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The postulated low thermal conductivity and the possibility of altering the electronic conductivity of
metal-doped clathrates with semiconducting host elements have stimulated great interest in exploring
these compounds as promising thermoelectric materials. The electronic and thermal properties of the
prototypical NaxSi46 system are studied in detail here. It is shown that, despite the fact that the Na�Si
clathrate is metallic, its thermal conductivity resembles that of an amorphous solid. A theoretical model
is developed to rationalize the structural stability of the peculiar structural topology, and a general scheme
for rational design of high efficiency thermoelectric materials is presented.

PACS numbers: 61.72.Tt, 66.70.+f, 71.20.–b, 72.15.Qm
The key characteristic for materials with high thermo-
electric power is governed by the dimensionless quantity
ZT � TS2s�k, where S is the Seebeck coefficient, s is
the electrical conductivity, and k is the thermal conduc-
tivity. The obvious approach is to design novel materials
that behave electrically as semiconductors but thermally as
amorphous solids. Several strategies have been employed
to satisfy these criteria [1]. It is well known that doping
of a crystalline solid with impurities that possess low fre-
quency localized vibrations is an effective way to reduce
the thermal conductivity [2–4]. Typical compounds which
have been considered are analogs of Na-doped Si clathrates
[5,6]. These Si clathrates exist in two structure types [7]
and are very versatile materials whose properties can be
altered via the manipulation of the concentration and na-
ture of the dopant [8,9]. In spite of several calculations
[10,11] on the electronic structure and vibrational prop-
erties [12,13] of Si clathrates, no information regarding
the origin of the structural stability and the thermoelectric
power is available. The objective of this investigation is
to examine the fundamental principles that underlie these
promising thermoelectric properties and to suggest system-
atic improvements based upon these findings.

The thermal conductivity of a crystalline solid can
have a glasslike temperature dependence. This unusual
behavior is well characterized for clathrate hydrates [14]
which are nonstoichiometric porous inclusion compounds
with water molecules forming the host framework in
which guest atoms or molecules can be trapped. This
anomalous behavior was attributed to resonant scattering
of the acoustic phonons by the localized guest vibrations
[14–16] and recently has been confirmed experimentally
[17]. If a clathratelike semiconductor with trapped guests
could be synthesized, it is anticipated that its thermal
conductivity would possess this desirable property, and
thus it would be a potentially highly efficient thermo-
electric material [9]. To test these ideas for Na-doped
Si clathrates the thermal diffusivity D of a sample with
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a nominal stoichiometry of structure I Na8Si46 has been
measured over the temperature range 80–200 K. Mea-
surements were performed with a modulated heat flow
device [18]. The measured thermal diffusivities were
converted to thermal conductivities, k, by the relationship
k � DC, where C is the heat capacity per unit volume,
determined from the specific heat [19] and density [20].
The thermal conductivities are shown in Fig. 1. The
relatively large absolute error �630%� is due to the low
thermal diffusivity and small sample volume. The ex-
perimental data, about 0.42 W m21 K21 at 80 K, indicate
that the thermal conductivity of Na-doped Si clathrate is
significantly lower than crystalline Si in this temperature
range. Within the limits of accuracy the measured thermal
conductivity remains constant with temperature, or pos-
sibly decreases with decreasing temperature, and the pro-
file resembles that of an amorphous solid. The observed
behavior closely follows that for clathrate hydrates
[14–16]. Furthermore, it was shown that the thermal
conductivity in gas hydrates could be described by a
modified Einstein oscillator model [15,20]. The calcu-
lated minimum thermal conductivity [21] for Na8Si46 is

FIG. 1. Experimental ��� thermal conductivity, k, for Na8Si46.
The vertical bar indicates typical experimental uncertainty. The
full line indicates the theoretical minimum thermal conductivity.
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shown in Fig. 1, and the experimental results indicate
that thermal resistance is almost at its maximum effi-
ciency. To effectively reduce the thermal conductivity,
resonant phonon scattering must occur at the avoided
crossing of the phonon branches where the localized guest
vibrations have the same symmetry as the framework
acoustic phonons [16]. In a recent measurement of
the phonon density of states of Na8Si46, a sharp peak
at 83 cm21 was attributed to the localized vibration
of the Na atom [22]. Moreover, tight-binding calcu-
lations predict that the maximum of the longitudinal
acoustic branch of the empty framework is at 100 cm21

[12,13]. Therefore, it appears that the necessary condi-
tions for efficient phonon scattering have been satisfied.

