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Abstract

We discover a new and unexpected pattern in the ground state degeneracy of the
N = 1 Conway Moonshine SVOA twisted sectors. The main goal of this thesis is
to calculate the NS- and R- characters of the Cog-twisted R-sector of V/%. We find
empirically that in Conway Moonshine, for about 95% of possible Cog-twistings, all
ground states have the same fermionic parity, whereas 5% of them have ground states
of bosonic and fermionic parities. We prove that the characters of the Ramond-
sector twisted by an action of Coy must be constant. Additionally, we prove that the

Ramond-character of the g-twisted R-sector is equal to the trace of g.
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Chapter 1

Introduction

"I can explain what ... Moonshine is in one sentence, it is the voice of God.”
— Simon P. Norton

The concept of “Moonshine” began with a celebrated observation involving em-
pirical features of exceptional groups: a remarkable relationship between the Monster
finite simple group M and the theory of modular functions [37].

This led to a whole mathematicalization of conformal field theory, known under
the name vertex operator algebra (VOA). Vertex operator algebras are an axiom-
atization of a two-dimensional conformal field theory [40]. These days, VOAs are
important throughout mathematics and particularly appear in geometric representa-
tion theory. In the early days, vertex operators describing the propagation of string
states appeared in string theory. Analogs of vertex operators were found in the
representation theory of affine Kac-Moody algebras (essentially the Lie algebras of
loop groups). The notion of vertex operator, first generalized in 1986 by Richard
Borcherds in [4], was motivated by the construction of an infinite-dimensional Lie
algebra in [32]. A modified version, that of vertex operator algebra, was introduced
in [33, 34] by Frankel, Lepowksi, and Meurman in 1988, where they constructed what
is notably the most famous of all vertex operator algebras: the monstrous Moonshine
module V¥ (see Appendix C).

A number of closely related Moonshines have been constructed for the children of
the Monster (Appendix B), and they are all largely described by the physics of V4. For
the children of Conway’s largest sporadic group, modern Moonshines have also been
found, albeit most of them still lack a detailed physical description ([29], [11], [16], [27]
are nice examples). These are all hoped to be explained by an intriguing supersym-
metric conformal field theory V/% uncovered by Duncan [28]. Encouraged by the
existence and conjectured uniqueness of V¥ Duncan established an analogous su-

per VOA V't hereafter called Conway Moonshine, whose automorphism group is



Conway’s group Coy.

Mathematicians continue to make progress in these questions by doing empirical
mathematics. By compiling interesting data about these structures, we search and
hope for surprising patterns that uncover parts of the narrative. Having a pretty
good visualization of some parts of the story, physics can help guide us to possibly
more interesting places to look.

In this thesis, we discover a brand-new and unexpected pattern in Conway Moon-
shine. The most likely behavior of a supersymmetric field theory is that it will produce
a single isolated ground state for each conceivable twisting. If there is more than one
ground state, there will typically be both bosonic and fermionic ground states. The
presence of a second symmetry, which prevents the ground state degeneracy from
being broken in the manner of a fine-structure constant, typically accounts for the
occurrence of these numerous ground states. In the majority of similar physical situ-
ations, this additional symmetry is a supersymmetry, which forces the same number
of bosonic and fermionic ground states. No physical mechanism that is currently un-
derstood would compel a ground state degeneracy where all ground states have the
same fermion parity. Nevertheless, we find empirically that in Conway Moonshine,
for about 95% of possible twistings, all ground states have the same fermion parity,
whereas 5% of them have ground states of both parities (Appendix A).

We begin this thesis with an exploration of supersymmetry (§2.1). We review
quantum mechanics models and define their partition functions (§2.2). We follow
with a review of the principal definitions of vertex operator algebras (§3.1) and their
corresponding structures and concepts (§3.2-3). Some important groups and proper-
ties that lead to the uncovering of Moonshine are presented (§4.1). We review the
concept of lattice SVOAs and derive their characters (§4.2). Following a brief history
of its research and discovery, we define Conway Moonshine (§4.4). We then calculate

the Neveu-Schwarz and Ramond characters of the Cog-twisted Ramond sector of V74

(85).



Chapter 2
Background

2.1 Supersymmetry

The leitmotif of this paper is the concept of supersymmetric objects, mainly su-
per vertex operator algebras. All experimentally known symmetries in nature relate
bosons to bosons and fermions to fermions. Theoretical physicists have hypothesized
the existence of a type of symmetry, called supersymmetry, that relates bosons and
fermions [49]. In the physical sense, supersymmetry is a spacetime symmetry between
two fundamental types of particles, bosons and fermions, which have integer-valued
spin and half-integer-valued spin respectively. According to supersymmetry, every
particle from one class would have a superpartner particle from the other whose spin

differs by a half-integer.

For any group G, a G-graded algebra is an algebra A whose additive group can be
represented in the form of a direct sum of groups {A4,},e¢ where AjA, C A,y for

any g,h € G:

A=A, (2.1.0.1)

geG

The basic idea of super mathematics is that all objects are Zy-graded, meaning
they can be decomposed into “even” and “odd” pieces. An element of the even piece

is called a boson and an element of the odd piece is called a fermion.

One may regard Z,-grading as splitting an object into its even and odd parts.
For example, the complex numbers C are a Zs-graded algebra over the real numbers
R. The degree 0 (even) elements of C are the purely real numbers, and the degree 1

(odd) elements of C are the purely imaginary numbers.

Let p(a) represent the parity, 0 or 1, of a homogeneous element in a super object.
The general principle to extending axioms of algebraic objects onto super algebraic

objects is straightforward. In a formula, if there are monomials of elements with
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interchanged terms, then in the equivalent formula in the super setting, every inter-
change of neighboring terms, say a and b, is multiplied by a factor of (—1)P(@?®) For
example, in any algebra, the commutator is defined by [a,b] := ab — ba. Whereas, in
a superalgebras the supercommutator is defined as [a,b] := ab — (—1)P@P®)pg, An
algebra A is commutative if the commutator vanishes for all a,b € A, i.e. [a,b] = 0. A
superalgebra A is supercommutative if the supercommutator vanishes for all a,b € A.
It is easy to see that, although C is commutative, it is not supercommutative with
its nontrivial Z,-grading.

In this thesis, any definition where the term “super” is omitted can be turned into

a super object by including a Z,-grading and the above sign convention.

2.2 Partition Functions

The spectrum of an operator A is a generalization of the set of eigenvalues. It is
the set o(A) of values « for which the operator A — ol is not invertible, where I
is the identity operator. A quantum mechanics model consists of a complex Hilbert
space with a Hamiltonian operator, representing the total energy of our model. The
spectrum of a Hamiltonian H on a Hilbert space H is required to be real and bounded
below by definition. The ground state is the eigenspace of minimal eigenvalue. The
dimension of this eigenspace is called the ground state degeneracy. In the Schrodinger
picture, H generates the time evolution of quantum states. Working in Planck units

and letting A = 1, the Minkowski time-evolution operator
U, = eH, (2.2.0.1)

is unitary and does not have a well-defined trace. There is also a Fuclidean time-

evolution operator, for purely imaginary t such that t = is,
U, =e*H, (2.2.0.2)
Assuming Uj is trace-class for all s > 0, the function

Z(H) : s — try(Us) (2.2.0.3)
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is called the partition function. Let H = HT @& H~ be a super Hilbert space where
H* and H~ are the bosonic and fermionic states respectively. We define the operator
(=1)7 : H — H, which acts as +id on H* and -id on H~. The Hamiltonian H of
‘H is required to be a bosonic operator corresponding to the total energy of H. It
maps H to H' and H~ to H~. Since we are in a super Hilbert space, there are two
different traces we can take: the one that adds the even and odd parts, and the one

that subtracts them. We call the first the Neveu-Schwarz partition function
ZNS(H) = try(e*H), (2.2.0.4)
and the second the Ramond partition function

ZR(H) = try((—1)Te ). (2.2.0.5)

A supersymmetry operator G is a fermionic operator, i.e. it maps H* to H~ and
H™ to H™:
(=) = (2.2.0.6)

for ¢» € H* and
(D)o =—¢ (2.2.0.7)

for ¢ € #~. Equivalently, G’ must anticommute with (—1)/:

(-G + G(-1)f =0, (2.2.0.8)
(-G = -G(-1). (2.2.0.9)

G?=H. (2.2.0.10)
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Theorem 2.2.1. For some super Hilbert space H with Hamiltonian H, if a super-

symmetry operator (3 exists, Z%(H) is a constant.

We will give two proofs:

Proof. (version 1) The spectrum of H is in R. We diagonalize H and for each
eigenvalue A\ of H , denote by H, the eigenspace of A. Since H is a super Hilbert
space and H preserves the super structure, H, decomposes as a sum of bosonic and
fermionic pieces, Hy = Hy & H,. Letting q = e=*H the trace function is then
Sy M (dim(HT) £ dim(Hy)), where addition is Neveu-Schwarz and subtraction is
Ramond as usual. Now, G commutes with H so G preserves the eigenspaces. Also,
G? = f[, so, on the \ eigenspace, G2 is multiplication by A. Then, if X # 0, G2 is an
isomorphism so G is also an isomorphism. Recall that G is odd in the sense that it
sends HY to Hy and H; and H). So, if G is an isomorphism, we have dim(H}) =
dim(#; ). It follows that the Ramond trace is Z(H) = ¢°(dim(H7) — dim(H,)),

which is a constant. O

Proof. (version 2) Recall that ZB(H) = try((—=1)7e=*") and ZV¥S(H) = try(e—*H).

and take the derivatives. Now, we take the partial derivatives in s and we obtain:

NS
OZR(H) 0
0s - Os

Then,



and

ZR(H) = —try((£1) e H).

Thus, 2Z8(H) = -2 ZR(H) = 0 and Z%(H) is a constant. O

Proof 1 moreover shows that Z%(H) € Z. This integer is called the Witten index
of H [56].

Since H is a square, its spectrum is bounded below by 0. Thus, if G exists, then
ZNS () is smooth at s = 0 and ZV5(H)(s = 0) counts the number of states of eigen-
value 0. Since ZV9(H) adds the bosons and fermions to each other if ZV%(H)(s =
0) = 0, then the ground state is strictly above zero and we have an equal number of
boson and fermion ground states. Now, if ZV9(H)(s = 0) # 0, then we can retrieve

the number of boson and fermion ground states via

ZNS(H)(s = 0) + ZR(H)

#bosons = 5 : (2.2.0.11)

and,
ZN3(H) (s =0) — Z"(H)
5 )

#fermions = (2.2.0.12)



Chapter 3
Super Vertex Operator Algebras

3.1 Super Vertex Operator Algebras

Although there is no mathematically concrete definition of a quantum field theory
(QFT) in general, we can define 2-dimensional conformal field theories and topological
QFTs [3]. In conformal field theory, we deal with vertex operators which are analogous
to operators in QFT. This means we can write Taylor-like expansions of two vertex
operators, called the operator product expansions (OPE), which gives the QFT analog

of two fields interacting.

We will only consider super vertex operator algebras (SVOA) of “CET-type”.
Such a SVOA comes with a grading by :1Z = {2 | n € Z}:

V=V
nE%Z
that we call spin. The spin-0 space V| is spanned by the vacuum vector.

For mathematicians, some notable characteristics of vertex algebras make them
stand out from other algebras. Being motivated by theoretical physics, the definition
of vertex algebra can be tedious and complicated. As such, many papers have slightly
differing definitions. In [19], De Sole and Kac laid 5 definitions of vertex algebras.
We use the one more commonly used by Duncan in his papers [25, 27],.

Suppose V is a vector space over C which admits a %Z—grading V= @HG%Z V., [16],
which we call spin. By letting

L%ﬁz eE}L% L%¢: E{) Va

neZ nei+z

we define a natural Zs-grading [41]. We say Vj is the bosonic (even) part of V' and

its elements are bosons. Respectively, Vi is the fermionic (odd) part of V' and its

8
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elements are fermions. An element a € V has parity p(a) € Z, if a € V;)W' If
dim V < oo, then we let the superdimension of V' be sdim V = dim Vj - dim V4.
Superdimension then calculates the difference between the bosons and the fermions.

Let U be a vector space. We write U[[z*!]] for the vector space series

Ul[z™]] = {ZW” | u, € U}

ne”

whose elements are bi-infinite formal power series in z*! with coefficients in U. Ad-

ditionally, we denote U((z)) for the vector space

U((2)) =Vl = U { unzn\unGU}

N——o0

whose elements are Laurent series in z with coefficients in U. We take U to be an
associative algebra with identity such that multiplication is defined. From now on,
we will usually fix U = End(V).

A formal power series

Y(a,2) = agpz " e End(V)[[z*!]] (3.1.0.1)

neZ
where a¢,y € End(V) and z is a formal variable, is called a field or vertex operator if,
for all v € V, there is a K such that

amyv =0 for all n > K. (3.1.0.2)

A field Y (a, 2) has parity p(a) € Zs if
() Vo C Vatp(a)

for all & € Zy and n € Z. We denote the space of fields E(V'). Note that E(V) is

closed under the formal derivative %.

A super vertex algebra, SVA, is the following collection of data:

a space of states — a superspace V;

a vacuum vector — a vector |0) € V;
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an infinitesimal translation operator — an even parity preserving endomorphism

T :V — V that raises the %—grading by 1

a state-operator correspondence — a parity preserving linear map of V to the

space of fields

Y(,2): V—=E&V)
a—Y(a,z) = Za(n)z’(”ﬂ)

neZ

The state-operator correspondence provides a product operator defined by

VeV —=V((z)
a®@b—Y(a,2)b= Z agpybz~ "

nez

Super vertex algebras must satisfy the following axioms.
Axiom 3.1.0.1. (SVAL.) Foralla eV,
(1.1) Y (]0), 2) = Idy,
(1.2) Y(a, 2)|0)|.—0 = a,
(1.3) Y(a,z) =0 if and only if a = 0.
The above implies that if Y (a, z)b = 0 for all b € V', then a = 0.

Axiom 3.1.0.2. (SVA2.) For all a € V, [T,Y(a,z2)] = 0.Y(a,z), T|0) = 0 where
T € End(V) is defined by
T(a) = a(,g)]()}.

Axiom 3.1.0.3. (SVA3.) Foralla and b € V, Y(a, z) and Y (b, z) are mutually local,

meaning
(z —w)NY (a, 2)Y (b,w) = (—1)PPO (2 —w)NY (b, w)Y (a, 2)

for N > 0.
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Axiom 3.1.0.4. (Jacobi Identity, SVA4.) For any a,b €V,

22— 21

(22 )Y (0, 2)Y (b, 22) — (— 1051

20

)Y(b, %)Y (a, 21)

- zgl(s(zl - ZO)Y(Y(a, 20)b, 7). (3.1.0.3)

Z9

where ¢ is the formal series

5= = Y <Z>(—1)Syr—sxsz—h (3.1.0.4)

z
5>0,r€Z

A super vertex operator algebra of central charge ¢ € C is an SVA equipped with a
distinguished vector w called the conformal or Virasoro vector. The conformal vector

is even such that

Y(w,z) = Z Lpz~ 42 = Zw(n)z_(”+1).

neL nez
Super vertex operator algebras must satisfy the four main axioms of super vertex

algebras along with the following.

Axiom 3.1.0.5. (SVOAL.) Writing L,, := w(,41), the operators {L, },cz € End(V)
satisfy

(Lms L] = (1m0 — ) Ly + 1—62m(m2 — 180, (3.1.0.5)
[Lpm,c] = 0.

for some ¢ € C.

This axiom is can be translated as the {L,} € End(V) furnishing a representa-
tion of the Virasoro algebra. The Virasoro algebra is defined by the basis elements
{Ly, ¢}nez, where ¢ is a central charge and L, are Virasoro modes. It satisfies axiom

3.1.0.5.

Axiom 3.1.0.6. (SVOA2.) Foralla eV, [L_1,Y(a,z2)] = Y(L_ja,2) = 0.Y (a, 2),
for a € V, meaning

T=1L_.
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Axiom 3.1.0.7. (SVOA3.) The operator Ly is diagonalizable on V' with eigenvalues

contained in %Z and bounded below and the eigenspaces are finite-dimensional.

The Ly-eigenvalue of an eigenvector a € V' is called the conformal weight of a,
denoted h,. Note that hgy = 0 and h, = 2.

An automorphism of V' is a vector space automorphism ¢ : V. — V', such that

gY(a,2)g™ " =Y (ga, 2), (3.1.0.6)
gw = w. (3.1.0.7)

Let V be an SVOA of central charge ¢. The character of V is the series

Z(V) =tryqho2 = ¢ 2 Z dim(V,)q", (3.1.0.8)

for ¢ = €™ and 7 € H. One can also consider a character that is twisted by an

automorphism g of V/,

Zy(V) = try(gg™ ), (3.1.0.9)

for ¢ = €™ and 7 € H. For all SVOAs considered in this thesis, these characters
converge absolutely with radius 1 [57]. Following [9], we nevertheless treat them as
formal power series. Notice here that these characters use the mathematical notions
of “trace” and “dimension”. Accordingly, some authors will prefer those terms over
“character” depending on the context.

