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Abstract

The work of this PhD thesis is dedicated to the design of graph-based systems and

signal processing algorithms on graphs which improve error correction and multi-user

interference cancellation performance of modern communication systems. New ensem-

bles of low-density parity-check codes based on connecting coupled graphs ensembles

are studied and analyzed. We propose a technique to analyze the thresholds of the

resulting connected ensembles and formulate new ensemble design guidelines. We

propose a new encoding algorithm for staircase codes which lends itself to improved

low-power hardware implementation for high-throughput optical communication sys-

tems. An analysis of the decoding process of staircase codes is proposed explaining

the mis-correction properties of these codes. Finally, we propose and study a window-

based detection/decoding algorithm for coupled information transmission multi-user

communication system and propose a novel design of a self-coupled random-access

communication system.
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Chapter 1

Introduction

Shannon’s paper [55] published in 1948 directed the upcoming research in communi-

cations and error-correction coding theory towards design of systems and codes that

would be capable to deliver reliability and data throughput approaching the ultimate

capacity limits of communication channels. The beginning of the coding theory, how-

ever, started from a framework of block codes designed to correct a few errors that

may occur in a received data and were based on combinatorics and number theory:

Hamming code [15], Golay code [14] and Reed-Muller (RM) code [40, 48]. They were

followed by the class of algebraic codes, a type of block codes based on the theory

of polynomials over finite fields with examples including the Bose, Chaudhuri, and

Hocquenghem (BCH) code [2] and Reed Solomon (RS) codes [49]. While such codes

provided a very clear design and error-correction mechanisms and are used in many

communication systems even now they operated (in most cases) far away from the

channel capacity limits.

Introduction of convolutional codes by Peter Elias in [10] led to better performance

results with low complexity encoding and a decoding method implemented later via

the Viterbi algorithm. The success of convolutional codes comes from utilization of

memory as well as increased semi-randomness in the code structure. As it was proved

by Shannon in the original channel coding theorem ensembles of random codes present

asymptotic capacity achieving property. Nowadays, codes on graphs (discussed later)

form a dominant group of semi-random codes and are being highly utilized in modern

communication systems.

1.1 Codes on Graphs, Iterative Decoding and Threshold

A very successful instance of pseudo-random codes is the ensemble of low-density

parity-check (LDPC) [13] codes proposed by Gallager in 1960s. LDPC codes were

1
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not utilized for a few decades since iterative decoding was too complex for the compu-

tational engines of the past. Rediscovery of these codes in 1990’s accompanied with

the proposal of a related code family - turbo codes [1] - resulted in a new generation

of codes which are now called “codes on graphs”.

Tanner was the first who, in 1981 [61], developed a graph-based way of representing

and designing channel codes. Tanner graph of a code, shown in Fig. 1.1, is a bipartite

graph which includes two types of nodes: the variable nodes which related to the

bits of the transmitted codeword and the check nodes representative of the parity-

check constraints of the code. Any edge connects a variable node and a check node

if the respective codeword bit is involved in the parity-check constraint. The graph

completely defines the parity-check structure of the code, and is a very useful tool to

perform the so-called message passing decoding algorithms (MPA)s.

Variable nodes

Check nodes

Figure 1.1: Tanner graph of a code

In a typical soft MPA a bit is characterised by a log likelihood ratio (LLR) which

is a logarithm of a ratio of probability for the bit to be 0 or 1. During the iterations of

the MPA the variable nodes (corresponding to the bits) send LLRs to the check nodes.

The check nodes receive LLRs and perform the soft decoding of the parity-check code

corresponding to the node and return the updated LLRs to the variable nodes. The

variable nodes, in turn combine the received LLRs and send back to the check nodes

in the next iteration and so on (we refer the reader to [56] for more information about

MPA).

Effectively at the beginning of the decoding each bit has the signal to noise ratio

(SNR) of the channel (or, equivalently, probability of error), while after a few de-

coding iterations utilizing the constrains of the code it finishes with a higher SNR
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(or new, lower probability of error). Typically families of iteratively decodable codes

are characterized with a property called threshold. The threshold is the smallest

SNR such that taking an infinitely large code from a family and performing infinitely

many decoding iterations one ends up with an infinite output SNR at the end of

the decoding process (zero error probability). For the case of discrete channels such

as binary symmetric channel (BSC) the threshold is expressed in the largest value

of the channel’s crossover probability. The notion of the threshold can be extended

from iterative decoding to other types of decoding such as the optimal, exponentially

complex maximum a posteriori probability (MAP) decoding. Clearly, MAP decoding

threshold in terms of SNR is less or equal to the iterative MPA decoding thresholds

since MAP decoding is optimal (see the textbook “Modern Coding Theory” by T.

Richardson and R. Urbanke).

Considering finite-size code parameters the girth, which is the shortest closed path

in the graph, is one of the very important aspects of the Tanner graph of a code. Size

of girth in a graph is often in a direct relationship with minimum distance of the

equivalent code. In addition, once the number of iterations exceeds half of the girth

size the information circulating through the graph starts getting reused and this may

reduce the error-correction capabilities of the code. Hence, increasing the girth size

is desirable when designing a code. However, there is a limit on the girth relative to

the code’s length.

The next subsection discusses the method of spatial graph coupling - the way to

connect the ideas of convolution and memory and the low-density parity-check with

randomized graphs.

1.2 Spatial Graph Coupling and Threshold Saturation

The concept of spatial graph coupling originated from the area of LDPC [13] error-

correction coding [24] and has attracted significant research attention in recent years.

The method finds applications in many research fields where graphs are used to rep-

resent complex systems with a large number of interconnected components. Usually,

in such systems the components perform signal processing operations and exchange

messages in order to compute a globally optimum solution to a problem of interest.
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The message-passing algorithms on unified graphs are efficient from the complex-

ity standpoint, but their belief-propagation (BP) solution often does not coincide

with the solution of maximum a posteriori (MAP) decoder, which is superior, but is

very complex. However, spatial graph coupling creates a system for which iterative

message-passing algorithms can converge to the optimal MAP decoder’s solutions, a

phenomenon which is called threshold saturation [28]1, and was proven in [77] for a

wide class of coupled scalar recursions. It is worthwhile to mention that the threshold

of MAP decoder can be obtained via Exit functions [36, 35].

In a nutshell, in a coupled system a number of identical system graphs are con-

nected together to form a single coupled graph chain. When a message-passing algo-

rithm operates on such a chain computations performed on the graphs at the ends

of the chain converge to the desired solution first, since the end-point graphs contain

less computational constraints. Then, the convergence spreads out thought the graph

interconnections to the middle part of the chain resembling a wave and the entire

system converges to the optimal solution.

Due to their remarkable performance and simple decoding, different spatial cou-

pled codes have been proposed since their first emergence in [24]. Lentmaier et. al

introduced an ensemble of terminated convolutional LDPC code in [32]. The termina-

tion creates an structured irregularity in the Tanner graph, leading to a significantly

better threshold compared to the classic LDPC codes. This was proved also in [31] via

a threshold analysis of these codes. A class of algebraically structured quasi-cyclic

(QC) LDPC convolutional codes was presented in [62]. Because of their algebraic

structure, these codes are suitable for VLSI implementation. In [38, 37] spatially

coupled LDPC codes based on protographs are constructed.

In order to construct a coupled system, one can put several copies of the Tanner

graph of a code (for example LDPC code) in different spatial positions in a layer style

formation. Then, in each local position some edges should be randomly removed which

causes the degrees of the related variable and check nodes to decrease. Therefore, to

keep the degrees as before, new connections between the variable nodes of any position

and the check nodes of the neighboring positions should be created. Fig. 1.2 shows how

the copying and connecting process leads to a spatially coupled code. In Fig. 1.2(a)

1since iterative decoding threshold of the coupled ensemble coincides with the MAP threshold of
the uncoupled block ensemble.
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(a)

(b)

Figure 1.2: (a) Uncoupled and (b) coupled systems

the copies of the Tanner graph for a LDPC code are shown. The red edges are the

ones which should be removed while the black edges are kept. Fig. 1.2(b) depicts

the new connections between the consecutive tanner graphs with the red edges. The

resulted spatially coupled code in Fig. 1.2(b) has coupling factor 2 since any variable

node in the position i participates in the check equations of the same position and

position i− 1, or equivalently every check node in the position i is connected to the

variable nodes of the position i and i + 1. Higher coupling factors are also possible

by connecting the further spatial positions together.

The superiority of spatially coupled codes over their un-coupled block mother

codes comes from the connected chain structure and the structure of the leftmost

positions in their Tanner graph. According to Fig. 1.2(b) there are some extra check

nodes connected to the variable nodes of the first position. The extra check equations
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lead to an unbalanced situation of reliability among the positions. Therefore, the

more reliable information injected to the left side of the graph transitions into the

rest of the chain iteration by iteration. These extra check equations cause rate loss

for the spatially coupled codes compared to their underlying codes. However, for

sufficiently long chains or equivalently long codes this loss would be negligible.

1.3 Window Decoding

In order to decode spatially coupled LDPC (SC-LDPC) and other types of coupled

codes message passing algorithm can be efficiently applied. However, because of the

convolutional structure of these codes MPA application on the entire coupled chain at

once is computationally impractical [21]. Therefore, window MPA decoding has been

proposed and is usually utilized in practical spatial graph coupling decoder settings.

Fig. 1.3 depicts the application of window decoding. The red frame encloses W

coupled sub-graphs which are currently processed by the decoder via MPA algorithm.

The leftmost sub-graph contains the most reliable bits while the rightmost graph

contains the least reliable. After a number of decoding iterations the leftmost graph

(related codewords) is considered fully decoded and the information is passed further

to the higher layers of the receiver functionality. The new, shifted decoding window

shown in green now hosts a new rightmost graph, just received from the channel

which contains undecoded information. The receiver performs a number of decoding

iterations again and then shifts the window further to the right and so on.

present window

next window

sub-graph

1

sub-graph

i

sub-graph

i+1

sub-graph

i+W-1

sub-graph

i+W

Figure 1.3: Window decoding: the crossed lines show the edges between the sub-
graphs.

The nature of window decoding makes it very suitable for practical applications

of spatially coupling. Therefore, it has been applied to a number of coupled systems

including SC-LDPCs [30, 21, 20, 73, 22], sliding window superposition coding [74] and
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modulation [26] proposed for broadcast in 5G cellular networks to reduce co-channel

interference. Optimization and analysis of window decoding algorithm requires care

and needs to be tailored to the application.

1.4 Spatial Graph Coupling in Other Areas of Communications

Once the benefits of spatial graph coupling have been shown for LDPC code the

concept of spatial coupling was spread to other areas of telecommunications such

as compressed sensing [7] and multi-user detection [64] [58]. In [16] the authors

analytically and numerically investigate the coupling effect in k-satisfiability, graph

coloring and Curie-Weiss models from statistical physics showing another evidence of

threshold saturation phenomenon using coupling.

In compressed sensing signal processing, sparsity of the measurement matrix plays

an important role in the reconstruction of the original signal. Spatially coupled

measurement matrices have an improved sparsity [27] in this regard. It was further

proved by Montanari et al in 2013 that utilization of coupled matrices along with

approximate message passing algorithm (AMP) leads to the optimal sparsity levels.

In the field of multi-user detection, coupling information transmission has been

proposed. Each user forms his packet via applying bit repetition, interleaving and

signature sequence multiplication (see Chapter 4). Each packet can be represented

as a bipartite graph that connects variable nodes and modulated symbol nodes, the

format which is rooted to sparse code-division multiple-access type techniques [47, 72,

17]. The packets then couple in the channel through interference and the receiver can

exploit the coupled chain structure in its iterative MPA interference cancellation and

bit estimation process. Coupled sparse code division multiple access (CDMA) and

interleaved division multiple access (IDMA) are other examples of coupled multi-user

systems.

1.5 Thesis Research Contributions and Structure

While classic coupling is understood, there are several important questions that need

to be answered in order to construct practical coupled systems and predict their

performance:



8

1. How to analyze spatially coupled codes finite-length/chain setting, when hard-

decision message-passing decoding (saving complexity) is utilized?

2. How to design implementation-friendly solutions for coupled systems?

3. How to make coupling multi-dimensional instead of just following a linear chain

coupling? How to best design such coupled graphs?

4. How to design and utilize practical window decoding for multi-user coupled

systems?

5. How to utilize coupling for systems with uncontrolled (random) user access?

In this thesis I try to answer these questions. Hence, the contribution of my work

described in this thesis develops around the spatial graph coupling theory. Chapters

2-4 introduce the codes and systems we will be working with: LDPC convolutional

codes (LDPCCCs) and their properties, staircase codes designed for high-speed opti-

cal communications and utilized with hard-decision decoding MPA, and also multi-

user detection (MUD) systems on graphs. Chapter 5-8 as well as the appendices

present my research contributions. The contributions of this thesis are as follows:

1.5.1 Window-based demodulator for the coupling information

transmission system

We propose a window-based receiver for coupling information transmission and ex-

act and approximate message passing decoding (Chapter 8). We also present its

performance analysis and simulation results. The results are published in

� A. Karami and D. Truhachev, “Coupling Information Transmission with

Window Decoding,” IEEE Wireless Communications Letters, April 2019.

1.5.2 Self-coupling data transmission for random-access communications

We propose a method to perform random access communications suitable for future

IoT services in Chapter 8. The results are summarised and submitted as a journal

paper

� A. Karami and D. Truhachev, “Self-Coupling Information Transmission,”

IEEE Communications Letters, submitted 2019.
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1.5.3 Transfer function analysis and design of connected chain coupled

ensembles

We propose a technique to estimate the performance of new codes ensembles which

can be designed by connecting SC-LDPC code chains together. The method is based

on our proposed transfer function principle, see Chapter 7. The results are published

in

� D. Truhachev, D. G. M. Mitchell, M. Lentmaier, D. J. Costello,

A. Karami, “Code Design Based on Connecting Spatially Coupled Graph

Chains,” IEEE Transactions on Information Theory, in print.

1.5.4 Efficient encoding algorithm for staircase codes

In Chapter 5 we propose an efficient and hardware implementation friendly technique

to implement a staircase code encoder for 400ZR 400Gbps newly introduced optical

communications standard (Chapter 5). The results are summarized and submitted

as a journal paper

� S. Li, K. El-Sankary, A. Karami, D Truhachev, “Low-Power Stair-

case Encoder Implementation for High-Throughput Fiber-Optical Communica-

tions,” IEEE Transactions on Very Large Scale Integration Systems, submitted

2019.

1.5.5 Analysis of mis-corrections in the decoding of staircase codes,

extended analysis

We propose an extended, more precise analysis method to study the process of decod-

ing of staircase codes (Chapter 6) which takes into account mis-corrections. In the

first section we present two analysis methods on staircase codes. In the second section

staircase codes with nonlinear codes as their component are investigated. Some of

the work details are given in appendices. The results are published in

� D. Truhachev, A. Karami, L. Zhang and F. Kschischang, “Decoding

analysis accounting for mis-corrections for spatially-coupled split-component

codes,” IEEE International Symposium on Information Theory (ISIT), pp.

2124–2128, Barcelona, Spain, July 2016.



Chapter 2

Coupled LDPC Code Single Chain Ensembles

We start by defining a single chain spatially coupled low density parity check (SC-

LDPC) code ensemble. Without loss of generality, we demonstrate our approach on

an ensemble of coupled (3, 6)-regular LDPC block code (LDPC-BC), constructed by

means of protographs [63]. A protograph representing an LDPC code ensemble is

a small bipartite graph connecting a set of variable nodes to a set of parity check

nodes. Note that a protograph is different from the Tanner graph of a particular

LDPC code, since every node of a protograph represents a set of M nodes in the

Tanner graph of a particular code and every edge represents a set of M edges. The

individual codes (members of the ensemble) are obtained via all possible permutations

of these M edges. As such, they are represented by the same protograph. Therefore,

a protograph with a lifting factor of M describes an ensemble of LDPC codes. It

is an important feature of this construction that each lifted code inherits the degree

distribution and graph neighborhood structure of the protograph.

A single chain SC-LDPC ensemble can be constructed by coupling together several

LDPC ensembles by “spreading” edges from variables nodes of each copy to neigh-

boring check nodes, forming a chain (see, e.g., [37]). Fig. 2.1 shows representative

Tanner graphs for (a) a group of L = 8 uncoupled (3, 6)-regular LDPC-BC ensemble

protographs, (b) a single chain SC-LDPC ensemble protograph, and (c) a simplified

illustration of the single chain protograph where each segment is illustrated by a single

node.

Note that, by coupling the block code protographs in this way, we introduce

a “structured irregularity” into the coupled protograph. In this example all of the

variable nodes still have 3 edge connections; however, the check nodes at the start and

the end of the chain are only connected to either 2 or 4 variable nodes. For this (3, 6)-

regular single chain SC-LDPC code ensemble, we find that the threshold saturation

effect improves the belief propagation (BP) threshold (for a binary erasure channel

10
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(a)

(b)

(c)

Figure 2.1: Tanner graphs associated with (a) a chain of L uncoupled (3, 6)-regular
LDPC-BC protographs for L = 8 and (b) a single chain of L spatially coupled (3, 6)-
regular LDPC-BC protographs for L = 8. The larger circles in the figure correspond
to parity-check nodes and the smaller solid circles correspond to variable nodes. Also
shown in (c) is a simplified illustration of the (3, 6)-regular single chain protograph of
length L = 8. Each node illustrates a segment consisting of one check node and two
variable nodes.

(BEC) with erasure probability ε) from the uncoupled BP threshold εBP = 0.4294

to a value numerically indistinguishable from the (optimal) MAP threshold εMAP =

0.4881 as the coupling length L becomes sufficiently large [31, 28]. Example 1 sheds

more information on the way a spatially coupled LDPC code surpasses its uncoupled

counterpart.

The associated incidence matrixB of the protograph is called the base matrix. The

parity-check matrix H of a protograph-based LDPC-BC can be created by replacing

each non-zero entry Bi,j in B by a sum of Bi,j non-overlapping permutation matrices

of size M and each zero entry by the M ×M all-zero matrix. In graphical terms, this

can be viewed as taking an M -fold graph cover or “lifting” of the protograph. We

denote the (3, 6)-regular single chain ensemble protograph of length L by C(3, 6, L).
The design rate of the ensemble C(3, 6, L) is given by1

R(C(3, 6, L)) = L− 2

2L
, (2.1)

which increases monotonically with L and approaches 1/2 as L → ∞.

1Here R denotes the design rate of the ensembles. The actual rate of a particular member of
the ensemble may be slightly higher due to possible linear dependencies between the rows in its
parity-check matrix.
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Figure 2.2: Density evolution for uncoupled (3,6)-regular LDPC code working in an
erasure channel with ε = 0.45.

Example 1.

Suppose that an uncoupled (dv, dc)-regular LDPC code, where dv and dc are re-

spectively the degrees of variable and check nodes, is constructed based on protograph

to correct the errors in a binary erasure channel (BEC) with erasure probability

ε. Suppose xi is the erasure probability after i iterations of bit flipping decoding.

xi = f(ε, xi−1) which is obtained from the density evolution equation in

xi = ε
(
1− (1− xi−1)

dc−1
)dv−1

. (2.2)

The fixed points of Equation (2.2) specify weather the code will function success-

fully or not. Any fix point other than 0 shows a case of failure. Therefore, the highest

value of ε for which the equation has only a root at 0 is the threshold. For example

for an uncoupled (3,6)-regular LDPC code in a BEC the expression of Equation (2.2)

is x = ε (1− (1− x)5)
2
. According to Fig. 2.2 with ε = 0.45 this equation has three

roots, two of which are non-zero. Fig. 2.3 shows the density evolution of the same

code for a channel with ε = 0.42. In this case there is only one root happening at

0 which leads to a successful decoding. As being clear in the figure there is a small

space between the two curves bearing that the threshold of the mentioned code should
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Figure 2.3: Density evolution for uncoupled (3,6)-regular LDPC code working in an
erasure channel with ε = 0.42.

be a little bit higher than 0.42, but not close to the possible value, which is 0.5 from

the BEC capacity relationship. Hence, using the spatial coupling, a more optimized

version of the code with the protograph shown in Fig. 2.4 can be constructed.

timex(1) x(2) x(3) x(4) x(5)

Figure 2.4: Connected protographs of (3, 6, L)-regular spatially coupled LDPC code.
L is the number of layers connected together.

For a spatially coupled code the density evolution of error probability of a bit

sitting in time frame t after i iterations of bit flipping decoding is

x
(t)
i = ε

⎛
⎝1− 1

w

w−1∑
j=0

(
1− 1

w

w−1∑
k=0

x
(t+j−k)
i−1

)dr−1
⎞
⎠

dl−1

, (2.3)
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where w is the coupling depth, the number of different time frames in which a typical

variable node participates. For the (3, 6, L)-regular spatially coupled code shown in

the Fig. 2.4, w = 3. Since the degrees of check nodes in the first 2 positions are

smaller they carry more reliable information than the next check nodes. Density

evolution for the related code works like a wave from the leftmost to the right. This

phenomenon is shown in Fig. 2.5. For the erasure probabilities smaller than or equal

to threshold all the bars drop into zero throughout the iterations of decoding, but for

larger erasure probabilities a few first bars may drop into zero while the rests stuck

in some nonzero levels.

x(1) x(2)x(0) x(3) x(4)

x(1) x(2)x(0) x(3) x(4)

x(1) x(2)x(0) x(3) x(4)

iteration 0

iteration I

iteration 2I

Figure 2.5: Wave-like movement of bit erasure probability of (3, 6, L)-regular spatially
coupled LDPC code.

According to the threshold saturation phenomenon investigated in [28]

lim
L→∞

εBP(3, 6, L) = εMAP(3, 6) (2.4)

where εBP(3, 6, L) is the BP threshold of (3, 6, L)-regular spatially coupled LDPC code

and εMAP(3, 6) is the MAP threshold of the underlying code. Hence, spatially graph

coupling is a promising solution to achieve the MAP threshold of an uncoupled code.

In Chapter 2 a new group of coupled systems by coupling the single chains together

in a closed form are constructed. The loop ensembles made this way are shown to
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have better performance than the underlying single chain ensembles for finite values

of L.



Chapter 3

Staircase Codes

Staircase codes were introduced in [57] to compete with a group of ITU-T codes

in optical communications, called G.975.1 codes. According to Fig. 3.1 the best of

these codes is 0.96dB away from the Shannon capacity. A specific staircase code was

proposed in order to tighten this gap, and it improved the gap with the capacity by

0.42dB.

Figure 3.1: Performance of R = 239/255 staircase code compared with G.975.1 codes.
The staircase code is about 0.56dB away from the channel capacity (Figure from [57]).

Staircase codes can be regarded as a convolutional version of product codes [9].

Their inherited product code feature is the presence of vertical and horizontal com-

ponent codes which cross-check each other with parity-check bits. At the same time

the convolutional stair-case like structure of the staircase code creates a spatial-graph

coupling effect in the structure of the Tanner graph representing the codes [81]. This

allows the staircase decoder to benefit from the threshold-saturation phenomenon

16
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exhibited by spatially-coupled codes.

In Tanner graph representation of staircase codes, instead of participating in sin-

gle parity check equations, the variable nodes participate in more complex constraint

nodes, which are equivalent to the codewords of a single block code, called component

code. The component of the staircase code is Bose, Chaudhuri, and Hocquenghem

(BCH) code, a type of algebraic codes. The algebraic nature of BCH codes makes

them good candidates of being used while needing very simple and fast hard deci-

sion decoding systems. Therefore, spatially coupling structure of staircase codes and

fast decoder of BCH codes cause the staircase codes to be highly efficient in optical

communications.

3.1 Staircase Code Encoder

A generic staircase encoder with systematic binary component codes (N,K, dmin),

where N , K and dmin are respectively the code length, the information length and

the minimum distance of the code, operates as follows. Consider the sequence of

binary matrices B0,B1,B2, . . . of size m×m where m = N/2, see Fig. 3.2. Note that

all even matrices in the staircase pattern are transposed. The first matrix B0 is filled

with zero bits. Each of the following matrices Bi = [Bi,L Bi,R] consists of the left

side matrix Bi,L of size (K −m) ×m filled with information bits and the right side

matrix Bi,R of size (2m−K)×m filled with parity-check bits.

