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Solving the line-shape problem with speed-dependent broadening and shifting
and with Dicke narrowing. II. Application
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We apply the formalism presented in a previous paper to calculate spectra of an isolated line with speeddependent broadening. The translational motion is modeled on a rigid-sphere interaction and includes the effect
of the mass of the perturber on the profile. We show that the density, the mass of the perturber, and the ratio
of the optical to kinetic cross section all play a role in revealing or concealing 共in the profile兲 the effects of
broadening, which depend upon the speed of the active molecule.
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I. INTRODUCTION

There is a growing body of experimental evidence 共cf.
关1,2兴兲 showing that speed-dependent broadening and shifting
关3,4兴 plays a measurable role in determining the profile of an
isolated line. There is also evidence that the models used to
describe the translational motion, including Dicke narrowing
关5兴, are inadequate. Up to now, the shapes of Dicke-narrowed
isolated lines were mostly analyzed using profiles in which
the treatment of velocity-changing collisions is based on the
soft collision model 关6 –9兴, or the hard collision model 关10–
13兴, or a combination of the two 关14 –19兴. However, it was
recently shown 关19兴 that any combination of the soft and the
hard-collision model 共Rautian-Sobelman 关14兴 or KeilsonStorer 关20兴兲 is insufficient since it does not properly take into
consideration the role played by the mass of the perturber.
While the basic transport/relaxation equation that governs
the line shape is known, there are no analytical solutions of
this equation for physically realistic conditions. Based on
experience with the Boltzmann equation 共a similar but simpler equation兲, it is reasonable to claim that it will never be
possible to find analytical solutions for the line shape of an
isolated line under physically realistic conditions. Most of
the well-known analytical expressions for the line shape
共Doppler, Voigt, Lorentzian, etc.兲 result from making overly
simplifying approximations to the master-transport/
relaxation equation. On the other hand, exact numerical solutions of the equation are relatively easy to generate. In Ref.
关21兴 共hereafter referred as part I兲 we presented a formal
method for solving the equation numerically. This reduced
the line-shape problem to the art of choosing a complete and
infinite set of basis functions and determining how many of
these were to be used. Here we implement the formalism by
selecting a set and, by testing for convergence, determine a
practical number of functions to be included. At this stage
the problem is reduced to solving a finite set of coupled
linear equations. Being numerical in nature, we must, if we
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are to examine solutions, pick specific input parameters. For
the speed-dependent broadening and shifting we assume that
the form established for CO-N2 关22兴 is also appropriate for
CO-Ar. We describe the translational motion using the
velocity-changing collision operator for billiard balls 共rigid
or hard spheres兲 关23,24兴. A billiard-ball model is often used
in statistical mechanics to treat the translational motion
关25,26兴. For us the advantage of using a rigid-sphere interaction lies in the fact that the matrix elements of this
velocity-changing collision operator are known for any ratio
of the mass of the perturber to the mass of the active molecule 关23,24兴. Many parameters contribute to the final profile. In this paper we take ‘‘slices’’ in parameter space in
order to determine what are the important parameters that
reveal or conceal spectral evidence of speed-dependent
broadening.
II. LINE SHAPE

As was shown in part I, the shape of an isolated line is
given by
I共  兲⫽

1
Re c 0 共  兲 ,


共1兲

where c 0 (  ) can be evaluated by solving the set of complex
linear equations
bᠪ ⫽L共  兲 cᠪ 共  兲

共2兲

for the coefficient c s (  ). The subscript s is explained below.
Here the column bᠪ contains one in the position 0 and zeros in
other positions, i.e. 关 bᠪ 兴 s ⫽ ␦ s,0 , and the column c(  ) consists
of the coefficients c s (  ), i.e. 关 cᠪ (  ) 兴 s ⫽c s (  ). The matrix
L(  ) depends on the frequency  and has the following
form:
f
L共  兲 ⫽⫺i 共  ⫺  0 兲 1⫹iK⫺SDf ⫺SVC
,

共3兲

where 1 is the unit matrix, 关 1兴 s,s ⬘ ⫽ ␦ s,s ⬘ , K is the matrix
that represents the Doppler shift, 关 K兴 s,s ⬘ ⫽ 具 s 兩 kជ • vជ 兩 s ⬘ 典 , SDf is
the matrix that represents the dephasing collision operator
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f
Ŝ Df , i.e. 关 SDf 兴 s,s ⬘ ⫽ 具 s 兩 Ŝ Df 兩 s ⬘ 典 , and SVC
is the matrix that rep-

f
, i.e.
resents the velocity-changing collision operator Ŝ VC
f
f
关 SVC 兴 s,s ⬘ ⫽ 具 s 兩 Ŝ VC 兩 s ⬘ 典 . In our ‘‘matrix element’’ notation the
matrix element 关 A兴 s,s ⬘ of an operator Â are given by
具 s 兩 Â 兩 s ⬘ 典 ⫽(  s ,Â  s ⬘ ), where the scalar product of functions,
a( vជ ) and b( vជ ), is defined as (a,b)⫽ 兰 d 3 vជ f m ( vជ )a * ( vជ )b( vជ ).
Here the Maxwellian velocity distribution f m ( vជ ) equals
2 ⫺3/2
2
)
exp(⫺v2/vm
), where v m ⫽ 冑2k B T/m A is the most
(vm
probable speed of the absorber, m A is the mass of absorber,
k B is Boltzmann’s constant and, T is the temperature of the
gas. The chosen basis functions  s ( vជ ) are orthonormal
关 (  s ,  s ⬘ )⫽ ␦ s,s ⬘ 兴 with  0 ( vជ )⫽1.

