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Abstract

Knowledge of the compact open sets in the dual space of a locally compact group
can be used to study projections in the L!-algebra of the group. The wallpaper
groups are a class of almost abelian groups which arise as the symmetry groups of
wallpaper patterns. We characterize the compact open subsets in the dual space of
a wallpaper group . This is achieved by associating to GG a graph that captures the
stratified nature of the dual space. We show how this can by applied to the problem
of finding projections in L'(G) by constructing a novel projection in the L'-algebra

of the wallpaper group, p2.
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Chapter 1

Introduction

A projection is a self-adjoint idempotent. That is, it is an element in a x-algebra over
C that is equal to both its adjoint and its square. The study of projections, or more
generally, idempotents, in algebras has been a fruitful area of research in both pure and
applied mathematics. Projections can reveal structural information about an algebra.
For instance, the central minimal projections in a finite-dimensional C*-algebra allow
a decomposition of the algebra into a direct sum of full matrix algebras. This is both
elegant and useful. As as example, a version of this decomposition is used in coding
theory for the construction of error-correcting codes [3]. More recently, projections
in L' (@), for certain locally compact groups G acting as affine transformations of R",
were found to be closely connected to functions in L*(R") that generate tight frames
[21]. A tight frame in L?(R") is a countable set of functions 7 C L?*(R™) such that
for f € L*(R"), f =Y e (f,w)f. To form such a group, fix A a n X n matrix over
R and let G4 be the group of affine transformations G4 = {[k,z] : k € Z,xz € R"}
defined by, for z € R", [k, z]z = A¥(x + z). If all of the eigenvalues of A have abso-
lute value greater than 1 then there exists a “projection generating function” which
gives rise to both a projection in L'(G) and to a tight frame in L?(R"). Specifically,
there is a function ¢ € LZ(TR;) N A(@) such that defining w as the inverse Fourier
transform of &, the set {plk,z|w : k € Z,x € R"} is a tight frame. Here, p is the
natural representation of the group G4 on L?(R"). The space L*(R") is important in
applications as it corresponds to signals (functions on R") with finite energy. These

include acoustic and electric signals whose domain is continuous time or magnetic



signals whose domain is 3-space. Tight frames in L?(R™) are useful for encoding such
signals and are often employed in analysis, compression and other signal processing

17].

In finite-dimensional C*-algebras, projections can be explicitly calculated using the
decomposition theorem (discussed in Chapter 3). For the L! algebra of a finite group,
the form of projections has also been completely described. This is usually not the
case for the L! algebra of a general group. Here, finding projections is a non-trivial
problem. In a slightly more general setting, the group ring over the complex field,
Kaplansky conjectured that if the group is torsion-free then there are no non-trivial
projections 4 [16]. While numerous supporting examples have been identified, the
conjecture remains an open problem. Projections may be difficult to characterize in
general, but one indicator of their presence or absence in the L' or C* algebra of
a group G is the collection of compact open sets in the dual space of G. The dual
space of a locally compact group G is a, not-necessarily Hausdorff, topological space
denoted by G. Dixmier [9] showed that every projection has an associated compact
open set in G. TFor some groups, every compact open set in G has an associated
projection. For this reason, understanding the compact open sets in G is a useful tool

in understanding projections in L'(G).

We also will focus on algebras that come from a group. The ('-algebra of a dis-
crete group G consists of complex-valued functions on the group that are absolutely
summable. If G is countable, one can think of these functions as sequences indexed by
the group. Projections in £!(G) have been characterized both when G is abelian and
when G is finite. It leads one to wonder what projections look like in ¢*(G) when G is
almost abelian. Consider the case where G is a group that has a normal abelian sub-
group whose index in G is finite. Such a group decomposes into finitely many cosets of
an abelian group. We will narrow in on a certain collection of almost abelian groups:
the wallpaper groups. These are the 2-dimensional crystallographic groups, or, the

symmetry groups of wallpaper patterns on the plane. Wallpaper groups are simple to



describe and yet have diverse, topologically interesting dual spaces. They also have
the advantage of possessing visual representations, both the groups themselves and

their dual spaces.

This paper aims to describe the compact open subsets in the dual space of a wallpaper
group G as a preliminary step to characterizing projections in ¢*(G). We will describe
the topology of G using explicit calculations of the group C*-algebra and applying the
representation theory of C*-bundles. Finally, we obtain a complete characterization
of the compact open subsets of G by associating G with a certain kind of graph. As an
application of our description of the compact open subsets of the dual, we construct

a novel projection in ¢! (p2), where p2 is one of the simplest wallpaper groups.

1.1 Background and Notation

This section provides background on projections in ¢}(G), including known results
about the form of projections in certain algebras. We define the L' algebra and
group C*-algebras of a topological group, dual spaces, the hull-kernel topology on

dual spaces, and revisit the definition of a projection.

1.1.1 Basic Definitions

Definition 1. A *~algebra is an algebra A over C equipped with an operation * which

satisfies the following conditions. For a,b € A and A\ € C:
(i) A=A
(ii) (A\A+ B)* = A\A* + B*
(iii) (AB)* = B*A*

The adjoint of an element A € A is defined to be its image under the * operation,
that is, A*. A Banach *-algebra is a normed *-algebra A that is complete and satisfies

IAB| < ||A||||B]| for all A, B € A.



Definition 2. A C*-algebra is a Banach *-algebra with the additional property that
for any A € A, [|[A*A|| = ||A]|?. This is called the C* condition.

Definition 3. A projection in a Banach *-algebra A is a self-adjoint idempotent.

That is, A € A is a projection if and only if A = A* = A2

We will be dealing with the L!-algebras of locally compact topological groups. To
begin, a topological group is a group equipped with a topology such that the group op-
eration and inversion are continuous. A topological group G is locally compact if every
point in G has an open neighbourhood contained in a compact set. The L!-algebra
of a locally compact group, denoted by L'(G), is the set of functions f : G — C such
that || f|l, :== [, |f| < co. The integral here is the Lebesgue integral with respect to
the left Haar measure pu. This is the unique (up to a scalar multiple) regular Borel
measure on a locally compact group that is non-zero, left invariant, and finite on

compact sets [18].

A locally compact group with the discrete topology is called discrete. Recall that
the discrete topology is the topology where singleton subsets (and thus all the sub-
sets of () are open. When G is discrete L'(G) is denoted by (}(G). It is evident
that the counting measure u, defined by u(S) = |S| when S has finitely many
elements and p(S) = oo when S has infinitely many elements, is left invariant.
This measure is clearly finite on compact sets, which are the finite sets in a dis-
crete group. Thus the counting measure is the Haar measure for a discrete group.
With the counting measure, Lebesgue integration becomes summation. For instance,

1fllx = Jo 1 f(@)|p(x) = >, cq | f(x)]. From here on, we assume that G is discrete.

On ((G), || - |1 defines a norm which is referred to as the ¢!-norm. Addition and
scalar multiplication can be defined pointwise on ¢!(G). Further structure is given to

(*(@) by defining two additional operators:

(1) Convolution: (f *g)(x) = > o [(y)g(y'x)



(2) The *-operation: f*(z) = W

Note that ||f * g|l1 < oo. In fact, ||f *gll1 < ||fllillgl]l:- This shows that con-
volution is well defined on ¢!(G) and is submultiplicative with respect to the ¢!-
norm. The x-operation is skew-linear and involutive. For f, g € (}(G) and X\ € C,
(Af +g)* = Af* + g*. One can also check that (f * g)* = g* * f*. These operations,
together with pointwise addition and scalar multiplication, make ¢*(G) a *-algebra.

Being complete with respect to the f!-norm, it is even a Banach algebra.

Consider projections in £*(G). Restating Definition 3, f is a projection if and only if,

for all z € G

fla)=fla )= > f)fy 'z

yelG

There are a couple of functions in ¢*(G) that are clearly projections. First is the
function that is zero everywhere: f(x) =0 for all z € G. Second is the point mass at
the identity of G, denoted by d;. This is defined on G by d;,(x) = 0 unless = = 1.

Since these are projections in every discrete group, we consider them trivial.

Another important kind of topological space is a Hilbert space. This is not an algebra

but a vector space with a strict geometric structure imposed by an inner product.
Definition 4. A Hilbert space is a complete inner product space.

Any locally compact topological group has an associated Hilbert space. Let L*(G)
be the set of complex-valued functions on G such that || fll = [, |f|* < co. Then
| - |l2 is a norm on L*(G) and comes from the inner product (f,g) = [, fg. When
G is discrete L%*(G) is denoted by £%(G) and the inner product becomes (hy, hy) =

> vec h(z)ha(z). Note that ¢%(G) is indeed complete with respect to the resulting

norm,

Ihlle = [n(2)?

zeG



Let B(H) denote the set of bounded linear operators on the Hilbert space H. An
operator on # is a linear function A : H — H and is called bounded if sup{|A¢|| :
€ €M, €|l < oo} Letting multiplication be composition of operators, B(H) forms
an algebra. When H is finite-dimensional,  is isomorphic to C™ for some n € N and
B(H) is isomorphic to the set of n x n matrices over C. The adjoint of an operator

A € B(H) is the unique operator A* satisfying, for all £, n € H:

(A, m) = (&, A™n)

Taking adjoints defines a x-operation for B(H), that is, a skew linear involution. There
is a norm on B(H) called the operator norm. The operator norm of an operator
A € B(H) is the supremum of the norm of A on the unit ball of H. For A € A,
| A]lop = sup{||AE|| : £ € H, ||| < 1}. With this norm and *-operation, B(H) is a
C*-algebra.

1.1.2 Representations of G and /'(G)

A unitary representation of a group G is a homomorphism 7 : G — U(H,), where
U(H,) denotes the group of unitary operators on a Hilbert space H,. Recall that a
bounded linear operator U : H — H on a Hilbert space H is unitary if it is surjective
and preserves the inner product. Equivalently, U is unitary if U*U = UU* = I,
where U* is the adjoint of U and I is the identity operator on H. Similarly, a *-
representation of a *-algebra A is a homomorphism 7 : A — B(H) that preserves the
*-operation: 7(a*) = mw(a)*. Usually, we will write H instead of H,, the Hilbert space
of a representation 7, when the context is clear. The dimension of a representation

is the dimension of the Hilbert space on which it operates: dim 7 = dim(H,).

Two unitary representations, m : G — U(H,) and m : G — U(H2), are equivalent
if there exists a linear unitary map U : ‘H; — Hy such that Um(z) = m(x)U for
each x € G. This does in fact form an equivalence relation on the collection of uni-
tary representations of G. Similarly, two *-representations 7 : ¢*(G) — B(H;) and

7y : (1(G) — B(Hz) are equivalent if there is a linear unitary map U : H; — Ha

6



such that Um(z) = m(z)U for all z € ¢(G). A unitary representation (or *-
representation) m on H, is irreducible if there are no non-trivial G-invariant (/!(G)-
invariant) closed subspaces in H. That is, there is no closed subspace W C ‘H (other
than {0} and H) such that w(z)w € W for all x € G (or z € (*(G) in the case of a
*_representation) and w € W. For a *-representation 7, the kernel of 7 is the set of
algebra elements that are mapped by 7 to zero in B(#). Any unitary representation

7 of G can be considered as a x-representation of £}(G), as discussed below.

The algebra ('(G) acts on (*(G) via convolution. One can show that for f € (}(G)
and g € (*(G), f * g is in £*(G). Consider the map X : (1(G) — B((*(G)) defined
by M f)g = f*g. For f € (1(G), \(f) is linear since convolution is distributive
and is bounded since [|f * g|l2 < || fll1llgll2- So A(f) is indeed a bounded linear
operator on (?(G). We can thus view ('(G) as an algebra of bounded linear op-
erators on a Hilbert space. In fact, A also preserves the * operation and convolu-
tion. Note that A(f*) = A(f)*, where A(f)* is adjoint of A(f) in B(¢*(G@)), and that
M f*g) = A f)A(g). We conclude that X is a *-representation of /1(G). It is a special

representation called the left regular representation.

Each group G also has an associated C*-algebra. It is formed by completing ¢!(G)
with respect to a new norm. For f € ¢}(G), the C*-norm of f is defined as the supre-
mum of the operator norms of the non-degenerate *-representations of ¢! (G) evaluated

at fi [|f]|
representation 7 is non-degenerate if the set {m(f)¢: f € (1(G), £ € H,} is dense in

o« = sup{||7(f)|lop : ™ a non-degenerate *-representation of £'(G)}. A *-

H,. The reduced group C*-algebra of G is the completion of ¢!(G) with respect to
another norm. Consider the operator norm on A(¢*(G)): [|A(f)|lop = sup{||IA(f)g]l =
If*gll : g€ P(G),]lg|] <1}. We identify ¢*(G) with the space of operators A(¢'(G))
and write || f{|,p = [[A(f)|lop- The reduced group C*-algebra of G is then defined as:

CrHG) = AEHG))

Lemma 5. C*(G) and C*(G) are C*-algebras.



When G is amenable, C*(G) = C*(G) [1]. A locally compact Hausdorff group is
amenable if it has a left or right invariant mean. We will not discuss amenability
further as what is important is this equivalence of group C*-algebras in the case of

amenability.

A *-representation of a C*-algebra is defined in the same way as a *-representation of
a *-algebra except that its domain is, of course, a C*-algebra. So a *-representation
of a C*-algebra A is a homomorphism of A with B(#) for some Hilbert space H
that preserves the *-operation. The concepts of equivalence and irreducibility of
representations is also the same for *-representations of a C*(G) as they are for *-

representations of a *-algebra.

The dual space of a locally compact group G is the collection of equivalence classes
of irreducible unitary representations of GG, denoted by G. Likewise, the dual space
of C*(@G) is the collection of equivalence classes of irreducible *-representations of
C*(@) and is denoted by C/*(\G) The dual space of a group and the dual space of the

group’s C*-algebra are closely related. Given an irreducible unitary representation 7

of G, consider the map L(7) defined by, for f € (}(G),

zeG

Note that L() is well-defined on ' (G) since || Y, .o m(@) f(2)]| < > ,cc Im(@)]|| f(z)]1
| flli < oo, noting that m(x) is unitary and so is an isometry. One can check that
L(r) is an irreducible *-representation of /! (G) C C*(G). Furthermore, L(7) may be
uniquely extended to all of C*(G). If 7 ~ o € G then L(w) ~ L(o) (the same unitary
operator can be used to show both equivalences). At the same time, if L(7m) ~ L(0)
then 7 ~ ¢. Thus L is a one-to-one map from G to the collection of equivalence
classes of *-representations of /!(G). Suppose II € C/*(E) Then L~Y(II)(x) := T1(d,)
for x € GG defines an irreducible unitary representation of GG, where 9§, the point mass

at x € G, the function in £!(G) which takes the value 1 at x and 0 elsewhere. One can

check that L' is indeed the inverse of L. Thus there is a bijection between the dual



spaces of G and C*(G). Throughout we suppress explicit reference to the bijection,
instead viewing a representation m € G as both a representation of G and of C*(G).
For this reason, when we say @, we are referring to both the dual space of the group

G and its C*-algebra.

1.1.3 Topology on the Dual Space

The dual spaces of groups and of C*-algebras are topological spaces. The most
common topology on G is the hull-kernel (or Jacobson) topology. It is given by first
defining a topology on a certain space of ideals of C*(G). From here one can define a
topology on C’/*(\G) Using the bijection between G and CT(E) discussed above, this
gives a topology on G. To summarize, the hull-kernel topology is defined on three

spaces in the following order:

— o~

Prim(C*(G)) — C*(G) —» G

Definition 6. A primitive ideal is the kernel of an irreducible *-representation of

C*(@). The space of primitive ideals of C*(G) is denoted by Prim(C*(G))

A primitive ideal is the preimage of the 0 ideal in B(#) under a *-homomorphism.
Thus it is a closed two-sided *-ideal in C*(G). In fact, primitive ideals are prime [8].
A closed two-sided *-ideal is prime if whenever there are ideals .J;, Jy € C*(G) such
that J;Jo C J then J; C J or Jy C J. Note that if 7 and o are equivalent irreducible
representations of C*(G) then kerm = kero. For m ~ ¢ implies that there exists a
unitary operator U such that Un(F) = o(F)U for all F' € C*(G). If n(F) = 0 then
0=Un(F)=0(F)U = o(F) =0 since U is invertible. Thus for each equivalence
class of irreducible representations there is a single associated kernel in C*(G). So

there is a surjective map from C'/*ia) to Prim(C*(G)).

The kernel of a subset J C Prim(C*(G)) is defined to be the intersection of its
elements: ker(J) = NyesJ. Note that ker(J) is an ideal. The hull of an ideal



J € Prim(C*(G)) is the set of ideals that contain J, that is, hull(J) = {A €
Prim(C*(G)) : J C A}. The hull kernel topology on Prim(C*(G)) is defined by,

for a set J C Prim(C*(G)), J = hull(ker(J)). Since each primitive ideal is the

kernel of an irreducible *-representation of C*((G), this defines a topology on C’/(E)

—

The closure of a set S C C*(G) is:

S = hull(ker({ker(r) : 7 € S})) = {o € C*(G) : ker(0) 2 () ker(mr)}  (L.1)
mes
Lemma 7. The closure operation in Equation 1.1 satisfies the Kuratowski axioms

—

and so defines a topology on C*(G).

A proof may be found in Davidson’s book [8] on page 191. Recall that the Kuratowski
closure axioms are a way to define a topology through a closure operation rather than
a collection of open sets. We denote the closure operation by an overline (not to be
confused with the complex conjugate of a number in C). Let X be a topological space

and S — S be the closure operation. The Kuratowski axioms are as follows:

(ii) For A C X, A is a subset of A.
(iii) For A, BC X, AUB = AUB.

(iv) A= A.

For the topology on @, we say that a set S C G is closed if the corresponding set in

C*(G) is closed. Next is a well known result about the topology of the dual space of

a locally compact group. A proof may be found in [9].

Theorem 8. Let GG be a locally compact topological group. If G is compact then G

is discrete. If G is discrete then G is compact.

