sequences for S, Ty, and T}, this formula will
uniquely determine aa, (i) for all i. For every i > 0, the i*" term on the right-hand
side consists of terms from ag, ar,, and ar,, and also terms aa,(j) for some j < i.
As the first term of any r-sequence is always 0, this formula gives an expression of

ap, for all 7.

3.2.4 Characteristic polynomials of subsets of Aj

We would like to be able to completely describe the subsets of As in terms of the
2-adic valuation of coefficients in their characteristic polynomials. First, we show that

these polynomials are irreducible.

Lemma 3.2.8. Let z € A3z be a non-constant element. The characteristic polynomial

of z is irreducible over Q,.

Proof. Since z € Az C Qofw, 7] then Qs < Q2] < Qaw,w] as field extensions.
The characteristic polynomial of z € As over Q2 has degree 3, so [Qa]z] : Qo] < 3.
Since [Qs]z] : Qo] divides [Qa|w, 7] : Q2] = 9 we therefore have [Qq[2] : Q3] = 3 or
[Q2]z] : Q2] = 1. Since z is non-constant, z € Qg and thus [Q[z] : Q2] = 3. Since this
is equal to the degree of the characteristic polynomial of z, it is therefore the minimal

polynomial of z over (Q; and hence is irreducible. m

The fact that characteristic polynomials of non-constant elements of Az are irre-
ducible allows us to make use of the following result, which has been restated for the

degree 3 case with the convention of writing general polynomials as f(z) = >, a;z".

Lemma 3.2.9 ([14], 12.9 restated). Let f(z) = ao + a1z + a2 + 2* € Klx] be

irreducible. Then
3—J
3

This lemma does not give us much information when it comes to the set S, as

v(a;) >

v(ap) , 0<j<2.

here v(ag) = 0. In the case of this set, we do know definitively that the characteristic
polynomial of z € S is equivalent to 2® + x 4+ 1 (mod 2). This gives the result that if

f(x) = ag + a;x + asx?® + 2 the minimal polynomial of z € S, then
]/Q(ao) =0 l/g(al) =0 VQ(CLQ) Z 1. (31)

However, the aforementioned lemma does give us useful information for determin-

ing coefficients of the characteristic polynomial for elements in 75 and Tj.
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Proposition 3.2.10.

i) Let z € Ty, with f(x) = ag+a;x+asz?+x3 the minimal polynomial of z € Qq[x].
Then

vo(ag) =1 ve(ay) >1 ve(ag) >1

ii) Let z € Ty, with f(z) = ap+a1z+asx?+23 the minimal polynomial of z € Qs[z].
Then

1/2((10) =2 Vg(al) Z 2 VQ(CLQ) 2 1

Proof.

i) We can write Tp = Az \ 72A3, so that every element z € T, has v(z) = 1.
Therefore v(ag) = vo(det(z)) = v(z) = 1. Since ap = 0 (mod 2) but ay #
0 (mod 4), it must be the case that ag = 2 (mod 4). Lemma 3.2.9 gives the

result.

ii) We can write Ty = m2A3z \ 2A3, so that every element z € Tj has v(z) = 2.
Therefore v(ag) = vo(det(z)) = v(z) = 2. Since qy = 0 (mod 4) but ag #
0 (mod 8), it must be the case that ag = 4 (mod 8). Lemma 3.2.9 gives the

result.

]

With this knowledge of the 2-adic valuations of coefficients of the characteristic
polynomials, we can begin to construct elements that will feature in the integer-valued

polynomials for these sets.

3.3 Towards Computing r-sequences

Given the expression of our sets in terms of characteristic polynomials given in Equa-
tion (3.1) and Lemma 3.2.10, we can compute the v-orderings and v-sequences for
S, Ty, and Tj. In this section, we establish some facts about the valuation of cer-
tain polynomials, with the goal of establishing these as the minimal polynomials of

elements within their respective sets.
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3.3.1 Characteristic polynomials for elements in S

For elements z € S, we have
Tr(z) =0 (mod 2) B(z) =1 (mod 2) det(z) =1 (mod 2)
Let us define the function
O = (P2, 01, P0) : Z>o — 2Z>0 X (1 + 2Z>¢) x (1 + 2Z>¢)

p(n) = (2 Z nz;i2', 1+ 2 Z n3ip12', 1+ 2 Z n31+22i>

i>0 >0 i>0
where n = "._,n;2" is the expansion of n in base 2. Let

n—1

fu(w) = H (2 — go(k)a® + o1 (k)z — do(k)) .

k=0

Lemma 3.3.1. If z € S then
n
v(Fa2) 2 30 +3) | |

with equality if Tr(z) = ¢a(n), 5(2) = ¢1(n), and det(z) = ¢o(n).

Proof. Let z € S, and let Tr(z) = 23_,.,ax2" be the expansion of Tr(z) in base
2. Similarly, let B(z) = 1+23,.,b2" and det(z) = 14237, 2" be the base
2 expansions of (z),det(z). Define m := 37, ax2%" + 02"+ 4 ¢,2%+2 5o that

p(m) = (Tr(z), B(2), det(z)).
For any 0 < k < n,

2% — ¢ (k) 2+ 1 (k) z — do(k)
=25 — (k)22 + ¢1(k)z — ¢o(k) — (2° — Tr(2)2* + B(2)z — det(2))
= (Tr(2) = d2(k))2" + (d1(k) — B(2)) + (det(2) — do(k))
= (92(m) — d2(k))2* + (d1(k) — ¢1(m))z + (¢o(m) — o (k) -
Since the characteristic polynomial for z € S is z3+x+1 (mod 2) and is irreducible
over [y, it follows by Hensel’s lemma that if az? + bz + ¢ = 0 (mod 7) in Az then

a =b=c=0 (mod 2). Because z € S we have v(z) = 0, and so we obtain
that v(az? + bz + ¢) = 3min(re(a), v2(b), v2(c)). We abuse notation and let v5(¢;) =
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va(¢p;(m) — ¢;(k)) for j =0,1,2 and so that

v(2® = ¢a(k)2> + d1(k)z — do(k)) = 3min(vy(¢), va(h1), va(do))

which gives

v(fu(2)) = 3me va(p2), v2(91), v2(d0)) -

If k=5 k2", m =5 m;2" denote the expansions of k& and m in base 2, then

vo(m — k) = min(i : k; # m;)
Vo(¢o) = min(i : ks; # ma;) + 1
vo(d1) = min(i : ks;pq # mgipr) + 1
va(o) = min(i : kgio 7# Mmaig2) +1

Thus, we have

min(va(6),(00). o) = | 250 1.

Since {MJ is the highest power of 8 dividing m — k, for simplicity let us denote
vg(m — k) := LMJ
Using the fact that v,(n!) = >0 15,(i) = >0, L”QJ = % with n = > ngp’

for any prime p extends also to powers of primes, we obtain the result

S0 -5 [3) -2

i=1 >0

where n = Y n;8" is the expansion of n in base 8. Thus, we have

=<8 (22 )

(z |- 5|4




m T ()= Bn

=3 3
n -+ < -

with m = > m;8", m —n =>_(m — n);8" as expansions base 8.
Noting that

m—3m; (m—n)=3(m—n) n-=3n _
7 7

_Z(m—n)ﬂ—Zni—Zmi -0
7 >

7

since this is the number of carries in adding n and m — n in base 8, and so is always

non-negative and equals zero only if n = m, we see that
n
v(fu(2)) > 3n+3 Z {S—kJ

for z € S, with equality if ¢(n) = (Tr(2), 5(2), det(z)). O

Lemma 3.3.2. Let a be a root of the polynomial f(x) = 23 —@a(n)z?+¢1(n)x—do(n)
in S, with 6 the automorphism in Aj given by 6(t) = wtwr~!. The set of roots
a,0(a),0*(a) are distinct modulo 7, so that v(0'(a) — 67(a)) = 0 for i # j.

Proof. By Theorem 2.3.6, if a is a root of f(z) then so too are §(a) and 6*(a). The
element @ = w’ (mod ) for some choice of 1 < j < 7, and since §(w’) = w?, it
follows that the set of roots {a,0(a),6%*(a)} = {w’,w?,w*} (mod 7) and that these
roots are distinct modulo 7, as ged(j,7) = ged(24,7) = ged(45,7) = 1. The result
v(6(a) — 6?(a)) = 0 for i # j follows. O

Lemma 3.3.3. The v-sequence of ag of S C Aj is given by

asg(3n) =as(Bn+1) =as(3n+2) =3n+ 32 LgJ

1>0

Proof. Via Theorem 2.5.5, for any n € Z>( there exists an element a,, € Az which is
a root of the polynomial z° — ¢o(n)z? + ¢1(n)x — ¢do(n). Recalling that

fule) = [T (2* — 6o(k)® + n () — (k)

k=0

we can see that f,,(z) is the minimal polynomial of the set
{a07 9(@0), 62<a0)7 aq, 9(@1), 92(0’1)7 ceey Qn—1, 9(an71)7 92(017171)}

where 6 is a non-trivial automorphism in Asz. This shows that
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{ag, 0(ap),0%(ag),ar,0(ay),0*(ay), ...} forms a v-ordering for S, and since the minimal
polynomials of {ay,...,0%(a,_1),a,} and {ao,...,0*(an_1),an,0(a,)} are f,(z)(z —
a,) and f,(z)(x —a,)(x —6(a,)) respectively, and v(a,, —6(a,)) = 0 by Lemma 3.3.2,
by Lemma 3.3.1 we have

as(3n) = ag@Bn+1) = as(Bn+2) =3n+33 Lgﬁj .

1>0

3.3.2 Characteristic polynomials for elements in 75

For elements z € Ty, we have
Tr(z) =0 (mod 2) B(z) =0 (mod 2) det(z) = 2 (mod 4)
Let us define the function

Y = (Y2, 1,%0) : Lso — 2L>o X 2Z0 % (2 + 4Z>0)

Y(n) = (2 Z n3¢+12i7 2 Z n32", 2 + 4 Z n3i+22i>

i>0 i>0 i>0
where n =", n;2" is the expansion of n in base 2. Let

n—1

gn(x) = [ ] (= = va(k)2® + 1 (k) — o (k) -

k=0

Lemma 3.3.4. If z € T5 then

Proof. Let z € Ty, and let Tr(z) = 23,5, ar2" be the expansion of Tr(z) in base
2. Similarly, let 8(z) = 23,5, 02" and_det(z) = 2+4Y,.,c2" be the base 2
expansions of [(z),det(z). Define m := D ko 2P+ b2 1 ;2952 50 that
P(m) = (Tr(z), 6(2), det(2)).
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For any 0 < k < n,

2% — (k)21 (k)2 — Yo (k)
=22 —hy(k)2® + P1(k)z — o (k) — (22 — Tr(2)2* + B(2)z — det(2))
= (2(m) — ¥2(k))2* + (U1(k) = ¥1(m))z + (Yo(m) — Yo(k))

Since z € Ty we have v(z) = 1, and therefore v(az?) = 2 + 3vy(a), v(bz) =
1 4 312(b), and v(c) = 31n(c). Because these have different residues modulo 3, we
have
v(az® 4+ bz + ¢) = min(2 + 3vy(a), 1 + 3v,(b), 31s(c)) .