An N = 1 super vertex operator algebra is an SVOA of central charge ¢ € C
and conformal vector w equipped with a distinguished spin—% vector 7 called the

superconformal vector. The superconformal vector is odd, so

R
neZ...% ne”z

The N = 1 SVOA satisfy the axioms of SVOAs along with:

Axiom 3.1.0.8. (SVOA4.) Writing L, := Wim+1), and G, := Tty {L}mez and

{Gpn}nez € End(V) satisty

m — 2n

[Lm) Gn] - 9

Goin, (3.1.0.10)
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4m? — 1

= 2L - -
[Gma Gn] m—+n + 12

S mn.0Cs (3.1.0.11)

for the central charge ¢ € C.

We remind the reader that G is odd, so
[va Gn] = _(_l)p(Gm)p(Gn) {Gna Gm] = [Gna Gm]

Axiom 3.1.0.8 is translated as the {L,,}mez and {G’n}nem% € End(V) furnish a
representation of the Neveu-Schwarz algebra.
An SVOA V may not have a superconformal vector. If it exists, a superconformal

vector for an SVOA V is generally not unique. In particular, if 7 € V4 is a supercon-

formal element, then %TOT = %Gi 1T € V5 is a conformal element. Accordingly, we

always assume that a superconformal element for V' is chosen such that %G_ 1T = Ww.

The N = 1 SVOAs are fully defined by the following theorem.

Theorem 3.1.1. [40] Let V be an SVOA with a conformal element w and central
charge. Then 7 € V3, is a superconformal element if and only if, for Y(7,2) =

Y onez G %z_(””), the following properties hold:
(1) GoT = 2&),
(i) Gor = 2¢|0)
(iii) Gyt =0 for k > 2.

Further readings on SVOAs and their properties can be done in [40] and [41].

3.2 Modules

Let V' be an SVOA. An SVOA-module is a superspace M = My @ M7 along with a

parity preserving linear map

V= E(M)
a Y™ (q,2) = Z a%)z’(”“)

nel
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The state-operator correspondence provides a product operator defined by

VeoM-— M((2))
a®@u— Y™ (q 2)u= Z a%)uz’("ﬂ)

Modules must satisfy the following axioms.

Axiom 3.2.0.1. (SVAOMI1.) The vertex operator Y M)(|0), 2) is the identity on M:
(1) Y0(0), 2) = Idu,
(2) Y&(a, 2)|0)].—0 = a™,
(3) YM)(q, 2) = 0 if and only if a = 0.

Axiom 3.2.0.2. (Jacobi identity, SVAOM2.) For any a,b € V,

—15( )Y(M)(a )Y OD (b, 2) — (—1)pl@r®) —15( 1)y<M>(b 2)Y D (q, 2,)
20

—15( ZO)Y(M)(Y(a, 20)b, 22), (3.2.0.1)
)

where ¢ is the series defined in axiom 3.1.0.4.

If a € V5, then a%) is a bosonic operator for all n € Z. Respectively, if a € V7,
then a%) is a fermionic operator for all n € Z.

When we write Y™ (a,2)u = Y, _, agj\/)[)uz*(”“), we have aélv)l)u € Mp(a)+p(w)
when a € Vp) and u € M. Also, Y™ (a,z)u = 0 for all u € M implies that
a=0 [25].

The V-module pair {M,Y @)} or just M when the context is clear, is called an

admissible V-module if the additional axiom is satisfied:

Axiom 3.2.0.3. (SVOAMS.) Setting Y M (w, 2) = ) L2~ "2 we have

(Lns L] = (1 — 1) Lo + 1—62m(m2 — 1)dmsno, (3.2.0.2)
Y ((L_ya, 2) = 8.Y M) (a, 2), (3.2.0.3)

for all a € V.
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An admissible V-module is irreducible if it admits no nontrivial proper graded
submodules. We say an SVOA V' is rational if any admissible V-module M can be
decomposed as the direct sum of irreducible admissible V-modules. We say V is
simple if, up to isomorphism, V' is the only irreducible admissible module over itself.
An SVOA V is holomorphic if V is rational, simple, and irreducible. We emphasize
here that all SVOAs treated in this thesis are holomorphic.

Further notions of modules, submodules, quotient modules, etc., work in the usual

way. For further readings on modules and their properties, see [24].

3.2.1 Twisted Modules

One can define modules that are twisted by a symmetry of the vertex algebra. We
define here the general case and focus on a special case later. Let V be an SVOA and
g be an automorphism of finite order k. A g-twisted module or simply twisted module

of V is a superspace M = Mgz + M7 along with a parity preserving map
V = End(M)[[z*#]]

a— YM(a, 2k) = Z alM) =)

such that Y;,(M)(a,z)b € M((z%)) for all a € A and b € M, such that the following

axioms hold.

Axiom 3.2.1.1. (TSVOAM1.) Setting
VT ={v e V|gy=e %0},
for 0 < m < k —1, we have
Y. (q, z%) = Z agfg?gz_(”ﬂ) (3.2.1.1)

for v e V™.

Axiom 3.2.1.2. (TSVOAM2.) The twisted vertex operator Y;,(M)(|O),z%) is the
identity on M:
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(1) Y (10), 23) = Ida,
(2) Y (@, 28)|0) =g = a®D),
(3) Y™ (a,2+) = 0 if and only if a = 0.

Axiom 3.2.1.3. (Jacobi identity, TSVOAMS3.) For any a,b € V,

S A1)
— (a2 - )y, (b, ZQ)YW)( z§> (3.2.1.2)
— <0

*HS( - ZO)Y;W (Y(a, zg)b, zf) (3.2.1.3)

where ¢ is the series defined in axiom 3.1.0.4.

Axiom 3.2.1.4. (TSVOAMA4.) Setting y M) (w,27%) = > ez Loy g2~ we have

YD((L_ya,2%) = 0,Y M) (q, 21) (3.2.1.4)

g

for all a € V.

Axiom 3.2.1.5. (TSVOAM5.) For all a € V and u € M,
Ay, gt = 0 for n sufficiently large. (3.2.1.5)

If g is a finite order automorphism of V', then V is g-rational if every g-twisted
V-module is the direct sum of simple g-twisted V-modules. The main theorem by
Carnahan and Miyamoto in [9] implies that a rational SVOA is g-rational for any
finite-order automorphism g.

All SVOAs V admit an order two involution, called the canonical involution,
(—1)7, which is the identity on V5 and acts as -1 on V4.

Let (—1)7 = Idy, & (—Idy,) be the canonical involution on an SVOA V' = V5+ V4.
A canonically twisted module of V is a superspace M = Mg+ My along with a parity
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preserving map

where multiplication is defined by such that Y((_Af)) a,z)u € M((z2)) for all a € V

and u € M. The canonically twisted modules are simply (—1)/-twisted modules.

3.2.2 Existence and Uniqueness

SVOA-modules, whether g-twisted or not, have been studied in depth (for exam-
ple [41]). Despite the fact that the theory of twisted modules contains the theory of
ordinary modules, it is common and useful to call to the untwisted theory if g = 1,

and to the twisted theory in all other cases.

Theorem 3.2.1. [22, 23] Let V be a rational super vertex operator algebra and g €
Aut(V') be of finite order. Then V has at least one simple g-twisted V-module and

only finitely many isomorphism classes of simple g-twisted V-module.

In this thesis, the SVOAs that are studied are all holomorphic. These particular

modules have the following useful property.

Theorem 3.2.2. [23] Let V be a holomorphic super vertex operator algebra and
g € Aut(V) be of finite order. Then, there is a unique isomorphism class of simple

g-twisted V-module.

This uniqueness allows us to use the term “the” when speaking about some specif-
ically important g-twisted V-modules. Following the physical language, we will call
the unique irreducible g-twisted module the g-twisted sector. We will also use the
term Neveu-Schwarz sector and Ramond sector for the 1-twisted and (—1)/-twisted

sectors. The g-twisted Ramond sector is the ((—1)7 g)-twisted sector.
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3.3 Characters

Any possibly-twisted SVOA module M has two characters or graded dimensions. The

NS-character is the graded dimension
ZN3 (M) = try(g"73),

that adds the bosonic and fermionic subspaces of M. The R-character is the graded

dimension

ZM(M) = strag(¢"731) = trar((=1)T g™ ),

that subtracts the fermionic subspaces from the bosonic subspaces of M. We treat
g as a formal variable. In fact, these characters typically converge to meromor-
phic functions. We denote the R-character of the NS- and R-sectors Z™%(M) and
ZBNS(M) respectively and the NS-character of the NS- and R-sectors ZV5V5 (M)
and ZN5B(M) respectively.

We can interpret these characters as partition functions of quantum mechanics
models. The Hilbert space is a Hilbert completion of M and the Hamiltonian of M is
Lo — ;. Then M has a partition function described by 2.2.0.3. The Neveu-Schwarz

partition function of M is
ZNS (M) = trp(e~sFom31)), (3.3.0.1)
and the Ramond partition function of M is

ZNS(M) = trp((—1)T e som21)), (3.3.0.2)

%, we can see that the definitions of partition functions and characters

Letting ¢ = e~

are the same.
Let V be an N = 1 SVOA with conformal vector w and central charge c¢. Recall

that, this means that among the operators of V' is a superconformal vector 7. In the

Neveu-Schwarz sector, the expansion of 7 is

Y(rz)= Y G ), (3.3.0.3)

nEZJr%
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where the shift by % comes from the fact that 7 is fermionic. In the Ramond sector,

the expansion of 7 is
Y(r,2) = Z Gz t2), (3.3.0.4)

nez

Here, the relative shift by 1 comes from the (—1)7-twisting, since 7 is fermionic.

Suppose ¢ is some automorphism of V' that fixes 7. Then the mode expansion of 7 in

the g-twisted NS- and R~ sectors does not pick up any further shift from the twisting.
Thus 3.3.0.3 and 3.3.0.4 still hold in the g-twisted NS- and R- sectors respectively.

The equations 3.1.0.10 and 3.1.0.11 hold in any module, with the degrees m,n

ranging over different sets. For example, in the g-twisted R-sector, GG, is integer-

graded. In particular, there exists the operator Gy. Expanding 3.1.0.11 for m,n = 0,

Gy, Go] = 2Lo — % (3.3.0.5)
= Lo i, (3.3.0.6)

so GE= Lo — 5; and Gy is a supersymmetry operator by 2.2.0.10.
Thus, these quantum mechanics models are supersymmetric. By theorem 2.2.1,

Zg.r is constant.



Chapter 4

Group Theory

4.1 Interesting Groups: GL,, O,, SO,,, Maximal Tori

It goes without saying that group theory is central to the study of abstract algebra.
The action of some groups on algebraic structures will be crucial to our study of
Moonshine. Moonshine consists of an astonishing set of relationships between the
Monster finite simple group and the modular functions in number theory, and is
reviewed in detail in appendix C. In this section, we define some interesting groups
that will underline some of our most important definitions. It is notable to say that all
the following groups are compact Lie groups and thus have particularly well-behaved
properties. By definition, a Lie group is a group with a compatible smooth manifold
structure.

Let GL,(R) be the general linear group, the set of m x n invertible matrices
equipped with ordinary matrix multiplication. The orthogonal group, O, is a sub-

group of GL, (R) consisting of all n x n orthogonal matrices.
O, = {all n x n matrices M such that MM”* = I,,}.

For any element M € O, the determinant of M is +£1.

The special orthogonal group, SO, is the identity component of O,, and contains

all nxn orthogonal matrices with determinant 1. We observe the short exact sequence

det

1— S0, — 0, — {£1} — 1. (4.1.0.1)

The orthogonal group and the special orthogonal group of dimension n share the

same Lie algebra.

Another notable class of groups is the spin groups, Spin(n), for n € N. The

group Spin(n) is the unique connected double cover of SO,,: there exists a short exact

20
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sequence

1 — Zy — Spin(n) — SO,, — 1. (4.1.0.2)

We can construct Spin(n) from the set of even invertible elements in the Clifford
algebra Cliff(n), as is done in [27].

A torus T in a compact Lie group G is a compact, connected abelian Lie subgroup
of G. A maximal torus is one maximal among such subgroups. It is typically not
unique but is essentially unique: all maximal tori are conjugate. In SOs,,, the maximal
torus T consists of all block-diagonal matrices with 2 x 2 blocks, such that each block

is a rotation matrix [42].

4.2 Lattices

A full-rank lattice, A, is a discrete subgroup of the Cartesian space R" that spans R"
as a vector space over R. As a group, a lattice is a finitely-generated free abelian
group and thus isomorphic to Z".

Consider R™ with inner-product (-,-). Let B = [z1,...,x,] € R" be linearly inde-
pendent vectors in R™. The lattice generated by B is the set

A=) am;, (4.2.0.1)
=1

for a; € Z, of all integer linear combinations of the columns of B. We call B a basis
of A. The dimension n is called the rank of A. When clarity is needed, we denote by
A,, a lattice of rank n.

A lattice A is integral when the inner products of lattice vectors are integral

meaning

0,0y € Z for all £,0" € A. (4.2.0.2)

A lattice is even if ||£||* := (¢, ¢) € 27 for all lattice vectors £. In that case, the lattice
is automatically integral. A lattice is odd if it is integral but not even. The dual A"
of A is the lattice

AN ={z e R"|(x,l) € Z for all £ € A}. (4.2.0.3)

It is easy to see that, A is integral if and only A C AY. A lattice is called unimodular
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if A =AY [13]. We denote by V,(A) the number of vectors in A with squared length
2n,
101> = (¢, 0) = n. (4.2.0.4)

A root in an even lattice is a vector of squared length 2
7| = (r,r) = 2. (4.2.0.5)

We highlight two famous lattices in the study of Moonshine. The first, the Leech
lattice Aoy, was discovered by John Leech in 1965 [44]. It is the unique lattice in
24-dimensional Euclidean space R?* such that Ag4 is unimodular, even and has no
roots. The Leech lattice is constructed in detail in [17].

In fact, Conway showed with the following theorem that Ao4 is the only lattice in

fewer than 32 dimensions with V5 = 0 that is unimodular and even.

Theorem 4.2.1. [13] If A is even and unimodular and has a dimension less than 32

with V,(A) = 0, then
(i) The dimension of A is 24
(ii) Vi(A) = 196 560
(iii) Vs(A) = 16 773 120
(iv) Vs(A) = 398 034 000

Another special family of lattices are the root lattices. They are the even lattices
generated by roots. The Ey lattice, also known as Dy in R® is an example of such a
lattice. It is the unique even, unimodular lattice of rank 8.

Any integral lattice A can be assigned a Theta series

ERGED I (4.2.0.6)

LeN

where ¢ = €™ for 7 € H, the upper-half plane H := {7 € C,3(7) > 0}. We can also

define a signed Theta series, which will remember the parity of the ¢’s

O (r) = Z(_l)pmq@, (4.2.0.7)

leA



23

Note that we will usually treat these series as formal g-series. That said, since the
number of lattice vectors of length R? grows like a power of R, these lattice Theta
series in fact have radius of convergence 1. It is standard to think of ¢ = €*™7
and think of Theta series, and indeed all ¢-series, as functions of 7; the radius of
convergence translates into the statement that ©(7) is holomorphic in the upper half

plane H.

The coefficients of ¢" give us the number of vectors in A with norm n, V,,. Some

common examples are

Oz(r) =D qF =1+ 2/G+2¢° +2¢° +2¢° + 297 + ... (4.2.0.8)
neZ
n2
O5(r) = (—1)"¢F =1-2yq+2¢ —2¢% +2¢° — 2% + .. (4.2.0.9)
nez

for the integer lattice Z. These series are known as the Jacobi theta series #3 and 6,

respectively.

We can talk about signed and unsigned Theta series for shifted lattices. Say we

shift the integer lattice by %, we obtain the lattice Z + % and the Theta series are

(n+%)?

Oui (1) =D q & =207 +2¢% +2¢% +20% +2¢% +¢F +.. (420.10)
nel
S n <n+%)2 —
07,1 (7) :%(_1) ¢ = =0 (4.2.0.11)
ne

These series are known as the Jacobi theta series 6 and 6, respectively.

