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Abstract

In this expository thesis we describe the Bochner integral for functions taking
values in a separable Banach space, and we describe how a number of standard
definitions and results in real analysis can be extended for these functions, with an
emphasis on Hilbert-space-valued functions. We then present a partial vector-valued

version of a classical theorem on singular integrals.
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Chapter 1

Introduction

We begin our exposition by describing the Bochner integral for functions landing
in a separable Banach space. This integral was first introduced by Salomon Bochner
in his 1933 paper Integration von Functionen [2]. 1t is a generalization of the Lebesgue
integral. After we have described the Bochner integral, we discuss how it can be used
to extend a few basic results in real analysis to the vector-valued setting. We then
attempt to extend a result in singular integral theory to this setting.

We begin the first chapter by discussing the space of integrable functions landing
in a Banach space. We show that the simple functions are dense in this space, and
use this fact to define the Bochner integral. We show how basic measure-theoretic
results—such as can be found in Folland [5]—extend easily to the vector-valued set-
ting. Having established these basic facts, we come to our first application of the
Bochner integral: a vector-valued version of the Dominated Convergence Theorem.
Recall that the Dominated Convergence Theorem for the Lebesgue integral states the

following:

Theorem 1.1. Let {f,,} be a sequence of integrable functions converging to f almost
everywhere. Suppose further that there is a nonnegative integrable function g such

that all of the f,’s are bounded almost everywhere by g. Then f is integrable, and
[ f=1lm [ f..

The version that we shall prove for the Bochner integral uses this scalar-valued version,
together with the important property of the Bochner integral that | [ f]] < [ | f]|-
We conclude the first chapter by showing that linear operators can be pulled through
the Bochner integral.

In the second chapter we focus primarily on functions that land in a separable
Hilbert space. We discuss the notion of weak measurability for these functions, and

how this relates to the usual notion of measurability (which is that preimages of
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measurable sets are measurable). We also discuss weak measurability of operator-
valued functions.
We then turn to the L spaces for vector-valued functions, and describe the triangle

(Minkowski) and Holder inequalities in this context. Recall the scalar-valued versions:

Theorem 1.2 (Minkowski’s inequality). If f,g € LP(X,C), 1 < p < oo, then

1+ gllp < [[fllp + llgllp-

Theorem 1.3 (Holder’s inequality). Suppose 1 < p < oo, where p and ¢ are conjugate
exponents (that is, 1/p+ 1/g =1 when 1 < p < oo, and p = 1 when ¢ = 00). If f

and ¢ are measurable functions from X to C, then

gl < 1 £1lpligllo-

The vector-valued versions are proven using the scalar-valued results. Holder’s in-
equality will be useful in showing that convolution is well-defined.

Continuing our discussion of vector-valued functions, we prove Fubini’s theorem
in the context of the Bochner integral and Hilbert-space-valued functions. For scalar-

valued functions, Fubini’s theorem is as follows:

Theorem 1.4 (The Fubini Theorem). Let (X, M, ) and (Y, N, v) be o-finite mea-
sure spaces, and let f: X x Y — C be in L'(X x Y). Then

g@%jéf@wﬁweL%X%

h@waéfmwaeﬂ@»
and

Xxyfduxu—/){g(x)du—/yh(y)dy_

The proof of the vector-valued version makes use of the notion of weak measurability.
We conclude Chapter 2 by discussing convolution of a Hilbert-space-valued func-
tion with an operator-valued kernel, and showing that the resulting function is contin-

uous. We lead up to this with a discussion of the translation- and reflection-invariance
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of the Bochner integral. We mention in passing that with the Bochner integral, one
may define the Fourier transform of a function landing in a separable Hilbert space.

In the latter half of the thesis we move toward trying to prove a vector-valued
version of a classical theorem on singular integrals. There are a few important results
that are needed for this major theorem; we devote the third chapter of the thesis to
these results.

The first of these results is the Calderén-Zygmund lemma. It says that for a
nonnegative function f, we can partition R" by dyadic cubes into a closed set F' on
which f is essentially bounded by «, and its complement F° = J Q);, and the average
value of f on each cube Q) C F* is bounded below by « and above by 2"a. This was
first proven in 1952 in Calderén and Zygmund’s paper On the existence of certain
singular integrals [3]. For its proof we follow the one presented in 1.3 of Stein [9],
filling in certain details.

The second result included for our discussion of the singular integral theorem is a
special case of the Marcinkiewicz interpolation theorem. This theorem was discovered
by Jézef Marcinkiewicz in 1939. The simplified special case we discuss is the one given
in [.4 of Stein [9]. We repeat what is presented there in just slightly greater detail,
including this primarily for convenient reference. We precede the theorem with some
useful terminology.

The third and last of these results is a duality theorem for the LP space of vector-
valued functions. This theorem we take from Grafakos [6]. The analogous scalar-

valued result is as follows:

Proposition 1.5. Suppose that p and ¢ are conjugate exponents, and 1 < p < oo.
For f € LP(R",C) we have

£, =sup {| [ 79|19 € L1®.C) with g, =1},

This is a standard result in real analysis, and a proof can be found in Folland [5],
p. 188, for example. In the case of scalar-valued functions, a stronger statement can

be made:

Proposition 1.6. Let p and ¢ be conjugate exponents. Suppose that f: X — Cisa

measurable function on a o-finite measure space, such that fg is integrable for every
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simple function g : X — C supported on a set of finite measure. Suppose further

that

M,(f) = sup {‘ /fg‘ : g is simple with finite support, and ||g||, = 1}
is finite. Then f € LP(X) with || f||, = M,(f).

A proof of this result can also be found in Folland (p. 189). A vector-valued version
of Proposition 1.6 would be useful for our purposes, but all I have been able to find
is the vector-valued version of Proposition 1.5 presented in Grafakos, and it may well
be that the stronger result is unique to the scalar-valued setting.

In the final chapter of this thesis we attempt to give an application of the Bochner
integral to the theory of singular integrals. Specifically, we attempt to give a vector-

valued version of the following theorem from Stein:

Theorem 1.7 (Theorem from Singular Integrals [9], p. 29 and pp. 34-35). Let K €
L?*(R",C). Suppose that

(i) The Fourier transform of K is essentially bounded, by B say.

(ii)
/|>2| | (K (z —y) - K(z)ldz < B, [y >0.

For f € LY(R",C)N LP(R",C), 1 < p < oo, set

Tf(x)= | K(x—y)f(y)dy. (1.1)

R"

Then there exists a constant A,, depending only on B, p, and n, such that

17 fllp < Apll I (1.2)

One can thus extend T to all of L” by continuity.

Equation (1.1) defines T" as a convolution operator on a dense subspace of L7,
namely L*NLP. In our version we assume that 7" is already known to be some bounded
linear operator from L?(R",J74) to L*(R", %), where 54 and % are separable
Hilbert spaces, and that 7' is given by convolution on a different dense subset of L?,

namely the bounded, compactly supported functions.
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Assumption (i) is used to show that (1.2) holds when p = 2. In the vector-valued
version that we present, we shall simply assume (1.2) for p = 2 from the outset.
Assumption (ii) expresses the singularity of K at the origin.

The techniques employed in Singular Integrals carry over to the vector-valued
setting for the 1 < p < 2 case. The Calderén-Zygmund lemma and the interpolation
theorem given in the preceding chapter are both employed. But the techniques for
proving the 2 < p < oo case do not carry over so nicely. For this we introduce some
fairly strong hypotheses.

The reader is expected to have some familiarity with real analysis—a reasonable
familiarity with the material contained in the first five chapters of Folland [5], for
example. A knowledge of the elementary properties of Hilbert and Banach spaces,
and of linear operators on these spaces, is also assumed; the contents of the first three
chapters of Conway [4] would more than suffice. Throughout this thesis we have
attempted to minimize terseness, filling in minor details in arguments taken from
Stein [9] and Grafakos [6], with the hope that the reader will find our presentation

perspicuous yet engaging.



Chapter 2
The Bochner Integral

2.1 Preliminaries

We begin by introducing the Bochner integral-—we follow exercise 16 on p. 156
of Folland [5] for this. In order to define this integral we need a few definitions. In
what follows, for any topological space X, Bx denotes the Borel g-algebra on X.
Let (X, M, u) be a measure space, and let % be a separable Banach space. For

convenience, let
Ly ={f: X =% : fis (M,By)-measurable}.

Since y — ||ly|| is continuous, it is (B, Bg)-measurable, and hence for any f € Ly,

the composition = — || f(z)] is (M, Bg)-measurable. We define

1] = / 1)l dpa(z) (2.1)

and we say that f € Ly is integrable if the right-hand-side of (2.1) is finite. We also

set

LYX,%)={f: X — % : fis integrable}.

Proposition 2.1. Ly is a vector space which contains L'(X, %) as a subspace.
Moreover, || - ||y is a seminorm on L'(X,%') that becomes a norm if we identify

functions that are equal almost everywhere.

Proof. Since Ly is a subset of the vector space ¥, to show that it is a vector space

it suffices to show that it is closed under addition and scalar multiplication. Let
f,g € Ly and define F} : X — % x % by

and ¢ : % x % — % by
d(y1,¥2) = y1 + Yo

6



So f+¢g=¢oFy. If m; and my are the coordinate maps from % x % to %, then
moF,=f and moF| =g,

so m o F} and my o Fy are (M, By )-measurable. It follows from a result in measure
theory (see Folland [5], p. 44) that F} is (M, By ® By )-measurable, where By ® By
denotes the product o-algebra on % x %'. Since % is separable, we have—by another
standard result ([5], p. 23)—that

By @ By = By <.

Hence, Fy is (M, By <o )-measurable. Since ¢ is continuous, it is (B , By )-measurable,
so we conclude that f 4+ g = ¢ o F} is (M, By )-measurable. This proves that Ly is
closed under addition.

Now let f € Ly and a € F, where F = R or C. Define Fy : X — F x & by

Fy(x) = (o, f()),

and ¢ : F x % — % by
v(Xy) =My

Let 71, mo denote the coordinate maps on F x #. Since m(x) = « for all z € X, we

have for any £ € By that

(m10 Fy)H(E) =

0 ifag¢gFE
X fa€ekF,

and therefore 7 o Fy is (M, Br)-measurable. Moreover, m o Fy = f is (M, By)-
measurable. Thus 7 o F5, and my o Fy are both measurable, and therefore F3 is

(M, Br ® By )-measurable. Since % and F are separable,
Br @ By = By,

and hence Fy is (M, Brya )-measurable. Since 1) is (Bpyxa, By )-measurable (by virtue
of its being continuous), we conclude that af =1 o F; is (M, By )-measurable. Thus
we have shown that Ly is closed under scalar multiplication.