Parity check bits in B1,R are computed by encoding each row of the matrix

[BT
0 B1,L] of size K ×m with the component code and placing the resulting 2m−K

parity-check bits in the corresponding row of B1,R. Once B1 is completed B2,L is filled

with information bits and each row of [BT
1 B2,L] is encoded with the component code

to produce the parity-check bit matrix BT
2,R. Once B2 is completed B3,L is filled with

information bits and each row of [BT
2 B3,L] is encoded to produce BT

3,R and so on. It

is clear in Fig. 3.2 that for any odd i we have vertical component code (red) and for

any even i they are horizontal (blue). Since there are 2m −K parity check bits for

each K−m information bits, the unterminated staircase code rate is calculated from

R =
K −m

m
=

2K

n
− 1.

For the encoder, it is sufficient to have a memory to store two matrices Bi, Bi+1,
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to continue encoding at any time i. Instead of storing the entire matrices storing

partial syndromes required to continue decoding for each row may be sufficient.

 

  

BT
0 B1,L B1,R

BT
2,L

BT
2,R

B3,L B3,R

BT
4,L

BT
4,R

Figure 3.2: Staircase code is a sequence of coupled square matrices. The gray area is
filled with information bits. The red line shows a vertically encoded component code
while the blue one is a horizontally encoded code.

In [57] the authors have introduced a generalized staircase code compatible with

the coding rates of optical transfer networks (OTNs). This code uses a shortened

extended BCH code (1022, 990, 8) as its component code. It is obtained from the

original BCH code (1023, 993, 7) by extending two bits and shortening three bits.

Referring to [57] and according to Fig. 3.3 to perform the encoding in the spatial

position i, two all-zero rows are appended to make the two top rows of BT
i−1. Then

each row of [BT
i−1 Bi,L] which is of size 512 × 990 is encoded to produce the matrix

Bi,R of parity-check bits of size 512× 32.

3.2 Staircase Code Decoder

Staircase codes are decoded iteratively by decoding horizontal and vertical component

codes in an alternating manner. Every codeword is coupled with two other ones of
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Bi
BT
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02

510
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Figure 3.3: A graph of the generalized staircase code in position i. The red section
contains all-zero bits, the gray section is filled with information bits, and the pink is
filled with the parity-check bits. The blue line represents a component code codeword
while the green line shows the information bits of another component code.

different type. It causes any bit to exist in two codes and to have more chance of

being decoded correctly. Decoding of the horizontal codes in the current iteration will

be followed by decoding of vertical codes in the next iteration, and this alternating

decoding persists for some number of iterations.

The components, horizontal or vertical, get decoded using the bounded distance

decoding (BDD). Consider a component code with error correction capability t, and

imagine radius t balls around all the codewords of the component code; every ball

includes all the sequences which their Hamming distance with the center of the ball

(related codeword) is less that or equal to t. Decoding with BDD would map all

these sequences to the center. In the cases that sequences stand outside the balls no

changes are required.

Fig. 3.4, by providing an example, shows how iterative BDD leads to error elimi-

nation in staircase codes.

For the generalized staircase code each row in the matrix pairs [BT
i Bi+1], i =

0, 2, 4, · · · is decoded first and then each row in [BT
i Bi+1], i = 1, 3, 5, · · · and so

forth. The practical way of performing the iterative decoding for staircase codes is

done based on window decoding as shown in Fig. 3.5. A window with the length

W covers W consecutive matrices, and the iterative decoding is applied for several

iterations. Thereafter, the information bits of the leftmost matrix in the window,

which is the most reliable one, are extracted and the window moves by one matrix to
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Iteration i Iteration i+ 1

Iteration i+ 2 Iteration i+ 3

Figure 3.4: An example of iterative decoding considering that the error correction
capability of the component code is 2: The blue lines are the component codes with
errors, and the crosses represent errors. In iteration i, BDD is performed for the
vertical codes which is not successful for one sample component code. In iteration
i + 1, while decoding horizontal codes two codes are decoded successfully, clearing
3 errors. In iteration i + 2, again vertical codes are decoded which causes one error
removal. Finally, in iteration i+ 3, decoding the horizontal codes eliminates the left
2 errors.

the right.

The decoding of the component BCH code in the mentioned shortened extended

staircase code is a BDD with error-correction radius t = 3. The decoder flips the

necessary bits directly in the staircase code array. The component BCH code is

extended by multiplying a factor (x2 + 1) with the original BCH code’s generator

polynomial which is x10 + x3 + 1. Thus the first 30 rows of the parity-check matrix
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Figure 3.5: Window decoding of a staircase code: iterative decoding in the current
window results in decoded information bits of Bi.

and the corresponding 30 bits of the respective syndrome are used for error-correction.

The last two rows of the parity-check matrix and the corresponding last two syndrome

bits, s31 and s32 can be used for error detection. The bit s31 sums the bits in odd

positions of a received sequence while s32 does so for even positions. These two values

are used as extra knowledge to check whether mis-correction has happened or not.

The cases s31 = 1 and s32 = 1 are equivalent to detection of an odd number of errors

in respectively odd and even positions. Similarly, even number of errors in odd and

even positions are in accordance with s31 = 0 and s32 = 0. Hence, if there is any

inconsistency between the error places from the first 30 bits of the syndrome and

what the last 2 bits of the syndrome claim, error correction (bit flipping) should not

be applied in order to reduce the probability of mis-correction.

With their original decoding method, iterative hard decision decoding, staircase

codes maintain a very close distance to the channel capacity. The window based hard

decision decoding makes them very attractive to optical applications which need high

rate data processing. In Chapter 5 we present an optimized technique of encoding

these codes which is suitable for hardware implementation. In addition, we analyze

staircase codes and also apply nonlinear codes as their components in Chapter 6.



Chapter 4

Multi-User Detection Systems on Graphs

Multiple-access communications has numerous practical applications starting from

cellular systems to ad-hoc and sensor type networks. A significant interest is dedicated

to internet of things (IoT) and machine-to-machine (MtoM) communications for 5G.

Consider a group of transmitters which share a channel to transfer their information

towards their targeted receivers. Therefore, there should be a established link between

any transmitter and the related receiver.

Constructing the links became possible via classic methods of multiple access. For

instance, in Frequency division multiple access (FDMA) the bandwidth is divided into

several non-overlapping sub-channels and every sub-channel is allocated to a user. In

time division multiple access (TDMA), used in 2G, time divides into the slots and

every slot is occupied by a user (transmitter). Compared to these methods Code

division multiple access (CDMA), used in 3G, is more developed technique which

allocates a unique code to each user. There is an orthogonality between every two

codes, making it possible for the receiver to cancel the interference from other users.

Because of high chip rate of CDMA, Orthogonal FDMA (OFDMA) was proposed to

serve in 4G communications [23]. OFDMA combines FDMA and TDMA to present

better performance compared to each of them alone. TDMA, FDMA, CDMA and

OFDMA are considered as orthogonal multiple access (OMA) methods. OMA has

helped the traditional and current communication networks to emerge, but it is not

a useful answer for the future communications.

It is well known that non-orthogonal multiple access (NOMA) techniques lead to

more optimized ways of transmission than orthogonal multiple access (OMA) systems.

With regard to spectral efficiency and massive connectivity demanded by the new

telecommunication networks and applications such as 5G and IoT, NOMA outclasses

OMA. NOMA systems can sustain a large number of simultaneously arriving packets,

where each packet may be encoded via a number of simple operations, which are

22
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desirable. The receiver, at the same time, may use sophisticated techniques to extract

the information from all arriving packets.

Impacted by the nature of NOMA, interference cancellation methods for variety

of NOMA schemes utilize step by step (iterative) strategies. For example, the power

domain NOMA applies successive interference cancellation (SIC) [5] to eliminate re-

mained interference from other users. The regular interference cancellation method of

code-domain NOMA such as low density spreading (LDS) [39], sparse code multiple

access (SCMA) [41] and interleave division multiple access (IDMA) [47] is message

passing algorithm (MPA).

Another multiple access method, which can be categorized in non-orthogonal tech-

niques, and benefits from MPA is introduced in [72, 65]. This method is based on

spatially coupling and aims to enhance the achievable multi-user load. Similar to

any other system in communications the complexity is an indispensable matter to

be considered; therefore, in [67] Truhachev et. al apply approximate message pass-

ing (AMP) algorithm [8] to a similar system in order to reduce the computational

complexity of MPA.

Fig. 4.1 shows a scenario supported by these spatially coupled systems. There are

L streams from N transmitter (L ≥ N because each transmitter can originate and

send several streams of data) which share a channel to arrive at a single receiver which

mainly includes Joint Iterative Demodulator unit. The Joint Iterative Demodulator

plays two roles: It iteratively cancels the interference and estimates the bit values.

As soon as the power of interference reaches its minimum the estimated values are

delivered to the related error correction decoders to minimize the noise power.

According to [65, 67, 71], the information bits of the stream l, ul, first get encoded

using a error correction code. Then, each bit in the resulted sequence, vl, repeats

for M times which is followed by being randomly permuted in the frame. Finally,

after the constructed sequence gets multiplied with the signature sequence, which is a

sequence of randomly chosen -1 or 1, it arrives at the channel with a normalized power

value. Fig. 4.2 shows a typical transmitter blocks of coupled transmission systems.

One block of data stream l can be generated as written in

ṽ(l) = Blv
(l), (4.1)
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Figure 4.1: Many transmitters transmit their information at the same time to a single
receiver.
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Figure 4.2: Transmitter for user l:
√

P
L
is the individual transmitting power, where

P is the total transmitting power and L is the number of users.

where

Bl = SlPlR, (4.2)

performs repetition, permutation and signature procedures all at the same time.

In (4.2) R is the repetition matrix, P and Sl are respectively the permutation and

signature matrices of stream l. Assuming that the size of each block of encoded bits

is N and the repetition factor is M , R is a matrix of size MN ×N having M 1’s in

each column. For example, for the case where M = 2 and N = 4:



25

R =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 0 1
0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
. (4.3)

The permutation matrix, Pl, is a square matrix of size MN ×MN . Every stream

has its own permutation matrix to ensure that at the end with a probability value close

to 1, the different copies of any bit do not overlap with each other. The permutation

matrix can be made by randomly permuting the columns or rows of the identity

matrix. The sinature matrix, Sl, is a square matrix of size MN ×MN and is unique

for each stream. This matrix is made from the identity matrix by randomly chosen

bits from −1, 1 as the diagonal elements.

The streams arrive at channel in different times. According to Fig. 4.3 these

differences lead to coupling among the streams. The received signal y = (y1, y2, y3, . . .)

is

yt =

√
P

L

L(t)∑
l=1

ṽt,l + nt, (4.4)

where L(t) is the number of data streams at time t, ṽt,l is the t-th element in ṽl and

Time

stream 1

stream 2

stream 3

stream 4

stream 5

stream 6

stream 7

τ2 τ3 τ4 τ5 τ6 τ7

Figure 4.3: The different delays cause a desirable chain-like overlapping among the
streams.

nt is the additive white Gaussian noise (AWGN) at time t. A matrix form of (4.4)

can be written in

y = Av + n,
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where A is the multiple access matrix constructed by putting Bl’s one after each

other horizontally and with vertical shifts proportional to the related delays (see

Chapter 8), v is the information bits vector, including the information sequences

from all the streams, and n is the noise vector.

The first function of receiver is to remove the interference from the other symbols

in an individual symbol which would be possible via MPA demodulation. In Chap-

ter 8 we introduce a window demodulation based on MPA for such spatially coupling

systems. Moreover, we propose another coupling scheme which is compatible with

random access of channel.



Chapter 5

Efficient Encoding of Staircase Codes

The performance of error correction codes and their capabilities to solve application-

specific problems are often limited by their hardware implementation. Therefore, it

is crucial to develop the optimal very large scale integration (VLSI) design for an er-

ror correction code. Unfortunately, very few studies have been published in terms of

VLSI implementation of staircase codes with [18] addressing staircase encoding and

decoding, and [11, 12] dedicated to the staircase decoder. Field-programmable gate

array (FPGA) emulations were performed on concatenated staircase and Hamming

code in [4]. The work [18] developed a parallel staircase encoder to achieve throughput

of 100Gbps. However, the design presented in [18] is not focused on energy-efficiency

and the implementation presented there simply follows the mathematical steps of the

encoding algorithm. As staircase codes make their way into present and future com-

munication systems [78] and standards the interest in efficient hardware implantation

of these codes is rapidly increasing. In this chapter an efficient hardware implemen-

tation encoder for staircase codes is proposed. This method focuses on generating

parity bits and removes unnecessary computations.

According to Chapter 3 the parity section of block i, or Bi,R which for simplicity

we show it with Ci, is generated through BCH encoding. A parity-generation matrix

P (size 990× 32) is pre-computed based on the BCH parity check matrix in [19]. By

representing Bi,L with Ai, the information section of block i, the following steps are

used for computing parity block Ci:

1. For row k, 1 ≤ k ≤ 2

Ci(k) = [BT
i−1(k) Ai(k)]×P. (5.1)

2. For row k, 3 ≤ k ≤ 512

Ci(k) = [BT
i−1(j) Ai(k)]×P. (5.2)

27
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where j = π(k) is a permutation function described in [19, 46]. In (5.2), the bits in

row j are the left side of BCH codeword and bits in row k correspond to right side of

the codeword.

5.1 Staircase Encoder Design

To adapt the staircase encoding process towards hardware implementation, the parity

generation matrix P is split into two sub-matrices: PA with size 512 × 32 and PB

with size 478× 32 to allow pipelined computation.

P =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 · · · 1 1
0 0 1 0 · · · 0 1
...

...
...

...
. . .

...
...

1 1 0 0 · · · 0 0
0 1 0 0 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 1 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎫⎪⎬
⎪⎭PA

⎫⎬
⎭PB

PA is applied to compute parity bits of current staircase block Bi and PB is

involved in computing parity bits of previous staircase block BT
i−1. The (5.1) and

(5.2) become:

1. For row k, 1 ≤ k ≤ 2

Ci(k) = BT
i−1(k)×PA +Ai(k)×PB (5.3)

2. For row k, 3 ≤ k ≤ 512

Ci(k) = BT
i−1(π(k))×PA +Ai(k)×PB. (5.4)

To achieve high throughput and low latency, we have developed a parallel staircase

encoder design. The proposed architecture is shown in Fig. 5.1, which includes a Bit-

matrix Multiplier, Bit-matrix Adder, Parity Generation Units, Parity-bit Registers,

ROMs, Multiplexers, and Data Formatter. The staircase encoder processes 478-bit

input data at each clock cycle and appends 32 parity bits to the input sequence in

order to output 510-bit codeword. This is equivalent to computation of one row of

the staircase block. The parity bits are computed in parallel and pipelined to achieve

high data throughput. The pre-computed PA and PT
B matrices are stored in ROM
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of the staircase encoder. Furthermore, PA and PT
B matrices are involved in parallel

computation of the parity bits in the current and previous staircase blocks.

Bit-Matrix 
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Formatter

D Qd(k,n)
PA(k,m)
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Figure 5.1: Architecture of proposed staircase encoder.

Instead of storing the entire previous staircase block in order to compute parity

bits for the current staircase block, only 32 parity bits of the transposed previous

staircase block are computed and stored. As a result, the required memory size is

reduced to the minimum of information required to continue encoding. The 478-bit

input data of the staircase encoder is denoted asAi(k) in Fig. 5.1, where i is the block

index, indicating the index of the staircase block. Furthermore, k is the row index

of the input data, e.g., input data A1(1) is located in the first row of staircase block

B1. The input data Ai(k) is passed to three parts of the encoder: the Bit Matrix

Multiplier, the Data Formatter, and the Parity-Generation Units. Fig. 5.2 presents a

timing diagram showing the pipelined operation of the staircase encoder. There are

four pipelined stages in the hardware implementation of the staircase encoder. The

input data Ai(k) is first being processed by Multiplication and Addition operations

which take place in the Bit-Matrix Multiplier and Bit-Matrix Adder to compute parity

bits Ci(k) for the input data. The next operation is to combine the Ai(k) with Ci(k)

in the Data Formatter to output codeword Vi(k). After that, the Parity Generation

processes the codeword in Parity Generation Units to compute partial parity bits

Cp1,i+1. When all the codewords in one staircase block are processed, Cp1,i+1 becomes
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Cp1,i (complete parity bits) which are used in the incoming information block.
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Figure 5.2: The timing diagram for pipelined operation of staircase encoder.

5.1.1 Bit-Matrix Multiplier

In the Bit-Matrix Multiplier shown in Fig. 5.3, the modulo-2 multiplication is applied

to Ai(k) and PT
B in parallel by ANDing and XORing of bits in Ai(k) with rows in

PT
B to produce 32 partial parity bits Cp2,i(k). The Bit-Matrix Multiplier consists of

32 Parity Multipliers that compute the 32 parity bits of Cp2,i(k) at the same time.

Each Parity Multiplier computes one bit of Cp2,i(k). The parallel computation also

happens inside the Parity Multiplier by using 159 Multiplier Units. Each Multiplier

Unit process 3 bits from a row of PT
B and Ai(k) respectively. The number of input

bits of Multiplier Units are selected to achieve high parallelization level. The bits

generated from Multiplier Units are XORed with the bits generated by ANDing the

last bit of Ai(k) with the last bit of row of PT
B. The final computed value forms one

of the bits in Cp2,i(k).

Figure 5.3: The architecture of bit-matrix multiplier.
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5.1.2 Bit-Matrix Adder

At the next step, the Cp2,i(k) adds to the 32 partial parity bits (pre-computed)

Cp1,i(j) through modulo-2 addition to generate 32 complete parity bits Ci(k) that

are concatenated to the input data Ai(k). The permutation function π determines

the row index j in Cp1,i(j) matrix corresponding to the row index k in Cp2,i(k) matrix.

5.1.3 Data Formmater

The 510-bit codeword Vi(k) is formed by concatenating the input data Ai(k) with

the corresponding parity bits Ci(k) in the Data Formatter. The codeword Vi(k) is

then immediately transmitted. Two additional 0s are inserted before the MSB of the

current codeword Vi(k) and the length of codeword is now 512 bits. The extended

codeword is inputted to the Parity Generation Units.

5.1.4 Parity Generation Units

The Parity Generation Units compute the 32 partial parity bitsCp1,i+1, which are used

to compute the next staircase block. There are 512 32-bit Cp1,i+1 to be computed

in parallel; thus, the system requires 16,384 total Parity Generation Units. Each

Unit generates one parity bit in Cp1,i+1 once the system processes all 512 rows in one

staircase block. The Units generate parity bits in parallel so that once a staircase

block is processed, the units complete the computation of all 512 Cp1,i+1 and these

are prepared for use in the encoding of next staircase block.

We denote a bit in transposedCp1,i+1 matrix by c(m,n) and the bit in the previous

staircase block Bi−1 with two additional all-zeros rows inserted by d(q, n) where q

and m are row indices and n is column index. Then c(m,n) can be computed as

follows,

c(m,n) =
512∑
q=1

d(q, n)×PA(q,m) (5.5)

For every new row of data inputted into the encoder, c(m,n) is partially updated

with the relevant codeword bit and its corresponding parity from PA matrix. For

example, when the codeword Vi(1) is ready, the first row in Bi−1 block is also known
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Figure 5.4: Timing diagram of the parity generation.

and bits in the row are denoted as d(1, 1),d(1, 2), . . . ,d(1, 512). We can then simul-

taneously compute the first component d(1, n) × PA(1,m) for every bit in Cp1,i+1

through parity generation units. When the codeword Vi(2) is computed, the parity

generation units compute the second component d(2, n) × PA(2,m) and the results

are added to the first component. Once the codeword Vi(512) is processed, all the

bits are computed and ready to be used for the next staircase block input. Equa-

tion (5.6) represents computation of parity bit c throughout the clock cycles t where

1 ≤ t ≤ 512. Fig. 5.4 depicts the timing diagram of parity generation based on (5.6).

In this diagram, parity bits ct([1 : 32], q), 1 ≤ q ≤ 512 are computed in parallel and

are only partially computed during 1 ≤ t ≤ 511.

ct([1 : 32], q) =
t∑

k=1

d(1, q)×PA(k, [1 : 32]) (5.6)

= ct−1([1 : 32], q) + d(1, q)×PA(k, [1 : 32]).

At t = 512, the parity bits c([1 : 32], [1 : 512]) are completely computed. Then,

Cp1,i+1 become Cp1,i which are stored in 512 32-bit registers as illustrated in Fig.

5.4. The value of Cp1,i registers will update again when the next staircase block is

processed. The staircase encoder processes one row in the staircase block at each clock

cycle. This requires 512 clock cycles to complete encoding of one staircase block.

The dynamic power consumption is proportional to the switching activities in

VLSI circuits. One technique to reduce the switching activity is termed clock gating,
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which involves stopping clock signals in certain regions of the design. Since the valid

value of Cp1,i+1 is computed once all 512 rows of current staircase block are processed,

the Cp1,i registers need to update their value only once at the end of the encoding

process. The clock signals of Cp1,i registers are enabled accordingly, thus reducing

the switching activity of the staircase encoder.

5.2 Simulation Results

The proposed staircase encoder is implemented using Verilog hardware description

language and a TSMC 65nm standard cell library. The Verilog implementation

was synthesized using Synopsys Design Compiler. The target clock rates are set

to 500MHz and 909MHz, respectively. The delay-annotated netlist of the encoder is

simulated using Modelism SE to verify codeword output with references. Table 5.1

presents simulation results of the staircase encoder implementation.

Table 5.1: Simulation Results of Proposed Staircase Encoder.

Frequency
(MHz)

500 909

Throughput
(Gbps)

237 432

Power (mW) 193 323

Latency (ns) 8 4

Latency
(clock cycles)

4

Area (mm2) 0.587

Gate Count 407,916

The total power consumption of the staircase encoder is 323mW when operating at

909MHz, and the encoder can achieve throughput of 432Gbps. The simulation results

of the components of the proposed staircase encoder design are listed in Table 5.2.

The Parity Generation Units of Cp1,i+1 and Cp1,i registers consume 80.9% of the

total power, approximately 261mW. These parts occupy 75.8% of the total area of

the encoder design, and the total power consumption is reduced by 16% with clock

gating implemented at Cp1,i registers. Fig. 5.5 shows the proposed staircase encoder
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Table 5.2: Simulation Results of Staircase Encoder Blocks @909MHz.

Blocks Power
(mW)

Power
Percent

Area
(mm2)

Area
Percent

Parity
Generation

Units and Cp1,k

registers

261 80.8% 0.446 76.0%

Bit-matrix
multiplier

21 6.5% 0.073 12.4%

Total 323 100% 0.587 100%

layout produced from Cadence Encounter using 65nm CMOS standard cells. Table 5.3

shows simulation results comparison between different staircase encoder architectures.

The first architecture is our proposed design which only stores the column parity bits

of the previous staircase block. The second architecture stores the entire previous

staircase block with the proposed parallel partial parity matrix pre-computing. From

the results, we can see that by only storing the column parity bits, the power is

reduced by 6 times and the area is reduced by 4.8 times, respectively.

Figure 5.5: Layout of the proposed staircase encoder.
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Table 5.3: Comparison of Staircase Encoder Architectures @909MHz.

Architectures Storing
column

parity bits

Storing the
previous
staircase
block

Throughput
(Gbps)

432 432

Power (W) 0.323 1.914

Area (mm2) 0.587 2.813

Latency (ns) 4 4

Gate Count 407,916 1,953,472



Chapter 6

Staircase Codes Design

This chapter includes two sections: In Section 6.1 we propose two methods for analysis

of staircase codes. In fact, the waterfall region of these codes is of interest to be

estimated using these methods. In Section 6.2 we replace the BCH components of

staircase codes with nonlinear codes and investigate the performance of the related

staircase codes.