For the sake of simplicity, we abuse notation and let v5(¢;) = v2(1;(m) — ¥;(k)) for
7 =0,1,2 and so

V(2% — o(k)2? + (k)2 — aho(k)) = min(2 + 3va(1hy), 1 + 3ua(h1), 3va(thy))

giving
n—1

v(ga(2)) = > _min(2 + 3us(tha), 1 + 3va(¥1), 3va(tho)) -
k=0

If k=5 k2, m =>_m;2" denote the expansions of k¥ and m in base 2, then

) (i : ki # my)

vo(1he) = min(i : kg1 # mgiy1) + 1
) in(i: ky; # ma;) +1
) (4 : k3ito # Maita) + 2

In this case, we find that the lower bounds on the v(¢;) change depending on the

residue of vo(m — k) (mod 3). We summarize the results in Table 3.1.

vo(m — k) (mod 3) : | 0 1 2
2 + 3va(1hg) >5+wm(m—k) =44+wmim—Fk) >6+uv(m—k)
1+ 3u(1) =4d+wv(m—k) >6+w(m—Fk) >5+uvs(m—k)
3uva(tho) >6+wv(m—k) >54+wmim—Fk) =4+uv(m—k)

Table 3.1: Summary of lower bounds in 75
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From the table, we see that

mln(Z + 3V2(w2), 1+ 31/2(w1>, 3V2(¢0)) =4+ Vg(m — k) s

giving
n—1
v(gn(2)) = D (4 +1va(m —k))
k=0
n—1
:4n+zy2(m—k)
k=0
=dn+ Y (k)= Y (k)
k=1 k=1
m m—n
24“2; -1 J
n
> 4n + ; LEJ
for z € Ty, with equality if ¥(n) = (T'r(z), B(z), det(2)). O

Lemma 3.3.5. Let b be a root of the polynomial g(x) = 2®—s(n)z? 4+ (n)x—1)o(n)
in Ty, with 6 the automorphism in Ajz given by 6(t) = wtm—'. The set of roots
b,0(b),0%(b) are distinct modulo 72, so that v(6%(b) — 67(b)) = 1 for i # j.

Proof. If b = 7 (mod 7?%), take instead b = wr (mod 7%) — this choice can be made

1

since m and wm are conjugates: w™ mw = wm. By Theorem 2.3.6, if b is a root of

g(x) then so too are #(b) and 6%(b). The element b = b (mod 7?) for some choice of

b#0 (mod 7). Applying our automorphism, we obtain modulo 72

0(b) = 0(bm) = 0(0)0(r) = (D) .

As in the proof of Lemma 3.3.2, the collection of elements {b, 8(b), 6%(b)} are distinct
modulo 7, and hence {b,0(b),0%*(b)} are distinct modulo 72. The result v(6°(b) —
07 (b)) = 1 for i # j follows. O

Lemma 3.3.6. The v-sequence ap, of T, C Ag is given by

o, (3n) = o, (30 +1) = 1 =an,Bn+2) —2 =40+ 3 | 2]

>0
Proof. Via Theorem 2.5.5, for any n € Zs( there exists an element b, € Az which is
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a root of the polynomial z* — 1)9(n)z? 4+ 1 (n)x — 1ho(n). Recalling that

gul) = [ (&° — da(k)® + v (k) — k)

k=0

we can see that g,(z) is the minimal polynomial of the set

{bo, 0(bo), 02 (bo), a1, 0(by),0%(b1), - ., by_1,0(bn_1),0*(bp_1)}

where 6 is a non-trivial automorphism in Asz. This shows that
{by, 0(bo),0%(bo), by, 0(b1),0%(b1),...} forms a v-ordering for T, and since v(b, —
0(b,)) = 1 by Lemma 3.3.5, by Lemma 3.3.4 we have

or,(3n) = g, (3n +1) — 1 = ap,(3n +2) =2 =dn+ Y {gJ .

3.3.3 Characteristic polynomials for elements in 7}

For elements z € Ty, we have
Tr(z) =0 (mod 2) B(z) =0 (mod 4) det(z) =4 (mod 8)
Let us define the function

o = (0'2,0'1,0'0) . ZZO — 2220 X 4Z20 X <4+ 8Z20)

O'(TL) = (2 Z n3i2i, 4 Z n3i+12i, 4 —f- 8 Z n3i+22i>

>0 >0 i>0
where n = >, n;2" is the expansion of n in base 2. Let
n—1

ha(z) = [ [ (° = 02(k)2® + o1 (k)x — o0(k)) .

k=0

Lemma 3.3.7. If z € T}, then

V() = Tn+ Y E1
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with equality if Tr(z) = 02(n), 5(z) = 01(n), and det(z) = go(n).

Proof. Let z € Ty, and let Tr(z) = 237, ax2" be the expansion of Tr(z) in base
2. Similarly, let f(z) = 43,5, bk2" and det(z) = 4 +837,., 2" be the base 2
expansions of B(z),det(z). Define m := 37, ap2% + 0 2% 4 ¢,2%2 50 that

o(m) = (Tr(z),[(z),det(z)).
For any 0 < k < n,

23— o9(k) 2201 (k)2 — oo(k)
=23 —0y(k)2® + o1(k)z — oo(k) — (2° — Tr(2)2* + B(2)z — det(z))
= (02(m) — 02(k))2* + (01(k) — 01(m))z + (g0(m) — 00 (k))

Since z € T, we have v(z) = 2, and therefore v(az?) = 4 + 3vy(a), v(bz) =
2 + 315(b), and v(c) = 31a(c). Because these have different residues modulo 3, we
have
v(az® 4+ bz + ¢) = min(4 + 3vy(a), 2 + 3v5(b), 31s(c)) .

For the sake of simplicity, we abuse notation and let v5(0;) = v2(0;(m) — o;(k)) for

7=0,1,2 and so
v(2® — oo(k)2? + o1(k)z — oo(k)) = min(4 + 31a(02), 2 + 3vy(01), 3va(0p))

giving
n—1

v(ha(2)) = Z min(4 + 3vy(02),2 4 3va(01), 3v2(0y)) -
k=0

If k=5 k2, m =>_m;2" denote the expansions of k¥ and m in base 2, then

) (i : ki #£my)

Vo(09) = min(i : ks; # ma;) + 1
) (41 k3iv1 # mgigr) + 2
) (7 : ksiro # M3io) +3

In this case, we find that the lower bounds on the v(o;) change depending on the
residue of vo(m — k) (mod 3). We summarize the results in Table 3.2,

From the table, we see that

m1n(4 + 3V2(O'2), 2+ 3V2(0'1>, 3V2(0'0)) =T+ VQ(m — /{3) s
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va(m — k) (mod 3) : | 0 1 2

4 4 315(02) =T+wra(m—k) >9+wm(m—Fk) >8+w(m—k)
2 + 3vy(0q) >8+w(m—k) =T+wv(m—Fk) >9+w(im—k)
3uva(00) >8+w(m—k) >94+wm(m—Fk) =T7+w(m—k)

Table 3.2: Summary of lower bounds in 7}

giving
n—1
v(ha(2)) =Y (T+ a(m — k)
k=0
n—1
= 7n+ZV2(m—k)
k=0
=Tn+ Zug(k) — Z vo (k)
k=1 k=1
m m—n
:77”; {Q_J |2 J
n
> + DZO {gJ
for z € Ty, with equality if o(n) = (Tr(z), 5(z), det(z)). O

Lemma 3.3.8. Let ¢ be a root of the polynomial h(x) = 23 —oy(n)x*+01(n)z—0oo(n)

in Ty, with @ the automorphism in Az given by 6(t) = wtxr~L. The set of roots
¢,0(c),0?(c) are distinct modulo 73, so that v(6*(c) — 6?(c)) = 2 for i # ;.

Proof. 1f ¢ = 7% (mod 73), take instead ¢ = wr? (mod 73) — this choice can be made

2 and wn? are conjugates: w™!m?w = wnr. By Theorem 2.3.6, if ¢ is a root of

since
h(z) then so too are §(c) and 6?(c). The element ¢ = ¢r? (mod 7) for some choice

of ¢# 0 (mod 7). Applying our automorphism, we obtain modulo 7*
O(c) =6(cm) =0(c)f(r) =0(¢)m .

As in the proof of Lemma 3.3.2, the collection of elements {c, §(¢), 6*(¢)} are distinct
modulo 7, and hence {c,0(c),0*(c)} are distinct modulo 73. The result v(6*(c) —
¢’ (c)) = 2 for i # j follows. O
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Lemma 3.3.9. The v-sequence oy, of Ty C Ag is given by

o) a2 -4 7 |2

>0

Proof. Via Theorem 2.5.5, for any n € Z>( there exists an element ¢, € As which is

a root of the polynomial 2® — g9(n)z? + o1(n)z — og(n). Recalling that

ho(z) = H (2° — o1(k)2® + oa(k)x — o3(k))
we can see that h,(x) is the minimal polynomial of the set

{co,0(co),0%(co), c1,0(c1),0%(c1), ..., Cn1,0(cn_1), 0*(cn1)}

where # is a non-trivial automorphism in As. This shows that
{co,0(co),0%(co), c1,0(c1),0%(c1), ...} forms a v-ordering for Ty, and since v(c, —
0(c,)) = 2 by Lemma 3.3.5, by Lemma 3.3.7 we have

ar,(3n) = ar,Bn+1) =2 =ar,@Bn+2) —4="Tn+ ) bﬁJ ~

>0

3.4 Valuative Capacity of Aj

As introduced in Section 2.5.4, we are interested in the valuative capacity of As,
aA3(n)
n

given by lim,, . To describe this value, we must first determine the valuative

capacities of the subsets S, Ty, and T} of As.

Lemma 3.4.1. For the set S C A,

n—oco T 7

Proof. By Lemma 3.3.3, we have ag(3n) =3n+ 33, |Z]. Therefore

8

: n . .1 n
o S =t S =1t 05 )
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>0 >0 >0
n—1 n n
< {—J <
T T4 81 =7
>0
n—1 1 n 1
< - < -
1 1 n 1
S < lim - L_J <=
7 _33%; 8] =7
so that (n) | L8
Qg n
1 — 1+ lim - {_J _ 14220
n—oo N + 3nl£>noo n DZO 8 + 7 7

Lemma 3.4.2. For T, C As,

hmo%_(n):§.

n—0o0 n 3

Proof. By Lemma 3.3.6, we have ar,(3n) =4n+ >, | %|. Therefore

4
lim ) gy, 0nGn) 4, ] V’J .

n—00 n 3n—o0 3n 3 3n—o0 3N =0 20
i

Since >°._, = =1,

i>0 27

i>0 i>0 i>0
1< {—J <
1< |2 <n
>0
1 1 1
lim < lim —Z LEJ < lim -
3n—oco 3N 3n—oc0 3N = WA 3n—o00 3
1 1 n 1
S < lim — L_J <=
3 —3nioo3n; 92i] =3
so that m) 4 . L1 s
. apn . n
lim 22 2 gy, H:- o2
nhe 3+3n5“oo3n; 2] “3T373
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Lemma 3.4.3. For T, C As,

hm@n_(”):§'

n—0o0 n 3

Proof. By Lemma 3.3.9, we have ar, (3n) = Tn+ >, | %|. Therefore

>0
lim 020 _ gy omBn) T ] V’J .

n—00 n 3n—o0 3n 3 3n—o0 3N =0 20
i

By the result for the valuative capacity of T, lims,, oo % Zi>0 bﬂj = % so that

liman—(n):z%— lim LZLEJ =g+

n—oo n 3 3n—o00 3N 2’

>0

1
3 3

Proposition 3.4.4. The valuative capacity of As is given by

i 4 (n)  —4394 /469 921
im =

~ 0.32014 .
noo M 770

Proof. Recall by Proposition 3.2.7 that the v-sequence of Aj is given by the expression

an, = ([([(aa, + () A(az, — 20)] + (0) A (az, — ()] + (1)) A (ag)"? |
Using Proposition 2.5.26, we obtain

lim 2a(n) = !
n—00 n ) 9

ag(n)
—— 1
n 1+

lim,, o0

lim,, oo 22200 1

1+
1 1

aTy (n) _ 2 +

limy, 0o limy, 00 a%(n) +1
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so that the valuative capacity of Az is the positive solution to the expression

1

2 2
87" ]
1+
1 1
5/3—1+ 1
1+
1 1
8/3—2+x+1
1
7 2
1t ]
1+
3 1
2" |
1+
3 1
§+x+1
_ 4(45 + 31x)
563 + 385z

= 38522 + 439z — 180 =0

and so

i YA (n)  —439 4 v469 921
nooo M 770 .
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Chapter 4

The Prime Index, 2-local Case

4.1 Sets Closed Under Conjugation in A,

We observed that in the index 3 case, the elements of Az can be divided into the sets
T,T+1,S5,and S+ 1, where T consists of all elements z € Az with z =0 (mod ),
T + 1 consists of all z € Az with z = 1 (mod 7), and S and S + 1 are conjugacy
classes represented by irreducible polynomials of degree 3 modulo 2. Each of these
polynomials has three distinct roots of the form w® with 1 < ¢ < 6, and together these
four sets T', T'+ 1, S, and S 4 1 account for all elements of A3 modulo 7.