10



1.2 Known Results

For a discrete finite abelian group G, the projections in ¢!(G) have been completely
characterized. The irreducible unitary representations of an abelian group are called
characters and are all one-dimensional. The Hilbert space of character is C. In fact,
the dual space of an abelian group is a group. It is not hard to show that each
character y € G is a projection in (*(@). Furthermore, x * xo = 0 if ¥ # o in G.
Rudin and Schneider [20] then showed that idempotents in ¢*(G) are exactly those

functions of the form:

f) = 3 x(w)ey

xe@

where y € G and e, € {0,1}.

If a group is abelian but not necessarily finite, every idempotent has a finite support
group [20]. The support group of a function f on G is the smallest group that contains
the support of f. Rudin and Schneider also describe the idempotents in £!(G) of norm
1.

Theorem 9. Let G be any group and f € (*(G) with f* f = f and || f||; = 1. Then
the support of f is a finite subgroup K of GG. Furthermore,

|f(z)] = |71| for all z € K, and

flzy) = |K[f(2)f(y) forallz,yecG

This implies that idempotents of norm 1 are scaled characters on a finite subgroup.
Being a scalar multiple of a homomorphism, such an idempotent automatically sat-
isfies the * condition. So the theorem actually gives a complete description of the
projections of norm 1. Conversely, every character on a finite subgroup K of G gives
rise to a projection of norm 1 by scaling. Rudin and Schneider note that idempotents
in /!(G) must have a norm that is at least 1. So this theorem, in a sense, describes

the “smallest” idempotents in (*(G).

11



Functions in ¢/!(G) have a kind of support in the dual space G. Consider the set of
equivalence classes of unitary representations of G, evaluated at a fixed f € (1(G).
The support set of f is then the subset of representations in G that are non-zero at
f. We will either refer to this as the support set or as the support of f in G , to avoid
confusion with the support of f in (}(G).

Definition 10. Let f € (*(G) be a projection. The support set of f is defined as:

supp(f) = {r € G : 7(f) # 0}

Next is a key result that will strongly direct our analysis of projections in ¢*(G).

Lemma 11. Suppose [ € /(@) is a projection. Then supp(f) is compact and open
in G in the hull kernel topology.

This follows directly from 3.3.2 and 3.3.7 in [9]. The first lemma (3.3.2) actually shows
that the map 7 — ||7(f)| is lower semi-continuous, that is, {7 € G lx(f)|| > a}
is open in G for each o > 0. That supp(f) = {r € G : 7(f) £ 0} = {7 € G :
|7(f)|| > 0} is open is an immediate consequence. The second lemma (3.3.7) shows
compactness. There are always two compact open sets in G: the empty set and G.
We consider these trivial. Lemma 11 tells us that if there are no non-trivial compact

opens in G then there are no non-trivial projections in £1(G).

It would be nice if the compact open subsets of G were in perfect correspondence
with the projections in £!(G). We will see that this is not the case. There are usually
many compact open subsets that are not the support set of a projection and also
many projections which share the same support set. The abelian case, however, is

special [15]:

Theorem 12. If G is abelian then there is a bijection between the projections in

(*(@) and the compact open sets in G.

12



Furthermore, when G is compact, Taylor and Kaniuth showed how to construct a
projection whose support set is any chosen singleton set in @, as a simple consequence
of the orthogonality relations for irreducible representations of a compact group.
Recall that the dual space of a compact group is discrete [9] and so all singletons are

both compact and open.

Theorem 13. Let G be compact and 7 € G. Let £ € H, such that ||€]] = v/d,.
Define fe(x) = (£, m(x)E) for x € G. Then the following hold:

(i) fe is a projection in L'(G)
(ii) The support set of f¢ is {m}
(ili) 7(fe) is the rank one projection of H, onto CE.

As mentioned earlier, Kaniuth and Taylor also gave a method of constructing projec-
tions in the case that G = A x H where A is abelian, H is o-compact and there is
an open free H orbit in A. With this set-up, H acts on A through conjugation. They
showed that there is an open point in G and constructed a projection in L'(G) whose

support set is the singleton set consisting of this point [15].

In this paper, we study projections in ¢!(G) when G is a wallpaper group. Roughly,
a wallpaper group is the symmetry group of a wallpaper pattern (imagining that
the pattern covers the entire plane). The wallpaper groups will be discussed in de-
tail in Chapter 4. The known results just presented do not apply to the wallpaper
groups. The wallpaper groups are not abelian (except for the trivial wallpaper pl,
which consists purely of translations), they are not finite, they do not always split as
a semi-direct product of an abelian group with a o-compact group, and even if they
do split in such a way, H does not have an open free orbit in A. Nonetheless, the
wallpaper groups are very close to each of these types of groups. They have a normal
abelian subgroup whose quotient in G is finite. Many wallpaper groups do split as
the semi-direct product Z? x D where D is a finite point group. We thus expect to

obtain somewhat analogous results on projections in ¢!(G) for the wallpaper groups.

13



One immediate result is that projections can be constructed from finite subgroups.

1.2.1 Projections from Finite Subgroups

In this section we present a simple method of constructing projections in £*(G) using

finite subgroups of G.

Lemma 14. Let K be a finite subgroup of G. Then fx = |_11(\ EgeK d4 is a projection
in ('(G), where 4, is the function on G that takes the value 1 at g and 0 elsewhere.

Proof. We must check that fx is an idempotent, is self-adjoint and is an element of

NG).
1. fx is an idempotent.

For any g,k € G we have that d, * 05 = 04 Then,

o2 (2

geK geK

DN 5y

geK keK

1
R 2

geK ke K

1
:chsg

geK

1
K2

with the last equality occuring because for any h € K there are | K| pairs (g, k) such
that gk = h. If h ¢ K then gk # h for all g,k € K.

2. [k is self-adjoint.
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For any g € G, (64)* = 0,~1. Then,

ger (1.2)

1
- W 259_1

geK

1
:WZ(;Q

geK

with the last equality occurring because K is a group.

3. fx € Q).

[ frlli = Z|fK(9)|

geG

:Z%Zw>

gelG keK

1
= WZ > ok(h)

k€K he K
1
= — 1
] 2
=1
U

We next show that one can multiply fx by a matrix coefficient of a representation of
K to obtain another projection. We will need the Schur orthogonality relations for

matrix coefficients of representations of finite groups.

Lemma 15. (Schur orthogonality relations) Let G be a finite group and 7,7 € G.

Let u,v € H, and ug, vy € H,. Then

i(u, up)(v,vg) i m=n

ﬂmwwmmwm
G

@)

else

where g is the normalized Haar measure of G (i.e. u(G) =1).
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Lemma 16. Let K be a finite subgroup of a locally compact group G. Let m € K
and § € H, with [[{]|2 = 1/V/dy. Define ¢f : G — C by c¢f(z) = (7(z)¢,§) when
z € K and 0 otherwise. Then ¢f f is a projection in £'(G).

Proof. To simplify the notation, let ¢ = c¢g. Note that:

(coy % €0y)(2) = Z c(w)dy(w)e(w*2)d, (w'z2)

welG
= c(@)e(y)day

Then using this and linearity, we get that

1
cfg *cf = W(Z 0y, * (Z cop,)

keK heK

:ﬁZZcék*céh

keK heK

| ;P SO ek)elh)ou

keK he K

_ ﬁ SN elk)e(k )

keK heK

_ ’_[1(’ ST 6 S elk)elkh)

heK keK

Consider

1

[K?

> clk)ell™ k) = s - (x(A)6.€)(r (4~ ). )

keK keK

= 2 2 (r(DE. O P =W

keK

Applying the Schur orthogonality relations (recalling that they require that the Haar

measure of the finite group be normalized),

1

T ;<w<k>s,s><w<k>sm<h>s> = (R
1
mc(h)

Thus cfx * cfx = ‘—[1(‘ > onex ¢(h)on = cfk.
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Note that when K is abelian, irreducible representations are one-dimensional and are
thus homomorphisms x : K — T (as T is the set of unitary operators on C through
multiplication). Then for any £ € C with [¢] = 1, we have & (k) = (x(k){, &) =

x(k)(€,€) = x(k). So & fx = xfx. In this case, calculating x fx * xfx does not

actually require the Schur orthogonality relations, since y jumps out of the inner

product and is multiplicative:

XS *Xfx = ZX )0k) * (Z x(h)o)

keK heK

|2ZZX h)ox * on

keK heK

|2ZZX (Kh) g

keK heK

> 2 x(h)3

keK heK

‘ZX 5h

heK

‘ K2

= XJK

Now check that cfx is self-adjoint:

(cfi)*(2) = ez i (27T
:Wfl((x)
= (r(2—1)&,) fi ()
= (n(2)"€, &) fr (@)
= (€, 7(2)) fx(2)
= (m(2)€,§) fx (z)
= c(@) [k (x)

(where we've used the fact that fj; = fx.)
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Again, if K is abelian and x is a character of K the calculation is simpler:

(Xfr) * (@) = x(z7") fre(z7)

Finally, it’s clear that fx, cfx and x fx are absolutely summable since their support

in G is finite. Thus, each of these is a projection in /}(G). O

We call a projection whose support in GG is a finite subgroup a finite subgroup projec-
tion. Usually, these are not the only kind of non-trivial projections in ¢!(G) (if any).
We will show this for the wallpaper group p2 in Chapter 5. In fact, we will construct

a projection whose support set is not the support set of a projection of the form cfx.

This summarizes known results on projections in ¢!(G) that apply to the wallpaper
groups. To our knowledge, compact open sets in the dual space of a group have not
been extensively studied, besides in [14] where E. Kaniuth and K.F Taylor charac-
terized the compact open subsets in the dual space of an [F'C|~ group. These are
groups whose conjugacy classes are finite. They include the abelian groups and fi-
nite groups, but again, not the non-trivial wallpaper groups. You can see this even
with the very uncomplicated wallpaper group, p2. In the next chapter we define the

wallpaper groups and present some relevant results and examples.
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Chapter 2

The Wallpaper Groups

“Symmetry, as wide or narrow as you may define its meaning, is one idea
by which man through the ages has tried to comprehend and create order,

beauty, and perfection.”

~Hermann Weyl

2.1 Basic Concepts and Definitions

We begin with a quick overview of isometries of R". In general, an isometry is a
distance-preserving map between metric spaces. For R" (and actually, any finite-
dimensional inner product space) an isometry is a bijection. To see this, first note
that an isometry 7' that fixes the origin preserves the inner product (expand (T'z —
Ty, Tz —Ty) = (x—y,x—y) on both sides and simplify). Using linearity of the inner
product one can show that T is linear. Furthermore, since T' preserves distance, it
must be injective. Therefore 7" will map an orthonormal basis of R™ to an orthonor-
mal basis. Being linear, this shows that T is bijective. Now any isometry can be
translated so that it fixes the origin - and we're done. Because isometries map R"

onto itself without changing distances they are also called “rigid motions”.

Denote the collection of isometries of R™ by Iso(n). This space has an associative

product, namely, composition. With respect to this product, the identity map is an
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identity. It is then easy to check that the inverse of an isometry in I/so(n) is also in
Iso(n) and that the same goes for the composition of two isometries. Thus Iso(n) is
a group. As noted above, an isometry may be composed with a translation (also an
isometry) such that the composition fixes the origin and is consequently linear. By
definition, this distance-preserving, origin-fixing map is in the n-dimensional orthog-
onal group, O(n). The matrix form of a member of the orthogonal group is an n x n
orthogonal matrix. That is, each U € O(n) satisfies UUT = UTU = I, where UT
denotes the transpose of U. So every T € Iso(n) has the form 7" = 7, o U where 7, is
translation by v € R" and U € O(n). We could switch the order of the composition
by writing T'= U o (U~ o 7, 0 U), noting that U~ o 7, 0 U is a translation. We will

use the following notation for elements of I'so(n):

Definition 17. For M € O(n) and v € R™, let [M,v] denoted the map defined by:
[M,v]x = M o1,(x) = M(x + v)

Lemma 18. Each [M,v] is an isometry. Thus Iso(n) = {[M,v] : M € O(n),v € R"}.

We say M is the orthogonal part and v is the translational part of [M, v].

The previous lemma shows that as a set, Iso(n) is just O(n) x R*. As a group, it
is not the same, however. One can calculate that [M,v][A,u] = [MA,u+ A~ 'v]. So
addition involves a twist in the translational part. Despite these differences, I'so(n) is
conventionally given the topology of O(n) x R™. Recall that the topology on O(n) is
inherited by viewing it as a subset of R"’ (simply reshape n X n matrices into vectors

of length n?).

A left group action of a group G on a set X is a map ¢ : G x X — X (we always
write g - © = ¢(g, z)) which satisfies:

(i) (Identity) e-x =z for all € X, where e is the identity of G.
(ii) (Compatibility) g - (h-x) = (gh) - z.

The group Iso(n) acts on R™ via point evaluation: [M,v] -z = [M,v|x = M(z + v).
To check, note that [/,0] is the identity of Iso(n) and [/,0lx = I(z 4+ 0) = z. For
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compatibility:

(M, 0] - ([A, u] - 2) = [M, v](A(z + u))
= M(Az + Au+v)
= MAu+ MAx + MAA v
— MA(z +u+ A0)

= [M,v][A, u]z

A group action gives rise to an equivalence relation. For each x € X, the orbit of x in
Gistheset Og(z) = {g-x : g € G}. Thendefinex ~ yify € Og(x). To show that this
is an equivalence relation, use the following facts: v = e 2, y=g-2 = x=g""'-v,

=g-xANz=h-y = z = hg-z. Clearly the equivalence classes are the G—orbits,
i.e. [z] = Og(z). For Iso(n) acting on R™ the orbit of x € R” is the image of x under
the isometries of R": Og(z) = {[M,v]x : M € O(n),v € R"}. Since the group of
translations is in I'so(n), each Opgo(m)(2) is all of R™. Note however that the orbits of
a subgroup of Iso(n) may not be trivial. Take, for instance the subgroup of transla-
tions in R? defined by £ = {[I, (a,b)] : (a,b) € Z*}. The orbit of a point z € R? is
Or(x) = {z+(a,b) : (a,b) € Z*}, which is a discrete subset of R*. The quotient space
corresponding to a group G acting on X is the set X/G = {O¢(z) : * € X}, the set
of orbits. The associated quotient map is ¢ : z — Og(x). When X is a topological
space, the quotient space carries the quotient topology. This is the topology on X/G
where the open sets are exactly those sets whose preimage under the quotient map is

open in X.

We are now ready to define the main item of interest, the crystallographic groups.

Definition 19. A crystallographic group of dimension n is a discrete subgroup of

Iso(n) with the property that R"/G is compact.

We immediately restrict ourselves to the case that n = 2. The crystallographic groups
of dimension 2 are called the wallpaper groups. The name comes from the fact that

each such group is the symmetry group of a wallpaper pattern. That is, the group of
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isometries of R? that each leave a wallpaper pattern on R? looking the same. As an
example, consider a pattern with only translational symmetry. A portion of such a

pattern on R? is shown in Figure 2.1.

Figure 2.1: Portion of a wallpaper pattern with purely translational symmetry.

Recall that a discrete topological space is a space in which every subset is both open
and closed. The discreteness condition for the wallpapers is actually very strong. For
instance, a wallpaper group G being discrete forces each G-orbit in R? to be discrete

[10]:

Lemma 20. Let G be a crystallographic group. Then for each a € R", the orbit
O¢(a) =G -a={z(a) : x € G} is discrete in R".

This implies, for instance, that there must be a translation in G of minimal length,
otherwise orbits would contain a cluster point. The collection of pure translations in
G (elements of the form [I,x] where z € R?) forms a normal abelian subgroup. We

call this the lattice £ and think of it as a discrete subgroup of R?. Consider R?/Rxz,
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where y ~ 2 <= y = z+ ax for some a € R. This is isomorphic to R. It’s not hard
to show that £/Rz N R?*/Rx must also be discrete [10](p.16) and so is isomorphic to

a discrete subgroup of R. This leads to the following lemma:
Theorem 21. (Bieberbach) The lattice of a wallpaper group is isomorphic to Z2.

This is the first part of Bieberbach’s theorem restricted to the case of the 2-dimensional
crystallographic groups. A pair of vectors in R? which generate the lattice is called
a lattice basis. From now on we assume that group elements [M,z| are written
in terms of a lattice basis. The lattice is not only the largest abelian [10] sub-
group of GG but is also normal. To see this, first note that inverses are calculated as
(M, 2] = [M~', —Mz|. Then [M,x][I,a][M~',—Mz] = [M,a+ z|[M~', —Mz] =
I, M(a+x)—Mz] = [I, Mal]. So in conjugating a translation by an affine transforma-
tion [M, x|, it is only the matrix part M that comes into play. Now [M, z] and [A, ]
are in the same L-coset if and only if M = A. The product of two equivalence classes
in G/L corresponds to multiplication of their (unique) matrix parts. Representatives
for the equivalence classes of G/L£ may be chosen as the matrix parts of the elements
of G. This is called the point group for GG, as each matrix part is in O(2) and so fixes
the origin. The second part of Bieberbach’s theorem (in the case of the wallpaper

groups) is the following:
Theorem 22. (Bieberbach) The point group D = G/ L of a wallpaper group is finite.

The point group acts on £ by conjugation. For M € D and [I,z] € £ choose a € 7>
such that [M,a] € G and define M - [I,x] = [M,a][I,z][M~", —Ma] = [I, Mz]. As
noted above, it does not matter which a € 7?2 is used. Often we will view the lattice
as 7* via the map [I,z] — z. Then the action of the point group on Z* becomes

M-z = Mz for M € D and x € 72.

What is the point group of a wallpaper group like? Again, the discreteness of G
forces strong conditions. One is the famous crystallographic restriction theorem: the

rotations in D can only be of order 1,2,3,4 or 6. In fact there are only two kinds
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of finite groups of isometries of R?. This was known by Leonardo da Vinci, a while

back.