III. CHOICE OF ORTHONORMAL BASIS FUNCTIONS

For linear absorption by systems in thermal equilibrium,
the transport/relaxation equation has axial symmetry about
the wave vector kជ . A convenient complete set of basis functions with this symmetry can be constructed from the Burnett
functions  nlm ( vជ ) by setting m⫽0 共cf. Lindenfeld and Shizgal 关23兴兲. We write these as 关24兴
2
 nl 共 vជ 兲 ⫽N nl 共 v / v m 兲 l L l⫹1/2
兲 P l 共 eជ k •eជ v 兲 ,
共 v 2/ v m
n

共4兲

where
N nl ⫽

冑

 1/2n! 共 2l⫹1 兲
2 ⌫ 共 n⫹l⫹3/2兲

共5兲

is a normalization factor and ⌫( . . . ) is the gamma-Euler
function. The functions
n

L l⫹1/2
共 x2兲⫽
n

兺

m⫽0

共 ⫺1 兲 m ⌫ 共 n⫹l⫹3/2兲
x 2m
m! 共 n⫺m 兲 !⌫ 共 m⫹l⫹3/2兲

共6兲

are the associated Laguerre polynomials 共sometimes these
are called Sonine polynomials 关27兴兲 and x is the reduced
speed of the active molecule, where x⫽ v / v m . The functions
P l共 y 兲 ⫽

1
2l

[l/2]

兺

k⫽0

共 ⫺1 兲 k 共 2l⫺2k 兲 ! l⫺2k
y
k! 共 l⫺k 兲 ! 共 l⫺2k 兲 !

and shifting and with a velocity-changing collision operator
described by the Keilson-Storer model 关20兴. A general and
more realistic treatment requires the inclusion of kជ • vជ in the
master equation, the use of a potential to determine a collision operator that reflects the role of the mass of the perturber in the kinematics of collisions and, of course, the use
of a broader set of basis functions.
In numerical calculations one needs to limit the complete
infinite set of basis function to a finite set. Our choice of a
finite set consists of using a function with n⫽0, . . . ,n max
and l⫽0, . . . ,l max . The index s, introduced above, represents the pair n and l and enumerates our basis functions
关  s ( vជ )⫽  nl ( vជ ) 兴 . For programing it is convenient to define s
by s⫽n⫹(n max⫹1)l. In this case s ranges from zero to
s max , where s max⫽n max⫹(n max⫹1)l max . There are s max⫹1
basis functions.
IV. MATRIX ELEMENTS

To carry out the line-shape calculations, it is necessary
f
, and second to
first to specify the operators Ŝ Df and Ŝ VC
evaluate all of the elements of all of the matrices which
occur in Eq. 共3兲. In order to compare our new results with
previous calculations we do this for the case in which the
collisional broadening and shifting varies quadratically with
the speed of the active molecule. Dicke narrowing, caused by
velocity-changing collisions, is modeled by colliding billiard
balls with a specified mass ratio. Since the matrix elements
of i(  ⫺  0 )1 are trivial, we move on to consider the other
terms in Eq. 共3兲.
If the Doppler shift kជ • vជ is written as  D eជ k • vជ / v m , where
 D ⫽k v m , then the matrix elements of K can be written as
关 K兴 nl,n ⬘ l ⬘ ⫽  D 具 nl 兩 eជ k • vជ / v m 兩 n ⬘ l ⬘ 典 .

Using our basis functions  nl ( vជ ), the elements
具 nl 兩 eជ k • vជ / v m 兩 n ⬘ l ⬘ 典 can be calculated analytically and are
given by

具 nl 兩 eជ k • vជ / v m 兩 n ⬘ l ⬘ 典 ⫽ 关 冑n⫹l⫹3/2␦ n,n ⬘ ⫺ 冑n ␦ n,n ⬘ ⫹1 兴

共7兲

are Legendre polynomials and y(y⫽eជ k •eជ v ) is the cosine of
the angle between the velocity vector vជ ⫽ v eជ v and the wave
vector kជ ⫽keជ k (eជ v and eជ k are unit vectors兲. The functions
 nl ( vជ ) are also eigenfunctions of the collision operator for
Maxwell molecules 关23兴, i.e., for molecules with a repulsive
potential that varies as 1/r 4 .
The basis functions given by Eq. 共4兲 were used by Lindenfeld 关24兴 to calculate the self-structure factor for a gas of
hard spheres. In optical spectroscopy this is the shape of a
line undergoing Dicke narrowing but no collisional broadening or shifting. Robert and Bonamy 关28兴 used the l⫽0 subset
of these basis functions to calculate the shape of a line in the
high-density (kជ ⫽0) limit with speed-dependent broadening

