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Abstract

In this thesis we show how to locate the event horizons for five dimensional (5D)
stationary black holes. We present the Cartan algorithm in an arbitrary number
of dimensions and apply it in 4D and 5D. To facilitate the algorithm in 5D, we
classifiy the Weyl tensor using its boost weight decomposition. We also consider the
Lorentz frame transformations in 5D. We present the algorithm explicitly for the 4D
Kerr metric. For 5D, computations by hand are not feasible. Thus we show how
to perform the algorithm on Maple 2016 and illustrate it with four 5D examples:
the singly rotating Myers-Perry metric, the Kerr-NUTT-(Anti)-de Sitter metric, the

Reissner-Nordstrom-(Anti)-de Sitter metric, and the singly rotating static black ring.
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Chapter 1

Introduction

One of the most important questions in General Relativity is the following: given a
black hole (with mass, angular momentum, electric charge, etc.), how do you find
the event horizon? Sometimes knowing the metric of the black hole is not enough
to identify the event horizon. One way to locate it is to calculate a set of scalar
polynomial invariants (SPI) that vanish on the horizon. However, calculating such
invariants can be computationally challenging and the result can be a long expression

that is difficult to study.

Instead, one can use Cartan invariants. These can be found by applying the Car-
tan algorithm which reduces the Riemann tensor and its covariant derivatives into a
much simpler form that can then be used to locate event horizons. This has been

done successfully by the author and colleagues in [2].

In addition, because of advancements in higher dimensional theories of gravity
(such as String Theory), it is now becoming more important to be able to find event
horizons for black holes in dimensions greater than four (4D). Fortunately, the Cartan
algorithm works for spacetimes of any dimension [3] and there are tools such as boost
weight decomposition to extend the techniques used in 4D for finding event horizons
in higher dimensional black holes. We show in this thesis how to do this with the aid
of Maple 2016.

The focus of this thesis is stationary black holes in five dimensions (5D). We will
first review relevant background material. Chapter 2 gives a brief overview of the
material in differential geometry needed for this thesis. Chapter 3 reviews space-

time equivalence, the Cartan algorithm, and the classification of the Weyl tensor in
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5D. Then, we will briefly go over how the algorithm is done on Maple, as demon-
strated with four examples: the Myers-Perry metric, the Kerr-NUTT-Ads metric,

the Reissner-Nordstrom-Ads metric, and the rotating black ring.



Chapter 2
Review of Differential Geometry

2.1 Manifolds and Vectors

Before we begin, note that we will use the projection maps 7% : R™ — R for
k=1,...,m. We will also make extensive use of the Einstein summation convention.
Therefore, a'T/b; denotes "1 > i1 a’T/b;, where n is the dimension of the manifold

(defined next).

Definition 2.1.1. A topological space M is a n-dimensional differentiable man-

ifold if there exists a family of pairs {(U;, ¢;)} that satisfy the following:
1. U; is an open cover of M.
2. ¢; - Uy = R™ is a homeomorphic map.

3. Y(Us, ¢:), (Uj, ¢;) with U;NU; # O, the compositon map gbiogbj_l :U,NU; — U;NU;
and its inverse ¢;0 ¢ 1 U;NU; — U; NU; are C*.

We call the family {(U;, ¢;)} an atlas of M and each pair (U;, ¢;) a coordinate
system (or a coordinate chart). If, fork=1,... n, 7* : R — R is a projection

map, then the map z¥ = 7% o ¢; is called a coordinate.

In this text, we will refer to a differentiable manifold as simply a manifold. Also,
when we pick a single coordinate system, we will drop the subscript index and write

simply (U, ¢) and the corresponding coordinates as {z*}.

Definition 2.1.2. Let (a,b) be an open inteval with a < 0 < b and let M be a
n-dimensional manifold.. A smooth curve on M is a map X : (a,b) — M with
the property that for any coordinate system (U, ), the map ¢; o X : (a,b) — R™ is

differentiable in all orders.
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Definition 2.1.3. Let M be a n-dimensional manifold. A differentiable function
on M is a map f: M — R with the property that for any coordimate system (U, ¢),
the map fo¢~! : R" — R is differentiable in all orders. Denote C*°(M) to be the set
of differentiable functions on M.

Definition 2.1.4. Let M be a n-dimensional manifold and p € M. A map X, :
C*®(M) — R is called a derivation at p if it satisfies the following:

1. VaeRVf,ge C®(M) = X,laf + g] = aX,[f] + X,lg] (Linearity)

2. Vf,g € C*(M), X,[fg] = Xp[flg(p) + f(p) Xplg] (Leibniz Rule)

One can show that for any derivation at p, X,, and any constant a € R (which
can be regarded as an element in C*(M) by a(p) = a), we have X,[a] = 0. Note
that if (U, ¢) is a coordinate system of M with p € U and {z'} are the corresponding

coordinates, then we can define the coordinate derivations at p, {(:2),}, by:

(3) 1= 57 267y 21)

Note that the function f o ¢~! maps R" to R so the right-hand side of (2.1) is just
a partial derivative. Also each of the coordinates {z’} can be regarded as smooth

functions on the subset U C M. One can show that (%)p[xj] = 53 If there is no

confusion, we will use the notation (9;), to mean (%),

Theorem 2.1.5. Let M be a n-dimensional manifold and p € M. (A) The set T,,M
of derivations at p, called the tangent space at p, is a vector space with the following

definitions:
1. Addition: ¥X,,Y, € T,M,Vf € C*(M) = (X, +Y,)|f] = X,[f] + Y,[f]

2. Scalar Multiplication: VX, € T,M,Va € RVf € C*(M) = (aX,)[f] =
a(Xp[f1)

3. Zero Derivation at p: Define 0, € T,M with the property thatVf € C*(M) =
Op[f] =0

4. Inverses: VX, € T,M, define —X, € T,M with the property thatVf € C*(M) =
(=Xp)[f] = =(X,lf])



)
(B) If (U, ¢) is a coordinate system of M with p € U, then {(0;),} is a basis for T,,M.
The proof of (A) is straightforward so we will only prove (B).

Proof. First check for linear independence. Suppose that 0, = a*(9;), for some con-
stants a’ € R,5 = 1,...,n. Then 0 = 0,[27] = a/(9;),[27] = a0 = o/. Thus {(9,),} is

linearly independent.

Now we must show that {(9;),} spans T,M. Let X, € T,,M and define the numbers
X' = X,[z'] for i = 1,...,n. Claim: X, = X"(9;),. Recall from advanced calculus
that if FF: R" — R is C*° and a € R" then 4H; : R" — R which are C* Vi =1,...,n

such that:
oF

= gnile

Hi(a) (2.2)

and, for b € R™

F(b) = F(a) + (7' (b) — 7'(a)) H;(b) (2.3)
Let f € C°(M). Apply (2.2) to the map F = fo¢ ! and let a = ¢(p) and q € U
with b = ¢(q):

(food ™)) = (foo " )(a)+ (7'(b) — '(a)) Hi(b) (2.4)
= f(q) = f(p) + (2'(q) — 2'(p)) Hi(¢(q)) (2.5)

Apply X, to (2.5) and use the properties of derivations (we are fixing p) we get:
Xplf] = X[ f (D)) + X[ (q) — 2 ()} (Hi © ¢) 4= (2.6)

+(2'(q) = 2" (9))lg=p X, [Hi © ] (2.7)
f(p) is a constant so X,[f(p)] = 0. Also (z°(q) —2°(p))|4=p = ' (p) — ' (p) = 0. Thus:
Xplf1= Xp[xi(q) —a'(p)](H; o O)lg=p

= (X,[2'] = X" (0)) Hi(6(p))
= (X" = 0)Hi(a)

= X"%Mm by (2.2)
Xplf] = X' (00)f] by (2.1)

Thus X, = X*(9;), as claimed. Therefore {(9;),} spans T,M. O



Smooth curves on M can be used to define new derivations at p.

Definition 2.1.6. Let M be a n-dimensional manifold, p € M, and A be a smooth

curve on M with A\(0) = p. The tangent vector on M at p is the map Dy, :
C>®(M) — R defined by:
d(f(A(%)))

Dyylf] = BT |i=0 (2.8)

This map is a derivation at p.

The following theorem shows that tangent vectors at p and derivations at p are

the same thing.

Theorem 2.1.7. Let M be a n-dimensional manifold and p € M. VX, € T,M,3 a
smooth curve, \, such that A\(0) = p and D), = X,,.

Proof. Let (U, ¢) be a coordinate system of M with p € U and {x'} be the cor-
responding coordinates. Let a = (a',...,a") = ¢(p). Define X' = X,[z']. Then
X, = X"(9;),. Since ¢(U) is open in R™, Je > 0 such that the line [ : (—¢,e) = ¢(U)
defined by I(t) = (X',..., X™)t + a. Claim: The smooth curve we are looking for is
A=¢ 1ol

Note that A(0) = ¢7*(1(0)) = ¢~ (0 + a) = ¢~ *(a) = p. Now let f € C°(M).

po 1] - U0

a0
_ dlrle ),

dt =
o), dri),

omt W g =0
= @,

Diplf1 = (90, f1X*

Thus Dy, = X'(8;), = X,. 0O

2.2 Vector Fields and One-Forms

Definition 2.2.1. Let M be a n-dimensional manifold. A smooth vector field (or
derivation) is a map X : C*°(M) — C*(M) defined by p € M, f € C*(M) =
(X[fD(p) = X,[f] where X, € T,M.
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Definition 2.2.2. If O € M is any open set, we define the set X(O) of all smooth
vector fields on O.

Given a coordinate chart (U, ¢), we can define, for i = 1,...,n, -2 = 9; € X(0)

by (8:[f])(p) = (0:),[f] where p € M and f € C>°(M). Show that 9;[z7] = &/ If I is
an open interval with 0 € I and A : I — M is a smooth curve on M with A\(0) = p,
then we can define the vector field Dy € X(A(1)) by (Di[f])(p) = Dxplf]-

Theorem 2.2.3. Let M be a n-dimensional manifold and O € M open set. X(O) is
a C*°(M)-module with the following definitions:

1. Addition: XY € X(0),f € C*(M) = (X +Y)[f] = X[f] + Y[f]
2. Function Multiplication: X € X(0), f,g € C*(M) = (9X)[f] = 9X|f]
3. Zero Field: 0 € X(O) def by 0[f] =0 Vf € C®(M)

4. Inverse Field: YX € X(0), def —X € X(0) by (—X)[f] = —(X|[f]) Vf €
(M)

Let X : p — X,. How do we know if X is a smooth vector field? Take a coordinate
system (U, ¢) with coordinates {z'}. Then Vp € M, we know EIX;, ..., X} € Rsuch
that X, = X/ (9;),. We can define the maps X’ : p — X} so that X = X'0;. Thus if
X' ..., X" e C™(U), then X € X(U). If this is true for any coordinate chart, then
X € X(M).

Definition 2.2.4. Given X, Y € X(M), the Lie bracket is a map [X,Y] : C*(M) —
(M) defined by f € C*(M) = [X,Y][f] = X[Y[f]] = Y[X[f]].

Proposition 2.2.5. [X,Y] € X(M) for all X,Y € X(M) and satisfies:
1. XY, ZeX(M),acR = [aX +Y,Z]=a[X,Z] +[Y,Z]
2. XY € X(M) = [X,Y] = [V, X]

3. XY, Zex(M) = [[X,Y],Z] +[[,Z2],X] +[[Z X],Y] = 0



If X = X'0; and Y = Y0, then [X, Y] = X79,[Y] — Y79,[X"].

Every vector space V has a corresponding dual space V*. For p € M, we define
TyM = (T,M)* and call it the cotangent space at p. If (U, ¢) is a coordinate system
with p € U, we can define the dual basis {(dz*),} of {(9;),}. Thus (dz’),((9;)p) = 5.