Theorem 23. (Leonardo’s Theorem) Let D be a finite group of isometries of the
plane. Then D is either a cyclic group C,, of order n € Z or a dihedral group Ds,, of
order 2n, n € Z. No two of the groups C1,Cs, ..., Dy, D, ... are conjugate under an

isometry.

Contrast groups being conjugate under an isometry with group equivalence. These
are not the same. For instance, the groups C5 and D; are isomorphic as groups
but not conjugate under an isometry. The first consists of identity and rotation by
1800 while the latter contains a reflection. A proof of Leonardo’s theorem may be
found in [2]. Recall that C,, is the cyclic abelian group of order n, Z,. As a group
of isometries, one can think of C,, as the group generated by a rotation by 360°/n.
The dihedral group D, is generated by C), and a reflection. It has a crossed product
structure C,, x {I, —I} with the action of {I,—1} defined by —I - R™ = R~™. The
dihedral group Ds, is the symmetry group of a regular n-gon. Combining Leonardo’s
theorem with the crystallographic restriction, we see that the possible point groups
of a wallpaper group are C4,Cy, Cs, Cy, Cq, Do, Dy, Dg, Dg, D15. Each of these is the
point group of at least one wallpaper group (see the wallpaper group descriptions in
[19]). Note that it is possible for two wallpaper groups to have the same point group
and yet be distinct groups. This happens because, in general, there are multiple ways

a point group can act on the lattice.

The maximal normal abelian subgroup (the lattice) and the quotient of the group
by this lattice (the point group) are actually defining features of a wallpaper group.
Zassenhaus showed that the wallpaper groups are exactly the discrete groups that
contain a finite index, normal, free abelian subgroup of rank 2, that is also maximal
abelian [25]. In other words, a discrete group G is a wallpaper group if and only if
there is a short exact sequence 0 — 72 — G — D — 1 where 72 is maximal abelian

and |G : 7% is finite.
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Up to group isomorphism, there are exactly 17 distinct wallpaper groups. In fact,
the number of n-dimensional crystallographic groups is finite for any n. This is the
solution to part of Hilbert’s 18" problem, which was proved by Bieberbach in 1912.
A proof that there are exactly 17 wallpaper groups may be found in [22]. Below is a
table listing the wallpaper groups along with their point groups.

Wallpaper group Point group
pl Ch
p2 Cs
p3 Cs
p4 Cy
p6 Cs

cm, pm, pg D,
cmm, pmm, pmg, pgg Dy
p31m, p3ml Ds
p4dmm, p4mg Dy
p6mm D15

To get a sense of the connection between Definition 19 and the symmetry groups of
crystal structures, consider the pattern in Figure 2.2 and imagine that it covers the
entire plane. One can see that its symmetry group G is generated by a horizontal
translation, a vertical translation, and a rotation by 180°. This wallpaper group is

called p2 and will be revisited in Chapter 5.

Consider the square in Figure 2.3. Removing the top and right sides of the square
gives a set of representatives for the equivalence classes in R?/G. For the topology of
R?/G, note that the left side of the square is mapped to the right side by a horizontal
translation. Thus, these two edges are identified. The rotation maps the left half side
to the right half side of both the top and bottom edges. These identifications are

shown in Figure 2.3. The vertical dotted line shows where one would fold in order to
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Figure 2.2: A wallpaper pattern with p2 symmetry.

glue the identified edges. Arrows mark these edges. Gluing these identified edges, we
see that R?/G is topologically isomorphic to a sphere. So R?/G is indeed compact,
as required in the definition of wallpaper group. You can also see in Figure 2.2 that

each of the G-orbits in R? is a discrete set.

\
A

®©

'/

\

Figure 2.3: A picture of R*/G with edge identifications.

A cross section of D in G is a map v : D — G such that q o v = idp where ¢ is
the quotient map ¢ : G — D. This allows us both to represent G by its Z2-coset

decomposition and to express the action of D on Z2. With a cross section 7 fixed,

26



for any x € G there is a unique d € D and translation a € 7% such that x = v(d)a.

D acts on Z? by conjugation:

d-x=y(d)zy(d)"

Since v is a cross section and the quotient map is a homomorphism, we know that
v(c)y(d) and ~(cd) lie in the same 72 coset. Thus there is some a(c,d) € 7% such
that v(c)y(d) = v(cd)a(c,d). Doing this for each pair ¢,d € D we obtain a map
a: D x D — 7% Using the identity a(b,c) = v(bc) " v(b)v(c), one can see that «

satisfies the following:
a(b, cd)a(c, d) = albe,d)(d* - a(b, c))

This is called the 2-cocycle identity and «, a 2-cocycle.
Using the coset decomposition, we can express elements of G as (d, z) = v(d)z where

d € D and z € 72. In this notation the group product becomes:

(¢, 2)(d, y) = y(c)zy(d)y
=(c)y(d)(d" - z)y
=7(cd)a(e,d)(d™" - x)y
= (ed,ac,d)(d™" - 2)y)
In order to work with explicit wallpaper groups we need to express the elements of
G in terms of x € £ and v(d) € G. Explicit descriptions of the 17 wallpaper groups

(along with their C*-algebras and irreducible *-representations) were worked out in

[19]. We will use these descriptions in our examples throughout.

A character of an abelian group is a homomorphism into the circle group T. The
characters of an abelian group form its dual space, which in this case is actually a
group. Recall that the lattice of a wallpaper group is isomorphic to Z2. A character

X : Z* — T is of the form y,,, where (z,w) € T? and:
XZ,U)(:C? y) = way
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Because of this, we will refer to 72 as simply T2 and let (z,w)®Y) = x. ., (z,y) = 2"w?.

The point group D also acts on 72 = T2, This action is defined by:

(d - Xzw)(a,0) = Xzw(d ™ - (a,b))

We apply the discussion in this chapter thus far to two example wallpaper groups, p2
and pg.

Example 24. First consider p2, the symmetry group of the wallpaper pattern shown
in Figure 2.2. Two linearly independent translations and a rotation by 180° generate
this wallpaper group. Viewing p2 as a group of affine transformations, each element
is of the form [I,z] or [—1I,z] where z € Z%. The point group D is isomorphic to
Zy = {1,—1}. One cross section is (1) = [I,(0,0)], v(—1) = [-1,(0,0)] (in the
future, we will always assume that v(idp) = [I,(0,0)]). The D action on Z?* is then
—1 -2 = —z. Note that the action of the identity of D is always trivial. For the
chosen cross section v, the 2-cocycle « is trivial (i.e. a takes the value 1 on all pairs
of elements of D). This is because 7 is a homomorphism: ~(c)y(d) = v(cd) for all
c,d € D. In general, when 7 is a homomorphism, D is isomorphic to a subgroup of
G. When this occurs, G can be expressed as a semi-direct product G' = 7Z? x D. Note
that the action of D on Z? must also be defined in order for 72 x D to make sense as

a group.

Example 25. Not all of the wallpaper groups split as a semi-direct product. Consider
pg, the wallpaper generated by the lattice and one glide reflection. A portion of a
pg wallpaper is shown in Figure 2.4. We can choose the glide reflection to be along

the x-axis. A cross section for the action of D on pg is y(c) = [0, (3,0)] where o =
1 0

0 —1
pg does not split as a semi-direct product Z2 x D. In fact, a wallpaper group splits if

. The D action is then o-2 = oz. Since v(o)y(o) = [1,(1,0)] # [I, (0, 0)],

and only if it does not contain a glide reflection. Only four out of the 17 wallpapers

do not split.
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Chapter 3

Representation Theory

In the next section we discuss representation theory in greater depth and use this to
work out an explicit description of the dual space of a wallpaper group. We begin by
reviewing the representation theory of finite-dimensional C*-algebras and introducing
C*-bundles and their representation theory. Next we present an explicit description
of the C*-algebra of a wallpaper group. Finally, we describe in detail the dual space
of the C*-algebra of a wallpaper group and its topology.

3.1 The Dual Space of a Finite-Dimensional C*-algebra

A finite-dimensional C*-algebra is a C*-algebra which has a finite basis, when viewed
as a normed vector space (i.e., when ignoring the product and * operations). Specif-
ically, we will consider finite-dimensional C*-subalgebras of M, (C), the algebra of
n X n matrices with entries from C and we assume that the subalgebras contain the
identity matrix. Note that M, (C) is itself a C*-algebra. The x-operation here is de-
fined by defining the adjoint of a matrix to be its conjugate transpose. Multiplication
is the usual matrix multiplication. The norm is the operator norm, viewing matrices
in M, (C) as linear operators on C". Since M, (C) is finite-dimensional, so are all of
its subalgebras.

Let A be a C*-subalgebra of M, (C). Consider projections P, in A. We say that
P < Q@ if PQ = P. With this relation, the projections in A form a lattice. That

is, every pair of projections has a least upper bound and a greatest lower bound.
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A projection P is called minimal if P > @ implies @ = 0 or Q = P. Using the
*_subalgebra generated by a non-zero operator T € A and the spectral theorem of
normal operators, one can show that A has at least one non-trivial projection, except
in the degenerate case that A = {0}. Furthermore, every projection dominates a
minimal projection. Recall that the commutant of the sub-algebra A of M, (C) is the
set of matrices of M, (C) that commute with every element of A. The commutant
of A is denoted by A’. The centre of A is defined as the intersection of A and its
commutant: Z(A) = AN A". These are the elements within 4 that commute with
A.

The first step is to characterize A when A is a factor, that is, if the centre of A
is trivially CI = {al : « € C}, where [ is the identity of A. This is accom-
plished by finding a set of minimal projections P,..., P, in A that sum to I. These
give a system of matrix units Vj; (V;; is a partial isometry with the property that
VijVii = Py and V;iVi; = Pj) such that PAP; = ay;Vi; for some a;; € C. The map
A — {a;;hi<ij<k defines an isomorphism of A with M;,(C). Using a set of minimal
projections @1, ..., Q,, in the centre of A, one can block diagonalize A. Doing this,
one finds that each element of A diagonalizes to a matrix consisting of a smaller

matrix in M (C) repeated m times along the diagonal and zeros elsewhere.

When A is not a factor, take a set of central minimal projections (7, ..., Cy that sum
to I. Then each C;A is a factor. We thus obtain a decomposition of 4. This will
be especially useful in working out the dual space of C*(G), when we view it as the
sections of a fibre bundle as the fibres are finite-dimensional matrix algebras. There
are/ € N, k; € Nfori =1,...,¢such that for each element A € A, there are matrices
A, € My, (C) for i = 1...4 such that:
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M, 0 0 r 1
Aw 0 0
0 M, )
0o . :
A= : : where M; = € M,k (C)
: o0
0
0 0 Ay
0 0 M, - -

(3.1)

Specifically, k; the number of minimal projections in the factor C;A, a; the number
of central minimal projections in A’, and ¢ the number of minimal central projections

in A. For further details, see [8].

This decomposition determines the structure of the dual space of A. The key insight
is that the dual space of a full matrix algebra, i.e. M, (C) for some n € N, is trivial.
There is only one equivalence class of irreducible representations: the class containing
the representation Z(M) = M. Note that this is indeed a representation of M. The
Hilbert space of Z is C" and M is the operator M(z) = Mz (multiplication of x
by M). For A, fix k; and consider the map m; : A — Aj,. Since Ay, is a block on
the diagonal of A (assume A has been block diagonalized), 7; is linear and preserves
multiplication and the *-operation. Furthermore, Ay, is an operator on the Hilbert
space C*i. Thus m; is a representation of A. Since the set {m;(A) : A € A} is My,
there are no m;-invariant subspaces of C*. So 7, is irreducible. In fact, the represen-
tations m;, i« = 1,...,/ are a set of representatives for the elements of A. Thus the
dual space of A can be formed by restricting A to each (different) matrix block in its

block diagonalization. This implies that A'is a finite set with no more than n elements.

The topology of A is the discrete topology. The kernel of 7; is the set of elements
in A for which the block in A corresponding to 7; is zero (assume A has been block
diagonalized). Fix i and consider the subset S; = {m; : j=1,...,i—1,i+1,...,(}.
Then Mg kerm; is the set of elements of A that are zero except for the block

corresponding to 7;. Since the kernel of 7 is the set of elements of A that are zero at
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this block, clearly m; is not in the closure of .S; and so .S; is closed and 7; = A \ S; is

open. Thus each singleton subset of Ais open and so A is discrete.

3.2 (*-bundle Theory

In working out the dual space of the C*-algebra of a wallpaper group, it is convenient
to view C*((G) as the sectional algebra of a C*-bundle. A bundle is essentially a space
consisting of fibres (each a C*-algebra) which vary continuous over an underlying
Hausdorff space. The isomorphism identifying C*(G) with a sectional algebra of a
C*-bundle is fairly involved and we will not go into too much depth. We already have
an explicit description of the elements of C*(G) and are mainly interested in the dual

space. This section is largely based on Fell and Doran’s book [11].

Definition 26. A bundle over X is a triple (p, B, X) where B, X are Hausdorff spaces
and p : B — X is an open and continuous surjection. X is referred to as the base
space, B the bundle, and p the bundle projection. For each x € X the set p~!(z) is

called the fibre over x and is denoted by B,. Note that the fibres form a partition of
B.

Definition 27. A C*-bundle is a bundle (p, B, X) such that each fibre is a C*-algebra
with the “zero-limit” property: if x € X and {b;};c7 is a net in B such that ||b;|| — 0
and p(b;) — x in X then b; — 0,, the zero element in the fibre B,. Here, ||b;]| is the
norm of b; in the fibre By,. This condition is equivalent to defining a neighbourhood

basis for 0, in B, for each z € X, to be:
N(z:Uye):={be B:p(B) € U,|b| <¢} (3.2)
where U is a neighbourhood of x in X and ¢ > 0.

Addition, multiplication, and involution may be defined on B fibre-wise. Each of
these operations is clearly continuous. It seems that B consists of seemingly very
independent fibres. However, 3.2 shows that the fibres do fit together topologically.

A neighbourhood of the zero element of a fibre B, consists of elements in p~*(U)
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whose norm is less than some fixed ¢, where U is a neighbourhood of x in X. So a
neighbourhood of 0, in B very well might contain elements from fibres other than B,.
A Dbasis for the topology of B may be obtained by translating each neighbourhood
N(z : U,¢e) along the fibre B,, for each x € X. So points by, by in B whose projec-
tions in X are close and for which [|b; || and [|b2|| are close (note: these are potentially

different norms) are close in B. Thus the fibres of B vary continuously, in a sense.

Definition 28. A section of a C*-bundle (p, B, X) is a continuous function /' : X —
B such that po F' = idy, the identity on X. Thus F' maps each x € X to something
in the fibre B,. Let I'(B) denote the space of sections on B.

If X is compact then I'(B) can be given the supremum norm:
[Flloc = sup [|F'(z)]
rzeX

This is finite because F' is a continuous and X is compact. We can define addition,
multiplication and the involution * pointwise. With respect to these, the sup norm
is a C*-norm, for it satisfies the C* property: ||F*F|| = |[|[F*||||F|| [11]. Indeed, I'(B)
is a C*-algebra. It is called the sectional C*-algebra of B, or for short, the sectional

algebra of B.

Let C' = (I'(B), || - |loo) be a sectional C*-algebra of a C*-bundle (p, B, X) with X
compact. The dual space of such a C*-algebra is particularly easy to describe. This
was worked out by Fell and Doran [11]. For each x € X let B; be the dual space of
the fibre B,.

Lemma 29. If 7 € B, and F € C then II(F) = 7(F(z)) defines an irreducible

*_representation of C'.

Fell and Doran also showed that if II is an irreducible *-representation of C' then
there is a unique x € X such that II(F) = 7(F(x)). The action of forming II from a
representation m € B, is called “lifting”, as it extends a representation of a fibre to

the sectional algebra of the entire bundle. This describes the dual space of C' as the
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union of the dual spaces of its fibres. As for the topology on the dual of a C*-bundle,

Fell gave two very useful results.

Theorem 30. Let ¢ be projection of C onto X, ie., q: (mz) = x. Then q is

continuous and open.

Theorem 31. For each fixed n € B,, the map 7 + Il ; is a homeomorphism of 1/3;
into G.

Since ¢ is continuous and open as well as surjective, it is a quotient map on C. Thus
much of the topology of the dual space of the sectional algebra of a bundle is captured
in the base space. The second result shows that dual space of each fibre is injected

into G with its topology completely preserved. As we will see, for the wallpaper

groups this leads to a splitting up of G into sheet-like pieces.

3.3 Representation Theory of the Wallpaper Groups

We defined the convolution algebra ¢}(G) for a discrete group G in Chapter 1. We
review it quickly here as a refresher as well as the C*-algebra, C*(G). After this we
move to describing C*(G) for a wallpaper group GG. This is a corollary of K.F. Tay-
lor’s description of the C*-algebras of the crystallographic groups. For the wallpaper
groups, C*((G) can be expressed as an algebra of matrices whose entries are continu-
ous functions on the torus. Explicit calculations of the C*-algebras of the wallpaper
groups were done by E. Pohorecky in his Master’s thesis [19]. We will use these in

examples.

First is a quick review of the definitions of the algebras ¢*(G) and C*(G) from Chapter
1. For a wallpaper group G, /(@) is the set of functions f : G — C such that

£l =" £ ()|

zeG

Equipped with pointwise addition, scalar multiplication, convolution and the * opera-

tion defined by f*(z) = f(x~1), and the norm ||-||1, £*(G) is a Banach *-algebra over C.
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Next, £2(G) is the space of square summable functions f : G — C. There is an inner
product on (*(G) defined by (f,q) = >, f(x)?x) With this inner product and
pointwise addition and scalar multiplication, ¢?(G) forms a Hilbert space, that is, it
is a complete inner product space. It’s not hard to see that ¢*(G) sits inside of £2(G).

This comes from the fact that if a sequence is absolutely summable then it is also

square summable.

