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Abstract

In this thesis, systematic investigations on divergence property of the divergence
preserved alternatively-direction-implicit finite-difference time-domain (ADI-FDTD)
method and the meshless method are carried out.

It is found that divergence preserved ADI-FDTD method maintains the unconditional
stability and the same numerical dispersion as that of the traditional ADI-FDTD method,
while preserving electromagnetic divergence properties. To further improve its efficiency,
an efficiency improved version is proposed. Theoretical proof of both the unconditional
stability and the divergence property is provided. Almost 41.7% less count of floating-
point operations than the original one is obtained.

Investigations on the meshless method lead to the following results.

(1) A meshless method for the wave equation is proposed to improve the efficiency based
on the mathematical equivalence of the Maxwell’s equations and wave equation. Since the
proposed method only requires to solve electrical field, computational efficiency of the
proposed method is largely improved.

(2) A divergence preserved meshless method based on the vector radial basis function
(RBF) is proposed to solve the Maxwell’s equations. The conventional meshless method
using Gaussian RBF cannot preserve the divergence property of electric and magnetic
fields. The proposed method is theoretically proven to be divergence free and will not
introduce the artificial charges in its numerical solutions. Numerical results show that the
proposed method can accurately model the charge distribution in the simulations.

(3) A stable meshless method based on QR-decomposition method is proposed to
overcome the spatial stability issue of the conventional meshless method. The source of
the spatial instability is removed from the Gaussian RBF through the QR-decomposition
method. A new stable basis function, which share the same function space as that of the
Gaussian RBF, is obtained.

(4) The relationship between the meshless method and the FDTD method is theoretically
investigated in terms of numerical dispersion. When node distribution and field component
location is the same as that of the FDTD method, numerical dispersion of the meshless
method can become the same as that of the FDTD method. It implies that the meshless
method is a general method which includes the FDTD method as its special case.
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Chapter 1 Introduction
1.1 Preface

This thesis mainly focuses on investigation of the properties of the divergence-preserved
alternatively-direction-implicit finite-difference time-domain (ADI-FDTD) method and
development of the meshless method for the computational electromagnetics (CEM). This
chapter introduces the research background of the thesis, and then reviews the state-of-art
of the FDTD methods and meshless methods. Research objectives, contributions, and

organization of this thesis are also presented.

1.2 Research Background

There are two possible ways to seek solutions of mathematical models. One is the
analytical approach, which is the most preferred if it is applicable and can be easily derived.
We can then obtain analytical solutions which can be easily computed. However, they are
only obtainable for problems of certain regular shapes with simple boundaries. In many
situations, most of the analytical solutions are found with certain assumptions and
simplifications of the practical problems [1] [2]. Therefore, analytical approach is limited
to solving a few problems such as a dipole, a circular cavity and an infinite ground plane
[3]. Another way to solve mathematic models is to resort to numerical methods with
modern computer technologies to obtain approximate solutions. In a numerical method, an
original continuous model is first discretized in space and/or time and then transformed
into a discrete model of a finite matrix system. By solving the discrete system, numerical
approximate solutions are then obtained. The most common seen numerical methods are
finite-difference (FD) method, finite element method (FEM), and method of moment
(MOM). There are at least two conditions required to ensure that the numerical results
obtained are valid: (1) when all discretized parameters in both space and time domain
approach to zero, approximate solutions converge; and (2) the conservation laws, which
are governed by the original continuous models, are satisfied in the discrete model.

Nowadays, numerical methods have been widely developed in engineering, leading to
different branches such as computational electromagnetics, computational chemistry and

computational physics. Many numerical methods have been commercialized, resulting in



many software packages. Equipped with modern Graphical User Interface (GUI), they are
used to solve many problems that were not solved before or to design engineering
components and systems that are difficult to do before.

In computational electromagnetics (which is the scope of this thesis), the finite-
difference time-domain (FDTD) method is very popular due to its simplicity, easy
implementation and strong capability of handling complex materials. A newly developed
method, named split-step Fourier method, become more and more popular in solving the
nonlinear optics[4, 5]. It can keep the carrier frequency and is faster than the finite
difference method. However, it is less accurate than the FD methods. In this thesis, the
FDTD method is considered for the computational electromagnetics. For the FDTD
method, maximum time step is constrained by the Courant-Friedrichs-Lewy (CFL)
condition [6], which is related to the smallest cell size in a discretized spatial domain. As a
result, when multi-scale structures or geometry fine devices are presented in a solution
domain, discretized cell sizes are inevitable small to capture the geometry details, which in
turn make time step very small. As a result, computational time may become prohibitively
long. To overcome the problem, the unconditionally stable alternatively-direction-implicit
(ADI) FDTD method was developed [7-10]. With implicit method, the time step can be
independent of cell sizes. Therefore, an arbitrarily large time step can be used; the only
constraint is modeling accuracy. With a relatively large time step, the simulation time can
be greatly reduced and computational efficiency is significantly improved. Other forms of
the unconditionally stable FDTD methods have also been developed in the past decades;
they include the locally-one-dimensional (LOD) FDTD methods [11-13], the multi-stage
split FDTD (SFDTD) [14, 15], the one-step leapfrog ADI-FDTD method [16] and Crank
Nicolson (CN) FDTD methods [17-20].

In recent years, however, it was found that the most traditional unconditionally stable
FDTD methods have divergence issues [21-23]. That means the conservation laws for
electrical charges and magnetic fields are not satisfied. Artificial charges or non-existent
magnetic charges may be present in computational solutions and even leads to failures of
simulations [24]. For the applications like particle-in-cell (PIC) simulations, those
unconditionally stable methods cannot obtain valid results [25]. To address the issue, in

[25], a divergence preserved ADI-FDTD method is proposed. Besides its unconditional



stability, the divergence properties of the Maxwell’s equations are also satisfied. In [26],
another divergence preserved LOD-FDTD method is proposed based on the fundamental
formulations of the unconditionally implicit FDTD methods.

The above-mentioned FDTD methods are mesh- or grid-based because certain types of
geometry elements, such as triangles in two dimension domains, tetrahedrons in three
dimensions, are used to discretize original continuous problem domains. For these mesh-
based methods, re-mesh has to be applied when structures or devices are partially modified
or changed; connection information among elements, such as edge length, face area and
volume of elements, is required to solve these problems. It needs to be updated during the
re-meshing process. Such a process is quite time-consuming and may even take more time
than that of a solution process.

To mitigate the above problem, meshless methods are introduced. In the conventional
non-meshless grid-based method, in a discrete element, edges of spatial elements intersect
and the intersection becomes a spatial node. When the edges, which connect two spatial
nodes in an element, are removed, the nodes are left, forming a discrete space of nodes
representing the solution domain. If the fields are solved in respect to those nodes, we
obtain the so-called meshless methods. Since they are node based meshless methods can
easily be self-adapted and geometrically conformal, only node location information is
required. Various meshless methods have been proposed in recent years [27-32]. However,
most of them use Gaussian radial basis function (RBF) and their solutions are found not
meeting the conservation law and not divergence free in charge free regions [33]. In
frequency domain, it is presented as several zero eigenvalues. To resolve the issue, in [34],
a matrix-valued, or named as the vector-valued, RBF, which is theoretical divergence free,
is proposed. It has been extensively investigated in [35]. In addition, as meshless methods
are based on interpolation methods, inversion of interpolation matrix is inevitable. Various
reports show that such inversion is problematic because the interpolation matrix may be
severely ill-conditioned [33, 36-38]. Based on the interpolation theory, we can obtain
accurate results when we choose extremely small shape parameters or employ more nodes
in the support domain [38]. However, when the shape parameter, which controls the decay
rate of Gaussian RBF, becomes extremely small or the number of scattering nodes in the

support domain is large, the condition number of the interpolation matrix may become



extremely large, which leads to failure of matrix inversion. Therefore, we have to make a
tradeoff between accuracy and the conditional number of the interpolation matrix or to find
the optimal value for the shape parameter. There are several methods proposed to search
such an optimal trade-off value [39]. Unfortunately, those optimal values are usually case
dependent and we have to repeat such process even when we modify or change models or
structures partially. In [38], a stable meshless method based on the QR decomposition
method is proposed. When the shape parameter is extremely small, it is still able to get
accurate results. Therefore, highly accurate solutions at the machine precision can be

obtained.

1.3 Objectives

The goal of this thesis is to solve the above-mentioned problems present in the
divergence preserved ADI-FDTD method and the meshless method. More specifically, the
objectives are

1) to analytically verify the stability, numerical dispersion, and divergence properties
of the divergence preserved ADI-FDTD method and to develop a technique to improve
its computational efficiency;

2) to improve the computational efficiency by developing a new meshless method

for solving electromagnetic vector wave equation;

3) to develop a new meshless method for the electromagnetic problems, which

preserves the divergence properties of the electrical and magnetic fields;

4)  to solve the ill-conditioning problems and the stability problems in the meshless

method when the shape parameter is extremely small;

5)  to study the relationship of the meshless method and the FDTD method.

1.4 Contributions of this Thesis

This thesis explores the divergence properties and computational efficiency of the
unconditionally stable ADI-FDTD method and the meshless methods. The detailed
implementation of the divergence-preserved ADI-FDTD method and its efficiency
improved counterpart is systematically investigated. Theoretical proofs of its divergence

properties are also provided. To improve the efficiency of the meshless for the Maxwell’s



equations, a meshless method for the wave equation is proposed and applied to solving the
resonant problems. Detailed studies is made to assess the improvement of the efficiency
compared with that of the conventional meshless method for Maxwell’s equations. A
vector-based meshless method based on the vector RBF is then proposed to resolve the
divergence issue. Detailed properties of the vector RBF is also addressed. Then, a stable
meshless method based on the QR-decomposition method is proposed to solve the ill-
condition problem in the meshless method. Finally, the relationship between the meshless
method and the FDTD method is theoretically investigated.
In summary, the original contributions of this thesis are as follows:

1) Theoretical study on the divergence-preserved ADI-FDTD method is performed
and it shows that the method is unconditionally stable and shares the same numerical
dispersion of the ADI-FDTD method, the LOD-FDTD method, and the leapfrog ADI-
FDTD method. Based on the fundamental formulations, an -efficiency-improved
divergence preserved ADI-FDTD method is proposed to enhance the performance in terms
of the computational efficiency. Analytical and numerical results demonstrate that the
proposed method preserves the divergence properties.

2) Anew meshless method for the wave equation based on the local RBF is proposed
to improve the efficiency of the meshless method for solving Maxwell’s equations. With
the proposed method, only one set of unknowns, either electrical fields or magnetic fields,
is required. Therefore, compared with the conventional meshless method, which needs to
solve the electrical and magnetic fields, simultaneously, this method can improve
computational efficiency and reduce memory consumption.

3) Since the conventional meshless method based on the local Gaussian RBF is not
divergence free, a new vector-based meshless method, which is theoretically divergence
free, is proposed to solve Maxwell’s equations and the wave equation. Detailed properties
of the proposed method are investigated.

4) The reason for the ill-conditioning problem in the meshless method is studied. It
is found that all the elements of the interpolation matrix approach one when the shape
parameter is extremely small. It implies that all columns or rows become linearly
dependent on each other. The QR-decomposition method is applied in this thesis and the

terms of the shape parameter are analytically separated from the Gaussian RBF and a new



stable basis function is formed. Its stability is also verified by the numerical results.

5) The study on the relationship between the meshless method and the conventional
FDTD method is conducted. It is found that when the node distribution and field
component location of the meshless method is the same as that of the FDTD method,
meshless method becomes the FDTD method. In other words, the FDTD method is a
specific case of the meshless method. This means that the meshless method is a general
method which contains the traditional FDTD method.

We have published our above original work in [40-47].

1.5 Organization of this Thesis

Since most of our original work has been published in the recent years, remaining part
of this thesis will be mainly composed of the papers we published. This is in accordance
with the Dalhousie Ph. D. thesis requirements.

Chapter 2 is basically our paper [40, 41]. There, a divergence preserved ADI-FDTD
method is introduced to solve the Maxwell’s equations. Its detailed implementation,
theoretical proof of stability and dispersion properties is presented. In addition, an
efficiency improved counterpart is also shown and its divergence properties are
theoretically proved.

Chapter 3 is based on our paper [42]. There, a new meshless method for the wave
equation is proposed. Its stability condition is also shown. The conformal ability and
capability of handling multi-scale structures and efficiency are validated through numerical
examples.

Chapter 4 is based on our paper [44]. There, the properties of a vector RBF are
systematically analyzed. Based on this vector RBF, the meshless method is then applied to
solving the Maxwell’s equations and wave equation in the time domain. The divergence
properties and accuracy are verified through numerical examples.

Chapter 5 is based on our paper [47]. There, in order to mitigate the ill-condition problem
upon the interpolation matrix in the meshless method, QR decomposition method is
proposed to separate the shape parameter from the Gaussian function and a stable meshless
method is developed.

Chapter 6 is based on our paper [45]. There, the relationship between the meshless



method based on local Gaussian RBF and the FDTD method is explored in terms of their
numerical dispersions. Theoretical analysis is performed on the numerical relationship of
the two methods and conclusions are made about the two methods.

In chapter 7, conclusions are drawn and future work is presented.



Chapter 2 The Divergence-Preserved ADI-FDTD Method

This chapter is mainly based on our two published paper [40, 41]. One is Shunchuan
Yang, Zhizhang (David) Chen, Yiqiang Yu, and Sergey Ponomarenko, "Efficient
implementation of the divergence-preserved ADI-FDTD method," published in IEEE
Antennas and Wireless Propagation Letters, vol. 11, pp. 1560-1563, 2012. Another is
Shunchuan Yang, Zhizhang (David) Chen, Yiqiang Yu, and Sergey Ponomarenko, "On the
divergence properties of the new efficiency-improved divergence preserved ADI-FDTD

method," published in IEEE International Microwave Symposium, 2013, pp. 1-3.

2.1 Study on the Divergence-preserved ADI-FDTD Method
2.1.1 Abstract

The conventional ADI-FDTD method, although unconditionally stable, may not be
divergence-free in a source-free region. In this section, a divergence-preserved ADI-FDTD
method is presented. Its time-marching formulations are derived and analytical analysis of
the stability is shown. It is found that the proposed ADI-FDTD method still retains the
unconditional stability and its numerical dispersion is the same as the conventional ADI-
FDTD method and the LOD-FDTD developed so far. However, like the conventional
FDTD method, it is divergence-free in a source-free region; and unlike other
unconditionally stable methods which do not preserve the divergence properties, it has no
spurious charges introduced into numerical grids. Numerical results are presented to verify
the claims and compared with the conventional FDTD method and the conventional ADI-

FDTD methods.
2.1.2 Introduction

The FDTD method is widely applied in electromagnetic modeling due to its easy
implementation and strong handling capability of complex materials [6]. However, to
achieve convergence and obtain accurate results, the CFL stability condition that limits
time step must be satisfied in practical simulations. As a result, computational time can be
prohibitively high for modeling electrically fine and multi-scale structures. Fortunately,
unconditionally stable FDTD methods, such as the ADI-FDTD method [10], the LOD-
FDTD method [48] and the one-step leapfrog ADI-FDTD method [16], have been
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developed to overcome the CFL condition; thus a large time step may be taken, leaving the
only constraint of the numerical methods to be just modeling accuracy. However, recent
research indicated that these unconditionally stable methods are not divergence-free in a
source-free region [22]. That is, nonphysical spurious charges are introduced by these
numerical methods, leading to nonphysical divergence accumulation that may cause
eventual simulation failures [49]. Specifically, divergence property of the conventional
ADI-FDTD method was investigated in [21] and it was found not divergence-free like the
FDTD method. The newly proposed one-step leapfrog ADI-FDTD method was also
studied and found not to be divergence-free either [22].

To overcome the above problem, a new divergence preserved ADI-FDTD method was
proposed and the related theoretical work was presented in [25]. In addition, the perfectly
matched layer (PML) was introduced into the newly developed two-dimensional
divergence preserved ADI-FDTD method in [50].

In this section, detailed formulations for advancing fields, rigorous proof of the stability,
and analysis of numerical dispersion are presented. First, the generalized formulations of
the divergence preserved ADI-FDTD method are derived. Then, proof of stability and
analysis of numerical dispersion are presented. Finally, the divergence-free property and

unconditional stability with numerical examples are verified.
2.1.3 Detailed Formulations

In this section, formulations of the divergence preserved ADI-FDTD method are
developed in detail.

For simplicity without losing generality, consider a linear, lossless, isotropic and non-
dispersive medium with permittivity ¢ and permeability x«. The time-dependent Maxwell’s

curl equations can then be rewritten in the following form [25]:

la_EzvX(ZUH), (2.1a)
c ot

_5@;*1):_%1;, (2.1b)

where EZ[EX E, Ez]T,H:[Hx H, Hz]T=

Zy=All¢.



Two matrices of partial differential operators, P and M, are introduced to define the curl

operation so that the Maxwell equations can be simply written as:

M)y, 22)

where V=[EraEy,Ez=ZoHraZol‘ly=ZoI‘[z]T,

o 0 o o0 o 2
oy
o 0 0o 2 o o
0z
o 0 0o o 2 o (2.3a)
Ox
P= s
0 — 0 0 0
0z
o 0 2 0 o o
ox
9 09 0 0 0 o0
| Oy ]
and
0 0 0 o -2
0z
0 0 0 0 0o -2
ox
o 0 0 -2 0 o (2.3b)
oy
M= s
0 0 -— 0 0 0
oy
9 0 0 0 0
0z
o -2 0 0 0
ox i

Note that PT=P, M" = M and PM # MP.

The exact solution to (2.2) can be obtained as

AL e Vi (2.4)

Here the superscript 7 is added; it denotes the field value at ¢ = nAt. At is the time step
selected by a user.