We now show that L'(X, %) is a subspace of Ly, and that || - ||; is a seminorm

on LY(X,%) that becomes a norm if we identify functions in Ly that are equal
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almost everywhere. Let f,g € L'(X, %) and o € F. Then since | f(z) + g(z)| <
£ ()] + lg(z)|| for each x, we have

I +glh = /X 1f(@) + g(a)]] de < /X 1f(@)] dz + /X lo@)l dz = [l + llg].
Also, |(@f)(@)]| = llaf@)]| = lalllf@)]] so
lofls = /X (@ f)(@)] dz = |a /X 1f @)l dz = o]l f]l.

This shows that || - || is a seminorm on L'(X, %) and that L*(X, %) is a subspace of
Ly. If || flli = [ I f] dz = 0, then since || f|| is nonnegative and measurable, || f|| = 0
a.e., and hence f = 0 a.e. Thus, if we identify functions on Lg that are equal a.e.,

| - || becomes a norm on L'(X,%). 0

In analogy with the usual notion of scalar-valued simple functions, we now define

simple functions more generally to be maps ¢ : X — % of the form

m

o(x) = > xe, @)y,

j=1
where m € N,y; € #,E; € M, and p(E;) < oo. For convenience we let Fy
denote the set of simple functions. Any simple function ¢ can be written in the form
Yoty YiXe-1(ys)» Where {1, ..., yn} are all the nonzero elements in the range of ¢. We
call this the standard representation of ¢. The standard representation gives a unique
way of writing ¢ as a finite linear combination of characteristic functions of disjoint

sets, with one characteristic function for each nonzero element in the range of ¢.
Proposition 2.2. Fly is a subspace of L'(X,%).

Proof. We start by showing that F» C Lg. Let ¢ = xgpy, where y € % and
E € M. Elements of Fy are finite sums of functions of this form, and we have
already shown that the set of (M, By )-measurable functions is closed under addition
(of a finite number of summands), so to show that Fip C Ly it suffices to show that

¢ is (M, By)-measurable. For any F € By we have

X iftyeFand0e F
E ifyeFand0¢F
E¢ ify¢ Fand 0 € F
0 ifyg Fand0¢F

o) =
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Therefore, ¢~ (F) € M for each F € By, so ¢ is (M, By )-measurable, and hence
Fy C La. Moreover, Fiy is clearly closed under addition and scalar multiplication,
so Iy is a subspace of Ly .

To see that Fpy C LYX,%), let ¢ = 37" xgy; € Fy. Then [¢(z)] =
S llyslls, (), and hence

ol = | ZH%HXE ) = 3 s

Thus ¢ € L' (X, %), and since ¢ € Fy was arbitrary, this shows that Fiy C LY(X,%).
]

Lemma 2.3. For any normed space X, and j € N with j > 1, if ||z — y| < %Hy”,
then [lyl| < 7 llz]l (and hence [lz — y|| < s25l]).

Proof. Since ||z —yl|| < jllyll, we have [ly[| — [|z]| < }|ly]l, which implies (1 —3)[ly]| <
||z||. This can be expressed as |ly|| < ]%1|]:cH O

Lemma 2.4. Let {y,}{° be a countable dense set in %. For each j € N, let B, ; =
lye? |y — . < %||yn||} Then for each j, U,—, B,; D % \ {0}.

Proof. Let y # 0, j € N. Since {y,}{° is dense in %, we have

1

1y — wnll < it Ll

for some n. By Lemma 2.3, this implies

1

1y = ynll < =llynll,

J

which means that y € B,, ;. O

Theorem 2.5. If f € L'(X, %), there is a sequence {¢,} C Fy which converges to
fin LY(X, %) and a.e..

Proof. With the notation in Lemma 2.4, let A, ;, = B, \ U:Ln;ll B, ; and E,; =
f7H(Any;), and let g; = > 07 ynXk,,. Note that the E, ;’s are disjoint, since the

A, ;’s are. Moreover, it follows from Lemma 2.4 that

X = G E, ;U [0}, (2.2)
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for if f(z) # 0 then f(z) € U —, Bn; = U, Anj, whence z € E, ; for some n.
The union in (2.2) is disjoint, because 0 ¢ |J. 2, Bn; = U,—, An;, and therefore if
f(x) =0 then = ¢ E, ; for any n. Lastly, we note that since the B, ; sets are open
balls in ¢/, they are in By, and hence the A, ; sets are in By as well, and since f is
(M, By )-measurable this implies that the E,, ;’s are in M.

Now, if z € £, ; and j > 1, we have

1 () — yall < §||yn||7 (2.3)

and hence by Lemma 2.3, ‘
J

n — . 2.4

190l <j_1||f($)|| (2.4)

Yy, fxekE,;
g;(x) = . o
0 ifxze f1{0},

we see that ||g;(2)[| < 75| f(2)] for all z € X, and hence ||g;]l1 < ]JijHl Also,
(2.3) and (2.4) give us ||

Since

=1
flz) —ynl < ]_%Hf(x)H for x € E, ;, which implies that

1
1f(z) = g;()|| < jjllf(ff)ll
for all x € X. This in turn gives us
1
1f = g5l < jTHfH1- (2.5)

We now observe that ||g; ()| = >>7" [|ynllxE,, (x), and hence

lgslh = / lg;(@)]| de = / S loallxs,, (@) dz =3 / lvellxs, (@) dz
X anl n=1 X

by the Monotone Convergence Theorem. Therefore,
lgilln =" lynlln(Eny). (2.6)
n=1

which in particular shows that u(E, ;) < oo for each n, j. Now since g; € L} (X, %)
for j > 1, we can truncate the sum in (2.6) to make its tail as small as we like. In

other words, for j > 1 there exists N; such that

[e.9]

1
Z ||yn||M(En,j) < ;

n:N]—i-l
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Now let Ny = 1 and define ¢; = Zf;l YnXE, ;- Notice that

9 — ¢ = Z YnXEn ;s

n:Nj—i-l

and hence
o0

1
lg; = dslli = > gallu(Eny) < ; (2.7)

n=Nj+1

when 7 > 1. Now since

1 1
1f = @il < 1If = g5lle + llg; — 5l < j_—1||f||1 +
when j > 1, we see that ||f — ¢;][1 — 0 as j — oco. Seen another way, this says that
the nonnegative functions ||f(z) — ¢;(x)| converge to 0 in L'(X,R). This implies,
by a fact from real analysis (see Bartle [1], pp. 69-70, for example), that there is a
subsequence || f(z) —;(2)|| which converges to 0 in L'(X,R) and almost everywhere.

In other words, ¢; — f in LY(X, %) and a.e.. O

2.2 The Integral

Theorem 2.6. There is a unique linear map [ : L' (X, %) — % such that:
(1) [yxe=pE)yforye # and E € M (with u(E) < co), and
@) (1S fI < 1 f1h

Proof. We first define [ on Fy by [0 yixm = Y1y yiu(E;). This is clearly
linear on Fy. It is also well-defined, i.e., independant of representation. The proof
of this fact is identical to the proof for scalar-valued simple functions, so we shall
omit it, referring the reader to pp. 51-52 of Stein & Shakarchi [10], for example.
Therefore, in what follows we will work exclusively with standard representations of
simple functions.

Given ¢ =37 | y;Xg, € Fy, we have

ol = | S wve, @) = 3 Il o)



12

for each x € X, and hence

o1l = /X ol dz = > lly;lln(E;).
j=1

Thus,
| [ oas] < > Il = 01 28)

Now suppose we are given f € L'(X,%'). By Theorem 2.5, there is a sequence
{¢n} C Fy such that ||¢, — f|l1 — 0. Thus {¢,} is Cauchy in L'(X, %), and hence

H/%—/%H - H/wn—@n)H < 60 = Sl =0

as m,n — 0o. Thus { [ ¢,} is Cauchy in %, and since # is complete this means that
{[ ¢n} converges. Define [ f to be its limit. Then [ is well-defined on L'(X, %), for
suppose that {1, } is another sequence in Fy such that ¢, — f, and let € > 0. There
exists an N such that n > N implies

@) 11— J Sl <5
(i) llon = fllr <%,
(iii) [[¢n = fll1 < 5

Thus for n > N,

| fou= [l fonm Jodl ] oo [
<Wu=anlli+ | [ on= [ 4]

by (2.8). Using the triangle inequality again,

| [on= [ o] <= sl = sali+ | [ on= [ 4]

B e
4 4 2

Thus [¢, — [ fin &, so the function [ is well-defined on L*(X, % ). It is easy to
see that [ is linear on L'(X, %), so it remains only to show that || [ f|| < | f|:, and



13

to verify the uniqueness statement. Given f € LY(X,%), f = lim ¢, for a sequence

{én} C Fy, so
lim/(/)n :limH/(bn

| /4=

Thus || [ fIl < ||f]}x for all f € LY(X,%).
Now, to verify the uniqueness statement, suppose that ¥ : L} X, %) — % is

< lim ||¢nll1 = [[f]1-

another linear map such that

(i) ¥(yxe) =yu(E) fory e ¥, E € M.

(i) (WA <[l for all f € LN(X, ).
Let f € LYX,%); then f = lim¢, for a sequence {¢,} C Fy, and since ¥ is

continuous by (ii),

Uf=V¥(lime,) = limVae,.

Now for any ¢ = > yixg, € F» we have

Vo = ‘I’(Z yiin> = U(yixe) = Y_vinlE),
=1 =1 =1

by (i). Then by the definition of [, this is equal to

/iilyz‘XEi 2/9257

which shows that [ and U agree on simple functions. Therefore, Uf = lim U¢,, =
lim f On = f f, and we conclude that ¥ = f on L'(X, %), proving the uniqueness of
the function |. O

The function [ : LY(X, %) — % defined in Theorem 2.6 is called the Bochner in-
tegral. We will prove a version of the Dominated Convergence Theorem for L'(X, %)
functions, but we first verify that certain standard measure-theoretic results still hold

for these functions.

Theorem 2.7. If f, converges pointwise to f, and each f, € Ly, then f € Ly .
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Proof. Since % is a separable metric space, a countable collection of open balls is
a base for its topology, and it follows that By is generated by open balls. Thus, it
suffices to show that the preimage of each open ball in % under f is in M. To do
this, we first note that constant functions are in Ly, for if Fi(x) = y for all z € X,

then for each E € By,

FU(E) = X ifyekl
0 iftyé¢E,

and thus F' is (M, By )-measurable. We now recall from Proposition 2.1 that Ly
is a vector space, and hence f,(x) —y € Ly for each n. Since the norm || - || is
continuous, || f.(z) —y|| is (M, Bgr)-measurable for each n, and || f,,(x) — y|| converges
to || f(z) — y|| for each z. By a standard result (see Bartle [1], p. 12), we have that
| f(z) =yl is (M, Br)-measurable. Thus, if we define g, by g,(x) = || f(z) — y||, then
9, (B(0,6)) € M for each y € % and ¢ > 0. But

g, (B(0,9)) = {a : [|f(z) —yll < 0} = F7(B(y,9))-
We have thus shown that the preimage of any open ball in % is in M, as desired. [

Corollary 2.8. Suppose that p is a complete measure on M. We have the following;:

(i) if f is (M, By )-measurable and f = g p-a.e., then g is (M, By )-measurable.