We now extend this reasoning to the index p case, with p an odd prime. The

maximal order A, will be the extension of Z, generated by the p X p matrices

C 0 0 -~ 0 0 1
0¢2 0 -+ 0

w=|0 0 ¢ -~ 0 T =
00 0 - ¢ 20 0 - 0

where ( is a primitive (27 — 1) root of unity. The following relations hold for w and

s
=21, rwr ! = w? Wwrt =1, .
The conjugacy class containing w’ in A, consists of the p elements

o 02 oy
wHwtw L w !
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1 2P—1

since mwit™! = w? and W¥ = w-w = w - I, = w, hence w?"" = w'. We will
show that each conjugacy class of elements w’ (mod 7) corresponds to an irreducible
polynomial of degree p modulo 2.

How many such polynomials are there? In general, the number of monic irre-
ducible polynomials of degree n over a finite field of size ¢ is expressed by the following

formula, given as a corollary in §7.2 of [9],

1 mn
L(n) =~ > u(d)g",
din
where p is the Mobius function. In our case, n = p a prime, and g = 2, so that

&@I%ZMMW

dlp

= L (22 + 20))

p
1
Loy
p
This agrees with the earlier observation that the 27 — 2 elements w, w?, w3, ..., w? =2

modulo 7 will be divided into conjugacy classes each of size p.

Therefore, the maximal order A, is divided into conjugacy classes T', T" + 1,
and a collection of %(2’9 — 2) sets {S;}, where T' = {z € A, : 2 = 0 (mod =)},
T+1={2€A,:z=1, (mod m)}, and the sets {S;} are each determined by a
monic irreducible polynomial f(x) of degree p.

As in the 3 x 3 case, we would now like to verify that our tree of sets closed
under conjugation below T is binary, namely that our sets are of the form 7/A, and

j—1 J
T A, N TA,.

Lemma 4.1.1. The set 7A, = {z € A, : 2 =0 (mod 7/)} splits, modulo 7/, into
the sets ™A, = {z € A, : 2 =0 (mod 7))} and A, N\ WA, = {2z € A, :
z = win? (mod 71,1 <4 < 2P — 1}, both of which are closed under conjugation by

elements of A,,.

Proof. Tt is clear that {z € A, : 2 =0 (mod 7/*1)} is closed under conjugation. Let
z =/ (mod 7*t!) € A,. Then, conjugating z by an element of the form w*z*, we

obtain
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k¢ 14 k k

rrt xR = WP iR

— F P (R i
— R(=29)
with 7 fixed such that 1 < j<p—1,and 1 </ <p—1,1 <k <2 —1. This set of
elements will be all of 7 A, \ w1 A, if and only if k(1 — 27) forms a complete set of
residues modulo 2P — 1, with j fixed and k variable.
We note the following result about Mersenne numbers, listed as Fact 13 in Section
4.2 of [15]:

If a,b € Zs then ged (2% — 1,20 — 1) = 28cd(@d) 1,

Since 1 < j < p—1 is fixed, we must have gcd(j, p) = 1 and therefore ged(2/ — 1,27 —
1) = ged(1 — 279,22 — 1) = 1. Since 1 — 27 and 27 — 1 are relatively prime, and k is
an integer in the range [1,2P — 1], it follows that k(1 — 27) forms a complete set of
residues modulo 27 — 1.

Therefore the set {w*1=2)77 (mod 7/1) : 1 < k < 22 — 1} is equivalent to the set
{wir? (mod wT1) 11 <i< 2P —1}. O

4.2 Characteristic Polynomials of the Subsets of
Ay

As done in Chapter 3, we would like to be able to completely describe the subsets of
A, in terms of the 2-adic valuation of coefficients in their characteristic polynomials.
To do this, we would like to use a result from [14], but first need to know that such

characteristic polynomials are irreducible.

Lemma 4.2.1. Let z € A, be a non-constant element. The characteristic polynomial

of z is irreducible over Q,.

Proof. Since z € A, C Qqfwy, mp] then Qo < Q2[z] < Qofwy, ™) as field extensions.
The characteristic polynomial of z € A, over Q2 has degree p, so [Qz]z] : Qo] < p.
Since [Qa[z] : Qq] divides [Q2]w,, 7] : Q2] = p* we therefore have [Qs]z] : Qq] = p or
[Q2]z] : Q2] = 1. Since z is non-constant, z € Qq and thus [Q[z] : Q2] = p. Since this
is equal to the degree of the characteristic polynomial of z, it is therefore the minimal

polynomial of z over Q; and hence is irreducible. O

%)



Knowing that the characteristic polynomials of all non-constant elements in A,
are irreducible allows us to make use of the following result (which has been restated

to adhere to the usual convention of writing general polynomials as f(z) = >_1" , a;z").

Lemma 4.2.2 ([14], 12.9 restated). Let f(z) = ap+a1x+- - +a, 12" '+ 2" € K|[z]
be irreducible. Then

n—j

v(a;) > v(ap) , 0<j<n-1.

In order to say more about the 2-adic valuation of the coefficients of the character-
istic polynomial of non-constant elements in A,, we need to know more information

about v,(ayp).

Lemma 4.2.3. Let A, denote the maximal order of dimension p? over Qo, and let
z € 7FA,, with f(z) = ap + a1x + -+ + ap—127~' + 2P the minimal polynomial of
z € Qo[z]. Then vy(ag) > k.

Proof. We have ag = det(z), so that vy(ag) = va(det(z)) = v(z) by definition of
the valuation in A,. Since v(z) simply counts the lowest power of 7 found in the

expression for z, and z € TFA,, we have vy(ag) = v(z) > k. O

Lemma 4.2.4. Let A, denote the maximal order of dimension p? over Qs, and let
z € TP ANTFTIA,, with f(z) = ap+aiz+- - -+ap_12P~ ' +2P the minimal polynomial
of z € Qyfx]. Then vy(ag) = k and ap = 2% (mod 2F+1).

Proof. As before, 15(ag) = 1o(det(z)) = v(z) and since z € 7%A, \ 7*1A,, the
lowest power of 7 appearing in the expression for z must be 7% and hence v5(ag) =
v(z) = k. Since agp = 0 (mod 2%) but ag # 0 (mod 2F+1), it must be the case that
ap = 2% (mod 2F+1). O

These lemmas lead to the following result.

Proposition 4.2.5.
i) Let Top_3 =m"A, ={z €A, : 2=0 (mod 7*)} for k > 2. Then for z € Th;_3,

the coefficients of the characteristic polynomial f,(z) = ag+aiz+- - +a, 12?1+

s (52) 4(1-3).

ii) Let Top, = 7FA, N 7*1A, = {2z € A, : 2 = win® (mod 7FH1), 1 < i < 2P — 1}
for k£ > 1. Then for z € Ty, the coefficients of the characteristic polynomial
f-(z) = ap+ a1z + -+ - + ap_12P~1 + 2P satisfy

xP satisfy
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ve(ag) =k

ap = 2 (mod 2Ft1)

pP—J J
vo(a;) >k <—> =k (1 - —)
! p p
and, conversely, any element z € A, with characteristic polynomial satisfying
the above conditions is an element of T5.

Proof.

i) This result follows from the definition of T5;_3 along with Lemmas 4.2.2, 4.2.3,
and 4.2.4.

ii) The first part of the proof follows from the definition of Ty, along with Lem-
mas 4.2.2, 4.2.3, and 4.2.4.

For the converse, we note that Ty, = 7*A, \ 7" A, can be described precisely
as Top, = {z € A, : v(z) = k}. We claim that

Top = {Z S Ap : Chz<x) =aP + ap—lxp_l + -+ ar +ag
with ag = 2* (mod 2"™),a; = 0 (mod ol 757 H] )}

By the above remark, we have already demonstrated the containment

p—1
{zeA,:v(z) =k} D{z€ A, :ch,(x) =2+ Zaixi
i=0

with ag = 2* (mod 2"™),a; = 0 (mod 2[%]“1)}

For the opposite conclusion, suppose an element z € A, has characteristic
polynomial with the properties above, namely ay = 2% (mod 2**1). Since ay =
det(z) and by definition, v(z) = y(det(z)), we will have v(z) = 15(ag) = k.
This completes the proof.

[]

With this knowledge of the 2-adic valuations of coefficients of the characteristic
polynomials, we can begin to construct elements that will feature in the integer-valued

polynomials for these sets.
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4.3 Towards Constructing Integer-Valued Polyno-

mials

4.3.1 The Sets S;

As discussed in Section 4.1, among the conjugacy classes of A, are a collection of sets
{S;} which are defined by monic irreducible polynomials f(x) of degree p, and there
are %(27’ — 2) such sets.

Let S be one of the sets in the collection {S;}. Such a set S has an associated
monic irreducible polynomial f(x) = ag+ ajz + -+ -+ a,_12?~' + 2P. Define a binary

sequence {0; }?;(1) by
ap =1 (mod 2) a; = 60; (mod 2)

where either 0, = 0 or §; = 1, depending on the value of j (and at least one §; =
0 (mod 2)), and define a function ¢ = (¢g, ¢1,...,P,—1) by

p—1
¢:Z— ] +22)

=0
(bj(b) =0;+2 Z bpi+(p—j)2i )

i>0
where dg = 1, and b = ZiZO b;2¢ is the expansion of b in base 2. Let
n—1
Jal@) = [T @ = dp1(B)a ™ + 6pa(b)2”™ = + (=170 (b)) -

b=0

We will determine a lower bound on v(f,(z)) for z € S. In order to do this, it is
helpful to note the following results regarding valuations of polynomials of degree at

most p — 1.

Lemma 4.3.1. If z € S and ¢; € Z, are such that
cp_lzp_1 + cp_gzp_2 + -4 ¢ =0 (mod )

in A, then we have ¢; =0 (mod 2) for all 0 <i <p—1.