The following approximation is now applied to the matrix exponential:
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PN L o2 T2 2 2 (2.5)

By applying Taylor series to the first and third factors and Padé approximation [51] to the

second and fourth factors, (2.5) can be rewritten as

AP z(I+CAZMJ(I—CAZPj (I+CNP)(I—CNMJ . (2.6)
2 2 2 2
With (2.6), the approximate solution to (2.2) can be obtained as
(ILN j(I+CNMj v+ z(I+CNP](I—CN ] 4 (2.7
2 2 2 2

Eq. (2.7) is the divergence preserved ADI-FDTD method which turns out to be exactly
the same as that presented in [25]. Its divergence-preserved property has been proven
analytically in [25]. Note that in deriving the divergence preserved ADI-FDTD method,
two approximations of (2.5) and (2.6) are taken; this is not explicitly indicated in [25].

By replacing the differential operators, 6 in (2.7) ({=x, y, or z), with their corresponding
central finite difference counterparts, the time marching divergence-preserved ADI-FDTD
formulation is obtained as described below.

With Strang splitting, (2.7) can be broken up into two updating equations and each of
them can be solved separately. The resulting time-marching equations are obtained with

the introduction of intermediate term V™/2:

v [ A (oAl y )y, (2.8a)
2 2
N :(I+CTAIMJ(I—CTNPJ_ Ve, (2.8b)

To facilitate operation of the inverse of the partial differential operators in (2.8), we

introduce another intermediate term Q, where Q:[%,g,,g,gm,gy,gz]r. 0., 0, and 0,
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are related to electrical components and ¢, , 0, and @, are related to magnetic fields.

The field location of Q is defined on the Yee’s cell and have the same field distribution of

V. It leads to the divergence-preserved ADI-FDTD formulations:

For the first sub-step:

(I— CithQn-H/Z —V”

Vn+1/2 — (I + cﬁt P]Qn+l/2 .

For the second sub-step:

(I— CﬁtPanH — Vn+1/2

cAt

Vn+1:(1+ Man+l

More specifically, let’s take the x-directed field components as an example.

For the first sub-step, from (2.9a), we have:

At
Qn+1/2 — En _%aZQ;’;rl/Z ,

ex X

QZ:—I/Z =7, H' _% Q:uz‘

On substitute (2.3) into (2.9b), we have the following updating equations:

ntl/2 _ yptl/2 cAt 1+1/2
B =+ a0,
1 cAt
H)::H/Z :_Q}Ln:l/Z + 6ZQ:;,+1/2.
Z, 27,

Similarly, for the second sub-step,
g:rl :E:HI/Z +%8}/sz+1 ,

QZ;] _ ZOH;HI/Z +%62Q‘";1 ’
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(2.9a)

(2.9b)

(2.10a)

(2.10b)

(2.11a)

(2.11b)

(2.12a)

(2.12b)

(2.132)

(2.13b)



and

En+l QH—I __aZQ/H—l , (2.143)
cAt
Hn+l _ n+1 n+l. 2' 14b
X th 220 erz ( )

Equations for other field components can be found in a similar manner or by cyclic
permutation of the indices in the subscripts in (2.11)-(2.14). Detailed formulations can be
found in Appendix A.

Next, finite-difference approximations are used to replace the differential operators in
the above equations. The finite differences used can be of a chosen order; the expression

can be written as follows [52]

99 _
o

ip—m——

;LA::ALMZ: ( amed -4, ,) (¢ =x,y, orz) (2.15)

where L is the pre-defined order of the central finite-difference and ¢ is any of the electric

or magnetic field component; o are the coefficients associated with the user-selected order
and they can be found in Table I of [52].

Egs. (2.11) and (2.13) are implicit equations with different field quantities to be solved
on the two sides of the equations. They can be further manipulated for easy computation
by combining it with the equations for other field components. After some tedious

derivations (which can be found in Appendix A), we can obtain:

2
|: At j|g:+l/2 g:l/Z At gj]/Z En
(i+1/2,,k) 3 Lex(i+1/2,j,k+1) 2 ex(i+1/2,,k-1) (i-+1/2,].k)
2ue\z’ 4,u€Az 4uehz , (2.16a)
N
- 2 (H;(HI/Z, Jk+1/2) _H;(HI/Z, Jk=112) )
2 2 2
gxﬁ(l JH2,k+112) Zon( jH2,k+112) T 2y (Qzl J+Lk+1/2) QYI Jr k+1/2)) (2 1 6b)
and
n+1/2 ) At (i +1/2 (2 173)
X(i+1/2,,K) Qex(H]/Z,/J') 20y (Q/y i+1/2,+1/2,k) Q/y (i+1/2,j-1 21()) :
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1 At
n+1/2 = +1/2 n+1/2 _ +1/2
x(iyjH2h41/2) = 7 Q/’l’x(i,j+l/2.lc+]’2) + ) (qu(i,j+l/2.lr+]) Q:;(qu/z‘m) 4
o LAz

(2.17b)

and
Y P AZ A _ e
1+ 2/1€Ay2 Qf'x(i+l/2,/’,/c) _WQex(m/z,m,/;) _WQ&V(HI/Z,HJ\') - Exml/z,,J\)
4 At (Huflz _ygrn ) , (2183)
26‘Ay 2(i+1/2,j+1/2,k) 2(i+1/2,j-1/2,k)
| —_7 g2 N | (2 1 8b)
QA’([, JH2,k+1/2) _Zt) X0, j+1/2,k+1/2) +@ Qw, JH2keHl) T K, j+/2.k) | 2 .
and
+1 -+ cAt -+ +1
Ej(m/z, ) = Lex(i+1/2,j.k) _E(gy(mu, JokH2) T Ky (ivl/2, j,k—l/z)) > (2 1 93)
1 N
+1 _ +1 +1 -+
H:(i,m, 2,k+/2) — Zo g:v(i,/'ﬂ 2k+1/2) T Z!Ay(g(i,/ﬂ,kﬂ 2) 7@(;‘,/,1&1/2) ) (2 1 9b)

(2.16a) and (2.18a) are the linear systems of equations with the diagonally banded
coefficient matrix; they can be solved efficiently for each field component with special
mathematical solvers such as Thomas algorithm [53].

It is worth mentioning that in developing the above divergence-preserved ADI-FDTD
method, three approximations have been applied: 1) matrix exponential expansion (2.5), ii)
Taylor’s series and Padé approximation (2.6), and iii) finite-difference replacement of the

spatial differential operators (2.15).
2.1.4 Stability Analysis

The von Neumann method [54] is used to analyze the stability property of the presented
divergence preserved ADI-FDTD method in this chapter. After projection of each field
component into the spectral domain, the amplification matrix of the presented method is
obtained. The magnitudes of all the eigenvalues of the amplification matrix are then
examined analytically: if all of them are not larger than unity in magnitude in any situation,
the method is considered unconditionally stable.

Suppose that kv, ky and k- are the spatial frequencies along the x, y and z directions,

respectively. Then, any field component in the spectral domain can be described as:
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d” ¢n X e*j (ki Aerk iy Ay+ki.Az)

, (2.20)

x=ivey=i Ay z=ine
where ¢'is the amplitude at the nth time step.

The central finite-difference (2.20) of order M in the spectral domain can be written as:

A A JRiAS g
cTta§¢ |Z:i:A;’z cTté§¢ ‘Z:i;A{z Re ™ ¢, (221)
where ¢=x,yorz ,and
cAtMﬁ:)] a, sin[(zmz+ D kgAé’} .
R =—j ne . .
. =) A (2.22)
Substitution of (2.21) into each field component leads to:
U™ =AU, (2.23)
T
where U =[Ef ELE L H L H L H, ] and A is the amplification matrix defined as:
A=T"' (M, M) (M, M,)T (2.24)
with
(1 00 0 0 O]
010 0 0 O
T 0O 01 0 0 O ’ (2'25)
0002 0 0
000 0 2 0
000 0 0 2
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1 0 0 0 R 0
0 1 0 0 0 R
0 0 1 R, 0 0
M, - y , (2.26a)
0 0 R 1 0 0
R, 0 0 0 1 0
0 R0 0 0 1|
1 0 0 0 0 R]
01 0 R 0 0
M 0 0 1 0 R 0
1o R0 1 0 0 (2.26b)
0 0 R 0 1 0
R, 0 0 0 0 1|
1 0 0 0 0 -R |
0O 1 0 -R 0 0
M 0 0 1 0 -R 0
=g R0 1 0 0 | (2.26¢)
0 0 -R_ 0 1 0
-R, 0 0 0 0 1
and
1 0 0 0 -R 0]
0 1 0 0 -R,
0 0 1 -R 0 0
M, = v 2.26d
210 0 -R 0 0 ( )
-R. 0 0 0 1 0
L0 -R 0 0o 1|
The eigenvalues of A can be obtained, with the help of MAPLE, as
A=4=1 (2.27a)
j—a = Br2ND (2.27b)
A
B-2jD
A=4, :—T{(, (2.27¢)

where A=A +4 -4 1, B=1+4 -4 -4 ,and D=4 -A+AA4-AA4with 4=RRR,
A4 =RR+RR +RRand 4,=R +R+R’.

Obviously, the magnitudes of the first two eigenvalues are unity. For the rest of
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eigenvalues, [AHA,HA;HA<1.0 can be easily found by substitution of R; into (2.27).
Consequently, all the eigenvalues are not larger than unity in their magnitudes. Thus, the
divergence preserved ADI-FDTD method is considered unconditionally stable. Numerical

verification of the unconditional stability will be presented in the later section.

2.1.5 Numerical Dispersion

To obtain the numerical dispersion formulation, the time harmonic fields are considered
in (2.23); it reads
U =e/MU". (2.28)
By substitution of the above equation into (2.23), we can obtain:

(e/*1-A)U" =0. (2.29)
For (2.29) to have a non-trivial solution, the determinant of the coefficient matrix of
(2.29) should be zero. The zero-valued determinant forms the dispersion relationship of the
presented divergence preserved ADI-FDTD method:
det{e’“TI-A}=0. (2.30)
After some mathematical manipulations, (2.30) can be simplified and rewritten as:

. 4D
smz(a)At)=7. (2.31)

Based on the work presented in [16, 55], we can easily find that (2.31) is the same as that
of the conventional ADI-FDTD, the one-step leapfrog ADI-FDTD and the LOD-FDTD
methods. In other words, the numerical dispersion of the method presented in this section
is the same as the ones previously proposed in [16]. However, the method proposed here

is divergence-preserved while other methods are not.

2.1.6 Current Source Implementation

This section shows the current source implementation of the divergence preserved ADI-
FDTD method.

The time-marching formulations along with the current sources can be written as follows:

-1
vz (I _,,_CTAZPJ(I _CTAIMJ V" +cAtS""?, (2.32)
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1/2 12 1/2 1/2 Jn 2 J” . Jn 2
Where Sﬁ- — Z)‘];H' Z)J;+ %JZVH— nm % ny Z} ne s J:H/Z , J;H/Z and J:H/Z are
the electric current densities in the x, y, and z directions at the n+1/2 time step, respectively,

and J"? g2 and J!'"?are the equivalent magnetic current densities in the x, y, and z

my

directions at the n+1/2 time step, respectively.
With Strang splitting, we can obtain the final updating equations for (2.32) that include

the current source:

(I—CTNM]Q“W -V, (2333)
A Ve (I-i-%AtP]QM/Z FeAS™? (2.33[))

In [56], we can find that the source terms of the conventional ADI-FDTD method are
applied in two sub-steps. However, in the presented ADI-FDTD method, the current source
only needs to be applied at the first sub-time step; that is to say that a compact and simple

approach is adopted with the presented method here.
2.1.7 Numerical Examples and Discussion

In this section, accuracy and unconditional stability of the proposed ADI-FDTD method
are first verified numerically. Then, divergence preservation is shown numerically

compared with that of the conventional ADI-FDTD method.

A. Accuracy verification

To verify the accuracy and unconditional stability of the proposed ADI-FDTD method,
an air cavity with dimensions of 50 x 50 x 50 cells was considered like the one used in
[16]. The uniform cell size (Ax = Ay = Az = 2 mm) was chosen. A current line source Jm:
was located at the center of the cavity from the bottom to the top. The observation point

was also placed at the center.
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Figure 2.1 Normalized E, computed with the second order explicit FDTD method, the
conventional ADI-FDTD method and the proposed divergence preserved ADI-FDTD method,
which are presented as FDTD, ADI and DP, respectively, of CFLN =1 and CFLN = 4.

Figure 2.1 shows the normalized Ex obtained with the conventional FDTD method, the
conventional ADI-FDTD method and the presented divergence-preserved ADI-FDTD
method with CFLN = 1 and CFLN =4, where CFLN is defined as the ratio of the time step
used to the CFL limit. It can be easily found that Ex obtained with the conventional ADI-
FDTD method has a larger difference from that that obtained the FDTD method than the
present method especially when CFLN = 4. In other words, the result obtained with the
presented method agrees better with that of the conventional FDTD method than the
conventional ADI-FDTD with large CFLN.

Table 2-1 Comparison of computational expenditures
used by the FDTD method, the conventional ADI-
FDTD method and the divergence preserved ADI-

FDTD method.
FDTD Con\:]gtll onal Presented method
CFLN 1 1 [ 4 1 | 4
Overall cells 125000 125000 125000
Number of iterations 259 259 64 259 64
Time(s) 8.20 25.47 6.34 27.42 6.76
Memory(Mb) 6.52 9.56 9.56 12.52 12.52

Table 2.1 shows the computational time and memory used by the conventional FDTD,
the conventional ADI-FDTD method and the divergence preserved ADI-FDTD method. It

is found that the divergence preserved ADI-FDTD method consumes slightly more time
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and about 31% more memory in comparison with the conventional ADI-FDTD method.
This is because the method has 24 For-loops for one time step. That is, the computational
efficiency of the presented method is decreased by a larger count of For-loops operations.
In addition, since additional intermediate variables are used, the memory consumption is
higher. On the other hand, the presented method used 18% less CPU time with CFLN = 4
than the conventional FDTD.

25 -13
x 10 x 10

Figure 2.2 Charge distribution computed with the presented method, the conventional ADI-FDTD
method with CFLN = 1; Figures on the left are the electric charges with the presented method at ¢
= 0.23 ns, 1 ns, and 10 ns, respectively; Figures on the right are the electric charges with the
conventional ADI-FDTD method at = 0.23 ns, 1 ns, and 10 ns, respectively.

B. Divergence verification

To examine divergence property of the presented method, an air-filled PEC cavity is
considered with dimension of uniform 20 x 20 x 20 cells and spatial step is Ax = Ay = Az

= 1/20. A sinusoidal modulated Gaussian pulse excitation is placed at (10, 10, 10) with:
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=l )

. “(—
']mz = sin |:27sz (t - tO ):'e i ) (234)
with f, =15 GI£,7=60ps and 1, =2z [22].

Electric charges were numerically computed with izcﬁ Eeds, in which the integral
& S

surface S is each Yee’s cell. Figure 2.2 shows the distribution of the computed electric

charge 9 in the xy-plane at z =10 for CFLN =1 at time instant = 0.23 ns, 1 ns, and 10
)

ns, obtained with the presented ADI-FDTD method and the conventional ADI-FDTD

method. The results obtained with the leapfrog Yee’s FDTD method are not shown because

they are divergence-preserved and are zeros at any time.

As shown in Figure 2.2, electric charges with the conventional ADI-FDTD method reach
the order of 107'*. However, electric charges computed with the presented method are in
the order of 10"%. It implies that the divergence preserved ADI-FDTD method has great
improvement in terms of charge accumulation. This verifies that the divergence preserved

ADI-FDTD method is basically divergence free.

2.2 Efficiency Improved Divergence Preserved ADI-FDTD Method
2.2.1 Abstract

In this section, a newly formulated divergence preserved ADI-FDTD method is proposed
and its divergence property is theoretically and numerically analyzed. It takes about 41.7%
less count of floating-point operations than the original divergence-preserved ADI-FDTD
method without sacrificing accuracy. Detailed analysis of computational efficiency and
divergence property are shown. Numerical experiments, which illustrates the divergence
property, efficiency and memory cost, are presented to verify the improvement of

computational efficiency.

2.2.2 Formulations of the Proposed Efficiency Improved Divergence Preserved ADI-
FDTD Method

Eqns. (2.9) and (2.10) form the original divergence-preserved ADI-FDTD method.
Now we substitute (2.9b) into (2.10a):
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(I—% jQ»m :(I_i_% P)QHI/Z 0 —(I—% ijwl/z' (2.3 5)

Then,
EL—C—NPJ(QM +Qn+l/2) — Q2 (2.36)

2 4

Eqn. (2.36) can be reformulated with the introduction of intermediate U such that

I cAr
1 P U2 =2 )

[ T j Q" (2.37a)
QH—I — U1+l/2 _QH—I/Z , (2,37b)

T

n+l/2 _ n+l/2 n+l/2 n+l/2 n+1/2 n+1/2 n+1/2
where U2 =[Un"?,Un U U UL U

For the second sub time step, we advance (2.9a) by one time step and have:
cAt n n
(I_TMJQ =y (2.38)

By substituting (2.38) into (2.10b), we obtain:

[1—% jQ’*”:(H%MJQ’“:ZQ’“ —[I—% jcr“, (2.39)

(%_CTNM](QMS/Z +Qn+1) — Qn+1~ (239b)

Then, (2.39b) can be rewritten as

I cAt
___M Un+1 — n+l .

(2 2 ) Q™ (2.40a)
Qr+3/2 :IJrHl _QHI . (240b)
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Eqns. (2.37) and (2.40) forms the basic field updating equations of the proposed
efficiency-improved divergence-preserved ADI-FDTD methods. Unlike (2.9b) and (2.10b)
of the original divergence-preserved ADI-FDTD method, (2.37b) and (2.37b) of the
proposed method involve only simple matrix subtractions and do not require matrix
multiplications, the proposed divergence-preserved method is more computationally
efficiency as will be shown in more detail in next section.

Moreover, when expanded into component fields, (2.37) and (2.40) of the proposed
method can be further simplified. Take the components in the x direction of U and Q for
example; for field march from the nth time step to the (n+1/2)th time step, after some

mathematic manipulations, we have:

; Un+1/2 c gt Un+1/2 g:m e At Qvg,;l/z ’ (2 41 a)
g:-l — U:x+1/2 _Q:H/Z , (2.41b)
0r = opt+ Sasu 2.41¢)

For field march from the (n+1/2)th time step to the (n+1)th sub-time step, we have

%U;” - AL g _ gt _ 2’ o (2.42a)

qurS/Z :(]Z:rl _QI;I , (242b)
At

Q/]lzx+3/2 — ;Z:l _%ayU:;l ) (2-42(:)

As seen from the above equations, Unx, Uny, and Us: are not required to be computed. In
other words, for U vector, only Uex, Uey, Uz components needs to be updated in each time
step; as a result, memory consumption and CPU time of the proposed method is further
saved.