Recall that a C*-algebra is a Banach *-algebra with the additional norm condition
[8]:
L £l = A1

Now (1(G) is not a C*-algebra. Nonetheless, we can extend it to a C*-algebra by pro-
viding it with a new norm. This is the operator norm, for f € ¢!(G) is an operator
on (*(@) via convolution. That is, (*(G) = \(G) where \(f) is the operator on £*(G)
defined by A(f)g = f*g. The norm of A(f) is then sup{|| fxgl| : g € (*(G),||g]]> < 1}.
The wallpaper groups are amenable. This comes from the fact that locally compact
abelian groups are amenable, as well as groups that have an amenable subgroup of
finite index. For the wallpaper groups, Z? is the locally compact abelian group of
finite index. Thus the group C*-algebra of a wallpaper group is the same as its re-
duced group C*-algebra. This is denoted by C*(G) and can be defined to be the
completion of ¢!(G) with respect to the operator norm. Note that ¢}(G) is a dense

subset of C*(@) and that the C*-norm of a function is never greater than its ¢!-norm

for [|f gl < [[fll1llgll2-

3.3.1 Description of C*(G)

K.F Taylor showed that the group C*-algebra of a crystallographic group G is iso-
morphic to a subalgebra of matrices whose entries are continuous functions on the
dual of the translational subgroup of the crystal [23]. We work out this identification

in the specific case that G is a wallpaper group.
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Since the lattice subgroup 72 is abelian it carries a Fourier transform. This is defined
by, for f € (*(7?),
FH= Y fayxay)

(z,y)eZ?

where x is a character in the dual group of Z2. As we’ve seen, the characters of 7>
are parametrized by T? via x..(a,b) = z°w’. Replacing x. ., with (z,w), the above
equation may then be written as F(f)(z,w) = >_, 22 f(z,y)z"w?. This is the usual
Fourier series in two dimensions. Let L?*(T?) be the set of square-integrable functions
from T* to C. Given the inner product, (f,g) = |1 f(z,w)g(z,w)d(z,w), L*(T?) is a
Hilbert space. It is well know that F extends to a unitary map of £*(Z?) onto L(T?),
called the Plancherel transform. We denote this by P.

Let C(T?) be the set of continuous complex-valued functions on the torus. Equipped
with the supremum norm, pointwise product and addition, and an involution defined
by f*(z,w) = f(z,w), C(T?) is a C*-algebra. Also let B(L?*(T?)) denote the algebra
of bounded linear operators on L?(T?), that is, linear functions B : L*(T?) — L?*(T?)
such that sup{||Bn|z : n € L*(T?),||n]] < 1} < oo. This space carries pointwise
additiion and scalar multiplication and composition defines a product. The operator
norm is a natural norm on B(L?(T?)). It is well known that every bounded operator
B on a Hilbert space has a unique operator, B*, called the adjoint. This is the unique
operator satisfying (B¢, n) = (£, B*n) for every function & in the Hilbert space. The
map that takes an operator to its adjoint is an involution. In fact, B(L?*(T?)) forms

a C*-algebra.

As explained in Chapter 2, by choosing a cross section v : D — G one can decompose
G into cosets of the form ~(d)Z?. This also leads to a decomposition of /?(G). To
see this, note that the set of functions in £*(G) whose support is in the coset v(d)Z>
is a subspace of ¢*(G). This subspace is isometric with ¢(2(Z?) via fy(z) = f(y(d)z).
As a set, *(G) can then be written as ©¢*(Z*) by mapping f to (f4)sep. Taking the
Plancherel transform of each f; we obtain an isometry @ : *(G) — @ L*(T?) defined
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by @ : f = (P(fa))-

For f € (*(@), consider ®A\(f)P~!. This is a bounded operator on GL*(T?). In a
sense ®A(F)®~! is a multiplication operator. Let M, (C(T?)) denote the space of
n X n matrices with entries in C'(T?). Define M : M, (C(T?)) — B(®&L*(T?)) by
(M(F)(h))a = > oep Fache for h € L*(T?). It is not hard to show that M is a C*-
isomorphism of M, (C(T?)) into B(&L*(T?)). Then ®A(F)P~! can be represented by
a matrix in M, (C(T?)) in the sense that ®A\(F)®~! is in the range of M. The main
result of [23] is the following:

Theorem 32. Let G be a wallpaper group with point group D. For f € (}(Q),
let F(f) = M7'ON(f)®~ . Then F extends to a C*-isomorphism of C*(G) onto a
C*-subalgebra of M, (C(T?)), where n = |D|.

Taylor used this to obtain a concrete description of the transform F : (1(G) —

M, (C(T?)) and the form of the elements of C*(G):

Lemma 33. Let G be a wallpaper group with point group D, 2-cocycle a, and
n = |D|. Let f € (*(G). For each pair (b,c) € D x D,

(FDpelzsw) = (2,0)* ¢ (frem) (e - (z,w))

Furthermore, F(C*(G)) can be characterized in the following way. For b,c € D, the
(b, c)-entry of an element F' € F(C*(G)) has the form:

Fyolz,w) = (- (z,w))2be DR (e (2,w)) (3.3)

where (z,w) € T? and Fy.-1; € C(T?). Thus the elements of F(C*(G)) are deter-

mined by a set of n continuous functions on T2

As an example, consider the wallpaper group G = p2. We've seen that « is trivial.
The action of D = Z5 on T? can be worked out using our knowledge of the action of

D on G-
_1'Xz7w(a7 b) - Xz,w(_l_l'(aa b)) - Xz,w<_1'(aa b)) - Xz7w(_a7 _b) = Z_aw_b - zawb
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This shows that —1 - (z,w) = (Z, ).

Thus we have that, for f € ¢1(p2),

filz,w)  fo(z0)

Fipy=1 2 et
Faw) fizw

Similarly, an element F' of C*(p2) is of the form:

Fl(z,w) F_l(E,w)
F i(z,w) F(z,w)

F =

where Fy, F_; € C(T?).

—_—

3.4 Description of C*(G)

To describe the dual space of G it is helpful to view C*(G) as the sectional algebra
of a C*-bundle. The base space of C*(G) is T?/D. This is the quotient of T? by the
action of D. Note that T?/D is a Hausdorff space. Let the D-orbit of an element
(z,w) in T? be denoted by [z, w]. This allows us a notation for the elements of T?/D.
We define the C*-bundle associated with C*(G) by defining its fibers. For (z,w) € T?,
let Ap.. = {F(z,w) : FF € C*(G)}. Since C*(G) is a C*-algbra, it is not difficult to
show that Af. ) is also a C*-algebra. Let B = U, ,er2/pA[zw) and p map elements of
the fibre A, , to [z,w] € T?/D. Then (somewhat trivially), (B, X, p) is a C*-bundle.
E. Pohorecky showed that the sectional algebra of this is isomorphic to C*(G) [19].

Consider the dual space of this sectional algebra. Recall that this is the union of
the dual spaces of the fibres, lifted to the sectional algebra. Now A[.,, is finite-
dimensional since it is a subalgebra of M, (C). Thus A}, ,) may be decomposed into
blocks, as shown in the first section of this chapter. The dual space of Af, ,, is then

finite and discrete, with one point for each central minimal projection in Af, ) in a

list that sums to the identity of A, ). Specifically, there is a change of basis matrix

39



U such that UA[, ;U is block diagonal. For C;, the projection corresponding to the
it" block of U AU ~1 the map M — C;U AU ~1is an irreducible representation
of .Z[Z,\w}. Doing this for each block gives a complete set of representatives of the

classes of irreducible representations of A, ..

We now restate Theorems 30 and 31 for the case when G is a wallpaper group.

Theorem 34. Let ¢ be the map that projects G onto T2/D via (r, [z, w]) — [z, w].
Then ¢ is continuous and open.

Theorem 35. For each [z,w] € T?/D, the map 7 — IIj, ) » is a homeomorphism of

-’T[;,\w] into é\
Thus at each point of the underlying space T?/D, the dual space of the fibre embeds
into G. Since the dual space of a fibre is discrete and finite this implies that points

in G are closed. So G is Ti. It is not Hausdorff, however.

Continuity of ¢ leads to the following consequence. Let x, be a sequence in T2/D.
If (m,,2,) — (m,x) in G then q(mp, n) — q(m,x) <= m, — w. Thus a sequence
converges in G only if the underlying sequence in T?/D converges. Next we will
see that @, when G is a wallpaper group, is first countable - and so closure in G is

equivalent to sequential closure.
Lemma 36. Let GG be a wallpaper group. Then G is first countable.

This is clear as G is first countable as a set, being generated by a finite set (the point
group) over Z2. As G is discrete, each singleton set in G is a neighbourhood basis for
itself. Thus G is first countable. In a first countable space, a set is closed if and only
if it is sequentially closed. That is, if £ C (A;, a point x € G is in the closure of E if
and only if there exists a sequence {x,},en in E that converges to z. This allows us

to describe the topology of G in terms of convergence of sequences.
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Let Q be the set of elements of T?/D that come from points that have a trivial
D-stabilizer. From the formula for elements of C*(G) 3.3, it’s clear that A, =
{F(z,w): F € C*(G)} is the full matrix algebra M, (C) when [z, w] € Q. Thus .Z[z’\w]
consists of the identity representation of My (C). The corresponding representation

in G is the evaluation of C*(G) at [z, w]:
ey (F) = (F(2,0)) = F(z,w) (3.4

The kernel of IIj, . consists of all elements of C*(G) that are 0 at [z, w]. Suppose
(20, wy] = [z,w] in T?/D. For F € C*(G), since F is continuous, F(z,,w,) —
F(z,w). In particular, if F(z,,w,) = 0 for all n € N then F(z,w) = 0. Re-
call the definition of closure in the hull-kernel topology. A point II is in the clo-
sure of a set E if and only if kerII O N,cpkero. But this means that Equation
3.4 implies that IIj., ., = (Tn;2n) — .4 = (7,2). Thus we have that on €,
g, wn] = Hpw) <= [0, ws] = [z, w]. This implies that ¢~'(2) is homeomorphic
to 2 (More succinctly, ¢ is a homeomorphism of € and ¢~'(2) since ¢ is open, con-
tinuous, 1-1 and onto ¢~ () = {(I1, [z, w]) : [z, w] € Q}) . In [19], you can see that
is a dense, connected subset of T?/D. In fact, Q is second countable, Hausdorff and

locally homeomorphic to 2-dimensional Euclidean space and so is a 2-manifold.

It remains then to describe the topology of G\ ¢~1(€2) and its boundary with ¢~1(€2).
We do this in terms of sequences. Note that G is compact since G is discrete and
SO every sequence in G has a convergent subsequence. Recall that the dimension of

representation is the dimension of its Hilbert space.

Lemma 37. Suppose (7, [2n, w,]) is a set of representations in G of constant di-
mension with [z,,w,] — [z,w] in T?/D and (7, [2,, w,])(F) — (7, [z, w])(F) for each

F € C*(G). Then (7, [z, wa]) — (7, [z,w]) in the hull kernel topology of G.

Proof. We must show that Nker(m,, [z,, w,]) C ker(n, [z,w]). So let F' € C*(G) be
such that (7, [2n, w,])(F) = 0 for all n € N. Then since 0 = (7, [25, wy])(F) —
(7, [z, w])(F), we have that (, [z, w])(F') = 0. O
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Let K be a subgroup of D and let Qg be the set of elements of T?/D with stabilizer
K. We call Qk a strata of T?/D. Note that Q;, = Q and that if K; # K, then
Qk, # Qk,. Thus the strata form a partition of TTQ/D. From 3.3 it’s clear that A,
block diagonalizes in the same way for each (z,w) € Qk. Thus over a strata there is
a common number and dimension of representations of A, ). So the previous lemma
applies to sequences that converge within a strata. In practice, this is enough to
efficiently determine the topology of Q2 , as a subspace of G. If (7n, [2n, wy]) does not
converge to (m, [z, w]) pointwise we can use Appendix C to check that ker(w, [z, w])
does not contain ker(m,, [z, w,]). The Appendix uses the calculations in [19] of G as
a set to calculate the kernel of each representation. Note that there is one calculation

for each Q.

The strata of T?/D come in only three different forms. There is 2, which corresponds
to a 2-dimensional subset of T?/D. Then there are strata that come from stabilizer
subgroups that only contain a reflection, i.e., are of the form {1p,p} where p is a
reflection. In Appendix A, you can see that these are 1-dimensional subsets of T2/D.
Finally, there are strata whose stabilizer contains a rotation (note that if it contains
more than one reflection, then it automatically contains a rotation). These strata

consist of single points in T?/D.

We next show how to find the limits of sequences in G above a strata that converge
to a point (7, [z, w]), with [z, w] lying in a strata of lower dimension. Note that the
overlying sequence in G must converge to some representation above (z,w), since G

is compact.

Lemma 38. Suppose 7 is a representation of C*(G) such that # ~ @}", m; where

each m; is irreducible. Then kerm C kerm; for i = 1,...,m.

Proof. Since m ~ @;",, there are projections P, ¢ = 1,...,m such that n(F) =

Pr(F)+ ...+ P,n(F). Thus if 7(F) = 0 then m;(F) = Pn(F) = 0. O
Suppose (my, [zn, wy]) is a sequence in G with [z,,w,] in a strata of T2/D. Now
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(T, [2n, wy])(F) may be written as PU, F(z,,w,)U, * where U, is the change of basis
matrix that block diagonalizes A, ., and P is the projection corresponding to some
block. Consider the function F' +— PUF(z,w)U~" where U is the limit of {U,}.
Claim: this is a (reducible) representation of C*(G). Call it (7, [z, w]). Note that
ker(m, [z,w]) contains ker(m,, [z,, w,]). Now (m,[z,w]) may be split into a sum of
finitely many irreducible representations of G. By the previous lemma, (7, [z, wy])
converges to each of these. This describes a method of finding limits at the bound-
aries of strata. In fact, it provides a complete set of limits. This can be checked using

Appendix C.

Appendix A contains drawings of the dual spaces of the wallpaper groups which were
made using the calculations of G as a set in [19] and the results on the topology from
this chapter. In the drawings, €2 is the large 2-dimensional piece in the centre. Small
spheres are points and each point on a line is a representation. White lines and circles
are empty - look nearby for the representations that live above them. Dotted lines

connect 1D strata to the points in their closures.
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Chapter 4

AN

Compact Open Sets in G

In the last chapter we described the topology of the dual space of a wallpaper group.
Now we delve further to arrive at a characterization of the compact open sets in G.
This involves recognizing the preimage of a strata in G as a fibre bundle, describing
T?/D as stratified space and mapping G toa graph in which the compact open sets

correspond to a certain type of subgraph.

4.1 More on the Topology of G

One can see from the drawings of the dual spaces (Appendix A) that the preimage
of strata in G has a fairly rigid structure. Locally, they look like a set of finite
copies of the strata. When the wallpaper group splits, ¢ () is isomorphic to
Qg x {1,...,4}, for some ¢ € N, where {1,...,¢} is the discrete topological space
with ¢ elements. When G does not split, this is still true locally: for each z € T?/D
there is a neighbourhood U of z such that ¢~ (i) is isomorphic to U x {1,..., ¢} for
some ¢ € N. This leads to the notion of fibre bundles [6]. These are very similar
to C*-bundles. The main difference is that in a fibre bundle, the fibres are all one

particular topological space.

Definition 39. Let F, B, F' be topological spaces. A map p : F — B is a fibre bundle
with fibre F' if it satisfies the following:

(i) p7'(b)=F for allb € B
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(ii) p: £ — B is surjective

(iii) For each x € B there is a neighbourhood U of x and a homeomorphism 1) :
p Y U) — U x F such that proj o1 = p where proj is projection of U x F onto

the first coordinate.

Lemma 40. Let K be a subgroup of D. Let ¢ be the size of A/[Z’\w] for any [z, w] € Q.
Then q restricted to ¢~*(Qx) is a fibre bundle with fibre {1,...,¢}.

This greatly simplifies our view of the topology of G , as we know what the topology
of U x {1,...,¢} looks like, where U is a subset of T?/D. Where strata intersect,

again, we can make calculations using the definition of the hull-kernel topology.

Now consider a compact open subset C' of G. We have already seen that ¢ () (where
) is the set of elements of T?/D with trivial stabilizer) is a dense 2-dimensional subset
of T?/D. In particular, ¢~ () is isomorphic to ©, so we refer to ¢~ *(£2) simply as
Q. From Appendix you can see that € is connected. T?/D may be represented on a
subset of square [—1,1] x [~1,1] € R?, where certain edges are identified. Suppose
C' intersects 2. Then C' N is an open subset of 2. But since €2 is a subspace of
R?, which is Hausdorff, compact subsets are closed. So C'NQ is an open and closed
subset of €. But since 2 is a connected subset of R? this means that C' N Q must be

all of €2 or be empty.

Lemma 41. Let f be a non-zero projection in ¢!(G) with support set C' in G. Then

C' contains 2.

Proof. C'is the support set of a projection in £*(G) so it is compact and open. Suppose
C'is empty. Now C' = supp(f) = {7 € G 7w(f) # 0}. If this is empty then 7(f) =0
for all 7 € G. This implies that f = 0. On the other hand, if C'\ € is non-empty,
then it contains some 7 from ¢! (x) where x is not in Q. But C is open, so it contains
a neighbourhood of 7. But every neighbourhood of 7 intersects €2, since {2 is dense

in G. Thus C NQ is non-empty. This is a contradiction. O]
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Thus non-trivial projections in ¢*(G) have support sets that contain all of Q. We
will show that a similar result holds for the other strata of T?/D. Recall that a set
is [sequentially| compact if every sequence has a convergent subsequence. Since the
map ¢ : G — T2/D is continuous, Cauchy sequences in ¢~'(€2) converge to each of
the representations above the limit of this sequence in T?/D. Since  is dense in G
this means that, for each point z € T?/D \ ©, C must contain at least one of the
representations in the fibre ¢~ *(z). In other words, for non-trivial projections, ¢(C)

is all of T?/D.

Definition 42. Let Qg be a strata of TTQ/D. Define a strata piece of Q2 in G to be

a connected component of ¢~ (Qx).

