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Tangent "cones play a fundamehtal^role in ribnsmooth 

\ analysis and optimization theory. In recent years,* # 

plethora of tang'ent cohes have been defined, each having 

i t s strengths and, l imitat ions. In this d isser ta t ion, 

a comparative study of these many 'tangent "cones i s under- ' 

'taken. The'results o f ' th i s study "are applied to /the* 

ponsideration of generalized directional derivatives.defined \ 

via tangent cones of epigraphs of functions - in par t icular »' 

the upper subderivatrve of* Rockafellar. The calculus1 of" 

the subgradients associated with tfr¥&se*directional . tJ 

derivatives i s developed m detai l for real-valued and >\ • 

vector-valued functions and applied to obtain Hew necessary 

optimality conditions for non-linear programs. 
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"PREFACE * «• 
> • •V 

This dissertation got its, start" from a seminar" * 

• •• " ^ , • A* *• 
-conducted a t Carnegie-Mellon University in the spring of . * 

> 1982. The'participants in the seminar took turns lecturing , 

on par,ts-of Rqckafellar's* monograph [Ro5] . That seminar.,, 
if f < 

has proven to be "the springboard for a great deal of 

« ''research in' rionsmooth* .analysis by J.M. Borwein, HJM.Strqpwas 

"* I * *' * " * • 
and jnyself ,1 including the research presented here. This * 

i ' "J) ' , ' ' - ' 
»dissertation actually owes a*great deal to [Ro5] irt'its 

* i 

organization and approach. Tangent "cones are viewed here 

• as the building blocks of nonsmooth analysis. Directional^, 

» derivatives and subgradients a"re defined in terms of ' % 

tangent cones to epigraphs,"and.a knowledge^of the 

properties of these cones is .applied to establish sub-

differential calculus formulae. The subdifferential 

calculus is in turn applied in the development of decessary 

conditions for optimality in mathematical programs.' -

' /, Sonne comments on the subiect matter of each chapter ' 

are in prder. As with (perhaps too) much'mathematical 

research, the material in chapter "one is presented \n an _, • -

order opposite to that in which it was originally studied. 
* r 

Chapter one grew out of an attempt to rigorously establish 
St *' . • . 

the geometric intuition that no tangent cone could have 

certain combinations of properties. Not sure how to 

approach this problem,' *I decided to write down every 

' possible permutation of the quantifications in tangent 
vn 

V 
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cone definitionS^ild examine the properties of each such d e, 

\ 

w 

fft 

"tanqent cone". The eventual *re_sttlt T?3S Table 1.9.3. 

' ' ' . 

- Coincidentally, Trê ynan's ̂ valuable new characterization of 

the 'Clarke tangent cone was announced.'while this tesearch ' 

1̂ was going on and added further rqjptivation 'to the project. 

The examples considered and insights gained in the 

construction^ of Table% 1.9.3 made it easy to put together 

the impossibility theorems i,n section* 1.2. The rest ofythe > 

' fjjrst chapter is an attempt tq, make precise the correspondences 

between the-1 properties of a tangent cone and the quanti-

ficatMfhs in ^ts definition th-at became clear in the process 

of filling In tHe boxes of Table 1.9.3. The particular 
'\ ' . ' 

properties discussed in chapter one are.the ones which 
J i" 

* 
seem to be the most important in the study of subdifferential 

"* ' 
."calculus and optimization. 

One mam conclusion 'of chapter-one, as might be " 
z . * 

expected, is that (with one1 notable exception) the tangent 

cones worth studying are the ones that are already used • 

most often. 

In* the second chapter, known results are refined in 

'** ~^hree directions. First, the generalized siibdifferential 

cal'culus of Rockaf,ellar [Ro3] is developed in finite 

dimensions urfder weaker assumptions. This-is in analogy 
• . * 

with the convex-case, where interiority hypotheses can be 

replaced in finite dimensions by assumptiqns about relative 

interiors. In fact, the'strongest finite-dimensional-cdnvex* 
* '"' , ' 

"s-ubdifferential%'calculus results are corollaries of the 
ft 

vin 
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'theorems of this chapter. ^ . 

Interestingly enough, Theorem 2.3.1 and its consequences 

have been derived independently by loffe and by Rockafellar 

with methods that are' apparently completely different from <• 

^each other and completely "different from the approach taken, 

here. Each of the three approaches seems to have its own 

advantages and, limitations'. 

Second, a chain rule formulation no*t previously 

stwdied outside the convex or Lipschitzian settings is 

examined. Corollaries include' new product and quotient 

rules. Third,'tangent cone information from the first 

chapter is exploited th refine the usual subdifferential 

regularity conditions for equality in subdifferential 

calculus inclusions,. , 

It should be noted that most of the "hard work" in 

chapter two is hidden in'Theorem 2.2.2, the starting point 

of the proofs- The slick method o'f proof used in Theorem 

2.3.1 is due to Jon Borwein; I was able to successfully 

apply it seVeral times in chapters two and three (in 

.Theorems 2.3.15, 2 .4 .11, 2 .4 .12, and Proposition 3". 4.6). 

The flexibility of this approach is demonstrated in section 

2.4, where other tangent cones are substituted for the 

Clarke tangeni* cone in the proofs of Theorems 2.3.1^ and »-v 

2.3.15 to deduce new directional derivative inequalities 

(Theorems2.4.11 and 2.4.12) . . . 

IX 
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The general chain rule formulation presented in 

chapter three has some attractive features. '•It encompasses 

the two ostensibly distinct chain rule1 formulations Studied 

in chapter two; in a'ddition, if yields new results for , 

real-valued functions without too much" effort. % There, .are, ' 

however, some pitfalls in trying to'fmd vector-valued 

analogues o,f subdifferential calculus formulae for real-

4 • ^ , « 
valued functions. It'is very eas'y to fallaciously assume 

that relationships that are true in the real-valued case * 

carry over without a hitch to an ordered vector space 

setting. .The hypothesis of epigraph regularity was pressed 

into service to repair one such mistake. It is also easy 

to pile up assumptions on the ordering until results are , 

rendered trivial. I have endeavored to avoid this pitfall. 

The results for vector-valued functions obtained in 

chapter three are less satisfactory than I had originally 

hoped. In particular,^ stronger subgradient sujg > formula can 

be derived by otherr more direct means. The epigraph * 

regularity assumption in Theorem 3.*2.6 pinpoints the major 

difficulty and suggests a direction for'.further research. 

• .The fourth chapter is a survey gf the impor.tant new 

"lim m f " inclusions that establish the relationship between 

the Clarke tangent cone an'd contingent cone an,d have far-
\ ' • ' ' • . 

reaching applications. Recent results of this kind due to 

JonJBorwein are employed to extend a finite-dimensional 

result of loffe to a reflexive Banach space setting. *A 

product .rule for loffe's approximate subdifferentials is 

proved in section 4.3. 
C 
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The' purpose of chapter five 1st tp demonstrate the 

broad appl icabi l i ty in optimization "theo^ o | the tangent 

4 

cone and subdifferential,calculus th*ry'^Kssed in chapters 

one through four. Necessary conditions for optimality in*^ 
I f 

mathematical programs.involving subgradients, approximate 

subdifferentials,-and upper contex approximates6are systema-

t i ca l ly deXsel-oped., Section 5.4 elaborates on an idea 

suggested in several papers by Vlach (reference's [VI] 
' 4 ! ^ 

1 l 

thorough [V4])but never fully carried Out in those papers. 

A brief discussion of Pareto optimization appears in ^ 

section 5.5. l 

* * « * " * • • > * . 

I .have attempted to make" the presentation self-""5 - ^ 
* * ' '. •> 

contained. Many of the proofs are elementa£y^epsilQn-.delta. 

type arguments (although often neighbourhoods are usacr -" 

father than actual*" epsi Ions and dei'tas) . -One of my ^goals 

was to demonstrate the elementary nature of th i s material; 

even the upper subderivative with i t s intimidating "lim » 

sup inf" definition can be handled by this tangent cone * 

based approach. " , ' • • » ' 

<S]fie reader should quickly locate and become familiar ' 

***with the tables at the end of chapter 1. Thes'e' tables give* 

definit ions of the many tangent cones considered in chapter 

and compare the properties of these cones. I t i s hoped tha t 

these tables wi l l help the reader navigate the sea. of 

technical resul ts presented in th is dissertation^. 

XT 
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CHAPTER I 

Tangent Cones 

1.1. Tangency operators 

Let E be a real, locally. convex,^Hausdorff topologi-

cal vector space (hereafter abbreviated, I.e.s. or'l.c.t.v.s. 

Definition 1.1.1: A tangency operator (on E) is a mapping 

R: 2 E x E —*• 2 E . 

The class of tangency operators, of course, includes 

•many mappings which bear no resemblance to tangential 

approximants. Actually, all of the/specific tangency 

operators that we will consider in detail here satisfy in 

a'ddition at least the following three conditions: 

(1.1.1)' R(C,xQ) = 0 if xQ t cl C (where "cl C" .denotes 

the closure of C = E). • 

(1.1.2)* R(C,xf)) is a cone for every C and x. e cl C . 

(1.1.3) R(aC,ax,J = aR(C,xQ) for all a > 0 and 

(C,x0| e 2 E x E . 

.(Here aS =i {as|seS} ', and by convention a0 = 0 .) 

However, because (1.1.1) is never used in the proofs in 

section 1.2, we do hot include it in Definition 1.1.1. 

Properties (1.1.2) and (1.1.3) will sometimes be invoked in 

section 1.2, and we will keep track of when they are needed. 

- 1 -



We call a tangency operator which satisfies (1.1.3) a 
V -* '* - ' > J 
hom5g#ieous tangency operator and a cone-valued tangency» 

operator a tangent coiie. " •*-» * ' 

' There are other similar definitions in the literature. 

Vlach C[V3],' [V4]) ' defines a mapping R: 2E* -> 2 E to be an 

approximation operator if R(E) = E , R(j3) = 0 , and R is 

isotone with respect to set inclusion - i.e., R(C,) c R(Co) 
whenever C, <= r . These papers also compare approximation 

l • I 

operators with related, .previously-defined notions. 

Notice that Definition 1.1.1 excludes concepts of 

tangential approximation which can assign more than one set 

to a given set at a given poin.t - for example, the "tents" 

of Boltyanskii and indicating cones of Martin, Gardner^and 

Watkms. A thorough discussion and comparison of these" and 

other such tangential approximahts can, be found in [Mai] 

and [Ma2]. 

Having made Definition 1.1.1, it is our purpose here ' , 

to single out desirable properties for tangency operators 

and to determine which combinations of these jjjBfcertî ts a 

tangency operator may simultaneously possess. We'will focus 

in on the following six properties:, < " ' 

(1) cl|R4C,xn) = cl cone(C-xn) := cl u X(C-xn) whenever 
. ' A>0' 

C is closed and convex and x„ e C . 

'Notice that if R has property (1), cl R- is convex 

whenever C - is. 

(2) If h? E •*• ]R is continuously differentiate near 



0 * 

~\3 
* < • « • * 

•» x„ e h~ (0) and _.Vh(xn) has rank m , then 

R(h'_1(0),x0) = (Vh(x0))
_1(0) . , 

4 v 

Properties (1) and (2) are expected of a "sensible" 

tangential approximant. We-.will call a tangency operator 

which satisfies (1) and (2) a standard tangency operator. 

, \ (3) If C1 c C2 c E , 'RtC^XQ) 'c R(C27xJ) / 
< 

/This is the isotonicity with respect to set inclusion 

. mentioned earlier. As-Vlach ([V3], [V4\) points out, the 

following are each equivalent to property "(3) h , 
* ' ' * 

(3a) R(C1nC2^xQ) ="S(C'lfx0) n R(C2,xQ) for all C^C^cE 

£(3b) R(C1,x()) u R(C2,xQ) c R(cluC2,x{)) for all C ^ C ^ E 

(3c) R(C1,x0) n E\R(E\c2fX0) = 0 whenever C, n C2 = 0 .' 

Property (3c) has some application m optimization 

theory. For example, let f: E -»• K and C c E and 

suppose ^ ' ' 

1 
•,f(x ) = min{f(x)|xeC} " 

If we define C., J= C and c\, ,:= {xeE|f(x) < f(xQ)} , , 

then C, 'n C2 = 0 and (3X) "gives aViecessary condition 

for optimality. Vlach develops some examples of this • 

approach to optimality conditions in [VI]. 

(4) R(C,xQ) is convex for all. (C,xQ) e 2 x E . 

(Remember here that 0 is vacuously convex.) 



1 

. . . - 4 - . • -

'Tangent cones which satisfy (4) are useful in ithat the 

, machinery of convex analysis can be applied m connection 

with them, as we will see in Chapter 2. 

(5) R(Cirx0) n R(C2,xQ) cR(cxnC2,x0) for 'all • C^Cg <= E 

and x" e E . ' 
u ' r 

4 t. 

Guaranteeing that the inclusion in (5) holds for some 

large class of subsets of E sis important'in optimization 
i 

.theory, as is demonstrated in Chapters 2 and 5 and in 

.: [Ro31> [Wl] . v ' ' • 

? 1 ; X Q \ U (6) R(C1uC2 ,x ( )0 c fe(g ,'Xg\ U R_(C2,x0) f o r a 4 l C ^ C ^ ' c E 

and x n e E . , *~ 

This property seems to be o'f less importance than 
r 

I 

properties (1) through (5) but is satisfied by. a few 

important tangent cones. 

^Notice that for each of properties (1.1.1), (1.1.2), 

(1/^.3) ,and (1) -^hrough (6) , cl R ^possesses the property J _ . . - » 
me i 
whenever R, doe's. Later in this chapter we will discuss 

other properties of tangency'operators which come into play 

m subsequent chapters. s. 

Now let us consider several specific tangency 

operators and compare which of properties (1) through (6) 

they satisfy. All of these examples are in fact homo

geneous tangent cones. The assertions We make, now about 

> . what properties they possess will be'verified later in this 

chapter.' More information on these arid other tangent cones 
i - V 
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#can be found in [Bo5], [Ul], [Dal], [V2] , [Pel], '[Bo6], 

[B08J and their1 references. 

In« the definition below, we denote by W(y) the 

familyiof neighbourhoods o'f y e E . 

Definition 1.1.2: irhe contingent cone of C at x_ is 
/ ' . * * 

the set 

(1.1.4) Kr(x ) := {yeE|V Y e N(y), V A > 0 ., . c V - Q 

3 t e (0,A) , a y* eY with xQ +ty* e C> .-

The contingent cone is standard, isotone, and preserves 
§ 

unions (properties (3b) and (6)). It is always a-closed 

cone but is not always convex. For example, if C is a 

closed cone with vertex xQ , Kc(xQ) = C-xQ and is thus 

convex exactly when C" is. The contingent cone is the most 

widely used tangent cone and is in fact often referred to 
s \ 

simply as "the tangent cone". * * " 

Definition 1.J..3: The pseudotangent cone of C at xQ is 

the set 

(1.1.5) pc ( x0 ) = c l C o n v KC ( x0 ) ' 

where "conv", as usual, is short for "convex hull". 
1 

By definition, Pp(x0) is 1 always closed and convex, 

» I 
and it inherits properties (1) through (3) from Kc(xQ) . 

2 '" 
, However, it does not satisfy (6). For example, in P 



- e - . , " 

d e f i n e / C , := { (x,0) |x €&}' and C, := {(0,y) ly eE} . / I ' ^ u . , 
Then P n ( ' (0,0))/ = c; andv p_ ((0",0)) = C0 , but 

'•Ll l . c2 . » z ^ 
2 ' " 

PC 'uc ^°'"' G^' = * • L i k e Kc(x0) , Pc(xQ)i lacks property 5, 

In section 1.6, ve-will discuss which properties of a 

tangency operator are inherited by the closure of its 

convex hull. » - • 

Definition 1.1.-4: The DM (Dubovitskii-Milyutin) tangent 

cone is* the set 

(1.1.6) kc(x0) := {yeE|¥ Y eM(y) , a X > 0, Vfe(0,A) , 

\ a y' e Y with x.. + ty' e C} . J / »t) 

. Here we borrow the name "DM tangent conJI from [Ma2] 

and the notation ""kJI for this cone from [Ul] . Like the 

contingent cone, the DM cone possesses properties (1) 

through (3) , but not (4) or (5) . Unlike th*e contingent 

cone, it also does not satisfy (6). For example, in P. 

define C := u [22n,2'2n+1] u {0}' and 
n eZ ' 

C 2 := 'u [22n~1,22n] u {0} \ Then, Kc (0) = *KG (Q) = K 
n e S , 1 2 -

and kc uC (0) = 1^(0) = K , while kc'(0) = kc (0) = {0} 
* . 1 2 1 2 

In applications, the fact that the DM cone lacks 

property (6) is more than offset by the fact that it, / 

unlike the* contingent cone, is'"product-preserving" (see 

section 1.4). The DM cone may win the award for "most 
« 

underrated tangent cone". 
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Definition 1.1.5: The Clarke tangent.cone is, the set 

i 

(1.1.7) Tc(xQ) ,:= {yeE|V Y* e \\(y) , 

3 X e W(xQ), 3A > 0, V\xeXnC , ¥ t e (0,X) , 

3 y' £ Y with x+ty' e\cK. 

The Clarke tangent cone is standard and always convex 

(se,e [Ro2]", [Ro5] or [Dol]). Its"main disadvantage is that 

2 1 it is not, isotone - e.g,., let C. := {{x,yj e R |x = 0} , f X I -
C2 := {(x,y)jx = 0 or y =0} , and xn *= ((\,0) . (Then 0 If 
^ <=• C2 , ,but Tc

f(xQ),= Cx while Tc (xQ) \= {(0^0)} . ' 

The Clarke tangent cone does satisfy the inclVisiojn in (5) 

for a large class of sets, -as we shall see in Vhapter 2. 

The^tangent Cones defined in (1.1.4) through (1.1.7) 

are the-ones We will 6.se most often in subsequent, chapters. 

' I * 
For a summary of their properties,*.along with the properties 

< 1 
of other tangent cones we will discuss in Chapter 1, see 
Table 1:9.3. I 

It is clear from (1.1.4) through (1.1.7) that 

! E 
Tc(x0) c kc(x;0) c Kc(x^) c Pc(xQ) for all (C^) e2 xE . , 

A good example for comparing, Kr^xo^ ' kc(xQ)
 aft<"* TC^xfl^ 

can be found in [Ma2]. Here is another' instructive 

example: | 

«r 
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Example 1 .1 .6 ; For ' a > 0 , def ine a c l a s s , C of "subsets 

of B 2 "by 

Then C 

C ;= {(x,y) |y >0> u "{(x,y) |-y,>ax} . 

n is simply the upper halfplane and Pr ((0,0)) = *-
j." - , -. • 

K^ ((0,0)) =' k~ ((0.0)),.= Tp, ((6,0)) - Cn , an illustration 
c0 - c0 . • ' L0 ° : , 

of the fact that all four cones are standard. However, if 

we let a increase, - , , 
1 f Cl 

1' Kc ((0,0)) = kc ((0,0)) = Ca , 

n * 

,while Pc ((0,0)') and Tc C(0',0)) go' their separate ways. 
a a •, 

2 ' ' 
indeed, Pr ((Q-,0)) = B for any of > 0 , but 

a 1 . , * 

Tc ((0,0)) = f(x,y)|y>0} n {(x,y)|y feax} V 
a * 

becoming smaller as a (and* C ) become larger. This 
' ex * 

example Coristitutes the starting point for the discussion 

in section 1.2. \ ' 

' * ; 

1.2." Impossibility' theorems 

As,the graphic Example 1.1.6 illustrates, *Kc(x0) and 

kc(x.) aTe isotone 'but not always convex, while Tc(xQ) 

is always convex but not isotone. The pseudotangent cone 

is both convex and isotone', but it has two disadvantages in 

applications: , ' 
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(i) *It is less tractable, analytically than the other 

conesr in particular,.it does not seem possible to base a . 

' •* ' * * • 

'complete subdifferential calculus upon it* , V 

• ' * ' . * ' < Y 
a » ' * 

•Ciij While useful in the formulation of optimality con-
'f \ .' •> t • \ f .1 - ... 

" <•-•, ditions in differentiable programming [Gul], it is tCo 
t "*• 

I 

large, to play a Similar role xn nonsmooth programming, , 

• where a subcprie of the contingent cone is often needed (e.g. 

[Bo5, Proposition 6.1]). 
' ' ,k 4 
. ' , if * ' v i , 

1 t. • 

Specifically, .suppose f: B -*> B is convex and continuous* 

C*c B n , and f(x„) =»minlf(x)|xeC} . Define the 

subgradient of f at x..' by * 

' (i:2.1) ' ' 9f(xQ) := {x* eB
n|'(x*,x-x0) <f(x)-f(xQ)} . 

For S e B , def ine the dual feone of S by 

(T.2.2) S+ := {x*-eBn1 (x*,x) 20 V x k S} , 

y , 
,n and for h e B ,'define "the upper directional derivative 

of f at xn with respect to h by 

f(x„+th)-f (xn) 
(.1.2.3) f* (xn;h) = lim

 u u 

0 t+0 t 

Then f * (xQ,h) >: 0 for all h e Kc(x_) . If f is in 

fact dif ferentiable, the,n f'(x0';') is linear and • 

f' (xQ;h) > 0 will hold for all h e J?c(x0) , implying 

that (e.g. [Gul, Theorem 1]) 
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(1.2-4) 3f(xQ) n Pc
+(xQ) ^ 0 

However, if f is not differentiable, (1.2.4) does not 
« 

2 necessarily hold. Consider ft B ->- B defined by 

f(x,y) = max(|x-l|, |,y-l|) and C ;= {(x,y)|x = 0 or y = 0}. 

Then 1 = f (0,0)' = min{f (x,y) | U,y) eC} and P., ((0,0)) = B 2, 

' but (0,0) M 8f(0,0) , so (1.2.4) does not hold. 

Given these facts, it is natural to *ask if there 
* - * * 

exists a tangent'cone which is isotone and always convex 

but is also contained m Kc(xQ) fdr all tC,xQ) e 2 * E '. 

Looking at Example 1.1.6, we see that if such a tangent cone 
Rc(xJ does exist', R ('(0,0)) =CQ for all asQ . Notice 

a 
.that Cfl > is a maximal convex subcone of Kp ((0,0)) for 

a 
6 each a s 0 . A possible candidate for the tangent cone we 

are seeking would be some specified maximal convex subcone 

of the contingent'cone, or perhaps the intersection of all 

maximal' convex subcones'of the contingent cone. 

vExample 1.1.6 shows that this latter idea will not work. 

Defining M_,(xn) to be the intersection of all maximal 

convex subcones of Kc(x.J , we see that although C c cR 

for a < B „ 

Tc (V = MC ( V ̂ J k 0 > » " TC0
{*(? 

a a 6 S 

for a < 0 . Thus Mp(xQ) is not isotone. In, fact, 

Martin and Watkins have shown that for a 3*arge -class of 

sets C , Mc(xQ) =
 Tr^xo^ [Ma2], as we see below. 
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Definition 1^2.1: The set C <= E is said to be 
1 '' " « 

tangentially regular at xfl e C if K.-»(x0) • = T (xQ) . 

Theorem 1.2.2 ([Ma2, Theorem 4])': Suppose *C c E can be 

written as a finite union C = uC. , where each C. is , 
' ^ I I ' 

tangentially regular at xQ e nC. and each * Kc (xQ) is 
i *. 

a maximal convex subcone of Kc(xn) . Then ^ 

Tc(xQ) = nKCi(xQ) *
 M

c(
x
0) 

i 

Proof: It is always true that 

nTc.(V c TuC.(V ' 
1 1 

so Mc^x0^ c nKC *X0^ 

= aTc_(x0) 

by tangential regulari ty of each C. a t xn 

^ u C j / V 

= T C ( X Q ) . 

'Now notice that Kc(xQ) + Tc(xQ) c Kc(x_) ([Ma2, Theorem 

1]). It follows that for any maximal convex subcone K of 

Kc(xQ) , K + Tc(xQ) is a convex subcone of Kc(xQ) con-

taining K , so Tc(xQ) c K . Hence Tp(x0) c Mc(xQ) , 

completing the proof. D 

\ 
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Remark 1.2.3: ,(a) The setting in [Ma2] is fimte-dimen-. 

sional, but the argument abSve, which is the same as that^ 

aiven in [Ma2], is valid in -any.I.e.s\ 

(bK 'Theorem̂  1.2.2 can.help one calculate T (xQ)' in 

certain special cases'.,̂  For example, if C is the un̂ .on of 

two convex cdnes with ve\rtex ' 0 which intersect only at 

0 , then Tc(0) = {0} . 
«. We now demonstrate 'that there is no "sensible" tangent 

cone wnich is isotone and always a convex subcone of the 
' * , * * ' " • ' 

contingent cone. Specifically, a by now familiar example 

will establish the following result:* 

J ' - , 
Theorem 1.2.4: Suppose E has dimension greater than or 

equal to 2 . Then there is no tangency operator R on 

E having all of the following properties: % 

(i) Property (3) (isotonicstyf; 

(ii) Property (4) (convexity); » ' 

(iii)' R(C,xQ) c-Kc(x0) for all (C,xJ e 2 x E .; 

(iv) R(C,xQ) => C for every one'-dimensional subspace 

C c E and« x~ c C . 

t 2 

Proof: Define C, := {(x,y) e B |x = 0) and 

C 2 := {(x,y) eB
2|y=0} ", and let xQ = (0,0) ,' By (iv̂  , 

C, c R(c,,xQ) and Cvuy: R ^ 2 , x 0 ^ ' so bY property (3b), 

which is equivalent tojHgp , *t& m • 
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-M3 

C 1 u C2 c R(clfx0)"u "R'(C2,x0) 

c R ^ uC2,x0) . 

Now by (iii)', «<*>* 

R(CluC2,x0) c K^uC^V 

" Cl U C2 ' 

Hence R(C-, uC-/X.) = C^ u C, , contradicting (ii) . • 

Corollary 1.2.5: If E has dimension greater than or equal 

to 2 , there is no standard tangency operator on E 

satisfying (i), (ii) and (iii) of Theorem 1.2,4. ' ' 

Proof: Standard tangency dperators'have property (1) and 
— — — • * , * 

9 thus, satisfy condition (iv) of Theorem l.'2.4. Q 

If one of the conditions (i) - (iv) is removed, there 

exist tangen't cones satisfying the other three. Here are 

some examples: ' '' 

P (x0) satisfies (i), (ii) and (iv). 

Tc(x„) satisfies (ii), (iii) and (iv). 

Kc(-x0) satisfies (i) , (iii) and (iv) / 

R(C,x0) * { 
{0} if xQ e cl C 

0 otherwise 

satisfies (i), (ii) and (iii). 

^ 
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Are any other combinations of properties (1) through 

(6) incompatible for a large class of tangenŝ - operators? 

* The answer is yes. Here are some more "impossibility*--

, theorems", beginning with the one which se4ms to be the 

most significant. 

Theorem 1,2.6: If E has dimension S 2 , there is no 

tangency operator R on E satisfying both of the' 

following conditions: 

(i) Property (2) (inversion)^ 

) whenever 

closed, and 

ri R(C1#x0). n ri R(C2,xQ) f 0 .] (For S c -E , ri S 

denotes the relative interior of S , i.e., the 

J, 

,(ii) •RfC^Xg) n R(C2,xQ) c R(c1ne-',Ai[) 

xQ £ C1 n c2 , C^ and C2 arte 

interior of S relative to af: 

span of S [Rol] .) 

S , the affme 

2 2 
Proof: Define * h: B •> B by h(x,y) b= y-x and 
' 2 «2 1 -1 

g : B* -»• B by g(x,y) := y+t , and ,|et C]L := h (0) ', 

C2 := g (0) , and xQ = (0,0) . The functions h and . g 

satisfy the hypotheses of property (2), so if R has 

property (2), -1 R(C1,xQ) = Vh(xQ)
 x[0) = Ux,y)|y = 0} 

and 
-1 R(C2,x0) = 7g(x0)"
x(0) = '{(x,y)|y = 0} . 

I 

If "R, also satisfies (ii) , 
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R&(0,0)},(0,0)) = R(C1nC2,xa) 

3 {(x,y) |y = 0} . 

2 2 

Now define f: B •*• B by f(x,y) = (x,y) . Then 

Vf(x0)
-1(0) = {(0,0)} , and by property (2), 

R({(0,0)}, (0,0)) = {(0,0)} , a contradiction. 

Corollary 1,2.7: If E has dimension £ 2 ,'no standard 

tangency operator on E possesses property (5). In 

particular* Kc(xQ) , kc(xQ) , and Tc(x0) do not have 

property (5). Conversely, no tangency operator with 

i 

property '(5) has property (2) . In particular, the hyper-

tangent cone ([Ro4], [.Ro5]) 

* Hc(xQ) v- {yeE | a X e W(xQ) , 3 A > 0 , ¥ x ' e X n C 

i 

¥ t e (0fX) , x ' + t y e C} 

and the internal tangent cone ([Pe2], [Ma2]) 

Lc(xQ) := {yeE | 3 Y e N(y), a X > 0, ¥ t e (0,A), 

>*i# 

*. 

¥ y1 e Y , xQ + ty
1 e C} 

do not have property (2). 

Theorem 1.2.6 shows that it is necessary to look for 

some "constraint,qualification" under which the important 

inclusion of property (5) holds - and in fact, that a 

condition1 stronger than ^ 
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ri R ^ ^ X Q ) n ri R(C2,xQ) •£ 0 

is required. We will,return to these considerations in 

Chapter 2." .- ' * 

'. 

Theorem 1.2.8; If E has dimension/\>,2 , 'there is no 

tangency operator R ' on E- whigh satisfies all of the 

following* conditions: - . 

(i) R(C:j,uC2,x0) = R(C1,x0)i u R(C2,x0). for all 

one-dimensional' subspaces • C. ,C_ <= E . 

(ii) Property (4) (convexity). 
I 

(iii) C = R(C,x0) twhenever C c E IS a one-dimensional 

subspace and x. e C . 

Proof: t Define C, , C_ and • x_ as in the proof of —i 1 *L 2 0 r 

Theorem 1.2.4. By d ) and (iii) , R(C,uC2,xQ) -- 'C-j' u C2 , 

contradicting (ii) . ' fl 

Again, if any of the conditions in Theorem 1.2.8 is 

removed, there are tangent cones which satisfy the remaining 

ones: \> 

K_.(xQ) sati'sfies (l) and (iii) . 

Tc(xQ) satisfies (ii) and (iii). 

R(C,xQ) = 0 for all (C,x ) e 2 E x E satisfies (i) and (ii) 

Corollary 1.2.9: If E has dimension > 2 , there is no 

standard tangency operator R, on E satisfying (i) and 

(ii),of Theorem 1.2.8. " » 
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Proof: Any standard tangency operator satisfies (iii) of 

Theorem 1.2.8. • . 

Theorem 1.2.10: If E has dimension >1 , sĵ fere is'no 

homogeneous tangency operator R on E', satisfying all of 

the following conditions: 

(i) Property (5) (intersection); .' ' 

(ii) Property (6) (union)y l . 

(iii) R(C,x_) = C if C c; E is a subspace of dimension 

<1 and x„ e C ; 

(iv) Property (1.1.2) (coneTvaluedness). 

Proof: Let C := {0} u u (22n,22n+1] , and define -
n € S 

C, := C u (-C) and C2 := 2C. . Let xQ := 0 . Then 

R(C2,0) = R(2C1,0) '= 2R(C ,0)' = R(C.,0)f since R is 

homogeneous and cone-valued. If R(C, ,0),= R(Cg,0)" = B , 

then by (l) , R(ClrnC2,0) = B . However C ^ C , = {0} , 

so R(C. nC„,0) = {0} , "a contradictiCn. We reach a ; 

similar contradiction-if ,R(C,,0,) = R(C2,0) = ±B, . If-

R(Cx,0)'= R(C2,0,)v= {0} , R(C1uC2,0) = {0} by (ii) , again 

contradicting (iii) since C. u C_ = B . D-u 

* X ^ ).» * 

i * 

Corollary 1.2.11: If E' has dimension >lj; there is no 
^standard homogeneous tangent cone with both properties (5) 
and (6). 

j 

Here are examples of homogeneous tangency operators 

satisfying three of the conditions of Theorem 1.2.10: 

n r 
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E 
R(C,->x04 = {0} for all, (C-,xQ) e 2 x,E satisfies d) , „ 

(ii) and (iv). . s 

' • 
K (xn) satisfies (ii), (iii) and (iv). 

H (xQ) satisfies (i), (iii) and (iv) . 

R(C,xQ) = C Satisfies- (i) , (ii) and (iii5̂ . 

In applications, one is rarely interested in sets like 

those in the proo£ of Theorem 1.2.10, and it is more imppr-

tant to identify classes of sets for< which the inclusions 

in properties \5) and (6> hold. For example, if C. and 

C2 a r e hypertangentially regular at xQ - i.e., 

Kc (xQ.) «= Hc (xQ) for i,= 1,2 - then 

Pc (xQ) - K (xQ) * kc (xQ) = T c (xQ) = Hc (xQ) 
I I ., -i • i i, 

arid the inclusions in (5) and (6) hold for all five of these 

tangent .cones. The cones- P , K , k 'and T also satisfy 

"(5.) and (6)' for sets C<., , C2 which are tangentially regular 

at xQ and for whi>ch Tc (xQ.) n int T c (XQ.) ? 0 . (If E 

is finite-dimensional, the intersection condition may be 

as we will see in 
1 2 

Chapter 2.) -

weakened to TQ (xQ) - TQ (xQ) = E\, 

Theorem 1.2.12:' If E has dimension si' , there is no 

tangency operator R on E satisfying all of the following 

conditions: 

(i) Property (5) (intersection) 
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(li) R({0},0) = {0} 

(iii) R(C,x0) J
 Tc^xo^ fo:r a 1 1 ^cf^ e 2 * E -

Proof: Let C,, := Q , the set of rational numbers, and let 

C2 := 0R\Q) u {0} and xQ := 0 . Since both C1 and "C2 

are dense in 3R , it £s-not hard to* see that T(C, ,0) = ' 
t ' x * • 

T(C2,0) = B , and so (iii) and (i) imply that .R(C1nC2,0) * IR. 

But C7 n C2 = {,0} t so'this contradicts (ii) « , • 

Theorem 1.2.12 shows that a tangency operator has to be 

fairly "small" m order to have property (5). Here are 

examples of tangent cones which satisfy two of the conditions 

of Theorem 1,2.12:, " ' 

H (xQ) satisfies (i) (Corollary 1.3.25)" and (ii). , 

T_(xQ) satisfies (ii) and (iii). 

E R(C,xQ) = E for all (C,xQ) e 2 * E satisfies (l) and 

(iii). 

Corollary 1.2.13; If E has dimension > 1 , there is no . 

standard tangency operator' R on E satisfying (i) and (iii) 

of Theorem 1.2.12. 

Theorem 1.2.14: If E has dimension s1 , there is no homo

geneous tangency operator R on E satisfying all of the' 

following conditions: * 

(i) Propej?ty~fr6) (union) 
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(ii) R(C,xQ) = C for all one-dimensional subspaces 
9 

C c E and all X0 e C .> 

(iii) R(C,xQ) c kcCxQ). for all (C,xQ) e 2
E.x E . 

Proof: Take C, , C2 and xQ as in the proof of Theorem • ' 

1.2; 10. Since k-,- (0) = k_ (0) = {0} , (iii) and (i) imply 
1 2 " 

that R(C],uC2,Q) = {OK. ".-However, ^ u C2 = 1R r so this 

contradicts (ii). ' • 0 

Theorem 1.2.14 sJhows that a homogeneous tangency operator, 

has tobe fairly "large" to possess property (6). 

t Below are examples of homogeneous tangent cones satisfy-

ing two of the conditions of Theorem 1.2.14. 

Kc(xQ) satisfies (i) and (ii). 

kc(x0) satisfies (ii) and (iii), 
c 

R(C,xQ) = 
{0} if x. ^ol C 

0 otherwise 

satisfies (i) and, (in) . ,. 
t 

V,. •"' 

Corollary 1.2.15:' If E has dimension s 1 , there is no 

standard homogeneous tangency operator on E satisfying 

conditions (i) and (iii) of Theorem"1.2.14. s 

Remark 1.2.16: In the statements of the impossibility 

theorems of this section, we have implicitly assumed that 

R(C,x0) is unaffected by any increase in the dimension of 

the space E in which C is considered to lie. Almost 

all important tangent cones have this property. 
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1.3. The quantificational tangent cones 

Most of the specific tangent cones we have so far 

considered have definitions containing a number of . "¥'3" 

and "a's" .' With the goal of fitting these various tangent 

cones into one general 'framework, we make the following 

definition: * i 

Definition 1.3.1: A quantificational tangent cone (or 

"q-cone") is a tangency operator R (on & l.c.s. E) of 

the form 

(1.3.1) ' R(C,xQ) = {y6E|* Y e N(y) , # $ e W(xQ) , $> A > 0 , 

a w e K(X) , a Z e MC(Y) ., #'jx. e C-n W , 

$• t e (Q,A),, *• y» e Z , x + tyT e C} % ' 

where • * 

{i} K(X) and M„(Y) are given classes of nonempty 

subsets of X and Y , respectively. * 

• (ii) ' * ) *' , # , # ' , $ , $ ' e {¥ , la} . 

(iii) * ? *' , # f V , $ ? $"' . | 
i 

If' Ur(') is independent of C or ifi there is no risk of 

I confusion, we will suppress the subscript and simply write 
I * 

Af(-) . •* I 

We will be especially concerned" with these specific 

cases: H* 
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(1.3.2) (a) K(X) (or resp, M(Y)) consists only of the, 

'neighbourhood X(Yh itself. We will denote • 

this case by K(X) = X ,(M(Y) - Y) , 

(b) 'fC(X) (Hf{Y)) consists only of the set {xQ} . 

1 - (.{yH • We will denote this case by-K(X) = x„ -

CM(Y) = y) . . 

(c) M(Yi is the class pf all nonempty compact 
K , t 

subsets of t i 
* '" * ' ' ,' . * 

(d)- MC(Y) consists only_ of the-s'et -Y ft_(aff C-xJ. 

• \ We will denote this case by fU'(Y) >•=• ' ' 

" *Y ii (aff C - xQ) „. , 

'Most of,the tangent cones we have defined so far are 

special cases of (1.3'. 1). For'example, to obtain Kc(xQ) ', -

let K(X) = xQ , MtY) = Y , * = ¥ , $ = ¥ , and let "#' "be 

either ¥ or 3 , To obtain _k. (xn) , let K(X') = x" , ' 

M(Y) = Y , * = ¥,_$'= a , and let # be either ¥ or '3 '. 

To obtain 'Tc(x0> , let K(X)' = X , M(Y) = Y , * ,= ¥ ,-

$ = a /and #• = 3 \ V 

Some further comments on the' motivation behind the - , 

various patts of Definition 1.3.1 are in order. The reason 

the quantifications are "paired" (assumption (in) is that 

our intention is 'to study local approximations (see 
> , 

Theorem 1.4.6). I f * and *' or # 'and #' or $ and 

$v were allowed'to coincide, the resulting q-cones would be 

determined by all of C ,' not just the part of C. near x\ '. 

The family of sets K(«) is not assumed to depend on C 
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since dependence on C is already built into the definition 

with "#' x e C n W " . ' 1 

It would be possible to extend the definition by allowing 

*• the quantifications on ' W and Z to be "¥" as* well as 

. "a" .__ We will not pursue here the possibilities created by 

this extension; the -definition as it stands is sufficient to 

'encompass all previously-defined major special cases. Notice 

that in cases (a), (b) and (d) of (1.3.2), the quantification 

6n W and Z does not matter anyway.' 

It is important to observe that there exist a largest 

and a smallest q-cone. Indeed, the* interiorly tangent cone 

- -([Thl], [Th2]) , • • ' ' ' ; 

( 1 . 3 . 3 ) ' I c ( x 0 ) : = {yeE| 3 'Y-e W(y), 3 X e N(xQ) ', 

3 A > 0 > ¥ x £ X n C , ¥ t e (0,A) , ¥ y ' e Y , 

x + - t y ' e C} 

is contained in every q-cone, and the cone 

(1.3.4) DC^Q1 ; = { y e E l ^ Y e W(y) ', ¥ X e W U ^ , 

¥ A > 0 ^ 3 x e X n C , 3 t e .(0,A) , a y* , e Y , 

x + t y ' e C} 4 

contains every q-cone. TC see these facts, notice that the 

most restrictive quantification on the' variable jit (respec

tively, y) in (1.3.1) is to set fr := 3 (* := 3) and 

K(X) ;=s X (JtTtY) := Y) , while^the least restrictive quanti

fication oh-the variable x(y) is to set # := ¥ (* := ¥) -
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and Km -= X (MlY) :- Y) . We will use this sort of 

reasoning several times' in this chapter to assert that some 

q—cone is the largest, or sinallest in a given class of q-cones. 

With regard to. cases (.a) through, (d) of (1.3.2), notice 

that M(Y) = Y and case (c) coincide infinite dimensions. 

In Case (d), M"(*) does not depend on x_ , since 

aff C*- x ' = aff C - x whenever xn and x are elements of 
0 0 

C . Also observe that if *-*= ¥ , M(Y) = Y and case (d) 

coincide. We have already ncted that if K(X) = x,. (respec

tively, M(Y) = y) , then the same tangent cone is obtained 

for # = ¥ . or 3 (* = ¥ or 3) . 

One main reason for concentrating on this, particular 

class of tangent cones is'that the quantificational tangent 

cones are intrinsically defined, so that they are often 

easier to calculate than other tangent cones - e.g., P̂ fx..) 

or M0(x„)•. They are also especially well-suited for the ̂ -™^ 

purpose-of defining directional derivatives and, subgradients,. 

as we will see in section 1.5. 

In this and subsequent ̂ sections we undertake a detailed 

study of qrcojaes, with several purposes in mmd: K 

i (i) , In doing so, we may unearth a new tangent cone of' some 

- ,. value, 

(ii) We can hope to, learn which properties of a q-rcone 

result from which parts of its definition. 

^ ' * 
(iii) We may "find new ways of characterizing familiar * 

tangent cones. 
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Some earlier experimentation with quantification in 

tangent cone definitions can be found in Vlach1s papers 

UV2] r [V3] and IV4J) . 

.In many proofs in this chapter, we will use the symbols 

* , # and $ as' in Definition 1.3.1' in order to avoid, 

having to do a case-by-case analysis of specific tangent 

cones., This will also'be a way of pinpointing which quanti-

fications are important and which do not matter in determining 

whether a given tangent cone has a given property. 

We observe first that for any q-cone R , "(C,x0) ~ 0 

whenever x„ i cl C , In addition", all "reasonable" q-cones, 

including those in cases (a) through (d) of (1.3.2) , ^actually 

are cone-valued. ' 

/* 

/ 
Proposition 1.3.2: Suppose R is a q-cone on E such that 

aM(Y) = M(aY) for all a > 0 . Then R satisfies (1.1.2) 

(cone-valuedness)'. 

Proof:' Let y e R(C,xQ) and a > 0 be given. Then 

# * - Y, e W(y) , # X e N(xn) , $ aA > 0 , there exist 
a 0J 

Z e M(i Y) and W e K(X) , #l x e C n•W , $' t e (0,aA) 
* 

*'y' £ Z , x + ty1 e C . Now ay,' e aZ , and since 

otM(Y) = M(aY) , aZ e*M(Y) . Therefore * Y e W(ay) , 

# X e W(xQ) , $ A > 0 , there exist W e K(X) and 

aZ 6 M(Y) ', #» x e C n W , $' | e (0,A) , *' ay' e aZ , 

L x + (-)ay' = x + ty' e C . Thus ay e R(C,xQ) and 

R(C,xQ) is a cone. • 
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It is also easy to show that many q-cones are 

homogeneous. 

Proposition 1.3.3: Suppose R is a q-cone oh Ek such that 

M„(aY) = <xM„(Y) = ii _(aY) 'and afCtX) = K (aX) for all 
u L, OIL 

a > 0 . Then * R is a homogeneous tangent cone. 

Proof: The fact that R is a cone follows from Proposition ' 

1.3.2. Let y e R(C,xQ) and a > 0 be given. Then 

,* Y e N(y) , #-X e W(xQ) , $ A > 0 , there exist W e K(X) 

and Z e HG(Y) , #'" X e C n W , $• t c (0,A) , *• y' e Z ,. 
j 

x + ty1 e C J By hypothesis, aW e K(aX) and aZ e M c(aY). 

• Thus * aY e W(ay} , # aX e W(ax0) , $ A > 0 , • 

#*i ax e aG n aW , $r t^e< (0,A) ,' *' ay' e aZ , 

ax + toy' = a(xH-ty') e aC 

Hence ay e R(aC,cp0) and aR(C,xQ) c R(aC,ax0) , It 

follows that 

, ^ i R(aC,axQ) s R(i aC, ~ ax Q).- R(C,xQ). , 

and'so R(aC,ax0) <~ aR(C,xQ) also. Therefore R is 

homogeneous., v , • 

When * ='¥ and M(Y) is as in case (a) or ^(c), it is 

*. not hard to show that R(C,xQ) is a closed set. (A specific 

example is [Bo8, Proposition 2.1].) We generalize this fact 

' below. 
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I 
Theorem 1.3.4: Suppose that. * := ¥-*Sn>(1.3.1) and, that * 

M(«) is such that if Y ^ N t y ^ , Y2 e-W£y2) , Y1 c Y 2 and 

Z1 e UCZ^ t there exists Z2 o z*- with Z2 e'M(Y2K. Then' ' 

R(C,x0) is a closed set for all (C,xQ) e" 2
E x E . ' 

Proof: Let y e cl R(C,xQ) be given. Let^Y = y + V e W (y) T 

where V e N(0) , and let tf e W<0) be such that V + U <= y. 

Then for somê  u e U , y : = v + u e R(C,,xQ) . Hence 

# X e W(xQ) , $ f > 0 ', there exist W e K(x) and 

Z. e M(y + U) , #* x e C n W , $' t e (0,A) , there exists '* 
X «• , j 

y' e Z, with' x + ty* e C . Now y1 e y + Y ,and there 

exists Z_"e M(y+V) with ZJj = Z. ,'so y_ must actually be 

in R(C,xQ) . ' Therefore R(C,xQ) is a closed set. D 

tat . * 
Corollary 1.3.5: The tangent cones Kr(xn) , k-,(xn) , and 

Tr(x0)» are always closed sets. ' t N « 

) 

Example 1.3.6: Let M(Y) be as in case (c), and defiaA 

Fc(xQ) := {yeE | ¥ Y e W(y), 3 X'e M(xQ) , 3 A > 0 , 

3 Z e M ( Y ) , ¥ x e X n C , ¥ t e (O.A)« " - . ' • ' 
* ' - ' ' 

3 y" e Z w i t h x + t y " e C} . •» . 

This is a q-cone with * = V , # = 3 , $ = 3 , ; and 

K(X) - X , Since case (c) satisfies the hypothesis of 

Theorem 1.3.4 with Z 2 = Z1 , Fc(xQ) is always a closed set . 

(see also lBo'8, Proposition 2.1]), This tangent cone is • \ 

thoroughly discussed in IB08J. t 

\ '. 
W t a * k 

* > * 

*M> 

<• 
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When * = 3 and M(Y) is as in cases (a) 'or (<:),". 

R(C,x_) is an open set. Our next result generalizes" this 

* - * " • -

Theorem 1.3.7: Suppose ̂ that * :=' 3 in (1.3.1) and# that 

M(*) is such that if Y± eW(y1), Y 2 eM(y2) , Y2 => Y± and 

Z 2 e'M(Y2) , there exists Z e M (Y ) with *Z, c Z . ' Then" ' 

R-(C,x ) is an open set for all (C,x ) e. 2 t x E . 

Proof: Let y"e R(C,XQ) . There exists Y = y + V e "N-(y) , 

.where V e W(0) , # X e U.{xQ) , $ \ > 0 , there\ exist 

W,e K(X) and Z e M (¥) , #' x e C n W , $* t eU0,A) with 

x + tZ c c . 

Now let U e H{0)» be such that U + U c v , and let 

y :=y + u e y + U for a given u e' U . By hypotheses,' 

there exists Z' c z with Z" e M(y + U) . Thus 

#'X e w(xQ) , $ A > 0 , there exists W e K (X) , 

#' x- e C n W , $' t e (0~,A) , for all y' e Z' ', , ' 

x + ty" e x + tZ' 

c x + tZ c c . 

Therefore y + U c R(C,x-) and so R{C,xn) is an open 

D 

, v jn -the remainder of this section, we analyze which 

cl/asses of q-cone"s satisfy various of the properties CD-(6) 



( 29 

/ 

given in section 1.1. We>begin with property (1), comment

ing that a tangent cone must have property (1) in order to 

be widely applicable. On this basis we can rule out much 

further study of q-cones with # := ¥ and K(X) := X , as 

the following example"illustrates: 
- " . . '/ < 

• ' • " ' ' / ' ' ,. 
/ w , 

,' Example 1,3.8; Define the q-cone* 
• ~ 1~7~. • ' - , 

_ -G c (x 0 ) . :=/ { y e E | - 3 , Y , e W(y), ¥ X e W(xQ) r 3 , A. > 01 K ' « -

3-X £ X fl C , ¥ t e (0,A) , ' V y 1 e Y , ' x + t y 1 e C} ", ' ,v * 

and -cons ider t h e c a s e E := 3R , C := IR, * , x„ :=• 0- . Le t 
+ U , Of 

e'> 0 ,'S > 0 be given,' let - y eJB , *and define''X': = 1-6,6]' 

. * and X := Iy-e,y+e] . Then if y ;> e , 8 + (0,r)Y c c for 

any,-r > 0 , and if y < e , 5 + (0, ~-)Y c c.. Letting 
y—e 

x :~ 6 in the definition of G (xn) , we conclude that 

• G (xQ-) s= IR , and hence that G (xfl) does not have property 

{!) .\ (In fact, it oan be shown that in general" G^(x ') can* 

take on, only two possible- values - <0 and the whole space 

E .) From this, example, we deduce the following result: 

- Proposition 1.3.9: Suppose R is a q-cone, with # := ¥ 

' arid K(X) := X . Then R' does not have property (1). 

Prpof: Let E , C and xQ be as in Example 1.3.8. 'The 

smallest q-cone with # = ¥ and K (X) = X is Gc(xQ) ; 

so for any such q-cone R , R(C,xQ) => Gc(xQ) for all 

(C,x~) e 2 x E . For this example, then, we have ' 

R(C,xn) = TR . Thus R(C,xn) -does not have property CD. • 
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Example 1.-3.10: Let E := IR2 , xQ := CQ,Q) . , and 

C := {(x,y)]x = 0} . Then GcCxQ) = 0 . This is a> ^ 
« 

special ' case of the following fact. 

. ' ' ' ' , ' f 

'Proposi t ion 1 .3 :11; Suppose, C c E / y i t h m t C = 0 , and 

-suppose' R i s a q-cone on E -wi th *:= 3 and *M(Y) = Y . 

'' '.Then R(C,x n) '= 0 for a l l x ^ e . E , . < ' 

' ' " %. 

Proof: If y e,R(C,xQ) ', there "exist jlx e C , t > 0 , and 

. Y e W(y) with x + tY c c , -_The set x + tY has nonempty 

interior, "so if int C' = 0 r R{C,x.zy>= 0 „„ • 

' ° ** » " ' 

, „ By'Proposition 1*3.11, the internal tangent'Cone 
* i ' * 

Lc(xQ) and the. interiorly tangent cone Ic(x0) do riot riave 

property (1), and similarly, neither'does the cone' 

Lc(xQ) := {yeE| 3 Y c H(y) , ¥ A > 0, & J> e (0,X) , ' ' 

¥ y' & Y r„XQ ,+ ty' e C} 

What will happen, though, if* we use Mr(Y) = Yn (aff C - xn) 

instead of* -M(Y) = Y in these tangent cones,? • 

* • ' \ . 
• Def in i t ion 1.3.12: Suppose R i s a q-cone with * :'= 3 and 

. i ^ , 

M(Y) = Y . Define the relative a-Cone by 
> ' \ ' 

f 

(1.3.5) "Rrel(C,'xQ) ;= {yeE | 3 Y e N(y).f # X e N(xQ), 

$ X > 0, 3 W e KU) , #' x e C n W , $' t e (0,A),, 

¥ y' e Y n (aff C - xQ) , x + ty
1 c C} . 

* 



31 

Proposition 1.3.13; If E * 3R , "the q-cones Hr(xn) r 

Ic e l {V ' ̂ C 6 1 ^ 3 and Ac e l C x0 } have property (1). 

Proof: It is well known (see for example IRO5, Chapter 2]) 

that the contingent cone and Clarke tangent cone have 

property Cl) in any l.c.s. E „. In addition, it is shown 

m lRo2] that int Tc(xQ) = £p(xQ) for a closed set 

C c B , if int Tc(xQl f 0 . Keeping these facts in mind, 

suppose C c ]R is closed, and convex and xQ e C . The 

convex set Tc(xQ) has nonempty relative interior IRol, 

S'ectioh 6],' and it follows from the result mentioned above * 

that \ ,' 

ri Tc(x0) = Ic
e lU 0> • 

-/. 

37© l** 

Since Ip (xQ) C H C(X Q) C T C(X Q) , we conclude that 

Tc(xy.= ,cl(ri T c(x 0H
/c cl ljel(x0) 

' = cl Hc(xQ) c Tc(xQ) , 

and .rel so !„ (x„) and H (xQ) have property (1). Similarly, 

ri Tc(xQ) = l£
el(x0) 

* ^ e l ( x o ) c KC ( X0 ) ' 

so l£el(x0) ' and fcj;®1^) alSO have ProPertY W • Q 
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In infinite dimensions, examples in lBo7] and IB08] 

37&X 

show that Fc(xQ) and Hc(Xg) , and thus Ic (xQ) , do not 

have property Cl). . 

Since T_(x0) and Kc(xQ) have prope'rty (1) , so do 

all tangent cones lying between them - e.g. kc(xQ) . 'The 

pseudotangent oCne inherits property (1) from Kc(xQ) . The 

cone of feasible directions 

(1.3.'6) * E
CU 0) "i" {y£?j 3 X •> 0,.V t e (0,"A), xQ+ty s 'C> ' 

and the q-cone 

Cl.3.7) , Ac(Xg) := {yeE| ¥ A > 0, a t e (0,A), xQ+ty e C}> 

also have property (1). (For more information and references 

on these cones, see [VI], [V2] and IV3].) This follows from 

the -observation that when C' is* convex, , 

(1.3.8) • Ac(xQ') = Ec(xQ) = {yeE| 3 t > 0, xQ + ty e C} < 

= cone(C-x„) . 

We turn now to property (2). First, we make a 

definition: „ ' 

- . /' 
•i 

Definition 1.3.14 !Ro3]: Let E , F'"be l.c.s. The function 

h: E -> F is strictly differentiable at xQ e E if there is 

a continuous linear mapping Vh(xQ) : E •* F _such that 
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(1.3.9)- lim W ^ r M * ) a Vh(xQ)y 
x-xQ 

t+o ' -% 

for all y e E . ' 

Notice in particular that a function which is C near 

x„ is strictly differentiable at xQ . t 

Oneiinclusion of property (2) is easy to establish for 

any q-cone. A > 

i 

Proposition 1.3.'l5: Suppose R is a q-cone on E and 

h: E -> F iss strictly differentiable at x„ e h (0) . ' Then 

(1.3.10) R(h"pl(0),x0) c Vh(x0)
_1(0) 

Proof: Let y e D , (x.) be given (see 1.3.4) for the 
h_i(0) U 

definition of Dp(x )). Then for all Y e W(y) , X e W(xQ) 
• - 1 

and X > 0 , there exist x e 'X,n h (0) , t e (0,A) , and 

y1 e Y with h(x+ty') = 0 and thus also 

h(x+ty^)-h(x) = Q _ ' S i n c e h is strictly differentiable 

at x_ , Vh(xQ)y = 0 , and so y e Vh(xQ) (0). Hence * 

D , (xn) <=»Vh(xJ~
1(0) , and it follows that 

h_1C0) ° ° ^ 

R(h~ (0),xn)~c D , (xn) c 4Zh(x.)~ (,0) for any q-cone R . 
*\ h"i(0) U U 

D 

'- ' The reverse inclusion holds much less often. We know,,, 

by Theorem 1.2.6 that it will not hold for any q-cone with 
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-property (5). More generally, it will not hold if *:= a 

in any of cases (a) - Cd). 

Example 1.3.16-: Consider h ; B -* B defined by 

2 
h(x,y) ;= y - x and x s— *(0 #0)y . Then 

Vh(x0)
-1(0) » {(x,y)|y=0} •, while 

A , (xn) = H , ' (xn) = E , (xn) = {(0,0)} and 
h"1(0) U h_1(0) , h_i-(0) U 

h x('0) lu h i(0) u • 

It is,well known, howeyer (see for example [Bo5, Theorem 

4.1]), that the reverse inclusion holds for the Clarke 

tangent cone if Vh(xQ) is of -full rank. We can thus 

deduce the following result: , * ; 

/ 

Proposi t ion 1.3,17; 'Suppose *R is~a q-cone with * ;= V 
r ~* * v 

and M(Y) = Y , and suppose h: 3Rn -> 3Rm is strictly differ

entiable at xn e h~ (0) with -Vh(xQ) Of rank m . Then 

(1.3.11) R(h"1(0) ,xQ*) * Vh(x0)"
1(0) ., • 

Proof: By Proposition 1.3.15, R(h-1(0) ,xQ) cVh(x0)"
1(0) ', 

and since Vh(xn) is of full rank, Vh(xn)""
1(0) c T n (xn) . 0 ° * h"1(0) ° 

Now .for any q-cone with *:= ¥ and *iM(Y) = Y , it is not hard 
¥• 

to see that 

T , Cxn) c R(h""
1C0),Xn) . 

h x(0) u u 

Therefore (1.3.11) holds. ; • 

% 
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Corol lary 1-.3.18; The q-cones TLCx.) j KcCxQ) , k c(xQ) 

FpCxJ and D_,CxQ) a l l possess proper ty Q2) . 

^ 

Proof: In finite dimensions FcCk0) =
 T

c^
xo^ ' S Q Fc^x0'1-

automatically has property (2). 'J'he cones K (x0) ,. k- (x^) 

and Dp(xn) all have '* := ¥ ancjl M(Y) = Y . ' D 

We next consider property C3) 

toyset inclusion. 

- isotonic!ty with respect-

Theorem 1.3.19: " Suppose R is q-jcone wi-yi # := ¥ . Then 

R(C-,,x0) c R(c2,x.) whenever C, c c2 c E and xQ e E 

Eroof: Suppose xfl e E , C. c C2 j= E and y e R(C. ,x„) 

Then * Y_e W(y) , for all X e N(L) , $ A > 0 , there 

exist W e K(X) , Z s M(Y) and x l e C ; L n W c C 2 n W , 

$' t e (0,A,) , *» y» e Z , x + ty1 L C 1 c C2 . Hence ' 

y e R(C2,xQ) - and- -RtC^Xg) -G R(c'2,x0) . 

Corollary 1.3.20:' The q-cones Kc(x0) , kc(x0) , ̂ c(xQ) , 

Lc(xQ) , ̂
e l ( x 0 ) ' I,cel'(x0) ' V 3 ^ ' W ' 'GC(X0} ' 

Gjel(x0)' "and" Dc(xQ) have property^ (3). 

Unless fc(,X) =f xQ , R will not in general be isotone 

if # := 3 . Such an R would be isotone if in <1.3.1), 

"#' x e C n W" were, replaced by "#' x e W"* . However, 

such a definition would not give Useful tangential 

' approximants. For example, define • , 
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( * , ' '. ' 

^ R(C,xQ) :=• {yeEJ ¥ Y e N(-y) , 3X e W Cx) , 3 A > 0 , ¥ x e X , 

. ¥ t e (0,A) , Sy' e Y" .with x + ty1 e C} . It is easy to 

1 "prove-that R(C,x„) ,is* isotone and convex, so it might seem 

at first glance to be a,'potentially useful tangent cone, 

But RCC,xQ) C TCC^XQ) C K(C,X Q) , so by Theorem 1.2.4, R 

* ' 2 - 2 

is not standard. For example, if -E := M , C := IR , and 

x„ := (0,0) ; then "R(C',x_) = 0 . This example demonstrates 

that we can exclude such definitions of tangent cone from, 

further consideration. . ' ' *: * • 

Of the q~cones^we have defined so-far, three are always 

convex - Tr(xQ) , Hc(xQ) and F_,(xQ) (for proofs, see 

[Ro,5, Chapter 2J , [Dol] and IB08]). We now give a-general

ization of these facts. 

Theorem 1.3.21: Suppose R is a q-cone on E with 
,4 „ ' 

* := ¥" r # :=> a and $ := 3 and assume.the following 
» 

conditions hold: 

(1.3.12) otM(Y) = M(aY) for all a > 0 . 

(1.3.13) If " Y± e Nfy^; Y 2 e W(y2), Y e W(yx+y2) with 

Y1 + Y 2 c y y z e MfY.^ and Z2 e M(Y2) , 

; there, exists Z c M(Y) with Z, + Z2 c z . 

(1.3.14) K(XX n X2) = K{XX) n K(X2) . 

(1.3.15) , If X' e W(xQ), W
1 e K(X'), y' e E , and 

t Y e W(y') , H t h e r e e x i s t X e W(xQ) , W e K(X) , 

and A > 0 .such t h a t 
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W +.(0,A)Y c w' . 

Then R(C,xQ) is a convex cone for all 

SC,XQ) e 2E x E . ' 

Proof: Let y^Yo e R(C,xQ) . - By , (,1.3.12) and .Proposition
 v 

1..3.2, R is cone-valued, so it suffices to" show that 

y := yj, + y2 e R(C,xQ) . Let Y s W(y) be given, .and let 

'Yl e N*yl* ' Y2 e W^y2^ b e s u c h t h a t Yl + Y2 c Y ' s i n c e 

/ yi e »(C,XQ) , there exist Xi e W(xQ) , A. > 0 , Wv e,K(X.)
v 

and Z^ e M(Yi) such that for all X e W.,n C and ' ' 

t c (0,Ai) , (x + tZ,.) n C y< J0 for i = 1,2 . By (1.3.14) 

and (1.3.15), choose A < min('A-,,A2) /
 x c- X,, n X2 , 

X e W(xQ) and W e K(X) , W c w1 n W2 such that 

W + (0,X)Y1 c w2 . Now let -x' e C n W , t e (0,A) .. Then 

x1 e C "n Wx , so (x' + tZ,) n C ^ 0'. Pick 

x" e (x* + tZ.,) n C c c a W^ . Then (x" + tY0) n C ̂  0 . 
4r i <s , ^ 

By (1.3.13), choose Z e M(Y) ' with Z,.+ Z2» c z • Mnen 

x" + tZ2 c x
1 + tZx + tZ2 c x' + tZ Henge x' + tZ n C ^ 0, 

and so y e R(C,xn) and R(C,x„) is convex. k0 
# 

0' D 

Corol lary 1 .3 .22: fThe q-cones Tc(xQ) , Hc(xQ) and Fc(xQ)^ 

a re always convex. „ , ^ , 

Proof: K(X) = ,X , AJ(Y) = Y , M(Y) = y and 

M(Y) = "nonempty compact subsets of Y" all satisfy 

hypotheses Cl.3.12) through Cl.3.15) o/ Theorem 1.'3.21. 