In the above field updating equations of (2.37), (2.40), (2.41) and (2.42), field

components are not computed directly. Rather, they are related to Q through the following
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equation:

vl = (I+CTNMJQ”“ , (2.43)

with the initial condition
(I—%AIMJQM =V0. (244)

The computing process for the proposed method is shown as follows:

Calculate the coefficients based on (2.37a) and (2.40a)
Intial updating Q'” based on intial condition (2.44)

for i = 0 to the n+1th timestep
updating Uex, Qex in one loop based on (2.41a) and (2.41b) at n+1/2 time step;
updating Uey, Qey in one loop at n+1/2 time step;

updating Uez, Qez in one loop at n+1/2 time step;

updating Qhx at n+1/2 time step based on (2.41c);
updating Qhy at n+1/2 time step,
updating Qhz at n+1/2 time step,

updating Uex, Qex in one loop based on (2.42a) and (2.42b) at n+1 time step,
updating Uey, Qey in one loop at n+1 time step;

updating Uez, Qez in one loop at n+1 time step;

updating Qhx at n+1 time step based on (2.42¢c);
updating Qhy at n+1 time step;
updating Qhz at n+1 time step;

end
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Extract electrical and magnetic fields based on (2.43)

The efficiency of the proposed method is further discussed in next section.

2.2.3 Efficiency Comparison between the Proposed Method and the Other ADI-

FDTD Methods

In this section, the floating-point operation counts of the proposed divergence-preserved
ADI-FDTD method are compared with those of other ADI-FDTD methods. Table 2-2
shows the counts of floating-point operations of the conventional non-divergence-
preserved ADI-FDTD method and its improved variation, the original divergence-
preserved ADI-FDTD method and the proposed efficiency-improved divergence-
preserved method. In Table 2-2, “M/D” means multiplication/division and A/S
addition/subtraction operations on the right hand sides of the field updating equations used
in each method for field to advance for a complete full time step. “Implicit” refers to
implicit updating equations. “Explicit” refers to explicit updating equations. The numbers

of For-loops are for updating of all components in the x, y, and z directions.

Table 2-2 Floating-point operation counts of different
implicit schemes with second-order central difference

Scheme Non-divergence- Divergence
preserved ADI preservation ADI

Algorithm |Convent.| Improved | Original |Proposed
Tmplicit M/D| 18 6 6 6
A/S| 48 18 12 12
Explicit M/D| 12 6 18 6
A/S| 24 12 36 18
Total 102 42 72 42
For-loops 12 12 24 12

As can be seen from Table 2.2, the count of total floating-point operations of the
proposed method is about 58.8% less than that of the conventional non-divergence-
preserved ADI-FDTD method and is same as that of its improved variation [57]; however,

the proposed method preserves the correct divergence property. Therefore, the proposed
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method should be more accurate than the original ADI-FDTD method in applications such
as electromagnetic PIC simulations [49] where charges are involved. In comparison with
the original divergence-preserved ADI-FDTD method [25], the count is 41.7% less. It
should be mentioned that in comparison with the most recently developed efficient one-
step leapfrog ADI-FDTD method [16], the proposed method has a higher count of floating-
point operations, but the one-step method is not divergence preserved [22].

In terms of the memory consumption, the proposed method is similar to the conventional
non-divergence-preserved ADI-FDTD method. As presented in (2.37) and (2.40), U and Q
which store the intermediate field values are needed to be computed. More specifically,
only Uex, Uy, and Uezneed to be computed in every full time step. In comparison with the
one-step leap-frog ADI-FDTD method [58], the proposed method uses more memory since
the one-step method does not require the computation of intermediate values. However,
the proposed method is divergence-preserved while the other methods are not.

For the numbers of For-loops, with careful arrangements of the position of the field
components, (2.41a) and (2.41b) can be combined into one For-loop so that increasing the
number of For-loops is avoided. This is, only half number of the For-loops of the original
divergence-preserved ADI-FDTD method [25] (i.e., half of the 24 For-loops) is computed
in the proposed method.

2.2.4 Analytical Proof of Divergence-free Properties of the Improved ADI-FDTD

Method

In this part, the theoretical study of divergence properties of (2.37) and (2.40) is presented.
In order to test their divergence, charge accumulation is evaluated analytically with the
Gaussian law at every time step of the new efficiency-improved method of (2.37) and
(2.40). If increase of the charge is zero, the method can be considered to be divergence free
in a source free region.

For the first sub time step, from (2.37a), we have:

I cAr )
w2 _ (4 n+1/2 2.45
U (2 e Pj Q" (2.45)
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Substitution of (2.45) into (2.37b) reads:

Qn+1 :((E_C_Atpj_ _I]Qn+1/2 . (246)

For the second sub-time step, the updating equation can be obtained in a similar manner

by taking one time step backward.

(I+CTAIMJQ (1—%“1\4]@“/3 (2.47)

The increase of the fields at every time step is then:

v e

[I +“I'm 7——P (I % ] (I—Cf JJQ””Z (2.48)

2[ 1+— I——P I]Q””z

Since
[I+C—NM][I—C—A£PJ
2 2
(I—C—NP LA, C—NM](I—C—NPJ , (2.49)
2 2 2 2
—I+C—At(P M)(I—C—NPJ
2 2
We then have:
vy cAz(P+M)(1L§’Pj Q. (2.50)
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P+M represents the curl operator in Maxwell equations [25]. Based on the fact that the

divergence of curl operation of any fields is always zero, we have:

V, o(P+M)X=0 (2.51)
where V, is the Delta operator.

As a result,

Vo[V V) =eaw, o(P+M)(I—C§tPJ Q=0 (2.52)

In other words, no charges accumulate in advance of time steps if initial charges are zero.
That is to say the new efficiency-improved divergence-preserved ADI-FDTD method

remains divergence free in a source free region.
2.2.5 Numerical Examples and Discussion

A cavity filled with air was selected [58] to verify the accuracy and efficiency of the
proposed method. A grid of 250 x 150 x 45 ( = 1.6875 millions) cells with a uniform cell

—(t—7)* 18

size of Ax = Ay = Az = 0.4 mm was employed. The source function is e with t, =
150 ps and 7 = 450 ps. A current plane source J: was placed at y = 75 and the observation

point was located at (125, 80, 23).

0.15 : T T
—o— FDTD J
wtr. DP_FDTD CFLN=1
0.10 —o— DP FDTD CFLN=4 |7
@ 4o [3
0.05 P W
) J
N d
0.00
-0.05
-0.10 . y

0 2 4 6 8
Time (ns)

Figure 2.3 E. computed with the second order explicit FDTD method with CFLN = 1, and the

proposed divergence preservation ADI-FDTD method with CFLN = 1 and 4 and with uniform

mesh.
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The results were obtained with the conventional FDTD method with CFLN=1 and the
proposed method with CFLN = 1 and 4, respectively. Figure 2.3 shows the E: obtained with
the two methods and Figure 2.4 presents the relative absolute error of £: computed with
the proposed method in reference to the results obtained with the conventional FDTD
method. The reason for the large relative error in the time domain when CFLN = 4 is time
delay of E: from two methods which leads to large absolute error at each time instant.
However, we can observe that the wave form almost the same but with some time delay.
The results obtained with the two methods are visibly indistinguishable. That is, that the

proposed efficiency-improved divergence-preserved FDTD method has good modeling

accuracy.

—o—DP_FDTD CFLN=1 Error
-~ DP_FDTD CFLN=4 Error

75

Relative Error (%)

0 10 20 30 40 50 60 70 80

Time (ns)

Figure 2.4 Absolute relative error of £. computed with the proposed divergence preservation ADI-
FDTD method of CFLN =1, 4.

Table 2-3 Comparison of results with conventional FDTD
method and the proposed method

Analytical FDTD Proposed Proposed
(GHz) |CFLN=1(GHz) |CFLN=1(GHz) |CFLN=4(GHz)
2915 2914 2911 2912
5.220 5.213 5.212 5.210
6.727 6.720 6.722 6.716
7.648 7.642 7.640 7.630

Table 2.3 presents resonance frequencies obtained from analytical method, the
conventional FDTD method and the proposed efficiency-improved divergence-preserved
ADI-FDTD methods with CFLN = 1 and 4. It is easy to find that the errors of the proposed

method are slightly larger than the conventional FDTD method and they increase with
CFLN.
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Table 2.4 shows the usages of time and memory by the FDTD method, the original
divergence-preserved ADI-FDTD method, and the proposed method. Compared with the
original divergence preserved ADI-FDTD method, the proposed method took about 14%
less CPU time with CFLN=4 and 25% less memory at the same accuracy. In comparison
with the conventional FDTD method, the proposed method used 49% more memory due
to the introduction of the intermediate values of Uex, Uey, Uz but 73% less CPU time with
CFLN=4.

Table 2-4 Comparison of the time and memory used by the Yee’s FDTD method,
the original divergence preserved ADI-FDTD method and the proposed method

Yee’s Original Divergence-Preserved
FDTD S ADLFDTD Method Proposed Method
CFLN 1 1 | 4 1 | 4
Number of cells 1687500 1687500 1687500
Number of 10385 10385 2596 10385 | 2596
1terations
Time(s) 2206 2735 689 2396 592
Memory(Mb) 80.5 159.4 159.4 119.9 | 119.9

To numerically evaluate the divergence properties of the improved ADI-FDTD method,
charge distribution was calculated through a numerical example. The charge computed was
normalized to an electron e:

Ded
Q’:%:j - . 2.53)

An example is an air-filled PEC cavity with dimension of uniform 50 x 50 x 50 cells and
each is with Ax = Ay = Az = A/20 [22]. A simusoidal modulated Gaussian pulse excitation

was placed at the centre of the cavity:

1=ty o
7

J, =sin[27f,(t-1,)]e  * (2.59)
with f, =15 GIE,7=60ps,t, =2r.
Figure 2.5 shows the normalized charge distribution in the xy-plane at z = 25 and at time

instant # = 0.13ns with the original ADI-FDTD method, the original divergence preserved
ADI-FDTD method, and the efficiency-improved ADI-FDTD method. We can easily see
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from Figure 2.5(a) and Figure 2.5(b) that amount of the normalized charge, which is
normalized to the unit charge, can reach 1.5 with CFLN =1 and 4 with the original ADI-
FDTD method. It implies that the normalized charge will increase with increase of the time
steps. However, for the divergence preserved ADI-FDTD method and the new efficiency-
improved method, values of the normalized charges are around the order of 1074, which
are basically negligible numerical noises (see Figure 2.5(c) — Figure 2.5(f)). This means
that the new efficiency-improved method behaves like the conventional explicit FDTD

method as well as the original divergence preserved ADI-FDTD method and produces no

3.5
3
25
1.5
1
0.5
0

charge-accumulating divergent fields.

N

(a) CFLN=1 (b) CFLN=4
-15
s
5
4
3
2
1
)
(¢) CFLN-1 (d) CFLN=4
10" 10"
2.5
2
15
1
0.5
o
(e) CFLN=1 (f) CFLN=4

Figure 2.5 Normalized charge distributions computed (a) and (b) with the original ADI-FDTD
method, (c) and (d) with the original divergence preserved ADI-FDTD method and, (¢) and (f)
with the efficiency-improved divergence preserved ADI-FDTD method.
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2.3 Conclusion

In this chapter, a divergence preserved ADI-FDTD method is presented and formulated.
The method is analytically proven and numerically verified to be unconditionally stable.
Compared with other unconditionally implicit methods, such as the conventional ADI-
FDTD method, the one-step leapfrog ADI-FDTD method and the LOD-FDTD method, the
divergence preserved ADI-FDTD method has the same numerical dispersion
characteristics but preserve divergence property like the explicit FDTD method. In other
words, the presented ADI-FDTD method is the most accurate among the unconditionally
stable implicit methods when charge particles have to be included in simulations. The
improvement in accuracy comes at the cost of higher computational expenditures.

In addition, a new efficiency-improved divergence-preserved ADI-FDTD formulation
has been proposed and its efficiency comparisons with other FDTD methods are presented.
The divergence property of the new method has been investigated. Analytical proof shows
that the efficiency-improved method retains the divergence-free property in source free
regions like the original divergence-preserved method but with higher computational
efficiency. It is found that the proposed method is more efficient than the original
divergence-preserved ADI-FDTD method in both memory and CPU time. In comparison
with the FDTD, it uses about 50% more memory but less CPU time if time step is chosen
to be adequately large. Therefore, due to its divergence property and high efficiency, the
proposed divergence preserved ADI-FDTD method is recommended as an FDTD based
alternative technique if unconditional stability is required for modeling (e.g. highly

resolved fields).
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Chapter 3 The Time Domain Meshless Method for Solving
Electromagnetics Problems

This chapter is mainly based on our published paper [42], which is Shunchuan Yang,
Yigiang Yu, Zhizhang (David) Chen, and Sergey Ponomarenko, "A Time-Domain
Collocation Meshless Method with Local Radial Basis Functions for Transient Analysis,"
published in IEEE Transactions on Antennas and Propagation, vol. 62, pp. 5334 - 5338,
2014.

3.1 Abstract

A meshless method with local radial basis functions is proposed for solving the
electromagnetic wave equations. In comparison with the conventional RPIM method that
employs and positions dual sets of nodes of both electric and magnetic field nodes, the
proposed method uses only one set of the nodes, where electric fields are collocated at
those nodes in space. With this feature, implementation complexity of the RPIM method
is significantly reduced, and conformal modeling and muti-scale capabilities of the RPIM
method can now be further explored with higher efficiency. The time-marching
formulations of the proposed method are derived and stability analysis of the method is
presented. Comparisons of the proposed method with the conventional meshless method
are also presented. The accuracy and efficiency of the proposed method are demonstrated

through simulation of an H-shaped cavity and a quarter ring resonator.

3.2 Introduction

Conventional numerical methods, such as the FDTD method [6], the FEM [59] and the
MOM [60] are grid or mesh-based techniques. In those methods, a solution domain is
discretized with finite cells or elements such as cuboids, tetrahedra, rectangles, or triangles.
Edges of the cells or elements lead to grid or mesh lines and intersections of the grid or
mesh lines form grid points or nodes. As a result, connection relationships among the nodes
are pre-defined due to placements of the cells or elements. And adaptive gridding or mesh
refining in a sub-region of the solution can become difficult and time-consuming since the
relationship among the nodes has to be addressed or redefined through rearrangement of

the cells or elements.
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To mitigate the above problem, meshless methods, such as the element-free Galerkin
method [61], the moving least square reproducing kernel method [62], the smoothed
particle electromagnetic method [29] and the RPIM method [28] were successfully
developed to solve electromagnetic problems. In particular, a three dimensional RPIM
method for transient electromagnetics was recently developed in [31] and an
unconditionally stable version of RPIM method was proposed in [32]. However, in these
methods, dual sets of nodes (E-nodes for electric fields and H-nodes for magnetic fields)
are needed and which are spatially interlaced due to coupling nature of the electric and
magnetic fields. Such an interlaced placement of the £- and H-nodes poses a challenge in
implementation of the meshless methods. This is because they have to be properly
positioned to correctly reflect the coupling relationship between electric and magnetic
fields. Usually, the E-nodes are first placed in a structure to be modeled and then the H-
nodes are generated through Voronoi tessellation [63]. For large and complex structures,
this node generation process can become quite time-consuming.

In this chapter, a node collocating time-domain three-dimensional RPIM method for
transient analysis of EM problems is proposed. Here, instead of solving coupled Maxwell’s
equations directly, the wave equations are solved with only the E-nodes at which all three
electric fields can be collocated. The point interpolation based on the local RBF is
employed. As only one set of nodes is dealt with for solutions of the wave equations, the
proposed collocated time-domain RPIM method not only reduces implementation
complexity but also improves modeling efficiency, in comparison to other meshless
methods [28, 29, 31, 32, 61, 62]. Several aspects of the proposed method are then discussed
in this chapter.

3.3 The Proposed Meshless Method for the Wave Equation

A linear, non-dispersive and isotropic media with permittivity ¢ and permeability x, in a
homogenous source free region is considered. The time-domain vector wave equation for

the electrical field is

O’E

IVE-—
ot

—0, 3.1)
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1 . . .
where ¢ =—. They may be expanded into three scalar wave equations with respect to
UE

each electric field component. Take E; field as an example, we have

OE. ,(0E, FE. OE,
~=c +— : (3.2)

atZ - ax2 ayZ + 622

Since only Ex component is the quantity to be solved in (3.2), one set of the electric field
nodes (E-nodes) is required to be spatially defined in the solution domain. In this work, the
E-nodes are defined in the way similar to that used in the point-matched time-domain
finite-element method [64].

To obtain the numerical solutions of equation (3.2), the electric fields are approximated

in terms of the shape functions,
E.=®E_, (3.3)

where {=x, y and z, and ® is the shape function vector associated with the nodes in a

local support domain with the dimension of 1xN (where N is the number of E-nodes in a

local support domain). E,, are the unknown field value vector at each scattering nodes to

be found with dimension ANx1. The shape function vector can be expressed as

q’=[¢’1 @, %],Where ®=BA"' with

SR R[) SR ~R,[) - 4R -R.])
o PR R SRR - o(IR, R, G4

SR, -R) #(IR.-R.]) = 6(R, R,

and B is the vector of radial basis functions, where B=[Bl(||R—R1 ) - B,

R-R,

)]

Gaussian function is selected as the radial basis function (/5(||R -R, ||) since it is claimed
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to have better performance than other types of functions, such as multiquadric (MQ)
function, for derivative involved interpolation [65]. ¢(||R—R,. ||) is expressed in general

as

AIR-R[)=¢"" (3.5)

where 7 =||R—K||=\/(X—)€i)2 +(y—y,)2 +(Z—Zl-)2 is the Euclidean distance between point
R(x,y,z) and Ri is the center of the ith node position and p is the shape parameter that

controls the decaying rate of Gaussian function.