Having examined the thermal behavior we now ex-
amine the electronic aspects of this problem. Electronic
band structures obtained from full potential linearized
augmented plane wave (FLAPW) calculations [23] are
shown, respectively, in Figs. 2(a) and 2(b) for Na24Si136
and Na8Si46 as well as the corresponding calculations
on the hypothetical empty Si136 [Fig. 2(c)] and Si46
[Fig. 2(d)] frameworks. In both cases, the Na-Si clathrates
and their Si analog provide very similar band structures
both in the shape and relative dispersion of the bands. The
electron density of states (DOS) and its projection onto
the Na and Si (not shown) indicate that both structures
are metallic and the majority of the electron density may
be ascribed to Si. This indicates that the Na-Na and
Na-Si interaction is predominantly ionic and that Na acts
primarily as an electron donor [11]. A similar conclusion
was reached in a rigid band study of K-doped Ge clathrate
[24]. This result suggests that a qualitative analysis based
upon the bands of the isolated Si framework may serve to
understand the properties of Na-doped Si clathrates.

FIG. 2. Electronic band dispersion curves as obtained
from FLAPW band structure calculations for (a) Na24Si136,
(b) Na8Si46, (c) Si136, and (d) Si46.
Fundamental questions are how and why the clathrate
structures are stabilized with respect to crystalline Si and
the role of the Na dopant on the phase stability. In both ele-
mental Si and the clathrates, each Si atom is bonded to four
nearest neighbors. The difference between these structures
is the way that these tetrahedra are packed and the de-
pendence of the packing upon the valence electron con-
centration. The Si atoms in elemental Si are part of the
six-member rings, whereas both five- and six-member
rings are found in the clathrate structures [20]. Thus,
it is important to understand the phase stability and its
relationship to the structure. To explore this issue, the
electronic structures are analyzed with the method of
moments augmented with the second moment scaled
tight-binding Hamiltonian [25]. This approach offers
the advantage that one may decompose the results into
structurally meaningful quantities in a much simpler way
than in first principles methods and thus is ideal for a
qualitative analysis of the dependence of phase stability
upon electron concentration [25]. The ensuing discussion
will assume complete charge transfer (vide supra) from
Na and a rigid band model where only the Si atoms are
considered. With this assumption the effective valence
electron count for crystalline Si is 4e�Si and for the type I
Na8Si46 it is 4.17e�Si, whereas for the type II NaxSi136,
which exhibits a wide range of stoichiometries, it is
between 4.0e�Si �x � 0� and 4.18e�Si �x � 24�.

Figure 3(a) shows the total energy differences, obtained
from tight-binding calculations [26], between the Si frame-
work of the clathrates and that of elemental Si as a function
of the number of valence electrons. The Si diamond lat-
tice is most stable at effective electron counts from 4.0e�Si
to 4.4e�Si, while the next most stable structure is type II
Na24Si136 then followed by the type I Na8Si46 structure
which becomes the most stable structure above 4.4e�Si.
The shape of these energy difference curves can be fully
understood in terms of the moments �mn� of the DOS.
In general, the number of nodes (including the two end
points) in these curves is equal to the moment which is
most responsible for the energy difference between the two
structures [25]. Within a tight-binding description these
moments are theoretically connected to local structural
features and thus may be used to relate the structural topol-
ogy to the total electronic energy [25]. The energy differ-
ence curves can be reconstructed by expanding the DOS
in terms of contributions from the various moments via
a continued fraction expansion, which may be truncated
at any given moment. It is clear from Fig. 3(a) that the
energy difference curves between the clathrate structures
and Si contain exactly five nodes indicating a strong m5
component which is related to the number of five-member
rings which provide stability just above the half-filled band
[25]. Since there are more five-member rings per Si in the
Na24Si136 structure, it is more stable than Na8Si46. Thus
the reconstructed DOS of Fig. 3(b) which contains only
the energy components up to m5 is qualitatively correct
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in terms of phase ordering. Inclusion of m6 [Fig. 3(c)],
which is responsible for stabilizing elemental Si due to the
large number of six-member rings in the diamond lattice,
improves the agreement with the full calculation but does
not qualitatively alter the trend.