共8兲

⫻

冑

共 l⫹1 兲 2

4 共 l⫹1 兲 2 ⫺1

␦ l,l ⬘ ⫺1

⫹ 关 冑n⫹l⫹1/2␦ n,n ⬘ ⫺ 冑n⫹1 ␦ n,n ⬘ ⫺1 兴
⫻

冑

l2
4l 2 ⫺1

␦ l,l ⬘ ⫹1 .

共9兲

Next consider the matrix elements of the broadening and
shifting operator Ŝ Df . We recall from part I 共in the case when
velocity-changing and dephasing collisions are uncorrelated兲
that it is conventional to write the dephasing collision operator Ŝ D as
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where v is the speed of the active molecule. In part I we
showed that the two operators Ŝ D and Ŝ Df are identical. The
calculations are simplified if we note that the matrix elements of the speed-dependent collisional width ⌫( v ) and
shift ⌬( v ) can be calculated numerically using the following
relationship:

具 nl 兩 ⌫ 共 v 兲 ⫹i⌬ 共 v 兲 兩 n ⬘ l ⬘ 典 ⫽

4

冑 共 2l⫹1 兲
⫻

冕

⬁

dx e

x

l⫹1/2

⫻L l⫹1/2
共 x 2 兲L n⬘
n

共 x 2 兲关 ⌫ 共 x v m 兲

⫹i⌬ 共 x v m 兲兴 .

共11兲

As in Refs. 关9,19兴 we assume that the collisional width
and shift vary as the square of the absorber speed 关22兴 and
are written in the form

冋 冉 冊册
冋 冉 冊册

E

v2

3
⫺
2
2
vm

共15兲

2
where  (0) ⫽ v m
/(2D (0) ) and

,

2
⫺ 关 ⌫ 0 a W ⫹i⌬ 0 a W 兴 具 nl 兩 v 2 / v m
兩 n ⬘l ⬘典 ,

D (0) ⫽

共12兲

关 SDf 兴 nl,n ⬘ l ⬘ ⫽⫺ 关 ⌫ 0 共 1⫺a W 3/2兲 ⫹i⌬ 0 共 1⫺a W 3/2兲兴 ␦ n,n ⬘ ␦ l,l ⬘

冋

Finally we consider the matrix elements of the velocityf
. The choice of rigid spheres
changing collision operator Ŝ VC
as a model for the interaction permits us to compare our
results with the recent treatment of Dicke narrowing 关37兴 and
earlier statistical calculations 关24兴 using the same interaction.
Perhaps, what is more important is the fact that Lindenfeld
and Shizgal 关23兴 have given analytical expressions for the
matrix elements of the rigid-sphere velocity-changing collision operator for the same basis functions as used here. Following Lindenfeld 关24兴 we can write
f
* l ,
关 SVC
兴 nl,n ⬘ l ⬘ ⫽  (0) M nl,n
⬘⬘

3
⫺
2
vm 2

where the parameters a W and a S control the magnitude of the
speed dependence of the collisional width and shift, respectively. In this case we find

⫻

⫺ 冑共 n⫹l⫹3/2兲共 n⫹1 兲 ␦ n,n ⬘ ⫺1 兴 ␦ l,l ⬘ .

v2

⫹i⌬ 0 1⫹a S

冑

⫺ 冑共 n⫹l⫹1/2兲 n ␦ n,n ⬘ ⫹1
共14兲

0

3 l!
E
* l ⫽⫺ ␦ l,l ⬘
M nl,n
⬘⬘
8M 2

具 nl 兩 v 2 / v m2 兩 n ⬘ l ⬘ 典 ⫽ 关共 2n⫹l⫹3/2兲 ␦ n,n ⬘

N nl N n ⬘ l ␦ l,l ⬘

⫺x 2 2l⫹2

⌫ 共 v 兲 ⫹i⌬ 共 v 兲 ⫽⌫ 0 1⫹a W

2
where the elements 具 nl 兩 v 2 / v m
兩 n ⬘ l ⬘ 典 can be calculated analytically. They are given by

共13兲

⌫ 共 n⫹l⫹3/2兲 ⌫ 共 n ⬘ ⫹l⫹3/2兲

1/2

1

共16兲

N2

is the first-order self-diffusion coefficient for rigid spheres.
Here  is the average of the rigid-sphere diameter of the
absorber and perturber, N is the number density of perturbers,  ⫽m A m P /(m A ⫹m P ) is the reduced mass, m A is the
mass of the absorber, and m P is the mass of the perturber.
E
* l are given by the following equation
The coefficients M nl,n
⬘⬘
关23,24兴:

再兺 兺
册
ñ

n!n ⬘ !

