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Abstract

We will consider different methods which extend any given ring to
a ring which contains an identity element. Each construction will be
examined to determine properties which are retained by the extension if

possessed by the original ring.
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CHAPTER 1

The Characteristic Ring

§1.1 Introduction

In this thesis, we will examine various constructions which have been developed to
extend a given ring to a ring with an identity element. One extension which we will
examine, which preserves many of the properties of the original ring, is constructed by
adjoining an epimorphic image of the ring of the integers to the original ring. For any
given ring S, the Z-epimorph used in this construction is called the characteristic ring
of S, and is uniquely determined by the additive structure of S. This chapter examines
the epimorphs of the ring of integers and develops the notion of the characteristic
function.

We begin the next section with a discussion of the structure of Z-epimorphs.
First, given that a ring R is a Z-epimorph, it will be shown that it has one of
three possible structures. Conversely, it will then be shown that any ring which has
one of these three structures is a Z-epimorph. Results of this section are due to
[CHEA 72, DICK 84, STOR 68].

The last section of this chapter develops the notion of the characteristic function.
This characteristic function is uniquely determined by a given ring S, and associates
with S a Z-epimorph, called the characteristic ring of S. Later chapters will use this
characteristic ring to construct an extension of S which has an identity and preserves

many properties of the original ring S.

§1.2 Epimorphs of the Ring of Integers
This section characterizes the epimorphisms of the ring of integers. As will be

seen later, the “characteristic ring” K (End S) of any arbitrary ring S will be defined



as an epimorphism of the ring of integers. This characteristic ring K(End S) may
be used to construct an extension of the original ring S which contains an identity
element and preserves many of the properties of the original ring S.

In this section, each of the rings we will consider has an identity element, denoted
1. Where ambiguity may arise, the identity of any given ring S will be denoted 1s.
All homomorphisms g : A — B will be assumed to satisfy g(14) = 1. The ring of
integers is denoted by Z, the field of rationals by @, the natural numbers by N and
the set of prime integers by P.

Definition 1.2.1 Given any two rings A and B, and a homomorphism g : A — B,
we say that g is an epimorphism if, for any ring C' and homomorphisms f; : B — C
and f, : B — C, we have f; = fy if fiog = fo 0g. In this case, we call B an
epimorph of A, or simply an A-epimorph. u]

Throughout this section the ring R will denote a Z-epimorph through the epi-

morphism f : Z — R. Of course, f is completely determined by f(1) = 1x.

Definition 1.2.2 Given a ring A, an additive abelian group W is a left A-module if
there is a scalar multiplication, * : A x W — W, defined for all a,b in A and for all

w,z in W, satisfying:
l.ax(w+z)=a*w+axc
2. (a+d)*w=a*xw+bxw
3. (ab).*wza*(b*w)
4. 1 *w = w in the case where A has an identity.

Right A-modules are defined similarly. W is said to be an A-bimodule if and only if
W is both a left and a right A-module and (a * w) * b = a * (w x b). (]



It should be noted that any ring S together with its additive operation + is an
additive abelian group and therefore may be considered an A-module for some ring
A in this way. We first require a lemma concerning modules, followed by a discussion

regarding the structure of R.

Lemma 1.2.1 Let A and K be rings and g : A — K a homomorphism. Then the
scalar multiplications * : AX K — K and #' : K x A — K defined by axk = g(a)k
and k «' a = kg(a) for any a in A and any k in K, causes K to be an A-bimodule.

Proof. We note that g(a) is an element of K for all a in A, and that the ring
structure of K satisfies the four requirements which make K an A-bimodule, giving

our desired result. |

Definition 1.2.3 Given a ring A, a ring W is called an A-bimodule algebra if W is

an A-bimodule and satisfies

ax(wz) = (a*xw)r =w(a*z)=(wz)*a=w(z*a)=(w*a)r
for all w,z € W and all a € A. (=]
Corollary 1.2.1 Every ring K with identity is a Z-bimodule algebra.

We now consider a given Z-epimorph, R, and determine its structure. Later in
this section we will show the converse, that any ring which is of one of three given
structures is in fact a Z-epimorph. To begin, we prove the following lemma which

shows that every Z-epimorph is commutative.
Lemma 1.2.2 [DICK 84] R is commutative.

Proof. Let R[z] be the polynomial ring of R, and recall that f : Z — R is the
unique epimorphism from Z to R such that f(1) = 1g. Let I be the ideal of R[z]



generated by 22 and consider R[z]/I. For each element a of R we see that (1 —az)+T1

is the multiplicative inverse of (1 + az) + I since
[(Q+az)+1[(1—az)+ 1= (1-a’*x*)+I=1+1.
For a fixed element b of R we define two ring homomorphisms, as follows:
fi: R— Rlz)/I
where fi(r) = (1 + bz)r(1 — bz) + I, and
fa: R— Rle]/I

where fa(r) = r+ 1. We see that fio f = fa0 f, so fi = fz since f is an epimorphism.
Thus for all 7 in R,

r+I=(1+bz)r(1—bz)+ I =r+ber—rbz —brbez+ I =r+ (br —rb)z+ 1.

Therefore (br — rb)z is an element of I. Since I is generated by z?, we see that

br — rb =0, so br = rb proving that R is commutative. |

Throughout this chapter, a tensor product over a ring S will be denoted by ®g,
except in the case where S = Z when the subscript will be omitted. We now consider
a tensor product, over Z, of a given Z-epimorph R and any ring K with identity.
This tensor product R® K is shown to be a K-epimorph. This result is then used to
show that when K is a field either R® K ~ K or R® K ~ 0.

Lemma 1.2.3 For any ring K, R® K is a K epimorph.

Proof. Letg, : R— R®K and g, : K — R®K be the canonical homomorphisms
of R and K into R ® K, respectively. Consider a ring T' and two homomorphisms
hi,hy : R® K — T such that h; 0 g = hy 0 g;. We now look at the resultant

diagram, where g is the unique homomorphism of Z into K.



f (epi)

by

K R® K
92 by

We first note that, for any n in Z,
qof(n) = ailnln)
= nlp® lg
= lp®nlk
= g(nlk)
= gog(n),
and so the rectangle commutes (i.e. g1 0 f = gy 09).
Since hq 0 g2 = hy 0 g2 by assumption, we have
M1 ®k)=hy(1®Fk)
for all k¥ in K. Also, we see that hjoga0g9 = hyogy0g, so that hyogio f = hyogof.
Since f is an epimorphism we have that hy 0 g1 = hy 0 ¢y, and so
hi(r®1) = ha(r ®1)
for all 7 in R.
Thus, forall r® kin R® K,
hi(r®k) = h((r®1)(1®k))
= hrl)h(1®k)
= hy(r®1)hy(l ® k)
= hy(r®k),



and so h; = hy. Thus g, is an epimorphism.

Lemma 1.2.4 For any field K either RQ K ~ K or R® K ~ 0.

Proof. Denote R ® K by Rx. We consider the ring
Rk R R
N = k Bk ®x Rk
0 Ry
z 0
h:Rx — z € R
0 =z
is an isomorphism. Denote by a the unit

((1@1) (1@1)®K(1®1))

and note that the diagonal map

0 ae1)

Note that

oo | 8D (-lehex(1el)
0 (1®1) '

For all £ in K we have

1gk 0 "Y1
a a
0 10k

((1®k) (—1®k)®K(1®1)+(1®1)®K<1®k)))

0 1@k

1k 0
0 1Q®k



since

(-19k)®k (181) (-1® )k®x (1®1)
(-1®1)Qk k(1®1)

(-1®1)®k (1 ® k).

Thus the inner automorphism ¢ defined on N, which is determined by a, fixes the
image of K in N.
Denote by g : K — Rk the canonical homomorphism (epimorphism) and con-

sider the diagram

g h

Rk Rk ®x R Rk Rk Q®kx R

K R k Rk ®k Rk K Ik Qk Rk
0 Rk e D Diy 0 Rk

epi )
P
where 1 is the identity map and ¢ is the inner automorphism determined by a. Since

¢ =1 on K and g is an epimorphism, we see that ¢ o h =i 0 h. Let r be an element

in Rg. Comparing the row 1 column 2 entries of ¢ o h(r) and i o h(r) we see that

(=7 ®k lry) + (1R, ®k 1) =0

for all r in Rk, so
(r ®k lry) = (1px ®K T).

We now consider Rk as a vector space over K and suppose dimg(Rk) > 1. Then
there exists an element z in Rk such that the set {1, z} is linearly independent. Thus
it follows that {z®1,1®z} is linearly independent in the K-vector space Rx ®x R .
But this is a contradiction since we have shown ¢ ® 1 = 1 ® z. Thus dimg(Rg) < 1

and so either R ~ K or Rg ~ 0. | |



For results which follow, we require the following lemma which determines the

zeros of tensor products. This lemma is stated without proof.

Lemma 1.2.5 [STEN 75] Let L be a right A-module and M a left A-module. Let
{yi |7 € I} be a set of generators for M, for some indez set I, and let {z;|i € I}
be a set of elements of L such that almost all z; = 0. Then Y z; @y; = 0 in
L®a M if and only if there exists a finite set {u; | j € J} of elements of L and a set
{aji |1 €1,j € J} of elements of A such that

i) aji =0 for almost all (j,7);
it) Y ajiyi =0 for each j in J; and
1) z; = Y ujaj; for each i in I.

Definition 1.2.4 Let S be a ring and 51, S2,... Sk be right ideals of S. Then S; &
-+~ @ Sy is a direct sum of right ideals of S if S;NYE, .., S; =0forall j =1,2,... k.
o

We will require the following notation in the discussion to follow. Let t,(R) =
{r € R | p*r = 0 for some k > 1}, for any prime integer p. Let tR = @,cpty(R).
Thus t,(R) and tR are ideals of R. We note that an element r is contained in ¢R if
and only if there exists a positive integer m such that mr = 0. In the case where

tR = 0 we say that R is torsion-free.

Lemma 1.2.6 Let Y be a subset of the primes of Z, and let h : R — R® Z[Y ]

be the canonical homomorphism. Then ker h = @peyty(R).

Proof. Suppose 7 is an element of @,cyt,(R). Then there exists a positive integer m,
whose prime factors belong to Y, such that mr = 0. This implies that mr®1/m = 0,
so that 7 ® 1 = h(r) = 0. Thus r is contained in ker h.



Suppose r is an element of ker h. Then h(r) = r® 1 = 0. Let M be the set
consisting of 1 and the positive integers which are products of primes in Y. Denote
the elements of M by m;,mz,ms,- - such that m; < m;y; for all 2. We note that
my = 1. Let y; = 1/m;. Then {y;} is a set of generators for Z[Y~!] as a left
Z-module. Consider the set {z;} where z; = r and z; = 0 for all z > 1. Thus
0=r®1=Y%2,(z;®y:). Hence, by Lemma 1.2.5, there is a set {u;} in R and a set
{a;i} in Z such that:

1) almost all the aj; = 0; thus there exists an integer M such that aj; = 0 if either

i>Morj>M;
2) for each j we have that Y22, ajiy; = 0;

3) for each i we have that z; = ¥

521 @jiug; that is, r = 3522, ajiu; and 0 =

J

E;’;l ajiu; forii >1.

Select an integer k > M such that all prime factors of k are in Y and if aj; # 0, then
m; S k.

Consider a function g : M — Z[Y '] such that g(m;) = k!/m;. Note that when
m; < k then g(m;) is an integer. Since Y2, a;i(1/m;) = 0 for each j,

k! (Z a,',-(l/mi)> u; =0
=1

for each j. Thus 32, k!(1/m;)aju; = 0 and so 32, g(mi)aju; = 0 for all j. There-
fore

i (ig(mf)aﬁuj) =0,

= i=1

SO

fﬁ (g(m, Za,.u.) =g(1)r = klr.

=1

Therefore r is contained in @peyty(R) and so ker h = Bpevity(R). |
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For any prime p of Z we can fix K = Z/(p), a field. Hence R® Z/(p) is isomorphic
to either Z/(p) or 0. From Lemma 1.2.6 we see that

R® Z/(p) {Z(h‘ ®n;) |ri € R,n; € Z/(P)}

i

{;("m’ ® lk) | i =ni+(p) € Z/(P)}

R/pR.

(14

Hence R/pR is isomorphic to either Z/(p) or 0. It follows that for every prime p in
Z, pR +Zlg=R.
We note that for any ideals I and J of Z,if IR+ Zlg = R= JR+ Z1g then

IJR+ Zlg=IJR+ Ilgp+ Z1gp = [(JR+ Z1g) + Zlr = IR+ Zlgp = R.

So we have that IR + Z1gr = R for all non-zero ideals I of Z since every non-zero

ideal of Z is a product of prime ideals.

Corollary 1.2.2 Let h: R — Rg = R® Q be the canonical homomorphism. Then
ker h = tR.

Proof. This follows from Lemma 1.2.6 if we take Y to be the set of all prime

numbers. ]

We now prove one of the two main results of this section, by showing that any Z-
epimorph, R, has one of three forms. Later in this section we will show the converse,
that any ring which has one of these three forms is a Z-epimorph. Infinite sequences

U1, Uz, Uz . .. will be denoted (u;).

Definition 1.2.5 A ring A is p — divisible if for each a € A there is a b € A such
that a = pb. [m]

Lemma 1.2.7 R has one of the following forms:
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(A) R is isomorphic to Z|I for some ideal I of Z;

(B) R is isomorphic to D & Z/(pi*) @ - -+ @ Z/(pi*) where the p; are primes, the n;
are positive integers, and D is a ring such that Z C D C @ which is divisible
by the p;; or

C) R is isomorphic to a subring of 12, Z/(p}*), for some infinite set of primes
TP 1=1

{p:} and some infinite set of positive integers {n;}, consisting of all sequences

(uw;) where u; has the form a/b in Z/(p!) for almost all i, for some element a/b

in a ring D where Z C D C Q and D is divisible by the primes p;.

Proof. If we consider the canonical homomorphism k2 : R — R ® Q = Ry, we see
that ker h = tR and that R/tR is isomorphic to the image of R in Rg. Since Rg ~ 0

or @, we have either:

1) R = tR in the case where Rg = 0, and so the annihilator of 1z is a non-zero
ideal I of Z. Recall that R = JR + Z1g for all nonzero ideals J of Z. Now,
since IR =0, R = Z1r ~ Z/I as required; or

2) In the case where Ry ~ @) we have that R/tR is isomorphic to a subring of Q.
We now check that the epimorphism f : Z — R is injective. If this were not the
case there would be a non-zero m in Z such that m1r = 0, so that m1p®1g =0
in Rgq, in which case tRg # 0 contradicting Rq ~ @. Thus Z1g NtR = 0 and
so R/tR is isomorphic to a subring D of @ such that Z C D C Q). Now suppose
that m/n is in D where m and n are relatively prime. Then there are integers
s and t such sm+tn =1, and so sm/n+t = (sm+tn)/n =1/nisin D. Thus
R/tR ~ Z[X;'] for some set Xj of prime numbers.