6.1 Detailed Analysis of Staircase Code Performance

Waterfall region (or threshold) of codes is of interest to assess the gap to the channel

capacity. Density evolution [51] [50] and EXIT charts technique [3] have been pro-

posed to analyze the iterative decoding of LDPC and turbo-like codes. For Staircase

codes we introduce two different methods of analysis. The first method includes a few

assumptions for simplification. It is an extended version of [79] [81], in which, the

authors have applied Poisson analysis, proposed in [25], to analyze staircase codes.

They have found a recursive relationship and applied the potential function analy-

sis [77] to find the potential threshold. However, their method is not precise since they

only consider two types of sequences in the code space: all-zero area (the sequences

inside the radius-t ball around all-zero codeword) and regular area (the complement

of all-zero area). According to the bounded distance decoding (BDD) one can con-

sider a radius-t ball around every codeword of a code. While decoding it is wise to

map a sequence inside a ball to the center of it, which is a codeword. Although this

way most of the errors get corrected, mis-correction may happen if a transmitted

codeword get received with more than t errors as a sequence inside a ball. Decoding

would mis-correct such a sequence to the center of the ball which itself would even

lead to more errors. For any transmitted codeword, the possibility of mis-correction

to the other closest codewords in terms of hamming distance is much higher than

36
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the possibility for other mis-corrections. Therefore, by taking into account the mini-

mum distance mis-corrections our analysis method works more precise than Poisson

analysis.

Our second analysis technique, which considers more possible areas for the se-

quences in the code space, is even more accurate, but it is not practical when the

component code is a long one. However, some assumptions might help it to be prac-

tical for long codes.

6.1.1 Analysis Setup

Consider a staircase code with the (N,K, 2t+1) component code, where N , K and t

are respectively the component code’s length, information length and error correction

capability. Consider M staircase code blocks. Each block contains either N/2 vertical

or N/2 horizontal codes. As in Poisson analysis we represent each block by a graph

with N/2 vertices corresponding to the component codes. According to Fig. 6.1 the

vertices of the m-th graph are connected to the vertices in the two neighbouring

graphs, m − 1 and m + 1, corresponding to the intersecting component codes from

the two adjacent staircase blocks. An edge connecting two graph nodes corresponds

to a 1 in the intersections of the corresponding vertical and horizontal component

code codewords. The all-zero codeword is assumed to be transmitted through a

binary symmetric channel (BSC) and, therefore, 1’s represent errors introduced by

the channel.

We consider a peeling decoder which decodes odd and even graphs in an alternat-

ing manner using bounded distance decoding (BDD), with an error-correction radius

t, of the component code. It removes the edges via error correction and adds them

via mis-correction. Considering block m = 1, 2, . . . ,M a code is odd if its left block’s

index is an odd number and it is even if its left block’s index is an even number.

Alternatively we use the term block instead of code throughout this thesis. For each

block and for each iteration l we track X
(l)
m (i, j) - the average number of regular nodes

with i edges on the left and j on the right (weight (i, j) for short) and Y
(l)
m (i, j) - the

average number of mis-corrected (for i �= 0 and j �= 0) nodes of weight (i, j) or all-

zero nodes (for i = 0 and j = 0). We call a node regular, if it is outside of the ball

of attraction of any codeword. Note that mis-corrections may lead to an eventual
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Figure 6.1: Each column includes the component nodes (circles) of a graph. i and j
represent the number of edges (number of 1’s) respectively in the left and right side
of a node.

addition of some edges.

6.1.2 Extended Poisson Analysis method of Staircase Codes

Presented in [66], this method approximates the threshold of staircase code more

precise than pure Poisson analysis. Considering Fig. 6.1, before the decoding starts,

the degrees of nodes (at the output of the channel) follow a Binomial distribution

which, in turn, can be approximated by a Poisson distribution. By degree we mean

i+ j.

If a node has fewer than t+1 edges we say that the node will be corrected since the

corresponding sequence belongs to the set of attraction Z of the all-zero (component

code) codeword. If a sequence corresponding to a node is within Hamming distance

t from a non-zero codeword we say that the corresponding node is mis-corrected and

denote the set of all possible mis-corrected sequences by M. Nodes with sequences

that do not belong to either Z nor M are called regular nodes and denoted by R.

Fig. 6.2 shows the graphical representation of these sets.

The Poisson analysis used in [80] [81] assumes that all nodes that do not belong

to Z belong to R and the set M is empty. It is then shown that the distribution of

regular nodes of weight (i, j) at each spatial locationm ∈ {0, 1, . . . ,W−1} and at each
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Figure 6.2: Graphical representation of the correct, mis-corrected and regular se-
quence set.

iteration l = 1, 2, . . . can be approximated by a truncated two dimensional Poisson

distribution with parameters (λ
(l)
m , ρ

(l)
m ) (Poison parameters related to the left and right

side of the graph l). By truncation we mean that the probability mass function is 0 for

all points (i, j) such that i+j ≤ t and Po(i, λ
(l)
m )Po(j, ρ

(l)
m ) otherwise. The evolution of

the distribution from iteration l to l+2 at spatial location k ∈ {0, 1, . . .W −1} occurs

in two stages. The first stage is the edge elimination caused by the decoding at spatial

locationsm−1,m+1. Edge elimination results in thinning of the Poisson distribution,

i.e. scaling of the Poisson parameter by a constant. The second stage is the decoding

of nodes at spatial location m that results in the truncation of the distribution. The

decoding, in turn, causes edge elimination at spatial locations m − 1,m + 1, and so

on. We assume that edges between two consecutive graphs are eliminated uniformly

at random due to a large number of nodes connected by a random interleaver. The

“no mis-correction” assumption also implies that edges can only be deleted.

In order to perform a more detailed and accurate analysis, we introduce a set of

mis-corrected nodes. For each spatial location m ∈ {0, 1, . . . ,W − 1} and for each

iteration l = 1, 2, . . . we track the distribution of regular nodes, assumed to be the

truncated Poisson distribution with parameters (λ
(l)
m , ρ

(l)
m ), and γ

(l)
m – the probability

that a node belongs to the mis-corrected set M. We assume that decoding at spatial

location m ∈ {0, 1, . . .W − 1} can only cause deletion of edges at m − 1,m + 1.
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However, we will implicitly account for the addition of edges at spatial location m

caused by mis-correction decoding. We further assume that decoding can only cause

flows of nodes as follows: R → M, R → Z, R → R, M → M, M → Z. That

means, for example, that a mis-corrected node cannot become regular or that a node,

once corrected, cannot become mis-corrected or regular.

We now focus on spatial location m at iteration l and omit the indices m and l

for notation simplicity. The truncated Poisson distribution parameters of the regular

nodes (λ
(l)
m , ρ

(l)
m ) and the mis-correction probability γ

(l)
m are then denoted by (λ, ρ) and

γ. The truncated Poisson distribution parameters of the regular nodes (λ
(l+2)
m , ρ

(l+2)
m )

and the mis-correction probability γ
(l+2)
m after the edge elimination and decoding are

denoted by (λ̃, ρ̃) and γ̃. The probabilities of edge removal for spatial location m on

the right and left at iteration l are denoted by αL and αR.

Finally, we assume that the mis-corrected set M consists only of nodes which are

in the basin of attraction of the minimum distance codewords of the component code.

ByVdmin
we denote the set of codewords v with weight equal to the minimum distance

dmin. The mis-corrected set M contains all sequences located at distance t or smaller

from a codeword v ∈ Vdmin
. In the vast majority of the situations mis-corrections are

caused by the codewords closest to the one transmitted. Therefore, consideration of

the codewords located at the minimum distance gives relatively accurate results.

As mentioned, there are two steps needed to be considered in the analysis: edge

elimination and decoding. In each step the updated value of aforesaid parameters

should be traced. Here, we just exhibit the numerical results in the next section and

devolve the details of analysis to Appendix A, which breaks down the whole process

and explains how these parameters get updated and used to calculate the other ones.

Numerical Results

Numerical analysis results for staircase codes with longer BCH component codes have

been performed. In our computations the extended code spectrum Ai,j is approxi-

mated by a product of binomial distributions

Ai,j ≈
(
nc/2

i

)(
nc/2

j

)
2kc−nc

We consider a staircase chain of length W = 100 graphs and I = 3000 iterations

and check if the probability of error converged to zero at the final iteration. The
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Poisson threshold given for comparison is based on the analysis presented in [80, 81]

which does not consider mis-corrections. Simulation results are given for comparison.

Code ensembles with N = 106 codes (nodes) per spatial location and sliding window

decoding with window size Wdec = 7 was used for threshold simulations. Table 6.1

compares the resulted threshold values for different staircase codes.

Table 6.1: Thresholds and bounds for staircase codes with shortened binary prim-
itive BCH component codes with error correction capabilities t = 1, 2, 3 and the
corresponding dmin = 3, 5, 7.

Comp. Code psim p̄mis-corr p Poisson

(126,119,3) 0.0040 0.0062 0.0079
(126,112,5) 0.0185 0.0197 0.0285
(126,105,7) 0.0361 0.0368 0.0457
(510,501,3) 0.0011 0.0015 0.0020
(510,492,5) 0.0045 0.0048 0.0070
(510,483,7) 0.0087 0.0091 0.0113

Notice that the computed mis-correction analysis threshold is close to the simu-

lated threshold for codes with t = 2, 3, while Poisson threshold is significantly higher.

For t = 1 the gap from the analysis threshold to the simulated threshold is approxi-

mately twice smaller than the gap between the simulated threshold and the Poisson

threshold. This suggests that the presented analysis is capable of capturing the im-

pact of mis-corrections in the iterative decoding of staircase codes. We specifically

selected component codes with smaller values of t for which mis-corrections are known

to have the most impact on the decoding. The remaining gap between the predicted

and simulated thresholds for t = 1 is due to substantial number of edge additions

that occur throughout the decoding for this particular case.

6.1.3 Exact Analysis method of Staircase Codes

We consider an analysis of staircase codes, in which the evolution from iteration l

to l + 1 happens in two stages. The first stage is the edge elimination and addition

caused by the decoding at the neighbouring graphs m − 1,m + 1. The second stage

is the decoding of graph at position m which unbalances the edge arrangement in

the neighbouring graphs. We assume that the edge removals and additions caused

by the decoding of the neighbouring graphs are independent. In comparison with

the Poisson analysis this analysis method considers edge additions as well. Here, all
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possible flows are taken into account. Therefore, more detailed information about

the distributions of regular and mis-corrected codewords is tracked throughout the

iterations.

Assumption: The elimination and addition of edges on the right and left sides of

a given graph happen through the application of the two channels which are binary

non-symmetric. The probabilities for the channel on the left are

Pr(1|0) = pm,left Pr(0|0) = 1− pm,left (6.1)

Pr(0|1) = pd,left Pr(1|1) = 1− pd,left , (6.2)

and for the channel on the right

Pr(1|0) = pm,right Pr(0|0) = 1− pm,right (6.3)

Pr(0|1) = pd,right Pr(1|1) = 1− pd,right . (6.4)

The edges are mostly deleted, but in case of mis-corrections edges can be added,

hence pm 
 pd. The channel transition probabilities depend on the graph index m

and iteration number l and are computed from the changes in the number of edges

on the left and right, respectively.

The exact analysis details are described in Appendix B. In that Appendix at first

we consider an unterminated chain of blocks, and find a way to track the related

expected values in each iteration of decoding for that. Then we take the coupling

effect of termination into account for the analysis. However, we provide the bit error

rate (BER) diagram of the analysis for unterminated staircase code (30, 20, 5) in

Fig. 6.3. Notice that the threshold for the unterminated staircase code is a lower

bound for the terminated one.

From Fig. 6.3, p = 0.0733 can be considered as the threshold for the unterminated

staircase code (30, 20, 5). The threshold of the terminated staircase code (30, 20, 5) is

0.86 from simulation. An interesting observation from Fig. 6.3 is that for the values

lower than the threshold the BER versus iteration diagram changes the concavity for

the small iteration numbers which implies that the threshold is an inflection point.

The accurate analysis of staircase codes is very complex and not practical for

moderate and long codes. It may be made much simpler and practical by using some

assumptions.
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Figure 6.3: As the cross-over probabilities slightly above the threshold decrease the
performance gets better significantly. The threshold is where a level drops very
steeply.

6.2 Staircase Codes with Nonlinear Component Codes

Nonlinear t-error correcting codes, proposed in [75, 76] are alternatives to BCH codes

in flash memory applications. They are able to detect a large fraction of error patterns

of weights more than t, which makes them robust against mis-corrections. Moreover,

they can correct a fraction of errors of weight t + 1 and t + 2. At first glance these

capabilities may make the nonlinear codes attractive to serve as component codes of

staircase or more random staircase codes, split-component coupled codes [81]. How-

ever, the drawback is the rate loss caused by the nonlinear part, since more check bits

are generated. Therefore, it is necessary to study these codes carefully to understand

if they are good competitors for BCH codes or not.

The nonlinear code (N,K, d) = (N1 + N2, K1 + K2, d) is a systematic code that

consists of three parts. A codeword (x1,x2,x3) is made of two codes C1 (N1, K1, d),

and C2 (u,uP ), (N2, K2, d − 1) where vK ∈ GF (2K1) is the systematic part of the

codeword v ∈ C1, u ∈ GF (2K2),K2 < N1, P is the parity part of the generator matrix
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of the code C2, r2 = N2 − K2. Consider also a nonlinear function f : GF (2K1) →
GF (2r2) such that f(0) = 0. Assume that we are encoding an information message

m = (m1,m2, ...,mK), mi ∈ {0, 1} then x1,x2,x3 are

x1 = (m1, ..,mK2),

x2 = ((x1,0)⊕ v), 0 ∈ GF (2N1−K2),

x3 = (x1P⊕ f(vK)).

To describe the decoding process suppose that c̃ = (x̃2, x̃2, x̃3) is received from

channel. We consider three parameters:

� ê2: estimated error in (x̃1,0)⊕ x̃2.

� S1: the multiplicity of ê2, if it is less than t, if not S1 = −1

� S2 = x̃1P⊕ f(ṽK)⊕ x̃3.

These parameters need to be calculated, then decisions should be made based on

their values. However, if S1 > 0 another parameter Ŝ2 = x̃1P ⊕ f(v̂K) ⊕ x̃3 must

be computed, where v̂ = (x̃1,0) ⊕ x̂2 and x̂2 = x̃2 ⊕ ê2. Then, the error vector is

estimated using Ŝ2 in the way explained in [76].

The proposed nonlinear codes with dmin = d employ a BCH (N1, K1, d) and the

repetition code (N2, 1, N2), where N2 ≥ d− 1. We have used these type of nonlinear

codes as the component codes in staircase code.

Error Correction and Detection Capability

As aforesaid the nonlinear codes are made from two other codes, and they inherit

the minimum distance of the longer code. However, their structure and the proposed

decoding method allow us to correct some error patterns of weight t + 1 and t + 2

for K2 = 1, in which the first and second bits have the same error form. Consider

a linear code (N,K, 2t + 1) made of a BCH (N1, K1, 2t + 1) and the repetition code

(N2, 1, N2). With a bounded distance decoder the BCH code would not be able to

correct more than t error bits. The nonlinear decoder’s fractions of the correctable
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error patterns of weight t+ 1 and t+ 2 are respectively given by:

Rt+1
c =

(
N1 − 1
t− 1

)
(

N
t+ 1

) , (6.5)

and

Rt+2
c =

(
N1 − 1

t

)
(

N
t+ 2

) . (6.6)

Table 6.2 shows these correction fraction values for the nonlinear code (128, 120, 3),

(129, 120, 3) and (130, 120, 3) based on BCH (126, 119, 3) and the repetition codes

(2, 1, 2), (3, 1, 3) and (4, 1, 4) compared with the error correction rates obtained by

simulation.

Table 6.2: Nonlinear code correction rates: Rc,sim shows the values from simulation.

Code R2
c R2

c,sim R3
c R3

c,sim

(128, 120, 3) 1.2303× 10−04 1.23× 10−04 3.6616× 10−04 3.66× 10−04

(129, 120, 3) 1.2112× 10−04 1.21× 10−04 3.5764× 10−04 3.57× 10−04

(130, 120, 3) 1.1926× 10−04 1.19× 10−04 3.4940× 10−04 3.49× 10−04

There are two kinds of errors: the errors mis-corrected by all the codewords and

conditional errors. The nonlinear codes are claimed to detect all the errors of mul-

tiplicity r2 − t + 1 for the first group. Conditional mis-correction happens with the

probability of at maximum 2−r2 .

Table 6.3 shows the mis-correction rates of different multiplicities obtained by

simulation for two different nonlinear codes with d
min

= 5.

Table 6.3: Nonlinear code mis-correction rates for t = 2

Code ||e|| = 3 ||e|| = 4 2−r2

(130, 113, 5) 0.11 0.1206 0.125
(131, 113, 5) 0.053 0.060 0.0625
(132, 113, 5) 0.026 0.03 0.03125

One very concerning issue of the nonlinear codes to be used in the staircase code

is that they have been designed to protect information bits. They do not correct

the error patterns which only occur in the parity bits, and this may be a problem

for staircase codes with such nonlinear components. However, correcting the error

patterns which only occur in the linear redundant bits is trivial and we have considered

it.
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Split component codes of lower rates

Despite extra error detection and correction ability nonlinear codes suffer from a

relatively large rate loss. One possible criteria to understand if these codes can be

good alternatives to BCH codes in split component code is to compute the potential

distance from their threshold to capacity. In Fig. 6.4 we show the potential thresholds

computed for the rates of nonlinear codes if they serve as component codes in split

component coupled code ensembles. These thresholds are compared with the potential

threshold computed for BCH based split component codes. NLS1 corresponds to split

component code where the nonlinear part of the nonlinear code is inside (protected

by both vertical and horizontal codes) and NLS2 is the case where it is outside.
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Figure 6.4: Threshold of split component codes with the nonlinear component codes
(130,113,5), (131,113,5) and (132,113,5) made from BCH code (126, 112, 5). Actual
threshold is the threshold of the code with BCH component.

6.2.1 Nonlinear Codes as Component Codes

We have substituted the BCH based nonlinear code as the component codes of the

staircase code. Because of nonlinearity we transmit random codewords through a

BSC channel and calculate the bit error rate (BER). Fig. 6.5 shows the BER diagram

of staircase code with the component code (130,113,5).
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Figure 6.5: BER diagram of the split component code with the nonlinear component
code (130,113,5). p is the BSC probability of error.

Although the threshold of the nonlinear code (for p = 0.022, BER is 1.16× 10−06)

is better than that of the BCH code (which is 0.0185), its error floor starts from 10−06.

The reason for this may be the lack of a good protection for the nonlinear bits of the

nonlinear code. There can be considered two solutions for this problem: modifying

the nonlinear decoder to furtherly protect the nonlinear bits or hanging them outside

the staircase structure.

We presented two methods of analysis on staircase code ensembles. The first

analysis technique takes into account the effect of mis-corrections which are not con-

sidered in Poisson analysis. Therefore, assumption level is milder compared to Poisson

analysis leading to a more accurate method to design staircase codes. The second

analysis considers less assumptions and gives a broad scope of flows during decoding

stage. Although this method is accurate, it cannot be applied for long staircase codes

because of huge number of calculations needed. However, one may make it simpler

with some assumptions.

Additionally, we examined the nonlinear codes, having been presented for storing
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data, as the component codes of staircase codes. They lead to a considerable rate

loss. Also, they seem to have a blind spot in error floor area.



Chapter 7

Connected Chains

In this chapter, we demonstrate that graph coupling can be extended to more general

structures. In particular, we propose novel protograph-based ensembles, hereafter

referred to as “connected chain ensembles”, by connecting together several individual

SC-LDPC code chains (referred to as “single chain ensembles”). We focus on an ex-

emplary ensemble obtained by connecting two (3, 6)-regular single chains, called the

“loop” ensemble, and demonstrate that the chain connection results in improved iter-

ative decoding thresholds on the binary erasure channel (BEC) and the binary-input

additive white Gaussian noise (AWGN) channel compared to individual (3, 6)-regular

single chain ensembles of the same rate. Using a density evolution analysis, we ex-

plain the dynamics of decoding connected chain ensembles, where reliable information

propagates from several directions rather than just from the ends of a single chain,

thus enhancing the convergence of the overall system and reducing decoding com-

plexity. We also provide new tools based on transfer functions to facilitate the design

and analysis of connected chain ensembles.

We show that, like the component single chain ensembles, the connected chains

ensembles are asymptotically good, in the sense that the minimum distance grows

linearly with block length. Moreover, we consider the finite-length performance of

connected chain ensembles and demonstrate via computer simulations for the AWGN

channel that the error probability performance is superior to the codes obtained

from single chain ensembles of the same rate and length (and thus agreeing with

the finite-length scaling analysis in [43]). We note that there are several degrees of

freedom in the construction of connected chain ensembles: the types of codes to be

connected, the lengths of the component chains, the connection point positions, and

the structure of the connections, all of which play important roles in determining the

decoding characteristics and resulting performance of the connected chain ensembles.

We conclude the chapter with a short overview of possible generalizations in the

49
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design of connected chain ensembles.

Following the preliminary results in [69, 68, 70], several other researches have

investigated connecting SC-LDPC code chains to improve iterative decoding perfor-

mance [42, 34, 29], to analyze the finite-length behavior of such constructions [43], as

well to use them in various applications [59, 54, 45, 44].

Multi-dimensional SC-LDPC codes were introduced in [42], where, instead of a

sequentially coupled SC-LDPC code protograph, a two-dimensional coupled proto-

graph was proposed. While the two-dimensional codes are more robust to bursts of

erasures compared to one-dimensional single chains, they do not have a threshold

advantage and suffer from higher termination rate loss. A class of multi-dimensional

spatially coupled repeat-accumulate codes was later applied to coded cooperation over

block-fading channels [59], demonstrating their burst error-correction capabilities. In-

stead of creating an entire connected two-dimensional array, a parallel interconnection

of spatially coupled chains transmitted over parallel erasure channels was proposed

in [54], where it was demonstrated that a chain in a better channel can help in the

decoding of a chain in a degraded channel by making use of the interconnections. A

modification of this construction was proposed in [34], where parallel interconnection

was applied to chains of different rates to create an irregular code chain. This con-

struction provides a flexible rate/threshold trade-off over the BEC, depending on how

many chains are connected in parallel.

A code construction obtained by connecting tail-biting SC-LDPC codes was pro-

posed recently in [29]. The graph structure of the proposed ensemble consists of two

tail-biting ring graphs with joint edges at the connection point. Following a similar

approach as presented in [69, 68, 70], the connected tail-biting ensembles are opti-

mized for BEC thresholds, decoding complexity, and bit error rate performance. For

longer chain lengths, the connected tail-biting ensembles can outperform the loop en-

sembles for some parameter settings, while for shorter lengths the protograph based

loop ensemble is superior.

A method of continuous transmission of coupled chains, which consists of several

chains connected sequentially via multiple connection points, was proposed in [45, 44],

where it was shown that improved bit error rate performance compared to single-chain

codes can be achieved at a cost of increased decoding complexity.
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The goal of this chapter is to present a general study of connected chain ensembles,

giving insight into the performance improvement that can be obtained by connecting

SC-LDPC code chains. In particular, this includes the methodology and guidelines

for connecting chains to improve asymptotic and finite length performance, along

with a toolbox for code designers to optimize designs for their desired applications.

7.1 Connected Chain Ensembles

In this section, we present a thorough overview of connected chain ensembles. Be-

ginning with motivation in Section 7.1.1, we then proceed by presenting an example

of a connected ensemble, which we call the loop ensemble, in Section 7.1.2. We first

focus on the BEC and demonstrate that the loop ensemble has a better threshold

compared to single chains of the same rate. We then follow a density evolution anal-

ysis to demonstrate the empirical reasons for threshold improvement in Section 7.1.3

and study general properties of chain interconnection in Section 7.1.4. We then also

demonstrate improvements in terms of decoding complexity, threshold, and finite

length performance on AWGN channel in Sections 7.1.5, 7.1.6, respectively.

