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Abstract

For degenerate elliptic partial differential equations, it is often desirable to show that a
weak solution is smooth. The first and most difficult step in this process is establishing
local Holder continuity. Sufficient conditions for establishing continuity have already
been documented in [FP]|, [SW1], and [MRW], and their necessity in [R]. However, the
complexity of the equations discussed in those works makes it difficult to understand
the core structure of the arguments employed. Here, we present a harmonic-analytic
method for establishing Holder continuity of weak solutions in context of a simple

linear equation
div(QVu) = f

in a homogeneous space structure in order to showcase the form of the argument. Ad-
ditionally, we correct an oversight in the adaptation of the John-Nirenberg inequality

presented in [SW1], restricting it to a much smaller class of balls.

v
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Chapter 1

Introduction

1.1 Notation

In this thesis we attempt to follow the notational conventions of the modern literature.
As an aid to the reader, we provide here a list of symbols which will not be defined

in the body of the paper.

e N: the set of natural numbers.
e N:=NU{oo}

e 7: the ring of integers.

e R: the field of real numbers.

e R":= ], R: Euclidean n-space.

For the remainder of the section, let Q. E C R", let x = (x1,...,2,), y =
(Y1,---,Yn) € R" let p be a measure on R, let f : @ — R be a function and
let f=(f1,...,fn) be an R™-valued vector field.

log: the natural logarithm.

lz —y| == /(1 — )2+ + (2, — yo)? denotes the Euclidean distance be-

tween z and y in R™.

D(xz,r) :=={y € R" : |x — y| < r}, the Euclidean ball centred at = of radius
r in R™. Note that when working on subsets of R™, the definition is adapted

accordingly.

dist(x, E) := inf cp | — y| is the Euclidean distance from x to the set E.

0L): the Euclidean boundary of 2.



Q: the Euclidean closure of .

E € Q means E C 1

0
Given i € {1,...,n}, D;f := af. Note that D; may be taken in the sense of
Z;

distributions where appropriate.

ok f

Giveni € {1,...,n}, k€N, Dff := ERE
Ly

Vf:=(Dif,...,D,f) is the gradient of the function f. Note that V may be
taken in the sense of distributions where appropriate. We will most often refer

to Vf as the derivative of f.

Given k € N, V*(f) := (D} f,..., DFf). We will most often refer to V¥ f as the

k" derivative of f.

div(f) .=V -f=>3"" | D, f; is the divergence of the vector field f.
suppf :={x € Q: f # 0} is the support of f.

C(€): the set of all continuous functions on €.

Given k € N, C*(Q) is the set of all functions on Q with continuous k™ deriva-

tives.

C>(€): the set of all functions on § with continuous k' derivatives for every
k e N.

Co(€Q): the set of all continuous functions on {2 with compact support.

Lip(Q): the set of all functions on 2 that are Lipschitz with respect to the

Euclidean metric.
Lipg(Q): the set of all Lipschitz functions with compact support in €.

Lipioe(2): the set of all functions on 2 that are Lipschitz when restricted to

any compact subset of ().
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e Given p € (0,00), LP(Q2) is the space of functions g :  — R on  such that
1

the norm ||g||zr)du = ([fo |9[Pdp)? is finite, modulo the equivalence relation

g ~ hif and only if ||g — hl|rr@) = 0. Note that when y is Lebesgue measure,

we often omit the du on the norm and simply write ||g|zr(q)-

o [°(Q): the space of essentially bounded functions on 2 with respect to p, with

ot ||| (o) = 555D, | ()]

e Given p € (0,00], L?

loc

() is the space of all functions g : 2 — R such that
Lr(e) < oo for all compact sets © C Q.
glirre(e)

e Given p € (0,00], (LP(Q))" := [, LP(2) is the n-dimensional L” space
1 .
with norm HfH(Lp(Q))ndM = (Z?:l fQ ’f;’pd/ﬁ)p lfp < oo and Hf”([po(g))ndu =

max || fi|| Lee (), if p = 00.
e |Q: the Lebesgue measure of the set (2.
e [Q],: the p-measure of the set (2.

e Depending on the situation, we may write the average value of a function over

Q, given by ﬁ Jo, fdp in one of two ways: fqo or £, fdp.

1
W oy == (ﬁ o |f\p> " is the normalized LP norm of f.

Remark 1.1.1. The bulk of this paper consists of proofs of complicated estimates,
where the constants are changing frequently and are only important insofar as their
dependencies on other quantities. We denote the dependance of a constant C' on a
quantity o by writing C(«). Moreover, the sheer number of such constants can be
quite cumbersome if one attempts to keep track of all of them. As such, the constant
C will be abused and allowed to change from line to line, and we will only keep track
of particular constants if they must be used later. If the dependencies of C' change

from one line to the next, we will write that dependency explicitly.



1.2 Motivation and an Historical Overview

The theorey of linear elliptic second order partial differential equations began with

the study of the classical equation of Poisson:

Au:ZDfu:finQ (1.1)
i=1
where 2 C R" is a bounded domain. It is well known that if f is a-Holder continuous

for some « € (0, 1], then (1.1) has a unique solution in

ulz) = / Pz — )£ (y)dy (1.2)

where I is the fundamental solution of Laplace’s equation

Au=01in (1.3)
given by
1
P ifn>2
P(z) = § 2= mjwn (1.4)
— log || ifn=2
2m

and where w,, is the volume of the unit ball in R". To summarize, we have the

following:

Theorem 1.2.1. Let f be a bounded and locally a-Hélder continuous function on
Q for some a € (0,1]. Then if u(x) is as in (1.2), we have that v € C*(Q), u is

a-Holder continuous on Q and u is the unique solution to (1.1) in Q.

For a proof and more details, see chapter 4 of [GT].
Physical applications led to the study of generalized versions of Poisson’s equation,
which we now say are elliptic equations. Employing Einstein notation, these are

equations of the form
Lu = D;(a"” (x) Dyu) + bi(z) Diu + c(x)u = f in Q (1.5)
where
e a” b; and c are a-Holder continuous on €2 for some a € (0, 1]

° aij — aji
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e there exist A > 0 such that for almost every z €  and all £ € R, a(x)&;&; >
A2

Note that (1.1) is indeed a special case of (1.5) with b; = ¢ = 0 and a" = §%.
The generalization of Theorem 1.2.1 to the broad class of equations represented
by (1.5) was published in 1937 by Leray and Schauder in their famous paper [LS].

We state the main result here without proof.

Theorem 1.2.2. Let L be elliptic on Q2 and let c(x) < 0. Let f and the coefficients
of L be a-Hélder continuous on Q for some o € (0,1]. Then if p € C*(Q) and V¢

18 a-Hélder continuous on €, then the Dirichlet problem

Lu=finQ

u = on 0S)
has a unique solution u € C*(Q) and V?u is a-Hélder continuous on Q.

With this result, the study of linear elliptic equations was thought to have been
concluded. However, through the study of non-linear problems it became apparent
that this was not the case. As it turns out, it is often necessary to understand linear
equations whose coefficients are only assumed to be measurable functions in €2. This
is due to methods used to solve quasi-linear equations where we are required to solve
linear elliptic equations whose coefficients depend on the weak solution and hence
cannot be assumed to be smooth. Since the proofs of Theorems 1.2.1 and 1.2.2 rely
heavily on the Hélder continuity of the coefficients, new methods were needed.

In 1957, De Giorgi published [D], where he proved a Harnack inequality and
a Holder estimate for weak solutions to homogeneous linear elliptic equations with

rough coefficients in divergence form
div(AVu) =0 in Q

where A = A(z) = [a"(2)]1<ij<n is a positive-definite bounded symmetric matrix.
This result was reproved by Moser in 1960 in [M]. The new method employed in [M],
which has since been coined Moser iteration, lent itself to generalization more easily

than did the original method used by De Giorgi.
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In this thesis, we present the Moser method, adapted for establishing Holder con-
tinuity of weak solutions to degenerate linear elliptic equations with rough coefficients

in divergence form

div(AVu) = f

in the context of a homogeneous space. Such equations have been studied at length
in [FP], [CW], [MRW], [R], [R2], [SW1], [SW2] and [SW3|. The degeneracy of such
equations is represented by the weakening of the restriction on the matrix A from
positive-definite to non-negative definite, allowing that the quadratic form A(z, &) =
¢T A€ may vanish for non-zero £. As we will see, this gives rise to some interesting
challenges when defining weak solutions to such equations.

Our work here is expository. We present special cases of arguments from [SW1],
[SW2] and [MRW], where the Moser method has been adapted to progressively larger
classes of equations. The goal is to present the form of the argument in a readable,
easy-to-follow manner, so that the reader may apply his or her understanding to
more general equations currently being studied by, for example, Monticelli, Rodney
and Wheeden. This is applicable, since the arguments used for more general equations
still have the same essential structure. Additionally, in Theorem 4.1.3 we greatly ex-
pand Sawyer and Wheeden’s proof of the John-Nirenberg inequality for homogeneous
spaces from [SW1| and remedy an oversight that caused the theorem to be stated
incorrectly in that work. This is important, as proving more general versions of the
John-Nirenberg inequality (particularly versions where the homogeneous space struc-
ture has a weakened doubling condition) has been a significant obstacle in current
work. We hope that access to a less condensed version of the proof will make it easier

to adapt the argument to classes of equations currently being studied.