Figure 3.1 shows the normalized interpolation error through MQ and Gaussian function

to interpolate the first order of [/ =x’/ (8 +x° ) . For MQ, ¢ equal to 0.5. It is found that

for the Gaussian indeed have better accuracy than MQ function.
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Figure 3.1Normalized error for MQ and Gaussian function.

Once the shape function is defined, the second order partial derivatives can be

analytically found as

P OB A

oK’ _W

(3.6)

With the time derivatives approximated by its second-order central finite-difference
counterpart, the wave equation (3.2) can then be reformulated and solved for Ex with the

following node-based time-marching meshless formulation:
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EM =2E" —E"

Fo e o (3.7a)
A : ‘ LB
e P e L

By applying the similar procedure to the other two electric field components, we can

obtain;:

E}”f1 =2E; —E}”,’1

aZQ 82¢ anD ) (3.8b)
+At2c2(z 6ka + 6ka + 6221( E;

E™ =2E"-E™!

o’ g, 0, | o (3.8¢)
+At2c2[z 6ka +> ay; + azzk E".

The above equations form the time-marching formulations of the proposed meshless

method. A?¢ is the time step. Note that the three electric field components, E', E"and

E™, can be collocated at every node.

4

3.4 Implementation of Source and Boundary Conditions

The time-marching formulations (3.8) are for the source-free regions. For a region with
current sources, additional terms will be present on the right-hand side of (3.8) as described

below. After that, we will indicate how boundary conditions are implemented.

A. Sources Implementation

When current sources or excitations are present, the vector wave equations can be found

as:

0’E
c*or?

=V’E-V(V-E)-p,0J, (3.9)

where J is the current density.
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It can be seen that (3.9) cannot be expanded into a decoupled wave equation like (3.2)
due to the nonzero divergence of the electric field on the right hand side of (3.9). There are
two additional terms on the right hand side of (3.9) in comparison with (3.2) (this is for a
source-free region). Fortunately, if we apply the central finite-difference scheme to the left
hand side of (3.9) at the nth time step, these two additional terms are of the nth time step
which are known. In fact, all the terms on the right hand side of (3.9) are of the nth time
step which are known. Take the Ex as an example. Application of the finite difference to

(3.9) leads to:

E™ =2E" —E"
o’ o’p, ’p,
+APC? k4 k4 LE”
(Z axZ Z 6}12 z aZZ X
o', o', o', .
_AtZCZ k En + k En + k En
(Z oxt " Z oxoy Z oxoz °

—APS(0,,)

(3.10)

As seen, all the terms on the right hand side of (3.10) are the known values of the nth and
(n-1)th time steps and they can be computed and used to predict the new Ex of the (n+1)th
time step. In other words, the proposed method can be simply applied to either a source

region or a source-free region with or without the known additional terms, respectively.

B. Boundary Conditions Implementations

Since three electric components are co-located at every node, boundary conditions need
to be carefully handled. In this chapter, the application of boundary conditions is simplified
by only considering 3D cavity and resonator structures of regular geometry. In addition,
only the E: component is excited with the current source. For more general applications of
the boundary conditions, the approach presented in [66] for the treatment of dielectric

interfaces may be adapted.

3.5 Stability Analysis

Since the proposed meshless method is an explicit time-marching scheme, it is
conditionally stable. To derive its stability condition, the Z transform technique [67] is

applied to (3.7), and the marching equation in the Z-domain is obtained:

38



CAPT-E=z"(z-1)'E, (3.11)
where T, =V*} @, and E is the unknown coefficient vector of interest in the z-domain.

Suppose 4 is the eigenvalue of matrix ¢;A°T which embodies node location

information and material properties. Then from (3.11), we have

(z-1) - 2z=0, (3.12)

where (3.12) is the characteristic equation [67]. To ensure the stability of the proposed
meshless method, all the root of (3.12) should be located on or within the unit circle. In

other words, the absolute upper bound of 1 (denoted as |4,

), will lead to a relation

between the spatial discretization and maximum time step that has to be satisfied to ensure
the stability.

Mathematically, the following condition can be derived from (3.11):

|2

‘max

(3.13)

where p(T) is the spectral radius of T.

For homogeneous media, /‘tmax| = 4 can be found from (3.12). Therefore, all temporal

steps in the proposed meshless method should satisfy the following condition:

A2 (3.14)

3.6 Numerical Examples and Discussion

In this section, two numerical experiments are presented to evaluate the accuracy and

efficiency of the proposed meshless method. The conformal and multi-scale modeling
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capabilities of method are also demonstrated.

Figure 3.2 Geometry of the H-shaped cavity

A. H-Shaped Cavity

The first numerical example is an air-filled H-shaped cavity with perfect electric

conducting walls. The computational domain is of 1 4 x 1 4 x 0.3 4 (scaled at 3 GHz) as
shown in Figure 3.2. The cavity was discretized with non-uniformly distributed £-nodes as
depicted in Figure 3.3. The node density in the central region is 1.5 times of that of the
remaining region where the smallest distance between the nodes is 4/20. The shape

parameter p was chosen as 10. The cavity was excited with a modulated differential

Gaussian pulse with function of ((t —t. )/ tw)e{(t_t‘)/ S sin[Z;rf (t—tc)] where tc = 0.33 ns, tw

=1.33 ns and /= 3.5 GHz. It is placed at one end of the cavity. Thus, the bandwidth of the
excitation (or source) is 6 GHz. The observation point is placed at the other end as shown
Figure 3.3 (a). Only E: component was excited and the modes having the E: component

were simulated.
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Figure 3.3 Non-uniform nodal distribution within the H-shaped cavity resonator with the smallest
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Figure 3.4 The E. component in the time domain obtained with the proposed meshless method for
the wave equation and the conventional RPIM method for the first order Maxwell’s equation with
non-uniform nodal distribution and the FDTD method with the uniform fine grid size of 4/40.

The simulated electric fields recorded at the observation point in the time and frequency
domain with a time step equal to the maximum FDTD time step of 7.18 ps are plotted in
Figure 3.4 and Figure 3.5. The results obtained from the conventional RPIM method
(solving Maxwell’s equations and using the same E-node distribution) and the results
obtained with the conventional FDTD method (using a grid size of A/40) are also shown
for comparisons. It can be seen that the results obtained with the proposed meshless method
agree well with the conventional FDTD method with some small differences in the late
time of the simulation. For the conventional RPIM method, it has larger differences from
the FDTD results than the proposed method. In the frequency domain, the resonant
frequencies obtained from the conventional RPIM method show a small frequency shift
towards higher frequency regions. However, the results from the proposed method are not
visibly distinguishable from those of the FDTD method (as shown Figure 3.5). In other
words, the above-mentioned differences of the time-domain results between the proposed
method and the FDTD method are those of high-frequency components that fall outside
the frequency range of interest. The reason for this differences is that modelling accuracy
of three methods are different. At high frequency region the current discretization is not
accurate enough to capture electromagnetic behaviors and they shows different level of
errors. The proposed meshless method has a similar level of accuracy to the FDTD method

but uses coarser grids.
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Figure 3.5 The E. component in the frequency domain obtained with the proposed meshless method
and the FDTD method with the uniform fine grid size of 1/40.

Table 3.1 lists the total number of unknowns and computational time with the proposed
meshless method, the FDTD method and the conventional RPIM method. Note that the
computational time for the meshless method includes that for constructing the shape
functions. We find that number of unknowns with the proposed method is only 1/4.6 that
of the conventional RPIM method. The computation time is only 1/8.3 that of the
conventional RPIM method. We can also see that the proposed method can achieve the

same accuracy with higher efficiency compared with the conventional RPIM method.

Table 3-1 Comparison of the time and memory used by the proposed meshless
method, the FDTD method and the conventional RPIM method

Method Discretization | unknowns |Preprocessing time (s)| Total time (s)
Proposed | Nodal spacing 3722 0.79 0.90
Meshless | of

Method | A/20 (min)
M30 (max)
RPIM Nodal spacing
of
A/20 (min)
A/30 (max)
FDTD Uniform Grid
size: A/20
Uniform Grid
size: A/40
Ratio To FDTD Grid
size A/20
To FDTD Grid
size W40 30 45 43
To RPIM 4.6 8 8.3

17211 6.31 7.50

14996 1.19 1.59

111712 35.64 38.79

4 L5 1.8
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In reference to the FDTD simulations with 4/40 and 4/20, respectively, the number of
unknowns required with the proposed method is about 1/30 and 1/4 of that of the FDTD
method, respectively. There are two reasons for it: (a) E-field nodes are collocated at the
same point in the proposed method due to the decoupled nature of the wave equations, and
(b) the conformal modeling and multi-scale capabilities of the meshless method allow easy
or adaptive discretization refinement of a structure. Due to the smallest number of
unknowns of the proposed method compared with the FDTD method and the RPIM method,
the efficiency of the proposed method is the highest among the three methods.

Table 3-2 Comparison of the computational error of the FDTD method
with different discretization and the proposed method

Method | Discretization | First resonance frequency (GHz) | Error (%)
FDTD 720 2.960 0.78
M40 2.943 0.20
A/80 2.937 0.00 (ref.)
Proposed | Nodal spacing
Meshless of A/20, 2.945 0.27
Method 130

Figure 3.6 Geometry of the quarter ring resonator

Table 3.2 shows the errors of the first resonant frequency calculated by the FDTD method
with 4/20, A/40 and A/80 and the proposed meshless method with non-uniform node
distribution. In the Table, the result from the FDTD method with A/80 is selected as the
reference solution. It is found that all errors are quite small for both the FDTD method with
different discretization and the proposed method. However, the errors of both the proposed
method and the FDTD method 4/40 are around 0.2%. In other words, the proposed method
can achieve the same accuracy level as the FDTD method with 4/40 but with less dense
node distribution. That is the main reason that we have chosen the FDTD method with 4/40

for comparisons with the proposed method.
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B. Quarter Ring Resonator

An air-filled quarter ring resonator was simulated to further demonstrate the conformal
and multiscale modeling capabilities of the proposed meshless method. The inner and outer
radii are 0.6 1 and 1.2 4 and the height of the resonator is 0.3 4 (scaled at 3 GHz). Figure
3.6 shows the geometry of the quarter ring resonator. The nodal distribution is depicted in
Figure 3.7. As can be seen, a radial node distribution pattern is applied here: the nodes are

denser close to the inner conducting wall and coarser towards the outer conducting wall.

The cavity is excited with a Gaussian pulse of E: = e ) sin[ 27/ (t-1.)] where fc =

0.33 ns, tw=1.33 ns and f=3 GHz. The excitation is located at the center of the cavity with
the band width of 6 GH-.

Time (ns)

Figure 3.8 E. component in the time domain obtained with the proposed meshless method and the
FDTD method with the fine grid size of 1/40.

44



1.0

T L3 L}

‘ —FDTD
08} f —o— Meshless |

Ez

+

4

2
Frequency (GHz)

0.0

Figure 3.9 E. component in the frequency domain obtained with the proposed meshless method
and the FDTD method with the fine grid size of 1/40.

The electric fields obtained from the proposed meshless method and the FDTD method
in both time and frequency domains at the observation point are plotted in Figure 3.8 and
Figure 3.9. The number of the unknowns and the computational time for both methods are
shown in Table 3.3. Again, good agreements between the results obtained with the

proposed method and the FDTD method are observed.

Table 3-3 Comparison of the time and memory used by the proposed meshless
method and the FDTD method

Method Discretization Unknowns | Preprocessing time (s) | Total time(s)
Proposed | Nodal spacing of
Meshless | A/40 in the radial 13325 9.64 10.09

Method direction
FDTD Uniform Grid

size: 1/40 128067 45.97 48.80
Ratio to FDTD Grid size
/40 9.6 4.8 4.8

3.7 Conclusion

In this chapter, a time-domain meshless collocation-RPIM method based on the local
radial basis function is formulated and presented for solutions of time-domain
electromagnetic wave equations. As all the electric (and magnetic) field can be collocated

at every node, the proposed method is easy to implement and has high computational
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efficiency. The stability analysis shows the proposed method is computationally stable
under the same criterion of the conventional RPIM method. With the ease of nodal
distribution, the conformal and multi-scale modeling capabilities of meshless methods can

now be further exploited.
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Chapter 4 The Divergence Free Meshless Methods for Electromagnetics
Analysis

This chapter is mainly based on our published paper [44], which is Shunchuan Yang,
Zhizhang (David) Chen, Yigiang Yu, and Sergey Ponomarenko, "A divergence-free
meshless method based on the vector basis function for transient electromagnetic analysis,"
published in IEEE Transactions on Microwave Theory and Techniques, vol. 62, pp. 1409
- 1416, 2014.

4.1 A Divergence Free Meshless Method for the Maxwell’s Equations
4.1.1 Abstract

Although meshless methods, in particularly those with scalar RBFs, have been applied
effectively to solve electromagnetic problems, their solutions may not be always
divergence free in source-free regions, resulting in possibly large errors. In this section, a
new vector RBF based meshless method, which is divergence free, is proposed for solving
transient electromagnetic problems. Its divergence properties are investigated and
compared with those of scalar RBFs; and they are further verified with numerical examples

that present good accuracy.
4.1.2 Introduction

Many meshless methods are proposed to solve the electromagnetic problems due to their
multi-scale and conformal modelling capability. They include the scalar RBF method [27],
the RPIM [28], the smoothed particle meshless method [29], and the edge-based smoothed
PIM [30]. Especially, a three dimensional RPIM was proposed in [31] and an
unconditionally stable RPIM was presented in [32]. For most of these meshless methods,
only spatial node information is needed to formulate electromagnetic problems. No
connection information or grid lines among nodes are required. As a result, no re-
arrangements of grid lines are required when a structure is modified partially. However,
[33] demonstrates the existence of spurious modes in the traditional RPIM.

In a continuous domain, electromagnetic fields observe the divergence property:
magnetic fields are always divergence free and so are electrical fields in charge free regions.

When numerical methods are developed for solving electromagnetic problems, this
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divergence property may not be preserved numerically and spurious numerical solutions
may emerge [24]. Indeed, it has been found that the original meshless method does not
always have this divergence-free property; spurious solutions exist in the solutions
obtained.

On the other hand, divergence-free RBFs were developed for non-electromagnetic
applications. A matrix-valued RBF, which is termed as the vector RBF in difference from
the scalar RBF, was proposed and proven theoretically divergence free [68]. More work
along this line was presented in [34, 35, 68]. In particular, the divergence-free vector RBF
was successfully applied to Navier-Stokes equation [68] and astrophysical magneto-
hydrodynamics (MHD) [69]. However, to the best knowledge of the authors, no reports
were seen to apply the vector RBFs to computational electromagnetics and little has been
addressed on divergence properties of numerical methods that solve electromagnetic
problems.

In this section, we propose a meshless method incorporated with the above vector RBF
for transient electromagnetic analysis. The proposed meshless method is theoretically
proven to be divergence free in a source free region. Therefore, no artificial charges or
spurious solutions will be present in the solutions of the meshless methods, making them

more accurate.

4.1.3 The Original Scalar RBF Meshless Method

In order to better understand the vector RBFs, we first give a brief introduction to the
conventional scalar RBF meshless method in this section.

The scalar RBF method was introduced to solve partial differential equations by Ed
Kansa [70, 71]. Consider an unknown function f{R) that is interpolated with the function

values at the discretized scattering points of R, in a solution domain. f{R) can then be

approximated by the RBF as follows:
N
f(x)zzll¢(HR—Rj”)aj 4.1)
=

where ¢(“R—R_,~H) is the radial basis function, R=(x,y,z) is the location of the point of
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interest, R, =(xj, yj,zj) is the location of node j, N is the number of nodes in a local

support domain and ¢ are the unknown expansion coefficients. Several different types of

RBFs can be used in (4.1). We select Gaussian function as the scalar RBF in this section.

Its formulation can be expressed as
4 =d{|R-R|)=e"" (42)

where r= “R—R ; “ is the Euclidean distance between the point of interest and node j, and

p 1s the shape parameter that controls the decaying rate of the basis function.
To find the unknown expansion coefficients, (4.1) is enforced to pass through all the
nodes within a local support domain. Then, a set of linear equations corresponding to the

nodes is obtained and it can be rewritten in the compact matrix form below:
A-a=f (4.3)

where r =[f, r - s, with f being the value of function f at node i.
T
a:[a1 a - aN] and

¢("R1_R1") ¢(”R1_R2") ¢(”R1_RN")

vl ) ol -R)

A (4.4)

SR -R) SR -R) - d(IR,—R,])

Since A is always invertible (as (4.2) is selected as the RBF [72]), expansion coefficients

gcan be obtained by inverting A. Substitution of 4 into (4.1) leads to

f=BAr, = ax, (45)
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where B=B(|R-R /) contains the RBFs, ®o=[®, @, -+ ®]=BA" and
®, -, (R -R [) is the shape function associated with spatial node i (i= 1,2,...,N).

Since the shape function is a continuous function, its first order partial derivatives can be

analytically obtained as

oo _ B(|R-R/[)

A 4.6
oK oK ( )

4.1.4 The Proposed Vector RBF Meshless Method

In this section, we propose the divergence-preserved meshless method with the vector
RBFs presented in [34, 68] and then analytically prove the divergence properties of the

method. We also examine other properties of the method.

A. The Proposed Vector-based RBF

Mathematically, a divergence free field, denoted as u, can always be expressed as the

curl of another vector field, say w, as follows:

u=Vxw 4.7

b vo| 2 2 2]
where x|
w is not unique in (4.7). Therefore, additional conditions are needed. One common
choice is Coulomb gauge, Ve w =0, which means that we can let w be the curl of a third

vector function. In our case, we select the following form:
w(x):VxZ¢(R—Rj)Aj (4.8)

where @ is a preselected scalar basis function and A, :(A. 4, A].:)T is the unknown

x2 Ty
vector expansion coefficient to be determined. (4.8) forms the basis function expansion of

the vector field u, and consequently, vector field u can be expressed as
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u:VxVxﬁM(R—Rj)Aj
Jj=1

=(-AL+VVT) 2 6(R-R A,

1

(4.9)

where I is the 3x3 identity matrix, and a is the Laplace operator which can be expressed

as

[ & @&

ot oyt o

62

axz

82

ay2

62

oz*

o . o &

JRE— _+_
o o o

(4.10)

Based on (4.9), we can then define the vector RBF ¥, related to node j and shape

function o as:

N
and u= Z(I)juj
=

¥, =(-AI+VV')g,,

®=B A, u

where B, contains the vector RBFs, U,

and

..