Since the first case, where Rg =~ 0, gives our result, the rest of the proof consists
of a detailed analysis of the second case, where Rg ~ Q.

Consider the following diagram:
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7 R RQ® Z[Xo™
epi

R/tR I

For n in Z, the upper route gives n — nl — nl ® 1 = 1 ® n while the lower
route gives n — nl — nl +tR — n — 1 @ n. Since R is an epimorph of Z,
this shows that the rectangle commutes. We note that the kernel of the lower route

is tR, while the kernel of the upper route is ®,ex,tp(R). Thus
1R = Bpexotn(R).

Given an element r in ¢ R, there exists rq, 7, ..., r, where the r; are in ¢,,(R) such
that r = ry +--- + ;. We denote by e,, : tR — t,,(R) the map which sends r to r;.
For 7 in R we see that 7r is in tR and e,,(Fr) = 7r; = Fep(r).

Let g denote the isomorphism Z[X,~!] — R/tR. For m/n in Z[X,™!] we let o’
be the element of R such that g(m/n) = a’ +¢R. Since g(m) = g(m/n)g(n), we have
m+tR = (a’ + tR)(n +tR) = na’ + tR and so na’ — m is an element of tR. If b is
an element of R such that nb — m belongs to tR, then n(a’ — b) in tR gives a’ — b
in tR, so that @' + tR = b+ tR. So for m/n in Z[Xg'], if g(m/n) = a’ + tR then
na’ —m is in tR; and conversely, if b is in R such that nb — m belongs to ¢{R, then
g(m/n) =b+tR.

Let X; = {p€ Z | pis prime, t,(R) # 0}. We note that X; C Xo, since tR =
Dpexotp(R).

Fix p in X; and choose a in R such that g(1/p) = a + tR. Therefore 1 — pa is in
tR. Thus (pa)=! — (pa)' is in tR for all I > 1. For a given [ > 1, the assumption
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that 1 — (pa)’~Y is in ¢R implies that
(1= (pa)*™) + ((pa) =V ~ (pa)') = 1 — (pa)’

belongs to tR. Thus we see that, by induction, 1 — (pa)' is an element of ¢R for all
L=,

Since e,(1 — pa) is in ¢,(R), we can choose a positive integer ¢ which is minimal
such that p°e,(1 — pa) = 0, which implies e,(p° — p°pa) = 0. Thus, e,(p*(pa)~?) —
p°(pa)') = 0 for all positive integers I. For each positive integer /, the assumption

that e,(p® — p°(pa)*~1) = 0 implies that
ep(p° = P°(pa)'™V) + e(p°(pa) " — p°(pa)’) = 0,

so that e,(p® — p°(pa)') = 0. Thus we see that, by induction on [, e,(p° — p°(pa)') = 0
for all I > 1, so since the map e, is additive, p°e,(1 — (pa)') = 0.

For any z in t,(R), there exists a positive integer w such that p*z = 0, so that
p°(pa)?z = 0. Now e,((p°(pa)” — p°)z) = 0 since p°e,(1 — (pa)*) = 0, but z in ¢,(R)
implies that (p°(pa)” — p°)z is in t,(R). Thus

ep((p°(pa)” — p%)z) = (p°(pa)” — p°)z,
so (p°(pa)” — p°)z = 0 which implies that p°z = 0, and so p°t,(R) = 0.
Let e(p) = (1 — (pa)°). For any z in t,(R),
e(p)e = e5((1 = (pa)?)a) = ep(x — pza?) = ey(x) = a.
Thus e(p) is an identity element for ¢,(R), and R = R(1 — e(p)) & Re(p).

There are two cases to consider:

Case I: X is finite. For notation, let X7 = {p1,---,px}. Let e = e(p1) + - + e(px)-
Then e is an identity element for ®% ,¢,.(R). Now, R = R(1 —¢) @ Re =
R(1 —€) ® tR so that R/tR ~ R(1 — e). Consider the maps Z — R —
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R/R(1 — e(p)) = Re(p). Since this composition is an epimorphism, it follows
from (1) at the beginning of the proof that this map is onto and so Re(p) =
Ze(p) = Z/(p°). Thus

R~R[tROZ/(p™) ®--- & Z/(m™) ~ Z[Xo7'| @ Z/(p™) ® - ® Z/(ps™)
as desired.

Case II: Xj is infinite. For any p in X;, define S, : R — t,(R) by S,(r) = re(p).
Define S : R — [[,ex, to(R) by

8(r) = (Spy(r), Spy(7), - -) = (re(pr),re(pa), -+ )-

Clearly, S is a ring homomorphism.

For any r in R we choose a and b such that r = a + b where there exists m/n
in Z[Xo™!] with na —m in ¢tR, and b is in tR. Thus S(r) = S(a) + S(b), and
since b belongs to tR, there exists a positive integer k such that Sy, (b) = 0 for
all 7 > k, so that Sp,(r) = Sp;(a) = e(pi)a. Since na — m belongs to tR, there
exists a positive integer k such that e(p;)(na — m) = 0 for all 7 > k, which
implies that ne(p;)a — e(p;)m = 0. Hence we see that S is into the subring R
of the ring [ cx, t,(R), consisting of sequences of the form (u;) where there is
an element m/n in Z[X,™'] and a positive integer / such that u; has the form

m/7 in Ze(p;) (which is isomorphic to Z/(p}*) for some n;) for all 7 > [.

We see that S is one-to-one, for if S(r) = 0 then S,,(a) = e(pi)a = 0 for
infinitely many p;. Therefore m = 0 mod p}* for infinitely many p;, so that
m = 0, and so na is an element of ¢tR. Thus r belongs to tR so r = 0 since

e(pi)r = 0 for all 1.

We also see that S is onto R, for let v = (a1,as,...) be in R. Since v is

in R, there is an element m/n in Z[Xj'] such that ¢; has the form m /7 in
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Z/(p?) for almost all i. Because R/tR ~ Z[X;'] we can choose a+tR in R/tR

such that na — m is in tR. Hence Sp,(na — m) = 0 for almost all ¢, therefore
Spi(a) = a; = m/n for almost all 7. Thus there exists a positive integer / such

that S,,(a) = a; for all i > I. Let @ = a + X'_,(a; — ae(pi)), an element of R.
Then S(@) = v, and so S is onto R. Thus R ~ R, as desired, completing the

roof.

L | |
Thus we have proven one of the main results of this section, which gives the only
possible structures of a Z-epimorph. We now show the converse, and deal with each

of the three structures described in Lemma 1.2.7 separately.
Lemma 1.2.8 For any ideal I of Z, Z/I is an epimorph of Z.

Proof. The canonical homomorphism f : Z — Z/I is onto. n

Lemma 1.2.9 Let R=D & Z/(;™) ® -+ ® Z/(pr™) where the p; are primes, the
n; are positive integers, and D is a ring which is divisible by the p; with Z C D C Q.
Then R is an epimorph of Z.

Proof.

Let R=D® Z/(p*) ® - ® Z/(p;*) be as in the statement of the lemma, and
suppose that g,h : R — S are ring homomorphisms such that g(1g) = A(1Rg).

For each d € D let [d] denote the element (z,a1,--,ax) € R such that ¢ = d,
a1 =0and a; =d in Z/(p}¥) for 1 <i < k.

Since [1/pP*]pi™ 1r = p}' 1R, g and h agree on [1/p}*|pi™ 1g. Thus,

9((1])

g([1/p1pi™ 1R[1/p7])
g([1/p1*Ipi™ 1R)g((1/P1])
h([1/p7 1pi™ 1R)g([1/p7])
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= A([1/p"])pi™ 1sg((1/p1"])
= h([1/p*])g(pi™ 1RI1/P}*))
= R([1/p])A(pi™ 1R[1/p7])
= h([1/p}*]pi" 1R[1/P}"])
= A([1]).

Since g and h agree on 1g = (1,1,1,---,1) and —[1] = (=1,0,—1,—1,---, 1), they
agree on their sum, that is, they agree on (0,1,0,0,---,0). Hence g and h agree
on Z/(pi'). Using the same argument on the other coordinates, g and h agree on
Z/(p") @ -+~ @ Z/(pk*)-

Let 1/b € D for some b € Z and let z = (1/b,1,1,--+,1) and y = (4,1, 1,---,1).
Then zy = 1g and g(y) = h(y) since y = blg — (0,6—1,b—1,---,b—1),s0 15 =
9(zy) = g(=)9(y) = g(x)h(y) and 1s = h(zy) = h(yz) = h(y)h(z). Now g(z) =
g9(z)ls = g(z)h(y)h(z) = lsh(z) = h(z). Now since g and h agree on Z/(py') &
-+ @ Z[(pp*) it follows that g(1/b,0,0,---,0) = h(1/b,0,0,---,0). Hence g and h

also agree on D, so g = h. @

We now consider the third structure of Lemma 1.2.7.

Lemma 1.2.10 Let X = {p1,p2,p3,...} be an infinite set of primes, {n1,ny,n3,...}
an infinite set of positive integers, and let D be a ring such that Z C D C @ and
D s divisible by each p; in X. Let R be the subring of [[2; Z/(pi™) consisting of
sequences of the form (u;), where there is an element a/b in D such that for almost

all i, u; has the form a/b in Z/(p;™). Then R is an epimorph of Z.

Proof. Fix an element p; in X. For all ¢ # j, let hj; : Z[1/p;] — Z/(pi™) be the
homomorphism where, for n in Z, hj;(n) = n+(p;™) and hji(1/p;) = m+(pi™) where
m is chosen so that 1 — p;m is an element of (p;"); this is possible since p; and p; are

relatively prime, so that we can choose integers m and m such that mp; +mp;™ = 1.
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In this way, we consider hj;; to be the “natural” homomorphism from Z[1/p;] into
Z/(pi™). Let hy; : Z[1/p;] — Z/(p}’) be the zero map.

We now define the map k; : Z[1/p;] — R by hj(a) = (hji(a)). Since the hj;
maps are homomorphisms, we see that h; preserves addition and multiplication.

Fix a = pj+1/pj, b = pj+2/p; in Z[1/p;]. Since p;41 and p;4 are relatively prime,
we see that (Za+Zb)(p;) = pj+1Z+pj+2Z = Z. Let J = hj(Za+Zb)and I = p; Z1p.
Thus we have JI = h;((Za + Zb)(p;Z)) = h;(Z), and so J2I = J and JI**! = [* for
all positive integers k.

Let g1, g2 : R — S be two ring homomorphisms such that ¢;(1g) = g2(1gr).
Let ¢, d be elements of J™*! and e be an element of I?®*!. Then ce and ed are in
JuH Pt = (JNWHU™ C hi(Z)(piZ1R)™ = p;’ Z1r S Z1Rg, so gi(ce) = ga(ce)
and gi(ed) = gz(ed). Since e is in I*»*! C Z1g, g1(e) = g2(e) and therefore

g1(ced) = gi(ce)gi(d)
= ga(ce)gr(d)
= g2(c)g2(e)g1(d)
= g(c)g(e)gi(d)
= g2(c)g1(ed)
= g:(c)gz(ed)
= go(ced).

Thus we see that g; and g, agree on

I it i ae e e T R

Therefore g; and g, agree on hj(a) and h;(b). Since a = pj41/p; and b = pji2/pj,
there are integers o and S such that aa + fb = 1/p;. Thus ¢; and g; agree on
h;(Z[1/p;]), for all p; in X.
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Since (Ant1(1)—hn(1))(Ant2(1)—ha(l)) = (u;) where u, = 1 and up, = 0if m # n,
g1 and g, agree on @p,exZ/(p;"). Now suppose that w/y € D where y = p* - - - pi*.
Fix an integer M > k and let (u;) € R be the element determined by u; = 0 for all
t < M and u; = w/j for ¢ > M. Then :

(i) = 10y (L) o (l) haa(1) -+~ hael1)
Py Py
and so ¢g; and g, agree on all elements of this form. Since every element in R is a
sum of an element of this form and an element of @,,exZ/(p;*), g1 and g, agree on
R, proving the lemma.

We now state the main result of this section, which gives all of the epimorphs of

the ring of integers.

Theorem 1.2.1 A ring R is an epimorph of Z if and only if it has one of the

following forms:
(A) R is isomorphic to Z|I for some ideal I of Z;

(B) R is isomorphic to D® Z[(p1™ )& ---® Z/(px™) where the p; are primes, the n;
are positive integers, and D is a ring such that Z C D C @ and D is divisible
by the p;; or

(C) R is isomorphic to a subring of [132, Z/(p;"*), for some infinite set of primes
{pi} and positive integers n;, consisting of all sequences of the form (u;), where
for all almost all i, u; = a/b in Z/(p™) for some element a/b in a ring D, where

D is such that Z C D C Q and D is divisible by each prime p;.

Hereafter, a Z-epimorph will be said to have either form A, form B or form C if

it corresponds to (A), (B), or (C), respectively, of Theorem 1.2.1.
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§1.3 The Characteristic Function

Let h : S — T be a homomorphism of rings with identity. The maximum
epimorphic extension of A(S) in T will be denoted by mazepi(h,T). In the special
case where S = Z, mazepi(h,T) will be denoted by K(T'). The following lemma

shows that mazepi(h,T) exists.

Lemma 1.3.1 Ifh : S — T is a homomorphism of rings with identity then there

ezists a mazimum epimorphic extension mazepi(h,T) of h(S) in T.

Proof. We see that T contains at least one epimorph of S, namely h(S). Let {U;}
be the set of all epimorphic extensions of A(S) in T', and let U be the subring of T'
generated by the U;. We note that h(S) is a subring of U.

Suppose g1, g2 : U — V are two homomorphisms of rings with identity such that

g1 0h = gz 0 h, so that we have the following situation:

g1
SEens) ey V.
92
Let z be an element of U. Then either z is an element of one of the U;, in which
case g1(z) = ga(z) since the U; are epimorphs of S, or z is in a subring generated by
elements u; each of which belongs to one of the U;, in which case g1(z) = ga(z) since
g1 and g, are ring homomorphisms. Thus g; = g, and U is the maximum epimorphic

extension of h(S) in T u

Lemma 1.3.2 Let ¢ : R — T be a homomorphism of rings with identity. Then
¢(K(R)) is a subring of K(T).