Chapter 2

Preliminaries

The goal of this chapter is twofold. First, we define rigorously the homogeneous space
structure which we will impose on a set {2 in which we will be working and present
the necessary spacial assumptions as outlined in [MRW]. Second, we give a detailed
account of the background necessary to understand the argument proving Holder
continuity of weak solutions to degenerate linear elliptic partial differential equations
given later in the paper. While we intend that this work be as self-contained as
possible, we still assume a basic understanding of analysis, topology and PDE on the

part of the reader.

2.1 Quasi-metric Spaces

We begin by imposing a weakened notion of distance on our space.

Definition 2.1.1. Given a set X, a quasi-metric is a function d : X x X — R with

a constant x > 1 such that

d(z,y) > 0 (2.1)
dz,y) =0 <=z =y (2.2)
d(z,z) < k(d(z,2) +d(z,y)) (2.3)

for all z,y,z € X. The ordered pair (X, d) is called a quasi-metric space.

As with metric spaces, we define the family of quasi-metric balls B = {B(xz,7)}.c X
r>
where

B(z,r) ={y € X : d(z,y) <r}.
Example 2.1.2. The function d : R? x R? — R defined by

|zo — 1| + |y2 — w1 if yo >y
d((%,yl)a(%;?b)) = . _
sUza] +ly2 =l +w])  ifye <u

7
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is a quasi-metric on R? with constant x = 3. We may think of this metric as being
similar to the Manhattan (taxi-cab) metric, with the added conditions that one may
only travel south when on the y-axis, and that the speed-limit of the entire trip is
tripled if one is forced to move south at all. The non-symmetry is clear from the
definition, and the axioms of a quasi-metric are easily seen to be satisfied. We also
include several illustrations of balls to various centres and radii to showcase the non-

symmetry and the necessary constant on the triangle inequality.

Figure 2.1: B((0,0), 1) relative to d

3
481
161
441

424

L3
L
in
.
-
in
L

Figure 2.2: B((4,4),1) relative to d



Figure 2.3: B((4,4),5) relative to d

The previous example clearly shows that not all quasi-metrics are symmetric.

However, we can always symmetrize a quasi-metric as follows:

Proposition 2.1.3. Given a quasi-metric space (X,d), the function

(d(z,y) +d(y,x))

| —

dsym(m7 y) =
is again a quasi-metric, and is also symmetric. That is, deym(z,y) = dsym(y, T).

Proof. Clearly dsyy, satisfies the first two axioms in the above definition. It is also

clearly symmetric, so only the triangle inequality remains. Given x,y,z € X

L (e, y) + d(y, 2))

dsym(x:y) = 5
1
2

< = (kd(z, 2) + d(z,y)) + s(d(y, 2) + d(z, x)))
= (e 2) ) + 5 ) + 0 2)
= /{(dsym(x, Z) + dsym(za y))

which completes the proof. O

The weakened axioms of a quasi-metric still entail the swallowing property of balls

familiar to us:
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Proposition 2.1.4. Let (X, d) be a quasi-metric space. Then there exists a constant

v =7(k) > 1 such that for all x,y € X and s >r >0, if B(xz,r) N By, s) # 0 then
B(z,r) C B(y,7s). (2.4)

Proof. Let x,y € X and s > r > 0 such that B(z,7)NB(y,s) # 0. Let v = k(2x+1)
where & is as in (2.3). Let w € B(z,r) and let z € B(x,r) N B(y,s). Then

d(y, w) < k(d(y, 2) + d(z,w))
< k(s + k(d(z,z) + d(xz,w)))
< k(s + 2kr)
< k(s + 2ks)
=r(26+1)s
=5,
which shows that w € B(y,~s), and thus that B(x,r) C B(y,s). ]

Because of the weakening of the conditions of a quasi-metric space as opposed
to a metric space, quasi-metric balls are not quite as well behaved as we might like.
In particular, they are not necessarily open in X. In figure 2.3, for example, we see
that the lower edge of the ball (the edge parallel to the z-axis) is included in the
ball, while the upper sides are not, making the ball neither open nor closed in the
Euclidean sense. This can cause problems, since we expect our spaces to be domains.

An added assumption can remedy this, however.

Definition 2.1.5. Let X be a quasi-metric space endowed with some topology 7.
A function f : X — R is called upper semicontinuous with respect to 7 if the set

{r € X : f(x) <r} is open with respect to T for every r € R.

Lemma 2.1.6. Let (X, d) be a quasi-metric space endowed with a topology T . If d is
upper semicontinuous in the second variable (that is, if for each x € X the function
d, : X — R defined by d.(y) = d(x,y) is upper semicontinuous with respect to T ),
then B(x,r) is open for all x € X and r > 0.

Remark 2.1.7. The only issue with assuming upper semicontinuity in the second

variable is that it is not preserved when constructing a symmetric quasi-metric as in
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Proposition 2.1.3. For this reason, we shall simply assume that our quasi-metrics are
both upper semicontinuous and symmetric for most of the important results. Note
that the assumption that the quasi-metric is upper semicontinuous in both variables
is also sufficient, since this would allow dgy,, to preserve the upper semicontinuity in

the second variable, but this point is a small one.

2.2 Generalized Dyadic Cubes

We are now ready to construct a generalized grid of dyadic cubes in the context
of a quasi-metric space, an extremely useful partitioning which will later be key to
proving the John-Nirenberg inequality. There are currently two ways to go about
this. We present the construction from [SW2|, which defines the cubes based on a
pre-chosen smallest level m. Each level of cubes created in this case partitions the
space entirely. The drawback is that when decreasing the minimum level, we must
construct an entirely new collection of cubes unrelated to those generated for higher
minimum levels. In [C], M. Christ presents an alternative where there is a single grid
constructed for all levels, but he allows that a set of measure 0 not be included in any
cubes.

In order to construct the grid of dyadic cubes, we require a further topological

property of our space:

Definition 2.2.1. A quasi-metric space (X, d) endowed with a topology 7 is called
separable if it has a countable dense subset. That is, if there exists a set {z, }nen C X

such that for every set U € T

un {xn}neN 7& @

Lemma 2.2.2. Let (X,d) be a separable quasi-metric space with some topology T .
Suppose d is upper semicontinuous in the second variable with respect to T. Then
there exists A = (k) > 0 such that for all m € Z, there are points x;j € X and Borel
sets (relative to the topology T) Qjx for 1 < j < ny € N with k > m such that

(i) Bz, \¥) C Qi C B, N1 for all 1 < j <y, with k >m

(i1) Qi NQjr =0 for k >m and i # j
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(111) X =U;Qjx for k>m
(w) Either Qj C Qiv 0or Qi N Qip =0 for 1 <j<ng, 1<i<ng,m<k</{

Given m € Z the collection of all sets Q. with k > m is called a grid of dyadic cubes
for the space (X, d), and is denoted D,,. A set Qjj € Dy, is the 3™ dyadic cube of order k.

Proof. Set A\ = 8k° where & is as in (2.3). For any k € Z we may define a maximal
collection of balls {B(x;.x, 3x*AF)}jer such that the balls are pairwise disjoint. The
separability of the space implies that either I = N or that [ = {1,...,p} for some

p € N, since each ball must contain at least one element of the countable dense subset.

Moreover,
U Bz, 65°4") = X. (2.5)
jer

since for any z € X, B(x, 3x?AF) must intersect one of the balls B(z;, 3x?A¥) in the

maximal collection (or be part of the collection itself). If y is a common point, then
A, 2500 < w(d(w,y) + d(y,250)) < KX,
Fix m € Z. We construct the cubes of order m as follows:

Quim = B(T1m, 65°A™) \ U B(@im, A™)
i#1

QQ;m = B($2;ma 6/{3)‘m) \ U B(xi;ma )\m) \ th
i#2

Qjim = B(%’;mv 6’i3>‘m> \ U B(Zim, A™) \ U Qi;m

i#] i<j

Let us show that the first three properties hold for k£ = m. To show (i), for the upper

inclusion we have that
Qjim C B(zjum, 65°N™) C B(@jin, N™)

since A > 6x3. For the lower inclusion, note that since the {B(z ., 3k°A™)} ;e are

pairwise disjoint, so must be the balls {B(z;.,, A™}, (being subsets of their larger
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counterparts). This allows us to write

B(xj;ma /\m) - B(xj;ma 6’13)‘m) \ U B(xi;mv Am)‘
1#]
Moreover, B(Zjm, A™) N Qi = 0 for i # j by definition of Q. (since B(xjm, \™) is
one of the balls subtracted in the definition of @), for i # j). Hence

B(jim, A™) C B(@jm, 65°X™) \ | B(@ism, A™) \ | Qism = Qjim (2.6)
i#] i<j
as desired.

That property (i7) holds is clear from the definition of the cubes (the subtrac-
tions force non-intersection), so we now turn to property (iii). Let x € X. If
xr € B(xjm, \™) for some j, then (i) holds by (2.6). If x ¢ Uje;B(zjm, \™), then
by (2.5) there exists j such that x € B(2.,, 6k*A™). Let jo be the smallest such j.
Then by definition, x € @), .. Hence (iii) holds, and since (iv) is vacuous with only
one order of cubes to consider, we are done.