7.1.1 Motivation

While it is customary to focus on threshold saturation for long single chain ensembles

and emphasize the role of the coupling effect in their threshold improvement, shorter

single chains are important objects by themselves. As the length L of the chain

increases, starting from L = 3, we observe a spectrum of single chain ensembles

C(3, 6, L) that demonstrate a trade-off between rate and threshold (see Tables 7.1

and 7.2). In particular, we notice that for short chains the threshold for the BEC

may exceed 0.5, which, of course, comes at the price of rate loss (2.1). In addition to

improved thresholds, spatially coupled ensembles reduce the decoding complexity (in

terms of the number of operations performed per variable node) required to achieve

a desired decoding error probability.

Given these interesting properties and trade-offs of single chain ensembles, we

now consider new connected chain ensembles for which single chains serve as building

blocks. We can set several goals or targets for such a construction. The most obvious
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targets, which we focus on in this chapter, include improved rate/threshold trade-

offs, faster convergence to the limiting performance, and smaller decoding complexity.

Other targets could be, e. g., improved finite length performance and unequal error

protection [45]. Single chain ensembles of the same rate can serve as reference points

for performance comparison.

One way to explain the basic intuition behind the benefits of connecting chains is

as follows. Throughout the decoding process on a single chain, the reliable information

spreads from the graph boundaries to the middle part of the chain. In a connected

chain ensemble the connection points create other strong sub-codes, enabling reliable

information to propagate from other parts of the graph, thereby improving decoding

convergence. In addition, longer chains are effectively broken into shorter segments

with better thresholds (see Section 7.1.4).

7.1.2 Example: The Loop Ensemble

Consider two single chain protographs of length L connected by edges as shown in

Fig. 7.1 (a). The last segment of the upper chain is connected to an inner segment

of the lower chain, while the first segment of the lower chain is connected to an inner

segment of the upper chain. The connections between the end of one chain and the

inner part of the other chain are made as depicted in Fig. 7.1 (b). (Justification

for this design and variations on the construction will be given later.) Recall that a

parity check node located at the beginning of a (3, 6)-regular SC-LDPC protograph

chain has only two outgoing edges, while the parity check node next to it has only

four outgoing edges (instead of 6). Focusing on the circled connection in Fig. 7.1 (a),

four extra edges are added to the first check node of the lower chain and connected to

variable nodes in the upper chain. Similarly, two extra edges are added to the second

check node of the lower chain and connected to variable nodes in the upper chain.

The connection point between the last segment of the upper chain and the inner part

of the lower chain is made in the same way.

The connection points are located at a distance of �L/3 from the chain bound-

aries. We denote the loop ensemble consisting of two (3, 6)-regular single chains of

length L by L(3, 6, L). Since the loop is constructed from two equal length chains,
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(a) (b)

Figure 7.1: (a) Two single chain protographs of length L = 15 connected as a loop.
(b) Connection point in detail.

the rate of this ensemble is equal to the rate of a single chain, i.e.,

R(L(3, 6, L)) = R(C(3, 6, L)) = L− 2

2L
. (7.1)

7.1.3 Density Evolution and Iterative Decoding Convergence

Consider communication over a BEC with erasure probability ε using the L(3, 6, 15)
loop ensemble and the C(3, 6, 15) single chain ensemble. We utilize density evolution

to compute bit erasure probabilities at each node of the protograph for every decoding

iteration. Using this tool we relate the evolution of the erasure probability to the node

position in the protograph and compare the erasure probability behavior of the loop

and single chain ensembles.

We denote the set of variable protograph nodes connected to check node k by V(k)

and the set of check protograph nodes connected to variable node j by C(j). The

probability that the message passed from check node k to variable node j at iteration

i is an erasure is denoted by q
(i)
kj . The probability of an erasure message from variable

node j to check node k is similarly denoted by p
(i)
jk . The following equations relate

the erasure probabilities of the messages at different iterations:

q
(i)
kj = 1−

∏
j′∈V(k)�j

(1− p
(i−1)
j′k ) , (7.2)

p
(i)
jk = ε

∏
k′∈C(j)�k

q
(i)
k′j . (7.3)

The variable node messages are initialized as p
(0)
jk = ε at iteration 0. The bit erasure
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probability of the variable nodes at iteration i can be calculated as

Pb(j) = ε
∏

k∈C(j)
q
(i)
kj . (7.4)

The evolution of the bit erasure probability for the variable nodes of the L(3, 6, 15)
ensemble is illustrated in Fig. 7.2. The solid curves with circle markers correspond

to the erasure probability at each node position in the upper chain of the loop at

iterations 1, 6, 11, . . . , 31 (from top to bottom).1 The dashed curves correspond to the

erasure probability as a function of the node position for the single chain ensemble

C(3, 6, 15) and iteration numbers 1, 6, 11, . . . , 31. The BEC erasure probability is

fixed to be ε = 0.488. We notice that the solid curves display lower error probability

values with fewer iterations than the dashed curves, and hence it takes fewer decoding

iterations for the ensemble L(3, 6, 15) to converge to a given bit erasure probability

value.

Note that each dashed curve displays a symmetric concave-shape; however, the

shape of the solid curves is not symmetric. This is due to the fact that the loop

protograph is comprised of two connected chains. The inner part of the upper chain

is connected to the lower chain by edges connecting to its nodes at positions 4, 5,

and 6, shown by triangles on the figure. Note that the solid curves dip down at these

positions since the lower chain provides convergence improvement via the connection.

The connection point creates a stronger sub-graph in which the variable nodes are

connected to four check nodes instead of three. This sub-graph distributes more

reliable information to its neighborhood (similar to the “open end,” positions 1 and

2, of the upper chain) throughout the decoding process.

On the other hand, the rightmost open end of the upper chain (positions 14 and

15) converges to low bit erasure probability values more slowly than for the single

chain. This can be observed by comparing the solid curves to the corresponding

dashed curves. The reason for this behavior is the additional connecting edges present

at the end of the upper chain that are now used to connect it to the lower chain,

thereby increasing the check node degrees. These edges are absent in the single chain

case. However, convergence at the end of the upper chain improves with subsequent

1Due to the symmetric nature of the loop construction, it is sufficient to consider the evolution
of the bit erasure probability for only one chain.
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Figure 7.2: Logarithm of the average bit erasure probability for the variable nodes
of the upper chain for the ensembles L(3, 6, 15) (solid curves) and C(3, 6, 15) (dashed
curves), as a function of the position of the node in the chain. The curves (either solid
or dashed) are computed for decoding iterations 1, 6, 11, . . . , 31 (from top to bottom).
The three positions where the upper chain is connected to the end of the lower chain
in the loop are shown by the triangles.

iterations as the lower chain starts to converge, due to the increased connectivity of

its variable nodes. Eventually, the lower solid curve displays a concave shape as a

result of the more reliable information coming from the lower chain.

To summarize, the two connected chains create a balanced system in which one

helps the other to converge and vice versa. The distances between the connection

points as well as the positions of the edges connecting the two chains are important

parameters. Those parameters, employed in the Fig. 7.1 example, were optimized

in [68]. The results of the optimization are intuitively satisfying: the connection

points should be sufficiently strong to enable the open ends and the connection points

to be robust, breaking the chains into equal-size pieces that converge simultaneously

(see [69, 68] for details, as well as Section 7.1.4 for tools to analyze and design such

balanced systems).
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The improved convergence behavior resulting from the balanced exchange of re-

liable information between the two chains implies more robustness to channel noise.

One of the consequences is seen in improved iterative decoding thresholds of the con-

nected chain ensembles. We recall that the BEC iterative decoding threshold is the

supremum of the values of the erasure probability ε for which codes from the ensemble

can be decoded reliably (for sufficiently large lifting factor M) [33, 52].

The BEC thresholds ε∗ for loop ensembles with several values of L between 8

and 20 are shown in Table 7.1. The first column shows the rate of the ensembles.

The next three columns list threshold values for the loop ensembles L̄(3, 6, L) where
the connection point position L′ (the distance between the connection point and the

chain boundary) has been optimized using Proposition 2 from Section 7.1.4 in order to

maximize the BEC threshold. The next three columns present values for the regular

loop ensembles L(3, 6, L) with L′ = �L/3. The last two columns give the values

for the single chain ensembles of the same rate. It is observed that the thresholds of

the connected ensembles are always better than the thresholds of the corresponding

single chain ensembles. Connecting the chains at a distance L′ = �L/3 from the

chain boundaries results in the highest threshold in most cases, however, for some

lengths, such as L = 14, 17, 19, 20 connecting at distance L′ = �L/3� gives better

results, while for L = 9 the best connection is at distance L′ = 2.

Table 7.1: BEC thresholds ε∗ for several loop ensembles L̄(3, 6, L) with connection
placement optimized for BEC threshold maximization, alongside with the thresholds
of the corresponding loop ensembles L(3, 6, L) and single chain ensembles C(3, 6, L).

Rate Ensemble ε∗ L′ Ensemble ε∗ L′ Ensemble ε∗
0.3750 L̄(3, 6, 8) 0.5509 2 L(3, 6, 8) 0.5509 2 C(3, 6, 8) 0.5223
0.3889 L̄(3, 6, 9) 0.5424 2 L(3, 6, 9) 0.5382 3 C(3, 6, 9) 0.5120
0.4167 L̄(3, 6, 12) 0.5238 4 L(3, 6, 12) 0.5238 4 C(3, 6, 12) 0.4954
0.4286 L̄(3, 6, 14) 0.5125 5 L(3, 6, 14) 0.5106 4 C(3, 6, 14) 0.4910
0.4333 L̄(3, 6, 15) 0.5105 5 L(3, 6, 15) 0.5105 5 C(3, 6, 15) 0.4899
0.4412 L̄(3, 6, 17) 0.5034 6 L(3, 6, 17) 0.4989 5 C(3, 6, 17) 0.4887
0.4444 L̄(3, 6, 18) 0.4989 6 L(3, 6, 18) 0.4989 6 C(3, 6, 18) 0.4884
0.4474 L̄(3, 6, 19) 0.4980 7 L(3, 6, 19) 0.4953 6 C(3, 6, 19) 0.4883
0.4500 L̄(3, 6, 20) 0.4953 7 L(3, 6, 20) 0.4927 6 C(3, 6, 20) 0.4882

AWGN channel thresholds for the loop ensembles L(3, 6, L) are given in Table 7.2

for L = 8, 12, 15, and 18, and the results for the corresponding single chain ensembles
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C(3, 6, L) are shown for comparison. These AWGN channel thresholds (given in terms

of the standard deviation σ∗ of the noise) are computed using discretized density

evolution [53]. This method is more complex than the Gaussian approximation, but

it gives exact results for a quantized AWGN channel model and hence provides a strict

bound on the thresholds of the continuous AWGN channel. The trade-off between

complexity and accuracy can be controlled by the number of quantization intervals

and the supported range. The presented results correspond to 8 bit quantization

of the log-likelihood ratios within the interval [−20, 20]. Again, we notice that the

thresholds of the loop ensembles are significantly better than for the corresponding

single chains.

Table 7.2: AWGN channel thresholds in terms of σ∗ calculated for the L(3, 6, L) loop
ensembles and the C(3, 6, L) single chain ensembles for L = 8, 12, 15, and 18.

Rate Ensemble σ∗ Ensemble σ∗
0.3750 L(3, 6, 8) 1.0566 C(3, 6, 8) 1.0079
0.4167 L(3, 6, 12) 1.0160 C(3, 6, 12) 0.9632
0.4333 L(3, 6, 15) 0.9878 C(3, 6, 15) 0.9526
0.4444 L(3, 6, 18) 0.9690 C(3, 6, 18) 0.9490

Fig. 7.3 shows the BEC thresholds for the L(3, 6, L) ensembles in comparison

to the C(3, 6, L) and C(4, 8, L) single chain ensembles for a variety of chain lengths

L. Comparing the L(3, 6, L) ensembles to the C(3, 6, L) ensembles, we observe that,

for L > 5, the thresholds of the loop ensembles are generally superior although the

thresholds converge as L increases.2. In particular, we observe a dramatic thresh-

old improvement for the loop ensembles with rates in the region 0.33 ≤ R ≤ 0.47.

The thresholds of the single chain ensembles C(3, 6, L) and C(4, 8, L) are observed to

converge to values close to the MAP thresholds of the underlying (3, 6)- and (4, 8)-

regular LDPC-BC ensembles as L becomes sufficiently large. As a result, for large L,

we observe that the iterative decoding thresholds of the C(4, 8, L) ensembles are larger

than those of the C(3, 6, L) ensembles (unlike the corresponding LDPC-BC ensem-

bles). However, even in this region, i.e., for rates between 0.40 and 0.45, we observe

that the thresholds of the L(3, 6, L) ensemble remain above the C(4, 8, L) thresholds.
2Again, this is intuitive since the two connection points have diminishing contributions as the

chains grow longer. Convolutional constructions with a linearly growing number of connection points
can maintain the advantage, however (see [45]).
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(J,K)-regular LDPC-BC

C(3, 6, L)
L(3, 6, L)
C(4, 8, L)

Figure 7.3: BEC thresholds for the L(3, 6, L) loop ensembles as well as some C(J,K, L)
ensembles and (J,K)-regular LDPC-BC ensembles.

In general, using stronger components can create stronger connected chain ensem-

bles, i.e., loops constructed using (4, 8)-regular single chain protographs can achieve

further performance improvement over those using (3, 6)-regular single chains (see

Section 7.2).

7.1.4 The Principles of Chain Interconnection

The overall connected ensemble protograph can be viewed as comprised of a number

of single chain protographs (sub-chains) along with some simple protographs corre-

sponding to the connection points. In order to study the iterative decoding perfor-

mance of connected chain ensembles in more detail and provide tools for their design,

we now focus on the interaction between the sub-chains and the connection point pro-

tographs that comprise the overall protograph of the connected system throughout the

decoding process. The analysis principles we present apply to a large variety of con-

nected chain ensembles, including connected regular C(J,K, L) chains and ARJA and

AR4JA chains (see Section 7.2). Here we illustrate the approach using the L(3, 6, 15)
ensemble as an example.
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A graphical representation of the loop ensemble L(3, 6, 15) and the six parts (sub-

graphs) forming its protograph is given in Fig. 7.4. The overall protograph consists

of two C(3, 6, 3) sub-chain protographs connected on only one side, two C(3, 6, 9) sub-
chain protographs connected on both sides, and two connection point protographs,

each consisting of one check node of degree six and six variable nodes of degree four.

The edges exchanging information between the connected sub-graphs are shown by

dashed lines in Fig. 7.4. Note that the dashed edges connect check nodes of the sub-

chains to variable nodes of the connection points. Throughout the decoding process

those edges carry messages of a certain reliability. In order to produce an upper bound

on the threshold of the connected chain ensemble, we can assume that the messages

passed along the dashed connection edges are completely reliable. This assumption is

equivalent to disconnecting all the sub-chains forming the connected chain ensemble

and decoding them separately. This observation leads us to the following statement.

C(3, 6, 3)

C(3, 6, 9)

C(3, 6, 9)

C(3, 6, 3)

Figure 7.4: The loop L(3, 6, 15) consisting of two C(3, 6, 3) sub-chains, two C(3, 6, 9)
sub-chains, and two connection points.

Proposition 1. The threshold of the connected chain ensemble is upper bounded by

the minimum of the thresholds of all its sub-chains.

For the case of the loop ensemble, the threshold of L(3, 6, 15) for the BEC equals

0.5105 and is upper bounded by the minimum of the thresholds of C(3, 6, 3) and

C(3, 6, 9), which equals 0.512. Table 7.3 shows respective BEC threshold upper bounds

for loop ensembles of lengths 12, 15, and 18.

For the purpose of threshold analysis we consider the following decoding schedule

which runs on both global iteration and local iteration clocks. We call it a global-local
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Table 7.3: BEC thresholds ε∗ for several loop ensembles L(3, 6, L), upper and approx-
imate lower bounds.

Rate Ensemble ε∗ Upper bound Threshold approximation
(Proposition 1) (Proposition 2)

0.3750 L(3, 6, 8) 0.5509 0.5878 0.5513
0.4167 L(3, 6, 12) 0.5238 0.5367 0.5244
0.4333 L(3, 6, 15) 0.5105 0.5120 0.5103
0.4444 L(3, 6, 18) 0.4989 0.4992 0.4989

schedule. In the first phase of each global iteration, all sub-chains perform decoding

until the probabilities of erasure at all their nodes become fixed, i.e., a fixed point (or

steady state) is reached. This may require a different number of decoding iterations

for each sub-chain. In the second phase of each global iteration connection points per-

form their variable-check-variable node operations on the messages incoming from the

connected sub-chains and return a new set of messages to the sub-chains. Note that

the overall thresholds of connected systems for the conventional alternating check-

variable node decoding schedule and for the global-local schedule coincide, although

the global-local schedule may require more iterations to converge. We consider it

here, however, because it simplifies the threshold analysis.

We now define several functions describing the change of the erasure probability at

the connecting edges for one global iteration and use them to estimate the threshold

of the overall connected chain ensemble. Consider as an example a protograph of

the single chain ensemble C(3, 6, L) of length L and assume that it has six additional

edges outgoing from the two check nodes located at the left end of the protograph

chain and six additional edges outgoing from the two check nodes located at the right

end of the protograph chain. Either of the two sub-chains of length 9 depicted in

Fig. 7.4 with six connecting edges on each end illustrates the case of L = 9. Assume

that each of the six additional edges on the left end of the chain carries a message

with erasure probability pin,left and each of the six additional edges on the right carries

a message with erasure probability pin,right.

Assuming a channel erasure probability of ε, we perform iterative decoding on

the chain for a number of iterations until all its nodes reach steady-state. After that

we measure the erasure probability on the additional edges on the left side of the
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chain and define a function f
(L)
out,left(pin,left, pin,right, ε) that equals the average erasure

probability among the additional edges on the left. Similarly we define a function

f
(L)
out,right(pin,left, pin,right, ε) that gives the average erasure probability on the right. We

call the functions f
(L)
out,left(·) and f

(L)
out,right(·) input/output transfer functions.

We also now define an input/output transfer function for the connection point.

When all probabilities on the incoming edges to the connection point are the same

and equal to pin, it is given by

gout(pin, ε) = εp2in
[
1− (1− εp3in)

5
]

for the (3, 6)-regular LDPC connection point depicted in Fig. 7.4. More generally,

for (J,K)-regular LDPC connection points where all the variable node degrees equal

J + 1, it is given by

gout(pin, ε) = εpJ−1
in

[
1− (1− εpJin)

K−1
]
.

In Fig. 7.5 three bundles of transfer functions corresponding to f
(3)
out,right(0, pin, ε),

f
(9)
out,left(pin, pin, ε), and g−1

out(pin, ε) are demonstrated for ε = 0.49, 0.5, 0.51, 0.52. The

function f
(3)
out,right(0, pin, ε) represents the behavior of the C(3, 6, 3) ensemble, which has

no connections at its left end and is connected to the connection point at its right

end within the loop ensemble (see Fig. 7.4). Hence the first argument of the function

is set to 0 while the second argument is set to pin. The function f
(9)
out,left(pin, pin, ε)

represents the behavior of the C(3, 6, 9) ensemble, which has connection points at

both its left and right ends. Due to the symmetry of the loop protograph around the

two connection points (see Fig. 7.4), we set the first two arguments of the function

to pin.

The function f
(3)
out,right(0, pin, ε) is (almost) linear for small pin, but changes shape

for larger pin. This behavior is due to the fact that, for small pin, when the operating

channel erasure probability ε is below the threshold of the single chain ensemble

C(3, 6, 3), the open-ended chain converges and therefore the output is dominated by

a function of the input probability pin (which is kept constant). In turn, for small

pin the output function is dominated by its linear terms. The situation is similar for

f
(9)
out,left(pin, pin, ε) in the case of small pin, e.g., ε = 0.49, 0.5, and 0.51, which are all

below the convergence threshold 0.512 of C(3, 6, 9). However, as pin grows, there is a
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Figure 7.5: Three bundles of transfer functions from right to left: a C(3, 6, 3)
chain connected from one side, a connection point, a C(3, 6, 9) connected from
two sides. The solid, dotted, dashed, and dash-dotted curves correspond to ε =
0.49, 0.5, 0.51, 0.52, respectively.

sharp transition to another regime in which the input probability is too large for the

chain to converge, even below its threshold. For the case of ε = 0.52, the chain does

not converge, even for pin = 0, and therefore the linear behavior is not present.

Now consider once again the connected system representation given in Fig 7.4.

Due to symmetry, we can focus on one connection point which connects two C(3, 6, 9)
sub-chains and one C(3, 6, 3) sub-chain. In order to determine the loop threshold, we

match the input/output transfer function of the connection point to the average in-

put/output transfer function of the sub-chains. Note that, by averaging the input and

output probabilities over the six edges connecting each sub-chain to the connection

point, the computed threshold values are approximate. They are nevertheless close

to the true threshold values (see Table 7.3). We now formulate the developed analy-

sis approach as a proposition for the general case of L(3, 6, L) loop with connection

points located at distance L′ from the chain boundaries.
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Proposition 2. The threshold of the loop ensemble is approximately equal to the

maximum channel erasure probability ε such that the only non-negative fixed point of

the equation

p = gout

(
1

3

(
f
(L′−1)
out,right(0, p, ε) + 2f

(L−L′−2)
out,left (p, p, ε)

)
, ε

)
, (7.5)

or equivalently

g−1
out(p) =

1

3

(
f
(L′−1)
out,right(0, p, ε) + 2f

(L−L′−2)
out,left (p, p, ε), ε

)
, (7.6)

is p = 0, where L′ is the distance from the connection point to the chain boundaries.

Fig. 7.6 demonstrates an input/output transfer function chart corresponding to

Proposition 2 for the case of (a) ε = 0.5103 and (b) ε = 0.5040. The dash-dotted

curves correspond to the average connection point input for the case of the loop

ensemble L(3, 6, 15) (see the right hand side of (7.6)). The dashed curves correspond

to the average connection point input for the case of a slightly modified loop ensemble

with the same inner chains C(3, 6, 9) but longer outer chains C(3, 6, 4). The latter case
corresponds to L = 16, i.e. L(3, 6, 16) loop, and L′ = 6.
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Figure 7.6: The input/output transfer function chart for the case of (a) ε = 0.5103
and (b) ε = 0.5040. By pin we denote the average input probability to the connection
point and by pout the average output probability.
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The connection point transfer function is shown as the solid curve. We note that

the transfer chart provides a good indication of the system’s convergence threshold,

which is the BEC probability ε for which the convergence tunnel between the curves

closes up. We also note that, for the example illustrated in Fig. 7.6, the longer outer

chain results in a lower threshold for the overall connected system. Table 7.3 gives

the estimated thresholds obtained using input/output transfer function charts and

compares them to the upper bounds obtained using Proposition 1 for the case of loop

ensembles L(3, 6, 8), L(3, 6, 12), L(3, 6, 15) and L(3, 6, 18).
We can now use Proposition 2 to find the optimal connection point location L′

for loop ensembles. Fig. 7.7 demonstrates the threshold values of the L(3, 6, L),
L = 6, 7, · · · , 21, (regular) loop ensembles with L′ = �L/3 (solid curve with circles)

and the loop ensembles L̄(3, 6, L) with optimized connection point placement L′ listed

in Table 7.1, Section 7.1.3, obtained by maximizing the predicted threshold value of

Proposition 2 (dash-dotted curve with circles). The upper bounds on the thresh-

old values obtained using Proposition 1 are given by the solid curve with stars for

L(3, 6, L) and the dash-dotted curve with stars for L̄(3, 6, L). The predicted thresh-

olds given by Proposition 2 are plotted by the solid curve with squares for L(3, 6, L)
and the dash-dotted curve with squares for L̄(3, 6, L). We note that the approxima-

tion is very close for all values of L, while the upper bound provides a good threshold

approximation for larger values of L as well.