Note that for a wallpaper group that splits, a strata piece is isomorphic to the un-
derlying strata. As we have seen, strata come in the form of line segments, points,
and the 2-dimensional subspace €). Thus a strata piece in this case is one of these
and so is a connected subset of Ry (a point), R or is Q. For a strata piece S that is
a point, it is clear that C'N S is all of S. For a strata piece S that is a line segment,
we show that C'N S is closed in S. Consider a sequence {m,} C C'NS that converges
to some m € S. Since C'N S is in C' and C' is compact in @, there is a limit of this
sequence in C. But since S is Hausdorff and {r,} lies completely in S, the limit of
S is unique. So 7 € C'NS. This shows that C N S is closed in S. Since C' is open,
C'N S is open in the subspace topology on S. But the only closed and open subsets of
a line segment are the empty set and the whole line segment. Since ¢(C) = T%/D if
C is the support set of a non-trivial projection then C' must contain an entire strata

piece, for each strata.

For a non-splitting wallpaper group (of which there are 4), we can check on a case to
case basis that strata are also points, circles, line segments and €2. Strata pieces here
also take this form, although they may be twisted in unexpected ways. For instance,
pg has a strata that is a circle. The corresponding fibre is the set {1,2}. However,

instead of two circles as strata pieces, there is just one in the form of a doubly wound
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circle. Nevertheless, this is a Hausdorff space and so its intersection with C' is closed
and open and so must be empty or the whole strata piece. We have arrived at the

following lemma.

Theorem 43. Let C' be a compact open set in G and S a strata piece of G.IfCns
is non-empty, then C' NS = 5.

Thus the problem of finding compact open sets becomes discretized in a sense, for
there are finitely many strata and strata pieces. All that is left to figure out is which
combinations of strata pieces yield compact open sets. What needs to be checked are
the boundaries of strata. Note that at the boundary of €2, we know that one piece
from each strata must be contained in . That leaves three other types of bound-
aries: point strata with point strata, point strata with line strata, line strata with
line strata. The first case does not occur as points in T2/D that are fixed by rotations
are isolated. The last case also does not happen because in between strata that are
fixed by two different reflections, there is always a point that is fixed by a rotation.
This is because of the continuity of the D action on T?. A point on the boundary of
these two strata is fixed by both reflections - and the composition of two reflections
is a rotation. Thus the only case to consider is that of the boundary between a point

strata and a line strata.

Suppose C' contains a strata piece S that is a line segment and at its ends are pieces
from a point strata. Then if C' is compact, it must contain one of the points in
the closure of S. If C' contains a piece {7} from a point strata, then openness of C
requires that C' contain the strata pieces which contain {7} in their closures. Another
way to express this is to define an order on strata. Say that Sy < S5 if S; C S, If C
contains a strata piece C's from S and S < 57 then C' must contain all pieces from S
whose closure intersects C's. If Sy < S then C' must contain at least one piece from
Sp that intersects the closure of Cs. This leads to an algorithm for forming compact

open sets in G:
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(i) Let C' contain €.
(ii) Choose a 1D strata, if any. Add to C at least one piece from this.

(iii) Move around the perimeter of € from here, adding at least one piece from each
strata. If the previous strata was 1D, choose at least one piece from the closures
of the 1D pieces in C. If the previous strata was a point, choose all 1D strata

pieces that contain this point in their closures.

4.2 T?/D as a Stratified Space

The problem of forming the compact open subsets of G reduces to a sequence of
choices of pieces from each strata. We really only need to know the strata pieces of
G and how they connect to each other. This suggests that we map G to a graph.
This is what we will do in this section. To do this, we first introduce the concept of
a stratified space and show that T?/D is one of these, with its strata being the strata

we've been talking about all along.

Definition 44. A filtered space is a Hausdorff space X endowed with a filtration by

closed subsets:
P=X,1CXoCX;C...CX,1CX,=X

The formal dimension of X is defined to be n. The connected components of X;\ X; 4

are called strata and each have dimension i.

Definition 45. A stratified space is a filtered space with the following frontier con-
dition:

For any two strata S, T such that 7N S # (), we have that T C S.

Example 1. Let X = X, be a square, X; be the lines that form the perimeter of X,
and X, the corner points of X. Then Xy C X; C X, and each X; is closed. The
strata are Sy = X3 \ X; = the open square, the connected components of X; \ X, =

the lines formed by removing the corner points from the perimeter, Xy = the corner
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Figure 4.1: The square, decomposed into strata.

points. It’s easy to see that if S; NS} is non-empty, then S; C S;.

As a simple non-example, consider extending one of the sides of the square (just the
line), for instance the set X = [0,1] x [0, 1]U{1} x [0,2] C R?. Use the same filtration
as before except let X7 include the line that extends past the square and remove the
corner point there from X,. Then this is still a filtration for each set is closed and
Xo € X; C Xy = X. The corresponding strata are shown in Figure 4.2. This space
is not stratified because the strata containing the extended line intersects the closure

of the square without being completely contained in it.

Now consider T?/D. Let X, = T?/D. Let X, consist of the points that are stabilized
by a non-trivial element of G. This corresponds to the union of the strata, without
Q. Finally let X; consist of the points in T?/D that are stabilized by a rotation. This
is the union of the point strata. Note that the formal dimensions of X5, X7 and X,

are their dimensions as manifolds.
Lemma 46. X5, X, and X, are closed subsets of T2/D with X, C X; C X, = T2

Proof. 1f we show that the set of points stabilized by a subgroup of D is closed then
this implies that X5, X7 and X are closed. This is actually immediate from the fact
that the action of a group element on T? is continuous. For if d-z,, = z,, for allm € N

and x, — x, then d - z = x. Thus the set of elements of T?/D fixed by a particular
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# -

Figure 4.2: Square with extended side and decomposition into strata.

subgroup of D is closed. Clearly Xy C X; C X,. O

The previous lemma shows that X_; C X, C X; C X, defines a filtration on T? /D.
The associated strata are the strata we defined earlier. For X, \ X is the set of
points with trivial stabilizer = ), X; \ X, are the points fixed by a reflection but not
a rotation, and X, \ X_; is X7, the points fixed by a rotation. You can see in [19]
that T?/D is either a sphere, disc, cylinder, or mobius band. To simplify notation,

we will write SQ = X2 \ Xl, Sl = X1 \X(] and S() = X().
Proposition 47. With the filtration given above, T?/D is a stratified space.

Proof. To prove this, we need to show that whenever a stratum intersects the closure
of another, that stratum is entirely contained in the closure. Firstly, the closure of a
0-dimensional strata is itself since these strata are just isolated points. So it does not
intersect any other stratum. The closure of a 1-dimensional stratum, however, may
pick up a point at the end of the line segment, which is stabilized by a rotation. But
such a point is a strata of its own and so is entirely contained in the closure. The
closure of the 2-dimensional strata is all of T2/D, since the set of stabilized points
in T?/D form a set of measure 0. So all strata are contained in this closure. The

only real case to check then is the case of a 1-dimensional stratum S intersecting the
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closure of another 1D strata T'. But as we have seen, this does not happen as there

is always a rotation-fixed point between reflection strata. O

4.3 The Graph of G

We use the notion of a stratified space to define a type of graph that we will associate
to each wallpaper. Recall that a graph is a set of vertices and a set of pairs of vertices
(edges). Two vertices are adjacent if there is an edge between them. A set of vertices
is independent if no two vertices are adjacent. In a directed graph, the edges are
ordered pairs. If (v1,v9) is in the edge set of a directed graph, we say there is an edge
from v; to vy and denote this by an arrow in the drawing of the graph. When the
vertices may be grouped into k disjoint sets for which no two vertices are adjacent,

the graph is called k-partite or multipartite [24]:

Definition 48. A graph is multipartite if its vertex set may be partitioned into

independent subsets.

Now construct a graph from G using the following steps. We will call this the graph
of G and denote it by G.

(i) Decompose G into strata.
(ii) Within each strata, take strata pieces.
(iii) Assign each piece a vertex.

(iv) Draw a directed edge from piece A to piece B if B C A.

Lemma 49. Let G be a wallpaper group. The graph of G is a directed multipartite
graph.

Proof. First, G is a directed graph by construction. To show that it is multipartite,
we must define a partition of the vertex set and show that each subset in this is
independent. Fix a strata S of T?/D and let Sg be the vertices in G that correspond
to strata pieces of S in G. We call this the set of vertices of the strata S. Since the
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strata pieces of S are the connected components of ¢~!(S9), they are not contained in
each others’ closures as connected components are closed. Thus there are no edges
between vertices in Sg, showing that Sg is independent. Since the set {¢7'(9) :
S, a strata of T2/D} is a partition of G, {Sg : S, a strata of T2/D} is a partition of
g. O

Drawings of graphs of the dual spaces of the wallpaper groups are found in Appendix
B. Vertices from the same strata are grouped together. Note that the direction of
an edge is always from a higher dimensional strata to a strata of lower dimension.
The strata of dimension 2 forms a distinguished vertex in the graph for it flows into
every other vertex. Thus it is the source of G. We will leave these edges out in the
more complicated graph pictures in order to make the connectivity visually clear.
The dimension of a strata can actually be gleaned from the graph; it is the length of
the path from the source. The flow and connectivity of the partition are determined

by the strata structure while the finer details are controlled by the dual space topology.

Consider what a non-trivial compact open subset C' of G looks like on the graph G.
Denote the image of C' in G by C. We know that C' is a collection of strata pieces,
one from each strata. Thus C corresponds to a collection of vertices of G, one from
each strata. Furthermore, C satisfies the property that if Cs C C' is a strata piece
from a strata S then all strata pieces which contain C's in their closure must be in C.
On the graph, this means that the predecessors of each vertex of C are also in C. The
second property of C' is that it contains at least one piece from each strata Sy < S
that intersects the closure of C's. For C this means for each vertex of C', at least one
of its successors is also in C'.

Theorem 50. Let G be a wallpaper group and G the associated graph. A compact
open set in G corresponds to a subgraph S of G with the property that for each
vertex in S, each of its predecessors is in & and at least one of its successors is in S.

Furthermore S must contain at least one vertex from each strata.

52



Chapter 5

Projections in /!(G): An Example

We have described the compact open subsets of G:. Which of these are the support
set of a projection? In this section we present a further condition for compact open
sets in G that are the support set of a projection in 1(G). Next do an example using
p2 to show that the support sets of finite group projections are not always the only
possible support sets in G. We construct a projection onto a compact open subset of

]3\2 that is not the support set of a finite subgroup projection.

5.1 The Rank Condition

Lemma 51. Define a map, trace : M,(C) — C by trace(M) = > ' | M. Suppose

M, (C) is given the topology as bounded operators on C". Then trace is continuous.
Proof. For any 1 <i < n,
| M| < sup{[|Mz]| : [lx]} < 1} = [[M]].

Thus > | [My;| < n||M||. But | trace(M)| <" | |M;] so that |trace(M)| < n||M]].

Since trace is linear this shows that it is continuous. O]
Lemma 52. If P € M,(C) is a projection, then trace(P) = rank(P).

Proof. 1f P is a projection then there is a unitary matrix U and a matrix D with ones

or zeros on the diagonal and zeros everywhere else so tha P = UDU™! (take U to be
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a basis of eigenvectors, and D the corresponding matrix of eigenvalues). Then:
trace(P) = trace(UDU ') = trace(D)
But trace(D) = rank(D) and rank(D) = rank(P). Thus trace(P) = rank(P). O

Theorem 53. Let f € (1(G) C C*(G) be a non-trivial projection. Then there is
some a € N'U {0} such that rank(F(f)(a)) = « for all @ € T?. In this case we say
that the rank of f is a.

Proof. Let F = F(f) and F(T?) = {F(a) : a € T?}. Then rank : F(T?) — C is
continuous. But for any a € T? rank(F(a)) € NU{0}. Since T? is connected, this

implies rank is constant on F'(T?). O

Now supp(f) = {7 € G : 7(f) # 0}. From the previous chapter, defining IIj, ., (F) =
F(z,w), Il is a representation of C*(G) with each irreducible representation of C*(G)
corresponding to the projection onto a block of UF (z,w)U~! where U is the matrix

that block diagonalizes F'(z,w).

Lemma 54. Let f € (1(G) be a projection. Then there exists o € NU {0} such that
for each [z,w] € T?/D, the elements in the set {rank(w(f)) : 7 € supp(f),q(w) =

[z, w]} sum to a.

This puts a restriction on the number and size of representations at each point [z, w] €
T2/D in a compact open set that is the support set of a projection. To reflect this in G,
we can add a weight to each vertex defined to be the dimension of the corresponding
representation in G. We call a compact open set in G viable if it satisfies the rank
condition in lemma 54. In G a viable compact open set is a compact open set such
that the sum of the weights in each strata is non-increasing as you move away from

the source.

5.2 The Example: p2

Realize p2 as p2 = {[I,(a,b)] : a,b € Z} U{[—1,(a,b)] : a,b € Z}, a group of affine

transformations.
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The dual of C*(p2) consists of the representations given by point evaluation of C*(G)
on T2 except at four special points: (1,1),(—1,1),(1,—1),(=1,—1) € T?/D. Here
the point evaluation representation splits into two 1-dimensional irreducible represen-

tations:

To(F) = Fi(z,w) + F_1(z,w)
7o (F) = Fi(z,w) — F_1(z,w).

Z,W

Figure 7 shows a picture of the dual space in 2D on the parametrized torus and in 3D.

L o
. (1,-1) (-1,-1) .

____________

Figure 5.1: The dual space of p2 in 2D and 3D.

Then D is {I, —I} and the finite subgroups of G are of the form K, , = {[—1, (a, )], [I, (0,0)]}
where (a,b) € 7%. Let fx = %((5[_[,(%1))} +01,0,0])- Each K, has two representations
in its dual space: the identity character and the character which is 1 on [1, (0,0)] and

-1 on [~1,(a,b)]. Thus subgroup projections in ¢!(p2) have the following form:

1
= 500,001 £ O, nmy)

1 1 +Z"w™
]:(f)(z7w) = 5

+2"w™ 1

The support sets of these subgroup projections are determined by the parity of n and

m. This gives rise to 8 different sets. These can be seen in Figure 5.2. White dots
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are empty, while black dots are included in the support set. Of course the centre
sphere is also included in the support set. To obtain the other four, make the white
dots black and the black dots white. A light blue background is included in order to

visually separate the pictures.

O
]

Figure 5.2: Support sets of the finite subgroup projections in ¢!(p2).

We will now construct a projection whose support set is not the support set of a
finite subgroup projection. To do this, we derive a complete set of conditions that

characterize projections in ¢*(p2). First, note that:

Fl(z,w) F_l(Z,@)
F i(z,w) Fi(z,w)

CH(G) = B F € C(T)})

H(p2) = Jilfz’w) f:1(5,@) e (27
foa(zw) - [1(Z W)

Sl
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Since F is a C*-isomorphism, f is a projection in C*(p2) if and only if F(f) is a
projection in My(C(T?))P. So consider F € My(C(T?))P such that F' = F? = F*.

We can obtain an equivalent set of equations in terms of the functions F; and F_;:

F? = F is equivalent to:

Fi(z,w) = Fy(z,w0)? + F_y(2,w)F_, (2, 0)
Foi(z,0) = Fi(z,w)F_1(z,0) + F_1(z,w)Fy(Z,0)
F 1 (Z,w) = Fi(z,w)F_,(Z,W) + F_,(Z,0) F\(Z, D)

Fi\(z,w) = F_1(z,w)F_1(zZ,w) + F(Z,0)*

Simplifying, these together become:

Fi(z,w) €eR
F_l(E,E) = F_l(Z,’LU)
F_1(z,w)(1 = Fi(z,w) — Fi(Z,w)) =0

1+ /1 —4|F_1(z,w)|?
2

Fi(z,w) =

If F, is the positive root over all of T? or the negative root over all of T? then in
particular F(z,w) = F;(Z,w) so that the second equation implies that F(z,w) = 1/2
whenever F_;(z,w) # 0. But if F_1(z,w) = 0 then Fi(z,w) = 0. So since F; must
be continuous, either F_; is constantly 0 or F} is constantly % The first case implies

that F is the identity projection. The second gives:

% F—l(sz)
F,l(z,w)

F =

DO
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with |F_(z,w)| = 5, F 1 (F_1) € (}(Z) and F_1(z,w) = F_1(z,w) for all (z,w) € T2

1
2
Since F_; is a continuous function onto the half unit circle, we know there exists a

continuous f : [—1,1] x [-1,1] — [—1, 1] such that:

. A 1
F (™ ™) = 567”}‘(:67@/)
f(Ly) = f(=1,y) + 2k,
flz.1) = f(z,—1) + 2k,

f(—.f, _y) = —f<l',y) + 2]{179

where k;, k, and k, , are integers. The last condition shows that on each line through

the origin f is an odd function shifted by an integer.

We could also force F; to be the positive root on a fundamental domain for the
action of D on T and the negative root on the fundamental domain shifted by the
action of D (i.e., (z,w) — (Z,w)). We would need F; to be well-defined on the
boundary of the domain. Note that with this definition of F}, the second equation
is automatically satisfied. An example would be to take the fundamental domain
T2 = {(z,w) : Im(z) > 0} and define F_y(z,w) = 2> + 2. Then 2> + %z = 22 + 2

and F~Y(F_1) € (1(Z). On T2, Fi(z,w) = BV Vljlzﬂ‘? and Fi(z,w) = Loy aElE

2

on the rest of the torus. Note that regardless of the choice of fundamental domain,

Fy(£1,£1) = 1/2 and |F_y(£1,£1)| = 1/2.

Lemma 55. If F : [—1,1] x [-1,1] — C is twice continuously differentiable with
F(l,z) = F(—1,z) and F(z,1) = F(z,—1) then F~Y(F) € (*(Z?).