冉 冊

3 k BT
8 2

ñ⫺p ñ⫺p⫺s

p⫽0 s⫽0

⌫ 共 n⫹n ⬘ ⫺2s⫺2 p⫺m⫹l⫺r⫺q⫺1/2兲 B (1)
p,q 共 ⬁ 兲
共 n⫺m⫺s⫺p 兲 ! 共 n ⬘ ⫺m⫺s⫺p 兲 ! 共 l⫺r⫺q 兲 !m!

l

冋

l⫺q

兺 兺兺
m⫽0 q⫽0 r⫽0

4 p 共 r⫹s⫹p⫹q⫹1 兲 !
共 p⫹q⫹1 兲 !r!s!

册

冎

⬘ ⫹q⫺2m⫺2s⫺p 共 M ⫺M 兲 m⫹r⫹2s 兴 ,
M n⫹n
关 M l⫹p⫺r⫺q
1
2
1
2

共17兲

As discussed by Lindenfeld 关24兴, the exact diffusion coefficient D differs from D (0) . The ratio f D ⫽D/D (0) can be
found by solving the following set of linear equations:

where M 1 ⫽m A /(m A ⫹m P )⫽1⫺M 2 , ñ⫽min(n,n ⬘ ) and
B (1)
p,q 共 ⬁ 兲 ⫽

共 2p⫹q⫹1 兲 ! 2 q⫺1 共 p⫹q⫹1 兲 !
⫺
.
2q! 共 2p⫹1 兲 !
p!q!

共18兲
⬁

⫺
For the M 1 or M 2 equal to zero, and for M 1
⫽M 2 the coefficients occurring in Eq. 共15兲 are
E
E
* l , limM →0 M nl,n
* l , and
defined as limM 1 →0 M nl,n
2
⬘⬘
⬘⬘
E

* l , respectively.
limM 1 →M 2 M nl,n
⬘⬘

E
* 1 a n ⬘ ⫽ ␦ n,0
M n1,n
兺
⬘
n ⫽0

⬘

共19兲

for a n . The ratio f D is equal to a 0 . By introducing f D we can
rewrite Eq. 共15兲 in the form
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共20兲

where the effective frequency of velocity-changing collisions
 diff is defined by

 diff⫽

2
vm

2D

.

共21兲

The parameter  diff is commonly used in the investigation of
Dicke narrowed lines to characterize velocity-changing collisions.
This completes our discussion of evaluating the matrix
elements for the set of coupled equations represented by Eq.
共2兲. In the present case all matrix elements are analytical in
form. Nevertheless, we solve the set of equations numerically, using standard software. We refer to the resulting line
shape as a speed-dependent billiard-ball 共SDBB兲 line shape.
V. CALCULATIONS AND RESULTS

The parameters that control the calculated line shape are
the temperature T, the mass of the active molecule m A , the
mass of the perturber m P , the wave vector kជ , the kinetic
cross section 共hidden in  diff), the optical cross section 共hidden in ⌫ 0 and ⌬ 0 ), and the amplitudes of the speed dependence of the collisional broadening and shifting, a W and a S .
The parameters  diff , ⌫ 0 , and ⌬ 0 are all proportional to the
density, which is the last control parameter. It would be a
formidable task to examine the anatomy of an isolated line
over such an enormous parameter space. We, therefore, limit
our examination primarily to the influence of the speeddependent broadening on the line shape 共a subject of current
interest兲 and through the translational motion, the influence
of the perturber to absorber mass ratio, ␣ ⫽m P /m A , on the
profile.
In the calculations we use the dimensionless variables,
u⫽(  ⫺  0 )/  D , g⫽⌫ 0 /  D , d⫽⌬ 0 /  D , and z⫽  diff /  D ,
where  D is related to the Doppler width. As in Ref. 关19兴 we
consider conditions appropriate for infrared absorption by
light molecules where the kinetic and optical cross sections
are comparable. These are proportional to  diff and ⌫ 0 , respectively. Here we copy 关9兴 and take  diff /⌫ 0 equal to 1.14
and we ignore the shift by setting ⌬ 0 equal to zero. For the
speed-dependent broadening, once again we copy 关9兴 taking
a W ⫽0.1. These are values appropriate for CO perturbed by a
range of molecules and atoms 关2,7,11,22兴 for which the collisional shift of the lines is very small. The remaining parameters are fixed at values appropriate to the fundamental band
of CO at room temperature.
One aspect of the problem that we shall explore numerically is the influence of ␣ on the line shape. It is known, as
␣ goes to zero, that D reduces to D 0 and the SDBB profile
reduces to the soft collision or speed-dependent Galatry line
shape 共SDG兲 关9兴. The only aspect of the problem that reflects
the choice of the interaction being for billiard balls is that D 0
is given by Eq. 共16兲. Analytical expressions for the SDG
profile 关9兴 exist for the case where ⌫( v ) is given by Eq. 共12兲.
We have used the comparison of spectra calculated for this
SDG profile with our SDBB line shape with ␣ ⫽0 to check