(ii) if f, is (M, By )-measurable for each n and f,, — f p-a.e., then fis (M, By )-

measurable.

Proof. Suppose that f = g on N¢ for some null set N. Then for each £ € By,
g E)NN¢ = fYE)Nn N e M.
Hence,

g (E) =g (E)N(NUN)
= (g (E)NN) U (gH(E)NN).
~—_—

in M since p is complete

Thus g is (M, By )-measurable. This proves (i).
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Suppose now that {f,} is a sequence of measurable functions which converges to

f on N¢ where N is a null set. We define functions F,, and F' by

Fo(r) = xxw(@) fo(z) and  F(z) = xx\w(2)f(2).
Now Fj, is measurable for each n, because for any £ € By,

FFUE)UN if0€E

n

FU(E) = { " .
fHE) if0¢E.

Moreover, it is clear that F,,(z) — F(x) for each z € X, so by Theorem 2.7, F' is

measurable. Since f = F a.e., (i) gives us that f is measurable. O

Proposition 2.9. If ;1 is a measure on a measurable space (X, M), and 7 is its
completion, then a statement P about functions on X is true p-a.e. if and only if it

is true -a.e..

Proof. Suppose first that P is true p-a.e.. This means that P is true on N¢ for a null
set N € M. By definition, N = EUF, where E € M and F C N, for some N, € M
such that u(Ny) = 0. Moreover, u(E) = a(N) = 0. Now since F' C Ny, we have
N§ C F¢, which implies E°N N§ C E°N F¢ in other words, (F' U Ny)¢ C N° Thus
P is true on (E U Np)¢, where EU Ny C M, and p(E U Ny) < u(E) 4+ p(No) = 0;
i.e., P is true p-a.e.. Conversely, if P is true p-a.e., then P is true on N¢ where

N € M C M, which means that P is true fi-a.e.. O

In light of this proposition, we may, in speaking about a non-complete measure

1, say that something holds a.e. without specifying p-a.e. or u-a.e..

Proposition 2.10. Given a measure space (X, M, ) with completion (X, M, ),
and an (M, By )-measurable function f, there is an (M, By )-measurable function g

which is equal to f a.e..

Proof. Clearly, xp is (M, By )-measurable for each E € M. By definition, any such
E can be written as FUG, where F' € M and fi(G) = 0. Thus xg = xr a.e., and yp is
(M, By )-measurable. It follows that the result holds for (M, By )-measurable simple
functions. By Theorem 2.5, there is a sequence {¢,} of (M, By )-measurable simple

functions that converges a.e. to f; in other words, ¢,(x) — f(z) for each z € N°¢,
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where N € M. For each ¢, let 1, be a (M, By )-measurable simple function which
is equal to ¢, on ES, where F,, € M and u(E,) = 0. Letting

/ _ _ .
N' =NU L_JlEn and g(x) = nh_r)xgo Xx\N (@) (),
we have
N e M with p(N'") =0,
and

9= fxx\n-

The functions x x\n7(2)1n(2) are (M, By )-measurable, and therefore by Theorem 2.7,

g is (M, By )-measurable. Since g = f a.e., we are done. O

Theorem 2.11 (The Dominated Convergence Theorem). If {f,} is a sequence in
LY (X, %) such that f, — f a.e., and there exists g € L;(X,R) such that ||f,(x)| <

g(z) for all n and almost every z, then there exists a function f* in L'(X, %) such

that [ f, — [ f*and f = f*ae.

Proof. We treat the general case where p may not be complete. The f,,’s are (M, By )-
measurable, and f, — f a.e.. Since M C M, the f,’s are (M, By )-measurable.
Corollary 2.8 yields that f is (M, Bs)-measurable. By Proposition 2.10 there exists
an (M, By )-measurable function f* which is equal to f a.e.. If u were complete
to begin with then f would itself be (M, By )-measurable, and this step would be
unnecessary.

Now for each n, there exists a null set E,, € M such that ||f,| < g on ES. Let
Ny =U,~, E,. Since f, — f a.e. and f = f* a.e., it follows that f, — f* on Ny for
some null set Ny € M. Let N = Ny U Ny; then

w(N)=0, f,—f* on N° and |f.|| < g on N°for all n.
It follows that || f*|| < g a.e., and therefore f* is in L'(X,%). Now since

| [0 [ = [t =1

it suffices to show that || f, — f*||1 — 0. We know that

< |fa = f*lh,

| fn(z) — f*(2)|| = 0 for a.e. z,
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and

[fn() = @) < Lfn(@)]] + 17 (@)]] < 29(x) for ae. z and for all n.

Therefore, by the scalar-valued Dominated Convergence Theorem (see Folland [5],

/an—f*l\dx 5 /de 0.

In other words, || f,, — f*[l1 — 0. O

p. 54, for example),

For any normed vector spaces X and Y, we let #(X,Y) denote the space of

bounded linear transformations from X to Y.

Theorem 2.12. If & is a separable Banach space, T € (%, %), and f € L'(X, %),
then To f € LY (X, %) and [To f=T( f).

Proof. T is continuous, so it is (B, By )-measurable, and since f is (M, By )-measurable
we have that T o f is (M, By)-measurable. Moreover, since T is bounded, we have
(T o )@) = IT(f @)l < [[T][[f ()| for each = € X. Therefore,

170 [l —/II (T'o f)(x)|ldz < ||T||/||f ) dz =TI f]]1, (2.9)

so that T'o f € LY(X, Z).
Now observe that for any ¢ = > " | yixg,, we have T o ¢ = >"" | (Ty;)xg € Fz,

and hence
/Tocb Zu )Ty = (ZN(Ei>yi) ZT(/¢>-
i=1
If {¢,} is a sequence in Fyp such that || f — ¢,||1 — 0, we see—using (2.9)—that

[To f=To¢ulli = IT(f = du)lls <ITNNS = nll = 0.

Thus, {T o ¢,,} is a sequence in F'y such that ||T o f — T o ¢,|l1 — 0, and therefore

/Tof:lim/Tqun:limT(/gzﬁn) :T(lim/gbn) :T</f>.
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A special variant of this theorem occurs when T'= £ € #*. Then we have

([ swar) = [ eranan

where the integral on the left is the Bochner integral, but the integral on the right
is a Lebesgue integral. The proof is identical, except that after we’ve established
1£(f) = &(¢n)]l1 — 0, we note that in particular this means that [&(¢,) — [&(f),
where these are Lebesgue integrals.

We will make use of this variant in Section 3.3, and refer to it simply as Theo-

rem 2.12.



Chapter 3

The Vector-Valued Aspect

3.1 Weak measurability

Now that we have introduced the Bochner integral, we show how it can be used to
extend some of the standard theory to the context of vector-valued functions. Let ¢
be a separable Hilbert space. Given a measure space (X, M, u), a function f: X —
A is called weakly measurable if for each ¢ € 7, the map x — (f(x), ¢) is (M, Be)-
measurable. Note that this is different from the definition of measurability we saw
before in the more general Banach space setting, where a function was measurable
if it was (M, B,y)-measurable. With the codomain of f being a separable Hilbert

space, the two definitions are equivalent, as we will now show.

Lemma 3.1. If f : X — J¢ is weakly measurable then = — || f(z)] is (M, Bg)-

measurable.

Proof. Since S is separable, dim 5 = X,. Let {¢;}32, be a basis for .7; by Parseval’s
identity,

1 (@)II* = Z [{f (), e[

Since weak measurability means that © — (f(x), e;) is measurable for each i, it follows
that @ — >0 [(f(2),e)]* is (M, Bg)-measurable for each n. Since the pointwise
limit of a sequence of measurable functions is measurable, we have that z — || f(z)]|?

is measurable, and therefore that x — || f(x)|| is measurable. O

Lemma 3.2. Constant functions are weakly measurable. Moreover, if f : X — 57
and g : X — S are weakly measurable, and ¢ € C, then ¢f and f + g are weakly

measurable.

Proof. Given ¢ € 7, x — (¢, ¢) is (M, Bc)-measurable for each ¢ € .7, since

constant scalar-valued functions are measurable. Thus constant functions are weakly
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measurable. If f is weakly measurable and ¢ € C, then the weak measurability
of cf follows from the analogous property for scalar-valued measurable functions,
since {(cf(z),0) = c(f(x),¢). If f and g are weakly measurable, then the weak

measurability of f 4+ ¢ again follows from the analogous property for scalar-valued
functions, since (f(z) + g(z), ¢) = (f(2), ¢) + (9(2), ¢). O
Proposition 3.3. The map f: X — 7 is (M, B,y)-measurable if and only if it is

weakly measurable.

Proof. Suppose that f is (M, B,s)-measurable. Since the inner-product (-,-) : 5 x
7 — C is continuous, its sections (-, ¢) are continuous, and are therefore (B, Bc)-
measurable. It follows that the composition z — (f(x), ¢) is (M, Bc)-measurable for
each ¢ € J7.

For the converse we apply the same technique used in Lemma 2.7. Since 7 is
separable it follows that B, is generated by open balls, and therefore it suffices to
show that the preimage of every open ball in 77 is in M. If f is weakly measurable,
it follows from the lemmas that g,(z) = ||f(x) — y|| is measurable for each y € 7.
Since

FH(B(y,0)) ={a - If(2) —yll <3} =g, (B(0,9)),

we are done. O]

Now consider A(.74, 753), with the norm topology, where J# and .74 are separa-
ble Hilbert spaces. A function K : X — (1, #5) is said to be weakly measurable
if K(z)¢ is weakly measurable for each ¢ € 7. To be pedantic, this amounts to
r — (K(x)$,1¢) being (M, Be)-measurable for each ¢ € 44 and each ¢ € 4.
By Proposition 3.3 this is equivalent to requiring that x — K(z)¢ be (M, By)-
measurable for each ¢ € 77, and by the continuity of the norm it implies that
x +— ||[K(x)¢| is measurable for each ¢ € J4.

Proposition 3.4. If K : X — (s, 753) is weakly measurable, then = — || K (z)]|

is measurable.

