AI P Journal of
Mathematical Physics

Cyclical behavior in early universe cosmologies
Andrew P. Billyard, Alan A. Coley, and James E. Lidsey

Citation: Journal of Mathematical Physics 41, 6277 (2000); doi: 10.1063/1.1286878
View online: http://dx.doi.org/10.1063/1.1286878

View Table of Contents: http://scitation.aip.org/content/aip/journal/jmp/41/9?ver=pdfcov
Published by the AIP Publishing

Articles you may be interested in

Nonminimal derivative coupling in five dimensional universal extra dimensions and recovering the cosmological
constant

AIP Conf. Proc. 1454, 47 (2012); 10.1063/1.4730685

The Cosmological Slingshot Scenario: a Stringy Proposal for the Early Time Cosmology
AIP Conf. Proc. 1031, 172 (2008); 10.1063/1.2972004

Cosmological evolution of a brane Universe in a type 0 string background
AIP Conf. Proc. 607, 337 (2002); 10.1063/1.1454401

Dynamics of cosmological models in the brane-world scenario
AIP Conf. Proc. 586, 34 (2001); 10.1063/1.1419529

Inflationary cosmology and creation of matter in the universe
AIP Conf. Proc. 555, 3 (2001); 10.1063/1.1363505

AIP f\:l);l:rr::::;tical Physics ‘ L4
celebmzfesy the N O be l P rize
in Physics


http://scitation.aip.org/content/aip/journal/jmp?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1328102470/x01/AIP-PT/JMP_ArticleDL_102616/nobel-prize_banner_JMP2.jpg/434f71374e315a556e61414141774c75?x
http://scitation.aip.org/search?value1=Andrew+P.+Billyard&option1=author
http://scitation.aip.org/search?value1=Alan+A.+Coley&option1=author
http://scitation.aip.org/search?value1=James+E.+Lidsey&option1=author
http://scitation.aip.org/content/aip/journal/jmp?ver=pdfcov
http://dx.doi.org/10.1063/1.1286878
http://scitation.aip.org/content/aip/journal/jmp/41/9?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4730685?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4730685?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.2972004?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.1454401?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.1419529?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.1363505?ver=pdfcov

JOURNAL OF MATHEMATICAL PHYSICS VOLUME 41, NUMBER 9 SEPTEMBER 2000

Cyclical behavior in early universe cosmologies

Andrew P. Billyard
Department of Physics, Dalhousie University, Halifax, Nova Scotia, B3H 3J5, Canada

Alan A. Coley
Departments of Mathematics and Statistics and Physics, Dalhousie University, Halifax,
Nova Scotia, B3H 3J5, Canada

James E. Lidsey
Astronomy Unit, School of Mathematical Sciences, Queen Mary & Westfield,
Mile End Road, London, E1 4NS, United Kingdom

(Received 4 January 2000; accepted for publication 16 May 2000

This paper studies early universe cosmologies derived from a scalar—tensor action
containing cosmological constant terms and massless fields. The governing equa-
tions can be written as a dynamical system which contains no past or future
asymptotic equilibrium state@.e., no sources nor sinksThis leads to dynamics

with very interesting mathematical behavior such as the existence of heteroclinic
cycles. The corresponding cosmologies have novel characteristics, including cycli-
cal and bouncing behavior possibly indicating chaos. The connection between these
early universe cosmologies and those derived from the low-energy string effective
action is discussed. @000 American Institute of Physics.

[S0022-248800)00709-X

I. INTRODUCTION

In this paper we consider the qualitative dynamics of a class of spatially flat, scalar—tensor
cosmological models derived from the action

szf d*x\—g{e " *[R+(VD)2— 1e2®(Vo)2—2A]— Ay} (1)

whereR is the Ricci curvature scalar of the space-time with megyj¢, g=detg,,, {A, Ay} are
constants and®,o} represent scalar fields. The dynamics of these cosmological models has very
interesting mathematical properties. In particular, there are no asymptotically attracting equilib-
rium states in the phase space and this may lead to important physical consequences.