Proof.
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Since K(T') is a maximal epimorphic extension, it suffices to show that 3 : Z —
(K (R)) is an epimorphism. Let 7,6 : ¢(K(R)) — V be two homomorphisms into
the ring V such that y o 8 = § o f. We examine the following diagram.

e siddh
z o(K(R)) V.
3 T

Since 3 is unique, 3 = poa. Hence yopoa = §opoa. Since a is an epimorphism

yop = §0¢p and so v = § since they agree on their common domain ¢(K(R)).

Definition 1.3.1 For aring A, the annihilatorof Ain Zis annA = {z € Z | zA = 0}.
[

We note that ann A is an ideal of Z.

Definition 1.3.2 Let A be a ring. The characteristic function of A is the function
g: P — NU{+oo} defined as follows.

If 0 # ann A = (pi* -+ - pi*), then g(p;) = n; for : = 1,...,k and g(¢q) = —oo for
7€ P\{p1,...,pe}.

If ann A = 0 and p € P, then g(p) = +oo unless annt,(A) = (p¥) for some k € N
and A = t,(A) ® A® where A®) is an ideal of A which is p-divisible, in which case
9(p) = k. o

Example 1.3.1 1. Let A = Z/(12). Then g(2) = 2, g(3) = 1, and g(p) = —c0

for any prime p > 3.

2. Let A = 2[1/2,1/3,1/5] & Z/(12). Then ¢(2) = 2, g(3) = 1, g(5) = 0 and
g(p) = +o0 for all primes p > 5.
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3. Let p1,p2,..-,Piy... be an enumeration of the primes in P, and let A be the
subring of TI2; Z/(pi) consisting of all sequences of the form (u;) where, for
almost all i, u; = § in Z/(p}) for some rational number q € Q. Then g(p;) =1
for all primes p; since annt,,(A) 2 Z/(p!) and A = t,,(A) ® B where B is the
ideal of A consisting of all (u;) € A such that u; = 0.

4. We now introduce the notion of quasi-cyclic groups. Let p be a fized prime

integer, and let

a
z,,m={’7

Define addition (+) as follows:

neZ,nZl,an,0§a<p"}.

b ™ + bp"
oy S O R
pn pm pn+m

Then (Zye,+) is a quasi-cyclic group. We note that Z,e is also called a “group
of type p*”. We view Zp~ as a ring by defining multiplication as the zero
multiplication. If A = Z,=, then the characteristic function g of A is such that
9(g) =0 if ¢ # p and g(p) = +o0.

Definition 1.3.3 Let A be a ring.
1. End A denotes the ring of endomorphisms of the right A-module, A4.

2. A° is the ring with the same underlying additive group as A and with trivial

multiplication; that is, zy = 0 for all z, y in A°.

(m]

Proposition 1.3.1 For any ring A, End A, A° and A have the same characteristic

function.
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Proof. Since ann A = ann A®° = ann End A, if these annihilators are non-zero then
the three characteristic functions coincide.

Assume that the annihilators are 0.

Suppose that p € P, annt,(A) = (p*) for some k € N and A = t,(A)® AP where
A® is an ideal of A which is p-divisible. Then A° has a corresponding direct sum
decomposition, A° = (t,(A))° @ (A®)° which shows that the characteristic functions
of A and A° agree on p.

Now suppose that p € P, ann t,(A°) = (p¥) and A° = ¢,(A°) ® B where B is an
ideal of A® and B is p-divisible.

We first check that t,(EndA) = {0 € EndA | 0(A) Ct,(A)}. We note that
tp(A) = t,(A%). Suppose a € t,(End A). Then p™a = 0 for some m € N and
so p™a(a) = 0 for all a € A. Thus a(A) C t,(A). Since the reverse inclusion is clear,
t,(EndA) = {0 € End A | 0(A) C t,(A)} and, moreover, p* € ann t,(EndA).

Define the homomorphism 7 : A — ¢,(A°) by m(a) = @/, where a = a’ 4 b for
some a’ € t,(A°) and b € B. If p"t,(End A) = 0, then p™r = 0, so p™ is in (p*).
Hence ann t,(End A) = ann t,(A°).

Let 6 € End A and z € B. Since B is p-divisible there is a y € B such that
z = p*y. Since O(y) € A°, 0(y) = u + v where u € t,(A°) and v € B. Hence §(z) =
0(p*y) = p*u + p*v = p*v is in B, so (B) C B. Let B = {a € End A | o(A) C B}.
The set B is clearly a right ideal of End A and it is a left ideal because §(B) C B for
all 0 in End A.

We now show that B is p-divisible. Let a be in B. For each z in A, a(z) is in
B, so a(z) = py for some y in B. Moreover, y is unique because if z is in B and
py = pz, then p(y — z) = 0 from which we see that y — z is in ¢,(A°) N B = 0. Hence
the function v defined by y(z) = y is well-defined. Since « is in End A it follows that
7 isin End A, and 7 is in B since 7(A) € B. Hence a = py, so B is p—divisible.

Let a be in BN t,(EndA). Then a = p*g for some f in B, and p*a = 0. Thus
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B € t,(EndA), so a = p*8 = 0. Hence BN t,(EndA) = 0.

Let € End A, and let z € A, z = u + v where u € t,(A%), v € B. Define 6,
and 0; by 0;(z) = u and 0,(z) = v. Clearly 61,0, € End A and since 6;(A) C t,(A)
and 62(A) C B, 6, € t,(EndA) and 6, € B. Because 0 = 0; + 0, this shows that
End A = t,(EndA) @ B. From this we see that the characteristic functions of A° and
End A agree on p.

Finally, suppose that p € P, annt,(EndA) = (p*) for some k € N and End A =
t,(EndA) @& C where C is an ideal of End A which is p-divisible. For each a € A
define @ by a(z) = ax for all z € A. We see that & € EndA.

Let M = T {0(A) |0 € C}. Since each 6(A) is closed under addition, so too
is M. If @ € C and a € A, then a0 € C. Hence, for a € A and 6(z) € M,
ab(z) = (af)(z) € M. Hence M is a left ideal, and it is also a right ideal because for
a€ Aand 0(z) € M, 0(z) - a = 0(za) € M.

Let m = 01(a1) + -+ - + 0n(an) € M, where 604,...,0, € C. Since C is p-divisible,
there are o; € C' such that 0; = pey; for all i = 1,...,n. Thus m = p(aq(ay) + -+ +
ay(an)), so M is p-divisible.

Let ¢ be the identity endomorphism in End A = t,(EndA) & C. Theni=a+ 3
for some a € t,(EndA) and B € C. Let a € t,(A). Then p™a = 0 for some
m € N and f = p™y for some v € C since C is p-divisible. Now a = i(a) =
ala) + Ba) = ala) + p™1(a) = a(@) +1("a) = afa) + 7(0) = afa). Hence
t,(A) C a(A), and since a € t,(EndA), a(A) C t,(A). Thus t,(A) = a(A), and
p* € annt,(A). Suppose £ € annt,(A). Then La = 0 because t,(A) = a(A4). Also,
since i = a + B, to(EndA) = aEndA and so £ € annt,(End A) = (p*). Thus
annty(A) = annt,(End A).

Since ann t,(A) = (p¥) and M is p-divisible, it follows that ¢,(A) N M = 0. Also,
ifa€ A, a=i(a) =cafa)+ pBa) € t,(A)+ M, so A=1t,(A) @ M. From this we see

that the characteristic functions of End A and A agree on p.
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Therefore, we see that A, A° and End A have the same characteristic function. B

Proposition 1.3.2 If A and B are rings with the same characteristic function g,

then g is the characteristic function of A& B.

Proof. Ifp € P and A = t,(A) ® A® where annt,(A) = (p*) for some k € N
and A® is an ideal of A which is p-divisible, then B has a similar decomposition
B = t,(B) ® B which gives rise to the decomposition A & B = (t,(A) ® t,(B)) &
(A® @ B®)),

Conversely, if A@® B = t,(A® B) ® C where annt,(A® B) = (p*), k € N and C
is an ideal of A @ B which is p-divisible, then we obtain direct sum decompositions
A=1t,(A)® X4, B=1t,(B)® X5 as follows. Let X4 = C' N A. Then X, is an ideal
of A and, since t,(A) C t,(A @ B), t,(A) N X4 = 0.

Let @ € A, B € B and suppose a+ 3 € C. Then a = u + v where u € t,(A @ B)
and v € C. Thus p*a = p*v € C and so p*a = p**'y for some v € C. Since
Cnt,(A®B)=0,a=pysoacC.

Let a € A. Then a = (a; + by) + (e + B) where a; + b, € t,(A® B), a + f €
C, a1, € A and by, S € B. Since the sum A+ B is direct, @« = a1 + «a and from above
a € ANC. Hence A =t,(A) & (C N A).

Ifae CNA,a= pcfor some c € C. Now ¢ = ay + b, a1 € A, by € B and so
a = pc = pa; + pby. Since A + B is direct, a = pa; and from above a; € C. Hence
C N A is p-divisible. Similarly, B = t,(B) & (C N B). Since A and B have the same
characteristic function, ann t,(A) = annt,(B) and since t,(A & B) = t,(A) & t,(B),
annty(A® B) = annt,(A) = annt,(B).

It follows that A @ B has characteristic function g. n
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Lemma 1.3.3 Let ¢ : S — T be a homomorphism of rings with identity and let gs,
gt be the characteristic functions of S and T, respectively. Then gr(p) < gs(p) for
all p in P.

Proof. Since ¢(9) is a unital subring of T, annT = anne(S) 2 annS. Thus if
annT # 0 it is clear that gr(p) < gs(p) for all p € P. )

Now assume annT = 0. Since annT D annS this implies that annS = 0. If
gs(p) = 0, then ¢,(S) = {0} and S is p-divisible. Hence ¢(S5) is p-divisible and so T'
is also p-divisible because ¢(.S) and T' have the same identity. Suppose z € T is such
that p™z = 0. Let 1 = p™v for somev € T. Thenz =1z = p™vz =0, so t,(T) = 0.
Hence gr(p) = 0.

Now suppose that 0 < gs(p) = k < oo. Then S = t,(S) @ S® where S
is an ideal of S which is p-divisible and annt,(S) = (p¥). Let 1lg = e+ f where
e € t,(S) and f € S®). Then l,s) = l7 = @(e) + ¢(f). Let z1 € t,(T). Then
p™z;, = 0 for some integer m. Since S®) is p-divisible, f = p™s for some s € S and
hence 21 = 121 = p(e)z1 + (f)z1 = @(e)z1 + @(s)p™z1 = p(e)z1 € ¢(e)T. So
t,(T) = ¢(e)T. Similarly, t,(T") = Tp(e).

Let z, € T. Since 17 = ¢(e) + ¢(f) and ¢(e)e(f) = ¢(ef) = ¢(0) =0,

z20(f) (p(e) + ¢ (f))z2p(f)
= o(e)z20(f) + ¢(f)z2(f)
= z3p(e)e(f) + o(fzap(f)

= @(fz20(f) € 0(f)T,

where ¢(e)z, = z3p(e) for some z3 € T because p(e)T = T'p(e). It follows that
@(f)T is an ideal of T, and ¢(f)T is p-divisible because there is an s; € S such that
[ =ps1=pfs1 sothat, for t € T, p(f)t = p(pfs1)t = pe(f)e(s1)t € pe(f)T. Also,
since 17 = ¢(e) + ¢(f), p(e)T + ¢(f)T = T. Moreover, ¢(e)T N ¢(f)T = 0 because
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w(e)e(f) = 0. Since p*e = 0, p*p(e)T = 0 and so the direct sum decomposition
T = ¢(e)T & ¢(f)T shows that gr(p) < k.
Of course, if gs(p) = oo we must have gr(p) < gs(p), so the proof is complete. B

Note that if A is a ring with characteristic function g, then g determines an
epimorph E; of the integers as follows.

If g(p) = —oo for some p, E;, = Z/ann A.

Otherwise, let X; = {p € P | 0 < g(p) < oo} and Xo = X1U{p € P | g(p) = 0}. If
X1 = {p1,...,pa} is finite, B, = Dx Z/(p3")) x- - -x Z/(p2®)) where D = Z[1/p|p €
Xo] while if X; is infinite, E, is the set of all sequences (u;) in [T ex, Z/(p*®) which
are eventually of the form a/b where a/b€ D = Z{1/p | p € Xo}.

Proposition 1.3.3 If R is an epimorph of Z with characteristic function g, then
R=E,.

Proof. If annR # 0, g(p) = —oo for some p and E; = Z/ann R. From Theorem
1.2.1, R = Z/I for some [ and this implies that I = ann R. Hence R = Z/I = E,.

We now assume that ann R = 0. First suppose that R = D&Z/(pi* )®---®Z/(pi*)
where, for each ¢, p; is in P, n; is a positive integer, and D is a ring with Z C D C @
which is divisible by p; for all # = 1,...,k. From the definition of the characteristic
function it is clear that g(p;) = n; for all ¢ = 1,...,k, that g(¢) = 0if D is g¢-
divisible and ¢ & {p1,...,pr}, and g(p) = oo for all other primes p. Hence E, =
D& Z/(p") & & Z/(ps*)-

Now suppose that there is an infinite set of primes {pi,ps,...}, a corresponding
set of positive integers {ni,nz,...} and a ring D, Z C D C @, divisible by all
of the primes py,ps,... such that R is isomorphic to the set of all sequences (u;)
in [I2, Z/(p™) for which there is some a/b € D such that u; = @/b for almost
all i. For each p; € {p1,p2;--.}, tni(R) = {(wi) € R|u; =0if j #¢} and R®) =
{(u;) € R | u; =0} is p;i-divisible. Thus g(p;) = n; for alls. If ¢ € P\ {p1,p2...},
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then t4(R) = 0, so g(¢q) = 0 if D, and hence R, is ¢-divisible, and g(¢) = oo otherwise.

Hence E, is isomorphic to R. B

Proposition 1.3.4 If R is a ring with identity, then K(R) and R have the same

characteristic function.

Proof. Let gk and g denote the characteristic functions of K(R) and R respectively.
Since ann K(R) = ann R, we may assume ann K(R) = ann R = {0}. From Lemma
1.3.3, g(p) < gk (p) for all primes p, so we need only show that, for all p € P,
9x(p) < g(p)-

Suppose g(p) = k € N. Then R = t,(R) & R® where R® is an ideal of R which
is p-divisible and annt,(R) = (p*). Write 1r = e + d where e € t,(R) and d € R®),
Note that if m € Z and md = 0, then p*mlg = 0 and so p*m € ann R = {0}, and
thus m = 0. Since R® is p-divisible, d = pr for some r € R®.