The Theta series for Fy is
1 8 8 8 8
O, = 5(01(7)" + 02(7)° + 05(7)° + 0u(7)°) (4.2.0.12)

whereas for Ay, we have

1 69
On,, = 5(9%1 + 0o(7)** + O3(7)* + 04(7)**) — 1—6((92(7')93(7')(94(7'))8 (4.2.0.13)
Given a positive definite lattice A one can construct a lattice SVOA V) and its

corresponding modules, which is done in detail in [33, 34], [48] and [7]. We will not
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review the detailed construction but mention that V} is A-graded. As a vector space,

V) is an infinitely generated polynomial algebra

Ty Ty ..
vwec|: o | eded
() g o) teA

where n is the rank of A and e’ is the basis vector of the /" graded piece. The

5Z-grading is compatible with this isomorphism through:

. x,(g) is graded with degree k

. ¢! is graded with degree W”
For example, xgl)mf)a:g)ee is in degree 2 +4 + 6 + @

Theorem 4.2.2. [20] Let A be an integral lattice and let V, be the lattice SVOA
associated with A. Then, every simple Vj-module is isomorphic to some module V7,

for L+ A € AV/A and Vo p = V) as Vy-modules.
Corollary 4.2.1. [48] Let A be a unimodular lattice. Then, V} is holomorphic.

From the above description of Vi, we can extract the NS- and R-characters. In-

deed, dimension is multiplicative for tensor product, so

Z((C[xl, T, " @ @cef) - Z(C[xl,@, ...])"Z(@ cef) (4.2.0.14)

(H ) (4.2.0.15)
(ﬁ i: ) (4.2.0.16)
. (ﬁg —¢")") en (4.2.0.17)

We use 7(7) or just n to denote the Dedekind eta function,

o

2Ty = g H (1-¢" (4.2.0.18)
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where ¢ = €™ and 7 € H. The Ramanujan Delta function is defined as

A(T) = n*(7). (4.2.0.19)

It follows from the above that the NS-character of V), is

@A(T)
ZN5(Vy) = , 4.2.0.20
V=05 (4:2.0.20)
and the R-character is <
77y = 220 (4.2.0.21)
n(T)"

where n is the rank of A. It turns out that Z(Vj) is a modular function for some

congruence group. The characters of the simple Vi-modules are

_ 9u(7)

ZNS(L 4.2.0.22
(L) () ( )
and S( )
O3 (T
ZR(D) = &2 4.2.0.23
(L) () ( )
for L € AY/A where
0, = qT (4.2.0.24)
(eEA+L
and
0f = 3 (-1, (4.2.0.25)
leAN+L

Let g be an automorphism of a lattice A. We can lift g to an automorphism of
the lattice SVOA V} [48]. If ¢ is an automorphism of A without fixed-points, then all
lifts of g to automorphisms of V), are conjugate to each other [8]. The automorphism

g acts naturally on the group AY/A and we write
(AY/AN)? ={L+ A e A'/A(Gd—g)L € A}

for the fixed points under the action of g.
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4.3 Conway’s Groups

While studying Agy, John Conway analyzed the automorphism group Aut(As4) which
he denoted .0. It is now stantard to call this group Coy. He also discovered three new
sporadic simple groups of interest, Co;, Coy and Cog [14], [12]. The first and largest,
Cog consists of those operations of the orthogonal group O24(Q), which preserve the
Leech lattice.

Cop := Aut(Agy).

In the literature, Coyq is most often referred to as Conway’s group. With an impressive
dimension of 222 x 3% x 5% x 7% x 11 x 13 x 23, the group Cog has a center of order
2, Z(Cop) = {£1}. If we reflect the Leech lattice, we get an object which is not
rotationally related to the original Leech lattice. There is only one conjugacy class of
non-trivial maps

COO — 024

but two conjugacy classes of non-trivial maps
COO — 8024

which are exchanged by reflection.
The simple group denoted Co;, Conway’s largest sporadic simple group, is ob-

tained by taking the quotient
C01 = CO()/Z(CO()>

of Cog by its center and has dimension 22! x 3% x 5 x 72 x 11 x 13 x 23. The Conway
group Coq is a double cover of Co;. The sporadic simple groups Coy and Cos are
certain maximal subgroups of Co; and will not play a role in this thesis.

For any finite group G, H,(G) = G/|G, G] is the abelianization of G, and Hy(G) is
the Schur multiplier of G. It was calculated by Conway that Hy(Cog) = Ha(Cop) = 0

and the following lemma follows immediately.

Lemma 4.3.1. Let G C SOy4 be isomorphic to Cog. Then, there is a unique lift of
G to Spin(24).
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Proof. From [15], notice that the Schur multiplier of Coy is trivial. Then, the inverse
image of G under the natural homomorphism Spin(24) — SO,4 contains a copy of
Cog, which defines a lift

G = Cop — G.

Assume there exists another lift G’ of G. Given ¢ € G, we write § and § for the
corresponding element of G and G’ respectively such that 9(-) = §'(-) = g. Now,
§' = +¢ as elements of Spin(24), so G N G’ is a normal subgroup of G and of G’
containing all their elements of odd order respectively. The only proper nontrivial
normal subgroup of Coq is its center of order 2. Thus, GNG = G. Tt follows that
G = G'. Thus G is the unique lift of G to Spin(24). O

Given G C SOy, isomorphic to Cog, let G be the unique lift of G to Spin(24).

We write

G =G
—

Na)Y

9

for the inverse lift, the inverse of the isomorphism G —=» G obtained by restricting
Spin(24) — SOa4.

4.4 Conway Moonshine

We review in detail the story of monstrous Moonshine in appendix C. Briefly, there
exists a particular holomorphic VOA, called V¥, constructed from the Leech lattice
by [33, 34]. The automorphism group of V* is the Monster sporadic simple group
M explored in appendix B. The characters of the g-twisted sectors Zl,g(V“) have
remarkable number theoretic properties.

In 1979, Conway and Norton suggested that a similar phenomena to Moonshine
may happen for other groups [16]: see in particular Queen and Kondo’s work [43, 50].
Many of these early Moonshines are now known to have monstrous origin.

However, there are two well-known examples of modern Moonshine, Mathieu
Moonshine [29], [11] and Conway Moonshine [16], which are not known to have mon-

strous origin. In this thesis, we focus on Conway Moonshine first introduced by
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Duncan [28].

4.4.1 Construction

The construction of V¥ in [33, 34] makes manifest a certain maximal subgroup of M
of shape 2!724.Co;. Inside Conway’s group Co; is an analogous maximal subgroup
of shape 2!*8.0 (2), where, up to some {£1}, Of (2) is the automorphism group of
the Eg lattice. This would suggest that we can repeat the method used to construct
V% in [33, 34] starting with the Eg lattice. This was done by Duncan in his Ph.D.
thesis [28]. Specifically, Duncan built the Conway Moonshine module, V/%, starting
with the N = 1 supersymmetric Eg lattice. The result is an N = 1 SVOA V7% with

automorphism group Co;.

There are more direct constructions of V¥4 such as was done by Duncan and
Mack-Rane in [27]. They showed that V7% admits an SVOA structure by explicitly
describing the vertex operator correspondence, defining a state-field correspondence,

as required by the axioms,

ViVt — gV (4.4.1.1)
a®br—Y(a,z)b. (4.4.1.2)

Now that the existence of V¥ is known, one can ask about gauging fermion parity
and discover that V/% can be constructed from the SVOA built functorially from R4,
called Fer(2/) [38]. The automorphism group of Fer(24) is Oyy. We are not going to
spell out the construction of Fer(2n). It is explained in chapter 4 of [40]. A reader
who knows about Clifford algebras should think of Fer(2n) as their SVOA analog.
As explained in [40], Fer(2n) is isomorphic to the lattice SVOA for the Z™ lattice. In
section §4.2, we laid out everything there is to know about the characters of Fer(2n)
as a lattice SVOA. Tt follows that, for Fer(24), the NS-sector is the Z'? lattice and
the R-sector is the (Z + 1) C R lattice.

This construction leads to another notation for V/% Fer(24)/(—1)/. In his pa-
per [25], Duncan studied this construction and built the self-dual N = 1 SVOA,

denoted A% whose full automorphism group is Conway’s largest sporadic group, Co;.
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There are two ways to orbifold Fer(24) by (—1)/, which are exchanged by reflec-
tion. When orbifolding Fer(24) by (—1)/, we take the fermions in the NS-sector to
the R-sector and move half of the R-sector to the NS-sector. An important note here
is that the R-sector is not well-defined as a super vector space. It splits as a sum of
two vector spaces, but there is no right way to tell which one is the bosons and which

one is the fermions. One way to visualize this is with the Fer(4) = Z? lattice:

[ ] [ ]
[ [ ] [

® ® >
[ ] ® [ ]

[ ] [
Figure 4.1: e: bosons, e: fermions

The eigenvector of (—1)7 in SOy is (
shifted by the vector (3,1), which is the

5.3)- Thus, the R-sector is the Z? lattice,
(Z + %)2 lattice colored in purple below.
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N
[} [ ] ® [ ] ®
[ ] [ [ ] [ ]
[ J [ ] ® [ ] [ ]
[ ] [ [ ] [ ]
~ ~ % 33) _ .
A A - - 4
[ ] [ [ ] [ ]
[ J [ ] ® [} [ ]
[ ] [ [ ] [ ]
[ ] [ ] ® [ ] [ ]

Figure 4.2: o: R-sector, e: NS-sector

We must arbitrarily decide whether even + % or odd + % is the fermions or
respectively the bosons. Indeed, reflection acts by x — —x on the lattice but -(even
+ 3) = odd + % and -(odd + 3) = even + 3. In figure 4.3, we let even + 3 be the

bosons and in figure 4.4, the bosons are odd + %



[ ] [ ] [ J [ J
[ ] [ J ([ ] ®
[ ] [ ] [ J [ J
[ ] ] [ J ®
@ @ /(‘l’l) L L >
[ ] [ ] [ ] (]
[ ] [ ] [ J [ J
[ ] ] [ J [ ]
[ ] [ ] [ J [ J

Figure 4.3: e: R-sector boson, e: R-sector fermion, e: NS-sector

1 reflection

[ ] [ ] [ ] [ ]
[ ) [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ )
— . Aan. .
[ ) [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ )
o [ ] [ ] [ ]

Figure 4.4: o: R-sector boson, e: R-sector fermion, e: NS-sector

31
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Then, arbitrarily choosing the parity assignment from figure 4.4 to the R-sector

and assigning fermion and boson parity to the NS-sector sectors we obtain figure 4.5:

[ [
. .
[ ¢ [ ]
. .
. /%é) . ,
. .
[ ¢ [ J
. .
[ ] [

Figure 4.5: o: R-sector boson, e: R-sector fermion, e: NS-sector boson, e: NS-sector
fermion

Recall that the NS-character adds bosons and fermions and the R-character sub-
tracts them. The above picture allows us to visualize what the NS- and R-characters

of the NS- and R sectors are calculating. By 4.2.0.20, and 4.2.0.21:

ZNSNS=2? (Fer(4)> — dim(e) + dim(e) (4.4.1.3)
— (?ii(;) (4.4.1.4)
_ 9u(7)? (4.4.1.5)




33

ZRNS=L (Fer(4)) — dim(e) — dim(e) (4.4.1.6)
_ 95:(7)
-2 (4.4.1.7)
_ 03(1)?
=2 (4.4.1.8)
ZNSR=(2+3)? (Fer(4)> — dim(e) + dim(e) (4.4.1.9)
B @(Z—f—%)Q (T)
- (4.4.1.10)
@Z—‘,-%(T)Q
= — (4.4.1.11)
ZRR=(2+})’ (Fer(4)> — dim(e) — dim(e) (4.4.1.12)
@S 1 2(7_)
Y+
- (4.4.1.13)
_ M (4.4.1.14)
RIGE o

The gauging procedure cuts the Z" lattice to down to the D,, lattice and adds half
of (Z+3)™. The resulting lattice is ;. For Fer(24)N = Z!? and Fer(24)% = (Z+1)'2,
we move the fermions in Fer(24)™* to Fer(24) resulting in the Dy, lattice and bring

half of Fer(24)® into Fer(24)V9| resulting in the D7, lattice.

We can visualize the gauging procedure with Fer(4) = Z2, represented by figure
4.2, and build Fer(4) /(—1)7. We move the NS-sector fermions into the R-sector and
obtain figure 4.6:
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[ ] [ ] [ J [ J
[ ] [ J [ J ®
[ ] [ ] [ J ®
[ ] [ [ ([ ]
@ @ /(‘l’l) L L >
[ ] [ ] [ (]
[ ] [ ] [ J ®
[ ] [ J [ J (]
[ ] [ [ J [ J

Figure 4.6: o: R-sector, e: NS-sector

Now, moving half of the R-sector into the NS-sector:

[ ] [ ] [ ] [ )
[ ] [ ] [ ] [ )
[ ] [ ] [ ] [ ]
[ ) [ ] [ ] [ ]
“ . Aan. .
[ ] [ ] [ ] [ )
[ ] [ ] [ ] [ ]
[ ) [ ] [ ] [ ]
[ ) [ ] [ ] [ ]

Figure 4.7: o: R-sector, e: NS-sector

Given we have no way of coherently assigning fermion parity to the R-sector, we



35

make a random choice.

° ° ° °
° °
° ° ° °
° °
. ° /('%.%) . ° ,
° °
° ° ° °
° °
° ° ° °

Figure 4.8: o: R-sector boson, e: R-sector fermion, e: NS-sector

Both options are related by reflection so our choice does not truly matter but it
breaks the Oy symmetry of Fer(24) to an SOy symmetry. This shows we have two
fundamentally different ways to have a Coq action on the orbifold, which builds what
we call V% and V*¥ (as is done in [27]). We can tell them apart by looking at the
action of Z(Cop). For one choice, V¥4 the action of Coy on the NS-sector factors
through Co; and Z(Cog) acts by -1 on the R-sector. For the other, V*, the action
on the bosons in both sectors factors through Co; and the action on the fermions is
trivial. As SVOAs, we have

ATE 2 S8 o st

but as Cog-modules,

Al /e > /st

since Z(Coyp) acts trivially on V/% [27].
Any supersymmetry is generated by a fermion in the NS-sector. In V*, Coy acts
non-trivially on all fermions, so we do not have a Cog-invariant supersymmetry. In

A" and V% Duncan and Mack-Rane showed that there is precisely one fermion of
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the appropriate spin fixed by Cog, satisfying 3.1.0.10 and generating supersymme-
try [25], [27]. Thus V% has a distinguished supersymmetry fixed by Cog but V** does
not have a distinguished one. Accordingly, we focus our attention on V7%

From figure 4.8, we can see that the NS-character of the R-sector is
ZNSE(Fer(4) ) (=1)7) = dim(e) + dim(e) (4.4.1.15)
and the R-character is
Z7E(Fer(4) J) (—1)7) = dim(e) — dim(e) (4.4.1.16)

Now, using 4.4.1.3,4.4.1.6, 4.4.1.9 and 4.4.1.12, we have

dim(e) =

N | —

(ZNS»NS <Fer(4)> — ZRNS (Fer(4)>> (4.4.1.17)
dim(e) = % (ZNS»R (Fer(4)> — ZRR (Fer(4))> (4.4.1.18)
Thus,

ZV(Fer(4) [/ (-1)7) =

(ZNSJVS (Fer(4)) _ gRNS <Fer(4)>)

ZNS.R (Fer(4)) _ ZRE (Fer(él)))] (4.4.1.19)

(ZN&NS (Fer(4)) _ ZRNS <Fer(4)>)

ZNS.R <Fer(4)> _ ZRE (Fer(4)> ) ] (4.4.1.20)

+

N N T N

Z™(Fer(4) | (1)) =




Chapter 5
Calculations

The purpose of this section is to calculate the Ramond and Neveu-Schwarz characters
of the R-sector of V4 ZBE(V %) and ZV9E(V#4). Then, we add an action of g € Cog
to the R-sector and calculate the corresponding g-twisted characters. As explained
in section §3.3, these calculations will tell us the number of ground states i.e. the
ground state degeneracy of the g-twisted R-sector of V7%,

It is easy to see that, if the number of ground states match up, all ground states
have the same fermion parity. To differentiate between the absence or presence of
a g-twisting in the R-sector, we denote the characters Zf‘iR(Vf“), Zf\fls’R(Vf“) and
Zf ;R(Vf ", Zf\f gS’R(Vf %) respectively. There are more twistings and spin structures

that we could take into account, hence the overloaded notation.

5.1 Frame shape

Although the order of Coq is 8,315,553,613,086,720,000, there are only 167 conjugacy
classes. Accordingly, we describe elements by the conjugacy class to which they
belong. An important tool in our explicit computations of Z%%(V /%) and ZV9E(V /%),
twisted and non-twisted, is the Frame shape [30]. Since Coq is the automorphism
group of the integral Leech lattice Agy, in some basis, its elements are given by an
integer matrix. Thus, the characteristic polynomial for the action of g is an integer

polynomial and factors as
Py = det(g — xlyy) = [J(1 — o)™ (5.1.0.1)
k>0

with all but finitely many pr = 0 such that the p, are possibly-negative integers and
Zpk = 24. The Frame shape of g is the product

m =+ (5.1.0.2)

k>0
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It encodes the characteristic polynomial of g and hence its conjugacy class in GLo4(C).