. —1 ; . .
Proof. The polynomial ) """ ¢;2* has z as a root modulo 7, and since z is a root of

f(z) modulo 2, it so too must be a root of f(z) modulo 7. Since z is a root of both
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polynomials, it must be the case that Zf:_ol c;x’ divides f(x). But f(x) is irreducible,

and therefore Zf:_ol c;x' must be identically zero modulo 2. O]
Lemma 4.3.2. If z € S and ¢; € Zs for 0 <i < p —1, then
p—1
v (Z Ciz ) =, Juin v(cz') = P, uin ve(c;) -
>0
Proof. Since each ¢; = 0 (mod 2), write ¢; = 2%¢; with ¢ odd, 7; > 0. Then
p—1 p—1 p—1
Z o Z Vig, Zt = Qming v Z Qi Tmin; 5 6
i>0 i>0 i>0
with at least one of the v; — min; ; = 0. Therefore the expression
p—1
Z 9vi—ming v; élzz
i>0
has at least one odd coefficient, and by Lemma 4.3.1 it follows that
p—1
v (Z i~ min; Wéizi) =0.
i>0

From this, we see that

p—1 p—1
7 min,; v, ;—min; v; A 1
v E g2l =v|2 ”JE 27 3¢z

>0 >0
p—1
_ py2(2minj ’yj) +u <Z 9Yi—min; 7; 6222)
i>0
— pyz(zminj )
= pminy;

= pmin vy (c))
J

which gives the result. O]

With these lemmas in hand, we can now establish the following result for v(f,,(2)).
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Lemma 4.3.3. If 2 € S then
n
v(Fa2) Zpn+p Y | 37
i>0

with equality if ¢(n) = (¢o(n),. .., dp—1(n)) gives the tuple of coefficients ay, . .., a,—1

of the characteristic polynomial for z € S.

Proof. Let z € S, and let m € 7Z be such that ¢(m) gives a tuple consisting of the
coeflicients of the characteristic polynomial of z, with ¢,(m) being the coefficient of
27. Then for any 0 < b < n,

2 — hp1 (D)2 Hhpa(b)2P % — - 4 (—=1) o (D)
=27 = @1 (D)2 + dpa(b)2" 7 — -+ (=1)P¢o(D) — (ch.(2))
= (¢p-1(m) — dp—1(0)) 2"~ + (dp—2(b) — p_a(m))2"?
+ -+ (=1)"(¢o(b) — po(m))

Since for any z € S we have v(z) = 0, the results of Lemmas 4.3.1 and 4.3.2 give that

V(2" = dpo1(0)2" ™+ Gpa (D)2 — o+ (= 1)Po(b)) = min v(¢;27)

0<j<p-1

— ogrgngizl;l—l[pw(%) + jv(2)]

=P, )

where v5(¢;) == va(¢p;(m) — ¢;(b)) for 0 < j <p—1.
Let b= >_5b2", m =Y m;2" denote the expansions of b and m in base 2. Then

vo(m — b) = min(i : b; # m;)

Vo(d;) = min(i : byit(p—j) # Mpitp—7)) + 1

for each 0 < j < p — 1. Thus, we have

iy o) = |21

0<j<p-1

Since {@J is the highest power of 27 dividing m — b, for simplicity let us
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denote vop(m —b) = {WJ The fact that

n

v(nl) = 3 1)

i=1

_n—Zni

p—1

2

1>0

H

extends to powers of primes as well, so that

n
Z Von (i
i=1

)

>0

EAR

n

n—>n;
2r —1

where n = Y n;2P" is the expansion of n in base 2P. Thus, we have

a(fal2) :p:ié ( va(m — k)

=pn—+p

=pn+p

with m = > m;2P", m —n =Y (m —n);27" as expansions base 2P.

Noting that

m—> m;

(m—n)=Y(m=-n) n-Yn

»—1 % —1

since this is the number of carries in adding n and m — n in base 2P, and so is always

2r —1

2r —1

non-negative and equals zero only if n = m, we see that

V(£ 249 | o)

for z € S, with equality if ¢(n) = (¢o(n),...

coefficients ay, . .

Corollary 4.3.4. All conjugacy classes S C A, determined by a monic irreducible

>0

., ap—1 of the characteristic polynomial for z € S.

polynomial of degree p have the same r-sequence.

6

1

o m=n)i+ 3= my >0

,®p—1(n)) gives the tuple containing



Proof. Nowhere in the proof of Lemma 4.3.3 did we rely on the irreducible polynomial
defining S in question (namely, the choices of 0,). Therefore we obtain the same result
for all such conjugacy classes S in A, which gives the same v-sequence for all %(27’ —2)
such sets. O

4.3.2 The Sets Ty,

Recall from Proposition 4.2.5 ii) that we have the following characterization for the
sets Thy, for which we require a description of the v-sequence in order to determine

the v-sequence of A, itself:

T2k = {Z € Ap : Chz(l‘) =P + ap_lxp_l + -4 a1x + ag
with ag = 2F (mod 2+, a; =0 (mod 2(%’4 )} )

Let

p—1 .
,lp /AN (Zk 4 2k+lz) « HQ[(P p])k"IZ

j=1

w = (w07w17 see 7wp71)

be defined on Z so that

wo(b) = Qk + 2k+1 Z bpi+p712i (41)
>0
(p=i)k i
¥;(b) = ol 51 Z Dpi+((jk—1) (mod p))2 (4.2)
i>0

where 1 < j<p—1and b= Zz‘zo b;2¢ is the expansion of b € Z in base 2. For n > 0,

define polynomials

9(z) = 1:[(50” — -1 (D)2 + ya(b)a” ™ — -+ (=1)Po (D)) -
b=0

Let z € Ty, and let m € Z be such that 1)(m) gives a tuple consisting of the
coefficients of the characteristic polynomial of z, with 1;(m) being the coefficient of
27, Then for any 0 < b < n,
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2P — b, 1 (b) 2P b, o (D)2 T2 — s (= 1)Pahg (D)
=22 =y 1 (D)2 + 1y 0 (D)27 72 — -+ (=1)Po(b) — (ch.(2))
= (1 (m) — D1 (b)) 27 + (p_o(b) — Yp_g(m)) 2?2 + - -

+ (=1)"(¢o(b) — ¥o(m))

We would like to take the valuation of this expression. Recall that for any valuation
v defined on a field K with a,b € K, that v(a 4+ b) > min(v(a), (b)) with equality
if v(a) # v(b). In particular, if in a sum of n components each has a unique residue
modulo p, then the valuation of the sum is the minimum of the valuations of the
components.

Notice that for any 0 < 7 <p—1,

v((1hj(m) — ;(k))27) = pra(;(m) — (k) + v(2)
= pra(Wj(m) — (k) + jv(z)
= jv(z) (mod p) (4.3)

so as j varies we will have a complete set of residues modulo p, and hence

V(27 =1 (b)) o (b)2F 2 — - (= 1)Pao (b))
= min((p — Dv(2) + pra(¥p-1), (p — 2)v(2) + pra(¥p-2), . . .,
v(z) + pra(¥n), pr (o))
= min((p — Dk + pra(¢p-1), (p = 2)k + pra(thp—2), - .,
k + pra(¢r1), pr(vo))

here, as before, we write v5(1);) = va(10;(m) — ¢;(b)) for 0 < j <n —1.

The 1); are ordered in such a way that

vo(m — b) = min(i : b; # my)

o p—(p—1)
Vo(Yp-1) = min(i : byit(((p-1)k—1) (mod p)) Z Mpit((p-1)k—1) (mod p))) T {T’ﬂ

o p—(p-2)
Va(tp—2) = min(i : bpit(((p-2)k—1) (mod p)) 7 Mpit(((p-2)k—1) (mod p))) + [T’J
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p—1
va(th1) = min(i : byit((k—1) (mod p)) F Mpit((k—1) (mod p))) + [—4

(%) mln( bpz—i— (p—1) 7é Mpi+(p-1 ) + (k + 1)

where b=}, b;2" and m = > is0 m;2" are the expansions of b and m in base 2.

Proposition 4.3.5. With the above notation for the set 75, C A,, we have

V(2" = p1 ()27 + Ppa (D)2 — o+ (=1)P0o (D) = ph + 1+ va(m — D) .

Proof. The value of jk + prs(1p;) will depend on the residue of v5(m — b) modulo p.
Considering all residues of v5(m — b) (mod p), we will have:

(%) Zp(%—i—(k—i—l)) for vo(m —b) =i (mod p),0 <i<p—2

pr2(Yo

:p(%—i—(k—l—l)) for vo(m —b) =p — 1 (mod p)
>]k+p<% [%]{D for vo(m — b) =i (mod p),

0 <i < (jk — 2 (mod p))
Gk + pra(y) { = jk +p <V2(mfb)f(jk71 (mod p) | {%kb for vo(m — b) = jk — 1 (mod p)

P
% [%jk-| + 1) for vo(m — b) =1,
(jk (mod p)) <i<p-—1

>jk+p

Simplified, these expressions become:

>plk+1)—i+va(m—>) forva(m—>)=1i (modp),0<i<p-—2
pva(tho)

=pk+ 1+ vp(m —b) for vo(m —b) = p —1 (mod p)
(> jk+p | Z2k] — i+ va(m —b) for vy(m — b) = i (mod p),
0<i < (jk — 2 (mod p))
Jk+pra(v)) < = jk+p _’%jk_ — (jk —1 (mod p)) + va2(m —0b) for vo(m —b) = jk — 1 (mod p)
ij+]9_p%jk_+p—i+l/2(m—b) for vy(m —b) =1,
(jk (mod p)) <i<p—1

It is straightforward to observe that, across all residues of v5(m — b) (mod p),

pk+ 14 va(m —b) if j=0

in(7k+ i) = 4
min(jktpra(v;)) jh+p [E2k] = (jk =1 (mod p)) + va(m —b) f1<j<p—1

with this minimum occurring precisely when v(m —b) = jk — 1 (mod p).
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Note that for 1 < j <p—1, since 1 < k < p— 1, we know that jk # 0 (mod p)
so that

(jk — 1) (mod p) = (jk (mod p)) — 1,
and note also that "
Jk — (jk (mod p)) = p L‘%J -
Therefore

jk+p [’%‘74 — (jk — 1 (mod p)) + va(m — b)

= k= (b mod )+ [ P2 2] + 1 aon )

pv_’fJer{k_%Ler(m—b)

p

o [3]oro- [ vtn

=pk+ 14 1ve(m —10)

Hence

ohin (5K +pua(yy)) = pk +1+1a(m —b),

and we obtain the result

V(2" = 1 (D)2 7+ 1hpa(b) 2P — o 4 (= 1)Peho (b))
= min((p — 1)k + pra(¢p-1), (p — 2)k + pra(vp—2), - .-,
k + pra(ir), pr(ih))
=pk+1+1v2(m—10)

Lemma 4.3.6. If z € T5; then

V(g(2) = ok + n+ Y | 5]

1>0

with equality if 1)(n) = (¢o(n), ..., 1¥—1(n)) gives the tuple of coefficients ay, . . ., a,—1
of the characteristic polynomial for z € T5,.
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Proof. As ggk)(z) is defined by

9)(x) = ﬂ(fﬂ” = p-1()a" "+ (b)a” ™ — -+ (= 1) (b))

and

V(2" = pr (D)2 + Ppa(D)2"F = -+ (1) (b)) = pk + L+ vy(m — b)

by Proposition 4.3.5, it follows that

V(g () = 3 (pk + 1+ va(m — b))
= (pk+ 1)n+ il/g(m —b)

= (pk+1) n+ZV2 —Zl/g
= (pk+1 n—l—Z(

>0

> (pk + 1)n+z LEJ

>0

with equality if 1)(n) = (Yo(n), ..., ¥p—1(n)) gives the tuple of coefficients ay, . . ., a,—1

of the characteristic polynomial for z € Ty. O

4.3.3 v-sequences of S and Ty,

Given the inequalities for v(f,(z)) and u(g,gk)(z)) that we have determined, we now
wish to establish a formula for the r-sequences ag and ar,,. By the embedding
theorem (Theorem 2.5.5), for any n there exist elements ay,, b, € A, which are roots

of the polynomials

— Gp1(n)a? " + gpa(n)aP " — - 4 (—=1)P¢(n)
— Pp1(n)a? " 4 pa(n)a?? — -+ (—=1)P(n)

respectively. This observation leads to the following results.
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Lemma 4.3.7. Let a be a root of the polynomial f(z) = af — ¢, 1(n)aP~! +
Gp_2(n)xP™ — .- + (=1)P@g(n) in S; as given in Section 4.3.1, with € the automor-
phism in A, given by 6(¢) = wt7w—'. The set of roots a,0(a),...,0" ' (a) are distinct
modulo 7, so that v(0*(a) — 67(a)) = 0 for i # j.