Definition 2.2.6. Let M be a n-dimensional manifold. A smooth 1-form is a map
w:X(M)— C®(M) defined byp € M, X € X(M) = (w(X))(p) = wy(X,) where
wp € Ty M.

If (U, ¢) is any chart with coordinates {z'}, any smooth 1-form w can be written
as w = w;dz’ where wy, ..., w, € C®(M). We denote Q' (M) to be the set of smooth
1-forms. Like X(M), QY(M) is a C°*°(M)-module.

2.3 Tensor Fields

A review of tensors of vector spaces of finite dimension is presented in appendix A.
Since tangent spaces are vector spaces of finite dimension, we can define, for a n-
dimensional manifold M and a point p € M, the valence (r,s) tensor at p to be

an element of 7, 5 (T,M). This leads naturally to the definition of a tensor field.

Definition 2.3.1. Let M be a n-dimensional manifold. A smooth valence (r,s)
tensor field is a map T : [[_ Q' (M) x [[_, X(M) — C=(M) defined by p €
M,wy,...,w. € (M), Xy,..., X, € X(M) =

(T(w1s -y wr, X1y, XG))(0) = Tp(Wips -y Wrpy Xip, - -, Xsp) where T, € T (T,M).
The set of smooth valence (r,s) tensor fields is denoted by T, (M) and we also let
Too.0) (M) = C=(M).

We can naturally extend all of the tensor operations defined in appendix A in a
natural way. The only major difference is that scalar multiplication of tensors at a
point p € M now becomes function multiplication on tensor fields. From now on, we

will refer to tensor fields as simply tensors, unless there is the possibility of confusion.

Given a coordinate chart (U, ¢) with coordinates {x'}, a tensor can be written in

the form 7' = T%%2"; . 0, ® - ®0;, @ dz” @ -+ @ da?s where Th?2; . . €



C>(M). If {y'} is another coordinate system, then:

aykl aykr ale ax]s
Bzds it Pair gyl T Byl

Tklbmkrlllz...ls — Tzlzz...zr

2.4 Differential Forms

There is a special subset of the valence (0, s) tensors. We call these differential forms.

Definition 2.4.1. A k-form is a valence (0, k) tensor T € T (M) such that AT =
T. The set of k-forms is denoted by QF(M).

Note that O-forms are just elements of C*°(M) and 1-forms defined above are
the same as the 1-forms defined in section 2.2. Consider this as an extension of the

definition of a 1-form.

Definition 2.4.2. If w € QF(M),v € Q{(M), we define wedge product (or exte-
rior product) of w and v to be w Ay = A(w @ ) € QA+ (m).

Proposition 2.4.3. For differential forms w € QP(M),3 € Q4(M),y € (M) and
feC>®(M):

1L (fw+B)Ay=(AY)f+BAY.

2. wAy = (=1)Py ANw (Wedge products are anti-commutative)
3. wAw=0. (A consequence of property 2)

4. WAB)ANy=wA(BNy) (Wedge products are associative)

Property 4 of proposition 2.4.3 gives us the freedom to write the wedge product

of multiple differential forms w1, ...,w, as w; Awy A - -+ A w, without parentheses..

Proposition 2.4.4. If M has dimension n, w € Q¥(M) can be written in the form
w = wp, qgdz A Adzt for 0 <k <nandi; <iy <--- <ig. Thus Q¥(M) has

the dimension (”

k) and no non-zero k-forms exist when k > n.

Definition 2.4.5. An exterior derivative is a map d : Q¥(M) — QF1(M) that
satisfies the following:
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1. If f € C°°(M), then df is defined by X € (M) = df(X) = X|f].
2. we QM) = d(dw) =0
3 weQ(M),ye W(M) = dw+7v) =dw+dy
4. weQF(M),ye QM) = dlwAv) =dwAvy+ (—1)"w Ady
Proposition 2.4.6. The exterior derivative is unique. Also if w = w[ilmik]dx“ JARRRWA
dz®, then dw = %dxa Adxt A - Adai

Definition 2.4.7. The interior product is a map v : X(M) x QP(M) — QP~Y(M)
defined by w € QP(M),Y, X1,..., X1 € X(M) =
(Lyw)(Xl, Ce 7Xp—1) = (JJ(Y, Xl; e ;Xp—l)~

2.5 Maps between Manifolds

For this section, assume that M is a m dimensional manifold and N is a n dimensional

manifold. Also let h: M — N.

Definition 2.5.1. h is C™ if for any coordinate charts (U,¢) on M and (V,1) on
N, the map H =1 oho¢ ! :R™ — R" is C. If in addition h™' exists and is also

C®, then h is a diffeomorphism.
For the next 3 definitions, assume that h is C*°.

Definition 2.5.2. If f € C®(N), then h*f = foh € C®(M). This new map
h* : C®°(N) — C>(M) is called the pullback. If h is a diffeomorphism, h, =
(h=1* = (h*)~! exists and is called the pushfoward.

Definition 2.5.3. If X € X(M), define h.X € X(N) by f € C®(N) — (h.X)[f] =
X[h*f]. This new map h, : X(M) — X(N) is called the pushfoward (of vector
fields). If h is a diffeomorphism, h* = (h™1), = (h,)™" ezists and is called the pull-
back (of vector fields).

Definition 2.5.4. Ifw € Q' (N), define h*w € Q'(M) by X € X(M) = (h*w)(X) =
w(h,X). This new map h* : QY(N) — QY(M) is called the pullback (of 1-forms). If
h is a diffeomorphism, h, = (h™1)* = (h*)~! exzists and is called the pushfoward (of
1-forms).
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The definitions of pullback and pushfoward can only be extended to arbitrary

tensors if h is a diffeomorphism.

Let {z'} be coordinates of M and {y'} be coordinates of N. Given a C* map
6.? Define h' = y'oh €

C>®(M). Then (h.2%) [y7] = 32 [h*y] = 325y o h] = 8}”. Thus:
Lo _awo
Oxt Oxt Oy

The notation

8 Dpt

h*dy' =

oxJ
Proposition 2.5.5. Let S,T be tensors, f € C°(M), and h be a diffeomorpism.

The following are true when well-defined:
ho(fS+T) = (hyf)(hS) + b, T
2. h(S®T)=h.S®hT
3. ha( @iy (T) = €y (haT)

Similar rules apply to h* as well.

2.6 Flows and Lie Derivatives

Definition 2.6.1. Let p € M and X € X(M). An integral curve of X at p is a
smooth curve X : IX — M (IX is an unknown open inteval with 0 € LX) such that

A0) = p and Dxxq) = Xaqp), Vt € ]g(.

Given coordinates {z'} of M, how do we find \? Let X = X'0; and define
Xi(t) = X'(A\(t)). Also let p' = 2'(p) and N = 2’ o \. Thus Dy o) = Xp —

dcﬁi (t) = X'(t). Thus we must solve the following system of n differential equations:

d)\it :Xlt
ar (1) ) fori=1,...,n (2.9)

A(0) =p'

IX. Note 0 € TX.

For the following, let IX = mpGM P
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Definition 2.6.2. Let X € X(M) and t € I. The flow of X by t is a C* map
¢+ M — M defined by ¢X(p) = \(t) where )\ is the integral curve of X at p and
given by the solution of (2.9).

Proposition 2.6.3. ¢ is a diffeomorphism ¥Vt € I* and:
1. ¢of =id
2. <Z5§( © (bf( = 3X+t
3. % = (¢7)
We call {¢X},c1x a one parameter group of diffeomorphisms.

Definition 2.6.4. Let X € X(M). The Lie derivative along X is a map Lx :
Tirs) (M) = Tirs) (M) defined by:

— d X
T € Tis (M) = LxT = & (%), T

Proposition 2.6.5. Let X € X(M) and S,T be tensors of any order. The Lie

derivative satisfies the following:

1. Lx(S+T)=Lx(S)+ Lx(T)

2. Lx(S@T)=Lx(S)®@T+5S® Lx(T)

3. Lx (€ (T)) = iy (Lx(T))

4. W(LxT) = Lpx(h*T) for a diffeomorphism h
Some special cases:

1. For a function f € C*(M), Lx(f) = X[f].

2. For vectors X,Y € X(M), Lx(Y) = [X,Y].

3. fwe QP(M) and X € X(M) then Lxw = d(txw) + tx(dw). This is known as

Cartan’s formula.
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2.7 Brief overview of Lie Groups

Definition 2.7.1. A Lie Group is a differentiable manifold G with a binary map
G x G — G, (91,92) = G192, a element e € G, and a map ' : G — G, g — g~' that
satisfy the following:

1. (G,-,e,7') is a group where e is the identity element and ~* denotes the group
1muerse.
2. For a fized g € G, the map p — pg is a diffeomorphism.

3. For a fized g € G, the map p — gp s a diffeomorphism.

4. The map ~! is a diffeomorphism.

Definition 2.7.2. Let M be a n-dimensional manifold and G be a Lie group. An
action of G on M is a map 0 : G X M — M that satisfies:

1.peM = o(e,p)=p

2.peM, g1,90 € G = 0(91,0(92,p)) = (9192, D)

Definition 2.7.3. Let M be a n-dimensional manifold, G be a Lie group, and o be an
action of G on M. If p € M, define G(p) = {q € M|3g € G such that o(g,p) = q},
called the orbit of p by o.

Definition 2.7.4. Let M be a n-dimensional manifold, G be a Lie group, and o be
an action of G on M. If p € M, define H(p) = {g € G|o(g,p) = p}, called the
isotropy group of p.

Theorem 2.7.5. Let M be a n-dimensional manifold, G be a Lie group, and o be an

action of G on M. ¥p € M, H(p) is a subgroup of G and is a Lie group.
For the special case that G = R, we can define the following:

Definition 2.7.6. Let M be a n-dimensional manifold and o be a group action of R
on M. The infinitesimal generator of o is a vector field X7 € X(M) defined by:

fec>M),pe M = X°[fl(p) = %&tp))ho (2.10)

Note that in a local coordinate system {x?} and for € > 0, 0%(¢, p) = p* + €(X])* +
O(e?). Thus (Xg)* = ey
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2.7.1 Examples

Rotations in R?: Trivially, the real numbers, R, is a Lie group with the addition op-
eration. We can define the rotation about the origin to be the map R : R x R? — R?
by Ry(a,b) = (acos(d) — bsin(),bcos(#) + asin(f)). It is easy to show that R is an
action on R? by R. The origin is unaffected by any rotation and thus H((0,0)) = R.
For any other point (a,b) # (0,0), we have H((a,b)) = {27n|n € Z}. Orbits are
circles: G((a,b)) = {(c,d) € R?|c* + d* = a* + b*}

Translation in R™ by two fized elements: The set R? is a Lie group with the addition
operation (a,b) + (¢,d) = (a+ ¢, b+ d). Pick two points p,q € R". We can define the
translation map T : R* x R™ — R" by T{,4)(z) = « + ap + bg. This map is a group
action on R" by R?. For # € R", the orbit G(z) is the 2D hyperplane spanned by
the elements p and ¢ shifted by x. The isotropy group is just H(x) = {(0,0)},Vx € R™.

Flows: For a n-dimensional manifold M and a vector field X € X(M), the flow of
X can be regarded as a group action on M by R provided that /X = R. Given a
point p € M, the orbit G(p) is the integral curve of X at p and thus can be found by
solving (2.9). The isotropy groups will depend on the nature of X.

General Linear Groups: We define the general linear group GL(n,R) to be the set
of n x n matrices whose elements are real numbers and have a non-zero determinant
(i.e. they are invertible). It can be shown that this is a Lie group with respect to
matrix multiplication. Here are some special subgroups of GL(n,R) that are also Lie

groups:
1. Orthonormal Group O(n) = {M € GL(n,R)|M*M = MM* = I,,}
2. Special Linear Group SL(n,R) ={M € GL(n,R)|det(M) =1}
3. Special Orthonormal Group SO(n) = O(n) N SL(n,R)

We can define the group action ¢ : GL(n,R) x R" — R™ by the matrix-vector multi-
plication in Linear Algebra: o(M,p) = Mp.
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Lorentz and Poincaré Groups: This is similar to general linear groups and will be

discussed in more depth in section 3.3.