Proof. Since 74 is separable, so is the closed unit ball B(0,1) C 4, with countable
dense subset {;}7°. Now for any =, [[K(x)|| = sup 4 <1 [K ()], and since K(x) is
continuous, this is the equal to sup; || K (x)y;||. Since x — || K (x)y;]| is measurable

for each i, z +— || K(z)]|| is measurable. O
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We note that K : X — HAB(74, 74) being weakly measurable is not the same
as K being (M, By, ))-measurable. However, the latter sense of measurability
implies the former. To see this, observe that for each ¢ € 74, the map T — T¢
is (B ,m) B )-measurable, because it is continuous, being linear and bounded.

Then x — K (x)¢ is just the composition
r— K(x)— K(x)o,

so it is (M, By )-measurable. Thus if K is (M, By(x ))-measurable, it is weakly
measurable. I suspect the converse does not hold. At any rate, we cannot imitate
the technique used in Proposition 3.3, for #(.74, 7%) may not be separable, even
when 74 and % are. For consider B(, #), where 7 = L*([0,1]), the space
of equivalence classes of complex-valued square-integrable functions on [0, 1]; this
space is separable (see Folland [5], p. 178). For ¢ € (0,1] and f € JZ, consider the
multiplication operator

mt(f) = fX[O,t]-

For s,t € (0,1] with s < t, we have

e —mall = sup [(me —ma)f|

1fll=1

— sup [
[IFl=1

t !

— sup ([ If)f o)
[IFl=1 s

— 1’

since we can always find a function supported on [s,t] such that ||f||zz = 1. But
{m; : t € (0,1]} is an uncountable subset of #(.7°, 7). This shows that any dense
subset of B(H°, ) must be uncountable, and therefore B(°, 7) is not separable.

The following proposition will be useful later.

Proposition 3.5. If K : X — B(4, ) and f: X — J# are weakly measurable,
then K(-)f(:) : X — 5% is weakly measurable.

Proof. We first observe that if f : X — 74 and g : X — J# are weakly measur-
able, then x — (f(x), g(x)) is (M, Bc)-measurable. To see this, observe that by the
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polarization identity we have

(f(2), 9(x)) = §(Ilf (@) + g(@)|* = [ f(z) — g(2)]”
+ill f(z) +ig(x)|* = illf () — ig(x)]*),

and each of the four summands on the right-hand-side is measurable.

We now note that if K : X — H(J4,.75) is weakly measurable, then so is
K*: X — B(5,74), where K*(z) is the adjoint of K (x). This is because for any
W E J, ¢ € 5, and x € X, we have

(K™ (x)¢,¥) = (b, K*(2)9) = (K ()¢, ¢),

which is measurable because K is weakly measurable, and complex conjugation is
measurable (being continuous).
Now K* being weakly measurable means, by definition, that K*(x)¢ is weakly

measurable for each ¢ € 77, whence, by what we first showed,

z = (f(2), K*(x)¢)

is measurable for each ¢ € 4. But (f(x), K*(z)¢) = (K(z)f(x), ), so we have
proven that K (z)f(z) is weakly measurable. O

3.2 Vector-valued LP-space

Let % be a Banach space. We define LP( X, %) in analogy with the usual definition,

that is, with
1/p
11, = ([ 17617 )
X

[/ lleo = ess sup,ex|[f(2)]|2.

when 0 < p < oo, and

We use LP(X, %) and L (X, %) to denote the space of equivalence classes of (M, By)-
measurable functions such that || f]|, < oo and | f|lc < o0, respectively. When
1 <p<oo,|-|l,and | | are norms on LP(X, %) and L>*(X, #) respectively—that
scaling and nondegeneracy hold is obvious, and the triangle inequality, or Minkowski’s

inequality, follows from the scalar-valued version:
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Theorem 3.6 (Minkowski’s inequality). If f,g € LP(X, %), 1 < p < oo, then
1f +glly < 1 fllp + llgllp-

Proof. Since ||f 4+ gllz < || f|l# + ||g||#, we simply apply the scalar-valued version to
If1l + llgllz. Thus,

117 + gllsll, < [11£l1 + glsl] < (110, + [[Ngll

p7
that is,
1f+gllp < (£l + llgllp-

]

It is not hard to verify that the spaces LP(X, %) and L>(X, %) are Banach spaces
for 1 < p < oo; the arguments are the same as for the scalar-valued case, but with
absolute value replaced by norm. This construction works for any Banach space £,
and in the remainder of this chapter we will apply it to Hilbert space, as well as to
the Banach space of linear operators between two Hilbert spaces. We note in passing

that the norm on L*(X, %) is determined by the inner product

(f.g) = /X (f(2),g(x) d,

so that L%(X, ) is a Hilbert space.
A vector-valued analogue of Holder’s inequality follows directly from the scalar-

valued version:

Theorem 3.7 (Holder’s inequality). Suppose that 1 < p < ¢ < oo and that ¢ is
conjugate to p (that is, 1/p+1/¢ =1 when 1 < p < oo, and p = 1 when g = o0). If
K : X — #B(s,7) and f: X — S are measurable, then

I F Il < T[]l

Proof. Proposition 3.5 implies that « — || K (z)f(x)| is measurable. Applying the
scalar-valued Holder’s inequality to || K (x)]||,, and || f(z)||4 yields

1K £l = [ 1K @)

as desired. ]

%MSﬂW@MMMMMSWMWm



24

3.3 The Fubini theorem

Fubini’s theorem holds in this setting as well; we shall find it convenient to first
review some properties of sections and bounded linear functionals. Recall that when
we are given two sets X and Y, a subset £ C X x Y, and an element x € X, we

define the x-section of E—denoted E,—Dby
E,={yeY:(z,y) € E}.

We define the y-section EY for y € Y analogously. Moreover, for a function f on

X x Y, we define the x-section of f—denoted f,—by

fo(y) = f(2,y).

For y € Y we define the y-section fY analogously. Given two measure spaces
(X, M, p) and (Y, N,v), we have the following:

Proposition 3.8. Given £ C M ®N, all of its z-sections E, are in N, and all of its
y-sections EY are in M. Moreover, if f: X xY —  is (M @ N, By)-measurable,
then each of its z-sections f, is (N, B )-measurable, and each of its y-sections fY is
(M, By )-measurable.

The proof is easy and identical to that of the scalar-valued result; see Folland [5],

p. 65. Now let 2" be a Banach space, and let 2™ be its dual.

Proposition 3.9. For each z # 0 in 2", there exists £ € 27 such that ||¢|| = 1 and
§(x) = [l]l-

Proof. Take x # 0. It is a useful corollary of the Hahn-Banach theorem that

|z|| = sup{|u(z)| : uw € Z* and |ju| < 1}.

Moreover, this supremum is attained, at v, say. Let £ = %v; then ||&]] = [jv] =1,

and

§(x) = v(x) = v(@)| = [l

Corollary 3.10. If {(x) = £(y) for all £ € Z7*, then z = y.
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Proof. If x #£ y, select & so that
§lz—y) = llz—yl.
Then &(z) # £(y)- O

Theorem 3.11 (The Fubini Theorem). Let .7 be a separable Hilbert space, and
suppose that (X, M, ) and (Y, N, v) are o-finite measure spaces, and that f : X x
Y — 2 isin LY(X x Y, ). Then

- /Y foly) dv € LY(X, ),

y) = /X fo(x) du € LMY, ),

and

fdpx y:/ g(r)duz/ h(y) dv.
XxY X Y
That is,

f(z,y) du(x) x v(y)

h ~ [ [ rem i) = [ [ s av).

Proof. Since f € LY (X x Y, ), it is (M ® N, B )-measurable, which implies that
each of its sections is measurable. Moreover, || f|| and each of its sections is measur-

able. The Tonelli theorem applied to || f|| shows that

/Y 1fo(w)]| dv € L'(X,C) and /X 1£ (@)l du € LAY, C). (3.1)

o)l = || [ £ < [ 1w 32

so the integral defining g(z) converges for a.e. x. Likewise,

Then

il = [ paau < [ @i (33)

so that the integral defining h(y) converges for a.e. y. In fact, if we knew that g
and h were measurable, then (3.1) together with (3.2) and (3.3) would yield that
g € LYX, ) and h € LY, 7).
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Let ¢ € #*. By Theorem 2.12, {(f) € L'(X x Y,C). Hence we may apply
the scalar-valued Fubini theorem to £(f) to obtain that [£(f)]. € L'(Y,C) for a.e.
x € X, and [f(f)] e LY(X, C) for a.e. y € Y. Moreover, the a.e.-defined functions

= [L&N]e(y)dv and n(y) = [[£(f)]y(x)dp are in L'(X,C) and L'(Y,C)

respectlvely, Wlth

/X S ) e (o) = /X () dpu() = /Y W) dvly).  (34)

Note that by Theorem 2.12,

1) = / L = [ e aar=¢( [ ) = o),

and similarly, n(y) = &( [ f(z,y)dp) = £(h(y)). Since vy and 7 are in L', they are,
in particular, measurable. Since £ € #* was arbitrary, this proves that g and h are
weakly measurable.

Now since v = £(g) and n = £(h), and we've established that g and h are in L',
a final application of Theorem 2.12 to (3.4) yields

5( Xxyfd;LXV):f(/Xg(x)du):§</Yh(y)du>.

Since ¢ can be any element of 7%, Corollary 3.10 implies the desired equality

XWf@MUﬁjAg@Mu=1ﬁ@ﬁw

3.4 Further properties of the Bochner integral; the Fourier transform

In what follows we specialize to (X, M,u) = (R™, £, m), that is, Euclidean n-
space with Lebesgue measure. For a fixed element a € R™ we define translation by a

on subsets and functions as follows: for a subset £ C R" the translation of £ by a is
T.(E)={r—a:x€ E} = F —a,
and for a function f whose domain is R”, the translation of f by a is

Taf (1) = f(z — a).
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We also define the reflection of f by

The Lebesgue measure m is translation-invariant, meaning that £ € £ implies
.E € L with m(1,E) = m(E). It is also reflection-invariant, i.e., £ € £ implies
—F € L with m(—FE) = m(E). It follows that the Bochner integral [ : L'(R", ) —
¢ is also translation- and reflection-invariant. We first prove that the Lebesgue

integral has these properties:

Lemma 3.12. If f : R” — [0, 00) is measurable, or if f € L'(R",C), then [ 7,f = [ f
and ff:ff

Proof. We prove the result for translation-invariance; the proof of reflection-invariance
is practically identical. For any F € L we have 7,xg = Xa+rg, Whence f TaXE =
m(a+E) = m(E) = [ xp. It follows by the linearity of the integral that [ 7,6 = [ ¢
for any simple function ¢. Since f is measurable and nonnegative, it is the limit of an
increasing sequence {¢,} of simple functions. Then 7,¢, increases to 7,f pointwise,
and by the Monotone Convergence Theorem [ 7,¢, dm — [ 7,f dm. Therefore,
/Taf dm = lim [ 7,¢,dm = lim | ¢,dm = /fdm.
n—oo

n—o0

The result for f € L*(R", C) follows from the definition of [ f:

[ = [wepy = [trepy i [mpyr =i [amp)

and each of the integrands on the right-hand-side is nonnegative. O

Remark 3.13. If f € LP(R*, ), 1 < p < oo, then ||fll, = |I7afll, = || f|l,. For
p = oo this is obvious. For p < oo this follows directly from the definition of || f]|,

and the fact that x — || f(2)[|P is measurable.