We proceed by induction on k. Let £ > m and suppose that the sets Q);,; have
been defined for all 1 < j < ng, m < k < ¢ and that these sets satisfy all four

properties. Define
B (@, 1) = Ui{ Quze—1  Quze—1 N Blwje,7) # 0} (2.7)
We construct the Q;,, similarly to the Q;.n:

Ql;@ = B* (-171;(7 6'%3)\() \ U B*(‘Ti;b )\E)
i#1

Q2 = B (12,0, 65°X) \ | ) B (e, ) \ Quye
i£2

Qe = B (w0, 65°X) \ | B* (50, )\ | Qe

i#] 1<j

Before we continue, let us first note that

B(zj4, 1) C B*(xj4,7) C B(xjy, K27 + (/@2 + KJ))\Z) (2.8)
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for r > 0. The first inclusion follows from (2.7) and property (7i¢), which is satisfied
by the Q;..—1 by the induction hypothesis. For the second inclusion, if z € B*(x,, 1)
then = € Q;—1 intersecting B(z;y,r) for some i. Let y € Q-1 N B(xj,, 7). Then

since ;o1 satisfies (i), we have that

d(z,zj0) < k(d(z, Tip—1) + d(Tie-1,Tj1))
< k(N + k(d(@i1, y) + d(y, z50)))
()\e + /i(/\e +7))

=k’ + (k¥ + k)"

= K

Now we show that property (i) holds for & = ¢. For the upper inclusion we show
that
Qj C B (3., 6K\ C B(wj, (6857 + K% + K)AY) C B(xj.0, \T). (2.9)

The first inclusion is clear from the definition of );,, the second follows from (2.8)
with 7 = 63\, and the third comes since 6x° + k%2 + k < 8k° = A (note that k > 1

by (2.3)). For the lower inclusion of (i), we have that
B* (230, ') C B(wi, (267 + 1)AY) C B(2i0, 36%\°) (2.10)

for any i by (2.8) with r = X‘. By construction, B(z;,, 3k*XY) N B(xj,0, 3k*X\°) = 0
if i # 7, so by (2.10) B*(w;, \Y) N B*(x;., A*) = () for i # j. Hence by (2.7) and by
definition of Q;.,

B(wju, ) C Qe (2.11)

As before, (i7) is clear by construction, so we now turn to ().

X =B ()., 65°X") (2.12)

by (2.5) and the first inclusion in (2.8) with r = 6k3\‘. Moreover,

B* (2, X') € B (20, 65°A) \ | B (e, X) (2.13)
7]

by (2.10) and since the B(z;., \*) are disjoint. Hence

UB*(ZL‘]‘;[,)\K) C UQ]‘;( (214)
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by (2.13) and definition of the @; . Now, to show (iii), let x € X. We may assume
by (2.12) that z € B*(x;, ¢, 6k3X’) for some smallest jo. If € U; B*(x;., \Y), then we
are done by (2.14) and if not, then x € @, by definition. Thus (#i7) holds for k = ¢.

Finally, for property (iv), it is sufficient by the induction hypothesis to show that
if Qigk N Qjoie # 0 for m < k < £, then Q;x C Qjpe- By (2.7) and the induction
hypothesis, we know that each B*(z;,,6x3\%) is a disjoint union of @;,_1’s. Hence
by definition, each cube @, is also a disjoint union of Q);,,—:’s, and thus that any
Qj.o—1 intersecting @, must be contained therein. So if Q;y.x N Qo # 0, it follows
that Qo N Qiv—1 # O for some ¢ with Q;p—1 C Ej .. But then Q;x C Qiv—1 by
hypothesis, and thus @Q;,.x C Qjy as desired, proving (iv) for k = ¢. Gathering
results, we have that (i), (i), (i¢7) and (iv) hold for k = ¢, which concludes the proof
by induction. O]

Remark 2.2.3. While the lack of a true metric prevents us from thinking of these
objects as cubes in a classical geometric sense, they still have many of the desired
properties, hence the name. For each order k, we may think of those cubes as lining
up side-by-side (though not necessarily in order) to partition X. They are all disjoint
from one another (a property that was not present in [SM], where the cubes were
allowed to intersect on the boundary) but fill the space completely. Also, no cube of
a lower order may sit on the boundary of a cube of higher order. They must fall

completely inside, or completely outside of the higher-order cube.

The theory we have developed in this section is very powerful, even in the amount
of generality in which it has been presented. Often however, we want to be slightly
more particular about which balls and cubes we consider, since we will be working in

the subspace topology on 2 C R™.

Definition 2.2.4. Given a quasi-metric space (£2,d) where Q C R™ and 6 > 0, a
ball B = B(x,r) is called d-local if 0 < r < ddist(x, 02) where dist represents Eu-
clidean distance. Similarly, a dyadic cube Q;, is called d-local if the ball B(z;, A¥*1)

containing it is d-local.

The idea is that it is very often useful to be able to ensure that our balls do

not intersect the boundary of {2 and become deformed. For sufficiently small ¢, this
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condition of d-localness not only ensures this, but gives us a lower bound on the

(Euclidean) distance from our balls to the boundary of €.

2.3 Homogeneous Spaces

Having developed an appropriate notion of distance for our spaces, we now further

endow them with a special type of measure:

Definition 2.3.1. Let (X, d) be a quasi-metric space. Let u be a measure on X such
that every ball B € B is pu-measurable. Then g is called a doubling measure if there
exists C' > 0 such that for any ball B(z,r) € B

|B(ZE,27“)|M <C |B(:v,r)|u (2.15)
The ordered triple (X, d, p) is called a quasi-metric doubling measure space.

It is important to realize that there is nothing special about 2 in (2.15), though
that particular presentation is the one for which the property was named. The idea
of a doubling condition is simply that any two quasi-metric balls which are located
near enough to one another within the space will have comparable volumes. This is

formalized in the following way:

Proposition 2.3.2. Let (X, d, ) be a quasi-metric measure space. The measure p is
a doubling measure if and only if there exist D, E > 0 such that for all x,y € X and
s>r >0 B(z,r)N Bly,s) # 0, then

|B(y,s)|. <D (;)E |B(x,7)|,-

Proof. For the forward direction, let C' and 7 be as in (2.15) and (2.4), respectively.
Let x,y € X and s > r > 0 such that B(x,r) N B(y,s) # 0. There exists k € Z such
that 2F < =< 2k+1 which implies that

S

L. 9k+1

<r

2. k <log, (78) .

r
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These taken together with (2.15) and (2.4) yield

|B(y, 8)|u < |B(x,75)|u

< 7B (o0
ok+1 )|,

S Ck+1|B(£IZ,’f’)|N
< = B(a, )],
_ C«logQClogc %+1|B<m’ T)|M

s
"

_ o )" 4 By

= o ()™ B\,

log, C
= (0= (2) 7 1Bl

o

which completes the proof, since the converse is trivial. O

Amalgamating all of the structure developed in the last two sections, we now

define the type of space in which we will be working:

Definition 2.3.3. A quasi-metric measure space (£2,d, ) where @ C R" is open
and p is a Borel measure (with respect to the standard topology on R™) is called a
homogeneous space if d is upper semicontinuous in the second variable, u satisfies a
doubling condition as in (2.15) and there exists a constant C¢,. > 1 such that for all
r € Qandr >0,

B(z,r) C D(x,Ceyer) (2.16)

where D is a Euclidean ball. If d is also symmetric the space is called a symmetric

homogeneous space.

The Euclidean containment condition (2.16) is added in order to ensure that the
quasi-metric balls do not stretch too much. It is necessary in order to prove the
John-Nirenberg inequality, which requires that subcubes of d-local dyadic cubes are
again d-local. For an example showcasing the utility of the properties of such spaces,

see Section 3.4.



Chapter 3

Degenerate Linear Elliptic Partial Differential

Equations

3.1 Degenerate Linear Elliptic PDEs, Degenerate Sobolev Spaces and
Weak Solutions

Fix a symmetric homogeneous space (2, d, 1) where p is Lebesgue measure. Given a
measurable matrix Q(z) = [¢; j(2)]1<ij<n, We denote by Q(z,£) the quadratic form

related to @) given by
Q(z,&) = ' Q)¢ (3.1)
for every ¢ € R™ and almost every x € 2. We say that () is bounded if the norm
19l = sup ma, ()]
is finite, or equivalently if there exists C' > 0 such that
Q(w,€) < Cl¢f? (32)
for every ¢ € R" and almost every z € ().

Definition 3.1.1. Given a matrix ) = Q(z) and a measurable function f, a second

order linear partial differential equation of the form
div(QVu) = f almost everywhere in Q (3.3)
is said to be degenerate elliptic if

Q(x) is symmetric for almost every x € (2,
(Q)(x) is non-negative definite for almost every = € €, (3.4)

@ is bounded .

Equation (3.3) is called elliptic if there also exists ¢ > 0 such that
cle* < Q(,6) < Clef. (3.5)

18
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We intend to study the class of degenerate elliptic equations using techniques inspired

by the elliptic case as in [GT].