Define 0 : Z[1/p] — Zr by 0(f(1/p)) = f(r) for each f € Z[z]. Suppose f,g €
Z[z] and f(1/p) = g(1/p). Then (f —g)(1/p) =0, so (f — g)(z) = (¢ — 1/p)h(x) for
some h(z) € Q[z] and it is easy to see that in fact h(z) € Z[z]. Multiplying by p and
substituting r for z we obtain p(f —g)(r) = (pr —1)A(r), and sincepr—1=d—1=¢e¢
it follows that (f — g)(r) € t,(R) N R® = {0}. Hence f(r) = g(r) and so 0 is
well-defined.

Clearly 6 is an onto homomorphism. Suppose 0(f(1/p)) = 0 where f(z) = ao +
a1z + -+ + amz™. Then ag + a7 + -+ + apr™ = 0, and so app™d + a;p™'d +
<+ ap-1pd + and = 0. Hence (agp™ + a1p™ ' + -+ + @pm_1p + an)d = 0 and so
aop™ +a1p™ 4+ - -+ am_1p+an, = 0 since we know that md = 0 implies m = 0. But
this implies that ag + a1(1/p) + -+ + @m-1(1/p™") + an(1/p™) = 0, so f(1/p) = 0.
Hence @ is one to one.

The sum Ze + Zr is direct since Ze C t,(R) and Zr C R® . Since lp =€+ pr €
Ze® Zr, and Ze ® Zr is an epimorph of Z of form B, Ze ® Zr C K(R) since K(R)
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is the maximal epimorphic extension of Z1g in R.

Now, K(R)e and K(R)d are ideals of K(R) since e and d are central idempotents.
Since 1g = e +d, K(R) = K(R)e + K(R)d and, as above, the sum is direct. Then
r = ae + bd, for some a, b € K(R), so ae € Re N Rd = {0} and hence r € K(R)d.
Since d = pr, this shows that K (R)d is p-divisible and hence t,(K (R)d) = {0}. Since
pFe =0, p" K(R)e = {0} and so t,(K(R)) = K(R)e and ann (t,(K(R)) = (p*) where
¢ < k. Hence gk (p) < g(p), as required. u

Theorem 1.3.1 If R is a ring with identity with characteristic function g, then
K(R) = E,.

Proof. By the Proposition 1.3.4, K(R) has characteristic function g and so K(R) =
Eg by Proposition 1.3.3. o

We close this section with the following result which will be useful in what follows.

Proposition 1.3.5 Let S C T be rings with the same identity and characteristic
functions gs and gr, respectively. If gs(p) < gr(p) for all p, then K(S) = K(T).

Proof. We first show that one-to-one identity preserving endomorphisms of epi-
morphs of Z must be onto. Suppose X is a set of prime numbers, D = Z[1/p|p € X]
and a : D — D is a one-to-one homomorphism. Then for each p € X, o(1/p) # 0
and p- a(1/p) = 1. Hence a(1/p) = 1/p. Thus « is onto.

Now let R be an arbitrary epimorph of Z and suppose that § : R — R is a one-
to-one homomorphism. Then, for each prime p, 6(¢,(R)) C t,(R) and since ,(R) is
finite, 0(t,(R)) = t,R. Hence 6(tR) = ¢tR and so # induces a one-to-one homomor-
phism 6 : R/tR — R/tR. Since R/tR = Z[1/p|p € X] for some set of primes X, the

remarks in the above paragraph show that 6, and hence 0, is onto.
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Now suppose S C T are rings with the same identity and that gs(p) < gr(p) for all
primes p. From Lemma 1.3.3, gs = gr. We will denote this function by g. Hence from
Theorem 1.3.1 K(T) = Eg = K(S). Suppose v : K(T) — K(S) is an isomorphism.
From Lemma 1.3.2 K(S) C K(T'), and we denote the inclusion by ¢ : K(S) — K(T').
The composition 7y : K(T)) — K(T') is a one-one-one homomorphism, and so by

the first part of the proof iy is onto. Hence i is onto and thus K(S) = K(T). u



CHAPTER 2

Survey of Extensions

§2.1 Introduction

In this chapter we will consider various methods which have been developed which
extend an arbitrary ring to a ring with identity. The first method which we will
consider, which was developed by Dorroh, extends any ring R to R x Z which contains
an identity element (0,1). While this construction provides an extension for any ring
R, many properties of R are lost in the extension. The Dorroh extension may be
generalized as R X Y, where Y is a ring with identity and R is a Y-bimodule algebra.

The approach developed by Robson adjoins to a given ring R a subring of the
center of End R, the ring of endomorphisms of R. Unlike the extension developed by
Dorroh, however, this approach requires R to be left faithful. Burgess and Stewart
developed a refinement to the Robson approach which uses the characteristic ring of
End R. This refinement preserves in the extension many properties of the original
ring R.

We will also investigate the special case of regular rings, and examine two ap-
proaches developed to extend a regular ring R to a regular ring with identity.

This chapter will present the various extensions, while later chapters will examine
properties preserved by the extension if possessed by the original ring. Throughout

this chapter, R will denote the given (arbitrary) ring.
§2.2 The Dorroh Construction

Suppose Y is a ring with identity such that R is a Y-bimodule algebra. Dorroh has
demonstrated that R can be embedded in a ring S with identity, where S = R x Y,

30
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and with addition and multiplication defined as follows:

(r1,m1) + (r2,m2) = (r1+ 712,01 + 1)

(r1ir2 + nary 4 nory, nang)

(r1,m1)(r2, n2)

for all 7,7, in R and ny, nyin Y.

It is an easy exercise to show that S is a ring. The identity of S is (0, 1) since
(r,n)(0,1) = (r0 + n0 + 1r,nl) = (r,n) and

(0,1)(r,n) = (0Or +n0 + 1r,1n) = (r,n)

forall7in Randnin Y.
To see that R is embedded in S, we now show that there is an ideal >f .S which is
isomorphic to R. Let T = {(r,0) | r € R}, an ideal of S.

Lemma 2.2.1 R is isomorphic to T.

Proof. Define a function f : T — R by f(r,0) = r. We note that f is a

homomorphism since
f((r1,0) + (r2,0)) = f(r1 +r2,0) = r1 4+ 72 = f(r1,0) + f(r2,0)

and
f((r1,0)(rz,0)) = f(rirz,0) = riry = f(r1,0) f(r2,0)

for all ry, rp in R. Further, f is one-to-one since f(r1,0) = f(r2,0) implies ry = ry,
and f is onto since, for all 7 in R, (r,0) is in T'. Therefore R is isomorphic to 7', and

we consider R to be embedded as an ideal of S in this way. u

Although R may be extended to a ring with identity R x Y using this approach,
many properties possessed by the original ring R are not possessed by the extension

R x Y. For example, if R contains an identity lg, the canonical homomorphism
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f: R—> RXY does not preserve the identity, i.e. f(1r) = (1r,0) # (0,1y) which is
the identity of R x Y. Further, if Y does not have finite characteristic, the extension
R xY does not have finite characteristic, regardless of the characteristic of the original
ring R.

In view of Corollary 1.2.1, we see that any ring R may be extended to a ring with

identity, R X Z, using this method.

§2.3 Complete Set of Extensions — The Brown and McCoy
Construction
Brown and McCoy developed a modification of the Dorroh extension which is

“minimal”, by providing a set S of extensions of R with the following properties:

1. each S in S has an identity and is equipped with a monomorphism 65 : R — S

and

2. if T is a ring with identity and f : R — T is a monomorphism, then T
contains a subring 7" such that f(R) C 7" and for some ring S in S there is
an isomorphism g : § — T” such that g(1s) = 17 and the following diagram

commutes.

Os

iR

Definition 2.3.1 Such a set § is called a complete set of extensions of R. =]
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Definition 2.3.2 Let I be an ideal of a ring R and let y be an integer. An element
z in R is a p-fier modulo [ if zr + I = pr + I and rz + I = pr + I for every r in R.
A p-fier modulo(0) is called a p-fier. m]

Let (—a,a) € R x Z, the Dorroh extension of R obtained by adjoining the ring of
integers, where a € R and a € Z are such that a is an a-fier and a = 0 if @ = 0. We

note that Z(—a, @) is an ideal of R x Z since

(=Ba, Ba)(r, pn) = (=Bar + Bar — pPa, pfa) = (—puPa, pba)
and

(T‘, ﬂ)(—ﬁa» ﬂa) = (_ﬂra + Bar — pfa, .uﬂa) = (_uﬁav Mﬁa)
for all (—fBa, fe) in Z(—a, ) and all (r, p) in RX Z. The factor ring (Rx Z)/Z(—a, a)
will be denoted by R(a, ), and cosets of elements (r, z) of R X Z by [r, u]. We note
that, in R(a, ), [ro, go] = [r1, p1] if and only if r; —ro = —Aa and py — po = Aa for
some A in Z since [ro, o] = {(r, 1) | (r — ro, p — po) = A(—a, ) for some X € Z}.

Theorem 2.3.1 LetC = {R(m,p) | u € Z and m is a p-fier of R} and for each S =
R(m,p) € C let 0s : R — S be defined by 0s(r) = [r,0]. Then C is a complete set of

extensions of R.

Proof. Let T be a ring with identity and f : R — T a monomorphism. Choose
o € N such that (¢) = {n € Z | nly € f(R)}. Let m € R be such that f(m) =
olr. Then, for any r € R, f(mr —or) = olpf(r) — of(r) = 0 and so, since f
is one-to-one, mr = or. Hence m is a o-fier of R and so R(m,0) € C. Let T' =
{f(r) +nlr |r € R,n € Z} and define g : R(m,0) — T" by g([r,n]) = f(r) + nlr.

We first check that g is well-defined. If [ro, no] = [r1,n4], then ro —ry = —km and
ng —ny = ko for some k € Z. Hence f(ro) — f(r1) = f(ro —r1) = —kf(m) = —kolr

and so

f(ro) + nlr = (f(r1) — koly) + noly = f(r1) + (no — ko)lp = f(r1) + nalz.
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Hence g is well-defined.

The map g is a homomorphism since

g([ro + 1,70 + n1])

9([ro, no] + [r1,m1])

f(ro+71) + (no + n1)1r
(f(ro) + nolt) + (f(r1) + nalr)

9([ro, m0]) + g([r1,na])

and

9([ro;sno][r1,m1]) = g([ror1 + naro + nor1, nona])

f(TgT] +niro + norl) + nonylr
f(ro)f(r1) + mlrf(ro) + nolr f(r1)
+ (nolr)(nilr)

= (f(ro) + nolr)(f(r1) + nilr)

= f([ro, no]) f([r1,ma])-

Clearly g is surjective and g is also one-to-one. To see this suppose that g([r,n]) =
0. Then f(r) + nlr = 0 and so nly = f(—r) € f(R). Hence n € (0), so n = ko for
some k € Z. Also f(r) = —nly = —koly = —kf(m) = f(—km) and so, since f is
one-to-one, r = —km. Since r = —km and n = ko we see that [r,n] = [0,0]. Hence
g is one-to-one.

Of course ¢([0,1]) = 17, so it only remains to see that, with S = R(m, o), gofs =
f. Ifr € R, then gofs(r) = g([r,0]) = f(r) and this completes the proof. )

We will now characterize those rings which have a complete set of extensions which

contain only one element. In order to do this we will require the followiarg lemma.

Lemma 2.3.1 Z/(a) is a homomorphic image of R(a,ca), where the iernel of the

homomorphism is {[r,0] | r € R} ~ R.
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Proof. Define the map k : R(a,a) — Z/(a) by h([r, u]) = fi, wherez is an a-fier
and i = p + (e) is in Z/(a). Since [ro, o] = [r1, p1] if and only if gy - no = Aa for
some A € Z, we see that h is well defined. Thus A is a homomorphism ince
h([ro, po] + [r1,m]) = A([ro + 1, po + 1)
= o tm
= o+

= h([ro, uo]) + h([r1, m])

and

h([ro, po][r1, ma]) = A([ror1 + por1 + paro, popun])
= Tofir
- mm
= h([ro, po])h([r1, m1])-

Thus Z/(a) is a homomorphic image of R(a, ). The kernel of A is

berh = {lnullre R F=0)
{lr,p] | r € R, = A for some X € Z}
{[r,0] | r € R}

R.

12

Theorem 2.3.2 A ring R has a one-element complete set of extension if and only

if R has an identity or R has no p-fiers with p # 0.

Proof. Suppose that {S} is a complete set of extensions of R with maomorphism

0s:R— S.
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Let o > 0 be a generator for the principal ideal {n € Z | n- 15 € 05(R)}. If o = 1,
then 0s(R), and hence R, has an identity.

We now assume that ¢ > 1. Let m € R be the element where 85(m) = o1,. Since
0s is a monomorphism, m is unique. From the proof of Theorem 2.3.1 we see that
% : R(m,0) — S defined by [r,n] = 0s(r) + nls is a monomorphism.

Let f : R — R x Z be defined by f(r) = (r,0). Since S is a complete set
of extensions of R there is a subring 7" of R X Z such that f(R) C T’, and an
isomorphism g : S — T” such that g(1s) = (0,1) and g o s = f. Thus we have the

following sequence of homomorphisms,
R(m,0) 2 S T CRxZ -2

where 7(r,n) = n for all (r,n) € R x Z. Denote the composition of these homomor-

phisms by I'. If [r,n] € R(m, o), then

I([r,n]) = mgy([r,n])

= mg(0s(r) +nls)

= 7(gbs(r) + g(nls))
= 7(f(r)+(0,n))

= =((r,0) + (0,n))

= z((rn))

= n

so we see that I is surjective and kerI' = {[r,0] | r € R}. Hence

R(m, o)
{[r,0] | r € R}

IR

Z.

This contradicts Lemma 2.3.1 unless ¢ = 0.
Conversely, suppose that R has an identity or that R has no p-fier, u # 0. If R

has an identity, { R} is a complete set of extensions.
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Now suppose that R has no p-fiers, p # 0. We will show that the setconsisting of
the Dorroh extension, {R x Z}, is a complete set of extensions where lrxz : R —
R x Z is the usual embedding r — (r,0). Suppose that T is a ring with identity and
f: R — T is a monomorphism. Define g : R x Z — T by g((r,n)) = f(r) + nlr.
Then g is a homomorphism and the universal property of Rx Z, which we will establish
in Section 3.1, tells us that the following diagram commutes. Hence it suffices to show

that g is one-to-one.

