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G′ GG

GG G′

G

G′

{x1}, . . . , {xm} L {y1}, . . . , {yn}
R

k

k k

Δ G′

G′ Δ

GG GG′ GG′

GG

x y x x < y z

x ≤ z ≤ y z = x z = y



PG G

• G

• P1 P2 P1 ≤ P2

P1 P2

• P2 P1 P2 L R P1

P1 P2

L R

(L,R)

(L,R)

L

R

(L,R) L R

P3

G PG GG



−−−

−L−
L

L−−
L

−− L

L

−−R

R

R−−
R

−R−
R

LL−
L L

−LL

L L

L− L

LL

L−R

R L

R− L

R L

R−R

R R

−RR

R R

RR−
R R

LLL

L L L

RRR

R R R

P3

A B

f : A → B

f PG G GG

x y

y x x

L y L R

f

f

Δ P (Δ)

Δ F1 ≤ F2 F1 ⊆ F2

(L,R)

(L,R)

(L,R) Δ

P (Δ) (L,R) Δ F1 ≤ F2



F1 ⊆ F2 F2 F1 L F2 \F1

L R

(R,B) PR,B

ΔR,B

(R,B) ΔR,B

GR,B

GR,B

PR,B

ΔR,B

PR,B Δ

Δ

PR,B (L,R)

L R

Δ

Δ (R,B)

(L,R)



P b b ≤ x

x ∈ P a, b ∈ P c

c ≤ a c ≤ b a ∧ b

a, b ∈ P c a, b d a, b

d ≤ c

a ∨ b

(L,R)

P1 P2

P1 P2

P1 P2

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c)

a b a∨ b

a∧ b

G



G

PG

PG V

G a PG V1

a b PG V \V1

a b V1 ∪ (V \ V1) = V

a b V1 ∩ (V \ V1) = ∅
PG



G



Δ = 〈{v}∪F1, {v}∪F2, . . . , {v}∪Fk, Fk+1, . . . , Fj〉 Fk+1, . . . , Fj

v v

Δ′ = 〈F1, F2, . . . , Fk〉
v Δ Δ′

v

L R

0 {∅ | ∅}
0

G o(G) = P G = 0



0 = { | }

G GL1

GL2 GL2 ≥ GL1 GR1

GR2 GR2 ≤ GR1

G GL1

G = {GL | GR} = {GL \GL1 | GR}.

=

G GL1 GL1R1

GL1R1 ≤ G GR1 GR1L1 GR1L1 ≥ G

G GL1

GL1R1

G = {GL | GR} = {GL \GL1 , GL1R1L | GR}.



GL1R1L

G

H G = H

{0 | {0 | }}

{ | }
{0 | } { | 0}

−1 {1 | }

{0 | 1}
{0 | 1} + {0 | 1} = 1

1

2
{0 | 1

2n−1
} =

1

2n

1 + 2 = {0 | }+ {1 | } = {2 | } = 3

D



• 0 = { | }
n = {n− 1 | } n > 0 n = { | n+ 1} n < 0

• 1

2n
=

{
0
∣∣∣ 1

2n−1

}

•

• {a | b} a ≥ b
a+ b

2
± a− b

2

• ∗1 = {0 | 0} ∗
∗n = {0, ∗, ∗2, . . . , ∗(n − 1) | 0, ∗, ∗2, . . . , ∗(n − 1)}

∗0 = 0

• ↑= {0 | ∗} ↓= − ↑

• G ≥ 0 G +G = {0 | {0 | −G}}
G −G = −(+G)

+ 2 + ∗
∗2

2 + ∗ + 1
2
+ ↓ 21

2
↓ ∗

↑ + ↑ + ↑ 3 · ↑



G = {a | b} a b

a < b G

G =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
n a− b > 1 n a < n < b;

p
2q

a− b ≤ 1 q

p a < p
2q

< b.

= { | } = 0

= {0 | } = 1

= { | 0} = −1

= {0 | 0} = ∗

= { | } = {1 | −1} = ±1

= { , 0 | } = {0 | 1} = 1
2

−1 0



= { , 0 | } = {∗, 0 | ∗} = {0 | ∗} =↑

∗
∗

V

G

V

G̃

G̃ =
⋃
n≥0

G̃n,

G̃0 = {0} n ≥ 0

G̃n+1 = {{A | B} : A,B ⊆ G̃n}.