2.8 Covariant Derivatives and the Riemann Curvature Tensor

Before we continue, let us adopt a common notation for partial differentiation. Given

a coordinate system {x'} of a m-dimensional manifold M, we will now denote the

action of a?ci with a comma followed by the index. For example, if f € C*°(M), then
abdc
% = f; and if T“bdcef is some tensor then 6T87€f = Tabde i

We would like to be able to ’differentiate’ a tensor. This can be done in R" in a
natural way, but not for a general manifold. To see why let us look at vectors as an
example. Let X|Y € X(M). Say we want to 'differentiate’ a vector field Y at p € M
in the direction of X. Pick a small number € > 0 and let g(¢) € M be another point
€ away from p in the direction of X. To calculate the 'derivative’ of Y at p along X,

we write the following:
iy Ya© — Yo
e—0 €

We can see that this expression makes no sense. The vectors Y, and Y, are in two

different tangent spaces.

The only way to define a ’derivative’ operator on a tensor in any manifold is to

add some extra structure to the manifold.

Definition 2.8.1. Let M be a n-dimensional manifold. An affine connection
(or connection) is a map V : X(M) X Trs) (M) = Tirs) (M) with the following

properties:
1. XeX(M), feC®(M) = Vxf=X|[f]
2. X,Y € }:(M),f c COO(M),T S 7Zr75) (M) - Vx+fyT =VxT+ nyT

3. X eX(M),S € Tpg(M), T €Tpsy(M) = Vx(SQT)=(VxS)®T +
S® (VxT)

JoX € X(M),T € Ty (M),i = 1,..1j = 1,....s = VxCau(T) =
Ciig) (VxT)
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We call VxT the covariant derivative of T along X with respect to V.

Proposition 2.8.2. Let M be a n-dimensional manifold and ¥V be a connection.
1. XeX(M),feC®M), T €Tpe (M) = Vx(fT)=X[fIVxT + fVxT
2. XY e X(M),w e QM) = X[wY)] = (Vxw)(Y)+w(VxY)

Let {2} be a coordinate system of M. Then there exists a set of functions
I'*;; € C*(M), called connection coefficients, such that Vy,0; = I'*;;0,. If {y*}
is another coordinate system which induces the connection coefficients I'°y;, (note the

choice if indices), then using the properties of a connection:
¢ = ycykxi,ax{bl—‘kij + yc,la:m@(ml,b),m (2.11)

Thus connection coefficients are not the components of a type (1,2) tensor.

Let X = X%0; € X(M). Using the definition of connection coefficients:
Vo, X = (X' + T X") 0; (2.12)

We denote X' ; = X ; 4+ I';;. X* (note the semicolon). Similarly, for w = w;dz?, we

can use proposition 2.8.2 to show that:
Va].w == (wm - ijiwk) dJ]Z (213)
We denote w;;; = w; j — ijiwk. We can generalize to any tensor. We get:

T g = T g g+ DT 5050, (2.14)
+ FiZleill."irjle---js
+ ...
+ Firleilhn.ljljzu-js
. FlkleiliQ.“irle‘..js
- FlkngiliQ.“ilel.“js

I rpivig..i
— I, T " i1 gand

(2.15)
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ajas...a _ ,a a a j j j k 1192...1
Note that T2y 4 boe = Y 3 Y2 4y oo YO 4 T 4 92 gy ooy % T2 5 50 ke

This can be regarded as a new (r,s + 1) rank tensor, denoted by VT

We can now describe how to compare two tensors at different points on a manifold.

This leads to a notion of the ’straightest” possible line on a manifold.

Definition 2.8.3. Let T' be a tensor and X be a smooth curve. If Vp,T =0 for all
points on X\, then T is parallel to ).

Definition 2.8.4. Let p € M, X be a smooth curve with A\(0) = p and T,, be a tensor
at p. The parallel transport of T, along X is the tensor field T' that is parallel to A
and equals T, at p.

Definition 2.8.5. A geodesic on M is a smooth curve pu whose tangent vector is

parallel to itself (i.e. Vp,D, =0).

If {2} are coordinates of M and u’ = ' o u, p will be a geodesic if it satisfies the
following system of ODEs:

dPp(t) | dpd (t) dpt(t)
dt2 dt dt

I =0 (2.16)

We will now define two important tensors that describe the geometric properties

of the manifold.
Definition 2.8.6. The torsion tensor is defined by T, = I — T

This tensor describes the failure of the commutativity of the affine connection. A

connection is symmetric if 7%, = 0.

Definition 2.8.7. The Riemann Curvature Tensor (or Riemann Tensor or

curvature tensor) is defined by R'jp ="y — T+ T g — D™ T

This is the most important tensor in this thesis. It describes the failure of a vector to
remain the same once parallel transported along a small closed curve. It also describes

how two nearby geodesics that are initially parallel deviates from one another.
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2.9 Riemannian Geometry

Definition 2.9.1. A pseudo-Riemannian Manifold is a manifold with a rank

(0,2) tensor g, called the metric tensor, that satisfies the following:
1. XY e X(M) = ¢g(X,Y) =gV, X)
2. 9(X,Y)=0foral X e X(M) = Y =0

The components of g with respect to a coordinate system are given by g;;. Prop-
erty 1 implies that g;; = g;; and property 2 implies that g;; as a matrix is invertible.
We denote the inverse of this matrix as ¢ (so that gYg;, = d5). We also define
the scalar g = det(g;;) # 0 (the distinction between the tensor g and the scalar g is
determined by what context it is being used). Note that we can also define a rank
(2,0) tensor g~' that behaves like the metric tensor for 1-forms and its components

are g“. We call this new tensor the inverse metric.

The metric tensor and the inverse metric define two maps. The first is the rais-
ing operator R : T -ir; . v T0-irit, . = gikpi-in . .. The other is the
lowering operator L : T, . vy Titwir-1, o = g, Tk, o . Note that

R'=Land L7! =R,

The reason for the name metric tensor is that it gives a notion of the distance

along a curve. If A\ : I — M is a smooth function, then f[ \/|gA(t) (DA(t),D)\(t)) |dt

is a metric function. We can use this formula to reparametrize with respect to the

arc-length parameter s(¢) such that dd—‘z = \/|g)\(t) (D,\(t),D)\(t)) |. This leads to the

arc-length notation for a metric ds? = g;;dz’da?. We use this notation often in this

text to define a metric tensor.

A n-dimensional Riemannian manifold (M, g) is flat if there exists a coordinate
system {z’} such that g;; = £1 and g;; = 0 whenever i # j. In particular, we define
the Minkowski metric 1 to be n; = —1, 9 = 1 for ¢ = 2,...,n and n;; = 0

whenever i # j. More on this metric in section 3.1.

Metric tensors induce a 'nice’ affine connection:
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Theorem 2.9.2. Let (M, g) be a n-dimensional Riemannian manifold. There exists

a unique affine connection V, called the Levi-Civita connection, that satisfies:

1. V is symmetric (and thus the torsion is zero.)
2. Vg=20

The connection coefficients of this connection are given by:
i L
Uik = 59" (ks + gjtk = i) (2.17)

It is convenient to define Ty = 3 (g + jik — Gjka) S0 that T = ¢"'T . Given
vectors X, Y € X(M), property 2 implies ¢,(X,,Y,) is the same for any point p € M.
Einstein’s theory of General Relativity requires this particular choice of connection
for reasons that will be clear later. There are other theories of gravity that require a
different connection, but we will not consider such theories in this thesis. From now

on, we will fix the connection to be the Levi-Civita connection.

In a n-dimensional Riemannian manifold with the Levi-Civita connection, only
the Riemann curvature tensor Rijkl describes the intrinsic geometry of the manifold.
At first glance, there are n* independent entries, but in fact there are much less. The

curvature tensor has some nice properties when we set Rk = gim 2" 11

Riji = —Rijix (2.18)
Rijiy = —Rjin (2.19)
Riji = Ryij (2.20)

In addition, we have the Bianchi identities:

R'ju + R'y; + R'jx = 0 (First Bianchi Identity) (2.21)
R jktom + R jimk + R jmia = 0 (Second Bianchi Identity) (2.22)

These properties reduce the number of independent components of the Riemann ten-
sor t0 Npiem(n) = $n?(n? — 1). Table 2.1 shows the the values of Ngjen(n) for
n = 1,2,3,4,5. Note that Ngjen(1) = 0 which means that all 1-dimensional mani-

folds are flat. Ngjen(2) = 1 means that only one component of the Riemann tensor
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NRiem (n>
0
1
6
20
50

Uk W N — |3

Table 2.1: Table showing the number of independent components of the Riemann

tensor in a Riemannian manifold. Here n is the dimension of the manifold and
1

Nriem(n) = 5n*(n* — 1) is the corresponding number of independent components.
is required to describe 2-dimensional manifolds (and can be related to the Gaussian
curvature from elementary geometry). In General Relativity, n = 4 and hence there
are 20 components that must be found. In this thesis, we are interested in 5D mani-

folds and hence we are looking for 50 components.

We can define three special tensors from the Riemann tensor. The first is the
Ricci tensor R;; = Rkikj. This is a symmetric tensor. The second is the curvature

scalar R = g R;; and the third is the Weyl tensor (for n > 4):

1
Cijrl = Rijia + p— (Rirgji — Rjkga + Rjigi — Rugk) (2.23)
(n — 2)(n — 1) Gik9j1 — GilGjk

The Weyl tensor shares the same symmetric properties as the Riemann tensor in
addition of being traceless (i.e. if C"j5 = ¢ Chjnt, then C™" gy = C™ iy = C™ o, =
0). Note that (2.23) says that the the components of the Riemann tensor can be

written in terms of the components of the Ricci and Weyl tensors.

2.10 Isometries and Killing Vectors

Definition 2.10.1. Let (M, g) and (N,g) be two pseudo-Riemannian manifolds. A
map h : M — N is called an isometry if it is a diffeomorphism and h*g = g. We

say M and N are isometric if there exists such an isometry.

We are interested in the case where N = M. We say that two metrics g and g on

M are equivalent if there exists an isometry h such that h*g = g.
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How to find all possible isometries of g7 One way to find them is to find Killing

vectors:

Definition 2.10.2. Let (M, g) be a pseudo-Riemannian manifold. A Killing vector
is a vector & € X(M) such that the flow of & by t, ¢%, is an isometry Vt € R.

Proposition 2.10.3. Let (M, g) be a pseudo-Riemannian manifold. £ € X(M) is a
Killing vector if and only if Leg = 0. With the Levi-Civita connection, we also have
the following, called the Killing equation, to hold true:

(€a)o+ (Ep)a =0 (2.24)

One can use equation (2.24) to find a local basis of Killing vectors. As an example,
for the simple 2D Euclidean space (R? §) with Cartesian coordinates (thus ds? =
da? + dy?), the set of Killing vectors are linear combinations of 9, (translations in
the a-direction), 0, (translations in the y-direction), and z0, — y0, (rotations about

the origin).

2.11 Non-Coordinate Bases

So far, we have used the coordinate basis as our local frame, but this is not the only
option available. If we have a n-dimensional pseudo-Riemannian manifold (M, g), we

define a non-coordinate basis {e,} C X(M) such that Vp € M:
(€a)p = €7 (P)(Da)p  €,"(p) € GL(n,R), (2.25)
gp((€a)ps (e0)y) = €, (p)ey (D) gas (P) = as (2.26)

We call the functions e,* the zweibein (if n = 4, then it is called vielbeins). Their

inverse is denoted by e?,. This gives us the following relation:
o = €€ 3Map (2.27)

This allows us to transform any vector X € X(M) as follows:
X*=X%" X*"=e" X° (2.28)

To transform any one-form, define {e”} to be the dual basis of {e,}. Then we can

show that e = e dz® and hence for any w € Q'(M):

“ We = €, Wy (2.29)

Wq = Wee?,



22

Note that g = nue® ® e®. The Lie bracket [e,, €] is not zero since {e,} is not a

coordinate frame. We denote [e,, ep] = C e..