0
R LE Rx7Z

///

g(R x 2)

Suppose g((r,n)) = 0. Then f(r) = —nlr. Let a € R. Then f(ar) = f(a)f(r) =

f(a)(—nlr) = f(—na) and since f is a monomorphism, ar = —na for all @ € R.
Hence r is a —n-fier and hence n = 0. Since f(r) = —nlr = 0 and f is one-to-one
r =0 also. Hence g is one-to-one. |

§2.4 Robson’s Construction

Robson developed a construction which extends R to a ring with unity by adjoining
a subring of the center of End R, the endomorphism ring of R. This construction
requires R to be left faithful so that R embeds in End R by the function g : R —
End R where, for any r in R, g(r)(z) = rz for all z in R.

We begin with the following definitions,

Definition 2.4.1 A ring R is left faithful if, for all 7 in R, r = 0 if rR = 0. a
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Definition 2.4.2 The center of a ring S is the subring Z(S) = {s € §|sz = zs for
all z € S}. m]

Lemma 2.4.1 If R is left faithful then g : R — End R is a monomorphism.
Proof. Let ry, r; be in R. Then

g(ri+r)(z) = (ri+r)z
= nzT+rz

g(r1)z + g(r2)z

and

g(rira)(z) = (mir2)z

ri(raz)

(9(r1) 0 g(r2)) ()

for all z in R, so g is a homomorphism.
Let y be in ker g. Then yr =0 for all r in R, so y = 0. Thus g is one-to-one and

a monomorphism. u

The remainder of this section assumes that R is left-faithful. For each r € R we
will denote g(r) by # and we will denote g(R) by R, a subring of End R.
Lemma 2.4.2 Let  be in End R and z in R. Then oi = o(z) is in R.
Proof. Forall r in R,
(p2)(r) = @(@(r))
= o(ar)
= ¢(z)r

= ¢(z)(r)
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S0 o = <p/(;) is in R. u

Let C be a subring of Z(End R) containing the identity map. Then we have the

following results.
Lemma 2.4.3 R+C isa subring of End R.

Proof. Let ry, 7, be in R and c1, ¢ be in C, so that 7y + ¢;, 72 + ¢; are in R4,
Then (Fi4+c)—(Fat+e)=(FA—mf)+(—c)=r—r+(a—c)ec R+C.

Also, (1 + ¢&1)(72 + ¢2) = Fira + F1ica + e1ra + 162 = T3 + &1 + afy + a1y =

HFZ+CZR)+CIE)+CICZ= 17y 4 co(r1) + ea(r2 +aneR+C. u

Definition 2.4.3 A non-zero right ideal / of a ring R is essential as a right ideal of

R if I'NJ # 0 for all non-zero right ideals J of R. m]
Lemma 2.4.4 R is an ideal offi + C, essential as a right ideal.

Proof. Since C C Z(EndR), it follows from Lemma 2.4.2 that R is an ideal of
R+ C. Let I be a non-zero right ideal of R+ C, and let 0 # ¢ € I. Then o(r) # 0
for some r in R and ¢F = Lp’(?‘) by Lemma 2.4.2. Also, by Lemma 2.4.1, <p/(;) # 0 and
so IR # 0. Since IR C I N R, R is essential as a right ideal. |

This approach to extend R to a ring with identity requires that R be left faithful,
unlike the approach developed by Dorroh which places no restriction on R. However,
this extension preserves the characteristic of R and, if R contains an identity element

1g, then g(1g) = 1g = i, the identity in the extension.

§2.5 The Robson-Burgess/Stewart Construction
The Burgess/Stewart approach to extending a ring to a ring with identity was

developed as a refinement to the Robson construction.
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Lemma 2.5.1 The ring K(R) is in the center of R, for any ring R with identity.

Proof. The proof is similar to that used in Lemma 1.2.2, which is found in
[DICK 84]. Let I be the ideal of the polynomial ring R[z] generated by z2?. Fix
an element @ € R and define functions f, g : K(R) — R[z]/I by g(k) = k+ I
and f(k) = (1 + az)k(1 — az) + I for all k € K(R). Since f(1r) = g(1gr) and
K(R) is an epimorph of Z, f(k) = g(k) for all k in K(R). Thus, for all k in K(R),
(14 az)k(1 — az) — k belongs to I and hence (ak — ka)x is in I. Since I is generated
by 22, ak = ka for all k in K(R). Therefore K(R) C Z(R). ]

Corollary 2.5.1 For any ring A, K(End A) = K(End 4A4), where End 4 Ay is the

ring of bimodule endomorphisms of A.

Proof. Since End 4A4 C End A, K(End 4A4) C K(End A) by Lemma 1.3.2.

Let ¢ € K(EndA) and a € A. Since ¢ € Z(EndA), pa = ap and so for any
z € A, (pi)(z) = (ap)(z); that is, p(az) = ap(z). Hence ¢ € End A4, and so
we have shown that K(End A) C End 4A4. Since K(End A) is an epimorph of Z,
K(EndA) C K(End 4A4) as required. u

Definition 2.5.1 For any ring A, K(A) = K(End A). o

Let R be a ring with identity. From Proposition 1.3.1 we see that R and End R

have the same characteristic function, so K(R) = K(R) by Theorem 1.3.1. In view

of this we will refer to IA((A) as the characteristic ring of A for any ring A.

Example 2.5.1 K(Z,») = Z[1/q|q € P\ {p}]. This follows because we already

know the characteristic function of Zyeo.

Proposition 2.5.1 Every ring A is a IA((A)-bimodule algebra.
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Proof. Define the action of K(A) on A by §-a=a-0 = 0(a) for all § € K(A) and
a € A.

Clearly this makes A a left K (A)-module and also (a + ) = af + b0, al = a
and a(6 + 02) = aby + ab; for a,b € A and 6,,0,,1 € K(A) Also, since R(A) is
commutative, a(616;) = (616;)(a) = (0201)(a) = 02(01(a)) = 61(a) - 62 = (a- 61)0; =
a-(6:10,). Hence A is a right K (A)-module. Further, 8;(af;) = 6;(82(a)) = 6105(a) =
0201 (a) = (61(a))fy = (61 - a)f; and so A is a K (A)-bimodule.

We see that the algebra conditions are satisfied, since by Corollary 2.5.1, K (A) C
EndsAy, and (ab)d = 6(ab) = ab(b) again since K(A) C EndjAy, and so a - 6(b) =
(aB)b = (Ba)b = 6(a) - b= 0(ab) = 0 - (ab). Hence A is a K(A)-bimodule algebra. M

In view of the above proposition we can imbed any ring A in the Dorroh ring

A x K(A), which has an identity. We will denote this ring by A*.
Proposition 2.5.2 K(A4*) = K(A).

Proof. Let g be the characteristic function of End A. From Propositions 1.3.1
and 1.3.4, A, K(EndA), A° and (K(EndA))® all have characteristic function g.
By Proposition 1.3.2 A% x (K(End A))® = (A x K(EndA))° also has characteristic
function g and so too does A x K(EndA) by Proposition 1.3.1. Since K(EndA)
is a unital subring of A x K(End A), it follows from Proposition 1.3.5 that K (A x
K(End A)) = K(K(End A)). Hence K(A*) = K(EndA) = K(A). |

If A is a ring which is left faithful, then A= A C End A. Define A; = A+ K(A).
Since IA((A) is in the centre of End A by Lemma 2.5.1, A; is a subring of End A by
Lemma 2.4.3 and A is an ideal of A; which is essential as a right ideal by Lemma

2.4.4.

Proposition 2.5.3 If A is left faithful, A\ is a homomorphic image of A*.
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Proof. Define ¢ : A* — Ay by 9((a,k)) = @+ k. It is straightforward to check that

1 is a surjective homomorphism. n

Proposition 2.5.4 ij is left faithful, K(A,) = K(A).

Proof. We have f((A) = K(EndA) C A; C EndA. Hence by Lemma 1.3.2,
K(K(A)) C K(A1) € K(EndA) = K(A). Since K(K(A)) = K(A), the result

follows. |

§2.6 Regular Rings - Fuchs, Halperin and Funayama

Definition 2.6.1 A ring R is regular if, for each z in R, there exists y in R such

that zyz = z. [m]

Fuchs and Halperin constructed a commutative regular ring K with identity such
that every regular ring R is a K-bimodule algebra. The ring K was then used to
construct an extension of any given regular ring R where the extension contains an
identity element and is itself regular. This construction is the Dorroh construction
where the commutative regular ring K is adjoined to the original ring. The main
result of this section is that any regular ring R is isomorphic to a two-ided ideal of
a regular ring with identity.

It is interesting to note that no conditions are placed on the ring 2 other than
the requirement that R be regular. We begin by collecting some basic facts about

regular rings.

Proposition 2.6.1 Let R be a regular ring and let p € P.
1. If I is an ideal of R, then I* = I.

2. annt,(R) = (p*) where k =0 or 1.
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3. pR is p-divisible.

4. t,(R)NpR=0.

5. For each z € pR there is a unique y € pR such that z = py.
6. t,(R) ® pR = R.

7. If pry...,pn are distinct primes, then R =1, (R)®-- - ®t,,(R)®p1--- pR and
P11+ poR is divisible by p; foralli=1,...,n.

8. For each = € py---p, R and each i = 1,...,n there is a unique y € p;---p, R
such that z = p;y.

Proof.
1. If a € I, then there is a b € R such that a = aba = (ab)a € I*. Hence I = I

2. Suppose m > 1 and I = {z € R|p™z = 0}. Then pIl is an ideal of R and
(pI)™ = 0. Hence pI = 0 by 1 above, proving that annt,(R) = (p*) where
k=0orl.

3. Let @ = pb,b € R. Then a = aza for some z € R and so a = pbza = p(bza)
where bza = pbzb € pR. Hence pR is p-divisible.

4. Let a € t,(R) N pR. Then a = pb for some b and pa = 0 by 2 above. Hence
p*b =0 and so pb = 0, again by 2 above. Thus a = 0.

5. Suppose a = pz = py where z,y € pR. Then x —y € t,(R) N pR and hence
z =y by 4 above.

6. Let a € R. There is an € R such that pa = (pa)z(pa). Thus a = (a — paza) +
paza, p(a — paza) = pa — (pa)z(pa) = 0 and paza € pR.
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7. Let I = {a € R|p1---pna =0}. Clearly t,,(R) C I for each : = 1,...,n and
the sum t,, (R) + + -+ + t,(R) is direct. Let m; = (p1---pa)/pirt = 1,...,n.
Since the p; are distinct, the greatest common divisor of 7y,..., 7, is 1. Hence
there are integers ay,...,a, such that eym + - + apm, = 1. So if a €
I, thena =1-a = ayma+ -+ + azmaa is in ¢, (R) @ - -+ @ tp,(R). Thus
to(R)® - @y, (R) = 1.

Let a € INpy---po,R. Then a = p;---p,z for some z € R. Since a €
I,pi1---pna = 0. Hence p?---p2z = 0 and so repeated use of result 2 above
shows that p;---p,z = 0. Hence a = 0 and we have I N py---p, R = 0.
If a € R,p1- - pna = (p1---pra)z(p1---pra) for some z € R. Hence a —
p1---praza € I and since @ = (a — p; - - praza) + (p1 - - - pnaza) we see that
R=1t,(R)® - ®t,,(R)®p1-- PR

Let d = p1-- - pu € p1--- puR. Because of the direct sum decomposition of R
above, mz = a1 + - -+ + a, + y for some a; € t,,(R) and y € p;---p,R. Then
d = pimix = piay+ -+ pian +piy € p1 -+ p R and so p;a; = 0 for all j . Hence
d = p;y where y € p1+++p, R, so py -+ p, R is divisible by p; for alli =1,...,n.

8. Suppose z,y,z € p;---p, R and z = p;y = p;z for some : = 1,...,n. Then
pi(y—2)=0,s0y —z €t (R)Np1-- poR=0. Thus y = z.

|

Let p1,p2,...,Pn,... be an enumeration of the primes and S = [[{2, Z/(pi). De-

note K(S) by K. Then the elements of K are sequences (u;) such that there is a

rational number /8 and u; = &/ for almost all .
Proposition 2.6.2 Every regular ring R is a K-bimodule algebra.

Proof. Let R be a regular ring and let « € R. Let @ = (u;) € K. Then there
is an @/ € Q and an integer M such that u; = @/f for all i > M. Choose M
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such that M > M and if p is a prime divisor of 3, then p = p; for some i < M.
From Proposition 2.6.1, R = t,,(R) & -+ @ tp,,(R) ® p1---pm R, so we can write
a=ay+ -+ ap + d where a; € t,,(R) and d € p;---pyR. From results 7 and
8 of Proposition 2.6.1 there is a unique z € p;---py R such that d = fz. Define
ua = au = w18y + -+ +upmapy + ax.

We now verify that this action is well defined. Suppose H is an integer such that
u; = 7/6, for some /6 € Q, for all i > H and if p is a prime divisor of &, then
p = p;i for some : < H. Without loss of generality we can assume that H > M. For
all i > H, w; = @/ = 7/ and so ab — B is divisible by p; for all i > H. Hence
ab = By, 50 a/f = /5.

Decompose R as
R=t,(R)® - ®t,,(R)®p1---puR (%)

and write @ = by + - - - + by + d where b; € t,,(R) fori = 1,...,H and d € p; - - py R.
If y € Ry = ¢+ - +cy+ d for some ¢; € t,(R),7? = 1,...,H, and
d € pr---puR. Hence p;---pmy € tpp, (R) ® -~ @ tpu(R) ® p1---puR because
p1--pmci =0 for i < M. So we see that p;---pyR C tp,,,(R) @ @ t,,(R) @
p1---puR.
Let i < M. Then, sincea = a; +--+ay+d=5b+--+bgy+dandd €

torsr(R) @ @ty (R) @ p1--- puR, the fact that the sum (%) is direct implies that

PM41
a; = b; for i < M. From this it follows that d = byryq + -+ + by + d. Now, for
J = M +1, p; does not divide 3, and so there is a b; € t,,(R) such that b; = 3b;.
Also, for j > M + 1, u; = &/B.

Suppose Z,Z € p; ---pu R are such that d = 3z and d = 6Z. Note that results 7

and 8 of Proposition 2.6.1 guarantee the existence of z and z. Then

§(yz —az) = 6y —daz

§yT — BT
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= (63— B3)
= (d-d)
= 0.

Recall that if p is a prime dividing 6, then p = p; for some ¢ < H. Hence yZ — aZ €
{reR|pr---pur =0} = t,(R) & --- ® t,,(R). But yZ — aZ € p;---puR, so
vz —aZ =0.