Gn G̃n b(G)

G n G Gn

b̃(G) n G G̃n

G̃n

n

G

(R,B)

(R,B)

b̃(R,B) = dim(ΔR,B) + 1.

2× 5

5

5 1
2

G2 2

Vn

n− 1

Ṽn = {(R,B) | (R,B) dim(ΔR,B) = n− 1},



Ṽn Vn Ṽn

V =
⋃
n≥0

Vn,

Vn ⊆ Gn

V V∩Gn =

Gn n n = 0, 1, 2 Gn\Vn

Gn n = 0, 1, 2

G0 = {0}
G1 = {0, ∗, 1,−1}
G2 =

{
0, ∗, ∗2,±1, ↑, ↓, ↑ ∗, ↓ ∗, {1 | 0, ∗}, {0, ∗ | −1}, 1

2
,−1

2
, {1 | ∗}, {∗ | −1},

1

2
± 1

2
,−1

2
± 1

2
, 1,−1, 1∗,−1∗, 2,−2

}

(R,B) b̃(R,B) = 0

−1 ΔR,B = ∅ (R,B)

(R,B) = { | } = 0 V0 = {0} V ∩G0 = V0 ∩G0 = G0

(R,B)

ΔR,B 0

• L

(R,B) = {0 | } = 1

• R (R,B) = { | 0} = −1

• L R

(R,B) = {0 | 0} = ∗

V1 = {∗, 1,−1} G1 \ V1 = {0} V ∩G1 = G1



(R,B)

(R,B) 2 G2 \ V2 = {1,−1}

• L

L 1 (R,B) = {1 | } = 2

• ΔR,B = 〈{x1, y1}〉 〈{y1}〉 −1

(R,B) = {−1 | 1} = 0

• ΔR,B = 〈{x1, x2}, {x1, y1}〉 (R,B) = {1, ∗ | 1} ∗
(R,B) = {1 | 1} = 1∗

• ΔR,B = 〈{x1, x2}, {y1, y2}〉 (R,B) = {1 | −1} = ±1

• ΔR,B = 〈{x1, x2}, {x2, y1}, {y1, y2}, {y2, x3}〉 (R,B) = {1, ∗,−1 | ∗} =

{1 | ∗}

• ΔR,B = 〈{x1, x2}, {y1}〉 (R,B) = {1 | 0} =
1

2
± 1

2

• ΔR,B = 〈{x1, y1}, {x2}〉 (R,B) = {−1, 0 | 1} = {0 | 1} =
1

2

• ΔR,B = 〈{x1, y1}, {x2}, {y2}〉 (R,B) = {−1, 0 | 1, 0} = {0 | 0} = ∗

• ΔR,B = 〈{x1, y1}, {y1, y2}, {y2, x2}, {x2, x3}, {x3, y3}, {x4}, {y4}〉
(R,B) = {−1, ∗, 0 | ∗, 1, 0} = {0, ∗ | 0, ∗} = ∗2

• ΔR,B = 〈{x1, y1}, {y1, y2}, {y2, x2}, {x2, x3}, {x3, y3}, {x4}〉 (R,B) =

{−1, ∗, 0 | ∗, 1} = {0 | ∗} =↑

• ΔR,B = 〈{x1, x2}, {x2, y1}, {y1, y2}, {y2, x3}, {y3}〉 (R,B) = {1, ∗,−1 |
∗, 0} = {1 | 0, ∗}

• ΔR,B = 〈{x1, y1}, {x1, x2}, {x2, y1}, {y2}, {x3}〉 (R,B) = {∗, 0 | 1, 0} =

{0, ∗ | 0} =↑ ∗



−1

−1

V ∩G2 = G2

G3

(R,B) ΔR,B =

〈{x1, . . . , xn}〉 n ≥ 0 (R,B) = n

n

n = 0 ΔR,B = 〈∅〉 (R,B) = 0

〈{x1, . . . , xn−1}〉 n− 1

ΔR,B = 〈{x1, . . . , xn}〉
〈{x1, . . . , xn−1}〉

(R,B) = {n− 1 | } = n

(R,B) ΔR,B

〈{x1, . . . , xm, y1, . . . , yn}〉.

(R,B) m− n

ΔR,B

ΔR,B = 〈{x1, . . . , xm, y1, . . . , yn}〉
= 〈{x1, . . . , xm}〉 ∗ 〈{y1, . . . , yn}〉.