For example, the trace of g can be read as

tr(g) = p1 = number of cycles of length 1 (5.1.0.3)

The Frame shapes for elements of Cog were calculated in [43]. Notice that, out of
the 167 conjugacy classes of Cogp, some fuse to produce 160 Frame shapes.

There is another important feature about an element g € Co, that can be read
off of its Frame shape. Let I(g) be the smallest k such that the exponent pj of k
is not equal to zero in the Frame shape of g. Respectively, let L(g) be the largest.
Let €(g) = %1 be the sign of py, and N = I(g)L(g). According to [39], we say g is
balanced if p, = e(g)p% for all k.

Example 5.1.0.1. Let g € Coy be an element of conjugacy class 8B with Frame
shape 8%27*. Then, I(g) = 2,L(g) = 8 and €(g) = —1. For k = 2, py = —4 =
(=14 = (=1)ps = (—1)ps and for k = 8, ps = 4 = (—=1)(=4) = (~1)p2 = (= )pas.

So elements of 8B are balanced.

Example 5.1.0.2. Let g € Coy be an element of conjugacy class 4D with Frame
shape 43274, Again, I(g) = 2, L(g) = 8 and ¢(g) = —1. Not surprisingly, k¥ = 2,
pa=—4=(-1)4# (—l)pg. So elements of 4D are unbalanced.

In GL12(C) and Oy, since the Frame shape of an element g encodes its character-
istic polynomial, it encodes its conjugacy class. Another way to find the conjugacy
class of g is to diagonalize it. Let g € SOq4. Since we can work up to conjugacy, we

can diagonalize g over Og4 and obtain 2 x 2 blocks

cos(2mAy)  sin(2m)\)
—sin(2wA;) cos(2mA)

cos(2mAa)  sin(2mAqg)
—sin(27A12)  cos(2mA12)

where each block is a rotation matrix. The {);}}2, are (the logarithms of, up to a

factor of 2m) the eigenvalues of g i.e. the angles of the roots of the characteristic
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polynomial of g. All objects of this shape are the maximal torus, T of SOy, as laid
out in section §4.1. Note that

cos(2m\,)  sin(27A,)
—sin(27\,) cos(27A,)

is conjugate to

[cos(27r(—)\n)) sin(QW(—/\n))]
—sin(2m(—=A,)) cos(2m(—M\,))

so the As are only well-defined up to sign and modulo 1.

5.2 Eigenvalues

The condensed and simplified recipe to extract the 12 As from the Frame shape of

g € COO is:
(i) Extract all 24 eigenvalues of g
(ii) Since the As pair up by sign, we only keep half

We really will want the conjugacy classes in Spin(24), which will give us more
information since Spin(24) is the double cover of SO94. By lemma 4.3.1, there exist a
unique lift from Coq to Spin(24). Thus, each conjugacy class in Cog gives a conjugacy
class in Spin(24). The Frame shape only records the conjugacy class in Oay.

These calculations are a piece of experimental mathematics. We have no way of
coherently choosing the 12 values that represent the conjugacy classe of ¢ in Spin(24).
In the next section, we will find a formula for Zf ;]R (V/%) in terms of the list of )s.
From theorem 2.2.1, we know Zf ;R(Vf %) is independent of 7. Then, in step (ii), this
allows us to keep the 12 values for A that arrange this.

Let my = Hk|m kPx be the Frame shape of an element g € Coy. Since the eigenval-
ues of g are the roots of p,, we can use 7, to extract them in an “easier” way. Indeed,
the roots of 1 — z* are the k'™ roots of unity, their angles are 0, +, 2, ..., 2L, In other
words, for each k, we have |py| copies of all fractions

if pp >0

if pp <0
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for all 0 < n < k. Then, simplifying the numbers x and —z mod 1, we always end up
with a list of 24 eigenvalues contenders, CE, := {y,;}?%,. We have two main separate
cases to deal with.

First and most straightforward, the Frame shapes with all even powers. For all
wi = 7 € CEy, we have pp = 2m copies of ;. Keeping only & = m of each y;, we

get our 12 eigenvalues for g, E, = {\;}}2;.

Example 5.2.0.1. Let g € Coy be an element in the conjugacy class 12E, equivalent
to 12B in Coy. The Frame shape of g is m, = 2212474672,

For 22, we have 2 x 0 and 2 X %

For 12%, we have 4 X 04 X 54 x £, 4 x 5, 4x 3, 4x &, 4 x5, 4x 5 4 x 2,

127 127 127
3 5 11
4XZ,4X6,4XE.
For 4% we have 4 x —04 x —+ 4x —1 4x -3
M ) 47 27 4'

For 672, we have 2 x —0,2x —4,2x —3,2x —3,2x -2, 2x =2

6

Simplifying and subtracting opposites when possible, we end up with

CF — 1 11 1 (1]1]1]1]5 5 D | T || 7

SN2 121271216673 37| 12] |12 127 12" 12[]12]
77 (21255 |11|]11] 11 11
12712713 3’6 67|12 [|12] 127 12

Keeping only half of each value of u;, we get

E_11115577251111
97 112712°6737127127127127 3767 127 12

Now, let us tackle the Frame shapes with odd powers. The steps for obtaining
CE, are the same but the choice of the \;;s to keep for E, varies depending on the
contents of C'L,.

For each p; € C'E, such that there are p;, = 2m+-1 copies of p; = 7 and py = 2m+1
copies of [i; = k%” Without loss of generality, we let p; < fi;. Then, we keep [Z]
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copies of fi; and |Z:| copies of y;. If there are even powers in the Frame shape, we

deal with those the same way as outlined beforehand.

Example 5.2.0.2. Let g € Cog be an element in the conjugacy class 14B, equivalent

to 7B in Co;. The Frame shape of g is 7, = 23143173773, We have

11
'14° 14 2012022 2

CE, =

{1113335

aﬁv

13
14 |

We get

971147147 14°

13
14| 14

2272714714714 147 14" 14

Example 5.2.0.3. Let g € Cop be an element in the conjugacy class 24E, equivalent

to 24B in Coy. The Frame shape of g is m, = 124'6!24?2713728 721271, We have

CE_111115577511111313

71124247127 6[ 672424724247 12724 [ 247 24 | 24’
71717 (1919 5 |5||11||23| 23
12724724724 24°6°|6[|12[| 24 24

We get,

9 {ﬂéﬁﬁﬁﬂﬂﬁﬁﬁéﬁﬂ

As simple as this calculation looks, some elements require an extra step to find

final values in E,. Assuming E, is ordered in ascending order, we need to change the

twelfth element, A5 to 1 — Ajp (mod 1) = ;.

Example 5.2.0.4. One such occurrence is for g € Cog, an element in the conjugacy

class 10C, equivalent to 5C in Coy. While our usual methods would produce

11 3 3117 7 7 9 9 9
97 )10°10°10°10°2°2° 10’ 10° 10’ 10’ 10’ 10
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running the code on this vector does not produce an integer value for Zf ;]R. This lets
us know that there is something happening. By trial and error, we figured out that

we need to switch out Ay = 19—0 for 1 — % = %. The eigenvector is thus

p_J1 1133117770909
9110107107107 10" 2727 10° 10" 10" 10" 10

Looking at the table of eigenvectors in appendix A, one might notice that this only
happens for a handful of classes. While we used trial and error to find which elements
needed this change, there is a mathematical explanation for this. The Frame shape
tells us the conjugacy class of £¢ in Oy4. Now, by 4.1.0.1, £g¢ also lives in SOq4, but
elements can be conjugate in Og4 and not in SOy4. The eigenvector Ey, considered
mod 1, tells us the conjugacy class in SOs4. By conjugating in SOy, we can fully
rearrange the entries in E;, and switch the signs of any even number of A;s. In Oqy,
we can switch any number of signs. Thus, looking at the Frame shape, we get two
conjugacy classes in SOqy, which differ by switching one A; to 1 — \; (mod 1).

Now, for g in SOy, using 4.3.1, we can lift g to Spin(24), and perhaps map back
down to SO3,. To identify a conjugacy class in Spin(24), we write down E, (up
to permutations and switching evenly-many signs) but consider it not mod 1, but
rather as an integer vector whose total sum of entries is even. So, whereas for SOy,
every J; is congruent to one in [0,1)'? in Spin(24) every ); is congruent to one in
[0,2) x [0,1)™. In other words, the two lifts to SOy differ by changing one \; to
14+ .

All conjugacy classes of elements in Cog and Coq, as well as their Frame shapes

and eigenvalues are compiled in section 1 of appendix A.

5.3 Result Expectations

Recall from section 2.2 that Zf(H) is an integer. In V/% we know specifically which
integer ZF(V /1) is:

Theorem 5.3.1. Let V/% be the N = 1 SVOA as described above and ¢ be an element
of Cog with Frame shape 7, =[], k**. Then Zf’gR(Vf”) = p1.
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Proof. Recall that
ZR(H) = tra (1) e ) (5.3.0.1)

and
Zai (V) =ty ((=1)f gg™o31) (5.3.0.2)

The Ramond Hilbert space is
VJ* = R* @ higher spaces, (5.3.0.3)

where R?* is the ground state.

By 2.2.1, ZﬁiR(th) must be constant as a function of 7. So,
Zoi (1) = try (1) gq™ %) = trga(g), (5.3.0.4)

which we can read off the Frame shape of g as the exponent of 1.

Zhu’s theorem states that if V is any rational SVOA and M is any V-module,
then Z(M) is a scalar-valued modular function for some subgroup of the modular
group I' = SLy(Z) [57]. A modular function is invariant respect to I'. Zhu'’s theorem
describes how characters of modules transform under the action of I'. Specifically,
the characters transform into linear transformations of other characters. By the main
theorem by Carnahan and Miyamoto in [9], rationality implies g-rationality for g of

finite order, so Zhu’s theorem extends to twisted and twined characters.

The group I' is generated by

o= )= oeeeesom

A full definition can be found in [47], while a thorough exploration can be found

in [31]. Tt acts on functions via S(f(7)) = f(—2) and T(f(7)) = f(r + 1). By an
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application of Zhu’s theorem,

Lg
= Z3%(7) (5.3.0.5)
= trRm (g)
O

In layman’s terms, we expect Zf;R(th) to be equal to the exponent of 1 in the
Frame shape of g € Coy, which is the trace of g in R4,
The R-character Zf\,/ gS’R calculates the ground state of the A = 0 eigenspace. We

are looking to find out if the bosonic and fermionic ground states cancel out.

5.4 No twist: Z{5" and 2"

Let {0;}_, be the original Jacobi #-functions, in terms of the nome ¢ = e*™ for
T € H.

(n+%)?
= ()¢ = (5.4.0.1)

0= q 7 (5.4.0.2)
bs=> q7 (5.4.0.3)

0= (-1)"¢= (5.4.0.4)

Up to isomorphism, there are only three holomorphic SVOAs with central charge

12 [18]. Two of these are well-known to us:
1. V/% — the unique holomorphic SCFT with ¢ = 12 and no spin—% fields.

2. Fer(24) — the unique SVOA generated by a 24-dimensional vector space of free

fermions.
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We've seen previously in section §4.4.1 that we can obtain V/% from Fer(24) and all
symmetries, up to some {+1} are already present. The NS-sector of Fer(24) is the

Z.'2 lattice. Then, from section §4.2, we know

NS,NS @%2 9?{2
Zyy 7 (Fer(24)) = = 4.0.
1,1 ( 6T( )) 17(7_)12 77(7_)12 (5 0 5)
R.NS CH S
Zl,l (F@T(24>> — 77(7_)12 - T](T)lQ (5406)

The R-sector of Fer(24) is the (Z + 1)'2 lattice. Then,

@%ﬁ 12
ZYP (Fer(24)) = =2 (5.4.0.7)

n(r)2 ()
CEAE 12
ZE (Fer(24)) = 77(+)12 :nz})m (5.4.0.8)

Since V/% = Fer(24) ) (—=1)/, we can write all formulas in terms of Fer(24) and

just play around with some {£1}. Then, using the formulas from section §4.4.1, we

get
ZfiR(Vf”)zé ( {VFNS Fer( 24)) —Zf?iNS(Fer(%)))
—( ZNSR Fer 24) ZfiR<Fer(24)>>] (5.4.0.9)
(S R
and,

ZNSR (1 5y = % (Zle NS (Fer(24)> _ gl (Fer(24)>>
+ (Z{V (Fer(24)> - ZfiR<Fer(24)>>] (5.4.0.11)
_ %n(j)” [(6;2 - 9i2> + (952 - 9}2)] (5.4.0.12)
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Notice that the only difference between Zf H(V 1) and Zﬁ[ SRV is a sign, highlight-
ing the subtraction versus addition of bosonic and fermionic ground states respectively

as explained in section §2.2. Then,

2 =5 (o) (0 - - 0 - o1)

((9;,2 —912) — (p12 — e}?)) (5.4.0.13)

1
~2/A(n)

=24

Recall that we can view “no twisting” as an action by the identity automorphism of
Coyp, which is in the conjugacy class 1A. An element in 1A has Frame shape 12*. Our

result for ZfiR follows what we would expect from 5.3.1.

NS,R_} L 12 12 pl12 12 _ pl2
25" =5 () (08 — o+ @ —op))

1 12 12 12 12
_ m((eg —012) + (03 - 01)) (5.4.0.14)

= 24 + 4096¢ + 98304¢* + 12288004 4 10747904¢* (5.4.0.15)
+ 742440964° 4 432144384¢° + 2204860416¢" + ...

We can see that
A= 255 = 0) = 2

5.5 Twist: ng’}R and Zf\’[gS’R

Now, we twist the R-sector by g € C'oy. This results in the (Z + \;)'? shifted lattice,
where the {\;}!2, are the eigenvalues of g € Coy obtained using the methods in
section §5.2.

We define the “g-twisted” Jacobi f-functions.

=S q"%" (5.5.0.1)

neZ
(=2+0)? (=1+1)?2 A2 (1+0? (2+0)? (3+0)?2

=.4+qg 2 4+q 2z +q2+q 2 +q 2z +q 2
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INCESY
07 => (-1)"q > (5.5.0.2)

(=2+1)? (=142 A2 (1+0? (2+0)? (3+1)?

:+q 2 —q 2 _{_qT—q 2 +q 2 —q 2

(n+2+3)2

Opr=> q 7 (5.5.0.3)
nez
(=3+3? (—3+0? (3+0? (3+0)? G+0?
:—|-q 2 —|—q 2 —|-q 2 —{-q 2 —|-q 2 —|-
S n (nta+3)?
051 = (-1 (5.5.0.4)
nez
(=3+»? (—5+0)? (3+3)? (3+3)? (5+?
:+q 2 —q 2 —{-q 2 —q 2 —|-q 2 —_ ...

We can find Z&R(Vfu) and ngS’R(Vf”) in a way similar as before. The g-twisted
NS-sector of Fer(24) is the Z!'? lattice shifted by {);}2,. Then,

Zy NS (Fer(24)) = 57 BE (5.5.0.5)
Z{N (Fer(24)) = 5795))2 (5.5.0.6)

The g-twisted R-sector of Fer(24) is the (Z + 1)'? lattice shifted by {);};2;. Then,

NS,R (0)\1-—&—%)12
G
ZRR(Fer(24)) = —2 (5.5.0.8)

n(r)
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W e
s =3 (7 ) - o)
. ( 2055 (Fer(2)) —fo(Fer(%)))] (55.09)
-5 [(HQA H@f) - (ﬁm H%z)]
S [ (O Y O (1 O )
it =3 (223 (putan) - 2 (o)

ZZNSR Fer(24) ) — ZRF (Fer(24))>] (5.5.0.10)
e [<ﬁ nex>+<;jm—ﬁefﬁ;>]
(- T1%) + (s - TT05)

n(r

2\/—

Again, the only difference between Zf’lR(Vf”) and Z{Yls’R(Vfu) is a sign.

5.6 Coding Process

There were two main parts of coding to obtain the tables of values. The first part
consisted of finding the vectors E4 for all 160 conjugacy classes of elements in Coy.
We used Java as a programming language as it was efficient and easy to use for
large arrays and could keep track of rational numbers, called doubles in programming
terms. While we tried to do this part solely through code, which worked for about
half of the conjugacy classes, we had to do many of them by hand. There was no
simple way to get a computer to make some of the arbitrary choices. Identifying the

elements that fall into the last case was easy, if th’gR was not equal to the power of 1
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in the Frame shape, then the change had to be made.