Now

&
|

bargr + -+ by +d

Bbrrr + -+ + By + Bz
= Blbmr+ -+ by + 2).

Thus the uniqueness of « implies that z = bysq + - - - + by + Z.
The actions of K on R determined by our two decompositions agree on the first

M terms because a; = b; for i < M. We now consider the other terms:

v = umprbmyr +cc +upby +97
= up1Bbyr + - + unfby + oF

= aBM+1+~~~+aTJH+ai

since, for M + 1 < < H, u; = 7/6 = a/B. Hence v = a(byry1 + -+ + by + Z) = az,
and so the actions are the same; that is, the action of K on R is well-defined.

It is clear that, with this action, R becomes a unital right and left K-module.
Also, the bimodule and algebra conditions are clear because the action is defined

”componentwise”. Hence R is a K-bimodule algebra. |

Let R be a regular ring. In view of Proposition 2.6.2 and the results of Section

2.2, we can form the Dorroh ring R x K which has ideal {(r,0) | r € R} = R. We
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shall show later in Lemma 4.1.5 that K is regular and it will then follow from Lemma
4.1.9 that R x K is regular. Hence every regular ring can be embedded as a two-sided
ideal in a regular ring with identity.

Funayama noted that the ring of bimodule endomorphisms, R, of a regular ring
R is a commutative regular ring, and used this ring to construct an alternate reg-
ular extension of R with identity. Unlike the construction of Fuchs and Halperin
which employed the same commutative regular ring K to extend any regular ring R,

Funayama’s construction employs a ring which depends on R.
Theorem 2.6.1 If R is a regular ring, then End pRg is a commutative regular ring.

Proof. We first show that EndgrRg is commutative. Let «,3 be elements of
EndgRRp, and let r be an element of R. Let s be the element in R such that r = rsr.

Then

aof(r) = aofp(rsr)
= of(r)sr)
= B(r)als)r
= Blra(s)r)
= Boa(rsr)

= Boa(r)

and so af3 = Ba, showing that EndgrRp is commutative.

We now demonstrate that End g Rp is regular. Let « € End gRg. We first show
that R = kera @ima.

Let z € keraNima. Then z = a(y) for some y € R and, since a(z) = 0,
o*(y) = 0. Let s € R be such that # = zsz. Then z = zsz = a(y)sa(y) =
ala(y)sy) = a(a(y))sy = o*(y)sy = 0. Thus ker a Nima = 0.
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Let 2 € R and let v be an element of R such that a(z) = a(z)va(x). Then
z = (¢ — a(zvz)) + a(zvz) is in ker o + im a. Hence R = ker a @ imo.

Let £ = a(y) € ima. We will show that there is a unique z € ¢ma such that
z = a(z). As above, if z = zsz, then z = a(y)sa(y) = a(a(y)sy) = o(a(ysy)) and
so there is a z = a(ysy) € im a such that a(z) = z. Suppose now that z, z; € ima
and a(z1) = a(z2) = z. Then z; — z; € kera Nim a and hence z; = z,.

Define # : R — R as follows. For r € R, r = a + b, where a € ker a and
b = a(c) € ima for some unique ¢ € imca. Then B(r) = c. The remarks in
the above paragraph and the fact that the sum ker a + im o« is direct guarantee
that A3 is well-defined. Since « is a bimodule endomorphism £ is also. Finally, let
z € R and suppose a(z) = ¢ where c is in ima and ¢ = a(d), d € ima. Then

afa(z) = aff(c) = a(d) = ¢ = a(z), so afa = a. Hence End gRp is regular. u

Proposition 2.6.3 Let R be a regular ring. Then R is an End r Rgp-bimodule alge-

bra.

Proof.  Define the action of EndgRr on Rby -7 =1r-60 = 6(r) for all § €
EndrRpr and r € R. Since End gRp is commutative, the first part of the proof
of Proposition 2.5.1 shows that R is an End gRp-bimodule. Also, the proof that
the algebra conditions are satisfied is as in Proposition 2.5.1. To be explicit, let r,
s € Rand 0 € EndpRp. Then (0r)s = 0(r)-s = 0(rs), (r0)s = 0(r)s = (rs) and
(rs)0 = 0(rs) = ro(s). |

In view of this proposition we can form the Dorroh ring R x End g Rr which will
be regular by Lemma 4.1.9, have an identity and contain a two-sided ideal isomorphic
to R.

Recall, from Corollary 2.5.1, that K(R) = K(EndgrRg) C EndgRp. Hence
R* C R x EndpRp and R* is also a regular ring by Lemmas 4.1.7 and 4.1.9.
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An inspection of that part of the proof of Theorem 2.6.1 that shows that End g Rr
is commutative reveals that, for any regular ring R, aof8 = foa for any @ € End RRr
and § € EndR.

Let R be a regular ring. Then the above observation shows that EndgrRpr C
Z(EndR). Also, R is left faithful since if 0 # r € R there is an s in R such that
r = rsr and hence rR # 0. As a result we can employ Robson’s construction to see
that R & R C R+ End rRp where R+ End pRp will be regular by Lemma 4.1.9.
Also, since K(R) C End rRr by Corollary 2.5.1, Ry = R+ K(R) C R+ EndrRg
and R, is regular by Corollary 4.1.1.



CHAPTER 3

Universality of the Dorroh Construction

§3.1 The Universal Property

In this chapter we examine universality of the Dorroh construction R x Z which
extends any ring R to a ring with identity. Specifically, we will see that this construc-
tion is functorial, and is part of an adjunction. We begin with the universal property,
followed by a short discussion on category theory which will provide the background
for the last section of this chapter.

In this section we discuss the universal property. Let R be an arbitrary ring and
R x Z be the Dorroh extension of R. Let g be the canonical homomorphism which

embeds R into R x Z. We get the following result.

Theorem 3.1.1 Let T be a ring with identity and f a ring homomorphism, f : R —
T. Then there is a unique homomorphism h : R x Z — T preserving the identity

such that hog = f.

Proof. We want to show that there is a unique homomorphism A which makes the

following diagram commute:

R Rx7Z

///

50
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Existence:
Recall that g(r) = (r,0). For any integer n let ny = nlr.
Define h: Rx Z — T by h(r,n) = f(r)+n7. We note that A is a homomorphism

since

h(ryn) + h(t,m) = f(r)+nr+ f(t)+mr

= f(r)+f@)+nr+mr
= fir+t)+(n+m)r
= h(r+t,n+m)
= h((r,n) + (t,m))

and h(r,n)h(t,m) = (f(r)+n1)(f(t)+m7)
= f(r)f() +nrf(t) + mrf(r) + nrmr
= f(rt) + nrf(t) + mrf(r) + (nm)r
= h(rt,0) + h(nt,0) + h(mr,0) + h(0,nm)
= h(rt+nt+ mr,nm)

= h((ra n)(tv m))

for all (r,n), (t,m) in R x Z. We note that h preserves the identity since ~(0,1) = 17.
Uniqueness:

Suppose there exists another homomorphism A’ : R x Z — T preserving the identity
such that A’ o g = f. Let (r,n) be in R x Z. By the restrictions placed on A’ we
must have A'(r,0) = f(r) and ~'(0,n) = ny. Therefore A'(r,n) = h'(r,0) + A'(0,n) =
f(r) + nr = h(r,n), so that h = k' proving the theorem. | |

It is noted that the Robson construction of a ring extension does not generally
satisfy this universal property. For example, in the case where R has an identity

element, the Robson extension of R is B = R. In this case g is the identity map.



52

Let T = R x Z be the Dorroh extension of R, with f : R — R x Z defined as
f(z) = (z,0) for all z in R, so that we have the following situation:

R Y R

I
I
13th?
|
I
}

RxZ

Then we require a unique map h : R — R x Z which satisfies #(1) = (0,1), so
hog(1) =(0,1). However, f(1) = (1,0), so that hog # f.

§3.2 Category Theory
In this section we provide the background to category theory required for the

discussion in the following section.

Definition 3.2.1 [MACL 71] A category consists of a collection of objects, denoted
by A, B,C,... and a collection of morphisms, denoted by f,g,h,... subject to the

following:

1) to every morphism, we associate a unique pair of objects called the domain

and the codomain. We write A - B and say f is a morphism from A to B;
2) to every object we associate a unique morphism called the identity, and write

Aﬁ»A;

3) to every pair of morphisms in the situation A 2, B %, ¢ we associate a
unique morphism called the composite, and write A 25 (such f and g will

be called composable pairs);
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4) in the situations A 24 A -5 Band A - B 12 B, we have fol, = f

and l1go f = f; and
5) inthesituationA—frBi)C—")Dwehaveho(gof):(hog)of.

(m}

Given a category C, we denote by Obj(C) the objects of C' and by Mor(C) the
morphisms of C.

An example of a category is Rng, whose objects are rings and whose morphisms
are ring homomorphisms. A second example is Ring, the category whose objects are
rings which contain identity elements and whose morphisms are ring homomorphisms

which preserve the identity elements.

Definition 3.2.2 [MACL 71] Given two categories C and D, a functor from C to
D, denoted by C o D, associates to each object C of C a unique object F'(C) of D
and to each morphism C Lic'ofCa unique morphism F(C) £ F(C'") of D such
that F(l¢) = lpc) and F(fog) = F(f)o F(g) for each composable pair f and g. O

Definition 3.2.3 [MACL 71] A natural transformation between two functors S, T :
B — C, denoted by S — T, assigns to each B in Obj(B) a unique SB -2 T'B in
Mor(C) such that for every B < B'in Mor(B), the following diagram commutes.
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SB 8 TB
Sf r
SB TB

TB!

o

Definition 3.2.4 [MACL T71] Given two categories C and D and two functors Q%Q,
we say F' is a left adjoint of G, denoted F' - G, if there is a natural transformation
i : 1g — GF such that each component y. : C — GFC is universal to G from C
(that is, for each morphism f : C — C', GF(f) is the unique morphism & such that
houc =pcrof. O

§3.3 Adjunction

We next consider some categorical aspects of the Dorroh construction. Specifically,
we interpret the Dorroh construction as a functor and as part of an adjunction. The
functor U : Ring — Rng, defined by U(A i, B)=A i B, is commonly called
“the forgetful functor”, since its action is simply to “forget” the existence of the
identity element. The following results are due to [MACL 71].

We define F' : Rng — Ring by F(A) = A x Z for A in Obj(Rng) and
F(f)((a,n)) = (f(a),n) for A <5 B in Mor(Rng).
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Proposition 3.3.1 F is a functor.

Proof.

There are four conditions which must be satisfied in order for this to be a functor.
We have already shown that F(A) = A x Z is in Obj(Ring) since R x Z has an
identity element. Let A —~ A’ be in Mor(Rng). Then F(h)(a,z) = (h(a),2) is in
A’ x Z. We see that F(k) is a homomorphism which preserves the identity element,

since

i) F(R)(0,1) = (r(0),1) = (0,1)
ii) F(h)((a,n) + (b,m))

F(h)(a+b,n+m)

(h(a+b),n +m)

(h(a) + h(b),n + m)

(h(a),m) + (h(8), m)
h)(a,n) + F(h)(b,m)

Il

iii) F(h)((a,n)(b,m)) = F(h)(ab+ nb+ ma,nm)
= (h(ab+ nb+ ma),nm)
= (h(ab) + h(nbd) + h(ma),nm)
= (h(ab) 4+ nh(b) + mh(a),nm)
= (h(a)h(b) + nh(b) + mh(a),nm)
= (h(a),n)(h(b),m)
= F(h)(a,n)F(h)(b,m).

(
(a

iAxz

For the identity morphisms A —% A in Rng and A x Z — A x Z in Ring, we

require that F(i4) = iaxz. We consider the following diagram:
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A ia A

AXxZ AXZ
iFA

We see that F'(z4)(a,n) = (14(a),n) = (a,n) = taxz(a,n) for all (a,n) in A x Z.
For any composable pair g and k in Mor(Rng), we require F(goh) = F(g)o F(h).

Let A -5 A’ —Z, A" and consider the following diagram.

AxZ A'xZ A% Z
F(h) ' F(g)
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Let a be in A and n in Z. Then

F(goh)(a,n) = ((g90h)(a),n))
= (9(h(a)),n)
= F(g)(h(a),n)
= F(g)(F(k)(a,n))
= (F(g)o F(h))(a,n)

and therefore F(g o h) = F(g) o F(h). Thus we see that F' is a functor. ]

We note that the functor F' gives the Dorroh extension of any ring R.
Proposition 3.3.2 The functor F is a left adjoint of the functor U.

Proof. Consider LRng £, UF, where LRng is the identity functor, given at the
components by p4 : 1(A) — UF(A) where a — (a,0). We note that p, is the
canonical map (embedding) of Section 2.2. In view of the universality exhibited in

Theorem 3.1.1, we need only show naturality. Consider the following square.

A HA AxZ
h UF(h)
A’ Al'x Z

far
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The top-right composite is a — (a,0) — (h(a),0). The left-bottom composite
is a — h(a) — (h(a),0). We note that this is similar to the free group construction
on a set (being left adjoint to the forgetful functor Grp — Set). We may think of

the Dorroh construction as freely providing an identity for R. |



CHAPTER 4

Properties of the Robson-Burgess/Stewart Construction

§4.1 Properties of R* and R,

We now consider properties of the constructions developed in Section 2.5. We
recall that R* is defined as the Dorroh extension of R obtained by adjoining K (R) to
R. Also, recall that Ry = R + IA((R), a subring of EndR, if R is left faithful.

Lemma 4.1.1 Z(R) = {(r,s) | r € Z(R),s € K(R)} and, if R is left faithful, then
Z(Ry) = {#+s| 7€ Z(R),s € K(R)}.

Proof. Let (r,s) and (ry,s1) be elements of R* where r is in Z(R). Then

(ry8)(r1,81) = (rri+ sry+ sir,881)

(r1r + sr1 + si7, $51)

(r1,81)(r, ).

Therefore {(r,s) | r € Z(R)} C Z(R*).
Let (ra,s2) be in Z(R*). Then (ry,s2)(r3,s3) = (r3,3)(r2,s2) for all (r3,s3) in
R*, so that

(ror3 + sa73 + 8372, 5983) = (rary + s3r2 + 5973, 5253).

Thus ror3 = rary. Since r3 was chosen arbitrarily, we see that ry is in Z(R). Therefore
Z(R) = {(r5) | r € Z(R)}.

To prove the second statement, we recall the discussion of Section 2.4 and view
R as a subring of End R, since R is assumed to be left-faithful. We also recall from
the discussion in Section 2.5 that the characteristic ring K (End R) is contained in
Z(End R), and K(End R) contains the identity of End R. Since sr is in R for all s
in End R and all r in R we see that Ry = {r +s |r € R, s € K(End R)}.