We'next give a companion* result to Theorem 1.3.21 on" 

the convexity of certain q-cones. 

Theorem 1.3.23; 'Suppose. R is a q-cone on E < with * := 3, 

•I, := a and $ ':- a' and assume that conditions (1.3.12) r 

(1*3.14),and'(1.3.15) hold, along with the following 

condition: . . . 

(1.3.13)' If Y± e. N{y±) ; Y2 e N(y2) and Y e W(yx+y2) 

' with Y q Yx '+ Y 2 and if Z, % MWj) , 

• . -Z2"e'M(Y2) , there exists Z c ,z 1 + Z2 with 

' ' ,Z e M(Y) .. 

Then' vR(Cfx..) is a convex cone for all iC,xQ) e 2 *' E . 

Proof: Suppose y» *y„ e, R(C,x_) '. It agam suffices to show 

that ,y ;= y, + y2"e H(C,xQ) . „ Since y. e R(C,xQ) , there -

exist 'X ' -e 'W(Xn) , A > 0 ^W. e K (X ) V convex neighbour-

hoods ' Y e N ( y . ) , Z, eM(Y.) such t h a t - (w. nC) + (0 ,X . )Z . c c 
1 • 1 I- 1 ' 1 ' 1 1 

for i = 1,2 . By (1.3.14) and (1 .3 .15 ) , choose' 

A < min(A1,A2)' , X e M(x'0) with X c X± n X2 and We K (X) 

with* W c w, n W 2 such that 

W + (QfX)^ <- w 2 ; ' 

Now let x' e C n W and t e (0,A) . Then x1 e Wx n C , 

so x' + tZ, c c . 'But x" + tZ, c W2 , so 

x" + tZx + fcZ2 c c . Now choose Y e W(y) with Y c Y-ĵ  + Y 2 

and^by (1.3.13)', choose Z e,M(Y) with Z c Zx + &2'. Then 

% 
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x' + tZ c x1 t t(Z,+Z2) "c c ,,and so y e RCC,xQ) and 

R(C,xQ) is convex. 

,., . The fact that Hc(xQ) is always qonvex follows from 

- Theorem'1.3.23 as well as from Theorem -d. 3'. 21, since ' ' -

U[Y) £ y for Y e M (y) .satisfies both C1.3/L3) and" , 

(1.3.13)'. It also follows ,from Theorem 1.3.23" that Î Cx̂ ,) 

q.s always convex. , - - ' 

'We' conclude this section by giving conditions sufficient 

for q-cones to possess property (5-). or property (6) . 

Theorem l.J3.24; Suppose R is a q-cone on E with 

•* := 3 , # := a and $ := a and suppose the following 

conditions hold: 

(1.3.16) If XlfX2 e W(XQ) / then 

" , K(X1nX2) ? {W1nW2|W1
,e KiX^ , W 2 e K(X2)} 

v • (1.3.17) If 'Y^YJ e W(y) , theri 

-^-~*r» 

MC 1nC 2
( Yl n Y2 ) 3 l\<*2\*le V ^ ' " 2 e M C 2

( Y 2 ) } 

Then R has property (5). 

Proof: Suppose y e RCC-^XQ) n R(C2,xQ) . There exist 

Yx e W(y) , X% e,W(xQ) , Wj_ e KfX^) , Z± e Mc_ (Y,,) , and 

A. > 0 such that 

(CinW1) + (0,Ai)Zii c c± for l = 1,2 . 

Let X := Xx n X2 e U(xQ) and Y ;= Y 1 n Y 2 e-WCyl . By 

*s 



(1.3.16), W, n W 2 e KCX) , and by -Cl. 3.17) , 

Z, n Z„ e Un n CY) .- Now C, n CL ,n W. n W, + . 
. 1 2 -si 

* (0,min(X1,A2)) (Zĵ  n Z2) cc, nC2 and so y e R(C,nC2,xQ) 

and 'R. possesses property (5) . •» ' , 

' i , 

' * * s yG* \ * * 

Coro l l a ry ' ' ! . 3> 25 : The q-cones. E-.tx^} , L c (x 0 ) , L^. {xQ) , 

-5 C ' (XQ) F I
C C X 0 ) arid ; i c (xQ) have p roper ty t(5.) . _ ^ 

' s. ' «V "* 

\ 

Theorem'1.3/26;, Suppose R, is a q-cone on E with 

" K'(X) = x0 ,•*'='¥, $ = ¥ and suppose the following 

condition holds: - ,» 

(1.3.18)' If YltY2 e N(y) ,„then s 

MC uC ^ Y i n Y P c { z l n Z 2 ^ Z l e ^C W ' Z 2 s MC ( Y 2 ) } * 
1 Z i ^ 

Then' R has property (6). ' ' 

Proof: , Suppose ye (EXRCC^Xg)) 'n CE\RCC2,xQ)) . Then 

there exist Y. e,W(y) and X. > 0 such that'for all 
, * X X r * 

TL £' Mc" (YjL) , y ' £ Z. and ; t e (0 ,Ad) , , ' x 0 + t y ' i C^ , 
I ' • , 

' " i = 1,2 . Now l e t > Y := Yx rf Y2 e M(y) , and l e t 

, Z e Mp r (Y) .' By (f. 3 .18)* , ' there e x i s t Z-ĵ  e Mc (Y1) , 
^ l u v 2 - ' 1' 

Z2 e ^C ( Y 2 ) W l t h ' Z ' = Z l n ' Z 2 * ' T h e n * f ° r a l L 

v ' / 

, and. t c ( O ^ i n C A ^ ^ ) » x
0 + t y ' * c i u C2 ' H e n c e 

, y!i R(C1uC2,xQ) / a n d so R C q ^ C ^ x ^ c RCC^Xg) U R ( C 2 / X 0 ) n 
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Corol lary 1.3*27; The q-cones , KcCx0) and Ac(x0> possess 

p̂roperty C6) . . - - , . „ . - • 1 - \ * * , 

« • ° * ' - . "" -•••' • << 

- * T .. . 

P-roof:- Both "MCY)'V = Y and M(Y) =• y_* satisfy"(1. 3.18) . „ • &•', 

* <, " , ' J * " " 

It is a general rule of- thumb that if-a q-cone oanhofc* -; 

betreadily proven-to.have a certain'property, there"is" â  •" 

counterexample which, shows that it ddes not ha^e' that' *" 
•' • - , v . * J " 

property. This is true at least for- gases (a)' through'(dy' ' . 
a' '* . ' * . ' ' ' ' •>?*'' 

"and-properties Cl) through (6) - see Table 1.9.3.. * In ; 

particular, in cases (a) through (d), there are no nontrivial . 

" * * 1 » 
q-cones having both properties (3) and (4) (compare Theorems * 

•Is* 

1.3.19, 1*.3.21 and 1.3.23), none having both properties (4) • 

and (6) (compare Theorems 1.3.2i, 1.3.23 and ,1.3J26) , and <v 

none having both properties C5) and (6) (compare Theorem 

1.3.24 and 1.3.26). , '_ ," '' •* ' , 

"The only q-cones in cases (a) or (b) whieSk.have both 

properties (1) and (2) are the contingent cone, VDM tangent 

cone, and Clarke tangent cone. This adds extra justifi

cation to the fact that K^(x_) and , T*(x) are the tangent »' 

cones which have, received Qxe. most attention in optimization 

theory. The potential of kc(xQ) has not up to now been 

fully exploited; it plays an important subsidiary role and 

can be Used to sharpen certain results-in-which the contin

gent cone has previously been used, as we. will see in later 

chapters. 

V 

\ 
* 
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1.4. Additional Tangent Cone Properties 

In th is section we discuss additional important tangent 

cone properties arid establ ish which'quantificational tangent 
V *~* 

cones satisfy each Of them. 

Definition 1.4.1; .Let E j F* be l.c.s.."_ A tangency oper-
* " 

ator is produot-preserving if 

(1.4.11 R(C1xc2,(x1,x2)> f R(C1,x1) x R(C2,x2) 
i 

whenever x, e C. <=-E and x 2 e C2 c F . 

This.propeafcy will prove to be an essential one in 

establishing the subdifferential calculus results of chap.ter 

2. The following theorem gives conditions sufficient for a 

q-cone to be product-preserving* « 

' Theorem 1.4.2: Suppose E , F$ are l.c.s. and x, e C, c E , 

x„ e C^ c F . Suppose the topology on E x F is the 

\J product topology and make the following assumptions: 

(1.4.2)) /K(X1xX2) c'K(x1) x K(X2) for all 

X. e WCx^ , X 2 e iJ(x2) . 

(1.4.3) Mc xC (Y1xY2) c Mc (Yx) x M (Y2) ' for all 
1 2 _ 1 , . 2 „ 

Yl e M(-^l)f Y 2 e W ( y 2 ) ' w h e r e 

l̂'̂ V e R^ Ci x C2' tx1,x2)) . 

Then 

Jf 
/ 



(i.4'.4) ; R(C 1XC 2, (x1,x2)' c R(C 1,X 1) x R(C2,x2)'. , 

Moreover^ if $:=~3 and equality holds' in (1.4.2) and 

(1.4.3), then (1.4.1) is satisfied. 

Proof: 'Suppose '(y-j;,y2) e R(C,xC2, (Xj,x2)) . Since E x p 

is'topoloqized with the product topology, * Y.. e W(y-J , 

* Y2V,N(y2) , # X± e NU^- , # X2, e tf(jt2), , $ A > 0 , 

-there exist W e K{X± x X2*) and Z e Mc xQ '{Y^ xy,2) , #• 

(x[,x2) e (C1xC2) n W , $' t e (0,A) , *• (y^y2) e Z , 

v (x^,x2),+ t(y|,y2) ,e C^ x c2 . By (1.4.2) and (1.4.3), 

.W = Wx x W2 where W^ ,e K ^ ) , W2 e K (X2) and 

Z = Z± x Z2 where Zx e MQ (Y^ , Z2 e Mc (Y2) . It 

. «v 1 2 

follows that y1 e R(C1,xQ) and y2 e R(C2,xQ) , so (1.4.4) 

holds. 

.Conversely,' suppose $:= a and y. e R(C, ,x,) , 

y2 e R('C2,x2)( . Then * Y± e W(yj,) , # X± e W(»i) , there 

exist X± > 0 , Wi e K ^ ) and Z. e M (Y.) , 

.#' x! e,C. n W. , for all t e (0,A.) , *' y! e Z. , 
' • 1 1 1 1 x * x 
xi* + .'ty! e Ci ,' l = 1,2 . Let A, := min(A,,A2) , 
W ,:= Wx x W2 , Z := Zx x Z2 , Y := Yx x Y 2 , X := X± x<X2 . 
By (1.4.2) and (1.4.3), W e K(X) and Z e M„ v„ (Y) . 

Then * Y e NfCy,^)) # # X e W((x.,,x2)) , there exist 

W e K(X) and Z e Mc x C (Y) , #' U ] ^ ) e (C-^C^ n W , 
A 1 ? 

f o r ' a l l ' t e (0,A') , * ' ( y ^ y j ) e Y n Z , 

(x^,x2) + i t ( y 1 r y 2 ) e Cj^ x r . Hence 
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(y,,y2) e" R(C1xC2, (xlfx2))' , and so (1.4.1) holds. • ' 

Corollary 1.14.3:. ' The q,-cones kc(x_) ,~Tc(xn) , Ec(xfl) , 

Ic(x0) , Lc(xQ) , H^(xQ) , Fc'(x0)/'and' Gc(xQ) are ' 

, . ' .'- / •' ' ' . * -

product-preserving., • . " " 

Proof.: , Assumptions "(1.4.2) and (1.4:3) hold with equality 

m case's' (a) through" (c<) . In the definition of each of X \ 

these cones,, '$:=3- '. * ~ ^ •' 

If $ = ¥- in the'definition "of a q-cone, that cone will 

not in'general be product preserving. (There is a counter-
** ' 

example for the contingent cone in [Bo5,. Section 2]. v l 

Counterexamples for other q-cones'are given in Table 1.9.3.) 

For q-cones with $:<- ¥ >, the best obtainable "product-

inclusion" is the following.result, the proof of which we 

leave' to the reader. 

( 
Proposition 1.4.4: Suppose E , F are l.c.s. and E x F 

hag the product topology. Suppose R is a g-cone, and 

suppose R' is a q-cone on F in whose definition $t:='3 . 

F Assume" that R' (C,x„) c R(C,xQ) for .all (C,xQ) e 2 x f , 

that M(«) and, K(«) axe identical in the definition of 

R and R' , and that equality holds in (1.4.2) and (1.4.3). 

« Then for all x.. e C, c E and x~ e C„ c F , , 

(1.4.5) R(C1xC2, (xirx2)) => RtC^x^ x,R'(p2,x2) 

\ 
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\ ' ' ' • . _ 

Corol lary 1 .4 .5 . ' (See [Ul] for (1 .4.6) and ( 1 . 4 . 8 ) ) : For 

a l l x.. e c l C, c E and x„ e c l C„ c F , 
* 1 1 2 2 • ' • 

( 1 . 4 . 6 ) Kc ( x l ) x k c (x2) c Kc x C ( (x ,X 2 ) ) ^ ^ 
1 * 2 ' 1 2 

( 1 . 4 . 7 ) A c ' (x x ) x E c (x2) c A C J X C ( ( X 1 , X 2 ) ) ». 
X ^ X *-

( 1 . 4 . 8 ) Jic ( X l ) ' x L c (x2) c £ c x C ( ( X ; L , x 2 ) ) 
X ^ X <dj 

We next mention a localization prpperty possessed by 

many q-cones. 

Theorem 1.4*6: Suppose R is a q-cone on E satisfying 

the condition below: 

(1.4.9) If X1,X2 e W(xQ) and W e K.(X^) , then 

W n X2 e K(X1 n X2) . 

Then ' * 

(1>^.10) R(CnX,xQ) ='R(C,xQ) for" all, CC,xQ) e 2
E x E 

and tx e W(xQ) . , 

i 
Proof: Let y e R(C,xn) ., We observe that for any 

Y e W(y) , there-exist A 1 > 0 and X, e^W(xQ) such that 

X± c x' and X± + (O^JY c X . Then * Y e W (y) ,' 

# X' e W(xQ) , $ A > 0 , there exist W e K(X') and 

Z e M(Y) f #» x e Xx n C n W = CC^) „ WoX^ , 

$' t e (OfrainU^)) , *' y1 e t c Y , X ,+ ty1 e C . 

But since X, + (0,A-,,)Y c x , x + t y ' e C n X . In addition, 
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W n Xx e KCX'nX.jJ by Cl.4.9). Hence y e RCCnX,xQ) and 

RCC,xQ) c RCCnX,xQ) . 

Conversely, suppose y e RCCnX,x_) . Then y Y e N(y) , 

# X' e W(x0) , $ A > 0 , there exist W e K(X') and 

Z e K(Y) , #' x e (CnX) n W = C n (WnX) , $' t e (0,A) , 

*' y' e Z , x + ty' e C n X . Since X n X" e iJUJ and 

W n X c K(X'nX) , y, e R(C,xQ) . Hence R(CnX,xQ) c R(C,xQ) 

and (1.4.10) holds. , ' H 

In particular, hypotheses Cl-4.9)-holds whenever 

K(»X) := X or K(X) := xQ , so (1.4.10) is true for any-of 

the q-cones we^have defined so far. This property is also" 

discussed in IB08]. Observe that (1.4.10) ddes not hold 

for ».R(C,xQ), :=-cone(C-x0) , which is not aq-cone. 

Another property important in our future considerations 

is 'the following inclusion for «g: E -»• F, strictly" differ-
J" 

entiable at xn e-C c E: 

: ° } 

(1.4.11) 5?.g(x0)R(C,x0) c j^g(c) ,g(xQ)) 

In Propositions 1.4.7 and 1.4.10 below, we'give conditions 

under which (1.4.11) holds for various classes of 'q-cones.' 

Proposition 1.4.7: Suppose R is a q-cone' with # J = V j 

IU(Y) = Y and ' *_ := ¥ and suppose g.: E •> F is strictly ' 

differentiable at x„ e C c E . Make the following , 

assumption: , 
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(1.4.12) If V e WCgCxQ))" , X e WCx0) With. gCX) c V , , 

'then gCKCX)) c K{V) , ~ 

Then (1,4.11) holds. .*.*"' ' ?
 ? 

t 

* „, v 

Proof: Let y e RCC,Xg) , U e WCVg(xQ)y) and V e W(g(xQ)). 

Since g is strictly differentiable ai; XQ , there exist 

,Y e W(y) , X e N (xQ) and X± > 0 sucb»that for all * *" 

t <% CO,A,) , y' € Y and x e X , ?(x+ty')-g(x) % ^ a n d 

* * 6 * * J 

g(x) e V". • * 

Since y e R(C,xQ) , # :=, ¥ , M(Y) = Y and *:=¥,, 

$ A > 0 , t h e r e e x i s t w" e K(X) and x e C n W , 
«" , n, •' , » * 

$* t e <0,min(A.,A1)) , t h e r e e x i s t s y1* e Y , x + t y ' e C . 

In a d d i t i o n , t h e r e e x i s t s if e ,U w i t h , g(x). + t y = 

. g (x+ty ' ) e g(C) . Now i f , x e C- n W )' g(x) e g(C) n g(W) 

/ and g(W) \s K(V) by (3^.4.12). Hence y e R(g(C) ,g(xQ ) ) , 

aiid (1.4.11.) holds. ' ' D 

I 

• . # * ' " - * ' " 

, t Coro l la ry k. 4 . 8 ; Suppose g: E -»• F i s s t r i c t l y d i f f e r e n t i 

ab le a t x Q e C c E' . Then. (1 .4 .11) holds for t he q-cones 

Kc(xQ), , k c (x 0 ) ,' Dc(xQ) , and 

acCx0) := {yeE| ¥ Y e W'(y) , ¥ X e W(xQ) , 3 A > 0 , 

^ . S x e X r t C , ¥ t e (0,A), a y ' e Y ; X + t y ' e C>. 

Proof'; The cases K(x) = X and k(X) = xQ^ 'both satisfy 

'condition Cl.4.12). , - - D 
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In I Al J , Aubin establishes , Cl,4.11) for K (x.) in'the, 

case where *E and p are Hilbert spaces. See also lBo2], 

IGul] for applications of this well-known inclusion; « 
* - c 

Corollary 1.4.9; Suppose A: E -> F is linear and 

continuous and x„ e C C'*E . Then if R satisfies the 

hypotheses of Proposition" 1.4,7, ,, 

(1.4.13) • A(RCC,x0l) c R(ACC) ,Axft) 

In particular, • \. „ ' -

(1.4,. 14) ACKcCxQ)) c K A C C ) CAx0) 

and 

(1.4.15) A(kc(xQ)) c kACc)(AxQ) . 

f 

v » Inclusions (1.4.14) and Cl.4.15) will be invoked" in 

Chapter 2 in the proofs of subdifferential calculus' 

formulae.' ' ' 

Proposition 1.4.10: Suppose R, is a q-cone with # := 3 , * 
i » 

M(Y) = Y and * := ¥ and suppose g: E + F is strictly 

differentiable at xQ e C <= E . Make the following relative 

openness assumption: > 

(1.4.16) For each X e N(xQ) "and WL e K{X) , there 

exist V £ NCgCx0l) and W e KCV^, such that 
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- . gtc) n 'W <= gCC n Wj . •" , 

Then (1.4.11) ho ids . - * ""> ' ' 
0 1 t 

' . - i 4 

Proof; -.Let* ,y e RCC/XQ) and U e #CVg(xQ}yl . Since g £s 

• s t r i c t l y d i f f e r en t i ab l e a t x Q , r ' t h e r e e x i s t Y-, e W(y) , 
i ' i * ' *• 

Xx e WCxQ) 'and A1 > 0 such t h a t ' f o r a l l ' t-e (O.X^' ', 
y1 e' Y, , and x e X,, , • . ' • «. * * 

"* , gCx+ty')-gCx) ' • 
\ t" 

Since y e RCC,xQ) , there'exists X e W(xQ)t with 

X c x., , $ A > 0 , the.re exists W-, e K(X) , for all 

x e C n W, / $ ' t e ; (0,min(L,A)) , there exists y' e Y, , 

x V ty' £ C . By (1.4.16),' there exists V e M(g'(x '}) and 

W e K(V), such that g(C) n W <= gCCaW.^ . Now for all 

y' e Y , x e C n W, , and t e (0,mm (A, A,)) , there exists 

y e U with -* 

- g(x+ty') = g(x) + ty . 

Thus there exists V e W(g(xQ)) , $ A > 0 , there exists 

W e K(V) , for all. g(x) e g(C) n W , $' t e ( O ^ m f A ^ ) ) , 

there exists y e U , g(x) + ty e g(C) . Hence 

y e R(g(C),g(xQ)) and (1.4.11).holds. D 

Corollary 1 .4 .11; Inclusion Cl.4.11) holds- for the q-cones 

TcCxQ) and 

T*Cx0) := (yeE ( V Y e WCy) , 3 X e WCxQl, ¥ A > 0 , 

¥ x ^ X n C, a t e CO,A), a y ' e Y , x + t y ' e C} 
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under the following assumption; 

» 

(1.4.17) For each X e iVCxQ) , there exists V, e M(g(xQ)) 

with V n gCC) c g(XnC) . 

t 

Proof: Set K(X) = X in Proposition 1.4.10. Then (1.4.16) 

reduces to (1.4.17). • 

Corollary '1. 4.12; Suppose A: E -> F is linear and continuous 

and xQ c C c E . Then if R satisfies the hypotheses of 

Proposition 1.4.10, inclusion (1.4.13) holds. In particular, 

if (1.4.17) holds with g := A , 

(1.4.18) A(Tc(k0)) c TA(C)(AX0) 

and 

(1.4.19) A(T*(xQ)) <=.T*(C) (AxQ) 

-Inclusion (1.4.18) w i l l be used in the proofs of sub-
' • - • • • ^ 

d i f f e r e n t i a l ca lcu lus formulae in Chapter 2. 
w 

In our d iscuss ion of property (2)^,^1 sec t ion 1.3, we 

saw tha t (1.4.11) does not hold for q-cones w i t h ' * ;= a ^ 

and s e t s of the form C := g (0) , where g* 3R •* TR i s 

continuously d i f f e r e n t i a b l e near xQ and Vg(xQ) i s of 

,rank m (see Example 1.3.16). However, inc lus ion (1.4.13) 

holds more genera l ly than does (1 .4 .11 ) , as we now show in 

Propos i t ions 1 .4 .13, 1 .4.15, 1.4.17 and 1.4.19. 

/ . • 
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Proposition'!.4.13; Suppose that R is a q-cone with 

# := ¥ and * := ¥ and let xQ e <C c E . .Suppose" A: E >• F 

is linear and .continuous arid, that (1.4.12) holds' with g = A . 

Make the following additional assumption: 

^ '- ' 

Cl.4.20) If V e W(Ay) , Y e lUy) with A(Y) c V , then 

« 'A(M(Y)) c MCV) 

Then (1.4.13) holds. • ) 

\ 

Proof: Let y e R(C,x0) ,, V e W(Ay) and U e.W(AxQ) . Then 

Y := A-1(V) e W(y) and. X ":= A - 1 (U)' e' NCxQ)" , and $ A > 0 , 

there exist W e K (X) , Z e M(Y) , and x e C n W , 

$' t e. (0,A) , there exists y* e Z , x + ty' e C . 
i ' , 

'By (1.4.15) and (1.4.20), A(W), e K(U) and 

A(Z) e M(V) . Then $ A > 0 , there exists ** , 

Ax e AjCnW) c A(C) n A(W) , $' t e, (0*,A) , there exists * 

Ay' e A(Z) with A(x) + tA(yJ^= A(x+ty') e A(C) . Hence 

Ay e R(A(C),AxQ) and (1.4.13) holds. , • D 

Corollary 1,4.14: , The q-cones - Ec(x„) and A' (xQ) satisfy 

(1.4.13) for all xQ e C c ̂  . 

Proof: The cases M (X) = y and' M(X) ±= xQ satisfy (1.4.20) 

and (1.4.12). ' ' • 

Proposition 1.4.15; Suppose ,Ar, E -* F is linear and con-

tinuous and xQ e C c E . Suppose R i s a q-cone With ^ 



# :=a , and *. := ¥ and assume that Cl.4.20) holds and that 

(1.4.16J.holVls with 5 = A'. Then Cl.4.13.) holds.'" 

• - ; \ • • • - . . • : • , 

Proof: Let y e RCC,xQ) and U e NCAy) . Again -

Y := A -1(U)*e W(y) and t h e r e e x i s t s i s WCxn) , $ A > 0 , 
' ** 

there exist' W, e K'CX) and Z e M(Y). , for all x e W. n C , 
' » ' • -- " 
'$' t e (0,A) ,,there exists y' e Z with x + ty1 c C . By 

(1.4.16), there exist.'V e NXAXg) and W e K(V) with 

;A(C) n W c A(CnWx) 

By (1.4.20)," A(Z) e M(U) . Combining these facts, we see 

that there exists , V c WCAxQ) , $ A > 0 , there exist 

'W e K(V) and - A(Z) e M (U) , for all Ax e ACC) n W , 

$' t e C07A). , ,there exists A(y') e ACZ) with 

Ax + tAy' = A(x+ty') e A(C) . Thus y e R(A(C) ,AxQ) «'and 

(1.4.13) .holds. 

Corollary 1.. 4.16: Suppose that A: E -> F , is linearcand 

continuous, that xQ c C c E , and that (1.4.17) holds with 

g = A . Then (1.4.13) holds for the q-cones Hc(xQ) , 

Fc(xQ) , and 

H*(x(J) := {y(a x e W('X0>, ¥ A > 0 , ¥ x c X n C , 

a t e (0,A); x + ty e C} . 

Proof: Assumption Cl.4.17) holds with MCY) as in cases 

(b) or (c) . 3-



Propos i t ion 1 .4 .17: Suppose t h a t A; E •> F i s l i n e a r , open 

and continuous and t h a t x„ e C c E , Suppose R i s a 

q-cone wi th * := 3 and # :=*¥ ' . Assume C1.4wl2) holds „ 

wi th g =? A and maTce t h e following add i t i ona l assumption: 

Cl.4.21) If Y e NCyl and V e NCAyl wi th V c ACY) , 

' . then UiV\'o ACMCYJ) . 

Then (1.4.13) ho lds . 

• ' ' ' -,! * ~ 

** Proof: - L e t Y € RCC,xQ) and , U e W(Ax„) . ' Then 

X := A~1(U) ,e NCxQ) and there exists Y e W(y) , $ A > 0 , 

there exist W e K(X) , Z e M(Y)" , and x e C n H , 

$•• | E CO,A) ', for all y' e Z , x +' ty' e C . Since A is 

open, there exists V e W(Ay) with V c A(Y) , so by (1.4.21), 

A(Z) e M(V) . By (1.4.12) with g := A , A(W) e K (U) . 

Combining these facts, we see that there exists V e M(Ay) 

Such that for all U e M(AxQ) , $ A > 0 , there exist 

A(W) e K(U) , A(Z) e M(V) and A (x) e A(C) h A(W) , 
# 

$' t e (0,A) for all A(y') e A(Z) , 

A(x) + tA(y') = A(x+ty') e AfC) . Hence A(y) e R(A(C) ,A(x0)) 
* 

and (1.4.13) holds. D 

Corollary 1.4.18: Suppose that A: E •* F is linear, 

continuous, and open, and that xQ e C c E . Then the 

q-cones Gc(x0) , I>cCxQ) , £cCxQ) , L^
el(x0) and l^el(xQ) 

satisfy (1.4.13). 
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Proof;" Assumption 11,4.12), holds for K(X) -,'& ,ox 

K(X) = xQ , and assumption il/4.21) holds" for M(Y) = Y or 

'M(Y) = Y n (aff C - xQ) . • ,' D 

i » 

i 

Proposition 1.4.19; Suppose that A: E •* "F is linear, " 

continuous and open, and that xn e C c E . Suppose R is a, 

q-cone with * := 3 ', # :=3 , and assume that (1.4.21) holds 

and that (1.4,16) holds with g = A,. Then (1.4.13) holds.* 

Proof; The proof is similar to that of Proposition 1.4.17, 

using (1^4,16) instead of (1.4.12). D 

Corollary 1.4.20; Suppose A: E •> F is continuous^, linear 

and operand let x0 e C <= E . Assume (1.4.16) holds with 

rsl 
g = A , Then the q-cones -1 C(

XQ) ,r * c (xQ) and 

I* (x Q ) : , :="{yeE| 3 Y e W(y), a X e W(xQ) , ¥ A > 0 , 

', ¥ x e X n C , 3 t . e ( 0 , A ) , ¥ y ' e Y n C , x + t y ' e C } ( 

s a t i s f y ( 1 . 4 . 1 3 ) . • , . 

Proof: If M(Y) is as in cases (a) or (d), (1.4.21) is 

satisfied. n ' • 

A summary of the conditions under which (1.4.11) and, 

(1.4.13) hold for various q-cones is given in Table 1.9.'5. -
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1.5. . Directional derivatives, subgradients," and necessary 

conditions for optimality * 

Definition 1.5.1: Let f: E +JR be.an extended real valued 
x — . . . * 

function. The Ceffective) domain of f is the set 

(1.5.1) dom f := £xeE|f(x) < +«>} Q 

The epigraph of f is the set . ' ' ' . 

(1.5.2) epi f :=* {(x,r") e E x n | f(x)'<; r} *• ' 
m . « 

i 

? * • 

' * 

One of the most important uses' of tangent cdnes is in . 
• s i 

defining directional derivatives and <subcfradients of 

functions via tangent cones of.epigraphs.' This is an 

especially fruitful-idea for q-cones.s Directional deriva-

tives associated with q-cones are much more analytically 

tractable than those associated with other tangent cones, and. '"* 

their subgradients often admit a versatile "calculus. We will 
*• * , ' • * 

therefore concentrate on directional derivatives and sub- * 
gradients associated with q-cones.' ' ' 

/ . • ' * 

' * • ' 
Defin i t ion 1 .5 .2 : Let^ R be a q-oone, and denote by 

F(E ,E) the s e t of extended r e a l valued funct ions 'on -E . 
** E X TR * f \ 

Define R: F(E ,3R) * E -> 2 by / \ 

( 1 . 5 . 3 ) R( f , x Q ) ;= f ( y , d ) e E x IR [ ¥ 5 >. 0 , * Y e W(y), 

L^ # X e WCxQ) , # u > 0 , $s A > 0 , 3 W ,e K\x) X y ^ 

/C(CfCx Q ) -u , fCx Q )+u)) , 3 Z e MCY), #• ( x , r ) | « 

e e p i f n W , $ ' t e (0,A) , 

ft 
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*' y1 e Z,'3 d' < d + 5, Cx,r) + t(y',d') e epi f} 

Remark 1.5.3; Ca) Notice that the expression 

"(x,r) + t(y',d") e epi f" in (1.5.3) can also be written 

" f ( X +^ y , )/ r s d' " . It follows that if (y,d) e R(f,xQ) , 

then (y,d+p) e R(f,xQ) for any p >'0 . 

(b) If * := ¥s arid- M(Y) = Y , then 
A 

R(f,x„) = R(epi f, (xQ,f (xQ))) . This is -true in particular 

for T C(XQ) , Kc(xQ) and kc(xfl) , the three examples we 

will examine in the greatest detail. % 

Defini t ion 1.5.4; Let R be a q-cone, f: E> •»• 3R , and « 

xn .e dom f . The R directional derivative of f at x„ 
U 0, , —,—j o 

with respec t to y i s defined by 

(1 .5 .4 ) - fR(x*;y) := m f { r | (y ,r) e R(f ,xn) } 

The R subgradient of f at xQ is the set 

(1.5.5) 3 f(xn) := {x'eE'|<y,x'-> S ff(xn;y) for all , y,e E}. 

Remark 1.5.5-; (a) "This idea of defining ̂ directional' 

derivatives and subgradients via tangent cones of epigraphs 

of functions has been widely discussed in recent years - see ' 

for example IA1J , IA2J ,- lBo7]-, IC141 , iDol]", 'iHi'l], lHi2] , ^ \ . 

IH13], [Pe2a, IR643, lRo5] and iThl]. ;. *' ... ;'" • - * \ 

(b) I$> is also possible to'define directional derivatives. * 

via graphs/- rather than epigraphs, of ftjnctions -^see.lUl], 



.iDolJ. These derivatives, in order to be finite, require the 

function f. to be more "smooth" than do the directional 

derivatives defined in Cl.5.4). Since our purpose here is 

to develop* versions of differential calculus and optimization 
f 

theory for npnsmooth func t ions , we w i l l not i n v e s t i g a t e these 

concepts here'. 

(c) "Defini t ions analogous t c ( 1 . 5 . 3 ) , (1.5.4) and (1.5.5) 

have been jnade for vector-valued functions (e . .g | iThl]) and 

«* se t -va lued mappings (e .g . lTh2J , !Pe2] , lAlJ) . We wil l , 

. d iscuss the vec tor -va lued case .in Chapter 3 . 

(d) Suppose R, and R2 are q-cones Sat i s fy ing 

R£(f,x0) c R 2(f ,xQ)* for a l l f: E + m and xQ e E . I t 

follows/ from (1.5.4) t h a t - , * 

- - "" - s-.Vo*0 ~ f 1(V0 ' 
." an'd so by (1.5.5) • 

R2 R1 
9 f(xQ) c 9

 xf(xQ) 

In partiqular, 

and 

fK(xQr) < fk(x&;«) ^ f
T(xQ;-) 

3KfCxQ) 4 3
kfCx0) c 9

TfCx0) . 

Relationships among the various R directional-derivatives 

can thus be "deduced from relationships among the corresponding 
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\ 

tangent cones. 

(e) It is not hard 'to show, taking into account Remark 

1.5.3(a), that &Cf,x>j) '= epi f Cx0;'} . We will apply this 

fact below. 

We have already"noted that if R is a q-cone with 

* := ¥ and M(Y) = Y , (1.5.4) becomes 

•(1.5.6) fR(xQ;y) = inf{rj Cy,r) e R(epi f, (xQ ,f (xQ))') } 

We now demonstrate that (1.5.6) also holds if M(Y) = y 

Proposition 1.5.6; Let R be a q-cone with M(Y) = y , 

'f; E + IR , and xQ e dom f . Then (1.5.6) holds'. 
* s 

Proof: I t i s c l ea r t-Kat for such a q-cone, 

R(epi f,(x0,f(xQ))) c R(f,xQ) , 

\ 
so fR(xQ;y) < inf{r| (y,r) e R(epi f, (xQ,*f (xQ))) }. On the 

other h'and, suppose f (xn,-y) £ d . Since 
A* M s u 
R(f,xQ) = epi f (x0 ;«) , (y,d) e R(f,xQ) , and i t follows 

t h a t (y,d+<5) "e R(epi f, (xQ ,f (xQ))) far a l l 6 > 0 . * 

Therefore 

i n f { r | (y,r) e R(epi f ,,Cxn , f Cx„))) } < d , 

and so fRCxQ;d) > in f£ r |Cy , r ) e RCepi f, (xQ , f CxQ))) K 

Hence (1.5.6) ho lds . - * D 

U 

r 
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Corollary. 1.5.7; Let f;'E -> IR and xQ e doro f . .Then 

(1.5.7) fHCxQ;y) = inf {r| (y,r) e H e p i f ((xQ ,'f (xQ) )) } , 

(1.5.8) , fA(xQ;y) = inf(r{(y,r) e A e p ± f{(x Q,f(x Q)))}^ 

and j 

(1.5.9) f CxQ;y) = mf{r|(y,r) e E e p i f ((xQ,f (xQ))) } . 

Proof: In the definition of i the tangent cones !!„(•) , 

Ep(*) and Ac(*) , M(Y) = y „ so these are special cases of 

Proposition 1.5.6. \' U 

' • ' < * • ' . ' 

There is an alternate, more direct way to define the 

directional derivatives of C1.-5-4T. With'this" alternate 

characterization, we will see that many^.of the R directional 

derivatives are familiar objects. , , , 

Theorem 1.5.8: Let R be "a q-cone,^ f: E •+• IR . and 

xn e dom f . Then I ">' , , ^ 

I-
.(1.5.10) ,fR(xn;y) = n A I 0 m f 

U YeW(y) XeW(xn) A>0 WeK'(X) . 
u>0. 9xK(f(x>u,f(xJ+u) 

\ 
inf * A' 0» D\ f (x+ty') -r 
ZeM(Y) Cx,r) e epi f Q W \ te(Q,*A) y'eZ. t 

where • -
sup if * - V 

I inf if * = 3 ' 

/ 
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sup if # = ¥ 
A « ; 

. inf if # - a 

,o = 
sup-'if $ = ¥ 

*' , and 
inf if $ = 3 

s 

• ' ," A' , 0' e {sup,inf} , " / 

U\? D ,*A ^ A ' , 0" ?f 0 . 

Proof: Denote by S the right hand side of (1..5.10) . Then* 

S si d if and only if for all <5 > 0 > * Y e W(y) >, 

•# X, e N(x0) ', # u > 0 , $ A > . 0 , there exist W e \{X) 

xtK(f(xQ)-u,f (xQ)"+u) and Z e M(Y) , #'; (x,r) e epi f n W , 

$' X > 0 •,. *' y' e Y n Z , f.(x+ty')-r < d + 6 ^ ln o t h e r . 

words, - S < d if and only ifv (y,d) e R(f,x.) „. As was ' 
' . , A , T> 

mentioned in Remark 1.5.5(e), R(f,Xn) = epi f, (xn,") , so 

0' 

(y,d) c R(f,xQ) if and only if fR(^;y) s d . Hence S < d 

if and only,if fR(xfl;,y) < d and (1.5.10) holds? • Q 

We next list some familiar special cases of (1.5.10). 
4 I 

Example-1.5.9:• The. upper and lower one-sided,directional 

derivatives of f at xQ with respect to y are given, 

respectively, 'by 

p - - f(xrt+ty)-f(xn) 
•(1.5.11)' • f Cxn;y) = m f sup ~^L— - - '" , 

u A>0 teC0,A) ' c 

and 
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f(xQ+ty)-ffx ) 
(1.5-.12) , fA(xn;y) =lsuP m f H-_.—LJL. 

* ' A>0 te(0,A) r 

Example 1>. 5t10: The upper and lower -one-sided Hadamard 
\ \ 

derivatives of f at «xQ with respect*to y are given, 
respectively, by.( - * \ , , 

' . * + , ' . , ,L, ' , •' i f?x0+ty»).f(»0) 
(1.5.13) f (xn';y) := f (xn;y) = inf Msnp 

YeMCyPy'eY,, 
A>0 t?(01,A) 

and . , . 

K r " f(x0+ty')-f(x
8
0) 

(1.5.14) f (xn;y) := f (xn;y) = sup -inf •„ r 
U U YeN(y) y'eY * 

> - A>0 te(0,A) 

Example 1.5.11: The Clarke derivative of f at xn with 
1 ' 'i ' ' "• ' u 

respect to y (e.g. [Hi3]> [C14]) is defined by 

(1.5.15) f°(x0;y) := f
H(x0;y) 

= in f sup • f ( x + t y ) - r 
XeN(xJ ( x , r ) e X x ( f ( x ) - u , f ( x j + u ) , 
u>04 U n- ep i f ° a 

A>0 t e ( 0 , A ) 

When f is .continuous at x„ , the Clarke derivative 

simplifies'to the more familiar-looking 

(1.5.16) f°(xn;y) = inf sup' f(x+ty)-f(x) 
0 XeN(xn) xeX

 Z 

A>0 te(0,A) 

We will discuss this in more detail later.* 

J 
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Example 1.5.12: The upper subder iva t ive of f a t xQ with 

respec t to y d R o 3 ] , 1KO4] , [Ro5]) i s defined by 

'(1.5.17) / f + ( x n ; y ) = fT(xn?y) 

ir^r-^= sup m f sup-
^ YeN(y) XeM(x ) (x , r ) eXx (f ( x j - u , f (x )+u) 

A>0 o epi f 
u>0 ' ° '-te(0,A) ' \ 

s . _ . f(x+ty')-r „ 
m f — i - — p - i — . „ 
y'eY 

The expression in (jl.5.17) becomes simpler in special cases, 
T i, s 

< i 

as we will see shortly. 

By Remark-1.5-.5 (d) and Table 1.9.4, the inequalities 

f (xc\'>'\> - f (xn?*) ' rf£ *0' *>• 

f+CxQ;«) <^f (x0r«) r»
 k ' . * 

'' ' I' "i 

f+(xQ;.) < f
A(x0?.X}^ .' • " . ' * V 

fE(x0;-> g f
+"(x0;') ., . and' ' , _ 

f+(x0;«)"< ft(x0;«) < f°(x0;y)' hold. 

derivatives coincide. v We begin by examining the. case in 

which £(: E •*• IR is convex. ' In this case, .» ' ' - > " 

A " .((x-v'f (x„).))' = E .'i((x.,f'(xn)))'. , j,. '". 
epi f 0 0 epi f • 0 Q ' >* '* 

«« 

A E ' ** ' 
and so, f (XQ?*) '- f °(x0;') = f (XQI*)", where f'jCx0;*)* is 
the one-sided directional derivative defined in (l.'2.3)>. ,,, 
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In addi t ion, , as we* saw i n , s e c t i o n 1 .3 , - K . f ( (x . , f (xQ,) ) ) = 

, ' . ^ p i - f ^ V ^ V ^ - X e t i f ( (x Q , f (x 0 ) ) ) ' = 

' . cl A e p i "f ((x0,f(xo))')' for convex -f , sp f+(x0;«) = 

k i + 
| £ (xQ;«). = f (XQ'>') = ol £'.(*{»,;•) • r (For the definition of 

• the' "closure" "of a function, 'see"{Rol, -Section-- 7] or 
s , , I / * 

definition 1.6.4 Cxi).) It "follows that 3Af(x0) ='9
Ef(x0) = 

3Kf(x&) = 3 f(xft)> = 9
Tf(x0)- for' f , -convex. * |jn addition, if 

f is bounded above on' a neighbourhood of xQ , then 

<Tepi f ' f f V ^ 1 ' =,cl tiepi fUo'^V^," 1- 1 so' f + ( x 0 ; # ) =-
cl f0(xQ;-) ' >nd 3Tf (XQ) " = BBf (xQ) ',. All of these R 

subgradient\sets* in fact; coincide'with the "classical11 

subgradient set defined in .(1.2.1); since 

9f(x0) = {x',eE
,T*X.x,> s f«(x0,-y), ¥ y e E} „ 

.This "fact is" the motivationlbehind the notation in (1.5.5). 

We can now see the .importance of tangeitCoone 'Property 

(J). Tangent cones with this property are those whose associ-

' <. . 

ated subgradient sets coincide with the ordinary subgradient 

for, convex functions, " * ' , 

', r _ Another important case is that in which fg E •*• M is 

strictly differentiable.,at^x~ e E . In, this case (see 

<[Ro3], [BOS]), V'f(x0)y s= f
A(x'0;y) * £

K(x0;y)- = f
k(x0;y) = 

f+(x0;y) = f°(x0;y) = f
E(xQ;y) V fL('x0;y) , andg 7f(xQ) =/ 

R * 
9 f (xfi) * for each, of the R> subgradients cornespon'ding with 

fc ' . „ • „ " " 
th&se directional derivatives. This fact is essential, 

since thl goal of subdifferential calculus,*i&, after all, 
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the extension of the differential calculus^ 

We next considerpBimplifications of (1.5.10) which can 

be obtained when f is not necessarily differentiable but' 

satisfies some continuity property. 

Proposition 1.5.13: Let f: E -> B be l.s.c. at x. e dom f, 

and let R be .a q-cone with # := 3 and K(X) = X . Then 

(1.5.10) becomes " 

(1.5.18) £R(x«jy) D inf 0 inf . 
U YeW(y) XeN(xn) A>0 ZeM(Y) 

u>0 U 

V sup . 0' D' f(x-fty')-.,£(x).> 
1 ' xeX te(0,A) y'eYnZ ". Z 

f(x)<f(xQ)+u ^ , . 

-* - . • : . 

Proof': De'note the right* hand side of (1.5-18) 'by , S, and 

suppose fR(xQ;y) < d . Thenefor all -5 > 6 , * ,Y e N(y) , 

there exists X e-M(x.) and u > 0 , $ A > 0 , there 

exists Z e M(Y) ", for. all (x,r) e X x (f (xQ)-uj*f (x.-) +u) n 

epi f , $' t e (0,A) , *'' y.« e Z , f(x+tY')-r < d +j § f 

Choose X, c x , if necessary, such that- f(x) >f(x.)'-u ' 

for all x e X, . Then-for any y* e Z and- t e (0,A) , 

(x,r) r satisfies , "x e X, , re (f (xQ)-u,f (xQ)+u) , 

if(?) i r , implies f ( x + t y f , ) ~ r < d + 6 " if. and only if x 

satisfies "x e X, ,,„f(x) < f(xfl) + u implies 

f(x+ty^)-f_(x) < d + 6 v > T h u s fR(X();y) < d if 'and only 

if S £ d t and (1.5.18) holds. " D 



Corollary 1.5.14 ([Ro3] , [Ro5]): Let f: E + H be'l.s.c. 

•at xn e dom f . Then 

•f. 

. 11.5.19) f (xn;y) =sup inf sup 
Y^W(y) XeN(xQ) xeX 

y>0 f(x)<f(x )+y 
A>0 te(0,A) u • 

* ' . 'inf f(*+ty')-f(x) . 
y'eY fc' • 

Proposition 1.5.15; Let f•, E •*• E be continuous at x~ , 

and suppose 'R is a q-cone with <# := 3 and fC(X) = X . 

Then (1.5.10) reduces to A 

(1.5.20) fR(xn;y) = D inf 0 inf 
U YeN(y) XeN(xn) A>0 ZeM(Y) 

; ' , sup o- n* - £ ( x + t Y ' > - f ( x > . 
xeX te(0,A) y'eYnZ _ t-' > 

' '' \ 
Proof: As usual,, denote the right-hand side of (1.5.20) by 

R ' I S , and suppose f (xQ;y) < d . Then"for all 5 > 0 , 

* Y e W(y) , there exist X e ,W(xQ) and .y > 0 , $ A > 0 , 

a ZeM(Y), for all (x,r) c X x (f(xQ)-y,f(X0)+IJ) n epi f , 

$' t ,e (0,A) , *•' y» e 2 , ffx+ty')-r < d + 6 . Since, f . 

% is continuous, we may assume, by choosing a smaller neighbor

hood X if necessary, that f(x) e (f (xQ)-]x,f (x' )+y) for-

all ' x evX ."" Then for any, y' e Z and t e (0,A) , (x,r) 

satisfies "x e X , r "^(f(xQ)-y,f(xQ)+y) , f(x) < r 

implies, •—^—% < d +'6 " if and only if x satisfies 
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f ( x + t y ' ) - f ( x ) : , ^ * „ „«,„„ J l , "x-e X implies ^ X ^ Y ' ~x W < d + 6 " ., Thus fK(xQ;y) <d 

i f and'orily i f S "< 4 , arid (1.5.20) ho lds . 0 

Corollary 1.5.16; Let f-: E ->• ll, be continuous at xQ . 

Then f (xQ;») 'can be expressed as in (1.5.16) and 

(1.5."21) f,(xn;y) = sup inf' sun 
' YeN(y) XeN(x„) xeX 

. . - , - "X>0 . te(0rA) 

*. tnf* f (x+ty')-f(x) 

' Y'eY " t 

Definition 1.5.17; -Let - E be a normed space. The 

, function f: E •*• JR 'is said'tq be .locally Lipschitzian near 

xQ e E if there exist' 'X e W(xQ) 'and 'a constant "K > 0 

•such that .|f (x)-f(x1) | ̂  K] Jx-xl j | whenever x,x* e X . 

Proposition -1.5'. 18: Let E 'be a normed space, and suppose 

f: E •-*-S is-locally Lipschitzian near xQ e E . Let R 

be a q-cone with * : * = ¥ , M (Y) = Y , # : = a- and either 

K (X) = X or K (X) =• xQ . Then 

R 
(1.5*22) f (x ;y) = inf 0 inf * sup 

XeN(xQ) A>0 WeK(X) XeXnW 
v 

0' f(x+ty)-f(x) 

te(0,A) t 

Proof: Denote the right hand side of (1.5.22) by S . It 

is clear that fR(xQ;y) < S . Suppose fR(xQ;y) s d . Then 

i 

m 
* 
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.for all 6 > 0 and Y, e W (y) , there exists X e M-CxQ) , 

$ A > 0 , there exists W e K(X) such that for all x e W , 

$' t e (0.,A) , there exists y* e Y with 

* 
f(x+ty'|-f(x) < d + 5 # (For t h e c a s e K(x) = x , this 

characterization of "f (x0;y) s'd" relies on Proposition 

. i.5.15 and"the fact that., f is continuous at xn .) Since 

f is. locally Lipschitzian near1- xQ , there exist 

X 1 e N(xQ) a n d K > 0* such that; for all x , x* e X, , 

ff (x)-f (x') | '< K||x-x'|| . We, may choose X e N(xQ) to be 

smaller, if necessary, so that there exist A, > 0 and 

. Y-L e N(y) with X + [0,A1)Y]L c x i and ||y'-y"|| ̂  "^ V 

for all y',y" e Y± . 

'Now let 6 > 0 and Y e N (y) be given. There exist 

X e H(xQ)' , $ A > 0 , there exists W e K(X) , for all 

x e X n W , $' t e (0,min(A,A,)) ','there exists y1 e Y n Y, 

with 

fQa-ty)-f(x) < f(*+ty') + tf-f(x) 
t -" - ' t 

< f(x'+ty)-f(x) 6 
' " t 2" 

< r + 5 . 

Thus fR(x0;y) & d implies that S < d , arid-(1.5*22) holds. Q 

Corollary 1.5.19: Let E be a riormed space, arid suppose 

•f: E -+-£ is locally Lipschitzian near xQ e E, . Then 
4 0 T* * H* • " 

fMx0,-.) = f
U(xQ;-) , fl (x0;O = f" (x0;«) , 

/ 
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'A k ' E 
f +(x Q;0 = f (XQ,-*) , and f (x Qy) = f (x0*O . 

Remark 1.5.2ft; (a) We will see in section 1.7 that if E 

is a Banach space and f; E •*• K is locally Lipschitzian 

near x» e E , then f (x.;*) = f (x0;-) in addition to 

the relationships listed in Corollary 1.5.19. 

(b) An examination of the proof of Proposition 1.5.18 shows 

that (1.5.22) will also hold if *:=a and M(Y) = Y , and 

so f+(x0;*) = f (x0;*) , ^ ( X Q ? ' ^ = f (x^;*) and 

I* H* 
f (xQ;*) = f ^ X Q , Y ) under the hypotheses of Corollary 

1.5.19. Moreover, we will see in section 1..-7 that 

fX(x0;-)' * f
I*(xQ;-) = f°(x0;.) = f

H*(x0;-) . 

(c) The assumption that # := 3 in Propositions 1.5.15 

and 1.5.18 can also be dropped, but little of interest can 

be deduced from the case # := ¥ and K(X) = X . We will 

see (as was mentioned in section 1.3) that such q-cones are 

too "large" to be useful in applications. 

For our applications to optimization in Chapter 5, we 
i 

are interested in q-cones R for which 0 e 9 f(x„) 

whenever xQ e E is a local minimum of f: E •*• E . We now 

determine which q-cone subgradients satisfy such a 

condition. 

Theorem 1.5.21: Suppose f: E ->• H has a local minimum 

at x„ e E . Then 

(1.5.23) 0 e 3Kf(xQ) 
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Proof; Let y e E be given. Since xQ is a local - - „ 

mm^pium for f , t he re e x i s t s X e ^ (x . ) such t h a t 

f(x) > f(xQ) for all x*e X . Choose Y1 e W(y) and 

X± > 0 such that xQ + [O^.jjY c, x . Then for all * 

t e (0,A) and y» e Y ,'f(x0+ty') -f(xQ) s: 0 , and so 

f (xQ+ty')-f (xQ) 
r— s 0 . Since y was arbitrarily chosen, it 

follows that i 

. » f(xn+ty')-f(xn) 
fr-(xn;y) = sup inf " U 5 Si- 3 0 , 

U YeWCy) y'eY Z I 
A>a te(0,A) 

% 

for all y e E . Thus (1.5.23) holds. ^ , ', Q 

« 

Corollary 1.5.22; Suppose £: E •+ !R has a local minimum 

at xn e E . Then 
0 • . „ , 

i * •> 

(1.5.24) ^ 0 e 9Rf(xQ) 

for any q-cone R which is a subset of the contingent cbne, 

for all t &",x0) e 2 x E . In particular, (1.5.24) holds 

for the q-cones Ac(x ) , Ec(xQ) ,,kp(xQ) , Tc(xQ) , 

* T*(xQ), Hc(xQ) , H*(xQ) , Ic(xQ) , Ij(^) , * C < V * \ 

and Lc(xQ) . 

Proof: Suppose R is a q-cone such that R(C,x0) <= Kc(xfi) 

E A 

for all (CfxQ) e 2 x E , It is not hard to see that , 

R(f,x„) is then contained in K. . f(xQ,€(x0)) ,'and so 
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0 < f (x ;y) < fR(±n ;y) for a l t y* V*E by' Remark 1.5.5Cd) .',' 
- +v- 0. 

pence (1.5.24') -hoiIs. • ' O * \ ^ . . " *' * * • ,. " (' ' 

i ' ' *. J . * " • ' " • ' 
. • • > ." I'. . • ; . • - " 

Remark 1.5.23r I f f i s convex, the .condition 0 e 3f(xA) 
: • ' - • • • • . - , i .: • ) , - . - ° >* 

is sufficient as well as necessary- for"optimality. Thi# ,( 

will not be true in-general of condition (10.24). The best 

we can hope for in general-is that (1;5.24) be a necessary 
'^ '• • - <, ' " * * 

condition for optimality"'i * (See ['Ro5., Chaptei" 5] for more • " ' 
* • " " ! " > ' _ " . " . . * • > 

discussion and examples*) ^ . * ' 

Example 1.5. 24; Condition* (1.5.24") is'., not-ev^n a, necessary 

condition1 for minimality for'q-cones with #.-:!= V " and 

K(X)' = X • .For instance," consider-* the q-rCone -iG-vCx,,) - and ̂  
i y - ' ' - ** -\j. . , 

the function* f: Jl •*• H deffhed.by , £(x) = '|xVi» I t i s not 

hard to 've j^ fy -that G(f ,0) = 3R2 , <SC that" iG*ty ,y)' = '-*> 
R • . \ -

for a l l y e-H , and 3 f(0) --0, . As was mentioned "in* 
' * * " 

sec t ion 1.3, Gnixn) i s the .."smallest"' of the q-,cpnes«with 
C U * - w , . , 

*J # = v and K(X) = X , so 9sf(o>.*= 0 - fpr all* other such 

q-cones, 

1.6. IConvex hulls of tangent cones - . i ' . . ' 

•If a tangency operator #r" tangent cone has, a certain 
i. * * « , ' ̂  

property, will the closure of its convex hull possess the, •• 

* '' , ' -
question. _In particular^ suppose we hav&'a" result involving-' 

* ' \ * 
the contingent cone. If replacing the contingent cone*by 

* 
• "X 

'» * 4 
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the pseudotangent cone would strengthen the result, the 

-answer to the above question, is of interest. 

' /. Fpr-most of the properties we have examined, in 

•Chapter 1, the answer to this question is quite easy. In 

this short section, we compile the answers for the various 

properties we have studied so far. ' * 

Properties'(1) and (2) are clearly preserved when 

closures of convex hulls are taken, since ,cl cone(C-xn) 

•is convex for C ' convex (and is of cpurse always closed) 

and since Vh(xQ) (0) is closed and convex. If 
t 

C, c C * c E , then cl conv C, <= cl conv C 2 r so the closure 

of the convex hull of an is'otone tangency operator is still 

isotone. The answer for property (4) is immediate - the 

closure of the convex hull of any tangency operator is 

convex since closures of convex sets are convex. 

Properties (5) and (6) "are not preserved by closures of 

convex hulls, however. A counterexample for property (6) 
t 

was given in section 1.1. Here*is a counterexample for 
property (5): J 

v Example 1.6.1: In* XI , define C, := { (x,y) |-=-xiy<2x} 
* i 1 

and C2 fc= { (x,y) |y <>_ x or y > 2x} , and let xQ := (0,0). 
y*— • Then Lp (x'n) = inl? C, and Ln (xn) = int C~ , while 

£x ' „ * 1 / •*• / L2 u £ 

'\ ci eonv. L_ (xQ) = C. and - cl conv Lc (xQ) =IR . Thus 
M" , * 1 n , 2 

cl conv Ln (x„-) n cl conv L' = C, , but L„ .-, (xn) = 0 . . > C-] u • c„ i Cnnc^ o j 
'l * « 

/The tangent ,cone Lp(x„) has property (5), but its convex 

• ' • \ 
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hull and closure of its convex hull da not. 

This example illustrates a ma-jor drawback in achieving 

- convexity of a tangent cone by simply taking convex hulls. 

The inclusion in property (5) is very important in appli

cations, and it is not easy to establish whether the convex 

^ hull of a tangent cone satisfies it. 

Proposition 1.6.2: Suppose R is a tangent cone which is 

product-preserving. Then cl, conv R is also product-

preserving". t 

Proof: Suppose x; e C, c E and" x 2 e C 2
 c F , and;let 

y e conv R(C, xC2,(x„,x_)) . Then there exist p > 0 , 

' * • ' • * i 
d. e R(C, x c_, (x, ,x2)) and X.'> 0 , i=l,...,p , with 

P ' P 
I X = 1 and y.« E -X.d. . By (1.4.1), each - / 

i=l x - i=l x x 

di = (ai,b.i) with ' a. c RfC-^xJ and h^ e R(C2,x2) , 

P P ' 
so y = ( £ A.a. , I A b . ) e conv F(C,,x,) xconv R(C9,x0). 

i = 1 i l i = 1 I l ii « i i 

Hence conv R(C.xc_, (x. ,x„)) c conv R(C,,x.) x conv R(C2,x?) . 

Conversely, suppose y, e conv R(C,,x..) and 

ri ' 
y 0 e donv R(C-,x„) . Then" y, = £ A.a. for1some n > 0 , 

n k '. . s 
R(C1,x1) , X^ > 0 , i = 1,... ,n, , X A. = 1 , and 

i=l 1 *< "> " 
a . e 
l 

m • * ' * 
y_ = I A.b. for some m > 0 7 b. e*R(C0,x9) , "y- > 0 , 

*•* i—l X X X <- * X * 

1 ' • 
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m • ' ' i ' -
I ' u . ' = 1 . Assume wi thout l o ^ s of ger ie ra l i ty t h a t m 5 n . 

i = 1 x ' . • ;Y ••' 
Let • u. = 0 , m + l < i ^ r i , arid let \b. , m + l s i < n , 

1 ' • L n • ' 
be arbitrary elements of RCC-,/xO . Then -y0 '= X y.b, 

n, , , *y. - 1 > / 
and (Y1^Y2

) = ,E Xi*ai f'T7 bi* * c°n^CB(C1,x.L) xR(c2,x2)) ; 
i ^ l ii i <• s 

„ s 

< I "f 

since R,(C2,x2) is a, cone. Thus 

conv R'tC^x^ x 'conv R(C2,x2) c conv(R(cL ,x.)' x, R(C2-,x0)) - " 

= conv ; R(C 1 ' xc 2 , (x 1 ,x 2 ) ) by C1.4I1) „ !Heiice jd .4 .1) ,holds 
•s 1 » 1 ' 

for conv R , and so it also must hold for cl conv R .- D 
' * * .. 
\ s, , 

Proposition 1.6*.3; Suppose g:' E -*- F is fetrictly differ-*, 
entiable at xQ e C c E , and suppose R is a tangent cone." 

I 
Assume «(1.4.11)f holds'. Then \ l 

(1.6.1) Vg(xQ) cl conv R(C,xQ) C cl conv R(g(G)',g(x0J) . 

o ' A • . S ' 
\ 

In particular, ' 

,(1.6.'2) . Vg(x0)Pc(x0) c P (g(x0J) : r \> 

Proof;' By (T.4.11), Vg(xQ) R(C,x.) c R(g(C) ,g{x0)') , so 

Vg(xQ)Conv R(C,xQ); = conv Vg (xQ)R(C,x0) c cl cagy R(g(C) ,g.(xQ))', 

, and hence Vg(x„)cl convR(QVxQ) c cl conv R(g(C) ,g(xQ)) . ' 

Assertion (1.6.2) follows from (1.6.1) and Cor'ollary " ' 

1 .4 .8 . ; ' , / , D 

The inclusion (1.6.2).' i& well-known - see for.example 
, • ^ * 

[Bo3] . ' ' ' ' , 

.. *' .'".."•Si 
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' '' We finish -this section by showing ,that the necessary 

'condition for minimality -in (1.5.24) "will hold for / 
' ' < * " . ** 
, c'l conv R ' whenever it holds for -R . ^ ' , • 

* ' s j > i * 
». i < , , * -i /»'-*' r 

Definition 1.6.4 . ([Rol, Sections 5 and 7])'t " Let 
' _ " < ' > ' „ . » * * . 

t f:. E 4- n - be ,an extended real-valued function on, E . 
' * * * * * " 

".' (i)„ ' , The qonvex hull of f, denoted conv f , is the 
1 </* \ ,' • ' ' 

. . function whose epigraph is the convex hull of the 

< * epigraph of f . 
s " ' * 1 ft 

' (ai) The closure of j? , 'denoted cl f , is,the function 

whose epigraph is the "closure of 'the epigraph,'of f . 
r j • ' * ' ' 

, ,' i ' l ' 

s (iii) Suppose ->R is a q-cone and , xQ e dom f .' Define 
' ' • ' t, * 

' i 

• > . ' M - > < • ' 
' - (1.6^3) . f ? °* R (x 0 ;O := Cl conv f R (x Q ; ' ) . • 

_. Propos i t ion 1 .6 .5: Suppose R i s a q-cone-- , if: E« -> K , 

\ < and xn e" dom f * , ' Then '' -.' , 
\ ' u «• • , <• 

, >•> • ' v T . • 

« t g o "D A X 

(,1.6.4) ep i ( f u (x0 ;«)). = c l conv R(f,xQ) . , , 
' " • / ( • ' > 

, ' ' Proof: By Def in i t ion 1 .6 - . 4 ( i i i ) , 

ep i ( f , (xQ;«)) = c l conv R(f ,x, 

t . , -

and'by Remark' i . 5 . 5 ( e ) , h , ' 

R ' . A ' 
e p i f ( x 0 ^ « ) ' = R ( f , X Q ) . 

i 
> • 

*: 

1 j ^ 

m 
i , 

,*' 

, . ' • . / 
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Combiriing these facts gives (1.6.4)'. • 

Proposition 1.6.6; Suppose R is a q-cone, and suppose 

* — ji 

x' is a local mmimizer of f: E •*• K . If condition >' 
" R " % 

(1.5.24) is satisfied for 9 f , then 

(1.6.5)*. 0 e 9C° R f(xQ) := {x
f eE'.[<y;x'> 

^ ^ .ccl conv R, ', "„ ,, _, •> 
£ f (xQ;y) for all, y e E } . 