Fix a matrix @ satisfying (3.4) and a measurable function f. This defines a
degenerate elliptic equation as in (3.3). If Q@ € C*(Q) (that is, if ¢;; € C*() for each
i,7 = 1,...,n), a classical solution to this equation is simply a twice-differentiable
function u that satisfies (3.3) when substituted therein. Our focus will instead be
on continuity properties of weak solutions. Before we give the precise definition of
a weak solution to (3.3) we define the spaces to which weak solutions, if they exist,

belong.

Definition 3.1.2. For w € Lip;,.(2), define the (possibly infinite) norm

1
[ty = (1wl + 117wl Fray )
Note that Vw exists almost everywhere by the Rademacher-Stepanov theorem (see
§9.1 of |BL]). The classical Sobolev space H'(Q) is defined as the completion of the
space

{w € Lipuoc(®) : ]| 1) < 00}
with respect to || - ||H1(Q)‘

It is a famous result of Meyers and Serrin (see [MS]) that H'(f2) is isomorphic to
the space
Wh(Q) = {w € L*(Q) : Vw € (L*(Q))"}
where Vw is taken in the weak sense or in the sense of distributions. For a more
thorough account of this space, see the appendix.
If our equation is elliptic (i.e. if @ also satisfies (3.5)) in 2, then given sufficient
smoothness conditions on @ and f (see [GT]) we could find objects u € W'2(Q) that

would satisfy the integral equation

v evedn=- [ 1o

for all p € C2°. Such objects are called weak solutions to (3.3). In degenerate spaces
however, this is not necessarily the case (see [R|, [MRW], [SW3|). The solutions
instead reside in the larger degenerate Sobolev space, which we will now aim to define.
First, we require a weighted vector-valued L? space comparable with the quadratic

form (3.1).
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Definition 3.1.3. Given f: 2 — R", define

1l 20,0 = UQ Q(fmf(x))du] % : (3.6)

Define also an equivalence relation R on the set {f: Q — R" : [|f]|;2q,0) < oo} by
¢Rg if and only if ||f — g||z2(0,0) = 0. Then we define the form-weighted vector-valued
L? space L*(Q, Q) by

£3(9Q,9) ={g: 2= R": [|gllr20,0) < }/R (3.7)

whose elements are equivalence classes of R™-valued vector fields modulo R. Note

that || - ||z2(0,0) defines a norm on £2(9, Q).

Definition 3.1.4. For w € Lip;,.(92), define

1
2
wllom@ = (IlBe + IVul2q.0) (3.8)

This defines a norm on Lip;,.(2). We define the degenerate Sobolev space QH'(()

as the completion of the linear space
Lipg(©) = {w € Lipie(®) : |[wlgm @) < 50} (39)

in the metric induced by the norm. Similarly, we define QH} () as the completion

of the space
{w € Lipo(Q) : [|w]lgm (@) < oo}

Remark 3.1.5.

1. If (3.3) is elliptic (that is, if Q satisfies (3.5)), then we would obtain from (3.5)
that Q(z,f) < C|f|? and that |f|* < ¢7'Q(x,f). Hence L2(Q, Q) = (L*(Q))"
and QHY(Q) = HY(Q). So in the elliptic case, the notions of degenerate and

classical Sobolev spaces are equivalent.

2. Analogously to H*(Q2), QH () is a Banach space (see [SWS3]) consisting of
equivalence classes of Cauchy sequences of functions in Lipg(€2). We will often
abuse notation and simply write {w;} € QH(Q), with the understanding that

{w;} is a representative of the equivalence class in QH'(Q)) containing {w;}.
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Given a particular Cauchy sequence {w;} € QH'(Q), there exist unique functions

w € L*(Q) and v € L%(Q, Q) such that
w; — w in L and Vw; — v in £2(, Q).

That is, for each element {w;} € QH' () there exists a unique pair (w,v) € L*(Q)
L£2(Q, Q), so that QH'(Q) is isomorphic to a closed subspace Wéf(Q) of L*(Q)
£2(9, Q). Similarly, QH} () is isomorphic to a closed subspace (W5%)o(€2).

It is the pair (u,v) € Wé’Q(Q) that we will most often refer to explicitly in our

X
X

work, thinking of our weak solutions as elements of the appropriate Banach space
obtained by isomorphism. One issue does arise, however. Given an element (w,v) €
WéjQ(Q), the vector-valued function v need not depend on the function w. Rather, it
depends on the equivalence class of sequences that defines the pair. This phenomenon
arises due to the degeneracy of the quadratic form (3.1). Since it is degenerate there

may be sequences {p;}, {&} in Wéf(Q) such that
1. ¢; > wand & — w in L*(Q)
2. Vo, — vin L3(Q, Q)
3. V& — v in £2(Q, Q)
4. v and v’ are not in the same £%(, Q) equivalence class

so that (w,v), (w,Vv’) € W(Glf. In other words, the projection of WéQ(Q) onto L*(Q)
is not, in general, injective. A truly spectacular example of this can be found on
page 92 of [FKS]. There, the authors define a 1 x 1 matrix with quadratic form ¢ on
[0,1] x R such that (0,1) € W,?([0,1]). That is, in their weighted space a possible
“derivative” of the the constant function 0 is the constant function 1. Moreover, by

Lemma 3.2.1, this implies that (0, ) € Wp*([0, 1]) for every o € Lipo([0,1]).

Remark 3.1.6. In our work we will only ever be dealing with one particular weak
solution at a time. As such, it is permissible to follow the conventions of [MRW], [R]
and [SW3] and refer to a weak solution as (u, Vu), with the understanding that Vu

does not in general depend on u, but is simply one of the vector-valued functions in

L(Q, Q) for which (u, Vu) € W5(Q).
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With the conclusion of this discussion, we are now ready to define weak solutions:

Definition 3.1.7. A weak solution to the degenerate linear elliptic partial differential

equation (3.3) is a pair (u, Vu) € Wéz(Q) satisfying the equation

/ (V)T QVipdp = — / fodu (3.10)
Q Q

for all ¢ € Lipy(€2).

3.2 Some Calculus in Degenerate Sobolev Spaces

In this section, we prove that under certain conditions, the product and chain rules
still hold in degenerate Sobolev spaces. In addition to their own instrumental value,
the proofs of these results will also allow us to examine the underlying sequential

structure of these new spaces much more closely.

Lemma 3.2.1 (The Product Rule). Suppose Q2 is bounded and let (u, Vu) € WéZ(Q)
If o € Lipo(S2) then (pu, oVu+uVy) € Wclf(Q)

Proof. Since (u,Vu) € Wclg’Q(Q), there exists a sequence {u;} C Lipg(Q2) such that
u; — win L2() and Vu; — Vu in £3(Q, Q) (recall that Vu need not be uniquely
determined by u, but rather by the sequence {u;}).

We first prove that for all i € N, pu; € Lipg(§2). First, since ¢, u; € Lip;,.(2) and
products of locally Lipschitz functions are again locally Lipschitz we have that pu; €
Lipioe(€2). Second, note that ¢ € L*>(Q) since ¢ € Lipy(2), so by Holder’s inequality
pu; € L*(Q) since u; € L*(). We also need to show that V(pu;) € L£2(Q, Q).
Note first that since pu; € Lip;,.(£2), it is almost everywhere differentiable by the
Rademacher-Stepanov theorem. Thus the (classical) product rule yields Vou; =
©Vu; +u; V. So we obtain

[[Vouil| 22,0 = |0V +ui V|| 22,0
< |eVuill2,0) + 4Vl 20,0 (3.11)



23

Using the fact that ¢ is bounded on €2, we have

2

oVl lerono = ( / Wumwwdu)
9]
< lellze @) Vil 220,0)-

For the second term, since () is bounded and ¢ has bounded derivative, we have that

(V) "TQVy < C for some constant C' > 0. Hence
1wVl 20,0 < ClluillL2(e) < o0

since the sequence (or a tail thereof if necessary) {u;} is bounded in L*(Q) as a
convergent sequence in L?(Q2). Combining the last two estimates, we see that (3.11)
is finite, which shows that pu; € Lipg ().

Thus {¢u;} C Lipg(€2). We now show that this sequence converges to (pu, pVu+
uV) in the norm || - ||gm1 (o). This is equivalent to showing that ¢u; — @u in L*(1)
and V(pu;) = ¢oVu+uVp in L2(Q, Q). For the first part, we have that

lpui — wullrz2@) = lle(us — w2 < ll@llpee@llui — ull2@) — 0
since u; — u in L*(Q). For the second part,

IV (pui) — oVu +uVol|2q.0 = |le(Vug — Vu) + (v — ;) Vol 22,0 (3.12)

< le(Vu; — Vu)l| 2.0 + [|Ve(us — u)|l220,0)-

We estimate the two norms separately. For the first, analogously to the above we

have that
[o(Vu; — Vu)l| 22,0 < |l@llre@l|Vui — Vaul|z2,0) — 0 (3.13)

since Vu; — Vu in £2(Q,Q). For the second, since ¢ € Lipy(2) we have that
V| € L*(Q2). Then since @ is bounded, we obtain by (3.2) that

Q(z, V) < C|IVel[f ()
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This allows us to write

1
2

Vel — 0l QO ww)

1
2

([
< IVollze@ Q(ui—u)2du> (3.14)

IN

1
= C2||[Vl|p~@)llui — ul|p2@@) — 0

since u; — wu in L?(Q2). Combining (3.12), (3.13) and (3.14), we conclude that
[V (¢u;) — oVu 4+ uVe||2,0) = 0, completing the proof. O

Lemma 3.2.2 (The Chain Rule). Suppose 2 is bounded. If (u,Vu) € Wé2(Q) and
f € CYR) with f € L¥(R), then (f ou, (f' o u)Vu) € W5 (Q).