Proof. First suppose f : (—1,1] — C is differentiable. Then

d Y d .
P = [ e

1
= f(z)miae™* |, —/ f(z)miae™ dx
-1

= —miaF ' (f)(a)
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so that F~1(f)(a) = = (df)( )-

ma

Now applying this once for each variable to F': (—1,1] x (=1,1] — C we get that

FUE)a,b) = 25 F ()

m2ab
where I, = (fi)(a b).
Now since the Plancherel transform P : £?(Z?) — L*(T?) is an isometric isomorphism
and since O(TTQ) C L?(T?), we have that F~!(F) is square summable. The function

h(a,b) = =% is also in (*(Z?). Thus the product F*(F) is in (*(Z?). O

We will work on a parametrized torus. The conditions in Theorem 2 can be easily
adjusted to reflect this. Parametrize by: (z,y) — ("™, ™). Next, let £ = [—1,0] x
[—1,1] and R = [0, 1] x [—1,1], the left and right halves of the parametrized torus,

respectively. Define:

F i(z,y) = %(cos(wa:) cos(mzy) + ix® sin(my))

% + %\/1 — cos?(mw) cos?(may) + xisin(wy)  for (x,y) € L
Fl (SL’, y) =

1 —13/1 — cos?(mz) cos?(may) + 2t sin’(ry)  for (z,y) €R

Then F; and F_; define a projection F' in C*(p2). The support set of F' is shown in
Figure 5.3.

It is clear that F; has continuous first and second partial derivatives. For Fi, one
must check that the partials are continuous at the points along the boundary of £
and R. This is indeed the case. Thus F!'(F) is an element of ¢'(p2). We have
constructed a projection in £!(p2) onto a certain viable compact open set that is not
the support set of a finite subgroup projection. This suggests that knowledge of the

form of the compact open subsets of G can be helpful in finding “unusual” projections.
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Figure 5.3: Support set of the constructed projection
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Chapter 6

Conclusion

The dual space of a wallpaper group G consists of the union of the dual spaces of the
fibres of a C*-bundle whose underlying space is T2/D. We showed that T?/D is a
stratified space and how the topology of G is reflected by this. Essentially, G consists
of a 2-manifold surrounded by “strata pieces” which locally are copies of the strata of
T2/D. There is a graph associated with G that encodes the topological information
in G that is relevant to compact open subsets in G. The compact open subsets of G
then correspond to a certain kind of subgraph. Using p2 as an example, we showed
that it is possible to construct a projection onto a compact open set in ];\2 that is
not a finite-subgroup projection. This compact open set is also not the support set
of a finite-subgroup projection. Future work might aim to show how to construct a
projection in ¢*(G) for a given viable compact open set in the dual space of a given
wallpaper group GG. A natural question is whether the compact open subsets in the
dual space of a general crystallographic group G may be described in a similar way,

i.e. as subgraphs of a graph associated with G.

61



Bibliography

1]

C. Anantharaman-Delaroche. Amenability and exactness for groups, group ac-
tions and operator algebras. Ecole thématique. Erwin Schrodinger Institute. Mars

2007. https://cel.archives-ouvertes.fr/cel-00360390/document

W. Barker, R. Howe. Continuous symmetry: from Fuclid to Klein. American

Mathematical Society, Providence, Rhode Island. 2007.

O. Broche Cristo, A. del Rio, Wedderburn decomposition of finite group algebras.
Finite Fields Appl. 13. 2007. pp 71-79.

H. Brown et al. Crystallographic groups of four-dimensional space. Wiley, New

York. 1978.

L. S. Charlap. Bieberbach groups and flat manifolds. Springer-Verlag, New York.
1986.

R. L. Cohen. The topology of fiber bundles lecture notes. Stanford University.
1998. http://math.stanford.edu/~ralph/fiber.pdf

D. Cooper, C. D. Hodgson and S. P. Kerckhoff. Three-dimensional Orbifolds
and Cone-Manifolds. The Mathematical Society of Japan. 2000. pp 21-51.
Project Euclid. https://projecteuclid.org/download/pdf_1/euclid.msjm/
1389985818% . AccessedJuly26,2018.

K. R. Davidson. C*-algebras by example. Fields Institute Monographs, vol. 6.
1996. pp 309.

62



[9]

[12]

[13]

[15]

[16]

[17]

[18]

[19]

J. Dixmier. C*-algebras. Translated from the French by Francis Jellett.
North-Holland Mathematical Library, Vol. 15. North-Holland Publishing Co.
Amsterdam-New York-Oxford. 1977.

D. R. Farkas. Crystallographic groups and their mathematics. Rocky Mountain
Journal of Mathematics, Vol. 11, No. 4. 1981.

J. M. G. Fell, R. S. Doran. Representations of *-algebras, locally compact groups,

and Banach *-algebraic bundles, vol. 1. Academic Press, Boston. 1988.

A. Haar. Der Massbegriff in der Theorie der kontinuierlichen Gruppen, Annals

of Mathematics, 2, 34 (1), 1933. pp 147-169.

H. Hiller. Crystallography and cohomology of groups. American Mathematical
Monthly, Vol. 93, No. 10. Dec. 1986. pp 765-779.

E. Kaniuth, K. F. Taylor. Compact Open Sets in Dual Spaces and Projections
in Group Algebras of [FC|* Groups. Monatshefte fur Mathematik 165. 2012. pp
335-352.

E. Kaniuth, K. F. Taylor. Induced representations of locally compact groups.
Cambridge University Press. 2013.

B. Malman. Zero divisors and idempotents in group rings. Master’s thesis. Lund
University. 2014. http://www.ctr.maths.lu.se/media/thesis/2014/FMA820.
pdf

V. I. Morgenshtern, H. Boelcskei. A Short Course on Frames. https://wuw.

nari.ee.ethz.ch/commth/pubs/files/frameschapter.pdf.

M. S. Moslehian, E. W. Weisstein. ”Haar Measure.” From MathWorld—A Wol-

fram Web Resource. http://mathworld.wolfram.com/HaarMeasure.html

E. Pohorecky. C*-algebras of the planar crystal groups and their irreducible *-

representations. Master’s thesis. University of Saskatchewan. 1990.

63



[20]

[21]

22]

23]

[24]

[25]

W. Rudin, H. Schneider. Idempotents in Group Rings. Duke Math. J. Volume
31, Number 4. 1964. pp 585-602.

E. Schulz, K. F. Taylor. Projections in LI-algebras and Tight Frames. Contem-
porary Mathematics, 363. 2004. pp 313-319.

R.L.E. Schwarzenberger. N-dimensional crystallography. Research Notes in
Mathematics, no. 41. Pitman Publishing, London. 1980.

K.F. Taylor. C*-algebras of crystal groups. Operator Theory: Advances and Ap-
plications, Vol. 41. 1989. pp 511-518.

Weisstein, Eric W. "k-Partite Graph.” From MathWorld-A Wolfram Web Re-

source. http://mathworld.wolfram.com/k-PartiteGraph.html

H. Zassenhaus. Beweis eines Satzes Uber diskrete Gruppen, Abh. Math. Sem.
Univ. Hamburg, 12. 1938.

64



Appendix A

Pictures of the Dual Spaces
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Appendix B

Dual Space Graphs

This sections contains the graphs of the dual spaces of the wallpaper groups. Vertices
in the same strata are grouped together, spatially (along a line radiating from the
centre vertex). There is an edge from the large centre vertex to each of the other
vertices of the graph, but these edges are not shown in order to keep the pictures un-
cluttered. The graph of the dual space of pl is not included as this group is abelian

and so its graph consists of a single vertex.
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Appendix C

*_Representations of the Wallpaper Groups

This appendix gives a set of representatives for the equivalence classes of G , for each
non-trivial wallpaper group. These calculations were worked out in [19]. For each
wallpaper group, we also include a picture of a set of representatives for the equiv-
alence classes of T?/D. This is shown on a torus which has been parametrized by
(z,y) — (™, e™), (x,y) € [-1,1) x [-1,1). Be aware that some edges are iden-
tified (glued), according to the action of the point group D. Representations are
organized by strata. The first strata listed is always €2, which contains just one ir-
reducible representation above each point. We leave the description of €2 blank, as
it is the complement of the union of the rest of the strata in T2/D. The kernel of a
s«—representation 7 consists of functions F' in C*(G) such that 7(F") = 0. Note that
7(F) is a matrix in M, (C), for some n < |D|. Knowing the kernels of elements of G

allows us to explicitly check statements about the topology of G.
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p2
Point group: 7% = {1,0}.

_________________________________________________________________

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Strata

Strata (1,1),(1,—1),(—1,1), (=1, —1)

m(F) = [Fi(z,w) — Fy(z,w)]

mo(F) = [Fi(z,w) + F,(z,w)]
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p3

Point group: 73 = {1,0,0°%}

_________________________________________________________________

_________________________________________________________________

Strata

Fi(z,w) F,(zw,z) F,(w,zw)
T(F)= | F,(z,w) Fi(zw,2) Fy(w,z0)
Fo(z,w) F,(zw,z) F(w,zw)

Strata (1,1), (e‘”/?’, e"'”/?’), o—2im/3,~2iT/3

m(F) = Fi(z,w) + Fy2(z,w) + F,(z,w)

mo(F) = Fi(z,w) + 31 — V3i) Fpe + FH(1 + V3i) F, (2, w)

m3(F) = Fi(z,w) + (1 + V3i) Fre(z,w) + 51 — V3i) F, (2, w)
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p4

Point group: 7, = {1,0,0?%, 0%}

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

__________________________________________________________________

Strata

Fa(@,2) Fpa(Z0) Fy(w,?)
Fi(w,z) F,s(zw) Fy(w?z)
F,(w,z) F\(z,w) Fyu(w,Zz)
Fe(w,z) F,(zZ,w) F(w,z)

Strata (1,1),(—1,1),(—1,—-1)

m(F) = [Fi(z,w) + F,3(z,w) + Fy2(z,w) + F,(z,w)]

mo(F) = [Fi(z,w) — Fps(z,w) + Fy2(z,w) — Fy(z,w)]

m3(F) = [Fi(z,w) + iFs(z,w) — Fye(z,w) — iFy(z,w)]
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m(F) = [Fi(z,w) —iF,3(z,w) — Fy2(z,w) 4+ iFy(z,w)]
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={1,0,0% 0% 0% 0%}

Point group: Zg

.........................................................

..........................................................

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

Strata

TEEE i
s 2 2 22 =
Faza % 4aﬁM.a/F.:.1\
RRRE R ®
EEEEGE
an SJﬁManahﬁFw
EREBZEER
B R e B
ﬁMa 4aﬁM.aF1..Fa b
_w _w_\m.”_\mw_w _w
EEEEEE
ﬁMaﬁM.aPl.ﬁ%ﬁMw %
Tag o E
FEEEERER
TS IS0
= 3 = sz s &
GGG G
102345
IS

I

&

=

Strata (1,1)

m(F)=[F1+ Fyps + Fya+ Fos + Fp2 + F,](1,1)

WQ(F) = [Fl —Fys 4+ Foa—Fas+ F2— Fg](l, 1)

(1-

1
2

3i) Fya —

30)Fo + 5 (1 +

(1+

1
2

Bi)Faz -+

2~

m3(F) = [Fy — Fys +

V3i)F,5](1,1)
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m(F) = [y + Fps + 21+ V3i) Fpr + 21— VB F, + 51— VBi) Fpu + (1 +
V3i)Fys)(1,1)

75(F) = [Fy + Fyo + (1 = VBi)Fyo + (1 + V3i)Fy + 21+ V3i)Fyu + 2L(1 —
V3i)Fys](1,1)

m6(F) = [Fi — Fps + S-(1+ V3i)Fpe + 5(1 = V3i)F, + 311 — V3)Fpu + 3(1 +
V3i)F,s](1,1)

Strata (—1,1)

Fi+F;s Fo+Fas F,+ F.
7T1(F): Fo4+Fcr F1+FO'3 FO'5+FG'2 (_1’1)
Fs+F, F,+Fa. Fi+Fg

Fi—Fys Fp—Fs F,—Fpu
m(F)=| Fu—F, F —Fs Fs—F.|(-11)
Fys—Fp. F,—Fu. F —Fy;

Strata {(—e—ﬂ/&', 6—2/3m)}

F - \/§;'+1F04 + \/35—1}7102 Fa5 _ @Fas + \/gi—lFU

m(F) = 2 (—e=/3i g=2/37i

F, — \/§;+1 F5+ ﬁ;—l Fs F — Jﬁéﬂ Fla+ \/gé-_lFU2

F+F‘7 +FU FU'—‘I_FO'S—FFU‘ o o
7T2(F) = ! ! ? ’ (_6—77/5276—2/57”)
F05+F03+Fa F1+FU4+F0'2
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P+ p,  BElp, Fs4 BElp,  BiHlp |
m3(F) = ! 2 2 2 2 (—e~™/3i ¢=2/31

Fo+¥3Elp,  Bilp, p o ¥8=lp,  Jip,
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CI11

Point group: Zy = {1, p}

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Strata

Strata {(w? w) : w € T?}

T (F) = [Fi(w?,w) + F,(w?, w)]

WQ(F) - [F1<w27w) - Fp(w27w)]
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pin

Point group: Zy = {1, p}

_________________________________________________________________

_________________________________________________________________

Strata

Strata {(z,1) : z € T?}

m(F) = [F(z,1) + Fy(z,1)]

m(F) = [Fi(2,1) = Fy(2,1)]

Strata {(z,—1): 2z € T?}
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m(F) = [Fi(2, 1) + (2, 1)

my(F) = [Fi(z,—1) = Fy(z, —1)]
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Pg
Point group: Zy = {1, p}

_________________________________________________________________

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Strata

Strata {(z,1) : z € T?}

m(F) = [Fi(2,1) — 22E,(,1)]

mo(F) = [Fi(z 1) + 2/2F) (2, 1)

Strata {(z,—1): z € T?}

m(F) = [Fi(z,—1) + 2/2F, (2, —1)]
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mo(F) = [Fi(z,—1) = 22 F,(2, -1)]
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CI11111N

= {17 P1, P2, U}

Point group: Dy

..........................................................

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

..........................................................

Strata

FP2(Z> Z@) Fpl (Z E'LU)

Fi(z,w)
Fi(z, zw)

F,(z,w)

F,(Z,zZw)

Folzw) Foy(z.m)

Strata (1,1)

m(F)=[F\+F,—F, —F,J(1,1)

WQ(F):[Fl_Fa_Fp1+FP2](1>1)

773(F):[F1+F0+Fp1+sz](1al)
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m(F)=[F, — F,+ F,

- F,](1,1)

Strata {(w? w) : w € T?}

[ Fi(w?,w) — F, (w*w
’/Tl(F) = r
FU(UJQ,’LU) _Fp2(w27w)
Fi(w* w) + F,
mo(F) = ’
F,(w*,w) + F,

i (

Strata (—1,1)

. [ F(-1,1) - Fy(~1,1)
N Fﬂ1(_171) _sz(_lal)
. [ R(-1,1)+ Fy(~1,1)
L Fpl<_171)+Fp (_171)

Strata (1,—1)

m(F)=[F+F, — F,

m(F) = [F, — F, + F,

- sz](1>

o FP2](17

—1)

—1)

7T3(F):[FI_FU_FP1+FP2](17_1>
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7T4(F) - [F1+FJ+FP1 +FP2](17_1)

Strata {(1,w) : w € T?}

7T1(F): F1(17w)_Fp2(17w)
Fy(1,w) — F, (1,w)
7T2(F) _ Fl(law> FP2(17w)
Fa(l,w) Fp1(1>w)
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pmm

= {17 P1, P2, U}

Point group: Dy

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

..........................................................