R " 
Proof: Since 0 e 9 f (xQ), , it follows that r ,a 0 for 

A- ' 

every (y,r) e R(f„x.J . Thus r > 0% for every 

„ (y,r) £ cl conv R(f,xQ) , and 0 e 9co R f (x'Q) by 

Proposition It6.5. ' , 0 

Corollary 1.6.7; Suppose 'R is a q-cOne such t;hat , '-

E 
R,(C,x\J 'c^tCxJ for all (C,xQ) e 2 x E. ,„and suppos'e 

xn is a local ,minimizer for f: E -*• E . Then (1.6.5) holds. 

In particular, 

(1.6.6) '> 0 e 8P.fU0) := 9.°°
 K f(x^) . ' ^ 

V 
Proof; This follows immediately from Proposition 1.6.,6 and 

Corollary 1.5.22,. D 

J 
* «. , ' 

* * 

* 

I » 
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1.7. Alternate characterizations of,tangent cones. 

/ 

Earlier in this chapter, we investigated the effect of 
* \ 

changing $ frop ¥ to -3 in the definition of Kp(x') . 

The tangent cone resulting frdm ,this change in quantifi

cation, k4c(x„) , is product-preserving", unlike. K^(xQ) . 

On the other hand, kc(x-) lacks-property (6) ? a, property 

possessed by the contingent cone. . 

In this section, we examine the "consequences of some -

other slight changed in.quantification in the definitions" 

of q-cones. We begin by discussing the effect of changing 

s from a to ¥ . 

If we change $ from, 3' to, ¥ in-the .definition of 
JU „ 

Tc(xQ) , -we obtain the cone Tc(xQ) , defined in.Corollary 

1,4.11. Treiman [Trl, Lemma 2.1] ahd Penot [Pe3, proof of ' 

Theorem 1] haye, shown that Tc'(xQ) = TfUXrJ when E is a 

Banach space, C c *E is closed, and .Xp.'e C . (This 0 
l M i ; r e s u l t /has important consequences t h a t we w i l l M i s c u s s i n 

Chapter 4.) An examination of Trei,mari's proof sriows t h a t a 

' ' \ Simi la r r e s u l t holds f o r / o t h e r cr-cones with*- # := a, and 

K(X) = X .r We prove t h i s i n P ropos i t ions 1 .7 .1 and 1 .7 .4 . 

P ropos i t ion 1 . 7 . 1 : Suppose R i s a q-cone with # := 3 . , 

KiX)1. = X , * := ¥ , $ := a and wi th M(-) such "that for A. 

a'ny c losed , bounded, and convex Y e H(y) and -any 

Z e M(Y) , Z i s , c l o s e d and convex. Then i f x
Q ; e O , a 

•closed subse t Cf a Banach_space E „, , '' > 

*• \ 
• \ 

" \ 
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i ^ ! ^ ^ ^ 

(1 .7 .1) R(C,xQ) = R*(C,xQ) .:=' {yeE | ¥ Y e W(y) , 

* - 3 X e N(xQ) , ¥ A^> '0 , 3 Z e M(Y) , ¥ X e X n c ' , 

3 t e (0,A) , 3 Y! e Y n Z , x + t y ' e C} . 

Proof : The i n c l u s i o n R(C,xn) c R*(C,x r t) i s immediate 
.r»—Tjr— " • • U 

t " x V s ^ , s , 

from the .definitions of R and R* . Suppose y i R(C,x„), 

Then* there exists ~Y e N(y«)' such that for all X e M(x.) , 

' A*>"0 and' Z e M(Y)- , there exisi: x e X and t e (0,A) 

- with (x+t"z)_n C =' 9 .' Replacing Y by a,'smaller neighbour

hood- if necessary, we may assume that Y ^Pclosed, bounded, 
* * it , 

and convex. We may also assume X is convex. Let such an' 

X* be given,.along with some ,Z e tf(Y) , and choose 

x -e X n C and** A > 0. such that x + AY c x and 

,' *- (x+<AZ) n C = 0 \ 

As, in the, proof, of .[Trl',, Lemma -2.1], order the points of 

A ;= [C n (x + [0,A]zn as follows: , * '-

For any *''x. ,x„ e A , x2 > x., if -and only if - x„ e x, + -tZ 

•for some ' t > o'.'. Since Z is' convex by hypothesis, this" 

order relation is transitive. Now defined sequence 
, CO , . * « 

ix } -, i nduc t ive ly . . Let x-. := x ., Given x , l e t • 
,m m=l i J , 1 m 

such t h a t a- :«= ,s*up{a 'eUl (xm +aZ) n . A ^ j W - * Choose x ... 
in * "c . m / ^ • m •*• 

• x , , •£ (x + V z ) a A where or - B" % 2." im+2[ . Thus i f m+1 4 m m m m 

t > x , z E x + BZ wi th @ < 2 _ { n i + 1 ) .* Let ' * -
» m • • m , , , " , , • • . * 

* 'd = sup{ | |y' | | y"1 eY,}, . Then for all • z. s x ,' '" ' • 

<'xa2"^+1^ .^irtce ,x,-> x .-* for^any k > m , -
# K, lu 

l 

z-x m 1 -m1 
•s. 

* 
f 

% J> 
1« 

^ . 
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{x } , ". is Cauchy, and since E is complete, the sequence 

las a limit x . Since C and x + [0,A]Z are closed, 

x 6\C and x e x +.tZ • for some t e [0,A) . Now if . 

z > x , z S: x fox all m , and - -
' m 

| | z - x | J < | | z - x m l l + I |x f f l - i | | 

i ' * < d 2 " ( m + 1 ) + d2" ( i n + 1 ) = d2"m 

for a l l m . Hence z = 5 , and 'x i s thus maximal under 

< ". We conclude .that* for some r > 0 , (X + (0 , r) Z) n C = 0- . 

Therefore y J RMC,x„) , and so. R*(C,xQ) c R(c,xQ) and 

(1.7.1) holds. *' ' Q 

Corollary 1.7-2: Suppose xn e C , a closed subset of a -" 

Banach space E . Then, Tc(xQ) = T£(X 0) and Hc(x0) = H*(xQ 

If R in Proposition 1.7°1 has M(Y) equal/to the class of 

all non-empty convex compact subsets of Y , 

R(C,xQ) = R*(C,xQ)* . 

* * » 

Corollary 1.7.3; Suppose^ E ̂  is a Banach space, f: E -»- H 

is l.s.c, and x„ e dom f . Then for all y e E , 

^ f • ' ' • - ; 

(1.7.2) , f (xn;y) = sup , inf sup . 
, U' ' YeW(y) XeN(x_) A>0 '• . i * , 

'•" > • 6>0 u f.(x)<f (x' )+<5 ., v0' 

; 9 

\ 

•inf p "Anf ' f^ty')-f(x) ^ 
te'(0,A) yieY , *x" ' 

* * 

-rf' 

*i i i * 

A 
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* ' 

* If f is continuous at x. t then for all y e E , 

\ (1.7.3) " f°(xn;y) = inf , sup sup inf' f(x+ty)-f(x), 
XeW(xQ) A>0 xeX te(0,A) 

lach space E x & . Then T . f((xQ,f(xQ))) 

^ » eUfcer case. epl f u a c a .*»* « * . 

Bane _ 
r • e P 1 

= T* . f((x0,ftxQ)) , and 'so f
+(xQ;0 = f

T (xQ;-) . The 

j . T* 

<f • expression in (1.7.2) is that for f (x„;y) for an l.s.'C. 

function f by (1.5.18). Similarly, H . _((xQ,f(xQ))) 

« H* . f((x0,'f(x0))) , so f°(x0;O = f
H*(xQ;-) and (1.7.3) 

follows from (1.5.20). " ' D 

Proposition 1 ..7.4: Suppose R is a q-cone with # := 3 , 

K(X) = X , * :='3 , and $ := 3 \ Then if C is a closed 

subset of a l.c.s. and xQ e C , 

(1.7.4), R(C,xQ) = R*(C,xQ) = {yeE| 3 YeN(y), 3 XeW(xQ) ', 

¥ A > "0, 3-Z' e M(Y) , ¥ x e X n C , 3 t e (0,A) , 

, ¥ y' c Y n Z , x + ty' e NC} . ' 

Proof; The inc lus ion R(C,xQ) c R*(C,x) i s immediate from 

the de f in i t i on of R and R* . Suppose y I R(C,x ) . Then 

for a l l Y e 'W(y) ', X e N(x„) , A > 0 and Z e M (Y) , there 

e x i s t y1 e Z , x e X n C and t e (0,A) "such t ha t " 
* ' t * 

x + t y ' , i C . . So l e t Y e W(y) , X e ^(xQ) "<arid 

Z e f|(Y) be*given. We may again as'sume ' tha t -X i s convex. 

A 
1 » • - 1 
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Choose x e X n C , y' e Z and A > 0 with x + Ay' e X 

and x+^Xy" i C . Order the points of 

A := C n Ix + {0,A]y'] as follows: For any x, ,x c(&', 

x2 > x if and only if x~ = x. + ty" for some tj> 0 . 

This order relation is again transitive. Arguing as\ii 

Proposition 1.7.1, we conclude that there exists x e X 

and r > 0 with 

(x + (0,r)y') n C =s 0 . 

We can reach this conclusion whether or not E is normed 

i, since or complete, since our Cauchy sequence in this case is 

actually a sequence of real numbers. Therefore 

y i R*(C,XQ) and so R(C,xQ) c R*(C,xQ) and (1.7.4) 

holds. 

Corollary 1.7.5: Suppose C is a closed subset of E and 

x0 e C . Then Ic(xQ) = l£(xQ) and Hc(x0) = H*(xQ) . . 

Moreover, (1.713) holds in any normed space. 

Remark 1.7.6; (a) An examination of, the proof of.* 

Proposition 1.7.4 shows that in fact 
4 

, . ( 1 . 7 . 5 ) R(C,xQ) = R * ( C , X 0 ) = { y e E | 3 Y ' e l ( y ' ) , 3 X e W ( x Q ) 

¥ A > 0 , ¥ x t ? i e X n C , ¥ y , e Y n Z , 

•3 t e (0 fX). , x + t y ' e C} , 

> 

. \ » 1 
.t 

'1 
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a slightly stronger conclusion. v*In (1.7.4), the same 

t e (0,A) must "work" uniformly for y' e Y n Z , while in 

(1.7.5) , a different t', may be used for each y' e Y n Z , * 

(b) If the set C. is not closed, the tangent cones R(C,xA) 
<f 4 [J 

and R*(C,x0) will riot in general be* equal iri either 

Proposition '1.7.1 or Proposition 1.7.4. For.example, if 

C = $ . , Hc(x0) =-0 and H*(xQ) * H for any xQ e B . If 

C := H^\{2"n|ni0} , 1C(0)., = {0} while I*(0) = K + . If 

n=l. 22n/2l 22n~1/2 

Tc(0) = {0} while 4*c(0) = H + 

* 2 (c) In H , there are nonclosed sets which ,show that H* , 
., * 

T* and I* are not convex,or, product-preserving in general. 

For C := Q x gj , H*(0,0) = (QxQ) U ((-H\Q) X CR\Q) , which is 

* * 2 
not convex and not equal to Hffl(0) x H*(0) = H . For > 

ao 

C & C^x c2 , where' C^:= u (-^ , i ) u {0} arid 
» , "it n=u l l 

C2 x-"" ^ (~4nTJ ' 4n+2) u {0} ' T*((0,0)) is not convex. 
n*0 2 ' 2 

' * 

Points of the form (y,sy) e,Tc((0,0)) for s e {0,[2,8], 

132,128] ,...,[24?1+1,24n+3]} , but not for any other positive 

values'of 's . Thus (1,4) and (1,64) are in T*((0,0)) , 

whifLe | (1/4) +~ (1,64) = (1,19). <! T*((G,0)) . This 
example also shows that T* is not product-preserving, » 

since T% (0) = T* ,(0) = H . This same example demonstrates 
i 1« 2 > 

J 
4* 
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that I* i s neither convex nor productimeserving in 

general. 

(d) Examples are given in [Bo8] of closed sets in incomplete 

spaces for which T*(xQ> 7*
 T
r^

xo^ an^ Tc^x0^ ^s n o t 

convex. 

Another consequence of Proposition 1.7.4 is the folloW'-

ing variation of [Ro2, Theorem 2]: 

Corollary 1.7.7: Suppose C is a closed subset of B n and 

xfl e C , and suppose int Tc(x0) f 0 . Then 

m t Tc(xQ) = IQUQ)' . 

Proofr By [Ro2, Theorem 2], int(Tc(x0) = Ic(x..) , so by 

Proposition 1.7.4, int Tc(x„)'= Ic(xQ)> . E 

Our definition of o-cone could have been expanded to 

include tangency operators of the form 

(1.7.6) R* (C,XQ) := {yeE|* YeN(y), # X e N (xQ) , $ A > 0, 

' 3 W e K(X), 3 Z e M(Y) , $' t e (OyX) , s, 

1 ' ' #'x, e X n C n W , * ' y ' e Y n Z, x + ty' eC} . 
• * - 4 

a 

An examination of the proofs in sections 1.3 through 1.6 

shows that the results in these sections still hold for 

R' defined as xn.y^i\l.-S) . Including cones of the form 

'(1.7.6) in our idiscussion adds a few new tanaent cones to 
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our collection; however, none of these new cones is of any 

great import. Still, it is of some interest, to compare 

cont̂ jrof the form (1.7.6) with closely related ones of the 

form (1.3,1). We consider here tliree examples, beginning 
* t * ^ * 

* - J t 

with , ; . " , . ' . , 
* t r 

•> , " tc 

( 1 . 7 . 7 ) H c ( x Q ) := CyeE|3 X e N ( x Q ) , ¥ A > '0 , 3 t „e ( 0 , A ) , , 

¥ x e X n C , x + t y e ,C} . ' ' 

In (101.1), the same t must work uniformly for all 

* * x e X n C , in contrast to the definition of Hc(x0) , in 

which a different t may be used for each x e X n C . It 

is clear that the inclusions >, l ° 

Hc(x0).c H' (x0) c H*(x0) 

always hold, and that these three .tangent cones are equal 

whenever C is a closed subset of a l.c.s. (by 

Proposition 1.7.4 with M(Y) = y) . ,There are nonclosed 

sets, however, for which these three cone's are distinct. 

For example, in H let C := Q+ x n\{2~n|n > 0} . TB.en the 

points (0,1) and (1,6) are in H*(xQ) , while (0 ,lf J? Ĥ , (xQ) 

•and neither (0,1) ̂ nor (1,0) is-in 'H_(x0) .' 

• The example C = Q x Q from Remark 1.7.6(c) shows that 

Hi is in general neither convex nor product-preserving, 

since for this example ^{(0,0)) = H£((0,0)) . 

A 
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. • •-. ' \ K-
W'e next consider the tangent cone 

(1.7.8) /l£(xQ) := {yeE fa Y e N(y), 3, X e N(xQ) , 

¥̂'X "> 0', 3 t e (0,A) , ¥ x eX eC, ¥ y" eY , 

x +ty,' e C} . 

.Here again it is clear that 

4 • ^V c IQ ( XP ) c Ic ( xo ) ' 

aifa that these three tangent cones are equal whenever C is 
1 

a closed subset of a Banach space E . In fact, it turns, out-

that iĵ (x.) and Î fx-) are always the same, c o c u , « 

Proposition 1.7.8: Suppose xQ e C c E . Then 

Ic(x0) - l£(x0>' . 

Proof: Suppose y i Ic(x0) .and let Y e N(y) ,^L e N(xQ) 

.and A > 0 . We may assume without loss of generality that 

Y is closed and convex. Let X.. e N(xQ) and A, e (0>A) 

be such that X, + (0,>A,)Y c X . Choose Y\ e N(y) such 
i 1 j. i y 

that there exists e > 0 with ,(l-e,l+e)y' e Y whenever 

y'*e Y. . There exist X^,X, n- C , tQ e( (0,A.) and 

y* e Y^ with x' + t„y*' i C .* Define 

t := sup{t|tst0, x' +ty* e C} » and call *a s\ x1 + tyj . < 

• [ 

.. - \ > 
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Case 1; Suppose t < tQ . Then; a + (0,t~-t)y' n C'= 0K" 

Let t e (0,t„-t) . There exists x e X n C such that 
•' ' u , . 

x - x ' -+ sy1 for some s e' ( t - t , t ] . Then s + t e ( t , t » ) , 

.'and x + t y ' = *x' + (s+t)y* e a + ( 0 , t . - t ) y ' , s o ' x + t y ' i C 

Case 2; ,Suppose1 t i t ' . .There e x i s t s -e > 0 wi th * 

( i - e , l + e > y ' e Y \ Let i e (0 , —^ . Then • • 

x ' + ( t - t ( l + e ) , t r t ( l - e ) ) y ' c x . I f t h e r e e x i s t s 

*x e [x1 + t - t ( l + e ) , t - t ( l - e ) y ] n Ci , then t h e r e e x i s t s , 

y e. ( l - e , l+e>y ' with x + ty i C . I f no t , c a l l 

m := sup{s]x ' +sY' eC, s s t - t f l f e ) } . Cal l b :^ x' +jmy 
*, . *• 

>" Then t h e r e e x i s t s AQ »e (0,A.) such phat x 

> -b + (0,AQ)y' n C = 0 , Let t e (0,AQ) . There e x i s t s 

x- e X n C such t h a t x = x ' ,+ sy 1 for some s s. (m-t,m] 

Then s + t e (m,m+L) , and * x + t y f =$ x ' .+ sy1 -fty1 e b 

+/ (0,A0)y ' , so x+",ty' i C . , 

* 

Lc"V 
t • 

n either oase, y i IQ(X,?) arid so lA(xQ) <= lc(x^) . 

erefore IC(XQ> = If.(x0) . 

. * Finally we consider 

D > » ' * * 

i v 

(1.7.9) ^ ( X Q ) £= {yeE-|¥ Y e W(y), 3. X e H(xQ) , V A > 0, 

3 t e . (0>X) , ¥ x e X*n C, , 3 Yi" c Y , x +ty* e C} ." 

Once more it is true in general that Tc(xQ) cTl(xeT"tT* (XQ) , 

and Proposition 1.7.1 shows that these three tarigent qones^ 

are equal whenever C is a closed subset -'of a Banach space. 

r 
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If. C c 3R , it is" not hard to establigh (bvfin I argument 

* similar to that used in Proposition 1.7.8)"'that; 

> . * * ' j 
• a J 

Tc(x.) =f Tc(<xQ) . Whether those two tangent cones .are 

equal more-generally is an open question.> 

" ' There is only one q-corie with K(X) =- X and M(Y) = Y , 

* '%that'we have not yet mentioned. It is 

G*(xQ) t~ {yeE | 3 Y e,N(y), ¥ X e H(xQ)', ¥*A > 0, ' 

3 x eX nC, 3 t.„e (0,A) , ¥ y* e Y , x+ty' e C} '. 

i 
p 

Thê  r,eason we have not mentioned G^(xn) is that it, like,. ' s 

/ ' * '' '," 
* "xGc(x0) , is a very ̂ 'trivial" tangent cone Which can only take 

t 
on the values 0 and E , In fact, one can show that 

G*'(xA)
v = G;,(xJ for all (C,xn) e 2* x E . . i , ^ , G*"(x0)
v = G^"(x0)_ for all (C,xQ

s ' ~E 

1.8. Weak tangent Jones' ' • ' • 

One class of tangent cones we have not yet considered 

are the weak tangent cones defined m [Bal] -and £Bo3]. 

Although we will not deal with weak tangent .cones in subse-, 

qftlent chapters, we will discuss them briefly in this ,section-

and define a similar concept which fits into ô ur q-cone 

framework. ,, . ' >^ 

fjn this seption, let E be-a normed space. As in.' 

[Bo3], denote by s the norm xopology on E and denote *1̂y -

T "another locally convex (Hausdorff) topology on E such 

that ' 
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i 

(1.8/.1) - (il 'T *is coarser than* s and 

y . (ii) T-convergent sequences are s-bounded; 

Eet "-»•"/ stand for s-convejrgence and- '*-A(T>" stand , for #/ 
< 

T-convergence, • 

t 

DefiricitJon 1 . 8 . 1 . [Bo3] t Let xQ I E* and C "<= fc,,. ' The -^ . 

' s e q u e n t i a l x-cont ingent cone of C a t x„* i s the se't 

(1 .8 .2) K (C,xfl) := {y,eE | a a.sequence' ' x •+• "x , x 'e C, *», 

3 Aft > 0. such t h a t An(xn-xQ> -A (T)y} . 

% ' " s . 

The sequential x-pseudotangent cone is the 'set 
' . * * • ' 

(1.8.3) - P^(C,x0) :='cl copv KT(c,XQ) .* ,- ' / 

We begin by deriving an equivalent form of (1.8.2*) 

which is easier to compare with our q-cone definitions. 
* . ^~ r ' ' ' » • 

* ' v 

Proposition 1.8.2: An equivalent form of (1.8.2) is 

(1.8.4) K (C,Xj = {yeE 3 seauences t 4- 0 and 
T 0 * ' " • • n 

yn -* (t)y such that ^+-tnyn e C} . 

h Prooff Denote the right-hand side of (1.8.4) by S % and let 

y e KT(C,xQ) with y ̂  0 . Then there exists x e C with 

x •*• x„ and A > 0 such that A (x -xn) -* (x)y . Since n o n ' n. n u •* 

y -£ 0 , we may assume A is a nondecreasing sequence. YV 
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set yn := *JA\~XQ) and tR ;= AR . Then 5^-** (x)y and 

Xg + t yn = ,xn e iL. Since x + xQ*, it follows th 

t Y •* 0 # and so t +" 0 . Hence y. e S . nJn n- J » 
Conversely, let y e S . Then there exist t +" 0 and 
* . v" ».? 1 . " 

Y„ -*(t)y .such that .x^+tv e C . Set x^ := xn +1 y^ n - ^ 0 nJ n *> n 0 n n 
and A„ \- t*" ' .1 Now. a* 

n n *. 
c ** / . ^ . • 

* . J « * • 
„ * * * 

'f 

-sfet and since «{y } is s-bounded 'and t + 0 , it follows that 

x •+ xn . .* Hence y e K (C,x0) . Noting that both sets 

contain 0 , we have .proven (1.8.4)-. . ' D 

Rem'ark 1,8.3; It"is well kriown that if E is a normed 

space, ' " 

(1.8.5/ K (x ) := {yeE [3 t /T0, 3 Yn + Y with 
C O n 

x*+t y e C} 0 n-̂n 

Comparing v( 1.8.5) with -(1.8.4*) , one sees immediately -that 

Kc(xQ) C K (C,xQ) . It is^shown in [Bo3] that the sequential 

T-contingent and T-pseudotangent cones satisfv inclusions 4 

analogous to (1.4.11) and (1.6.2'}, and can thus be used to'* 
, ' <* 

1 sharpen, the Guignard Kuhn-Tuqker conditions' [Guljv These '> 

tangent cones were defined with such applications in mindl> ' 

We now derane and briefly"discuss'a similar tangent 
, { ' ' f 

. cone notion that fits into our q-cone framework. It has 
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w # 

previously been examinee! in'LPel]. * , 

J , ., ( ". .. . 
« s r , 

Definition 1.8.4: Let xQ e. E and% C c ̂  and let N (•) 
» n '* * 

denote ^neighbourhood. The T-contingent cone^of C, at -
*-

•xn is the set, .0 • \ 

- • ^ 

(1 .8 .6) • Kjfyj) J 'SiycE | a Z 'c£. bounded, ¥ Ye ^ ( y ) , 

/ ' • '.f > ' ' *" 

*/. , *./ „ ¥eA > 0, 3 t e (0,AJ) , '3 y ' e Yn Z, x „ + t y ' C(} . * 

The «T-contingent cone id not q u i t e a q-cone s m d e the 

o rde r of I t s ' quan t i f i c a t i ons i s d i f f e r e n t from t h a t i n , 

(1.3.1)4 *Cleariy'WKc(x0) e-K̂ , (C,xQ) c ̂ (Xg) , and'the"-
t* • >' • 

-three sets?.are equal if T ~ s .- * . -f > 

Referring to v&esults'6.F sections 1.3 and 1.4/ we can 

readily deduce a number Cf^properties<of KP(XA) '." As in 
\ ' * ^ sJ 

Proposition 1.3,3, -it- is, a homogeneous tangent cone, It is 
' " '„ * • » 

„ nob-always a closed set - the;proof of Theorem 1.3.4 dbes f 

' î ot work'in this case. A direct" argume^ swws that if C* 

is convex and *xn e C , then* 
' . . : s 

a * l* * ' 

' U * . '« > • '' T ' 

_< cl /cone(C-x 0 ) = x -, c l corie(C-xQ) - Kc-(x_) » 

I f h = m11 -* Km i s s t r i c t l y d i f f e r e n t i a b l e wi th .xn c h (0) 
h , " ' , . ' . • ' ; ° " . 

'and Vh(xJ i s of rank m , t hen /Vh(x n }"" (0) c R - c " 
, • ' . ° -" > J , " *i (Ofc , •' 

"KT T (Xr,-) . * Howeyer, K I ( X , J 'does no t have proper ty (2) 
h . 0 > ) Y > C V v -

s ince the inc lus ion K , l (x^) 'cVh(xn) (ft) does no t 
* • h~l(0)' u . u * 

N 

J 
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necessarily hold. It is immediate as in Theorem 1.3.19-, that 

K„(xQ) is isotone with respeet to set inclusion. .Like the -

s * T ** * ' ' 

contingent,cone, Kc(xQ) is not always convex, doe's not have 

property (5)< and is not product-preserving. It is easy to 

see, arguing as in Theorem 1.3,26, that Jyjjx;.) has prdperty (6) ? 
9 • " ' / • ' ^ " 

W«? conclude this section by demonstrating that Kc(xQ), 

satisfies generalizations of (1.4.11) and !Bo3, Theorem 1]. i 
4 

* I l 

( » 
Definition !«. 8.5: Let E and P be normed spaces and 
—• - . » ,—,— • ( 

x,s e E . , The function g: E.-* F As Frechet differentiable 

' a t xfl i f there exists a l inear continuous Vg(xQ): E •+ F ^ 

• satisfying " , , 
, g(xn ,+th)/g(xj ' . 

(1.8.7) lim H _ I H_ = Vg(x )h , 
t+0 * / 

where the limit in (1.8.7') is, approached- uniformly through 

bounded'subsets of E . . 

Proposition 1.8.6: Suppose g:-*.E + P is Frechet differenti-

able at xQ e C c E and Vg(xJ is T 1 «- x2 
T 

Then • • . 

continuous. 

** 

(1.8.8) ^(xQ)KQ
1(xQ) ^Y^ig^)) . 

Tl 
proof: Let y e K„ (xj , A > 0 and q e W (Vg(xjy) be 
"•"J" ''—b >_ , U U T ^ 1/ 

* '« / L * < *i t y 

giveri. There exists V 4 M„ (0) such that 
T2 

Vg(x,Jy + V + V c u . Since # is Frechet differentiable 

• ° • ,* .- t I 
* ' '< 

V * V . , « 

I 
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> " ' - -
at x0 , there exists Y^ e^N«\{y) and X.j_ e CO,A) ̂  such 

- \ * ' ' • ' ~ 

that for all bounded Z c E containing y , 

g(xrt+ty')-a(xn) ' • *.. " ' 
. . * • 2 t ° - Vcf(x*)y' e V 

* I \ 

•whenever y* e Y.n Z , and t e (0»A,). . Since Vg(Xg) is 

Tt •* x0 continuous, there exists YA e.'N (y) such that, 
. . i. . 

s •» « 

. g(xQ)y'"e 7g(x0)y + V for ail ,y« e Y 2 .,. 

\ 
Thus for all bounded Z containing y , ' ' " 4 

* >t^ *• 

g(xn+ty')-g(xQ) 
(1.8.9) • ~i-H-—£-« H- e Vg(x0)y' + V 

„' c Vg«{x0)y + V + V c 0 

whenever y' e Y. n Y„ n Z arid, t e (0,A,') . Now since 

1 v 

y e,fKc (x/) » there exist a bounded Z c Y^.n Y 2 , 

t €"v(0,Ai) f and y' e Z with xQ + ty
1 e C . Hence by * , 

(1.8.9;), there exists y.e <J n Vk(xQ)Z- such that' 

[ g(xfl) + ty *-g(xn+ty
r) e gtC) .. * 

Therefore Vg(xQ)y e-K (C) tg(xQ)) and (1.8.8) holds. ,; D 

Corollary 1.8.7 (cf.* !Bo3, Proposition, 6J) :- Under the 

hypotheses'*of Proposition 1.8.6̂ , " P ^ X Q ) := cl cohv K^CXg) 

" " ) \ '• - ' • ' ; ' ' • 

>J 
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.. • A'92 - '< 

Tl T2 

'I 

* 

/-

(r.8.10) vgcxgjp^cxg). c Pgs(c)Cg(x0)) .
 f ' H 

' - ' V * • 

- Proposition^!. 8.8 (cf. [B03J Theorem 13): Let f: *E •+M 

•be Frechet differentiable at xn e C c E , arid suppose that . 
y 

Vf(Xg) is T-continuous. A necessary condition for xQ to 

minimize £ ,oyer C is that Vf(xQ) e PpCx-) . ' . ' 

* ' : J «: ' .* • 
Proof: Suppose xQ "minimizes f ,over C , and l e t s 

y e S (xn) . Then there e x i s t s a bouifded se t Z CE such 

tha t f o r "a l l Y e W (y) and A > 0 , there e x i s t t e (0,A) 

arid yi e Y n Z ' w i t h x -.+ , ty ' e C and t • 

\. f (x' +ty<)~f,(xQ) , \ 

• P - t> ^ ° . ' "' 
f -r «, - ^ 

*• . - ' ' i 

Since F i s Frechet d i f f e ren t i ab le and Vf(xQ) .is „ J 
T-continuous, we-conclude that Vf(xQ)y za0 . Hence s 

1* 4* \ ' 

Vf (Xg) e K'(»Xg) . F ina l ly , s ince Vf(x0) / , i s l i nea r and - -* ^ 

,T-continuous, * " 

Vf(x0) e P a(xQ)+". -^ ' D V 

One could go further and make a iasneral definition of 

R (C,x_) . The properties of such tangent cones could"be 

easily established by tjievresults- of sections 1.3 'and 1.4. 

We leave the details of such a development."to the reader. 
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f aarliei , J It was'observed earlier that K (C,x,.):c Kn(xn) in 
w ^ v* . T | U ^ U 
* ; * » * * * 

general. We now, note that xn the case wherev E is reflexive 
' ' ' * * * ' A 

' I «.' * 

and T = w , the weak tocology, the -two, are in fact" equal. 

Proposition*1.8.9; If E is a ̂  reflexive normed. #p\ace and 

*n e, C c E , "then ,K *(C,xn) = K»(xJ . 

Proofs Let, y e K^IXg) 

VC l*(T 

Then-there exist, M > |0 and nets 

t •!• 0 and' y +/(w)y such that C :=. x n + t v e C and 

||y | | "< M . Now! let ot- be such that, t 'i 1 , whenever 

a > an , and consider 

/ 

'IK 

Then (0,y) e w cl C . It is a consequence of "Whitley's 

ponstrUction" [Hoi, p.^ X48] that there <=xist sequences t 
' * ' ' -l '. ' n' 

and c such that t 4- 0 • and t- (c -xn) •* (w)y . 
xx h n n n Therefore, (y e Kw(.C,xQ) . D 

t 

* 

One can apply Corollary 1.8.7 and Proposition 1.8.8 to 

prove an analogue of the Kuhn-Tucker conditions given in 

[Bo3', Tneorem 2]. By Proposition 1.8.9, such a result-would 

coincide with [Bo3, Theorem 2] if E is reflexive and would, 

be an extension of ivt otherwise. r ' , • 

* 
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1.9. Conclusions „ „ , 

In this section, the results of Chapter 1 are summarized 

in a series of tables. * Table 1.9.1 lists .the' ma jot proper-., 

ties studied in Chapter \ , ancf in Table* 1.9 .<2, the combin-
* * "» 

ations„*of properties that do not occur in general (by 

results of section jL.2) are compiled, along with combinations 

which never-foccur for'q-cones. It would be interesting to. 
* 

have further impossibility theorems to rule out more 
< * > 

generally some of the combinations which*never occur for • - * - • a ̂  

q-cones. One other pair Of properties, *3) and' (4), only 

occurs, among q-cones for Gc(xQ) , which is trivially convex 

since it always equals either \ E or (I , 

» Table '1.9.3« collects together the definitions and 

properties of'the specific* tangent cones discussed in Chapter 

1. Counterexamples are exhibited for the properties'a given' 
1 * s. 

i ' t 

cone does not possess. Table 1.9.4 lists a number of 

inclusions relating these, various .tangent/cones, all of which 

can be deduced quickly from the definitions of the cones. In 

Table 1.9.5, the results of sections 1.3 and 1.4 are _ \ 

summarized, making them easier to compare and apply. 

With the information in this chapter, one can presum

ably, as in section 1.8, establish readily the properties of 

a given q-cone. It is also possible to examine known results 

involving q-cones7 arid determine whether they might be , 

sharpened by substituting other tangent' cone's for those" 
• > » > s 

given. * ,f 
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Our results so far -indicate that the most important 

tangent cones are those lying between the pseudotangent' " -
s s « 

cone and the Clarke tangent, cohe, in particular Pc(Xg) ., t ' 

Kc(x0) ; <kc(Xg) , T*(x0) and Tc(xQ)* . In the sequel we 

will focus in« <on these tangent cones, adding- comments ' about 

other tangent cones'when appropriate. , 

» * 

, \ 

% 
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Table 1.9.-It * Tangent cone properties 

(1) If C c E is closed and convex and x- e$\,£* , [ j * f 

(2) 

* '(3) 

' ' (4) „ 

(5) 

*; < ( 6 / 

> C'X) 

(NC) 

Cl R(C,Xg) = cl u A(C-xft) . . 

If , h:'3Rn •* 3Rm is continuously differentiable near ,'. 
' ° * » , 

x0 e h (Q) and Vh(x^) 'lias ran% fli , then" * b 

R(h"1{0) fx"K*.Vh(xo)"1(0) . " * , ' . 

If Cj, c C2 c E , RtC1,x0) ^c. R(C2>x0) for a l i J-

Xg £ E . ' 1 . ' ' . . 

^ 

J* 

R(C',xn) i s convex for a l l ,(C,xn) e>2 x E . * . 

R{C1,x0) n t
vR(C2,x0) ic R(c1nc2 ,x>

0),/for a l l C ^ C ^ E ^ , '% 

ancT x 0 *e E . * • .' ^ " 
£#* 

RCC1uC2,Xg)'c R(C1,xQ) u R(C2,Xg) "for a l l C^C^ c E jfti* 

and "Xn e E . *'" > *' . < , 

R(C1xc2 ,(x1 ,x2)) = R(C1,x1) x R ( C 2 , X 2 ) whenever 

x l £ C l c -E " ^ d x 2 ' e ^ ^ F * ' ** ^ 
— % '* 

If Xg i s a local minimizer for f:vE •+ B , ' / 
%£ 3 R f fx n ) . - ' • . ' * • 
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* * ^fable 1.9.2^ Impossible combinations of 
- » / t angen t cone .p rope r t i e s 

R(C,^j) e ^ c ( x 0 ) ' , ( 1 ) , ( 3 ) , ( | ) 

Theorem 1.2.-4 
R(C,x-0) ;c K C ( X Q K C'2-)S ( 3 ) , (4) 

t . * 

* " -% C.2J, (5) j- Theorem 1,'2.6 

' ( 1 ) ; " (3 ) / (4)'/ (6) ,'* 
* '* ,. % - ie i theorem 1,2.8 

( 2 ) , ( 3 ) r (4)', -'(6) •; • " ^ •". 

' * » 

U), 
* 

C:2) ,• 

• (5)* , ; 

"rtn<, 

• 

iff) 
(«*> 

<~*for*;a, homogeneous cone , "* 
. valued fcatngency operator . - . 

*by Theorem 1.2; 10 

(1 ) , ( 6 ) , R(C,x0) a . ^ C x J J . j 
* . 

(2)', ( 5 ) , R(C,Xg). = Tc(xQ) 
Theorem 1.2,12 

<1J, ( 6 ) , R(C,x0); c k c ( x 0 ) 

<*2)', (6-), R(C,xQ) c k c (x Q ) * 

"••* .f 

for a nome*jeneous. tangency 
o p e r a t o r by Theorem 1.2-..J4 

• > 

*» Additional combinations which'never occur' for quantifica-* 

tiona! tangent cones, cases (a), (b), \c), (&) of (1.3.2) r. v 

f -

* 

y 

-•. 
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Ci) *> -

\ 
( i i ) 

( i i i ) * 

C6), CX) 

.(5) , no t (X) 

C5V, (6) > 

Civ)* (4), (6) ' 

W (6), not (3? . 

<(yi) (4)', (27, not CD 

, Cvlij* 'iey, not U) H : 

(viiij (5), not (4J'r hot (3) 

/-

• sa t i s f i ed by the tangency operator, 

•RCCvXg) 5*. {»} -

V* 
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- Table,lt9.3u Tangent cones 

R(C,XQ) :« {yeE .|, * Y e.N(y) , # X <S N(xfi) , $'X > 'O'Vfc w*« K<X) , -

a 2 e M ft) - , # ' x c w n c " , $» t e (0,X) , *• y* e z * 4 + t j K * c L , 

Name * # $ K M fR c l ,op ' 1 2 3 4 5 6 X > NC 
>••,». • — • , • • — - ^ . . „ , i ml- i i . r tmi . i - f , . , . . . . >i,i. |.ij i • . , . , , , ,J i.l • in, * H ( I * „ , I , „ | , , , M , , U L » — I I H - . . - , •.•!. y„pi» , „ - ILI , I J, • | tr, • ,,, • p . , . I, 

A 

E 

K 

k 

£ 

L 

H* 

B * 

D 

„a 

G 4 | 

T* ' 

-

-

¥ 

V 

3. 

"a 

- ; 

¥ 

V 

% 

V, 

-

-

1 

-

3 

a 

V 

V 

V 

a 

V 

-a 

V 

a 

V 

a 

,v 

a 

V 

a 

V 

xo 

xo 

xo 

XD 

xo 

xo 

X 

» 

x • 

X 

X 

t x 

1 % 

X 

y 

yI 

Y 

Y 

* 
i 

Y 

Y 

y 

•y 

Y 

Y 

Y 

<* 

Y 

f* 

£ 

1 

?•• 

<f £ 

f+ 

H* 

f° 

f° 

f3 

fG 

f T * 

ri 

n 

c l 

' c l / 

op 

o p , 

( 

n 

A 

c l 

* 

OP . 

c l 

+ 

+ 

> 

r 

+ 

6 

r e l 

0 

r e l 

0 

'•fa 

0 

f<3 

0 

1.3.8 

0 

1.3.8 

0 

1,3.8 

+ 

0 

e l O 

elO 

+ 

+ 

• -1 

0 

elO 

0 

e l d " 

0 

elO 

0 

elO 

- + 

+ 

0 

elO 

+ 

+ 

+ 

,+ 

% 
+ 

+ 

+ 

0 

e l ' 

0 

e l 

+ 

+ 

+ 

0 

e l 

0 

0 

e2 

a 
e2 

o a 
,42 

0 

e2 

0 

e2> 

0 

e 7 

+ 

0 

e 8 

0 

e 4 

+, 

9, 
e5 

0 

e 3 

\ + 

0 

* 3 

0 

e 3 

a 
el2 

+ 

0 

e 3 

+ 

0 

e 3 

0 

e3 

9 

e5 

0 

e 3 

*+ 

0 

e3 

+ 

0 , 

e l l 

0 

e3 

0 

63 

0 

e l 3 

' 0 

e 3 

0 

e4 

0 

©11 

0 

e3* 

0 

e l 3 

0' 
i 

e8 

+ 

e 8 

+ 

0 

e l 2 . 

+ 
i 

0 l 

i 
e6 

+ * 

i 

0 

e 8 

+ 

0 

+ 

0 

eS 

+ 

+ 

1 

. + 

•- + 
.. #' 

+ 

1 + 

+ 

1 » . 
f 

1 . 5 . 2 4 

+ 

1 . 5 . 2 4 

0* 

1 . 5 . 2 4 

+ 

Table 1.9.3 continued on following page. * * 

# 
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Table 1.9.3 .^continued) 

- ~> cl(osed) 

'*, 

V 

>•-" 

Name *, # *$ K t M ' 
, [.f. 

T 

i* 
, 

i 
, • > • • , 

, F 

* 

V 

3 

\ 

3 ' 
V 

V 

K 

a 

s, 

a 

"a 

a* 
• 

a 

' V 

r3-

a* 

X 

. 

X 

X 

<x 

'' 

, Y 

! »1 

Y 

, Y 
• 

case 

•1„3.2 

not .a q-cone . * ' 

coneTE-x ) 

—*r •—^—• 

not a 

q-cone ' 

fiV 

f*' 
', 

f1* 

f i 

i 

fF 

£ P -

fj 

o r 
op (en) 

cl, / 

.. 

OP 
-

OP 

c l 

" ? 

0 

cl 

n 

* 

i ; 2 3 4 5, "6 X 
• 

, + j 
. \ 

b 
r e l 

0 

r e l 

o--
fd 

+ 

+ 

+ 

, 

.0** 

elO 

0 

e!0 : 

+ ' 

+, 

0 

elO. 

0 

e l 

-

e l 

0 

e l 

0 

e l 

+ 

+ 

+ 

"0 

0 

e3 

0 

e5 e5 

+ 
* 

+ 

+ 

0 

e2 

+ 

•4 

0 

e3 

0 

e3 

0 

t53 

0 

e l3 

0 

e3 

0 

e3 

V 

a l 3 

0 

e4 

+ 

+ , 

0 

e5 ' 

f 

+ 

Q . 

e? 
* 

0 • 

e8 

NC 

+ 

+ 

"+ 

« 

+ 

/ 

+ 

+ ' 

» , 

U-, 

[ .. 
*.< 



Table-1,9.3 (continued) • 

Abbreviations in Table- 1.9.3: 

Symbol 

. + 

0, 

cl 

(dp 

n 

fd 

' rel 

1.3.8 

1.5.24 

case' c" 

.y> 

, Meaning 

Either V or- 3 . ,. , 

J$ has that property. 

R does not have that property. 

R is always' closed. + 

R is always open. 

/ 

R ^is nei ther open rfior closed in general. . ' 

R has Prpperty 1 in finite dimensions, but not 
in general (see section 1.3). 

rel - * " *"* ', In finite dimensions, R . has Property 1. 
A counterexample for R ,is example 1.3.1J). 

r 

See Example 1.3.8. , . 

See Example 1.5.24. 

• M(Y) = nonempty compact subsets of ,Y . 

<*' 

i i 
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' ' ' >• 'Examples ' r e fe r red to in TkbljSk 1 . 9 . 3 : ,-

,',ei: C 1
, =' '{ ' Ix ,y) fx^0}, Z% = { {xry% |«**0 or y = o K ' x g - (0,0,) ; 

,e2: C = { C x ) y j ' | t a , - | x | } \ , Xg'= (0 ,Q) /. / • ', / 

>,e3:';. c% = gr yvc2 = >0&\Q1'U fO}' , . x 0 = o ;. ." . , - / >' . • t" 

C l = ^ * ' Y > W 0 J / C 2 ' ? ' "{ i ;x ,y)]y=0}, ' xQ '= £0 ,0) ' , : * eAi 

e 5 : \ C i " ' 
. « 

K (74n+T, •'' r*a J ' € 2 = " J l-JS^/-&£& 
. ^ u i2 -> / ,n—u> ^ i <s , 

') / 

>C = C, x.C^ ,' xrt =*'.(0,Q), ,' k x => 0 , x2
: **0 . c2 0 

, V ' e6„: ' ' l C, = fi,-',1 ( C 2 =» &' / X, = 0 , 

- \ " e<7f ,j ' C * Q x* fl -»,. ; x '=' (0,0) . -

' - ' \ e 3 : ' -9s.' = {'2"2n[ri20l i /{0}- r x, « 0 • 
/ . , 1 . ^ v s. , ' 1 

*"** ' , V ' - ' ' - ^ = ,{2 r 2 n + 1 ' |n<5} u {0} ', x2 = 0 

x„ =' 0 ' . 

<\ C = C, ii'/ c 7 , 
i * 

w ^ ( 0 * ' 0 ) - • 
" . , n(n+l). \ * , 'N , ' 

e9: \ ' " C l =''t'27-* *'. ' 
, V , ' , ' 'n(nH-l) " • , . >, ' ' , 

' " . ' * C > = (2~ .•* '- ' | n.'odd} u' {0} , X„ * 0 . 

h even} o {0}, , x 1 = 0 

/ • e i O : l , ; c f * i (x ' , y ) ' t y=x 2 } ,, 'Xg =• (o-,o) . 

e l l : ' , C,, = ( | |,,a n , a 0 , ' 2 2 f t £ m < 2 2 n * 1 } u .{0} , xy = 0 

>l " " t = 
m J 

~+s r l 

•; c 2 ; ^ i { i | 3 n ^ 0 f 22n-*'X 5m < 2 2 n } ,u {0} , x^ = 0 

eX2:M lCn = 3 R + \ { i ' f : a n & 0 , 22n '<m < 2 2 n + 1 } u {0> , x- = 0 ( 

'•' ^ ' c ' « m * \ { ~ | 3 n > 0 , ' 2 2 n " 1 S n i < 2 2 n } u {G> , x9, = 0 . 
i, ' , Iff ^ / 

, ^ , 0 . 
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Tab3fe 1 .9 .4 . '' Tangent cone i nc lu s ions 
* • / 

) 

( i ) i c CXg)^*RtC,x 0 ) f o r a n y ^ c c r i e R 1 

,'(x\\ \ RCC,'X0);c D c (x 0 ) ; ftf a n y q 7 c o n e R 

, ' ( i i i ) / H
c ^ x o 

(ix) 

(x) 

(xi) 

i 

, (x i i ) 

l . c (x 0 ( iv) 

Cv) 

(vi) 

(,vii) TcCxQ 

( v i i i ) I ^ x 0 

LC (X0 

T c < x 0 

H c(x0 

Hc ( xo 

LC(Xg 

^C 0 

^c^o 

, ( x i i i ) Tc<
xo 

; c VXQ 

C E C (Xg 

•c A cCx 0 

C k C ( X g 

f T^CXg 

• c H * ( X g 

<= H^(X, 
Cv~0 

'C F c ( X g 

c GC(XQ 

= '?c (xo 

- i c ( x o 

" TC (Xg 

c coneCCrXg) 

c ^ ( X g h 

C KcCXg) 

C P cCXg) 

c Ac ( xo 

, C k^CXg 

<= A C C X Q 

C KcCXg 

= K C (Xg 

P T * ( X g 

C H*(Xg 

c Tc{xo 

c a c ( X g 

if C is closed in a 1-iC.s. 

if C is closed in a Banach" space 

C AcfXg) 

( 
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Table 1.9.5. Summary af results of Sections 1'.3 and 1.4 

t 

-

-

V 

a 
-

¥ 

a 
a 
V 

-

X 
-

-

-

-

V 

a 
a 
a 
-

-

$ 

-

-

» 

-„ 

-

a 
5 

a 
a 
V 

a 
» i 

K 
• • * 

all 

' * 

-

-

X 

X 

all 

*xo 
all 

M' 
all 

all 

, all 

all 

-

all 

a,b,c 

all 

al/ 

a,b,c 
1 

imply ' 

eone-valuedness 

homogeneity * 

closure 

openness 

isotonic!ty 

convexity 

convexity 

property (5) 

property (6) 

products preserved 

by 3?rop. 
or Thm. 

1.3.2 

1.3.3 

1.3.4 

1,3.7 

1.3.19 

1.3,21 

1.3.23 

1.3.24 

1.3.25 

1.4.2 

* 

V 

" V 

V 

V 

a 
a 

# 

V 

a 

v, 
a 
V 

a 

5\ 

-

-

-

-

-

-

K 
all 

X 

all 

X 

all 

X 

M 
Y 

|Y 

all 

all 

all 

all 

additional assumption 

relative openness 

* 

relative openness 

A open 

relative openness, A opeii. 

imply 

(1.4.11) 

(1.4.11) 

(1-4.13) 

(i.4.13) 

(1.4.13) 

(1.4.13) 

by £rop., Thm. 

1.4.7 „ 

1.4.10 

1.4,13 

1.4.15 

1.4.17 

1.4.19 

(1.4,11) Vg(x0)R(C,Jf0) e R(g<c),g(x )) 

I / 
(1.4.13) A(R(C,x )) c R(A(C) ,AxQ)' . 

II _ n 

In the table above, 

denotes "no restriction". 

"all" denotes "assumption holds for all of cases (a),(b),(c),(d)' 
of (1.3.2). 

1 

"a,b,c" denotes*"assumption holds for cases (a),(b),(c)*» 

"relative Openness" is condition (1.4.16). 

t 
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CHAPTER II 

Generalized Subdifferential Calculus: 
the Finite-dimensional Case" 

2.1. Introduction " " " ^ 

Th§ concept of subgradient was introduced originally for 

convex functions f: E •+• R . by the'definition 

(2.1^1) « 3ffxQ) j= {x'eE
fj<x-x0,x'>'< f(x)-f(XQ) 

. , , v for all x sE] .- , 
* r <*. 

fl x 

These subgradients a4mit a versatileftcalculus (sed<[Rol]r „ 

[E2] and their references) , tjie cornerstofte ̂ of which is th§ 

"subgracfient sum formula": * 

> 

Theorem 2.1.1: Let ĝ r" E ->• J* , g**" E •*• £ be proper convex 

functions, and let Xg e dom f. n dom f» ., Assume 

b * 

(2 .1 .2) .• dom g, n i n t dom g2 i- 0 . 

Then. 

(2 ,1 .3) «(g1+g2) (Xg) = Sg^Xfl) + te2
(V ' 

Note that the inclusion Sg^xJ + 3g2(xQ) c 9 (g 4-gJ (xg) 

follows immediately from (2,1.1). The proof of the opposite 

inclusion in U,1.3) uses (2,1.2) to invoke some equivalent 

' - 105 - ' 
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of*the Hahn-Banach theorem (JE2]', {Hol])<. if B : = 3Rn f 

assumption .(2.1.2) can be.replaced by the weaker requirement 

{Rol, Theorem 23.'81. - , ' • - , . ' " . ' * > 

i 

(2\t.4)* ' r i dom g* n ' r r dom g2 #'0 . l ;, 
c- ' i '> | £ f e , i 4 i - v. ' 

i 1 1 : « v t 1 V - • ' • - ' 
', In section 1.5, we saw that-for a convex function 

f«: E'-*- * and' x„ e dom f' , - ', < -

,3f.(xn) = S
Af(xft) = $E£(xn)'=* ,3Kf Cx0)" 

^f(X 0) ~ ̂ ^ ( X Q ) ,', 

and'if'in addition xn e int dom f , 

3Hf (xQ)' * '&£(x0J . 

Do there exist analogues of Theorem 2,. 1.1 involving 

R-subgradients which are*, valid for wider classes of 

functions? The answer ds yes.- For.locally Lipschitzian 

functions defined on a normed space, Clarke ({C12], [C13], , 

and LC14, chapter 2]) and Hiriart-Urruty tHilJ have ' ' 

developed an extensive calculus ,foir $ f . More recentlyf 

T ' 
Rockafellar [Ro3] has derived a calculus for 5 f which 

H " ' ' 

generalizes that for 9f and 3 f and is1 valid for 

functions which are not necessarily convex or even continuous 

(see also [Ro5J, [C14, section 2.9]). In this latter develop

ment, the analogue of Theorem 2.1.1 is the following results 
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Theorem 2.1.2 [Ro3, Theorem 23: Let E be a l.c.s., 

f,t E -* H and f2: E -*- B , and suppose f, and f2 are 

finite at ' sL . Assume 

(2.1.5) dom fi; (xQ;«) n int dom f2
+(x0;*) J pf, . 

Then . . . , ' ' v 

(2.1.6) ' ,3T(f, + £,)(xn) c a
Tf,(x') + 3Tf^xA) 

Remark" ' 2 . 1 . 3 : (a) Equal i ty does h o t ' i n genera l held in -

(2 .1 .6 , ) / as 'demonstrated by the following example, given i n 

U o 5 ] : Define f 1 : » •*• V. by f ^ x ) := | x | and 

f 2 : l t E by f 2 (x) :« - J x | , and l e t xQ : - 0 „ Then 

£x +• f2 3 0 and ^ ( f - j + f ^ . t O ) s 0 ,' whi le . 9 ^ ( 0 ) , = 

3Tf2C0) = [-1,1] , so t h a t 8 T f l (0) + 9Tf2(0) = [-2',2I . 

Conditions s u f f i c i e n t for e q u a l i t y i n (2.1-6)- a r e given i n 

{Ro3]. We w i l l d i scuss t&em in s ec t ion 2 .4 . 

(b) Statements (2.1.5) and (2.1.,6) may be w r i t t e n , 

equ iva len t ly [Bo7] as , • . ' . i 

(2 .1.7) 
» i 

and 

t " I 
dom f- (Xg;«) n dom f2 (xQ;«) ? 0 

( 2 . 1 . 8 ) . * ^ < f x + f 2 ) (x0) c 8 T f 1 (x 0 ) + , 3 I f 2 ( x 0 ) '. 

The "proof of Theorem 2.1.2 replies in a fundamental way 

upon the convexity of the Clarke tangent-cone. Recall 
f 

(Remark 1.5.3(b)) that . , 
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(2.1,9) ' - efci f+(xqj«) = \ p i f(Cx0,f(x0))> 

•f Through (2.1.9), f (xQ;') inherits important properties 
•s. 

from the Clarke tangent cone. Since Tc(Xg) is closed, 

t (XQ,*«) -is l.s-.c. r and since Tc(Xg) is a convex cone', 

f (xQ;») is convex and positively homogeneous. As a ' 
result, either 

•A 

(2.1.10) (a) f (xQ?0) = 0 , in which case f C"Xg,») is 

proper 

or (b) f (Xg?0) = -00 , in which case f (XgW is 

'equal to -<* throughout its domain and 

3Tf (xrt) * 0 . 

Using these facts, Rockafellar's proof proceeds by the 

following strategy: First, the direct characterization of 

£ (x0?y) given in (1.5.17) and the fact that f (xQ;y) = 
T 

f (X Q;Y) ' for y e int dom f (x0;'> are applied to prove " 

,that if (2.1,5) holds, then 

* i 

^ ^ . l . l l ) (f1+f2)
 + (x0;y) * fi(x0ty) + f2

f(x0;y) 

^—^ ' "for all y e E . 

Secondly, it is observed that if either £, (x0;0)* 'or 

f2
+(x0?0) = -« , then (f1+f2)

+(x0y0) = -« by (2.1.11) and 

"^(f-j+f^ (xQ) = 0 by (2.1.10) (b). Otherwise, for i = 1,2 
A « m 

f. (Xg?*) are proper convex functions, 3 f.(xQ) -
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* 

t f 

3f.(x0;«)(0) ", and (2.1.5) is just (2.1.2) with 

g. = f (xnj')
S*. Finally,. (2.1.11) and Theorem -2.1,1 are 

combined to prove (2,1.6). * - \ 

It is interesting to note that Theorem 2.1.1, which is 
• * t *' 

used to prove Theorem 2.«1.2, is in turn a corollary of ' " 
- ' f \ * " 

Theorem 2.1,2. -This becomes easier to see after it is 
observed that'(2.1.2) can beXwritten .equivalently as, 

(2.1.12)* dom gj(x0i«) n 'int.dom g^Xg,**) £ 0^. 

• 
'Unfortunately, Theorem 2.1.2 is not strong1 enough to 

regapture the finite-dimensional version of Theorem 2.1.1, 

in-which assumption.(2.1.2) is replaced by (2.1.4). One of 

our purposes in this chapter is to produce a finite-dimen- . 
m 

sional calqulus for 3 f which i s strong enough to 

encompass as a special case the strongest version of the 

finite-dimensional subdifferent ial calculus for convex 

functions- {[Rol , Section 23]) . We do so by a method m 

some ways similar t o , arid in some ways different from, the 
i 

method cf proof for Theorem 2.1.2 'outlined above. In our 
4 ' 

version of the subgradient sum formula, we f i r s t es tabl ish 

(2.1.11)-, then use [Rol, Theorem 23.8] to prove (2 .1 .6) , tin 

overal l pat tern followed in *{Rp3]. However, rather than 

work d i rec t ly with (1.5.17W aŝ  in IR63], we rely on an , 

"inversion theorem"- of ^orwBgJ lBo5]f i^cluwion (1.4.18) of 

Corollary 1.4.12, and the ' r e la t ionsh ip in (2.1.9) to-prove 

(2.1,11) more easily, than in {Ro3J and with an assumption 
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A no - -
r \ - ' . \ * " -

less demanding than (2.1.5).' » 
' * « **> 

Here 'is an outline of Chapter 2j In sectiou 2*2, we 

collect the preliminary results that we .will employ in 

proving suodifferentic&^alculus formulae. We prove our two 

main subdifferential calculus formulae in section 2.3 and 

give a number of corollaries. This section contains' ~* 

finite-dimensional strengthenings of many of the- restilts in 

[Ro3], as well as a few formulae - product and cmotlent rules 

-*that have no analogue in [Ro33. In s'ection 2.4, we prove 

directional -derivative inequalities involving £ (xQ?«) and 
k ' "* f " * 

f (Xg;*) and use them to derive*conditions guaranteeing 

equality in the inequalities and inclusions'*of se.cti.ori 2.3,' 

These conditions are somewhat weaker than the usual * 'f 

"subdifferential regularity" conditions [Ro3], Some of our -, 
k i ' " • 

inequalities involving f+(Xgj*> and f ($*.;») will have * 
, .""% ' 

further application in Chapter 5-in generalizing previous 
. • * * 

results about "upper convex approximates". Finally, in 

section 2.5, we indicate briefly how the methods of this 

chapter can be used to derive subdifferential Calculus* 

formulae for extended real valued function^ defined on 

Banach spaces. * . - " 

In subsequent sections, we will simplify notation by 
' T* 

writing simply " 3f" in place of "3 f", since this causes no 
ambiguity. The notation "3f" has previously been used in 

IT 

the locally Lipschitzian case (in place of our 3 f) as well 
as in the convex case? however, as we ,saw in section 1.5, 
T 3 f coincides with 3f in* the convex case (since the Clarke 

f I { 

iit, 

http://se.cti.ori


i - • * * : 
' t angent cone has p rope r ty (11) and i n , t h e local ly . Lips-chltzian 

•case (by Corollary 1.5.19);. ' One ' further n o t a t i o n a l ' n o t e : 

in sec t ion 2.4", we w i l l use,- fn(x-n;«) -as an a l t e r n a t e . 

k 
notation for f (x_;«) . " 

• u . 

• Very,recently, loffe, in the significant paper [12]/ has 

, used an entirely 'different approach to prqve some of the 

.results of" section .2.3. Specifically, he has derived 

C6rollaries 2.3.5 and 2,3.7 and Proposition.'2.3,14 as special 

pases of results in*the calculus of "approximate subdiffer*-* * 

,entials". In contrast-to our "convex analysis.based" -

approach, lo.ffe uses a penalty type argument to. establish*, an 

analogue of Theorem 2.1.2 for approximate subdifferentiajLs, 
, * -" -

then passes to a corresponding r e s u l t for 3f ' by means of 

the important inclus ion C[Pe2], [Pe3], [ T r l ] , 4.1.15) 

lim inf K„(xA) e T_(xrt) • - „ 
v > ^ " 0 C O T° • * 

. .*• 

We will discuss this inclusion - and approximate subdrffer-

entials - in chapter 4.. While 'our methods do not yield*, 

results about approximate subdifferentials, they do, seem to 

provide a simpler and more versatile method of establishing ' 

generalized subdifferential calculus rules of the type 

presented in section 2.3. 

Even more recently, Rockafel]^af [Ro7] has derived 

inclusions (2.3.3), (2.3.6), (2.3.16), and (2.3.33) by an 

approach that is "dual" to that taken here. The methods 
4 

used in [Ro7-] center around the normal Cone Nc(Xg) * (see 

Definition 2.3.2) and earlier results of Rockafellar on 

proximal normals. "The methods^ of [Ro7] can be very fruit- " 

f-



• . ' ' j ** • « ' . ' 'j 
. • * fully'applied to the-study of perturbed optimization 

/ '. 

problems, however j they do not seem to .yield .any information 
on,conditions for equality in the subgradient inclusions. 

i * 

* 2.2 ..Preliminaries 

*• Definition 2^2.1; Le»£ E be a l.c.s. and xn e C <= E . 
—— , ^ o 

,\ , fa) The se t C i s said to be closed hear xQ i f there 

* „ ^ ex is t s X e N(xg) such tha t X o C i s closed. . 

(b) The function f; E -*-3R i s s t r i c t l y l . s . c . a t x0 i f 

for some a > f(xQ) , the function min{f,a} i s l . s . c . 

(•c)- The function f: E + E i s l . s . q . a t xQ i f for any 

e > 0 , there exis ts -X e N(xfi) such.that 

* f(x) 2 f(xrt) - e for a l l x e X . 