Proposition 3.14. The Bochner integral [ : L'(R", ) — S is translation- and

reflection-invariant.

Proof. We prove translation-invariance. Let f € LYR", ). Since [ xp = m(E)
for £ € L, the result holds for simple 7#-valued functions. By Theorems 2.5 and
2.6, there is a sequence {v,} of simple #-valued functions such that v, — f in
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LYR"™, 5), and [ f is defined to be lim, o [¢,. Now 7,4, — 7,f a.e., and by
Remark 3.13,

1Taton = Tafllt = 17a(@n = F)llr = llton = fll = 0.

[ ror =i [ =t fon= [ s

It is also true that m(0E) = 0"m(FE) for each 6 > 0 and E € L, that is, m is
homogeneous of degree n. It follows that [ f(dz)dx =46~ " [ f(x)dz, and this holds

for the Bochner integral as well, though we shall omit the proof.

Therefore,

]

Now that we have covered the invariance properties of the Bochner integral, we
are ready to discuss convolution of vector-valued functions. For conjugate exponents

p and g, if
(i) K € LYR", B(A, 73))
(ii) f e LP(R™, 74)
(ili) % is separable

we define the convolution of K with f—denoted K x f—by

Ko@) = [ Ka-pfo)dy= [ nEo)rw).
R n

where the vector-valued integral is the Bochner integral. Since K and f are measur-

able and .77 is separable, it follows from Proposition 3.5 that K (-) f(-) is measurable.

By Hoélder’s Inequality we have

/ 1K (@ = ) f W)l dy = 1K flly < Kol fllp = 1Kol fll, < 00 (3.5)

Hence, 7,K f € L'(R", .74), so the Bochner integral K * f(x) is indeed well-defined

for each z. For the following proposition we follow Stein and Shakarchi [10].

Proposition 3.15. Suppose that f € L'(R", C). Then

lmnf— flli = 0 as |h| = 0.
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Proof. We shall see later in Theorem 4.11 that integrable functions can be approxi-
mated in L! by continuous, compactly supported functions. Let g be such a function,
with || f—gll1 < §. It follows easily from g being continuous and compactly supported

that |[7,9 — gll1 — 0, so choose |h| < ¢ small enough that ||7,9 — g[[1 < 5. Then

writing
nf —f=(mg—g)+ (mnf —7m9) + (9 — f)

and applying the triangle inequality yields the result. O]
Corollary 3.16. K x f is a continuous function from R"™ to .773.

Proof. We show that for each x € R",

K« f(x+h)— K= f(x) in 4 as |h] — 0.

We have
I f(@) = K % (@)l
-W/k +h= 9wy~ [ Kz = 0)f)
< [ 1K G+ b =51 - K@= 9)f )] dy
= |7 K f = 7K f]1.
By Proposition 3.15, this last quantity tends to 0 with h. O
Note that

HK*f

= [ 1K= 96y 36

Together (3.5) and (3.6) show that HK*fHumf < |IK 4|l flp» which shows that convo-
lution with K can be regarded as a bounded linear operator from LP(R", 74 ) to the
space € (R", 74) of continuous functions from R" to s#%. The function K is called
the kernel of this integral operator.

We can define the Fourier transform .% on L*(R", ) as usual: .Z f = f, where

fo) = [ o),

and the integral here is again the Bochner integral. This is well-defined, because

e f(@)l]e = ||| f (@)l = [Lf (@) ]lr



and f € L'(R™, ¢). Moreover, f € L>(R", ), since by Theorem 2.6 we have
1Fw)llr < / ) le*™ = f () ]le dz = [ £1]1,
zeR?

and hence

1fllee = sup [ f(®)llr < £
yEeR”™
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Chapter 4

Important Results for the Singular Integral Theorem

Before we can attempt to give an application of vector-valued integration to sin-
gular integral theory, we need a few important results, which we shall include in this
chapter. We follow Stein closely in the first two sections, which correspond to sections

1.3 and 1.4 in Singular Integrals [9]. We follow Grafakos [6] in the third section.

4.1 The Calderon-Zygmund lemma

The following theorem is interesting in itself, but will also play a part in the proof
of the theorem in the next chapter. For its proof we need the Lebesgue Differentiation
Theorem, which we shall discuss presently. We say that a family .7 of measurable sets
in R™ is reqular at x, or that it shrinks nicely to x, if there is some constant ¢ > 0 such
that each S € .# is contained in an open ball B centred at x, with m(S) > cm(B).
For example, using the fact that Lebesgue measure on R™ is homogeneous of degree
n (i.e., for each § > 0, m(0E) = ¢"m(FE)), one may easily verify that the family of
dilations d E of some bounded set E with positive measure is regular at the origin. We
will see another example in the proof of the next theorem. Lebesgue’s differentiation
theorem says that for almost every x (specifically, for every x in a special set called

the Lebesgue set of f),

1
lim fly)dy = f(z)
(51550 m(S) Js

for every family .% that is regular at x. See page 98 of Folland and §1.8 of Stein for

proofs and discussion.

Theorem 4.1. Given any nonnegative integrable function f on R”, and any a > 0,
there exists a closed set F' C R™ such that f(z) < « for almost every x € F', and such

that F'° is a union of closed cubes whose interiors are disjoint, and with the property

31
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that each such cube () satisfies

a < f <2 (4.1)

1
m(Qx) Jo,

Proof. Throughout the proof we take all cubes to be closed. Since f is nonnegative
and integrable, fRn f < oo, and hence for any cube @ such that m(Q) > ifR" f, we

have
1 1
@ J, @< oy [ S < e "

Partition R™ into cubes of common diameter sufficiently large for (4.2) to hold.
Let @' be a fixed cube in this partition, and divide it into 2" congruent cubes by

bisecting each of its sides. For each of these new cubes )", either

1
: ! (x)dz > « (4.4)
m(Q//) Q" ' ’

In the second case Q" becomes one of the cubes in the statement of the theorem:;
the condition (4.1) holds for it because m(Q") = ™%) and hence

on
1 on §
a < W o f(ﬂf) do < W o f(.il?) dx < 2"a.

In the first case we subdivide again, and continue this process ad infinitum, if

necessary. We do this for each of the cubes in our partition of R". We let Q = |, Q&
be the union of all the cubes for which the second case (4.4) holds. Let F' = Q¢ it
remains only to show that f < «a a.e. in F.

Let x € F, and notice that each cube in our decomposition which contains z is a
cube for which (4.3) holds. Set .#(x) to be the set of all cubes in our decomposition
containing x. We claim that .#(x) is regular at x. To see this, fix Q € % (z). Let a
denote its sidelength, and let d = \/na denote its diagonal length (the maximum dis-
tance between any two points in Q). Let Q* be the cube centred at x with sidelength
equal to d (this cube need not be in the decomposition). Note that B(z,d)—the open
ball centred at x of radius d—is contained in Q*; for if y € B(x,d), then |z —y| < d,
whence y € *. Now,

m(Q*) = (2d)" = 2"(v/na)" = 2"n"2a™ = 2"n"?m(Q).
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Therefore,
m(B) < m(Q*) = 2"n"*m(Q),
which proves our claim that .#(x) is regular at . We can now apply the Lebesgue

differentiation theorem: for every z in the Lebesgue set of f, we have

1

fle)= Jim o | () dy.
S wa

But each @) € % (x) satisfies condition (4.3), and therefore f(z) < «, as desired.
[

Remark 4.2. The set F* in the above theorem satisfies m(F¢) < L||f|l1. To see this,
we first observe that fx o, increases to fxyxq,, and therefore by the Monotone

= lim / Ixuro
\/LJ?O Qk n—oo 1 k-

/fxumkz/fimk=i/@kf-

oo

/umf:; Qkf'

Convergence theorem,

But

Therefore,

Using this and (4.1), we have

D ICORT O AT AT IRt

4.2 Some terminology, and an interpolation theorem

We begin this section with some terminology:

Definition 4.3. Let 77 and 7% be Hilbert spaces, and let T be a map from
LP(R™, 74) to the set of (L, B )-measurable functions on R", where 1 < p < oc.

For 1 < ¢ < oo, we say that T is of weak-type (p, q) if there is a constant A such that

miz || Tf(x)|| > a} < <%>q

for all f € LP(R",.74) and all a > 0.
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Definition 4.4. Suppose that 7" is a map from LP(R", 74) to LY(R", %), where
1 <p<ooand 1 <q < oo. Wesay that T"is of type (p,q) if there is a constant A
such that

1T fllg < Allflly

for all f € LP(R", 74).

We also say that T is of weak-type (p,o0) if it is of type (p,o0), so that the
two definitions coincide when ¢ = co. Note that if 7" is of type (p, ¢), then it is of
weak-type (p, q), for

a'm{z: || Tf(z)] > a} < /R 1T ()" de = [T fII§ < CAlLFI)?

Lastly, we define LP* + LP2, for py,ps > 0, to be the space of all functions of the
form f = f1 + fo, where f; € LP* and fo € LP2.

Lemma 4.5. For p; < p < po, we have LP C LP* + LP2,

Proof. Let f € LP and fix v > 0. Now set

[ F@) @) >
hi) {0 if || £(2)]] <y

) i f@)) <y
o) {o if | f(2)]| > 7
We have

Py — Pl dy — p PP g,
[Wawra= [ @i [ e

and since p; — p < 0, this implies

HMMW@SWﬂ/ 1 (@) dz,

R £ (@)[1>

which is finite because f € LP. Also,

[ f2() |7 dz = / [f2@@)Pll f2(2) P77 da < 4777 ||| f ()P d,
R™ R" R"

which again is finite since f € LP. Thus, f = fi+ fo, where f; € LP* and f, € LP2. [
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Theorem 4.6. Suppose that 1 < r < oo, and suppose that 7" is a map from
(L' + L") (R", J4) to the space of all (L, B )-measurable functions, such that

(i) T issubadditive, i.e., || T(f+g)(z)|| < | Tf(x)||+]|Tg(z)| forall f,g € L'+L",
z € R™.