Surprisingly, most of the troubles came while mapping the calculation using Maple.
Maple is a user-friendly numeric computing environment equipped with its own multi-
paradigm programming language. While choosing a programming language, the pri-
mary concern was the use of large polynomials with fractional exponents in our calcu-
lations which posed an issue when dividing. Although computers can handle positive
integer exponents easily, we had to produce many methods to deal with our tricky
cases. The first simple major method changed all exponents in a given polynomial
to integer values only, keeping track of the shift and applying it to v/A. While we
initially thought this would be simple enough, Maple cannot apply its division func-
tion to negative exponents in polynomials. This resulted in us having to produce a
method that only made the exponents positive integers. Again, keeping track of the
shift so we can apply it to VA.

Our main issue was the sheer size of the memory needed to run these calculations.
To avoid issues we kept the infinite sums and products to 225 and H}O respectively
and truncated polynomials to the 10" power. Unfortunately, the program routinely
disconnected from the kernel, meaning it thought it was running on infinite loops even
though it was not. We also tried to connect directly to the Maple servers through the
university’s access but continued to disconnect. This just meant that we could only

run up to 20 calculations at a time.



Chapter 6
Results

The results are compiled in section 2 of appendix A. It was already predicted that
for all g € Coy, Zf g’]R = “exponent of 1 in the Frame shape”. The observed data
validates this forecast.

Our main line of questioning was around the Ramond sector of Conway Moonshine
and whether or not all g-twistings had a ground state of the same fermionic parity.
As a consequence of our calculations, we can say that our question was answered
positively for most, but not all ¢ € C'oy,£g € Coy. Indeed, we found a total of six
outliers. The conjugacy classes 3C, 4B, 5C, 6F, 8D, and 9B in Co; have

25 (g = 0) £ 25",

suggesting these twistings have ground states of both bosonic and fermionic parities.
One important fact to note about these 6 outliers in the pattern is that they are
all unbalanced. Other than this observation, we have no mathematical or physical
reasoning for this almost-pattern.

Finding out that an experiment leads to some expected result is always gratifying.
Even more rewarding to mathematicians is when results hold almost always, but not
exactly always. This is a recurring storyline in Moonshine and this thesis is one
in a vast array of examples. The empirical results of our calculation exceeded our
expectations. Moonshine is riddled with mysterious conspiracies and almost-patterns.

As such, discovering these for Conway Moonshine has opened some exciting doors.

20



Appendix A

Tables

A.1 Frame shapes and Eigenvalues

ol

Cog | Coy Ty qp Qo Q3 Qg Q5 Qg Q7 Qg Qg Q19 Q11 12
14 | 14 124 O 0 0 0 0 0 0 0 0 0 0 0
241 —24 1 1 1 1 1 1 1 1 1 1 1 1

24 | 14 21 5 3 3 3 3 3 3 3 3 3 3 3
2B | 2A 1828 o0 0 0 0 0 0 0 3 3 35 3
20 | 24 21018 o o o o0 5 3 &+ 3 £ L+ 2 2
120—12 1 1 1 1 1 1 3 3 3 3 3 3

44 | 2B 4172 i %1 1 1 1 1 1 1 31 31 1 1
2D | 2C 212 oo o o0 o0 o0 4+ 2 L+ 1 1 1
121-12 1 1 1 1 1 1 2 2 2 2 2 2

34 | 34 371 s 3 3 5 3 35 5 3 5 5 3 3
6A | 3A | 1262272372 ¢ & & 5 5 6 5 5 6 & 6
3B | 3B 1636 00 0 0 0 0 L L 2 2 2 2
68 |38 | 206°17°3°° | ¢ & 5 3 3 3 3 3 3 o & ¢
3¢ | 3¢ 3717 00 0 5 5 5 5 35 35 3 35 3
6C | 3C | 1°6°2737 | ¢ & 6 § 3 3 3 ¢ ¢ & ¢ ¢
3D | 3D 38 000 0 0 ! 1 1 12 2 2 2
89—8& 1 1 1 1 1 1 1 1 5 5 5 5

6D | 3D 6°3 § § 6§ 6 2z 3 3 I & 8 & @
AB | 44 184808 00 0 0 r 1 1 1 3 3 3 3
— 1 1 1 1 1 1 1 1 3 3 3 3

40| 44 4177 i1 1 1 3 3 32 32 1 1 1 1
AD | 4B 45271 0 0 % % 1 i 3 3 1 1 1 1
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Cog | Coy Tg a1 Qg Q3 Q4 Q5 Qg Q7 Qg Qg Q19 Q11 (712
4F | 4C 142244 0O 0 0 0 O % % % % % % %
4F | 4C 204414 0 0 0 }l %1 i i % % % % %
4G | 4D 2444 0 0 0 O i i % % % % % %
8BA 4B | 847 1§ § 5 5 § 5 § s 8 § § 8
L D T T T T O O O
SANBA 51 g 5 5 2 5 3 5 5 85 5 5 s
1041 54 |1°10°2°%° | 55 %5 15 15 i 16 T 1 1 I 1 10
5B | bB 1451 0O 0 0 O % % % % % % % %
08|58 20075 | kb b bbb E kb b
seso| w1t oo 4 b b3ty ot
00| 5C | 111072757 | 55 §5 5 G5 3 3 6 6 1 W 10 10
A N LI A ST N R A
6F | 64| 1962737 | & 5 § § 5 5 35 5 6 6 & 6
24168 [212°47% " | 55 %5 %5 &% % B B LB B B oD
6G | 6C | 2°3%'17* |0 0 0 % % % % % % % % %
6H | 6C | 1%2'6°3™* | 0 0 0 % % % % % % % % %
6/ | 6D | 1°316'2=* |0 0 0 % % % % % % % % %
6/ | 6D | 2161737 | & § § 5 5 3 3 3 3 3 ¢ ¢
6K | 6F 12223%62 0 0 0 O % % % % % % % %
oL o | 2T 0 0 bbb b b b b3 E
oM [ oF | Fe1720 0 0 bbb s r
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Cog | Coy Tg a1 Qg Q3 Q4 Q5 Qg Q7 Qg Qg Q19 Q11 (712
RS AN T T N A
60 6c| 26 o0 0 F kb 333 f g
B 6H | 126" |3 % 1 1 15 3 12 1 1 1 T 1B
A IO R B T T N B R
TANTAL Tt s s 7 2 7 F 7 7 7 1 d
I N e E ol v v B v B v v B v v S v A v SN v v
AR T T T I R
UB| 7B | 21775 5 F % 3 5 3 u 4 ou 11U o
RN T T R N S A
so|sB| owsat lo 0 b3 b b EEf
D | sC | Usat o 0 b4 b4 E ot T
AL L N N TR R N
R S AR N S R R
8G8E12214182000%i§%%§%§§
SH 8B | 20810 0 L b4 b b
S S CAURE N N T N
9A | 9A| 917 15 5§ F 5 0§ § 3 3 5 5 9 9
IBAI9A |\ 1P18%27%97% | ¢ & % f§ 15 13 1 15 8 5 T8 1
ZRECE I E S N T T R A A A
18B| 9B 311867197 |5y § § 1§ 3 T o1 03 ;4 15 18
e R I N N A O O A N
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Cop | Coy Tg Q1 Qg Q3 Qg Q5 Qg Qf Qg Qg9 Qjp Q11 Q12
18C | 9C | 23181756707 | 5 % 5 5 3 15 45 s 15 6 0% 18
10D [10A | 510217272 | §5 5 5 5 5 5 1 6 3 5 5 3
W0E 104 1102757 | % f5 5 5 6 0 1 0 3 3
204 | 10B | 2°20%7°107° 1% %5 % % m W B »m W B BB
20B|10C | 420°27°10 |35 3% i 7 w w m m 1 1 1w
10F | 10D 235210112 o 0o L oz 1 1 3 3 1 4 4 9
10G | 10D 1221103572 0 0 L & 1 1 3 1 T4 9 9
10H | 10E 135'10%272 0 0 L 1 3 2 3 3 1 4 4 9
07 [10E | 210°17%7 |5 5§ F 3 3 3 T o1 5 1 10
10J | 10F 22102 o o & L 1 1 3 3 2 2z 1 1
1141114 111 0 0 %% & & o ©w i uw U ou i
22A | 11A | 222221721172 o £ L 2 2 2 & T 4 9 5 1
12C | 124 | 243412414 7% | S L 4 L L 4 1 L5 a5 8
2D 124 112874\ % %5 % 5 5 5 5 B T DD
RE\|12B| 2°1247%* | 55 % o1 o5 5 3 03 1% 1B 3 13
12F | 12C 6212227242 oo & L+ 1 1 111511
12G | 12D | 2'3%12°17 47630 &L 4 2 L L 2 2z 3 s 1l
12H 12D 1287470 |\ & 1 % 3 G o1 6 § 1 .
127 |12F | 1232412227262 |0 o0 & &4 1+ 1 1 1 1 1 55
12J 128|428 1 b b op bbb b b kb
24A | 12F | £24%87°127° 150 % 5 5 m om0 s om M M a g
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Cog | Cou Tg Q1 Qg Q3 Qg Q5 Qg Q7 Qg Qg Qg Q11 Qq2
R O T O 2 -2 R B
121 | 12H 11223112242 o0 & L 1ol To2o2 5l
12M | 12H 2361122113142 o & 1 1 5 1l T2 55l
12N | 121 223241121172 o o i 1 11 Tz 2 3 5 1l
120 | 121 12416212132 o o i 1 1 1 1oz 3 5 5 1
12P | 12J 214161121 o o i 1 1 1 1oTo2 35 1
12Q | 12K 1312327137147 1671 o &£ ¢+ 11 s T T 3 3 4 U
12R | 12K 2231123134162 L1 1 &£ 1 7 7 2 3 5 U U
uB | 121 212 FiE A SRR IR R LG
125 | 1214 12 2 IR N R RN A A A
134 | 134 13717 T BB G B DG BD B BB
264 | 134 1°26°277137 W 36 36 2}/ 2 3 2 2 2} 2 3, 0
284 | 144 2°28%47147 ™ 38 3% ¥ B m 2 % m o8 3
14C | 14B 112171141 o o L 2 2 1 4 95 5 1 6 I3
14D 145 21T 0 % % © 3 3 7 1 7 W 7 1
154 | 154 1715%37%57 TR I IR I S I B
304 | 15A | 233%5330317%67%107%1570 | & L L L1 1T T 19 192 2 29
5B | 155 315°17257 % % 51 5 1303 3 03 3 15 1
30B | 15B | 125%6230%2723721072152 | &~ 1 1 T L 1 11 19 2 5 5 2
15C" | 15¢ 15%372 %% OB 5 5 15 % 5 3 15 15
0O 150 | P F b G b B B R RS E
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Cop | Coy Tg a1 Qg Q3 Q4 Q5 Qg Q7 Qg Qg Q19 Q11 (712
15D | 15D 1131515t o o &£ { 2 £ 38 2 U 4 L
30D | 15D | 2'6'10'30' 171371571151 % % 1% % % % % % % % % %
BE | 158 1*15%3757 0 %5 % 5 %5 5 15 3 35 5 1 1B
30F | 15E | 223'5'30%1726-110"11572 % % % % % % % % % % % %
64164 | 2mewlst o 5 & 5 b & PR OB ODOB
165 | 165 1*16°27'87 0 % 5 1 1 1 1 s T 1 1o 10
16¢7| 165 2'16°17°8 % i 1 16 3 1 s 1 i 6 & 1d
18D | 184 918tz 5 5 3 5 5 3 3 18 5 ¢ 5 1
18E | 184 1118727207 % 5 1 15 8§ 1 3 13 5 & 5 18
18F | 18B 12911812131 0 % % % g % % % % % g }_57;
18G | 18B 2131182126191 % 15—8 1—78 % g % % % ;7, % % %
18H | 18C 2291181161 0 % % % % g % % % g g %
181 | 18C 11211826191 0 %8 1—58 % % g % % sZ; % % %
20C | 20A 2252202172472102 % % % % % % % % % ‘51 % %
w004 v G KA S L A BB L E 5B
20E | 205 v o BB E 5B
20F | 20C 225120111471 o ¢+ ¢ 1 4 3 B L 4 1 5 1
20G | 20C 1211012014151 0 % % % % % % % % 5—(7) % %
214 | 214 1221237277 % 3 3 3 o M W @ m om Ao
42A | 21A | 223%272422172672147221 72 é 45—2 % g g % % % % % % %
21B | 215 72113 % 7 7 7w 7 om Fom om 1o
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Coy Coy Tg Q1 Qg Q3 Qg a5 Qg Qf Qg Qg9 Qjp Q11 Q12
428 21B 113114142121 17-121 -1 % ﬁ % % % % % % % ﬁ % %
21C | 210 3i21! 0 3 5 7 = 3 7 2 7 7 2 o
420 | 210 6427371217 3 & D U 4 @ u 8 5§ ® U B
22BC 224 2'22" 0 3 # » 1T » U » U » 1 =
23AB | 23AB 123! 0 % % 5 = » 5 = 5 3 5 =
46AB | 23AB 214611231 % % % 421_2 % % % Z_g % % % %
240 | 244 2°24%67°87 3 3 15 T % 3 ¥ M B 1 n
24D 24B 2132412421-26-187212~! i % i % % % 1_72 % % % % %
24 248 1241612422-13-28-2121 i % % 2—74 % % 1_72 % % % % %
24F | 240 gi2472716™ 3 5 1 5 3 T 8 m i1 a § 13
4G | 24D 12124747787 T 5 3 15 s 13 o m 8§ 1 o
24H 24F 2161824141121 0 % g % % g % % % % g %
241 24F 2131412411181 0 % % % % % % % % % % %
24J 24F 1'4'612413-181 0 % % 5 % % ;—Z % % g % %
524 | 264 21521471267 % % % % o H % owm 5w %
28B 28 A 114t712812-114-1 0 711 % ‘-; é_g % g % 3_2 g 3_2 g_g
BO | 4| a1 D P B E R BT HE R OB E
56AB | 28B 41561812871 % % % g—g % ‘51_(15 ‘51_2 % % % % %
30F 30A 11211513013 -15-16-110~! % % 115 1i5 % 18_5 % % % % % %
30G 30A 22315130%21-167210215! % % % % % % % % % % % %
60A | 30B |2'10'12'60'4716-120~130~! % % % 1_72 % g_(l] g_g % ;1_8 % % %
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Cog Coy Tg Q1 Qg Q3 Qg Q5 Qg Qp Qg Qg9 Qjp Q11 Q12
60B | 30C 61601127130 I R G -
30H | 30D 1161011513151 o + £ 2 2 L L 4 5 13 5 U
30 | 30D 2131513011 1151 o 4+ & 3 B 2 1 2 4 3 5 ¥
30J | 30E 2131513016-110! 0o - 2 &£ & 2 2z 4 xn 4 B U
30K | 30E 2130137157 3 15 3 % 0 T 0 & 1 i 1 a0
334 | 334 3133111111 L1 mo1xn 22 %% B 8l
66A | 33A 1'6'11'66'2-13-122-133~1 T N O
354 | 354 1135'571771 T % OB s 3 s wm om oam w oa a
70A | 354 2151717011110 1141351 4 & 8 4 48 458 8 s o8 8 &
364 | 36A 21913611-14-118~1 Lo B 2 x IoH 8 5 U B
368 | 36A 1136471971 % 13 15 3% 33 1% 3% ¢ s 1 I8 s
39AB | 39ARB 113913-113~1 2 2 B % B 2 82 M 5 T8
7SAB | 39AB 21311317811-16-126-139-1 22 L2 82 3 2838 L B I
40AB | 40A 214018110 2 43 13 2 3 s AT ST 19 3
S4A | 424 41611418419-112-128 1491 8 4 5 % K96 6 & 1B 1 8
60C | 604 |1'4'6'10'15'60'271315-112-120~ 1301 | L 8L & 8T 4l 43l dTod9 13 53l
60D | 60A 31415160'1-112-115-120! - U O
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A.2 Neveu-Schwarz and Ramond twisted characters

Cog | Coi | Zpr | ZNs,r

1A | 1A | 24 |24 +4096¢ + 983044 + 1228800¢° + 10747904¢* + 74244096¢° + 43214409645 + ...

2A | 1A | —24 | 24 4+ 4096q 4 98304¢> + 1228800¢° + 10747904¢* + 74244096¢° + 4321440964° + ...

2B | 2A | 8 |8+ 256¢"/% + 2048¢ 4 11264¢%/% + 49152¢% + 183808¢°/2 + 614400¢> + 1882112¢7/ + ...
2C | 2A | —8 | 8 +256¢"/% + 2048q + 11264¢>/? + 49152¢% + 183808¢°/% + 614400¢> + 1882112¢"/% + ...
4A | 2B | 0 |0+ 24¢"® + 464¢°/® + 3192¢"/® + 16656¢%/® + 69040¢"7/® 4 251136¢4>/8 + ...

2D | 2C | 0 |0+ 64¢Y* 4+ 768¢3* +4992¢°/* + 24064¢7/* 4 96576¢%/* + 3402244+ + ...