-' ' • &*» O 

It is observed in [Ro6] that if f is strictly l.s.c. 

at Xg , then the set epi f is closed near (xn,f(x_)) and' 

f is liS.c. at x_ . We make the ..further observation that 

* Propositions 1.7.-1 and' 1.7.4 still hold for C closed near 

'""• r „Xg and (1.7.2)| still holds for f merely strictly l.s.o. at 

Xg , by the localization property of q,-cones (Theorem 1*4.16). 

The result that will allow us to weaken assumption 

(2.1.5) is the special case of [Bo5t Theorem 4.1] given, below.^ 

Notice that a corollary of Theorem 2.2.2/is the fact that 

v T^tXg) has ProPerty (2). 
Theorem. 2.2.2: Let C be a closed Subset of JRp, and let 

G: K
p + Mq be strictly differentiable at xn^r C n G~

1(0) 

Assume t 

(2,2.1) , VG(x0)Tc(Xg) =Mq 

/H-
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Then 

(2.2.2) " T_(xJ n VG(x.) x{0) c T (xft) . 
C U - -u CfnG .(0) U 

•| 

The proof of Theorem 2.2.2 depends on Ekeland's 

variational principle [El], an im^rta^fo* todl of nonsmootb/ 

analysis. 'In a sense, all the "hard work" in t$e proofs- in 

section 2.3 is contained in Theorem 2/2.2. 

Because of the localization property of q-cones, w$ . 

actually need only assume in Theorem'2.2.2 that"C is closed 

near xQ , as we now demonstrate: 

»• i * 

Corollary 2.2.3: In Theorem 2.2*2, replace the hypothesis * 

that C is closed by the hypothesis that C is closed near 

Xg . Then (2.2.2) still holds. 

Proof: Since C is closed near x* , there exists X t M(xQ) 

such that- C n-X is closed." By Theorem 1.4.6 and (2.2.1), 

^JVWV "'^WV =m9 * 

. \ - l 
Hence 5CftX>xo^ n V G . x o 3 " X { . ° ^ c TCnXnG-1(0) ( V ' Applying> ' ^ 

Theorem 1.4.6 again, we conclude tha t "- ' 

- 1 , Tl(x.) n VGCxn) "(0) c T _. - U ) . 
C ° ° . C n G 1 ^ ) ° 

0 

Another key ingredient in the proofs.in section 2.3 is 

ollowing special i 

[Bo5, Corollary 4."2])* 

.the following special' case of Corollary 1.4.1-2'Cs'ee also 
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Proposition 2.2.4:'' Let E , E be l.c.s. and A: E •* E 

be linear and continuous. Let zQ* e C c E . Suppose that 

A*" is.relatively open on*C at z. ; i.'l., 
» * 

(2.2.3) ̂  For each X e i/(zQ) , there exists Z e N(AzQ) 

such that Z 'a A(C) c A(XnC) . 

Then 

(2,2.4) A(Tc(z0)J
 cTA(c)(AZg) . 

Condition (2.2>.3) is simply condition (1,4.17) with 

g := A . Notice that (2.2.3) holds in, particular whenever A 

is open and one-to-one on C . . . 

2 ' , 
Example 2.2.5: (a) Let A: H •* K be defined by A(x,y) -y; 

C « {(x,y) ]x so ,y <0} u Uo'lp |n = l,2,...} , 'and Zg = (1,0) . 

Then neither (2.2.3) nor (2.2.4) holds, since A(T_(zn)) = 

{y|y £ 0} , while 

r' TAK) ( AV - t0}'-'' s ' 
) . . - . 

(b) It is possible, though, for (2.2.4), toliold without 

(2.2.3) being*satisfied. For example, consider A and zn 

as in (a^, and let Q := {(x,y) |x s= 0;, y < 0} u {(x,*y)|x = 0} s. 
J * ' - ' .' s. 

Here (2.2.3) does not hold, but (.2,2.4) does, .since * 

*A(Tc(z0]>) * {y|y£0} and TA(C) (AZg) = » . 

* t f 
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In >sectibn 2 .3 , we wi l l es tabl ish calculus, rules •• ;-

involving functions of two forms: ' * 

* n' -
(2.2.5) (a) h ;= f. + f o 0 F , where f , : B +K i s . 

1 *• ' 1 V 

strs |ct ly l . s . c . a t xfl , f2:,Hm.j>-K i s ' -

" s t r i c t l y l . s . c , ' at F(xQ) , and F: -Rn + i m 

, ' . i s s t r i c t l y different iable a t x_ € dom f o <* , 

.- F'^dom f J . .. ' ,, , " V ' 

(b} jh := ,Fo f ', where , f -= (f:,.'.*< ,'f *) ', each 
, » , . 1 > n ( ' 

£.: P1*1 •*• 5 is strictly l.s.C.'at x , and < 

' % • ' F? E n -*• Ji .is isptono (nondecreasing) with 
«• ' - i 

respect'to the coordinate'ordering in R .- ,,,. 

v. » ~ * 

The proofs of these calculus rules will consist of two• 

stages, as Was mentioned in section 2.1: 

Stage Is Establish a directional derivative inequality with 

-the help ofHI^.S) , inclusions (2.2.2)-and (2.2.4), 

and the fact that the Clarke tangent cone is 

product-preserving (Corollary li. 4,. 3J. 

Stage 2: Use that inequality and a convex subdifferential 

v calculus formula to establish a corresponding 

• subgradient inclusion. 

condition (2.2.3) holds for the appropriate A , C and zQ 
» * 

We do so below in two technical lemmas. In the'proofs of " 

r' 

In<order to carry out stage 1, we need to e s t ab l i sh , tha t ' ' 
'1 ' i 

\ 
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these lemmas, for x = (x1f;..,x ) € HF- and e > 0 , we 
i p 

define B£ (x) ;= ly = (y^.,. ,y 5 € iP jyi~-xi4 < e, i = ! , . . . , p } 

Lejnma 2.2'.6: Let E , E1 -be l . c . s , , and l e t F: E -> E be 

ntinuous a t ' xn , f,: E -*-R be ' f in i t e and l . s . c . at 
[and- f2: E- •*• 5 be f in / t^ and l . s . c , at F(xQ) , Befine 

1 , '' * ' ' . \ 
•A; E xp XE* XJR -v E xp by A(x,y,z;,r) := (x,y+r) and 

4 ^ s < 
G: E x i x s S i * E by G(x,y,z,r) : = F ( x ) - z . 'Then ' 
(2.2.3^ is satisfied with 'A as above, 

C := (epi f, x epi f2) n G~ (0) , and 
i 

zQ := (XQ^^IXQ) >F(xg) ,f2(F(XQ))1 . < 

Proof: Let e > Q , U e W(x ) , and Y e W(F(xQ)) be given, 

and let X := U x B^f-^Xg)) x Y x Bg (%2 (F(xQ) ))' e. N(zQ) . 

By hypothesis, there exists U, c u , U, e N(x.) such that 

for all ,x e U.. , we have , 
A. X 

fx(x) s f1(Xg) - e/3 , 
i 

r F(x') E Y , and 

(fy?) (x) ̂ (fyFJ (xQ) - e/3 * 

Define N := 0. >f Bi>/,(f.(xJ).xY'XB,/,(f,(t(xJ)) . Since \ l e/3 l o e/3 i 0 

A- is surjective, Z := A(N) e W(AzQ) .< We will now verify 

that Z n A(C) c A(XnC) . To do so, let " (x,r) e Z n A(C) . 

Since (x,r) e Z , there exists (x,y/z,r) e N with x = x , 

y + r = r . Since (x,r) e A(C) , there exists 
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so 

Z's-

r e 

(x* ,y' ,z' ,r>') E C with r x' - x , y' +r' =• r f and 
, ' • ' • • : * , ' " :! • . ', ' > • • , . ' 

llx'l'sy' , Z ' = F ( X ' ) ;('f-tz.*) <r*:. Now. x! € U, ', 

e,Y . 'Also, 'r £^.B£^(t^^)) ,+
;
l,Be/3f(f2(F{x0))) , so 

B2e/3(f1(-xQ)-'+' f2('Ftxg)')',)•_,,; Finally, since ' y' + r" = r 
, I ; ' ' ' s ' ' '' ' ' , '• ' x 

and y' s f^x-) -i'e/3>> we'conclude that y" e, B^f-^Xg)) 

and r' e B '<f2(tf(x )}) \, Thus, ,<x' /'y'̂ z.1 ,r') e X -, and so 

(x,r) £ A(XhC)' «'- We conclude that Z' !• A'(C), cA(XnC) '. , 
D 

Definition 2'.2.7:('> F: B a •*• S ,',is isotone on, D '<= B n if 
'/ 

F(x)^s F(y) whenever1 x,y t D and , x s y '(with respect to 
* ' ' ' > * il > , ' , . , • ' ' / '' ' 4 th 

the coordinate ordering)'. , F is striotly isotone in the i 

coordinate at ' X':= (x.,...*x ) 'ell,/ if F(x) < 'F(y) «,' ̂  

whenever x <, y and ,x, < y. ,] . ' • . ' ' ,, ', , 

Lemma 2.2.8: Let' ;$ : E ViC'.,, i' •=> 1,.'.;!,n be finite and 

l.s.c.) at" xQ , and'call , f ;= Cf̂ ,, ...,£_),'. Lt5t F: K n -*•*£ 

be finite at f(x„)' , isotone On B (f(x„)) + H ^ for some', 

tn' > 0 , and l.s.c. "pefine "<A: '..(E'xR)!
11 * R n + i + $ x R by •' 

-o 
(Here x, € R1? , A ( x 1 , y 1 , . . . , x n , y n , z 1 , ' . . . i Z n , r ) ;:=; ( x ^ r ) 

y , , Z i e R .) Define, G: (E X R ) ? ' X R n + 1 + E11"1 x Rn by 

G ( x l '^l"-"xn'yn'z l ' ,"*'Vr ' :~ ( xr x2'k*" xr xn' y l" 
rY ~ z ) 
,Jn n 

Assume for eaqh i).e { ! , . . . ;n} t h a t e i t h e r 

(l)v * £' i s ' continuous a t x~ , or (2) F i s s t r i c t l y 

"' i so ton^ i n ' t h e j t h coo rd ina t e a t ; f (x„) . Then (2 .2 ,3 ) i s 

- s a t i s f i e d w i t h ' ' A , as abOve, • ' • ' *̂ 
) ' *' - i 

C :* (epi f J x . . , x e p i f x e p i F) rt p (0) , arid 

Zg := ( X 0 , f 1 ( X g ) , . . . , X g , f n ( X g ) , f''Ij, (Xg) , . . . , f ft (Xg) , F ( f ( X g ) ) ) 
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Proof: Let e >-0 and-'U e W(x„) be given, and, define 

n . , - „ ' ' 
X ;= _H (U><Be(f,(x0))) x Be(f<Xg),} * B^ (F(f (xQ))) e N(Zg) . 

Far t > 0 , define Ufc := H y ^ i . " . ^ ) e Rn|y j. > ^ ( X g J - t , 

i = l , . . . , n } . . By hypothesis, F i s isotone on ' U. for 

same t . > 0 . Let I c.{l,* . . , n } be the se t of coordinates 

in Which F i s s t r i c t l y ' i s o t o n e a t . f(Xg') . Suppose ,1 e I . 

We claim that there ex is t s &$i> e (»>,tn) such tha t 
•v , , 1 - U 

pff-^Xg) -yi)...^.fi(x0) +e,... ,£n(Xg)-ui) >-F(f(Xg)) . If, • 

not, then for all t e (0,t,») , ' • 

' F(f1(x0)-t,..,,,fi(x0) +e,...,fn^c0)-t) < F(f(x0)j '. 

But since F is l.s.c, it follows that 

F,(f1(Xg) ,., ̂ ^ ( X Q ) +e,„..,f (xQ)) < F(f(xQ)) . 

This contradicts our assumption' that i e I . Se/for each 

i e I , we' can choose u, € (0rt„) with 

Si := F(fl(x0}*'Iif"f'fi(xo'- +^"»',' f
n^o

)~ pi )" F ( f^ x0^ > 0 , 

- 1 • , ' » ' ' ' , » ' 
' ' Let \t = ,min p. , and let 6 = -y mih <5, . Then if- • 

I , 1 • / - z I ' v 

' r' e B, (F(f(xA)) n F(U ) ' ,' i t 1 follows from the Isotori ici ty 
''. 9 ^ ' ' -,. , 

Of F that' r = F(y) for some y - (y1r...,y ), .with 

y> < ^(Xg) +-e for all i.e 1 . Now. by assumptions (1) 

and (2)-, there exists V e,A/(x») , V c u such that' 

f.(x) e B (t.(Xg))' whenever' x,-e V , y ft I' , and . -

,-f. (x) a f. (x̂ .) -u whenever • x e v" , jj € 'I . Let ,, , -
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n 
' N :« n (VxB (f,(xJ))xB (f(xft])xB,(F(f(xJ)) . Again 

l-l t t 

Z :=. A(N) e M(Azl) . We will now show,that Z nA(C) cA(XoC), 

Suppose *(x,r) e Z n A(C)1. Since (x,r) e A(N) ,*-x must be 

in V and r in Bg(F(f(xQ))) . Since (x,r) e A(C) , 

.there exists1 y e R a with _ ,f (x) <. y and F(y) s r . Thus 

<- y :„= f(x) satisfies F(y) s r , y. £ Bp(f.(xQ)) for all 
j i I , and f.(xn) - u < y <. f, (xn) +e for all l e i . 

' 3 ** * 3 3 " . 

We conclude that (x,y,,.., ,x,y ,,y1,.,, ,y • ,r) e X n C ,"and 

so (x,r) e A(XnC)" . •> D 

Remark 2.2.9: The hypotheses of Lenma 2.2.8 hold in the 

following important cases: - , 

n 
£> 

i=l 

(a) ' F(y,,.*,jy ) :>= 2' y ^ and each f_ l.s.c. at xQ . 

n 
(b) F(y-,,...,y ) := fl y- and each f. positive, and 

i=l 

Its.c.,at, Xn . 

(c) F<y..,...,y ) s= max y and each f. l.s.c. at x. , 
1 n l<j<n ^ 1 > u 

' with f continuous at xn for all j I I(xQ) , where 

I(Xg) := {1 e{1,...,n}|f|(Xg) = max f.(xQ)} 

We will also make use of the following lemma concerning 

preservation of ,isotonicity by R-directional derivatives: 

Lemma 2.2.10: Let E be a l.c.s., and let R be a .q-cone 

with K(X) = X- or K (X) = xQ . < Let ' F: R
n + S , be finite at 

\ 
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n ' ' ^ •-
Xg e R and isotone on a neighbourhood of . xQ . Then 

F (x.;-) is isotone on« R̂ 1 . 

Proof j Let Yi'Yo e •R'B with y., s y , and suppose -

(y2,d) e R(F,Xg) '. It suffices to show *that, , „ . 

(ylfd) e R(F,-Xg) .
 iTo-this end, let -<S > 0 be given. There 

" exists X, e HixJ • such that F is isotone on X., . For a 

given u\e N(0) , there exists ' X 2 e N(xQ) and XQ > 0 such 

that X~ + (0,X_)(y.+U) c x, , i=l,2 ., Keeping in mind that 
« • u 1 1 " 

K(X) = X ' or K(X) =? Xg , we conclude that * U e N-(0) ,, ' 

r 
# X e W(Xg) , # 41 > £J , $-X > 0 , there exist 

W e K(X) x K((F(X 0)-U,F(X 0)+P)) and Z e M(U) , 

#' fx,r) c W^n (X2 x (F(Xg)-u,F'(Xg)-hi)) n epi F , 

$' t £ (0,min(X,A0)T , *• h e Z ,' 

F(x+t{y2+h))-r 
£ v.— < d + e 

Now x+*t(y2+h) 2 x + t ( y 1 + h ) and both x+t(y2+h) and 

x+t'(y,+h) are in X- . By isotonic! ty of ;F ' on X , 

F(x+t(y,+h))-r F(x+t(y„+h))-r - * 
_ ^ - _ — f- • — - < _ — > ! £ , 

t t- , ' 

arid hence (Yi/^)' e R(F,Xg) , as required. [J 

For stage 2 of the proofs in Section 2.3, we require 

two subdifferential calculus rules from convex analysis. 

The first is a hybrid version of |he subgradient sum formula 

(Theorem 2.1.1) and a well-known chain rule ([Rol, Theorem 
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23.91, [E2, Proposition 5.71). It is easily proven by 

suoceSsil^ly applying these two rules. We provide a proof 

of the second result. i r 

Theorem 2.2.11: Let E t E be l.c.s.,'and let . fj-: E -*"R 

and f2: E + R be propdr convex functions.' Let A: E •* E 

be continuous and linear, and suppose xn e.dom f, n A • (dom f2) 
> i 

Assume • • s 

(2.2..6) , A(dom f^) n int dom f2 ¥ 0. . 

Then * » 

(2.2.7) 9(f +f2°A) (xQ) ==' Sf^Xg) + A*3f2(AXg) 

If E := R m arid E := R n , then (2.2.6) may be replaced by 

(2.2.8) A(ri dom f.) n ri dom f2 f 0 . 

Theorem 2.2.12: Let f : E -*• R r i = 1,... ,n be proper 

convex functions, and let F: R •* R be proper, convex and 
'i 

isotone on R . Call f:= (f.,...,f ) „ Suppose 
n ' - • 

Xg e a, dom f. and f(xQ) c dom F . Assume 
i 1 - ! • , i 

(2.2.9) int (dom F) n Crange f + Rn) ? 0" . 

Then A 

(2.2.10) 3(F°f)(Xg) = '{8(X«f) (Xg') |X'>0, X€aF(f(Xg))} . 
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If in addition 

(2.2.11) dom f, n h, int dom f , j l 0 r , 
\ i=2\ " ' 

then • - . * , -

*' " \ 
.(2̂ 2.12.) 3(Fof)(x0) - {X-O!§1(x0)l.,.^f (xQ)) | U 0 , 

, 1 sf " " i " 

^ '" " ' '. ' ' - w A' € 9F(£(x0m*. 

In the special case in which E ŝ R , (2.2.11) may be 

replaced; b y , s 

n i . 
(2.2,13) n ri dom £, f 0\ . 

1=1 

Proof: Let A e 9F(f(xQ)) , X fe 0 , and • x*-e 3(A*f)(xQ) 

Then ' 

<x-x0 ,x*> £ (X-f)(x) - (X«f)(xg) 

* = A.(f (xJ-f (Xg)) 

< F(f(X))-F(f(Xg)) 

, = (F°£)(x) - (F°f ) (Xg) . 

wfcs x* Et-3(P«f) (xQ) , so 

{ A - U f - ^ X g ) , . . . , f n ( x 0 ) ) |A e.3F(f(Xg)),X >.0} 

c { 3 ( * ' f ) (Xg) |Ae3F(f(x0)) /A>0} c3(p»f) (xQ) . 

Conversely / n suppose x* e 3(F°f)(xg) , 



- 123 -

C a l l h := F f . Since F i s i s o t o n e , 
n 

h(x) = min{Ft(y) |fCx)<y} for a l l x e n dom f. . -Then 
' ' sj-° i = l 

it 
h*(x0) := ssup<x rx*>-h(x) - sup {<x,xQ> - F ( y ) |y - f (x) 2: 0} . 

si 
X x,y 

Assumption (2.2.9) guarantees the existence of a Slater point 

for the §bove concave program, so we may/apply the ̂ Lagrange 

multiplier theorem (e.g. tHol,'l4Glju [Rol, Theorem1 28.2]): , 

There exists A > 0 such that •. 

Then-* 

h*(x*) - sup<x,xj> - F(y) + A*(y-f(x)) * 
' x,y 

-= F*(A) + [(A'-f)*(x*) . 

<x,Xg> = h(Xg) + h*(x*) . ' 

= F(f(xff)) '+ (A-f)*(xJ) + F*(A) , 

and so ffe 

<x,xj> +"A.f(x0)' = A-f(Xg) +(A.f)*(xJ).+ F(f(x0))*+F*('A) . 

We now have 

<x,xj> = A'f(Xg) + (X-f)*(xJ) 

and 

A-f(x0) = p(f(x0)) + F*(A) , 

implying that 

A e 3Fjf(xn)) and x* e 3(A^f)(x„) 
0 0' 
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I i 
Thus 3(F»f)(x0) c (3(A*f) (x0)|A,e3P(fCx0)-fr

sX >0}<>.- If in 

addition (2.2.11) holds (or (2.2.13) if E := R m ) , then the 

subgradient sum formula for n functions (see {Rol, Theorem 

23.8] for the- finite-dimensional version) gives 
, i ' 

x* e 3(A«f)(x0) * A«(3f1(xQ),...,3f (Xg)) , so that (2.2.12? 

holds. . * "< D 
. * - i ' 

Remark '2.2.13: Since int(dom F) ^ 0 (because F is proper 

9 ' r • m ' 
and isotone), (2.2.9) is equivalent in the case E s= R to 

1 
the seemingly weaker condition * 

4 * k 

riCdom F) n ri(range f) ̂  0 

2.3, The main theorems and their corollaries 

,n \ ̂ m 
* 

Theorem 2.3.1: Let F: R -> R * be strictly differentiable 

at xn , f,: R
n •+ R finite and strictly l.s.c. at xn , an4 

Itl — * 

f2: R + R f i n i t e * and s t r i c t l y l . s . ' c . a t F(Xg) . Assume 

(2.3.1) VF(xJdom f, * # * * • ) - dom £ * ( x f t ; 0 = R™ . £g)dom f^^Jtkjpc) - dom f2 (Xg,'«) = 

Then for a l l y e Rn , 

(2.3.2) ( f x +f 2 oF)*(x 0 ;y) .* f 1
+ (x Q ;y ) + f 2

+ (F (Xg) ; VF(xQ)y) . 

Moreover, 

* 
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(2.3.3) M f ^ f ^ F ) (Xg) c 3f1Cx0)w + CVF(Xg))
x3f2(F(x0)) 

Proof: Call f :=f1+f2»
NF . .Then 

i 

epi f = {(x1#r) *R
n xRlf^x^ ^ ri/f2*x2^ ~ r2 

r = r, +r 2 , F(x,) ̂ x 2 =* 0, for some x 2 eR
m, t,,r2 e 

Define A , G and zfi as iri Lemma 2.2.6, and define 

C t= epi 1", x epi f2 . Then A(CnG"" (0)) *= epi f . Now 

epi f+(xn;0 = T , (xn,f(xn)) by (2.1.9) 
: U A(CnG~X(Q)) U U 

*,. *=> A(T . UJ) fay Lemma 2,2.6 and 
** ' , . CnG-J"(0) u ' 

Proposition 2-. 2.4. -

Next Observe that (2.3,1) and Corollary 1.4̂ .3 ensure that 

,m 

j*} 

VG(Zg)Tc(z0) =.R . We' can therefore apply Corollary 2.2,3 

k < 

7T , (zn) = TpCzJ n VG(zn)"
:L(0J . 

CnG i(0) ° C ° U . 

Thus 

\ A(T • ) 3 A(T rU n) n VG(zn)"
1(0)) 

CnG_±(0) ^ > U 1 

= A ((epi f}(x0;v) 'x'epi f2(x0;)) 'nVG.(ZQr
1C0>) 

' (by Corollary 1.4*3) 

= A({(h<1,r1,h2,,r2) £R
n X R xi m x»|f* (x0?'h1) * r± , 

f2(Fjx0);h2) s r2 , 7F(x0)h1 =h2>) 

/ ̂  {(h,r1+r2). eR
n xn|f^(xQ;h) < r1 , '* 

Y. f2(F{x0)? VF(Xg)h) S r2> % 

( *• = epi [f£ "(x^ •") +vf2(F(x0); VF,(Xg) (•))].. '. 



i 
'Therefore epi f [xQf) => epi{f*(x0; •) + f2(F(Xg) ;VF(Xg)"(')) J, 

and so (2.3.2) holds'. l , 

The r̂ s.t of th§' proof is much as in fRo3}. Set 

J- 'p̂  := f*(xQ;«)' and p* := f2(F(xQ)f)' . If either p.^0). . 

or*p2(0) "is -» ,_ equality holds in (2,3.3), since (2.3.2) 

shows that both sides of "**sie inclusion are then empty. 

* Assume,v then, that Pj(0) = p2(0) = 0\ Then 
it 

3f'(xQ) * tz €R
nl(.f1+f2<>F)

f(x0;y) > <y,z> Vy eRn}* ' 

-• ' c''f2|P1(y) +VP(x0)
Tp2(y) > <y,z> ¥y e Rn} 

. '' - = 3(p1+VF(x0)
Tp2) (0) . * 

Since, p, and p2 are convex and proper, ̂and since (2.3̂ .1? 

"• -holds, we may apply Theorem 2.2.11 to obtain 

3(p1 + VF(x0)
Tp2) (0) = a^'CO) +VF(x0)

T3p2(0) 

* 9fx<3t ) +VP(Xg)
T3f2(F(Xg)) 

by definition, and so (2.3.3) holds. , • 0 

We can now obtain improved versions, in the finite-

dimensional case, of results in IRO2] and IRO3J. 

* * * r 3 

Definition 2.3.2: Let C c E .- (a) The indicator function 

of C , denoted iQ , is defined by ic(x) <:= |+eo l t h e ^ l s e 

(b) The normal cone to C at xQ is the set 

* tic(x0)' - - ^ ( X Q ) 0 *= {zeE'[<y,z> £ 0 V y € Tc(xQ)} . 

4 
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V 

T , - v . -s . . * # 
* Observe tha t for .xQ e C r i c -Cx0;»") =* i^ ^x j («) / a n d 

3i c(x0) =Nc(xQ,) . • f • V .. -" ' , . ' • * ; V % 
. • - > • - ' . , • >, 

. » w • J' < * r * v ' . - * 
" Qur f i r s t corollary of Theorem 2 .3 .1 j i s a strengthening 

of' [R02, Theorem 5] which has also been proved by Aubin-JAS]-,'4, 
'" , ' " " I ' •" , • - ' » ' 

Corollary 2.3.3:' Let F: 3Rn •*• 3Rm' be strictly differentiable-.; " \ 

a& XQ , and let C, c R
n ' be- closed near x» and C^^'jir 

be closed near P,(Xg) *• Suppose - .."'',, ,' - , 

* ' (2.3.4) • VF(x0)Tc (x0) - T c VCXg))^ =3R
ni . 

• i i. 1 2 ." 

.>X7rtxQrlJc 

• ^ «ST 

• Then 

(2-3:5) ., ̂ n - r ^ O j j W ^ Tc1
{ xo )^.7 r tV"yc2

( p .^o ) ) •'' « 

and ' - •. -

(2 .3 .6) A N C F - l ( C ) ( X g ) C N (Xg) + V F ( X g r N (F(Xg)) . 

1 , ̂  1 , \ 4 * 

Proof: Let £, := L„ , f« := ir in^Theorem 2,3.1. Then 
• " " X 1 ^2 ' r 

(2.3.1) > becomes (2.3.4),,and (2-.3.5) and (2.3.6),. follow from 
• • ' * x ? , 

(2.3.2) and ' (2 .3 .3 ) , respect ively, , ' d 

• . y . •, • 
Remark 2.3.4: If F := A is linear,% (2.3.4) can he weakened 

to 
* s " 

(2 .3 .7) A(TC (Xg)) - T c (Ax0) = span (AC -C2) .* 

f * 

To see t h x s , suppose C v<= ]RP , x e c . For a given1 affitie 
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set S with aff C c S,C]RP , denote by Tc(xfl) the Clarke 

tangent cone of C at -Xg where C is considered' as a . 

subset of S rather than as a subset of R p .. It is easy to 

see that T
cCXg) = T <x„> . - Without loss of generality, we 

may' assume xQ V 0 , since -Pc-.„ (0) Tc(x0> and 
/ w "0 , 

-1 ' J Y " ' -V 

Xg e, C, n A (C2) if and only, if, 0 e XC-Xg) n A CC2-Ax0) . 

Call V := span C^ and W := span(TAC^C^,*. If (2.3.7) 

hOldsf then A(TP (x_),)-T" (A4(xn)) = W and A may be , ' 
1 2 v , " 

Considered as A: v" •*• W . By Corol lary 2.3„3> 

^ C ^ A " 1 ^ ) ( V c ^ V n A " 1 ' r C 2
{ ^ 0 ) ' w h i c h i s t h e s a i T i e 

as ( 2 . 3 . 5 ) . 

•*n . -tr ,n C o r o l l a r y ^ . 3 , S: Let ^ f j i "K •*• R , f^.-R * R be . f i n i t e and 

s t r i c t l y l . s . c . a t "Xg . Assume , 

\2 'T3-. #T ' dom- f x
f (Xg; •) - dOm f 2 ( x Q ; •) - 3 R n , . ' 

t Then for a l l y e Iff1 , * * 

(2 .3 .9) (f1H-f2) + Cx0;y) <, f^CXg,^) + f2
+(x0 ;y)" , 

Moreover, 

12.3.10), . aHfj+'fj) (xQ) c Sfĵ CXg) + 3f 2 (x 0 ) . 

* » \ ^ 4 ' 
S A I * 

' * ' n 

Proof:- Set m - n and F := I in Theorem 2.3,1.- D 
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Remark 2 .3 .6 : (a) Corollary 2.3.5 i s more general than-the 

specia l iza t ion of !Ro3., Theorem 2] t o s t r i c t l y l . j 

functions with finite~dimensional domains, siiyee Rockafellar1 s 

a s s u ^ t W ' ' . " ' 

(2.3.11) . "dom £1 (x Q ;0 n i n t dom f2 CxQ;«) ? <j> 

implies, but is.not implied.by, (2.3.&). Here is an example 1 

which satisfies (2.3.8) but-not '(2.3.11): Define i^tR'+IR, 

t 

\ , 

* 
Then f2: TR2, - R 'by, f ^ y ) . := \x\T/$ , f2(x,y)' :=;" |y | 1 / 2 . 

dom f, *(();•) = 0 xTR- ahd dom f5 (0;«) - R x 0 , both of 

which'have empty i n t e r i o r . ' \ , , \ 

(b)" Condition (2.3.8) can Actually(be weakened to . - , 

(2.3.12) dom f,, '(Xg;») -dom f2 ,(Xg-;») = span (dom f--dom f j 

$o see . th i s , simply observe tha,twe can a<jam assume that 
'• < ' i i ' • ' • 

Xg = 0 , and we can then replace 3R by 

S ' ; * span (dom'f, ^ dom If 2) , considering. f-, and1 f2 as 

f, : s -*- m ' and f,: S -»- 3R,': ,,, . , , , , / • • ,' ' v ' 
i It is not possible*however, to weaken the-hypothesis 

' . , " ' . / - • , . ' •. '.still further to , , 

1 ' • + \ f 
(2.3.13) l ri dom £-* ,(xQ;«)'n ri domSf- (Xgf).' ̂  <f> .. 

^ •! ' '' . ' ' • S 

This is a consequence of Theorem lr2,6.,Tif corollary 2.3.5 

held under hypothesis (2,3.13), then for any closed sets ' 
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C1 ,C2 cm11 "wi th r i Tc (x0) n r i %c (xQ) # $ , t he 
X & , 

„ f e 

inclusion Tc (xQ) n T„ (xg) c Tc nC (xQ) * would hold, 
X *+ X ** 

contradicting Theorem 1,2.6. 

(c) If f, and f2 are*not strictly l.s.c. at xQ n then̂  , 

(2.3.8) may hold without (2.3.9) or (2.3.10) being satisfied. 

For example, let C. :=•* <B< f the set of rational numbers, and 

let C2 := CR\Q) i/;{0}> . Define f, :,= ic t f2 := ic , 

and let xQ := 0 . Then Tc (0) * T?c '(0) ='R , so '(2.3.8) 
. .1 2 „ 

+ f 
h o l d s , and f^ (x0 ;») - f2 teg*') ~ ^ro^* • However, f 

c i a c 2 ~ * { 0 } * s o { f l + f 2 ) f ( x 0 ? , ) =; i{0}^ ) .' a f t d U . 3 . 9 ) 

does not hold f o r . y ^ 0 . * 

Corol la ry 2.3,7-: Let F: IRn ->• 3RM be s t r i c t l y d i f f e r e n t i a b l e 

a t x„ g IR f and l e t f: ]Rm -*• M be f i n i t e and s t r i c t l y 

l . s . c . a t FCXg)", Assume 

(2.3 .14) *' VF(Xg)3Rn - dom f f(Xg?«) * R1" . 

Then fo r a l l y-e H n , 

J 

%-(2.3.15) . (f*F)*{x0 jy) * f 2
4"(P(x 0) ,7P(x 0)y) 

Moreover, 
J 

f2' .3.l6) * 'aCfoFl^x.) e (VP(xJ ) T 8f (F (x n ) ) . 

» Proof j Set f, := i „ ,, f, := f in Theorem- 2 .3 .1 . D 1 ^ nn w ( 
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Remark 2.3.8* (a) It is also possible (but rather compli

cated) to derive Corollary 2.3,7 from Corollary 2,3,5 (see 

the proof of [Ro3, Theorem 3]). " f 

Cb) Corollary 2.2,3, which we used to derive Theorem 2..3.1, 

can itself be derived from Corollary.;2»3.3.by setting 

jq := q , jx := p , F :* G , C, := C , and* C2 ;~ ($} *.*," 
t t 

We will also in this section derive subdifferential 

calculus' rules for n .functions. To do so, we must first 

•find n-function analogues of " conditions like _(2.3,8;)',», 

Definition 2.3.9: Let C c m p , Define * 

t A C :=a i. (x, , > •. ,x ) x« £ t, , X-. *? x« — «,. — x j « 

se ts . ' ' The sets C. are*said, to be in strong .general ^ .« 

posit ion jtZal] i f ' - " 

(2.3.17) 0 fi. i n t t A ^ q - n C l . 
,J" j*2 ^ 

An equivalent way to write (2.3.17) i s 

(2.3.181 , 0*e int'{An3Rm- n C-3 . 

Writing the-condition as in (2.3.18) shows that the order in 

whiCh the sets,in Definition 2.3.10 are listed is irrelevant. 

The equivalence of (2v3.l7) and (2,3.18) is proven in IZal], 
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w'hich gives a thorough discussion of this concept. 

,If the sets C. are cones, (2'.3.17) is of course 

"equivalent to^ • 

(2.3.19.) • 'tnmiC. - J C =RCn-1)'m . 
". '3=2. 3 * - * 

The concept of convex* qones in strong general position turns 
, I e & 

out to be just what we need for the results in the remainder 

of this section. Our first such result is an important -, 

Special case of, Corollary 2.3.3:' ' P 

Proposition 2.3.11: Let D. c R *, i = 1*,... ,n be locally 

" ' n -
•closed near yn e n D . Assume T n (y,,) ,', i - l,...,n 

u iPl x ui u 

axe in strong general position. Then 

(2*S*20) • T
Dla...nD <*©>

 = .". TD>0> 1 n _ 1=1, l 
and 

i 

(2*3*21)/ N
Dln...nD"

(V c j' ND.(V * ' 
.1 . n , i=l l 

Proof; Call C, :--!>-, x...x D , and-let C2 be the origin 

In TR^-Df . Define F: E n m - m ( n" 1 ) m by * *' < 

•F(x,,...,x ) ;= (x,-x2,... ,x,^x_) .- Now apffly Corollary 

2.3.3 with Xg = (y0,«..,y0) . In this case, condition 

(2,3.4) is equivalent to the sets T Q (yQ) , i = l,.,.,n i 
ti 

being i^j^trong general position.- ,By '(2.3.5), 

y^s 
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1 'A. V 

A , (D, n. ..rib_). , ~1 , n 
• " , - n , j ' - - _ ' ' < > 

or AnT- n _ (yn) a A
n,fi T n "(yn) *. Thus (2.3.20) holds. 

l n , I-I i , -

Finally, (2.3.21) follows from'(2.3,6) .- ';*'"'- , g 

Remark 2.3.12: (a) See Watkins* paper |W1] .for an alternate 

proof of inclusion, (2.3,20).-, , , , ' - " ' / 

(b) By (2.3.7), the strong general position assumption Can 

be weakened to , ' > < * 
• ' r ' * • , • '• , . 

' , 'V, " ' * 

' ,' . / , n ' s , , n " • 

(2.3.22) 'A Tn (yn) -•* -IT Tn (yn) = ir spanlD.-b.) . -

'We can 'derive from Proposition. ,2.3^11 a formula for" the subr 

gradient of f(x) := max - £• tx> , where f : 
, - ' .lsisn' r ' v * ' x 

3Rm ^M axe 

strictly l.s.c. , We start with la lemma which'we will use to ' 
'l " ' 4 - - ' ' ' ' . " s ; 

show that the condition "dom f, (%Di") i i. ̂  l,..V,n', are ( 

in genera^ position"'i's sufficient to guarantee this sub-1' , > 

gradient- formula, , , ' "' ' '' 

• l m ">— * 

Lemma 2.3.13: Supposei f. : R -*-0R , i = <!,;.,,n ate such 

that 

Then 

A^^-dom f '-^if -dom f. * m m ( n'* ) 

• l 'i=2 > " 1 ' 

A n e p i f, r IT ̂  epi f / » (Rra x 3R) n _ 1 

• i=2' ' x . 

i 
i 

* A 



134 

. , -r n 
Proof:- We must show (3R x**)11"1

 c A f epi f. - ,ir epi £ i -. 
' ' ' * • ' . x i=2 A 

1 m n—1 - " 
Let (y-, ,s. ,...,y„ ,,s- ",) e (R x m.) . Then there exist" 

i i n—i n—i ». v * 
x. e dom f. , i = lf..,,n' such that x-, -x. = y. n , A . 
i i . i i i — i *• 

i = 2,,.,,n . Choose r , i = !,..>.-,n , such "that 
ri ~ ̂ x^xi^ * H 'ri * rj < si ' replace r. by s^ + r2 . 

If r- - r2 > s, , replace r- by- iV"*,si » Now if 

r, - r, > SK , replace r-, by r; - .s2 . If r, - r3 < s2 , 

replace' r, by s2
 +. ro and'- r2 -by s2 + r, - s, . * -. 

Proceed *n this manner. After k-1 steps,' we have , " "' 

r^ - r^ - s. i , r = 2,...,k . If s x^ - rfc+1 > s^ replace 

rk+l ^ rl " sk<** *-f rl " rk+l < sk ' r e P l a c e ri b y . 
sk + rk+1 and replace* r.. , j = *2,... ,k by sR + rk+1 - s ^ . 

After , n-1 steps, we obtain r, - r -= s.^. , i= 2,.«.,n , 

n-1 n 

and , (x. ,r.) e epi f, . Thus (y, ,s.) e A epi £1 - ir epi f. 
/ 1 J 1 * T_."J* 1 

-i ., n »s f 

and so (Rm x m) n"J" c An"xepi f, - IT epi f. . D 
1 1=2 1 

— At ' We'will also use the fact that if 'f: E -+-IR and^k e E 

are such that 3f (x) -̂  $ , then * ' i ' •• 

r' " I 

(2.3,23) N,. f(x,£(x)K = u A(9£(x),-1) u 0+(3f (,x) ,-1) , •• 
e p Z X>0 . 

1 » 
' * ** 1. ' * 

x 

*where "0 " denotes "recession cone" (IRol, Section 8], 

[Ro3, page' 350j|). Following Rockafellar, we denote the 

right hand side Of (2.3.23) • by u ,AOf(x)-,-l) .* 

/ 

' '5s. 
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Proposition 2.3.14: Let". £.: I T •* M , i = l,...',n, be finite 

and strictly l.s.c. at x n . .Define f(x) := max f;(x) " 
• u I5i<n 1 

* 

and I(x)':= '{i<;{l,... ,n}]f: (x) *= £(x)} . Suppose' that £.,. 
X * ' X J 

is continuous at xQ for each i i I(xQ) , and suppose that 

dom fj (xo**) , i e l{Xg) , are in strong general position. ' 

Then for all y i IRm ', •' " > " * •' " - > , 

(2*3*.24) , , f (x„;y) < max f. Cxn;y) , • 
Q Kxg) * ° / . ; 

'" . " ' - *" 

,I-f also 3fi(xQ)' > i e *(
xrJ ' are nonempty," then 

V • - -

(2.3.25) 3f(xn) c y{ 2 A.3f<(xn)|A.>0
+> I, ' A : = 1 J . 

. 0 ICX0)
 X X " X J(Xg) 1. 

Proof:- Call D. := epi f -f i = l,...,n . Since f. , 

j e I(Xg) , are strictly l.s.c.'"at Xs, t and "t. •, j i I(Xg)j; 
** > rrH-i. » ' 

.' are. continuous at xQ , T™ ((Xg,f(xQ))) - TR , for all 

j i I(Xg) . Thus we only need to consider D, with-

j e I(Xg> . By Lemma 2.3,13, our assumption that .' ' 
' \ "» 

dom f, (Xg;*) ,' i - l,...,n ','are in strong general position 

implies that T ((xQ,f (xQ)) ),,<, i e I (x") •, are also in strong 

general position. We may then apply Proposition 2,3.11. By (2.3.20), 

A A 

epi f (xn;«) => epi max £ (xn?») , 

..giving (2.3.24). If aiso Sf^Cxg) «j i e,I(xQ) , are npnempty, 

' % . 
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we.have by (2.3.21) and (2.3.23) tha t 

u A(&r"Cxn),-D c £ u X, Of.'Cxn),-l) . 
A^0+ ° iel(x0) 1±>Q+ X X ° 

\ ' 

To obtain (2.3,25),, set A = 1 on the left hand side of the 
above inclusion. - *' ' . ,D 

Oun second main result is the following chain rule: 

Theorem 2.3.15: Let f.,: 3Rm •*• 3R fl 'i =** 1,... ,n be finite 

and strictly l.s.c. at xQ , and define f := (f,>,,..,f ) . 

Let F: IP>n + 1 be finite at f(xQ) , isotone on the union-

of a neighbourhood of f(xQ) and Range f + 3R+ , and l.s.c. 
+ Assume that f. (x0;Q) 

3 e {!,...»n} , either 

+ • Assume that f. (x0;Q) = 0 ", j =? !,...,n , and that for all 

(2,3.26) f. is continuous«at Xg , 

©r 

(2.3.27) F is strictly dsotohe in the jth coordinate 

J at- £(xQ) . 

Assume also that the following condition holds: 

(2.3,28). For each U p . . • ̂ s ^ p t ^ . . . ,t ) in m <
n " , 1 ) r a + n , 

there exist d. e TR® , r, $ R , i = l,...,n , 
+• . . satisfying f. ( X g ^ ) <, x^ and 

+ (h,,...,hn) e dom F (fCXg)p} such that 
/-, 

i 



*Then 

(i) 
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dl"~ d i = s i r l " ' * = 2 ' * ' " n and 

(ii) xi - ht = t± " ", i = 1 , . . . ,n 

(2.3.29> (Fof) + (xQ;y) < F*(f<Xg); f^ CxQ>y f,... ,fj (xQ*y)) 

for a l l y e 3R ,m 

and 

(2.3.30) , aCFofHx0)*c {A'.CSfĵ CXg) ; . . . , 3 f h C x 0 ) } [A e 

3F(f(Xg)),Aa 0}, 

roof: " -Call h :*=, P«f .. Since, F. i s i so tone On Range 

,m n e p i h "= '°{ (x , r ) e W X<]R[ (y , , . . , y ) e R" with 
n 

'(Yp..wyn) ̂  r, fx(x) sy±, lsis.n), 

Define,the functions G and A as in Lemma,2.2,8, and 

define \ ,' 

D := epi f, x...x epi f x epi 

* C := D ri G~l (Q) . 

Then epi h = A(C) . Assumptions (2.3.26)'and (2.3.27) allow 

us to apply Lemma 2,2.8 and Proposition 2.2.4. Thus 

epi hT(xn;«) « T,,p, (xn,hCxJ) Cby (2.1.9)) , 
V* 0 LA(C) V~Q 
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• ' ; • ' '' . -. " 

= A(Tc(z0J) , where . zQ := CXg^CXg), . . . ,x0,fn.CXg), 

f., ( x Q ) , . . . ,f Cxg},hCx0)) (by Lemma 2.2„8 and Proposition 

p A(TD(2g) n VG(ZQ) - 1 (0 ) ' ) , by Corollary 2.2.3,. since (2.3.28)' 

says exactly that VGCz0)TDU0)J*jslRCn,-1?"jD?'*? ,;* . -" 

» {(x,r) e mra XIR |ay 6Rn with f ACx0?x) "s y±-, F+ Cf (xQ) ,-y) * r> 

* {(x,r}(F*(f{x0) ; f ^ C x g j x ) , . . . , ^ ^ , ^ } ) s r K 

since F (f(xn);«) is itself isotone (Lemma-2*2.'10). Thus 
u , « » * , * , _ . 

epi h (x0;.) = epi F,(f(Xg); f.̂  (Xg-*)^... ,fn (Xg?»)) , and 

so (2.3.29) holds. | 

Now if F+(f(Xg),-0) = -oo , (2,3.29) shows that b^th 
.s f 

sides of (2.3.20V are empty. Assume, then, that F (f(Xg)p) 

is proper. Since each £ (Xgj«) is convex and proper and ' 

(2.3.28) ( i ) and ( i i ) imply t h a t (2 .2 ,9) and (2.2.13) ho ld , 

we may apply Theorem 2 . 2 . 1 2 . By C2.3.29) and Theorem 2 . 2 . 1 2 , 

we have jiw 

3(FVf)(x0) = {ze3Rm[(Faf) + (x 0 ;y) > <y,z> VyeJRm} 

c { z e m m [ F f ( f ( x 0 ) ; ' f 1
+ ( X g r y ) , . . ? , f n

f ( X g ; y ) ) >**y,z> 

• * V y € Mm} 

* 3 ( ( F + ( f ( x 0 ) ; . ) 6 ( f 1
+ ( X g r ) ' , . / . , f n

f ( x 0 ; - ) ) X ( 0 ) 

= { A . ( 3 f 1
+ ( x 0 ; . ) ( 0 ) , . . , ^ f n

+ ( x 0 , - - ) ( 0 ) ) JA> 0 and< 

A e 3F + t f (Xg) ;« ) (0 )} 

= ' { A « ( 3 f 1 ( x 0 ) , . . . , 3 f n ( x 0 ) ) |X as 0, 'Ae 3F(f (x Q ) )} . 

Therefore (2.3.30) h o l d s , and the proof i s complete, D 
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Remark 2,3.16: (a) Assumption (2.3.28) reduces to a simple) 
^ . ^ 

familiarslooking form in important special cases. For 

example, if n ='1 , C2.3.28) becomes. ' ~ 
\ * *' <-»- . 

(2.3,31) ' Range f 1
+Cx Qr) - dom pAf-j^g),? •) = JR., . t * 

and if F is as in Remark 2.2.*9 (a) or (b), (2.3.28)-reduces 

to the assumption that .dom f\ Cx0;*) » i -•!,..., n «re in • 

strong general position. 
A 

(b) The assumption that £. (xA?G) =? 0 * ,i - l,...,n is not 

needed in important special cases. For example', if F is as 

•f * 

in Remark 2.2.9 Ca) or (b) and- f. ,(xQ;0') =• -°° for some i , 
«•. 

then both sides of (2.3,30) Will equal $ , * 
» * * . * ' 

"(c) Corollaries of Theorem 2.3.15 include Corollary 2.3-5,*-
Proposition 2.3.11, and proposition 2.3.14 (without having to 

' •* 
4 v -

use Lemma 2.3.13), . v ' ' 

\ " A 

(d) Any isotone function F 

n̂ 

: R^^XR which is finite at 

x e R is directionally Lipschitzian at x with respect to' 

_^any y < 0 ; i.»e., F (x;y)« < +°° for all y s 0 (see 

{Rp4, Proposition 4]). This property plays a key role in 

the subdifferential calculus results of lRo3], However, „ 

there is no analogue of Theorem 2.3.15 if F is merely* 

assumed-to be directionally Lipschitzian, as we Will see in 

Chapter 3, % . » . 

From Theorem 2.3.15 we can derive an extension of 

Corollary'2.3.5 to ft functions and a product rule for 

functions which, are ronnegative, on R and strictly J&s.c. 

and positive at xn . * 

r „ 

V * 

J 
/ 
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Corollary 2.3.17: Let f.-MR1" •*• R , i = 1,..-, ,n be finite 
A 

.and strictly l.s.c. at xQ , and suppose that dom f. C-Xg?*), 
* « < 4 

i =,l,..,,n are in strong general position. Then-for all 

• '• ' ' • ' + ' n + , 
(2.3.22) (f1+.,.+fn)

T(x0;y) £ Z £\.TCx0';y) . 

Moreover, '' , 

(2.3,33) 3(fx+...+fn) (x0) c j: Sf^Xg) . - , 

n . 
Proof: Let, F(x.,.i.,x ) = E x. in Theorem 2.3,15. F is 1 * i xx « i i 

i—i ? 

continuous and strictly isotone in each coordinate, so 

(2.3.27) is satisfied. Assumption (2,3.28) in thjs.s case > 

reduces to dom f. (x0;*) , i = l,.,.,n being in strong 

general position. As explained in Remark 2.3.16" (b) , the 
r -J. 

.assumption that each f. (xQ;0) - 0 is not needed in this 

case. Then (2.3.22) follows'from (2.3.29) and (2,3.33) 

follows from (2.3,30). • • 

'• . VV _ . • • 
Corollary 2.3.18: Let f. : m m •*• m , i = 1,... ,n be non-

negative on R m and strictly l.s.c. and positive at 
n + 

Xg e n dom f. .„ Suppose dom ^ ( X Q ; * ) , i = 1,.-.. ,n are 
i-1 • , 

in strong general position. Then for all y e R , 

ft , n , 
(2.3.34) ( I f.)T(xn;y) * I C t f.(xn))f.

T(xnjy) 
i=l 1 u i=l j^i 3 , x u 
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Moreover, 

r=a- * , • i=l 'ĵ i 

n n 
(2.3.25) 3( n f.)Cxn) c l •( n f.(xn))3J. (xn) . 

n ' -
Proof: Let' FCx,,... ,x )> = II x. in Theorem* 2.3,15. •' 
— * — . . . i n j_t i • 

1 • ' ' i * • 

l A ^f 

Condition (2.3.28) again reduces to dom f'. (Xg;») , 

1 i = l,...,n being in strong general position. As explained 

in Remark 2,3.16 (b), the assumption that each f. (Xg;0)' = 0 

is not needed. Then (2.3.24) follows, from (2.3.29), and *' 

(2.3.25) from (2.3.30). ' ' '««-- 'Q 

We can also dagrive a quotient rule as' a special case of< 

Corollary 2.3,18. The first step is'to obtain a formula for 
* 1 the subgradient of a,function of the form — 

Lemma 2.-3.19: Suppose g: E ->• 3R is continuous and positive 

at x„ £ dom g . Then for all y e E , 

i A ' (*-g)+(xn;y) 
(2.3.36) ' (A)T(x ,y) « i^— . 

* 

Moreover, 

(2.3.37) 3^|nxn) = — 7 3(~g) (xn) 
9 ° ,Cg(X0))

2 °' ( 

Proof: First observe that (2;3-.37) follows immediately from 

(2.3.36) because >r > 0 . To prove (2.3.36) , .use' 
CgCx0))

2 . - ; ' 
(1.5.2!) "and the' notation of IRO3] and section 3̂ 5 to write 
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^ 1 1 ' 

( | A ( x f l , . y ) - l im sup in f 3 W H ¥%> • v 

.3 u • x->-xn y ' -*y 
t+0U 

= U* sup in f ( - g H x t t y ^ C - g H x ) . , 1 |ln*in—Bl.p—yirf 

x-»-xf 

t+0 
y , + y 

g(x+ty")g{x) 

* l im sup ' inf ( - g ) ( x + t y ' ) - f - g ) ( x ) ^ 

x-* 
t-t-j * 

y'-+y X-^Xg-

t+ou 

' > 1 /* 
gTx+ty*)g(x)> 

(by Lemma 3 . 5 . 5 , which we prove I n chapter 3) 

= h-n (-g)f(x0?y) . a 

Proposition 2*3.20': Let f: ]Rm •*• R and g: IRm -*M be non-

negative-on 3R , with f strictly l.s.c. and positive at 

xn and g continuous and positive at x.n e dom f n dom g 

£2.3*40) 

, dom ff(x0;.) - dom(-g)*(xQ;•) « R
m . -^ 

(f)*(x0,.y) < 
f(xg) (-g) + (x0;y)+g(x0)f'

f,(x0;y) 

, {g(Xg))2 

,m for all y e II , and 

- ' f(xn)3(-g)(xn)+g(xn)3f(xfV) 

8(|) (x0) c — 2 £ — r - 2 ?_ 
(gUg)) 
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> •' 1 + + 
proof: By Lemma 2.3,19, dom(-) tx^.;.) =* dom(~g)' (xQ; .) ,, so 

- ' > ' ' „ x 
(2.J.38) ensures 'thai: we can* apply Corollary 2.3.18 withv, 

" - ' *. 
n =*2 , f, i« f , and* 'f0 := r * By C2;3.34) and (2,3.36), 

• i z g i . 

' ' ' ' ' * ' V ' 
(|)+(x0) s f(y4 , +^ fy )-+;g^ f .+t^ ) ' 
' ' ' ' ^ ' -

« \ - f"(X0)" < A — >' - -i 

(g lX n;/ , . - u 

C-

v 

f(XgH-g) (xQ;y) +g(xQ)f (xQ;y) 

<g(x0)) 

Similarly,, by (2.3,35r-and (2*3.37), 

*'a(f>(V c f(V3(|HV + glxj J^o* 

. f(Xg) 
= '• ' I'. 73H^V +g7tr8f^o) C g ( x 0 ) ) - - 'us g v " 0 

• f (xn) 3(-g) (xn). +' g($b3f<xf t) 0y TO' 0 ' * 

(g(x0)) 
D 

4 < > '̂  
Remark 2 .3 .21 : I f , g i s local ly Lipschitzian near xrt , 

,— ^ . ^ , k ^ - o 

(-g) + (x0;«) = -g
f (x0;.) , 3 (-jg) (x0) •= -3g(xQ)., and (2,3*38) 

is automatically satisfied. Proposition 2.3.20 then reduces 
r i i is, 

to a quotient r'ule s imilar to tha t of [Hil, Chapter 8] , 

IC14, Chapter 2J.- • * 

J 



ux 

2.4. .Directional ,derivative inequal i t ies and subdifferential 
' regular i ty „ 

, Under what circumstances wil i , equality hbld m . t h e 
* s, * r 

• inequalities and inclusions of section 2.3? From our dis-

cussion in sections 1.5'and 2.1, we know that one way-to , 

> ,enSure equality in these formulae>is to ,assume that the 

functions involved are convex and proper.' ln̂  this Section,„ J 

we derive more general conditions for equality, slightly 

"weakening1 the 'conditions given in !Ro3J. Our strategy is to 

J prove directional derivative inequalities involving 
K " k 

f'+(x0?»): = f (
x
0?*)

 a n d fD^x0'*^ ** f ^xo'*^ ' t h e n compare. 

them with the inequalities of section 2.3 to.find conditions 

for equality, fhe results of the convex subdifferential 

calculus come out as corollaries.. „. '•»' ' 

We begin with a counterpart to Theorem 2.3.15. Notice 

that it'holds quite generally, with no need for a "constraint' 

qualification". • _« 
> . ^ s ' ', 

1" s 
* ' * I 

Proposition 2'.4.1: Let -E be ,a l.c.s., let f.: E •* R , 

i .= 1,.,.,^ be finite-'at xQ , and call f := (£•,,.-, ,,f ) .. 

Let, F: R + M be finite at f(xQ) andisotone on the 

union of .Range *£+!?."; and B- (f (x&)) Vfor spme e •> 0 . 

Then if y & E is such that (f ),(xn;y) , i = l,...,n are 

's ' ,* 1 T U . \ 

finite, . * 

' s, 

t , 

(2.4.1) (Fof)+(x0;y) 2 F+(f(Xg);(f1) + (x0;y),..., 

• ' (V + (xo»y)l . 



w -

Alternatively",,if ^(^in^o^' ' ̂ V + ̂ O ' ^ ' i = 2,.>.,n * x 

are finite, then ' -
\ -I 

r ' N * 0 

(2.4.2)' , (Fof)a(Xgs;y)i>'F+J(f,Cxt?),jCf1)DCx0;y},(f2);Cx0;y), , \ '• 

\ * * ' ' ' " • * \' * '" '^'^n^+^-o' 7^ * 

Proof: - Let ' (y,r) « ",Kep i t F o f) ( txQ ; (F=/) (xQ))) ".' To prove 

(2 .4 .1) , i t ' s u f f i c e s to show tha t ' * 

((f x ) + ( x Q ; y ) ' , . . , , (fn) + (xQ;y) ,r) 6 K , p((f(Xg) ,Fjf (x Q ) ) ) ) : 

To th i s end, l e t t X > 0 and 6 > 0 be given. Call 

z. ,=* (fj) (x^,-y)-5 , and choose Ag e (0,A) such t h a t " 

f1(x0) + [0,AQ]z i > fj,.(x0)-s' . Then there e x i s t ^ € N(y) , 

Xx e ^'V s w c h t h a t f o r . a l 1 '*• e ^°'xi5 ^ a 1 1 j ' fi* Y i ' 

f.Cxg^tyM-f^Xg); J 
— „,.̂ „l„.,., >. a z i , i s= i , , . , , n T 

1 ^ 

_' n . 
in addition,' there exist y e n Y , t £ (0,min A.) such-

i=l x i x 

,that 

(F^f)(x0+ty)-(F°f)(Xg) 
•mlHi.mjji < r + 6 . 

Now since ,£±{xn) + t ^ < f^Ug+ty) and F. is isotone, 

F(f(xn)+t(z1,...rzn)}-F(f(xJ) 
-> Ii, L J : , D-, , iL-~ < it + 6 . 

t 

i * 
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Thus ((f1) + Cx Q ;y) , . . . , . Cfn) + CxQ ?y),r) e Kep± F(C£(x0 l , 

F(£(Xg)))) , and so (2^,4.1) holds*. 

Now l e t (y fr) e k
e p i ( F o f ) tU0r(F»f) (xQ))) . To prove 

(2 .4 ,2) , i t suffices to shpw that, ^ fi5nCxQ?yi, (£2^ + ( x o ' y ^ ' 

\ . . , ( f n ) + (x0;y") ,r) j- K . p ( (f (xQ) ,F££(Xg)))) , To t h i s end, 

l e t 6 > 0 'and 'A > 0 be given. Call z^ =* ^ I ^ Q ^ O " ^ " ' " 6 » 

z. = { f . ) , ( x *y) - c*v,i = 2 , . . . , n . Again choose Xn e*{0',A) such tha t 
i I + u + „ * •*" 

f^Xg) + I0,A0Jz i»> f ^ x ^ - e . There ex i s t Ŷ^ e M(y) , ' 

A. £ (0,An) such tha t for a l l t e (0,A/.) and a l l y ' e Y. , 

f.Ug+ty'HfCxg) ' * . If 
— —r * £ z. , i = 2,..,,nr and there exists 

t l fl 

Y^ e W(y) such that for all t > 0 , thsre exists t' £ (0,<t) 
f1(Xg+t'y

,)-f(x0) • Ii • .% 

,with .• '. Jj^jr —" - zi £°x ail y' e Y, . In addition,' there exists y e n Y and. A, e (0,Al) such that for all 
i=l i - i ^ 

(Fo'f) (xQ+ty)-(Pof) (Xg) r 1 
t" 

t e (OjA^ , r '—ii— s ,r H- 6 . Thus for some 

E e (0,min A.) , f. (xQ) + tz. < f. (Xg+ty) . By the lsoton-

\ 
icity of F , 

s E F(f(Xg)+t(Z1,...,Zrj))-F(f(Xg)) 
<; r + 6 . 

Hence' ((f1)„(x0;y),(f2)+(xQ;y),...,(fn)+(xQ;y),r) eh 

K e p i p((f(Xg),F(f(x0)))) , and so (2.4.2) holds. ' Q 

Proposition 2.4^2: Let E , E be l . c . s . , l e t F: E •+ E 
1 ' • i ' 

V'be strictly differentiable at xQ e E , and let f; E •*• R 

be finite at jF(f(xn)) . Then for all y e E , 
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(2.4.3) Cf°F) + (x 0 ;y) fe f+CFCxQb?FCXg)y) 

and fc j 

,(2.4.4) , *(faF)Q(xQ;y)- > fQCFCx0);VF(x0)yr ..' 
i 

Proof: Let (y,r) e~ JC . (foF> ((x>Q, (f °F) (xQ))) . To prove 

(2.4^3), i-j:,suffices to show that (VFCxQ)y,r) e 

Kepi f ^ F ^ 0
) ' f ( F ( x 0 ) } ^ ' Let Z £ W(VF(Xg)y), A > 0 , and 

sS >-0 be given. , There exist Y e N(y) 'and A, e. (0,A) 

F(x0+ty')-FCxQ) 
such that £ Z for all y' e Y and* 

£ r + <-> * Call 

t <* (OjA^) . J,n addition, there exist 'y^'Y < ahd te CO,A,) 

• "' CfoF)(xQ+ty)-(fpF) (xQ) 
such that r̂  

t 
F(x0+ty)-F(x0) 

t 
Then' i e Z and' 

' f(F(X0)+tz)-f(F(Xg)) 
£ r-+ 5 . Hence- (vF(Xg)y,r) e 

* Kepi f ̂ F{xo),f(FCx0)))) , and (2.4.3) holds. The proof of 

M (2.4.4) is very similar to the proof of (2.4.3), '-and we ^ 

leavp it to the reader. ' D 

Wfe can now give conditions undfe^which equality holds m 

Theorems 2.3.1 and 2,3.15. 

Definition 2. 4.3:- f; E •* R is said, to be s ub di f f e t enti ably 
', * • *. > , 

regular at xQ e dom f if £ (x,Q;y) - f (xQ;y) for all 

y e E . i is said to be subdifferentiably weak,ly regular at 

XA * ii f fg(x0;y) = f (Xg?y) for all y e E . 