Proof. Again, since (u, Vu) € Wé’Q(Q), there exists a sequence {u;} C Lipg(£2) such
that u; — v in L*(Q) and Vu; — Vu in £L3(2, Q).

We note first that w; = f ou; € Lipg(Q2) for all i € N. That w; is Lipschitz at all
follows since f is Lipschitz (being continuous with bounded derivative), and composi-
tions of Lipschitz maps are again Lipschitz. Moreover, the mean value theorem yields
the pointwise inequality [(f(ui(x)) — f(u(z))] < ||f'||pee@)|ui(x) — u(x)| for almost

every x € (), whence
wi — w| 2y < |[f @l — ul|L2@@) — 0 (3.15)

since u; — w in L?(2). Thus w; converges in L*(2) and must therefore be bounded
(up to a subsequence) in L?*(Q). Lastly, we have that Vw; = f’(u;)Vu;. Thus we

compute

[IVwi|| 22(0,0) = |1/ (1) V| | 22(0,0) < |z @) || V|| 22(0,0) < 00

since u; € Lipg(€2).
Hence {w;} C Lipg(2), and we have already shown that w; — w in L*(2). Thus
we need only show that Vw; — (f'ou)Vu in £L3(Q, Q). To that end, we first compute

1 () Vs = f'(u) Vull 20.0) = (1 (wa) (Vs = Vu) = Vau(f'(w) = f/(u)ll2@.0
< 1 (i) (Vui = V)l e20,0) + [[Vulf'(wi) = f'(u)lle20,0)- (3.16)
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For the first term of (3.16), we have that
1 (wi)(Vu; — V)|l z20,0) — 0 (3.17)

analogously to (3.13). For the second, we first write

2

IVu(f'(uw) = f(@)lleze) = (/Q(f’(u@-) — f/(u))*Q(x, Vu)du)
— ([ (/T - 1w/l Vo

1
2

For the sequence {f’(u;)\/Q(x, Vu)}, since u; — u in L*(), we have that u; — u
pointwise almost everywhere. Moreover, since f’ is continuous and pointwise con-

vergence is preserved under composition with a continuous function, we have that

I (u;)\/Q(z, Vu) = f'(u)/Q(x, Vu) pointwise almost everywhere. Additionally, for

each i € N,
|f'(wi) v/ Qla, V)| < ||| peem) v/ Q(, Vi)
and

1 |z 1V Q(x, V)|l 2y = ||| 2o ) [Vl 22(00,0) < 00.

Thus by Lebesgue’s dominated convergence theorem, we get that

IVu(f'(ui) = f'(u)ll 2.0 — 0. (3.18)

Combining (3.16), (3.17) and (3.18), we conclude that Vw; — (f"ou)Vu in £L2(Q, Q),
which completes the proof. m

3.3 Assumptions

Our main goal is to prove Holder continuity of weak solutions to (3.3) in as much
generality as possible by establishing a strong Harnack inequality via the inequality
of John and Nirenberg. The sufficiency of the structural requirements of this method
are well documented in [FP], [SW1] and [MRW], and the necessity of the first two is

dealt with in [R]. Thus we make the following assumptions.
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Assumption 3.3.1. Suppose that a Sobolev inequality holds on 2. That is, suppose
there exist constants ¢ > 1 and C; > 0 and 6 > 0 such that for every d-local ball
B(z,r) (i.e, every ball B(z,r) with 0 < r < ddist(z, 9Q2)), the inequality

(st o)
|B($7 7")| B(z,r)

holds for all (w, Vw) € (Wg?), ().

<y

This is a local estimate which tells us that the first component of a weak solution
(w, Vw) satisfies a stronger integrability condition than membership in L?(2). The
constant o is referred to as the Sobolev gain factor, and determines precisely how

much the integrability increases.

Assumption 3.3.2. Suppose that a Poincaré inequality holds on 2. That is, there
are constants Co > 0,0 > 1 and § > 0 so that for every d-local ball B(z,r), the

inequality

2

1 1
S — wpn |y < Cor | Vw)d 3.20
|B<x77n)| /B(Jz,r) |w B )’ a 2 (‘B(.T, bT’)‘ /B;(:c,br) Q(x vw) Iu) ( )

holds for all (w, Vw) € W52(Q), where

1
WB(z,r) = _/ UJd/L
’ |B(.T,7”>| B(z,r)

is the average value of w on B(z,r).

As another local estimate, the Poincaré inequality ensures that a weak solution w
does not deviate too much from its mean value on a ball. Note that the right-hand

side may be rewritten as

1
Cor ———— || V|| 22(0,0)
|B(z,br)|?

so that the Poincaré estimate may be seen as saying that the mean oscillation of a
weak solution depends on the £2(€2, Q) norm of its gradient. It is presented as in

(3.20) since that form will be most useful in the coming sections.
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Assumption 3.3.3. Suppose there exist positive constants C3, 7, 6 and N such that
for each é-local ball B(z,r), there is an accumulating sequence {n;},en of Lipschitz

cutoff functions (ASLCOF) on B(z,r) satisfying the following properties:

(

supp(m) C B(z,r),

0<n; <1 forallj,

supp(n;j+1) C {y € B(z,r) : nj(x) =1} for all j, (3.21)
B(z,7r) C {y € B(z,r) : nj(x) =1} for all 7,
VOV (o By < CsX2 for all 5.

The first four conditions in (3.21) are what give the sequence that name. The

\

idea, as will be illustrated in an example to follow, is that as n increases, the functions
bunch up on the inner ball B(x,7r), with their supports approaching precisely the
boundary of that ball. The fifth condition is one we add so that the quadratic forms
with respect to the ASLCOF functions (which are almost everywhere differentiable

by the Rademacher-Stepanov theorem) are bounded in a very specific way.

Example 3.3.4. Define the sequenece {a,} C R by

B 1 _}_anl

an 2n—1

For each n € N, define also f,, g, : R — R by
fulx) = 22" (2 + a,)? and gn(2) = =22"" (2 + apy)* + 1.

Then the sequence of functions

)
0 if |z| > ay,

falz) if —a, <z < —tetins
gn(T) if — % <2< —Upgq
1 if || < apqq

fu(=2) ifa,p <2< “"*2&

gn<_x) lf an“l’;n+1 S T S a,
\

is an accumulating sequence of Lipschitz cutoff functions on the ball B(0,2) C R

with 7 = % It is easy to check that for each n, h, is continuous and differentiable.
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Moreover, the derivatives are clearly bounded, making h,, Lipschitz for all n € N and
the conditions on the supports of the functions are easily seen to be satisfied from the

definition. For the sake of clarity, we also present below an illustration of hq, ..., hs.

Figure 3.1: A graph of hq, ..., hs

3.4 An Example

To illustrate the connection between the matrix Q(z) and the quasimetric d we give

an example from [HK|. Let Qg be a bounded domain in R? fix a domain Q with

Q) € Qp, and define
1 0
Qx) = :
0 2t

Notice that ) degenerates on the y-axis. Consider the related degenerate elliptic
partial differential equation
Div(QVu) = f in Q (3.22)

where it is useful to note that div(QVu) = % + x42273. Then, this equation satisfies
our hypotheses as outlined. There is a large body of general results in [HK| connected
to the verification of this and we will only give an overview of them in this specific
case and omit the proofs. The interested reader is strongly encouraged to read chap-

ters 11 and 13 of [HK] for a thorough treatment.
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Connected to the matrix Q(z) and the partial differential equation (3.22) is a
collection of C'°(£2) vector fields X = {X, Y} given by the square root of the columns
of Q(z). That is,

X =X(z,y) = (1,0)-V, and
Y =Y(z,y) = (0,2%)-V.

20f
(6x7 6_y)

producing an X-gradient adapted to (). We say that X' f is adapted to @) since a
simple calculation shows that |X f|? = Q(z,Vf) = (Vf)TQ(z)V /.

X acts on any differentiable function f via the identity X' f = (X f,Y f) = x

The important item for this collection X of vector fields is that it satisfies what is
known as the Hérmander condition. That is, the collection of commutators of X, Y
of length ¢ < 3 span R? at every point € R? and, in particular, for all x € Q. See
[HK, Ch. 11.4] for more on this condition. This property is the key to verifying the
hypotheses of the thesis where our quasi metric is to be chosen as the famous Carnot-

Carathéodory control metric p. The Carnot-Carathéodory control metric p(z,y) is
defined as

p(z,y) = inf{T >0 : 3 an admissible curve v so that
7(0) = 2 and y(T') = y}. (3.23)

A curve 7 is called admissible with respect to X if both of the following hold.
o v = (71(t),7(t)) : [a,b] — R? is absolutely continuous.

e There are measurable functions ¢;(¢), < b satisfying ¢(t) + c3(t) < 1 and

& =aOX((1) + )Y (4(1) = (c () () 3(1)).