Based on this example, we see that input/output transfer function charts provide

a useful tool for designing connected chain ensembles. One can use the input/output

transfer function charts of the system components (sub-chains and connection points)

to visually estimate the critical channel parameter ε for which the decoding erasure

probability reaches a zero steady-state value for each part of the connected system.

7.1.5 Decoding Complexity

To compare the decoding complexity of connected and single chain ensembles, we

consider transmission over the BEC and simultaneous decoding of the entire code

graph, where we employ the node updating schedule proposed in [30]. The algorithm

designates a target bit erasure probability Pb,max as well as an update improvement

parameter θ. Regular message passing updates are performed for each variable or
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Figure 7.7: Threshold values for the loop L(3, 6, L) ensembles (solid curve with circles)
and optimized loop L̄(3, 6, L) ensembles (dash-dotted curve with circles) on the BEC
compared to the upper bound given by Proposition 1 (solid and dash-dotted curves
with stars) and the approximation of Proposition 2 (solid and dash-dotted curves
with squares).

check node with the following exceptions:

� no update for variable node j is performed if the bit erasure probability Pb(j) <

Pb,max;

� no update for any variable node j or any check node k is performed if all the

nodes in C(j) or V(k), respectively, were not updated in the previous iteration;

� no update for variable node j is performed if the potential improvement of the

bit erasure probability is less than θ, i.e., if

Pb,old(j)− Pb,new(j)

Pb,old(j)
< θ . (7.7)

We set the target bit erasure probability Pb,max to 10−5 and the resulting number of

updates per node Īeff (for both check and variable nodes), averaged over the node

positions, is considered as a measure of decoding complexity.

The average number of updates per node Īeff is plotted in Fig. 7.8 (left) as a

function of the BEC erasure probability ε for the single chain ensemble C(3, 6, 15)
(hollow circles) and the loop ensemble L(3, 6, 15) (solid circles). The dashed curves

correspond to the updating schedule with the improvement parameter θ = 0 (in which
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Figure 7.8: The average number of updates per node Īeff as a function of the BEC era-
sure probability ε (left) and the AWGN channel signal-to-noise ratio Eb/N0 (right) for
the L(3, 6, 15) ensemble (curves with solid circles) and the C(3, 6, 15) ensemble (curves
with hollow circles). The dashed curves are computed for the updating schedule with
improvement parameter θ = 0, while the solid curves are for θ = 10−2. The corre-
sponding thresholds are given by vertical lines.

case the nodes are always updated), while the solid curves correspond to θ = 10−2.

The vertical straight lines indicate the iterative decoding thresholds calculated for

each construction with the corresponding update schedule. We observe a significant

complexity improvement provided by the connected chain construction.

For transmission over the AWGN channel, Īeff is plotted as a function of the signal-

to-noise ratio Eb/N0 in Fig. 7.8 (right). The update schedule parameter θ is defined

according to (7.7), where Pb,old(j) and Pb,new(j) are the bit error probabilities. Again,

the dashed curves correspond to θ = 0, while the solid curves correspond to θ = 10−2,

and the hollow circles indicate the C(3, 6, 15) ensemble, while the solid circles indicate

the L(3, 6, 15) ensemble. The vertical straight lines show the corresponding thresh-

olds. We again observe that the loop ensemble demonstrates a significant complexity

improvement.

While Īeff is a convenient ensemble-based complexity measure, in order to compare

the decoding complexity of finite-size codes, both the number of protograph nodes and

the lifting factor M must be taken into account. Since the loop ensemble has 6L+ 4

protograph nodes, i.e., twice as many as the corresponding single chain ensemble, a
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fair comparison involves selecting a lifting factor half as large, i.e., M/2, for the loop.

The same scaling is applied in the simulation results presented in the next section.

The full complexity then scales as ĪeffM(3L+2) per iteration, where Īeff is computed

as a function of the channel parameter separately for each ensemble.

We note that the loop ensemble codes show better decoding performance and

deliver a gain of approximately 0.4 dB with respect to the single chain ensemble

codes. This happens despite the fact that the loop codes have smaller lifting factors

M . Similar behavior has been demonstrated in [43], where the loop and single chain

ensemble codes were compared for transmission over the BEC, and the bit erasure

rate curves were derived using an analytical approximation.

7.1.6 Simulation Results

In the previous sections we have observed that connected chain ensembles have supe-

rior asymptotic decoding performance when compared to corresponding single chain

ensembles. In this section we show that the connected chain structure also trans-

lates into improved decoding performance for finite code lengths by examining the

finite length performance of connected chain ensembles used for transmission over the

AWGN channel.

We consider two codes, one of length n = 8192 and the other of length n =

16384, randomly selected from the single chain ensemble C(3, 6, 8) with lifting factors

M = 512 and M = 1024, respectively. In addition we randomly pick two codes

from the loop L(3, 6, 8) ensemble, one with lifting factor M = 256 and the other

with M = 512. The corresponding code lengths are also n = 8192 and n = 16384,

respectively. The only condition imposed on the Tanner graphs of the selected codes

was the absence of cycles of length four. The rate of all codes approximately equals

R = 0.375. The BERs for transmission over the AWGN channel are plotted in

Fig. 7.9 as functions of Eb/N0. The solid curves correspond to the BERs for the

codes of length 16384 from the loop (solid curve with squares) and the single chain

(solid curve with circles) ensembles, respectively. The BERs for the codes of length

8192 are given by the dashed curve with squares (loop ensemble) and the dashed curve

with circles (single chain ensemble). The asymptotic iterative decoding thresholds for

C(3, 6, 8) and L(3, 6, 8) ensembles are shown by the solid bars and equal to 1.19dB
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Figure 7.9: Bit error rates on the AWGN channel for codes chosen from the L(3, 6, 8)
ensembles with M = 256 (dashed curve with squares) and M = 512 (solid curve
with squares) as well as for codes chosen from the C(3, 6, 8) ensembles with M = 512
(dashed curve with circles) and M = 1024 (solid curve with circles).

and 0.78dB respectively. The thresholds are computed from the values σ∗ given in

Table 7.2 and represented in terms of Eb/N0. The simulated curves were obtained

with 100 decoding iterations.

7.2 Degrees of Freedom in Construction

There are numerous degrees of freedom that can be used in constructing connected

chain ensembles. In this section we present several promising ensembles designed by

connecting single chain ensembles according to the chain interconnection principles

discussed in Section 7.1.4.

Connected chain ensembles can be constructed with a variety of connection ge-

ometries. For example, a square ensemble is constructed by connecting two longer

parallel single chains of length L to two shorter chains of length L/2 called bridges. A
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graphical representation of a square ensemble with L = 12 is shown in Fig. 7.10. The

four connection points, that have the same structure as those depicted in Fig. 7.1 (b),

are located such that the inner part of the resulting protograph forms a square. It has

been shown in [70] that, for both the BEC and AWGN channels, square ensembles

outperform single chain ensembles of the same rate in terms of both threshold and

decoding complexity.

Figure 7.10: Two single chain protographs of length L = 12 connected by two bridges
of length Lb = 6 (a square ensemble).

The improvements resulting from chain interconnection also extend to codes with

higher node degrees. To illustrate this point, we consider two types of loop ensembles

constructed from (4, 8)-regular chains, one with the connection point depicted in

Fig. 7.11 (a) and the other with the connection point shown in Fig. 7.11 (b). The

first type of connection point is designed to keep the check node degree constant,

while the second type, which is the same as for the (3, 6) code chain in Fig. 7.1, has

some reduced check node degrees. The geometry of the loop is the same as for the

L(3, 6, L) ensemble, in the sense that the connection point splits a chain of length L

into a short chain of length �L/3 and a long chain of length �2L/3.
Both loop ensembles outperform their corresponding single chain ensemble in

terms of thresholds and decoding complexity, as shown in [68], while the loop with

the second type of connection point exhibits the best threshold among all the possible

loops.

Connected chain ensembles with improved properties can also be constructed from

codes with base rates other than 1/2. For example, Table 7.4 compares the BEC
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Figure 7.11: Two ways of connecting (4, 8)-regular protograph chains. The connecting
edges are shown with dashed lines.

Table 7.4: BEC thresholds ε∗ for the loop ensemble L(3, 9, L) and the single chain
ensemble C(3, 9, L).

L R L(3, 9, L) C(3, 9, L)
6 0.5556 0.3746 0.3605
8 0.5883 0.3604 0.3392
12 0.6111 0.3437 0.3235
100 0.6600 0.3191 0.3196

thresholds ε∗ of the loop ensemble L(3, 9, L) and the single chain ensemble C(3, 9, L)
and demonstrates improved thresholds for the loop. Different types of chains can also

be mixed in a connected construction, as presented in [69], where a loop consisting

of a (3, 6) chain and a (4, 8) chain was shown to have a BEC threshold better than

the individual thresholds of both connected single chains.

Chain interconnection can improve the properties of more advanced connected

chain ensembles as well. Fig. 7.12 shows an example of a connection point for con-

structing a loop ensemble from two single chain AR4JA ensembles [6] that were shown

to perform close to the BEC capacity limit [37]. Considering loops with the same

geometry as for the L(3, 6, L) ensemble, Table 7.5 lists the BEC thresholds ε∗ of the

single chain AR4JA ensembles CAR4JA(L) with L = 6, 10, 12, and 15 (see [37]) along

with the thresholds of the loop ensembles LAR4JA(L) constructed by connecting two

single CAR4JA(L) chains. Again we note the improved thresholds of the loop ensem-

bles. The same trend is observed when connecting single ARJA chains, as shown



71

in Table 7.6, where the thresholds of the single chain CARJA(L) and loop LARJA(L)

ensembles are compared.

Figure 7.12: Example connection point of two single chain AR4JA ensembles.

Table 7.5: BEC thresholds ε∗ for several single chain ensembles CAR4JA(L) and loop
ensembles LAR4JA(L).

Rate Ensemble ε∗ Ensemble ε∗
0.611 LAR4JA(6) 0.3477 CAR4JA(6) 0.3388
0.633 LAR4JA(10) 0.3377 CAR4JA(10) 0.3331
0.638 LAR4JA(12) 0.3351 CAR4JA(12) 0.3330
0.644 LAR4JA(15) 0.3332 CAR4JA(15) 0.3330

Finally, we note that the improvement in decoding convergence of connected chain

ensembles that manifests itself both in terms of improved thresholds and reduced de-

coding complexity also translates to improved finite-length decoding error probability

performance, as discussed in [43]. Further, we note that the connection of single chains

can be done in a continuous fashion, thereby forming an infinite convolutional-like

ensemble, as described in [45].

The connection of spatially coupled protograph chains provides an approach to

extending the spatial graph coupling phenomenon from simple (single chain) graph
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Table 7.6: BEC thresholds ε∗ for several single chain ensembles CARJA(L) and loop
ensembles LARJA(L).

Rate Ensemble ε∗ Ensemble ε∗
0.4167 LARJA(6) 0.5189 CARJA(6) 0.5159
0.4286 LARJA(7) 0.5188 CARJA(7) 0.5083
0.4444 LARJA(9) 0.5060 CARJA(9) 0.5015
0.4583 LARJA(12) 0.5014 CARJA(12) 0.4997
0.4667 LARJA(15) 0.5001 CARJA(15) 0.4996

coupling to more general coupled structures. We have presented several new types

of protograph-based spatially coupled code ensembles formed by connecting single

spatially coupled chains. These ensembles exhibit improved thresholds and reduced

iterative decoding complexity. Input/output transfer functions of the components of

a connected chain ensemble were shown to provide an indication of the limits of the

decoding convergence of the connected chain ensemble, thus allowing their use as a

tool to build more advanced structures.

Simulation results demonstrate that the asymptotic threshold and complexity im-

provements translate into improved finite-length performance. Moreover, we showed

that the connected chain ensembles are asymptotically good in terms of minimum dis-

tance. Finally, we note that the principle of coupled chain connection is very general

and may give rise to many other novel spatially coupled code ensemble constructions.



Chapter 8

Coupling Multi-User Transmission

This chapter includes two sections: In Section 8.1 we introduce a window decoder for

the coupling transmission in [65]. We also determine the optimal window sizes using

both theoretical analysis and system simulation. Moreover, we present simulation

results for the data rates achievable with window decoding of the coupled systems

and compare them to the decoding in uncoupled regimes and the channel capacity.

In Section 8.2 we propose a design of a coupled transmission system for multi-user

communications which is not sensitive to transmission timing, making it appropriate

for random access applications. We also explain the window decoder for this trans-

mission method. The numerical results prove the robustness of the system especially

when the block size is small.

8.1 Coupling Information Transmission with Window Decoding

In this section we focus on coupling information transmission technique in which

each packet is encoded via repetition, interleaving and signature sequence operations.

Each packet can be represented as a bipartite graph that connects variable nodes

and modulated symbol nodes, the format which is rooted to sparse code-division

multiple-access type techniques [47, 72, 17]. To get advantage of the spatial-graph

coupling threshold saturation phenomenon [31, 28] the packets are transmitted with

time offsets that enable spatial graph coupling of the resulting packet graphs at the

receiver. The receiver performs iterative interference cancellation and symbol estima-

tion exploiting the coupling structure of the underlying message graph. As a result

the technique is capacity-achieving in a number of regimes [65].

We study a window decoding approach, the method that can be used in a practi-

cal receiver implementation for such coupled system with optimized complexity and

decoding delay. Window decoding has been applied to a number of coupled systems in-

cluding spatially-coupled low-density parity-check codes (SC-LDPCs) [30, 21, 20, 73],

73
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sliding window superposition coding [74] and modulation [26] proposed for broadcast

in 5G cellular networks to reduce co-channel interference. Our work focuses on a

system operating over a multiple-access channel (MAC) rather than broadcast and

on iterative sliding window decoding.

Consider a communications scenario in which multiple transmitters communicate

packets to a common receiver. In order to encode and modulate the k-th packet, k =

1, 2, . . ., a K-bit long information vector uk is encoded by an outer error-correction

code to produce a vector vk which consists of N coded bits (code rate R = K/N).

Each bit in vk is repeated M1 times. The resulting vector is then permuted by

a random interleaver of size NM1. Finally each bit is multiplied by a signature

sequence sk = (sk,1, sk,2, . . . , sk,M2), sk,j ∈ {±1}, j = 1, 2, . . . ,M2 producing a BPSK

modulated MN -long vector ṽk = (ṽk,1, ṽk,2, . . . , ṽk,MN), where M = M1M2. The

above operations can be represented in a matrix form

ṽk = Bkvk. (8.1)

The matrix Bk = SkPkR, where R is the MN × N bit repetition matrix repeating

each bit M times, Pk is a binary permutation matrix and Sk is the diagonal signature

sequence matrix that multiplies each repeated data bit by a bit of the signature

sequence. The k-th data stream (packet) is transmitted with the time offset θk.

We consider transmission over a real-valued additive white Gaussian noise (AWGN)

channel and assume that the packets are symbol-synchronous at the receiver. The

received signal r = (r1, r2, . . .) is given by

rτ =
1√
L

∞∑
k=1

ṽk,τ−θk + nτ τ = 1, 2, . . . (8.2)

where nτ are independent and identically distributed (iid) AWGN samples with zero

mean and variance σ2. Here we assume that ṽk,j = 0 for any j < 1 or j > MN . If,

on average, L data streams arrive within one packet length we have a system load of

α = L/M . Hence, the total transmit power is normalized to one.

The received signal can be expressed using the matrix notation as

r = Av + n (8.3)

where v = (v1,v2, . . .) and n is the vector of the noise samples. The matrix A is
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present window

next window

Aw
k =

Aw
k+L =

B1 B2

Bk Bk+1

Bk+L

Bk+LW−1

Bk+L(W+1)−1

Figure 8.1: Matrix representation of the entire coupled system withAw
k corresponding

to the current decoding window, and Aw
k+L to the next decoding window. Actual sizes

of the B matrices are all the same. They are shown in different sizes in order that
their index notation to fit between the brackets.

a band-diagonal matrix depicted in Fig. 8.1 with the matrices of the transmitted

packets B1,B2, . . ., etc., on the diagonal.

8.1.1 Window Decoding

The decoder performs iterative data estimation and interference cancellation opera-

tions on a sliding window that covers LW received data packets or approximately W

packet lengths of the received sequence. The k-th decoding window is the received

sequence segment

rw
k = (rθk , rθk+1, . . . , rθk+LW−1+MN−1),

that consists of received packets from k to k + LW − 1 where in matrix form

rw
k = Aw

k v
w
k + nw

k + ṽb + ṽa, (8.4)

vw
k = (vk,vk+1, . . . ,vk+LW−1)

is the data vector of the LW received packets contained in the current decoding

window, and nw
k is the corresponding vector of the noise samples. Fig. 8.1 shows

the window matrix Aw
k , composed of the individual packet matrices Bj, j = k, k +

1, . . . , k+LW − 1. The vectors ṽb and ṽa are the residual from the previous window

and the beginning of the next window, respectively. Once I decoding iterations

are performed the decoding window is shifted to accommodate the next L received

packets.
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The first iteration of the window decoder starts with

r̃w
k = rw

k − v̂b (8.5)

where the impact of the data bits decoded and estimated in the previous window are

subtracted. Let’s define r̃j to be the segment of the received sequence r̃w
k correspond-

ing to the jth packet. We also denote the same segment of the received sequence after

i−1 interference cancellation iterations by r̃
(i−1)
j . Iteration i starts with computation

of log-likelihood ratios (LLRs) of the data bits of the jth packet

λ
(i−1)
j = L−1/2r̃

(i−1)
j /σ2

j,i−1 (8.6)

where σ2
j,i−1 is the vector of noise and interference power computed for the jth packet

based on r
(i−1)
j (see below). The data bits of the jth packet are then estimated via a

conditional expectation estimator of binary symbols (soft bits)

v̂
(i)
j = tanh

((
RRT − IMN

)
PT

j Sjλ
(i−1)
j

)
. (8.7)

The above equation demonstrates that the LLRs λ
(i−1)
j are first multiplied by the

signature sequence, then inverse-permuted PT
j Sj. Finally for each of the M replica’s

of each data bits we sum up the LLRs, all except one, not to reuse self-information

in the iterative process, and apply the ‘tanh’ operation to compute the conditional

expectation estimates of the data bits.

The next step is the interference cancellation operation that computes

r
(i)
j = r̃j −

∑
j′ �=j

Sj′Pj′v̂
(i−1)
j′ (8.8)

that is we subtract the impact of all packets except packet j for the received sequence

segment r̃j that corresponds to the jth packet. If we subtract the jth estimated

packet from r
(i)
j as well we can use the residual to compute the noise and interference

power vectors σ2
j,i.

At last, in the Ith data estimation iteration all LLRs are used to compute the

estimated data bits

v̂j = sign
(
RTPT

j Sjλ
(i−1)
j

)
(8.9)

j = k, k + 1, . . . , k + L− 1 that are forwarded to the outer error-correction decoder.

Modulated bits Bjv̂j for j = k, k + 1, . . . , k + L− 1 as well as Bjv̂
(I)
j , j = k + L, k +
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L+ 1, . . . , k +WL− 1 are used to compute the initial interference cancellation term

v̂b for the next window (see (8.5)).

Instead of a decoding schedule with a fixed number of iterations I per decoding

window we can let the number of iterations vary from window to window and apply

a stopping criteria: the iterative process stops once the estimated signal-to-noise and

interference ratio (SINR) computed based on σ2
j,i’s of packet k+L reaches the SINR

for packet k.

An alternative decoding algorithm is the approximate message passing algorithm

(AMP) [8] that has been derived for (un-windowed) coupled transmission in [67].

Instead of passing M and L messages from each channel and variable node of the

system’s graph at each iteration we only pass a single message from either node

and include a correction factor accounting for the difference in the messages. For

the windowed case we follow Equations (8.5)–(8.9) without excluding self message

(j′ �= j) and apply the correction factors as in [67] to formulate the algorithm as

r
w,(i)
k = r̃w

k −Aw
k v̂

(i) +
r
w,(i−1)
k

σ2
i−1

◦Aw(2)
k sech2

(
w(i−1)

)

w(i) = (Aw)T
r
w,(i)
k

σ2
i

+
(
A

w(2)
k

)T 1

σ2
i

◦ v̂(i)

v̂(i) = tanh
(
w(i−1)

)

where v̂(i) is the estimate of the concatenated data vector of packets from k to k +

WL − 1 at iteration i and ◦ denotes Hadamard (component-wise product) of two

vectors or matrices, A
w(2)
k = Aw

k ◦Aw
k ; vector inverses are component-wise.

To quantify the decoding complexity according to Appendix C we count the num-

ber of multiplication, division, and group summation operations executed at each it-

eration which is approximately WN(3L+5M) for the AMP and WN [(3M+1)L+M ]

for the MP decoder, which is presented in a matrix form in Appendix ??. The opera-

tions are performed during Iav iterations on a window which includes LMW data bits

(latency) to output LN decoded data bits. Different window sizes require different

numbers of iterations for converge to the multi-user interference-free case. Hence,

we consider normalized complexity η = IavW/LN to identify the optimal decoding

window.
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8.1.2 Window Decoding Analysis

For the purpose of analysis assume that each packet consists of n equal-length sections

that contain MN/n bits each. We also assume that the packets arrive to the receiver

in groups of L/n packets at the beginning of each section, that is θ1 = θ2 = · · · =
θL/n = 1, θL/n+1 = θL/n+2 = · · · = θ2L/n = MN/n + 1 and so on. We now count

the time units in terms of sections (one packet spans n time units) and recall that

the total system power equals 1, the noise power is given by σ2, and the system load

equals α = L/M . The noise and interference power at iteration i for the time section

t is denoted by xi
t while the variance of the estimated data bits (soft-bit variance) is

denoted by yit. In vector form we have

xi =
(
xi
1, x

i
2, x

i
3, . . .

)
, yi =

(
yi1, y

i
2, y

i
3, . . .

)
.

The recursion is initialized by setting

x0
t =

t

n
+ σ2 for t ≤ n and x0

t = 1 + σ2 for t > n . (8.10)

Since the packets start to arrive to the receiver gradually, in groups of L/n. At

iteration i the noise and interference power xi
t is composed of the Gaussian noise and

the soft-bit variance contributions of all packets that are interfering at time t

xi
t =

1

n

n∑
j=1

yit+j−1 + σ2 . (8.11)

The soft bit variance is determined by the variance of the conditional expectation

estimate of a Bernoulli random variable in an AWGN channel with SNR γ given by

g(γ) = E

[(
1− tanh

(
γ + ξ

√
γ
))2]

where E denotes expectation and ξ is the standard

normal random variable, ξ ∼ N (0, 1). Hence

yit+n = g

(
1

αn

n∑
j=1

1

xi−1
t+j−1

)

where the argument of the function g(·) is the average SINR of the LLRs in Equation

(8.6) indexed in terms of sections t, t+ 1, . . . , t+ n− 1.

Consider now a decoding window of size W that translates to Wn time instances

(packet section) and consider I decoding iterations per window before the window is
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shifted forward by n time units. We obtain

yi
[t+n−1,t+Wn−2] = g

(
1

αn
Cw

1

xi−1
[t,t+Wn−1]

)
(8.12)

xi
[t,t+(W−1)n−1] =

1

n
Cwy

i
[t,t+Wn−1] + σ2 (8.13)

and Cw is of size (W − 1)n×Wn and for i = 1, 2, . . . , (W − 1)n and j = 0, 1, 2, . . . , n

we have Ci,i+j = 1 while the rest of the elements are zeros. We also note that the

other components of the vectors xi and yi stay unchanged i.e.

yi
[1,t+n−2] = yi−1

[1,t+n−2] , yi
[t+Wn−1,∞) = yi−1

[t+Wn−1,∞),

xi
[1,t−1] = xi−1

[1,t−1] , xi
[t+(W−1)n,∞) = xi−1

[t+(W−1)n,∞).