¥(R -R|) ¥(R-R,[) - ¥(R-R,[)

A

v

| R R e(RR) - w(R R

w(R, R PR, -R) - ¥(R,-R,|

Uu.

Jx

u.

Jy

T
iz ], J

u

(4.11a)

(4.11b)

(4.11c¢)

The dimension of A, is 3N x 3N, where N is the number of the scattering nodes in a local

support domain. Since the number of the nodes, &, in a local support domain is small,

inversion of A, can be done without much difficulty with modern computers.
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Several observations can be made on the vector basis function of (4.11):
(a) The vector basis function can be constructed from the scalar RBF, ¢, with a 3x3 matrix
transform for each node j through (4.11a),

(b) ¢ can be any kind of basis function including RBF or Gaussian function;

(c) The shape function ®; satisfies Kronecker’s delta property; that is:

1, R=R,
- 0, at other nodes

(4.12)

(d) Each row of ¥, is a vectorized basis function: the first row of ¥, or the first

vector in the vector RBF, represents the x component, the second vector (row) the y
component and the third vector the z component, respectively.
Expansion of (4.11) for each node reads:
22-0° 00, 0.0.
¥,=| 0,0, -0.-00 0,0. |4 (4.13)
0.0, 0.0, —6i—6§

The curl of ¥, can be found as:

0 ~0,0,.—0,—0,0, 8,0,+0,+70,
V=¥, = 30 +3,+00, 0 ~00,-0,-00, |¢. (4.14)
~0/0,-0,-00, 30,+0,+00, 0

For a two dimensional problem, fields are assumed constant in the z direction; therefore

0, =0. The vector RBFs and their curl operation are much simplified. More specifically,

we have:
-0 0,0, 0
¥ =00, -0 0 |4 (4.15)
2 2
0o 0 -2-d
and
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Figure 4.1 Plots of the vector RBF modes with p = 5.

Here the scalar radial basis function is chosen to be ¢, =
v, - [Zp (x-x _l]ep[m,-) )]

¥, =2p(x-x )(y-,

2p

2

leZl = lez
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)e—p[u—x})%(y—yff]

(4.16)

, which results in

(4.17a)

(4.17b)

(4.17¢)

(4.17d)



2|l )

¥ =[2p(x—xj)2 +2p(y-y,) —2}3 (4.17¢)

To better understand the vector basis function, we plot a two dimensional vector RBF at
R= [0 0]7 using (4.2) as the scalar basis function with p = 5 [16]. Figure 4.1 shows the
vector RBF in the two dimensions. The first vector is the first row of (4.15) and the second
vector is the second row of (4.15). It is easy to see that the two rows of the vector radial
basis function present two mutually orthogonal dipole modes: Figure 4.1 (a) is the
horizontal dipole mode and Figure 4.1(b) is the vertical dipole mode; rotation of one dipole
leads to another. Obviously, both dipole modes are divergence free. Thus, the field

expanded by them should be divergence free.

B. Divergence of the Proposed Vector RBF

Because w is constructed from (4.7) and (4.8), its divergence should be zero as implied

by (4.8). We can verify it by directly taking the divergence of the mth row of w:

V¥ ) =Ve|(-AL+WV')¢ | =V°{_5””p;z% +;€_%}¢§

o 0 o)
SO <A < AL 4.1
FZa L “

=0

where k and / stand for the other two directions in a Cartesian coordinate system rather than

p, and m and n represents the mth row and nth column of ¥ .

C. Divergence Properties of the Scalar RBF

In this section, we examine the divergence properties of the original meshless method
that uses the scalar RBF. The field in the conventional meshless method is approximated

as

N

u=Yha, - HR-R), (4.19)

Jj=1

at each node. Assume that Gaussian function of (4.2) is used as the basis function ¢. Then

the divergence of the approximated field (4.19) can be found as
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Vou:—Zpe"’"zzN:(x+y+z—x/.—y/.—z/.)aj. (4.20)

Jj=1

It is seen from (4.20) that the divergence of u is dependent on the position of the point
of interest, the nodes, and the expansion coefficients. There is no guarantee that it will
always be zero except for the certain point of interest and node distributions that make
(4.20) zero. In other words, the divergence-free property is not warranted for the scalar
RBF meshless method. This is not the case for the proposed vector RBFs since they
constructed through (4.8) that ensures the divergence property.

4.1.5 The Proposed Meshless Formulations with the Vector RBF for Solving
Electromagnetic Problems

With the definition of the vector basis function and vector shape function, electrical and

magnetic vector field can be approximated as

NA

E=) ®E, (4.21a)
NB

H=) ®H,. (4.21b)

Consider Maxwell’s equations in a linear, isotropic, non-dispersive, and lossless media

of permittivity ¢ and permeability  without sources,

C o VXE (4.22a)
ot Y7

%k _lyim (4.22b)
ot ¢

By substitution of (4.21) into (4.22), we have the following equations:

af.:l)iHi NA
i =—— E, 4.23
Py p V x ZQ/E] ( a)

J
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a§¢iEi NB
VYo, (4.23b)
& j

Now we choose the collocation method and apply it to the above equation; that is, we
choose Dirac Delta function for the error testing or minimization [73]: test (4.23a) with
Delta functions at magnetic field nodes and (4.23b) with Delta functions at electric field
nodes. Because the Kronecker’s Delta property of the vector shape function, we can then

obtain the following equations:

aH 1 NA

—i=__V D E. 4.24
OE, 1 NB,

Sy ® H, 4.24b
o ¢ X; 7 ( )

When the central finite difference scheme is applied to (4.24) in time, the time-marching

equation can be obtained:

n+1/2 n—-1/2 At < n
H"? =H] " -—=> Vx® E’ (4.25a)
H
n+l n At & n+1/2
EM=E +—) Vx® H’ (4.25b)
€7

Note that the shape functions in the above equations are naturally divergence-free.
4.1.6 Numerical Examples and Discussion

In this section, a few numerical examples are presented to verify the divergence
properties and accuracy of the proposed vector RBFs based divergence-free meshless

method. They are elaborated below.

A. One Dimensional Resonator

One dimensional resonator with the perfect electrical conductor (PEC) walls at both ends
was constructed. The length of the one dimensional cavity is 1 meter. The current source

is located at the center and is specified as:
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w

J. :cos(Zﬁﬁ)exp[—(t"t_tTJ (4.26)

where f= 1.5 GHz, #w =40 ns and 7. = 120 ns.
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Figure 4.2 Resonance frequencies obtained with the proposed meshless method and the FDTD
method. The vertical grey lines represent the analytical resonant frequencies.
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Figure 4.3 Resonance frequencies obtained with the proposed meshless method and the
conventional RPIM. The vertical grey lines represent the analytical resonant frequencies.

Figure 4.2 shows the resonator frequencies obtained with the proposed meshless method
and FDTD method. Both the uniform grid size for the FDTD method and the uniform node
distance for the meshless method are 0.01 meter; it amounts to 10 cells or 10 spatial
sampling points per wavelength at 3 GHz across the whole computation domain. The

theoretical resonance frequencies are represented with the vertical lines in the figure. It can
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be seen that the results obtained with the FDTD method have frequency shift towards
higher frequency region even when 10 cells per wavelength is used at 3 GHz. However,
the frequencies obtained with the proposed meshless method agree well with the theoretical
results. In other words, the proposed meshless method has better accuracy than the FDTD
method under the same discretization conditions. This may be attributed to the fact that the
meshless method is essentially a high order method while the FDTD method expands the
field quantity with the roof-top function [73].

B. The Cavity Without and With a Fin

A two dimensional cavity with dimensions of 100 cm by 100 cm is considered. A
uniform node distance is taken to be 5 cm. Figure 4.3 shows the resonance frequencies
obtained from the conventional RPIM and the proposed meshless method. The vertical dot
lines indicate the theoretical results. Although the same node distribution was employed
with the RPIM and the proposed meshless method, a small frequency difference from the
theoretical results is observed at 0.45 GHz with the results obtained with the conventional

RPIM. For the proposed meshless method, the results agree well with the theoretical results.

Source

o Im

<.

F Y

Figure 4.4 The geometry of the cavity with PEI(IIn screen located at the middle.

To verify the divergence properties of the proposed meshless method based on the vector
RBFs, we considered an air-filled finned cavity with the dimensions of 100 cm by 100 cm
as shown in Figure 4.4. It was then discretized with a uniform grid of 20 cells by 20 cells
with the cell size of 5cm. Such a discretization arrangement amounts to 15 sampling points
per wavelength at 0.4 GHz. The reason we chose the finned structure is that there should
be strong charge accumulation at the edges of the fins and no charges are accumulated
elsewhere. We can then evaluate the divergence property of the numerical methods in an

effective way.
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A point source of Gaussian pulse below was excited inside the cavity:

J, :cos(2ﬂﬁ)exp(—[t“t_tJ2] (4.27)
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Figure 4.5 Charge density distribution obtained with the conventional FDTD method (a), the
proposed meshless method based on vector RBFs (b) and the conventional meshless method based
on the scalar RBFs (c) at time # = 50 ns.

where f= 0.4 GHz, #w =4 ns and 7. = 12 ns. The divergence of electric flux density, i.e, the

charge density, was computed with the following formulas:

o(s8.) 2(oE,)

=V .¢E =
P Ox oy

(4.28)

59



Figure 4.5 shows the charge densities computed with the FDTD method, the proposed
vector RBF based meshless method and the conventional (or original) scalar RBF meshless
method. We can find that the conventional RPIM does not retain the divergence-free
condition. In the source free region, numerical spurious charges are introduced as shown
Figure 4.5 (c) and they inevitably lead to inaccurate or even totally wrong simulation results.
However, the charge distribution computed with the proposed RBF meshless method is
similar to that computed with the FDTD method: at the PEC fins only, we can see the
charge distribution which is expected due to the fin structure.

To further examine the divergence properties of the proposed method and the
conventional RPIM, we also ran the simulations when the node distribution is not placed
regularly for the finned structure (equivalent to a non-uniform situation): we slightly move
the H-nodes off their original centers on the left side of the fin while the right side remains
unchanged. The off-central displacement distance is 0.01 meter and the off-central
direction can be randomly chosen in the positive or negative x axis. The node distributions

are shown in Figure 4.6.

Figure 4.6 The node distribution: the left side of the central axis. is nonuniform and the right side is
uniform.

The charge density obtained with the conventional RPIM and the proposed method is
presented in Figure 4.7. It is easy to find that the charge density obtained from the
conventional RPIM does not maintain the divergence-free property in the source free
region while the proposed method does. Another interesting observation is that in the left
region, numerical spurious charge density is larger than that in the right region with the
conventional RPIM. This is due to the fact that the nonuniform node distribution induces

larger spurious charges as implied by (4.20). However, with the proposed method, spurious
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charges are not present. It shows that the proposed method indeed guarantees divergence
properties. In other words, numerical examples verify the theoretical analysis presented
before.

It should be mentioned that the above results appear not in agreement with the numerical
results presented in [33] on the stability issue. In our simulations, no monomial basis

functions were used and p was chosen to be 10. They correspond to small values of
a.(= p-d’) which caused unstable solutions in the cases studied in [33]. However, we did

run the simulations up to 1 million iterations and no instability of our solutions was
observed. We can attribute the disagreement to the fact that the Gaussian RBF, in our cases,
is not directly applied to interpolate or expand the field components but through the curl
operation of (4.9) in order to achieve the divergence-free property. As a result, the
numerical findings of [33] may not be the same as those presented in this section as they
tend to be problem-dependent. Nevertheless, [33] does present valid and useful results in
their cases, and we are currently investigating the stability issue and finding its solutions

in an analytical way for meshless methods in general.
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Figure 4.7 Charge density distribution obtained with the conventional RPIM (a) and the proposed
method (b).
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4.2. Divergence Free Meshless Method for the Wave Equation
4.2.1 Abstract

With the implementation of the vector RBF which is theoretically divergence free, we
propose a meshless method for solving the transient vector wave equation. Unlike the
conventional RPIM method that solves the electric field and magnetic field components
separately with scalar wave equations, the proposed method solves the vector wave
equation directly. Therefore, the long-existing technical challenge of the source and
boundary implementation in the traditional RPIM method is alleviated due to the direct
solution of the vector wave equation. In addition, the stability condition of the proposed
method is also presented. At last, several numerical experiments are conducted to validate

the accuracy and effectiveness of the proposed solver.
4.2.2 The Proposed Meshless Method for the Vector Wave Equations

Without losing the generality, we consider the general second-order vector wave equation

for the electrical field in a lossless medium:

Vx LV RE(r 1)+ 5 GE (1, 1) = — a0, 3 (r.1) (4.29)
Il'lr CO

where E(r,t) is the electrical field, J(r,t) is the current density, ¢ is permittivity of the
medium, £ is the permeability of the medium, 4 is the relative permeability of the

medium.

To obtain the numerical solution of (4.29), a solution domain is first discretized with
spatial nodes pre-defined by users. Then, electric field E(r,t) is approximated in expansion
with (4.21a).

Because of the vector nature of the proposed shape function (4.11), the curl operation
upon the expanded fields can easily be obtained analytically after applying the curl operator
to the vector shape function. The double curl of the electrical field in the wave equation is
easy to be modelled through the vector radial basis function. Then, we have the following

results
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P+ 08, -0.0.
VxVx¥,=(8+3+8) 0.0, F+& 0.0, |4, (4.30)
00, -0.0, F+&

where ¥, is the vector RBF and ¢, is the scalar RBF, like Gaussian RBF.

When the variables in the z direction remain constant, (4.30) reduces to two dimensional

cases and it is significantly simplified. The formulations can be read as

& 00, 0
VxVxW¥W =(0+0})-0,0, @ 0 |g. (4.31)
0 0 &.+0;
With the appropriate definition of the vector shape function and spatial placement of the
nodes in the solution domain, we can solve the vector wave equation (4.29) with the

proposed vector-based meshless method. By substituting (4.21a) into (4.29), we get the

discretized vector wave equation

1 =y £
Vx—Vx) ®F +=

3 ®E =—1,0,J. (4.32)
To make (4.32) practical for computation, the collocation approach is applied to (4.32),
which means that we test (4.32) with Dirac Delta function at node i. Due to the Kroneckor’s

delta property of the shape function, we obtain the semi-discretized formulation

+ SR = - 11,0,d

2 Yt
0

[ininmiE,] (4.33)

H,

node;

node;

By applying the central finite difference in the time domain to (4.34), we reach the final

time-marching formulation:

n

2 A2 N 2
E" =2F -E" —ﬁ[wiw cij;J Aoa (4.34)

Il'lr J

r node; node;
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To make (4.34) more efficient for computation, we split and compute (4.34) in two steps

n

2 N 2
Q" :Qy_ﬁ(inszquj} Y (4.352)
e\ u ¢

node; node;

E"=Q"+E, (4.35b)

where Q is the intermediate vector introduced to speed up the computation.

(4.35) is a vector form that can be directly solved without the need to expand the
Maxwell’s equations into six scalar partial derivative equations for six field components as
done with the conventional methods. In other words, with the conventional RPIM method
based on the scalar RBFs and the FDTD method, the vector field equations need to be
expanded into separate scalar wave equations and then numerical methods are adapted and
applied to solve each of the scalar equations. This poses a technical challenge when the
current source or charges are encountered; there, field components may be coupled at
source points or charge locations. However, with the proposed meshless method based on
the divergence-free vector RBFs, the issue will no longer exist since a source term is
incorporated into the formulations and the wave equations are solved in a coupled vector
manner.

Compared with the conventional time-domain FEM, the proposed meshless method is a
node-based solver where only the spatial location of the nodes that discretize the solution
domain is needed; in other words, the node-based property of the meshless methods is

preserved including its capability of conforming and multi-scale modeling.
4.2.3 Stability Condition

Since the proposed meshless method employs explicit time-marching scheme, it is
conditionally stable. We can obtain its stability condition based on the result presented in

[67] for the proposed vector meshless method:

s

AN L ——
% p(T)

(4.36)



At?
&

where A is the eigenvalue of matrix —-=——T, p(T) is the spectral radius of T whose

N
clement is 7, :[VXLsz(DJ . The node location and material information are

H, j

node;

embodied into T. For homogeneous media, |/1|max = 4 can be obtained. Therefore, all
temporal steps in the proposed meshless method should satisfy the following condition:
2¢,

AN<—Z— 4.37

4.2.4 Numerical Examples and Discussion

In this section, we choose several numerical experiments to validate the accuracy and

convergence properties of the proposed meshless method for the vector wave equations.

A. One dimensional Structure

Due to the existence of the analytical solutions of the one dimension cavity with PEC,
we select it for the initial verification of the proposed method. The length of the cavity is
1 meter. The initial condition of the electric field is given as E, =sin(kzx/L) and the
region is source free. The theoretical field distribution is given as:

E. =cos(kznct/ L)-sin(kzx/ L) (4.38)

where £ is the mode number and L is the length of the cavity.

1.0
0.5 E
< 0.0
=
-0.5} —— Analytical Solution
--0- The Proposed Solver
—— FDTD
1.0 ! ! ! !
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 4.8 The E. field value at 10 ns.
The nodes are selected uniformly distributed in the cavity with the distance between two
neighboring nodes being 1 mm. The shape parameter p is selected as 10 and the average

node number in each local support domain is 7. For comparison, the cavity was also
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simulated with the FDTD with the uniform cell size of 1 mm. To reduce the effect of the
time step on the accuracy, the time steps for the proposed meshless method and the FDTD
method are selected small such that CFLN = 0.1, where CFLN is the ratio of the time step

to the maximum time step allowable with the FDTD method.