Proof. By Theorem 2.3.6, if a is a root of f(x) then so too are all §'(a). The element
a = w’ (mod ) for some choice of 1 < j < 2P — 1, and since §(w’) = w? | it follows
that the set of roots {#’(a)}*) = {w?7}?_} (mod 7), and that these roots are distinct

modulo 7. Since conjugate elements 0%(a) and 6?(a) will lie in different cosets modulo
7, the result v(0'(a) — 6’ (a)) = 0 for i # j follows. O

Lemma 4.3.8. The v-sequence ag of S C A, is given by
n
as(pn) = as(pn+1) =+ =as(pn+(p—1) =pn+pY_ |37 -
>0
Proof. Recalling that

n—1

Fa(x) = [T (@ = 6pa(b)a?™" + dpa(b)a?™2 — -+ + (=1)Po (b)) .

b=0

we can see that f,(z) is the minimal polynomial of the set

{ag,O(ao), 0*(ap), . ..,0" (ap),a1,0(ar),...,0" (ay),...,an1,0(an_1),...,0" (an_1)}

where 6 is the automorphism 6(¢) = 7tz ! in A,. By Definition 2.5.7, this shows that

{ag,8(ao), 0*(ap), ..., 0" (ap),a1,0(ar),...,0" (ay),...}

forms a v-ordering for S. By Lemma 4.3.7, each set of p elements a;, 0(a;), . .., 07" (a;)
will give rise to the same value in the v-sequence for S, and so by the inequality given

in Lemma 4.3.3,
n
as(pn) = as(pn +1) = =as(pn+(p—1)) =pn+p)_ LQTJ '
>0
O]

Lemma 4.3.9. Let b be a root of the polynomial g(z) = a? — ¢, 1(n)a?~! +
Yp_a(n)aP™2 — -« + (=1)Pyg(n) in Ty as given in Section 4.3.2, with 6 the automor-
phism in A, given by 6(t) = mtw~!. The set of roots b, 6(b),...07~(b) are distinct
modulo 7**1, so that v(0%(b) — 67(b)) = k for i # j.
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Proof. If b = 7% (mod 7**1), take instead b = wr® (mod 7*!) — this choice can be

k

made since 7F and wn* are conjugates: w™'nt*w = wn*. By Theorem 2.3.6, if b is

a root of g(x) then so too are all #(b). The element b = br* (mod 7F+1) for some

choice of b # 0 (mod 7). Applying our automorphism, we obtain modulo *+!

As in the proof of Lemma 4.3.7, the collection of elements {#"(b)}'—; are distinct
modulo 7, and hence {#?(b)}’—, are distinct modulo 7**!. Since conjugate elements
0% (b) and 67(b) will lie in different cosets modulo 7**1 the result v(6(b) — 6(b)) = k
for i # j follows. [

Lemma 4.3.10. The v-sequence ag,, of Ty, € A, is given by

ary, (pn) = ag, (pn + 1) —k = ag, (pn +2) — 2k = -
=ap,(pm+(p—1)) —(p— 1)k = (pk + 1)n+z L%J _

1>0

Proof. Similar to the previous proof,

9 (x) = ﬁ(xp = -1 (D)2 + Upa(b)a” ™ — -+ (= 1) (D))

is the minimal polynomial of the set
{bo, 0(bg), 0% (bg), ..., 07 (bo), b1, 0(by), ..., 07 (b1), ..., by1,0(by_1), ..., 00 (b, 1)}
where 6 is the automorphism 6(¢) = wtr ' in A,.Therefore

{bo, 0(bg), 0% (bg), ..., 07 (bg), b1, 0(by), ..., 0P (by), ...}

forms a v-ordering for T,. By Lemma 4.3.9, the difference in valuation associated
with elements a;,6(a;),...,0P " (a;) will be an increase of k each time. By the in-

equality given in Lemma 4.3.10,
ar, (pn) =ar, (pn+1) —k =agp, (pn+2) —2k =---

= ar,(n+(p—1) = (= Dk =Gk +n+ Y || -

1>0
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4.4 The v-sequence of A,

In Section 4.1, we described the various conjugacy classes in A,. This information
is summarized in the form of the tree shown in Figure 4.1, together with the binary

tree in Figure 4.2.

AP

N

T_lzT:ﬂ'Ap T+1 {Sz}

Figure 4.1: Tree summarizing the first level of decomposition of A, into conjugacy
classes.

T_1:T:7TAP

/ \
Ty =7wA, Ty = 1A, N T4,
\

Ty = A T, = A, N\ 1A,

/\

To = ™A, N 7A,

— —p—1
T2p,5 =T Ap

/

Tgp_g = 7TpAp = 2Ap Tgp_z = Wp_lAp N 2Ap

/

Figure 4.2: Tree summarizing decomposition of 7' C A,,.

Given this information, it is apparent that the v-sequence of A, will be recursively
defined, and will furthermore depend on the v-sequences of T" and the collection {S;}.
The v-sequence for T' will itself be dependent on that of A, and all of the sets Ty
with 1 <k <p-—1.



To determine the v-sequence of the set T, we will use downward induction to

determine the v-sequence of Ty _3, with T' corresponding to the case that k = 1.

Proposition 4.4.1. Let 1 < k < p—1. Then the v-sequence of T5;_3, denoted ag,, ,

is given by the expression
ary = | || (@a, + ) A (amy = (0= D)) + ()]
A (0730 = (0= 2m)) + ()] A+ A amy, — (k) + (k)
where T, =T = 1A,

Proof. By Lemmas 2.5.9 and 2.5.11 and the tree diagram for the decomposition of

A, given in Figure 4.1, we see that

QT3 = Oy 1 UTyy,
= (o, — (kn)) A (o, — (kn)) + (kn)

ar,, 5 = QA, + (pn)

We proceed with the proof using downward induction, starting with the base case

where k = p — 1. In this case, we are computing the v-sequence for 75, 5.

ar, 5 = (an, ; = ((p = n)) Aoz, , = ((p = 1n)) + ((p — 1)n)
= (aa, + (pn) = ((p = Dn)) A (a1, = ((p = )n)) + ((p — 1)n)
= (aa, + (M) Aoz, , = ((p=1)n)) + ((p — n)
= (aa, + () A(any,,, = ((p = Dn)) + ((p = D)n)

which is what we expect from the Proposition statement.
Suppose the statement is true for some 1 < k£ < p — 1, we want to show that it
is also true for £ — 1, namely for the set Ty, 5. For ease of notation, let us denote

o =ar, , — (kn).

XTyp_5 = (aTZk—3 - ((k - 1)”)) A (aTQk—Q - ((k - 1)”)) + ((k - 1)”)
= (a+ (kn) = ((k = 1)n)) A (agy,_yy, — (B = 1)n)) + ((k = 1)n)
= (a+ (n) AMagy_,, — (k= 1)n)) + ((k = 1)n)
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so that

ary s = |-+ [ [(@a, + ) A (e, = (0= 1)n)) + ()]
A (010 = (0 =20)) + ()] A+ Al — (bn) + ()]
A (@ = (k= 1)n)) + ((k = 1)n)
proving the Proposition. O

From this, we easily obtain the following corollary.

Corollary 4.4.2. The v-sequence oy of the set T' = wA,, is given by

ar = |- [[(as, + () A (ary, , = (= D)) + ()]
A (a1 0 = ((0=2)m)) + ()] A ] Aoz, = () + ()
Proof. The result immediately follows from Proposition 4.4.1 with £ = 1 and the

understanding that Ty =T = wA,. m

Having determined a formula for a7, we can now give an expression for the v-
sequence of A, that depends only on itself, the v-sequence of S, and that of each set

Proposition 4.4.3. The v-sequence ap, of the maximal order A, is determined by

the recursive formula

aa, = ||+ |[(a, + ) A (o, = (= D) + ()]
N2 Ag(2P—2)
A (01 = (0= 2m) + )] A+ A 0z, = () + ()] Ao
Proof. By the observation in Corollary 4.3.4 all conjugacy classes in A, that are
defined by a monic irreducible polynomial of degree p have the same v-sequence, of

which there are %(21’ —2) such sets. We also note that by Lemma 2.5.9 the v-sequences

of T"and T'+ 1 are equal. This gives
AL(or—2)

an, = AN ,

which, given the result for ap in Corollary 4.4.2, provides the result. O
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Corollary 4.4.4.
The first 200 terms of aa, are

0,0,0,0,0,0,0,0,1,1,2,2,3,3,3,3,3,3,3,3,5,5,6,
6,6,6,6,6,6,6,7,7,8,8,9,9,9,9,9,9, 10, 10, 12, 12,
12,12,12,12,12, 12,13, 13, 14, 14, 15, 15, 15, 15, 15, 15, 15,
15,17,17,18,18, 18, 18, 18, 18, 18, 18, 19, 19, 21, 21, 21, 21,
21,21, 21, 21,23, 23, 25, 25, 26, 26, 27, 27, 27, 27, 27, 27, 27,
27,28, 28, 30, 30, 30, 30, 30, 30, 30, 30, 31, 31, 32, 32, 33, 33,
33,33,33, 33, 33, 33, 36, 36, 36, 36, 36, 36, 36, 36, 37, 37, 38,
38,39,39, 39, 39, 39, 39, 39, 39, 41, 41, 42, 42, 42, 42, 42, 42,
42,42, 43,43, 45,45, 45,45, 45, 45, 45, 45, 47, 47, 48, 48, 48,
48,48, 48,49, 49, 51, 51,52, 52, 53, 53, 54, 54, 54, 54, 54, 54,
54,54, 56,56, 57, 57,57, 57, 57, 57,57, 57, 58, 58, 60, 60, 60,
60, 60, 60

The first 200 terms of aa, are

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,2,2,3,3,4,4,5,5,5,5,5,5,
5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5,5, 5,
5,5,5,6,6,8,8,9,9,10, 10, 10, 10, 10, 10, 10, 10, 10, 10,
10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10,
10, 10,10, 10, 10, 11, 11, 12, 12, 13, 13, 15, 15, 15, 15, 15, 15,
15,15, 15, 15,15, 15,15, 15, 15, 15, 15, 15, 15, 15, 15, 15, 15,
15,15, 15, 15,15, 15,15, 15, 15,17, 17, 18, 18, 19, 19, 20, 20,
20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20,
20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 20, 21, 21, 22, 22,
24,24, 25,25, 25, 25, 25, 25, 25, 25

Note. The above results were generated using Mathematica. The code for the al-
gorithms used to compute an, and aa, can be found in Appendices A.1 and A.2,

respectively.
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4.5 A Regular Basis for A,

Following the results of Lemmas 4.3.8 and 4.3.10, we obtain the following result as a

corollary of Proposition 2.5.8.
Corollary 4.5.1.

i) The sequence of polynomials
{W_QS(p")fn(:E), gpresndl g (x), ... wooserte=gp=le () =0,1,2. .. }

forms a regular A,-basis for Int(S;, A,).

ii) The sequence of polynomials
{moma @) gW) (1) pmoma P g g W) () L et Ot =) gl W) () sy = 0,1,2. . )

forms a regular A,-basis for Int(75;, A,).