The results of the analytic evaluation are given in Fig. 8.2. The magenta curve

with dots represents the AWGN channel capacity plotted as a function of the SNR.

The solid magenta curves plot the capacities of the AWGN channel with 4, 8, 16, 32-

PAM input (from bottom to top). The blue curve gives the sum-rate achievable with

non-windowed decoding taken as an asymptotic limit for M,N → ∞. The dashed

red, black, and green curves show the maximum achievable sum-rate with window

decoding for n = 20 and W = 3, 4, 10 and 400 iterations (from bottom to top).

Figure 8.2: Achievable rate for window decoding, analytic results.
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W 3 4 8 12 16 20 30
Iav 1481 108.3 105.4 105.3 105.3 106.1 105.6
η 0.171 0.017 0.032 0.049 0.065 0.082 0.122

Table 8.1: Average number of iterations, normalized complexity vs. W .

8.1.3 Simulation Results

We start with an experiment that looks for the optimal window size and compares it

to the findings suggested by the analysis above. We consider repetition factor M = 25

and the average number of L = 65 packets interfering at each time at the receiver

giving systems load of α = 2.6 which is close to the limits for 20dB total system SNR

(as we will see below). We choose a decoding schedule with the stopping criteria

(see Section 8.1.1) and estimate the average number of iterations per window Iav and

compute the normalized complexity η (see Table 8.1). The packet size is chosen to

be N = 400 bits. We notice that W = 3 is insufficiently long and results in high

complexity while window size W = 4 leads to the smallest complexity overall.

Fig. 8.3 shows the achievable system sum-rate as a function of total system SNR

(in dB) for the message passing and the AMP decoding algorithms with window

size W = 4 and different spreading factors. For each SNR point we choose the

highest system load α = L/M such that the system converges to the approximately

interference-free case, compute the post interference cancellation SNR and compute

the achievable normalized sum-rate as LR/M = αR where the error-correction code

rate R is selected equal the capacity on a binary-input AWGN channel with the post

interference cancellation SNR. The achievable rate is compared to the capacity of

the AWGN channel. For M = 250 AMP the achievable sum-rate closely follows the

channel capacity curve with a gap of about 1.6dB. The M = 50 message passing

algorithm performance is similar for the SNR range from 15 to 22 dB. For smaller

repetition factors slight performance degradation with respect to capacity occurs at

high SNRs. This is in agreement with the theoretic evaluations suggesting that higher

repetition factors are required for near-capacity performance at high SNRs.

The results demonstrate that the window decoder in both message-passing iter-

ative interference cancellation and estimation version and AMP version provides a

tool for establishing near-capacity communication with high system loads.
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Figure 8.3: The achievable sum-rate for various values of M and L. The size of the
decoding window is W = 4.

8.2 Self-Coupling Data Transmission for Random Multiple Access

Communications

We consider a communication scenario in which a number of distinct transmitters

access a common receiver simultaneously. Fig 8.4 shows the block diagram of the lth

transmitter, l ∈ {1, 2, . . . , L}. First, the information sequence, u(l) is encoded using

a binary error-correction code of rate R. Further, the bits of the encoded sequence,

v(l) are subdivided into blocks of N bits each:

v(l) = v
(l)
1 ,v

(l)
2 , . . . ,v

(l)
k . . .

where

v
(l)
k = [v

(l)
k,1, v

(l)
k,2, . . . , v

(l)
k,N ],

and undergo the process of positioning. During the positioning stage each bit v
(l)
k,j is

repeated c times and the resulting copies are used to form a sequence of data blocks

v̂(l) = v̂
(l)
1 , v̂

(l)
2 , . . . , v̂

(l)
k . . .

where

v̂
(l)
k = [v̂

(l)
k,1, v̂

(l)
k,2, . . . , v̂

(l)
k,N ] ,

and

v̂
(l)
k,j = [v

(l)
k,j, v

(l)
k−1,j, . . . , v

(l)
k−c+1,j]. (8.14)
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Once the bits are positioned, each bit in v̂(l) is repeated mg = M/c times (repe-

tition stage). Thus, each bit is repeated M times in total counting both positioning

and repetition stages (see Fig. 8.4). By v̄
(l)
k we denote an MN -element vector (a

frame) obtained from v̂
(l)
k at the end of the repetition stage.

Error

Correction

Encoding

Bit

Positioning

Bit

Repetition
Permutation

sl

ṽ(l)u(l) v(l) v̂(l) v̄(l) ¯̄v(l)

Figure 8.4: Transmitting a stream: v(l) = [v
(l)
1 ,v

(l)
2 , . . .]T, v̄(l) = [v̄

(l)
1 , v̄

(l)
2 , . . .]T and

¯̄v(l) = [¯̄v
(l)
1 , ¯̄v

(l)
2 , . . .]T.

After a frame is constructed, its bits are permuted using a random permutor.

In order to randomize a permutation of consecutive frames it is convenient to use

c distinct random interleavers in a periodic fashion. After the permutation, the

resulting frame ¯̄v
(l)
k , is multiplied bit-by-bit with the signature sequence, sl, and

then transmitted over the channel. The signature sequence consists of elements from

{−1, 1} selected uniformly at random. Each transmitter utilizes its own NM -bit

signature sequence and a sequence of c random interleavers applied to each frame.

Matrix Representation and Initialization of Self-Coupling. In order to initiate the

self coupling process we consider a data sequence

v(l) = [v
(l)
1 ,v

(l)
2 , . . . ,v

(l)
k , . . .]T ,

where v
(l)
k = 0 (all-zero vectors) for k = 1, 2, . . . , c − 1. The resulting sequence to

be transmitted, after positioning, permutation, and multiplication with a signature

sequence is:

ṽ(l) = A(l)v(l), (8.15)

whereA(l) is the modulation matrix of stream l which can be decomposed as a product

A(l) = SlPlRΠ. (8.16)
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where Sl is the diagonal signature sequence matrix of the stream l, with the signature

sequence sl in its diagonal, Pl is the permutation matrix of the stream l, R is the

repetition matrix and Π is the positioning matrix.

Pl = diag(P
(1)
l ,P

(2)
l , . . . ,P

(c)
l ,P

(1)
l , . . .) (8.17)

where P
(z)
l , z = 1, . . . , c, is anMN×MN permutation matrix. The repetition matrix,

R, is a band-diagonal matrix with mg ones in each column. The positioning matrix,

Π, is a band-diagonal sparse matrix. An entry πi,j = 1 of this matrix implies that

the ith bit of the encoded information vector should be placed in the position j. An

example of the positioning matrix is given below.

Example 2. Consider the case where c = 2, N = 3. Hence, every frame, before

repeating process is applied, has Nc bits. The block k of information sequence is

[v
(l)
k,1, v

(l)
k,2, v

(l)
k,3]

T; then, the k-th positioned block is

[v
(l)
k,1, v

(l)
k−1,1, v

(l)
k,2, v

(l)
k−1,2, v

(l)
k,3, v

(l)
k−1,3]

T.

Therefore, the positioning matrix for this example is:

Π =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0 0 · · ·
1 0 0 0 0 0 0 · · ·
0 0 0 0 1 0 0 · · ·
0 1 0 0 0 0 0 · · ·
0 0 0 0 0 1 0 · · ·
0 0 1 0 0 0 0 · · ·
. . . . . . . . . . . . . . . . . . . . .

⎤
⎥⎥⎥⎥⎥⎥⎦
. (8.18)

After the streams arrive at the channel, they get added together. Hence, the

composite received vector, y = [y(1), y(2), . . .], can be written in

y =
L∑
l=1

ṽ(l) + n =
L∑
l=1

A(l)v(l) + n, (8.19)

where n is the additive white Gaussian noise (AWGN) vector. The arrival time of

stream l, τl, is a random variable. Therefore, the streams arrive at channel in different

times such that for l1 < l2, τl1 ≤ τl2 .

Hereafter, we consider the worst case scenario in which the streams start to be

transmitted at the same time, leading to the highest interference sensed by the in-

dividual streams. By focusing on Example 2, Fig. 8.5 depicts the bit arrangements
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for the frames related to stream l and Fig. 8.6 shows how the frames from different

streams are aligned together in the worst case. The frames from all the streams are

completely overlapping, and they are grouped together in different positions. It is

clear that random arrival times would cause less interference in the beginning of the

streams which itself would allow for better channel situation.
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Figure 8.5: Sub-frames for the Example 2 where M = 4, N = 3 and c = 2.
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Figure 8.6: The worst alignment of streams for the Example 2 where M = 4, N = 3
and c = 2.

The graph representation of the proposed system illustrates how the nodes from

different positions are coupled together. Fig. 8.7 depicts, for the coupling depths of

2 and 3, the condensed forms of the variable and sum nodes which are connected by

edges. Every red circle and green square vertices symbolize respectively LN variable

and MN check nodes. Every connecting line also represents mgLN edges.

8.2.1 Window Based Interference Cancellation

Before we focus on window decoding for the arrived symbols in the receiver let us

explain how the message passing algorithm for an un-windowed case is applied at the

receiver. Each iteration of the algorithm includes an interference cancellation and bit

estimation step. We define the set, J(l)(t), for a channel node placed in t, which is

the set of all the variable nodes from the stream l connected to that channel node,
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0

0 0

Figure 8.7: Graph representation of the coupled transmission system for c = 2 and
c = 3. The degree of every single variable node is M and that of every single sum
node is L. The white nodes in the graph shows the transmission form of ’0’ bits,
which help starting process of transmission.

and T(l)(j) for the j-th variable node in the stream l which includes all the channel

nodes connected to that variable node. Therefore, supposing that y(t) is the symbol

received at the time t the interference cancellation in the iteration i can be performed

according to the message passing formula

z
(l),i
t→j = y(t)−

L∑
λ=1
λ �=l

∑
j′∈J(λ)(t)

A
(λ)
tj′ v

(λ),i
j′→t −

∑
j′∈J(l)(t)

j′ �=j

A
(l)
tj′v

(l),i
j′→t, (8.20)

where z
(l),i
t→j is the updated message from channel node t to the j-th variable node

in the stream l at iteration i, A
(l)
tj′ is the (t, j′) entry in the matrix A(l) and v

(l),i
j′→t,

computed in (8.21), is the estimated bit value for the j′-th bit in the stream λ. In

addition:

v
(l),i
j′→t = tanh

⎛
⎜⎜⎝ ∑

t′∈T(l)(j)
t′ �=t

A
(l)
t′j′z

(l),i−1
t′→j′

σ2,i−1
t′

⎞
⎟⎟⎠ , (8.21)
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where σ2,i−1
t′ is the noise and interference power of the t-th received symbol at iteration

i− 1.

Since we consider a case where transmitters transmit data in a streaming fashion

it is practical to consider a window demodulation technique which demodulates for

W segments. For example, to demodulate the bits in v
(l)
q we can consider a piecewise

derivation of (8.19) provided in

ỹ =
L∑
l=1

Ã(l)v
(l)
[q,q+W ] + nW , (8.22)

where ỹ = [y(tdec)] such that tdec = [(i− 1)MN +1, (W + i− 1)MN ], includes all the

bits from beginning of tdec to end of it, Ã(l) is the piece of A(l) which covers the W

frames inside the window,

v
(l)
[q,q+W ] = [v(l)

q ,v
(l)
q+1, . . . ,v

(l)
q+W ]

and nW is the noise vector which covers a window.

In every phase of demodulation we apply MPA according to Equations (D.1) and

(8.21) or AMP algorithm (refer to [67]) to estimate the transmitted bits in the first

segment of the window. After the q-th phase of demodulation is accomplished, first

hard decision should be applied to the variable nodes in the q-th segment and then

they should be extracted, which would be followed by moving the window one segment

to the right. Therefore, since the extracted bits participate in the channel nodes of

the following segments, their effect should be removed from the related received signal

symbols.

8.2.2 Analysis on the Performance

A similar way of analysis to [71] can be applied for the self coupling system. The noise

and interference power in time t at iteration i includes the effects of the bits from

all the streams. Also, from each stream the observing position and c − 1 positions

behind it participate in the channel nodes in t. Therefore, the noise and interference

power in time t at iteration i is

xi
t =

L− 1

L

L∑
l=1

t∑
t1=t−c+1

1

c
μ
(l),i−1
t1 + σ2

n, (8.23)
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where μ
(l),i−1
t1 is the mean-square error (MSE) of the variable nodes of the stream l in

position t1 at iteration i− 1. The mean-square error μ
(l),i−1
t1 itself is a function of the

noise and interference power of the symbols located in the positions t, t+1, . . . , t+c−1.

Therefore,

μ
(l),i−1
t1 =

⎧⎪⎨
⎪⎩
gmse

(
M−1
LC

∑t+c−1
t2=t

1

xi−1
t

)
t ≥ τl,

0 t < τl,
(8.24)

where the function gmse(), for the binary symbol alphabet, is

gmse(γ) = E

[
(1− tanh(γ + ξ

√
γ))2
]
, ξ ∼ N (0, 1). (8.25)

A lower bound would be obtained by considering the worst case according to

Fig. 8.6. We assume that all the streams terminate at the same time, and again

channel would be fully occupied by other streams at the same time. However, in

reality, the streams terminate in different times and also coming streams if existed

start at different times. All of these would put the channel in better situations than

we assume in this section.

The symbols in the position k are affected by the variable nodes placed in the

positions k − c + 1, k − c + 2, . . . , k. Hence, noise and interference power in the

position k at iteration i is

xi
k =

L− 1

L

k∑
t=k−c+1

1

c
μi−1
t + σ2

n, (8.26)

where μt
i−1 is the MSE of the variable nodes in position t at iteration i−1. Moreover,

μt
i−1 itself is dependent on the noise and interference power of the symbols located in

positions t, t+ 1, . . . , t+ c− 1. Therefore,

μi−1
t = gmse

(
(M − 1)

t+c−1∑
k=t

1

c

1

Lxi−1
k

)
. (8.27)

We can write a recursive relationship for xk
i by incorporating Equations (8.26)

and (8.27) in

xi
k =

L− 1

Lc

c−1∑
τ1=0

gmse

(
M − 1

Lc

c−1∑
τ2=0

1

xi−1
τ2+τ1+k−c+1

)
+ σ2

n, (8.28)
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which has the initial and boundary conditions as

xk
0 = 0 k ≤ 0 (8.29)

xk
0 =

L− 1

Lc
k + σ2 k ∈ [1, c] (8.30)

xk
0 =

L− 1

L
+ σ2 k ≥ c. (8.31)

8.3 Modified Coupled System

In this section we apply two modifications to our system. The first modification

interestingly supplies it with more degree of freedom to be controlled, and improves

its performance. The second one simplifies the system and make it more convenient

to implement the system.

It will be beneficial to have unequal copies of bits in various positions such that

the density of participating bits in a specific position is more consisting of the bits

from previous positions. The prevalence of more reliable information from previous

positions helps the convergence in the current position. Hence, the different groups

in a sub-frame have different number of bits. With Mn as the number of bits in group

t, we introduce the bit replication polynomial in

p(x) = M1x+M2x
2 + · · ·+Mcx

c. (8.32)

It is clear that M = p(1).

The second modification is to consider a similar random interleaver for any two

consecutive frame. Although it may cause reduction in the randomness of the system,

it simplifies the implementation process. However, since the c copies of a bit sit in

various places of the related c sub-frames, the convolutional coupling is guaranteed,

though it is structured rather than being random. Matrix Pl from Equation (8.17)

will simply be reduced to

Pl = diag(P
(1)
l ,P

(1)
l , . . .). (8.33)

For analysis of the modified system, Equations (8.26)-(8.31) should be changed to

following equations:

xi
k =

L− 1

L

k∑
t=k−c+1

Mk−t+1

M
μi−1
t + σ2

n, (8.34)
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μi−1
t = gmse

(
(M − 1)

t+c−1∑
k=t

Mk−t+1

M

1

Lxi−1
k

)
, (8.35)

xi
k =

L− 1

LM

c−1∑
τ1=0

Mc−τ1gmse

(
M − 1

M

c−1∑
τ2=0

Mτ2+1

Lxi−1
τ2+τ1+k−c+1

)
+ σ2

n, (8.36)

which has the initial and boundary conditions as

xk
0 = 0 k ≤ 0, (8.37)

xk
0 =

L− 1

LM

k∑
τ=1

Mτ + σ2 k ∈ [1, c], (8.38)

xk
0 =

L− 1

L
+ σ2 k ≥ c. (8.39)

Note that the factor Mk−t+1

M
would change to 1

c
for the regular system.

8.3.1 Numerical Results

In this section we focus on performance of the proposed system in terms of the spectral

efficiency achievable for given finite values of the spreading factor M , system load

α = L/M , and block size N . Specifically we focus on systems with small parameter

values which lead to lower computation complexity. We also compare the rates,

achieved by the proposed system with that of a temporary coupled system presented

in [71].

We utilize block sizes N = 10, 20, and spreading factors M = 10, 20, 70 with

respective replication polynomials (irregular positioning) p10(x) = 1 + 2x+ x2 + 6x3,

p20(x) = 2 + 6x + 2x2 + 10x3 and p70(x) = 5 + 20x + 5x2 + 40x3. The number of

iterations I is fixed to 1000 to ensure that both systems converge to their limiting

interference cancellation performances. However, much smaller values are needed for

both systems. For example, for N = 10 and M = 20 only I = 40 iteration are

sufficient.

Rates achievable with message passing demodulation are shown in Fig. 8.8. The

blue and black curves show the performance of the self-coupling system for N = 10

and N = 20, respectively. Red and pink curves demontrate the performance of
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Figure 8.8: Rates achievable with message passing demodulation. The blue and black
curves plot spectral efficiency of the self-coupling system respectively N = 10 and
N = 20: the red and pink curves show spectral efficiency of the temporally coupled
system. The curves with stars, circles and triangles correspond to M = 10, M = 20
and M = 70 respectively. The channel capacity is given by the green curve.

system with temporal coupling and regularized delays. For each color curves with

stars, circles, and triangles correspond to spreading factors M = 10, M = 20 and

M = 70. The point along each curve correspond to different vales of the number

of data streams L. For a given SNR we choose the highest L such that iterative

demodulator converges to the single-user performance. We assume that the optimal

code BIAWGN capacity-achieving code is selected according to the final SNR equal

to 1/(αx
(I)
n ) (code block length may encompass several modulation blocks). Also, we

assume that each user transmits data all the time (leading to the maximum of the

total data traffic). The overall channel capacity is given by the green curve.

We notice that for M = 70 the purposed system, even for small block lengths

N = 10 and 20 operates quite close to the channel capacity. In addition system

loads higher than 3.5 are achievable at the top of the curves. At the same time



91

the self-coupled systems greatly outperforms the temporary coupled system for such

parameter settings.

In this chapter we proposed a window-based decoding algorithm for the coupling

information transmission multi-user communication format which is a type of delay

controlled transmission. We introduced analysis and simulation results both of which

demonstrate that the window of size four is sufficient to achieve near-capacity com-

munications and at the same time allow for a larger number of simultaneous arriving

packets (higher system loads) than traditional multiuser communication approaches,

such as equal-power dense CDMA with maximum load α = 1.49 [60] and α = 2.07 [72]

for partition-spreading CDMA.

We also presented a new spatially coupling transmission system for random multi-

access communication. In contrast to the delay controlled coupled transmission, which

reaches its best with equidistant delays, the random access coupling system enables

the individual transmitters to access channel in a nonsensitive manner to delays of

the other transmitters. On the other hand, For very short data blocks, for example

N = 10, the random coupled transmission outperforms the delay controlled coupled

transmission regarding the information transmission rate. Taking the complexity

into consideration this would allow the larger values of repetition factor, M , which is

desirable for the massive connectivity purpose.



Chapter 9

Conclusion

Spatially coupling is a well known concept especially in communication systems. This

concept emerged in coding theory with the progress in introduction and development

of codes on graphs. In recent years it has found its way toward other subjects in

communications.

The major contributions of spatially coupling are increasing the level of random-

ness in a representative graph as well as constructing a leverage in part of it to

augment desirable force, which is more reliable information in communications and

coding theory. The increased randomness leads to a high complexity system; fortu-

nately, the application of window-based decoding can resolve this issue. In this thesis,

we proposed and analyzed some spatially coupled systems with window decoding.

We presented an efficient low power encoding technique for hardware implemen-

tation. Based on this technique in every iteration of encoding instead of storing the

whole codewords, the parity bits are only stored and used for the purpose of encod-

ing in the next block. Therefore, the needs for memory decreases hugely, and the

unnecessary computations are dropped from the encoding process.

The growing application and importance of staircase codes in optical communi-

cations motivated us to work on their theoretical representations on the one hand

and on the other hand to investigate the effect of nonlinear codes when used as the

components of staircase codes. We proposed two analysis methods: an extended Pois-

son analysis that accounts the mis-corrections, which had been neglected in Poisson

analysis, and a more accurate analysis, with fewer assumptions. Both methods study

the probabilistic status of possible areas based on code space. The former method

considers three areas of interest including the regular, mis-corrected and corrected

areas. Compared to Poisson analysis method which considers two areas, this method

provides with the more precise results regarding the threshold estimation of staircase

codes. The latter method considers all the possible distinguished areas, leading to

92
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more accurate results, but it can only be used for very short codes because of high

computations needed. By applying some modifications in these analysis techniques

they can be utilized to analyze similar codes such as product codes. Moreover, one

may make the second analysis applicable to longer codes with some degrees of preci-

sion by doing some suitable assumptions.

Additionally, we replaced the component BCH codes in staircase codes with non-

linear codes in order to reduce the mis-correction probability. Nonlinear codes show

to have higher threshold values although their resulting rate loss is significant com-

pared to BCH codes. Also, their waterfall region is short and the error floor happens

for smaller bit error rates. To reduce the mis-correction probability as a future work

we suggest investigating a combined soft-hard decision decoding in which extra in-

formation from soft received values can guide the hard decision decoding in a more

reliable direction. This would lead to a more complex decoding algorithm. However,

an acceptable increase in complexity to achieve a certain performance may be useful

in overall.

In this thesis, we also presented an input/output transfer function method to

analyze and design loop code ensembles. A loop is broken down into its constructive

units, which are chains, and interactive messages between them get traced. This

method translates the higher dimensional parameters to a one dimensional parameter,

providing a simple tool for designing such codes. For future research, the transfer

function technique can be used to design more complicated code ensembles than

loops.

Other than channel coding area, this thesis proposed two spatially coupled based

systems in multi-user communications. We designed a window-based demodulator

for coupling information transmission. Two demodulation algorithms were applied:

message passing algorithm and its less complex version, approximate message passing

algorithm. Both algorithms work close to channel capacity with a window-based

demodulator. The original coupling information transmission needs an alignment

strategy for different users to start transmitting their information. To obviate this

issue we proposed self coupling transmission system which is suitable for random

access communications. This system also works very well for very small block lengths,

making it desirable for new generation multi-user systems such as 5G and Internet
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of things. The self coupling system is open to incorporate new improvements. Some

unequal power strategies may be helpful to improve their performance and reduce

their complexity simultaneously.
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Appendix A

Extended Poisson Analysis Details

Transition Probability after Edge Elimination The first stage is the edge

elimination caused by decoding at the neighboring spatial locations. An edge on the

left is removed with probability αL and retained with probability 1−αL. We assume

that edges are removed or retained in the graph independently of each other. Similarly

edges on the right are removed with probability αR and retained with probability

1 − αR. During the edge elimination stage a node of weight (i, j) transitions into a

node of weight (i′, j′), where i′ ≤ i, j′ ≤ j with probability

p(i,j)→(i′,j′)
def
=

(
i

i− i′

)(
αL
)i−i′

(1 − αL)i
′
(

j

j − j′

)(
αR
)j−j′

(1 − αR)j
′
. (A.1)

We also compute the expected number of edges lost in the transition from (i, j) to

(i′, j′) on the left and on the right

eL(i,j)→(i′,j′)
def
= (i− i′)p(i,j)→(i′,j′), (A.2)

eR(i,j)→(i′,j′)
def
= (j − j′)p(i,j)→(i′,j′) . (A.3)

Computing the Probabilities that a Sequence Belongs to Z,R,M Domains

Assume that an (i, j) sequence r is chosen uniformly at random from the set of all

possible (i, j) sequences. Let us compute the probabilities that r is in Z, R, or M.