(R′, B′) (R′′, B′′) ΔR′,B′ = 〈{x1, . . . , xm}〉
ΔR′′,B′′ = 〈{y1, . . . , yn}〉 (R,B) = (R′, B′)+ (R′′, B′′)

(R′, B′) = m (R′′, B′′) = −n

(R,B) = m− n

n ∈ Vk k

b̃(R,B) = dimΔR,B + 1 n |n|
n |n| − 1

n n − 1

ΔR,B = 〈{x1, x2, . . . , xn}〉 (R,B) = n

n n

n n

(R,B) dimΔR,B = n

n −n

n −n

n− 1 n− 1

(R,B) n (R,B) = {n− 1| }
(R,B) n+1 dimΔ = n (R,B)

n n − 1

(R,B) k

k − 2 Δ F n

F = {xi} ∪ F ′ 〈F ′〉 n− 1 〈F ′〉
n− 1



n n + 1

ΔR,B = 〈{x1, x2, . . . , xn+1, y1}〉 (R,B)

n

n ≥ n + 1

U =
{{x1, x2, . . . , xk+1}

} ∪ {{xi0 , xi1 , . . . , xin , y} | 1 ≤ i0, . . . , in ≤ k + 1
}

k ≥ n + 1 ΔR,B U ΔR,B

k (R,B) n

k ≥ n+1 k+1 ≥ n+1+1

{x1, . . . , xk+1} {xi0 , xi1 , . . . , xin , y} {x1, . . . , xk+1}
dim(ΔR,B) = k

(R,B) 〈{xi0 , xi1 , . . . , xin} | 1 ≤ i0, . . . , in ≤ k+1〉
n + 1

xk+1 Δ′ {x1, x2, . . . , xk}
{xi0 , xi1 , . . . , xin−1 , y} 1 ≤ i0, . . . , in ≤ k

(R,B)

(R,B) = {. . . {{k − 1− n|0}|1} . . . |n+ 1}.

(R,B) n n

n = 0 ΔR,B = 〈{x1, . . . , xk+1}, {x1, y}, . . . , {xk+1, y}〉
(R,B) = {{k − 1|0}|1} 0 k ≥ 1

j k ≥ j + 1

{. . . {{k − 1− j|0}|1} . . . |j + 1} = j

(R,B) = {{. . . {{k−1− (j+1)|0}|1} . . . |j+1}|(j+
1) + 1} k ≥ j + 2 {. . . {{(k − 1)− 1−
j|0}|1} . . . |j + 1} = j k − 1 ≥ j + 1 (R,B) = {j|j + 2} = j + 1



Δ

(R,B) U = {{x1, x2, x3}} ∪
{{x1, x2, y}, {x1, x3, y}, {x2, x3, y}} Δ U

y

x1

• y

• x2

{0 | 0} = ∗

x1 {∗ | 1}
(R,B) {{∗ | 1} | 2} = 1

n

n − 1 n n n − 1

n− 1 ∈ Gn \Vn

Vn n

1
2n

S1, S2, . . . , S2n {y1, y2, . . . , yn}

ΔR,B = 〈{x1} ∪ S1, {x2} ∪ S2, . . . , {x2n} ∪ S2n〉.

(R,B)
1

2n

n



n = 0 ΔR,B = 〈{x1}〉
(R,B) = 1

S ′
1, S

′
2, . . . , S

′
2n−1 {y1, y2, . . . , yn−1}
Δ′ = 〈{x′

1} ∪ S ′
1, . . . , {x′

2n−1} ∪ S ′
2n−1〉

1

2n−1

S1, S2, . . . , S2n

S2n = ∅ S1, S2, . . . , S2n−1 yn

〈S1〉 〈S2〉 . . .

〈S2n〉 〈S2n〉 = 〈∅〉
〈∅〉 0

yn 〈{x1}∪
S1 \ {yn}, {x2} ∪ S2 \ {yn}, . . . , {x2n−1} ∪ S2n−1 \ {yn}〉 1

2n−1

(R,B) =

{
0
∣∣∣ 1

2n−1

}
=

1

2n

a

2n
(R,B)