6.0x10 - I + -a- IError of thle Propose;d Solver
/ —o— Error of the FDTD Method
4.0x10° / \ / \
S
=]
=
=
2.0x10° e, I
&l g ™,
) =S
'FT‘ T,
0.0 -
0.0 0.2 0. :

]
W

—o—The Proposed Solver
—o— The FDTD Method

Relative LzError
(2]

)
©
T
1

6 11 16 21
k

A
N
-

Figure 4.10 The relative L; error of the proposed solver and the FDTD method.
Figure 4.8 shows the field value obtained with the FDTD method and the proposed solver

at 10 ns. Visible good agreements between the results obtained with the proposed method,
the FDTD method and the analytical solution are observed. However, we can find that at
the peak the proposed method achieves more accurate solution than that of the FDTD
method. Figure 4.9 presents the absolute error between the numerical solutions and the
analytical results. It confirms that the proposed method can obtain more accurate results
than the FDTD method. At the peak the error of the proposed method is three times smaller
than that of the FDTD method. Figure 4.10 illustrates the relative L error; the L2 error is

computed with the equation below:

66



L=log, {MJ (4.39)
[E

where E" is the numerical electrical field obtained with the FDTD method or the
proposed method and E* is the analytical field solution. The error of the two methods
goes up as k increases. This is because the dispersion errors increase with mode number k&
when the spatial discretization remains unchanged. However, the accuracy of the proposed
method is about two order higher than that of the FDTD method. The reason is that the
meshless method is essentially a high order method and more nodes are involved in the

support domain than that of the FDTD method for field-updating at each time step.

B. Two dimensional structure

We also considered an air-filled perfect electric conducting cavity with PEC boundary
conditions. The cavity is a good structure for numerical validation since it embodies
multiple incidences and reflections of electromagnetic waves that can really test
effectiveness of a numerical method. The dimensions of the cavity under consideration are

1 m x 1 m with uniform discretization of cell size of 2 c¢m. The initial condition is given as

1 PR

0.5/

00 0.5 1
Figure 4.11 The node distribution of the proposed method for the two dimensional cavity.

E. =sin(mzx)sin(nzy) (4.40)

where m, n are the mode number in the x and y direction, respectively. The theoretical

electric field inside the cavity can be expressed as:
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E. =sin(mzx)sin(nzy)cos(cr) (4.41)
where o= co7r\/m2 +n’.
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Figure 4.12 The analytical field (a) and numerical value obtained from the method (b) at 10 ns.

A small time step, CFLN = 0.1 again, is selected for the FDTD method and the proposed
method to decrease the numerical error. The average number of the nodes considered in
the local support domain is 9 and the shape parameter is selected to be 5 for Gaussian RBF.
Figure 4.11 shows the node distribution of the proposed method. The distance between two
nearest nodes is 0.02 m. The cell size is also 0.02 m for the FDTD method.
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Figure 4.13 The absolute error for the proposed method (a) and the FDTD method (b) at 10 ns.

Figure 4.12 shows E: field obtained with the proposed method at 10 ns with m = 2, and

n =2 for TMa2. Figure 4.13 presents the absolute error of the results obtained with the two
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methods at 10 ns. The error distribution pattern of the proposed method is the same as that
of the FDTD method. However, the magnitude is smaller than that of the FDTD method.
It means that the proposed method can obtain more accurate results than the FDTD method.
Again, this is because the proposed meshless method is essentially a higher-order method.

Figure 4.14 illustrates the relative L2 error verse m with specific n. It can be found that
the error of the proposed method is smaller than that of the FDTD method for all the m
modes with » = 1 and n = 3. Another interesting observation is that as m increases, the L2
errors of the two methods level off to the same value. This is because the spatial sampling
density of the numerical methods is not sufficient to capture highly-varied field
distributions of the higher modes any more with large m and n. The resonant frequency
obtained from the FDTD method and the meshless method is 445.2 MHz for TM2z. It

implies that both the methods can get the same accurate resonant frequency.

Relative L2Error

—=—FDTD n=1 T
r —e—FDTD n=3
-8} - a- Meshless n=1 |
- o- Meshless n=3
_10 1 " 1 " Il " 1 "
1 2 3 4 5 6
m

Figure 4.14 The L, error of the proposed method and the FDTD method verse m with n = 1 and
n=73 at 10 ns.

C. Three dimensional structure

In a three dimensional case, an air-filled PEC cavity with PEC boundary condition and
dimensions of 1 m x 1 m x 1 m is considered. The cavity is discretized with the uniform
cell size of 10 cm. The same initial condition for the two dimensional case is chosen. Again,
we choose a quite small time step (CFLN = 0.1) for the FDTD method and the proposed
method in order to decrease the numerical error. Average number of the nodes in the local
support domain is 16 and the shape parameter is 0.5.

Figure 4.15 presents E: field obtained from the proposed solver at 10.5 ns with m = 2,
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and n = 2. The field distribution is TM22 mode. As shown in Figure 4.16, the error pattern
of the proposed method is exactly the same as that of the FDTD method. However, its
magnitude is smaller than that of the FDTD method, which means that the proposed method
can obtain more accurate results than the FDTD method. This is because the proposed

meshless method is a high order method.
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X

Figure 4.15 The field value obtained from the proposed method at 10.5 ns.
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Figure 4.16 The absolute error for the proposed method (a) and the FDTD method (b) at 10.5 ns.
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Figure 4.17 The L; error of the proposed solver and the FDTD method verse m with n =1 and n =
2 at 10.5 ns.

Figure 4.17 presents the relative L> error verse m. It can be found that the error of the

proposed method is smaller than that of the FDTD method for all the m modes with n =1
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and n = 2. The relative L: errors of the two methods increase as m goes up. To obtain more
accurate results for higher-order modes, denser nodes are required for the two methods.
Another interesting observation is that for the FDTD method, the error of TM1: is larger
than that of TMi2 at 10. 5 ns; so is for the proposed method.

Figure 4.18 shows the charge density in dB, at z = 0.4 m, obtained from the proposed
method with m =2 and n =2 at 10.5 ns. The charge density level is about -15 dB which is
at the level of numerical noise. In other words, we can safely consider the proposed method
produces no artificial charge accumulation like other divergence-free methods, such as the

FDTD method.

Charge Density (C/m°)

Figure 4.18 The charge density at z = 0.4 m plane of the proposed solver with n =2 and m =2
at 10.5 ns.

4.3 Conclusion

A new vector RBF based meshless method, which is theoretically proven to be
divergence free, is proposed for the transient electromagnetic analysis. Its divergence
properties are investigated and compared with those of the original scalar RBF meshless
method. It is found that the scalar RBFs cannot always retain divergence free in source free
regions while the proposed vector RBF based meshless method does. Numerical examples
are presented to verify the accuracy and divergence properties of the proposed method for

the Maxwell’s equations and wave equation.
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Chapter 5 Stable Meshless Method Based on the RBF-QR Method

This chapter is mainly based on our published paper [47], which is Shunchuan Yang,
Zhizhang (David) Chen, Yiqiang Yu, and Sergey Ponomarenko, "A Robust Meshless
Method with QR-Decomposed Radial Basis Functions," published in IEEE International
Microwave Symposium, 2015, pp. 1-3.

5.1 Abstract

I1l-condition of the interpolation matrix has presented a hurdle in applying a node-based
meshless method to practical modeling and simulation of electromagnetic structures. In
this chapter, a robust meshless method is proposed that does not have the problem. It
employs the QR method to decompose the Gaussian RBF; as a result, the matrix ill-
condition that persists with a meshless method having a small shape parameter is
theoretically removed. In other words, unlike the conventional meshless method, the
proposed method is insensitive to the shape parameters and can work well even when the

RBF becomes extremely flat.

5.2 Introduction

Recently, meshless methods have attracted attention for solving electromagnetic
problems due to their intrinsic properties such as conformal and multi-scale modelling
capability [28, 61, 62]. For most of these meshless methods, only spatial node information
is needed to formulate electromagnetic problems. No connection information among nodes
is required. Consequently, no re-arrangements of grid lines are required when a structure
is modified partially.

In general, meshless methods are based on the point interpolation process. Inversion of
the associated interpolation matrix is required. However, this inversion becomes
problematic when the shape parameter becomes very small and the matrix becomes
seriously ill-conditioned; it leads to failure of practical simulations. On the other hand, the
smaller the shape parameter is, the more accurate results can be obtained [37, 38].
Therefore, tradeoff between the accuracy and the matrix condition needs to be made for

the meshless methods. Special care needs to be taken to choose reasonable values of the
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shape parameters. Several strategies such as those described in [39] have been proposed to
search for the optimal shape parameters. Unfortunately, these so-called optimal values are
often problem-dependent and we have to perform a search for every different problem
structure or partial change of a structure. Even worse, such an optimal value may not exist
in a problem.

To resolve the issue of the ill-conditioning matrix associated with expansion basis
functions, a method to modify radial basis function is proposed in computational
mathematical community for non-electrical applications [37, 38]; in it, Gaussian RBF,
which is more preferred when partial differential is involved [65], is expanded with the QR
decomposition method and the shape parameter can be theoretically factored out from the
original basis functions. In this chapter, we propose to extend the same technique to the
meshless method for solving electromagnetic problems; as a result, a robust meshless
method without the ill-condition issue is developed for solving Maxwell’s equations. To
the best of our knowledge, there have been no reports of such a robust method before in

computational electromagnetics.

5.3 The Proposed Stable Meshless Method

Consider Maxwell’s equations in a linear, lossless, isotropic and non-dispersive medium

without sources, which are expressed as

OE 1

- _VxH ,
Fria X (5.1a)
H__ 1y (5.1b)
ot Y7

A A
where E=[Ex E Ez] \- H=[hﬂ H, Hz} , ¢ and u are permittivity and permeability of the
medium, respectively.
The above vector equations can be expanded into six scalar component formulations.
Spatially, the field quantities to be solved are expanded in terms of the shape functions that
are derived from the RBF. Temporally, the derivative in time is approximated with its

central finite-difference correspondence. The result is the following march-in-time
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recursive equations of a meshless method [28]:

n+ n— At n
HX,[1/2 _ HUI/Z _Z % ZEZ,/.@y(D/ (52b)
J

At
B =B - S Y HT oy, (5.2)
J

However, when implemented with the traditional RBFs, (5.2) can become ill-conditioned
and unstable when the shape parameter of RBFs is small. In the following paragraphs, we
will find another set of basis functions that circumvent this problem and make the method
stable when the shape parameter is small and even approaches to zero.

(

Consider Gaussian RBF (p(x,x,.) — ) We now expand it first with another two basis

functions, say, « and o. We can have:
w(x’x[) = eip(x*x’) = zﬂ/ﬂ’(‘ﬂ (x) Uﬂ (xl) (5'3)

where 4, is the expansion coefficient which is associated with the shape parameter p.
When &=v, A, istheeigenvalueand « is the eigenfunction of the associated compact

integral operator [38]. More specifically, 4, and &, can be expressed as

e pz n-l1
A = , n=12,.. 5.4
"Nt +5+p’ £a2+52+p2 (5.42)
K, =7, H, (afx), n=12,.. (5.4b)

2p ’ i 2 o’ 2 IB
= —_— [ _1 = |[———— — ] . :
where S (1{ aj J , O 5 (ﬁ ), Va 2”’11“(11) and H,-; is the classical Hermite

polynomials of degree n - 1.

Suppose that we only retain the first M order of both ¢ and o. Then (5.3) can be

rewritten in the compact matrix form as
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A = kAv (5.5

where

k(%) - Ky (x) 4 o(x) - ov(x)
K= : : , A= and y= : : .
Kl (‘xn) o KM (xn) A’M UM (xl) o UM (xn)
Here we can choose M > N, where N is the number of the nodes in a support domain.

Now the QR decomposition method is applied to find the optimal basis function o for

the expansion. After applying the QR method to matrix v", we obtain the following

equation
v(x) o oe(x) | ova(x) vy (%)
ool . |
5.6
o (xy) oy () | ooya(xy) vy (xy) (5-6)
=QR= Q(Rl | R, ) ,
where the Ry block is a square matrix of size N and Rz is NX(M-N).
Substituting (5.6) into (5.5), we can find that
A=®OAR'Q (5.7)

By decomposing the same block structure of A which was imposed on R, we obtain the

full system in blocks as

I T T
A= '{AzRiRITAI‘ }\IR1 Q’. (5.8)

In (5.8), the two terms, ARIR’A;' and AR'Q , are associated to the expansion

coefficients. By further mathematical manipulations, the new basis function is found to be:
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v =AX"
I T (T R
{K(AzRiR;TAfjAIR‘Q }[AIRIQ | (5:9)

|
=K
[AzRi RlTAfj

where X=AR/Q’ .
Notice now that expansion coefficient 4, —>0 as n-—>o which means that the
expansion coefficientin A, is smaller than those in A, . Therefore, the entries of RjR;"

will not be magnified when the term A,RJR"A;" is formed and it can be regarded as the

correction terms on the basis of @.

5.4 Numerical Results and Discussion

One dimensional resonator with the perfect electrical conductor (PEC) walls at both ends
was used for our numerical verification of the proposed method. The length of the one
dimensional cavity is 1 meter. It is discretized with 50 nodes and the average number of
nodes in a local support domain is 8. The equispaced node distribution is considered. The

current source is located at the center and is specified as

2
t —t

J. =cos(27zﬁ)exp{—[ Ct ] J (5.10)

W

where f= 0.5 GHz, tw= 2.0 ns and t.= 6.0 ns. For comparison purpose, the results obtained
from the conventional meshless method based on Gaussian function are also presented.

Figure 5.1 shows the recorded electrical field verse time with different shape parameters.
For the conventional method, when shape parameter p= 10, the solution becomes
divergent. However, for the proposed method, even when p = 1071, the solution is still
stable and agree well with each other.

Figure 5.2 shows the condition number of interpolation matrix of the proposed method
and the conventional meshless method at location z = 0.81. It is easy to see that the

condition number of the conventional method increases dramatically as the shape
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parameter decreases. When p < 0.001, the condition number exceeds 10'7 and direct
inversion of the interpolation matrix cannot give stable and accurate results; instability and
simulation failure occurs. In other words, the shape parameter cannot be too small with the
conventional meshless method. However, with the proposed method, the condition number
is almost independent of the shape parameter. Although the condition number of the
proposed method is larger than that of the conventional method when p > 0.008, it remains

almost constant and presents good results.
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Figure 5.1 The field solution obtained with the proposed method (a) and the conventional
meshless method (b) with different shape parameters.
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Figure 5.2 Condition number of the proposed method and the conventional method.

5.5 Conclusion

The ill-condition of the interpolation matrix has presented a challenge for a meshless
method to be used for practical modeling and simulation of electromagnetic structures. In
this chapter, a robust meshless method is proposed to address the issue. By applying the

QR decomposition to expand the radial basis functions, dependence of the shape
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parameters that cause the ill-condition of the interpolation matrix has been removed.
Numerical example verifies the effectiveness of the proposed method. The preliminary

results show that the root source of the ill-condition has been removed.
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Chapter 6 On the Numerical Dispersion of the Radial Point
Interpolation Meshless Method

This chapter is based on our published paper [45], which is Shunchuan Yang, Zhizhang
(David) Chen, Yiqiang Yu, and Sergey Ponomarenko, "On the Numerical Dispersion of the
Radial Point Interpolation Meshless Method," published in IEEE Microwave and Wireless
Components Letters, vol. 24, pp. 653 - 655, 2014..

6.1 Abstract

The numerical dispersion of the time-domain RPIM method is investigated in this
chapter. It is found that numerical dispersion relationship of the RPIM method shares the
same form as that of a second-order center FDTD method but with the additional factors
introduced by the RBFs, when the two methods deploy the same nodal distribution for
problem-domain discretization and the local support domain of the RPIM method encloses
only four adjacent nodes. Such an observation indicates that the RPIM method is a more
general method and can be reduced to the conventional FDTD method under certain
conditions. In addition, comparisons between the meshless method and the FDTD method

are shown under different conditions.

6.2 Introduction

Unlike the conventional grid-based methods such as the FDTD method [6], the FEM [74]
and the MOM [75], meshless methods interpolate fields to be solved with the field values
at predefined nodes that scatter around in a support domain. A set of algebraic equations
based on positions of the scattering nodes in a solution domain is then established and
solved by linear solvers. That means that unlike grid-based methods, connection
information between nodes is not required, which leads to easy implementation and high
flexibility in modeling complex structures. As a result, the number of the published reports
on the meshless methods for solving electromagnetic problems has increased dramatically.
In particular, the smoothed particle electromagnetic method [29] and the RPIM method [27]
have been proposed. Other forms of the meshless methods including the leapfrog and
alternatively-direction-implicit RPIM methods in the time-domain are summarized in [32].

However, to the best of authors’ knowledge, no numerical dispersion of the meshless
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methods has been reported so far. In addition, no direct relationship between the FDTD
method and RPIM method have been shown although it is mentioned in [28] that the RPIM
method may reduce to the FDTD method under certain condition (but no theoretical proof
was given there).

In this chapter, we will fill in the void by investigating the numerical dispersion of the
RPIM method and the relationship between the RPIM method and the FDTD method in
terms of the numerical dispersion relationship. In addition, we will discuss the relationship
between the shape parameter and the numerical dispersion of RPIM method. Due to limit

of space, we restrict our studies to the leapfrog time-domain meshless method.

6.3 Dispersion Analysis

To obtain analytical expressions of the numerical dispersion of the RPIM method, the
spectral Fourier transform is applied, similar to that for the FDTD method presented in [16].
For arbitrary numbers and positioning of nodes, numerical dispersion formulations of the
RPIM method may not be practically meaningful due to their varieties used by different
users, in addition to the difficulty in finding the associated formulations. Therefore, in this
chapter, we consider the case where the nodes are positioned in the same grid placement
as that in the Yee’s grid for the conventional FDTD method. In other words, in a support
domain of a node, we consider one field component at one node, four H-nodes associated
with one E-node and four E-nodes associated with one H-node, in a three dimensional
setting. For the time domain discretization, we consider a second-order central finite-
difference scheme for RPIM method. That means we can obtain the so-called leap-frog
scheme for the time-marching equations [31].