These probabilities can be regarded as a priori probabilities of a sequence (i, j) to be

in a particular domain. Define

q0(i, j)
def
= Pr(weight (i, j) sequence r ∈ Z) (A.4)

qm(i, j)
def
= Pr(weight (i, j) sequence r ∈ M) (A.5)

qr(i, j)
def
= Pr(weight (i, j) sequence r ∈ R) (A.6)

Then for any i, j ≥ 0

q0(i, j) + qm(i, j) + qr(i, j) = 1
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and by definition

q0(i, j) = 1 i+ j ≤ t (A.7)

q0(i, j) = 0 i+ j > t . (A.8)

Since we only consider mis-corrections towards codewords at the minimum distance,

we have

qr(i, j) = 1 i+ j ≥ 3t+ 1 . (A.9)

Define a set T (i, j, i′, j′) of vectors θ = (θ1, θ2, θ3, θ4) satisfying

θa ≥ 0, a = 1, 2, 3, 4, θ1 + θ2 + θ3 + θ4 ≤ t,

i′ = i− θ1 + θ2, and j′ = j − θ3 + θ4

The values θ1, θ3 correspond to the numbers of 1’s changed to 0’s on the left and on

the right respectively while θ2, θ4 correspond the number of 0’s changed to 1’s required

in order to modify a sequence of weight (i, j) into a sequence of weight (i′, j′). We

can write

qm(i, j) =
number of weight (i, j) sequences r ∈ M
total number of sequences of weight (i, j)

=
∑

i′+j′=dmin

Ai′,j′
∑

θ∈T (i′,j′,i,j)

(
i′

θ1

)(
n/2− i′

θ2

)
(
j′

θ3

)(
n/2− j′

θ4

)(
n/2

i

)−1(
n/2

j

)−1

where Ai′,j′ is the number of codewords v ∈ Vdmin
of weight (i′, j′).

Let us define the probability of transitioning from a sequence of weight (i, j) into

Z after edge elimination by

g0(i, j)
def
=
∑

i′+j′≤t

p(i,j)→(i′,j′) , (A.10)

and the probability of transitioning into M by the approximation

gm(i, j)
def
=
∑
i′,j′

p(i,j)→(i′,j′)qm(i
′, j′) . (A.11)

Each term in the sum on the right hand side of (A.11) is the probability of an (i, j)

sequence transitioning to an (i′, j′) sequence which is also in M. Here we assume

that once a node with (i, j) edges loses edges to become a (i′, j′) node it may become

any (i′, j′) node with equal probability.
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Updating the Probability of Mis-corrected Nodes We now compute the up-

dates to the mis-corrected, regular, and correct node probabilities over the two pro-

cessing stages: edge elimination and decoding. Recall that the probability of a node

to be mis-corrected, i.e. belong to M, before edge removal equals γ. The probability

to be in the mis-corrected domain after edge removal equals

γ̃ = γ − γ− + γ+

where γ+ =
∑
i+j>t

Po(i, λ)Po(j, ρ)gm(i, j) (A.12)

is the probability of nodes that join the mis-corrected set after edge removal. It is

computed as the probability of a node to be in R times the probability that it later

transitions to M.

The probability of nodes that leave M is denoted by γ−. This value is more

difficult to compute. However, we notice that a mis-corrected node can become a

regular node or a correct node only if at least t+1 edges are removed from it. This is

because an (i, j) node which is trapped in the center of a ball of radius t must escape

from that ball by flipping at least t+ 1 bits. Since the edges can only be removed it

amounts to removing at least t+ 1 edges. Hence

γ− ≤ γ̄− = γ
∑

i+j=dmin

Ai,j

Admin

gout(i, j) (A.13)

where

gout(i, j)
def
=

∑
(i′,j′) s.t. i′+j′≤t,i−i′+j−j′>t

p(i,j)→(i′,j′)

is the probability that at least t+ 1 edges are removed from a mis-corrected node.

We also take into account the fact that all nodes (i, j) in M satisfy i + j = dmin

before edge removal, since a round of decoding has been performed at the previous

iteration and all the mis-corrected nodes are located at the mis-corrected codewords

Vdmin
before edge removal. Here we also assume that the fraction of nodes at code-

words v ∈ Vdmin
of weight (i, j) is proportional to Ai,j.

As a result we can compute an optimistic lower bound on the probability of

remaining mis-corrected nodes γ̃

γ̃ ≥ ¯̃γ = γ − γ̄− + γ+ . (A.14)
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Updating the Probability of Correct Decoding The probability of correct

decoding, i.e., moving to Z, the basin of attraction of 0, includes both the flow of

nodes from the mis-corrected area M and the regular nodes R

P̃corr = Pcorr + γ− +
∑
i+j>t

Po(i, λ)Po(j, ρ)g0(i, j) . (A.15)

Using the lower bound on γ̃ we obtain

P̃corr ≤ Pcorr + γ̄− +
∑
i+j>t

Po(i, λ)Po(j, ρ)g0(i, j) . (A.16)

The probability of (block) error for graph k at iteration l is

P̃err = 1 − P̃corr ≥ 1 − Pcorr − γ̄− −
∑
i+j>t

Po(i, λ)Po(j, ρ)g0(i, j) . (A.17)

Updating the Distribution of Regular Nodes The distribution of the regular

nodes prior to edge elimination is the two dimensional Poisson(λ, ρ) truncated at

i + j = t. If we assume that no mis-corrections occur, the resulting distribution

of the regular nodes can be obtained by Poisson thinning as the truncated Poisson

(λ(1− αL), ρ(1− αR)).

Since we consider mis-corrections and the fact that some regular nodes transition

to M, we will assume that the resulting distribution of regular nodes is truncated

Poisson (λ̃, ρ̃) with1

λ̃ = μλ(1− αL) (A.18)

ρ̃ = μρ(1− αR) (A.19)

where μ is the adjustment parameter computed from the law of total probability

P̃corr + γ̃ + πt+1(μ(λ(1− αL) + ρ(1− αR))) = 1

and

πt+1(λ̃+ ρ̃)
def
= 1−

t∑
i=0

t−i∑
j=0

Po(i, λ̃)Po(j, ρ̃) (A.20)

= 1−
t∑

i=0

Po(i, λ̃+ ρ̃)

is the total probability of the regular nodes.

1This assumption is also optimistic since mis-corrected area M “punctures” the actual regular
node distribution for small values of i and j.
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Computing Edge Flows Finally, to compute the probabilities of edge removal

for the neighboring graphs, we need to compute the number of edges on the left and

right that were removed during the edge-elimination stage. Since the distribution of

regular nodes prior to edge elimination is the truncated Poisson (λ, ρ) the number

of regular-node edges that were removed on the left and right are as follows. The

average number of edges removed when a regular node is modified to an (i′, j′) node

equals

ΔL
R→(i′,j′)

def
=
∑
i+j>t

Po(i, λ)Po(j, ρ)eL(i,j)→(i′,j′) (A.21)

ΔR
R→(i′,j′)

def
=
∑
i+j>t

Po(i, λ)Po(j, ρ)eR(i,j)→(i′,j′) (A.22)

The average numbers of edges removed from all regular nodes are then

ΔL
R→

def
=

i∑
i′=0

j∑
j′=0

ΔL
R→(i′,j′) (A.23)

ΔR
R→

def
=

i∑
i′=0

j∑
j′=0

ΔR
R→(i′,j′) (A.24)

The flows of edges to and from mis-corrected nodes can be computed in a similar

fashion.

Updating the Edge Removal Probabilities To compute the edge removal prob-

ability imposed on the right for graph m − 1 and left for graph m + 1 we need to

compute the total numbers of edges on the left and right of graph m before and

after the decoding. We denote the numbers of edges “before” by EL
before and ER

before

while the quantities “after” are EL
after and ER

after on the left and right side of graph

m, respectively. Then the edge removal probability on the right for graph m − 1 at

iteration l + 1 equals

α̃R = 1− EL
after/E

L
before, (A.25)

the edge removal probability on the left for graph m+ 1 at iteration l + 1 equals

α̃L = 1− ER
after/E

R
before. (A.26)
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The numbers of edges after the decoding on the left and right can be computed as

EL
after = λ̃πt(λ̃+ ρ̃) + a1γ̃dmin (A.27)

ER
after = ρ̃πt(λ̃+ ρ̃) + a2γ̃dmin (A.28)

where

a1 =

∑dmin

i=0 iAi,dmin−i

dminAdmin

, (A.29)

a2 =

∑dmin

i=0 iAdmin−i,i

dminAdmin

(A.30)

are the fractions of edges on the left and on the right from the mis-corrected codes.

In a symmetric code (such as a cyclic code) a1 ≈ a2 = 1/2.

In order to compute the number of edges before decoding, we need to take into

account edge removal. Note that the edges are removed from both regular and mis-

corrected nodes. The impact of the latter is harder to account for since mis-corrected

decoding may result in edge addition which is not considered in the present analysis.

Hence, we only count edges removed from regular nodes (A.23)(A.24) that leads to

the following bound

EL
before ≥ λπt(λ+ ρ) + a1γdmin −ΔL

R→ = EL
before (A.31)

ER
before ≥ ρπt(λ+ ρ) + a2γdmin −ΔR

R→ = ER
before (A.32)

which, in turn leads to upper bounds on edge removal probabilities2:

¯̃αR = 1− EL
after/E

L
before ≥ 1− EL

after/E
L
before = α̃R, (A.33)

¯̃αL = 1− ER
after/E

R
before ≥ 1− ER

after/E
R
before = α̃L. (A.34)

Hence, by tracing ¯̃γ, ¯̃αR, ¯̃αL throughout the iterations we take an “optimistic”

perspective of decoding with mis-corrections and compute an upper bound p̄mis-corr

on the actual threshold. We need to note, however, that we have made a number

of assumptions such as independent edge-removal between the neighboring graphs as

well as the uniform probability distribution approach when computing the R → M
flow of nodes in (A.12). A more detailed study of these quantities remains a part of

future work.

2During the numerical computations if ¯̃αR > 1 or ¯̃αL > 1 both values are truncated at 1.
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Exact Analysis Details

Edge Elimination and Addition Stage

We focus on graph m at iteration l and, therefore, omit these indices for notation

simplicity. Let us define a set T (i, j, i′, j′) of vectors θ = (θ1, θ2, θ3, θ4) satisfying

θi ≥ 0, i = 1, 2, 3, 4

i′ = i− θ1 + θ2

j′ = j − θ3 + θ4 .

The values θ1, θ3 correspond to the number of 1’s being changed to 0’s respectively

in the left and right sides while θ2, θ4 correspond to the number of 0’s being changed

to 1’s. During the edge elimination and addition stage a sequence (node) r of weight

(i, j) transitions into a sequence of weight (i′, j′) with probability

p(i,j)→(i′,j′) =
∑

θ∈T (i,j,i′,j′)
θ1+θ2+θ3+θ4 �=0

(
i
θ1

)(
N/2− i

θ2

)
pd,left

θ1(1− pd,left)
i−θ1pm,left

θ2

(1− pm,left)
N/2−i−θ2

(
j
θ3

)(
N/2− j

θ4

)
pd,right

θ3(1− pd,right)
i−θ3

pm,right
θ4(1− pm,right)

N/2−j−θ4 . (B.1)

For (i′, j′) = (i, j), θ1 + θ2 + θ3 + θ4 = 0 represents staying at the previous state. We

do not consider the probability of staying at the previous position since it is not a

migration. We distinguish between staying in the state (i, j) and moving from a state

(i, j) to another (i, j). Note that the Hamming distance between the previous and the

new sequence is given by d = θ1+θ2+θ3+θ4. For some cases, it is necessary to know

the exact distance between the old and the new sequence. Therefore, we introduce a

set Td(i, j, i
′, j′) of vectors θ = (θ1, θ2, θ3, θ4) satisfying θ ∈ T (i, j, i′, j′) and

θ1 + θ2 + θ3 + θ4 = d .
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The corresponding transition probability for specific distance d equals

p(i,j)→(i′,j′),d =
∑

θ∈Td(i,j,i′,j′)

(
i
θ1

)(
N/2− i

θ2

)
pd,left

θ1(1− pd,left)
i−θ1pm,left

θ2

(1− pm,left)
N/2−i−θ2

(
j
θ3

)(
N/2− j

θ4

)
pd,right

θ3(1− pd,right)
i−θ3

pm,right
θ4(1− pm,right)

N/2−j−θ4 . (B.2)

Decoding Stage

Let us denote the set of all regular nodes of weight (i, j) before decoding by X (i, j)

and the set of non-regular nodes before decoding by Y(i, j). The respective sets after

decoding are denoted by X̄ (i, j) and Ȳ(i, j).

Assumption 1: We have access to the double-sided component code spectrum Ai,j.

Assumption 2: After the edge elimination in r we compute the weight of the result-

ing sequence r′ and assume that r′ falls uniformly among all sequences of that weight.

The exception is a non-regular sequence which is changed by no more than t bit flips.

In that case the sequence stays the same after decoding.

Assumption 3: We assume that all regular sequences of a specific weight have the

same chance to be in X̄ (i, j) and the same about Ȳ(i, j).

Decoding in an spatial position causes edge eliminations and additions in the

neighbouring positions, which is equivalent to transition from one state to any other

one. Fig. B.1 shows all possible transitions for positions m − 1 and m + 1 during

decoding stage in position m.

According to Fig. B.1, there are six possibilities of transitions shown by lower

cases, which are as follows:

Transitions into Regular Sequences a) The probability that a regular sequence

r ∈ X (i, j) transitions via edge elimination and addition into a regular sequence
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d

a

b

c

e

f

Figure B.1: Possible Transitions: Black nodes represent codewords, blue nodes are
related to the sequences inside the basin of any codeword and the green nodes are
regular nodes.

r′ ∈ X̄ (i′, j′) equals

qx(i,j)→x(i′,j′) = p(i,j)→(i′,j′)pr(i
′, j′|i, j) ,

where

pr(i
′, j′|i, j) = Āi′,j′(

N/2
i′

)(
N/2
j′

) , (i′, j′) �= (i, j)

or

pr(i
′, j′|i, j) = Āi′,j′ − 1(

N/2
i′

)(
N/2
j′

)
− 1

, (i′, j′) = (i, j) .

For (i′, j′) = (i, j) we take out one of the possibilities, which is staying at the previous

state. pr(i
′, j′|i, j) is the conditional probability that a randomly chosen sequence of

weight (i′, j′) is regular and does not fall into any ball of radius t around a codeword.
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We denote the number of regular sequences of weight (i, j) in the component code

by Āi′,j′ . In fact our computation shows that pr(i
′, j′) is almost independent of the

weight (i′, j′). Here we rely on Assumption 3.

b) The probability that a regular sequence r ∈ X (i, j) stays via edge elimination

and addition in its previous state equals

q̃x(i,j) = p(i,j)→(i,j),0 .

c) The probability that a miscorrected sequence r ∈ X (i, j) transitions via edge

elimination and addition into a regular sequence r′ ∈ X̄ (i′, j′) equals

qy(i,j)→x(i′,j′) =
N∑

d=t+1

p(i,j)→(i′,j′),d · Āi′,j′(
N/2
i′

)(
N/2
j′

)
−Nb(i, j, i′, j′)

,

where Nb(i, j, i
′, j′) is the number of the sequences of weight (i′, j′) which belong to

the ball of a typical codeword of weight (i, j).

By considering all the mentioned transitions into account, the expected number

of regular sequences in X̄ (i′, j′) after decoding equals

X̄(i′, j′) =
∑
i,j

X(i, j)qx(i,j)→x(i′,j′) +
∑
i,j

Y (i, j)qy(i,j)→x(i′,j′) +X(i′, j′)q̃x(i,j) .

Transitions into Mis-corrected or Correct Sequences Considering τ1 and τ3

as the number of 1’s being changed to 0’s respectively in the left and right side of a

codeword, and τ2 and τ4 as the number of 0’s being changed to 1’s, the probability

that a sequence r of weight (i, j) transitions into a sequence r̃ of weight

(̃i, j̃) = (i′ − τ1 + τ2, j
′ − τ3 + τ4) ,

which will, at the decoding stage, be mapped to a codeword of weight (i′, j′) equals

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4) = p(i,j)→(i′−τ1+τ2,j′−τ3+τ4)pm(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4|i, j) ,

where

pm(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4|i, j) = Bt,i′−τ1+τ2,j′−τ3+τ4,i′,j′Ai′,j′(
N/2

i′ − τ1 + τ2

)(
N/2

j′ − τ3 + τ4

) ,

(i, j) �= (i′ − τ1 + τ2, j
′ − τ3 + τ4)
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or

pm(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4|i, j) = Bt,i′−τ1+τ2,j′−τ3+τ4,i′,j′Ai′,j′(
N/2

i′ − τ1 + τ2

)(
N/2

j′ − τ3 + τ4

)
− 1

,

(i, j) = (i′ − τ1 + τ2, j
′ − τ3 + τ4) .

pm(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4|i, j) is the conditional probability that a sequence

chosen randomly uniformly from the set of sequences of weight (i′−τ1+τ2, j
′−τ3+τ4)

belongs to a ball with the radius t around a codeword of weight (i′, j′). By

Bt,i′−τ1+τ2,j′−τ3+τ4,i′,j′ =

(
i′
τ1

)(
N/2− i′

τ2

)(
j′
τ3

)(
N/2− j′

τ4

)

we denote the number of sequences of weight (i′ − τ1 + τ2, j
′ − τ3 + τ4) in a ball of

radius t around a codeword of weight (i′, j′). Ai′,j′ is the number of codewords of

weight (i′, j′). Note that we have used Assumption 3 again.

d) The probability that a regular sequence r ∈ X (i, j) of weight (i, j) transitions

into a sequence r̃ which will, at the decoding stage, be mapped to a codeword of

weight (i′, j′) equals

qx(i,j)→y(i′,j′) =
∑

τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4) .

Note that for a corrected decoding we consider (i′, j′) = (0, 0).

e) The probability that a mis-corrected codeword r ∈ Y(i, j) transitions into a

sequence which will at the decoding stage be mapped to a codeword of weight (i′, j′)

(and not into itself) equals

qy(i,j)→y(i′,j′) =
∑

τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d ,

where

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d = p(i,j)→(i′−τ1+τ2,j′−τ3+τ4),dpm(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4|i, j)
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and for (i, j) �= (i′, j′)

pm(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4|i, j) =
Bt,i′−τ1+τ2,j′−τ3+τ4,i′,j′Ai′,j′(

N/2
i′ − τ1 + τ2

)(
N/2

j′ − τ3 + τ4

)
−Nb(i, j, i′ − τ1 + τ2, j′ − τ3 + τ4)

,

or for (i, j) = (i′, j′)

pm(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4|i, j) =
Bt,i′−τ1+τ2,j′−τ3+τ4,i′,j′(Ai′,j′ − 1)(

N/2
i′ − τ1 + τ2

)(
N/2

j′ − τ3 + τ4

)
−Nb(i, j, i′ − τ1 + τ2, j′ − τ3 + τ4)

.

f) The probability that a codeword sequence r ∈ Y(i, j) stays unchanged after

edge elimination and addition equals

q̃y(i,j) =
t∑

d=0

∑
ĩ,j̃

p(i,j)→(̃i,j̃),d

=
t∑

d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

p(i,j)→(i−τ1+τ2,j−τ3+τ4),d . (B.3)

Therefore, the total (expected) number of mis-corrected or correct sequences in

Ȳ(i′, j′) after decoding equals

Ȳ (i′, j′) = Y (i′, j′)q̃y(i′,j′) +
∑
i,j

Y (i, j)qy(i,j)→y(i′,j′) +
∑
i,j

X(i, j)qx(i,j)→y(i′,j′) . (B.4)

Edge Elimination and Addition Probabilities

Based on the decoding strategy in the staircase codes, in each iteration the values of

X(i, j) and Y (i, j) for the even and odd blocks are different. We introduce X
(l)
even(i, j)

and Y
(l)
even(i, j) for the even blocks in the l-th iteration and X

(l)
odd(i, j) and Y

(l)
odd(i, j) for

the odd blocks in the l-th iteration. It is clear that one can update the edge number

of odd blocks in terms of their previous values, and this is true for the even blocks

as well. To calculate the related probabilities in continue, we assume that at each

iteration at first the even blocks are decoded and then the odd ones.

Edges are unbalanced in the blocks of one kind (even or odd) because of decoding

in the blocks of the other kind. Therefore, to track the changes at each iteration it



115

will be enough to investigate what happens inside the ball of all the codewords during

the decoding. The average number of changes from a 0 to a 1 in the left side of an

even block in the l-th iteration and after decoding the odd blocks is

N
(l)
0→1,left,even =

∑
i′,j′

(∑
i,j

X
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ3h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ3

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y
(l−2)
odd (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ3h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.5)

Using τ3 instead of τ4 is paradoxical, but we note that the direction of movement is

from a sequence inside the ball to the center of it (relevant codeword). In fact, 1

to 0 from a codeword to a sequence inside its ball is equivalent to 0 to 1 from that

sequence to the codeword. Similarly, he average number of changes from a 1 to a 0 in

the left side of an even block in the l-th iteration and after decoding the odd blocks

is written in

N
(l)
1→0,left,even =

∑
i′,j′

(∑
i,j

X
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ4h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ4

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y
(l−2)
odd (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ4h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.6)

The average number of changes from a 0 to a 1 in the right side of an even block in

the l-th iteration and after decoding the odd blocks is

N
(l)
0→1,right,even =

∑
i′,j′

(∑
i,j

X
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y
(l−2)
odd (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ1h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.7)
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The average number of changes from a 1 to a 0 in the right side of an even block in

the l-th iteration and after decoding the odd blocks is

N
(l)
1→0,right,even =

∑
i′,j′

(∑
i,j

X
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ2h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y
(l−2)
odd (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ2

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y
(l−2)
odd (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ2h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.8)

The average number of changes from a 0 to a 1 in the left side of an odd block in the

l-th iteration and after decoding the even blocks is

N
(l)
0→1,left,odd =

∑
i′,j′

(∑
i,j

X(l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ3h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y (l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ3

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y (l−1)
even (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ3h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.9)

The average number of changes from a 1 to a 0 in the left side of an odd block in the

l-th iteration and after decoding the even blocks is

N
(l)
1→0,left,odd =

∑
i′,j′

(∑
i,j

X(l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ4h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y (l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ4

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y (l−1)
even (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ4h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.10)

The average number of changes from a 0 to a 1 in the right side of an odd block in
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the l-th iteration and after decoding the even blocks is

N
(l)
0→1,right,odd =

∑
i′,j′

(∑
i,j

X(l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y (l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y (l−1)
even (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ1h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.11)

The average number of changes from a 1 to a 0 in the right side of an odd block in

the l-th iteration and after decoding the even blocks is

N
(l)
1→0,right,odd =

∑
i′,j′

(∑
i,j

X(l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ2h(i,j)→(i′−τ1+τ2,j′−τ3+τ4)+

∑
i,j

Y (l−1)
even (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ2

N∑
d=t+1

h(i,j)→(i′−τ1+τ2,j′−τ3+τ4),d+

Y (l−1)
even (i′, j′)

t∑
d=0

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1+τ2+τ3+τ4=d

τ2h(i′,j′)→(i′−τ1+τ2,j′−τ3+τ4),d

)
. (B.12)

Now, we can find the channel probabilities very easily using the average number

of the bit changes in the left and the right side of a sequence inside the ball of a

codeword. The channel probability of changes from 0’s to 1’s in the left side of an

even block in the l-th iteration and after decoding the odd blocks in the (l − 1)-th

iteration is

p
(l)
m,left,even =

N
(l)
0→1,left,even

m2 −∑i′,j′ i
′
(
Y

(l−1)
even (i′, j′) +X

(l−1)
even (i′, j′)

) , (B.13)

where m = N/2. The denominator in (B.13) equals the total number of 0’s in the

left side of an even block after decoding the even blocks in the (l−1)-th iteration and

before decoding the odd ones in the (l − 1)-th iteration. The channel probability of

changes from 1’s to 0’s in the left side of an even block in the l-th iteration and after

decoding the odd blocks in the (l − 1)-th iteration is

p
(l)
d,left,even =

N
(l)
1→0,left,even∑

i′,j′ i
′
(
Y

(l−1)
even (i′, j′) +X

(l−1)
even (i′, j′)

) , (B.14)
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where the denominator is the total number of 1’s in the left side of an even block

after decoding the even blocks in the (l− 1)-th iteration and before decoding the odd

ones in the (l− 1)-th iteration. The channel probability of changes from 0’s to 1’s in

the right side of an even block in the l-th iteration and after decoding the odd blocks

in the (l − 1)-th iteration is

p
(l)
m,right,even =

N
(l)
0→1,right,even

m2 −∑i′,j′ j
′
(
Y

(l−1)
even (i′, j′) +X

(l−1)
even (i′, j′)

) , (B.15)

where the denominator is the total number of 0’s in the right side of an even block

after decoding the even blocks in the (l− 1)-th iteration and before decoding the odd

ones in the (l− 1)-th iteration. The channel probability of changes from 1’s to 0’s in

the right side of an even block in the l-th iteration and after decoding the odd blocks

in the (l − 1)-th iteration is

p
(l)
d,right,even =

N
(l)
1→0,right,even∑

i′,j′ j
′
(
Y

(l−1)
even (i′, j′) +X

(l−1)
even (i′, j′)

) , (B.16)

where the denominator is the total number of 1’s in the right side of an even block

after decoding the even blocks in the (l− 1)-th iteration and before decoding the odd

ones in the (l − 1)-th iteration.