(i) T is of weak-type (1,1), i.e., m{z : |Tf(z)| > a} < 2 for all f e L1,

(iii) T is of weak-type (r,7), i.e., m{z : |Tf(z)|| > a} < (%)T forall f € L",
when r < oo, and [|[Tf], < A.||f]|- if » = oc.

Then T is of type (p,p) for 1 <p <r, ie,
1T fllp < Apllfllp forall f € L,

where A, depends only on A;, A,,p, and r.

Proof. We prove the result for p < co. Let f € LP(R™, 74). A useful fact from real
analysis is that .

ITf (@) de = p / o A\(a) da, (4.5)

R

where AM«a) = m{x : |Tf(z)] > a} (A is cal[l)ed the distribution function associated
with T f; see Folland, pp. 197-198 for a discussion and a proof of the above equation).
We will estimate A(a) in terms of an L' function and an L" function, for both of
which T" has weak-type inequalities by the hypotheses.

As in the lemma, we set

f@) it |[f(z)] > a
filz) =
o {0 if [f(2)]| < e

f(z) i [[f(@)] <o
f2 €)= )
o { 0 if[[f(x)] >«

so that f = fi + fo, where f; € L' and fy € L. Now by subadditivity, we have
ITf ()| < ITfi(@)]| + T falw)]| for all .

Therefore,

{z:ITf@) > o} CH{z: (ITA@) > a/2y Uiz [T fa(z]]) > o/2},
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whence
M) < m{z - |Tfi(@)|| > a/2} + m{z : [T fa(2)]| > o/2}.

Therefore by the hypotheses (ii) and (iii),

Ay
M) < 5 [ IA@ e+ s [ el ds
Al T
R >“d+<ar [ w@ras
[l £I>e <

Hence by (4.5),

sl <2 [ oot [ ) dede

[l flI>a

r OO —r _p—1 r
+(2Ar)p/0 a"a /”fnga @) deda. (4.6)

We treat each of the terms on the right-hand-side of (4.6) separately. Ignoring

the constant in front for now, we see that the first term can be written as

/0 o™ / 1 @)1ty () i d

It is easy to verify that X|if|-1(a.c0)(®) = X(0,|f()) (), and using this together with

the Tonelli theorem we get

o 1f ()] /0 X0,/ (@) dade,
which is
£ ()l
sl [ ardadr,
R™ 0
This works out to

L [ @il s,

or simply L[| fIp.
The second term in (4.6) is dealt with similarly: ignoring the constant in front,

we write it as
/0 Oé—TOép_l /]R Hf(x)||TX||f||*1[0,a]($) dl‘ dOé.

Then noting that x| s-10,a1 (%) = X[ f(2)],00) () and applying the Tonelli theorem, we
get

1f @)II" a1 dada.
7@
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Since p < r, the inner improper integral works out to r%p” f(x)][P~", and hence the

1
second term becomes — || f[[?.

Altogether, we have shown that

2A
L e

— (224 o ) I

p—1 r—

Taking the pth root of both sides, we are done.

4.3 A duality theorem

Let 2" be a Banach space, and let 2™ denote its dual. Let 1 < p < oo, and let ¢
be the conjugate exponent of p. For f € LP(R™, 2") we define ; on L4(R™, 2™*) by

Then 6 is well-defined since

felP(R",Z) implies ||f(z)] 4

(Rn7 C)’

and
g" € LYR", Z™) implies ||g"(x)|op € LI(R",C);

thus Holder’s inequality gives us

g @ (@)l de < /R lg™ (@) llopl £ ()| 2- dae

< g lzan, 27+

7%)

< OQ.

Therefore 6 is well-defined on LI(R", Z7™).

The main objective for this section is proving the following theorem:

(4.7)

Theorem 4.7. The map f — 6; is an isometric embedding of LP(R", Z") into

LY(R"™, Z*)*. In other words,

Ifllp = sap 10p(g7)].

lg* || La@n, 2+ <1
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In order to prove this theorem, we need some preliminary theory. Given a Banach
space 2, recall that the set 'y of simple functions in 2" is the set of functions of
the form 7", xp,z;, where m(E;) < oo and x; € 2 for all j = 1,2,...,m. In
Theorem 2.5 we showed that when 2 is separable, Fiy- is dense in L'(R", 27). We
now prove that the density of Fiy is not specific to L', but is true of L? for p < oo.
We follow the proof given in Grafakos ([6], pp. 323-324).

Proposition 4.8. Let 2" be a separable Banach space. The set of simple functions
Fy is dense in LP(R", Z7), 0 < p < oo. When p = oo, the set of functions of the form
> oy XE; T4, where {5152, is a partition of R" and z; € 27, is dense in L*(R", 2).

Proof. We first treat the case p < co. Let f € L? and let ¢ > 0. Since f € LP, there
exists a compact subset K C R"™ such that

P
[ @i <%
R\ K 3

Let {z;}32, be a countable, dense subset of 2, and let B; denote the open
ball of radius 5(3m(K))_1/p centred at ;. Now set A; = By, and for j > 1 set
A; = B;\ Uf;ll B,. Thus the A; are pairwise disjoint, and

A=B=2
j=1 j=1
We now set E; = f~(A;) N K. Then {E;}32, is pairwise disjoint and K = J}2, Ej,
whence

ZM@FmWKm.

Jj=1

It follows that for some m € N,

b
[ W@ <
UOO

j=m+1 Ej

Note that
| f(z) — x|z < 5(3m(K))_1/p whenever z € Ej. (4.8)

Consider the quantity

/U?llEj Hf(:r) R ﬁ;XEj(a?)xj

" 49
' ar (19)
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For x € Jj_, Ej we have f(z) = f(z) > 7", x&,(z), and hence

Wm—ikmm%%ﬂﬁimmm ) - ] EyE I

Thus we have

/U%Eij(x)—i:;xEj( x; dx_/ j(ZXEa )| f(z

and by (4.8) the right-hand-side of this is bounded by

5 )pdx,

/m (iXEj(a:) -8(3m(K))_1/p>pdx. (4.10)

Uiz Bj =1

Since the Ej are disjoint, 37", x5, (%) = xyr, g, (), and hence (4.10) becomes

eP / ep erm(UjL, E5)
s @de =g [ ar= S
3m(K) U, B Uj= 3m(K) Ur, B 3m(K)

and thus we have shown that (4.9) is less than or equal to 5. Now since U, BjUK®

is a partition of R", we have

- Z XE;\T ( Lj
j=1

L= [ @l

e, @I ds

j=m+1 "7

o e z<> p

> O »
< =P,
3 T3ty TF

It remains only to verify that Y "" | xpg, (v)z; is (£, B )-measurable. Note that
each B; is in By, and so, therefore, is each A;. Since K is closed, it is in £, and
therefore by the measurability of f, E; = f~'(A;) N K is in £. Thus 7", x g, (2)z;
is in Fy-, and hence it is measurable.

Now we turn to the statement for p = co. Set A; = B(x1,¢/2), the open ball
centred at z; with radius £/2, and for j > 2 set A; = B(x;,¢/2) \ U/Z; B(z,/2).
Then the A; are disjoint, and

X = UA —UBx],s/2

7j=1
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Let E; = f~'(A;)); then { E;}22, is a partition of R". Consider the function )™ xz, ;.
It follows from the measurability of f that £; € £ for each j € N. This implies that
XE;%; is (L, By )-measurable for each j, and since the set of (£, By )-measurable
functions is a vector space, we have that Z;n:l XE,;Z;j is measurable for each m. Since
;=1 Xg;x; is the pointwise limit of 3 7", Xz, ; as m tends to infinity, we conclude,
by Theorem 2.7, that it is measurable.

Finally, since || f(z) — zj||o < § for x € Ej, j > 1, we have

Hf - Z XE;Xj
j=1

<

€
— < E.
Leo(Rr,20) — 2

. 2 xnlf =
[l

For any vector space X, we let C.(R", X') denote the space of continuous, com-
pactly supported functions from R™ into X. We will show that for any Banach space
2, C.(R", Z) is dense in LP(R", Z") whenever 1 < p < oo. It follows that for
p > 1 we can just as well take the supremum in Theorem 4.7 over all ¢ € C.(R", Z7)
which satisfy [|¢]|, < 1. To see this, let ¢g* € L(R", ™) with ||g*[|, = 1. We can
approximate it in LI(R", 27*) by a sequence ¢, € C.(R", Z™*). Furthermore, if we
let ¥ = 6n/|8ullys then [, = 1, and since [6,]ly = llglly = 1, we have

Hwn - anHq = ‘m - 1|H¢TLHQ — 0.

Hence,
[0 = 9"[lq < 1n = dullg + |60 — g"[lg = 0.

Thus ¢g* can be approximated by a sequence 1, € C.(R", Z™*) with |[¢,||, = 1. Now

o5ts" = )1 < [ 15"@) = a@lpll @] da
< |lg" = ¥nllLa@wn, 2 || f || Lomn, 2
and this tends to 0. Thus, 6f(¢,) — 07(g*), and therefore
Ifllp = sup 0p(g")| = sup [O;(¢)].
llg*llza(@mn, 2-+)<1 weﬁfpﬁsz)

To show that C.(R™, Z") is dense in LP(R™, Z") we require a preliminary propo-

sition, and for this proposition we need a version of Urysohn’s lemma:
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Lemma 4.9 (Urysohn’s lemma). If K C U4 C R", where K is compact and U is
open, then there exists a continuous function f : R" — [0, 1] such that f =1 on K

and f = 0 outside a compact subset of U.
For a proof of Urysohn’s lemma see Folland [5], p. 131.

Proposition 4.10. Characteristic functions of Lebesgue measurable sets can be ap-

proximated in LP(R", C) by continuous, compactly supported functions.

Proof. Let E be Lebesgue measurable, and let ¢ > 0. By the outer regularity of the

Lebesgue measure there is an open set U such that
mU) —m(E) < — (4.11)

and by the inner regularity there is a compact set K such that

m(E) — m(K) < % (4.12)

Adding (4.11) and (4.12) we get
mU) — m(K) < eP.

Now by Urysohn’s lemma there exists a continuous, compactly supported function

such that
X <9 < xu-
It follows that
Xk —Xu <Y —Xe < Xu — XK,
that is,
[V — xE|l < Xu— XK = Xu\k-

Hence,

1Y —xEll, < Ixensklly = (mU) — m(K)YP < e.