The result of Lemma 2.5.22 ([6], 2.15) regarding regular bases for subsets of A, in
no way relies on the fact that our maximal order is of index 2, and can be extended

without any trouble to A,,.

Lemma 4.5.2 (c.f. [6], 2.15). If two subsets of A, satisfying the hypotheses of
Lemma 2.5.11 each have a regular basis whose elements are each quotients of poly-

nomials in Z[z| by powers of 7 then their union has a basis of this form also.

Corollary 4.5.3 (c.f. [6], 2.16). Int(A,) has a regular basis whose elements are each

a quotient of a polynomial in Z[x] by a power of .

4.6 Valuative Capacity

As introduced in Section 2.5.4, of some interest is the valuative capacity of the set

A,. This section seeks to establish an explicit formula for the valuative capacity
aa,(n)

lim,, oo To understand this quantity, we must first describe the valuative

capacities of subsets S and Ty, of A,,.

Lemma 4.6.1. For § C A, characterized by an irreducible monic polynomial,

P
lim as(n) = )
n—oo 1 2r —1
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Proof. By Lemma 4.3.8, we have ag(pn) =pn+p)_,., bmJ Therefore

1
tim S50 gy @8O gy =3 o]
n—00 n pn—00 n pn—oo N, = opt

Since ) = o

i>0 2m 1>
n—1 < n < n
o< < 5
i>0 i>0 i>0
n—1 n n
<3| <
20 —1 ~ ¢4 2p 2r — 1
>0
1 1 1
lim n < lim — Z EJ < lim
pn—oo n(2P — 1) T pn—oo n = 2P pn—oo 2P — 1
1 1 1
< lim — Z ﬁJ <
2P — 1 7 pnooon 4 20 20 — 1
>0
so that (n) . . o
ag(n n
1 1+ lim - [—J -
S 7 +pn5noon; oi LT T

Proof. By Lemma 4.3.10, we have ag,, (pn) = (pk+1)n+ 3., bﬂj Therefore

k+1 1
lim 02 g Qmlen) _pRAL —ZF‘J ‘
n—00 n pn—oo PN P pn—o0 pn < 2
Since >, 05 = 1,
n— 1 <
Yy =2
>0 >0 >0
1< {_ <
" —Z " <n
>0
1 1
lim < lim —Z L—J < lim -
pn—oo PN pn—00 PN, = 4 pR—00 P
1 1 1
— < lim —ZLEJ < -
p pr=roc pny >0 ' p



so that

lim aTzk(n):pk+1+l LZ{EJ:pk—Fl lzpk+2.
n—00 n p pn—00 PT =0 2 p p p
0
Corollary 4.6.3. For Ty, C A,
2
lim @)y 2
n—00 n [

Proposition 4.6.4. The valuative capacity of the set ' = 1A, is given by the finite

continued fraction

lim 22 :<1;I—9 1.2 1214 lim O‘A—m)> .

n—oo 1 277797 n—00 n

Proof. By Corollary 4.4.2,

ar = |-+ | [(as, + ) A (any, ) = (0= 1)m)) + ()]
A (ary o = ((p=2)) + ()| A+ Alar, = () + ()

Using Proposition 2.5.26, we have

1
lim 27 _
_'_
limy, oo 22 — 1 lim,, o, 2 g
1
-1+
1 1
lim,, oo —2 1 1
1 1
_|_
lim, . 2™ o iy, om® o

n n

1)



1 ! 1 ! 1
) hmn_mO aTi(n) . 1’ ’ hmn_ﬂ)o aT4_(n) B 27 yoee ey

n

1 1
L, . ar, (n) ’ . an,(n)
lim, 0 —2" — (p—1) 1+ 1limy 00 —2—

n

By Corollary 4.6.3, we can simplify this expression to

lim 27 _ /. ! 1 ! 1.,
nsoo M ) lim, o ary(n) 17 ) lim, o ar,(n) 27 ) )

1 1
1’ . ar, (n) ’ . aa, (n)
lim, e —2" — (p—1) 1+ limy 00 —=

n

11 1 an. (n)
=(1—1,—...,1,— 1+ lim —=
<\ 2/p 2/p 2/1/) n—oo n

p—1 times
(0% n
- 1;2,1,1—’,...,1,73,1+hmM .
2772 =
p—l‘Gmes

]

Given a closed-form expression for the valuative capacity of T', we can now deter-

mine a formula for the valuative capacity of A,,.

()

Theorem 4.6.5. The valuative capacity of A,, denoted by lim,_,. 220 ' is the

positive solution to the quadratic equation

L@ -n@-) P
r p2r—1 '
(FEOE FESNN T R
Gybahy
p—lzmes

AL (2P —2)

Proof. By Proposition 2.5.26 and the fact that aa, = of? A ag” , we have

. ap,(n) 1
lim =
nee n @ -1, 2

as(n) t

ar(n)

lim,, o0 lim,, o0

76



By Lemma 4.6.1 and Proposition 4.6.4, this can be written as

. aa (n) 1
lim —=~ =
n—00 n (QP,I)/p 5
2P/2p_ 1
PP p : an, (n
<};§’17§7.”’1’§J’1 + limy, 0 Afz( )>
p—lﬂrimes
1
= (217—1 _ 1)<2p — 1) 9
p2r—1 P ) | —
<il7 571757 o "1’51’ 1+ limy, 00 AZ( )
p—lﬂ,imes
so that
1 (2P~ —1)(2° — 1) 5
lim, o 222 2 p P p . A
— \1;571757...,175,1_{_hmn_)00 AZ()
p—lﬁmes

Letting z = lim,, a%(n), we see that this value is equivalent to the positive root of
the quadratic

(21— 1)(20 — 1) 2

+
1 )
P .21,2 . .1,21
[ 75"'7 757 +x
]

p—lﬁmes
Ezxample 1. When p = 2, the valuative capacity lim,, a%(n) of Ay is the positive
solution to the expression

1
x

N3

proving the theorem.

1 (21 (22-1) P
z 9.922-1 +<1;§,1+x>
3 p
RN )

which has positive solution z = 2

5- This agrees with the result in [11] presented in

7



Section 2.5.4.

Ezample 2. When p = 3, the valuative capacity lim,,_, a%(n) of Aj is the positive

solution to the expression

1 (2 - 122 —1) 2
Tz 3. 231 +<1;§,1,g,1+x>
7 2
AR NN

which has positive solution

—4 V4 21
T = 39 +770 69 9 ~ (0.32014 .
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Chapter 5

Conclusion

5.1 Summary

In this text, we examined explicitly a construction to describe the integer-valued
polynomials on the maximal order in a division algebra of index 3 over Q2. We then
successfully extended this to the index p case, when p is an odd prime. This was
done using a method analogous to that used by Evrard and Johnson in [6] and [11]
in the index 2 case, by way of representing the maximal order A, as an extension of
Zy by p x p matrices, splitting A, into sets closed under conjugation modulo powers
of m, determining characteristic polynomials which describe these sets, and using v-
orderings and v-sequences to establish a regular basis for integer-valued polynomials

over these sets.

5.2 Future Work

We have learned much about describing the integer-valued polynomials of maximal
orders over division algebras of prime index over (Qy, but there remain some natural

questions.

5.2.1 The index n, 2-local case

What happens if we drop the restriction that the index of the division

algebra is prime?

In the case that n > 1 is composite, there are two places where we will see problems
arising in the decomposition of A, into sets that are closed under conjugation. The
first is in the fact that there will be some w for 1 <4 < 2" —2, with w a (2" —1)" root
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of unity, that do not lie in a set determined by an irreducible polynomial modulo 2.
Recall from Section 4.1 that the number of monic irreducible polynomials of degree
n over [Fy is given by .
Ir(n) = — d)2md
) =5 3

where p is the Mobius function. The sequence Iy(n) is A001037 in the OEIS [8].
Note that under the conjugation mwir~! = w* and because w?" = w - w? ™! = w, the
collection {kai ?:_01 of at most n elements will constitute a conjugacy class modulo
7, though these elements may not be distinct.

If n = p ais prime, then Iy(p) = %(2” — 2) polynomials with p corresponding roots

2P -2

each means that all 2”7 — 2 elements w,w?,...,w are accounted for. However, it

appears that if n € Z-; is composite, then
nly(n) <2"—2.

This holds up to n = 100, 000, as shown by the Mathematica code in Appendix A.3,
and we conjecture that it holds true in general. If this statement is true, then conse-
quently there exists some element w? which is not the root of an irreducible polynomial
of degree n — and of course, because n is composite, this w® can (and will) instead be
the root of an irreducible polynomial of degree dividing n. As a result, we will need
to devise a way of determining the v-sequence for a set S for which all z € S satisfy
v(z) =0, but S is determined by a polynomial which is reducible modulo 2.

Another problem will arise when splitting the set 7?A,, into sets closed under
conjugation modulo 7! for 1 < d < n such that ged(d,n) > 1. Consider an element
whr? € A, ~ 71 A, conjugated by an arbitrary element win:

(Wi wPrd(nw™) = windwFrtiw™

:wzﬂ_]wkw 2 zﬂ_d 7

. . _ d*j . s
= Wik igdi
= Wi B2 pd

— w2 (k—2 2)+l7_rd

Jk—(24_1)i
— PRI d

Note that the elements w*n? with k = 0 (mod 2% — 1) will form their own set that
is closed under conjugation, so that 7¢A,, will split into at least three subsets closed

under conjugation: 1A, {z = w@ Ve (mod 79t1)}, and a collection of sets
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(possibly only one) whose union is {z = w*7¢ (mod 7¢*1), k # 0 (mod 2% — 1)}. It
may prove difficult to describe these sets in terms of the residues of coefficients of
their characteristic polynomials, posing yet another challenge in our goal of finding
an analogous construction to that in the index p case.

Even if we are able to describe these sets in terms of characteristic polynomials, in
a similar vein to Equation 4.3 in Section 4.3.2, we will see that if we try to apply our

previous construction to obtain the valuation of such a polynomial, we will obtain

i(m) — (k) + v (=)
bi(m) = ¢;(k)) + jv(2)
jv(z) (mod n)

v(((m) — v;(k))2") = nvy

(11%)

(
(

which will not result in a complete set of residues modulo n as j varies in the case that
ged(v(z),n) > 1. Computational results in index 4 show that the original construc-
tion will result in the minimum valuation of a polynomial with coefficients satisfying
the same congruences as the characteristic polynomial having two possible values, de-
pending on a valuation that involves an arbitrary quantity. It seems that an alternate
approach may be necessary to come up with an analogous construction for sets when

ged(v(z),n) > 1.