The channel probability of changes from 0’s to 1’s in the left side of an odd block

in the l-th iteration and after decoding the even blocks in the l-th iteration is

p
(l)
m,left,odd =

N
(l)
0→1,left,odd

m2 −∑i′,j′ i
′
(
Y

(l−1)
odd (i′, j′) +X

(l−1)
odd (i′, j′)

) , (B.17)

where the denominator is the total number of 0’s in the left side of an odd block after

decoding the odd blocks in the (l− 1)-th iteration and before decoding the even ones

in the l-th iteration. The channel probability of changes from 1’s to 0’s in the left

side of an odd block in the l-th iteration and after decoding the even blocks in the

l-th iteration is

p
(l)
d,left,odd =

N
(l)
1→0,left,odd∑

i′,j′ i
′
(
Y

(l−1)
odd (i′, j′) +X

(l−1)
odd (i′, j′)

) , (B.18)

where the denominator is the total number of 1s in the left side of an odd block after

decoding the odd blocks in the (l− 1)-th iteration and before decoding the even ones
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in the l-th iteration. The channel probability of changes from 0’s to 1’s in the right

side of an odd block in the l-th iteration and after decoding the even blocks in the

l-th iteration is

p
(l)
m,right,odd =

N
(l)
0→1,right,odd

m2 −∑i′,j′ j
′
(
Y

(l−1)
odd (i′, j′) +X

(l−1)
odd (i′, j′)

) , (B.19)

where the denominator is the total number of 0’s in the right side of an odd block

after decoding the odd blocks in the (l− 1)-th iteration and before decoding the even

ones in the l-th iteration. The channel probability of changes from 1’s to 0’s in the

right side of an odd block in the l-th iteration and after decoding the even blocks in

the l-th iteration is

p
(l)
d,right,odd =

N
(l)
1→0,right,odd∑

i′,j′ j
′
(
Y

(l−1)
odd (i′, j′) +X

(l−1)
odd (i′, j′)

) , (B.20)

where the denominator is the total number of 1’s in the right side of an odd block

after decoding the odd blocks in the (l− 1)-th iteration and before decoding the even

ones in the l-th iteration.

First Iteration of Decoding

As aforementioned, we assume that the decoding process starts from the even blocks.

There are three steps, discussed in continue, to accomplish the first iteration.

Regular and non-Regular Sequences of Even Blocks In the first iteration, we

can write the first expected value of the regular sequences of even blocks, X
(1)
even(i′, j′),

in

X(1)
even(i

′, j′) = Nav
s (i′, j′)

Āi′,j′(
N/2
i′

)(
N/2
j′

) , (B.21)

where Nav
s (i, j) is the average number of sequences of weight (i, j) before decoding

starts, and is calculated from

Nav
s (i, j) =

N

2

(
N/2
i

)
pi(1− p)N/2−i

(
N/2
j

)
pj(1− p)N/2−j , (B.22)
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where p is the BSC channel cross-over probability. Also, the first expected value of

non-regular sequences of even blocks, Y
(1)
even(i′, j′) is

Y (1)
even(i

′, j′) =
∑
i,j

Nav
s (i, j)Pb(i

′, j′, i, j) (B.23)

where Pb(i
′, j′, i, j) is the probability that a sequence of weight (i, j) is inside the ball

of any codeword of weight (i′, j′). Pb(i
′, j′, i, j) is obtained from

Pb(i
′, j′, i, j) = Nb(i

′, j′, i, j)
Ai′,j′(

N/2
i

)(
N/2
j

) , (B.24)

Nb(i
′, j′, i, j) is the number of the sequences of weight (i, j) which belong to the ball

of a typical codeword of weight (i′, j′).

Right and Left Channel Probabilities of Odd Blocks To calculate the right

and left channel probabilities for the odd blocks, for all codeword we calculate the

related bit changes and then add them together. We write the average number of

changes in an odd block in the first iteration and after decoding the even blocks as

N
(1)
0→1,left,odd =

∑
i′,j′

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

(
τ3N

av
s (i′ − τ1 + τ2, j

′ − τ3 + τ4)

× Pb(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4)
)
, (B.25)

N
(1)
1→0,left,odd =

∑
i′,j′

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

(
τ4N

av
s (i′ − τ1 + τ2, j

′ − τ3 + τ4)

× Pb(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4)
)
, (B.26)

N
(1)
0→1,right,odd =

∑
i′,j′

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

(
τ1N

av
s (i′ − τ1 + τ2, j

′ − τ3 + τ4)

× Pb(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4)
)
, (B.27)

N
(1)
1→0,right,odd =

∑
i′,j′

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

(
τ2N

av
s (i′ − τ1 + τ2, j

′ − τ3 + τ4)

× Pb(i
′, j′, i′ − τ1 + τ2, j

′ − τ3 + τ4)
)
. (B.28)
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Having the average number of bit changes at hand , we calculate the left and right

side bit changes probabilities of the odd blocks in

p
(1)
m,left,odd =

N
(1)
0→1,left,odd

m2(1− p)
, (B.29)

p
(1)
d,left,odd =

N
(1)
1→0,left,odd

m2p
, (B.30)

p
(1)
m,right,odd =

N
(1)
0→1,right,odd

m2(1− p)
, (B.31)

p
(1)
d,right,odd =

N
(1)
1→0,right,odd

m2p
. (B.32)

Regular and non-Regular Sequences of Odd Blocks Using the left and right

probabilities obtained from the previous section, one can calculate the average num-

ber of the regular and non-regular sequences. The average number of the regular

sequences of weight (i′, j′) in an odd block in the first iteration is

X
(1)
odd(i

′, j′) =
∑
i,j

p(i,j)→(i′,j′)pr(i
′, j′)Nav

s (i, j) . (B.33)

Also, the average number of the non-regular sequences of weight (i′, j′) in an odd

block in the first iteration is

Y
(1)
odd(i

′, j′) =
∑
i,j

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

h1(i,j)→(i′−τ1+τ2,j′−τ3+τ4)N
av
s (i, j) , (B.34)

where

h1(i,j)→(i′−τ1+τ2,j′−τ3+τ4) =
[
p(i,j)→(i′−τ1+τ2,j′−τ3+τ4) + p(i,j)→(i′−τ1+τ2,j′−τ3+τ4),0

]
× pm(i

′, j′, i′ − τ1 + τ2, j
′ − τ3 + τ4) (B.35)

Right and Left Channel Probabilities of Even Blocks We calculate the re-

lated probabilities which are to be used in the second iteration. We write the average
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number of changes in an even block in the second iteration and after decoding the

odd blocks in

N
(2)
0→1,left,even =

∑
i′,j′

∑
i,j

Nav
s (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ3h1(i,j)→(i′−τ1+τ2,j′−τ3+τ4) ,

(B.36)

N
(2)
1→0,left,even =

∑
i′,j′

∑
i,j

Nav
s (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ4h1(i,j)→(i′−τ1+τ2,j′−τ3+τ4) ,

(B.37)

N
(2)
0→1,right,even =

∑
i′,j′

∑
i,j

Nav
s (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ1h1(i,j)→(i′−τ1+τ2,j′−τ3+τ4) ,

(B.38)

N
(2)
1→0,right,even =

∑
i′,j′

∑
i,j

Nav
s (i, j)

∑
τ1,··· ,τ4≥0,τ1+τ2+τ3+τ4≤t

τ2h1(i,j)→(i′−τ1+τ2,j′−τ3+τ4) .

(B.39)

Finally, we can calculate the left and right probabilities in

p
(2)
m,left,even =

N
(2)
0→1,left,even

m2 −∑i′,j′ i
′
(
Y

(1)
even(i′, j′) +X

(1)
even(i′, j′)

) , (B.40)

p
(2)
d,left,even =

N
(2)
1→0,left,even∑

i′,j′ i
′
(
Y

(1)
even(i′, j′) +X

(1)
even(i′, j′)

) , (B.41)

p
(2)
m,right,even =

N
(2)
0→1,right,even

m2 −∑i′,j′ j
′
(
Y

(1)
even(i′, j′) +X

(1)
even(i′, j′)

) , (B.42)

p
(2)
d,right,even =

N
(2)
1→0,right,even∑

i′,j′ j
′
(
Y

(1)
even(i′, j′) +X

(1)
even(i′, j′)

) . (B.43)
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Coupling effect

Up to now, we have calculated the required values without distinguishing the graph

positions in the chain. In this section, we take the effect of coupling into account.

Notice that previous calculations could help us find an lower-bound for the threshold.

Here, we consider an staircase code with the chain length L, where L is an odd

integer. Then, there are L−1
2

odd and L−1
2

even graphs. We suppose that in the

encoder the first and the last blocks are filled with zeros. In each iteration, at first

we decode the even graphs and then the odd ones. The analysis is very similar to

the previous discussions, but we update the left and right bit changes probabilities

of a graph of a kind using its neighbours of the other kind. The main efforts are

calculating the regular and non-regular sequences in the boundary graphs and bit

changes probabilities in the right side of the first odd graph and the left side of the

last even graph.

To calculate the regular sequences in the last graph which is of type even since

the right weights of the sequences are 0, we can write X of the last graph (an even

graph in the position L−1
2
) in the first iteration in

X
(1)

even,L−1
2

(i′, 0) = Nav
s,even,L−1

2

(i′)pr,even,L−1
2
(i′, 0) , (B.44)

where Nav
s,even,L−1

2

(i) is the average number of sequences of weight (i, 0) in the last

graph and is calculated from

Nav
s,even,L−1

2

(i) =
N

2

(
N/2
i

)
pi(1− p)N/2−i , (B.45)

and

pr,even,L−1
2
(i′, 0) =

Āi′,0 +
∑

i,j,j �=0 Ai,jNb(i, j, i
′, 0)(

N/2
i′

) (B.46)

is the probability that in the last even graph a sequence of weight (i′, 0) lies down

outside the ball of any codeword of weight (i, 0), i = 0, 1, ..., N/2. Notice that since the

last graph is an all-zero matrix, the relevant codewords are of weight (i, 0). Therefore,

in (B.46) the numerator also includes the number of the sequences which are inside the

ball of the codewords of weight (i′, j′) for j′ �= 0. We can alternatively rewrite (B.46)
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in

pr,even,L−1
2
(i′, 0) =

(
N/2
i′

)
−∑i Ai,0Nb(i, 0, i

′, 0)(
N/2
i′

) . (B.47)

It is clear that for j′ �= 0, X
(1)

even,L−1
2

(i′, j′) = 0. Also, Y of the last graph in the first

iteration is

Y
(1)

even,L−1
2

(i′, 0) =
∑
i

Nav
s,even,L−1

2

(i)Pb(i
′, 0, i, 0) (B.48)

and for j′ �= 0, Y
(1)

even,L−1
2

(i′, j′) = 0. After finding the X and Y values for the last

graph, the bit changes probabilities in the right side of the penultimate graph, which

is of odd type, must be calculated. At first, we calculate the average numbers of bit

changes (caused by decoding in its right side even neighbor) in the last odd graph’s

right block in the first iteration, which are

N
(1)

0→1,right,odd,L−1
2

=
∑
i′

∑
τ1,τ2≥0,τ1+τ2≤t

τ1N
av
s,L−1

2

(i′ − τ1 + τ2)Pb(i
′, 0, i′ − τ1 + τ2, 0) ,

(B.49)

N
(1)

1→0,right,odd,L−1
2

=
∑
i′

∑
τ1,τ2≥0,τ1+τ2≤t

τ2N
av
s,L−1

2

(i′ − τ1 + τ2)Pb(i
′, 0, i′ − τ1 + τ2, 0) .

(B.50)

Dividing the number of bit changes by total number of bits, we calculate the bit

changes probabilities in the last odd graph’s right block in the first iteration, which

are

p
(1)

m,right,odd,L−1
2

=
N

(1)

0→1,right,odd,L−1
2

m2(1− p)
, (B.51)

p
(1)

d,right,odd,L−1
2

=
N

(1)

1→0,right,odd,L−1
2

m2p
. (B.52)

To calculate the regular sequences in the first graph, which is of type odd, since

the left weights of the sequences are 0, we can write X of the first graph (an odd

graph in the position L−1
2
) in the first iteration in
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X
(1)
odd,1(0, j

′) =
∑
j

p(0,j)→(0,j′)pr,odd,1(0, j
′)Nav

s,odd,1(j) , (B.53)

where

Nav
s,odd,1(j) =

N

2

(
N/2
j

)
pj(1− p)N/2−j (B.54)

is the average number of sequences of weight (0, j) in the first odd graph and

pr,odd,1(0, j
′) =

(
N/2
j′

)
−∑z A0,zNb(0, z, 0, j

′)(
N/2
j′

) (B.55)

is the probability that in the first odd graph a sequence of weight (0, j′) lies down

outside the ball of any codeword of weight (0, j), j = 0, 1, ..., N/2. Similar to before,

since the first block is an all-zero matrix, the considered codewords are of weight

(0, j). For i′ �= 0, X
(1)
odd,1(i

′, j′) = 0. Note that in (B.53), to calculate p(0,j)→(0,j′),

p
(1)
d,left,odd,1 = 0 and p

(1)
m,left,odd,1 = 0. Also, Y of the first graph in the first iteration is

Y
(1)
odd,1(0, j

′) =
∑
j

∑
τ3,τ4≥0,τ3+τ4≤t

h1(0,j)→(0,j′−τ3+τ4)N
av
s,1(j) . (B.56)

For i′ �= 0, Y
(1)
odd,1(i

′, j′) = 0. Again, to calculate h1(0,j)→(0,j′−τ3+τ4), p
(1)
d,left,odd,1 = 0

and p
(1)
m,left,odd,1 = 0. Next step is finding the first even graph’s left side bit changes

probabilities. We calculate the average numbers of bit changes (caused by decoding in

its odd left side neighbor) in the first even graph’s right block in the second iteration,

which are

N
(2)
0→1,left,even,1 =

∑
j′

∑
j

Nav
s,1(j)

∑
τ3,τ4≥0,τ3+τ4≤t

τ3h1(0,j)→(0,j′−τ3+τ4) , (B.57)

N
(2)
1→0,left,even,1 =

∑
j′

∑
j

Nav
s,1(j)

∑
τ3,τ4≥0,τ3+τ4≤t

τ4h1(0,j)→(0,j′−τ3+τ4) . (B.58)

Finally, the bit changes probabilities in the first even graph’s left block in the second

iteration are

p
(2)
m,left,even,1 =

N
(2)
0→1,left,even,1

m2 −∑i′,j′ i
′
(
Y

(1)
even,1(i

′, j′) +X
(1)
even,1(i

′, j′)
) , (B.59)
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p
(2)
d,left,even,1 =

N
(2)
1→0,left,even,1∑

i′,j′ i
′
(
Y

(1)
even,1(i

′, j′) +X
(1)
even,1(i

′, j′)
) . (B.60)

For the other graphs of a same type X, Y , pm and pd are the same in the first

iteration. In the following iterations since each graph updates its neighbors and the

boundary graphs information have penetrated to some others (Depending on the

number of iteration), these values are different for different graphs.

As seen in the first iteration, the sequences only can get mapped to the codewords

of weight (0, j′) for the first graph and (i′, 0) for the last one. We leave the sequences

which are inside the ball of other codewords than of weight (0, j′) and (i′, 0) as they

are (they will be considered in X).

In the l-th iteration the number of the regular sequences of weight (i′, 0) in the

last graph can be written in

X
(l)

even,L−1
2

(i′, 0) =
∑
i

[
X

(l−1)

even,L−1
2

(i, 0)p(i,0)→(i′,0)
Āi′,0I(i, i

′)(
N/2
i′

)(
N/2
0

)

+ Y
(l−1)

even,L−1
2

(i, 0)
N∑

d=t+1

p(i,0)→(i′,0),d
Āi′,0(

N/2
i′

)(
N/2
0

)
−Nb(i, 0, i′, 0)

]

+X
(l−1)

even,L−1
2

(i′, 0)p(i′,0)→(i′,0),0 +X
(l−1)

even,L−1
2

(i′, 0)p(i′,0)→(i′,0)
Āi′,0 − 1(

N/2
i′

)(
N/2
0

)
− 1

,

(B.61)

where the indicator function, I(i, i′), is 0 when i = i′ and 1 otherwise. The num-

ber of the codeword sequences of weight (i′, 0) is obtained from (B.4) for j′ = 0. It

is clear that for j′ �= 0, X
(l)

even,L−1
2

(i′, j′) = 0 and Y
(l)

even,L−1
2

(i′, j′) = 0. Also, the bit

changes happen when the sequences inside the ball of the codewords of weight (i′, 0)

are decoded to the related codeword. Therefore, the bit changes probabilities can be

computed in the same way as before for j′ = 0 and only for the right side of the odd

neighbor.

Similar analysis can be done for the first graph. Therefore,
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X
(l)
odd,1(0, j

′) =
∑
j

[
X

(l−1)
odd,1(0, j)p(0,j)→(0,j′)

Ā0,j′I(j, j
′)(

N/2
0

)(
N/2
j′

)

+ Y
(l−1)
odd,1 (0, j)

N∑
d=t+1

p(0,j)→(0,j′),d
Ā0,j′(

N/2
0

)(
N/2
j′

)
−Nb(0, j, 0, j′)

]

+X
(l−1)
odd,1(0, j

′)p(0,j′)→(0,j′),0 +X
(l−1)
odd,1(0, j

′)p(0,j′)→(0,j′)
Ā0,j′ − 1(

N/2
0

)(
N/2
j′

)
− 1

.

(B.62)

Also, the number of the codeword sequences of weight (0, j′) is obtained from (B.4)

for i′ = 0. Moreover, X
(l)
odd,1(i

′, j′) = 0 and Y
(l)
odd,1(i

′, j′) = 0 for i′ �= 0.



Appendix C

Window Decoding Complexity in Coupling Transmission

System

C.0.1 AMP complexity

To present a complexity quantity of the AMP window decoder we count the number of

multiplications and devisions in one iteration of decoding. Notice that multiplication

by Aw
k , A

w(2)
k and their transposes actually perform summations. However, to be more

precise we can consider every grouped summation as a multiplication. We eliminate

the functions’ effects in complexity calculations since they can simply be performed

using pre-calculated tables. Referring to section 8.1.1 for w(i) in the first term the

number of devisions is upper-bounded by WMN , and WLN grouped summations

are needed. For the second term there are WLN element-wise multiplications and

WMN grouped summations. Hence, w(i) needs Nw
co = 2WLN + 2WMN complex

operations to be done. For r
w,(i)
k , to calculate the second term less than WMN

grouped summations are necessary. For A
w(2)
k sech2

(
w(i−1)

)
there is a need for WLN

multiplications and less than WMN grouped summations.
r
w,(i−1)
k

σ2
i−1

has already been

calculated when computingw(i−1), and there are less thanWMN element-wise multi-

plications. Therefore, there are less than N r
co = WLN +3WMN complex operations

needed to obtain r
w,(i)
k . Eventually, the total number of complex operations in an

iteration is upper-bounded by NAMP
co = Nw

co +N r
co = WN(3L+ 5M).

C.0.2 MP Complexity

To analyze the complexity for MP we refer the reader to Equation (3) in [67]. For

messages from variable nodes to check nodes there are MWLN devisions and WLN

grouped summations. There are another MWLN grouped subtractions to remove

the effect of excluded messages from variable to check nodes. Therefore, N v→c
co =

(2M + 1)WLN complex operations to update variable to check messages. For check
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to variable messages there are less than WMN grouped summations and MWLN

grouped subtractions to remove the effect of excluded messages. The number of

complex operations to update check to variable messages is less thanN v→v
co = WMN+

MWLN . The total complexity number to implement MP is less than NMP
co = N c→c

co +

N c→v
co = (3M + 1)WLN +WMN .



Appendix D

MP Algorithm

In this section we drive a matrix form to implement the MP algorithm. The original

formulas of the MP algorithm are

zkt→j = ỹt −
∑
j′∈j(t)
j′ �=j

Atj′p
k
j′→t, (D.1)

pk+1
j→t = tanh

( ∑
t′∈τ(j)
t′ �=j

At′jz
k
t′→j

σ2,k
t′

)
(D.2)

where, zkt→j is the message from the check node t to the variable node j at iteration

k and pkj→t is the message from variable node j to the check node t in the iteration k.

Atj is the (t, j) entry in the matrix Ã, which is similar to parity check matrix in the

LDPC codes. j(t) is the set including all the variable nodes connected to the check

node t, and the set τ(j) comprises of all the check nodes connected to the variable

node j.

Looking at (D.1), we consider the matrix Pk, in which the (j, t) entry at iteration

k is pkj→t. Let us define a r × c matrix F1 � Ã ◦Pk, where r is the number of check

nodes and c is the number of variable nodes. Then we sum the columns of F2 to

obtain q which is a r × 1 vector. We create Q, a r × c matrix, the columns of which

are q, i.e., Q = [q,q, · · · ,q]. X = Q−F1 represents the summation in (D.1) for the

entries for which Ã is nonzero. To obtain the check to variable matrix, Zk, we need

to in first make Y = [ỹ, ỹ, · · · , ỹ], which is r × c. Finally, Zk = (Y −X) ◦ Ã(2).

To implement (D.2), at first we consider

zkt = ỹt −
∑
j′∈j(t)

Atj′p
k
j′→t, (D.3)

where zkt is the noise and interference of the check node t, which we can obtain in zk =

(ỹ−q). zkt helps us to calculate noise and interference power ν = [σ2,k
1 , σ2,k

2 , · · · , σ2,k
r ]T

in the same way as the AMP. We constitute N = [ν, ν, · · · , ν] and define F2 � Ã◦Zk.
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Then, we compute G � F2 � N, where � shows the element-wise devision. By

summing the rows of G, we obtain a vector, d, which is 1 × c. A r × c matrix, D,

is made by repeating d as its rows such that D = [dT ,dT , · · · ,dT ]T . Eventually, we

can find Pk+1 in Pk+1 = tanh
(
(D−G) ◦ Ã(2)

)
. After some number of iterations, the

values of variable nodes are updated in

pk+1
j = tanh

( ∑
t′∈τ(j)

At′jz
k
t′→j

σ2,k
t′

)
(D.4)

which is obtained from pk+1 = tanh(d).