4 " . ' 
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P roposition 2.4.4; Suppose the^ hypotheses of Theorem 2.3.15 
< ** * < 

are satisfied. Assume in addition that* F - is subdifferenti

ably regular at f(Xg) ,,f2,...,f are subdifferentiably 
t , 

regular at xn , and f, is subdifferentiably weakly regular 

at Xg' . Then equality holds in C2.3.2.9) and (2,3.30), ' 

Proof: ByH2.4»2J and our regularity hypothesis, for all 
< ' ' 

JY]$ 3R n , ' f ( . ' 

(F=f)+(x0;y) > (Fof)o(x0)y) , 

a: P+(f(x0);(f1)p(x0;y),(f2) + Cx0;y),...,(fIl) + (x0;y)) 

'- F Cf(Xg) ;£x ,Cx0;y) ,...,£^ (xQ;y)) , • 

so equality holds in (2.3.29). Equality in (2.3.30) follows 

from equality in (2.3.29), 'as an inspection of the proof of 

Theorem 2.3,15 shows. ' •' D 
* 

i 

Proposition 2.4.5; "Suppose the h^lgtheses.of, Theorem 2,3.1 9 
are satisfied, and that-either ^ , 

(2.4.5) . fi is subdifferentiably regular at xQ and £ 2 

is subdifferentiably weakly regular at F(Xg) ," 

or / 

(2.4.6) f* is subdifferentiably weakly regular at xQ and 
4 

f2 is subdifferentiahly regular at F(xQ) . 

Then equality holds in (2.3.3) ,' If in addition 

f1
+(Xg,Q) = f2

f CF(Xg)';0) = 0 ', equality holds in (2.3.2) 

also. 
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Proof: If either f, (xQ;Q) ' or £2 (F{x0;O) . is' '-«> , 

(2.3..2) impliesVthat (f^f^F)* (xQ;0) = ,-•» , and-both sides 
' ' ' ' \ ' '' "' 

of (2,3.3) are empjy." Otherwise apply Proposition 2.4.1 ' 
' " • 2 " ' " , ' " ' * 

with n = 2 and _, F:-B *• OR 'defined by FCx,.,x-2) = x, + x2%, 
If ,(2.4.5) holds, then for all y £'kn\, J -

Y (f1+i2pF) t(«0-yy) '_a ! , (£1+£2»P)D(x0 ;y) - ' , . - • > 

, ' , > (fi)+(x0-y) + (£2«?YDCxJ;y) . '{by'(2.4.2)) 

> (f1).(3!g ;y)+Cf9)LT(F(xn>;VF(xJy)* (by * •, 
u ' , . ,(2\4."4)) 

. . « (f1) + (x0 ;y)+f2
+ . (f(x a) , ;*« ,(x0)y) ,. • \ . " -

If- (2.4.6) h o l d s , then s i m i l a r l y , for a l l . y. t R ' , 

(£1+£2oF) + (x0;y) > (f1+£2oF)D(xQ ;y) *• (> 

2 Cf 1 ) a (x 0 ;y) + (f2»F) + tx0yy) ^' (by. (2,4<.'2)) 

' ' ^ ( f r a ( x o f y ) + (f2) + ( P ( V ^ P ( x 0 > y ) (by ' . 

' _ * (£ 1 ) t (x o ; y )+ f z
+ (F (x 0 ) ;VF(x o )y ) . r 

in either case, equality holds m (2.3«2), and equality in 

(2.3.3) follows. ' , ' , ' * ' ' J\ D 

Remark 2.4.6: The' conditions ,in-Propositions 2.4.4 and.2.4.5 

guaranteeing equality in the subdifferential, calculus formulae 

of Section 2.3 are less stringent than those given in lRo3],. ' 

For example, let C. :*= u I22n,22n~l] and ] 

' x . n*0 ' - \ , 
• < \ 
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C := Cj u C-C^ u {0} . Then~ TCCQ) = kcC0)' =' {0} , but - „ 

K (0) ~1R . .In Proposition 2.4.5,. let F := I and xQ := 0, 

Define f-̂: E + E b y f 1 (x) := 0 , 'and let 'f,: E ^ l be , -

ic-, Since (2.3.8) and (2.4.5) are* satisfied, equality holds 

xxi (2.3.9) and (2.3.10), even though the condition for 

equality given m [Ro3, Theorem 2J *j that both f, , and f2 ' 

be subdifferentially regular at x_ -"jis not satisfied. 

Observe also that the regularity conditions in Propositions 

2,4.4 and 2.4.5 are still valid in the infinite dimensional 

setting of IRO3] . 

As we "noted in section 1,5, convex functions are sub-« 

differentiably regular, so Propositions 2.4 ..4 and 2.4.5 

enable Ms to rederive convex subdifferential- calculus 

.results, in particular the finite-dimensional versions Of 

Theorems 2.2.11 and 2.2.12. Thus"Theorems 2.3.1 .and 2'.3.15, 

which are proved by means of Theorems 2,2.11' and 2.2.12, ' 

combine with Propositions 2.4.4 and 2,4.5 to yield Theorems 

2.2.11 ahd 2.2.12 as special cases. We list below one 

further convex sfcdifferential calculus result. 

Proposition 2.4.7; Î et F: Rn.-*Rm be strictly different!- „ 

abfe ̂at Xg , let £,: 3R ->• IR b,e convex, proper, and 

strictly l.s.c, at XQ*, and let f2;3R •* 3R be convex, 

proper, and strictly l.s.c. at F(xQ) , where 

•*1 
Xg e dom £, n F Cdom f2) , Assume 

(2.4.7) VFCXQ)X0-FCXQ} e intCVP'CxQ)dom £x ~ dom £2) . 

/ 
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Then f Or a l l y e 3Rn , 

(2.4.8), C£1+f2°F)
,CxQ;y). = fJ_CxQ;y)+f2CFCx0);VFCxQ)y) . ' 

Moreover, ' - . 

(2.4.9) 3(f1+f2°F) Cx0) = a^Cxgl+vFCXg^f^Xg) . 
* % 
t 

Proof: By Theorem 2 . 3 . 1 and P ropos i t ion 2 . 4 . 5 , e q u a l i t y w i l l 

.hold i n (2 .4 .8) and (2.4.9) as long as VFCxQ)dom £± (Xg?-) -

dom f2
+(F(Xg)jj«) = 2Rm , which i n t h i s case i s e q u i v a l e n t to 

VF(Xg) cone (dom fj-Xg) - cone (dom f 2 -F(x Q ) ) = IR 

(see IRol, Section 23]). This reduces to 

cone( F(Xg)dom ^-dom f2 - ?F(Xg)Xg + F(-Xg)) * R
ra , 

which is equivalent to (2.4.7). D 

'Corollary 2.4.8 (cf. [Rolr Theorem *23.8]): Let f^'.M -"IR 

and f„; 3Rm-*j.R be convex, proper, and l.s.c, and let 

Xg e dom £, n dom £2 . Assume 

(2.4.10) ri dom ^ n ri dom f2 j ^ 

Then for all y eIR , 

(2.4.11) (f-j+f^CXg^) = fi(x0*y) +
 f

2
( x 0 j y ) 
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Moreover, v 

(2.4.12) 3 (f^+f 2) (X<)) « 3fx(Xgt) + 3£2
C x0} * 

Proof: By Proposi t ion 2-.4.7 with m = n, and F ' := I , •> 

(2.4.11) and (2.4.12*} w i l l hoffo! i f cone(dom x^-doarf^) = mm. 
a 

By (2.3.12) of Remark 2 .3 ,6 ( b ) , . t h i s assumption can b e , 

weakened t o cone(dont f.-dom f2) = spanldoitf f.-dom f~)' , 

which i s equiva lent t<5- (2 ,4 .10 ) . " ' • ' • 

Remark 2 . 4 . 9 : We saw in Remark' 2 .3.6 Cb] " that hypothesis, 

(2,3.8) of Corol lary 2 ,3 .5 cannot be weakened" t o (2 .3 .13) , 

That i s because aff dom f (Xg?*), can be .of Smaller 

dimension than aff dom £ , as in the example' * , 

C := {(x,y) e R |y = x 2 ? , f: 3R2 -»• 3R def ined by. £ t- iQ ,' 

and xn := (0,0) . I f f- i s convex and proper , however, 
V £ • » ' 

A ' 

aff dom f (x0;O = aff dom„f , and assumption, (2.4.10) is 

sufficient to give (2.4.11) and (2.4.12). 

It is'possible, by the. techniques of section 2.3/to 

prove analogues'of (2.3.2) and (2.3.29) involving tAxn',*) 

and fn (xQ; •) _. To do so, we first need two counterparts 

of Corollary 2.2.3. v -• 

"Theorem 2.4.10: Let G; 3R̂  -»• R^ be strictly differentiable 

at x« e G" (0) , and let C c # be closed near x~ , 

Assume # * » v 

C2.4.13) VGCXg)TcCx0) =3R^ . 



\ 

\ - 1S3 - v 

Then • • - . ' ' - * * • 
* * • . 

' ( 2 .4 .14) KrCx-), n VGCxnr*tO) c K , Cxn)„ 
C ° ' ° CnG^CO)- ° 

and - , , * ' 

(2 .4.15) kp(x_) n VG{xn)~
ltQ) c k , "CxJ . * . . *• 

U CfiG X C O ) ' s . . 1 

Proof: The inclusion (2/4.14)-is a special case of !Bo5, 

heorem 4.1(a)], The proof of (2.4.15) is entirely analogous^ 

to.that of [Bo5, Theorem 4.1]. Q 

V 

Theorem 2.4.11: \Let f. : IRm •*• R , l =* 1,.. • ,n be finite and 

strictly l.s.c. at xQ , and call f ;= (f,,...,f ) . Let " . 

F; R n -• 3R be finite and strictly i.s.c. at f(xQ) and 

isotone on the union of Range f *+3R̂  and B (fjx-j) for 
+ £ U * 

some ' e > 0 . Assume condition (2.3.28) of Theorem 2.3,15 

holds. Then for all y e R m , 

1 (2.4.16) r (FofJ^Xgjy) £ 'FD(f(x0);(f1)nCx0;y)< 

and ?/-'• 
/•^f„>D(V

;y))" 

(2.4.J.7)- (Fof) + (x0;sy) < FQ(f (x̂ > ? (f p + Ugjy) , (f2
>D(XQ,y)'' " * » ' 

. - " - . ' *'> '" * " • • * - ^ f
n ) a ( x o ' y ) > *.. * :V 

Equal i ty holds in (2.4.16) and' .(2.4.17) ' if- ( f ^ f X g ^ y ) = * . f 

( f i ) + (x0 ;y) , i = ' 2 > ^ . > for a l l y « • ! ^ { f t x ^ z f =' /> 

F + ( f ( x 0 ) ; z l for a l l z e.ffin , and" ( f p , + ixQ ;y) __, i = i , . * . , n 
* ** * , p « H. *„ 

a re never «"»" .}. - - . K „ - -
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*' Proof of (2>4.'l6) t Let h ;*> F»£ , and define A and G as 

"in Lemma 2.2.8 and Theorem 2.3.15. Define ,-

1 . D„ ;= epi f^ x.,.x epi f x *epi F and C :=* D n G** (0) . As 

in Theorem 2*3.15, epi h = A(C) j> Then 

epi hj-jCXg,-*)'--kA(c) CCXg,h(xQ))) 
. * * 

» ' =» A(kc(Zg)) 
s 

- wftere S&0 := (Xg^iXg)-,..: ,xQ,fnCx0) ,£1(Xg) ,... /fntXg) fhixQ)) , 

"- ^ by inclusion (1.4.15) of Corollary 1.4.9, Now assumption 

i ' (2.3.28) guarantees that VG(Xg)TDCZg) = j^n-Um+n f 90 w e ^ 

„< "apply Theorem. 2.4.10. By inclusion, (2.4.15) and Corollary 
. 1.4.a, * • 

•" A(kc(zQ)) ^ A(kD(zQ) n
 1VGCz0)"

1C0)) 

, - f Cx,r) «• lRm x M \ 3 y e IP? wi th 

- " ' ' ( £ i ) [ ] ( x 0 ; x ) £ yx , F [ ](f(x{ )) ;y) £ r } 

1 = ep i FQ(f (Xg) {(f^QCXg?*) , . . . , ( f f t ) | - | (x 0 ; . ) ) 

v, since Fn(f (xQ) ;•) is itself isotone by Lemma 2.2.1Q. 

Hence epi hp(xQ;») = epi Fa(f(xQ); (fp^fx-g ; • ) , . . . , (fn)[j(
xo*')) r 

* and,(2,4.16) holds. The prpOf of. ,(2. 4.17) is similar and 

' ' uses (1,4.14), (2.4.14), and (l.<4.6h That equality holds ih ' 
• V - , { • ' . * • 

(2.4.16) and (2.4:17) under the'given assumptions* jis a conse-

quence of Proppsition*2.4.1. • * v D '". ' 

Theorem 2.4.12: . Let F: IR -»• R™ * be s t r i c t l y d i f f e r en t i ab l l i 

a t Xg , l e t fp"IRm **IP> be f i n i t e and " s t r i c t l y ' I . s . p . a t -

* * 

% 
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x„ , and l e t £2.: R •*• IR be f i n i t e and s t r i c t l y 1.S..C a t 

F(Xrt) . Assume (2 .3 .1) ho ld s . - -Then for a l l y e Rn , 

• , (2,4.18) (f1+f2°P)DCx0?y) £ UpfjCxQjy} 

+ ( f 2 ) n ( F ( x 0 ) ?VF(x0)y) 

and 

(2 .4 .19) ' Cf-L+f2»F) + (x0 ;y) s ( f 1 ) [ ] (x 0 ?y) 

' - ' . + Cf2) + (F(x 0 ) ;VF(x 0 )y) 
, » s - ' 

t 
( 2 . 4 . 2 0 ) ( f 1 +f 2 oF) + (x 0?y) < Cf^ + CXgjy) - ' -

. + ( f 2 ) D ( F ( x 0 ) ; 7 F ( x o ) y ) . ' ' 

If' (£1}+(x0,"> "and (£2) + {F(Xg) ;VF(Xg) (•)) are never r«> , 

.equality holds in (2.4.18) .and (2.4.19) if (fpnCxQ?*) .=» 

(f1) + (x0;«) tod in (2.4.20) if (f'2)p(F(x0) ;VF(Xg) (•)) = -

(f2) + (F(Xg);VF"(x0) (•)) . ' * . " 

Proof: The proofs of (2.4.18), (2.4.19), and (2.4,20) .are 

analogous to that of Theorem 2.3.1, using Theorem 2.4.10, 

" ' Corollary 1.4|"lh, and Corollaries* 1.4.3 and 1.4*5. That 

equality holds under the given assumptions is a consequence 

of Propositions 2.4.1 and 2,4.2. " „> ; , 0 

- We give here two consequences of Theorem 2.4.12. " , , 

*' Corollary 2.,4.13; Let C, cJR be closed near x Q , let' 

.;• "",F:'2sin -*• ]Rm he strictly differentiable at xn •, and let 

C* c R m be closed ftear F(xn) . Assume that C2.3.4) holds. 

r 



, 

- 156 -

Then 

(2.4.21) k C i n F _ 1 ( C 2 ) ( x 0 ) = k^'Cxg) nVF(x0)-1kC 2(F(Xg)) 

v > * 

(2 .4 .22) K (x0) n VFCXg)"1^ (F(Xg)) 3 K - (Xg). 
1 » 2 u 'Cstif (CJ 

' ' ,, i. i. 

2 k'c (x0> n VFCXg)"1^ (F(Xg}') V ' • 
1 * 2 

and . 

('2.4.23) k
C £ n ] r l ( c 2 ) t * o ) * \ ^ n V F ( X g ) - 1 k C 2 ( F ( x ^ ) . 

PrOof: In ( 2 . 4 . 2 1 ) , k , (xn) c k (xn) n . 
- . ^ n F " 1 ^ ) jf Ll ° > 

(^F(Xg) k_ (P(xQ)) always h o l d s . The oppos i te i nc lu s ion 
2 i * ' ' . * ' * ' 

follows from (2.4.18) wi th ' £, ;= i „ frond £2 := i c , The 
X « 

first inclusion in (2.4,22) alwa'ys boids, while the second 

is (2.4.sl9) with f, := i c and f2 :=* i c , „, Similarly., 
, < * i t 2 > 

(2.4.23) follows from ( 2 . 4 . 2 0 ) . 

rfl .. ™ 4z . ^ n ^ « 

" - ^ . 

Corol lary 2 . 4 . 1 4 : Let . £*,: 3R -^IR , f2: IR •*• S be f i n i t e 

and s t r i c t l y l . s . c , a t *xQ e R . Assume (2.3.8) h o l d s . 

Then 'for a l l y e Mn , ' ' 

, ' * 

(2.4.24), ( f f - j + f ^ U ^ y ) £ (f"p+(Xg?y) + (* 2 ) a (x f l ;y) 

and t • * ' 

{2.4.25) ( f 1+f 2 ) + (x0 ;y) S Cfp + Cx0;y) + ' (f2)Q(xQ,-y) . 
t . 

Equal i ty holds in C2.4.2,4) i f Cfp0CxQ,«")' = Cfjij.Cxjj/y) and 

i f ( t ^ (xQ*.) and (f2) + (x Q j . ) a r e never equal to "-« . 

0 
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Proof: Take m. = n and F :=-l in Theorem" 2.4\l2. • 

, -. In the special case -ih which fn(x.;.) is convex, we' , 

scan obtain results like the following: 
,* s 1 

Proposition 2.4.15: Let f«': IR -*• JR and f 2: R * •+ 3R be 

finite and strictly l.s.c. at xQ / Assume that •> r . 

(f.) (Xgf,) and (f2U(Xg?«) are convex, and that (2.3,8) t 

holds,' .Then . , 

(2,4.26) , 3k(f1+f2)(x0) c ^ ( X g ) + 3kf2(x0) 

Equality holds in (2.4.26).- if (£p"D(x0**) = Cf1) + (x0;-) 

,- or, (f2)j-j(x0;») = (f2) + (Xgf-) - in particular, if f, or f2 

is convex. • , . 
\ 

* * ' . w 
s 4 , 

i "i 

Proof: Since (2.3.8) holds, sp does (2.4.24), and (2.4.26) 

- follows from (2,4.24). Equality under the given assumptions 

follows from Corollary 2.4l14 and the fact that if either 

(f )„(Xg,*«) or (f2)p,(x0;.) 'is not proper, both sides of 

, (2.4.*26) are empty.' ,, - 0 

It is interesting to note that assumptions involving 
A - • 

'£ (Xg,") are required in—these results on f.CXgj.)' and 

fn^xQ'''^ * Tiie s a m® *-s true of loffe*s results on approxi- * 

mate subdifferentials I-I2]. . , , 

-, We npw present an example,which satisfies the hypotheses 

of Proposition 2.4.15 even though f, and f2 are not 
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convex. -A s i m i l a r example i s given in lMa2j 

Example 2.4-. 16; Define-- f^r M^ R. b y 

f r (x ) .?= 
0. , .' i f \xH£ 0 

•V-' 
l*. [ _ ^ . ' i f . / i j - j u . , ^ #'* -t.- n = 0 , ^ l , ± 2 , . 

^' „n+l . - 0n+l ^ , »n ' , '^ . , 
'2"" , ' * \ ' 2 

, i '* ' t 

' ' •' i ' ¥ , ' 

and de f ine ' 1f2:R(->-]R by- ;, 1 
!/> 

f 2 (x) := • 
i f ix < 0 

1 
*• 7TH+IT. 

i f 

7 v-:\ 

: i 

t , 

: < x - V 4 r ' r h ' = 0 / ± l # ± 2 , . 

I t is- not hard t o ' s e e , t h a t ' ' , 

"£^f(0?y'),;== f 2 ^(Qiy)- f \ 
i f , y £ 0 

,+•<» i f « y > 0 

'. ' i 

(#P Q (o?y) ^ , ^ 2 ) D l 0 | y r " 
0 if5, y s; 0 

( f l + f 2 ) Q ( 0 ; y ) = 1 

y , i f y > 0 

0 i f Y < 0, 
, and 

,(£ r + (̂ ;y.) " ' j 

( (f2)4(Q;y) ' 

2y i f ; y >0 

0 if, ,y 5 0 , 

y/2s, i f y > 0 

•'o i f , y;:<- o 

y /4 i f y > 0 , 

>\ > ' 

V' -JJ 

i i 
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0 if y s 0 

3 
I ^ 'if y > o : 

""Then dom f^Vco?*) * dom f2?(0?*X = '{yly^'O}' , 'so <2..3.8) i s -\ 

saLtis£iediand-H2.4,2€) "holds. In fact anCf,+f,) (Qj = 10,2]' 

wbileY .9nf, (0) = .S f̂̂ CO) ~ t^Al ,' so equality ho\Lds in -• * 

' (2:4.2k "even though Cfp^tXg'; ») ¥• (£$_•)gCxQ/•} : , i * l',2 . 

If '£„(£„}*} • i s not convex, . i t i s - s t i l l possible t o ' 

' • . def,ine» a notion of subgradient £Or , f by Jneans of upper 

* convex approximates. , -
s ' 1 - * 

• i ' . ' 
* - , ' 

**, '• Definition '2.4,il7, (cf^ ,[Psll) : The function h: E'-*-IR i s an 

*̂  "• upper convex apprqxiittate »fpr f|»iE +JR ati'Xg e dom ,f if - -

* ,- ' (a) h(y)'' )> £n\xn',y) for a l l - y. s E and"- ' '• ,; 

(b) h(») is convex," l.s.c,, 'and positively homogeneoihs. 
, - ' < ' « s ; \ •* ' •• * 1 . « , 

The set ' . , • ,' J I - ' ' . -
' * . " « . ' ' " - ' ' ' 

- $(x'f) :4 {x*£EMh(y) 'a <y,x* * Vy e E} , " 
* * ' ̂  ' ' " - ' - » 

i s ca l led a h-subgradient- of "£• at xrt, . " ; ' \ < * > 
, » 1. - .; t» ' ' , U 

Specific example^ 'of ̂ upper'convex approximates include ' 

, '» f- (x„;») , f ,(x0-;
4) , r(Xg;.) ,, and the '.upper ̂ cohvex, 

•approximations of,[Pslj," As one might :expect, nqt-as much' , 

,t -kcan be said about general•upper convex approximates as can 4 

'' be' determined about specific ones like f (Xn.;*) Or'. • " 
- ' »- t * * s y . r 

, f,(xn;») ; however, necessary conditions for minimality can.« 

be, expressed in terms of upper conv,ex a'pproxima'tes,, as 'we . 
..!" 
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will show in Chapter 5. We postpone further discussion of 

them until then.- • , > • 
' ' ' ,' ' 

Remark 2.4.18: By comparing Proposition-^ 4.1 and Corollary 

2.4.14, one can see the implications of the slight difference ' 

in quantification in the definitions of K.-.Cx.J ,*farta k_(xn).'' 

From Proposition 2.4.1, we know, that the inequality! , • ' \ 

\ '. • -1 V ' , 
' Cfi+f2) + c V 1 - (fiUtV') + ^MV* ' •, ' 

always holds; however, it dees not necessarily hold with 

illustrates: ConsiderV f,: R * 3R and f 9:R-*R defined 
j ' ' * 

by , , 

fp^xj := x i f - ~ r r < x \ s ~ and n i s odd 
. 2 n + 1 \ 2n 

2x . i f —-rr < x s -— and n i s j sven 
2n+l ^ ,2n *~~ 

* s 

f2(x) :-

0 

x if 

if x <; 0 
1 .. <• x * -tr and n ' is even. , 

2 n + 1 2 n ' -

2x if, -X-r < x <. --— ahd -n 'is odif , . . 2n+l. V 2 » > ^ ,. 
• " > 

Then if y > 0 , 

, s«- , 

Cf^nCOjy)1- (fj^COry) - 2y. 

while * i. 

T 
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Cf1+f2)lx) -
• 'X < 0 

3x i f x > 0 

so that (f^+f^gCOyy) -' 3y . ' Thus for y > 0' , 

t > 

I * * 

(f1+f2)D(0?y) * 3y<4^- Cf1)D(0jy) + (f^COjy) . 

On the other hand, Corollary 2.4.14 shows that the 

inequality 

{-V*Va(iVy* S ̂lŴ  + C f2 )D ( x0 ? y ) 

\ 

'holds under assumption (2.3.8), but the Jact that KC"(XQ) ̂  

"is not product-preserving prevents us from proving- the same 

inequality ,for f+(x0;*) under that assumption. ' , 

Does there ex i s t a q-coiie R such tha t ' 
•f w

 l 

. « 1 t f 2 ) R ( x 0 , - , ) = f / l X j ! - ) + f 2
R ( x 0 i - ) 

' / 
hcl,ds in 'general? The answer i s nO. The'only R for which 

(f1+f2)R(xQr . ) > f . , R (x n r ) + f , R ( x n ; 0 
•1 ^ 0 ' "2 V A 0 ' 

holds in general satisfy Property (6) and can be expressed 

as "lim inf's" of difference quotients. On the other hand, 

the> only q-cones for which 

Cf1+f2)
R(x0i') < f/Cxg?;) + f2

RCxQr) 
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i 

» f 

holds in general satisfy Property C5) and caa be expressed 

as "lim sups" of difference quotients. The regularity " -

conditions given in this* section seem to be the best possible 

involving q-cone directional derivatives. 

We saw in Theorem 1.2.10 that Properties (5) and (6) are 

'incompatible for a broad, class of-tangency operators. The" 
1 * " ^*»»fc*^K fact that 

Cfi+f2)
RCx0r)'^ fx

R(x0r) +
 f

2
R t x o ? , } 

cannot be made to hold in general seems to be a reflection of 

Theorem 1.2.10. It also reflects the fact that the approxi

mations we are studying are one-sided.-/ On the other hand, 

for two-sided approximations to be effective, much more is 

required of the functions than mere lower semicontinuity 

(see {Doll, [Ul])., . ' .. > 

2.5. Subdifferential calculus - the Banach space case 

The key 'finite-dimensional results of this chapter 

- Theorems 2.-3.1, 2.3.15, 2.4.11, and 2.4.12 - rely heavily 

upon Theorem 2.2.2. There is also a Banach space version of 

Theorem 2.2.2'given in lBo5J, which will enable us to apply 

the methods of this chapter to derive subdifferential 

calculus formulae for extended real valued functions 

defined on a Banach space. In this brief section we state 

this theorem and give a few of its applications to 

subdifferential calculus. . * 
•1 > * 
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Definition 2.5,1; .Let E be a l.c.s. and C c E a convex 

set. The core, (or algebraic interior) of C is the set • 

core C := {xeC[¥ y e E , aS >0 such that x + <5y e C} . 

Definition 2.5.2 [Ro4]: Let E be a l.c.s. (a) The set 
• • — '•'•"• "•" ' •'•• ' " " T — ' Ji" Hiiiiw• H 

C c E is said to be epi-Lip^chitzian at x0 e C if 

Ip(Xg) T5 <t> . (b) The function f: E •*• R is said to be 

directionally Lipschitzian at x. e E' if ' epi f is ' ' 

epi-Lipschitzian at (xQ-/f(Xg)) . 

If f is directionally Lipschitzian at xn -, then 
T £ (xnjy) < +°° • for some y e E , and the set of all such y 

comprises the interior of dom f (xQ?») (see [Ro3], [Ro4l, 

[Ro5n, 

Theorem 2.5.3" lBo5]: Let E and E -be Banach spaces, let 
1 ' -1 ' 

G: E -»• E be strictly differentiable at xQ, e G (0) , and 
let C be closed near xQ . Assume either • ', 

(2.5.1) C is .convex and 0t e'core(VG(xQ)(C-xQ)) 

or * 

'(2.5.2) C is'epi-Lipschitzian at xQ and" VG(Xg)Tc(Xg) «^E 

Then" ' ' 

t 

(2.543) T-txJ n VG(xn)"
1(0) c T ' (xn) . 

^ ° ° CnG_i(0) ° 

* 
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- .Using (2 .5 .1) and ( 2 . 5 . 3 ) , we c a n r e a d i l y d e r i v e ' 

formulae'from the convex subdifferential Calculus. We give 
1 ' / 

. as an example an extension.of ' P ropos i t ion 2 . 4 . 7 . , _ -
s ' ' ' 

i , ' - . ' 

^ " ." - * , ' ' - * ' ' 1 s " ' ' ' " ' « 

Propos i t i on -2'.5.4,; Let E and E ' - b e "Banach s p a c e s , and 

' l e t P:, E-->'E b e - s t r i c t l y . d i f f e r e n t i a b l e a t xn e.E . - L e t : 

f,: E + R be convex, p rope r / ' and s ly r i c t ly l . s . c . a t - xQ , 
t ^ K r * 

1 -, ' " • . i, .. 

and let f9: E -*-R be convex, propel, and strictly 'l.s.c., • 
- at F^XQ), , where-,Xg'e dom £-7.0 P\ <dom'<£2') ., Assume 

' ' ' , ' . ' ' • ' ' ' y 

- ' , ' ' ' * - \ ','" " 7 '' 
'(2.5.4) l '?F(x.)xn-F'(xn) e core(VF,(xA)dom if, - dom'£,J . . * 

0 U , U , , , © 1 1 ^x ,. ŷ, 
'.! " J 1 , , 

T h e n ' » ',- • , . , , ' ' • ' 
* . ' 

(2.5.5) S(f1+£2oP) (xQ) ='3fL(x0)\+ VF>(x0)*3f2(x0) ,( ', 
- , ' ' • •» 

' - - \ < ' ' , \ r 7 - ' * / • ' , - . 
' - ' • ' ' , . , ' , " > '> . ''«-

1 ' * , . " , ' • ' ' " ' 

Proof: The proof here parallels that of Theorem 2.3.1, 

except that-we apply Theorem 2.5'.3 instead of -Corollary 2,2.3 

•'" - L. " ' » ,~7'"1 ." '- - t , - . 
w i t h . G j i s i n Lemma 2,2. '6 , C := e # i f, x . ep i f„ , and-

s - I I > > t 

Xg := (Xg,f-(Xg)',FCXg) ,f2(F<Xg))) . - Condi t iori . (2.5.1) i n 

t h i s ' c a s e reduces to ( 2 . 5 ; 4 ) . ' - ( ' ,D 
. . . - i , * " i 

Unfo'jjtunately, Theorem 2*5*3 is not^strong* enough to 
- ' ' ', - ' . ' • ' ' >' 

enable us fco prove the'best generalized subdifferential \ 

.calculus formulae ffor, functions defined on ,a Banach'space 

For example, in using Theorem,2.5.2 tb prove* a subgradient^ 
\ • 

••V 

sum formula, we need to asSume that each of the two'functions'' 

- ,is'ditectionally LipschitzianV while in "Theorem 2.1,2, it is\ , 
' •' " - 7 ' > * • ' ' \ 
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Only assumed that one of the two functions is directionally 

Lipschitzian.- The best analogue of Theorem 2.3.1 obtainable 

via Theorem 2,5.2 is the following result.1 We Omit the 

proof, whiGh parallels that of Theorem 2.3.1, 

. s V 1 

Proposition 2.5.5:1 ILet E< ,and E «be Banach spaces, and 
r 

let F: E"* E beJ strictly differentiable at xQ . * Let 

f.: E -> R be finite, epi-Lipschitzdan, and strictly l.s.c. 

1- -
at Xg , and let f2: E -> R be finite, ?pi-Lipschitzian, 

and strictly l,s.c. at £(x0) , Assume 

(2.5.6) F(x0)dom f
+(x0;.) - dom f2*(x0?.) = E

1 . 

*% ' * 

* Then (2.3.2) and (2.3.3) hold. Equality is ensured in 

(2.3.2) and (2.3.3) if the hypotheses of Proposition 2;4.5 

are satisfied. j . , 
* f 

Remark 2.5.6: Although Proposition 2.5.5 is not as strong as 

Theorem 2.1.2,v the special case of Proposition 2.5.5, rh 

which f, :H 0, is just as strong as lRo3, Theorem 3], the 

corresponding corollary of Theorem 2.1.2. * 

9 
-^ 
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CHAPTEB I I I 

General ized Subd i f f e r en t i a l Jfcalctilus: 
• The Vector-Valued Case 

/ 

5.1. Directional derivatives and subgradients for 
vector-valued functions. ^ " > . 

In recent »years, a number of- dif ferent concepts of 

generalized derivative f<*$r, vector-valued functions (e.g. ' 

[C12], [C14] ,~ [Ro5l > IThl], [Hi4], tA2] , £Bo4] ," .'[Pal] , . « 

[Pa2]) and set-valued mappings'([Pe2], [Th2If [Gal]^ (All) > 

,have been proposed and'investigated.. Calculus formulae for" 

these various generalized derivatives have been proven by 

Clarke, Hiriart-Urruty, Pehat,. Thibault, and others. Df 
' *• s; f » 

particular relevance* to the1 present work are the papers of- , 

Thibault ([Thl], [Th»2]),..which generalize the maan calculus . 

•formulae of [Ro3] to the vector-valued and set-valued 

settings. Thibault's approach, like ours, centers aroufc 

directional derivatives and subgradients defined in-associ

ation with .tangent cones to "epigraphs.' * •', * 

The cornerstone "of our development of-a generalized 

subdifferential calculus for, yectori-valued functions is a 

tangent cone inclusion proven in Proposition'4.4 of *[Th2J. 

As a direct corollary of this inclusion, we will pro^ a 

vector-valued analogue of (2.3.29), our inequality involving-

the upper subderivative of the composition of an isotone 

, • . - 166 -
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/;• •• ; '._•• :.: .1 • '. 
functions, Combining,this result 

with subgradient incluS .ons for vector-valued Convex functions 

. will enable us-to prove vector-valued"counterparts of some of * 

'the formulae in-section,. 2.3, Specializing' to the scal^r-
,v , " i . ' ' 1 

valued case,' we will then-prove an infinite-dimensional 

version of theorem 2:3.15^which almost subsumes the results 

': *>i*»4 -of [Ro3j-v (we assume the functions involved are fV.s.c. -at 

'l «•»..* * 7 xn"i an assumption -not made in [Ro3].) and allows \ us to prove ., 

**V 

*, ,> 

J 

new product and quotient "rules for functions'with infinite^,. 
, . • : > i- . „* 

dimensional domains. W.e also'give-a variant of Theorem 2., 3.15 
• *_ < ., , ,\ v\ , 

*in which -the complicated conditions (2.3..285 -ar<? "decouBkled". 
7 . , '•> • *'*•*» ), • 

Finally* we wrap up our study,of generalized Subdifferential; 
7 , • , >: , ' \ v < •< ' , • *.">": 

calculus by investigating whether., any additional, chain*rule* 
formulations riot already, consideredtmight be "possibly.,- "( 

-We begin byrtescribing the Se,%tingv for "the discussion in ̂  

*-' '* . ,v ' ' v "\, ,7 ** 
this chapter. '_ Le.t. E be a l.c.s".., and^l-et E' . (or l (E,,S)) 

s - , V *fc * v ' * 

denote an ordered I.e.6.- (abbreviated p.t.v.s.) with an / < 

ordering £„< .induced by a closed-'convex cone, 5 c*E n >; '- < 
W . j . - * l l » 

, - • . * r ~r * - I . 

'vi.e., for x,y-« E- , x <g y if and on;iy;if y-% iSjS '. Such, 

an ordering is automatically, transitive. >• It is, reflexive if 

0 ê -S and is antisymmetric .if in-addition. S is pointed •-
\ * . ' ' . * sA , -

' i . e . /* S.n -S =:{0} -. ' C a l l E, : = Ef> u {+»}• .the space En 
4 • , ± ' ^ X • ' 1 

with adjunction of a" supremum +» , and similarly define 
• I ** •—» * 94* 

S := S u {+°°^ .. JDenote by E, : - E. u {±°°} ' the space £, 
with -the adjunct&oh of. a supremum +°° and an infiraum -°° . 

•m • 4 ^ - , 

" Addition aid scalar, mult ipl icat ion are extended in, the usual . 

* j 

« 
way t o E, and E. with ' (+00) + (-°°> = +D 

* i •"• » 1 < . r. 

We will assume 

# I -



t 

i - m-
4t> 

v>4„. 

7 "throughput t h a t 0< e s ' and t h a t (B,'-,SJ ' f s o"rdeir complete;, , * 
s •. < • . • , / ' • 7 - - l .—""*— > " " ; " * 

', "i.e., every nonempty, subset of E, which is bounded above' , 
• • .- ,' * " ] * * ' ' • - ' 

^^below) in- E. h-as a supremum (infimum) in E . ... 

' •* 7 Denote by L(E,E..): %he Space Of all continuous linear 
1 S # - . . '1 „ ,' ' ' 

' • , mappings1 from . E into .E, . For a mapping F: E ,-* (E: ,S<i , ' 
' - " ' ' ' ' » ' •• - , - ' , ' . < ( . , ' 

• - u . de f ine the- (e f fec t ive) "domain Of f" to-be the s e t , , • 
" ! '*<• ' • '!' ! "77* * J ! J 

» > - ' ' ' • ' . *• 

" • (3.1.1)'" , > dom f :=.{xe*3|f<*) ? <+W. 

'"- .. , . • . " 7 " ' -

and'the S-epigrapK .of "f 'to be the set * ' ' 

• ' . , ' * » ' ' * . * . - • 7 ' ' , . . 
• * (3.1,.2)-, ,' ep igf , - :* '{ (x # y) :eE KEp[f (x) $sy,} . 

,* 

# * * 

* "* 
V • 

"• "S.s-

' I f e p i 0 f - i s a-convex s e t , f I s s a i d t o be S-^convex. fvI£ ' 
t ; i' ' 

f: E * (E, ,S) has nonempty" domain, it'is called proper. 'As 

A ,'. ' '•",*'" ^ •' 
*, xn the scalar-valued case,- if f; E -»• (Er,S) is S-Convex, 

, * X * ' 1 ' ' ' l 

*epi_f i s , c lose J d , and t h e r e e x i s t s - x„ e'E with f(x_V e E1 , , 
- fa . • du » , , o x 

' then, f i s p roper . We demonstrate t h i s below: 
v : " • - ' ^ * 

Propos i t i on 3 . 1 . 1 : Let'* f: E •*• (E^S) be an.S-convex , •* 
^ 4 * * « 

,, function such that epiQf is closed; * . 
7 , ' * • . s , • : 

* "if there exists xn e'E with .f(xn) =" -» , then, f is ' 
"-«-) , . u , , , 

" X ~ * *• - / i * ' «• . 
/ « q u a l " t o -9°. throughout* x.ts7 domain. , 

, <» -̂ ' « , , " , 
- . * I * . . „ * - ' 

t * 

Proof:.' Suppose f(x„) = -00.. Then (x.,y) e epicf for all 
- — — — .; U , U o , 

' A ' • A ' 

y e J5*1, . >Let .x ,e dOm f , and l e t y e -E, be such t h a t 

,(x',y) e«epi g f .« Let , y e E | | ^and t e > I 0 , l ] v be g iven . Theh 

/ 
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t h e r e ' e x i s t s y" e E1 such t h a t , t y i + ( lg t>y.£ gy . ' Since 
, •" • " * * • < ' •• W ' 

f i s S-aonvex, (tx,, +• ( l - t )x ,y ) 3 . e epi-cf . Now l e t t + 0 . 
, i U - o f ^ 

, / , ' ' ' , " ' ' A / 

Since epigf i s c losed , we conoludte t h a t ,(x,y) e epigf . 

Because y i s a n , a r b i t r a r y element 'of E , f(x) must equal 
• > - « . . * ; * " . D 

i ' " . . . ' , " ' 
,For a proper S*convex function" £: E •+ (E ,S) and 

i , " " , ** j 1 "• 

x_ e dom £ , -define -the'S directional derivative' of f1 at, 
, . ' ' • > , . ' ' * , • . - - • ' " f 

x- with ̂ respect to h e E, by ' - - . . .> , ' 

(3.1.3) fs'(x ;h) :* inf' 
r ' * t>0 

f(Xg-+th)-f (Xg) 

' - — t - . \ 

, 1 

Define the ' S, subgradient of '£ »at xQ - to b.e 'the set 

(3.1„4) -Ssf.^o5 :~ { ^ ( E f E ^ |T(x-Xg) <s f(x)'-f(Xg) 4 ^ 

, . " ' . - , • ' « 
' " for a l l x e E} .. " ' , 

• , ' • > i ' . ' , ' - . 

^ . '• • 
Notice t h a t 8Gf may be w r i t t e n e q u i v a l e n t ! / ' as < , ' 

* * ( ; , -

SgffXg), ':^ {'T £h (E, Bj) |T(h), ^ fg(xQ;h) ~! 

( for' a l l h e E} . 

For,information on the calculus of S 'subgradients, see 

[Zol], [Pal], [Kul], [Ku2], and [Bo9]7 + 
t s | •» 

Now we extend the d e f i n i t i o n s of s.ection 1.5 t o ' t h e 

.above s e t t i n g . A * . 
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Definition 3.1.2; 'Let R be a q-"cone,, and l e t -. . -

f: E + (E^S*) and xQ e f" (E^) . Define -

Hs(£,x0) ;= {(y>d)eExEp|v"v«M(0)i ' in E1%, * UeW(O)' 'in E , 

f # X^.Ye N((x0 , ' f (x0))) , $ A>0, a W e /C(XxY) , a« Z,eM(U) , ' ' 

#' ( x , r ) ' e w U p i f 1 $' t ' e (0,X) , *' u1 e Z\ 3 v ' e V, 
S ' > '• , , - , 

(x,r>, +' t(y+u' ,d+v') e epigf} ' * "̂  
1 J ' 

Remark 3.1.3: (a) The'expression " (x,r) + t(y+.u" ,d+v') e 

epicf" in Definition 3.1.2 Can also be-'written; - " I 
t ' , ' s 

° »£,(x4-t(y+u,))-r r , ̂  . . , .' ' a.. -,-c a. * i," 
1 -< •'-' v < d + v' ,. As in section 1,. 5, it follows 

, < " -' ' ' 

' that if (y,d) e"R (f,xQ) , then 7(y,d"\ C7R (f,xQ) whenever 

d s 'd* . , ' ' • 

(b) "if * := V and M(y) ':= Y in Definition 3.L-2, then 

Rs(f,x*g) = R(epigf,(Xg,f (Xg))) . For such tangent'cones, we -

will denote R(epi_f, (xQ,f-(Xg))) simply as Rf (xQ) ,* e.g., 

if R, is the Clarke tangent cone, we will use "Tf(x0)
!l in -

place of "%i£((x0,f(x0i)))»-. ' ^ . : • ' . • ' . . ' . . 

' ' ' ) " '*• . '. " _ 7 ' • 
Definition 3.1.4: Let R be a q-cone, and let £te.E -t (E, ',S) 

and xrt £ f~ (E,) . The R-S directional 'derivative of f at 
\j j. ' r " '• i u . i , 

xrt with respect to y e E is defined by " • 7 ' 

K 

(3.1.5)' fg°Cx0;y) :=. inf{d| (y,d) e Rs(£,Xg)} .*•• 

The R-S subgradient of f at xQ is the "set , 

>.. » ' '• V 
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(3.JU6). 3gfU0) := {TssKE^^lTfy) Ss f^(x0;y) '* * 

for a l l y e E } . 
• / , > • 

Remark 3.1.5: (a) As' in the- case of "extended real valued 

funct ions , ' i f 'R1 and- R" are" two q-cones'Such "that 
"" i * 

Bs-(f,x0>. c R^(f,x0) , i t follows that fg1 (xQ;«) <s fg< UQr) 

• . ^and.'3s
t"f(x0)[ c a*' f(xQ) . , 

(b) Thibault introduces special cases of these^definitions 

in IThl]. He denotes' fg(x0;-) by *'fD(xa; • ) " , fg(Xg,-») by 

"f+(x0;*)",, and r(f,Xg) by "Q(f,Xg)". We will adopt the 

latter'two notations, and suppress the S m 1'£„(xr.f •) ", 
s , to u 

R * 
" writing it as* ''£ (Xg,")" , 

r * ' 

' *'' J ' R v 

We saw in,.section 1,5 that R(f,xQ) -a epi f (XQ;*)» for 

f:-E -*- M . The analogous relationship will not generally 

'' hold in this vector-valued setting without additional assump-
S-. 4 " * ^ • ' * . 

\ / A • i ' 

\tions about both R and, S . The space (E, ,S) (alter-

nately, the-cone S) is Said to be Daniell if *for every -

decreasing net (y.) - , in Ev whiCh* is bounded below, 

lim y. = m f y. .. If in addition the function. 
i t 

-" (ypY2^,h~*' suPCyi/Y2^ ^s continuous, (E, ,S) is'called a ' 
» t ' ' ' 

A Daniell topological lattipe (D.t.l.). * »' Proposition 3.1.6: Let' R be a q-cone, f: E ,,-*• (E, ,S) , 

and Xg £ £, <xf'uch that * f (xQ) e, E, . Then 
• ,j" ' 

«w* ' . • 

: " ' N 

' (3.1-7) . , -. . -RgCfUg) c epigfRCx0;«) . t 7 , 
». • ' * '. • * 

i *'-* .** ' • ,' 7 
> • : • 

4 _ % / ^ ' 

file:///tions
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If in addition' , (E» ,S) I's" a D . t . ' l , ..and" R <is such t h a t . 
'• ' ' . r • ' 7" ' 

" * : = ¥ , # :=*<^ f and, * :« V1" , then . ' 

% 

*R, . Proof: L e t , ; (y,d) M RgCf,x0> • ' By ,(3.1.5) ^ fg(Xgjy) 3<g- d; 
'•'--', " * >• • .- LR' " - " ' > > 7-
, i . e . * . (y*»d) e epi„f ; ( x r t r ) ' . Conversely,y suppose (£, ,S) 

«• - • '^ \ ' ' • 7. v 7- , * -• 
• . i s 'a D. t . ' l . , , a n d ' l e t 'Cy,d) e e p i 0 f ( x n W . •'!£ ' , -

' f ^ x ^ ; . ) = - ~ 7 , then ,7(y,-d) e RgCf/Xg) fey'Remark* 3.-1.3(a). ' 

' 'Otherwise , 'def ine VD ;>= {deE, I (y,-d) 7 R ( f , x n ) } , and „ . ' 
** n ' •« 

Suppose , d,-,d2 e D .* Let V e,W(0) ', in E^ . ̂  $ince t 

' XYYIVI)'*"* ^Ptypy^ xei c°ntinuous, there exists , v, c v 
' . ". ' - , . ' ' " < ' ' • ' 

" - With,, V, £t W(0)' and sup'(v1,v2) 'ts.V, whenever v,,v2e V, . 

There exist U'e N'(0)' in' E, , X x y e W( (xrt,£(x„^)) -,--X > a, 
t i i - * . • > U, U s , 

W.e'^(xVy) , j a n d ^ e PM(Q)--such t h a t - f o r a2SL( " " . '•'" 

- 7 ( x , r ) VW V> epigf- , -t r . (0 ,"O , U1 e Z" ,, t h e r e e x i s t , 

" v l , v l £ V7 wi th f W t t y + u ' H - V 7d,- + v! " fo r x = 1,2 [\ , 
i , * X, ^5 » X , -> . - „ f , "C- . *> X X • 

\ 

(3.1.fl), • ', . RgCf,xQ) ,>" epigf R (x 0 r* ) .7 _. _ „ . , " * S : ; \ 

\' 

** V 

I t follows* t h a t ' , ~ 
?~ ' ' "* * 

" . -- . 'V - , ' 

' t ' '-7 ^V'^. 'O-^^'d. f'sup(v' y2) for i = l,2',,' 
-» *" * * i ^ m t 

, and so > t - . " 

" '• , £ C x + t ( y ^ f ) ) - r ^ i r , f { d i / d 2 ) + s u P ( v r v 2 ) , . ! - • ." . , f 

• 1 . ' ( 

Since sup(v!,v2)i k V- , we conclude that ,inf(d,,d2) e D ̂ .• 

The rest'ofJ the proof is outlined in̂ [Thl«,, Remark *(4), page / * . 
• r \ ' :S' • , y _ \ 

330%'. " Consider"fche decreasing net" of infima of. finite, 7 - ' -
'. • ' *u' , 7* '. ' - ' . " *" 

,' . , * 

' * .' * *. , ' ' '.'• • Vs , -

. *• -' 1' , » k 

.7'h .'.'*• -^ > t . 



/ 

/ • 

173 

subsets o'f D'. 'The set D, ,is easily seen to be closedrby 
;'-".*''',' - ' „ - A -. 
an argument similar *to £hat »of Theorem 1.3.4. 'Since 

(E\ ,S) is" Daniell, it .follows .then that d e D . Thus 

(y,d) e Rc<f,xn) and (3.1.8) holds*. ' . D 

Definition 3.1.7: , The fun at io'n -£: E'1-*- . C E ^ S ) ,t is ̂ said to be • 
"s ' • • >>, * ' • * . ' ' ;7 

' R epigraph regular .at xn if t,(3»l'.8) is satisfied" , « ' ' 

.Proposition 3.1"; 6 shows that f is , R, * epigraph regular , 
T - * *' ' s , ' ' "> ' 

c ' r -1 ' '' -
at.each xrt̂  e f <E,} if (E',S) is "a'D.t.l1'. .and 

. u , l 1 - i • »» , " . 
' ' s , 

R * ^,H,A,E, or L.- 'The reason we* i so la te th is proper ty 
and* ass ign- i t a name i s -that in, many of the siibd'ifferential -. 

, t \ . S 

calculus theorems in this' chapter,, it is important th$t the' 

functions involved be ' T epigraph regular. At this* point" *•' 

We pause to list some'classes of functions that^have this 
' ' / . * "-

' ' * s * ' ' 

• property. ' ' ' ? 

"(i) .'If f: E •* (E.,S)' is strictly compactly Jiipschitzian f -

at x7 (se<#* [Thl], [Th2],*or [Th3]'for a "definition),'then 

Tf(Xg) '= Q(f,xQ)'. (tTh2, Corollary 2.12J1, «[Thl, Proposition 

'3.10]). Thus if (Elf'S) is a DAfc.l., f, is T epigraph 

regular at( xQ . Thibault proves subdifferential calculus 

rules for such functions xn '{Th3]. 

(ii) If, f: E •*• (E, ,S) is S-'convex and xrf E int dom f , 

then* IThL, proposition 2.7] and-IBolO, Theorem 1.1*1' combine' 
'' ' i • *' 

"to show that' f̂ Cxg,-*) =" £.' CxQr) « Hence if (E^S) is a 
D.t'. 1., Proposition 3,1.6 with R :='A shows that * f is ' T , 

. P U * «,;!«: :•'• - / . : . j . • " • . ' . ' • • • 
•, * 

1 ! 

7 ', v 

/ . 

V\. 
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.(iii) If f,.E+(EirS> is strictly differentiable St x Q ; 

then Tf(xQ> = Q(f,x0) =* Vf(xQ) + S and £*(x0;-) - ^(Xg,-) 

=.Vf(Xg) (see [Thl], {Th2, Corollaries 1*1 and 2.11]). Thus 

f is T epigraph regular arid 1 epigraph regular regard-

I ' 

less of whether^ (B.,S) is a D.t*l. ( 

Civ) We say F: (ElfK) -*• (E^S)/ is (K-S) isptpne" on 

D c E, if F(x) ^g F(y) ' whenever x,y e D and x s- y . 

An examination of the proof of Proposition 3.1.6 shows that 

if (YifYo) H'"" m f (y,,y2) is continuous in (E, ,.K) , (E2,S) 

is a D.t.l., and F is isotone on a nexghbourho**l**kof x^ , 
1 * * „ 1 < 

tlfen, F xs R epigraph regular at xQ for *R == T , k as 

well as the other cones mentioned .above. r ' 

Cv) Products of R*. epigraph regular functions. 

Lemma 3.1.8: Let f. : E^- (E.,K,) , i = l>»,.,n , and 
j-;—,""""" '• •» - X X I -

define ,f: E -»- ir(E*lfK ) .by f(x) :* (fpCx),... ;fft(x)) . • • 

V Suppose that each f. is- R epigraph regular at „xQ e E , 

and that "ly,d,,...,dn> e RC£,xQ) if and only if 

A R ' 

(y,dx) e RCf^Xg) , i =? l,...,n . Then' f (xQ,'yl = 

* (fpCx0;y)'>,..,f^(Xg?y)) and f is R epigraph regular 

at Xg /• • • * 
. I ' 

. J 

•' • " /7 v -^ 

Proof:. The fj.rst assertion "follows immediately from (3.1.5). 

To prove that f is R. epigraph regular at *xn , suppose 

, f (x0;y) £ .Wp./.'.fCl̂ l .. .Then £?(xa;yl < d^ f and since . 

each f , is R" epigraph regular,, .Cyfd. ),«<e R(£..,x_) . 
i * . # , i x u 

, t ' 
'. » ' * 

t»V 4 * * if 

f 
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Byv hypothesis,.. (y,d-. >... ,d ) e R(f,xn) . Therefore (3.1.8) 

Is and f is R epigraph regular at xn . Q 

We will apply Lemma 3.1.8 several txme"s in sections 3.3 

and'3.4. . ' * ' '' ' 

It is hoped t.hat further research.will lengthen the 

above list. Of course'any f: E •*• 5 is R epigraph 

regular for any R and any xQ for which4 f is finite 

(section 1.5). 

• Observe that if f:' E„-»- (E, ,S) * is T epigraph regular 
? .x * 

at Xg , then epigf CXQ;*) XS closed, and we have by ' 
* * " 

proposition 3.1.1 that either 

A ' A > 

(3.1.9) (a) f (XQ?0)' = 0 , in which case -f (x^j*) is 
\ 

•proper, or 
A A 

(b) f (XgjO) = -" , in which case" f CXg**) is 

equal to -« throughout/ dom £ and # 

a^f(x0) = 4> , _ 

just as" in the scalar*-valued case. We will make occasional 

use'of* this fact later." We will also find, use for a 

vector-valued- version of Lemma-2.2.10, which we prove below. 

^T*s • ' ' > * 
% Lemma 3.1 .9: Let F: (E^K) •*• (E2,S) ,be K-S " isotone oh -3 

"** ' ***** , . , x • 

a neighbourhood of xQ e F (E2)* in ,E. . Let R be a 
i ii « 

q-cone with- #.*•!= 2 which satisfies the following 

"""^conditions: 

* 

• 

i » , 

* 

Af' 

- : M 
" * 0 

* * 

1 

* 

A 
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* 
W :*« (W-.nWj x W2 e KC(XnX2)xy) , there exists Z e M(U) 

J*F 
such thcbt for all (x,r) e W n epigF , $' t e ,C0,minCX,X())), 

. *f h € Z , 

F(x+t(y2+h))*-r 
^ d + v 

for some v e V .̂  For any such x , t , and h ,* 

xs +.t(y1+h) $K x + t(y2+h) , .and both x + t(y'2+h) and * 

x + t(y,+h) are in ^X, . By isotonicity of F on X.. , 

F(x+t(y,+h))-r F(x+t(y,+h))-r 
i, < * r 

' , * ' t ~s t 
» 

and hence (ypd) e Rg(F,Xg) , as required. Q 

' V * 
^mong the q-cones which satisfy the hypotheses of 

" 7' ' ' ^ 
LemfceO.1.8 are Kc(Xg) , kc(Xg) , Tc(xQ) , and Ic(Xg) . 

, As in !Ro3] and [Thl], we will be primarily concerned 
+ I > 

here with f '(x0;«) and f (Xgi',) . The strategy of the -

proofs in this^chapter will be similar to that pursued in 

IThl] - directional derivative inequalities involving 

'£ (xQ?») and f (x0;') combine With subgradient inclusions 

for S-convex functions to produce subgradient inclusions 
T I * 

involving 3gf, and-- 3gf . This strategy is agaxn based 
i ' I 

on that fact that, f (Xg;«) and f (xQ,") > are S-convex 

functions and 3gf(xQ) = 3gf (x0;»)(0) , , 

3^f(x0) .«agf I(x0;*) (o) . ; 
. * • ' V ' ' -

v ' " • I .• 

j 
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* ? • * 

(3.1.10) I f XX,X2 £ NCXg)', t hen , 

K(X,) n K(Xv) cK(X-inX0) 
fc, ' ; •' X 4 * . <* X ( « % - - , > - ! 

(3.1."ll) - v r f X e WCXg) , YJe NCFCXg))' , then , 

KlXxY) = f(CX) x K(V) . 7 ' 

R ' ' > ' . • 
Then F (xQ,v) is K-S* xsotbne on all of E, . 

Proof; Let (y^/d) £ Rg{F#$c0J , an&s^let y1 e E- , be such 

that y-, ̂ 7 y2 .' It suffices to show that (y-.,d) is also 

in -Rg(F,Xg) . To this end, let ..V e W(0)' in E 2 be 

given. There exists *X, e W(XQ)*1 on which' F, is xsotone. 

For.a given U e W(0) .in E, , there exxsts X 2 e N(xQ)" 

and 'Xg > 0 such that/ X2 + lO,/^ (ypMJ) c x, for . . 

1 = 1,2.. Since (y2,d) e Rg(F,Xg) , * fr' e. W(0) , there 

exists XXY e W((Xg,F(x0))> , $ X >0, there exist WeK(Xxy) * 

artd'' Z e M(U) such'that for all (x,r) e-,W n, epigF ., . . 

$• t e (0,A) , *• h £ Z , 

* ' ' ' ' 

'F(x+t(y5+h))-r , , - ? 7 J 
- r — ^ *s d + v , .' -

for some v £ V . By (3.1.11), any W c K(X*Y) is equal to 

W x xjg:2 with W 1 e K(X) and W 2 e K(Y) . ' By '(3.1.10) , i,f 

W]_ £ £{X) and W 3 £ K(X2)' n W 1 n W3'e K (XnX2) . Puttxng 

these facts together, we $fa that * I* e M(0) , there exists • 

(XnX2) x Y e H((Xg,F(Xg))) , $ X > 0 ; there exists 

Wj* n W 3 e"K(XnX2)i- and W 2 e K(Y)- with 
"7,/JH , -

1 * ' » 

: . X 
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' °-In chapter 2, f (x0;*)s< and fpCxQ;*) play an impor*-

- tant subsidiary role in formulating conditions -for equality. 

-. " ' ' 
, • This aspect of the theory does not, seem to carry over in 

' * • ' ' ' ' <• \ * 
general* to the - vector-valued cake, since the proofs of \ 
' - - \ , x ' 

», Proposxtions 2.4-. 1 and 2.'4.2 depend heaVily on-the fact that 

the usuaT ordering "on ' "R . is' total;\ i.e.\ -"JR = "R+ u -"J"R+*. 

We close this introductory Section with a note•,On 
* • T ' 7 ' ' 

notatxonc - Since ' 9_f = 3'f If f is S-convex IThl, « - s s , , . 

', Propositxon42.7] and "3_f = 3qf " if 3qf 'is nonempty (lTh2, 

Corollary 2.4], IThl, Lemma 3.7]), we will'hereafter write 

3gf and 3gf simply'as 3gf . '' • ' 

3.-2. An'important tangent cone inclusion > 7 

, In this section, we show that'an inclusion involving, > 

the Clarke tangent cone to the graph of the composition o£ 

twd relations £Th2, Proposition 4.4] can be employed quxte 

effectively in the derivation of sub'differential calculus 

formulae.,' We begxn by introducing^ some necessary terminology 

involving relations.? . • <' 

Definition' 3.2.1: "Let E.. , E 2 be l.c.s., and let 
E'~ 

M: E, •*• 2 ** be, a relation (alternately "set-valued mapping" 
X v 

•4 r * 

or "multifunction"). 
m 

(a) The graph of M i s the s e t 

„Gr M := { (x,y) e E 1 ' < E 2 | y e MCx) } J 

'i. 
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" ' " ' * '-'-"> -1 ' ' ^1 < • (b) - The inverse of M is the relation M «: E,, •> 2 

defined by M~"l*(y) :~ {x e E± j y e M(x) 1 '.."**' 

* . ' '7 
, (c-)- The relation M fcis saxd to be lower semicontinuous 

v • 7 

* • (l.s.c.)' at Cx^y^)* £ Gr M relative to a set D c E 

. contaxning x Q ""if for each Y e« W(yQ) * there exists , 
' s s " ° ' 

X e W(Xg) .such."that. Y n M(x) f •% for'all x e D n X . -
' * v " ' ' ' 

- , - . " 1 
(d) , Let E be a l.c.s., and let ft: E -> 2 . , be a-relation.(_ The composition of M and' N is the v 

f 
.-1. 

E ? relation M°Ns "B -*• 2 * -defined'by 

(M°N) (x) := {z «E 2 f a y e N(x) n M (a) } . 

Definition 3.2.2' lTh2]: , Let ' E ', E^ he'l.c.s.? and let 
• Ef . * 

M: E •*• 2 Jt be-a, r e l a t ion . The quas i - in te r io r ly tangent cone 

t o ' . Gr M at ("%fy(p i s t n e s '* t 

(3.2.1) QM(Xg,y0) :=*{(u,V) t E * E x | ¥ V e W (v) , 3 U < W(u) , 

3 X €W(x Q) , 3 Y e W(y7) ,'3 X > 0 such that 

¥ (x',y'} e (xlxY) n Gr M, ¥ t e (0,X), V u* e U , 

a v* s V with (x',y') + t.(u',v*) 7 Gr M} . 

Remark -3.2.3: > (a) ,We Will be especially concerned here ' 

with the S-epigraph relation 

r 

. " epigf(x) := {y € E± | f(x) <g y} 

corresponding to a given * £*. E + (IT, ,S) . Observe that 
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r n* 

s h 
When M,:= epigf ,, Q(f,Xgl * ^ % ^ » f t * ^ . 1 t ( ' I j f ' V " for all 

- " x a £ f r l ( E i ) '• ' *""**' 7 " • ' " ' . " "•' 

(b) I t Ts shbwn in [Thr] that *Q-(f j x J ' xs convex undeir cer-
* * , ' , ^ °< ' 

"tain assumptions. on f ' . This is-extended in [Th2-, Corollary 
' ' - „ * - -

.', '2,3], where it is shown-**that ih fact" Q„(«)" is-always .convex. 
r ' < , - . , < ' • - j n : ' * * -'"•' 

'The proof is similar to that of Theorem7l.3.21 or Theorem 

i V 01. • - * '' • . • * '7 *, * 
> S. . - * " „ r- * 

< (c) "ln"this section, we Will use "T^(x„,yn)" asa,short- " 

" hand notation for "T
crI'M^

x0'yO^U ' f o l l o w ing [Th2].< 

Cd) "Jfhen QM.(Xg,y0) 'is nonempty, TM>(Xg,,y0) = cl QM(Xg,y0) 

• [Th2, Corollary 2,4]*. This, means in particular that for 

f: E •*• (E\,S) , 3gf(Xg) := 9.gf(Xg) whenever^the latter is * • 

nonempty, as we mentioned at the end' of section 3.1.' ° 
' ' *** • A 

Having made these definitions, we can now state the 
aforementioned tangent coife inclusion. 