How do the Christoffel symbols in the new non-coordinate frame relate to the

those on the ccoordinate frame? Let:
Ve.e = apec
Compare this with Vg 05 = I'7,30, we get:
T = e e,*((€,") . + ¢, T 7ap) (2.30)

We can write the torsion and curvature tensors in the non-coordinate frame in terms

of the Christoffel symbols in the same frame:

Tacb = Fa[bd - Cabc (231>
Ryea =T e =T pa + TapIce =T qe — CqlM e (2.32)

We now define the following one-forms: The first is the connection one-forms:
w“b = Fabcec (233)

(Do not let the placements of the indices mislead you. These are indeed one-forms

and there are at most n? of them.) Next is the torsion two-form:
T = T%.e’ A e° (2.34)
and finally, the curvature two-form:
R% = R%.q¢° N €° (2.35)

To find the forms 7 and R, given the frame {e*} and the connection one-forms, we

can use the Cartan Structure equations:
T =de® +wi A el (2.36)

R% = dw® + w® A w%, (237)
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By applying the exterior derivative to (2.36) and (2.37), we obtain the non-coordinate

version of the Bianchi identities:

AT + W'y AT" = R% A€ (2.38a)
dR) + W NR% — R*. Nw, =0 (238b)
In the special case where we have the Levi-Civita connection, the torsion vanishes

and we have C%. = I'%. — I'*y. We also have wy, = —wpe. (2.36) reduces to

de® = —w? A e’ which can now be used to find w?, more efficiently.



Chapter 3

More Background

3.1 Brief Overview of General Relativity

General Relativity (GR) is currently the most accurate model of gravity we have.
It proposes that our universe can be modelled by a special kind of pseudo-Riemannian
manifold to be defined shortly. While there are theoretical reasons to suggest that
GR can not describe everything in our universe (such as the behaviour of gravity at
atomic scales), so far GR agrees with all experimental and astrophysical observational
tests within uncertainties. To understand GR, we must briefly first look at Special

Relativity (SR).

SR is a model of space, time, and the motion of particles and light when no gravity

is present. The fundamental postulates of SR are:

1. The laws of physics are the same in all frames where the observer experiences

no forces.

2. The speed of light ¢ is the same in all frames.

This tells us that SR can be described by a flat pseudo-Riemannian manifold called
a Minkowski manifold. An observer is an inertial observer if he experiences no
forces. He can define a frame by placing rulers at 90 degree angles and hold a stop-
watch. His metric tensor will be the Minkowski metric 7,,. Another inertial observer
will have a different inertial frame but his metric will still be the Minkowski metric.

Thus the two frames are related by an element of the Poincare group.

GR is modelled by a more general Lorentzian metric. A Lorentzian metric
(or a spacetime metric) is a pseudo-Riemannian manifold (M, g) where Vp € M,
I{x*} coordinates such that gu,(p) = 74. This means that GR reduces to SR locally.

We will refer to such manifolds as spacetime manifolds or just spacetime. If M

24
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is n-dimensional, we traditionally index components by 0,1,2,...,n — 1 instead of
1,2,...,n. The 0 index is often referred as the time components and the others the

spatial components.

In this manifold, light will travel along curves with ds®> = 0 (called null curves)
and matter (with mass) will travel along any curve where ds? < 0 at each point
along the curve. Such a curve is called a worldline or a timelike curve. If this
line is a geodesic, the matter experiences no forces other than gravity, which is now

incorporated into the structure of the manifold.

One law of physics we would like GR to be consistent with locally is the law of
conservation of energy-momentum. This law can be described by the tensor relation
T, = 0 where T is the energy-momentum tensor. Comparing this to the Einstein

tensor, we get the Einstein-Field equations:
Gap = 87T, + gabA (31)

where A is a constant, called the cosmological constant.

3.2 Event Horizons and Stationary Horizons

When we think of black holes, we imagine objects in space whose gravity is so strong
that light close to the object cannot escape its gravitational pull. We can make this
intuitive notion of a black hole more precise by looking at the properties of null curves

in the vicinity of a black hole.

Definition 3.2.1. A spacetime manifold (M, g.p) contains a black hole if there exists
a region R € M such that every null curve inside R never reaches spatial infinity in

its future. The boundary of such a region is called the event horizon.

(A more precise definition of black holes in terms of Penrose-Carter diagrams can be
found in [4])

In this thesis, we will only be concerned with black hole spacetimes that are
asymptotically flat or (anti)-de Sitter. We will also only be looking at stationary
black holes:
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Definition 3.2.2. A stationary spacetime is a spacetime (M, gup) with a timelike
Killing vector field (i.e, a vector field § such that £°¢, < 0 and Leg = 0). A sta-
tionary horizon is a spatial submanifold N C M of a stationary spacetime that is

tangent and null to the timelike Killing vector.

In [5] it is proven that event horizons of stationary asymptotically flat black holes
must be stationary horizons, but stationary horizons are not in general event horizons.
Thus theorem B.0.1 in appendix B can be used to locate all possible candidates for

event horizons locally.

3.3 The Lorentz Group

For this section, we will first assume we are in a flat n-dimensional Minkowski manifold
(R™, map). What is the set of all Killing vectors on this manifold? We need to solve
equation (2.24) with the metric 7. This reduces to X, + Xpo = 0. One set of
solutions are the basis vectors themselves 9,. The other set of solutions are z?0y+x°0;
fori=1,...,n—1, and 279; — 2'9; for 0 < i < j < n. These vectors generate the

Poincaré group:

1. Translations: % = z* + v*,v* € R"

2. Time Reversal: ° = —2°, #* =2' fori=1,...,n —1
3. Spatial Reversal: 7° = 2°, 7' = —ai fori=1,...,n — 1
4. Boost: 7° = cosh(t)2® — sinh(t)z*, z¥ = —sinh(t)2°® + cosh(t)z*, ¢ = 2' for

teR,i=1,....n—1and i # k.
5. Spatial Rotations: z° = 2°, ' = A;-xj fori,j=1,...,n—1and Aj» € SO(n—1).

We are only interested in the isotropy group of the Poincaré group since we want to
define similar group transformations on a more general Minkowski manifold. We call
this subgroup the Lorentz group, and it consists of all of the group transformations
of the Poincaré group except for translations. We want to restrict the Lorentz group

further by not including time and spatial reversals. This new subgroup is usually
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called the restricted Lorentz group but we will simply refer to it as the Lorentz group.

We can simplify the operations of the Lorentz group on tensors if we change our
frame to one of the following special types of non-coordinate orthonormal frames.
These special frames {e,} have the property that the norm of two of the n vectors
are zero. Hence these are called null frames. We denote [ and n to be the two null
vectors (so 1%, = 0,n%n, = 0,1°0, = 1,n%, = —1) and m’ for i = 2,....,n — 1 are
the orthonormal spatial vectors (I%(m?), = 0,n%(m?"), = 0, (m*)*(m?), = §*). In five

dimensions, the Lorentz frame transformations in this new frame are as follows:

Boost: [=X, n=X"n, m"=m" (3.2)
Null Rotations about I: =1, n=n+zm" — azjzjl, m'=m'—zl (3.3)
Null Rotations about n: [=1+2zm' — %zjzjn, n=mn, m=m'—zn (3.4)
Spatial Rotations: I=1, n=n, m"=Am where A} € SO(n—2) (3.5)

When we move to a more general spacetime manifold, we can apply the Lorentz
transformations (equations (3.2-3.5) for n = 5) locally to find isotropies of this man-
ifold. How to do this and how it relates to finding stationary horizons is the subject

of the next few sections.

3.4 Local Equivalence of Spacetimes

Given two Riemannian manifolds (M, g) and (M, g), how can we determine if they
are locally isometric? (i.e, whether there exists a diffeomorphism h : M — M such
that h*g = g7). One way to find out if an isometry exists is to analyse the frame
transformations in a coordinate neighbourhood. [6] gives a necessary condition, which
uniquely defines a field of one-forms {e”, w%} given by equation (2.33). Given a point
p € M and a coordinate neighbourhood {U, ¢ = (z)} of p, we pick an orthonormal
non-coordinate basis {e,} and then calculate the curvature two-forms using the Car-
tan Structure equations (2.36, 2.37) with 7% = 0. These equations imply that the

curvature components must be locally equal.
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If we want a sufficient condition, [6] says we must take repeated exterior deriva-
tives of R% until no additional functionally independent quantities arises. If the two
manifolds are locally equivalent, they must have the same number of functionally
independent invariants called the rank k. If the dimension of the manifold is n, then

k <n and if k < n, Killing vector fields exist.

Since we assume our manifold is a spacetime manifold, we have the following result

[6]:

(dR)abcd = Rabcd;fef + Rebcdwea + Raecdweb + Rabedwec + Rabcewed (36)

This shows that repeated exterior differentiation of Rg.u.q is equivalent to repeated
covariant differentiation. Thus a metric is locally characterised by its Riemann tensor
and a finite number of covariant derivatives of the Riemann tensor. We thus denote
the set R? by {Raped, Rabedsf - - - » Rabed:f1 fo...5,} Where ¢ is the order. If p is the last
order at which a new functionally independent quantity arises, then RP*! = RP. Thus

we must find RP™!. This can be done by the Cartan algorithm.

3.5 The Cartan-Karlhede Algorithm and Cartan Invariants

We summarise the algorithm for a spactime of arbitrary dimension n from [3] and
apply it in this thesis for n = 4 in chapter 4 and n = 5 in chapter 6. A rigorous ex-
planation of the Cartan algorithm involves frame bundles, which is outside the scope
of this thesis. We want to reduce the set of nonzero invariants as much as possible by
expressing the Riemann tensor and its covariant derivatives into a canonical form and
only allow frame changes that do not change the curvature tensors. The resulting set
RPT! are called Cartan scalars or Cartan invariants. We will then show how to

use the invariants to find stationary horizons

We begin by putting the Weyl tensor into a canonical form. Then, if possible, we
use any residual frame freedom to put the Ricci tensor R,, = R, into a canonical
form. The Riemann tensor can be written in terms of the Weyl and Ricci tensors,
where many black hole solutions are in vacuum (which implies R,, = 0) so this way
is easier. This gives us RY. To get R', we calculate the first covariant derivatives of

the Weyl and Ricci tensors and fix the new set of invariants. We repeat for R?, R3,
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. until no new frame freedom and functionally independent terms occur.

We state the Cartan algorithm here as presented in [3]:

1. Set the order of differentiation ¢ to 0.

2. Calculate the derivatives of the Riemann tensor up to the ¢** order.

3. Find the canonical form of the Riemann tensor and its covariant derivatives.

4. Fix the frame as much as possible using this canonical form, and note the resid-
ual frame freedom (the group of allowed transformations is the linear isotropy
group H,). The dimension of H, is the dimension of the remaining vertical

freedom of the frame bundle.

5. Find the number ¢, of independent functions of space-time position in the com-
ponents of the Riemann tensor and its covariant derivatives, in the canonical

form; this is the the remaining horizontal freedom.

6. If the isotropy group and number of independent functions are the same as in
the previous step, let p+ 1 = ¢, and the algorithm terminates; if they differ (or
if ¢ = 0), increase ¢ by 1 and go to step 2.

We can now characterize the n-dimensional spacetime manifold by the canonical form
used, the successive isotropy group, the number of functionally independent invari-
ants at each order, and the values of the non-zero Cartan invariants. If there are t,
essential spacetime coordinates, the other n —t, coordinates can be ignored. Thus the
dimension of the isotropy group of the spacetime is s = dim(H,,), and the dimension

of the isometry group is 7 = s +n —t,,.