(R,B) =
a

2n

{a | b} a ≥ b

a b

a, b ≥ 0 (R,B) ΔR,B =

〈{x0, . . . , xa}, {y0, . . . , yb}〉 {a | −b}

a

a −b (R,B) {a | −b} =

a−b
2

± a+b
2

a, b ≥ 1

{x0, y0}



a b

0 ≥ a > b

a > b ≥ 0 (R,B) ΔR,B =

〈{x1, . . . , xa+1}, {x1, . . . , xb, y}〉 {a | b}

a

a = 1 b = 0 ΔR,B = 〈{x1, x2}, {y}〉
{1 | 0}

a > k > 0 j ≥ 0 ΔR′,B′ = 〈{x1, . . . , xk+1}, {x1, . . . , xj, y}〉
(R′, B′) = {k | j}

x1, . . . , xb x1

〈{x2, . . . , xa}, {x2, . . . , xb, y}〉 {a− 1 | b− 1}
xb+1, . . . , xa xa

〈{x0, . . . , xa−1}〉 a

〈{x1, . . . , xb}〉 b (R,B)

{{a− 1 | b− 1}, a | b} = {a | b}

〈{x1, . . . , xa+1}, {x1, . . . , xb, y}〉 = 〈{x1, . . . , xb}〉 ∗ 〈{xb+1, . . . , xa+1}, {y}〉

b

{a− b | 0}

b+ {a− b | 0} = {a | b}.

+n n

+0 = ↑

n (R,B) ΔR,B =

〈{y1, . . . , yn+1}, {x1, y1}, . . . , {x1, yn+1}, {x2}〉 +n



x1 〈{y1}, . . . , {yn+1}〉 −1

x2 0 −1

y1 〈{y2, . . . , yn+1}, {x1}〉
{0 | −n}

(R,B) {0 | {0 | −n}} = +n

V +1/2 +1/4

+(1/2)∗

∗n (R,B)

∗n
R

K1, K2, . . . , Kn B = Kn

∗n ∗0 = 0 ∗1 = ∗
n = 0

(R,B) = 0

j < n

K1, . . . , Kj Kj ∗j
B = Kn K1, . . . , Kn

Kl

K1, . . . , Kn Kn−l Kl+1, . . . , Kn

∗l (R,B) =

{0, ∗, . . . , ∗(n− 1) | 0, ∗, . . . , ∗(n− 1)} = ∗n



V

{a | b} a b +G

G

↑n ↑[n]
Gn

V G

−1
2

−1
2

{{ | 0} | 0}

{{ | 0} | 0}

{ | 0} 0

0

Gn \Vn

n− 1



G

LS(G) RS(G)

LS(G) =

⎧⎪⎨
⎪⎩
x G = x ,

max
GL∈GL

{
RS

(
GL

)}
;

RS(G) =

⎧⎪⎨
⎪⎩
x G = x ,

min
GR∈GR

{
LS

(
GR

)}
.



G H x

LS(G) ≥ RS(G)

LS(−G) = −RS(G)

RS(G) + LS(H) ≤ LS(G + H) ≤ LS(G) + LS(H) RS(G) + LS(H) ≥
RS(G+H) ≥ RS(G) +RS(H)

RS(GL) ≤ LS(G) GL LS(GR) ≤ RS(G) GR

G ≤ x LS(G) ≤ x

LS(G+ x) = LS(G) + x

G H G − H =

0

G H

LS(G−H) = 0 RS(G−H) = 0

G = 1 H = {1 | 1}
G−H = 1+ {−1 | −1} = ∗

H LS(∗) = RS(0) = 0

RS(∗) = LS(0) = 0 G H

−1



G t ≥ −1 G t

Gt

• n G n

• G̃t =
{
GL

t − t | GR
t + t

}
G t′ < t

G̃t′ x

• x G t′ < t G̃t′

x t′

t′ G̃t′

G B

t(G) t ≥ −1 Gt

t(G) < 0 t(G) = 0 t(G) > 0

Gt(G) G

m(G)

G

G G

G G

G LS(G) > RS(G)

G

a ≥ b G = {a | b} = a+b
2

± a−b
2

t(G) =

a−b
2

m(G) = a+b
2

G = {2 | −1} = 1
2
± 3

2
Gt = {2−t | −1+t}

t ≤ 3
2

t = 3
2

Gt =
1
2
+ ∗ 1

2

3
2

1
2

G = m
2n

t(G) = − 1
2n

m(G) = G

G = 1
2
= {0 | 1} Gt = {−t | 1 + t} t ≤ −1

2
t = −1

2



Gt =
1
2
+ ∗ 1

2
−1

2

1
2

Gt t ≤ t(G) G

t t(G)

G H

t(G+H) ≤ max{t(G), t(H)}.