The form of action(1) can be partially motivated from string theory, which is the most
promising candidate for a unified theory of the fundamental interactibighen A, vanishes,
Eqg. (1) represents the truncated effective four-dimensional action of the Neveu—Schwarz/Neveu—
Schwarz(NS—NS sector of the theorﬂz.The scalar field®, represents the dilaton field and the
axion field, o, is the Poincarelual of the antisymmetric two-form potential. The constantmay
be interpreted in terms of the central charge deficit of the string theory and can be negative. The
evolution of the very early universe immediately below the string scale may have been determined
by an effective action of this form. The dynamics of the spatially flat and homogeneous cosmolo-
gies in the casé ;=0 was presented in Ref. 3. One of the main purposes of the present work is
to determine the effects of introducing a nontrivial cosmological constagt, that does not
couple directly to the dilaton field. Such a term represents a vacuum energy contribution to the
energy-momentum tensor. A discussion of the spatially flat and homogeneous cosmologies in the
caseA =0 was presented in Ref. 4, and a partial analysis of the dynamics with a nonvanishing
axion field when both\ and A, are nonzero was investigated in Ref. 5.
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II. ANALYSIS

We assume that the metric corresponds to the spatially flat, Friedmann—Robertson—Walker
(FRW) universe:ds’= —dt?+e?* dx, dx'. Substituting thisansatzinto the action(1) and inte-
grating over the spatial variables then yields the reduced action

s:f dt e {e P[6ad —6a2— D2+ 1e*®52—2A]— Ay}, 2

where a dot denotes differentiation with respect to cosmic timélhe Friedmann constraint
derived from Eq.2) is given by

3&2—¢2+2A+ %6_282<p+6a+AMe<p+3a:O, (3)

in terms of the shifted dilaton fieldp=® — 3«a.

A generalization to the spatially flat, Bianchi type | cosmology may also be considered. This
effectively results in the introduction of two massless scalar fields into the reduced &tion
These fields parametrize the shear of the models. Similar degrees of freedom also arise when
considering the toroidal compactification of higher-dimensional theories. Although we do not
consider these extra fields in this paper, their overall contribution to the dynamics can be modelled
by introducing a single modulus fiel?=3; 82, into the reduced actiof®),* and their inclusion
could be important in the discussion of chaotic behavior.

A. Zero central charge deficit

We first consider the case=0.* We assume thak >0, and employ the generalized Fried-
mann constraint equatiof8) to eliminate the axion field from the system. The resulting field
equations may then be simplified by introducing the new variables and time coorflimate
assume that/>0; the case/<O0 is related to a time reversal of the system and the qualitative
mathematical behavior is similéalthough the physical interpretation is quite diffepgnt

B A d _1d e d @

1/ Yt dO ¢y de ¢ dt’

where a prime denotes differentiation with respectftand ¢y/=¢’. The Friedmann constraint
yields

1-x%2—z=0, (5)
from which it follows that the phase space is bounded with
0={x?,z}<1. (6)

The invariant set +x?—z=0 corresponds to a trivial axion field.
The cosmological field equations for the isotropic FRW model can now be expressed in terms
of the plane system:

dx B ) L

FTe) =(X+V3)[1—x"—2z]+ 5[ x—V3], (7)
dz B ) N A

%—22{[1—x -z]- 3(1-z—-V3x)}. (8)

The equilibrium points of this system aré ', (x,z=-1,0), L, (1,0) and S*
(—1/3v3,16/27). The first two are saddles aBd is a repelling focus. The functional form of
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FIG. 1. Phase portrait of the systdi#)—(8), corresponding to the isotropic FRW model with,>0 andA =0. We shall

adopt the convention that large black dots represent soureesrepellery large gray-filled dots represent sinkis.,
attractor$, and small black dots represent saddles. Note that in this phase space orbits are future asymptotic to a hetero-
clinic cycle.

these solutions was presented and discussed in Ref. 4 and the phase portrait is given in Fig. 1. We
note that the exact solutions corresponding to all of the equilibrium points are self-similar cosmo-
logical model$

We see from Fig. 1 that the orbits are future asymptotic tbegeroclinic cycle This is
comprised of the two saddle equilibrium poirits | andL ., and the singléboundary orbits in
the invariant setg=0 (Ay=0) and 1-x*~z=0 (¢=0) joining L_, andL ;. Hence, the
orbits exhibitcyclical behavior For each cycle, an orbit is quasistationary in the neighborhood of
the saddle poinL(+_). It then shadows the orbit in the invariant set0 as it moves rapidly
towards the equilibrium poinl(ﬂ) . It settles into another quasistationary phase clostqttq and
eventually moves quickly back llo(+_) shadowing the orbit in the invariant setk*—z=0. It is
important to emphasize that the orbits move progressively closer towards the two sla@)es,
after the completion of each cycle. Thus, the motionasperiodic and a given orbit spends more
and more time in the neighborhood of these equilibrium points.