3A | 3A | —12 | 12 + 24¢"/3 + 440¢%/3 + 1608q + 3192¢"/® 4 13904¢°/3 + 35688¢> + 68160¢"/> + ...

6A | 3A | 12 |12+ 24¢"/3 + 440¢*® + 1608¢ + 3192¢*/3 + 13904¢°/% + 35688¢* + 68160/ + ...

3B | 3B | 6 |6+ 64¢"° 4 384¢%3 + 1344q + 4352¢"/ + 12672¢°/3 + 326404° + 79872¢7/3 + ...

68 | 3B | —6 |6+ 64¢"/> + 384¢%/® + 1344q + 4352¢*/3 + 12672¢°/% + 326404¢% + 79872¢7/3 + ...

3C | 3C | -3 |5+ 72¢"% 4+ 360¢%3 + 1368q + 4392¢*/® + 12528¢°/ + 327604 + 80064¢"/ + ...

6C | 3C | 3 |5+ 72¢"3 4 360¢*% + 1368¢ + 4392¢*/3 + 12528¢°/% + 32760¢> + 80064¢™/> + ...

3D | 3D | 0 |0+ 16¢"° 4 128¢*? 4 57647/ + 2048¢%/ 4 6304¢"3/? 4 17408¢0/° + 44416¢"/° + ...
6D | 3D | 0 |04 16¢"° +128¢*° 4 576¢7/° + 2048¢%/° + 6304¢"%/? + 17408¢'%/° + 44416¢'/° +- ...
AB | 4A | 8 |84 16¢Y/* + 128¢"/2 4 448¢%/4 + 1024q + 2272¢°/* + 5632¢%/% 4 12672¢"/* + 24576¢> + ...
AC | 4A | —8 | 84 16¢M* 4 128¢"/2 + 448¢%/* + 1024q + 2272¢°/* + 5632¢%/% 4 12672¢"/* + 24576¢> + ...
4D | 4B | 0 |44 32¢"* 4+ 128¢"/? + 384¢%/* + 1024q + 2496¢°/* + 5632¢°/% + 12032¢7/* 4 24576¢> + ...
4F | 4C | 4 |4+ 32¢"* 4 128¢"/2 4 384¢%/* 4 1024q + 2496¢°/* + 5632¢%/% + 12032¢"/* + 245764¢% + ...
AF | 4C | —4 | 44 32¢M* 4+ 128¢"/2 + 384¢%/* + 1024q + 2496¢°/* + 5632¢%/% 4 12032¢7/* + 24576¢> + ...
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Coy | Coy ZR,R ZNS,R

4G | 4D | 0 |0+ 16q"/8 + 64¢%® + 224¢°/8 + 640¢"/® + 1616¢7/® + 3776¢'/® + 8288¢'3/% + ...
S8A | 4E | 0 |0+ 12¢%/32 + 52¢"/32 4 204¢9/32 4 552¢%7/32 4 1456¢%°/32 + 3396¢*%/3% + 7560¢°'/32 4 ...
4H | 4F | 0 |0+ 8¢"'6 4+ 48¢°/"6 + 168¢°/16 + 4964¢'%/16 + 1296¢'7/16 4 3072¢*'/16 + 6840¢%%/16 + ...
5A | BA | —6 |6+ 12¢"/° + 52¢%/° 4 192¢%/° 4 372¢*/° 4 844q + 1584¢%/° 4 3216¢"/° + 6388¢%/° + ...
104 | 5A | 6 |6+ 12¢"5 +52¢%/5 +192¢%/5 4 372¢*/5 4 844 + 1584¢%/° + 3216¢"/° + 6388¢%/° + ...
5B | 5B | 4 |4+ 16¢"° +64¢*° 4 160¢°%/° + 384¢*° + 816q + 1664¢5/° + 3296¢7/° + 6144¢5/° + 1...
10B | 5B | —4 |4+ 16¢"° 4+ 64¢*° + 160¢*/> + 384¢*/® + 816q + 1664¢%/> + 3296¢7/° 4 6144¢%/° + ...
5C | 5C | -1 |3 +20q¢'° +60¢%° + 160¢>> + 380¢*/> 4 820q + 1680¢%/° + 3280¢"/> 4 6140¢%/> + ...
10C | 5C | 1 |3 +20¢"° +60¢%° + 160¢%/° + 380¢*/° + 820¢ + 1680¢%/° + 3280¢"/®> + 6140¢%/> + ...
6E | 6A | —4 |4+ 16¢"0 +8¢"/3 +112¢"/2 + 232¢%/® 4 224¢°/% + 792q + 1408¢7/¢ + 15764/ + ...
6F | 6A | 4 |4416¢Y0 4+ 8¢"/3 + 112¢"/% + 232¢*/3 + 224¢°/6 + 792 + 1408¢"/6 + 1576¢*/° + ...
124 | 6B | 0 |0+ 12¢"/8 +40¢7/%* + 24¢"/?* 4+ 192¢°/8 + 360¢%/?* + 384¢%3/** + 1236¢°/% + ...

6G | 6C | —4 |4+ 8¢"6 +40¢3 + 88¢'/? + 168¢*/® + 368¢°/% + 696 + 1216¢7/¢ + 2216¢*/ + ...

6H | 6C | 4 |4+8q¢"%+40¢"3 + 88¢"/% + 168¢*/% 4 368¢°/% + 696q + 1216¢7/6 + 2216¢*/3 + ...

6/ | 6D | 5 |5+8¢Y%+ 32¢13 + 88¢M2 + 192¢%/3 + 368¢°7/6 + 672¢ + 1216¢7/6 + 2176¢*/> + ...

6J | 6D | =5 |5+ 8¢'/6 + 32¢'/3 4 88¢"/? + 192¢*/® + 368¢°/¢ + 672¢ + 1216¢7/¢ + 21764*/3 + ...

6K | 6E | 2 |2+ 16"+ 32¢'/3 4+ 80¢"/% + 192¢%/® + 352¢%/% + 672¢ + 1280¢7/¢ + 21764*/3 + ...

6L | 6E | —2 |24 164¢"/ + 32¢"/3 + 80¢"/? + 192¢*/3 + 352¢%/6 + 672¢ + 1280¢/6 + 2176¢*/3 + ...
6M | 6F | -1 |3+ 12¢"% +36¢"/3 + 84¢'/? 4 180¢%/3 4 360¢°/6 + 684q + 1248¢7/6 4 2196¢*/% + ...
6N | 6F | 1 |3+ 12¢"5+36q¢'/3 4 84¢"/? + 180¢% + 360¢°/® + 684q + 1248¢"/® + 2196¢*/3 + ...

60 | 6G | 0 |0+ 8qY"2 4 24¢"* + 48¢°/"2 4 128¢7/'2 + 264¢°/* + 480¢" /12 + 944¢"3/12 4+ 1680¢°/* + ...
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Coy | Coy ZR,R ZNS,R

12B | 6H | 0 | 0+8¢°™ +16¢"/™ 4 56477 4 112¢*/™ + 248¢°¥/7 + 464¢%/™ + 89647/ + ...
6P 61 0 0+ 4q1/36 + 16q7/36 + 40q13/36 + 96q19/36 + 204q25/36 + 400q31/36 + 760q37/36 + .
TA | TA | —4 |4+ 8¢+ 16¢*7 4 56¢% 7 + 104¢*7 + 200¢°/7 + 328457 + 592¢ + 97647 + 1560¢°/7 + ...
4A | TA | 4 | 4+8¢Y74+16¢*7 +56¢%7 + 104¢Y™ + 200¢°/7 + 328¢%/7 + 592¢ + 976¢%/7 + 1560¢"/7 + ...
7B | TB | 3 |3+8¢Y7" +24¢¥7 +48¢%7 + 104¢Y T + 192¢°/7 + 336¢%/7 + 584q + 984¢%7 4 1608¢°7 + ...
14B | 7B | —3 | 3+ 8¢"7 + 24¢*7 4 48¢%" + 104¢"™ 4+ 192¢°/7 + 3364¢%7 + 584q + 984¢®7 + 1608¢°7 + ...
8B | 8A | 0 |0+ 8¢Y'0 4 8¢3/16 4 16¢°/16 + 48¢"/16 4 104¢"/*0 + 152¢1/16 4 208¢'3/16 4+ 400¢'%/16 + ...
8C | 8B | 0 |0+ 4¢""0 4 16316 + 24¢°/16 4- 32¢7/16 + 844¢°/16 4 176¢'/16 4- 248¢'3/16  352¢'5/16 1 ..
8D | 8C' | 4 |4+ 4¢"® + 16¢"* + 32¢%/% + 64¢"/? + 120¢°/® + 192¢3/* + 32047/® + 512¢ + 788¢°/® + ...
8E | 8C | —4 |4+ 4¢"® +16¢* + 32¢%/® 4 64¢/% 4+ 120¢°/® + 192¢>/* + 320¢"/® + 512¢ + 788¢”/® + ...
8F | 8D | 0 |2+8q¢Y® 4 16¢"* + 32¢%% + 64¢"/? + 112¢°/8 + 192¢3/* + 320¢"/8 + 512¢ 4 808¢°/% + ...
8G | 8E | 2 | 2+8¢"8 +16¢Y* + 32¢%/® + 64¢"/% + 112¢°/® + 192¢%/* 4 320¢"/® + 512q + 808¢"/% + ...
SH | 8E | —2 |2+ 8¢"/% +16¢"* + 32¢%/3 + 64¢"/2 + 112¢°/% + 192¢%/* 4 320¢7/® + 512q + 808¢°/® + ...
81 | 8F | 0 | 0+4q¢"/3% +8¢°/3% + 204”732 4 40¢"3/32 4+ 72¢"7/32 4+ 128¢%'/32 4- 220¢%°/32 + 360¢%°/%? + ...
9A | 9A | =3 | 34+ 6¢"° + 8¢¥° + 24¢"3 4 42¢*° + 80¢°/° + 120¢%/3 + 192¢7/° 4 296¢5/° + 456¢ + ...
18A | 9A | 3 |34 6¢Y° +8¢*° + 24¢"3 4 42¢*° + 80¢°/° + 120¢%/3 + 192¢7/ 4 296¢5/° + 456q + ...
9B | 9B | 0 |2+ 6¢"° +12¢%° + 24¢"/3 4 42¢*° + 72¢°/° + 120¢%/% + 192¢"/° + 300¢%/° + 4564 + ...
18B | 9B | 0 |2+ 6¢"° + 12¢%/° + 24¢" + 42¢*° 4 72¢°/° + 120¢%/® 4 192¢"/° + 300¢%/° + 4564 + ...
9C | 9C | 3 | 344¢Y° +12¢%° + 24" 3 + 44¢*° + 72¢°/° + 120¢%/% + 192¢7/° + 300¢%/° + 456¢ + ...

18C | 9C | —3 | 3+ 4q¢" + 12¢%/° 4 24¢'/3 + 44¢Y° + 72¢°/° + 1204%/® + 192¢"/° 4 300¢%/° + 456q + ...
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Coy | Coy ZR,R ZNS,R

10D | 10A | —2 |2+ 8¢/10 4 4¢"/5 + 16¢%/1° + 28¢*/® + 564"/% + 96¢°/° + 112¢7/1° + 188¢*/> + ...

10E | 104 | 2|24 8¢"10 +4g"° + 164710 + 28¢*/° + 564"/% 4 96¢*/° + 1129710 4 188¢*/% +- .

204 |10B| 0 |0+ 6q3/40 + 8q7/40 + 18q11/40 + 24q3/8 + 32q19/4o + 84q23/40 + 114q27/40 + 18Oq31/40 + .
20B | 10C' | 0 | 0+ 4¢"* +4g"® +12¢° 4 16¢"*/% + 40¢'7/*0 + 56¢°1/*0 + 92¢>/® + 1364/ + ...
10F | 10D | =2 | 244¢"1° +12¢"/° + 16¢%10 + 28¢*/® + 52¢"/2 + 80¢*/® 4 128¢7/1° + 188¢"/° + ...

10G | 10D | 2 | 24 4¢"10 +12¢"/5 + 16¢*/10 4 28¢%/% + 52¢"/2 + 80¢*/® 4 128¢7/1° + 188¢"/° + ...

10H | 10E | 3 |3+ 4q"/1° 4 8¢5 + 16¢°/1° + 32¢*/5 + 52q'/2 + 80¢%/> + 128¢7/1° 4 192¢*/° + ...

10I | 10E | =3 |34 4¢"10 + 8¢"% + 16¢*/10 + 32¢*/° 4 52¢"/2 + 80¢>/® + 128¢/1° +192¢"/> - ...

10J | 10F | 0| 0+ 4q"/% + 8%/ + 12¢"/* 4 2497/ 4 36¢°/* + 64¢"/*0 + 104¢"%/* 4 152¢°/* - ..
114 | 114 2 |2+ 4q1/11 + 8q2/11 + 12q3/11 + 24q4/11 + 36q5/“ + 56q6/11 + 88q7/“ + 128q8/11 T

224 | 1TA | 0| 0+ 2g"/4 4 2g%/H 4 20140 4 dgT/4 4 4% 4 6g'/4 + 8¢'¥/M + 10g!5/41 4 12917/ +
120 | 12A | —4 | 44 8¢"° +8¢"/* + 8¢"/% + 48¢°/1 + 56¢"/* + 16¢"/"* + 104¢>/* + 176¢** + 112¢°/° +- ...
12D [ 124 | 4 |4+ 8¢"% +8¢"* +8¢"/* + 48¢°/12 + 56¢"/2 + 1697/ + 104¢*/3 + 176%/* + 11246 + ...
12E [12B | 0 |0+ 8¢/ +4q"/% 4 8¢"/* + 28¢"/* + 16¢°/"2 + 28¢"/2 + 9647/ + T64*/* + .

12F | 120 | 0 | 0+4¢"/ +4¢"/% + 8¢°/** + 167/ +20¢°® + 32¢"/** + 56¢"3/* + 72¢7° + ...

12G | 12D | —1 | 1+6¢"/"% +6¢"/% + 6¢'/* + 18¢"/% + 36¢°'? + 42¢'/% + 48¢7/** + 90>/ + 150¢°/* + ...
12H [ 12D | 1 | 146" +6¢"% + 6¢"/* + 18¢"/% + 36412 + 42¢/2 4 48¢"/12 4 90¢*/* + 150¢*/* + ...
121 | 12E | 2 | 2+4¢"" +8¢"/° + 4¢"/* + 16"/* + 40¢°/" + 40¢"/* + 48¢™/1% + 964>/ + 148¢** + ..
127 | 12E | =2 |2+ 4¢"" +8¢"/° + 4¢"/* + 16¢"/* + 40¢7/1> + 40q"/? + 48¢™/1% + 96¢/° + 148¢** + ...
2A | 12F 0 0 + 6q5/96 + 2q13/96 + 6q7/32 + 24q29/96 + 18q37/96 + 24q15/32 + 84q53/96 + 56q61/96 + ...

12K | 12G 0 0+2q1/144+4q13/144—|—6q25/144—|-12(]37/144—|—18q49/144+28q61/144+44q73/144+...
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Coy | Coy ZR,R ZNS,R

121 | 12H | 1 | 1+4¢""2 4 8¢"% +12¢"* +16¢"/3 + 24¢°"* + 40¢"/? 4 644"/ + 96¢°/% + 132¢°/* +- ...
12M | 12H | =1 | 14 4¢""? +8¢"/% +12¢"* + 16¢4"/3 + 24¢°/*? + 40¢"/? + 64¢7/"% + 96¢*/* + 132¢3/* + ..
12N | 121 | =2 |2+ 4¢""2 + 4¢"/6 4+ 12¢"/* + 20¢"/3 + 24¢°"% + 44¢"/? + 6447/12 4 84¢*/® + 132¢%/* + ...
120 | 121 | 2 |2+ 4¢""2 4 4¢"% +12¢"* 4 20¢"/3 + 24¢°"% + 44¢"/2 4 6447/ + 84¢7/% + 1327/ +- ...
12P | 120 | 0 | 0+4q¢" + 4¢"/% + 8¢°/** +16¢7/** + 20¢%/® + 32¢'1/?* + 56¢"3/%* + 72¢°/8 4 ...

12Q | 12K | 3 | 3+2¢"12 4 6¢"/% + 10¢"/* + 18¢'/% + 28¢°/12 + 42¢"/% + 64¢7/*? + 90¢*/3 + 130¢*/* + ...
12R | 12K | =3 | 3+ 2¢"/"2 4 64¢"/° + 10¢"/* 4 18¢"/3 + 28¢°/"% + 42¢"/? 4 64¢"/** + 90¢*/* + 130¢*/* +- ...
24B | 12L 0 0+ 4q11/288 + 4q35/288 + 8q59/288 + 12q83/288 + 24q107/288 + 32q131/288 + 52q155/288 + ..
128 | 12M 0 0+ 2q1/144 + 4q13/144 + 6q25/144 + 12q37/144 + 18q49/144 + 28q61/144 + 44q73/144 + .