™»,..^.,- - . , . 
E E ' 

E 2 ' be l.c.s., let M: E x •* 2
 2 , and N: E -> 2 1 be 

relations, and let yQ e N(xQ) and zQ &
 M(yQ) •

 If the 

relation from E * E 2 into >E, defined by 
'0^0',jr0 

-1 ' \ 
(x,z) —»- N(x) n M (z) is l.s.c, at ((xntzJ ,yn) relatxW 

to Gr(M°N) , then for all u e E , 

(3.2.2) - tQM(yb,z0)°TN(x0,yg)](u) cTMoN(Xg,Zg) (u) 

and 

(3.2.3) [QM(y0'V
ogN(Vy0''](u) C f W V Z 0 ) ( u ) 

/7' 

&i 
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' N t 

We will apply both (3.2.2) and (3.2.3) -in proving ,sub-

differential calculus rules. Thibault .applies Theorem.3.2.4 

in thê  case in which . N , is Gr F for a function „-.* 
** ' * ' -

P: £ •* E, which is strictly differentiable at' xA * E . "if „ 

A " * ; - °jf 
we in addition set, M := epi f for some £: E., -*--"R , 

(3.2.2) can..be applied to prove [Ro3, Theorem 3]. *In [Thl] , 

Thibault prjjves a' vector-valued generalization of [Ro3, 

Theorem 3],, although not by this "method. 
"" • ' ' • ' ' 

'; If we let M := epigF and ' N := epi^f be epigraph % 

relations for f: Ei + jijK) and F: (E.,,K) + (E"2,S) , 

Theorem '3.2.4 'yieIds directional derivative chain rules for 
t + I * 

.(F°f) (Xg?*) and (Fof) i(xQ;')| if epig(F°f) = epigF " epi„f. 

This condition is Satisfied in the important special'case in 

which F is K-S isptone, as we now demonstrate. 
Lemma 3.2.5; Let f: E •+ il,K). and F̂: (E.,,K) + (E2,S) ' 

with F(+°°)' - +«> . .Assume either f is proper or F(-°°) = -*» 

and inf F.(y) = *-<"°~< Then . 

X « ***% 

(3.2.4) epis"(F = f). e Gr (epigF oepiKf) . 
» « 

If in addition F' is K-S isotone on the set 

D := {yeEpJf(x). %y fbr some x eE} ', then ' 

, -4 -
(3.2.5) epifig(Fof) = Gr(epigF °epiRf) 

'' - V * « 
t 

* \ 

f 
* • 

% 
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! 
* 

si3& 
X 

Proof :"Le t (x,z) £ epig(F-°f); . Since F(+°°) = ,+°° ,/""* 

f(x) T"- +°° . I f f(x) e En , then (f Cx) ,z) e ep i c F ,"and 
* • i •"- , "-> 

(x,€(x)). e epi„f since * 0 e K . Hence (3.2.4) holds. If 

f(x) ="-» \ let y £ E, be such-that F(y)'< z . Since 

-f (x) < y , we*;again get (3.2.4) . Conversely, suppose F is 
I " s. 

isotone on D , and let (x,z) £ Gr(epicF °epi„f) . Then 
s. j O 3S. 

there exists y £ E-̂  such that • f (x) < y and F (y) sg z . 

By the isotonicxty of F , F(f(x)) ^g F(y) <„ z , and so , 

(x,z) e epig(Fof) . Therefore (3.2.5) holds. * - & " & , 

" ' s * , 

We c?an now prove our main d i r e c t i o n a l d e r i v a t i v e jctiain 
• ' . / , / : , 

•rule.** , - , - . • *" * 

• . •' " . . . • • ( 

Theorem 3.2.6j Let f.: E •* (E^K) and F: (E-^K) •*• (E2,S) , 

be such that F(+s»>4= +«. and either 

(i) f is proper," or- , 
) 

(ii) F-t-w) = -*> and. inf- F<y) = -°° . . • ' 
E i - • ' • • 

Let x0 € f
 1(E1) With R(f(Xg)) £ E 2 , and assume F is V* 

K-S isotone on the union of some neighbourhood of f,(Xg) 

and the set {y£E',|f (x) ̂ K y for some x e E} . Suppose 

F (f(x„) ;+°°) = +°°' and that either" 
u i 

(iii) f (x-n;') is proper, or-

(iv) F-fcf (x0);-~) "- -« and',xnfg FI(f,(Xg);y) ft -» . 

1 ' ^V 

Make the following additional assumption: 

'"**V 
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' (3.2.6) For each Y £ W(f(xn)), there feist X e-*N(x0) 3hd 

IB \ •-* 
Z £ N(F(f(xn))) such ' that for aTl\ -(x,z) 'e X £ Z 

.. * with (F»f) (x) <c" z , there exists^ y £ Y s a t i s - ' ' , 
* **•) *""• - ' * 

fying. f(x) £ y .and F(y) fs z . ^ / 

** If f i s T epigraph regular a t xn , then for a l l -y £ E. , 

/ (3.2.7) (Fof) + (x0;y)./<s F
I(f(x0)? f7(x0;y)'). . r . ' . 

6 

* ' " ' , . , w «' -
If f is I epigraph regular at x. , then fpr all y £»E ,m 

s> * 

-/ (3.2.8) (F«»£)"*(x0;y) <gF
I(f(Xg)j /(Xgjy)) . , " ' |, 

El E2 
Proof: Define N: *E •*• 2 1 and M: E. -»• 2 by * 

N(x) := epiKf (x) :- {yeEp|£(x) sR y} and M(y) := epigF(y) • 

By Lemma 3.2.5, Gr(M°N) s=epig(F°f) .^Now FJ(£(XQ)r») ' i 

'isotone by Lemnra 3.1.9, so ' 

s 

FI(f(x0);f^(x0;y)) ^ _ 

= infs{F
I(f(x0);d>|f

f(x0;y) 5Rd} . ' ( «""' 

= infg{FI(f(x0);d)l(y,d) £Tf(xQ)} 'if f is T epigraph 

k regular at xQ , 

____B_ . g))r(y»d) s?Tf(Xg)'} 
s « . •* 

f= infs{r|r7[QM(f(x0),»F>f(Xg))) °TN(xQ,f-(Xg)) ] (y) }/. ' ' 

By definition, * 

.V**^ 
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• ' / (Fof) + (̂ o;y) t infg{r|r £TM^tx0,Fj(f(Xg)))(y)} . 

/ ' ' ^ \ . ; 

Thus to prove'(3.2..7),.it suffices to show that , „ 
'* » . - ' 

'' 

[QM(f(x0)- ,F(f(x0)7) °TN,(Xg,f (x0)) ' ] (y) " . 

' " "* 

'* ' . \ " c ^ N ^ O ' ^ ^ . ^ O ^ 5 ^ ! - * ' ' - ' X ; 
- * ' . 

"* Observe t h a t assumption (3.2.6) i s ^ i m p l y t h e s ta tement fchat 

' ' 7 ' " " * 
the relation * y • 

» ~ ' • ̂  . -̂if, 

" * - 1 " • ' 

(x,z) H~* epiKf(x) n (epigF) (z) 
* * 

** * " 

is l.s.c. at J ((xQ,F(£(Xg))),f(Xg)). relative to 'epigF°f 

Thus we "may apply Theorem 3.2.4, and (3.2.2) gives the 

desired inclusion. The proof of (3*.2.8) parallels that of 

(3.2,7). ^ V 

• i 

Corollary-3.2.7 (cf. [Thl, Proposition 4.4(i)]): Let 

f 7 E -> E, be. strictly differentiable at xQ £ E , and let -

F: E •> (E,,S) '"be such that F(f(xQ)) e E2 . Then for "all 

y £ E , " . • 

(3.2.9) ' <(Fof)I(x0;y) ^ F
I(f(xQ);Vf(xQ)y) . 

" • , r 

... ' » ' 

'Proof; In Theorem 3.2.6, let K = {0} . As we saw in 

section ,3,1, £> is I epigraph regular at xQ and 

fJ(xQ;y) = Vf(Xg)y . With ,K = {0} , F is automatically 



- 185 ̂  

t ^ • * 

isotone since . 0 e S . Since f is continuous .at *x-n , 

(3.2.6) is automatically satis-fied by*Proposition 3.2.8 . 
w m . 

below. Hence (3.2.8) reduces to (3.2;9) in this cas£. D 

In chapter 2, we studied two seeming*ly distinct "chain- ' 

rule formulations. Corollary 3*,2,7 shows that Theorem^ 3.2.6 

encompasses,- fcdHi of them. ^ 

*• • '*' *" * . 7 

Theorem %.2.6 promises #to have many more application's as 

long as we can find easily verifiable Conditions guaranteeing 

that £3.2.6) holds. "We now give two such conditions, ,w 

beginning'with the one just applied in Corollary.3.2.7. 
- ' * r 

, Propositi on,, 3.2.8; Suppose f: E *"* (E, rli) " in Theorem 3.2.6 

is continuous at xA . Then (3.2*6) holds. ' * 
0 \ i *4 

Proof: Let Y e N(f(x.)),. 'If f is continuous at x ", 

« there exists X t W(xQ) jjf'uch that .̂(X) c Y . Let Z- be' 

, any neighbourhood of F(f(x„)) , and suppose ' *f , 

(xrz)- e X x z n epig(F°f) . Then f(x) £.Y r so ,y :» f(x)' -» 

satisfies £(x) s *y , F(y) se z , and y e Y" . * Therefore 

(3.2.6) holds. ' * , ' •' D 

, - * " f 

' \ Definition 3.2'.9: Suppose (E.,K) is an o.t.v.s. The cone* 

K, is said to be normal*if there exists a base of neighbour

hoods o£ the origin in E-' such that V = (V+K) n (V-K)' £of 

each V 'in .the neighbourhood base. Such neighbourhoods are . 
1 y I " ' 

* called•"normal" or "fullH. 
, * " * "\ « 
\ " s 

/ 
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Definition 3.2.10: A function fi: E ->. (E. ,K) 'is lower 

semicontinuous (l-.s.c.) at- xQ € f (E..) if for each 

Y £*N(f(xn)) , ther.e e'xists XV£ H(x-n) suCh that " 
, . . **« ' 

f (X) c Y, + K . It is upper^semicontinuous ̂ u.s .c.) at x 

if'for-eaoh .Y, e W(f(Xg)) , there exists X £ W(xQ) such ^ 

0 , 

_ X c N(x_) such 

that f(X) C.Y *• K . 

7 ' 

Reiofark '3.2.11; (a) Notice that Definition 3*2.10 reduces to 

*' . * 
Definition 2.5>.l (c) in the case where E,.:=s R . 

(b) . The cone K is-normal if and only if for any y e E . , , 

ther* exists a base of neighbourhoods Y, e W(yh such that 
• * 

"A- t 
'«-s, 

Y'= (Y+K) ft (Y-K) yr . 

1 

for each such . Y . Notice that if it is normal,,the fuaction 
f: E •+• (ElfK) -is continuous at' xQ if and only if it is 
\ ' . * ' « ' 

'l.s.c. and u.s.c at" "*x„ . 

(c) We will of ten "assume normality in the sequel* This 

assumption provides an important link between the topblogy and 
•> ' ' / " * r * 

ordervstructure of (E.,,K) . There are a number of- o.t.v.s.'s 

which have the combination of properties usually needed to 

aBPly„ Theorem 3.2.6.- D.t.l. plus normality » including many 
". ' 

Banach lattices (see [Perl]h [Th3], [Bo4],•[BOlO] for further 
s 

details). ; . ' 

Proposition 3.2.12; in Theorem 3.2.6, , assume tha t , K < i s ' 

normal and f: E + (E^K) i s l . s . c , iNy 'Xg . Also assume1 

t ha t the following/condition holds; » , • 
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\ 

(3.2.-10) For each, Y £ W(f(x.)) , t h e r e e x i s t 

W*€ N(f.(x0)) and Z £ N(F(f(xQ))) such that' 

•1, 
.<-

\ 

F *(Z-S> n (YpHK) c y~K,.. Then (3.,2.6) holds. 

- . '7 . ' • <""_ 
Proof; Let Y £ W(f(xQ)) he a full neighbourhood, and choose. 

Z" e W(F(£(Xg.))) and-* Y x £ W(f(xQ))) as postulated .in (3'.2.10)'. 

Since f is l.s.c. at . xQ , there exists X e W(x.) such 

that , f(X) c (YnY,) + K . Now suppose (x,z) e X * z -

satisfies F(f(x)) <;g.z . Then f(x) e Y, + K and " , 

F(f(x)) £ Z-S , and so* f(x') e Y-K by (3.2.10)-. Hence 

f(x) e (Y-FK) n (Y-K) '= Y , an<f (3.2.6) is satisfied with 

y :=» f (x) • - ' D1 

,m In t he case sip. wjrfxch E i~ "ft1" , E,. :=* R 
.n 

, Ej n , E := R , and 

K :=R + , the assumption that F is l.s.ĉ . and strictly 

isotone in the ith coordinate at f(xl) - (£.. (xQ) ,... ,f (xQ)) 

and„ £* is •l.s.c* at xQ for each i will guarantee that 

(3.2.10) "is satisfied, as an examination of the proof of 

Lemma 2,2.8 reveals. Moreover, it xs also clear from the 

proof of Lemma v2.2.<8 that assumptions -(1) and _C2) of Lemma 
4 

2.2.8 will ensure that (3,2.6) holds. - . i < 

Using Propositions 3*%2.8 and 3.2.12, we can derive the ., 

following chain rule for ̂ tended real-valrued' functions from 

Theorem 3.2'.6: 

u 

Theorem -3.2:13:' Let J E be a 1. c. s.'^ and let f: E * R" and. 

F: R •* R" be extended real-valued functions with F(+«°) -"t; 

T̂ 

L 
* 1 
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*> 

V-

Assume that-either, f {is proper or'that 'F{-«) « -» and 

inf F(y) = -w . Suppose ,f(xQ) '• and F,(ffXg)) .-are finite. 

Assume that either1 f (xiyO) = p o^that F ,(f (x0̂ ;-°°) = -°° 

* . , * • 
and. inf ,F (f(x_);y) = -» _. Suppose** F is isotone. oh 

yeR • ' 
* ' i 

{y|f(x> s y for some x"* e* E} u "B "(f ,(xrt)) for' some e > 0, . 

Assume either ' ' 

(1) f is continuous at xn •, or 

(2) f is l.s.c. at .x„ and "F* is strictly isotone at 
f(X Q.) . . , m • - * . . . , 

Assume* further that 

/ 

** . •• - i 

(3.2.11) . Range ^ ( X g ; - ) ni xn*odom"-F+(f (xQ) ; •) ?, <j> 

Th"en for all y e E 

(3.2.12) 

Morobver 

(Fo£) + (x0;y) < F
t(f(x0)v;f

+(x0;y)) . 

(3.2..13) 3(Fof)(Xg) c {X9f(x0O|Ae3F(f(x0)),X-20}, ', 

. 4 7 * f~ '» •' 

' where Iby convent ion- A9f(xQ) - <j> Tf • 3f(xQ) =*" <J> . Equality, 
"** ** •, —.t ^ ta * 

holds in (3.2.13) if in addition F ,is subdifferentiably 
" 4 

regular at f(x_) and f is subdifferentiably weakly 

* 1 
regular'at xQ . Equality holds'in (3.2.12) if these . 

" A * '* I 
regularity conditions hold and £ (Xg.'O) = 0 . 

v 

) \ m 



•4 h- • < 4 

1&9 - *s"fc 

/ 

• * b 

li •r 

Proof: By an "argument similar to that in TheOrem 2.3.15, \ 
— - — 7 — • •» ' is 

* . - y* • •» -

v (3,2.13) follows from (3.2.12).by Theorem 2.2.12. To 
- , ' • * • * 

es tabl i sh (3.2.12) we*need'to verify Vth a t (3.2^.6) holds under 
.- ^ . • * \ 

, ' , ' v * 

the hypotheses above., If ,(1) holds, (3.2.6) is satisfied by 

Proposition 3.2.8. Suppose (2) holds. We will verify thai: 

'(3,2.10) 'is'satisfied.' To do so, let &Q > 0 /be ,given*, and 

call S :=Jmin(E,6Q) 'and Y := B̂ (-f-(x0)) . Set xL y 

X := F(f(x„)+6) - F(£(xn)) . Since F is strictly isotone 

at 'f(Xgi , X<J> 0*., 

Now Set Z :='Bx/2(F(f(Xg))) . If 

P(y)W F(f (x0))^+ ~ < F(f(Xg),-f 6) , then y, £ f(XgT+ 6 by 
ft* ' tt ' ' "" 

the isotonicity of F . - Hence Jfi.2.10) holds for any • 
' *v " /' 

Yn & W(f (x.))„ , Z as above, and K = S = R. . By Proposition* 
1 -u „ # * + *fc 

"3.2.12, for all y e R , •» 

V (Fof) + (x0;y)-"^ F
I(f(x0) ;f+lxn;y))

:. 

. * 

But since (3.2.11)' holds# we conclude that in fact t 
(F«,f")+tx0;y) & F+(f(xa);;f

+(Xg*";y)). for all 'y £ R by an 

r\o argument similar to that used in [Ro3, Theorem 2], The- A -
' i * i , - " * 

assertions about equality follow as in Proposition 2.4.4. • 
< • 

« ' ' « 

The proof that (3.2.6) holds under hypotheses^ (1) and (2) 

•of Theorem 3.2.13 is a much simplified version of the argument 

used to verify Lemma 2.2.8.' Notice'that the function F in'" 

i "> - > " A - t \ 
Theorem 3.2.13 doe» not have to be l.s.c. at f(xQ) , in 
Contrast to the case of 'rr > 1 in Lemma 2.2.8. 

c 

, % 
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If "we can defiye a"vector-valued version of Theorem 
5 *• * • " * * • 

*2.'2.12, we will be able to use Theorem 3.2.6 to establish 

subgradient inclusions^ for npncohvex vector-valued functions. 

In deriving such a theorem, we will make use oJjUthe' following' 

"̂"agrange multiplier theorem "which*|.s a special case of [Bo9,^ 

/ 
Theorem 3..1] : 

\ '. "** * 

Theorem 3.2.14; Let f,; E, x p -*• (E3,S) be S-convex andVlet « 

g: L x E"j + (E4,K) be K-convex̂ . , Consider the convex program 

p(0) := infg{f (x1,x2)-|g(x1,x2) <K 0} . 
« 

Assume that there exists (x, ,xJ) -£t E^x E such that 

q(x.,Xy) < 0 and such that* • • «. 

4\ 

0 e int(g(x+V,x2)+K) for any X E E with 

g(x,x_) £ 0 and any V £ N(0),~ in E . 

(3.2.14) f(*,x ) 'is continuous at x. 

and ./ 

(3.2.15) 

Th&n there exists sX e L(E4,E3) such that X(K) c s and 

f(x."f) +^i(gU,y)) > p(0) for all (x,y) <• E_ x E„ . 
' (*&* * 1 2 . -

. We' now give a vector-valued counterpart to Theorem 

•2.2.12.,. 

Theorem 3.2.15:,' Let f: E -> (E1 ,K) be K-convex, and let 
* — " '— x . * 
F: (E^.K) .-+ (E2rS)** be S-convex and K-S isotone oh E, . 



#v 
* - \91 -. 

Supp'Ose x- '€ dom f n f (dom F) . Assume there exists a 

point in the range of 1 f at which ". F is continuous-. Then 

(3.2.16) - ^(F0f) (Xg), = O g U f M X g ) |X.€ 9gF(f(Xg)),.X(K) PS}, . . 

* , * " I 

* " * ' , . ' * 

where by convention Xf(x) = +» if f(x) = +~ . If,in 

addition K "is .Daniell, Ey := R , S :=R*., and f is 
A • " + ' 

continuous at x Q , then » 

• . • « , 

•T (3.2.17) - 9 s(Fof) ( X Q) ={X3Kf(x.g) f|^9 sF(,f(Xg)),X(K) c s } , ' . 

t, 

where*'by convention the right hand side of (3.2.17,) is con

sidered to be empty if ^ v f ( x n ) = <j> . . 

Proof; Let T e 9 Kf(x Q) and X £ 3 sF(f(x Q)) such that 

X(K) <= s . Fpr all x <- E t , T(x-x Q) < f(x)-f(Xg«) , so since 

X(K) c s ,"XT(x-Xg) s s X(f(x)-f(Xg))« ; Since X £ 3 g F ( f ( x 0 ) ) , 

.X(f(x)-f(x Q)) s:s F(f (x))-F(f(x 0)) 

for all x €. E . Therefore' XT e 9 a(F°f) (xrt) , and-
• a u j 

{Xd^ (Xg) |X £ 9gF(f(Xg)).,X(K') cS} * " • - , 

C {9g(Xf) (Xg) |X £ 9gF(f(Xg)),X(K) C S } . 

C 3g(F°f) (Xg) . 

\ 
» A ' ' ' •, s . 

Conversely, suppose T £ 9g(F«f)(xQ) , Since F,"is K-S 

* • 



t) •**» I. 

•* -19?. 

s 
isotorfe', j 

\ 
F(f (Xn))-T(xn) = irifR{F(y"r-T(x) lf(x*)-y ̂  0} . 

Since F is continuous at some element of, the range of .f , 
" .. . r 

(3.2.14) and (3.2.15) hold for this .convex program, ancLwe 

may .apply Theorem 3.2.14. There exists' X £ L(E.,E2) with 

- . X(K) c S and * • 

(3.2.18) F(y)-T(x) +X(f(x)-y) >g F(f (xQ) )-T(xQ) 
• * * 

for all x .£ E * y «• E-, . Setting - x ;» xn xn (3.2.18) f *we 

obtain '* '. • • 

X(y-f(x0)) ss- F,(y) - F(f(xQ)) 

for all y £E. , and'so X £ 3gF(f(xQ)) . Setting y := f(xQ) 

„ih (3.2.18>, we get that, 

V T(X-Xg) <s,X(f(X)-flXg)) 

for all x £ E ,* and so T £ "Sg (Xf) (xQ) . Thus (3.2.16) 

holds. * » 

Now suppose K is Daniell', *E2 := R , S := R+ , and f 

is continuous a*t xQ . Then for X £ 3gF"(f(Xg)) with 
> " "» 

X(K) -c S , .the set X3 f (xQ) is compact in the weak operator 

topology [Bo4]. Suppose 3g(Xf)i,-x0) ^ X9„f(Xg) . Since K 

is Daniell, there exists h E E such that 
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. * >J* 

Xf'(xn;h) = sup .T(h) . . 
? ° ' ; T£X3Kf(xg) c 

<v'sup . . T(h)'<; (Xf)vJ*&^h) ; 
T£9„(Xf)\xQ) • * !»$f " 

*•-

contradicting the fact [B04, Proposition 3.8] that * 

* % > - K ^ o ' h ) - tx'f)«(xd»h);.,- *, _ • - * 

'0 
Therefore 3g(Xf).(Xg) = X3Rf (x*) and (3.2.16) holds. l D . . 

* .' 

• , *' 

* By combxning Theorems »3.2.6 and- 3.2.15, we can prove the 

following <chain rule for generalized Subgradients r- , '4 

Theorem 3.2.16; Under the,hypotheses,of Theorem 3.2,6ĵ lgssume f 

A *. T 

in* addition tha t if.- f *(x0;0) = 0 .̂then"""* F (f(Xg)y)" a<s 
•fv * 

proper and continuous-at some element of range f <XQ--)« -Then , 

*> 
* t, " •» 

( 3 . 2 . 1 9 ) ' 3 g ( F o f ) (x Q ) c '{9g(Xf) (Xg) |X £ 3 s F ( f ( x 0 ) ) , X ( K ) c S } . ;* 

> ' .*" '" 

Xn the special case in which E2 := R , .S :=R , >and . '. 
-f. • 

i* (xrt;•) is continuous at 0 , then .. * 

. ' " • . • * 

(3.2.20) 3g(Fof) (xQ) c {X3Kf(x0) |X 6 3gF(f'CxQ)),X(K) 2 Op '.'" 

Proof; If f (XQ*0) = -» , then by the hypethfcses of 

Theorem 3.2.6 and (3.2.7), (Fof)t(xQ;0) = •-« , so that 
"+ s 

(3.2.19)' an*- (3.2.20) hold vacuously. If f (xQ;0) -» 0 
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'.and F 4f ( x„ )*0 i s prbpef and continuous a t "sOme element 

of range f (x Q ;»h « we may coliibine (3 .2 .7) w^ith (3^2,16) 

* and (3.2.17) t o ob ta in (3.2.19.) and ( 3 . 2 , 2 0 ) . ., * , 0 

Corp l l a ry 3.2.1,7: -Let^ f: E -*• (E, ,K) be continuous and--Tt. 
* -> - x 

epigraph r e g u l a r a t xQ £ E . ^Assume t h a t K i s D a n i e l l t 

+ + 
-Let *T e L(E|,R) be i n K ., Suppose f (XgjQ) * 0:. «fed 

4 

1 

r 
i 

f (x_;«) i s continuous a t 0 . Tften . - ' 
' '"""~\ 

(3.2.20) ' 3(Tf)1xn) .c T3'f(x f l) . > --
ft , * ^ -- •» ., 

* "* 7 * ' ' ^ • / -

Proof: Let F :=«' T y.$L :-= R , S := R in Theorem 3*2.16. §.. 

Remark 3".2ill8; We mention here some conditions sufficient to-
" * + ' " 4T ' ' 

guarantee ".that f_ (x.;*)-^ is continuous at y . Suppose E -'A > I i*. 
and* E," are complete metric spaces and'' f: JE -*• (E*,S) if. T' *. I 

- . * - *- J i 

epigraph•regular at xQ . Then by tBo9, Proposition 2.3], H 
ir^,„ - ^ -•-. _^_J_» 1 1 . _, .-x. •_ x.*-- -^ " - , -"4 • f vfx^.;*) i s continuous a t any p o i n t i n the, core of 

* I 5. 

atom JE (Xg^ *) . 

:-'-

TQTLV 3.3. Formulae invc-Iving"1 n functions 

• In -order to derive vector-valued analogues of some of 
•> + 

the results of section 2.3, we now will examine f (x^;*) -in 
the case in which £:. E •*• (E1 ,K) and* > ' • 

(3:3. W * (E,,K) = n (E,.,K.) . 
- X ' ± i XX X 

n 
n 
i*=l 

*• 

* 
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Such a function f naturally breaks up into (f,,...,f ) , 

with f.:' E -> (*? , ,K.) . To derive directional derivative 

xnequalxtxes xnvolving f. (xQ;«) , we need more information 
A 

about the relationship between £ (x«;0 and 

(f~ CxQ;•),.»,£ (xQ;»)) . This relationship is investigated 

/, in Propositions 3.3.1 and 3.3.2. 

Proposition 3.3.1: Let f: E -> (E ,R) Jwith ' (E-j,K) as in 
L 

1 
(3.3.1). Suppose each £ p E •* (E...,K.) is u.s.c. at 

—1 "* • .e f (E..) . Then for all y e E , 
V X » "" <•* 

X 

(3;3.2)» f (Xg,-y) "?K (£^ (xQ;y) ,.,. ,fn (xQ;y)J . 
-** - ' 

i * 

-Proof: Let .(y,d., ,... ,d ) e Tf(xQ) , and let' Y e M(xQ) 

and,. V. -c W(d.) , i = l,...,n . There exist X £.N(Xg) , 

i Z^ e W(£p(Xg}) , and X > 0 such that for all 

'\ - * n r , * 
*(x,z1,.. .,zn) £ X x n z., with f.'(x) <K z. , i = 1, .,. ,n, 

i 
.p...,-^ - - - .^"i "i'-J1 , M1*' =*% *i 

there exists (y*,d!,...,d') £ Y x n V. such that " 
1 .n. ' irfl 1 

, £±v(x+ty*)-z. -
• — t — ^ "--tr- d,' • Since'each f. is u.s.c. at x n , 

, „ XL x$. • X X U ( 

t h e r e e x i s t s X" c x such t h a t X' € H(xQ) and 

j f . (X ' ) c % - K. . Now for a l l (XjZ.) e X' x Z., wi th 

fpfc) < z. , we have f. (x) e Z. - K for each i -ijfend so 
t h e r e e x i s t z. £ Z. , i = 2 , . . . , n wi th f . ( x ) s ' z. . 

I X i K i . x 

Thus for a l l ( x , z . ) £ X x z 1 wi th , f , (x ) < z and for 

- a l l t k (0,X) , t h e r e e x i s t s (y",d*) £ Y x V- such . tha t 

f 1 ( * " - t y ' ) - z , ^ 
" . d^ . Hence (y ,d , ) k T f (xQ) . By a s. t ; K-, 

r 

i 
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* similar argument,' (y»d.) E T, Cxn) , i=2,.,/,n', and we , 
' * ' i . ' 

obtain #.3.2) , - - k ' . ' * D 
•*"•_» 

Proposition 3.3.2: *Let £* E •+ (E1?K) ^with , (E^K) as in 

(3.3.1). Let Xg £, f""•*"("£,,) . Then'for all y £ E , 

' \ ' 
(3. 3'. 3)' f +(x 0;y) s R (f "* (xQ;y) ,f* (xQ;y) ,.. .'^(Xgjy)) 

* 

and , 
* « f 

• * •* 

(3.3.4)' ^(Xgyy) <K (f^Xg ;y) , .\. ,f*(x0;y)) . 

Proof: Let y £ E be such that (y,dj c T- (xn) , 
* L zl u .# 

A ^ (y*^) £ Q . f (Xg,£i(x0)) , i = 2,...,n tor some • -
d. e E n . , i = l,...,n*. It suffices to show that x lx ' • , 

(y,dir...,dn) £ T fCx Q) . 

To this end, let Y-, e N (y) and V- £-N(d.) , i = l,...,n. 

There exist X. x •A e N( (x„,f. (x ))) , X". > 0 , and 

Y. *e W(y) , i = 2,...,n such that for all 
*"" f 
(xi,zi) e epi K.f ± n ( X ^ z ^ , t i £ (0,Xi) , and . y! .£ Y i , 

f. (x.+t.y!)-z! t >(). 
there exist d! £ V., with — — x — j ~ < d. . In 

XX t X 4 
addition,!there exist X," x Z £ W((x Q,fp(x Q))) and X- > 0 

1 suctTthat for all (x,z) £ epi„ £, n (X-jxZ^ and all 
•» 1 j i 

t c (OA,) , there exist d.' e V, and y \ c Y, n«...n Y with' 

f, (x+ty')-z " - n 
— r-± < dn . Thus for all (x*,z1f..MzJ £ ( n X.) x 

t .x , x- n "v^i 1 

Z, x . , . x z n ep i„ f and t £ ( 0 ,mi r i (X . , . . . ,X )) y t h e r e x n j \ x n 
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'k J • * r »- i * n 

e x i s t y» £ Y, n . . . a Y „ \ a n d ( d . , , , . . ,d!) e H V. with* . -1 - n 1 n , i = 1 x 

f ( x + t y ' ) - ( z 1 , . . . , z n ) t * ( 
. sK ( d 1 # . . . f d n ) . 

Therefore ( y , d , , . . , , d ) £ T r (x n ) V, and. (3.-3.3) h o l d s . The 
* x n t u 
' ' ' '—^ ' 

^ r o o f of, (3 .3 .4) i s e a s i e r , and we l eave i t t o t h e r e a d e r . D 
f 

A Corollary 3.3,3: Let E,. := R and* K. := R in Proposition 
* , ' * *t ** f * ^ 

3.3.2. "Assume that f. , i=*,2,̂ ..,n ,are .directionally 

• Lipschitzian at xQ and • „ 

A. n' . , 

#3.3.5) dom-*f, (x.;«) n. n int dom f. (x ;•) ̂  <j> . 
-L U i = 2 - > X U 

Then for all' y £ E , - "̂* ,- .̂ 

(3.3.6) f (xflfy) £K -(f-ĵ Xg-y) ,;. .,£n*(x0;y))' . 

A 

Proof: -Call D. := dom f. (xn;*) , i = l?,...,n . The object 
——; X X U ^ . f 

is to show that for all y <r E , if (y,d.) £ -Tf (xn) , 

i = 1,.,.. ,n. , then (y,^, ..,,*"**. ) e Tf(x&) . "If y i liA for 

some i , this implicatio"T\holds vacuously~. If n v^i ,j m 

y £ D, n n int D , then f. (x <y) -= f. tx* ;y) by lRo4, 
- " x -' i-2 -1 -

J 4 

Theorem 3], and the inequality (3.3.6) holds <*by Proposition 
• n -

3.3.2. ,lf y £ n D. , argue .as in the proof of [Ro3, i -1 x 

n 
Thfeorem 2 ] : There e x i s t s h £ 'D. n n i n t D.f , so 

X * 4\ X f x=2 
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n 
• *, (l-e)y + Eh £°D. o-. n int D. for any e *c (0,1) . "Now j 

y ± i=2 x > 

f (xQjO is R"-conv,ex and l,s.c, and each f. (Xg?«) is 

convex and l.s.c., so letting £ + 0 , we obtain the 

inequality X3.3.6) for y . , 0 

We remark here that (3.3.6) will hold for infinite-

dimensional (E ,K)- if the functions f 2 ' * * * ' f
n "*"n 

Proposition 3.2.6 are»strictly compactly Lipschitzian at 

•«xn (defined in IThl}, [Th2]). - For such, functions, 
* U t -V" „ s . > \ ' 

£ +(x0;») =vfl(x0i«) {[Thl, Proposition^3.10]') . 

Proposition 3.3,4: Under the hypotheses-of Theorem 3.2.6, 

let (E.,K) be of the form (3.3.1). Then for all " y e E , 
X • •* « 

(3.3.7) (Fof)+(Xgjy) <s F
1(f(xQ);f^(Xgjy),f2(xQ;y),..., 

and 

fn(x0;y)) 

(3.3.8) iFof)1(Xg;y) £g F
1 (f (xQ) ,-f* (xQ;y) ,... ,f* (xQ;y)) . 

*** Prooft The inequalities (3.3.7) and (3.3.8) follow immedi-

' ately from (3.3.3) and (3,3.4) *and the isbtonicity of 

FI(f(x0);') (Lemma 3.1.9) . ' ' D 

We next consider an important special case of Proposition 
n 

-•3.3.4 - that in which F(z,,...-,z ) =/S z. . Verifying that 
1 n i=,l x 

\ ' , . 
condition (3.2,6) holds in th i s specia l case i s the f i r s t step 

i 
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toward establishing a, subgradient/ sum formula as in [Thl] 

... n*' 
Lemma 3.'3.5: Let f: E -»- "ft (E.. ,K) be I'.s.c. at 

T i?-l x 

f n n t 
x 0 £ f~

x( n Ej) , and let F; IT. (E.,,K)/-> (I^K) be 
i = l <* x - 1 i 

n ' n 
defined by F(z,,...*z ) := E z. , where E " z. = +* 

x J n A=l x i=l 'x . 
if any z. = +~ .^Assume R is normal. Then (3.2.„6) holds-, 

Proof: Let V be a full neighbourhood of 0, in E.. , and 

let V. , i = l,.,.,n be symmetric full neighbourhoods of 

f ' ' ' . n " ' n ' 
0 in E such-that E V. e v . Call Y :.= f(xj +" n , v" 

. • i-=l X - i=l 
€ N(f(x.)) . Since f is lis.c. at xn , there exists 

X / W(Xg) such tha4 

f ± (X) c f txg.) • + v± + K 

c fi(x0) + V + K- for each i . 

n 
Let -V = T n V-. £ N(0) , and suppose 

* n 
(x,z) £ X"x ( z f, (xJ-' + V») 

1-1 '* a 

n 
with E £. (x) s„ z . Then 

i-1 x K 

n 
(3.3.9) f. (x) £ E f. (xn) + V - K . 

X i=l x U 

Since -f.(x) £ -f.(xn) - V. - K and each V.- is symmetric, 
X X U X _ X —̂ . 

' it follows from (3,3,9) that for each i , 
" ' , * / 

( 
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>; "J 

n " 
f / (x) c i f. (X_). + V - K" - E f *(x) 
'x ' ' ' " i - 1 / x ° •**•> 3 

I' c ;E f . C x 0 ) ( + V . r R i " E Cf 4x0)+V + K) 
1 = 1 lf ' T*X J J 

n 

. *c f, (Xg)-'+ V- - K 

Since V , i s a f u l l neighbourhood, the above i n c l u s i o n s 

show t h a t f. (x) c f. (xn) + v" '. L e t t i n g y := f (x) , we 
Xs X u 

* ' ^ i 

have f(x) •£' ' y , F(y) ,<„ z , and • y e Y,, as required 

to prove Condition (3.2.6), , ' „ . \ 

Proposition 3.3.6: Let K be normal, and let f. : E -* (E ,K) 
,' ' -n ' _i' ' . *' 

i = l,,,*,n be l.s.c. at x_ e * n £,. (E.)( . *|If 
u , i=i x ') x w 

* ' 7 , ' 

f j- ,(f,,».,,f ) is ,T epigraph regular at, xQ > then, for 
all y £ E , , • - r < n " • ' 

(3.3,10) J_J £i)
 + (xQ;y) <K f^Xg-y) + y f ^ V ^ • 

i=l ' ' , * ' i=2'' , 

' If f is I epigraph regular, then for all ye E , 

(3.3.11) ( I fJI(x.;y). < E f^x.-y) . 
i=l K i=l 0' 

*• *•» 

.Proof: Since (3.2.6) holds under these assumptions, we may 

apply Proposition 3.3.4. , Then (3.3.7) feduces* to (3.3.10). 

and (3.3.8) becomes (3.3.11). . , " '- , D-



e 

,v 
' ( • 

*A, . ' ~\20T~, , . ,< . 

, \ ' . • ' • ' " 
s One way to guarantee that f in Proposition 3.3.6 is 

s .. g * 

'* I epigraph regular is to assume "and £v is continuous at 

; Xg ând (Ep-K) is a D.t.l,' Then (3T3,2) and (3.3.4) pom-

' ° bine to give f (Xgjy) = (fp'Xgjy) ,... if (xQ;y)) , and f is 

I epigraph regular by Lemma 3.1.8, If in addition 

f^ (xQ;-) = f?(x0;*)» , i = 2,...,n , f i& also T* epigraph 

regulaf. v 

"Unfortunately, „Theorem 3.2.15 is not strong enough to 

enable'us to de,rxve a subgradient sum formula; in fact, all 
* ' n , 

(3.2.16) tells us in this case is that 3„( E f.)(xn) = 
K i=l "*" ° * 

n 
Uv( E fi) (x_) . • There is,however', a subgradient sum fomnula 

' * X-l < • i 

for'convex vector-valued functions (see IZolj, [Bo9], [Pal]). 

We state here -the n-*-function version of this" result. 
Theorem 3.3.7; Let £,; E -»• (E^K) , i = l,...,n be 

% n 
.K-convex functions, and let xn £ n dom f. . If there 

exists a point z e n dom f. such that f. , i=2,,..,n 
i=l x x 

axe continuous at, z , then 

( ' 
(3.3.12) 8_( E f-)(xn) = E &„£.(xn) . K i=l x ° i=l K' x ° 

4> " 

"» , 

We may now combxne Proposxtxon 3.3.6 and Theorem 3.3.7 

to obtain a subgradient sum formula. Such a formula has also 

%/been derived by Thibault [Thl] . His result requires fewer 

assumptions ttian the one we give here; by deriving (3.3.10) 

• 
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• \ 

J * ^ t, 

* ..directly ratKer thaft via Theorem 3,2.6, one dan avoid the 

' hypotheses, of epigraph regularity [Thl, Lemma 3,6]», 

' " ' ' ' . ' " • - ' " . 'N -

Theorem 3.3,8 (cf. [Thl,-Proposition 3,9]): Lett's be '' 
' ' • • 4 . » « 

' normal, and let f.: E -> ' (E, ,S) , i = 1,... ,n , be L.s.c. * 
i X X . **"J * ' '** 

\ 

n =-1, at , x„ £ n f. (E,) . Assume that f ;= (f,>...,£ ) is d"* u ._ii x » ^ •' * i . n — -
i • x * l ' • . • 

epigraph regular at xQ <, that.sf*. ' (x̂ ?***) and fp'Xg;*)' , 

ii = 2,..,,n are proper, and that there is a point 
, ' n • J A' I 

,z fi'dom f. "(Xg? ) n n "dom f7(x0; ) 'at which each 
, i-2 x - . 

T ' 

f.(xQ;*) , x <= 2,..,,n is continuous. Then , v' ' 

n n 
(3*3.13) 3gC E fi)(Xg)vc x '3 sfp(V * 

x-i x=l 

* T I ' 

Proof: Apply Theorem 3.3.7 to f, (x ;•) , f*(xn;') , 

i ,= 2*,,.i,n ,' Then (3.3.10) and (3.3.12) .combxhe to give (3,3.13) . "" D 

We next consider the case of' F(y,"-,. *. ,y' ) := sup y. , 
'•'-"' x' n 'l<i<n x 

•c » ' 

beginning with a demonstration that (3.2,6) is'satisfied iri 

this case. ' * i 

* • • . 

Lemma 3.3.9; Suppose S is normal and induces -a lattice 
, -' " n 

ordering.. Let f: E -+ • II (EpS) be l.s.c. at 
i-l , n n _ _ 

xl •£ f"*x( n E,). , and let F: It (E,,S) + (E, ,S) be 
,° i=l x . • „ i=l 1 ' "V 

* - , % 

defined by- F(z,,.'.,. ,z ) := sup z-. ., Call 
1 - n ' lsisn x 

V 



I(x0h:« U£{l,,..,n}|fp.x0-) * F'(f<Xg))> . 

Assume • f. is continuous at 'X.. for each . i" *f I(x.) "»" Then 
X' , x , U U 

(3'.2:6) holds. " ' . - , . ' 

Proof: Let V. ,'„i = 1,.,. ,n be full neighbourhoods of 0 
' 7 .» X • n • 

in E^ , and call Y := f(xn) + fl. V. * W(f(x )) . By ' 1 - 0 . , x 0 
* * < * 1 - 1 «•* 

hypothesis,, there exists X « «W(x_) such that 
> , , » * • « * . ' V * 

r o ' 1 

£. (X) cf. (xn) +V. +S "for each i £ I(xrt) , 
, X X 0 X • 0 

and £. (X) c f , ( x r t ) +v . fpr each' i * f , l ( x j . 
E x xx KJ x * * * - • * 

4, * 

* n 
Set Z ;= F,(f<xn)) + n V. . Now suppose (x-,z) 'e X * Z 

- s * 1 — 1 

with F ( f (x ) ) ss z . Then for each i £ l(Xg) , 

f . ( x ) £ f . ( x n ) + V. - s , so fe(x) £ f . ( x n ) + v . s i nce V. x x u x , i x u i 1 

i s f u l l . Se t y := £(x) .' Then f (x)"£ s y , F(y) <g z , 

and y e Y . Hence (3 .2 .6) i s s a t i s f i e d . . Q 

** } * .' ' ** 
* ' < 

Proposition 3.3.10; Suppose S- induces a lattice ordering 

on E 1 .and is normal. Let f.; E -> (E,,S) , i -= l,,..,n 

be l.s.c.f at x k Define 
I(xn) ;= {ie{l,,.:,n}|f.(xft) =' sup f.(x)} . Assume f. 

u , UUn x x 

is continuous at xQ for each i t I(xQ) \£ 

f := (£.,...,£) is I epigraph regular at xQ , then for 

all y 6 E , 
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(3.3.14) • ( sup f.)l(xnty) ^a s*-»P fj(xn;y) . 

lsi<n x ° S l(xn)
 x ° • 

If f is T epigraph regular at xQ , then for all' y £ E , 

(3.3.15) (sup f .')*(xn;y) <„ sup {£ .*(xn;y) ,fj (xn;y),..., 
' X 0 ,KXg) 31 " 32 0 , , I, 

fj (-x0;y)} 
m̂ 

Where I(xQ) = "tip** • rJm^ • 

- ' n 
Proof: Let F .: , H' (E^S) •* (E-, ,S) be defined by 

i=l \ x 

F(y;,...,y ) := Sup y. .' By Lemma 3.3."9, condition (3,2.6) 
x . n l<i<n x 

holds', and we may apply Proposition 3*3,4. In this case, 

C3.3.8) and (3.3.7) become (3.3.14) and (3.3.15*)-. *D 

Again in this case, Theorem 3.2.15 will not give the 

appropriate formula for convex functions. However, we can 

deriare such a formula by applying Theorem 3.2.14, as we now 

demonstrate. 

Theorem 3.3.11; Let f.: E •+ (E.. ,S) , i = l,...,m be prpper 

m 
S-convex functions, and suppose xn £ n dom f. is such that 

u "-i-ai x 

fp^Xg) =..."= f (Xg) . Assume that S is pointed and induces 

' ' n 

a lattice ordering, and that there exists x e n dom f. 
* i J. 

such-that f. , x = 2 , . . . , n are continuous a t x . Then 
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m 
(3.3.16) . 3S(. Sup f) (Xg) = { E O g U ^ ) (x0)l"\i«L(EirE:i), 

l<i^m i=l 
m 

A, (S) cS,/ E< X. = I } . 
1 i-1* x E l 

J-

**• . 

where I- j E. *»• E.. is the identity mapping oh E. . (Note: 

If ,X. = Q in (3.3.16), A.f. = i, - by convention.)" • 
0 x j j dom f. •*• 

Proof: Call h (x) := sup f. (x) , and suppose-""' T is an " 
l<isn x 

element of the right hand side of (3.3.16). Then there exist 
m 

X. £ L(E„,E,) , with E X. = l_, and X. (S) c s such" that 
1 x x- i=l x El x • 
for all x £ E , ' 

m m 
T(x-xn) *_ E X.f:(x) - E X.f. (x„) o s i = 1 x x i = 1 X X 0 

m m 
£„ E X.h(x) - E X.h(xn) S i=l x i=l , x ° 

= h(x) - h(x0) . ' , 

\ 
Therefore ,T £ 3g h(xQ) „ Conversely, suppose T £ 3gh(Xg) \. 

Since T € 3ch(x„) if and only if 0 *£ ?•_( sup (f .-T) (•)) (xn) , S ° < *S l<ism 1 °\ 
"we may assume without loss of generality that T = 0 . Theri v 

h(Xg) = infg{z|f.(x)-z sg 0,...,f (x)-z sg 0} . For this 
n 

program, (3.2.14) and (3.2.15) hold as long as n dom f. (̂(J, 
*i=l x 

so we may apply Theorem 3 ,2 .14 . There then e x i s t 

Xĵ  £ LfEpEp* with Xp(S) c s and 
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* ' 

f m 
(3.3.17) h(x n ) <;G z + E X, (f, Cx)-z) 0 S i -1 x x 

""* 

fo r a l l x E E and z E -E. . Se t t iVg x := x_ i n ( 3 . 3 . 1 7 ) , 

We see t h a t v 
, - -4 

0 s g ( i E - E\ X.)z fo r a l l z« e Ê . . 

\ 1 = \ ' . ' • 

m , * 
Since S is pointed, we then have E X,= I„ . By 

f " ii=i ; 1 
(3.^3.17), this means tb,at , * ' 

m m ' 

' .\ xi fi (V =h(xo"} *s .\ Xifi(x) ' 
1 = 1 1 = 1 ' <• 

or 

m ,m ' * ' 
0 < E X.?f. (x) - E X.f. (xh) . S i-1 x x i*=l x x ° 

# + 
m , 

Hence 0 £ 3 C E Ap"*.) (x^).: Finally, since there exists 
i-1 , 

*** A 

x £ n dom £• with f,,...,f continuous at x , 
i=l 1 z ** , 

^2 f2"'"Vm are* also continuous at x , and we may apply 
m 

Theorem 3.3.7 to the X.f. to obtain 0 £ E 3(X.f.)(xn)' . xx ' . - x 1 • 0 
t l~i 

Therefore (3.3.16) holds. , . ^ * * D 

Proposition 3.3,ldS|̂ i6y Theorem 3.3.11 combine to give 

the following result; - "••••,* 
* 

L0%nd 1 



4 

Theorem 3.3.12: Suppose that .S is pointed5', normal!, and 

induces a lattice ordering on -E.. . Let f„; E -*-(E.,,S) ,. 

i = l,...,n be l.s.'C, at xn « o dom f. , aad assume f. 
° . i=l x A 

is continuous,at xn -'"Cor each i 4 l(xn) and £:=(£,,... ,f ) , 
u -* u x -- n 

T I 
xs T epigraph regular a t xQ . Ass-unre"*-fu "*xo**' * i = 2 / . . , rn\ , and £. (xA;«) are proper, where* 

3*(_ v * < * v 

SJfcf 

I(xQ) =* { j p . . , , j m } , and tha t there is*a poiftt 

A m I / *"' 1 

(xn?«) n n f (x ,*•)• .^it^whicVeach £. (xni*. 
->1 \ i*=2 =>i ° v^ . . v--'

 T 3i ° 

0 t m 

, z e dom f. (x„?«) n n 
« a. 

i = 2,...,m is continuous. Then „ " . ~_~v 

(3.3.1-9) M sup f-)(x„) c { E" 9„(A.iL) (A.'"e L.(E. ,E,) , 

. S l*i^ x °- i(x5)
 s xTx X x -1 

A, (S) c S and- E X. = I„ } 
1 ' l(xn)

 X El 

'1 
- Proof; Apply Theorem 3.3.11'to the functions' £. (x.;») , 

31 u -

f. (x ;•) ,.i = 2,...,m . Then (3.3.15) and (3.3.*16) "combine 

to give (3.3.18). - v *' Q 

Remark 3,3,13: ̂ Certain questions not addressed here need to 

be dealt with more thoroughly in future work. For example," 
T 

what conditions guarantee that^ f (xQ;») is continuous (an 

assumption made often in sections 3.2'and 3.3)? We know from 

section 3.1 that if E, xs a. complete ̂ netric space, (8^,3) is^a 

D.t.l. and f; E •+ (E, ,S) is strictly compactly iipschitzian 
1 ,c 

at Xg £ E , then f (xQ; ) « f (sLp), is continuous on the 

• ^ 

\ 

«r*̂  
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core of its domain.' ..However, less restrictive conditions for 
* I ' * " *\ 

•continuity of f (x*;*) -are probably provable. Another gues-
__ """*" -*. \) \ w-— 

tiopt What are conditions for equality in our' Chain rules? 

3.4. The scalar-valued case 

Among the consequences of our results of sections 3.2. 

and 3.3 are new subdifferential calculus results for extended,. 

real valued functions. We have already seen one such formula 

in. Theprem 3.2.13. In this section we give two more appli-
* 4 

cations to the scalar-valued case. The first is an n-function 

version of Theorem 3.2.13: -

Theorem 3.4.1: Let E be a l.c.s., and let £.: E -*•"*"*• , 

. i = l,..I,n and F: "R "*•+• "R be extended real valued 

functions with F(y-,,.-. ,y,J = +06 if some y. = +°° . Assume **" 
it. n x , 

either that each £. is proper or that inf F(y) * -»*• amd ** 
1 Y€"JR " * - " 

F ( y - , , . . . ,y ) = - w i f some " y. *%*> and each y. < +» . 

Ca l l f := ( f , , . , . , f ) . *• Suppose f(xQ) and F(£(xQ)> are, 
A 

finite. Assume either that each f. (x ;0) = 0 or that 
1 U £ 

•inf F+(f(xn);y> * -~ .and F*(£(xA) jf.
 + Uft;0) ,... ,f * (xA;0>) 

y£*Rn ° - . . * ° 1 ° n ° * A 
4 n ^^ 

±= -a. . Suppose F "iff isotone on (Range f + "R.) u B (f(xQ)) 
for some e > 0 . Assume that each f. xs continuous at xn , x o 

« 

that £, , i = 2^...,n are directiohally Lipschitzian at xQ , 
and that 
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(3.4.1) {(rp..,,rn)e "R
n[a y £ E , £A{xQ',y) <xif i=l,...,n} 

A 

n int dom F (f(xQ);*) j> cj> 

(3.4.2) dom f, (xQ;») n n int dom f. (xQ;') ^ -f> . 
i=2 

Then for all y e E* _, 

(3.4.3) (Fof)f(x0;y) s Ff(f(x0);f1
+(x0;y),...,fn

+(x0;y)) 
* 

Moreover, >• e 

(3.4.4) 3(F°f)(x0) <= {A(3fp'Xg),...f3fn(Xg)) |A £ K J , 

'* ' Â 6 3F(f{xn))} % 

**** • **. ° 
Equality holds in (3.4.4) if in addition F is subdiffer

entiably regular at f(Xg) , f~,...*£ are.subdifferentiably 

regular at xn , and f. is subdifferentiably weakly regular 

at 'Xg . Equality hol*ds in (3.4,3) if these regularity 

conditions hold and f. (xQ;0) = 0 , i = 1,... ,'n . 

Proof: Consider Theorem 3.2.6 with (E,,K) = CRn ,n") and 
""""**"•—— X T 

(E2rS) •= (B,H ) * Continuity of- each . f. guarantees that 

(3.2.6) is satisfied. Since (3.4.2) holds, Proposition 3.3.1 
• A A 

and Corollary 3.3.3 combine to give f (xQ;f) = (£.. (xQ,»h, 
A 

. ..,£ (x0;«)) . By Lemma 3.1.8, f is T epigraph 

regular' at x« . Then by Theorem 3.2.6, we have for all 

y e E that 
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(F°f)f(xn;y) < F
I(f(x„);f+(xn;y)) 

* FI(f (xg) jf^(x0?y) ,...,£n*(x0;y)) . 

Now "since F (f(xQ;«) is isotone-'ahd thus directionally 

Lipschitzian, assumption (3.4.1) implies that in fact 

'• • Y. • 
(F*f) + (x0;y) < F

+.(f(-x0);f1
+(xQ;y),.,.,£n

+(x0;y)) , 

s , • 

by an argument similar to-that used in Corollary 3,3.3. 

As usual, we use our interxority assumptions twice. -

Assumptions (3»4*1) and (3.4.2) enable us to apply Theorem 

2.2.12, By a now familiar argument, Theorem 2.2.12 and the 

inequality (3.4.3) combine to give (3.4.4). The assertions 

about equality £ollow*-as in Proposition 2.4.4. • 

Working directly rather than via Theorem 3.2.6, it is 

possible to prove a variant of Theorem 3.4.1 in which the 

f.'s do not necessarily have to be continuous at xQ . We 

state this result below. The proof is straightforward and 

involves no new techniques, so we leave it- to the reader. 
V 

Theorem 3.4.2; ,In Theorem 3.4.1, assume*in addition that F 

is l.s.c. Replace the hypothesis that each f. is 

continuous at x. ' with the hypothesis that for each 

i £ {1,...,n) , either 

(i) f. is l.s.c. at Xg and F is strictly isotone in 

the i coordinate at f(xfl) , 



m -

or 

(ii) f. is continuous at x~ . 

Replace conditions (3.4.1) and (3.4.2) with the following 
#• 

condition: - « 

(3.4,5) {ycE|(fJ(Xg?y)r...,fn
+(x0;y)) eint dom F

+(f(xQ);0} 

A n , A 
n dom f, (xn;«) n n int dom f. (xn;«) jt § 

i u- isa2
 1 u 

Then the conclusions of Theorem 3.4.1 remain valid. 

From Theorem 3,4.2 we may derive several calculus rules 

in the setting of {Ro3], including,the following product .and 

quotient rules not given in [Ro3]. ' . 

Corollary 3.4.3: Let £.: E -> "E , i = 1,,.. ,n be nonnega-
n 

tive on -E and positive.and l.s.c. at x. £ n dom f. , 

Assume (3.4.2) holds. Then for all y £ E', -

n A. n , ; 
(3.4.6) ( n fp'T(x0;y) S E ( H_ f. (xQ)) £A(xQ;y) . 

^ . . . " ' ' • 

Moreover, *" s 

n n - '" " 
(3.4.7) aiif.Xx.) c E <n f .(xn))3f, (xn)-, , 

i=l x V x=l ĵ i * ° . x ° 

Equality holds ih (3.4.7) i f f ' i s subdifferentiably weakly 
x » 

regular a t xrt and f - , . . . , £ 'are subdifferentiably regular 
y * n j 

a t x . Equality holds in r(3,4t.6) i f in addition-each 

f±
 + (XgjO) * 0 ." • • ' 

/ 
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' C ^ * - " 
Proof; In Theorem 3.4.2, consider F: "Rn -+*"R defined by 

n ' - • ' 

F(y,,...,y ) = n y. .' 'Since each f. * is nonnegative on 
, n i=l x * x 

ft . * 

E and positive at x , F is isotone on the union of 

" . range f + n" ,ind B (f(x-J) for some J e > 0 . Condition 

(3.4.5) is a\rtomaticaliy satisfied since dom F*(f(Xg);.«) ="Rn 

and since we have assumed (3.4.2). Thus all the hypotheses 

of Theorem 3.4,2 are satisfied. In this case, (-3.4.3) 

+ ' 
reduces to (3.4.6). If f. (xQ;0)< = -» for some • i , then 

* i - * + 

the right hand side of (3,.-4.6) -is -» and (H.£̂ ) '(xQ;0) = -<*>,. 
so 3( ii f.) (xn) - <j> and equality holds in (3.-4.7). * Other-

' i=1,A" 
, wise each f. (Xg;0 is proper,-and (3.4.4) becomes (,3.4.7) 

in this case. Equality under the conditions given follows , 

from Theorem 3.4.2 since F is subdifferentiably regular 

at f(xn) . , - D 

Proposition 3.4.4: Let ' f: E -> "R be nonnegative'on E "and 

— * ^ ^ rrx . , • -: - . _ v , , 

positive and l.s.c. at xn , and let : g: E -*• H be positive 

on E and continuous' at xQ . Assume . ' 

(3 ,4 .8) . dom f ( X Q - ' I n ' i n t dom(-g) (Xg?*) \4 $'. 

Then for a l l y e»E ,' ' ' 

' , Ti ' ' - , - * ' ' 
' ' . f (x ) (-g) + (x ;y)+g(x ) f^(x ; y ) ' 

(3.43) - (f)*(x0;y) * — i . — • ° . ° | °— 
y , ' ' . ' (g(xg)) 

Moreover, 
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• { 

- f (xrt)3(-g) (xn) +g(xn)3f (xn) 
(3.4.10) a(|)(x.)c—2 2 . — o.—-JL. 

9 ° (g(x0))
2 

Equality holds in (3.4.10) if f is subdifferentiably 

weakly regular at xQ and — is subdifferentiably regular 

at Xg . Equality holds in (3.4,9) if in addition 

f+(x0;0) = 0 and (-g)+(x0;0) = 0 . 

groof: Apply Corollary 3.4.3 with n = 2 , f. :* f , and 

f2 ;= i . By Lemma 2.3.19* dom(~)*(x0;*) =domC-g)*(XQ?•) , 

so (3.4.8) is equivalent to (3.4.2) in this case. Then 

(3.4.9) and (3.4*10) follow from (3.4.6), (3.4.7)tYand 
* 

Lemma 2.3.19, as in the proof of Proposition 2.3.20. > 0 

For functions with finite-dimensional domains, the 

conditions (3.4,1) and (3.4.2) can be weakened, as we saw in 

Theorem 2.3.15. However, the hypothesis used there ((2,3.28)) 

has the disadvantage of being rather complicated in general. 

We now show that by employing the methods of chapter 2, we 

can weaken condition (3.4,2) in the case in which E is 

finite-dimensional. As a result, we can obtain a variant of 

Theorem 2.3.15 in which parts (i) andMii) of (2.3.2(8) a^e 

decoupled at .''the price of an extra continuity assumption. 

The first step is to establish a technical lemma alorfg the 

lines of Lemmas 2,2.6 and 2.2.8. 

\ 
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Lemma 3.4.5: Let f.,: "R .- ^ 5 , i = l,...,n be-extended real 

' - ' " A • m ' ' 

valued functions which, are .finite at xQ £'"R ̂  . Define 

A: CR™ x H ) n ->»"*> x ""R-V by hix^y^... rXn,yR) : = 

(x1>ypy2^...,yn) and Q; (Km x 3"0n -* "R^""1' by '', ; * 

.G(x-, ,y,,. ,,,x ,y ) := . (X'J-X0,...,X,-,X„) . ,Then condition 

1 1 n n • , i * , i n , . ' - , * . 
(2.2.3) i s satisfied with A , as above, . , ' , " " , 
C ; = e p i ft, x . . ; x ' e p i f * . n . G~* ( 0 ) . ' , ' a n d s, - ' , , ' " ' 
^0 • s s ( x 0 ' f 1 ^ 0 ) ' J * * ^ 0 ' f n ( X Q ) ) ' '. 

Proof: Le€ e i»'0' be given, and let x := B„(zA) . 

Then Z :=A(X)',£ W(AzQ) ,.•, Suppose (xpy^yp. ..,y ) £' 2" n 

A(C) , Since (x ,y,,...,y ) £ Z , there exists 

t"Xl'Yl";* "xn'yn^ e X *wxiih xi """ xi e Be^x0'r an,<3 

y. = y. £ B_(f.(xn)} for i = l,.,.,n . Since 
X X if "G X U . 4 

<xpyp...i>yn) « A(c) , there exists ^xpYp'"*'x
n*yn-

 w i t n 

t. • . ' N ' 

x' -s,x1 ,, y' = y. and f .. (x!) £ y\ tor j *= 1,...,n „ 

.Hence; (x^,yp,.. ,yn) e C n X > and so (x^»ypy2,., :,yn) e , 

A(CnX) . Therefore (2.2^3) holds. ', • 

Having proven Lemma 3.4,5, we can now establish*a 

finite-dimensional version of Corollary 3,3,3. ;' 

Proposition 3.4.6: Let - £p "R -*• E be finite and strictly 

l.s.c. at xn , and assume the sets dom £± (xn}«f , 
0 i. x- u ' 

i - l,.*,,n" are in'strong general position. Call > ' • ** 

f := (f-, ,...,£ ) and 'S := *Rn . Then for1 all y £ "Rm , 
1 , n. + / •• * J 
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(3.4.11) , f-(x0;y) s & (f ̂ (xQ;y) ,.. .-,f̂ ' (xQ;y)) . 

Proof: Define A , G , and z. as in Lemma 3.4.5, and 
' ' \* ' w *" , 

\ c- f h i * 

define D ,:,= epi f, x...x epi f . . Then 
J , , , V 

J, I ' l , ' 

epigf (XQ;«) =>
 Tf^xh- by Proposition 3.1.6 

s- '., / ' - ,,, = ^D,^(0))ix^f{x0)] 

'\ . ,: , ' 3 ̂ W^O)^ 3 

by Lemma 3.;4.5 and Proposition 2.2.4 

' P A(TD(Zg) n VG(z0)"
x(0)) , ' ,' 

byour strong general position hypothesis and Corollary 2.2.'3, 

A ({(x1,y1,...,xn,yn) If^XgjXj) £ Y j , x.. =x x, 3=l,."..,n>) 

since the Clarke tangent cone is product-preserving (section. 