Theorem 4.11. When 1 < p < oo, C.(R", Z7) is dense in LP(R", Z7).
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Proof. Let f € LP(R", 27). By Proposition 4.8 there exists ¢ = > 7" xp,7; € Fy
such that

€
1f = olly < 5 (4.13)
By Proposition 4.10 we may, for each 7 = 1,2,...,m, choose a function v¢; €
C.(R™, C) such that
€
=W, < -
||XEJ w]”ﬁ 2Hx]|]m

Let g = > 7", ¥jz;. We have
6= gll, = HZXijj - v,
Z = U;) ;|-

Now
lce, = vl = ([ 10, - vpailty) ™
([10, —wj>|puxj|r’;g-)”p
XEJ—Q/JJ'HP'
Therefore,
\|¢—g||pgf;uxj||gnx@—wjup iQH Srll= g @)

Putting (4.13) and (4.14) together we get
1f = gllg < If = ollg + lo —gllg <&
[

The next proposition is also needed for the proof of Theorem 4.7. For a proof, see

Folland [5], p. 188.

Proposition 4.12. Suppose that p and ¢ are conjugate exponents, and 1 < p < oo.
For f € LP(R",C) we have

11, =sunf] [ o g€ Lorr€) with gl =1} (@13)
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The denseness of C.(R",C) in LY(R",C) has the consequence that for p > 1 in
Proposition 4.12, we may take the supremum instead over continuous, compactly
supported functions of unit norm. The argument is simply a repetition of the one
preceding Theorem 4.11: let ¢ € LY(R",C) with ||g||, = 1. As before, there is a
sequence {¢,,} in C.(R™, C) with |[¢,||, = 1 such that ¢, — g in L4(R",C). Then by
Holder’s inequality

‘/f(g—wn)

Thus [ fg = lim, o [ f1),,, which implies that

[l =, s | ]

4llq=1

< [17llg = ul < 171bllg = wnlls 0.

Ifllp= sup

llgllza@mn c)<1

We now come to the proof of Theorem 4.7. For this too we follow Grafakos ([6],
pp. 324-325).

Proof. We wish to show that for any f € LP(R", 27), 1 < p < o0,

1Al = sup

lg*llLa@n, 2+ <1

/ o (2)f(z) da. (4.16)
For any ¢* € LY(R™, 2™*) with ||g*||, < 1, (4.7) shows that

9" (@) f (@) dz < {|lg*[[qll fllp < [ flp,

wn
whence we see that the right-hand-side of (4.16) is controlled by the left-hand-side.
Now to establish the more difficult inequality. Let f € LP(R", 27), and let
e > 0. We know from Proposition 4.8 that there exists a function ¢ = Z;n:l XE;Tj €
LP(R", Z)—where m = oo when p = oo, and the E; are disjoint, measurable subsets
of R"—such that ||f — ¢||, < ¢/3. Since ||¢]|2 € LP(R™,C), we may—by Proposi-
tion 4.12——choose a nonnegative function h € L4(R"™, C) such that ||h||, = 1 and

loll, < [ Io(@)llrhia) da+ 5. (117)

When p < 0o, we may—by the remarks preceding Theorem 4.11—choose h to be
continuous and compactly supported, which ensures that A is integrable. The integra-

bility of A when p = oo is given, since h € LI(R",C). It follows from Proposition 3.9
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that for each x; there exists an xj € 2™ satisfying ||z}, = 1 and zjx; = [|z4]; in

particular
€

6([lAll + 1)
Set Gi(z) = Y 7%, h(z)xg, (z)z}. Then G(r) € 2 for each x. The measurability

of E; implies that x gz} is (£, By~ )-measurable for each j, and it follows that G is

||zl < TiT;+ (4.18)

(L, B4+ )-measurable. Moreover, when ¢ < oo,

q
1G]l = d
op
/ZXE @)zl de
/ZXE r)tdz
< |Inlle,

whence [|G]|, < 1. When ¢ = oo,
1G(2)]lop = ZXE )IA()z5]lop = ZXE ) < |[Plle =1,

whence |G| < 1.

Now observe that

Goa) = > s (0 (3o xn o))

I
(]
=
g
RS
E’
H
<.

> Zh(x)xEj(x)(ijH - i) b )
Then

G(2)o(e) > ) 3 xe, (@]~ i 3 o)

=1

= o)l ~ g 3 )
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which implies that

n

Rn

Gao@)dr> [ Moy de = g [ 0@ Y, () de

3

13
> |6, — 6 6L+ 1)
€
5

> loll, -

[2]ly by (4.17)

Recall that ¢ was chosen such that |[¢ — f|[, < 5. This implies that @], >

[fll, — 5. Therefore, the preceding calculation shows that

2e

[ Gt > 11, - 5 (1.19)

Furthermore, since

[ 6@ - 1) dr < [ 16@alo@) - )] dr

< |Glgllo — £l
<l¢—fly

£
<3

we have
€

‘/n G(z)p(z)dx — /n G(z)f(z) da:’ <3

Bearing in mind that [;, G(z)¢(z)dz is nonnegative, this means that
£

/R" G(z)p(x)dr < ‘/n G(z)f(x) dx‘ + 3

< / 7 (@) f(2) dx‘ v % (4.20)

= sup
llg*llLagn, o) <1

Putting (4.19) and (4.20) together, we get

Hf”p < sup

lg*llLa@n, o<1

/n 7" (@) f(2) dx) +e

Letting ¢ — 0 yields the desired inequality. O]

Now that we have proven Theorem 4.7, we discuss more specifically what it means
in Hilbert space. For f € LP(R",.7%), we define Fy on LI(R", %) by
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Fy(g) = /n<f(:v),g(m))dx.

Recall the Riesz Representation Theorem:

Theorem 4.13. Given £ € 7%, there is a unique vector y € # such that £ = (-, y),

and moreover, [[£||op, = ||yl

Suppose we are given g* € L4(R™,.7*). By the Riesz Representation Theorem there
exists, for each z € R", a g(x) € 4 such that

9" (x) = (- g(x)) and [lg"(@)[lop = llg(z)]| 2
It follows that
Fylo) = [ {5(0).gla)) do = 0y("),
and
191l La@n.ey = 1|97 La@n oe%).-

It follows that for Hilbert spaces Theorem 4.7 may be expressed as follows:

Theorem 4.14. The map f + F; is an isometric embedding of LP(R", ) into
LY(R™, 7)*. In other words,

1 fllp = sup 0r(g")l = sup  [Fy(g)].

lg*llLamn, sy <1 llgll La@n, ) <1
As usual, by the remarks preceding Theorem 4.11, we may take the supremum in the
above equation over the continuous, compactly supported functions whose L? norms

are bounded by 1:

[fll,=" sap  [0;(¥")= sup [F(¥)].
V*ECL(R™, %) YEC (R, )

l¥*llq=1 ¥llg=1



Chapter 5
L?” Boundedness of a Type of Singular Integral

In this concluding chapter, we present a modified version of Theorem 1 from
chapter II of Stein’s book Singular Integrals [9]. In Singular Integrals there is a
section devoted to showing that a type of singular integral is bounded on LP. We
attempt to imitate this result and extend it to the vector-valued setting. We follow
Stein closely in the proof of Theorem 5.1.

Suppose that we have a linear transformation 7' of type (2,2) from
L*(R", 7A) to L*(R", %), where 54 and % are separable. Suppose further that
for bounded, compactly supported, measurable functions, 7" may be written as a

convolution

Tf(r)=Kxf(x)=[| K(z—y)f(y)dy (5.1)

Rn
for o ¢ supp f. The kernel K in (5.1) takes values in AB(74, 75) and is required to

satisfy

(i) K is (L, Bg(s,m))-measurable.
(ii) K is integrable on any compact set that excludes the origin.

(iii) there is a constant B > 0 such that

/ |K (e —y) - K@)opde < B; [yll > 0.
lz]|>2]y]]

Thus T is a vector-valued function which can be expressed as a convolution operator
on certain functions, with kernel having a singularity at the origin. Condition (iii)
expresses this singularity. Condition (ii) ensures that (5.1) is well-defined for x ¢
supp f.

We would like to be able to assert that T is of type (p,p) for all p € (1,00). We
were able show that 7" is of type (p,p) for p € (1,2), but due to the fact that our

vector-valued LP duality theorem is not as strong as the scalar-valued result used in

47
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Singular Integrals, we cannot prove LP boundedness for the case p € (2,00) without
a fairly strong hypothesis. Specifically, to prove LP boundedness for p > 2 we need
the hypothesis

(iv) Tf € LP(R™, 543) when f is continuous and compactly supported.

Lastly, in order to prove L” boundedness for p > 2, the differences that arise from

working in the setting of vector-valued functions motivate us to require that

(v) T*—the adjoint of T" when T is regarded as a bounded linear operator from
L*(R", 7A) to L*(R", #)—is given in the same way as T but for some kernel
K* which satisfies the same requirements as K, say with B’ instead of B in

condition (iii).

Theorem 5.1. Suppose that T is a linear transformation with the properties de-
scribed in the second paragraph above—that is, with kernel satisfying (i) to (iii).

Then for each p € (1,2) there exists a constant A, such that

ITFllp < Apll 1l (5:2)

for all bounded, compactly supported f. Each A, depends only on p, B, and the
dimension n. One can thus extend 7" to all of LP(R™, .7%) by continuity, thereby
making T of type (p,p) on LP(R™, 7453).

Proof. Getting oriented: The first and largest part of the proof consists of showing
that 7" is of weak-type (1,1) on the bounded, compactly supported functions. In

other words, we wish to find a constant C, independant of f and «, such that

mie |T7@)] > a} < {17l

Step 1: Splitting up f into ¢ and b. Establishing a weak-type (1,1) in-
equality for T'g. Let f be a bounded, compactly supported, .7 -valued measurable
function on R”. Then clearly f € L'(R", 2#). We apply Theorem 4.1 to the nonneg-
ative integrable function || f||: we have a set F© C R™ such that || f|| < a a.e. on F,
Q=rc=;2,Qj and
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() < 7|1, 5.3
1 n
o /Q @l de < 2 (5.4)
We set
() f(x) ifreF
xr) =
g Q]) fQ r)de if z € QF,
and

b(z) = f(z) — g(x).
This defines g(z) and b(x) for a.e. x. Observe that g is bounded, since || f|| < « on
F, and on F° we have (5.4). Moreover, we can show that g is compactly supported.
Its support is contained in Ky = supp f U {Qx : Qr Nsupp f # 0}. Recall the
partition of R™ into cubes in the proof of Theorem 4.1; consider the cubes at the
top level in the partition—the largest cubes, that is. It follows easily from f being

compactly supported that Ky will be contained in a finite union of these cubes, which

will be closed and bounded. Since suppg = {z € R : g(x) # 0} is a closed subset of

a compact set, it is compact.

ol = [ )P dr = [ ot do+ [ gl da. 5.