FIG. 1. Comparison of line shapes obtained for  diff /⌫ 0
⫽1.14, g⫽0.7, d⫽0.0, z⫽0.8, and a W ⫽0.1. 共a兲 The base curve:
Galatry profile G. 共b兲 Differences between the calculated profiles
and the base curve: BB-G and SDBB-G for ␣ ⫽0, 1, 2, and 20.

for convergence of our calculations. We have shown that
setting n max⫽10 and l max⫽10 gives a highly accurate line
shape 共convergence to within 10⫺6 of the peak value兲 and in
a time much shorter than the iterative method used in Ref.
关19兴.
While the influence of the speed-dependent broadening
(a W ⫽0) and of the finite mass of the perturber ( ␣ ⫽0) on
the spectral profile of an isolated line are readily detected
experimentally 共cf. 关29–31兴兲, they are nevertheless small in
most cases. In order to show the presence of such an effect in
our calculated profiles, we will display the lines as the difference between the calculated profile and some base or reference profile.
We first perform calculations at a density such that z
⫽0.8 and take g⫽0.7. When g and z are near unity the
influence of speed-dependent effects and of Dicke narrowing
on the shape of spectral lines is significant. In this region of
parameter space, Dicke narrowing is sensitive to the mass
ratio ␣ . On the scale of Fig. 1共a兲 all of the curves obtained by
reducing a W to zero or by varying ␣ would be close together.
Therefore, in Fig. 1共a兲 only the base curve B(u), taken here
as the speed-independent soft-collision or Galatry line shape
G 关6兴, is shown. In Fig. 1共b兲 we illustrate the sensitivity of
the curves to the choice of mass ratio ␣ and to the presence
or absence of the speed-dependent broadening, by plotting
I(u)⫺B(u). The solid line at zero is for rigid spheres with
a W ⫽0 and ␣ ⫽0. That the speed-independent BB profile reduces to the soft-collision model for ␣ ⫽0 is not surprising
as any interaction potential leads to this result as the mass of
the perturbers approaches zero. For ␣ ⫽0 but still for speedindependent broadening (a W ⫽0) we find, in order of increasing amplitude at zero frequency, the speed-independent
BB profiles with ␣ ⫽1, 2, and 20. For the speed-dependent
profiles (a W ⫽0.1) we find, at the same density, that the zero-
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FIG. 2. Comparison of line shapes obtained in the hydrodynamic limit (  D ⫽0.0) for  diff /⌫ 0 ⫽1.14, ⌬ 0 ⫽0.0, and a W ⫽0.1.
共a兲 The base curve: Lorentz profile L. 共b兲 Differences between the
calculated profiles and the base curve: SDBB-L for ␣ ⫽0, 1, 2, and
20. The upper curve is a plot of WSL-L.

FIG. 3. Comparison of line shapes obtained in hydrodynamic
limit (  D ⫽0.0) for  diff /⌫ 0 ⫽10.0, ⌬ 0 ⫽0.0, and a W ⫽0.1. 共a兲 The
base curve: Lorentz profile L. 共b兲 Differences between the calculated profiles and the base curve: SDBB-L for ␣ ⫽0, 1, 2, and 20.
The upper curve is a plot of WSL-L.

frequency amplitudes lie higher than the results for the
speed-independent profiles and in the same order with varying ␣ . As mentioned earlier, the SDBB line shape with ␣
⫽0 is identical to the SDG line shape 关9兴. We have verified
this numerically.
It is clear from Fig. 1共b兲 that departures from the softcollision model arising 共at low densities兲 from the nonzero
mass of the perturber can be very similar to departures arising from speed-dependent broadening. However, the reader
should keep in mind that we reach this conclusion by varying
these two parameters while holding other parameters or conditions fixed at specified values. In another region of parameter space, varying the same two parameters could 共and does兲
lead to different conclusions. Two important fixed
parameters/conditions for Fig. 1 were density (z⫽0.8) and
 diff /⌫ 0 ⫽z/g⫽1.14.
Keeping  diff /⌫ 0 equal to 1.14, we now examine the highdensity or hydrodynamic regime. For large values of z,  diff
is much larger than  D ⫽k v m and the Doppler term kជ • vជ may
be simply dropped from the transport/relaxation equation. In
this collision-dominated regime we anticipate a densityindependent line shape if the detuning is scaled with the
density. As in Ref. 关19兴 we define a reduced detuning w by
w⫽(  ⫺  0 )/⌫ 0 and we set ⌬ 0 ⫽0. In the high-density regime, the soft-collision base profile used for Fig. 1共b兲 reduces to a simple Lorentzian of width ⌫ 0 . This base profile
B(w) is shown in Fig. 2共a兲. Departures from the base profile,
I(w)⫺B(w) as ␣ and a W are varied, are shown in Fig. 2共b兲.
In contrast to Fig. 1共b兲, the departures for a W ⫽0 are zero for
all values of the mass ratio and not just for the ␣ ⫽0 case.
With the speed-dependent broadening (a W ⫽0.1) the departures at zero detuning are ordered in the same way as in Fig.