Strata

EREREES)
LSRG
S Sy
EE B =
GG
SIS S
FE kR E
[CNCRGIGS
SEENSIS
T s = &
SCIGG)
F1FaFmFm

Il

&

=

Strata (1,1)

m(F) = [Fi(L1) + Fy(1,1) = Ey, (1,1) — Fp(1, 1)

WQ(F) = [Fl(lv 1) - F0(17 1) + F, 1(1’ 1) - FPQ(17 1)]

m3(F) = [Fy (1, 1) + Fy(1,1) + F, (1, 1) + F,,(1,1)]
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7T4(F) = [F1<17 1) - FU(1> 1) - Fpl(la 1) + Fﬂz(17 1)]

Strata {(1,w) : w € T?}

] ) 17
i (F) =
1

Strata (1,—1)
WI(F) = [F1<17 _1) - FU(L _1) + Fpl(lv _1) - FP2(17 _1)]
W?(F) = [Fl(la _1) + FU(L _1) - Fp1(17 _1) - FPQ(]‘7 _1)]

7T3(F) = [F1<17 _1) - FO’(lv _1) - Fpl(l’ _1> + Fp2(17 _1)]

ma(F) = [Fi(1, =1) + Fo (L, =1) + F, (1, =1) + F), (1, = 1)]

Strata {(z,—1): z € T?}

Fl(Z, —
’/Tl(F) =
F,(z,—

1) = Fp(

— 1) Fy(z,—1)—F,(z,—-1)
1) - FP2(

Zy—
5 —1) F(Z.-1)— F, (z —1)

1
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Strata (—1,—1)

WI(F) = [Fl(_17 _1) - Fa(_17 _1) + Fm(_lv _1) - FPQ(_17 _1)]

71'Q(F) = [F1<_17 _1) + FU(_1> _1) - FP1<_17 _1) - FP2<_17 _1)]

m3(F) = [Fi(—1,-1)+ F,(—-1,-1)+ F,,(—-1,-1) + F,,(—1, —1)]

7T4(F) = [F1<_17 _1) - FG(_17 _1) - Fp1<_17 _1) + Fﬂz<_17 _1)]

Strata {(—1,w) : w € T?}

o (F) = Fi(~1,w) + F,,(-1,w) Fy(=1,w) + F, (~1,0) |
Fo(=1,w) + F,,(=1,w) Fi(=1,0) + F,,(~1,)
mo(F) = Fi(=1Lw) = Fp(=1,w) Fo(=1,w) — F,, (-1,7)
L Io(=Lw) = F, (-Lw) Fi(-1,w)— F,,(-1,w) |

Strata (—1,1)

WI(F) = [Fl(_17 1) - FG(_lv 1) + Fm(_l? 1) - sz(_17 1)]

71'Q(F) = [F1<_17 1) + FU(_17 1) - Fﬂl(_17 1) B FP2(_17 1)]
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m3(F) = [Fi(=1,1) = Fo(=1,1) = F,, (=1, 1) + F,, (=1, 1)]

m(F) =[F(—1,1)+ F,(—1,1) + F, (—1,1) + F,,(—1,1)]

Strata {(z,1) : z € T?}

- [ A1) - F,(z1) Fy(31) - (3 1)
U B ) - Bl BED-FGED
iy | BED D BEDRLEY
U B )4 FL (1) Rz + Fy (3 1)
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pmg
Point group: Dy = {1, p1, p2,0}

_________________________________________________________________

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Strata
[ Fi(zw) Fy(z0) 2F, () F,(zw)
’/T(F): FU(Z,U}) Fl(z_ﬂw_) sz(Z,_@) Fpl(_zw)
F, (z,w) F,(z,w) Fi(z,w) F,(Z,w)
Fplsw) Fu(z@) Fo(sm)  FR(Ew)

Strata (1,1)

Wl(F) = [F1<1’ 1) + FU(L 1) - FP1<17 1) - FP2(17 1)]

WQ(F) = [Fl(lv 1) - FU(L 1) + Fm(lv 1) - FP2(17 1)]

7T3(F) = [F1<17 1) - FU(1> 1) - FP1<1’ 1) + Fﬂz(17 1)]
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7i(F) = [F1(L1) + Fy(L,1) + Fy, (1,1) + F(1,1)]

Strata {(1,w) : w € T?}

= | B = Bl F,(1,@) - F,,(1,w) |
U B - By(Lw) R(Lw) - F,(1D) |
)~ | B+ B F,(L,w) + F,, (1) |
’ | Fo(Lw)+ Fu(Lw) Fi(1,w)+ E, (1)

Strata (1,—1)
WI(F) = [F1<17 _1) - FU(L _1) + Fpl(lv _1) - FP2(17 _1)]
WQ(F) = [Fl(la _1) + FU(L _1) - Fp1(17 _1) - FPQ(]‘7 _1)]

7T3(F) = [F1<17 _1) - FO’(lv _1) - Fpl(l’ _1> + Fp2(17 _1)]

ma(F) = [Fi(1, =1) + Fo (L, =1) + F, (1, =1) + F), (1, = 1)]

Strata {(z,—1): z € T?}

Fi(z,—1) + 2Y2F, (z,-1) F,(z,—1)+ 2'/2F,,(z,—1)

m(F) =
F,(z,—-1)+7Y2F,,(2,—1) Fy(z,—1)+2Y2F, (z,-1)
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Fi(z,=1) + 212F, (z,-1) F,(z,—1)+ 2Y2F,,(z,—1)
F,(2,—1)+2Y2F, (2,—1) Fy(z,—1)+7Y2F, (z,-1)

Strata (—1,—1)

Fy(=1,-1)+ F,(=1,-1)  F,(=1,-1) = F,,(—1,—1)

_FP1<_1>_1)_F/J2(_17_1) Fl(_L_l)_Fa(_lv_l)

w(F) =

Strata {(—1,w) : w € T?}

o (F) = Fu(—1Lw)+ Fy(—1,w) Fy(—1,w)+ F, (—1,@) |
1 Fo(=1,w) = Fpy(=1,w)  Fi(=1,w) = Fp,(=1,7)

7T2(F) =

Strata {(z,1) : z € T?}

Fi(z,1) + 2Y2F, (2,1) F,(z,1) + 2/2F,,(z,1)
m(F) = .
z

FU(Zal) +zl/2FP2 F1<E71) +El/2Fﬂl< )
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mo(F) =

Fi(z,1) — zl/ZFpl(z, 1) F,(z,1)— zl/sz2 (z,1)
FG(Z71) _zl/Qsz Fl(zl) __1/2FP1(Z 1)
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4282

Point group: Dy = {1, p1, p2,0}

_________________________________________________________________

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Strata
Fi(z,w) F,(Z,w) 2F,(z,w) wF,(Z,w)
(F) = F,(z,w) _Fl(E_Ei F,,(z iu) Equpl(z w)
F, (z,w) wF,,(Z,w) Fi(z,w) ZF;(Z,w)
FPQ(z,w) wkF, (z,w) zF,(z,w) Fi(Z,w)

Strata (1,1)

7Tl(F) = [F1<1a 1) - FU(L 1) + Fp1(17 1) - Fp2(1> 1)]

WQ(F) = [Fl(lv 1) + F0(17 1) - Fm(lv 1) - FP2(17 1)]

7T3(F) = [F1<17 1) - FU(1> 1) - FP1<1’ 1) + Fﬂz(17 1)]
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7i(F) = [F1(L1) + Fy(L,1) + Fy, (1,1) + F(1,1)]

Strata {(1,w) : w € T?}

Fi(1,w) + w'?F,,(1,w) F,(1,w)+w/?F, (1
F,(1,w) +w'?F, (1,w) F(1,@)+w"/2F,,(1,w)

7T1(F) =

Fi(1,w) —w'?F,,(1,w) F,(1,w) —w"/*F
EF,(1,w) —w'?F, (1,w) F(1,w)—w'%F,,(1,w)

Strata (1,—1)

Fl(lv_l)_FU(lv_l) Fpl(l’_1>_FP2(17_1)
F,(1,-1)+ F,,(1,-1) Fi(1,—1) + F,(1,-1)

m(F) =

Strata {(z,—1): 2z € T?}

(F) Fi(z,—1) = 2'2F, (z,-1) F,(z,—1)+ 2Y2F,,(z, 1)
1 =
| Fo(2,-1) = 2'°F,,(2,~-1) FR(z,-1)+2"°F, (z,-1)
() Fi(z,—1) + 2Y2F, (2,—1) F,(z,—1) = 2Y/2F,,(z,—1)
Up) =
| Fy(z 1)+ ZV2F,(2,—1) Fi(z,—1) —2zV2F, (z,-1)

Strata (—1,—1)

m(F) = [Fi(-1,-1) — F,(—1,—-1) —iF, (—1,-1) —iF,,(—1,—1)]
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mo(F) = [Fi(=1,=1) + E,(=1,=1) +iF, (=1, 1) = iF,,(~1,—1)]
7T3(F) = [Fl(_17 _1) - FU(_17 _1) + iFP1(_17 _1) + inz(_la _1)}
ma(F) = [Fi(=1,=1) + F,(—=1,=1) —iF, (=1, =1) + iF,, (=1, —1)]
Strata {(—1,w) : w € T?}
- [ Fi(—1,w) — w'2F, (~1,w) Fy(~1,) — @2F, (—1, )
st =
| Fo(—Lw) +w'PF, (~Lw) F(-1,) +@"?F,(-1,)
() Fi(—1w) +w'?F,,(-1,w) F,(~1,@)+w"%F, (—1,0)
9 =
F,(—1,w) —w'?F, (-1,w) F(-1,w) —w/*F,,(-1,)

Strata (—1,1)

w) < | PCLDHEELY (LD = B (-1 )

_Fﬂl(_Ll)_sz(_lvl) F1<_171)_F0(_1a1>

Strata {(z,1) : z € T?}

o (F) = Fi(z,1) — 21/2Fp1(2, 1) F,(z1
(F) =
F,(2,1) = 2Y2F,,(2,1) F(z,1) - 2Y/2F, (z,1)

Fi(z,1) + 212F, (2,1) F,(z,1)+ 2Y%F,,(z,1)

T (F) =
F,(2,1) +2V2F,,(2,1) Fi(z,1) + 2Y2F, (z,1)
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p3ml

{17 g, 0—2a P1, P2, P3}

Point group: Dg

..........................................................

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

..........................................................

Strata

F, (z,2w) F,,(Zw,w) F,(w,2)
) Fp(2m) Fplzw,w) Fy(w,2)

)
)

ZW,Z

Fo(
Flaf

o2 (w, Z@)

Fi(z,w)

Zw, z

F1 (@, Zm)

F,(z,w)

FP3 <Z7 ZE) Fm (Ewa w) sz(wa E)

Fi(Zw,z
)yl

) ol
) il

F,(w, zw)

Fo2(z,w)

F,(w,z)
F» (W, %)

»2 (Zw, w)

Fi(z, 2w)

)

ZWw,Z

w, 2W

Fp(z,w)  Fpy(

Fl (zw7 U))

F,(z, zw)

Zw,z

w, ZW

2(z,w)  Fy(

Fopy(z,w0)  Fp,(

F,Zw,w) F(w,%)

F,2(z, zw)

)

ZW,Z

w, 2W

Strata {(w? w): w € T?}

7T1(F) =

| —— |
233
Fmﬁ_ppFl
_ _
ERGEE]
2 3%
SENSE S
R
EEE
v_lFmFm
[
s kB
EEE
FaF1Fa
T o=
E B E
SRS
Lo
T s o=
EEE
SRS
I — |
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Fi(w,w) + F,,(w,w) F,(w,w%)+ F, (0,w?*) F,(w*w)+ F,,(w* w)
F,(w,w)+ F,, (w,w) Fi(w,w?) + F,,(0,w?) Few*w)+ F,(w* w)
Fp(w,w) + F,,(w,w) Fy(w,w?) + F,,(w,w?) Fi(w? w)+ F, (v w)

Strata {(z,2?) : z € T?}

[ F(22,2) - F,,(3%2) F(z%) - Fy(2,7)
i (F) F,(72,2) — F,,(3%,2)  Fi(2,%) — F,,(2,%)
F,2(z%,Z2) — F,,(z%,Z) F,(2,Z) — F,,(2,2)
[ F(Z23) + Fo(2.7) Folz,22) + Fpy(z,22)
mo(F) F,(z*,2)+ F,,(z%,2) Fi(z,2%) + F,,(z,2?)
F,2(z%,2) + F,,(z%,2)

FU(ZWZQ) + Fpl(za 22)

FU(Za 22) - Fp3(z7 Z2)
F,(z,2%) — F, (2,27
Fi(z,2%) = Fj(2,7%)

Fy(2,Z) + Fp(2,2)
Fo2(2,2) 4+ F,,(2,2)

Fl(Z,E) + FPQ(ZJE)

[ Fi(22) = Fou(2,2) Fo(z,22) — Fo(z, 2)
m(F) F,(2,2) — F)(2,2) Fi(z,2%) — F,,(2,2%)
Fo(2,Z) — F)(2,2) F,(z,2%) — F,,(2,2%)
[ Fi(22,2) + Fu(22) F(2,%) + F(2,7)
T (F) F,(Z2,2) + F,,(7%,2) Fi(2,2) + F,,(2,%2)
F,2(z%,2) + F,,(z%,2)

Fo(2,Z) + Fpy(2,2)

Fo(2%,2) — Fj,(7%,7)
F,(z%,Z2) — F,,(z%,%)
F\(z,7) — F, (7%,%)

Fo(2,2%) + Fpy(z,2%)
F2(Z%,2) + F,, (2, 27)
Fi(2%,2) + F,, (2, 2°)

Strata (—e™/3, e=2mi/3)
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™ (F) =

Fl_%FUQJrFm_%FPl_%FU_%FPB §F0_§F02_§Fpa+\/7§Fm

B, LB, 1 Bp Bp PA-iF,+1F, —F,+1F,

2 “ps

m(F)=|F+Fy»+F,—F, —F, — F

2~ £

7T3(F):[F1+F02+FU+FP1+FP2+FP3]

Strata (e=27/3, —e™i/3)

m(F) =

FA—-\Fe.+F,-LF, —1F, - 1lF, BF

n G = e = PF, + Y,
\/7§F02_\/T§F0+\/T§FP1_\/T§FPS Fl_%FU+%FP1_FP2+%FP3

— F

m(F) = +Fe2+F,—F, —F, 3]

2

7T3(F):[F1+F02+F0+Fp1+Fp2+FP3]

Strata (1,1)

7T1(F) =

%(2F1_Fa2_Fp3+2Fp1_Fo_sz) @(FU_FUQ_FM’*‘F%)
B(Fpe—F, — F,, + F,,) Y2R ~ F2—F, —2F, +F, +F,)
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mo(F) = [Fy(1,1) + Fpa(1,1) + Fy(1,1) = Fo (1,1) — Fopoy (1,1) — F, (1, 1)]

773(F) = [Fl(la 1) + Fcr?(lv 1) + FU(1> 1) + Fm(l’ 1) - Frhoz(lv 1) + Fp3(1> 1)]
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p31m

{17 g, 0—2a P1, P2, P3}

Point group: Dg
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mo(F) = [Fy(1,1) + Fpa(1,1) + Fy(1,1) — F, (1,1) — F,(1,1) — Fpy (1, 1)]

m3(F) =
Fl_%FUZ_%F0+%FP1_FP2+%FP3 \/TgFUQ_\/TgFU‘F\/Tngl %ngs
B, + BF, +8F, - ¥F, R F.-LF,-lF, +F,-1F,
Strata {(z,1) : z € T?}
F\(z%,2) — F,,(z%,Z) F,2(2,1) — F,,(2,1) F,(z,2) — Fp(z,2)
WI(F) - FU(Ez,Z)—FPQ(EQ,E) Fl(zal) _FP3<271) FUQ(Zaz)_FP1(27Z)
I F2(z2,2) — F,,(z%,2) Fy(2,1) = F, (2,1) Fi(z,2) — F,,(z,2)
Fi(z,1)+ F, (2,1)  Fya(z,2)+ F,(z,2) F,(zZ%%) + F),(z%,%)
To(F) = | F,(2,1)+F,,(z%2) Fi(z,2)+ Fy(z,2) Fe(z2,%)+ F, (z%,2)
| Foa(z,1) + F, (z2,2) F,(2,2)+ F,(z,2) Fi(z%2) + F,,(z%7%)
Strata (1,e2/3™)

) B+ @ng _ %—73170 F, - 1+\2/—73Fp2 + \/—723—1]?’)3 1 iy )
1 = , € m

| B, + L, - YEHE, R - Y E,. + EF,

) F— ¢f§+1Fa2 + —1+2\/?3FU F, + —1+2\/—*3Fp2 _ \/—?HFPB " i
Up) - e L
() = | T e Fn Bt B |y

F,+F,+F, F+F:+F,
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p4mm

{1,0,0% 0% p1, 2, p3, pa}

Point group: Dy
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mF)=F+Fs+Fp+F,—F, —F,, —F,, —F,](1,1)

mo(F)=[Fi — Fps + Fpo + Fo + F, + F,, + F,, — F,,](1,1)

m(F) =1 +Fs+Fe2+F,+F, —F,, +F,, +F,](1,1)

ra(F) = Fy—F,o—F, +F,, F,—Fs+F,—1FI, (1.1)
Fos — o+ F,, —F, F—Fe+F, —F,

T5(F) = [F1 — Fos + Foo — Fy — Fy + Fp, — Fjy + F,](1,1)

Strata {(z,z) : z € T?}

’/Tl(F) =
Fi(Z,2)+ F,,(Z,2) Fp(z,2)+ F, (2,Z) F,(2,Z)+ F,,(2,%)
Fa(gaz)+Fp1<z>z) Fl(E,Z)—l—FpQ(ZE) Fof’(z»z)_l'Fp:a(ZvE) F02< ) )
Fp2(Z,2)+ F,,(Z,2) F,(Z2,2)+ F)(2,2) Fi(2,2)+ F,,(%,%)
Fys(Z,2) + F,,(Z,2) Fre(2,2)+ F,(Z,2) F,(2,2)+ F, (2,2)

ma(F) =
[ Fi(z2) = Foy(2,2) Fs(2,2) = Fy(2,2) Fp(2,3) — Foy(z,2)
Fo(z,2) — F, (2,2) Fi(Z,2) — F,,(%,2) F,s(2,%Z) — F),(Z,2)

F,(2,Z) — F,,
Fy2(2,2) — F,
Fos(2,%Z) — Fp,
Fi(2,Z) — F,,

B
]
SN—
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Strata (—1,—1)

T(F) = [F1+ Fos + Foo + Fy + Fpy + F,, + Fy + F,](—1,

Fy—Fe+F, —F, F,—F;s—F,+1F,
Fos — o+ F, —F,, F\—F,—1F,+1F,

7T2(F) =

7T3(F):[FI_F03+F02_FU_FP1+FP2_FP3+FP4]

- F

P3

- F

m(F)=[Fi+Fys+Fp+F,—F, —F, 4]

2

7T5(F):[FI_F03+F02_FU+F91_F02+Fp3_Fp4]

_]_)

Strata {(—1,w) : w € T%}

7T1(F):[A B}

where
F(w,—-1) - FPI(E, —1) Fp(—1,w) — sz(— ,W)
A — FO(E7_1>_FP2(E7_1> Fl(_lv_)_F%(_lv_
Faz(w,—l)—Fpg(@,—l) FU(—l,_)—FM(—l,_
Fyps(w,—1) - F,,(w,—1) F,2(—1,w)— F, (—1,w)
Fp(w,—1) = F,,(w,—1) Fy(—1,w)— F,,(—1,w)
B— Fga(w,—l)—Fp4(w,—1) FUQ(_law)_Fm(_la
Fi(w,-1) = F, (w,—1) F,s(—1,w)— F, (-1,
I Fo(w,—1) — F,,(w,—1) Fi(—=1,w) — F,,(—1,w)
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where
Fy(w,—1) + F, (w,-1) F,(-1,w)+ F,,(—1,0)

A Fy(w,—1) + F,,(w,—1) Fi(—1,w)+ F,,(—1,w)
Fo(w,—1)+ F,,(w,—1) F,(—-1,w)+ F,,(—1,w)
Fos(w,—1)+ F,,(w,—1) F,(—1,w)+ F,,(-1,w)
Fo2(w, 1)+ F,,(w,—1) F,(—=1,w)+ F,,(—1,w)

5 Fos(w,=1)+ F,,(w,—1) F,(—1,w)+ F, (-1, w)
Fi(w,-1)+ F, (w,—1) Fy(-1,w)+ F,,(-1,w)
Fo(w,—1)+ Fp,(w,—1)  Fi(—=1,w)+ F,,(—1,w)