For the first term on the right-hand-side,

/Fllg(x)||2d$=/FHf(x)HHf(w)deS/FaHf(fﬁ)lldwéaHflll.

Now,

For the second term, note that if x € € then x € @); for some j, and hence

lo(a)|* = QJ il [, rwa

[ lre@nas)

<2%a* by (5.4).

Hence, by (5.3),
/ l9(@) |2 de < 2"a?m(Q) < 2%a| f]].
9]
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So altogether the right-hand-side of (5.5) is bounded by (2*" + 1)« f||1, which
shows that g € L*(R"™, J4), with ||g||3 < (2*" + 1)a||f||;. Thus, since T is of type
(2,2) (and therefore of weak-type (2,2)), there exists a constant A, such that

4 A2 C
mle [To(@)] > a/2) < 213 < Ly, (56)
where Cy = 4A43(2?" + 1).

Step 2: establishing a weak-type (1,1) inequality for 7. We wish to find
an analogous estimate for 7'h, so that, putting the two estimates together, we will

have that T is of weak-type (1,1). We first make some observations about b:

/Vb(x) de = 5 £(z) dx—/_g@) da

J J

1
dyd
- [ s 71 b 1)y
f(z) dde [ f(y)dy.
Qj
Thus,
b(x) =0 for all z € F, and / b(x)dx = 0. (5.7)

Sub-step: A modified decomposition of the domain into cubes. Now
we consider cubes ()7 with the same centre y’ as the cubes @;, but with sidelength
expanded by a factor of 2¢/n. We let Q = J, Q; = F*, " = |J; @}, and F* = ()°.
Then Q2 C Q* and F* C F. Moreover,

m(Q) < (2v/n)"m(Q), (5:8)

since

m(Q*) < i = i (2y/nsidelength(Q;))",

J=1

and

f: (sidelength(Q;))" f:m (Q).
j=1

Jj=1
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A geometric argument shows that if z € (QF)¢ and y € Q;, then
lz =31l = 2[ly — ¥|I. (5.9)
For if we let s denote the sidelength of @);, then y € ); means that
|yi—yf| §§ foralli=1,2,--- ,n.

Therefore

ly =yl = (ZZ:;I.% —yi’|2)1/2 < (Zn: (§>2>1/2 = @

i=1

Moreover, if # ¢ @7, then by definition, lzg—y)| > Zéﬁs =/nsforsomel =1,--- n,

and hence

n ' 1/2 .
||x—yﬂ|\=(2|xi—y£|2) > lee— yi] > Vs,

i=1
Thus we have that ||z — /| > 2|ly — /||

Sub-step: splitting up b. We now define b; by

bj(x):{ b() ?ferj
0 if ¢ Q.

Then b(x) = > 2, bj(x) for a.e. x, and moreover,
Th(z) = f:Tbj(x) for x € F~. (5.10)
j=1
To verify this we first observe that b is compactly supported (because g and f are),
with suppb C  C Q* by (5.7). So for x € F* we have
Th(x) = | K(z—y)bly)dy.

R"

Now Zjlv bj(y) — b(y) for a.e. y, and since K (x — y) is continuous,

Z K(z = y)bi(y) = K(z — y)b(y)
for a.e. y. Now

. , { K(z —y)bly) ify el @

0 if otherwise,
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and hence | 2V K(z — y)b;(y)|| < [|K(xz — y)b(y)|| € L'. Thus, by the dominated

convergence theorem for the Bochner integral,

All%rr;o/nZKx— dy—z KI— )b,(y) dy.

In other words, Tb(z) = > Thb,(x).

Sub-step: Estimating >>7°, [, [|b;(y)[| dy. Observe that for y € Q;,

Il = 1)1 = 00 = s | s ]

1
I+ gy [, 17wl
<Uf@+ 2% by (54)

Hence,

/||bj(y)|\dy§/ 1f (W)l dy +2"am(Q;),
Qj oF

and since by (5.4) again, fQ, Il f(v)| dy < 2"am(Q),), this gives us

| Ibwldy < 2 ami@,)

Therefore,

> [ Iy <27 a Y mi@;) =2 (@),

j=1

By (5.3), this means
> [ Iwldy <2
j=1 Qj

Sub-step: Weak-type estimate for 7b on F'*. Now, since by (5.7) fQ_ bi(y)dy =
J
0, Theorem 2.12 gives us [, K(z —y’)b;(y) dy = 0, and therefore

Th(a) = [ [K(z =)~ K@~ )by (o) d (.11

J

for z ¢ @);. Now by (5.10),

[ imsaa= [ | S Tt ) < /. ACIEY
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where we are using the continuity of the norm. By the monotone convergence theorem,

/F* ]21 170, ()| d = ;/F |Tb;(z)| dz.
Also, since F = () = (U Qj)" = N(€5)° C (Q5)°, we have
17°0; ()| dx S/ | Tb;(x)|| d,
£ 2¢Q:

and then by (5.11)

/ 170 (2)]| d < / 1K (2 — ) — Kz — ) l[b;(3)] dy da.
2 Q v¢Q: JQ;

By Tonelli’s theorem this becomes
[l [ 15 =) - K-y deay.
Q 2¢Q;

Recalling (5.9) we know that {z : z ¢ Q3} C {z : [|[z—y’|| > 2|[y—¢’||}, and therefore

/ 1K (x —y) = K(z —y')|| dz S/ 1K (z = y) = K(z —y)|| dz.
2¢Q;

lz—y7 [ >2[ly—7 |

Make the substitutions 2’ = x — ¢’ and 3/ = y — v’. By the translation-invariance of

the integral we have

[ K-y - Ka-y)lde= [ EE -y) - K
lz=y7 =2[ly—y|

=’ =211yl

and by our hypothesis (iii) this is bounded by B. So altogether we have

[miar <3 [ e < Y [ )l

Therefore, by the preceding sub-step,

ITb(x)|| dz < B2" | £l (5.12)

F*

It follows directly from (5.12) that

2
m{z € F*+ | Tb(x)]| > a/2} < = 2B |1
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Sub-step: controlling the size of (F*)°. This follows easily from (5.3):

m(F)) = m(@) < vy m(@ < Y 7).

«
Concluding sub-step: the weak-type (1,1) inequality for 7. Clearly,
m{z || Th(x)|| > a/2} < m{x € F* : ||Tb(x)|| > a/2} + m((F*)°).

We have already found estimates in terms of X[ f||; for each of the terms on the

right-hand-side of this inequality, so that

228 (2/n)"
a

«

mia: [Th(z)]| > a/2) < ( Jish=0 6a3)

where C) = 2" B + (24/n)".

Step 3: The weak-type (1, 1) inequality for T'f. Since T is linear, we have
Tf = Tg+ Tb, which implies || Tf|| < [|Tg|| + ||Tb]. Tt follows that

a a
{o: 7@ > a} < {a s 1 Tg(@)] > 5} vz ITo@) > S},
which implies
m{x : |Tf] >a} <m{z:|Tq|| > a/2} + m{x: ||TO]| > a/2}. (5.14)
This, together with steps 1 and 2, gives us

C
miz | Tf(@)l] > a} < —|Ifl,

where C' = Cy+ . This proves that 7" is of weak-type (1, 1) on compactly supported,

bounded functions.

Step 4: Interpolating to obtain the type (p,p) inequality for 1 < p < 2.
Now that we have shown that 7" is of weak-type (1,1) and of weak-type (2,2) on
bounded, compactly supported functions, we may apply the interpolation theorem.
First note that 7' is linear and hence subadditive on bounded, compactly supported
functions. Given such a function f, we can write f = f; + f> as in the proof of Theo-
rem 4.6, and fi, fo are also bounded and compactly supported. Then T satisfies the
weak-type (1, 1) inequality for f; and the weak-type (2,2) inequality for f,. Looking
at the proof of Theorem 4.6, we see that this is all that is needed to conclude that
N1Tfll, < A,llfll, for 1 < p < 2, where A, depends only on B, p, and n. O
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We turn to the case where 2 < p < 0.

Theorem 5.2. Suppose that 7" is as in Theorem 5.1, and additionally satisfies the
conditions (iv) and (v) discussed at the beginning of this chapter. Then in addition
to satisfying the conclusion of Theorem 5.1, T is of type (p,p) for 2 < p < oco. That
is, T is of type (p,p) for all p € (1, 00).

Proof. Let f € C.(R™, 74). By Theorem 4.14,

17fl = swp | [ (@5 gla)) e
geﬁc(“ll%",ffé) "
9llg=

By the Cauchy-Schwarz inequality;,

(T f (), g(@)| = [{f(x), T*g(@))| < [[f (@) T"g ()]

Thus by Holder’s inequality,

(T'f(x), () dz < /R LF @)NT g (@)l dz < [[f[|p[1T"g()lg-

|
R n

Now since T satisfies (v), and 1 < ¢ < 2, we have

IT"g(2)llq < Agllglly,

where A, depends only on B’ p, and n. Putting these facts together we get
s (T f(x), g(x))| dz < Agllgllgll f1l-
Taking the supremum yields the desired type (p,p)-inequality for continuous, com-

pactly supported functions:
1Tl < Agllflp-

Extending by continuity to all of LP yields the result. O]



Chapter 6

Conclusion

We have seen that the Bochner integral is the natural extension of the Lebesgue
integral for vector-valued functions, in that it is the unique continuous map defined on
simple functions in the same way as the Lebesgue integral. Important results such as
Holder’s inequality, the Dominated Convergence Theorem, and Fubini’s theorem were
seen to carry over to the vector-valued setting. We saw that the Fourier transform
can be defined in the obvious way with the Bochner integral.

The notion of weak measurability proved useful for establishing the measurability
of functions of the form K(-)f(-), where K is an operator-valued function and f
is a vector-valued function. This allowed us to define convolution for vector-valued
functions. Weak measurability was also useful in proving the vector-valued version of
Fubini’s theorem.

When we tried to prove a vector-valued version of a theorem about singular inte-
grals with the Bochner integral, we saw that certain results do not carry over easily
to the vector-valued setting. As discussed in our introduction, the LP duality theorem
invoked in the proof of the singular integral theorem may not hold for vector-valued
functions; the proof presented in Chapter 4 of the weaker version of the L” duality
theorem is more involved than the proof of the analogous scalar-valued result. T do
not know whether anyone has proven a stronger vector-valued L? duality theorem, or
whether a stronger version can be proved.

We could not directly imitate the proof found in Stein [9] of the singular integral
theorem, and to achieve the same conclusion for vector-valued functions we needed
to modify and supplement the hypotheses. I do not know whether an elegant version

of the theorem exists for vector-valued functions.

o6
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