G (LS(Gt), RS(Gt))

t G

LS(Gt) RS(Gt)

t

LS(G) RS(G)

t(G) m(G)



t

t

G = {{5 | 2} | {−2 | −3}}
G n

n {5 | 2}

5 4 3.5 3 2 1

1

1.5

2

3

4

0

{−2 | −3}

−1 −2 −3 −4 −5

0.5

1

2

3

4

0

G {5 |
2}
t {−2 | −3}

t

G



G

G

G C(G)= {x ∈ D : G �≷ x}

LS(G)−RS(G) �(G)

G H

�(G+H) ≤ �(G) + �(H).

�(G+H) = LS(G+H)−RS(G+H)

≤ LS(G) + LS(H)−RS(G)−RS(H)

= �(G) + �(H).



S S BP (S)

S

BP (S) = sup
G∈S

(t(G)) .

•

•
n n + ∗ n

•

•

{2∗ | −2∗} ±2



G

G G̃

t(G) = t(G̃)

G GL GR

t(G) = t({GL | GR})

Gt(G) G G

Gt(G) m(G)

LS(Gt(G)) = RS(Gt(G)) = m(G)

Gt(G) GL GR

GL
t(G) − t(G) GR

t(G) + t(G) t({GL | GR}) = t(G)

G (GL, GR)

G t(G) = t({GL | GR}) G̃ = {G̃L | G̃R} G̃L = GL

G̃R = GR G̃ G

G

G̃

G



G = {{{3 | 1} | 0}, {2 | 0} | {−1 | −2}} G̃1 = {{{3 |
1} | 0} | {−1 | −2}} G̃2 = {{2 | 0} | {−1 | −2}} G

G G̃

G = {{2 | −1}, 0 | {−2 | −4}} G

G G̃ = {{2 | −1} | {−2 | −4}}
G̃



G G̃

t ≥ −1 LS(G̃t) ≤ LS(Gt) RS(G̃t) ≥ RS(Gt) LS(G̃) ≤ LS(G)

RS(G̃) ≥ RS(G)

Gt G̃t t ≥ t(G)

t < t(G) LS(Gt) = maxGL

(
RS(GL

t )− t
)

LS(G̃t) = RS(G̃L
t )− t G̃L

G LS(G̃t) ≤ LS(Gt) RS(G̃t) ≥ RS(Gt)

t = 0

G G̃

�(G̃) ≤ �(G).

�(G̃) = LS(G̃)−RS(G̃) ≤ LS(G)−RS(G) = �(G).

t

G G̃ G t0 =

0, t1, t2, . . . , tk = t(G)

G̃

GL(i) = G̃L
ti
− ti RS(GL(i+1)) = RS(GL(i))

RS(GL(i + 1)) < RS(GL(i))

• ti RS(GL(i+ 1)) = RS(GL(i))

• ti RS(GL(i+ 1)) < RS(GL(i))



TL
vert =

∑
ti

(ti+1 − ti)

TL
obl =

∑
ti

(ti+1 − ti).

TR
vert TR

obl

TL
vert

t(G) TL
obl

G = {{{6 | 4} | {2 | 0}} | {{0 | −2} | {−4 | −6}}}
G

t0 = 0 t1 = 1 t2 = 2 t3 = 3

RS(GL(0)) = RS({{6 | 4} | {2 | 0}}) = 2

RS(GL(1)) = RS({3∗ | 1∗}) = 1

RS(GL(2)) = RS({1 | 1}) = 1

RS(GL(3)) = RS(∗) = 0

t0 = 0 t2 = 2 t1 = 1

TL
vert = 2− 1 = 1 TL

obl = (1− 0) + (3− 2) = 2.

TR
vert = 1 TR

obl = 2



±1

G G̃

TL
vert + TL

obl = TR
vert + TR

obl = t(G)

�(G̃) = TL
obl + TR

obl.

G G̃ G

t(G) ≤ �(H) +
�(G)

2

H = G̃L TL
vert ≥ TR

vert H = G̃R

TL
vert ≥ TR

vert

TL
vert G̃

G̃L TL
vert

TL
vert ≤ �(G̃L)

TL
vert + TL

obl = TR
vert + TR

obl TL
vert ≥ TR

vert

TL
obl ≤ TR

obl

2× TL
obl ≤ TL

obl + TR
obl = �(G̃) ≤ �(G)

TL
obl =

�(G̃)

2
≤ �(G)

2
.

t(G) = TL
vert + TL

obl ≤ �(G̃L) + �(G)
2



G

S J,K

G ∈ S �(G) ≤ K GL GR �(GL), �(GR) ≤
J
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