59
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Let r+ s be an element of R; where r belongs to Z(R). Let ry+s; be an arbitrary
element of R;. Then

(r+s)(ri+s1) = rri+rsy+sri+ss

Il

mr+sir+ 118+ 518

(r1+ s1)(r + 3).
Therefore we see that {r+s|r € Z(R),s € K(End R)} C Z(R,). Let ¥ + 5 be an
element of Z(R;) where 7 is in R and 3 is in K(End R). Then

(F+3)(r1+s1) = Fri+7s1+3r1 455

= rri+ 817+ 7r8+ 8135
and
(r1 4+ 81)(F + 3) = ™17 + 17 + 113 + 513.

Since (7 + 5)(r1 + s1) = (r1 + s1)(F + 3) we see that 7r; = r7. However, r;

was chosen as an arbitrary element of R, so 7 belongs to Z(R). Thus Z(R,) =
{r+s|re€Z(R),s € K(End R)}. ]

For the discussion which follows, we require the following definitions.

Definition 4.1.1 Let S be a ring and let S; @ - - - @ Sk be a direct sum of non-zero
right ideals of S. If the length of such direct sums is bounded, the right uniform

dimension, denoted dim S, is the maximum value of & for the ring S; otherwise S is
said to have infinite right uniform dimension. The right uniform dimension of S will

be denoted by dim S. m]

Definition 4.1.2 A ring R has the right ascending chain condition if, for any as-

cending chain of right ideals I; C [, C --- C [, C - - - there is an integer M such that
I, = Iy foralln> M. ]
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Definition 4.1.3 Let X be a subset of a ring S. Then the right annihilator of X in
Sisrs(X)={s€S|zs=0forall z € X}. We note that this is a generalization of
Definition 1.3.1. 0

Definition 4.1.4 A ring R is a right Goldie ring if R has finite right uniform dimen-

sion and the ascending chain condition on right annihilators. o
Definition 4.1.5 A ring R is semi-prime if R has no non-zero nilpotent ideals. O

Definition 4.1.6 A ring R is prime if, for ideals A and B of R such that AB =0,
either A=0or B =0. O

The following result is due to Andrunakievic.

Lemma 4.1.2 [DIVI 65] Let C be a ring, B an ideal of C, and A an ideal of B. Let
At= A+ AC + CA+ CAC be the ideal of C generated by A. Then AP C A.

Proof. We see that A, AC, CA, CAC C B and A*> C BA*B. Thus

AP C BA'B = B(A+ AC +CA+ CAC)B

BAB + BACB+ BCAB + BCACB

N

A+ AB+ BA+ BAB

N

A.

Lemma 4.1.3 [ROBS 79] If R is left faithful, then
t) R is essential as a right ideal of R;.

it) R and Ry have the same right uniform dimension.



62

iti) R is semi-prime if and only if Ry is semi-prime.
iv) R is prime if and only if Ry is prime.

v) [MCCO 87] R is semi-prime Goldie if and only if Ry is semi-prime Goldie.

Proof. Recall that Ry = R+ K(End R) where K(End R) is the characteristic ring
of End R.

i) This follows from Lemma 2.4.4.

ii) We see that dim Ry > dim R since R C R; and right ideals of R are right

il

=

ideals of R;. Thus if dim R = oo then dim R; = oco. Suppose dim R = k for
some k < oo, and that dimR; > dim R. Let {A;, As,..., Akt1} be a set of
right ideals of R; such that the sum A; + Ay + -+ + Ag4q is direct. For each
t=1,2,...,k+ 1, let B; = A; N R, a right ideal of R. Since R is essential
as a right ideal of Ry, B; # 0 for all 7, so By + - -+ + Bj41 is a direct sum, a

contradiction of our supposition that dim R = k. Therefore dim R = dim R;.

Suppose R is semi-prime. If R; is not semi-prime, then there is an ideal A of Ry
such that A # 0 and A¥ = 0 for some k. Now ANR is an ideal of R and ANR # 0
since R is essential as a right ideal of R;. However (AN R)* = 0, a contradiction
to the assumption that R is semi-prime. Therefore if R is semi-prime then R;
is semi-prime.

Conversely, suppose R; is semi-prime. If R is not semi-prime then there is an
ideal I of R such that I # 0 and I¥ = 0 for some k. Let J = [ + IR, +
RyI + RiIR,, an ideal of Ry. Now, J # 0 and, in view of Lemma 4.1.2, we see
that J3 C I, so J3* =0, showing tbat R, is not semi-prime, a contradiction.

Therefore if R, is semi-prime then R is semi-prime.
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Suppose R; is prime. Recall that R is viewed as a subring of End(R) and
R is an ideal of R;. Let A and B be ideals of R such that AB = 0. Let
A*= A+ AR; + RiA+ RyAR; and let B* = B+ BR, + R1B + RiBR,;. From
Lemma 4.1.2 we see that both A* and B* are ideals of Ry such that A* C A
and B C B. Since AB = 0 we see that A*"B* = 0. Since Ry is prime we
have that either A* = 0 or B* = 0. Now A C A* and B C B*, so that either
A=0or B=0. Thus either A =0 or B = 0, proving that R is prime.

Conversely, suppose R is prime. Let A and B be ideals of R; such that AB = 0.
Now AN R and BN R are ideals of R such that (AN R)(B N R) = 0. Thus
either AN R =0 or BN R = 0 since R is prime. Therefore either A = 0 or

B = 0 because R is essential as a right ideal of Ry, and so R; is prime.

We have already shown that R is semi-prime if and only if R; is semi-prime,
and that R and R; have the same right uniform dimension. It remains then to
show that R has the ascending chain condition on right annihilators (denoted
ACCRA) if and only if R, has the ACCRA.

Suppose that R has the ACCRA and let X; C Ry, for ¢ = 1,2,... be subsets of
R, such that rg,(X;) C rr,(X2) C +++ C rg,(Xn) C -+ is an ascending chain
of right annihilators in R;.

Let a € R. For each i, if X;a = 0 then RX;a = 0. Assume that RX;a = 0.
Then X;a = 0, for otherwise RSR + RS + SR+ S, where S is the subring of R

generated by X;a, would be a non-zero nilpotent ideal of the semi-prime ring

R, a contradiction. Thus X;a = 0 if and only if RX;a = 0.

Consequently we see that

e, (Xi)NR={a€ R|ra=0forall r € X;} =rg(RX)).
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Thus we have an ascending chain of right annihilators in R,
rr(RX1) C rr(RX2) € --- Crr(Xn) € -

which must terminate since R is assumed to have ACCRA. So there exists
an integer M such that rp(RXy) = rg,(RX,) for all n > M. Fix some
integer ¢ where ¢ > M. We must show that rg,(X;) = rg,(Xum), and since
rr, (Xum) C rr, (X:) we need only show rg, (X¢) C rg,(Xum).

If BR = 0 for some 8 € Ry, then 3 = 0. To show this,let I = {8 € R, | R = 0},
an ideal of Ry. If I # 0 then IN R # 0 since R is essential as a right ideal of R;.
Therefore (I N R)? = 0, a contradiction of the assumption that R is semi-prime.

Thus I = 0. Similarly we see that if R3 = 0 then g = 0.

Now, suppose X;a = 0 for some a € R;. Then X;aR = 0 so that aR C
rr(RX:) = rr(RXp). Thus RXpaR = 0, and so RXpa = 0 since R is left
faithful, and thus Xpre = 0, showing that a € rg,(Xar). Therefore rg, (X;) C
rr,(Xum), proving that R; has ACCRA if R has ACCRA.

It remains to show that if R; has ACCRA then R has ACCRA.

Suppose R; has ACCRA and let X; C R for ¢ = 1,2,... be subsets such
that rr(X1) C rr(X2) C -+ C rr(X,) C --- is an ascending chain of right

annihilators in R. Let ¥; = U2, X; for each i. Then rg(Y;) C ra(Yi4:) for all i
and rgr(X;) = rg(Y;) for all 2.

Since Y1 €Y for all 7, v, () € nr (Y3) € <<« C rp (X)) € = is an
ascending chain of right annihilators in R;. Thus there is an integer M such
that rg, (Yar) = rr,(Y:) for all i > M. Since for all i, rr(Y;) = RN rg,(V;) and

5
rr(Y:) = rr(X:), it follows that rr(Xy;) = rr(X;) for all 7 > M.
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Definition 4.1.7 A ring R is right noetherian if, for any ascending chain of right
ideals I € I € --- C I, C ---, there is an integer M such that I, = Ijs for all
n> M. m}

Definition 4.1.8 A ring T is right artinian if, for any descending chain of right ideals
LD>ILD:---D1I,D--- there is an integer M such that I, = Ijs for all n > M.

Left artinian is similarly defined. A ring T is artinian if it is both left and right

artinian. =]

Lemma 4.1.4 Let R be a ring and K an ideal of R. Then:

i) if R/K and K are right artinian, then R is right artinian; and
i) if R/K and K are right noetherian, then R is right noetherian.
Proof.

i) Let {I,} for n > 1, be a decreasing chain of right ideals of R. Then {(I,+K)/K}
is a decreasing chain of right ideals of R/K, so there exists an integer M; such
that (I, + K)/K = (Im, + K)/K for all n > M;. Similarly, {I, N K} is a
decreasing chain of right ideals of K, so there exists an integer M, such that
I,V K = Iy, N K for all n > M,. Let M be the greater of M; and M,. Fix
n such that n > M. Let ¢ € Ipy. Then x + K = r + K for some r € I, so
z=r+kforsomek € K. Nowz—r=ke Iiyandz—r =k € K, so
k € Iy N K. Therefore k € [, N K. Thus z =r + k € I,,. So Ip C I,,, showing
that Iy = L.

ii) The proof for right noetherian rings is similar.

Recall from Example 1.3.1 the definition of a quasi-cyclic group, Z,~, for any

prime p. It is interesting to note that the only proper subgroups of Z,= are generated



66

by 1/p" for any n. Consequently, we see that quasi-cyclic groups are artinian, but
are not noetherian.

The following result is due to Fuchs, and is stated without proof.

Theorem 4.1.1 [FUCH 60] An artinian ring U, with no additive subgroup which is
a quasi-cyclic group, is the ring-theoretic direct sum of a torsion free artinian ring B

and a finite number of artinian p-rings C; belonging to the different primes p;,
U=BaCi®---8C,.

The rings B, Ci, ..., C, are uniquely determined.

Proposition 4.1.1 /[BURG 89]

i) If R is right noetherian, so are R* and R;;

it) If R is right artinian and R has no additive subgroup which is a quasi-cyclic

group, then R* and R, are right artinian.

Proof.

1) We note that R is an ideal of both R* and R;. Since R is assumed to be right
noetherian we need only show that K (R) is right noetherian since K(R) ~ R;/R
and K(R) ~ R*/R; Lemma 4.1.4 will then complete the proof.

Suppose K(R) is of form C. Then K(R) is not noetherian, as the ascending
chain of ideals {[T; Z/(p{*)} shows. Thus R is not right noetherian, since
{I, = @, (R)} is a set of ideals of R such that ; C I, C---C [, C---and
for each n there exists an n’ > n such that I, # I, a contradiction. Therefore
K(R) is either of form A or B, both of which are right noetherian. Thus R*

and R’ are right noetherian.
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ii) From Theorem 4.1.1 we see that K(R) is either of form A, or of form B where
D is aright artinian ring (if R = @, Xo is infinite). Thus K (R) is right artinian,

and the result follows from Lemma 4.1.4.

We recall Example 1.3.1 and note the case of R = Z,~, which is right artinian
and has K(Z,=) = Z[1/q|q # p]. Since K(Z,=) is not right artinian, R* and R, are
not right artinian. This example shows the necessity of R not containing an additive
subgroup which is quasi-cyclic if the right artinian property is to be extended from

R to R* and R;.
Definition 4.1.9
a) An element e € R is an idempotent if e = e.
b) Let I be an ideal of R. I is idempotent if /2 = I.
c) R is strongly regular if, for each z in R, there exists y in R such that 2%y = z.
d) An element e in R is central if ez = ze for all z in R.

e) For each element a in R let (a) denote the principal ideal generated by a. The
ring R is biregular if for each a in R there exists a central idempotent e in R

such that (a) = (e).
(]

For the rest of this section all rings are assumed to have all ideals idempotent and

hence are left-faithful.

Lemma 4.1.5 Let R be such that every ideal is idempotent. Then K(R) is regular.
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Proof.  We note that, in the case where K(R) = Z/I for some non-zero ideal
I of Z, K(R) must be a finite direct sum of fields and so K(R) is regular. Thus
the remainder of the proof will consider the case where K(R) is either of form B
or form C. Let f : P — N U {oo} denote the function which determines K(R),
X;={peP|0< f(p) <o}, Xo={p € P|0< f(p) < oo} and D = Z[X5].

Let p be a prime number. Then
pR = (pR)’ = pRpR = (p*)(R?) = p(pR)

since pR is an ideal of R. Hence pR is p-divisible.
Recall that ¢,(R) = { € R | p*z = 0 for some n > 1}. Then

Ptp(R) = (Ptp(R))2 = Pz(tp(R))Z = Pztp(R)

since t,(R)? = t,(R).

Therefore,
pto(R) = p(pty(R)) = p(p*ts(R)) = p*(pto(R)) = -+ = p™t,(R).
If z is in ¢,(R), p™z = 0 for some m > 1, and hence
zpt,(R) = zp™t,(R) = p"xt,(R) = 0t,(R) = 0.

Hence, t,(R)(pt,(R)) = 0, so (pt,(R))* = 0. Therefore pt,(R) = 0 since pt,(R) =
(ptp(R))?. Consequently, annt,(R) = (p*) for k=0 or 1.

We will show that R = pR @ t,(R). Let a be an element of R. Since pR = p*R
there is an element b in R such that pa = p?b. Hence p(a — pb) = 0 and so a — pb
is an element of ¢,(R). Now, a = pb + (a — pb) which is contained in pR + t,(R), so
R =pR+1t,(R). Also, since pR is p-divisible and pt,(R) = 0, pRNt,(R) = 0. Hence
R=pR&t,(R) and so f(p) =0orland D = Z[X5'] = Q.