We can compare two spacetime manifolds by comparing discrete properties such
as the sequence of isotropy groups or number of functionally independent invariants
at each order. This can be used to prove inequivalence; however this is not enough
to prove equivalence. We need both of the discrete sequences for each metric match,

so that we can compare the forms of the Cartan invariants relative to the same frame.
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For the purposes of finding stationary horizons, it is not necessary to complete the
full Cartan algorithm. Once the zeroth order is completed, we can use a generalization

of Theorem B.0.1 in appendix B presented in [2] to find the stationary horizons:

Theorem 3.5.1. Let (M, g) be a spacetime manifold with a local cohomogeneity k and
which contains a stationary horizon. Let CV) ... C®) be the functionally independent
Cartan invariants of M and assume dCY, ..., dC®) is well-defined. If W = dCW A
dCP A~ AdC®) | then at the stationary horizon:

1 {67 NN e
W2 = 205, 5 g™ g™ % c..chol). .ch =o (3.7)

Once the stationary horizons are found, we manipulate the zeroth and first order
Cartan scalars so that they also identify the same stationary horizons. If they do not,
we try to manipulate the first order Cartan invariants, then the second order and so

on until we have an invariant that identifies the stationary horizons.

3.6 Algebraic Classification of Spacetime

We would like some useful information on the Weyl and Ricci tensors if we are to
put them into canonical form at the zeroth order of the Cartan algorithm. One such
piece of information is the algebraic classification of the curvature tensor. Algebraic
classification of spacetimes has been a vital tool for studying four dimensional space-
times [6]. We only need to be concerned about the Weyl tensor’s classification if the

Ricci tensor is zero or trivial.

In 4D, there are many tools available for us to classify spacetimes algebraically
(e.g. null vectors, 2-spinors, bivectors, SPIs). Generalizations of these approaches to

higher dimensions exist [7, 8], but each approach gives a distinct classification [8, 9.

We will use the most well-studied approach [7, 10, 11]. We pick a null frame:
{I,n,m'}, i=2,...,n—1 (3.8)

thus 1%, = nng = 0, 1% = 1, (M%) ,(m?)* = §. We then look at the null compo-

nents of the Weyl tensor and study how they are affected by a local Lorentz boost:

0= M\, n— An, m; — m; (3.9)
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In general, relative to the basis {#*} = {l,n,m'}, the components of an arbitrary

tensor of rank p transforms under a boost as follows:

P
/ _\b _ E
Talag...ap = N2 apTalag...apa balag...ap - (6ai0 - 5ail)
i=1

where g4, is the Kronecker delta. The boost weight (b.w) of the frame component
Taras...a, is the value by, ...q, .

We can use the b.w. decomposition [8, 12, 1] to classify the Weyl tensor. By the
symmetries of the Weyl tensor, components of b.w. £4 or 43 vanish. The remaining

components satisfy:

baw. 1: 00101‘ = OOjij;7 baw. —1: ClOli = Oljij
bw.0: 200(2-]')1 == Oz @'k? QOQWH = —O()h'j, 200101 == —Oijij == QCOih-.
This gives us a way to classify spacetime manifolds of arbitrary dimension [8, 12, 1].

It can be shown that this reproduces the Petrov classification for 4D spacetimes.

For a given null frame {6*} = {I,n,m'} and a tensor T, denote the boost order
br(l) to be the largest possible boost weight of T" for the frame {#*}. The boost
weight only depends on the null vector [ since it is invariant under any Lorentz frame
transformation that leaves [ fixed. For the Weyl tensor, |bo(l)| < 2. We define a
Weyl alligned null direction (or WAND) to be a null vector such that when
used as part of a null frame, b < 1. The number of possible WANDs determine the
classification of the Weyl tensor [7, 11, 13, 14]. Define ¢ = min;(bc(1)). We say that
the Weyl tensor is of type N if ( = —2, type Il if { = —1, IT if ( = 0, type I if
¢ =1, and type G if ( = 2. If, in addition to ¢ = 0 there is more than one WAND,
then we denote the alignment type as D instead of II.

If we know in advance the algebraic classification of a given Weyl tensor, we can



b.w. | Constituents Weyl tensor Components

+2 Hz COin = Hz

+1 TAlij, @z C()ijk = 2(51[317]@] + ’flil(fljk
Coioi = —20;

0 | S5y w, R CYy=40" 8 + 1Ro" 67,
Chioj = Mij = —55; — R0y — seipw”
Coij = Aij = erw”

Coior = —%R

—1 Nij, U Clijk = 251[]{%] + ﬁiZEUk
Cro1i = —20;

-2 H;; Ciinj = Hyj
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Table 3.1: Constituent parts of the 5D Weyl tensor [1]. Here €, is the alternating
Levi-Civita symbol for the three dimensional transverse space.

find the Weyl Aligned Null Directions (WANDs) using the following [3]:

lblcl[CCa}bc[dlﬂ =0+ [ is a WAND, at most primary type L.

lblCC’abC[dle] =0+« ¢ is a WAND, at most primary type II.
I°Capefale) = 0 <= £ is a WAND, at most primary type III.
[°Capeqg = 0 < 1 is a WAND, at most primary type N.

When using the Cartan algorithm, we choose to use a null frame with WANDs.

This way, the Weyl tensor is simplified in this frame and it is easier to check for

isotropy. In particular, if the b.w. 0 components of the Weyl and Ricci tensor are the

only nonzero components, we can conclude that there is a boost isotropy.

Table 3.1 shows all of the b.w. components of the Weyl tensor in 5D and its smaller

constituent parts [1]. This table can help identify any possible isotropy at zeroth order

(especially spatial rotations and boosts). We can apply Lorentz transformations to

simplify the smaller constituents and put the Weyl tensor in a canonical form. Some

constituents are vectors and matrices, which give geometric information that can be

used in the Cartan algorithm.



Chapter 4

The 4D Kerr Metric

As a simple example to illustrate the Cartan algorithm to detect stationary horizons,

we will apply it to the 4D Kerr metric.

4.1 Kerr Metric using Cartan Invariants

We will demonstrate the Cartan algorithm by applying it to a simple example: The

four-dimensional Kerr metric in Boyer-Lindquist coordinates {t¢,r,0, ¢} is given by:

2Mr — 1% — a? cos® 2Mrasin®
ds2:( r—1r?—a’cos e)dtQ—( rasin 9>dt®d¢

r2 4+ a2 cos? 6 r2 + a2 cos? 6

oM rasin? 2 .20 .2
_ (—msm g)dgzﬁ@dt— ( acos’f —r >d7“2+(7“2+(l200829) dp? (4.1)

r? + a? cos? 6 2Mr — a? —r?
sin? § (2Mra? cos? 0 — a® cos? 0 — r2a® cos? 0 — 2Mra® — a*r? — rt) di?
r? 4+ a? cos? 6

where M is a mass parameter, and a is a rotation parameter. We will use the following

null frame:

r? + a? cos® 0 o
(=dt — (2Mr—a2 —?"2) dr + asin® 0d¢, (4.2)

22 .2 2 9
. 2Mr —a* —r dt—ldr— asin® @ (2Mr — a* — r?) db.
2(r? 4 a®?cos? ) 2 2(r? 4 a®cos?0)

(_ 1v/2a sin 6 >dt+ <\/§ 7“2—|—a200829)>dt+ <1\/§(a2+r2)sin9> a6,

(
2(r +1acosf) 2(r+1acosf) 2(r+1acosb)
(

_ (_ 1v/2a sin 0 )dt— <\/§ r2—|—a200829)>dt+ <1x/§(a2+r2)sin6) n

2 (1acos@ —r) 2 (1acos@ —r) 2 (1acos — 1)

m

3l

We begin at zeroth order. We simply calculate the Riemann tensor in the above
frame. Since we are in 4D, we can apply the Newman-Penrose (NP) spinor formalism
2] to find the NP curvature scalars. It turns out that the Kerr black hole only has
one nonzero curvature scalar:

v,— M (4.3)
(acosB +ir)
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We can use U5 to define a simpler invariant:

C, = (Z\I%) (4.4)

and then take the real and imaginary parts of this invariant to get the following two

real valued invariants:

Re(Co) =~ 5=, Tm(Ch) =~ (4.5)

These are functionally independent of each other. Thus ¢ty = 2. Since we have put
the Weyl spinor in the canonical form, which only has boost weight zero components,
we can refer to the transformation laws in chapter 7 of [6] to find the isotropy group.
Only null rotations change the form of the Weyl spinor whereas spatial rotations and

boosts do not. Thus dim(Hy) = 2.

We now go to the first order of the 4D Cartan algorithm. We compute the covari-
ant derivative of the Weyl spinor. [15] gives the following components of the Weyl

spinor:
3M
(quj)go/ = PRV
(acosb + ir)
3 V2Masin 6
(D'W)3p 1= —— (4.6)
2 (acos +ir)
3 V2Masin @
(Dl\IJ)Ql/ = = - RV
2 (acosf —ir) (acos +ir)
3 2Mr —a? —r*) M
(D'0)z0 = ( : ) —
2 (acos® —ir) (acosf + ir)
where D! is used to denote the first covariant derivative. Since p, p’ = —pu, 7, and
7 = —7 are all non-zero, the Kerr metric is a type D vacuum spacetime in case

IIT of [15]. We can use the following NP curvature scalars (p, i, 7, 7), which can be
expressed as ratios of the first and zeroth order Cartan invariants, to fix all remaining
isotropy at first order. We follow the recommendation given in [15] by setting the
boost such that |p| = |p/| and the spatial rotations such that either 7 or 7’ is a real
number. We will fix both at » = 1 and ¢ = 0. We thus have no more isotropy
and hence dim(H;) = 0. Note that it is possible to express (4.6) locally in terms of
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(4.3) and thus we do not find any new functionally independent invariants. Therefore

t; = 2. Since dim(H;) # dim(H,), we advance to the second order.

In order to calculate the second covariant derivatives of the Weyl spinor, we refer

to formulas (4.3a") — (4.37") of [15]. We obtain the following non-zero components:

(D*V) 0y (D*W)2ry (D*W) 30y (D*W) 3119

(D*W) 52y (D*W) gy (D*W)arry (D*W)(az)

We trivially have dim(H;) = 0 since we have fixed our isotropy at first order.
Also these components are functionally dependent on (4.3) therefore to = 0. Since

dim(H,) # dim(H,) and ty = t;, the Cartan algorithm terminates.

We can apply theorem 3.5.1 with J; = Cy and Jo = 2(D'W¥)3,,C3 /3. In order for
[|dJy AdJs||* = 0, we require that r = M ++/M? — a2 and r = M ++/M? — a2 cos? 0,

which are the inner event horizon and the ergosphere, respectively. The ergosphere

is not a stationary horizon. Thus theorem 3.5.1 may give extra horizons that are not

stationary.

4.2 Kerr using Scalar Polynomial Invariants

Calculations of the scalar polynomial invariants (SPIs, see appendix B) for the Kerr

metric were done in [16] where the following Invariants were defined:

I = CClpeq

Iy = C**Cypeq

I3 = CClrpee

I = C*abcd;ecvabcd;e (4.7)
Is = (I1).a(11)*

Is = (I2).(12)*

Ir = (I)ia(L2)*
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where C*%*°d is the hodge dual of the Weyl tensor. For the Kerr metric, I;, I, and

I3 were found to be:

CABMP(y — )y + ) = dry + ) (7 + dry + yP)

I —
1 (r2 + 42)6
I 2304 M?ry(r? — 3y?)(3r? — y?)
(r2 + y2)6
T20M?
I3 = —(72 e (r* + 4rdy — 6r%y® — 4ry® + ")

(r* — 43y — 6r%y? + 4ry® + ") (2Mr — 1% — y?)

where y = acosf. [16] then defines @); and @) as follows:

1 (I} - 1)1 — I) + AL LI
3v3 (12 + 13)5
1 Ll — I2
Q=m0 s
27 (11 +]2)2

Q1=

Substituting (4.8) into (4.9), we get:

(r? — a® cos® 0)(r* — 2mr + a® cos? 0)
m(r? + a2 cos? 0)3/2
a?sin? 0(r? — 2mr + a?)
m2(r? 4+ a? cos? 0)

Q1=

Q2 =

(4.8)

(4.9)

(4.10)

(1 vanishes at the event horizon and ()5 vanishes at the ergosphere. Hence the reason

that the authors of [16] defined @, and Q-

Therefore, SPI can be used to find stationary horizons. But simply calculating

contractions of the curvature tensors does not in general give invariants that vanish

at stationary horizons. One must perform algebraic manipulations of the calculated

invariants to then obtain the desired ones that do vanish at the horizons. One can

use theorem B.0.1 as a guide to know where the horizons are. SPIs also require more

computational time for more complex black hole metrics.