The physics behind the cyclical nature of these orbits is as follows. The sign of the variable
determines whether the universe is expanding or contracting. The value of this variable passes
through zero during each cycle. This behavior arises because the cosmological constant effectively
resists the expansion of the universe, but the axion field has the opposite effect. Since the energy
density of the latter scales agxe %, it is negligible when the spatial volume of the universe is
large. Consequently, the cosmological constant forces the expanding universe to recollapse. How-
ever, the axion field inevitably becomes dominant and reverses this collapse, causing the universe
to enter into a new expanding phase. The process is then repeated and the interplay between the
two opposing trends results in a universe that undergoes a series of bounces.

B. Nonzero central charge deficit

We now consider the case+ 0. We again employ Eq3) to eliminate ther? term from the
field equations, and make the following definitions:

Via “2A Ayt o
ZET, UEE, —=&{——. 9
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FIG. 2. Phase diagram of the systé€hf))—(12) for A<<0 andA,,>0, where¢>0 is assumed. See caption to Fig. 1. Gray

lines represent typical trajectories found within the two-dimensional invariant sets, dashed black lines are those trajectories
along the intersection of the invariant sets, and solid black lines are typical trajectories within the full three-dimensional
phase space.

We assume thah <0 (A,,>0) and we defing?= ?>—2A. The generalized Friedmann con-
straint equation(3) now yields 0<x?+z=<1, so that all variables are boundeds{?,y,z,u?}
<1. From the definition o, y is given byu?+y=1. The resulting three-dimensional system
therefore becomes

dX 2 3 2 1
d—.|_=\/§(1—x —32)+xu(1l—x*— 32), (10
du
L (1—u?)(x2+ L
aT (1—u)(x°+ 52)>0, (11
dz
ﬁ=z[u(1—2x2—z)+1/§x]. (12

The invariant setx?+z=1, z=0, u?=1 define the boundary of the phase space and it is
important to note that the variableis monotonically increasingThis ensures that there are no
closed or recurrent orbits in the phase space. The equilibrium points of the system are all saddles:
S* (x,u,z=F1,27,£1,16/27),L ., (£1,1,0) andL -, (+1,—1,0). The pointd. ., represent
power-law cosmologies witkb>0, where only the dilaton field is nontrivial, i.e., the axion field
and cosmological constant terms are dynamically negligible. These solutions are termed dilaton-
vacuum solutions and have an analytical form giveneBy:t**3 ande®oct =13, The points
L+, are the corresponding solutions where0. The phase portrait is given in Fig. 2.

In this case there amo sinksandno sourcesn the full three-dimensional phase space. Since
the variableu (and hencep) is monotonically increasing, solutions generically asymptote in both
the past and future towards the invariant aets+ 1. These both include an heteroclinic cycle and
this implies that generically the solutions exhibit similar asymptotic behavior at both early and late
times to that discussed aboyEor example, to the future the orbits in the three-dimensional phase
space shadow the orbits in the two-dimensional invariantAse).) The orbits interpolate be-
tween the dilaton-vacuum solutions corresponding to the saddle dqinfsin the past and the
dilaton-vacuum solutions corresponding to the saddle pdziﬁg§ in the future. The effect on the
dynamics of the cosmological constanty, , is significant at both early and late times. The points
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FIG. 3. Phase diagram of the system with~0 andA,>0, wherep>0 is assumed. See captions to Figs. 1 and 2.

S* correspond to the equilibrium poi®" in Fig. 1, but unlike in theA =0 case in whicl8" is
a repelling focus, in the three-dimensional phase space they are saddles and hence they do not play
a primary role in the asymptotic behavior.

From a physical point of view, the cyclical behavior arises due to the complex interplay
between the axion field and the cosmological constant terms. The universe continues to undergo a
succession of bounces between expanding and contracting phases due to the axion field and
vacuum energy\,, . However, the inclusion of the central charge defidit,causesy to ulti-
mately change sign. Thus, the asymptotic behavior in the future is related to a time reversal of the
asymptotic behavior in the past. We remark that the dilaton-vacuum soleffert, **3, corre-
sponding to the point(++) is inflationary over the range<O0, because the expansion is acceler-
ating. In this case, the accelaration is driven by the kinetic energy of the dilaton(felda recent
review of the cosmological significance of these solutions see, e.g., Ref. 7.