Recall that X; is the set of primes p; for which a component Z/(p{"), for some

integer n; > 1, appears.
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If X is finite, so that K(R) ~ Q& Z/(p1)® --- ® Z/(p.), then K(R) is regular
because it is isomorphic to a direct sum of fields. On the other hand, if X; is infinite
then K(R) =~ {(u:)|(u:) is an element of [T,cx, Z/(p) such that there is some a/b
in @ and u; = a/b for almost all i}. Let (u;) be an element of K(R). Define the

components of (v;) by:

u,(_l) ifu; #£0
D=
0 if u; = 0.

Then (v;) is also an element of K(R) and (u;)(vi)(u;) = (u;). Hence K(R) is
regular. | |
Lemma 4.1.6 Let R be strongly reqular. Then K(R) is strongly regular.

Proof. If R is strongly regular, then all ideals of R are idempotent. Consequently,
by Lemma 4.1.5 K(R) is regular. Since K(R) is also commutative, K (R) is strongly
regular. u
Lemma 4.1.7 Let R be regular. Then K(R) is regular.

Proof. From Proposition 2.6.1 we see that all ideals of R are idempotent. Therefore
K(R) is regular. ]
Lemma 4.1.8 K(R) is regular if and only if K(R) is strongly regular.

Proof. We note that K(R) is commutative, since it is an epimorph of Z. | |

Lemma 4.1.9 Let A be a ring, B an ideal of A. If A/B and B are both regular,

then A is regular.
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Proof. Let a be an element of A. There exists an element £ € A such that
(a + B)(z + B)(a+ B) = (a + B) since A/B is regular. Thus aza+ B = a + B, so
aza — a is an element of B. Since B is regular, there exists an element b of B such
that (aza — a)b(aza — a) = aza — a. Therefore a(zab+ bax — zabaz — b+ z)a = a as

desired. |

Corollary 4.1.1 If R is regular then Ry is regular.

Proof. Since K(R) ~ R;/R and K (R) is regular the conditions of the lemma apply,
showing that R, is regular. u

Lemma 4.1.10 Let A be a ring, B an ideal of A. If A/B and B are both strongly

regular, then A is strongly regular.

Proof. Let a be an element of A. There exists an element z € A such that
(a + B)*(z + B) = a + B since A/B is strongly regular. Thus a?z — a is an element
of B. Since B is strongly regular there exists an element b in B such that (a?z —
a)(a’z — a)b = a*z — a, and so a = a*(z — za’zb+ zab+ axb — b), proving that A is

strongly regular. u

Corollary 4.1.2 If R is strongly reqular then R, is strongly regular.
Proof. Since K(R) ~ R;/R is strongly regular by Lemma 4.1.6, R, is strongly

regular. u

Lemma 4.1.11 Let A be a ring with identity, B an ideal of A. If B has all ideals

tdempotent and A/B is commutative reqular, then A has all ideals idempotent.
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Proof. Let I be an ideal of A, and let a be an element of I. Then (I + B)/B is
an ideal of A/B, which is commutative regular. Thus there exists an element b in A
such that (a + B)?(b+ B) = a + B. Therefore a’b — a is an element of B. Let J be
the ideal of B generated by a?b — a. Now J = J% and J C I, so J = J? C I%. Hence
(a®b— a) € I? and since a?b € I%, a € I?. This shows that I C I? and so all ideals of

A are idempotent. ]

Corollary 4.1.3 If R has all ideals idempotent then Ry has all ideals idempotent.

Proof. We note that K(R) ~ Ry/R is commutative regular by Lemma 4.1.5. ®

Finally, we show that the Burgess/Stewart extension of a biregular ring is also
biregular and so every biregular ring can be embedded in a biregular ring with identity.
This result is due to [VRAB 70]. To demonstrate this we first require the following

definitions.

Definition 4.1.10 The Boolean algebra of central idempotents of a ring (5, +,-) is

(B, +,*) where B = {e € Z(S) | e- e = e} and the operations are defined by

etf=e+f—2-f and exf=e-f

Lemma 4.1.12 The Boolean algebra of any ring S is an associative ring.

Proof.

The proof involves a straight forward check of the ring properties. Let e, f, g be
in B and s in S. Then

(exf)(exf)=e frefmeef-f=e f=exf,



(exf):s=e-f-s=e-s-f=s-e-f=s-(exf),

(e+f) - (etf)

(e+f—2e-f)-(e+f—2e-f)
= ed e =G find f et of = Bes e fos
o b e e e
= et+e-f—2-f+e-f+f—2e-f—2-f—2e-f+4de-f
= e+f—-2-f
= (et/)
and
(e¥f):s = (e+f—2e-f):s
= e-s+f-s—2-f-s
= s-ets-f—s-2-f
= s-(etf).

Thus e * f and e+f belong to B.

We see that + is associative since

(e+ f—2e-f)+g

= e+ f-2-e-f+g—2-(e+f—2-f)-g
= e+ f—2 f+g—2e—2f—4de-f-g

= e+ f+9g—2f-g—2-f—2e-g+de-f-g
=Vt g =2 ) = 2e (g —2fg)

= et(f+g-2f-9)

= et(f+g).

(e+f)+g

72
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‘We also note that
etf=e+f—2e-f=f+e—2f-e= f+e

and

e+0 =e,

so that + is commutative and has an additive identity. We see that elements of B
have additive inverses since e+e = e + e — 2e - e = 0. Finally, we see that B satisfies

the distributive property since

ex(ftg) = ex(f+g—2f-9)
= e fte-g—2e-fg
= e-f+e-g—2e-f-e-g
= e-fFe-g

= (exf)F(exg)

Thus (B, +, ) is an associative ring. |

We require the following three lemmas which will be used to prove that the

Burgess/Stewart extension preserves biregularity.

Lemma 4.1.13 Let S be a ring with identity and B the Boolean algebra of central
idempotents of S. If N is a mazimal ideal of S then (N N B) is a mazimal ideal of
B.

Proof. Lete,fbein NN B and g be in B. Then e+f = e+ f — 2ef belongs to
NNBand g*e=geisin NN B,so NN B is an ideal of B. Let I be an ideal of
B containing N N B where NN B # I. Let e be in I\NN B. Then N +eS = §

since NV is a maximal ideal of S, so 1 = n+ es for some n in N and s in S. Therefore
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e=en+es, 501 —e=n—en belongs to N. Thus 1 — e belongs to N N B, which is

contained in I, so ef(1 — e) belongs to /. Since
ef(l—e) = e+1—e—2e(l—¢)
= 1-2(e—¢€?)
=1

we see that 1 belongs to I, and so I = B. Therefore N N B is a maximal ideal of B.
u

Lemma 4.1.14 Let S be a ring and B the Boolean algebra of central idempotents of
S. Ife, f are elements of B thenu=¢e+ f—ef isin B andeu=ce, fu= f. If [ is
an ideal of S then I N B is an ideal of B. If I is an ideal of S and C = I N B then
CS is an ideal of S and for any element x in C'S there are elements e in C and s in

S such that ¢ = es.

Proof. Let e, f be elements of B, s an element of S and u =e+ f —ef. Then

u' = (et+f—ef)(et+f—ef)
= eetef—eef+fet+ ff—fef—efe—eff+efef
= etef—ef+ef+f—ef—ef—ef+ef
= e+ f—ef
=Ry

and

us = (e+f—ef)s
= es+ fs—efs
= se+sf—sef

= Ssu
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so u belongs to B. We also note that

eu = e(e+ f—ef)
= e +ef —ef
= e

and similarly fu = f, proving the first statement.

Now, let I be an ideal of S, g an element of B and e, f elements of / N B. Then
etf=e+ f—efisin I, and so et f belongs to I N B. Also, e* g = eg is in I, so
e*gisin I N B. Thus I N B is an ideal of B, verifying the second statement.

Finally, we verify the third statement. Let I be an ideal of S and C' = IN B. Let
T = Y i, €;8; be an element of C'S for some positive integer n and elements e; in C
and s; in S. Suppose n = 2, so that ¢ = e;s1 + €382. Let u = e; + e; — e1e5. Then
ue; = e; and uey = ey so that = u(e1s; + e33;) is of the required form since u is in
C. We assume that if 2 = 77 e;s; then z = es for some e in S and s in S.

n—1
1=1

Now suppose z = 37, e;s;. Then z = Y17 €;s; + e,5, so that z = &5 + e,s,, for
some € in C and 5 in S. As above, let @ = € + e, — €e,. Then & = (s + e,s,) is
of the right form. Thus, by induction on n, we see that for any z in C'S there are
elements e in C and s in S such that z = es.

Now suppose e;s; and e;s; are elements of C'S. Then e;s; + €282 = us for some
uin C and s in S. Also, for any s’ in S we see that (e1s1)s’ = e1(s18’) is in C'S and

s'(e181) = (s'e1)s1 = (e18')s1 = e(s’s1) is in CS. Thus CS is an ideal of S. [ |

Lemma 4.1.15 If S is a semiprime ring with identity such that, for every mazimal
ideal M of B, the Boolean ring of central idempotents of S, MS is a mazimal ideal of
S then S is biregular.

Proof. Let a be a non-zero element of S and (a) the principal ideal of S generated

by a. Since S contains an identity we see that (a) = SaS. We first show that S =
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SaS@®lann SaS where lann denotes the left annihilator in S. Let I = SaSNlann SaS,
an ideal of S. Then I? = 0 so I = 0 since S is semiprime. Suppose SaS ®lann SaS
is a proper ideal of S. Since S has an identity, we see that SaS @ lann SaS is a
contained in some maximal ideal N of S by Zorn’s lemma. From Lemma 4.1.13 we
note that N N B is a maximal ideal of B. Thus, by assumption, (N N B)S is a
maximal ideal of S. Now (N N B)S is contained in N, so (N N B)S = N. Since a
is in N, a = es for some e in N N B and some s in S by Lemma 4.1.14. Further,
(1—¢€)SaS=5(1—-¢€)esS=5-0-5=0,s01— e belongs to lann SaS, and thus
1 —eisin N. Therefore 1 = (1 —e) + e is in N contradicting the supposition that
N # S. Therefore S = SaS & lann SaS.

Let 1 = e + f where € is in SaS and f belongs to lann SaS. Let z be in SaS.
Then ez —z = (1 — f)z — z = —fz is in lann SaS. Since ez — z is also in SaS and
SaS Nlann SaS = 0, we see that ez = z. Thus e = e and SaS = SeS. For any s in
S,es—se=(1— f)s—s(1— f)=—fs+sf and so, as above, es = se showing that

e is central, and showing that S is biregular. u

We next show that certain extensions of biregular rings are biregular, from which

the preservation of biregularity by the Burgess/Stewart construction will follow.

Lemma 4.1.16 Suppose S is a ring with identity containing an ideal R which, as a
ring, is biregular. Also, suppose S has a central regular subring T' such that S = R+T.
Then S 1is biregular.

Proof. We note that both R and 7' are semiprime. Let I be an ideal of S such that
I? = 0. Now S/R is semiprime since

SO

R 5 AEm
which is regular since homomorphic images of regular rings are regular. Since

I+R _S
R — R
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we see that I C R. Thus I = 0 since R is biregular. Therefore S is semiprime.

Let B be the Boolean algebra of central idempotents of S, and M a maximal ideal

of B.

By Lemma 4.1.15 it suffices to show that M.S is a maximal ideal of S. We note

that since S = R+ T and T is central, central idempotents of R are in B.
Suppose that there exists an ideal K of S containing M S and K # MS. We need

to show that K = S. There are three cases to consider.

Case [:

Case II:

Case III:

If MSN R # K N R there is, since R is biregular, a central idempotent e of R
such that e is in K N R and e does not belong to M.S N R. As noted above,
eis in B, so e is not in M and thus 1 = e+m for some m in M. Therefore
1=e+m—2em and hence 1 — e is in M S. Thus e, 1 — e belong to K and so
K = S, proving that S is biregular.

If MSNR=KNR and R is contained in M S, then R C MS C K and

K = KnS
= KN(R+T)
= KN(MS+T)
= MS+KNT (since MS C K).

Since MS # K there is a non-zero element s in K N T such that s is not in
MS. There is an element ¢ in 7' such that s = sts, since T is regular, and so
e = st is an idempotent. We note that e is not in M.S since s = es and s is not
in MS. Further, e is in B since e belongs to 7" and T is central. We note that
e is not in M since e is not in M S, so 1 — e belongs to M, as discussed above.

Thus e, 1 — e belong to K and so K = S. Hence S is biregular.

Suppose MSN R = KN R and R is not contained in MS. Let a be an element

in R where @ is not in MS. There is a central idempotent e in R such that
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(a) = (e), since R is biregular. As noted above, e is in B. Since a is not in M5,
neither is e in MS. Thus e is not in M and, as above, 1 —e is in M. Therefore

both e and 1 —e arein MS + R,so MS+ R=S.

Let k be an element of K. Then there exist elements z in M.S and r in R such
that k = z +r. Thus k —z = r is in K N R, since M'S is contained in K.
Further, k—z =risin MS since KNR=MSNR. Thusk=z+risin MS
and so K is contained in M .S, contradicting our assumption that K is a proper

extension of MS. Therefore this case III can not occur.

Corollary 4.1.4 If R is biregular then R* and Ry are biregular.

Proof. Since every ideal of R is idempotent, K (R) is regular by Lemma 4.1.5. ®



CHAPTER 5

Conclusion

We have considered a variety of methods which extend any given ring to a ring
with identity, although some methods are restricted in regard to the rings which may
be extended. For instance, the method developed in [ROBS 79], and by implication
the refinements made by [BURG 89|, requires that the given ring be left-faithful,
while the methods discussed in [FUCH 68, FUNA 66] deal only with regular rings.

We have shown that the construction given by [DORR 32] extends any ring to a
ring with identity by adjoining the ring of integers to the original ring. While this
approach places no restrictions on the original ring, many of the properties of the
original ring may be lost in the extension. However, this construction is functorial,
and in fact is part of an adjunction.

The method discussed in [ROBS 79] embeds the original ring R (which is required
to be left-faithful) into the ring of endomorphisms of R, which contains an identity.
More generally, we see that R+ C is an extension of R with identity for any subring
C of the center of End R.

[BURG 89] refines the method developed in [ROBS 79] by adjoining the charac-
teristic ring to the original ring. We have shown that this construction retains many
of the properties possessed by the original ring.

In the case of regular rings, we have shown that there is a commutative regular
ring with identity S such that every regular ring is an S-bimodule. This ring was used
in [FUCH 68] to develop a construction which extends any regular ring to6 a regular
ring with identity. A second construction regarding regular rings was developed in
[FUNA 66] by adjoining to a regular ring R the ring of endomorphism of R, using
arithmetic similar to that used by [DORR 32]. In view of the method discussed in

[ROBS 79], we have suggested a refinement to Funayama’s approach.

9
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