By applying the spatial Fourier transformation to the meshless time domain formulations
[31], we can obtain the time-marching equations in the spectral domain. For example, take
E: component for the illustration purpose. The time-marching equation for E: in the spectral

domain is then

EZ:l/z En+]/2 . (ZHml/za CD an+1/2a D ) (61)
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where @ is the shape function corresponding to node j in the local support domain. We
can express the shape function in the vector form for all nodes aso-[o, o, - @,], where

®=BG"' with the RBF vector B and interpolation matrix G. G can be expressed as

1 efp(r/rmax )2

G= (6.2)

efp(r/rmax )2 1

rmax 18 the maximum radius of the local support domain, which is taken in such a way that
only four nodes are located in the support domain [31]; r is the distance between the two
nodes in the local support domain. Thus, the first order partial derivative of the RBF vector

B can be stated as

8§B:e7p[ﬁ] PAST | ] (6.3)

where &{=x,yandz and p is named as the shape parameter which can be found in [31].

Thus, the partial derivative of the shape function with respect to & can be obtained as:

(/2 )
6.0 =0.BG" :Lgé’eiz[l -1]. (6.4)
¢ ¢ Fol e )

By substituting (6.4) into (6.1) the following equation is obtained in the spectral domain:

e, 20 (KA 2N (kA :
E, 1/2:E: 1/2+jAygsm[ }2 jAyMij —ijgsm[ 2 jAnyHv. (6.5)

Agp e—p(r/Zr,mx)z

2 —n(r/ 2
Al —1+€ P/ T )

Here M. = and k¢ is the spatial frequency in the ¢ direction. Other field

components can also be obtained in the similar manner.
With the similar process as described in [13, 76], the final dispersion relationship can be

obtained as
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in| = 2 sin by 2 sin| —— 2
(5] -4 il | ) Jresls) ©6.6)

with M. =AM, . (6.6) looks like the numerical dispersion relation of the conventional
FDTD method with the addition of factors A, on the right hand side.

Noticeably, we can see that when A¢  and p approaches zeros, respectively,

) ) A 2 —17(’/2”max)2
IimM.. = lim &p_e

= I

-=—1 (6.7)

and

lima,, =lim -=-1, (6.8)

The above results means that the final numerical dispersion (6.6) becomes the analytic
dispersion, «’ue=k; +k, +k. , when shape parameter p, time step Ar and spatial step
A & approach to zero. When shape parameter p goes to zero, (6.6) becomes identical to
the dispersion of FDTD [6]. As a result, the FDTD method can be considered as a special
case of RPIM method. This can also be easily seen from (6.1): when p goes to zero, (6.4)

becomes —1/A& and by substituting it into (6.1), we can obtain the updating formulation
for the FDTD.

6.4 Numerical Results and Discussion

The shape parameter p plays an important role in RPIM method. In [33], the relationship
between stability of the time-iteration of RPIM method and the shape parameter has been
shown. In this section, we discuss how the shape parameter affects the numerical dispersion.

To measure the numerical dispersion error, the numerical phase error (NPE) per unit

length is defined and used [16]:
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NPE = [Kam — Ko (6.9)

0

where ko is the theoretical wave number, kum is numerical wave number, ¢ =w/ko is the
speed of light in the continuous medium and crum=w/knum is the speed of numerical waves
with the RPIM method. w is the angular frequency.

In the calculations,

k. =k

num

ky =k, sindsing (6. 1 ())
k, =k, cos6.

sin@cos@

Here 6 and ¢ are the propagation angles in vertical and the horizontal planes, respectively.
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Figure 6.1 NPE of the meshless method with p = 0.1 and the FDTD method; PPW = 20 and CFLN
=1.

Figure 6.1, 6.2, 6.3 and 6.4 show NPE of the meshless method with different values of
shape parameter p and that of the FDTD method. The spatial step is 1/20 of the wavelength,
1.e., the spatial sampling is 20 points per wavelength (PPW). rmax €quals to the spatial step.
The time step was selected to be the same for both methods in order to make a fair
comparison: it is the maximum time limit of the FDTD method, or the CFL number is one

(CFLN =1).
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Figure 6.2 NPE of the meshless method with p = 0.01 and the FDTD method; PPW =20 and CFLN
=1.
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Figure 6.3 NPE of the meshless method with p = 0.001 and the FDTD method with PPW = 20 and
CFLN=1.

It is easily seen from the figures that when p = 0.1, NPE of the meshless method reaches
its maximum at € = 45° and its minimum at 6§ = 0°. However, for the FDTD method, the
numerical dispersion arrives at its minimum when 6 = 45° and maximum when 6 = 0°.
Therefore, numerical dispersions of the two methods show totally different properties but
this difference become smaller when shape controlling parameter p becomes smaller.

When p = 0.1, the maximum numerical dispersion errors of the meshless method is
about as 7 times of that of the FDTD method. However, when p = 0.01, the situation
reverses: the maximum numerical dispersion errors are smaller than that of the FDTD
method. When p = 0.001, the numerical dispersion errors of the two methods becomes
similar. When p = 0.0001, they become indistinguishable. This confirms our previous
analysis that when p approaches to zero, the numerical dispersion of the meshless method
and the FDTD method becomes exactly the same. This indicates that the shape parameter

p plays an important role on the numerical dispersion and the convergence of the meshless
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method to the FDTD method with better accuracy. Therefore, a reasonable value should be
selected in the practical simulations. It should be also noted that although better
convergence is achieved with small sharp parameter, it also comes with smaller stable time
iterations [33]. The balance should be taken between the stability condition and the
accuracy. In our study case, we chose p = 0.018 where the maximum numerical dispersion
errors of RPM method equals to that of FDTD method. However, the optimized shape
parameters are on a case-by-case basis; in [39], the authors proposed an automatic approach

to search for the reasonable value with respect to a specific case.
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Figure 6.4 NPE of the meshless method with p = 0.0001 and the FDTD method with PPW = 20

6.5 Conclusion

In this chapter, numerical dispersion of the RPIM method is shown and its comparisons
with that of the FDTD method are presented. Analytical derivations show that the
numerical dispersion of the RPIM method is exactly the same as that of the FDTD method
when the shape parameter p approaches zero. It indicates that the method is a general
method which can include the conventional FDTD method as its special case. Different
numerical dispersion results based on various shape parameters are illustrated. The analysis
shows that shape parameter should be selected carefully in the practical simulations to

obtain small numerical dispersion errors and good stability.
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Chapter 7 Conclusion Remarks and Recommendations

7.1 Conclusion Remarks

This thesis have studied several properties of the newly developed divergence preserved
ADI-FDTD method and the meshless method. Especially, emphasis is placed on the
divergence issue and efficiency of both methods.

Although the traditional ADI-FDTD methods are unconditionally stable, they are not
divergence preserved, as stated in [22, 23]. That means that artificial charges would be
introduced into the simulations and make solutions inaccurate when charges are considered
which may lead to failure of simulations. In this thesis, attention is paid to studying the
newly developed divergence preserved ADI-FDTD method, which can preserve the
divergence property of the electrical and magnetic field. Proof of stability and numerical
dispersion are systematically presented using von Neumann method and efficiency are
carefully studied in terms of floating-point count. In addition, based on the fundamental
formulations, a new efficiency-improved version is proposed. Its divergence property and
efficiency are then studied.

For the meshless method, the traditional implementation based on the local Gaussian
function requires two coupled fields (E- and H-field). Based on the mathematical
equivalence of the Maxwell’s equations and wave equations, efficiency can be improved
through solving wave equations due to decoupling nature of E- and H-field. Besides
efficiency issue, the divergence problem also exists in the meshless method. To overcome
this problem, a new vector-based RBF is proposed for the meshless method, which is
theoretically divergence free. In addition, the notorious ill-condition problem in the
meshless method is addressed through the QR decomposition method. At last, the
relationship between the FDTD method and the meshless method is theoretically
investigated in terms of their numerical dispersion relationship.

A summary of each study and its main findings is given in following.

(1) Studying the unconditionally stable divergence preserved ADI-FDTD method and its

efficiency improved version.

The detailed implementations of the divergence preserved ADI-FDTD method are

investigated in this thesis. Based on von Neumann analysis, the magnitudes of all the
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eigenvalues of the magnification matrix are found to equal to one, which means that this
method is unconditionally stable. Further investigation shows that the numerical dispersion
relationship of the divergence preserved ADI-FDTD method is the same as that of the ADI-
FDTD method, the LOD-FDTD method and the leapfrog ADI-FDTD method. However,
the last three methods are not divergence free and artificial charges will be introduced into
the simulations.

To improve the efficiency of the divergence preserved ADI-FDTD method, an efficient
updating method is proposed based on its fundamental formulations. With the proposed
method, the right hand side of time-marching equations are matrix free. Almost 41.7% less
count of floating-point operations than the original divergence-preserved ADI-FDTD
method is obtained without scarifying accuracy. At the same time, the proposed method
preserve the divergence property of the electrical and magnetic fields like the original
divergence preserved ADI-FDTD method.

(2) Developing the meshless method based on the local Gaussian RBF for the wave

equation

It is well-known that the Maxwell’s equations and the wave equations are mathematically
equivalent. Therefore, numerical methods for the wave equations can get the same
numerical results as those for the Maxwell’s equations. Since usually only one set of field
(either E or H field) is involved with the wave equation, we can expect higher
computational efficiency of numerical methods for the wave equations than those for the
Maxwell’s equations. A meshless method based on local RBF is applied to solving the
wave equations. Two numerical examples computing the resonant frequencies of an H-
shaped cavity and ring resonator verify the efficiency improvement and the conformal and
multi-scale capability of the proposed method. The results show that the proposed method
can indeed largely improve the efficiency without loss any accuracy.

(3) Exploring the divergence issue of the meshless method

The traditional meshless methods based on the local Gaussian RBF for Maxwell’s
equations are not always divergence free since the divergence condition is not explicitly
applied and the Gaussian RBF is not divergence free. In this thesis, a vector-based RBF is
proposed to overcome this problem. Systematical investigation finds that this vector-based

RBF is theoretically divergence free. Then, it is applied to solve Maxwell’s equations and
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the wave equation. As expected, the resultant meshless methods are divergence free. On
the contrary, the conventional meshless methods based on the scalar RBF are found not
divergence free because the divergence of the scalar RBF is location dependent. As a result,
for random node distribution, the divergence of the scalar RBF cannot be guaranteed to be
zero. However, for the vector RBF, it is always true.

(4) Investigating the meshless method based on QR method

Another issue for the meshless method is the ill-condition of the interpolation matrix.
Since inversion of the interpolation matrix is inevitable, the ill-condition problem may lead
to failure of the simulations. In this thesis, a new meshless method based on the QR
decomposition is proposed to address the issue. By applying the QR decomposition to
expand the Gaussian RBF, the shape parameter which causes the ill-condition of the
interpolation matrix is separated from the Gaussian RBF and a new stable RBF is obtained
for the meshless method. Numerical example shows that the condition number of the
interpolation matrix is independent of the shape parameter and the new RBF always works
even when the shape parameter is extremely small.

(5) Studying the relationship between the meshless method and the FDTD method.

Relationship between the meshless method and the FDTD method is investigated in
terms of numerical dispersion. Based on the same node distribution and field component
distribution, a numerical dispersion formulation is derived for the meshless method. It is
found that the numerical dispersion of the meshless method becomes exactly the same as
that of the FDTD method when the shape parameter goes to zero. That means that the
meshless method is a general method which can include the conventional FDTD method

as its special case.

7.2 Recommendations for Future Work

Recommendations for future work mainly focus on applying the meshless method based
on QR method and divergence-free meshless method to solving electromagnetic problems
in the two and three dimensional cases and development of the PML techniques to solve
the practical engineering structures.

The first recommendation is that investigation of the meshless method based on QR

method for the two- and three-dimensional cases in the time domain and frequency domain.
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For these cases, the RBF can be easily obtained using the tensor product form of the

Gaussian kernel. For the d (d = 2, 3) dimensional Gausses function, we have

p(ox)=e ") U5 4 (94, (x) 7.1

J=1 J=1

d d a.z p.z K d d _5%x 2
where 24, =Hl,,/ =H —5—— - s @y :H(Pnj :H%«je T H, (a/ﬂjx/.)

and x=(x,,x,) . Further work along the line need to be explored numerically.

The second recommendation is applying the QR method to the vector RBF. Although the
vector RBF is divergence free, it still suffer from the ill-condition problem. When small
shape parameter is selected or the count of the scattering node in the support domain is
large, simulation may break down due to the extremely ill-conditioned interpolation matrix.
Therefore, applying the QR method to vector RBF is an efficient way to avoid the ill-
condition problem.

The third recommendation is development of the PML for the meshless method based on
the vector RBF to solve the open structures. Since the PML is required to truncate the
infinite computational domain to model the open radiation problems, to make the meshless
method applicable for the practical engineering problems, future work will focus on

applying the PML to the meshless method.
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Appendix A: Derivation and Full Formulations for the Divergence

Preserved ADI-FDTD Method

For the nth to n+1/2th time step for the divergence preserved ADI-FDTD method, we

can have the following fomulations.

Extension of (2.9a) and (2.9b) reads as
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By replacing the spatial partial operators in (A1) — (A2) with the second order central finite-
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difference, we can get the final time-marching formulations as
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For the n+1/2th to n+1 time step, with similar manner above we can have the following

updating formulations for (2.10a) and (2.10b).
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Then, the final updating equations for the second sub-time step can be achieved as
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Then, with replacement the second-order spatial finite-difference, the final marching

formulations can be read as
n+ n+ cAt n+ n+
x(il+1/2,j,k) = Qa(:n/z,j,k) - Az (th(li+l/2,j,k+l/2) - th(lt+l/2,j.k—l/2)) (Aga)

nil n+l cAt ( n+l n+l ) (Agb)

Ey(i,j+l/2,k) = Qey(i,j-ﬂ-l/l,k) - 2 Ax th(i+1/2,/+|,z,k) T Zhz (i-1/2,j+1/2,k)

E;&}/4k+1,2) _ Qn+l cAt ( n+l n+l ) (ASC)

ez (i, j k+1/2) — 2A hx (i, j+1/2,k+1/2) — Zhx (i,j-1/2,k+1/2)
Y

1 At
H:(ﬂj+l/2,k+l/2) = ? QIM ( ﬁ,,/n.m]/z) - Qz},j,kum ) (A8 d)

(i, j+1/2,k+1/2)
0 2uly

Hn+l _ i Qn+1 _ At +1 _ ! (Age)
Y(+2,jk+12) T Z hy (i+1/2, j ,k+1/2) 2 Q:.‘t(Hl/Z,/.lﬁl) ex (i+1/2, k)
o y7A%A

n+l 1 i+ i+l 1+ ) (A8f)

At
z(i+1/2,j+1/2,k) — Z hz (i+1/2, j+1/2,k) - 2 ( (i+1,j+1/2,k) - ox (i, j+1/2,k)
o LA

98



Appendix B: Copyright Permissions

B.1 Permission from IEEE TAP

From: Shunchuan Yang

Sent: Tuesday, May 12, 2015 10:17 AM
To: pubs-permissions@ieee.org
Subject: Copyright Permission

Dear IEEE,

I am the first author of the following papers while I was working toward my PhD degree.
Now, I am preparing my PhD thesis for submission to the Faculty of Graduate Studies at
Dalhousie University, Halifax, Nova Scotia, Canada. I am seeking your permission to

include a manuscript version of the following papers in the thesis:

1. S. Yang, Y. Yu, Z. Chen, S. Ponomarenko, “A Time-Domain Collocation Meshless
Method with Local Radial Basis Functions for Transient Analysis”, IEEE Transactions on
Antennas and Propagation, vol. 62, pp. 5334-5338, Oct. 2014.

2. S. Yang, Z. Chen, Y. Yu, S. Ponomarenkno, “Efficient implementation of the
divergence-preserved ADI-FDTD method”, IEEE Antennas and Wireless Propagation
Letters, vol. 11, pp. 1560-1563, Dec. 2012.

Full publication details and a copy of this permission letter will be included in my thesis.

Thank you for your kind reply!

Sincerely,

Shunchuan Yang

From: Pubs Permissions <pubs-permissions+noreply@ieee.org>
Sent: Tuesday, May 12, 2015 10:17 AM
To: Shunchuan Yang

99



Subject: Re: Copyright Permission

Permission to reuse IEEE content, including use in a thesis or dissertation must be done
through the Copyright Clearance Center’s RightsLink service, using IEEE Xplore.

1. Please locate the content beginning at http://ieeexplore.ieee.org/Xplore/home.jsp

2. Once on the abstract page of the article, please locate the "Request Permission" link in
the left navigation panel

3. You can also find the copyright symbol directly on the article Table of Content

4. If you find there are none of these links, you should open the free front pages of the
content to determine if there is another rights holder, as this is an indication IEEE is not
the intellectual property rights holder, and we cannot grant permission for reuse

5. [If the links are there, please do choose one of them and this will take you to the

permission application page

If you do experience difficulty. please contact customer service at

customercare(@copyright.com or M.E. Brennan atme.brennan@jieee.org.

From: M.E. Brennan <me.brennan@ieee.org>
Sent: Tuesday, May 12, 2015 3:00 PM

To: Shunchuan Yang

Cc: M.E. Brennan; Frank Pepe

Subject: Re: Copyright Permission

Dear Shunchuan Yang,

The IEEE does not require individuals working on a thesis to obtain a formal reuse license

however, you must follow the requirements listed below:

Textual Material

Using short quotes or referring to the work within these papers) users must give full credit

100



to the original source (author, paper, publication) followed by the IEEE copyright line ©
2011 IEEE.

In the case of illustrations or tabular material, we require that the copyright line © [Year of
original publication] IEEE appear prominently with each reprinted figure and/or table.
If a substantial portion of the original paper is to be used, and if you are not the senior

author, also obtain the senior author’s approval.