1共b兲 for low densities. If the mass of the perturber was infinite 共the so-called Lorentz gas兲, the active molecules would
move with constant speed and each speed class would make
a contribution to the spectrum that was a Lorentzian with a
width ⌫( v ). Consequently the profile should approach a
weighted sum of Lorentzian 共WSL兲 profiles 关32兴 as ␣ is
increased. Departures of the WSL profile from the base
Lorentzian are also shown in Fig. 2共b兲. As expected the
rigid-sphere calculations appear to approach this limit as the
mass ratio is increased. Below we will explore whether this
is true in other regions of parameter space. Nevertheless, it is
clear from Figs. 1共b兲 and 2共b兲 that departures from simple
line shapes due to the speed-dependent broadening depends
upon both the density and the mass ratio. We emphasize that
the departures plotted in Figs. 1共b兲 and 2共b兲 are departures
from a prescribed base profile and not 共as is common in
experimental papers兲 departures from a fitted 共base兲 profile.
Thus, for example, they are not to be compared with the
residuals shown in 关29兴.
We now explore a different section of parameter space. As
in Fig. 2 we consider z to be large. We fix the speeddependent broadening (a W ⫽0.1) and we calculate profiles
with different mass ratios and different ratios of the kinetic to
optical cross section 共represented by  diff /⌫ 0 ). In Fig. 3共a兲
we take, as a base profile, the same simple Lorentzian profile
with width ⌫ 0 as shown in Fig. 2共a兲. The results for  diff
Ⰷ⌫ 0 ,  diffⰆ⌫ 0 ,  diff⫽10⌫ 0 , and ␣ equal to 0, 1, 2, and 20
are shown in Fig. 3共b兲. In the case of  diffⰇ⌫ 0 and for all
values of ␣ considered, the departures from a simple Lorentzian are zero. For the case of  diffⰆ⌫ 0 the departures are
again independent of the mass ratio and are not distinguishable from those for the WSL, shown in Fig. 3共b兲. For  diff
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⫽10⌫ 0 , the results fall between the first two cases, approaching a WSL’s as ␣ is increased. Note, at say ␣ ⫽20,
that the departures from the base spectrum shown in Fig.
2共b兲 for  diff /⌫ 0 ⫽1.14 are almost a factor of 2 larger than
those shown in Fig. 3共b兲 for  diff /⌫ 0 ⫽10. Clearly, we must
add the ratio of the kinetic to the optical cross section to the
list of parameters that influence the degree to which the
speed-dependent broadening will impact on the line shape.
The same conclusion was reached earlier but was based on
calculations with model collision kernels 关19兴 as opposed to
a model 共BB兲 interaction potential.
It is easy to give a physical interpretation of the results
shown in Fig. 3共b兲. In the case of  diffⰇ⌫ 0 the exchange
between velocity classes is rapid. If the mass of the perturber
is not large 共compared to the mass of active molecule兲, this
implies that the exchange between speed classes is also rapid
with respect to the decay of the optical coherence 共broadening兲. Thus it is appropriate to replace the latter term in the
relaxation/transport equation by the average value of the
width, 兰 d 3 vជ f m ( vជ )⌫( vជ ), i.e., by a value that is independent
of the speed and, here, equal to ⌫ 0 . Consequently the resulting profile is a simple Lorentzian 共see Ref. 关19兴兲 and the
departures vanish. The mass ratio 共at least if it is finite兲 plays
no role in this argument. However, beware. If ␣ is very large
共infinite兲, even if  diff is large, velocity-changing collisions
do not change the speed of the active molecule and in this
case the resulting profile is a WSL. The range of ␣ very large
is not explored in Fig. 3共b兲.
In the reverse situation (  diffⰆ⌫ 0 ) the velocity and thus
also the speed, relaxes slowly with respect to the optical
coherence that therefore, decays at a constant speed. Consequently, in the hydrodynamic region, the profile will become
a weighted sum of Lorentzians. Here, the mass ratio is irrelevant to the argument.
In the intermediate case (  diff⫽10⌫ 0 ) the mass ratio plays
a crucial role as it varies 共for a given intermolecular interaction兲 the relative importance of speed changing versus direction changing collisions. Thus in Figs. 2共b兲 and 3共b兲, as the
mass of the perturber increases, the velocity-changing collisions become more-speed-conserving collisions and thus the
profile must approach closer to a WSL, the same limit that is
reached for  diffⰆ⌫ 0 . None of these general arguments are
connected to the specific use of billiard balls as a model
interaction potential but rather they are connected to basic
kinematics and the general consequence of having a dynamic
system in which there are both fast changing and slowly
changing variables.
From Figs. 1–3 and their interpretation we reach the main
conclusion of this paper. This conclusion states that the degree to which the speed-dependent broadening becomes apparent in the shape of an isolated line depends upon the
density, the ratio of the kinetic to optical cross section and
the ratio of the mass of the perturber to the mass of the active
molecule. Any analysis of experimental profiles that does not
include all of these factors will be flawed. For example, note
that the observation that a line is a simple Lorentzian does
not establish, on its own, that the broadening is speed independent. In this paper while our discussion is based on collisionally unshifted lines, the SDBB model can also be ap-