Strata (—1,1)

F,+F,:—F

—F, Fo+Fus—F, —F
m(F) = e S (=1
Fos+F, —F,, —F, F+F,»—F, —F,

mo(F) = Fu=For =yt Fp - —Fo b Fou £y, = £, (—1,1)
—Fps+ I+ F,—F, F—Fp—-F, +1F,

() — F\—Fp—F, +F, F,+Fs—F,+F, 11)
1 = )
Fps—F,—F, +F, F —Fn—F, +F,

Fi+Fyp+F,+F, F,+Fus—F,+F,
Fys+F,+F, +F, F +Fa:+F, +F,
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Strata {(z,1) : z € T?}

7T1(F):

[ F(L2) 4 Fo(l2) Fy(z1)+ F,(2,1) Fe(l,)
Fo(1,2)+ F,,(1,2) Fi(z,1)+ F,(Z,1) F,s(1,%)
Fo(1,2)+ F, (1,2) F,(z,1)+ F,(Z,1) Fi(1,%)
| Foa(L,2) + Fpy(L2) Foe(Z1) + Fu(2,1) Fo(1,%)

7T2(F)

[ F(L2) = Foy(l,2) F(z1)— F,(2,1) Fe(l,%)
Fy(L2)— F,(L2) F(z1) - F, (1) Fys(l%)
Fe(l,2)— F,(1,2) F(z1)—F,(z1) F(L7)
| F(L2) = F(L,2) Fp(z1) = Fu(z1) F(13)
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p4mg
Point group: Dg = {1, 0, 02,03,01,02703794}

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

__________________________________________________________________

Strata

W(F)Z[A B}

where
[ Fi(zw) 2Es(@2) Fe(wm)  wF(w?)
F,(z,w) Fi(w,z) ZFs((Z,w) ZF;2(w,?)
Fo(z,w) zwF,(w,z) Fi(z,W) F,s(w,z)
A Fos(z,w) zF,2(w,z) ZF,(Z,w) Fi(w,z)
F, (z,w) F,(w,z) ZF,(Zw) wkF,(w7z)
F,(z,w) zF,,(w,z) zZwF,(Z,w) wkF,(w,z)
F,.(z,w) wWF,,(w,z) zF,(z,w) F,(w,Z)
(2, w)

pa(2,w F,(w,z) zZwF,,(z,w) ZwkF,(w,z)
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zF, (z,w) F,
Fp2(z,w) F,

2F,,(z,w) F

Fl(Z,@) F0'3

2F,(z,w)  Fi(w,z) wFEs(Zw) Fye(w,2)
)

(w, 2)
(w, 2)
20F,,(z,w) F,,(w,z)
(w, 2)
(w, 2)

wlhy2(z,w) F,(w,z

z
Fos(z,w) Fyp(w,z) zZwF,(Z,w) F(w,Zz)

Strata (1,1)

- F

Pr3

m(F)=|F\+ Fys+ Fp+ F, —F, — F, —F,J(1,1)

2

WZ(F):[FI_F03+F02_FU+FP1_F92+Fp3_FP4]<171)

m3(F)=[Fi +Fps +Fp2 + Fo + F, — F,, + F,, + F,](1,1)

F—Fp—F, +F, F,—Fys+F,—F,
Fp—F,+F, —F, F —Fp.+F, —F

P3

my(F) =

75(F) = [F\ — Fys + Fyo — Fy — F, + F,, — F,. + F,](1,1)

Strata {(z,z) : z € T?}

m(F) =
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Fi(z,2) = F,,(2,2) 2F,s(Z,2) —2F,,(Z,2) Fpe(Z,2) - F,(2,2) 2F,(2,2) + 2F,,(2,2)
Fo(z,2) = Fu(z,2)  Fi(Z,2) —2ZF,(Z,2) ZF,3(2,2) —ZF, (2,2) ZF,2(2,2)|— F,,(2,%)
Fo2(z,2) — F,,(2,2)  F,(z,2) — F, (Z,2) F(z,2) - F,,(Z,2) Fys(2,2) + F,y(2,2)
Fos(z,2) = Fp (2,2) 2Fy2(Z,2) — F),(Z,2) ZF,(Z,Z) —ZF,,(2,Z) Fi(2,Z) 4 2F,,(2,%)
m(F) =
Fi(2,2) + F,,(2,2) 2F,s(Z,2)+ 2F),(Z,2)  Fpe(Z,2)+ F,(2,2) 2F,(z,2)+ 2F, (2, 2)
Fo(2,2) + F)y(2,2)  Fi(Z,2)+ZF,,(Z,2) ZF,;(Z,2)+ZF, (2,Z) ZF,(z,2)H F,,(2,2)
Fo(2,2)+ F,,(2,2)  F,(Z,2) + F, (Z,2) Fi(z,2) + F,,(2,Z2)  Fys(z,2) 4 Fp(z, 2)
Fos(2,2) + F, (2,2) 2Fy2(Z,2)+ F,,(Z,2) ZF,(Z2,2)+ZF,,(Z,Z2) Fi(z,2) Hz2F,,(2 2)

Strata (—1,—1)

m(F) = [F,, — Fpo+ Fy — F,y + i(Fys + F, — F,, — F,.)](—1, 1)

mo(F)=[Fi —Fp2+Fp —F, +i(—F,s —F, — F, — F,,)|(—-1,-1)

m(F)=[Fi — Fpe+ F,, — F,, +i(Fs + F, + F, + F,,)|(—1,-1)

ra(F) = Fy+ Fp+i(—F, +F,) —Fps+F,+i(—F,, —F,,) (C1.-1)
4 - -1, —
_FU3+FU+7;<FP2+FP4) F1+F02+i(Fpl_Fps)

m5(F)=[Fp, — Fpo+ Fy — F), +i(—F,s — F, + F,, + F,,)|(—1,-1)

Strata (—1,w) : w € T?}
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F,:(—1,w) — w'/?F, (—1,w)
—F,s(—1,w) + w'?F,, (-1, )
Fi(=1,w) —w'/?F,,(—1,w)

—F,(=1,w) — wY?F,,(—1,w)

WQ(F):[A B}

where
Fi(—1,w) — w'?F,(—1,w)
A= ”<_17w)+w1/2Fp4(_17w)
Fo(—1
| Fos(—Lw) - w'/2E,, (1, w)
Fy2(—1,w) + w'/?F, (—1,w)
B =
Fi(—1,w) + w'/?F,,(—1,w)
—F,(—1,w) + w'?F,, (-1, )

—F,s(w,—1) +w'?F,,(z,-1)
Fi(w,-1) —w'/?F, (w, -1)
—wF,(w, —1) + w"/?F,,(w, —1)
—F,2(w,—1) — w?F,,(w, —1)

aw) - _1/2Fp1(_]—7 w) _wF0<w7 _1) - wl/?sz(@’ _1)

—Fys(—1,w) — w?F,,(-1,w) —Fy(w,—1)—w?F, (w, 1)

wFy(w, —1) + w'2F,, (w, —1)
—F,2(w,—1) + w2F, (w,—1)
Fos(w, —1) + w/?F,, (w, —1)
Fi(w,—1) + w'?F, (w, —1)

—Fys(w, —1) — w'?F,,(z, 1)
By (w, 1) +w'/?F,, (w, —1)

—Fy2(w, —1) + w2 F,, (w, —1)

wF, (w,—1) — w'2F,,(w, —1)

Fos(w,—1) —w'/2F,, (w, —1)

Fi(w,—1) — w'?F, (w, —1)

Strata (—1,1)
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F+F. Fn+F, F,+F, F,+F,

(F) Fos—F, F+F,. F,—-F, F,+1F,
i =

F,—F, F,+F, F —F» F,+Fy;

I —F, +F,, F,—F, —Fs+F, F —F,;

Strata {(z,1) : z € T?}

where
Fi(z,1)+ zl/ngl(z, 1) 2F,s(1,2) + ,zl/QFp2
q_ | B0+ Z2F,,(2,1) F(1,2) + 212 F,
Fyo(2,1) + 2Y2F,,(2,1) 2F,2(1,2) + 2Y2F, (1, 2)
| Fos(2,1) +2'7F, (2,1) 2F2(1,2) +2'7F, (1, 2)
F,2(z,1) +2Y%F,(z,1) F,(1,2) + 2'/2F,,(1,%)
5o ZF,s(z,1) + 2%/%F,,(z,1) zF,2(1,%) +z/2F, (1,%)
ZF,(Z,1) + 2Y2F,,(z,1)  F,s(1,2) + 2Y/2F,,(1,%)
| ZF,(2,1) +7V2F,,(Z,1)  F(L%)+7/2F,(1,7)

where
Fi(z,1) = 2Y2F, (2,1) 2F,s(1,2) — 2V/2F,
A F,(2,1) —2Y2F,,(2,1) Fi(1,2) — 2Y?F,,
F,2(2,1) — 212F,,(2,1) 2F,2(1,2) — 21/2F, (1, 2)

( (2,1)
Fys(2,1) = 2'2F,,(2,1) 2F(1,2) = 2/, (1,2) |
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Fo(1,2) = 212F,,(1,%)
ZF,2(1,%) - 2'/2F, (1,%)
F,s(1,2z) — Zl/Qsz(l, 7)
Fi(1,7) = 22F,(1,%)
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p6mm

Point group: D12 = {1707 U2>U3a04a05aP1>P2703aP4aP5>Pﬁ}
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Strata {(z,1) : z € T?}

7T1(F):[A B}
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Strata {(z,z) : z € T?}

7T1(F)=[A B}
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where

—~
1
+
i
w
SN—
/-\/\/\/-\/&T
wf bl el 8

—~
e
+

e

I

N—

—
N
Y]

(&)

N—

WQ(F):[A B}

where

(F1 = Fj,)(%,7°)
(Fy — F,,)(%,7°)
A (Fye — F,,)(z,7%)
(Fys — F,)(z,7%)
(Fya — F,)(z,7%)
(Fys — F,,)(2,2%)
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Strata {(z,2?) : z € T?/D}

m(F):[A B}

where
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(Fy+ F,)(2,22)  (Fys + F,)(Z,2) (Fpi + F,.)(22,7)
(Fy+ F,,)(2,2%) (FA+F,)(Z2) (Fs+4 Fy)(z47)
A (Fpe+ F,))(2,2%) (F,+Fy)(z,2) (Fi+F,)(z%2)
(Fps + Fy)(2,2%) (Fpe+F,)(z,2) (Fy+ F),)(z%7%)
(Fpo + F,)(2,2%) (Fps+ F,)(z,2) (E,2+F,,)(Z%72)
| (Fos + Fp,)(2,2%) (Fos + Fy)(2,2) (Fos + F,)(22,7) |
(Fps + F\)(2,2%) (Fpe+ F,)(2,2) (F,+ Fp,)(2% 2)
(Fpo + F,))(2,2%) (Fps+F,)(2,2) (E,2+ F,,) (2% 2)
B (Fys + F,,)(2,2%) (Fpu+ F,,)(2,2) (F,s+F,,)(2%2)
(Fy+ F,)(%,2%)  (Fys + F,)(2,2) (Fpi + F,.)(22,2)
(Fo + Fp)(27) (B + Fpp)(2.2)  (Fos + Fp)(2%.2)
| (Foe + F)(2,2%) (Fo+ Fp)(2,2)  (Fr+ Fp)(2%,2) |

Strata (1,1)

mF)=[F+Fp+Fu+Fs+Fe2+F,+F, +F,+F,, +F, +F, +F,](1,1)

73(F) = [F\+ Fys+ Fys+ Fys+ Fo+ Fy—F, —F, —F, —F, —F, —F,](1,1)

m(F) = —Fp+Fu—Fs+F2—F,—F, +F,, —F, +F, —F, +F,](1,1)

F

my(F) = [F) = Fys+ Fps — Fys+ Fpo — Fy+ F, — F, + F,. — F, + F, — F, ](1,1)

p3
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a=3((1=V3)E, + (=1+ V3i))Fa(1 + V3)Fys + (=1 — \/3i)F,, + 2F, — 2F,3)

b=1((1=Bi)E,, + (—1 = V3i)F,, + (=1 + V3i)E,, + (1 + V/3i)Eyy + 2F,, — 2F,,)

¢ = ((1+ VBI)Ey, + (=1 4+ V3i)Epy + (=1 = V/3) Epy + (1 — V/3i) Fyy + 2F,, — 21

d=1((L+V3i)F, + (—=1V3i) Fya(1 — V3) Fys + (=1 + V/30)F,, + 2F; — 2F5)

a b
WG(F)[

where

a=1((=14+V3i)F, + (=1 — V/3i) Fpa(—1 + V/3) Fys + (=1 + V/3i) F,, + 2F, + 2F};

b= % ((_1 - \/gi)sz + (_1 + \/gi)Fps + (_1 - \/§i>Fp5 + (_1 + \/gi)Fpe + 2Fp1 “

¢ =5 (=14 V) Fpy + (1= VBi) Fpy o+ (=14 VBi) Fy + (=1 = VB Fp + 2F,, +

d=12((-1+V3)F, + (-1 + V3i)Fya(—1 — V3)Fys + (—1 — V3i)F,, + 2F, + 2F,

w
—

- 2F,,)

1IN

Fp.)

w
N~—

Strata (—1,1)

m(F)=|[A B (]

where
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Fi— Fpa+ F,, — F,
A=| F,—-F.+F, —F, (=1,1)
Fo—Fs+ Fp5 — Fp2

Fos — F, — Fp1 + Fp4
B=| R-Fs—F,+F, |(-1,-1)
F, — Fyu— Fy, + F,

Fo—F,—F, +F,
C=|Fp—F,—F,+F, |(,-1)
Fy—Fys—F,+F,

WQ(F):[A B C’}
where

Fy — Fos + F,, — F,

A=| F,+Fa+F,+F, |(-11)
Fo+ Fs + Fp1 + Fp4

Fos —F.+ Fps — Fpa
B=| FWF—-Fs+F, —F, (1,-1)
Foo— F,+F,, —F,

5

F,—Fu—F, +F,
C=|F:2-Fs—F,+F, | (-11)
Fy = Fps = Fpy + Fpq |

m(F)=| A B C|
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Fy—F,;s+F,
A= | F,—Fu+F,

F..—F, —I—Fp2

7T4(F)=[A B C’}

where

Fys+tFo—F

Fy+ Fpi— Fy,

C = Fa-2+Fo-2_Fp3
Fi+Fs—F

pa

~F,
—F,

FUS_F02+F91_FP4

Fos — Fy2 + Fps —
B=| F—Fs+F, —

P

B=| F +Fyu—F,—

Fp+F,—F, —

Fo—Fou—F, +F,
C=|Fpo—F,;s—F,+F,
Fy — Fos — F,, + F)

F + FU3 —
F,+ F . — Fp4 — FplFaz + Fs —

F
FP5

- F

06

F,

5

_FPG
—F

P |

3

6

F,
FP1
_FP5

P3

p4

- F

6

(17_1)

<_171)
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Strata (62/37”" 672/371'1')

ail a2 Qa2 Qiq
a21 Ag2 A23 QA24
m(F) =

31 azz2 G33 a34

(g1 Q42 Q43 A44

where

an = L(2F — Fpu — Fpo + Fp — 2F, + F,) (2™, e=2/37)

a1z = 2(2F,s — Fys — F, + F, — 2F,, + Fp,) (e~ /3™, ¢2/3™)
a1y = L (Fpi — Fpo + F, — F,)(e2/3™ ¢=2/37)
ary = L (Fps — F, 4+ F,, — F,,) (7237 ¢2/3)
az1 = 2(2F, — Fy5s — F,s + F, — 2F,, + Fp,)(e?/3™, ¢72/3™)
Q99 = %(2F1 —Fou— fe+F,, —2F, + Fpl)(e”/?’”, e2/3m)
A3 = %E(ng — Fys + F,, — F,y)(e?/3m ¢=2/3m)

S

Aoy = 23(F04 _ Fa2 _|_de _ Fpl)(672/37ri’62/37ri)

\
s

(F02 _ Fa4 _ Fp5 + Fpl)(€2/37ri’ 6—2/37ri)

azy =

[

a3y = 23(1{7(7 —Fs — Fpg + sz)(€—2/37ri7€2/37m’)

(2F1 _ Fo4 + 2Fp3 _ Fm _ Fo.z _ FpS)(QZ/?ﬂri7 6—2/37ri>(62/37ri,6—2/3m)

N |+

a3z =
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azs = 3(2F,, — Fps + 2F,, — F,, — F, — F,)(e™2/3™ ¢2/3m)
ay = ‘/7§(F03 — Fys — F,y + F,)(e?/3m ¢=2/3m)

Qyp = \/Tg(Fﬂ — Fou— Fm + Fp3)(6’2/3“, 62/3”i)(e’2/3”i,e2/3”i)
ag3 = $(2F, — Fy5 + 2F,, — F,, — F,s — F,)(e¥/3™, ¢72/3™)

—F.—F

agq = 5(2F, — Fpa + 2F,, — F, ) (e /3T e2/3my

3

where

a=(F +Fu+F2—-F,, —F, — Fpl)(e‘2/37”', 62/37ri)
b=(F,+F,;s+Fps—F,,—F, — Fpﬁ)(eQ/?’”, e—g/gm)

c=(F,+F,s+F;s—F,,—F, — Fpﬁ)(€—2/3m7 62/37ri)

d= (Fl + Foa+ Fo2 — Fp3 — Fp5 — Fpl)(e2/37ri’ e—2/3m’)

where

a=(Fy+ Fu+ Fp+F, +F, +F,)(e2/*, e 2/3m)
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b= (Fy+ Fys + Fys + F,, + F,, — F,)(e”2/37 ¢2/3m)

¢ = (Fy+ Fys + Fys + F,y + F,, — F,)(e2/37 ¢=2/3mi)

0= (Fy 4 Fya+ Fypo + F,, + F,. + F, )(e2/3m ¢2/3mi)

134