1.4), -. , ' , 
' ' I 

•= {(x,ylf ..:,yn) 1^ (xQ;x) < yi , i = lr...,n} 

= epis Cf -ĵ  (xQ;*),...,£ (x^y)) 
ai "• 

i 

Therefore epigf^Ug,-•) => epi'g(f. (xQ; ),.,.,fn (Xg,-*)) and 

(3.4.11) holds. D 

Remark 3.4.7: (a) The inequality (3.4.11) does not hold i 

general. For example, define fp "R -»• "R* and f2: "R -> *R 

f! •"= i(j and «2 :== x(B\<S!)u{0} ' and let x0 := ° * C a l 1 
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S : - I T . Then epigf = {(0,y,z) |y sO, zaO} and 
f * 

. (0,0) if y=0 . . . 
f (0;y)=H , while fj(0j •) * f2 CO; •) = "*-£<•)"». 

4.M else 

In this'example the strong general position assumption holdsK 

but the functions £, and £2 are not l.s.c. at 0 . 
2 2 Another example; Define C, 5= { (x,y) e E |y =x } , 

C 2 s= l(x,y) £ E ]y =-x } , and fp- E -*- M and fp E 2 -*JR 
2 

by f^ :- i c and f2 := i^ . Again let S := E . Then 
X t £> „ t 

epicf - ( (0,0fy,z) |y a 0, z s 0} and *S 

f*C(0,Q)jy) = • 
(0,0) if y = (0,0) 

. On the other hand, 
+» else 

£^((0,0);.)' = f2
+((0,0)?.) = ic(.) , where 

C =.{(x,y) e E |y - 0} i In this example f, and f2 are 

l.s.c. but the strong general position assumption is not 

satisfied. ^.~- t 

(b)j Comparing Proposition 3.3.1 with Proposition 3.4,6, we 

£ee that for £ := ( f ^ . . , , ^ ) , £ (x0;*) = (£1 (xQ;.) ,.. .*, 

f (Xg,-«)) -whenever f ; E •+• E , i - 1,... rn are continu-
A 

ous at Xg and the. sets dom f. (xQ;«) are in strong 

general position. In particular, if each £^ is locally 
t 0 

Lipschitzian near xQ , then f (Xg,*«) = (f.(x0; • ) , . . . , 

f°(x0;»J) and '3Tn £(Xg) ̂  (J3fp
fx0),...,3fn(Xg)) .. This 

* + m n " 
means that for locally Lipschitzian functions f: E -+• E , 
T • "" 
3 f xs a "rougher" local approximation than the 
generalized Jacobian of Clarke ([C12], [Cl4]). 
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For further discussion, see {Hi4]. 

Theorem 3.4.81 In Theorem 3.4P1, let E :=IRm and assume 
I, ,1 |U|...»||1|I I. 1 !!• • • ! »• - I 

I 

each £.: Mm -> E is continuous at xQ . Replace assumption 

(3.4,2) with the assumption that dom f. (xQ?*) , i = l,...,n 

are in strong general position. Then (3.4.3) and (3,4,4) i 

hold. Equality holds in (3.4.3) and (3.4.4) under the 

assumptions given in Theorem 3,,4.1, >- ' 

Proof: The proof parallels that of Theorem 3.4.1, with 

Proposition 3.4.6 used in place of Corollary 3.3.3. 0 

"Remark 3.4,9; In Theorem 3.4.7, int dom F (f(Xg);«) is 

n + • ' 

nonempty since int E + f cj> and F (f(Xg);») is isotone on 

E n {Ro4, Theorem 3 and Proposition 4], Thus if E := E , 

condition (3.4.1) is equivalent to the condition '• 

(3.4.12) ' {(rlf...,rn) £ E
n|a y £ E , f^tx^-y) s" r± , 

• i =?!,..'. ,n} - dom F (f (xQ) ;•) = E
n . 

- t 

Since condition (2.3.28) implies that (3-.4.12) holds and 

that -dom f. (Xg;«) , i =x,...,n are in strong general 

position, the combination of (3.4.1) and the strong general 

position hypothesis is potentially weaker than (2.3.28). 

This-weakening is achieved at the price of extra continuity 

requirements on the f.*s . v 
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3.5. ̂ Limitation's of the generalized subdifferential calculus 

In sections 2»3r, 2.4, and 3.4, we have obtained "chain 

rules"" for (F'fl^lx (•] and 3(Fof)(Xg) with F and f 

. of the following types: 

(a) F: E m -s-E s-trictly l.s.c. at f(x-g) , f; E n -> E n 

strictly differentiable at xQ . 

(b) Fr E n -»- JR isotone, f ='(£.,... ,£,) with each 

£.•: E •*• E l.s.C. and either (2.3.26) or (2.3.27) 

satisfied. 

(In fact, as we have pointed otit previously, (a) may be 

derived as a special case of (b).) Are other more general 

chain rules possible? For example, is there a chain rule 

for F: E n •*• E merely directionally Lipschitzian or for F 

strictly differentiable and f.: E •+E* , i = l,...,n l.s.c? 

« We investigate these questions in this Section. 

"̂""""̂  One way to approach this problem is to examine the 

proofs Of known chain rules and see if similar arguments 

might be used to prove these results for broader classes of 

functions. A good place to start is with the calculus of 

' Clarke subgradients for locally Lipschitzian functions 

([C14], [Hil], [Hi2]) developed by Clarke and Hiriart-Urruty. 

For example, the following is a chain rule given by 

Hiriart-Urruty-in IHil, page VIH.14]: 

i 

Theorem 3.5.1: Let E be a Banach space, and let 

f: E ->• E* be locally Lipschitzian near XQ and F: E m -* E 
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be locally Lipschitzian near f (xA . Then 

m 
(3.5.1) 3(F°f ) (x n ) c convC E u . x . | ( u . , . . . , u ) e 

, "J J _ I X X X m 

* m 
f 3 F ( f ( x Q ) X , ( x * , . . . , X * ) £ IT 3fplXg)} . 

The proof of .Theorem 3.5.1 involves two applications of the 

mean value theorem of'Lebourg for locally Lipschitzian 

functions ([Lei]; [Hi3],,[C14, Theorem 2.3.7]) and uses the 

fact that 3f (Xg) , lis weak star compact for locally 

Lipschitzian functions. This line of argument is not 

possible for broader classes of functions, for two reasons: 

'(i) 3f(xn) • is.not weak star compact if f is not 

locally LipSChitzian. 

(ii) . No analogous"mean-value theorem is possible for 

- ."functions, which are hot at least directionally 

r Lipschitzian (see [Hi3j), » 

It is clear, then, that there are definite difficulties 

involved in an attempt-to, generalize such a chain rule. We 

W wxll be able to"understand.these difficultxes more clearly . 

by considering in detail the following special case of 

Theorem 3.5.1, given in [Cll, "Proposition 10] and [Hil, 

Chapter 8]. We include a proof along the lines of the one 

sketched in [Cll]. , 

/ 
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Theorem 3 . 5 . 2 : Let E be a Banach space , ahd l e t 

f; E •*• E be l o c a l l y L i p s c h i t z i a n near x„ £ E and 

F ; E •*• E cont inuously d i f f e r e n t i a b l e near f(xQ) . Then 

for a l l y £ E , 

(3.5.2) ' (Fof)°(x0 ;y) = F* (f *xQ)) f° (xG;y) 

Moreover, 

(3.5.3) 3-(Fof) (Xg) = F ' ( f ( x 0 ) ) f(xQ)- . 

Proof: For -al l y e E . , 
A. ' i 

(Fo£)°(xA ;y) = lim sup (Fof),(x+ty)-(Fof) <x) 
X^Xg 
t+0 

- f (x ) - -, lim su.p F'<("JI&,y)) f ( x + f c ^ " f 

X->Xg 
t+0 

4 

for some z ( t , x , y ) between f(x) 'and f ( x + t y ) , by the 

c l a s s i c a l mean-value theorent, 

lim F ' ( z ( t , x , y ) ) lim sup ?<**%!) rfStf. 
X->Xg X**XQ 
t+0, fc+0 

F * ( f ( x n ) ) f ° ( x n ; y ) ^ -

since f is continuous at xQ and F is continuously 

differentiable near £(xA . Hence C3.5.2) holds. To 

prove (3.5.3), first assume that F'(f (xQ))^ a 0 *. Then 



3(Fof) (Xg) = 3((F»f)°<x0?-)) ( O ) ^ ^ 1 ** ^ * 

= 3(F'(f(x0))f°(x0;.))(O) by (3.5.2) 

= F'(f (x0))3f°(x0;.) (0) 

since F"(f(Xg)) ">. 0 

= Ff C£(x ))3f(x0) .. j * 

.Now -3(F°f)(Xg) = 3(-(Fo£)) (Xg) , SO if F*(f(Xg)) < 0 , 

we have « 

-3(Fcf) (Xg) = 3(r(F«f)) (Xg) ' . " V •*< 

4 = 3((*F)»fHxff) 

' ' = -F'(f(x0))3f(xG) " X . 

, since -F"(f(xQ)) > 0 . \ 
"*"* * 

Multiplying both sides of the equation above by -1 , we 
• \ 

obtain (3.5.3) for this case also. 

The proof of (3.5,2) relics on the following fact, 
•* 

whose proof we leave po the reader. 
* 

*•* kemma 3.5.3: Let E be a l.c.s,, and lep g: E -> E* and 

h: E •> E be extended real valued functions. Suppose 

• lim h(x) = A e E and lim s»p g(x) = B e E . Then 
x->-Xg ' x-»-Xg 

(i) lim sup h(x)g(x) * AB if 0 < A < +» 
x-*-x,. 
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(ii) lim sup h (x)g(x) = AB if -« < A. J" 0 
X " x 0 ' v 

ir ' and g is" bounded xn a neighbourhood of xQ . 

Lemma 3.5«.3 indicates that in order to prove (3,5.2) for 

more general f , we will have to at least assume that 

F'(f(xQ)) > 0 , The assumption that F*(f(xQ)) > 0 Will 

be- neededJto prove (3,5.3) for more general ,£ , since the 

relationship 3 (-f) (xn) = -3£(x«) does no"? necessarily hold 

outside the locally Lipschitzian Case. * % 

In this section, we prove what seems to be the best , 

possible generalization of Theorem 3.5.2.v We begin by 

introducing some notation- and proving a technical lemma. " * 

j . J 

Definition 3.5.4 [Ro3] , [Ro4] : Let E , E-, be l.c.s-.; ahd 
_ c—-

/" let g: E x E.. -* E - be an extended real valued function. 
* 

k For (x0»y0-
 € E * Ei ' define * * * 

A 

*» lim sup inf g(x,y) = sup inf sup inf g(x,y) . 
x->Xg y-*-y0 Y£W(yQ) X£W(xfl) xeX y£Y 

V ' . 

We have p rev ious ly used t h e following lemma i n the proof of 

Lemma 2 . 3 . 1 9 . 

Ljsrrfma 3 . 5 . 5 : • Let E , E, b e l . c . s . , and l e t g: E x E ] •+ E 

anjd h: E x E , -> K be extended "real valued func t i ons . 

S u p p e d * l i * h (x ,y ) = A "and lim sup inf g(x ,y) = B . Then 
/ x + x

0 • • x+xo WQ 
i. y-̂ o * • 
( 
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(i) lim sup i n f h ( x , y ) g ( x , y ) = AB i f 0 < A < +°° . 
x-x 0 y*y0 

( i i ) The same equat ion holds for -°° < A £ 0 i f g i s 

bounded i n a neighbourhood of (x n ,y 0 ) . 

Proof of ( i ) : For ahy given X E (0,A) t therfe e x i s t 

Xx £ N(x ) , Y £ W(yQ) such t h a t A - X <> h (x ,y) < A + X , 

for all x £ X, , y £ Y 1 . We first establish that 

lim sup inf h(x,y)g(x>y) < AB . 
. x*xo y^o 

Case 1; 0 < B < +« . Let Y £ M(y) and e > 0 be given. 
2 

Choose X £ (0,A) small enough so that (A-HB)X + X < e and 

X.. , Y, as above. Then there exists x2^J^CXg) such that 

for all x £ X2 , there exists y £ Y n Y. with 

g(x,y) < B +'X . Thus for all x £ X., n X_ , there exists 

y £ Y n Y 1 with h(x,y)g(x,y) < (A+X) (B+X) =• AB + (A+B) X + 
2 
X < AB + e . Sxnce e was arbxtrary, 
lim sup inf h(x,y)g(x,y) < AB . 
x-x0 y-y^ 

Case 2: -« < B < 0 . Let Y £ f(y) and e > 0 be given. 

Let X £ (0,min(A,-B)) be such that (A-B)X < e , and choose 

XI ' Yl as above" There exists X 2 £ N(xQ) such that for 

each x £ X2 , there exis-ts y £ Y n. Y, with g(x,y) £ B + X. 

So for each x £ X, n X„ , there exists y £ Y n Y, with 

h(x,y)g(x,y) s; (A-X) (B+X) = AB + (A-B)X - X2 ̂  AB + e . 

Since e .was a r b i t r a r y , lim sup inf h ( x , y ) g ( x , y ) ^ AB . " 
x-x 0 y->y0 

4 
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Case 3: B = -°° . Let m < 0 and Y £ W (y) • be given, and 
- « - * 

choose X *£ (0,A) and X. , Y.. as above". There exists 
f X0 e'U(xn) such that for all x e Xj. , there exists , * 

y € Y n Y, with g(x,y) 5 -j--*- . ' Then for all x £ X, n X2 , 

there exists y £ Y n" Y, such that h(x,y)g(x,y) < 

m (A-X) 'IUJI'I = m . Since, m was arbitrary, 

lim sup inf = -°° = AB . ' 

" * - * * 0 y*y<> 

Case 4; , B = +<=° . Choose Xs. (0,A) , and l e t X £ N(Xg) 

and M >-0 be g i v e n . ' Choose X,. tsY, as above. There 

e x i s t s "Y £ N(yn) such t h a t for some x £ X n X, , 

g(x ,y) -a M for a"".! -y £ Y . ' So'^there e x i s t s x * X n.X, 

such t h a t for a l l y £ Y rt Ŷ  , h ( x , y ) g ( x , y ) > M(A-X) . . 

S ince M and X were a r b i t r a r y , lira sup in f g (x ,y)h^x ,y) = 

' , - ' ' * -rah ^ o ' 
+°° = AB . ; We have now e s t a b l i s h e d that- r 

l im sup i n f g(x ,y)h(X,y) <, AB,. I t jEollbws, t h e n , t h a t 
, X-Xg y-vytf . . fJ^-Tv " -

B = lim sup xnf g(x ,y) . * 
x+x0 y->y0" . . *J \ # •• ,, 

1 / < l im- -.•• •• l im sup inf g ( x , y ) h ( x , y ) 
x+xQ

 l"'V x+xQ* y -y 0 

' * **. \ '• 1 ' * = •%• lim s u p , i n f g (x ,y )h (x ,y ) 
x->xQ y->y0 

i 

Hence l im sup in f g ( x , y ) h ( x , y ) > AB , and (i) h o l d s . 
x+x 0 ( y^yg 

We leave t he proof of ( i i ) , which i s s i m i l a r , t o the 

r e a d e r . We make the impor tant obse rva t ion t h a t i f A £ 0 , 
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t 

local boundedness of g is required in both the proof of 

lim sup'inf h(x,y)g(x,y) s AB and that of -, 
x-Xg y-y0 

lim sup inf h(x,y)g(x,y) > AB . D 
x-Xg y->yQ 

We now prove what seems t© be the best possible version 

of Theorem 3.5.2 with f not necessarily locally Lipschitzian. 

Theorem 3.5.6; Let ,E bte a l.c.s, and let £; E •* E be 

continuous at xfl £ E , and let F: E •* E be continuously , 

differentiable near f(xQ) . Assume F"(f{xQ)) > 0 . Then, 

for all y £ E , , 

(3.5.4) (Fof)i(xn;y) = F'(f(xn))f
+(xnjy) . -O'Jf- - * "•'Y' 4 v 0' 

Moreover, 

(3.5.5) 3(F»f)(x0) = F' (f(x0))3f(Xg) . 

Proof: The proof of (3.5.4) parallels that of (3.5.2) with 

Lemma 3.5.5 used in place of Lemma 3.5.3, Now if 

•T (xQ;0) = -» , (F°f)'
+(x0;0j will also = -"> by (3.5.4), 

and both sides of (3.5.5) will be empty. Otherwise, 
A. 

£ (x0;*) is proper, 3f(xQ) is nonempty, and the proof of 

(3.5.5) parallels that of (3.5.3). * • 
< • 
. * 
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Remark 3.5.7: ,(a) If F*(£(x*))) < 0 , neither inclusion 

of (3.5.5) will hold in general. For example, define 

1/2 

F: E'-»• E* by F(x) :=. -x and £: E •*• E by' f (x) := — |-x| / 

Then 3(F°£)(0) = E , but 3f(0) = $ . pn the other hand, 

if F(x) := -x but f,(x) := |x11/2 , 3-(F°f)(0) = <j> while 

F'(f(x0))3f(x0) = E . 
(b) 'There are also counterexamples if Fr(f(Xg)) - 0 , -If' 

" 2 

we define F: E -*• E by F(x) := x and f: E -*- E by * 

f(x) = -|x|1/2 , 3(F°f)"(0) = [-1,1] while 3f(0) = 4> . " -

On the other hand, if F(x) := -x 4 / 3 and f(x) := [x\1//2 , 

then 3(Fof)(0) = A while F*(f(0)) = 0 and 3f(0) = E , 

4 

We now have at least a partial answer to our original 

questions. Even if F is continuously differentiable and 
j ' , " 

f is continuous, the requirement that F be locally ' -~\ ' 
,• '•* i 

isotone (as it is if F"(f(x0)) > 0). or that f- be 
*. ' ' 

locally Lipschitzian seems to be needed in any chain rule 

for1* (F°f) (Xg; ) or 3(F°f) . This requirement is not 

surprising in view of the inherent "one-sidedness" of our 

epigraph-centered approach. *' -

/ -



CHAPTER IV 

Lim inf Formulae and Approximate Subdifferentials 

4il. Lim infs of tangent cones - ' • 

4 

In this*section we survey some significant recent results 

concerning the relationship between T„(xA and various < 

tangent Cones Rc(x) at points x near xQ . 

1 ' * *. A 

Definition.4.1.1: Let E , E. be l.c.s,, and"let C ctE • 
. " ' El and xn,€ C . Let H: E -* 2 A ber a relation. , Define • 

U „ , . • ' » ' , 

* , • i , 

(4.1.1) lim inf H(x) := n u" . n - H(x), +. V 
,\x-*xQ • V£N(0) X£W(Xg) xeXnC • ,' 

C * i 

and 
s„ 

(4.1; 2) lim sup H(x) := n"' n u H(x) + V 
X*x^ V£N(0) XeW(Xg) ' XEXnC 

E-, ' -
Observe that if H, ,H_: B -»• 2 -"- are such that »• x z 

Gr H1 c Gr H2 , then lim inf Hp'x) <= lim-inf H2(x) and 
• • ' * x"i*xn x ' > x n 

C C 
l im sup Hp'x) c lim sup H2(x) 

• x->x » x"*"xn 
C " C u 

\ : 

227 -
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Penot has obtained the following result relating Tc(xQ), 

lim inf Kc(x) , and lim inf Pc(x) in finite dimensions.^ 
xtxn x-»-x 
C • C u 

"" ' i n " ' 
Theorem 4.1.2 [Pell: Let C. <= E be closed near x- e C . 

/ 
Then m 

- * L 
* • * f 

i 

(4 .1 .3) ,lim i n f K c (x ) ,= l im i n f P-tx) = T c(xQ) .'. 
x->xn - x+x 

Ne i the r - inclusion of (4 ,1 ,3) remains ' t r ue in i n f i n i t e 

dimensions wi thou t a d d i t i o n a l hypotheses (see [Pe3"\, [Trl] , 
4* 

[Bo6], ' [Bo8] for examples) . * - • . - • 

We next d i scuss 1 t he i n f i n i t e - d i m e n s i o n a l ex tens ions of ' 

Theorem 4 .1 .2 which have been proved by Treiman, Penot , , 
A 

BOrwein, and S t romas ' , 
a. ' 

"* 
Theorem 4.1.3 [Trl]:" Let E be a l.c.s.., and let 'k. «CcE 

Then 

(4.1.4) ., lim inf*Kc(x) c T*(x.) . * , 
x-*xn * 
c •* .. , 

If E is a Banach space and C is closed near x_ , then 

(4,1.5) ' lxm inf K (x) c Tc(x ) , 
. • • T o , 

If in addition C is epi-Lipschitzian >at xQ , then equality 

holds in (4,1.5). 
A 
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Treiman obtains (4.1.5) as a consequence of (4.1.4) and 

the fact that T*(xQ) = T-,(XQ) for locally .closed subsets of. 

a Banach space (Theorem 1.7.1). Penot [Pe3] gives a simpler 

proof of (4.1.5) via the "drop theorem" of Danes [Dal]. 

Of course (4.1.5) Still holds if the contingent cone is 

replaced by any tangency operator which is always contained 

in the contingent .cone." If C is epi-Lipschitzian, equality 

in (4,1.5) will still be achieved if K is replaced by k , 

as we now demonstrate. 

m 
Proposition 4.1.4: Let E be a Banach space, and let C <= E 

be closed near xn e C . Then -

(4.1.6) lim inf k,,(x) c ̂ ^ o ^ * 
x:xo 

> 

Equality holds in (4.1.6) if C is in addition epi-Lipschit
zian at x- , 

0 - • . 

Proof:' As was mentioned above, (4.1.6) is an immediate conse-

quence of (4.1,5), Suppose C is epi-kipschitzian at xQ , 

and let y y£ Hc(xQ) . Then there exist X £**W(Xg) and 

X > 0 such that for all x £ X n C and for all t £ (G,X) , 

x + ty e C . Thus y £ k«(j?,J , and it follows that 

^(x-j'-c 'u n k^(x) 

^ U. X£A/(Xg) x6X
 t" 

= lim inf kc(x) 
xcx° ' : 
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Now lim inf kc(x) is closed, and since C is epx-Lipschit-

zian at xQ , Tc(xQ) = cl Hc(xQ) . Therefore 

Tc(x„) <= lim inf k_(x) . 0 

Notice that our proof of Proposition 4.1.4 provides an 

easier proof of the last assertion of Theorem 4.1.3 than that 

given in [Trl]. 

The following extension of Theorem 4.1.3 has been 

established by Borwe"in. 

Theorem 4.1.5 [Bo6]: Let E be a reflexive Banach space, and 

let C c E be closed near x £ C . Then 

(4.1.7) lim inf P,,(x) c Tc(xQ) . 

Equality holds in (4.1\7) i f in addition C i s epi -Lipschi t -
r ' 

zian at x0 . 

For the weak contingent and pseudotangent cones even ] 

more satisfactory results, with no epi-Lipschitzian require

ment, are possible in a reflexive Banach space. 

Theorem 4.1.6 (Strojwas and Borwein): Let E be a reflexive 

Banach space, and let C <= E be closed near xQ e C . Then 

(4.1.8) lim inf KJ!(X) = Tc(xQ) 
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and 

(4.1.9) lim inf P*(x) = T Q(x) 
X+X " 
C u 

* 

where "w" denotes the weak topology. 

Borwein has also'shown that (4.1.8) characterizes 

reflexive space and has exhibited counterexamples to (4.1.7), 

(4.1,8), and (4.1,9) for closed s'ets in nonreflexive Banach 

'spaces. All these results will appear in future work of 

, BarweUn and Strojfwas.' 

These "lim inf" results have already proven to be a 

powerful tool 'in nonsmooth analysis. We now describe some of 

their applications. , 

(i) Tangent cone inclusions: Watkins [Wl] has employed 

Theorem 4,1.2- in proving inclusion (2.3.20) of 

'Proposition 2.3.11. 

(ii) Subdifferential calculus: As was mentioned in section 

2.1,, loffe [12] has used. Theorem 4.1.2 to d^live-

.Corollaries 2.3.5 and 2.3,7 and Proposition 2.3.14 

, from*corresponding results for- approximate 

4 . 

' i subdxfferentials. 

(iii) R-quasiconvexity and convexity: Sufficient conditions 

for optimality in differentiable non-linear programming 

"([Gul], ,[Bo3]) of teh'involve the assumption of 
R-quasiconvexity, defined below: 

/ • 

I ' . X 



- 232 - , 

D e f i n i t i o n 4 .1 ,7 [Bo6]; Let E be a l . c . s . and R a-
mn i»m—niii '•" in mnwi »mm» <m**m 

tangent cone. The set C c E is R-quasiconvex at xQ £ C 

if 

(4.L10) C - Xg C R(C,Xg) . 

If C is R-quasiconvex at all of its points, it is said to 

be R-quasiconvex. 

If R is the pseudotangent cone, the "term "pseudo-

convex*1 is used in place of "P-quasiconvex"* ([Bo3], [Gul]). 

Definition 4.1.8: Let E be a l.c.s. 

(a) For x,y £ E , define [x,y] ;= cpnv{x,y} . 

(b) A set C c E is said to be starshaped .if the set 

(4.1.11) star C := {xeC|[x,y] c C for all y e C} 

is nonempty. * 

One consequence of Theorems 4.1,3, 4.1,5, and 4.1.6 is 

the following result. For the proof, see [Bo6]. 

Proposition 4.1.9: Let C' be a closed subset of a Banach 

space E . Then 

(4.1.12) star C = n (Tp(x) +x) 
\ • X e C 

= n (kr(x) +x) 
XEC

 u 

= n (K (x) +x) . 
- xeC 
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If E is reflexive, then in addition 

(4.1. x3) star C = n (K*(x) +x) '' i 
xeC

 u 

= n * (P*(x) +x) ' 
,- , xeC u - - v 

= n - (Pr(x) +x) . 
XeC V .' * 

1 ' • 

• . An immediate corollary of Proposition 4.1,9 is a charac

terization of R-quasxconvex sets in Banach spaces (or 

reflexive Banach spaces) for.various tangent cones R . 

' Corollary 4.1.10: A closed subset C of a Banach space E 

is T-quasiconvex (K-quasiconvex, k-quasiconvex) if and only 

if it is convex. If E is reflexive, C is pseudocohveX 

(Pw-quasiconvex, K -quasiconvex) if and only if it is convex. 

Proof: The "if" part follows from the fact that all of these 

. .tangent cOnes have property (1) of chapter 1. Suppose C is 

T-quasiconveX. Then 

J C c. n (T (x)+x) « star C „by' (4.1.12), 
xeC C 

and hence C -is convex. The proof of "R-quasiconvexity 

implies convexity" for the other tangent cones is exactly 

the same.. • • 
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(iv) Propemess of tangent cones and surjectivity of *"* 

relations: . 

Definition 4.1.11: Let E be a l.c.s, and, ,R fa tangency 

operator. We say that xn e C c E is a R-proper point of C 

if R(C,x-) -̂ tE , and that x» is a F>-improper point of C 

if R(C;x ) = E.. • j 

Another consequence of Theorem 4.1.3 and. 4.1.6 is the follow-

ing result on properness of .tangent cones. 

Proposition 4.1.12 [Bo6]; (a) Let E be a Banach space and 

R a tangency operator such that R(D,Xg) c Kr.(x0) for all 

(D,x ) £ 2 x E . If, C is a closed subset of E r the 

R-proper points of C are dense in the boundary of C , 

(b) The same conclusion is true if E , is reflexive and 

R(D,xQ) c Pp(x0) for all (D,Xg) £ 2£ x E . • 

Proof: If the assertion in (a) is true for the contingent 
r \ 

cone', it certainly holds fori any smaller tangency. operator. 

The proof for R := K is given in [Bo6]. The proof of (b) 

is sxmilar. Q 

As an immediate corollary of either Proposition 4.1.9 or 

Proposition 4.1.12, we can deduce a result about tangency 

operators which ,are everywhere improper. 
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t - . 
Corollary 4,1.13; (a) Let E be a Banach space, and "let 

R be a tangency operator satisfying R(D,x~) c K (xQ) for, 

all (DrxQ) e 2 x„E . Then*, any closed set C <= E which is 

R-improper at each of its points must be equal to E . 
it *" 

(b) The same conclusion holds if E is re£lexive and R 

satisfies R(DrxQ) c P^(Xg) " for all . (B>Xg) £ 2 ;x E ." 

Part .(a) of Corollary 4.1.13 is also-proved" in [Gal] via 
- i> 

the drop theorem. It is then used to derive ,a. number of con

ditions sufficient for the subjectivity of a relation. In 

the case in which * E is reflexive, part (b) of Corollary 

4.1.13 may be used to derive extensipns of the results of 

[Gal]. - - * ' . . 

4v2. Applications to the Study of Directional .Derivatives 

and Subgradients <. 

ofixhec We now explore some"of the implications ofVxheorems 

' 4.1.3 and 4.1.5 in the case in which C is the epigraph of 

an extended-real valued function. In particular, we extend 
IT-

to a reflexive Banach -space setting some finite-dimensional 

results given in I"T2]... 

Let E be -a Banach space, and let f: E •+E be a 

functiqn which is finite and strictly l.ŝ .c, at xQ . If 

C := epi £ in Theorem 4.1.3, (4.1.5) becomes " 

(4.2.1) lxm inf K .' (x,r) *c T , ~(x.,,£(xn)), 
(x,r)—*»ix0,,f(x ))

 e p i f . epi £ 0 0 , 
epi f ., 

v 
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In fact,-since- f ^is strictly l.s.c. at xQ , (4.2.1) can, 

be written (see [12, proof of Proposition 6]) more simply as 

lim'inf*.:jtA - X . (x,f(x)) c .T . (x ,f(x)) 
(x,f(x)5-K&n,fCxJ} - ^ f — epi f 0 0 

(4.2.2V li» inf *,... * 
Cg^^g 

By results of section 1.5, an"equivalent way to write* (4.2.2) 

is -

**" *•• 

(4.2.3? lim inf epi f (xj«) c epi £ (xQ;*) , 
x-> fx Q 

where "x ->f Xg" is a convenient shorthand notation for 

" x -*• x with f (x) + f (x )"'. 

If E is a reflexive space, we have in addition that 

(4.2,4) lim inf epi co fpCx;«') c ep^ £ (xQ"*) 
X * f Xg 

-̂Cx;'') c 

by Theorem 4.1.5. Equality holds in (4.2.3) and (4.2.4) if 

f is directionally Lipschitzian at xQ or if E is finite-

dimensional. Of course if f is continuous at x_ , (4.2?3) 

and (4.2.4) can be wrxtten with "x -*-f xQ" replaced by 

"x + x " . 
0 ' 

We next demonstrate that inclusions (4..2.3) and (4.2.4) 

0: 
A 

translate into more explicit relationships between f (xn;») 

ahd f:(xri;') . -+ u o ; , ; * •• ^f 

t 
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Proposition 4.2.1 (cf. [12, Proposition 6): Let E be a 

Banach space, and let f be finite and strictly l.s.c. at 

x- . Then for all hQ £ -E , 

(4,2.5) lim sup inf f(x;h) £ f (x ;hQ) . 
x -f x0 h-h0 

If E is reflexive, we have in addition that 

(4.2.6) lim sup inf co f+(x;h) * f+'(x0;hg) . 
x -f x0 h*h0 

Equality holds in (4.2.5) and (4.2.6) if E is finite-" 

dimensional or if £ is directionally Lipschitzian at xQ . 

Proof: We prove (4.2.5) and leave the proof .of (4.2.6), 
A 

which is analogous, to the reader. If f (xQ;hg) =• -«• , 
+ (4.2.5) is automatically satisfied. Suppose f (xQ;hg) - +°° , 

and let r £ E . Then f (x ;hg) > r , and by (4.2.3), -

(h.,r) i lim inf epi f (x;») . Thus there exists <5 > Q 
x + f x0 

such that for all X £ W(xQ) and X > 0 , there exists X£X 

with f(x) € Bx(f(xJ) such that f+(x;h) > r + 6 for all 

h £ Bs(hg) := {h£E [|h-hg|| < 8} , Since r was arbitrarily 

chosen, 

lim sup inf £, (x;h) = +« . 
x -f X0 h"h0 

J 
Now let e > 0 . be gxven, and suppose r £ E xs such that 

( 
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A 

£ (x0;hg.) * r + e t . Again by (4.2.3) t h e r e e x i s t s i§ > 0 

such t h a t for a l l X £ W(x") and X > 0 , t h e r e e x i s t s 

x £ X wi th f ( x ) £ B j ( f (x )) such t h a t for a l l h £ B g ( h Q ) , 

f+(x»h)' "2 r + 6 

= f+(x0;hg) - e + 6 * 

> f+(x„*hn) - O'"0' * ^ ^ \ 

Since "e > 0 was arbitrarily chosen, ' *• 

A 

lim sup inf f (x;h) > f (x_;hQ) . 
x - f x 0 h->hg * . • ;> 

Hence (4.2.5) holds. Now suppose" that either E 'is finite-

dimensional or f is directionally Lipschitzian at x_ . 

Then equality holds in (4.2.3). Suppose f (xn;hg)- <, x , 
4 

and let 6 > 0 be given. Then there exist X £ -W(xn) and 

,X > 0 such that for all x e X with f(x) £-B..(f(xn)) , 
»«• A U , 

4 

ther"e e x i s t s h e B . (h n ) such t h a t f, (x;h) < r + 6 . 
o u + 

Since 6 is arbitrary, lxm sup inf f (x;h) < r , and it 
^ X ->f Xn h^hg m • . 

A 

follows.that lim sup inf f (x;h) s f (xn;hg) f Therefore 
• X *>f Xg h-hg t 

we', have equality in (4.2.5). D 

' • In the special case in which f: E -*- E is locally 

*"' a A 
Lipschitzian near x„ , f,(x„;«) = f (xn;«) and f (xrt;«) = 
, u - + u u u 

f (x0;«), by Corollary 1.5.19. .In this case, equality holds 

in (4.2,-3),and (4.2.3) becomes 
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A 0 
(4.2.7) lim inf epi f (x;«) = epi £ (xQ;«) . 

x"x0 

If E is reflexive, we also have by (4.2.4) that 

a - o 
(4.2.8) lim inf epi co f (x;«) = epi f (Xg?*) . 

x'>x0 

.%' We may apply (4.2.7) and (4,2.8) as in Proposition 

4.2.1 to prove the following result: *t-

Proposition 4.2.2: Let E be a Banach space, and let 

f: E ->• "R be locally Lipschitzian near xQ £ E . Then 

for all hg E E , 

(4.2.9) lim sup :"*•*•"*(x;h0) = f°(x0;hg) . 
x->x0 

Moreover, if E is reflexive, then % 

(4.2.10) lim sup co fA(x;hQ) = f
0(Xg';hg) 

' X"*Xg 

Proof: Let e > 0 and hn £ E be given, and suppose 

f°(x0;h0) =*r+ e . By (4.2.7), 

(hg,r0) t lim inf epi f (x;«) . As a result, there 
x"x0 

exists S >• 0 such that for all X £ W(xQ) , there 
' A 

exists x E X such that f (x;h) z. r + <5 for all 
h £ B. (hQ) . In particular; 
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fA(x;hg) > r + 6 

' = f°(x0,-h0) - E + 6 

> £ (x0;hg) - e . 

> 

Since e > 0 was arbitrary, xt follows that 

A 0 lim .sup f (x;h0) £ f (x0;hg) . Conversely, let- e > 0 
x+ x0 ' . 

A ' 0* • 

and hg E E ' be given, and suppose f (xQ;hg) = r _, Let 

X. € N(Xg) be a nexghbourhood on which f is locally 

Lipschitzian with Lipschitz "constant C > 0 . Choose 

6 £ (0 ,2^3 , and choose \X2 £ N(xQ) and X > 0 such, 

.that, X2 + (0,X)B6(hQr c Xjj . Now by (4.2.7), there 

exists X £ N(Xg"ft with X c- x 2 such that for all x e X, 

« 

fA(x;h') k f°(x0;h0) + § 
-

for some 'h* e ,B, (h_) . Now for any x e X , t ,e (0,"X)', 
and ^ h £ Bfi (hg) , , / 

\ -

f(X + thgJ-f(x) f ( x + t h ), f ( x ) 
\ 

\t - t 
t ^ + C||hg-h|| 

f(x+th)-f(x) . e * , _ + _ 

Thus for all x £ X ands-sbme h" £ B~(hQ) , » . > 

fA(x;hg) < fA(x;h*) + | 4. 
t * 
" _0 / », s 

< f (x0;hQ) + E . 
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Since" E was a rb i t ra ry , this^means tha t 
v - * - * 

A 0 
l im sup f (x;hQ) £ f (xQ ;h0) . ' ., 

x - * x ' , * < * * , 
- „ \ - "* 

Therefore (4.2.90 holds. The proof of (4.2.10) parallels 

that of (4.2.9) . ' ' . , ' , ,D " 

» " V * «* , 

Definition 4.2,3: Let E *be a l.c.s. .with dual space E' , . 

"and let f: E'+E be finite at xnk»e E . - The, -approximate 

subdifferential of f at >xft is the set 

,'(4.2,11) , Vf(xn) :='w* lim sup 3?f (x) , ' ' ' ' 

^ ^ . * • x"f- xo , *-

where by "w* lira Sup" we mean that the neighbourhoods V 

in definition (4.1.2) 1are^ taken to be weak star neighbourhoods, 

This definition is an extension of the one made by Iqffe 

[12] for, the" case in which, E is finite dimensional. 

, „ PropoSi^bions\4,2.1 and 4,2.2 can be used to derive 

information about the relationship between - 3 f (xQ) and * 

T i '» ' * 

3 f(Xg) whenv E is a Banach space, as we now demonstrate. 

(Analogous finite dimensional results are given in [12]). 

Proposition 4.2.4: Let . E. be a Banach space, and let 

£i E -*• E - be locally Lipschitzian near x~ € E . "Then 

'(4.2.12) . 9af(Xg) C Sf(Xg) . 

f 
l 

4, 
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• Proof; Suppose x* £ E"\3f(xfi) » Then there exist hQ £ E . 

and E > 0 such that 

<x*,h0> - 2e = £
0(x0;hg) . 

'Define "v* := {x*£E* I<x',hn>| < E}
 V. Then for all x' ,e x* +V, 

I ' U v 

<x',hQ> - E > ^(x^'-hg) . 

By Proposition 4.2.2, 

<x',h-> - E =-. lim'sup f (x;hg) 
XJX0 

for all x1 c x* + v 1 Thus there exists 8 > 0' such that 

for all x e B»(Xg) with f(x) £ B5(f{xQ)) , f (x;hQ) < 

<x',hA> for all x' £ x* + V . Therefore 
" 0 t 

T s 

x* i w* lim sup 3Kf(x) , and so (4.2.12) holds. ' D 

,x """f X0 

Corollary 4.2.5; Under the hypotheses of Proposition'4.2.4, 

(4.2.13) conv 3 f(xA) c 3f(x_) . 
a u " u 

Proof: This follows immediately from (4.2.12)" since 3f(xQ) 

is closed and convex. , Q 

If f is not locally. Lipschitzian, (4.2.12) does.not 

seem to be quite obtainable, but we can derive the, following 
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result: V 

Proposition 4.2.6; Let E be a Banach spaced and let 

* , « * « be Units' a n d . S t r l ^ y l .s . 'C . * * „ . te3Ume 

either E is finite-dimensional or * f i s directionally 

Lipschitzian at xft . Then " , 

(4.2.14) lim sup 9K£(x) c. 3,Tf (xQ) 
x ->f Xg 

sT 
Proof: Suppose x* i 3 f(xQ) ,, Then there exists hQ £ 

t 
with <x*,hQ> - 2e = £ (xQjhg) for some e>> 0 . Define 

V := {x*£E' {| Ix1 11 ̂ 1 • Then for all x» £ x* + V , 
A 

<x*>hg> * E > f (Xgjhg) . By Proposition 4.2.1, 

E 

<x',hg> - E t lim sup inf f (x;h) 
XL * f Xg h+hg 

\ • 

for all xr e x* + V . Let Y £ M(h_) be such that 

|<x*,h>. -< <x*,hg>| < |- for all h e Y and for all , , 

x" £ x* + V . There exists 6 > Q such that for all 

x e B^fXg) with f(x) e Bg(f(X„)) , there exists „h £ Y 

with 

f+(x;h) s <x*,hg> - 2%-

v_„ 

< <X',hg> - J 

< <x',h> for all x' £ x* + V 

I 
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Thus x' 4 3Kf(x) for all x £ B^ (xQ) and f(x) eBg(f(x0)). 

K Therefore x* i lim sup 3 f(x) , and (4.2.14) holds. 0 

' x +f x0 

Our next proposition generalizes a result of [12] .' 

Proposition 4.2.7; Let E be a reflexive Banach space, and 

let f be locally Lipschitzian near xQ e E . Then 

(4.2.15)* conv 3af(x0) = 3f(xQ) . 

Proof: t Let h £ E and e > 0 be qiven. Then 

f (x0;h) = r+E >r for some r e E . By (4.2.10), there 

exists a sequence x < -> xQ with „ * ' 

co fA(x ;hT > x + | > r n 2. 

Now by a standard theorem of convex analysis '(see for example 

[Hoi, section 14]), sup<T,h> = co fA(x* ;h) K 
T£3(co f A ( x ? • ) ) ( 0 ) • n * 

' ' - — A "' "K 
Thus t h e r e e x i s t s a s e q u e n c e T £ 3 ( c o f (x ; « ) ) ( 0 ) c 3 f ( x ) n n n 

with <T ,h> > r , Since" f is locally Lipschitzian near 

, x. , the sets 3(co f (x j ••) ) (0) are equi-w* compact, so we 

may assume that T converges in the weak star topology to 

some Tg £ E' . Hence. <TQ,h> > r , and so 
4 

- * . ' To e* 3a f (V * 

" the re fo re sup T(h)""2 f ( x n ; h ) , and i t f o l l o w s t h a t 
TeSL,£<X«) * ' 

T ° taesA • 

A~ 
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(4.2.16) A conv 9 f(xn) => 3f(x.) . 

*•* . , • 
We have already proven the opposite inclusion in Corollary 

< 4.2.5. . , Q 
*> ' 

Corollary 4.2.8: Let E« be ar reflexive Banach space, and 
- ' / 

let f: E t- E be locally Ljfoschitzian near x_ £ E . Then 
3J£(x) f <f> densely near Xg . _ 

Proof: Since f is locally Lipschitzian near xQ , 

3f(Xg). 5/ <*> . By (4.2.16), 3 f(xQ) . must be nonempty also. 

Suppose x* £ 3 f (x ) . Let X £ W(x ) be given, along with 

a u ,, u 
a weak star neighbourhood V of ' 0 in E' . Then there 

s • ' K 
.exists x1 £ x* + V and x £ X with x* £ 3 f(x) . Since * 

K •-
, x was arbitrary, 3 £(x) 7* <j> densely near Xg, . Q 

Example 4.2.9: The following^*jample, given in [12] , shows w 
LT.] that "conv" is needed in (4.T.15). Define f: E -> E by 

f(x) := -|x| , and let xQ := 0 . Then T . f(0',0) = > 

epi(|x|) , so 3£(0) - [-1,11 , while K . -(0,0) = epi f and 

Kepi f<x'-ixt> -

2 
{ (x,y) £E |yax} if xy< 0 
{(x,y) £E2|ya-x> if 3? > 0 . 

Thus 3Kf (0) = cj) , 3Kf(x) = {1} if x ,< 0 , and 

3Kf(x) = {-1} if ,x > 0 . Hence 3^f(0) « {-1,1} , showing 
a 

that even for Lipschitz functions of one variable, 3f(xn) 
' a u 
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1 * 

is not necessarily a convex set and "conv" is needed in 

(4.2.15). . 

Example 4.2.10; "We now give two functions which are not 

locally Lipschitzian'and for whiah (4.2.15) is not true, 

(a) Define f: E -> E by 

f (x)- := -
x if x 5 Q 

Sx if x > 0 

and l e t xQ := 0 . Then ,T . f ( 0 , 0 ) = { ( x , y ) E E IxSO ,y"20}', 

1KJ s o 3f (0) = 4 [ 0 , « ) . On tj /e o t h e r h a n d , 3^f (0) = [1 ,« ) , 

w h i l e """""*"** 

3 K f (x) = 

{ 1 } i f , x < 0 

{ — } i f x > 0-
2/x 

Thus 3_£(0) = [1 ,») , and ( 4 . 2 . 1 5 ) does n o t h o l d . a 

(b) Def ine f: E -> E by 

f (x ) :=* 
0 i f x < 0 

~ / x i f x > 0 

and l e t xQ t- 0 Then T. . f ( 0 , 0 ) = , {(x ,y) € "R'" |x ' s0 ,ya0} , 

s o 3 f (0 ) « ( - » , 0 ] , whilfe 
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K £ ( x ) = • 

« 

{0} 

* 

2 / x 

i f x < 0 

i f x = 0 

• . if x > 0 

Therefore 3=f(0) = {0} , and.(4.2.15) does not hold. a 

This may be the example intended in [12,-page 39 8], For the 
> * 

example given there, f: E •+ E defined by 

f(x) 
/"-X if x < 0 

0 if x > 0 

it is correctly stated that 3f(0) = (-°°,0] , but 3=f(Q) is 
<< a 

ic*P" inqjlrrectly given as {0} . In fact, 

3Kf(x) = -( 

{- 1 . 

2/^x 

(-",0] 

{0} 

} if r < 0 

if x = 0 

if x > 0 

so 3 f(0) = (-™,0] , a 

By applying Theorems 4.1.4 and 4.1.6, a development 

parallel to that giv.en here may be carried out, replacing 

f (x0;«) by the appropriate directional derivatives. We 

also mention in passing that Theorem 4.1,6 and some related 

recent results of Borwein can be used to prove significant 

new generic subdifferentiability results, as well as extend 

the theory of [Rc-7] to a reflexive Banach space setting. 
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Details will appear in future work by Borwein. 

4.3. A product rule for approximate subdifferentials »• 

» 

In [12], loffe develops a calculus of approximate"sub

dif ferentials for extended real valued functions with 

finite-dimensional domain. Even though approximate sub-

differentials are not in general convex, they do admit an * 

extensive calculus, as loffe demonstrates. In particular, 

analogues of Corollary 2.3.5 and Proposition- 2.3.14 exist 

for approximate subdifferentials under the same hypotheses. 

To illustrate the method employed in [12], we apply loffe's 

method in this section to 'prove a product rule for continuous, 

locally positive functions with finite-dimensional domain. 

The first step is closely patterned-after [12, Lemma 3]. 

Lemma 4.3.1: Let £.,£': E m -+• E be continuous and positive 

-at z £% dom f, n dom f2 . Then for. any <5 > 0 , 

(4.3,1) ' 3K(f1f„) (z) c u (£1(x1)3
Kf,(x5) 

x **• xi£U(fi,z,6)
 1 x "̂  

+ f2(x2)3
Kf1(x1) + B6(0)) 

where 

U(f,z,6) := {x£Em)||x-z||<S,|f(x)-f(z)|<6} 

Proof: If 3K(f1f2)"(z) = <J> , (4.3.1) holds automatically. 

Assume, then, that x* £ 3(f f )(z) . • Replacing (f1f2) (x)" 
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by (£-,£A to) ~ <x*,x> if necessary, we can assume without 

loss of generality that x* = J) . We are then required to 

show that . - . 

u ' (f (x1)3
Kf2(x2)+f2(x2)3

Kf1(x1)) rrB^O) ?$ . 
x.£U(f.,z,6f . " 

s> 

Now by [12, Lemma 1], the function g* (x) :=- f. (x)f2(x) 

+ 6j|x-z}| attains a strict local minimum'at z . Choose 

E £ (0,6) such that" gg(x.") > g6(z) , £. (x.) a
 f£(s) "~ a 

2 
with a + a(f1(x1)+f2(x2)) < 1 whenever x. ̂  "z ,. 

|J.x.-z'[ s E . This is possible since the f.'s are 

continuous at z . Next consider 

c 

Pr(u,v,x) := f^u)f2(v) + '§ (||u*xH
2+||v-xft2).+6rix-z||, 

Let ur . vr , xr be such that ||ur-zf| s E , | |vr-z| | £ e, 

||x -z|j ^ E , and , . ' ' - k 
r 

P r (u ,v ,x ) = min{P (u,v,x) | | u - z | f s e , | | V - - Z | | < * E , 
r v - r

f r ' r 
I M * \ 
x-z s E} . 

Then 

f 1 (z ) f 2 (z ) + | ( | | u r - X r n 2 ' + i | v r - x r H ) 2 + 6 | | x r - z | | 

<= (^(Uj.J+aJtfjCv^+o) + : | l | I V x r l l 2 + H v r " x r l | 2 ) 

+ * l | x r - * l l 
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, S £^x)£2i^) + l + f ( | t u r - x r | | 2 . + l ! v r - x r | | 2 ) 

+ S | l x r - z | | • 

= Pv.(u, , v ,x ) + 1 r r r r 

£ P r (z ,z ,z ) + 1 = f 1 ( z ) f 2 ( z ) ' + 1 . 

Thus £ (||nr-xrj|
2+ljvr-xr|[

2) + 6||xr-z|| s 1 , and so 

•tUj.} , {v } , and (x } are bounded. We may assume that 

they converge. Since r can be made arbitrarily large, 

*{u 1 , {vr}\, and {xr> all converge to the same x 

Therefore 

g6(x) « £l(x)f2<x)#+ fi||x-z|| 

< f1(z)f2(z) =*g(S(z) ," 

which can only be true i£ x = z . 

Now assikne r is so large,that [jx -zj{ < e , jju -zjj <e , 

|jvr-z|| < E ," jf1(ur)-f1(z) | < 6 , and |f2(vr)-f2(z) | < S . 

Then p„ attains an Unconditional local minimum at" ' 
•J- J# """ V 

(u ,v ,x ) . This also means th*tt G. (u) := P (u,v ,"x ) 
X XT L JL *• 3. i 

attains an unconditional local minimum at u , so by , 
> r 

Theorem 1.5.21, (f_) ,(u :u)f., (v ) - <u*,u> s" 0 for all 
x + r * r r . 

u £ E , where u* » -r(-u -x ) . Similarly, 
G0(v)*:= P *(u ,v,x) attains ian unconditional local 

& 4- r r 

minimum at' v r so - ^ 
* r ' ) 

I 
f. (u ) (£A . (v:v) - <v*,v> a 0 x r i + r r' 
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for all*v £ E , where v* - ~r(v -x ) . Moreover, 
3T X jC 

GAx) := P (u ,v ,-x) attains an unconditional local 

minimum, at x , so 

* 
<u r ,x> + <v r l ,x> + 5 | ] x | | a 0 

for a l l x £ E . Therefore 

u * £ f 2 C v r ) 3 K f l ( u r ) , 

v r e f l < V 9 K f 2 ( V * 

and u + v e B»(0) , completing the proof. • 

Theorem 4.3.2; Suppose £.,£'. E m + E are continuous'*and 

positive at z £ dom f.. n dom f_ , and suppose 

(4.3.2) dom f1
i(z;.) - dom f2*(z;«) = E

m . 

Then 

(4.3.3) 3a(f1f2) (z) c f1(z)"3af2(z) + 3af1(z)f2(z) . 

Proof: If 3a(f.f0) (z") = <$> , (4.3.3) holds automatically. 
———— a x z 
Let x* e 3 ( f , f 0 ) (z) , . Then t h e r e e x i s t sequences {x } a l 2 n 

"and {x*} such t h a t x -»• z •, x* -* x* , ( f . f „ ) ( x )*-*(fnfr>) (z) , 
n n n l 2 n 1 <& 
* K 

and x £ 3 (f-,f0) (x ) . By Lemma 4.3.1, there exist u , 
n 1 l n J n 

vn , u* , and v* such that l|xn-un|j •* 0 , I fx -vn| | *-• 0 , 
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f . ( u )-£Ax) •*• 0 , f , ( v ) - f , ( x ) -*• 0 , u* £ 3Kf, (u ) f , ( v J , I n . , i n 4 n 2 n n i n / n 

v* e.*3 I^f2(vn)f1(un) , and | |x*-u*-v* j j •* 0 . As i n [12, 

Theorem 4], it suffices to show that either u* or v* xs 
v* » u*n 

bounded, or equivalently, that either v •,• • \ or | >-• j is v 

. * 1 n . 2 n , 
bounded, (Here we use the fact that f, and f- are 
positive near z and continuous at z .) The proof that 
< vn u* ' either v > y ox ~° -A y is bounded uses Proposition 

fl n 2 n 
i ' " f 

4.2.1 ([12, PropoSxtion 6]) and (4.3.2) and is identical to 
the proof of [12, Theorem 4]. , D 

It is of course possible to prove versions of Lemma 

4.3.1 and Theorem 4,3.2 involving n functions. In the 

n-function version of Theorem 4.3.2, assumption (4.3.2) , 
'twould be replaced by the assumption that dom f. (z;«) , 

i«l,...,n. be in strong general position. 

An analogue of Theorem 2.3.15 for approximate sub-

differentials has not yet been established, and it seems 

difficult lo1 do so by the method used here. Such a result 

may well be true, however. r • 

Observe that all of the subdifferential calculus 

formulae of chapter 2, as well as Theorem 4.3.2 and the 

results of [12] for approximate subdifferentials, require 

assumptions involving the upper subderivative. For example, 

Corollary 2.3.5, Corollary 2.4.14, andfc4l2, Theorem 4] are 

sum rules involving different directional derivatives and 

subgradients, but all require-assumption (4.3.2). The lim 

i****** 

r 
*-'-



1253 -

inf formulae of section 4.1 help explain the Clarke tangent 

cone's essential role in constraint qualifications. They 

show that Tc(Xg) contains information about K_(x) , 

kc(x) and Pp(x) at points x near x , exactly what is 

needed in sutyfifferential calculus results for £,(xft;») , 
* , + u 

fp(x0» ) ,, 3
Kf , 3kf , or 3af . 

# 

4 



CHAPTER V 

Optimization 

5.1. A basic necessary condition for optimality 

The theory deyeloped in chapters 1 through 4 can be 

readily applied to obtain necessary conditions for optimality 

in mathematical programs. Such applications are, in fact, 
«r -

one of the maxn motivations for studying tangent cones and 

subdifferential calculus. ", ' 

To prove rudimentary necessary conditions,-the basic 

ingredients are Theorem 1.5.21 and a, subgradient sum formula. 

For example, let f: E -> "JR and C c E , and suppose x Q is 

a local mmimizer for the mathematical program , ; 

(P) ' min{f(x) | x £ C> . * 

fl?hen an equivalent statement xs that x_ is a local 

minimizer of the function f + x c . Suppose that R is a ' 

tangent cone satxsfying two conditions: 

(5.1.1) (i) •R(C,X)'"TK(C,X) for all (C,x) £ 2 E x E . 

, (ii) A subgradient sum formula 

3R(f1+f2) (x) c S ^ f x ) + 3Rf2(x) holds 

under certain conditions involving f, , f2 , f 

and x . ," ' 

( ' 

- 254 - - ' $ 
' j "" 
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•Then if f + ir .satisfies the hypotheses guaranteeing 

(5.1.1) (ii) at Xg , 

0 e 3R(f+ic)(x0) 

e 3Hf (Xg) + A c ( X g ) . \ 

Thus we obtain the abstract Kuhn-Tucker type condition 

1 
(5.1.2) ; 0 e 3Rf(xn) +'3

Ri_(xn) . 
0 -C^-Q 

* \" 

In this chapter, we apply our knowledge of tangent 

cones and subdifferential calculus to give conditions under' 
4 J) 

which .(-5.1.2) holds for various subgradients* 3 , functions 

f , and sets C .• In this section, we focus on (5.1.2) for 

R ' various subgradients 3 
""** 

Rockafellar has obtained the following result in' the 

case R := T . 

Theorem 5.1.1: let E be a l.c.s., C c E , and 

f: E ->• IR* ,' and suppose xQ is a local minimizer for (P). 

Assume either ' t 

(5.1.3) (a) Tc(x0) n xnt dom f (xQ;«) ^ <j> and f xs 

.directionally Lipschitzian at xQ , or 

+ 
(b) dom f (xQ;*) n int Tc(xQ) J <f) and C is 

epi-Lipschitzian at xQ . 

Then * v s 
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(5.1.4) QJ 3f(xQ) + N c(x0) . 
!**"r 

Proof; Condition (5.1.3) i s assumption (2.1.5) of Theorem , 

2 .1 .2 w i t h ' f, := iL and f2*:= f or vice ve r sa . Condition 

( S . l i l ) ( r ^ l s t r u e for the Clarke tangent cone, so (5.1.2) 

(wl|xch in t h i s case i s (5 .1 .4)) ho lds . \ 

\ 
In tfie case in which f and C - are convex in Theorer 

, 5 . 1 . 1 , (5.1.3)- reduces to the assumption t h a t e i t h e r 

C n i n t dctm f ^ <j> or i n t C fi dom f ^ <j> , and (5.1.4) i s the 
B 

wel>*-known "Pshenichnyi ' s condi t ion" (see {Hoi, s ec t ion 14]) 

(5.1.5} * 3f(x,J n (C-*ft)t/ <j, . 

V * * 

,, , % , I 
Notice that -(5.1.3) is automatically satisfied when £ is 

locally "Lipschitzian near ",' x« . ' * \ 

* A finitevdimensional version of Theorem 5.1.1 with weaker* 

hypotheses is possible via Corollary -2.3.5. We &tate it 
» ** r l 

* * ^ ( + ' ** ' 

below, * 

\ i n IIL.TT* ** 

Theorem 5.1.2; „ Let, f: "JR -*-IR be strictly l.s.-c. at 

xn € C c "JR
m , where xn . is a local minimizer for (P) and 

0 - 0 , 
C is closed near -xQ . Assume 

(5.1.6) * dom f*(x0>.) - TcCx0). = m
m . 

Then (5.1.4) holds, 

V 
\ 
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Proof; Let ^ := f , f2 :- i c in Corollary 2.3.5. In this 

case (2.3,8) is exactly (5.1.6). ' D 

There is an analogous result for approximate sub1- ' 
, r 

differentials. ,•< 
/ * 

' ' 
Theorem 5.1.-3 [12 , P r o p o s i t i o n 9 ] : Under t h e hypo these s of 

Theorem 5 . 1 . 2 , '> l 

( 5 . 1 . 7 ) ' 0 £ 3 a £(x Q ) + N a (C ,x 0 ) , , 

wh< e r e ( c ' x 0 ' :== WV * 

sK, .Proof: -By Theorem 1.5*^21, 0- £. 3 ( f + i c ) (xQ) , and by 

d e f i n i t i o n , 

JK 
r(f+ic),(x0), c\ 9a(f+ic) u0) . 

Hertce (\ £ 3 a("f+i c) (xQ)< 

c 3 a f ( x 0 ) + ' N a ( C , x 0 ) ' 

by ,[I2, Theorem <4]. 

\ 

a 

If "R is not in*general convex, xt will;be difficult 
* • 

to verify (5.1.1)(ii). However* x£ the directional deriva-
* 

txve inequality 
•• * - «» 

(5.1.-8) ' , (f1+£2)
R(x0;-)^ fj- Mxg?-) + f2

 2(X0;-) 
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is satisfied, we' can derive optimality conditions in terms 

of "upper convex approximates", mentioned xn section 2.4. 

We now generalize the definition given in Definxtion 2.4.17 

for the case R = R-L-= R2 := k . ^ ' 

t 

Definxtion 5.1.4: (a)* The function h: E •*-"tR is an 

R upper convex approximate to the function f: E -> IR at 
\ • ' 
Xg € E Xf 

- ' A 
(5.1.9) h(y) a fR(xn?y) for all y £ E . 

(5..1.10) h(«) is proper, convex, l.s.c, and positively 
\ 

homogeneous, « 

(b) For a gxven R upper convex approximate to f at xfl , 

the set 

3Rf(Xg) := {x'£E*Jh(y) £ <y\xx> for all y e E} 

>" \ 

is called the h R-subgradient of \ f at xn . 

Now suppose h is an R upper convex approximate to 

f at Xg , D xs a closed convex subcone of R(C,xQ) , and 

(5.1.8) is satisfied. Then if xQ is a local minimizer 

for (P) , we have' for all y'e lRm that 
A. 

R-, 0 & (f+ic)
K<x0;y) , 

< fR(x0jy) .+ l^Xgjy) by (5.1.8) 

= fR(x0;y) + iR(c.,Xo)*(Y) 

s h(y) + iD(y) . V 
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Hence 0 £ 3(h+iD)(0) . , 

If the hypothes'es for the convex subgradient sum formula are 

satisfied for h + i D (ri dom h n ri D f <j> if E := E m , 

. dom h n int D ? <j) or int dom h n D f tj> in general), we 

obtain 

0 £ 3h(0) + 3iD(xQ) = Z*£(xQ) + D° . 

Previous work wxth this concept has usually been carried cut 

in the case R ;•= L ([Psl] , [II]), since (5.1.8) holds for 

R :*= L wxthput any conditions on f, and f„ . For the 

same reason, another natural candidate is R := E . The 

results cf section 2.4 open up some"new possibilities. We 

give one example here. 

Theorem 5.1.5: under the hypotheses Jof Theorem 5.1.2,A 

suppose ;h:E -*-JR is^a k upper convex approximate to f 
* «* ' t at Xg satisfying h(«) <.< f (x0;*)- , and let D be a 

ttclosed convex subcone of kc(x0) such that T„(Xg) c D . 

'Then , ' 

(5.1.11), * 0 £ 3jf(xn) + D° '. 
» » 4 ' n u 

% • 
' Pyoof * Condition, (5.1.6) ensures that we may apply .(2.4.24) 

r 

with, f, :- f , f0 := i,-, . It also implies that 
* s > ' ' . 

dom h - D =3R , so that we can apply [Rol, Theorem 23.8] 

with n t- 2 j £y :- lp, and f^ := i D . The inclusion 
. (5.1*11) then follows from the discussion preceding the 

statement of the th'eorem. 0 
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Results analogous to Theorem 5.1.5 can be derived by 

applying (2.4.25) xn place of (2.4.24). Notice that Theorem 

5.1.2 is the special case of Theorem 5.1.5 obtained by 
A ' 

setting h(*) = f (x0;»), and D J= T (xQ) . Also note that 

(5.1.11) can also be written 

(5.1.12) 0 e 3*f(Xg) + ND(0) 

since D = TD(0) . 

5.2. Some special cases, ahd a Fritz John type necessary 
condition 

We discussed a Kuhn-Tucker type_ necessary condition for 

optxmality in (P) in section 5.1. In this section, we study 

some important special cases of the set C in (P)'and combine 

our result's and some recent work of Watkins [Wl] to prove a 

new Fritz John type necessary condition for (P). 