Full-Text Article

If you are using the entire IEEE copyright owned article, the following IEEE copyright/
credit notice should be placed prominently in the references: © [year of original publication]
IEEE. Reprinted, with permission, from [author names, paper title, IEEE publication title,

and month/year of publication]

Only the accepted version of an IEEE copyrighted paper can be used in your dissertation
or when posting the paper or your thesis on-line. You may not use the final published
version. In placing the thesis on the author's university website, please display the
following message in a prominent place on the website: In reference to IEEE copyrighted
material which is used with permission in this thesis, the IEEE does not endorse any of
[university/educational entity's name goes here]'s products or services. Internal or personal
use of this material is permitted. If interested in reprinting/republishing IEEE copyrighted
material for advertising or promotional purposes or for creating new collective works for
resale or redistribution, please go to http://www.ieee.org/publications_standards

/publications/rights/rights_link.html to learn how to obtain a License from RightsLink.

If applicable, University Microfilms and/or ProQuest Library, or the Archives of Canada

may supply single copies of the dissertation.

The above message also appears if you go to RightsLink from your paper in Xplore and

choose reuse in dissertation from the drop down menu.

101



Good luck with your thesis.
Kind regards,

M.E. Brennan

Ms M.E. Brennan

IEEE

501 Hoes Lane

Piscataway, NJ 08854-4141 USA

me.brennan@jieee.org

+1 (732) 562-2660

102



B.2 Permission from IEEE TMTT

From: Shunchuan Yang

Sent: Monday, May 11, 2015 4:54 PM
To: e.nichenke@jieee.org

Subject: Copyright Permission

Dear IEEE Microwave Theory and Techniques Society,

I am the first author of the following papers while I was working toward my PhD degree.
Now, I am preparing my PhD thesis for submission to the Faculty of Graduate Studies at
Dalhousie University, Halifax, Nova Scotia, Canada. I am seeking your permission to

include a manuscript version of the following papers in the thesis:

I. S. Yang, Z. Chen, Y. Yu, S. Ponomarenko, “A Divergence-Free Meshless Method
Based on the Vector Basis Function for Transient Electromagnetic Analysis”, /[EEE
Transactions on Microwave Theory and Techniques, vol. 62, pp. 1409-1416, 2014.

2. S.Yang,Z.Chen, Y. Yu, S. Ponomarenko, “On the Numerical Dispersion of the Radial
Point Interpolation Meshless Method”, IEEE Microwave and Wireless Components Letters,
vol. 24, no. 10, pp. 653-655, Oct. 2014.

3. S. Yang, Z. Chen, Y. Yu, S. Ponomarenko, “A Robust Meshless Method with QR-
Decomposed Radial Basis Functions”, IEEE International Microwave Symposium (IMS),
May 2015.

4. S.Yang, Z. Chen, Y. Yu, S. Ponomarenko, “On the divergence properties of the new
efficiency-improved divergence preserved ADI-FDTD method”, IEEE International
Microwave Symposium (IMS), June, 2013.

Full publication details and a copy of this permission letter will be included in my thesis.

Thank you for your kind reply!

Sincerely,

103



Shunchuan Yang

From: Eniehenke@aol.com <Eniehenke@aol.com>

Sent: Tuesday, May 12, 2015 3:16 PM

To: Shunchuan Yang

Cc: george.ponchak@ieee.org

Subject: Note from Ed Niehenke Re: Copyright Permission

Dear Shunchuan Yang,

Thanks so much for your inquiry about using your IEEE published papers in your thesis

that you are preparing.

I called up IEEE and you most certainly use previous IEEE papers that you wrote in your

thesis.

The IEEE does not require individuals working on a thesis to obtain a formal reuse
license. Please go to www.ieee.org then IEEEE Digital library, Now enter one of your
papers in the search box. After it come up click it and when appears click on ""Request

permission' on the left hand side

,,_"97_/\ Permessions

Answer the question

I would like to... @ -

Select use in thesis. Now the form comes up which gives you permission. Print it out
and scan in to your theses for proof that it is OK to use.

Follow the procedure below as required by IEEE

104



Best regards,

MTT-S Ombuds Officer

105



¢IEEE Title: Efficient Implementation of the m
B

Divergence-Preserved ADI-FDTD If you're a copyright.com

Requesting Method user, you can login to
permission Author: Shunchuan ¥ang; Chen, Z.D.; R'Ghts_'-'h”k using your
to reuse . copyright.com credentials,
content from Yu, ¥.J.; Ponomarenkno, S. Already a RightsLink user
an IEEE Publication: IEEE Antennas and Wireless or want to learn more?
publication Propagation Letters

Publisher: IEEE

Date: 2012

Copyright © 2012, I[EEE

Thesis / Dissertation Reuse

The 1IEEE does not require individuals working on a thesis to obtain a formal reuse license,
however, you may print out this statement to be used as a permission grant:

Reguirements to be followed when using any portion {e.q., figure, graph, table, or textual material) of
an IEEE copyrighted paper in a thesis:

13 In the case of textual material {e.q., using short quotes or referring to the work within these papers)
users must give full credit to the original source {author, paper, publication) followed by the IEEE
copyright line @ 2011 IEEE.

23 In the case of illustrations or tabular material, we require that the copyright line @ [Year of original
publication] IEEE appear prominently with each reprinted figure and/or table.

33 If a substantial portion of the original paper is to be used, and if you are not the senior author, also
obtain the senior author’s approval.

Reguirements to be followed when using an entire IEEE copynighted paper in 2 thesis!

1% The following IEEE copyright/ credit notice should be placed prominently in the references: © [year
of original publication] [EEE. Reprinted, with permission, from [author names, paper title, I[EEE
publication title, and month/year of publication]

2% Only the accepted version of an [EEE copyrighted paper can be used when posting the paper or your
thesis on-line.

3) In placing the thesis on the author's university website, please display the following message in a
prominent place on the website: In reference to [EEE copyrighted material which is used with permission
in this thesis, the IEEE does not endarse any of [university/educational entity's name goes here]'s
products or services. Internal ar personal use of this material is permitted. If interested in
reprinting/republishing 1EEE copyrighted material for advertising or promotional purposes or for creating
new collective works for resale or redistribution, please go to

http:/Afwwyw.ieee. org/publications standards/publications/rights/rights link.html ta learn how to obtain a
License from RightsLink.

If applicable, University Microfilms and/or ProQuest Library, or the Archives of Canada may supply single
copies of the dissertation.

106



¢IEEE Title: On the divergence properties of
&

the new efficiency-improved If you're a copyright.com

Requesting divergence preserved ADI-FDTD user, you can login to
permission rmethod RightsLink using your
to reuse Conference Microwawve Symposium Digest ;‘ijeyarclﬁrh;CRDirgnhcl::rsel_diiTIzlssér
:ﬁ"lt;g; from Proceedings: (IMS), 2013 [EEE MTT-5 ot prant o learn mers?
publication International

Author: Shunchuan ¥ang; Chen, 2.D.;

Yigiang ¥u; Ponomarenkao, 5.
Publisher: IEEE
Date: 2-7 June 2013
Copyright © 2013, IEEE

Thesis / Dissertation Reuse

The IEEE does not require individuals working on a thesis to obtain a formal reuse license,
however, you may print out this statement to be used as a permission grant:

Requirements to be followed when using any portion (e.q., figure, graph, table, or textual material) of
an [EEE copyrighted paper in 3 thesis!

1y In the case of textual material (e.qg., using short quotes or referring to the work within these papers)
users must give full credit to the original source {author, paper, publication) followed by the 1EEE
copyright line & 2011 IEEE.

2% In the case of illustrations or tabular material, we require that the copyright line © [Year of original
publication] IEEE appear prominently with each reprinted figure and/or table.

33 If a substantial portion of the original paper is to be used, and if you are not the senior author, also
obtain the senior author's approval,

Requirements to be followed when using an entire IEEE copyrighted paper in a thesis:

1) The following IEEE copyright/ credit notice should be placed prominently in the references: © [year
of original publication] IEEE. Reprinted, with permission, from [author names, paper title, IEEE
publication title, and month/year of publication]

23 Only the accepted wversion of an IEEE copyrighted paper can be used when posting the paper or your
thesis aon-line.

3} In placing the thesis on the author's university website, please display the following message in a
prominent place on the website: In reference to IEEE copyrighted material which is used with permission
in this thesis, the IEEE does not endorse any of [university/educational entity's name goes here]'s
products or services. Internal or personal use of this material is permitted. If interested in
reprinting/republishing IEEE copyrighted material for advertising or promotional purposes or for creating
new collective works for resale or redistribution, please go to

http: //www.ieee.org/publications standards/publications/rights/rights link.html to learn how to obtain a
License from RightsLink.

If applicable, University Microfilms and/or ProQuest Library, or the Archives of Canada may supply single
copies of the dissertation.

107



ﬂ IEEE Title: & Time-Domain Collocation m
(3

Meshless Method With Local If you're a copyright.com

Requesting Radial Basis Fu_nctions _fur user, you can login to
permission Electromagnetic Transient RightsLink using your

to reuse Analysis cATpvrcllght.c;_mhctrel_d_elhals.
content from . i . ready a RightsLink user
an IEEE Author: Shunchuan Yang; Yigiang Yu; or want to learn more?

publication Zhizhang Chen; Ponomarenko, S.

Publication: Antennas and Propagation, IEEE
Transactions on

Publisher: IEEE
Date: Oct, 2014
Copyright @ 2014, IEEE

Thesis / Dissertation Reuse

The IEEE does not require individuals working on a thesis to obtain a formal reuse license,
however, you may print out this statement to be used as a permission grant:

Requirements to be followsd when using any portion {g.q., figure, graph, table, or textual material) of
an IEEE copyrighted paper in a thesis:

13 In the case of textual material {e.g., using short quotes or referring to the work within these papers)
users must give full credit to the original source {author, paper, publication) followed by the IEEE
copyright line & 2011 IEEE.

23 In the case of illustrations or tabular material, we require that the copyright line @ [Year of original
publication] IEEE appear prominently with each reprinted figure and/or table.

33 If a substantial portion of the original paper is to be used, and if you are not the senior author, also
obtain the senior author's approval,

Requirermsnts to be followed when using an entire IEEE copyrighted paper in a thesis:

13 The following IEEE copyright/ credit notice should be placed prominently in the references: © [year
of original publication] IEEE. Reprinted, with permission, from [author names, paper title, IEEE
publication title, and month/year of publication]

23 Only the accepted version of an IEEE copyrighted paper can be used when posting the paper or your
thesis on-line.

33 In placing the thesis on the author's university website, please display the fallowing message in a
prominent place on the website: In reference to IEEE copyrighted material which is used with permission
in this thesis, the IEEE does not endarse any of [university/educational entity's name goes here]'s
products or services. Internal or personal use of this material is permitted. If interested in
reprinting/republishing IEEE copyrighted material for advertising or promotional purposes or for creating
new collective waorks for resale or redistribution, please go to

http:/fweww . ieee, org/publications standards/publications/rights/rights link.html to learn how to obtain a
License from RightsLink,

If applicable, University Microfilms and/or ProQuest Library, or the Archives of Canada may supply single
copies of the dissertation,

108



o l EEE Title: & Divergence-Free Meshless m
A Met.hud E.asled on the Vgctor If you're a copyright.com
Requesting Basis Function for Transient user, you can login to
permission Electromagnetic Analysis RightsLink using your
to reuse Author: Shunchuan Yang; Zhizhang g?rpe“ra"éih;'Cgirg”hi';el_dii';(t'zlzér
content from Chen; Yigiang Yu; Ponomarenko, |or want to learn more?
an |EEE - :
publication )

Publication: Microwawve Theory and
Techniques, IEEE Transactions

on
Publisher: IEEE
Date: July 2014

Copyright @ 2014, IEEE

Thesis / Dissertation Reuse

The IEEE does not require individuals working on a thesis to obtain a formal reuse license,
however, you may print out this statement to be used as a permission grant:

Requirerments to be followed when using any portlon (e.q., figure, graph, table, or textus! materal) of
an IEEE copyrighted paper in 3 thesis:

131 In the case of textual material {e.q., using short quotes or referring to the work within these papers)
users must give full credit to the original source {author, paper, publication) followed by the IEEE
copyright line © 2011 IEEE.

2} In the case of illustrations or tabular material, we require that the copyright line @© [Year of original
publication] IEEE appear prominently with each reprinted figure and/or table.

3) If a substantial portion of the original paper is to be used, and if you are not the senior authar, also
obtain the senior author’'s approval.

Regquirermnents to be followed when using an entire IEEE copyrighted paper in g thesis:

1} The following IEEE copyright/ credit notice should be placed prominently in the references: © [year
of ariginal publication] IEEE. Reprinted, with permission, from [author names, paper title, IEEE
publication title, and month/year of publication]

23 Only the accepted version of an IEEE copyrighted paper can be used when posting the paper or your
thesis on-line.

3) In placing the thesis on the author's university website, please display the following message in a
prominent place on the website: In reference to IEEE copyrighted material which is used with permission
in this thesis, the IEEE does not endorse any of [university/educational entity's name goes here]'s
products or services. Internal or personal use of this material is permitted. If interested in
reprinting/republishing IEEE copyrighted material for advertising or promotional purposes or for creating
new collective works for resale or redistribution, please go to

http: Afwww ieee.org/publications standards/publications/rights/rights link.html to learn how to obtain a
License from RightsLink.

If applicable, University Microfilms and/or ProQuest Library, or the Archives of Canada may supply single
copies of the dissertation.

109



Lopyright
oy i, Create
g Cicrnc =3 B B

Center
QIEEE Title: & robust meshless method with m
5 QR—dgcomposed radial basis If you're a copyright.com

Requesting functions user, you can login to
permission conference Microwave Symposium (IMS), R'Ghtij"_'?tk using Ygurt_ |
to reuse i y i : copyright.com credentials,
ARt Trar Proceedings: 2015 [EEE MTT-S International Already a RightsLink user
an IEEE Author: Shunchuan Yang; Zhizhang or want to learn more?
publication Chen; Yigiang Yu;

Ponormarenko, Sergey
Publisher:  IEEE

Date: 17-22 May 2015
Copyright @ 2015, IEEE

Thesis / Dissertation Reuse

The IEEE does not require individuals working on a thesis to obtain a formal reuse license,
however, you may print out this statement to be used as a permission grant:

Requirements to be followed when using any portion {e.q., figure, graph, table, or textual material) of
an IEEE copyrighted paper in a thesis:

1% In the case of textual materal {e.q., using short quotes or referring to the wark within these papers)
users must give full credit to the original source (author, paper, publication) followed by the IEEE
copyright line @ 2011 IEEE.

2} In the case of illustrations or tabular material, we require that the copyright line @ [Vear of ariginal
publication] IEEE appear prominently with each reprinted figure and/or tabla.

3) If a substantial portion of the original paper is to be used, and if you are not the senior author, also
obtain the senior authar’s approval.

Requirements to be followed when using an entire IEEE copyrighted paper in a thesis:

1% The following IEEE copyright/ credit notice should be placed prominently in the references: © [year
of original publication] IEEE. Reprinted, with permission, from [author names, paper title, IEEE
publication title, and month/year of publication]

2% Only the accepted version of an [EEE copyrighted paper can be used when posting the paper or your
thesis on-line.

3} In placing the thesis an the author's university website, please display the following message in a
prominent place on the website: In reference to [EEE copyrighted material which is used with permission
in this thesis, the IEEE does not endorse any of [university/educational entity's name goes here]'s
products or services. Internal or personal use of this material is permitted. If interested in
reprinting/republishing [EEE copyrighted material for advertising or promotional purposes or for creating
new collective works for resale or redistribution, please go to

http: /fwww . ieee.org/publications standards/publications/rights/rights link.html ta learn how to obtain a
License from RightsLink.

If applicable, University Micrafims and/ar ProQuest Library, or the Archives of Canada may supply single
copies of the dissertation.

110

Q

ve Chat



¢IEEE Title: On the Numerical Dispersion of m

" the Radial Point Interpolation If you're a copyright.com

Requesting Meshless Method user, you can login to
permission Author: Shunchuan ¥ang; Zhizhang R'ghts_'-"_l"'tk using your
to reuse oo ) copyright.com credentials,
St ghen, Yigiang Yu; Ponomarenko, Already a RightsLink user
an IEEE ' or want to learn more?
publication Publication: IEEE Microwave and \Wireless

Components Letters
Publisher: IEEE
Date: Oct. 2014
Copyright © 2014, IEEE

Thesis / Dissertation Reuse

The IEEE does not require individuals working on a thesis to obtain a formal reuse license,
howewer, you may print out this statement to be used as a permission grant:

Requirerments to be followed when using any portion (e.q., figure, graph, table, or textual material) of
an IEEE copyrighted paper in a thesis:

1} In the case of textual material {e.g., using short quotes or referring to the work within these papers)
users must give full credit to the original source (author, paper, publication) followed by the [EEE
copyright line © 2011 IEEE.

2% In the case of illustrations or tabular material, we require that the copyright line @ [Year of original
publication] 1EEE appear prominently with each reprinted figure and/or table.

3) If a substantial portion of the original paper is to be used, and if you are naot the senior authaor, also
obtain the senior author's approval.

Requirerments to be followed when using an entire IEEE copyrightad paper in & thesis:

1% The following IEEE copyright/ credit notice should be placed prominently in the references: @ [year
of original publication] IEEE. Reprinted, with permission, from [author names, paper title, IEEE
publication title, and month/year of publication]

2% Only the accepted version of an IEEE copyrighted paper can be used when posting the paper or your
thesis on-line.

3) In placing the thesis on the author's university website, please display the following message in a
prominent place on the website: In reference to IEEE copyrighted material which is used with permission
in this thesis, the IEEE does not endorse any of [university/educational entity's name goes here]'s
products or services, Internal or personal use of this material is permitted. If interested in
reprinting/republishing [EEE copyrighted material for advertising or promotional purposes or for creating
new collective works for resale or redistribution, please go to

http: AAwww.ieee.org/publications standards/publications/rights/rights link.html to learm how to obtain a
License from RightsLink.

If applicable, University Microfilms and/or ProQuest Library, or the archives of Canada may supply single
copies of the dissertation.

111