plied to strongly shifted lines, including the case where the
perturber mass is greater than the mass of the active molecule 关1,33,34兴.
Having reached our main conclusion, we move on to discuss the relation of the present paper to earlier work. Here
we have considered the speed-dependent broadening and
treated the translational motion by modeling the molecular
interaction as for billiard balls 共rigid or hard spheres兲. In the
literature, different models for the velocity-changing collision operators have been used 关6,10,14,20兴. In general, none
of these model-collision operators depends upon the ratio of
the mass of the perturber to the mass of the active molecule.
Of course, it is well known that any physically realistic interaction potential will lead to the soft-collision model 关6兴 as
the mass ratio goes to zero. The hard-collision model of Nelkin and Ghatak 关10兴 is often presumed to be appropriate for
treating the translational motion in the limit of ␣ going to
infinity. This is false. We have shown by direct comparison
that in the hydrodynamic limit the speed-dependent NelkinGhatak profile 共SDNG line shape兲 关12,14兴 is close to the
SDBB profile for ␣ ⫽1. Under the same conditions, but with
the speed-independent collisional broadening and shifting
the BB line shape, for any value of ␣ , is essentially the same
as the corresponding speed-independent Nelkin-Ghatak profile. For the same conditions as in Fig. 1共b兲 we find that the
SDBB profile with ␣ ⫽4 agrees with the SDNG profile and
in the speed-independent case that the BB profile with ␣
⫽9 closely mimics the NG profile. Clearly the hard-collision
model for the collision operator does not mimic the collision
operator for very heavy perturbers. The Keilson-Storer 关20兴
and the Rautian-Sobelman 关14兴 model for the velocitychanging collision operator also suffer from their inability to
reflect the role of the mass of the perturber on the speeddependent profile of an isolated line. On the other hand, as
we have shown, even a simple model for the interaction potential does capture the essential dependence of the profile on
the mass ratio. Furthermore, since the numerical steps required to go from a potential to a collision kernel to a collision operator are well understood, it is possible to carry out a
full ab initio calculation of the translational motion and, of
course, of the speed-dependent collisional broadening and
shifting. Thus it is possible to carry out a semiclassical, ab
initio calculation of the speed-dependent profile of an isolated line. This is our ultimate objective.
The self-structure factor for hard sphere gas was calculated much earlier by Lindenfeld 关24兴 and after normalization is identical to our billiard-ball profile if the collisional
broadening and shifting is neglected. We also note it is possible to solve analytically the billiard-ball transport equation
for the Lorentz gas, i.e., for massive perturbers 关35,36兴. Indirectly, Lindenfeld 关24兴 has raised the question, of how or if
the BB line shape for a finite mass ratio approaches the Lorentz gas profile as ␣ ⫽m P /m A is increased towards infinity.
The crux of the question deals only with the translational
motion. We can examine the same question by performing
calculations with ⌫ 0 ⫽⌬ 0 ⫽0. In fact we have checked our
software by comparing our calculations with those presented
in Lindefeld’s paper 关24兴 for small values of ␣ . However, we
can carry out numerical calculations 共using n max⫽30 and
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FIG. 4. Dependence of the normalized peak amplitudes R calculated numerically for ␣ ⫽0, 20, 103 , 106 , 109 , and ⬁ 共Lorentz
gas兲 are plotted. The exact asymptotic value of limz→⬁ R anal(z)
⫽4/ for Lorentz gas is also marked on the plot.

l max⫽10) for large values of ␣ , even for ␣ equal to infinity.
关This corresponding to M 1 ⫽0 and M 2 ⫽1 in Eq. 共17兲.兴 Thus
we can more thoroughly examine the question of as to how
the finite mass calculations approach the Lorentz gas results.
As a basis of the comparison we use
R⫽

I0
,
J0

共22兲

a normalized peak amplitude. Here I 0 is the BB profile with
⌫⫽⌬⫽0 and  ⫽  0 . The normalization factor J 0 is defined
as the peak amplitude of a Lorentzian profile given by
1
1
.
J 共  兲 ⫽ Re 2
  D / 共 2  diff兲 ⫺i 共  ⫺  0 兲