Chapter 5

Methods

For five-dimensional spacetimes, performing the Cartan algorithm by hand is not
feasible. We thus use Maple 2016 in order to apply the Cartan algorithm on a
computer. For each given spacetime manifold, we define its coordinates using the
'DGSetup’ command and then input the metric tensor. We then insert the WANDs
(or evaluate them if they are not known) and build a null frame from the WANDs
using the Gram-Schmidt orthogonalization algorithm. From here, depending on the
complexity of the WANDs, we can take two approaches to evaluate the Weyl and

Ricci tensors (and their derivatives) in this null frame.

5.1 Maple Frame Data

Maple has a command called 'FrameData’ that takes as input a frame and then al-
lows for direct computation of any tensors in the frame using the results from section
2.11. Thus by inserting a null frame with WANDs, the Weyl and Ricci tensors are
calculated using the Cartan structure equations (2.37) and then put in a form where
we can check for isotropy. At zeroth order, we can directly calculate the quantities in
Table 3.1 and study there properties to find any invariance under boosts and spatial
rotations. In the first three examples in chapter 6, doing so will reduce the isotropy

group to be one-dimensional.

At higher orders, in order for implementation in Maple, we can define a valence
(1,1) tensor A% (t) that induces one of the ten infinitesimal Lorentz transformations
(3.2 - 3.5) with ¢ a small arbitrary parameter (¢ = z for null rotations, ¢ = A for
boosts, and t = 6 for spatial rotations). An arbitrary (0,n) tensor T}, 4, 4, transforms

infinitesimally as follows:

37
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Ta’laé...a;l (t) = Talaz...anAa/l (t)Aa? (t) c. AZZ (t) (51)

ay ay

This applies in the first three examples as we have reduced the isotropy group down
to one dimension. As a computational approach, to check for any isotropies, we apply
5.1 to the Weyl and Ricci tensors and their covariant derivatives and then check if
%Tag db...l, (t) = 0. If true, then Ty 4, 4, is infinitesimally invariant with respect to
the frame transformation A. If this is true for the curvature tensors up to differenti-
ation order p, then A is part of the isotropy group of order p. In order to check for
functional independence, we use the algorithm presented in Appendix C where we
build a list of the nonzero components of the Weyl and Ricci tensors and reduce it to

a list of only functionally independent components.

One advantage of using ’FrameData’ is in its simplicity. However, depending on
the complexity of the WANDs, it can be computationally challenging. For such cases,
the zweilbeins method is recommended. We should also note that there is a Maple
package that can be used to determine isotropy directly, but it is computationally
more efficient to instead fix the curvature tensor in a canonical form with WANDs to

find isotropy (especially in 5D).

5.2 Zweibein

Instead of having Maple calculate all quantities in a given null frame, we stay in the

coordinate basis and calculate the zweibein e, using equation (2.25) as a valence

(1,1) tensor in Maple. We then directly compute the Weyl and Ricci tensors in the
null frame by applying:

Clobed = Cagﬁﬂgeaaebﬁec"’ed‘s (5.2)

Ra, = Ragee,” (5.3)

To apply these equations in Maple, we calculate the Weyl and Ricci tensors in the

coordinate frame and then repeatedly apply a tensor contraction command. We can

then check for isotropy and functional independence in a similar way to the 'Frame-

Data’ method.



39

One advantage to this method is that it is computationally simpler for spacetime
metrics with complicated WANDs. However, it has problems when computing higher

order derivatives (even for simple black holes).



Chapter 6

Examples

6.1 The Singly Rotating Myers-Perry Metric

The singly rotating Myers-Perry metric can be regarded as an 5D extension of the
4D Kerr metric and was first introduced in [17]. Note that since this is a vacuum

solution, the Ricci tensor is zero. We will use the form given by [18]:

, — ) R? 2 2
ds™ = =/ 7, (@ + Bve(l+y)dy)" + o lle = D1 =) (1 —vy)dy
(6.1)
R L S G Y do” +(1+2)(1 - vr)dg?)]

(1+y)(1 —vy) (1 —2?)(1 - va)

[18] shows that this black hole is of type D and gives the WANDs for this metric:

B 1 vyr —y+vr+1—2vy _
b o (R V) (63

- \/ e (o )

In order to get a null frame, we first define the following ’placeholder’ frame

{L4,L_,0y,0,,04} and then apply the Gram-Schmidt algorithm to turn it into an
orthonormal null frame. The WANDs are simple enough to apply the 'FrameData’
method for computing the Weyl tensor, but we also used the vielbein method as well

for comparison.

For the zeroth iteration of the Cartan algorithm, we obtain 10 nonzero components

40
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of the Weyl tensor:
(x —y)*(dvr + v — 3)

1 1 (z —y)*Vv(z+1)(1 —va)
Cross = 503041 = —504031 = - (y — 12R?
r—1y)?v+1
Cao21 = —Cs3p = Clogn = —( 4(yy_) 1()2R2 ) (6-3)

r—y)?Q2ur+v—1
Cs031 = Cyoa1 = ( izy(_ 1)2R? )

(r —y)?(4ve + 3v — 1)

04343 = - 4(y _ 1)2R2

However all of these components are functionally dependent on any two independent
components (say, for example, Cjg19 and Coge1). Thus tg = 2. Only components with
zero boost weight do not vanish. This is to be expected since the metric is of type D
and we used both WANDs. Spatial rotations about mgs do not change the components

of the Weyl tensor. To see why, consider the matrices defined by the constituents in

Table 3.1:

1 (z— )Q(V—l
=V 0 0
O — 1 (z—y)*(2vatv—1) 1y (1—vz)(v)(z+1)(z—y)?
Mij = Chioj = 0 IR T PR
0 1 v/ (1—vz) (V) (z+1) (z—y)? 1 (z—y)?(uz4v—1)
2 (y—1)2R? 4 (y-1)%R?
(6.4)
0 0 0
_ _ v (1—va)(v)(a+1) (z—y)?
A =Couj = | 0 0 T (6.5)
V/ (—vz)(v) (a+1) (z—y)?
0 - (y—1)2R? 0
2(z—y)? (Bve+v—2)
Eyy—l)QR2 0 0
xr— 2 vrx—+v—
S, = 0 (e ovy=t) 0 (6.6)
(z—y)2(bvz+v—4)
0 0 y(yfl)QRQ

Since A;; = €;w”, rotations about w? = m? do not change A;;. And since M;; =

—58i; — R — %Aij, it follows that M;; is unaffected by spatial rotations about m;.

Therefore dim(H,) = 2.

For the first order of the Cartan algorithm, we obtain 83 nonzero components

of the first covariant derivative of the Weyl tensor. Though they are too numerous
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to list here, we note that they are all functionally dependent on the following two

components:
C _ _3\/5(21/:)34—1/—1)($—y)5/2\/(1—yx)(yy—1)($_1)
1010;0 4 Vv +1(y —1)3R3
(6.7)
C :_11/<6V$+V—5)($_y)5/2\/(,1'—1)($+1)(1_|_y)
1010;3 2 Vv 4 1(y — 1)3R3

We have displayed Cp10,0 and Cipi0,3 since they can be used to build a dimensionless
event horizon detecting Cartan invariant. However, these components are functionally
dependent on any two functionally independent zeroth order invariants found earlier
and thus t; = 2. We also now lose invariance under a boost. Using (5.1), we find
that all Lorentz transformations affect Cypege. Therefore dim(H;) = 0. The second
order does not introduce any new functionally independent invariant. The secondary
order Cartan invariants are important for classification of spacetime manifolds, but
are not relevant for our interests (which are to detect event horizons) and thus are

not shown. Thus ¢, = 2 and dim(H;) = 0 and the algorithm terminates.

Define J; = CopegC®% and Jo = ClpegCef C? of Using Theorem 3.5.1 with
W =dJ; AdJsy, we get:

IW2(y — )**R* = 25920%(1 4 y)(z + 1)(z — 1)*(1 — va)(1 — vy)(z — y)2(v + 1)3
(8v%2% + 8%z + 3% — Svx — 2v + 3)? (6.8)

There are many solutions to ||[IW||> = 0. However, the only solutions that are sta-
tionary horizons are x = 1/v and y = 1/v. Note that Cigip,0 already detects both
horizons. We get similar results when using SPIs. We could define J; and J; using
the Weyl tensor in the original coordinate basis and then find ||W][?> to use theorem
B.0.1. We get the same ||[IW||? as in (6.8) and thus get the same horizon z =y = 1/v.
However, the evaluation of J; and J; are much more difficult as the Weyl tensor is

more complicated in the coordinate basis.
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6.2 Kerr-NUTT-(Anti)-de Sitter Metric

The Kerr-NUTT-Ads metric is also of type D. Referring to [19], we will use the metric:

ds? = % + % +Q (AW + 42deh) + Qa (AP 4 2%dyt)? (6.9)
1

O [dy® + (22 + y?) dyt + a?y2dy?]”

where Q; = X1/ (y? — 2?), Q2 = Xo/ [2% — v*], X1 = 12 + oz — ¢o/2? — 20y, and
Xy = c1y? + eyt + co/y — 2bs.. ¢g, c1,Co, b1, by are free parameters, which are related
to the rotation parameters a, as, the mass and NUT parameters M;, M5, and the

cosmological constant parameter g as follows:

co = —aja;
c1 =1+ g*(al +a3) (6.10)
¢ =—g"

1

2(% + a2 + a%a§g2) M,,p=1,2

Note that this metric is Wick-rotated and thus the null vectors are complex. However
the components of the curvature tensor and its covariant derivative are still real-
valued.

First define an orthonormal frame:

VQ:2
¢ = /O (10 + y*dy) (6.11)
V Qi (dY° + 22dyt)

[dwo (2”7 +y*) dv! + 2°y*dy?]

Then, according to [20] and [13] the frame with the two WANDSs are simply {n, [, m?, m3, m?},

where
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We will use the 'FrameData’ method for this metric. Using this frame, we get the

following non-zero components of the Weyl tensor:
2((132 + 3y2)(bl — bg)

C p—
110 (x —y)*(r+y)?
1 8ixy(by — by)
01032 - 502031 - (.’L' —_ y)3(ﬁC + y)3

2(2z* + y*) (b1 — bo)

(z—y)?(z+y)

2(322 + y?)(by — bo)
(z—y)?(z+y)
2(by — bg)

(z —y)*(z +y)?

Any of the above components are functionally dependent on a choice of two compo-

(6.12)

C'2021 = C'3031 =

C(3232 = -

C14041 = _04242 = _04343 =

nents. Thus ¢y = 2. All components are of boost weight zero and they do not change
under a rotation about mj;. To see why, either we can use (5.1) or note the following

matrices as defined by Table 3.1

2(a:2+y2)(b1—b2) —4imy(b1—b2) O
(z—y)3(z+y)? (wQ—y);’(Hy)?’
My=Cus= | ooty e O (6.13)
—2(b1—b2)
0 0 (z—y)3(z+y)?
8ixzy(b1—b2)
0 e
Aij = Couij = % 0 0 (6.14)
0 0 0
8(z%+4y?) (br—b2)
(EEmEEmE v 0
Sij = 0 AP Cte) 0 (6.15)
0 0 16(2°+2y%) (b1 —b2)

(z—y)3(z+y)?
Since A;; = eijkwk, rotations about w* = m* do not change Ai;. And since M;; =

—58ij — cRé;j — %Aij, it follows that M;; is unaffected by spatial rotations about ms.