134 | 134 | —2 |2+ 4q1/13 + 4q2/13 + 8q3/13 + 12q4/13 + 24q5/13 + 32q6/13 + 48q7/13 + 68q8/13 4.

26A | 13A | 2 | 244" + 4¢¥/13 4 8%/ + 12¢"13 4 24¢°/13 + 324513 4 48¢7/13 + 684513 + ..

298 A | 144 0 0+ 4q3/56 + 4q1/8 + 8q11/56 + 8q15/56 + 20q19/56 + 16q23/56 + 32q27/56 + 48q31/56 + ..
14C' | 14B 1 1+ 4q1/14 + 4q1/7 + 8q3/14 + 12q2/7 + 16q5/14 + 24q3/7 + 36q1/2 + 526]4/7 + 68q9/14 + .
14D | 14B | —1 | 144¢"" +4¢"7 4 8¢%™ + 12¢%7 4 16¢°/** + 244%™ + 36¢"/2 + 52¢"/7 + 68¢°/"* + ...
15A | 15A | 3 | 3+2¢"1° 4 6¢"/° + 18¢"1° + 6¢"/ + 24¢*/® + 36¢7/"° + 12¢%/15 + 78¢%/° + 92¢*/® + ...
304 | 154 | =3 | 34 2¢"/" + 6¢"° + 18¢"* + 6¢"/% + 24¢%/° + 36¢7/*° + 12¢*/*% + 78¢5/ + 92¢%/% + ...
158 | 16B | —2 | 2+ 4¢"" 4 8¢"/® + 12¢*1° + 4¢3 + 28¢*/° + 40¢™/* + 16¢%/° + 68¢%/° + 88¢*/* + ...
30B | 158 | 2 |2+ 4q¢" +8¢"% 4+ 12¢*" + 4¢3 4+ 28¢%/° + 4047/ + 16¢%/1° 4 68¢°/° + 88¢%/% + ...
15C | 15C 0 0_|_4q2/45 +4q1/9 +4q8/45 —|—8q11/45 +8q14/45 + 24q17/45 +28q4/9 +32q23/45 + .

30C | 15C | 0 | 044> 4 4q"/? 4 4¢%/%5 4 8¢!1/45 4+ 8g14/45 1+ 24417/ 4 28¢Y/9 + 32¢%3/% + .

15D | 15D 1 1+ 4q1/15 + 4q2/15 + 4q1/5 + 12q4/15 + 12q1/3 + 2Oq2/5 + 32q7/15 + 36q8/15 + 52q3/5 +
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Cop | Coy ZrR | Zns,Rr

30D | 15D | —1 | 1+4¢"/" +4¢*" + 4¢'/° +12¢"/1 +12¢'/% + 2047 + 32¢7/'° + 36¢*/*° + 52¢°/° + ..
I5E | 15E | 2 |24 2¢"" +4¢*1 + 6¢"/° + 10g"" + 14¢"/* + 204*/° 4 28¢7/1% 4 40¢%/% + 54¢°/° 4 .
B0E | 15E | —2 |2+ 2¢"" 4 4¢*" + 6¢"/° +10¢*/* + 14"/ + 20¢*/° + 28¢7/* + 40¢%"® + 54¢%° +- ...
16A | 164 | 0 | 0+2¢"% + 4%/ + 47% + 8¢7/% +10¢°/% + 12¢"/%? 4 20"/ + 24¢"5/% + ..

16B | 16B | 2 |2+ 2910 4 4q"/® 4 4¢¥16 4 8¢M/* +12¢°/1% 4 16¢%/® + 24¢7/16 + 32¢"/% + 42¢°/1° + ..
16C | 165 | —2 | 2+2¢"/10 + 4q"/® + 4¢¥1° + 8¢"/* +12¢°/1% + 16¢%° + 247/ + 32'/% + 42¢°1° + ...
18D | 18A | —1 | 1+4¢"" +2¢"° +4¢" +4¢>° + 8¢>1® + 12¢'/% + 16¢7/' + 22¢*° + 28¢'/% + .
I8E [ 18A | 1 | 144¢""8 +2¢"/° +4¢"/6 4 4¢%° + 8¢°/'% + 129"/ + 1647/% 4 22¢*° + 28¢'/% + ...
I8F | 18B | 2 | 2+2¢""% +2¢"/° +4¢"/0 + 6¢°/° + 8¢°/"® +12¢'/% + 16¢7/"® + 22¢*/° + 28¢'/* + ...
18G | 18B | =2 |2+ 2¢""° +2¢'/° + 4¢"/° + 6¢°/° + 8¢°/1° + 12¢'° + 16¢"/"® + 224"/ + 28¢"/% + ...
18H | 18C | =1 | 1+ 2¢"" +4q"/% 4 4¢"° + 6¢*/° + 8¢°/'% + 12¢'/% 4 16¢7/'® 4 20¢*/° + 28¢'/* + ...
I8 [ 18C | 1 | 1+42¢""® +4¢"° +4¢"/° 4 6¢*/° + 8¢°/'® + 12¢"/% + 16¢7'® + 20¢"/° + 28¢"/* + ...
20C | 20A | =2 | 2+4¢"" 4 4¢%/%0 + dg"/® + 4g"* + 8¢%/10 +20¢7/% +12¢°/° + 84”0 + 28¢'/* + ...
20D | 20A | 2 |24 4¢Y10 4 4¢3/ 4+ 4¢'/5 + 4gM4 4 8¢3/10 4 2047/20 + 12¢2/5 + 8¢%/20 + 28412 + ...
208 | 20B | 0 |0+ 2¢"%0 +2¢"/1° 4 2¢%/%0 + 4q"3/%0 4 4g"T/0 4 8¢*H/%0 4 10¢710 + 127770 - .

20F | 20C | =1 | 1+ 2¢"% 4 2¢"/'0 +4g% + 6¢"/° + 6¢"* +8¢%10 + 1247/ + 14>/ +18¢°/ + ...
20G | 200 | 1| 1+2¢"% +2¢"1 + 4% + 6¢"/° + 6"/ + 8¢°/10 + 1247/ + 14¢°/° + 18¢°/%0 + ..
20A | 21A | 2 | 24+4¢*2 + 4qV7 + 8¢7/H + 8¢P/T + 4q'/3 + 20¢%/2 + 24037 4 8¢/ + 321/ 4 .
424 | 21A | =2 | 24+ 4% +4¢" 7 + 87/ 4 8¢%T + 4¢' 3 + 207/ + 2447 + 8"/ + 321/ 4
21B | 21B | —1 | 142¢"" +4¢*? +2¢/7 + 202 + 8¢°%' +4¢*/7 + 10 + 16¢°%! + 18" + ...
42B | 21B | 1 | 1+42¢"2 4+ 4¢°% 4 297 + 2" + 877 + 4”7 4 10¢'% 4 16¢%/*" + 18¢%7 + ...
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Cog Coy ZR,R ZNS,R

21C 21C 0 0+ 2q1/63 4 2q4/63 4 2q1/9 + 4q10/63 + 4q13/63 + 6q16/63 + 8q19/63 4 12q22/63 T+
420 | 21C | 0 |0+ 2¢"/% +2¢"% 4 2¢"/° + 4g'%/%% 4 4¢"/% 1 6¢'0/% + 8¢'9/% + 12476 4 4.
2BC | 224 | 0|0+ 201 4 2g%M 4 9671 4 g7/ 1 4g/M 4 Gg 14 8¢9/ 1 10g!/M 4 12417/
23AB | 2BAB | 1| 1+29"% 4 20/% + 2%/ 4 4g*%% 4 4¢7% + 645 + 847/% + 10¢%/% + 124/ + .
46AB | 28AB | —1 | 1+2¢"% +2¢*% + 2¢°/% + 4¢*/* + 447/ + 6¢%** + 847/ +10¢*% +12¢°/ + ...
40 | 244 | 0|0+ 4q"10 447/ 4 4gP10 4 8¢M 1 8710 4 16917/ 4 8¢9/ 420710 .

24D | 24B | =2 |2+ 2¢"** +2¢"° + 4¢" + 8¢/ + 12¢7** + 4g' P + 14¢%° + 164712 + dgM /P -
24E | 24B | 2 |24 2¢Y/% 4 2¢'/8 + 4¢"/6 + 84 + 12¢7/% + 4¢1/3 + 14¢3/8 + 16¢°/12 + 4¢1V/% + .
24F | 24C | 0 |0+ 2¢"%8 4 2¢1/16 4 4gP/18 4 26316 4 8gH/AE 4 4qI8 4 416 4 1218

14G 24D 0 0+ 2q1/32 +4q7/96 +4q5/32 +4q19/96 + 10q9/32 + 12q31/96 +4q35/96 + 16q13/32 + ..
2AH | 24E | 0| 042" 421 1 4q7/45 1 69110 + 4q" S 4 4q 00 4 8710 4 12917 4

241 | 24F | =1 | 1+2¢"*" +2¢"/1 4 2¢'% 4 2¢"/° 4 4¢°/** + 6¢"/* + 8¢7/* + 10" +10¢*® + ...

247 | 24F | 1 | 1+42¢"* 42" 4 2¢"F + 290 + 467 + 6" + 8¢7/ +10¢"/* + 1047 + ...

52A 26 A 0 0+ 2q3/104 + 2q7/104 + 2q11/104 + 2q15/104 + 4q19/104 + 4q23/104 + 4q27/104 + 8q31/104 + .
288 | 284 | 1 |1+ 2¢"% +2¢"" 4 2¢"7 4 4g7 + 4P+ 2011 + 6677 +10¢° + 8¢ +- ..
28C | 284 | —1 |1+2¢"/% +2¢"/" +2¢Y7 + 467/ + 4¢3/ + 2¢"* + 6¢*/7 4 10¢%/*® + 8¢%/1 + ...
56AB 28 B 0 0+ 2q1/224 + 2q17/224 + 2q25/224 + 2q33/224 + 2(]41/224 + 4q7/32 + 6q57/224 + 6q65/224 + .
B0F | 304 | 1 |1+2¢"" +4¢"10 +4¢"° +2¢"/° + 10¢*"° + 8710 + 2¢ + 8¢"/%0 4 12*° + ...
30G | 304 | —1 | 1+2¢"" +4¢"10 + 4¢"/° + 2¢"/° + 10¢*"7 + 8710 + 2¢'/ + 8¢"/%0 4 12*/° + ...
60A | 30B | 0 |0+ 2¢"/40 4 4¢1/120 4 2¢1/8 4 4¢23/120 4 60/40 4 8T/24 4 8¢13/40 4 4¢¥3/120 1

608 30C 0 0+ 2q1/360 + 2q5/72 +2q49/360 +4q61/360 +4q73/360 +4q17/72 +4q97/360 +4q109/360 €+
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Cog Cor |Zrr|ZnNsR
30H | 30D 1| 14 2¢"/30 4 2¢1/10 4 2¢2/15 1 9¢1/6 4 415 4 4¢7/30 4 4¢4/15 4 643/10 4 8¢1/3 + ...
301 | 30D | —1 | 1+42¢"/30 4210 42715 4216 4 4¢M5 + 4¢7/0 + 4¢M P + 66310 + 8¢13 + ..
30J | 30E | 0 | 0+42¢"% +2¢"1 4 2¢10 4 2%/ 4 2M/6 + 2¢M5 4 4q7/% + 6410 + 6610 + ...
30K | 30E | 0 |04 2¢"/3% +2¢"1° 4 2¢"/10 4 2¢*/15 4 216 4 2¢1/5 4 47/ + 6¢*1° + 6¢%/10 + ..
334 | 334 | —1 | 142"/ 4 2¢"/1 4 2¢"3 4 42/ + 4q7/5 4 6631 + 8¢5 4 2¢1/3 +10¢4 M + .
66A | 334 | 1 |1+ 2% +2¢"" 4+ 2¢Y% 4 4g?/M + 4q7/F + 6631 4 8¢"% 4 2413 +10¢M ..
35A | 35A 1|1+ 2¢Y/35 + 2¢4/35 4+ 2¢M7 + 4¢8/35 4 2¢1/5 4 4¢8/35 4 2¢°/35 + 4q?/7 + 8¢/ + .,
T0A | 35A | —1 | 142¢"% +2¢"% 1 2¢"7 + 4¢%/% + 2¢"/° 1 4¢%/% + 2¢°/% 1 A>T + 8¢"/F - ...
36A | 36A | —1 | 1+ 2" +2¢"/" 4 2¢"/% + 2¢"6 + 4¢7/%0 4 279 + 2¢M* + 4718 4 8"/ - .
368 | 36A | 1 | 1+2¢""%+2¢"" +2¢"7 +2¢"0 + 4¢7%0 + 2¢*° + 2¢"* + 4¢°1° +8¢M%0 + ..
39AB | 39AB | 1 | 1+ 2¢%% +2¢"" - 27/% + 2¢°/1 + 4¢%% + 4g*"? - 64"/ + 64" + 24" + ..
T8AB | 39AB | —1 | 1+2¢° +2¢"/" 4 2¢7/% 1+ 2¢°/13 4 4¢%/%0 1 4¢3"8 4 64"/ 1 64"/ + 2¢'° + ...
40AB | 40A | 0 |0+ 2%/ +2q'/16 4 2¢7/%0 4 4q13/50 4 2g3/16 4 4q19/50 4 4q21/50 4 6/ 4 4?10 4.
84A | 42A 0 | 04 2qH/168 4 2g3/56 4 2q1/8 4 2425/168 4 4q11/56 4 437/168 4 4415/56 4 Gq7/24 4
60C | 60A | 1 |1+ 2¢"%0 4 2¢"/10 4 2¢%/20 4 216 4 2¢/5 4 4q'3/%0 1 21/ 4 4gM10 4 4g310 4 .
60D | 60A | —1 |1+ 2¢"%0 4 2¢"10 4 2¢%20 4 2¢"/0 4 2¢"/% + 4q"¥/%0 4 2¢1/* 4 4g* P + 4P .




Appendix B

The Monster

The classification of finite simple groups identifies 26 sporadic simple groups, belong-
ing to the naturally occurring families of cyclic, alternating, or Lie groups [2]. The
Monster group, M, is the largest of the sporadic simple groups. The discovery of
the Monster was preceded by a long history of the development of another branch
of mathematics, the theory of finite groups [33, 34]. The existence of the Monster
was first predicted by Bernd Fischer in 1973, but he did not publish this finding.
In 1976, Robert Louis Griess, Jr. made the same discovery from a different direc-
tion [37]. In 1981, Griess finally managed to construct the actual Monster itself in an
extraordinary tour de force as the group of linear transformations on a vector space
of dimension 196883 that preserve a certain commutative but non-associative bilinear
product, now called the Griess product [6]. The character table of M, a 194 x 194
array for the 194 irreducible complex representations, was worked out by Fischer,
Livingstone, and Thorne in 1978.

The enormous size of the group is responsible for the name, given by Conway.
dim(M) = 2% x 3% x 57 x 70 x 112 x 13% x 17 x 19 x 23 x 29 x 31 x 41 x 47 x 59 x 71

— 808,017, 424, 794, 512, 875, 886, 459, 904, 961, 710, 757, 005, 754, 368, 000, 000, 000
~ 1054

The Monster contains 20 sporadic groups as subquotients, called the happy family
by Griess. He calls the remaining 6 sporadic groups, which are not subquotients of
M, the pariahs [35]. Griess further broke up the happy family into 3 generations.
The first generation consists of five maximal subgroups of the Mathieu group, May.
The second generation consists of seven maximal subgroups of Co;. And finally, the
third generation consists of eight maximal subgroups of M [36]. A diagram of their

relations can be found in [51].
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The minimal degree of a faithful complex representation of M is

47 x 59 x 71 = 196, 883,

the product of the three largest prime divisors of dim(M). The smallest faithful lin-
ear representation over any field has a dimension of 196,882 over the field with two
elements, only one less than the dimension of the smallest faithful complex represen-
tation. Additionally, M has no nontrivial permutation representations with degrees
less than

97,239, 461, 142, 009, 186, 000.