5.2.2 The prime index case, localized at an odd prime ¢
What happens if our division algebra is over Q,, with q¢ an odd prime?

In [11], Johnson established a description for the integer-valued polynomials in the 2-
local case for index 2, and these results were later generalized by Evrard and Johnson
in [6] for the p-local case for index 2 — one may be interested in such an extension in
the index p case, g-locally (with ¢ an odd prime).

The construction of minimal polynomials as discussed in Section 4.3.2 can be
extended to the g-local case, as shown in Appendix B. This result does not assume
any knowledge of the structure of A, over Q, such as the structure of its subsets
that are closed under conjugation or the corresponding characteristic polynomial,
but instead works very generally and may be specified upon further study of the

decomposition of the maximal order in the ¢-local case.
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Appendix A

Mathematica Code
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A.1 Generating o,

The following code generates the v-sequence a for A3.
Generate elements of aS, wedge with self to obtain aS2

nf194= aS = {}; For[n =0, n< 20, n++,
For[j =0, j<3, j++,
AppendTo[aS,
3%n+3%Sum[Floor[n/8"i], {i, 1, 3}1111;
aS2 = Sort[Join[aS, aS]];

Generate elements of aT2

nfesp= aT2 = {}; For[n =0, n< 30, n++,
For[j =0, j<3, j++,
AppendTo [aT2,
j+4*n+Sum[Floor[n/27i], {i, 1, 5}1]11]

Generate elements of aT4

nf19s)= aT4 = {}; For[n =0, n< 30, n++,
For[j=0, j<3, j++,
AppendTo[aT4,
2%j+7%n+Sum[Floor[n/27i], {i, 1, 5}]111]

Compute aT2 - (n) and aT4 - (2n)

ni197:= nn = {}; For[n =0, n < 100, n++, AppendTo[nn, n]];
aT2n = aT2 - Take[nn, Length[aT2]];
aT4n = aT4 - 2 « Take[nn, Length[aT4]];

Initialize a and a + (n) by taking first element of aS2

nr1ogl= a = {};
an = {};
a = TakeDrop[aS2, 1];
a=1Join[a, a[[1]1]1;
an = Join[an, a[[1]]];
as2 =a[[2]];
Initialize (a+ (n)) A (aT4 - (2n)) and [(a + (n)) A (aT4 - (2n))] + (n) by taking first element
of aT4 - (2n)
inf199= anT4 = {};
anT4n = {};
b = TakeDrop[aT4n, 1];
anT4 = Join[anT4, b[[1]]];
anT4n = Join[anT4n, b[[1]]];
aT4n =b[[2]];
Initialize [[[(a+ (n)) A (aT4 - (2n))] + (n)] A (aT2 - (n))] + (n) by taking first element of aT2
- (n); initialize the wedge of this sequence with itself
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nooj= anT4T2n = {};
b = TakeDrop[aT2n, 1];
anT4T2n = Join[anT4T2n, b[[1]] + Length[anT4T2n]];
aT2n =b[[2]];
anT4T2n2 = Sort[Join [anT4T2n, anT4T2n]];

Loop through elements of sequences to generate a
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n2o1}= While[aS2 # {} & aT2n # {} && aT4n # {},
(= append an element to a x)
If[First[aS2] < First[anT4T2n2],
(» if first element of aS2 is smaller, pick that one x)
a = TakeDrop[aS2, 1];
a=Join[a, a[[1]]1];
as2 =a[[2]];
AppendTo[an, Last[a] + Length[a] -1],
(*%)
(» otherwise take first element of anT4T2n2 «x)
a = TakeDrop [anT4T2n2, 17;
a=Join[a, a[[1]]1];
anT4T2n2 = a[[2]];
AppendTo[an, Last[a] + Length[a] -1]7];
(* update anT4T2n based on new a value %)
(» first update anT4n by appending
appending the smallest element of aT4n or an *)
If[First[aT4n] < First[an],
(» if first element of aT4n is smaller, pick that one x)
b = TakeDrop[aT4n, 1];
anT4 = Join[anT4, b[[1]]1];
aT4n = b[[2]];
AppendTo [anT4n, Last[anT4] + Length[anT4] - 1],
(%%)
(* otherwise take first element of an =x)
b = TakeDrop[an, 1];
anT4 = Join[anT4, b[[1]]1];
an = b[[2]];
AppendTo[anT4n, Last[anT4] + Length[anT4] -1]7];
(» update anT4T2n by appending
appending the smallest element of aT2n or anT4n x)
If[First[aT2n] < First[anT4n],
(» if first element of aT2n is smaller, pick that one «x)

c = TakeDrop[aT2n, 1];
anT4T2n = Join[anT4T2n, c[[1]] + Length[anT4T2n]];
aT2n = c[[2]],

(%)

(* otherwise take first element of anT4n x)

c = TakeDrop [anT4n, 1];
anT4T2n = Join[anT4T2n, c[[1]] + Length[anT4T2n]];

anT4n = c[[2]111];
(» append last element of anT4T2n
to anT4T2n2 twice to get wedge with self x)
AppendTo [anT4T2n2, Last [anT4T2n]];
AppendTo [anT4T2n2, Last[anT4T2n]]]
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In202]:= @

ouzoz- {0, 0,0,0,0,0,0,0,1,1,2,2,3,3,3,3,3,3,3,3,5,5,6,6,6,6,6,6,6,
6,7,7,8,8,9,9,9,9, 9,9, 10, 10, 12, 12, 12, 12, 12, 12, 12, 12, 13, 13,
14, 14, 15, 15, 15, 15, 15, 15, 15, 15, 17, 17, 18, 18, 18, 18, 18, 18, 18, 18,
19, 19, 21, 21, 21, 21, 21, 21, 21, 21, 23, 23, 25, 25, 26, 26, 27, 27, 27,
27, 27, 27, 27, 27, 28, 28, 30, 30, 30, 30, 30, 30, 30, 30, 31, 31, 32, 32,
33, 33, 33, 33, 33, 33, 33, 33, 36, 36, 36, 36, 36, 36, 36, 36, 37, 37, 38}
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A.2 Generating aa,

The following code generates the v-sequence a for A5.
Generate elements of aS, wedge with self six times to obtain aS6

nEesi= aS = {}; For[n =0, n<10, n++,
For[j =0, j<5, j++,
AppendTo[aS,
5%n+5%Sum[Floor[n/327i], {i, 1, 3}1111;
aS6 = Sort[Join[aS, aS, aS, aS, aS, aS]];

Generate elements of aT2

npes)= aT2 = {}; For[n =0, n< 40, n++,
For[j =0, j<5, j++,
AppendTo [aT2,
1%j+ (5*1+1) *xn+Sum[Floor[n/27i], {i, 1, 5}]1111]

Generate elements of aT4

nz67= aT4 = {}; For[n =0, n< 40, n++,
For[j=0, j<5, j++,
AppendTo[aT4,
2%j+ (5%¥2+1) *n+Sum[Floor[n/27i], {i, 1, 5}]1]1]

Generate elements of aT6

nzes= aT6 = {}; For[n =0, n< 40, n++,
For[j =0, j<5, j++,
AppendTo [aT6,
3%xj+ (5*3+1) *xn+Sum[Floor[n/27i], {i, 1, 5}]1111]

Generate elements of aT8
nze= aT8 = {}; For[n =0, n< 40, n++,
For[j=0, j <5, j++,
AppendTo [aT8,
4%j+ (5%x4+1) *n+Sum[Floor[n/27i], {i, 1, 5}1]11]
Compute aT2 - (n), aT4-(2n), aT6 - (3n), aT8 - (4n)

n370p= hn = {}; For[n =0, n< 250, n++, AppendTo[nn, n]];
aT2n = aT2 - Take[nn, Length[aT2]];
aT4n = aT4 - 2 « Take[nn, Length[aT4]];
aTén = aT6 - 3 x Take[nn, Length[aT6]];
aT8n = aT8 - 4 » Take[nn, Length[aT8]];

Initialize a and a + (n) by taking first element of aS6
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In[372]:=

In[373]:=

In[374]:=

In[375]:=

In[376]:=

In[377]:=

a={};

an = {};

a = TakeDrop[aS6, 1];
a =Join[a, a[[1]]1];
an = Join[an, a[[1]]];
asS6 = a[[2]];

Initialize (a+ (n)) A (T8 - (4n)) and [(a + (n)) A (aT8 - (4n))] + (n) by taking first element
of aT8 - (4n)

anT8 = {};

anT8n = {};

b = TakeDrop[aT8n, 1];

anT8 = Join[anT8, b[[1]]];
anT8n = Join[anT8n, b[[1]]];
aT8n =b[[2]];

Initialize [[(a+ (n)) A (aT8 - (4n))] + (N)] A (aT6 - (3n)) and [[[(a + (n)) A (aT8 - (4n))] + (n)] A
(aT6 - (3n))] + (n) by taking first element of aT6 - (3n)

anT8T6 = {};

anT8Tén = {};

b = TakeDrop[aT6én, 1];

anT8T6 = Join[anT8T6, b[[1]]];

anT8T6n = Join[anT8T6n, b[[1]]];

aTén = b[[2]];

Initialize [[[[(a + (n)) A (aT8 - (4n))] + (N)] A (aT6 - (3n))] + (N)] A (aT4 - (2n)) and [[[[[(a +
(N) A (aT8-(4n))] + (n)] A (aT6 - (3n))] + ()] A (aT4 - (2n))] + (n) by taking first element of
aT4 - (2n)

anT8T6T4 = {};

anT8T6T4n = {};

b = TakeDrop[aT4n, 1];

anT8T6T4 = Join[anT8T6T4, b[[1]]];

anT8T6T4n = Join[anT8T6T4n, b[[1]]];

aT4an =b[[2]];

Initialize [[[[[[[(a+ (n)) A (aT8 - (4 n))] + (n)] A (aT6 - (3n))] + (n)] A (aT4 - (2n))] + (n)] A
(aT2 - (n))] + (n) by taking first element of aT2 - (n); initialize the wedge of this
sequence with itself

anT8T6T4T2n = {};
b = TakeDrop[aT2n, 1];

anT8T6T4T2n = Join[anT8T6T4, b[[1]] + Length[anT8T6T4T2n]];
aT2n =b[[2]];

anT8T6T4T2n2 = Sort[Join [anT8T6T4T2n, anT8T6T4T2n]];

Loop through elements of sequences to generate a

While[aS6 # {} & aT2n # {} & aT4n # {} && aTén # {} && aT8n # {},
(» append an element to a *)
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If[First[aS6] < First [anT8T6T4T2n2],
(» if first element of aS6 is smaller, pick that one x)
a = TakeDrop[aS6, 1];
a=1Join[a, a[[1]]1];
asé =af[[2]];

AppendTo[an, Last[a] + Length[a] -1],

(*%)

(» otherwise take first element of anT8T6T4T2n2 «x)
a = TakeDrop [anT8T6T4T2n2, 1];

a=Join[a, a[[1]]1];

anT8T6T4T2n2 = a[[2]1];