That such curves exist in this context is left to the reader; see [HK]|. Theorems 11.19,
11.20, and 13.1 of [HK] give that the collection of metric balls B = {B(z,7)}seq.r>0
where

B(z,r) ={y€Q : p(x,y) <r} (3.24)

has the following properties.
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1. p is equivalent to the Euclidean metric. More precisely, there are positive con-

stants C4, C5 so that
Cilz —y| < p(z,y) < Colz — y|'/*
for all z,y € Q.

2. Lebesgue measure is doubling on B. That is, there are positive constants C, r

so that |B(x,2r)| < C|B(z,r)| for all z € Q and 0 < r < rg.

3. A Poincaré inequality holds for Lipschitz functions defined on a fixed metric

ball. There is a positive constant C5 so that

RN
Fir-tulie < co(f jxsra)
B 2B
_ Of  20f 2, \?
ol 2
1/2
= C3T(][ Q(:c,Vf)dx)
2B
for all f € Lip(2B) where B = B(xz,r) with r < ry and 2B = B(z, 2r).

4. A Sobolev inequality holds. There is a Cy > 0 and a ¢ > 1 so that

(]é‘g‘%dx)l/% < C4r<]é\?(g|2dx)l/2
_ C47"< f o(z, Vg)dx>1/2
B

for all g € Lipo(B) where B = B(z,r) with r < ry. Note that o > 1 is related
to the doubling constant C' in item (2).

For the reader’s convenience we mention where each result may be found in [HK].
Items (1) and (2) are the content of theorem 11.19. Item (3) is gleaned from theorem
11.20. Item (4) is due to theorem 13.1 but it is important to put this in context with
the definition of 2-admissible weights on p. 79 where the weight w(z) is chosen to
be 1 so that the resulting measure u (as in [HK] theorem 13.1) is Lebesgue measure.
Note that theorem 13.1 requires both items (2) and (3).

Lastly, we mention that the existence of the accumulating sequence of Lipschitz
cut-off functions related to a control ball B(x,r) with r > 0 sufficiently small is also
assured. We will not state this explicitly but mention that this result is found in

[SW1, Proposition 51| as the quadratic form Q(x) is continuous.



Chapter 4

Harnack’s Inequality and Holder Continuity of Weak

Solutions

Suppose (u, Vu) € Wéf(Q) is a weak solution to (3.3) with « > 0. In this chapter,
we will prove that under the appropriate conditions, w is locally Holder continuous
on (2. We begin by establishing a generalization of the classical inequality of John

and Nirenberg in a homogeneous space setting.

4.1 The John-Nirenberg Inequality and an A, Weight Corollary

In the preceeding chapters, we placed many restrictions on the space 2 on which our
weak solution (u, Vu) is defined. We now begin the process of restricting the behavior
of the weak solution itself, as well as the data function f. To that end, we give several
new definitions. Please note that for this section only, the measure u is considered
only to be some suitable doubling measure, of which Lebesgue measure is a special

case.

Definition 4.1.1. Given g € L (), we say that ¢ € BMO(Q), or that g is of

bounded mean oscillation in 2, if there exists C' > 0 such that

sup ——

/ - guldu<C (4.1)
BeB |B|u

where

)
9B = gdp (4.2)
[Bla

is the average value of g on the ball B. If ¢ € BMO(Q2), we write

Hg||BMO(Q):inf{0>0:sup|B| /]g gB|du<C}
I

BeB

We also say that g € 6-BMO() if ¢ is as above, but while only considering §-local
balls B (see Definition 2.2.4).
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Definition 4.1.2. Let g € L} (Q) be a non-negative measurable function. We say

loc

that g € A3(Q2), or that g is an Ay weight on Q if for some C' > 0

7 o) (g o)
sup d du | <C. 4.3
BeB(lBM ST )NBlL L (43)

If g € A3(Q2), we write

1 1
g :inf{C’>O:sup (—/gd,u) (—/g_ldu) SC}.
|| ||A2(Q) BeB |B|u 5 |B|u B

3-Ay(Q) is defined analogously to 6-BMO(€2).

Ultimately, it is this A, condition that, when combined with Lemmas 4.2.1 and
4.2.2 will allow us to establish a Harnack inequality and so prove Holder continuity.
Showing directly that (u, Vu) is an Ay weight is very difficult, however. The following

results allow us to circumvent this issue.

Lemma 4.1.3 (The John-Nirenberg Inequality). Given

8Kkd —1
0<o<
— 8KkC.,.’

there exist constants 0y, C1,co > 0 such that
{z € Bo: lg(x) - g5l > a}, < Cre” Wowro |By, (44)
foralla >0, g € -BMO(Q2) and balls By = Bo(xz,r) C Q with 0 < r < dodist(x, 0).

Remark 4.1.4. While Lemma 4.1.3 and its proof are largely taken from [SW1]
(though the proof has been expanded significantly), one small but important correc-
tion has been made. In the original publication, the theorem was stated to hold for

all 6 > 0, but the argument fails without the above restriction on §. The problem is

that for 0 > Si";z;ic, subcubes of d-local cubes are not necessarily again 6-local, and

the proof depends heavily on this assumption.

Corollary 4.1.5. Given (0 < < 8’;221, there are positive constants oy, C1 and co such

2
that €9 € 6o-As(Q) with [|€?]|5, 1) < (1 + M) whenever ||gll5_prro) <

C2—||9H5.BMO(Q)
Cy.
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Proof. Let 0 < < gg’ig}ig, and let &g, C7 and ¢y be as in Lemma 4.1.3. Fix a dg-local
ball By. Then

1 / 1 &
lg9—9B,| _ a .
e oldy = / e{z € By : |g — gB,| > a}|da
|Boly J 5, | Bo| ’ g

- “(1‘7\\9\\5.&0(9))
<1+ e da
0

9lls-
DR [ [V

Y

C2 — Hg||5—BMO(Q)

assuming that [|g]|; pyo) < c2- The first equality is obtained from Theorem 8.16 of
[R3[; the inequality uses (4.4) and the fact that

1 0 0
/ e*{z € By : |9 — gB,| > a}|do = / e“da = 1.
|B0‘M —00 —00
Hence
1 / 1
egdu> (—/ e_gdu)
(‘BO|M Bg ‘BO|M Bg
1/(”3))(1/( )
= e o/d e (9-980) 4
(|BO‘# Bo : |BO‘/1 Bo :
< ( 1 / el gBOdH) ( 1 / el 930|d,u)
N |BO|M BO |B0|,Uz Bo
2
9lls.
< (14 o0 Nolenom
C2— HgHa-BMO(Q)
which completes the proof. m

To summarize, we may show that a function g € dp-A5(£2) by showing that log g €
J-BMO(€Q2). For the rest of the paper, our angle of attack will be to apply this result
to modified versions of our weak solution (u, Vu). Before we continue, however, we

provide a fully detailed proof of Lemma 4.1.3.

Proof of Lemma 4.1.3. Let 0 < § < Si”;sc_eic. Fix m € Z and denote by D,, the
collection of dyadic cubes as in Lemma 2.2.2 with £ > m, and by §-D,, the collection
of ¢-local dyadic cubes with k > m. Note that if Q);,x € 6-D,,, then all subcubes Q); ¢

of Qj.; are as well. This is clear if £ = k and if not, we use the fact that @Q);,;, € 6-D,,
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to obtain
pLan
+1 _
AT = \k—¢
ddist(x;,,002)
\E—t
) . .
< et (dist (2, 24,¢) + dist(a;, 092))
§Ceu A1 Sdist (24, O0)
< Nkt Ak
8k° —1 oy Odist(zim, 00Q)
e N T e
whence
1 041 (5diSt(l’i’g, aQ)
g0 ST Al
Thus

AT < Sdist (w0, 09)

since \ = 8k°.

Part 1: Fix g € 6-BMO(2) and suppose ||g/|s.Bmo@) = 1. We begin by estab-
lishing the dyadic distribution inequality: there exist C,cs > 0 (both independent of
m and ¢§) such that

{z € Qo g™ () = gqo| > a}l, < Ce Tlmio |Qy, (4.5)

for all > 0 and cubes Qg € -D,,,. Here

9" (x) = Zng;mXQj;m (x) =) <| Qj_lm, /Q _’ gdu) XQjm (%) (4.6)

J

is the expectation of g on the dyadic decomposition of €2. Define M#A, the dyadic

maximal operator by
1
M}fh(x) = sup—/ |h|dp (4.7)
Q3x |Q|M Q

where we consider only cubes ) € 0-D,,. This new maximal operator is weak type

(1,1) with constant 1. That is, for h € L!