When ordered by size the 194 irreducible representations in the character table of

M [15] follow

1 Xi(1m)
1 1
2 196,883
3 21,296,876
4 842,609,326
5 18,538,750,076
6 19,360,062,527
7 293,553,734,298
194 258,823,477,531,055,064,045,234,375

The Monster can be realized as a Galois group over the rational numbers [55].
Excluding the Monster, the 19 other groups in the happy family are regarded as
the children of the Monster. Using the notation from [36], these include,

« Mathieu groups — My, Mg, Moy, Mo, Moy
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. Janko group — J,

. Conway groups — Coq, Coy, Cog
« Fischer groups — Fligg, Fligg, Fi},
« Highman-Sims group — HiS

« McLaughlin group — McL

. Held group — Held

« Suzuki group — Suz

. Harada-Norton group — Fj

« Thompson group — Fj

. Baby Monster group — B

The Baby Monster group, B, is the second highest order, sporadic simple group.
dim(B) = 2% x 3" x 55 x 72 x 11 x 13 x 17 x 19 x 23 x 29 x 31 x 47

= 4,154, 781,481, 226,426,191, 177, 580, 544, 000, 000
~ 4 x 10%

Shockingly, the Baby Monster is 2% x 37 x 53 x 74 x 11 x 132 x 29 x 41 x 59 x 71 times
smaller than the Monster [45]. The double cover of B is the centralizer of an element
of order 2 in the monster group. The outer automorphism group is trivial and the
Schur multiplier, M (B) has order 2. The group 2B is the largest subgroup of M.
Here, (conjugacy classes of) subgroups are the same data as transitive permutation

representations. Indeed, the number 2° x - -+ x 71 is (up to the factor of 2 between B

and 2B) equal to 7,239,461,142,009,186,000.



Appendix C
Monstrous Moonshine

Take H = {o +it|t > 0} C C, the upper half plane, together with the Poincaré
metric,

ds* = y~2(dz® + dy?),
which defines the Poincaré half-plane model of the hyperbolic plane [27]. The quotient
a b
of SLy(R) = ca,b,c,d € Rand ad —be = 13 by {£I2} is the group of

c d

orientation-preserving isometries, with action by Mobius transformations

a b at +b
T =
ct+d

(C.0.0.1)
c d

for 7 € H. We can distinguish the modular group SLy(Z) as the subgroup of SLs(R)
. . . e . .

whose orbits encode the isomorphism types of a complex elliptic curve E, = Tz for

any 7 € H. In other words, E, and E,, are isomorphic if and only if 7/ = ¢ - 7 for

some ¢ € SLy(Z).
Let T'g(N) be the Hecke congruence subgroup of SLs(R) of level N,

a b
[o(N) = { € SLy(R) | ¢ =0 (mod N)}
c d

The orbits of I'g(N) correspond to isomorphism pairs (£,,C) , where C is a cyclic
subgroup of E. of order N.
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C.1 History

In 1979, McKay famously observed that one of the coefficients in the g-series for the

elliptic modular function

o0

J=q "+ T44¢° + 196884q + 21493760 + ... = D auq"

is 196883 + 1 = xa2(ly) + 1, where ya(1ly) is the size of the degree 2 irreducible
representation of the Monster [16]. Denote by J(7) the normalized elliptic modular

mvariant

1728, (7)?
g (7’)32793 (T)2

J(r) = — 744 = ¢! + 196884 + 21493760¢2 + ...
where go(7) = 60G4(7) and g¢3(7) = 140Ge(7) given Gy is the Einstein series of
weight 2k,
Gop = Z (m 4 n7)~2
(n,m)#(0,0)
for k > 2 [26]. We can also define J(7) as
(1424037, 50 > °0")°

J(1) = Lol — ) — 744

The first few coefficients of the elliptic modular function are
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n ay,
1 1

0 744

1 196,884
2 21,493,760

3 864,299,970
4 | 20,245,856,256

) 333,202,640,600

Inspired by McKay’s findings, Thompson [54],generalized that

196, 884 = 1 + 196, 883
21,493,760 = 1 + 196, 883 + 21,296, 876
864,299,970 = 2 x 1+ 2 x 196, 883 + 21, 296, 876 + 842, 609, 326
20,245,856, 256 = 3 x 1 + 3 x 196, 883 + 21, 296, 876 + 2 x 842, 609, 326
+ 18538750076
333,202, 640,600 = 4 x 1 + 5 x 196,883 + 3 x 21,296, 876 + 2 x 842, 609, 326
+ 18538750076 + 19, 360, 062, 527 + 293, 553, 734, 298

In other words,

ar = x1(1m) + x2(1m)

az = x1(Inm) + X2 (1) + x3(1m)

az =2 x x1(Im) + 2 X x2(Im) + x3(1m) + xa(lm)

as =3 % x1(1m) + 3 X x2(Im) + x3(Inr) + 2 X xa(Ina) + x5(1na)

a5 =4 x x1(Im) +5 X Xo(Im) + 3 X x3(1m) + 2 % xa(In) + X5(Int) + X6 (In) + +x7(1m)
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So, an =Y, TumXm(1m) for 1 <n <5 and 1 < m < 7 where the matrix for the

Tpm S are

These coincidences led Thompson to the following conjecture [54].

Conjecture C.1.0.1. There exists a naturally graded infinite-dimensional monster

module V¥ = D> V? satisfying
dim(V?) = a,,

for n > —1 and a,, coefficients of the g-series for the elliptic modular function.

C.2 Construction

Griess [35], and Conway and Norton [16] each independently hypothesised the exis-
tence of an irreducible module with dimension 196883. Griess’ masterful development
of a monster-invariant algebra on the unique nontrivial 196884-dimensional module
was ultimately what established its existence [36].

In C.1.0.1, the generating series of the dimension of the graded parts of V? is the

g-expansion of

J(r) =) dim(Vf)q" (C.2.0.1)

n>—1

Since the dimension of a representation is the trace of p(1), Thompson analysed what
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are now known as the McKay-Thompson series [53],

Zym(T) =q~ Ztr m, Vg (C.2.0.2)

n>0

where m € M and ¢ = *™ for 7 € H. Here, m is chosen as a representative of its
conjugacy class [m] = {gmg~'lg € M}. Though one would expect 194 versions of
the series, we only have 172. This comes from the fact that [m] and [m™!] define the
same series. The McKay-Thompson series defines a function of 7 which determines

four subgroups of SLy(R) [16] of interest

(fixing group.) F'(m) consists of the elements of SLy(R) that fix Z ,,,

(eigengroup.) E(m) consists of the elements of SLy(R) that multiply Z; ,, by

m’th roots of 1,

(distended eigengroup.) D(m) consists of the elements of SLo(R) that multiply
Z1,m by any roots of 1,

(converting group.) C(m) consists of the elements of SLy(R) that convert Z; ,,
to functions of the form (AZ; ,,, + B)\(CZ , + D).

A discrete group I';, € SLy(R),m € M, has width one at this infinite cusp if
its subgroup of upper-triangular matrices is generated by j:((l) %) Specifically, the
subgroup of upper-triangular matrices in I';, coincides with I'y, = {((1) ’f)\n € Z}.

Two groups G and H are commensurable if there exists finite subgroups G' C G
and H' C H such that G’ = H'. If I,, is commensurable with SLy(Z), meaning I',, is
isomorphic to a finite subgroup of SLy(Z), then T',, acts naturally on QP = QU{oc}.
The cusps of T',, are the orbits of I';, on QP. A cusp a € QP'/T',, is non-infinite if
o0 ¢ a.

Conway and Norton conjectured that the Z; ,,,(7)’s are directly related to J(7).

Conjecture C.2.0.1. [16] For each m € M there is a group I',,, C SLs(R) such that

Z1,m is the unique normalized principal modulus for I';,,.

This means that each Z; ,, is the unique I'y,-invariant holomorphic functions on
H which satisfies
Zym(T) = ¢ + O(q) (C.2.0.3)
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and remains bounded as 7 approaches any non-infinite cusps of Ty, [26], so T',, is the
subgroup of SLy(R) which fixes Z; ,,. Now, I';;, = SLo(Z) when m = 1y, the identity

element of M. The corresponding McKay-Thompson series is

Ziay, (1) =q! Z tr(1y, V.F)g

n>0

=q¢ ') dim(V)g" (C.2.0.4)

n>0

— ¢! + 196884q + 214937604 + ...
= J(7)

Notice that the McKay Thompson series is equivalent to the graded dimensions

and characters we’ve previously mentioned. For example,

Because of the presence of symmetry, we can also consider characters that are twined

by the action of Ml. We see that

Zym(T) =q" Ztr m, VG = Zn(VF) = trys(mgho™)

n>0
for some m € M.

Many Hecke congruence subgroups I'o(N) C SLs(R) appear as I',, for elements
m € M.

One example is for m € 2B, the larger of two conjugacy classes of involution in

b

M [15]. Then, I, = Top =T(2) = { ! € SLy(R) | ¢=0 (mod 2)}[27], [21],

d

and

ZimeaB = q H 2n124+24

n>0

= ¢t +276¢ — 20484 + ...
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It was verified through calculations by Atkin, Fong, and Smith [52] and further
by Borcherds [5] that a graded infinite-dimensional monster module V* exists such

that the functions Z; ,, behave exactly as predicted by Conway and Norton.

Theorem C.2.1. [52] There exists a graded M-module V# = @77 | V,? such that, if
Z1,m is defined by C.2.0.2, then Z; ,, is the unique I';,,-invariant holomorphic function
on H that satisfies Z,,,(7) = ¢~' 4+ O(q) as 7 approaches the infinite cusp and has no
poles at any non-infinite cusps of I',,, where I, is the discrete subgroup of SLs(R)

as specified by Conway and Norton.

Knowledge about Z; ,, translates into knowledge about I',, C SLy(R) [27]. The
above characterization of the Mckay-Thompson series 7 ,,, formulated by Conway
and solved by Borcherds are referred to as the monstrous Moonshine conjectures.

A definition of what is now called the Moonshine module, V* was given and proved
in celebrated work by Frenkel, Lepowsky, and Meurman [33, 34]. The Moonshine
module V% was built as a Z, orbifold of the Leech lattice VOA Vi, [33, 34]. The

underlying geometric orbifold it the quotient
(R**/Aoy) /] Zo (C.2.0.5)

This work is one of the earliest examples of an orbifold conformal field theory [26].

The Moonshine module V% = @77 | V! is a vertex operator algebra of central
charge 24 whose graded dimension is given by J(7), and whose automorphism group
is the Monster group M. The Moonshine module V¥ is holomorphic and deg(v) # 1
for any v € V% such that v # 0.

Theorem C.2.2. [5] If V¥ is the Moonshine module VOA constructed in [33, 34],
Zy 1 is defined by C.2.0.2 for m € M and I', is the discrete subgroup of SLy(R) as

described by C.2.0.1, then Z; ,, is the unique normalized principal modulus for I',,.

Such a construction is consistent with one of the maximal subgroups on M, of
shape 21724 . Co;. Indeed, Frenkel, Lepowsky, and Meurman found that the graded
traces of elements in the centralizer of involution 2!724. Co; € M match the functions
predicted by Conway and Norton [33, 34]. There are many more ways to construct
V% as is described in papers such as [8]. One such is the prime order construction,

proposed by Montague [46] and proved in [10], [1].



Appendix D

Code

We share here some significant pieces of the Maple code.

The method FractionalExponentAdjuster takes 4 arguments: two polynomials and
2 variable names, say x and X. The first is a polynomial in x with rational exponents
which it turns into a polynomial in X with real exponents. It then scales the second

polynomial in x into a polynomial in X (for us, vA).

FractionalExponentAdjuster := proc(P, x :: name, X :: name)
local d := ilcm( (denom@op)~(2, indets(P, identical(x)"rational))[ 1);
subs (x =X"d, subsindets( P, identical(x)“rational,p -~ X" (d*op(2,p))) ),
P - subs(X=x"(1/d), subsindets (P, identical(X ) “posint, p > x"(op(2,p)/d)) )
end proc:

The method QuoRem takes four arguments: takes 4 arguments: two polynomials
and 2 variable names, say x and X. The first is a polynomial in x with (some) negative
exponents which it turns into a polynomial in X with only positive exponents. It then

scales the second polynomial in x into a polynomial in X (for us, \/Z)

QuoRem = proc(n, d, x :: name)

local X, ND, R, m, q, r;
(ND, R) := FractionalExponentAdjuster([n, d],x, X);
m = min(0, ldegree~(ND, X) [ ]);
q = quo(expand(NDI~X"m)[ |, X, r);
#Remainder gets downshifted, but quotient does not:
R(q), R(expand(X"m*r))

end proc:

7
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The eigenvalues for each twistings are inputed as an array Ali], i € {1,...,12}.

ZYN5(Fer(24))

5 [ [n + 1 + sz J
t1 == sort Z (—1)"q z , 4, ascending

n=—35
tl] == eval(tl,m=A[1]):
ti2 == eval(tl,m=A4[2]):
ti3 == eval(tl,m=A[3]):
ti4 = eval(tl,m=A4[4]):
tly == eval(tl,m=A[5]):
tl16 == eval(tl, m=A[6]) :
t17 == eval(tl,m=A[T7]) :
tl18 == eval(tl, m=A[8]) :
t19 == eval(tl, m=A[9]) :
t110 = eval(tl,m=A4[10]) :
tlll = eval(tl,m=A4[11]):
t112 = eval(tl,m=A4[12]) :

a = convert series[expand[ ' tH-r]2-r!3-rl4-t15-316-t17-1‘18-319-:!10-1‘111-tHZ],q, 10],po!ynom] :

2/q
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Z{oN (Fer(24))

2
5 [ [[n+-3-¥m] ]]
t2 = sort z q 2 , g, ascending | :

n=—35

121 == eval(t2, m=A[1
122 == eval(t2, m=A[2

t23 = eval(t2, m=A[3
t24 == eval(t2, m=A[4
125 =

126 == eval(t2, m=A[6

127 = eval(12, m=A[7

128 == eval(t2, m=A[8]) :
t29 == eval(t2,m=A4|9]) :
1210 = eval(t2,m=A[10]) :
211 == eval(t2,m=A4[11]) :
1212 = eval(t2,m=A[12]) :

( 1
( 1)
( 1
( D
eval(t2,m=A[5]) :
( N:
( 1)
( 1)

b = convert series[expand[ . t21-t22-523-t24-t25-326-327-328-329-3210-:211-tZIZ], q, 10],p0!ynom] :

2/q

Zy > (Fer(24))
5 {m+mﬂ]
13 = Sart[ Z [ q 2 ), q, ascending] :
n=-35
131 == eval(13,m=A4[1]) :
132 :=eval(13,m=A4[2]) :
t33 :=eval(13,m=A4[3]) :
t34 == eval(13,m=A[4]) :
135 == eval(13,m=A4[5]) :
136 == eval(13,m=A4[6]) :
137 :=eval(13,m=A4[7]) :
138 :=eval(13,m=A4[8]) :
)

139 :=eval(13,m=A4[9]) :
1310 == eval(t3,m=A[10]) :
1311 = eval(t3,m=A4[11]) :
1312 == eval(13,m=A[12]) :

¢ = convert series{expand{ . 331-t32-t33-334-t35-336-t37-r38-t39-t310-t311-t312], q, 10],p0!ynom] :

2/q
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Z&R(Fer@él))

5 { (n+ m)? ]

t4 == sort 2 (—1 )”q 2 , g, ascending | :
n=—35

t4] == eval(t4, m=A[1

142 == eval(t4, m=A[2

143 = eval(t4,m=A[3

t44 = eval(t4, m=A[4
t45 =
t46 == eval(t4, m=A[6

t47 == eval(t4, m=A[7

148 == eval(t4,m=A[8

149 == eval(t4,m=A[9]) :
1410 == eval(t4, m=A[10]) :
t411 == eval(t4, m=A[11]) :
t412 == eval(t4, m=A[12]) :

( 1))

( 1)

( 1)
( I
eval(t4, m=A[5]) :
( D:

( 1))

( 1)

)

d = convert{series[expand[ ' 341'-342-t43-t44-t45-346-r47-t48-t49-t41'0-t411-3412], q, 10],po[ynom] :

2/q

VA

5
Delta := Sort[expand[ ]_[ (1 — qm) ], q, ascending] :

m=1

delta := sorr( converr( series(Au, q, 10 ) , polynom ) »q, ascending)

’Initializing the two equations‘

left :== convert(series( c—d, q, 10), polynom) :
right := convert(series( b—a, q, 10), polynom) :
RR := sort(expand(left—right), q, ascending) :

NSR = sort(expand left + right), q, ascending) :



‘Calls to the adjusting methods

(qRR, rRR) := QuoRem(RR, delta, g) :
gRR:¥RR :
expand(qRR* delta + rRR — RR) : #Test---should get ()

(gNSR, rNSR) := QuoRem(NSR, delta, q) :
gNSR : rNSR :
expand(gNSR * delta + rNSR — NSR) : #Test---should get 0

‘ Finding the remainders

rNSR
delta

reml = series( ,qg=0, 10) :

rem?2 := convert(series(reml, q, 5), polynom) :

¥RR
delta

remil = sen’es( ,qg=0, 10) :

remi2 := convert(series(remil, q, 5), polynom) :

fo(vf %) and Z{Yjﬁ(vf )

Zrr = sort(qRR + remi2, q, ascending); Znsr := sort(qNSR + rem2, q, ascending);

81
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