Thus dim(H,) = 2.

At first iteration, we have 105 components, but they are functionally dependent
on the chosen two at zeroth order. Thus t; = 2. The following invariant detects an

event horizon at X5 = 0:
12iv/2(by — by)yXa(2? + y?)
(x +y)>(z —y)°

(6.16)

Cio100 = —
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We lose independence under a boost and rotation about ms (this can be verifyed by
(5.1)), by setting Cp101.1 = 1 and Cia12.4 = 0. Therefore dim(H;) = 0. The algorithm
would carry on for one more iteration, since t; =t = 2 and dim H; = dim H, = 0.

However, we will omit these details.

Define J; = CopegC®% and Jo = ClpegCef C? of Using Theorem 3.5.1 with
W =dJ; AdJsy, we get:
44530220924928x%y% X X (by — by)*°
(x —y)*(x +y)*
We detect the stationary horizon when X; = 0 or Xy = 0, which are sixth degree

IWl* = (6.17)

polynomial equations in terms of x and y, respectively. Note that Cigio,0 already
detects the horizon Xy, = 0. Like in the case of the singly rotating Myers-Perry
metric, ||[IW||? can be found using SPIs, but the form of the Weyl tensor in the

coordinate basis make it computationally more difficult to find ||[I¥]|? in this manner.

6.3 Reissner-Nordstrom-(Anti)-de Sitter Metric

From [21] the metric for the 5D Reissner-Nordstrom-(Anti)-de Sitter spacetime is:

dr?

f(r)

where dSj5 is the line element for the unit 3-sphere and f(r) is the function

ds® = f(r)dt* + + 72dSs (6.18)

fry=1-"-_2" _*_ (6.19)

0_ 1 [ar
e =/f(r)dt, e oL
e =rdf, e =rsin(0)dp, e'=rsin(f)sin(¢p)dw; (6.20)

m® =e’,m’>=e’,m* =e’. (6.21)

In this frame, [ and n are WANDs. Thus the metric is of type D and hence the

curvature tensor is invariant under a boost. Note that this metric is not a vacuum
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spacetime. Therefore, we must compute both the Weyl and Ricci tensors. The
simplicity of the metric allows us to use the 'FrameData’ method. The nonzero

components are:

Rgy = 202000 - gy, = 2AHIOT | — 9.3 4 (6.22)
Coio1 = 3Chi1i = —3Csji5 = %Wn—g5y7 i,j =2,3,4,1# J. (6.23)

We can show that all these terms are functionally dependent on just Ry;. Thus ¢y = 1.
Referring to table 3.1, we find that the matrix A;; is zero and M;; is diagonal with
M;; = Coin;. We conclude that the Weyl tensor is also invariant under all three spatial
rotations. A simple calculation shows that this is also true for the Ricci tensor, Thus

Continuing the Cartan algorithm, we compute the covariant derivative of the Ricci

and Weyl tensor:

8Q? 6(8Mr2—15Q2)6r* 2
Ro1,0 = —4Ry;; = —SMT2CE15Q2'> Roiq = 4Ry = — (BMr 38) rine

Coro1;0 = —3Coi1i0 = 3Ciji5:0 = 1,

8Mr2—15Q2)6r4
Coro1;1 = 3Coiin = —3Ciji51 = —Z%( - T% LuatiGo (6.24)
4Mr?—5Q?
Cor0ii = —2C0i5;5 = _gm
2_ 2\ @4 2_rn2
COlli;i _ 2011‘1‘]‘;]‘ _ (8Mr?—15Q )61;1];('r)(4MT 5Q%)

We lose invariance under a boost, however the spatial rotations are still in the
isotropy group. Hence dim H; = 3. Also all of these terms are a function of Ry,
and hence t; = 1. At second order, it can be shown that dim H, = dim H; = 3 and
to = t; = 1 and therefore the algorithm terminates. We will omit the nonzero second

order Cartan invariants.

To apply theorem 3.5.1, we simply use J = CypcaC?. We get:
32
1J])? = W(_zr‘* +12M7? + 15Q%)? (6.25)

(—2r* 4+ 24M7r? + 45Q%)*(r°A — 6r* + 12M7* + 6Q?)
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We thus find three candidates for stationary horizons: —2r* 4+ 12M7r? + 15Q?% = 0,
—2r* 4+ 24Mr? 4+ 45Q* = 0, and 79A — 6r* + 12Mr* + 6Q% = 0 (or f(r) = 0). The
stationary horizon is f(r) = 0. Many of the Cartan invariants found, such as Ro.1,
detect this horizon. Finding the SPI that detects stationary horizons in this example
takes less time than doing the same in the last two examples thanks to the symmetries
in the Reissner-Nordstrém-(Anti)-de Sitter metric. But using Cartan invariants is still

more efficient.

6.4 The Singly Rotating Black Ring (Static) Metric

The rotating black ring metric was discovered by [22]. However, we will refer to the

form of the metric given by [18]:

@2:—2%%Qﬂ+R¢EX1+wd¢Y
g | (G ) < PO (g + Fyee)|

where F(§) = 1 — X and G(£) = (1 — €%)(1 — v€). Note that this metric reduces
to Myers-Perry when A = 1. This metric is of type I,. The WANDs of the rotating
black ring are much more complicated to find and beyond the scope of this thesis.
However, [18] gives a procedure where we denote a null vector {* = («, /3,7, d, €) and

then use the following equations to solve for «, [, 7, d, and e:

lol* =0 (6.27)

prelee,, 1 = o (6.28)

[18] obtained a set of polynomials in terns of «, 3, v, d, and € in which we can solve
and store in Maple. Due to the computational complexity of the WANDs, we resort
to the zweibein method to compute the Weyl tensor. The components of the Weyl

tensor are also large and are thus not presented in this thesis.
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For illustration here, we will only consider the static case v = 0. In this case,

e =0 and  and ~ are related by [18]:

Mz? = 1)z — 1D + A2 - Dy — )Mz — 1)5?
+ A A (@ +y) [Me(ay — 1) +1—2%] + (z — y)*(2 = N?) (6.29)
+2(Az — 1) 4+ 2zy(1 — \y)}

a and J are then given by:

o2 = PyOy =120z — 1) + 5(1 = Ay)]
(z -y —1)(* - 1)
B —Az) [y(z* — 1) + B(L — y?)]
(y? = D(2? — 1)

(6.30)

5 =

(6.31)

Without loss of generality, we can set § = 1 and use (6.29) to solve for . We then
use (6.30) and (6.31) to find o and 6. Let L = (o, 1,7,6,0) and N = («, 1,7, —9,0).
By choosing a null frame with [ ~ L and n ~ N, we find that all components of the
Weyl tensor with b.w. 42 are zero. This confirms that the static black ring is of type
I;.

Comparing our results with Table 3.1, in our case the matrix A;; is zero and the
matrix M;; is diagonal. So at first glance it seems that the Weyl tensor has significant
rotation isotropy. However the spatial rotations affect the forms of Cyy¢; and Cyg1; and
we can choose rotations so that Cyi02 = —Cio12, Co10z3 = Cio13, and Cy104 = Cio14 = 0.
Hence there is no isotropy. Thus dim(Hy) = 0 and ¢y = 2. The Cartan algorithm

thus terminates at the first order.

As before, we define J; = ClpeqC®? and Jo = ClpegC*ef O of- We then calculate
[|W|? = ||dJy AdJs||? = 0. The result is too complex to explicitly show here, but the
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solutions to ||[W|[> = 0 are:

r=y (6.32)
r=1 (6.33)
y=1 (6.34)
y =00 (6.35)

0 = 2X\1 2%y — Alaty? — 2%t — M2y — 2X032° — 5A3zty 4+ AN323y? — Na? 4+ A1y?
FTN3 23 4+ 3322y + Nay? + 8L%x" — 5A%ry® + 2032 — 203y — 9N%a? — 4\ ay
223 — 11\2® + TA2%y + 3\ay?® + 4\x + 5y + 62 — 6y — 2 (6.36)
0 =2 2%y — Awy? + Az — 20y — 222 +¢° + 1 (6.37)

These thus identify the possible candidates for stationary horizons. The correct hori-

zon is y = oo. This is equivalent the Myers-Perry example when v — oo.

The method using SPIs to locate the stationary horizon actually give the same
answer in almost the same amount of computation time in this example. Thus there
is no advantage in using either SPIs or Cartan invariants to locate stationary horizons

in this example.



Chapter 7

Conclusion

We find that the 5D Cartan algorithm combined with Theorem 3.5.1 and the alge-
braic classification of the Weyl tensor by its b.w. decomposition is a very effective
way to find and detect the candidates for stationary horizon of 5D black holes. For
more complex black holes, the computations of the WANDs and the corresponding
components of the Weyl tensor in this frame can be challenging. We have used Maple
2016 to perform our calculations. Further exploration is required to determine if
computations of the 5D Cartan algorithm are more efficient using other computer
software or by using the ’GRTensor’ package for Maple 13. Further exploration is
also required to determine if any other algebraic classifications mentioned in section

3.6 give simpler results for finding stationary horizons.

The method for finding event horizons can be extended to higher dimensions, but
the computations become even more challenging. Every time the dimension increases
by one, there is more isotropy to take into account. For example, for 6D spacetimes,
the Lorentz group is 21 dimensional. The Cartan algorithm does apply to any dimen-
sion and the algebraic classification of the Weyl tensor by its b.w. decomposition has

a simple extension.

We would also like to look at a procedure for finding event horizons of non-
stationary black holes. The methods in this thesis could be used to find approximate
locations of quasi-stationary horizons, but theorem 3.5.1 does not work for more

general event horizons.

20



Appendix A

Tensors

For this section, we will assume that V', is a vector space of dimension n. Recall that
if W is also a vector space, then Lin(V, W) is the vector space of all linear functions
from V to W. In particular, we define the space V* = Lin(V,R) the dual space of V.
Given an (ordered) basis {v,} C V, there exists a unique basis {#*} C V*, called the
dual basis, such that 0%(vy) = 0. The double dual of V is V** = Lin(V*,R). Since
V' is of finite dimension, the double dual isomorphism theorem says that there is a

natural isomorphism from V** to V' and hence we can assume that V** = V.

Definition A.0.1. A rank (r,s) tensor is a map T : [[_,V* x [[[_,V — R with
linearity in each argument. The set of rank (r,s) tensors is denoted as T(rs) (V). We

also define T (V) =R for reasons that will be clear shortly.
Some special cases:
o T (V)=V~
e By the double dual isomorphism theorem, 710y (V) = V.

e 71,1 (V) is isomorphic to Lin(V*,V*). To see why, note that if w € V* and
T € Tany (V), we have a new map w1' € V* def by w1 : v — T(w,v). By the

double dual isomorphism, we can similarly show that 71 1) (V') is isomorphic to
Lin(V, V).

We will now define six operations on tensors. Note that the first two operations

tells us that 7,4 (V') is a vector space.

Addition of Tensors: If S, T € Tuq(V), we define S+ T € Tq (V) by (S +
T)(wh, . w" ug, . oug) = S(wh, . W ug, . ug) T (W W g, . u) where w? L w” €

V*and uq,...us, € V.

o1
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Scalar Multiplication: If T € Ty (V) and a € R, we define aT' € T4 (V) by
(aT) (W, ... w" uy, .. ous) = aT (W ... w" Uy, ... ug) wherew!, . ..w" € V*and uy, ... us €

V.