AppendTo[an, Last[a] + Length[a] -1]];

(» update anT8T6T4T2n based on new a value x*)

(» first update anT8n by appending

appending the smallest element of aT8n or an =x)

If[First[aT8n] < First[an],

(» if first element of aT8n is smaller, pick that one x)
b = TakeDrop[aT8n, 1];
anT8 = Join[anT8, b[[1]]1];
aT8n = b[[2]];
AppendTo [anT8n, Last[anT8] + Length[anT8] - 1],
(*%)
(» otherwise take first element of an x)
b = TakeDrop[an, 1];
anT8 = Join[anT8, b[[1]]1];
an = b[[2]];
AppendTo [anT8n, Last[anT8] + Length[anT8] - 117 ;
(* update anT8T6n by appending
appending the smallest element of aTén or anT8n x)
If[First[aTén] < First[anT8n],
(» if first element of aTén is smaller, pick that one «x)
c = TakeDrop[aT6n, 1];
anT8T6 = Join[anT8T6, c[[1]]1];
aTén = c[[2]];
AppendTo [anT8T6n, Last [anT8T6] + Length[anT8T6] - 1],
(%)
(» otherwise take first element of anT8n x)
c = TakeDrop [anT8n, 1];
anT8T6 = Join[anT8T6, c[[1]]1];
anT8n = c[[2]];
AppendTo [anT8T6n, Last [anT8T6] + Length[anT8T6] - 1117 ;
(* update anT8T6T4n by appending
appending the smallest element of aT4n or anT8Tén =)
If[First[aT4n] < First[anT8T6n],
(» if first element of aT4n is smaller, pick that one %)

d = TakeDrop[aT4n, 1];
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In[378]:=

Out[378]=

a

{

anT8T6T4 = Join[anT8T6T4, d[[1]]];
aT4n = d[[2]];
AppendTo [anT8T6T4n, Last[anT8T6T4] + Length[anT8T6T4] - 1],
(%)
(» otherwise take first element of anT8T6n x)
d = TakeDrop [anT8T6n, 1];
anT8T6T4 = Join[anT8T6T4, d[[1]]];
anT8Tén = d[[2]];
AppendTo [anT8T6T4n, Last[anT8T6T4] + Length[anT8T6T4] -1]1];
(* update anT8T6T4T2n by appending
appending the smallest element of aT2n or anT8T6T4n =)
If[First[aT2n] < First[anT8T6T4n],
(» if first element of aT2n is smaller, pick that one «x)
e = TakeDrop[aT2n, 1];
anT8T6T4T2n = Join[anT8T6T4, e[[1]] + Length[anT8T6T4T2n]];
aT2n = e[[2]],
(%)
(» otherwise take first element of anT8T6T4n x)
e = TakeDrop [anT8T6T4n, 1];
anT8T6T4T2n = Join[anT8T6T4, e[[1]] + Length[anT8T6T4T2n]];
anT8T6T4n = e[[2]]];
(» append last element of anT4T2n
to anT4T2n2 twice to get wedge with self x)
AppendTo [anT8T6T4T2n2, Last [anT8T6T4T2n]];
AppendTo [anT8T6T4T2n2, Last [anT8T6T4T2n] ] ]
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A.3 The Number of Monic Irreducible Polynomi-

als of Degree n

The following code supports the assertion that nl_2(n) <22n-2 up
to n=100,000.

Generate the first 10 elements in the sequence I_2(n), starting at n=1.

nty= F[n_] := Block[{d = Divisors@n}, Plus @@ (MoebiusMu[n/d] *2~d/n)];
1= Array[f, 10]

our= {2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Populate the list m with the values n*1_2(n) - 2*n + 2 for n not prime, which we conjec-
ture to be strictly less that 0 when n is composite. Note that the first element of the list,
corresponding to n=1, remains positive.
= M= {};
For[i=1, i< Length[l], i++,
If[PrimeQ[i] == False, AppendTo[m, i * 1[[i]] -27i +2], @]];
m

oup= {2, -2, -8, -14, -6, -32}

Generate the first 100,000 elements in the sequence I_2(n), starting at n=1.

ni= F[n_] := Block[{d = Divisors@n}, Plus @@ (MoebiusMu[n /d] *2~d/n)];
1= Array[f, 100000] ;
Populate the list m with the values n*I_2(n) - 2*n + 2 for n not prime. Sort this listin
increasing order, and print the last five elements in this sorted list.
= m o= {};
For[i=1, i< Length[1l], i++,
If[PrimeQ[i] == False, AppendTo[m, i » 1[[i]] -27i+ 2], @]];;
Take[Sort[m], -5]

oup= {-14, -8, -6, -2, 2}

Since the only non-prime positive integer which results in a positive entry in mis n=1,
we can conclude that our conjecture holds for all composite n up to 100,000.
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Appendix B

Results on the prime index, ¢-local

case

Let ¢ be an odd prime, and M,(Q,) be the ring of p X p matrices over the g-adic
numbers. Additionally, let S be a subset of a maximal order A, that is closed under

conjugation by elements of A,. Let z € S have characteristic polynomial
ch,(x) = af + ap_lxp_l + ot ax + ag .
For 0 <j<p-1,letcjr; € Zwithr; >1and 0 <c¢; <¢7 — 1 be defined so that
a; = ¢j (mod ¢'7)

where r; is the largest power of ¢ for which we can ensure that the coefficient of z7

in the characteristic polynomial for any z € S is the same modulo ¢"7.

Let ¢ = (¢o, ¢1,- .., Pp—1) be defined on Z so that

¢;(k) = cj+q" Z Kpi+ (p—1)—34" (B.1)

i>0
where k =", ki¢" is the expansion of k in base ¢. Define a function

p—1

fal) = [T = dpr(R)a? ™" + dpoa(k)a? 2 + - + (= 1) o (k) -

k=0

Let z € S, and let m € Z be such that ¢(m) gives a tuple consisting of the coefficients

of the characteristic polynomial of z, with ¢;(m) being the coefficient of 27. Then for
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any 0 < k < p,

— Gp-1(k) 2" o (k)27 4 - 4 (= 1) (k)
=27 = @p1 (k)27 + dpoa (k)2 4 -+ (= 1) (k) — (cha(2))
= (¢p-1(m) — (?bp—l(k))zp_l + (¢p—2(k) — ¢p_2(m))zp_2 +-
+ (=1)"(¢o(k) — do(m))
We would like to take the valuation of this expression. Recall that for any valuation
v defined on a field K with a,b € K, that v(a 4+ b) > min(v(a), (b)) with equality
if v(a) # v(b). In particular, if in a sum of p components each has a unique residue
modulo p, then the valuation of the sum is the minimum of the valuations of the

components.

Notice that for any 1 < 5 < p,

v((p5(m) — d;(k))27) = pry(¢;(m) — ¢;(k)) + v (=)
= prg(9;(m) — (k» + jv(2)
= ju(2) (mod p)

Since p is prime, as j varies this expression will give a complete set of residues

modulo p. We then have

V(2P = bp1 (k)27 Gpa(k)2P 72 4 (= 1)y (K))
= min((p — 1)v(2) +p’/q(¢p—1)7 (p—2)v(2) +p’/q(¢p—2)7 S
v(2) + pry(é1), pv(¢o))

where v,(¢;) == vy(¢pj(m) — ¢;(k)) for 0 < j <p—1.
Let the ¢; be ordered in such a way that

vg(m — k) = min(i : k; # m,)
Vg(Pp—1) = min(i : kp; # my;) + 1p1
Ve(Pp—2) = min(i : kyir1 7# mpit1) + rp2
Vo(¢o) = min(i : Kpiy(p-1) # Mpit(p-1)) + 70

where k = Y .. ki¢" and m = > .., m;q¢" are the expansions of k and m in base g,
>0 >0

and the r; are defined as in Equation (B.1).
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Lemma B.0.1. With the above notation, if the components ¢, ¢1,...,¢,—1 are

ordered in such a way that
(p—Dv(z) +prp—1 < (p—2)v(2) +prp2 < -+ < v(z) +pri < pro
with
(p — Dv(2) +prp—1 = jv(z) +pr; —p+( + 1)

for each 0 < j < p — 2, then
V(2P — dr (k)P 4 ga (k)22 - (=1)P0p(K) = (p— D (2) + pryp-1 + vg(m — k) .

Proof. The value of jv(z) 4+ pry(¢;) will depend on the residue of v,(m — k) modulo
p.

If v,(m — k) =0 (mod p), then
(0= D0) + () = = Dvte) 4 (A )
= (p— Dv(z) + pry—1 + vg(m — k)
(0= 200+ (000 2 (0= D) +p (A )

= (p —2)v(2) + prp—2 + vy(m — k)

pre(¢o) = p (W + 7"0)

= pro + vy(m — k)

In general, if v,(m — k) = j (mod p), then

m—k) —

(p— Vv (2) + prg(dp-1) > (p — )v(z) +p (Vq( 4 Tp—1+ 1)

=(p—1Dv(z)+prp1+p—7+v,(m—k)
B AN

mn ) +7"p_j+1)

= (p—J)v(z) +prp—j +p— J+ve(m —k)

(p— (G + D)v(z) +prg(dp-+1) = (0 — (G + D)v(z) +p (M + Tp—(j+1>>

(p = (=) + pra(dp—s) = (0= (=) +p (”q(
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=(@—G+D)v(z)+prp-r1y —J+ve(m—k)
S

= (0= (G +2)(2) + pro—g+2) —J + vg(m — k)

(0 = (G +2))v(2) + pvy(dp-(i12)) 2 (p = (G +2))v(2) +p

pl/q(cbo)'z p (% + 7“0)

ZpTo—j‘i‘Vq(m—k)

Continuing in this way, the minimum value for the expression jv(z)+ pr,(¢;) over

all residues of v,(m — k) (mod p) is equal to
gv(z) +pri —p+ (G +1) +ve(m — k),

and this minimum occurs precisely when v,(m —k) = —(j+1) (mod p). Therefore, if
we would like to attain a strict minimum for v(2? — ¢,_1(k)zP~t + ¢p_o(k)2P 24+
(—1)P¢o(k)) for a general k without having an inequality, we would like to attain this
minimum for each residue.

If indeed it is the case that

min((p — D)v(2) + prg(@p-1), (p — 2)v(2) + prg(@p-2), - - -, PVe(0))
=p—gv() +pr;—p+(+1)+v(m—Fk)

when v,(m—k) = —(j+1), then comparing each minimum expression to all inequali-
ties in the expressions for (p — €)v(z) + pv,(¢r) where ¢ # j and considering the result

for all j together, we easily obtain the chain of inequalities
(b= D0(z) + pros < (p— (=) +pry-s < - < v(=) +pr < pro .

Additionally, to have a minimum that is consistent and holds for all choices of k, we

must also require that all the minimums are equal, meaning that
gu(z)+pri—p+ (G +1) +ym—k)=w(z)+pre—p+ (L +1)+v,(m—k)
for j # ¢, or, equivalently,
(p—1Nw(z)+prp1=jv(z)+pr;—p+ (j+1)

100



for all 0 < 7 < p — 2. With this condition, we see that

V(2P — (k)220 + (k)P 4 -+ (=1)Po,(k))
= min (v(:) + ()
= 1%i£p(jy(2) +pri—p+ (G +1)+r(m—k))

=(p—1v(z) +prp-1 +vy(m —k)

giving the desired result.
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