Finally, we make some brief remarks on the cAse0. We can defing= ¢ and consider the
subsete=0. Introducing normalized variables as before yields a three dimensional, compact
system of autonomous, ordinary differential equations. We have completed a full dynamical analy-
sis of this system, but we only describe the main features here. There is a nonhyperbolic equilib-
rium point,C ", which can be shown to be(global) source, sincg is a monotonically decreasing
function. This point represents a static universe, where the dilaton field is evolving linearly with
time and the axion field and,, are dynamically negligible. There are also two saddle points,
L(Jri), which represent dilaton-vacuum solutions; these are analogues of the saddles that appear
above. Again, there is also a sad@é. We stress that there are no sinks in the phase space.
Therefore, trajectories generically asymptote into the past tow@rdsand then spiral away
towards the heteroclinic cycle in the invariant $et0 containing the saddle points(t) and
L(++). The phase space is depicted in Fig. 3.

[ll. DISCUSSION

The most important mathematical feature of the models we have consideredadgctioal
behavior that arises due to the existence of a heteroclinic cycle. This is of great physical signifi-
cance, because it might be an indicator of possible chaotic behavior. The solutions interpolate
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between different Kasner-like dilaton-vacuum, power-law models, undertaking cycles between the
saddles in the three-dimensional phase space. This is similar to the dynamical behavior that occurs
in spatially homogeneous Bianchi cosmological mo8éi3he question of chaos in anisotropic
Bianchi type IX string cosmologies has been considérdvas shown that since the axion and
dilaton fields behave collectively as a stiff perfect fluid, the system oscillates only a finite number
of times. Consequently, there is no Mixmaster-type chaos in these nfddefhis is to be
expected since it is known that the admission of stiff fluid matter causes chaos to'téase.
contrast to the anisotropic Bianchi type IX cosmologies, however, the models described above
contain cosmological terms, e.g., an effective dilaton potential and a dynamically important axion
field. It is these intrinsically stringy effects that give rise to chaotic behavior and this chaos has a
different origin to the chaotic behavior that arises in general relativistic models. On the other hand,
there may be some connection with models that contain Yang—Mills fields. It is known that
chaotic oscillations occur for such fieldsand, moreover, it was shown in Ref. 11 that the
oscillations that are suppressed by a single massless scalar field can be restored by coupling an
electromagnetic field to a Brans—Dicke-type field. This model is related to a scalar field model
with an exponential potentisl and, consequently, is also related to string theory cosmological
models*

There are a number of outstanding issues that need to be addressed regarding the possible
existence of chaos in string cosmology. First, the chaotic behavior depends crucially on the
dimensionality of space—time and on the product manifold structure of the extra dimehsions.
particular, superstring theories are formulatedis 10 space—time dimensions, whié theory,
with its low-energy supergravity limit, is an eleven-dimensional théd§econd, the low-energy
effective action is only valid in the perturbative regime of weak coupling and small curvature. In
general, it may be necessary to study chaos within the context of a full nonperturbative formula-
tion of the theory, but at present such a formulation is unknown. Nevertheless, if chaotic behavior
occurs at the level of the effective action, it is to be expected that similar behavior should arise in
the nonperturbative regime. Finally, there is the question of what will happen if inhomogeneities
are introduced. Again, such effects will be most unlikely to lead to any suppression of chaotic
behavior and will perhaps make chaos even more predonfinant.

There are other questions which are important in early universe cosmology in general, and in
string cosmology in particular. The questions of whether cosmological models can isotropize
and/or inflate(and if they can inflate whether there is a graceful exit from inflateme of great
importancet® The techniques utilized in this paper can easily be adapted to study the possible
isotropization in more general spatially homogeneous but anisoptropic string cosmological mod-
els. Inflationary properties of simple string cosmologies have been discussed above. However, a
chaotic cosmological regime might either be an alternative to inflation or, perhaps more impor-
tantly, could work in tandem with an inflationary mechantéto produce new interesting physical
phenomena. For example, a chaotic regime due to dissipative effects or chaotic'fhixinlgl
possibly be an alternative to inflation as a cause of homogenization and isotropization. This might
alleviate the problems of initial conditions in inflation. This last point has been addressed in Ref.
19, where it was suggested that there would be sufficient time for a compact, negatively curved
universe to homogenize since chaotic mixing smooths out primordial fluctuations in a preinfla-
tionary period.
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