{o: MOh() > a}|, < é/ﬁ]hldu. (4.8)

The proof of this is analogous to that of part (a) of Lemma B.0.3 in the appendix.
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Before we can get to the main section of the proof, we establish some basic in-

equalities. For any @);,; € 0-D,, we have by Lemma 2.2.2 that

(4.9)

1
gB(:vj;k,Ak+1) - ng;k| = ‘ |Qj'k|u /Q gd,u - gB(zj;k,)\kJrl)
) Jik

- : / |g - gB(xj.k7)\k+l)‘ du
‘Qj;k’u Qjik ;
1
< - - B ) ;
~ ‘B('Tj;k,)\k)‘“ /;(xj;k,)\’wrl) |g gB( J;k7,\k+1)‘ "

Then since ||g||s_pyo = 1, and by (4.9) and the doubling condition we obtain,

Q 12 /(;?

< / 19— Gb(ayporien| di+ / |98 031) — 90, ] di
Qjiklp Qjik ’ 1Qjikel Qjik ’
1
L — , d _ — ao.
- |B(xj;ka)\k)|u /B(xj;k,Ak+1) |g gB(xJ%W\kH)‘ p+ ‘gB(%;k»Ak“) ng;kl
< 2 / |9 ~ 9B(x; )\k+1)‘ dp
’B(l?j;k, )\k)‘u B, A1) Jik>
2C) /
< — GB(x d
>~ ’B(xj;k,Ak+1)|u B(Ij;lw)\kJrl) }g gB( g;k:)\k+1)‘ 1%

< 2C)y HgHé-BMO(Q) =2Co

where Cy = DAF is a doubling constant as in Proposition 2.3.2.
Fix Qo € §-D,, and let h = (g — gg,)Xq,- Then for all cubes @ D Qo,

1 / 1
= [ |hldp < 19— 9q,| dp < 2Cy (4.11)
@l Jq |Qol Jau “
by (4.10). For each av > 0, define
Qy={re: MuAh(a:) > ak. (4.12)
If a > 2C, then Q, C Q. To see this, note that for x € €,

1

M#Ah(a:) = sup {—/ |h|d,u} > a > 2C) > 0.
Q3 ‘Q|u Q

So if z ¢ Qo, then for any @) 3 z, either Q@ D Qg or @ N Qg = () by Lemma 2.2.2. In

the first case, this would imply by (4.11) that

)
|h|dp < 2C) < a,
|Q|u Q "
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and in the second case we would simply have that

1 1
— | |hldp = — - dp = :
IQ\#/Q’ e 1Q|/Q'f farlxaudi=0 <0 1)

which together would give that M, /fh(x) < a, a contradiction.
Let

1
C, = 0-D,, : —— hld . .
{eeon iQ\u/Q"“”} (419

By Lemma 2.2.2 and equations (4.11) and (4.13), for a« > 2Cy the cubes in C, are
all proper subcubes of Q). Now, let {Q, ;}; be the maximal collection of cubes in
Co. That is, let (o, be a cube of largest measure in C, not intersecting any @, ,, for

1 <m < n. Then the collection {Q), ;}, satisfies the following properties:

(a) for all a > 2Cy, the @), ; are pairwise disjoint,

(b) for all & > 2C), U;Qa,; = Qo C Qo,

(¢) if 2Cy < a < B and 4, j are fixed, then either Qs ; C Qu; O Qo N Qui = 0.

The first property holds by construction. For property (b), we already have that
U;Qa,; C Qq since each Q € {Qq,¢}e satisfies (4.13), so that each z € @ is as in (4.12).
Conversely, for z € (),, we have that MHA(ZL") > «a. Hence there exists () € C, such
that z € @ and m
there is nothing to show) or QNU;Q, ¢ # 0. In this case, let Q" be the largest cube in
{Qur}e intersecting @) (that is, the cube with the smallest ¢). If x € )’ then we are

fQ |hldp > . Now, clearly either @ € {Qac¢}s (in which case

done, but if x ¢ @’ then @ D @’ by dyadic structure, contradicting the maximality of
{Qa.r}e since @ should have been chosen instead of '. Hence z € Uy(Q), ¢ in all cases.

For property (c), suppose Qs; N Qn; # 0. Then by dyadic structure, either
Qpj C Qa,i or Qn; C Qp,;. Suppose the latter for the sake of contradiction. Then
since § > «, we have that Qs ; € C,. So by maximality of {Qa}e, it must be that
Qpj N Qar # 0 for some i' < i (else Qp; would have been chosen instead of Q,;).
Thus by dyadic structure, either Qg ; C Qu,ir or Qa,iy C Qp,;. The former case would
imply that Q.; C Qq,r, which is impossible, so Qs ; D Q4. Finitely many iterations
of this process gives that Qg; D Qa1 Whence Qn; = Qa1 Thus Qn; C Qa, a
contradiction. Thus Qg ; C Qa,;-
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Now, let A : R — R be the distribution function of M2h(x). That is,
AMa)=1Q0|, =z e M/fh(x) > al,. (4.15)

For all Q = Qj.x € 0-D,y, let @ denote the dyadic predecessor of ). That is, @ =
Qi:k+1 1s the unique cube of order k + 1 containing (). Then for all cubes @,

Qly < | B (wigg2, A2) ‘M < C3|B (wj, Ak)lﬂ < C3Ql, (4.16)

by doubling.

Next, we show that
1
2
it =1+ % and a > 2C,. Note first that C/Q;/j C (@ since every cube in C, is

properly contained in @)y, and therefore is of order at least one less than that of Q).

’QCCY N Qa7j|u S ’Qa,j|u (417)

The dyadic predecessor of a cube must be of order one higher than the cube itself,
forcing it by dyadic structure to be either contained in @y, or to be )y itself. Note
also that ’h@;) < |h|é:j < «, since if C/Q;/J € C,, a similar argument to that used to
prove property (c) above would imply that Qu1 = Qo O Qa,;-

Let ¢ = Xao, (h — hg), ¢ >1and r € Qo N Q,,. By properties (b) and (c),

¥

there exists a cube Q¢n,; 2 @ such that Q¢ai C Qn,;. So

1
Ca < / Ihldy
|QCCM'|M Qcayi

1 /
= Xoo [hldp
|Q§a,z’|,u Qca,i Bers
1

< / k| dpe + ‘h ~_‘
|Qcasilu Joca., ers
1

< / |kldp + o
|QCa,i|u Qcayi

which implies that

1
‘Qca,i|u

and thus that for any o € Q¢ N Qo

/ |kldp > (o —a = (( — 1)
Qqa,i

M) > (¢ ~ Do, (4.18)



Now, since @av] C Qo, we get that
p(x) = h(z) = hg = (9(z) = 9q0) = (9 = 9au) gz, = 9(2) — 957,
Hence

Q%0 N Qajlu < }{MAk > (¢C—1) a}‘u

=1 / |kl dp

:mﬂ e

1
< e
—1)a OQJ;L

5 | dp

< mQnga,j‘u
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by (4.10), (4.16) (4.18) and (4.8), which proves (4.17) with ¢ = 1+ 2 ° and a > 2C.

We now obtain from (4.17) and properties (a) and (b) of the {Qaj}j that
1

1
A(a—|—4C’g’) = A(Co) = ’QCa‘u = Z Qo mQa,j|u < Z§‘Qa3 Bo= 2‘Q |H
J J
Moreover, for a > 4C3 + 2C), the above inequality yields
1
Ala) = A((a — 4C3) +4C3) < 5A(a —4CY).

Thus for a > 8C§, we get by iterating (4.19) [;%5] — 1 times that
0

(
(

|Qa|u = )

) e (] 1))
)" (a—(%g—l)wé’)
()
§4(§) |Qol

since [Qac, |, < |Qol,- This holds also for 2Cy < a < 8Cj since

IN

IN

IN

sc3

0 o
1)\ 4c3 1)\ 4c3
Q| < |Qol, =4 <§> P <4 (§> " 1Qol,-

Al@).

(4.19)
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Hence we conclude that [Q,] < 4 (3)*F |Qol, for all & > 2Cy, or equivalently that

{z € Qo: Mﬁh(x) > oty < 4e” % Qol,

where ¢y = }L%%. A similar calculation to the above shows that if a < 2C), then
0

o€ Qo MEH() > a}, < (2) () @,

since {x € Qo : leh(x) > a} C Qp. So with C' = max {620062, 4}, we obtain

{r € Qu: M2 (9 - g0,) xau) () > a}], < Ce(Qoly  (4.20)

for all a > 0.