Tensor Product: If S € T, (V) and T' € T 5y (V), we define SQT' € Ty 515y (V)
by:

/

(ST (W', ..., w0 . 0" Uy, ... Ug, Uy, . .., Uy

= S(wl,...,wr,ul,...,uS)T((Dl,...,(D’",,ﬁl,...,ﬂsx)

where w!, ... w", @', ..., @" € V*and uq, ... us, U1,. ..,y € V. Note that a®T = aT

for any a € R.

Proposition A.0.2. Let S,T,U be tensors of any rank and a € R. The following

are true when well-defined:
1. (SH4T)@U=SU+TeU
2.50(T+U)=ST+SU
3. (aS)@T=5S® (@l)=a(S®T)
4. (S@T)®U =S® (T'®@U) (Tensor Product is associative)

Property 4 of proposition A.0.2 gives us the freedom to write the tensor product
of multiple tensors T1,...,T, as T1 ® T, ® - -- ® T,, without parentheses. Note that
tensor products are NOT in general commutative (i.e. S®T # T ® S).

We can use tensor products to generate a basis for 7, 5 (V).

Theorem A.0.3. Let {v,} C V be a basis and {0*} C V* the dual basis. Then
{vi, @ Qv;, O ® - @} is a basis of Tirs) (V). Hence dim(T,. 5 (V)) = n"ts.

Proof. First, lets us check for linear independence. Assume that 0 = A% j1.jsVin @
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@, @607 ® - @ 6%, Then:

0=0(6,...,65 v, ...,v.)
= (AT 0 @ Ry, RO R @ 09) (O, 0 o, )
= Altr R () 0 (0;,)07 () L 67 ()
= Al ok gkl o)

0= Ak,

s

Now check that {v;, ® --- @ v;, ® 7' @ --- ® 6%} spans T(,.5) (V). Let T € T(,.5) (V).
Define: T, =T, ... 0" v;,...,v;,), called the components of T relative

to {v,}. Claim:
T — Til'“irjl...jsvh R RV, ® 0 Q... R G
Verifying this claim is easy. Simply evaluate T" at one of the basis:

ki...k k k
T "1l :T((‘) 1,...,0 T,Ull,...ﬂ}ls)
= (T 30 @ QU L@ ---R607)((0™,...,0 vy, ..., 0,)
_ il...iT‘ . k‘l k‘r jl js
— T ]1'~~j86i1 .. .(51‘7. 5l1 .. ‘6l5

= Thbny

s

]

Thus a tensor is uniquely defined by specifying its components relative to a basis
in V. If 7%, . and Tk are the components of a tensor T € T, (V)

relative to bases {v,} and {v,} respectively and v, = Afv,, then:

T = T AR A (AT (A

J1---Js I =

For this reason, in physics and relativity, tensors are identified by their components
relative to a given basis. In this text, we will often do so as well. We can express the
previous three tensor operations in terms of the components relative to a given basis

of V:

e Addition: (S + T)"l“'irjlmjs = Sty e+ T
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e Scalar Multiplication: (aT)“"'“jl.__js = aT™ ",

° Tenso,,,, P,,,,Oduct: (S ® T)Z'Lnirklmk,,«/ — Sil...irjlijTkl...kT,/llmls,

j1...jsll...ls/

Contraction: It is easiest to define a contraction relative to a basis of V', and then
show that it is a basis-independent operation. Let {v,} C V be a basis, T' € 7,5 (V),
i=1,...,r,and j=1,...,s. We define € ;) (T') € Tir—1,5-1) (V) by:

1 i1 it r
Cijy (M) (W, W U, U1, U - - - Uss)
_ 1 i1 gk it1 r
=T(w, ... w 0% W™ W, U, Uk, Wi, -, Us)
wherew!, .. W H W™ w" e VFand ug, ... ujo1, Uy, ..., us € V. Now let {o,} €

V be another basis and {#} be its dual. Let o}, = Afv, and thus ° = (A71)#62. Then:

T(w', . w00 W W U U1, Ty W - U
=T, .. W™ (ATH20Y Wit W, U1, AfVay Wi, - o, Us)
= (A~ ) AT (! wi_l,Q“/,wiH,...wr,ul,...,uj_l,va,ujH?...,us)
= 6T (w? wifl,Qal,wiH,...wr,ul,...,uj_l,va,uj+1,...,us)
=T (w wi’l,ﬁa,wi“, W UL U1, Vg Ujg s - ey Us)
=Cup (1) (W .. W™ W, U, W, - - Us)

Thus contractions are independent of the basis used. The components of a contraction

relative to a given basis are:

(€ (T))iatiosisde e

J1-Jg—1Jp+1---Js J1--JB—17IB+1--Js

Note that if A € 711y (V), then €1y (A) € T(o,0) (V) with the components given by
Af. This is why To0) (V) =R.

Proposition A.0.4. Let S,T € T, (V), a € R, i =1,...,r, and j = 1,...,s.
Then Q:(i,j) (aS + T) = aC(i,j) (S) —+ Q:(i,j) (T)

Using tensor products and contractions, we can make sense of what it means to

contract two tensors together. For example, if A%, and B/, are the components of
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two tensors, then Aao‘ﬂBﬁbcda are the components of the tensor €3 ) (€(274) (A® B))
A consequence of this is the following: If v = u*v, € V and w = w,0* € V*, then
w(u) = uw, = €1y (u® ). Thus evaluating w at u is a special case of a contraction

of tensors.

Symmetrization: Recall from algebra that a permutation of n elements is an element
of the set S,, = {7 : {1,...,n} = {1,...,n}|7 is a bijection}. If i, = 1,...,n and
i # j, define a transposition of n elements (i,j) € S, by:

r ,otherwise

Every permutation of n can be written as a finite composition of transpositions of n
elements. This composition is not unique but the number of compositions will always

be an even or odd number. Thus we can define for any 7 € S,,:

1 , T is a composition of an even number of transpositions
sign(T) =
—1 , 7 is a composition of an odd number of transpositions
We can now define the symmetrisation of a tensor. Let T" € T, (V). We define
ST € Ty (V) by (ST)(u, ... u,) = L3 es, T(urqy, - - - tr(r)). We use the following

notation to denote the components:

~ 1
T(le’f) = (ST)ler = F Z TiT(l)"'i‘r(r)

" TES:

We can of course define a symmertrization on some of the indices and on tensors of
arbitrary order. This is easiest to define using components. As an example, if 7%,

is a tensor, then 7909, means 1(T%;, + T%;.).

Antisymmetrization: If T € T, (V), let AT € T (V) by (AT)(uq,...uy) =
1> res, sign(T)T (ur(r), - - - ur(ry). We use the following notation to denote the com-

ponents:

3 1 .
Tpiy..iny = (AT);, 4, = rl Z sign(T)Ti . i

" TES,
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We can define the antisymmetrisation of an arbitrary tensor in a similar way to the
symmetrisation and we can choose to only apply the antisymmetrisation on some of

the indices.

Proposition A.0.5. Let T,T' be tensors and a € R. The following are true when
well-defined:

1. S(aT +T') = aST + ST

2. A(aT +T') = aAT + AT’

3. S(ST)= ST

4. A(AT) = AT

5. S(AT) = A(ST) =0

A tensor T is called totally-symmetric if ST = T and totally-antisymmetric

if AT =T.

For T' € T(p,2) (V'), we can represent the components of 7" as an n x n matrix (n is
the dimension of the vector space V). Denote this matrix as [T;;] where T}; are the
components relative to some basis in V. If ST = T, then T;; = T}; and hence [T};]
is a symmetric matrix. Simmilarly, if AT = T, then T;; = —T}; and hence [T};] is a

skew-symmetric matrix and hence the diagonal entries are zero.



Appendix B
Scalar Polynomial Invariants

In 1869, Christoffel showed that any scalar function on a n-dimensional Riemannian
(or pseudo-Riemannian) manifold (M, g) constructed from the metric g must be a
function of Rgped, Rapea,e and higher order covariant derivatives [23]. The simplest
of such scalar functions are scalar polynomial invariants. The scalar polynomial
invariance (or SPI) of a given spacetime metric g is the set of functions generated
by operations on (contractions of) the curvature tensors (such as the Riemann or the

Weyl tensors) such as Ry R™, CapedC® CLY, Rape R, Copease C¥%, ete.

Let M be of dimension n. The number of functionally independent SPIs is n.
However, the number of algebraically independent SPIs (i.e; SPIs not satisfying any
polynomial relation) constructed from the metric and its derivatives up to order p is
23]:

0 ifp=0or1l
N(n,p) = (B.1)

(e )(mtp)  (ntp+1)! _
2nlp! 2 - (n—1)117(p+1)! +n lfp 2 2

SPIs can be used to find the event horizon of a black hole. [24] provides a formula
that can be used to calculate a new SPI, W, from the wedge product of n gradients
of functionally independent SPIs (where n is the local cohomogeneity of the metric).

The norm of W will vanish at the stationary horizons.

Theorem B.0.1. Let (M, g) be a spacetime manifold with a local cohomogeneity n
and contains a stationary horizon. Let S i =1,....n be the functionally independent
SPIs of M and dSY is well-defined. If W = dSM AdS@ A - AdS™ | then at the

stationary horizon:

1 Q... yQlpy n n
I = g eg™ g x S SES0..50 =0 (B2)

SPIs are a good way to find the event horizons of a black hole since they are con-

ceptually simple. However they do not necessarily uniquely characterize the spacetime

o7
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[25] and, more importantly, they are a challenge to compute (even for computers).
Unless the spacetime metric is very simple or the dimension is small, finding event
horizons using SPIs is not feasible since the SPIs can be very large polynomials.

Therefore, we resort to Cartan invariants, found by applying the Cartan algorithm.



Appendix C

Test for Functional Independence

Before we discuss functional dependence, we need a preliminary fact:

Theorem C.0.1. Let V be a n-dim vector space and let 0y,...,0, € V* (r < n).
Then 64, ...,0, are linearly dependent if and only if O \--- N6, = 0.

Proof. (=) Assume, without loss of generality, that 6; = >_;_,a’0;. Then 6; A -+ A
O, = a3 NOg N+~ NOp.+---+a"0, Ny A---NO.=0+---+0=0.

(<) We will prove the converse by proving that if 6, ..., 6, are linearly independent
then 6y A--- A6, # 0. Since V* is of dimension n, we can find 6,1, ..., 60, such that
{61,...,0,} C V*isabasis. Thus S = {0;, A---A0; }ocii<ip<..<ir<n C Q*(V) a basis.
But Oy A---ANB0. € S thus 0, A--- NO, # 0. O

We define local functional dependence as follows:

Definition C.0.2. Let M be a n-dimensional manifold and p € M. We say that a
collection of v functions f',..., f" € C®(M) are functionally dependent near
p if there exist a open neighborhood p € U C M and a map H : R" — R such that
Vge U, H(fY(q),...,f"(q)) = 0. If no such map H exists, we say that f1,... f" are

functionally independent.

The following theorem informs us that local functional dependence of a set of functions
is related to the local linear dependence of their differentials. The proof can be found

in [26]:

Theorem C.0.3. Let M be a n-dimensional manifold, p € M, and f',...,f" €
C>(M). Then f*,..., " are functionally dependent near p if and only if (df1),, ... (df"),

are linearly dependent.

We can combine the two above theorems into one:

29
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Theorem C.0.4. Let M be a n-dimensional manifold, p € M, and f',...,f" €
C>(M). Then f1,.... f" are functionally dependent near p if and only if df* A+ A
df" =0 at p.

Say you are given a list of smooth functions ¢', ..., ¢" € C*°(M) and you want to
reduce the list to only include functionally independent functions at any point p € M.
Define an empty list S and add ¢! to S. Then check if dg' Adg? = 0. If false, include
g* into S. Then check if (Aresdf) Adg® = 0. If false, include ¢g* into S. Repeat until

all functions are considered. To summarize:
1. Insert g' into S.
2. For 7 from 2 to r do:

(a) Evaluate w = Ajegdf

(b) If w Adg" = 0, insert g into S.

end do.
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