This simple calculation captures the essence of the im-
portant trend that both clathrate structures are, in fact, only
metastable with respect to disproportionation into Na and
Si. The binding energies are estimated to be 0.1–0.2 eV
above elemental Si, in agreement with more sophisticated
calculations [10]. Furthermore, the predicted energetic or-

FIG. 3. Energy difference curves for elemental Si, type I
Na8Si46 and type II Na8Si136. The convention of these curves
is that the structure with the highest energy is most stable at
that electron count. (a) All moments, (b) up to 5th moment,
and (c) including 6th moment.
116
dering is also correct in that the Na24Si136 structure is only
marginally more stable than Na8Si46 [10]. However, the
current analysis demonstrates that the clathrate structures
are stabilized relative to Si at higher electron counts due to
the formation of the five-member rings in these structures
and should also be valid for other clathrate materials based
on Ge or Sn. Thus the stability of the clathrates may be
enhanced if the effective number of valence electrons on
the clathrate framework could be increased.

It is essential to understand the dependence of the
Seebeck coefficient on the Na dopant concentration. The
Seebeck coefficient S can be computed from the knowl-
edge of the Fermi surface of the conduction bands [27,28].
The results for the calculation on both type I and type II
Na-doped Si clathrates are shown in Figs. 4(a) and 4(b),
respectively. The calculations show that the larger the Na
concentration the smaller the Seebeck coefficient. At low
Na doping, such as Na2Si46, Na6Si46, and Na8Si136, the
Seebeck coefficient has a large negative value that results
from a delicate balance between electron and hole carriers.
This trend is in good agreement with experiments [5,7,8]
even though the calculated magnitudes are somewhat
lower [29,30]. The calculated overall trend of S as a
function of Na concentration may be ascribed to the
band profile of the Si framework. Calculations performed
on the Si46 clathrate, where the conduction bands are
occupied simply by raising the Fermi level by an amount
d´, qualitatively reproduce the temperature dependence
of S [Fig. 4(c)] and the important trend that lower con-
centrations of electropositive atoms lead to larger S. For
low Na concentration only the lower energy conduction
bands are occupied. These bands are sparse and relatively

FIG. 4. Calculated Seebeck coefficient, S, for (c) NaxSi46
(x � 2, 6, and 8) and for (a) NaxSi136 (x � 8, 16, and 24).
The Seebeck coefficient as obtained under a rigid band approxi-
mation for the compound Si46 (b). Here the effect of increasing
dopant concentration is simulated by increasing the Fermi level
above that found for the neutral cage by an amount d´. The
value of S as a function of d´ at T � 500 K is shown in (d).
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flat, resembling a semimetal. At higher Na concentration
(i.e., higher Fermi level), the conduction bands are more
free-electron-like resulting in a low Seebeck coefficient.
Thus, lower concentrations of electron donating elements
are desirable to maximize S.

Several general guidelines can be offered for the sys-
tematic improvement of the thermoelectric properties of
clathrate based materials. Doping with more electrons
may increase the stability of the clathrate phases, but it
will result in lower values of the Seebeck coefficient. This
difficulty can be circumvented by preparation with poly-
valent electron releasing (electropositive) atoms, such as
alkaline metals (group IIA) which donate more electrons
and may be later extracted through distillation provided
that the metal has sufficiently high vapor pressure [7,20].
In order to achieve efficient scattering of thermal phonons,
the localized vibration frequencies of the dopant must not
be higher than the maximum of the acoustic phonon branch
of the framework. Clathrates with heavy dopant atoms and
light framework elements will be desirable.
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