We begin by consxdering the constraint set 

C :=- {x £ lRmJG(x) - 0} , where G: 3Rm •*• xRp xs strictly 

differentiable at xfl £ G
_1(0) and VG(xQ)IR

in = "IRP . As we 

a -
saw in Corollary 1.3,18, 

Kc(Xg) = kc(Xg)'-= Tc(Xg) = ^(X^^iO) 

Hence Kc^xd} """" ^c^o'1 =" NCl*K0* "" U VGtx0) 
* X r E 

m * 
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\ 
\ 

next We next consider the se t 
\ 

S I 

\ m ' 
. \ C := {x e xRmJgCx) £ 0} , 

\_ -1 " 
where g: E •*• 3R xs strictly l.s.c. at" xQ e g~ (0) . For 

this constraint set, we can derxve the following result. -

Proposition 5.2.1 (cf. JRO3, Theorem 5]) : Let g:mm-*IR 

be strxctly l.s.c. at xQ £ g (0) , and let 

C := {x £ IRm|g(x) $ 0} . Assume 0 { 3g(xQ) , Then 

(5.2.1) "V-V 3 { y € ̂ Ig^txgjy) ^ 0} . * V 

If in addition 3g(xQ) ^ § ,, then 

(5.2.2) Nr(x.) c u , X3g(#£n) . 
*- u X>0 ° 

Proof: In Proposition 2.3.11, let n ':= 2 , 

Dl :4~"t(zfu) e "fRm x XR*\ u = 0} , and D2 := epi g . To^apply 

Proposxtion 2.3.11, we must verify that 

TD (x0,0) - TD (Xg,0) = E"™
4"1 , i.e., that 

X £ " 

{(z,u)|u = 0} - epi g (x0;«) = E . To this end, "let 

(x* ,r») £ Mm *IR . since *u i 3g(xQ) , there exists y £ IRm 

A A * ' 

with g (xQ;y) < 0 . Since g (Xg,**) xs. positively homo

geneous , this means that for any fx £ 3R , there exists 

y E JRm with g (xQ;y) £ r . We may then choose ' y" £ 3R
m 

+ ' -
such that (y",-r") e epi g (xn;»)>, and so , 

/ * 
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(X* , * ' ) » (x*+y' ,0) - (y* , - r*) 

£ { ( z , u ) j u = 0} - ep i g (x0,*«) 

Now by (2 .3 .20) 

Tcxo ( xa , 0 ) 3 aRm><0) n e p i 9 f ( x o ; , ) • 

Hence T c(xQ) a (y £lRm lg (xQ;y) s 0} . By ( 2 . 7 . 2 1 ) , 

N c > < 0(x0 ,q) = (0 xm) + N D 2 ( x Q , 0 ) 

If 3gCxn) T""'* / we have by (2.3.23) that 

N„ (Xg) c u + X(3g(x0) ,-D ". J-' 

. - #~ 

Hence , N_(xn) c u X3g(xQ) 
c u X^O 

D 

The infinite-dimensional analogue of Proposition 5.2.1 

requires that C be epi-Lipschitzian at xn([Ro3]) . 

By an argument paralleling that of Proposition 5.2.1, we 

can apply Corollary 2.4.13 to prove a related result. 

Proposition 3.2.2: Under the hypotheses of Proposition 

5.2.1, 

(5.2.3) ^ c
( x o ) •*• {Y e ^ m i 9 a ( x o ; y > " 0 } 

and '*• , ^ ^ 

(5.2.4) K c(x 0) D {y £ " m
m l g + ( x 0 ; W ^ o'} . 



M«tHWHMMplW«*fa« 

i 

"163 -

Proof: By the proof of Proposition 5.2.1, the hypotheses ' -

of Cdfollary 2.4.13 are satisfied. .Then (5.2.3) and (5.2.4) 

follow from (2.4.21) and (2.4.22). Q 

* 

We can readily apply PropositionsS.2.1 and 5.2.2 to prove 

simxlar results for constraint sets of the form 

- C :- {x|g.(x) <, 0 , i - l,,..,n}- . 

* m -Proposition 5.2,3: Let g.: "JR •* E , x = l,...,n be 

strictly l.s.c. at xQ £ "JR , and define * ** 

C := {x £ "JR̂ Ig. (x) s„0, i = 1,... ,n} . Call ^ , - " 

I(x) := {i £ {1,... ,n) Jg. (x) = OH- . Assume that* g. is 

continuous at x~ for each i i I(xQ) , that 0 i 3g.(xQ) 

for each i e Kx 0) , and that the sets *{yjg'i (Xgjy) =* 0} , 

i e £(x Q) , are„in strong general position, Then 

(5.2.5) T c(x Q) ""> {y|g i
+(x 0;y) £ 0, i = l,.,.jn} 

(5.2.6) »-tk(J(x0) =* -[yj (gi)Q(x0;y) s 0, i =» 1 ,**...,n} 

(5.2.7). - Kc(x0) => {Y\(g1)+(xQ}y) <; o;' (g^Ug-y) ,5 Q, ^ 

. 1 = 2,..,,nj 

i 

•s 

{ v 
If.xn addition 3g (xQ) j* 4> , i £ I(Xg) , then ^ ; \ 

(5.2.8) N c(x 0) c { t A i3g i(x 0)|X i ^ 0 + } . 
X 'Xg/ 
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Proof; Let D- f ;= { ic € E m j g i (x ) ^ 0} , i - 1 , . . . ,n i n 
I ' m 

Proposition 2.3.11. jor A i Kx Q) , T p (xQ) ̂  E . t Thus 
n 
r> T n (xn) = n T n (xn) ,-and T n (x..) , i *!,...,n -

X=l 1 KXg), 1 , 1 
# 4 . - 1 

are in'strong general position if'and only-if iTD (x^) ,, 
"ft l 

i e I(Xg) are in strong general .position. By'Proposition 

5.2.1, *TD-{x0) -= {y\q± (x^y) < 0} / for each |i « I (xQ)- '. % 

Since {y|gi
+(Xg?y) < TU , i e I(xQ) are in strong general 

position, so are T D (xQ) , i £ I(xQ) , and we may apply , 

X \ *~> 

Proposition 2.3.11. Combining (2.3.20) and (5.2.1),. we 
obtain .(5.2/5), while (2,3.21) and (5.2.2) combine to give 

(5.2.8). Th^.proafs of (5,2.6) and (5.2-7) are* similar to 

that of .(5.2.5)", Withr the extensions of • (2.4.21)„and (2.4.22) 

to n. sets aspliedUn place, of (2.3.20K ^ -D 

.^ Now we can employ Propositions j|?.2.1 and 5.2.-2'<to derive 
"• 

ah important special case of Theorem 5.1,2 and a result along 
i ' . . . _ » . 

if 

the lines of Theorem 5.1.5. ' \ > " " «, i •* 
°* 

Sheorem'5.-2.4;' Let D-»'c E m be closed near xn , f: E
m -^E 

»] ' 1 ' ' . * - V ' 
• I * ' - * * ' * 

an* g. : E111 -* E , i» =* 1 , . . . ,rt - s t r i c t l y l . S . c -a t xQ ,* and 

G: E •*• E p . s t r i c t l y d i f f e r e n t i a b l e a t xQ , where 'XQ i s 

l o c a l minimizer of * ~> 
*% "* 

tf " ~* ;•*• 

/ * * * . ' ** 
(5.2f9) ' ' mxn{f (xY\q. (x) < « / i = 1 , . . " . , n , G(x) = 0 , x £ D} ,. 

> x ' 

a 

* > .4* 

*r* * .# 
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Call I(x) :* {i £ (l,...,n}jgi(x) < 0} . Assume that 

0 i 3g. (Xg) and 3g. (xQ) ^ fj> for each i £ I(xQ) , that 

g. is continuous at Xg for each i 4 J(xQ) , and that 

VGfXgjE1"* = E p . In addition, assume .-that ** 

{y|gi
+(x0;y) < 0}, X ' E K X Q ) , TD(Xg) , and VG(Xg)"'1(sJe are 
•* 

in strong general position, and that 

(5.2.10) dom f (Xg?*) -{yjg. (Xg'y) ̂ 0 , i=l,...,n , 

VG(x0)y=0, y € TD(xQ)} = E
m . 

Then 

(5.2.11) 0 \ 3f(Xg) + "£ X^g^Xg) + XVG(xQ) +ND(xQ) , 
l(Xg) 

for some X̂ ^ > 0 + and X e E p . v ' 

Proof: Call C := {x £E m|x€D, g, (x) < 0, i=l,...,n , 

' *. " 9 G(X) - 0} / 

Since VG(xn) is of full rank, ,T . (xn) - VG(xn) (0). 

,- t - y G" (o) - , ° • 
•\By our strong general position assumption. Propositions 

** " 2.,3.11 and 5.2.1 imply that (y|g. (xQ;y) < 0, i = l,...,n , 

y/fi T (Xgi, VG(x0)y =0} c Tc(Xg) . Thus assumption 

y— (5..2̂ .10) guaranteeS""*"*that (5.1.6) holds. By Theorem 5.1..2, 
• \ 

,+1 0.£*3f(Xg) + Nc(Xg) c«3f(xo) +{ s Xi3gi(x0) jX^O-} 

+ (XVG(Xg)|X £ E p} + ND(Xg) 

by Propositions,2.3.11 aKU 5.2.1. Therefore 

/ 
' * 
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0 £ 3f (Xg) + "2 X.3g i(xQ) + XVGCx0)<»+ NDCxQ) A f o r some 
n 

X. a: 0+ and X £ IRP . ' D 
i -» 

Theorem 5.2.5: Under the hypotheses of Theorem 5.2.4, 

suppose in addition that h: "m11* •* "ER and h. : "0Rm •> IR , 

x £ I(Xg) , are k upper^cOnvex<approximates to f and 

g , i £ I(xQ) , at xQ such that hC") £ f (x0;«) and 

+ h. (•) < g. (Xgf) . Let S be a closed convex subcone of 

kD(Xg) such that TD(xQ) c s . Then 

(5.2.12) o £ aJf(xn) + i x.. ajf- g. (xn) 
n ° I(xg) x x x ° 

+ XVG(Xg). + S° . 

for some X. * 0 and X e IRP . 

Proof: Define the set C as in Theorem 5.2.4, and define 

Ci := {x e Il̂ lg (x) < 0} , i = l,...,n , C n + 1 ^^"^(O) , 

and C 2 := D . By hypothesxs, v 

, . ' dom ,f (Xg,--) - dom ic (xQ;0 = E , 

* 
t 

.so by,Corollary 2.4.14, for all y € K , 

0 < fQ(x0;y) + (xc)D(x0;y) % 

s Now since Tc'CxQ) , i = l,...,n+2 are in strong general 

position, the n-function version of Cordlfary 2.4.14 implies 

< / 
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t h a t for a l l y £ "JR111 , 

n+2 
0 * fD(xQ;y) ^ . ^ ^ . ( x g } ^ ; 

Now call D± := kc (xQ) for 'i i K x Q ) ',.1 < n + 1 -, 

DJL !"*• "{yl^Cy) -s 0} for x £ I(Xg) , and Dn+2 := S . By 

Proposition 5.2.2, each D. c k_ (xn) . Thus 

n+2 
Q < h(y) + E ih (y) for all y e JRm , 

n+2 . " . 
and so 0 ̂  3 (h + E . i_. ) (0) . Assumption 5.2.10 implies 

- . j = l ° j 
n+2 

t h a t dom h - domC E i ) = E ,' so 
« t 1J » "* 

- - * • - . . . , 

n+2 
0 £ 3hC0) + 3C E i_ COD 

j = l j . 

n+2 
E . 

3=1 "J 
c 3h(0)' + E . 8 i D CO) 

by our s t rong genera l p o s i t i o n assumption ahd [Ro3, . 

Theorem 23 .8J . In o the r words, ' ' ' 1 

0 5 sjJflXQ) + t E X
l

3 h . 9 i v X 0 i l i i * *** 
X V X A J x , . 

+ UVGCx-g") |X e JP}'* s* , *'" 

. : ( > "" -

and, C5.2.1-2) ho ld s . 

* » 

>. . * '• 
: **K 
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Observe that Theorem 5.2.4 is a special case ofv * 

Theorenr5.2.5 with h(-) :=» f+(Xg-«) , h±{>) = g^Ug-*) , 

x t< I(Xg) and S :== TD(Xg) . We also note that (5.2.10) and 

the genWal position assumptxon m-Theorems 5,2,4 and 5.2.5* 

are equivalent to the single assumptxon that , £ (Xg**) , 

'-Y]gi
t(x0;y) $ 0} , TD(x0) , and VG(Xg)"* (0) are in strong 

general position. 

, We can also derive necessary conditions for optimality 

in (5.2.9) via the following "Dubovitskii-Milyutin" result 

due to Watkins ̂ Wl]: 

jm 
Theorem 5..2,.6; Let C. c E , i = l , . . . , p be ' se t s which are 

• 1 P 
closed near xn and sat isfy i fi C. = ixn} , and suppose-that 

• i= l 1 
*0J 

at least one of the sets Tc (xQ) is not a subspace. Then 
x 

there exist a. £ N^ (Xg) , not all equal tô  0 , such that 
p i . • ,*" 
E a * 0 . 
i=l 

The prOof of Theorem 5'.2.6 relies on Proposition 2.3.11* 

and can*be found in [Wl]. Watkins applies Theorem 5.2.6 to 

prove *a Fritz John type theorem for a constrained optimiz-

•ation problem xnvolving locally Lipschitzian functions. ' By 

employing Propositxon 5.2.1, we can establxsh a generaliz-

ation.of this result in whxch the functions involved are not 

necefesarxly locally-'Lipschitzian. We fxrst need a technical 

lemma. . fts proof is straightforward, -and we leave it to the 
4 I . 

readerv' . r ' •>, 

# 

< << 

\ * 
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* • 

Lemma 5.2.7; Let ,g: E x E •* M -and h: E x E -*- M be 
4 

extended real-valued functions, and let xQ,y0 e E , If 

lim h(x,y) is finite, then 
X+Xg ' * f. 
Y+YQ - * „ , * ' . - " * 

lim SUP inf Cg+h] Cx>y) « l im sup ittf gCx,y) 
x - x 0 . y ^ y 0 ' x^Xg y+yQ 

+ lim %h(x,y) . 
x-^x 
y - y 0 

Theorem 5 . 2 . 8 : Let D c aRm be c losed near xrt , f: Em-*-E 
— •——--—-— u 

and g. : "JR111 ->• IR ,. i = 1,..„. ,'n s t r i c t l y l . s . c . a t xQ , and , 

. G: m -+• 1RP s t r x d t l y d i f f e r e n t i a b l e "at M xQ , where xQ i s a„ 

l o c a l minimizer .of (512 .9) . Assume t h a t 0 4 3g . (Xg) .^ <(> 

for each i £ I ( x n ) , t h a t g. i s continuous a t xn for each 

. i ^ I ( x 0 ) , and t h a t VG(Xg)Em = E p ". Then 

. (5 ,2 .13 ) 0 £ XQ3f(x0) + E X i 3g i (x 0 ) + XVG(x£) + ND(x^) 

*» 

+ - D " ' 

where ^nA-> * 0 and X e.TBF . Moreover, X and- the 

p a r t i c u l a r e lements of, XQd£(xU) , X.3g. (Xg)1 for i e I ( x Q ) , 
and NDCxQ) in (5.2.13) a re"not a l l equa l t o 0 

Proof J Let Cg := { x e I R | f (x ) < f(Xgj^(x-Xg) } , 

C i := {x>£ E I T l |g i(x) £,0> , i = l , . . . , n , 

Cn+1 := {x £ IR JG(x) = 0} , and Cn+2 := D . .Since Xg" is 
n+2 

a local minimizer for (P), n ,C. = {xn> . Now- T (xn) 
» , r i»0 x u c0 • u ' 

xg not a subspace, so by Theorem 5.2.6, there exist 

% * • , ' A 

. < * \ 

•| 4 
A 
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\* 

ai € ^C.^Q* * "** " Q f •••n+2 , not all equal to 0 , guch 

n+2 . ' ' \ ' 
that • t a. = 0 . ' For i e I(x ) , N r CxJ c u ,X9g. (xj-

i*=0 • u i^ u Xa(Ji- i u 

by (5.2.2). For i e {1,... ,n}\lCXg) , N c (xQ) = {0} since 

each such rg. xs continuous at xQ and g. (Xg)" < 0" ., ' 

Since VG(xn) -is of full rank, ,N„ (xn) c u XVG*(xn)'-. ;;' 0 ' SvKL u' -X£"JRP -. 
2" 

Call fCx) := fCx) - f(x0) + (x-x0) . By Lemma 5.2.7, : 

F ( X Q 1 . ) *'£ +(XQ?*0 , S O *3f(x0) = 3f(x0) and\ * ' -. -. ' 

• \ * • ' • • ' • • • • * ' : * ' • • . ; 

\ . N_ ( x j «? u 3?(xr t) - - u X3f (xJ • ' 
! co ° x s o+ ° x > o + . - - ° 

• ' " • ' ' 

Putting these facts together, we obtaih -(5.2.13). 
v - i 

4 t 

No Frxtz John type analogue of Theorem 5.2.5 has yet 

been established. % 

* - - " .' 

n 

*S 
-, * 

* -

v< 

v * \ 

} " • A, 
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5.3 The objective function in problem (P); some examples 

from the literature. 

The generalized subdifferential calculus developed in 

Chapters 2 and 3 enables us to work with a variety of 

objective functions in (P) . In this section, we give 
s , ' 

some examples Of problems from the recent optimxzatxon 

literature which are tractable with this subdifferential 

calculus. 

(a) Weak Pareto minima 

Definition 5. 3*. 1: Let E be a l.c.s. and C c E , and 

let f : E •+ E , i ~ l,...,n be extended real valued 

functions. We say xQ ' is weakly (E,) Pareto minimal 

.for f.,...,£ with respect to c if there is no x £ C n i 
• * 

such that fi(x) <
 f,(Xg> for each i * 

s. ' • I 

In [Mil] , necessary cond i t i ons for weak Pa re to 

minimal i ty a r e developed in t h e case i n which *E - i s a 

Banach space and C := {x « EJg.(x) < 0, j £ J," hK (x) . -=-0, 

. k c K, x € D} where J and K are f i n i t e Jbndex s e t s and 

f. ,, g . : E -*• E , and" h v = E -*• E a re l o c a l l y L i p s c h i t z i a n . 

Since Xg i s weakly Pa re to minxmal for" f , , . . . , f wi th 

r e s p e c t t o C i f and o n l y / I f v • . 
w * "* 

0 = min{ max ( f . ( x ) - f . ( x n ) ) | „ x E c j , * 
' l<i<n x ' ' x u 

* , - " . *' " ' - * \ 7 ,* 
the problem, Minam'x-considers i s a c t u a l l y a s p e c i a l case of 
t h a t s t u d i e d i n ' [ C l 1 ] , and Minami de r ives hi-s necessa ry 

\ Jf ' 
* • ' * * 

• • • • ' . . 

t 

^ • 

t . * . - A 
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condi t ions by mimicking t h e arguments of [Cl 1 ] , 
It 7. * 

The results of [Mil] can be generalized to functions 

wlr*t«3lx<r̂ Mre
-not necessarily locally Lipschitzian via Theorem 

* \ 
\ **" 

5 . 1 . 1 , (for inf ini te- 'dimensi 'onal E) or Theorem 5.1.2 and 

5 .1 .3 (for f in i t e -d imens iona l E ) . We consider the f i n i t e -

dimensional ca^e h e r e . 
m — ' f 

Propos i t ion 5 , 3 . 2 ; "Let £. : E -> E , i - l , , . , ,n be 
s t r i c t l y « l . s . c . a t " xQ , and l e t , d c H be clpse'd near 

xrt , where xn i s -weakly Pare to minimal for £ . , . . . , f u u x • n 
» • , » 

with r e s p e c t to C, ._ Assume t h a t 
4. A ' / 

dom f, (x«;'),... ,dom f (Xg;«) and Tc(xQ) are in strong 

general posxtion/ and that if. (xQ) , i - l,...,n- are non-

- empty^ Then 
n 

' (5.3.1), 0 e Z Xi3fi(Xg) + Nc(x0) 
»and • ' * " » 

n 
* (5.3.2) 0 e E a.3 f. (xn) + N (C,xJ 

»_-, x a x u a u 
X—'A 

•+ + n n 

where each X. & 0 , a. > 0 , and E X, = 1 , E a. = 1 . 
1 , 1 i*=l x ' i=l x 

Proof; Define f : E m •+E by f(x) :-= 'max- (f. (x) - f. (xA)) 
4-J^) lsx^n - .' 

Then 0 = £(xn) = min {f(x)|x £ C} . Our strong general 
y > Q ' * ' ' * 

position assumption ensures that the hypotheses1 of Theorems 
< • » * ' ' 4 4 

5.1 .2 and $ 4 1 . 3 are sa t i s f i ed , . Thus ' ' , 
' * ' * • " " * . < • 

V . ' •' ' s i # / , 

Af-

. " " . » 

t 

A 
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\ ' ' * , 

0 £ 3f(Xg) + Nc(xg) by Theorem 5.1.2,, 

c {Z X i3f i(xQ) jx/ > 0+ , E Xi = 1} + Nc(x0) 

by Proposition 2.3.14. 

Therefore (5.3.1) i s s a t i s f i ed . The proof^of (5.3.2) 

follows s imi lar ly from Theorem 5.1.3 and the ri-function 

version of [I 2, Corollary 4 .6 ] , D 

• Special cases of Proposition 5.3.1 for specif ic 

.cons t ra in t se t s C can be'proven as in sect ion 5.2. We 

leave the de t a i l s to the reader. 

We can also t r e a t t h i s problem as in Theorems 5.1.5 

and 5 .2 .5 . 

Proposition 5 .3 .3 : In addition to the hypotheses of 

Proposition 5 .3 .2 , suppose h. : E •+ E , i = 1 , . . . ,n areu 

k upper convex approximates of f a t xQ such that 
i ** 

h.(•) s f. (x0**) for each i . Let D e E m be a closed 
i 

convex cone satisfying Tc(xQ) c D <= N '(Xg) . Then 
n k 
E X. 3£ f (xn) 

i-1 X hi X ° 
+ n , 

Where each X. s 0 and E X. = 1 . { 
. . X i"*! ' • * ( 

Proof: The*proof p a r a l l e l s the arguments used in proving ————— . , 
«• - I 

Theorems5.1.5 and 5 .2 .5 . • • 

n v n *̂  
(5 .3 .3) 0 e E X, 3£ f (x„) + Du , 

V 
V * ' 
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(b) Fractional --programming. ' 

One Immediate application of the quotient rules derived, 

in chapters 2 and 3 i s in es tabl ishing necessary optimality 

conditions in nonsmooth fract ional programming. Spefi^xfjcally, 

we consider the problem 

(5.3.4) min {f (x)/g(x), jx e C} . 

where at a local minimizer xQ , f : E -> E is positive and 

* m 

l.s.c. (or strictly l.s.c. if E := E ) and g : E •+E 

is positive and continuous. It is a usual assumption in 

fractional progrsamming (see [Crl]) that the numerator be 

nonnegative and the denominator positive, so our positivity 

assumptions on both the numerator and denominator are not 
» 

much more restrictive than-what is normally required. On' 

the other hand, we require less smoothness on the part of 

f and g than has previously been .assumed. For previous 

work on quotient rules for nonsmooth functions, see [Hi 1-] 

(or [C14]) and [Bol] , 

* We can readily apply Theorem 5.1.1 and Proposition 

3.4.4 to prove necessary optimality Oonditions for*(5.3.4) 

in the setting of [Ro3] , as we now demonstrate. / 

^Proposition 5.3.4: Let £ : E*" ->• E be nonnegative on E 

and positive and l.s.c.I, at xQ ,.and let g : E -> E be 

po'sitive on E and continuous at xQ , where xQ is a 

-H 

* " . ' 7 - ' 
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' local minimizer for (5.3.4)." Assume that C is epi-
4 . , 

Lxpsch i tz ian a t Xg an"d , 

(5 .3 .5) dom f,, (x0 ;*) n dom(-g) (xQ ; - ) n i n t Tc(Xg) ^ <f , 

and t h a t - g i s d i r e c t i o n a l l y L i p s c h i t z i a n a t xn and 
A ' A 

(5 .3 .6) dom f (Xg,-*) n i n t dom(-g) (Xg';*) j*" <J) . 

Then,, " • 
£(XQ)3-C-g)'(x0) + g (kg)3f (x 0 ) , * 

(g(x 0 ) ) 
(5 .3 .7) 0 £ ^ ^—2 * r - ^ + N ^ X g ) 

Proof: By (3.4.9), assumption (5.3.5). implies that 

dom(f/g) (x0;«) n "int Tc(xQ) T" <j) . Thus-we may apply 

Theorem 5.1.1 to obtain, •. • . 

» 

0 e 3(f/g) (x0) + N
,
c(xg)' ' 

f (xn)-3(-g) (xn) + g(xn)3f(xn) 
c 2_ _° ---̂  ^0_ + N ( x )- . 

(g(xQ))
2 - C ° 

by (5.3.6) and Proposition 3.4.4. - • 

Of course (£.3.7) is true under weaker assumptions if 
* 

E i s f i n i t e - d i m e n s i o n a l . 

P ropos i t i on 5 . 3 . 5 : Let £ : Em •*•'E be nonnegat ive on E1" 

and p o s i t i v e 1 and s t r i c t l y l . s . c . a t xQ , "and l e t 

g : Em -*• E be p o s i t i v e on "ftm and continuous a t x^j , *( 

Where xn i s a l o c a l minimizer fpr ( 5 . 3 . 4 ) . Assume t h a t 

dom f ( x g f K dom(-g) ( x 0 ; « ) , and T (xQ) a r e i n s t rong 

I 
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' general p o s i t i o n . Then (5.3.7) h o l d s . 

Proof: By Theorem, 5 . 1 . 2 , 

0 e 3(f /g) (Xg) + Nc(xQ) 

f (x„ )3 ( -g ) (x„ ) + g (x n )3 f (x n ) 
c _ ° 0 G_ + 

g(xg)) 

by P ropos i t i on 2.3 .20 '. ' , . Q 
+ 

We can prove a s i m i l a r r e s u l t invo lv ing approximate 

s u b d i f f e r e n t i a l s wi th the h e l p of Theorem 4 .3 .2 and .the 

following technical"lemma. 

Sy Lemma 5 . 3 . 6 ; Suppose g : E •+ E i s continuous and p o s i t i v e 

a t Xg t dom g . Then for a l l y £ E , 

i ( - g ) i (xn ;y) 
(5.3.8) - ( i ) (x.-y) = ± % . 

g + ° . (gUg)r 

Moreover, 
V 

(5.-3.9) 9 a ( | ) ( x n ) = 5- 3 J - g ) (xn) . 
a 9 . ° ( g ( x 0 ) ) 2 a ° 

Proof: The proof - of (5 .3.8) p a r a l l e l s t h a t of .Lemma 2.3."/19_ 

and* uses Lemma 3 . 5 . 3 . I t follows from (5.3 .8) t h a t 

* 

(5.-3.10? 3 K ( i ) ( x J =- 5 - 3 K ( - g ) ( x n ) , 

- 9 ° (g(x0)r ° 
and (5.3.9) i s a d i r e c t consequence of , (5 .3 .10) . ' 0 
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Propos i t i on 5 . 3 . 7 : Let f : Em -»- E . and g : J"Rm -»• E " 

be continuous and p o s i t i v e a t xrt , a l o c a l ndnimizer fo r 

( 5 . X 4 ) . Assume t h a t dom f ( x Q - * ) , dom(-g) (Xg?*), and 

*Tc(x0) are<*xn s t rong genera l p o s i t i o n . Then J * v J~^ 

f(x,-)3 (-g) (xn) + g(xn)ar f (x n ) ' •-
(5.3.11) 0 £ ° a « £-—« 2—£ 2_ + tf ( C ,x n ) . 

(g<x0)r - - •• ; a -° • 
J4> . 

Proof; Since dom(f/g) ( x r t ; « ) - - T^x, , ) * Tfc™ -and 
««. 

V^g, , .-"C'-'V I 

dom f (x 0 * ' ) - dom(-g) <(Xg?'} = Em ,- we may apply Theorems 

4.-3.2 and 5 . 1 . 3 . Thus " . ' •„ 

. 0 £ f {Wg^ (V+glxp- V<V" + -Na(C/'V. ' 

' ' - >!-VV-g>(V + ^ x 0 ) 9a£:(xQ) ; » 
c — . . 2 , a + 2 ( C ,x > 

• (g(xg)) 

by Lemma 5.: 3 . 6 . ' ** ' • * -. D 

Among - the cor&equences o f Theorem 2 ,4 ,11^ a r e p roduc t „ 

and q u o t i e n t r u l e s for £^(xQ; •) / a l though we d i d . n o t 

e x p l i c i t l y s t a t e them in chap te r 2 . As a r e s u l t , we can 

g ive an o p t i m a l i t y condi t ion fo r (5. 3 . 4 ) - i nvo lv ing upper . 

convex approximates . , V~., , 

P rop6s i t i on 5 . 3 . 8 : In add i t i on to the hypotheses of 

P ropos i t i on 5 . 3 . 5 , suppose t h a t h". : E •+ E , i = 1,2 a re 

k upper convex approximates of f and -g , r e s p e c t i v e l y , 

w i th h 1 ( - ) < f + ( x 0 ; O a n d h 2 ( - ) < ' ( -g) + (xQ; •) . Let »D be 

a c losed convex cqne such t h a t T
c { x

f i ) c D c k - t x . ) . Then 

' V 

/ 

\ 
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8 \ t ' 

f ( x 0 ) 3 j ( . g ) (x 0 ) + g ( x 0 ) ^ f ( x a ) • 

• (5.3.12) 'G e r-= ^T T—• i — * + D. . • 
(g(xg))"4 

We .can, a l so use our s u b d i f f e r e n t i a l ca lculus* r e su l t s , * 
, "*" 

to formulate op t ima l i t y cond i t ions for the problem of 

eneralizfed f r a c t i o n a l programming [Cr 1 ] ; 
Wf 

' ** ' f±(x) ' 
(5 .3.13) min{ max \ v | *x £ C} . 

. ' l < i < n , 9 i u ' " , 

We s t a t e below some necessary o p t i m a l i t y cond i t ions 

for (5 . 3.13) 'which can be der ived by applying P ropos i t i ons 

- 2 .3 .14 and 2 .3 .20 . 

P ropos i t ion 5 . 3 . 9 : Let f. : E m -*- E , i = 1 , . , . ,n be 
* • - x 

nonnegative on E and p o s i t i v e and s t r i c t l y l . s . c . a t x„ , 

and l e t g. : E / •*- E , i = 1 , . . . ,n be p o s i t i v e on E and 

continuous a t xn , where xn i s a I d e a l minimizer for 
' f. (x) * f. (x) 

(5.3.13) \ Ca l l I (x) := { l l 1 , , . = max -K^y} . Suppose 
/ _^ V x ' l< j sn V J 

f. - i s continuous a t ^xQ ,for each j 4 I(x_) . Assume t h a t 

3 ( f . / g i ) (x0) .? <j> for each - j £ Kx Q ) , t h a t 

(5.3.14) dom; £±* UQf) - d o m f - g ^ (xQ ; •) «* E m , i'e I (Xg) , 

and t h a t the" s e t s T (xQ)' and 

dom fi (xQ;*0 n domHg^ f ( x 0 * •) , i £ I(xQ) 

* V 
V 4 

are xn s t rong gene ra l p o s x t x o n ^ Then 
- / 

, * 
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r 
,**w n r -. g i ( x 0 ) 5 f i ( V * f l<V»<-gi>J-V 
(5.3.15) 0 e £ X. ( : • • * —— + N01(xf() Kx0)

 1 
' ." (g^xg) ) 

where e,ach A- £ 0 and E .X = 1 . . 
1 l ( X g ) 1 

"01**0/ 

s, ? 

(c) Penalty-^type object ive funct ions. 

Consider problem (P) in the case in which 

C : = '{x £ E|g(x) s 0 ,-h(x*l - 0} where g : ,E -̂ E,olj*feJte 

In connection with this program, unconstrained problems 

like the followxng are often studied.. ' .***"* 

E. 1, * 

"V. 

(PI) 
[ 

(P2) 

min f(x) + c,g,(x) + c?|h(x)| , 
.XeE X

 t *
A° 

" s + 

where c-̂ , c^ > 0 ,ai*d' g (x) : = max(0,g(x)) 

t 

• min f(x) + exp(tj+(x) .- 1) + exp(jh(x) | - 1)> 
XEE 

Charalambous, [Ch 1] derives necessary optimality W ' . . 

condxtxons for (PI), (P~2) , and other similar penalty-type """* 

functions in the cas'e.in which E := E111 and £,g,. 'and h 

are continuously differentiable, " 
4 

Employing' the subdifferential calculus results of' 
t * * " 4 

[Ro3] and chapter 3, .one can ea s i l y "derive opt imal i ty 

condit ions for (Pi) and-" »(P2) where E i s a l . c . s . and 

for much more general f ,g , and h . '"Corresponding f i n i t e -

dxmerisional r e s u l t s under weaker cons t r a in t qua l i f i c a t i ons 

P 

>> 
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are ob ta inab le by t h e r e s u l t s o£ chaJferT2. 

F i r s t of a l l we formulate the foTicwing g e n e r a l ^ 

r e s u l t , which follows e a s i l y from the sujagradient sum 
>: **! *« 
formula and Theorems 3.2.13 and 2 . 3 . 1 5 : 

" > 1 " 

Proposition 5.3.10; Let f : E •*• E , and let g : E •> E 

.and h : E •*• E be continuous at xQ , a local minimizer 

of (PI). Assume that? g and |h| are directionally. 

Lipschitzian at xQ , and that f. 

* V 
(5.3.16) dom fT(xQ;«) n int dom g (Xg,*') 

I I + - * 

- , n m t dom |h| (xn;*) ? ("> 

' i A, 
Then - - , 
(5.3.17) 0 £ '3f(x0) + c 13g+ (x 0 ) + c»3|h|(XgrjfJ. 

If instead xn is a local minimizer for (P2), then 

' * • + / x , x ., + , x , ' *• (5.3.18) T) £ 3f(x0) + exp(g"(x0) - 1) 3g"(xQ) + 

'.fc « • exp( |h (x 0 ) | - l ) 3 | h | . ( x p ) . 

I f f i s s t r i t f t l y l . s . c . a t xn and E :-*!R , then 
* ' , sj . ' , 

(5.3.16) and the directional Lipschitz hypotheses may be 
A 

rep laced by the assumption t h a t dom f (x0 ;*) , 

dom g (Xg;*) , afod,dom | h | (XQ # - ) a re i n s t rong genera l 

positioi-i . * . i ' "* , 
>A •' 

. v - ^ 
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* " 
We have? j i p t sa id anything in. P ropos i t ion 5.3.10 about 

I * + how t o c a l c u l a t e 3g (x„) 'and 3 | h l ( x J . We can deduce • %. u ^ u 
more information about these subgradients by using [Ro"3, 

" » *« 
Theorem 4] or Proposition 2.3.14. First we examine 

+ » * * - • 

3g (xQ) . There are three cases; , .~, 

(i) -if- g(Xg) > 0 ' and g i s l . s . c . a t , x'Q <, " **{* -

*g) = 3g(x0) then 3 g t ( x J = 3g (xJ 
1 ' * * 

( i i ) I f g(Xg) <_0 and g i s u . s . c . a t Xg ,- > ^ 
» ' „ *" 

+ \ **""**• 

then 3g (Xg) = {b} . 

( i i i ) " I f g ( x 0 ) ' = 0 and 3g(xQ^ j* <fr , . \ 

then 3g+(x0) *c {X3g(xQ) |Q+ < X < *1> . 

We can use t h e ' f a c t t h a t | h ( x ) | = max (h(x)., -h(x) ) t o 
c a l c u l a t e information about . 3 | h | (x 0 ) . Again the re " a r e . 

•• * "\, * * ' 
t h ree cases : ' ' > * ' 

f 
(ji) I f jfelx„) > 0 and h i s l . s . c . a t x„ , then' 

^ \i , u . 

3-|h|(xQ) = ah(xg) . \ . 

( i i ) If h(x n) < 0 and h i s u . s . c . a t , x n , then 3|.h|(Xg)'= 3(~h) (Xg) . I 
( i i i ) I f h(xg) = 0, h i s t d i r e c t i o n a l l y L ipsch i t z i an a t 

t ' + ' ' ' ' + ' * L 
> Xg, i n t dom h (Xg,-*) n dom(-h) , ( x 0 ; O = <|>, , and 

3h(x n ) f <j> ) . t h e n -
. . . ' 

3 | h | (Xg) C (XiSMXg) + /X 2 3( -h ) (Xg) i X j ^ , ^ 5 0 + ,, 

. X, + X ^ = : „ l j . 
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A combination of Proposition'5.3.115'and the above 

i n £ o t a a t i o * g i v e S TO^ailea n a ^ a r , c o l o n s ' * r 

• optimality m ' (PI ) and (P2). One can also obtain corres-

' ponding^results involving approximate subdifferentials or 

upper convex approximates. We "leave,the de ta i l s to the« 

K • 

reader. *"...". *'l ', ' C 

\ 

We als<* leave aside the important questions of when a 

enalty function like (PI) or (P2) attains a local minimum 

at the same point as the associated' constrainedsoroblem. 
' ' * /*̂ * 

Such penalty functxons are called exact. If a penalty ~ 
• • 

function is exact, one can derive optimalxty conditions1 for 

the constrained problem by studying,the penalty function- , 

|̂  (see for "example the." first part of [II] > . s- '" 
' - ' f 

In [II], 'loffe studies exa;ct penalty functions of the^* -

form1 g(G(x)) , where G : E -*- E^, _ is continuously .' w 

' • 'dxf ferentiable -Ind g t ~&' -*- E Is convex and positively 
/ / • , • " • , * ' " homogeneous. Such pen§/lty functions can be associated 

' ' v~ • ' ' ' ' "t 
with smooth 'optimization problems with finitely many ̂  ' 

equality-and inequality constraints. We conclude'this sec- .' *, 

jt*"» tion by giving necessary "optiiqality" conditions for a* more* t 

general prbblem. ' • < ' ' , ' . / 

» ' \ * * - ., 

•, Proposition 5.3.11; Let 'G : E + E*̂  be strictly differen- " • . 
tiable at Xg , and let g : E.. •* E be finite at^ d(Xg) , 

1 

where x_ is a local' minimizer for g«G . Assume g i s 

d i rect ional ly Lxpschitzian a t G(xn) and •> 

\ 

<*' 
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(5.3.-19) > r a n g e VGjpCg) n in t* dom g (G(Xg); ' - ) 5* <f> • 
t * ^/ • "* \ * * 

s »• 

Then there exists T e 3g(G(x„)) such that TVG(xr.) = 0 . » 
. '." * v ° >, . • * . ° * 

J£ E := En , E1 := Em , "and g ^ i s stric€ly l.s,*c. at 

xn , the same conclusion holds if (5,3.19) and the direc-

tionally Lipschitzian hypothesis are^replaced by 

(5.3.2E* ^(Xg)En -'dom g f(x0;O f E1" . 

Proofs This follows from Theorem 1.5.21, [Ro 3, Theorem 3], 

and Corollary 2.3*7." ** D 

• • - • V 

5#t I so ton,e,„ tangent cones and necessary condxtxons for 
*** ' ' / ' ' • * ' 

. o p t i m a l i t y . „ - s ^ . 

* ' " 
A brief reference was made in section l . ' l , t oa quick 

" " ' ' - / r ' 'A J ,' 
method of writing op.tima],ity condxtions for (PV involving 

*• X. 

tangency operators wh,ich are isotone with respect to set 

inclusion. In this short section we'develop this.ide"a 

further, beginning with a .special casj ase-r-

.Proposition 5.4.1:' Let f : E -* E be finite at xQ e E , 

where ' x^. is a local minxmizer for (p). Then 

(5.4.1- f+(xgf-y) >• 0 • for all y £ '"t^Ug),,. 

* » • 

Proof: Let y. € X. (x~) . Since xQ is a, local minimizer 

"•for (P) , there exists X e. N(xQ) such that 

C 'n X c {x £ E|f(x) a f(xQ)} . By^he' localization property" 



*> - " : . ' , 
•• ' * - ' * 

(Theorem' L.4.6), -y £ K_ nX(xQ) '
 an'** si1""*"6 the contingent ' t 

"* - " ' 
cone has property (3) (isotonicity)„, y £ K (xn) 

, ~ • 4 . * {-X£E fXx)->f(xn)} .- -
Now let ,Y £ t"l(y) and X > 0 be given. Since ' • 
** j ' **£*" 

y £ K" (x„) ' , there exist y1 <T Y and "* 
( x £ E | f ( x ) > f (x n )> 

f (x 0 + t y ' ) - f ( x n ) > - „ ' 
t £ (0,'X), such thaft * - — - ^ AL. > Q •. Hence, -

* ' ' 

+ •• f(xQ + \ y * ) - f ( x ) , -
f (xn ;y) ,-* lim sup u * . *- a 0 . D 

Y' -Y ' • 
t + 0 u 

.Corollary 5.4.2t Let .f : E -*• E and g : E -*-E be finite 

at xn £ E ,
v a local minimizer of min{f(x)|g(x) < 0} . -

Assume that g is strictly l.s.c at x0 , that g(xn) = 0, 

and that 0 4 3g(Xg) y. Then £" (xQ;y) 2 0 for -all y 

such that g (x_;y) <0. 

Proof; Let C :=-{x e E|g(x) < 0,} ih (P)\ and let 

-yeE be such that g+(xQ ;y) < 0 . By "(S^U) , y £ Kc(Xg), 

so it follows from Proposition 5.4.1 that fs (xn;y) £ 0, Q 

* ' Propositxon 5.4.1 is'a special case of the following 

more general principle: * , ' ' ' 

\ ' ' ' 
« 

Theorem 5.4.»3; Suppoa*"|— R, and R~ are q-cones such 

that R- __ is isotone'with respect -bo set'inclusioh and 

R2(C,x) = E\R1(E\C,x) for all- (C,x) £ 2E x E .• Then if 

xrt is a local"minimizer for (P) ., 
u • w . . , 

• , , . ' . ^ 

u 

^ •% 
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R2 f ' (xQry) ** /O **£or all y e •R]L(C,XQ) .* . L 
» ' • . . < i " 

' " 4 * '' • 
•A #* ,'*, „* ' 

N* Proof: Let* y e R, (C,*Xg-) . 'Since xQ is' a.local minimizer 
1 * 4 * ** **•« ' 

« for (P)', there exists X e* N(xQ) such that • "*" 
. * . I* - ,y * 

t (C n X) n {x-e E | f (x ) <-f(Xg)} = <j> -. Sxnce R, s a t i s f i e s , 

p rope r ty (3c) of sectxon 1 .1 , 

* ' . . ' • * ' ' ' 
R1(C n X,Xg) n R<2({x E'E'f-tx) < f.tXgJKxg) = <j> . . -

Now by .Theorem 1 .4 .6 , y e R- (C n X,x0) , so. % , •', • 

y (if R 9 ({x 'e E | f (x) < f ( x n ) } , x n ) . ; I t i s a s t ra ightforward,- . 
" ^ ' ' TJ _ s. 

ma'tter t o ve r i fy ' t h a t t h i s means t h a t f (xn ;y) & Q» , as 
"*" ' . _ _ * ^ / u * • 

"*"*""* ' 
asserted. ,. * ,,x. «. , « D 

/ 

*. 

Corollary 5.4.4; Suppose f : 'E -> E is finite at xQ ,. 

a Local minxmizer for (P)* , Then' , $" 
* -

' - * » ' 

(5.4.2) f+Cx0;y) 5 0 for all, y e t>c(Xg) . 

fQtXg'y) > 0 for all * y e ^c(xQ) . * " 

I " '' 

f (Xgjy) > 0 .for all -y c k
c(Xg) . 

•^(x.Qiy) >- 0 for'all y *e Ec*(Xg) . 

•fE(.xn;.y) > 0 for ail 4 y ?A*(xn) , " , 

Corollary 5.4.5; Under the hypotheses of Corollary 514.2, 

£ (xQ;y) i 0 for all y such that g^Ug-y) < 0 . 

* * t » 

P'roof;.. This follows xmmediately from (5.4.4) a$d (5.2.3). • 

f . 

' 

I 

(5 .4 .3) 

(5 .4.4) 

(5 .4 .5 ) 

(5.i4.6) 

' ) \ " ' \ 
® 
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•" / For a given isbtprje q-cone R,.» t h e r e does not " t 

; n e c e s s a r i l y e x i s t a complementary q-cone R~ s a t i s f y i n g 
"• r £ • ' sc * 

••t t he hypotheses of*" Theorem . 5 . 4 . 3 . , iThere w i l l e x i s t such 

an " B^ ' i f . K (X) :=' xQ 'and MiY*) := Y or MW(Y) := y . -

" These bases 'are l i s t e d in (5.4.1) through ( 5 . 4 . 6 ) . : 

One i n t e r e s t i n g consequence of -Theorem 5.4*3 is*an 

,op t imal i ty condi t ion involving.uppeu convex approximates. 
J- - - <r 

. 1 : . - - " '• • *. 
* • 7 . "* ' 

Theorem 5.4.6:s In addition to the hypotheses 0£ Theorem ' 

*~K ? ' ! ' A . 
5.4.3, suppose that h is^a R* upper convex approximate 

v* i ° 
" to f at Xg and D ' is a closed convex subcone,of 

. " * * < R,(C,x^) . * If„either dom h n int D f I Or " 
* . 1 U , t ~" ^ 
* ' . < " > % . 

-int dom h n D -/,<|>J, then - , 
\ ' • • " 

(5.4.7) 

Proof: By 

1 i 

R 
0 e 3fa>

2f (Xg) + D° 

Theorem 5,*4."3, we»'. 

V r \ °\* fR2(x0^^iRl(c',x0)^ 

<• h(y) + iD(y) . „'•',• 

Hence ' 0 e 8(h + iJ (0), * • , 

p ~ • r 

c 3h(0) + D° by Theorem 2.1.1. N 

* " ' " ' ' *' 

Therefore .(5.4.7) holds. m A " ' D 

Note that)Lry order to apply-Theorem 5.4. 6, the function 

£ < and set C need to be such that the upper convex 
* - * 

approximate h and convex cone D postulated in the S -

c 

%ks0i^'i 
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f 
theorem actually *€. e x i s t . 

v£ • 

This w i l l / n o t be the case i f 
R„ - ' 

' e i t h e r R, (C^xn) ** <j> o r f (xft;*) i s i d e n t i c a l l y equal "0 ro'. 
* 

t o + °° . We l e a v Q ^ s i d e iiere thfe ques t ion of conditions^ 
g-uararjteeing the ex i s t ence of the , h -and Df\\in Theorem 

* •! 
•5.4.6 for yarious choices of R,«. " . x 

w 

5.5. yector optimization 

In this section we study' optimizVtioi-i problems in the 
• • ' * _ 

vector-valued setting of Chapter 3. Let •£ : E -> (E,,S),, 
» . • 

where again S is a closed convex cone which contains 0 and 
{ i, 

induces an order 'complete ordering on " E-, , and let C c E . 
' 3 X 

We consider the problem ? * . ' 

(PV) inf {f(x)[x £ C} . 

4fKf point at which the inf imum in (PV) is attained' is • 

saidlto be efficient or Pareto minimal. We will begin our 

study of (PV) by examining a special case which can be 

handled as in section 5.1. * t-

"Definition 5r5.1: The point xQ £ C is a strong local 

minimizfer for f with respect to C if there exists 

X e N(xn) such that for all x e X n C , f (x»0, .£ cf(x) "0 0' 

For strong minimality we 'can prove an analogue of 

Theorem 1.5.21 and develop'necessary conditions as in 

.section 5.1. " 
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Theorem 5.-5.2"; Suppose xQi is a strong "Local minimizer 

for f with respect to E . Then 
IS „ . *" 

i - t t 

0*E 3gf(xQ) . -' ' * , 

* ' * I 

a Proof; Let y, £ E be given, and suppose (y,d) c Kf(xo^ v 

There exists X e ^(xA such .that f (x) > „f (xn) * for 
If D U*fc 

all^ x £ X . , Choose Y e' N (y) and X >*0 such that 

• , x, + [fl,L)Y e x , and let U £ N(0) . ' 

i n E, -be g iven . Since (y,d) .'§ "*Kf (xQ>) , t he re e x i s t 

t e (0,X) , y* £ Y , and u £ U~- such t h a t , ' 

f ( i - 0 '+ ty*) - , f (Xg) 
0 < s - ^ c ^ * s « + u . 

"Thus fo r every U e W(0) y , (d + U) n S j*" <j>% , i . e . 

d £ c lS = S . Since d ^ J for every d such t h a t 
vr 

*(y,d) £ Kf#(Xg) , we conclude, t h a t f (xQ ;y) a >g0 . There

fore ' 0 £ "*gf(x0) . ' • 

. .Corollary ' 5 . 5 . 3 : Under t he hypotheses .'Of Theorem 5 . 5 . 2 , 

•' (5 .5 .1) , 0 £ 3*f(xn) • 

> ' - * , . . ' ' 

for any q-cone R which is always contained in the 

- t ^ i - . * . ' " ' ' -* ' ,• . . . 

In analogy with the scalar-valued case, we can define 

the indicator function of a set C <= E with respect to 

S by -

* _ / • 
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* * J .f ' -*• 
-. "'0. . if x e C * 

xc(x) :=\ . " - ' 
+» ' i£ -X £ E\C *» 

i ( ' • "* » 

* . ; •• . . 4 • <# 

Then if xQ is a strong local minimizer for, -> f with 

respect to C , xn is a strong local minimizer for £ +" xr f 

with respect,to E- . , By Corollary 5.5.3, we then have , , 

0 £ 3*(f + i ) (x0) '. . ' * ' , ' . ' 

for any R smaller than' the contingent cone* If in 

R • * 
additxon a subgradient sum formula for 3g is applicable, 

(5.5.2) . Q £ 3gf (x0) + 3* XC(XQ) . 

We now formulate conditions under which'(5.5'.2') hold's 

at a strong local minxmize-r with R := T . 

Proposition 5.5.4;- Let S be normal, let f : E •+ (E, ,S) , 

and let C c E be closed near -xn , a strong local minimizer 

# -
for f with respect to C, . Assume that f is l.s.c. at4 
« < " I * 

Xg, that f '(Xg?*) is proper, and that there is a point * -
I I 

z £ dom f (Xg,") n Tc(Xg) such-that £ (Xg;-) is continuous* 
at 'z . Then < 

(5.5.3) 0 £ 3gf(x0) + Nc(Xg) . 

« . A 

Proof; As xn the scalar-valued case, dom ic (x0;*) = T (xQ) 

an<| ic (x0;«) = iT ^ j (*) , so ic (xQ;;) is proper' 

and 3sic(Xg) - Nc(xQ) ., An application of [Thl, -

Proposition 3,.9] yields (5.5.3). ' , D 
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^Specific cases of (5.5.3) 'may, be" calculated-by means 
- ' * - * • ' . ' 

We 
\ 

of subdifferential calculus formulae, frcM Chapter 3. 

will not go into further detail here*, **"* ;4? • • •« 

The inclusion (5i-5.1) will not hold*in general, for,an 

efficient point that is not strongly minimal. .'An,' alternate 

strategy for tackling (PV) is 4$> obtain efficient points for 

(PV) by finding minxma of a scalar! zat'ion - an associated 
•- *, . ' 

scalar optimization problem. With this in »min,d, we next 

examine the concept of proper efficiency, introduced*in 

{Bo 2] . *• - ** 

.Definxt^fOn 5. '5 .5 : ' Let R be a q-cone . A po in t , xfl £ C i s - | 

ti' 
'# 

(local) R proper-efficient-point for (PV).tif it is efficient ' 

and 
$•*•* 

(5.5.4) R(ftC) + S, £(x0)) n'"-S = {0} . , •. A -

* ' ^ ' 
A thorough d i scus s ion Of K proper e f f i c i ency i s 

•> ' - *• * .i "* » 

gxven xn [Bo 2] , with it def ined s e q u e n t i a l l y as in" 
- * ' » 

( 1 . 8 . 5 ) . sWe w i l l now study t h i s fconcept for o the r Jtangent '-
' • "If"" 

% cones,' in particular k_(x0) and T_<Xg) , ' 
*n \ • 

** * Observe first of all. that if xft is a R proper 

efficient point, it i"s also a R* proper efficient poin-ĵ  

for any R* which contains {0} and is always contained 4 J. in R . For example, any K proper efficient point is 

also" k proper efficient and ,1 proper.efficient. Not 

all T proper efficient or k x proper efficient points 

are K gtroper efficient, however. 
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2 2 * 
'Example 5.5.6: (a} Let ' E = Ê ^ := E , S :"= E + ",' f := I, 

and C : = {(x,y) e E2|y.s x2 or x > y2} in (PV) .» Then 

KC+S ( 0' 0 ) "*" kC+S ( 0' 0 ) = {(x»y) £» 2|Y ^ 0 -or x > 0} , 

>so (0,0) - is not K or k -proper efficient* However, 

Tc+S(0,0) '="*{(x,.y) eE
2|x > 0, y > 0}f* so (0,0) is T 

proper efficient'. 
t 

" 0*' X * T 

(b) L e t E = E± := E 2 , S := { (x ,y ) |y. a x / 2 , x < 0 } , f := I , 

and C j= e p i g , where g l l + J R /Ls d e f i n e d by 

g(x) . := ' 
0 xf x < 0 

1 xf ~rr'& x < '•—• , n = 0 , ± 1 , ± 2 , . . . 
Lori+l „n+l *"* A

 0 n 
2 2 «2 A 
- 1 

Then T c + S ( 0 „ 0 ) = {-(x,y) | x*s 0 , y a 0} and 

k c + g ( 0 , 0 ) '= { ( x , y ) | y "2 max(x , | ) . } , s o (0 ,0) i s T and 

k p r o p e r . e f f i c i e n t - On t h e o t h e r h a n d , , 
* ** 

i c * 

•**Kc+«£(0,<">) = . { ( x , y ) | y a *|} , s o - (0 ,0) i s n o t K p r o p e r 

- e f f i c i e n t . 
F o l l o w i n g [Bo 2 ] , we can r e a d i l y f o r m u l a t e a s c a l a r i -

* ' . 
* z a t i o n r e s u l t . ' 

Theorem 5.5.7; gfcf. [Bo 2, Theorem 1]): Suppose S is ** 

« ' • * • / 

^ 
> 

s 

' *"» . + 
such that there exxsts s £„EI satisfyxng 

- i s 

(5.5.5) s+(S) > 0 tor all s £ S\{0} , 
r 

and suppose that x0 is a minimizer for 

' >\ + 
(P(s )) min{s f(x)|x £ C> . 

- y 
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Then if R is a q-cOne which always contains 0 and is 

always contained in.the contingent cone, xQ is R proper 

efficient for (PV). 

Proof; It suffices to show that xQ is K proper 
V 4 

' efficient. Let y £ Kf/C) + c'-f'sXQ)), and let Y £ W(y) 

be given. Then for all. X > 0, there exist t £ (0,X) 

and y' £ Y with f(XA) + ty' £ f(C) + S , so' ', , /*** 

*y" £ f (C) - f (Xg) + S . Then for any s+ satisfying '' , 

.(5.5.5), s+(y') > 0 . Now if y were in -S\{0}, there 

would exist Y' £ N(y)' with s (Y") < 0 . Therefore 

Kf(C) +S ( f ( x0 ) ) n ~S =. {0} * D 

i 

,In [Bo* 2] ,' two equivafent criteria are given which 

guarantee that (5.5.5) holds: 

(5.5.6). (i) S n -S = {0} and ' S is locally compact, 

(ii) The dual cone S has nonempty-interior 

in some topology which gives E, as the dual ' 

of E\ . 

F u r t h e r - c o n d i t i o n s on R, f, and- C a re needed for a -

converse of Theorem 5 .5 .7 t o ho ld . 

• * • • . 

Theorem 5 . 5 . 8 . (cf. [Bo 2, Theorem 2"W|ft Suppose £ i s 

S-conv6x, C i s convex, R i s c losed and has p roper ty -

( 1 ) , and e i t h e r (5 .5 .6) ( i) or (5 .5 .6) ( i i ) i s s a t i s f i e d . 

Then i f Xg i s ' R proper e f f i c i e n t for (PV) , xn ' i s 
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+ + 
j . opt imal for . (P(s )) for'some s s a t i s f y i n g ( 5 . 5 . 5 ) . 

Proof: .The-se t f(C) + S i s .convex,"4 so since' R has 

proper ty (1) and i s c losed . * 

(5.5.7) f (C) + S - f (x0) -c R(f (c) + S, f (x0)) =: N '." 

The set N is closed and convex, and ""since xQ is" properly ., 

efficient, N.n -S = {0} . It is shown in [Bo 2] that* 

if either (5.5.6) (i) or (ii) nolds, there exists s 
*" • (J. " 

satisfying (5.5.5) and s (N) > 0 . In'particular, we have 

by (5.5.7) that s+(f(x) + S - £(xQ))^ *0 'for all x E «C . 

+ + Since 0 £ S , it follows that s f(x) "> s-f(xn)
1 .for all 

, ' u 

+ * 
x £ C . Therefore Xg is optimal for (P(s )) . (.* D^ 

Tahgent cones R̂  which satisfy the hypotheses of. 

Theorems 5,5,7 and 5.5.8 include K (x-)', k (xQ) , and 

Theorem 5.5.7 shows we can find K, kf or T proper 

•*• ' + 
efficient points for (PV) by solving (P(s )) . We^now 
apply the results of Section .5.1 to give a necessary 

, a. 

optimality condition for (P(s ) . 

*s 

Theorem 5**.5.9: Let (E,,S) be such t h a t t he re e x i s t s 
i . , . i ± 

4. _ 
s e El s a t i s f y i n g ( 5 . 5 . 5 ) . Let f : E -»- (E,,S) and 7 

." + 
C c E , and suppose x» i s a minimizer for (P(s )) . 

Assume ' C i s ep i - Lipschitzian," a t xQ .and 

(5.5.8) dom(s+f) + (x0?-) n i n t Tc(xQ) ? 4> . 

s • 

# 
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Then c 
(5.5.9) * ( 0 £ 3(s+ f ) (Xg). + Nc(Xg) . 

' . r * " 

I f . E ^ E 1 0 , (5 .5 .9) holds i f (5 .5.8) and ,the epi-^ : 

L i p s c h i t z i a n hyppthes i s .are sraplaced by the assumption 

that : s £ xs s t r i c t l y l . s . c . at—XT, C i s c losed near 

x n , - and -
' ' - „ - , . , " • « • J , 

•" . " * " . , * , • ' 
(5.5.10) d o m ( s + f ) f ( x 0 ; - J - T C (XQ) = Em . • \ 

Proof:" "Aptjly Theorems 5 . 1 . 1 and 5 .1 .2 . I nc lu s ion (5 .1 .4) 

in t h i s case* xs ( 5 . 5 . 9 ) . * ' % Q 

.•Theorem 5 .5 .10 : Suppose S i s Dan ie l l arid (E, ,S) 
\ '" '\ ' "' v *•* x 

admits11 a func t iona l s ( s a t i s fyxng ( 5 . 5 . 5 ) . Le t ^. 

'£ : E -*• (E, ,S) , be ' con t inuous and T epigraph r e g u l a r a t 
* ' i ' - , + 

xn , a minlmilfer'of - (P(s )) . Assume t h a t C c E i s 
' -.. ' '' 

A , A 

epx^Lipsdhi tz^an a t xQ , t h a t f (xQ;0) = 0 and. f (x Q ; ' ) 

lis /continuous a t , 0 , and t h a t ' 
A ' 

(5.5.11) dom' f ,(x0;«) n i n t Tc(Xg) ? <j> 

Then - - \ 
t 

, (5 .5 .12) 0 £ s + 3 g f (x 0 ) + Nc(xQ) 

If E := E m ,'(5*5.12) holds if (5.5.11) and the epi-

Lipschitzian hypothesis are replaced by the assumption 

that C i£, closed'near xQ and (5.1.6) is ^atisfidd. 
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Proof: Our hypotheses are s u f f i c i e n t to guarantee t h a t ' 

' <s+f) + ( x 0 ; O £ s + f + ( x 0 i O by Theorem 3 . 2 . 6 , so (5.5.8) 

can be replaced by ' ( 5 . 5 . 11 ) and (5.5.10) can be replaced ' 

by (5 .1 . .6) . By Corol lary 3 .2 .17 , 3.(s+f) (xQ) c s + 3 g f (xQ) / 

so (5.5.12) ho ld s . ' D 

* vfe c lose t h i s sec t ion^wi th a comment on d i f f e r e n t i a b l e 

Pare to op t imiza t ion . In [Bo 2 ] , Borwein examines the 

s p e c i a l case of (PV) i n which E ahd E, are normed.spaces, 
' V- • — 

f .:'4tJ -»• (E,,S) is FrecHet differentiable, and 
* ( ' " 

C :="{x £ E|g(x) e B , ,x\ V} , where g :*• •*• (E-̂ S) is , 
f w 

Frechet d i f f e r e n t i a b l e , B c E..; and D c^E . He develops 

Guignard-type necessary condi t ions for K- proper e f f i c i e n t 

po in t s ' of (PV) i n t h i s case . We w i l l -not study those 

condi t ions h e r e , but we do remark i n pass ing t h a t s ec t ion 
v t. 

6 of [Bo 2] gives an analogous result for k proper^ 

efficient points if the contingent cone is simply replaced 

bW , k throughout the section. A similar 'result for T 

proper efficient points will not hold without the additional 

assumptions that ' f is strictly differentiable at xQ and (1.4.17)'holds. 1 

5.6 Directions for further research. 

In this chapter, we have surveyed some of the applica-

> tions of subdifferential calculus in optimization theory. 

There are additional important topics that have not been 
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considered here, including f /< , ' ' 

(1) -specific vector optimization*-problems, like the least 

element problem and order complementarity problem 
** . ' • 1 (see [Bo 4J for definitions and references).'' 

(2) stability of perturbed optimization problems, infcluding 

*. -••' results on directional derivatives and .subgradi'ents 

or marginal functions of mathematical,programs 

, (e.g: [Bo 5], [Ro 6])-, • , . 

(3) higher*-order, optimality conditions (e.g\ [Bo 5 ] , ['111). 

It xs ..hoped that the research in this thesis can lend 

new insights' to research in these areas.' 

/ Much more Cajfi and should be done to,elucidate the 

meaning, capabilities, arid limitations of the results 

presented in-these ."five chapters. , The .study of specific 

npnsmooth'functions and optimization problems should prove 

to.be fruitful in this regard, , ' .', 

( 
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