共23兲

This has a Dicke width 共half width at half maximum兲 关5兴
2
/(2  diff)⫽  D /(2z) 关5兴. We know that R
given by k 2 D⫽  D
will approach a value of 1 for any finite value of ␣ , as z
approaches infinity since this is the translational hydrodynamic limit for any gas with the zero broadening and shifting. Using our numerical procedure it is a simple matter to
calculate approximate but reasonable values of the peak amplitude of I 0 over a range of values of ␣ and z. We can also
calculate J 0 since D is also calculable 关see Eq. 共19兲兴. Thus
we calculate R numerically for any ␣ and z. Since analytical
expressions of I(  ) exist for the Lorentz gas profile
关24,35,36兴, it is also an easy matter to calculate R anal for this
case. The only difficulty here is that each speed class has its
own diffusion constant D( v ) and we cannot automatically
assign a value of  diff in Eq. 共23兲. In a manner similar to that
of Lindenfeld we use the quantity D⫽ 兰 d 3 vជ f m ( vជ )D( v ) defined as the Maxwellian weighted average of D( v ) and
through this we define a value of  diff and z. With this definition, Lindenfeld showed that R anal for the Lorentz gas approaches a value of 4/ as z approaches infinity. As a check
on our numerical procedure we calculated the Lorentz gas
profile numerically and compare our limz→⬁ R(z) with the
analytical value of 4/ . As can be seen in Fig. 4 the agreement is sufficient to justify drawing qualitative conclusions

from the figure. For large values of ␣ (103 , 106 , 109 , and ⬁)
the numerical errors are about 1%.
Figure 4 shows plots of R as a function of z for a range of
values of the mass ratio ␣ . We see that R calculated from the
BB profile is close to the value of R calculated for ␣ ⫽⬁
共Lorentz gas兲 only for large values of ␣ and only over a
limited range of z. The dependence of R on ␣ is easily interpreted in the same manner as above. As ␣ is increased,
velocity-changing collisions become more and more solely
direction-changing collisions, and at a given z, the curves
must approach the Lorentz gas value with increasing mass
ratio, i.e., must approach a weighted sum of Lorentzian profiles in which each Lorentzian component has a Dicke width
given by k 2 D( v ). However, for a fixed and finite value of ␣ ,
the curves must eventually approach the full mathematical
hydrodynamic value determined by a diffusion constant that
includes the thermalization of the speed of a tagged particle.
We have confirmed this interpretation by showing, in the
plateau region of Fig. 4, that the calculated spectrum is indistinguishable from the weighted sum of Lorentzian profiles
calculated for pure, but inhomogeneous Dicke narrowing.
Thus, over a limited range of z, the BB and the Lorentz gas
profile are nearly identical. However, the values of ␣ and the
range of z are such that it will be very difficult, if not impossible, to realize these conditions experimentally.
Finally, Shapiro and May 关37兴 have also considered the
case of the translational motion of rigid spheres. Since they
discretized the velocity distribution function, in effect their
basis functions were a series of ␦ -Dirac functions spread
over the velocity. With this set of basis functions, they were
able to carry out practical calculations only by reducing the
collision kernel to one dimension. With the basis functions
used here, full three-dimensional calculations can be performed on available PC’s in a few seconds for the spectra
shown in Figs. 1–3 共which contain 241 points evenly spaced
for reduced detuning (u or w) from ⫺3 to ⫹3) with n max
⫽l max⫽10. At lower densities, n max and l max must be increased to obtain convergence with a consequent increase of
computation time by roughly the cube of (s max⫹1). In this
region, many terms are required to capture the Doppler
共Gaussian兲 aspects of a line.
VI. SUMMARY AND CONCLUSION

In this paper, we have implemented the formalism presented in part I for the calculation of the spectral profile of an
isolated line undergoing speed-dependent broadening and
shifting with Dicke narrowing. Not only did the specific
choice of basis functions, Eq. 共4兲, permit us to calculate,
rapidly, a line shape for a given speed dependence, but it also
permitted us to borrow from and compare with earlier calculations carried out in statistical mechanics. By calculating
spectra in various regions of parameter space we were able to
reveal the important, but not independent, roles played by the
density, relative size of the optical to kinetic cross section
and the mass ratio in revealing or concealing the signatures
of speed-dependent broadening. We have used physical arguments to support our hypothesis that the conclusions reached
are generic and not the result of the specific form chosen for
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the speed dependence of the broadening or for the choice of
billiard balls 共rigid or hard spheres兲 as a model for the treatment of the translational motion. Being numerical in nature,
the work may easily be extended to treat the case where the
broadening or shifting is given in numerical form, as will be
the case for semiclassical calculations of ⌫( v )⫹i⌬( v ).
Similarly it will be possible to utilize values of the velocitychanging collision operator generated numerically from a
given interaction potential. Consequently we have shown
that it is now possible to carry out ab initio calculations of
the shape of isolated spectral lines starting only from the

interaction potential, provided the microscopic scattering calculations are available.
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