We now wish to show that M2[(g — 9g.)Xqo) = 9™ — 900|XQ,» Which when taken
together with (4.20) will at last prove (4.5). But for every Q;,, C Qo, we have that
Qim € 0-D,,. Thus given a cube Q;.., C Qo,

1
MMA[(Q - ng)XQo] > / (g - ng)XQodVJ
|Qi,m‘u Qi;m
1 / J 1 / d
=\~ IXQoH — T3 9QuX QoM
’Qz,m‘,u Qi;m ’ |QZ,’ITL’IU, Qi;m ’ ’
= |gm - gQ0| XQo-

Hence

{z € Qo+ 9™ () = gaolxae > Yl < [{ € Qo= M [(9 — 9ao) Xau] (x) > a}] .

and (4.5) is proved.
Part 2: We now wish to extend our result from dyadic cubes to quasi-metric

balls. That is, we wish to establish

—cg

[{w € Bo: |g™(2) — gl > ], < Ce 7Byl (4.21)

for all dyp-local balls By. Fix By = B(x,r) and m € Z with A™*! < r. Then there
exists k > m such that \*¥ < r < A1 This gives rise to a collection of dyadic cubes

{Qj.x}jer C Dy, where F is an index set and Qj, N By # 0 for all j € F such that

BO C UjeFQj;k C B(I‘O, ()\’7)7“) = BS,
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where v is as in Proposition 2.1.4. We want to show that the cardinality of F', denoted
by #F', is bounded above with no dependence on k. But

(M)A
)\k

E
|B5lu < 1B, (M)*A")|, < D ( ) B, A" < DO)*F1Qje

for each j € F, by doubling and engulfing where D and F are as in Proposition 2.3.2.
We will denote D(\y)2F by €. Summing these inequalities yields

#F)Bslu < C' ) 1Qjalu < C'|Bu
jEF
so that #F < (', as desired..
Let 6y = %. Then B is d-local whenever By is dp-local. Then if By = B(xg,r) is
do-local and E is any subset of Bj with |E|, > Ilé_a:l, we have

!

| | \ = [0 g \< ¢
9B* — 9E| = |7= g —gp:)ap| = "
; B, )~ 9m)dn) < T

/ |9 — gpsldp < C'
Bg

since By is d-local and [|g|; pyo(q) = 1. In particular, we obtain by doubling that By

and @, are sufficiently large for all j, so
1980 = 90, | < 1985 — 90, + 985 — 9B,| < 2C" (4.22)
for all j € F. Thus for a > 4C", if |¢™(z) — gB,| > « then
@ < 19" () = g8,| < 19"(x) = 9,0l +2C" < 9" (@) = 9ol + 5
by (4.22) implying that [¢™(z) — gq,,| > §. Hence

{z € Bo:lg™(@) = gmal >l <Y [{2 € Qe |9™(@) = 90, > 5 }

, 2
JEF

I

< Z Cemei | Qs

jeF
< Ce %°|Bjl,
< C'Ce™ 7% By,

by (4.5) and doubling, where C'is as in (4.5). As in part 1, we may extend this result
to all & > 0. In particular, for o < 4C" we obtain that

[{z € Bo: |g"(x) = gso| > A}l < (2 )e™ 7B,
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so (4.21) is proved with C; = max{C'C, e>¢"}.

Part 3: For the final portion of the argument, we let m — —oc and remove our
dependence of g™ to obtain (4.4). Note now that given x € , we can construct
a sequence {Qi,, m}me; of the unique dyadic cubes of order m containing z. By
definition of a homogeneous space these cubes are of bounded eccentricity and their

Euclidean diameters tend to 0 as m — —oo. Thus by Theorem B.0.5, we have that

1
lim ¢™(z)= lim —/ gdp = g(x)
m—r—oo m—r—oo |Qim;m‘,u Qipnom
for almost every x € By, as desired.

Finally, we employ Fatou’s Lemma (Lemma 1.28 from |R3]) to obtain that

|{.’L’ € BO : |g($) - gBo| > Oé}|u = /X{aceBo:g(;lc)gBO|>Ot}d:u

< / lim inf x{xeBO;\gm(:p)—g50|>a}dﬂ

m——0oQ

< lim inf X{xeBO:\gm(x)—gBo |>04}d/“L

m——00

= liminf{z € By : |g™(x) — gB,| > a}

m——00

< Che™ 29| By,

for all & > 0. This proves (4.4) for g with ||g||s.-mo() = 1. The general case follows
and o with ——*—— O

upon replacing g with ——4—— )
p placig g a5 mrio) T9lls-mro@)

4.2 The Mean-value Estimates and Local Boundedness of Weak

Solutions

In this section, we briefly present special cases of three powerful results (including the
main result in the case of Theorem 4.2.4) from [MRW]. We omit the proofs of these
results as they are beyond the scope of this thesis, but they are accessible in [MRW]|
as indicated.

We begin with the mean-value estimates.

Lemma 4.2.1. Let § > 0 be such that (3.19) holds for some o > 0 and (3.21) holds
for some 7 > 0. Fiz a ball B(x,r) with 0 < r < 72§dist(z,09Q). Let k,a; > 0 be
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given and set ©w = u + k. Then there exists C = C(ay, 0, k, f) such that

1

1 ar
ess sup u < C (—/ u‘”dn) . (4.23)
B(x,rr) |B($’ T)| B(z,r)

Lemma 4.2.2. Let § > 0 be such that (3.19) holds for some o > 0 and (3.21) holds
for some T > 0. Fiz a ball B(x,r) with 0 < r < 72§dist(z,0Q). Let k > 0 and g < 0
be given and set u = u+ k. Then there exists C' = C(ay,0,k, f) such that

1

o

1 2
_— aanu> < (Cess inf . (4.24)
(IB( ) J B

T, T B(x,7r)

Remark 4.2.3. (1) Given k,a; > 0, we may choose ag = —ayy.

(2) If the ag is chosen this way, then the constant C appearing in (4.24) is identical
to that appearing in (4.23).

Note that as of yet, the integrals on the right-hand side of (4.23) and the left-hand
side of (4.24) may not be finite. This third result guarantees that they are:

Theorem 4.2.4. Let § > 0 be such that (3.19) holds for some ¢ > 0 and (3.21)
holds for some T > 0. Fiz a ball B(x,r) with 0 < r < 7édist(z,0Q). Let k > 0 and
u=u+k. Thenu e L>®(B(z,7r)).

The local boundedness of weak solutions given in the previous theorem is an

extremely powerful and versatile property which we will exploit later in the paper.

4.3 The Log Estimate and Harnack’s Inequality

In Section 4.1, we proved that, given sufficiently small 6 > 0 if log g € -BMO(£2) and
has sufficiently small BMO norm, then g € dp-A2(§2) where 0y is as in Lemma 4.1.3.
Here, we provide conditions under which a modified version of (u, Vu) € §-BMO((Q2)
in a local sense. Indeed, for the remainder of the paper our arguments will be local in
nature, as we will require stricter conditions in terms of boundedness and structure

of our sets.

Lemma 4.3.1. Suppose Q) is bounded. Let

8kP —1

0<d< ——=
0= Ceu08/f5
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be sufficiently small so that (3.20) holds for some b > 0 and (3.21) holds for some
T >0, and suppose that f € L>®(Q). Let k > 0 and define u = u+ k and w = log .
Fiz a ball B(x,r) with 0 < r < Fédist(z,0Q). Then there exists a positive constant
C=C(1,N, f,Q,8) such that

1
W/ ) W — wpEnldp < C (4.25)
where N is as in (3.21). That is, w € $0-BMO(Q).

Proof. Let n € Lipy(Q)) with 0 < n < 1 and let v = n?a~!. Then by Lemmas 3.2.1
and 3.2.2, we have that (v, Vv) € Wéf(Q) where

Vv = 2na Vo — n*u V. (4.26)
Moreover,
Vou-QViu+vf(x) = (2na'Vn — n*a2Va) - QVu + n*a ' f(x) (4.27)
= 277771\/@V7] . \/@Vﬂ —n*u " Vu - QVu +n*u ' f ()
< 291~ |V@VllV@Val — il @Vl + 2L

The last step in (4.27) comes from the Cauchy-Schwarz inequality and from

1U+k |f|

na fa) <pt(u+ k)T ——|f] =

We apply Young’s inequality with # = 2 to the first term on the right-hand side of
(4.27) to obtain

2 |/ QN @Val < 8@l + MVEVEE (1.28)

Combining (4.27) and (4.28), we get that

(4.29)

——1 —12
Vo QVi+ vf(x) < 8y/QVylt - 1 é@w +n2%

and using the fact that (u, Vu) is a weak solution to (3.3) in  and that Lipy(2)
is dense in Lipg(Q), we integrate (4.29) over B = B(z, 2r) (noting that B € Q2 by

construction) and move the second term to the left side, which gives

/Bma—lvm?dugc(/ 1/ Qv d,u+/ 271 ) (4.30)
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Applying Hoélder’s inequality to the second term, we get

f 1
/3772%@ < APl fllem) < |B|

|1z (@)
k
since 0 < n < 1. Setting D = T2WHL#, we normalize (4.30) to obtain

][ Ina'/QVul*dp < C (][ 1/ QVn|2du + %) .
B B T

(4.31)
Choose 1 = 1 from (3.21) relative to the ball B(z, 2r) (which is indeed still §-local

1

|B(a:,7“)|“

by construction) so that n = 1 on B(z,br). Then applying the Poincaré inequality
(3.20) and Lemma 3.2.2 to w = log @, we obtain

1 3
W — WB(g,r d,uSC’r(—/ QVw2du)
/B(x,r) | Bl )| ? |B(l’, br)|lt B(x,br) |\/_ |
1
1 2
= (rmx,br)ru [ Vv “)
; 3
1 2
|B(m,br)|u> (7{9@,3@ Qv d“)
D\ 2
<o (f WVavaPau+ 3)
B
D3
VOV L2y 75 + 7)

D3
IVQV| gy + 7)
N D3
<C(r)r| —+ >

T r

< C(7,N)(1 + D2)

by doubling and the ASLCOF condition, where N is as in (3.21). Finally, recall that

1

0 < r < podist(x,0Q) < Fodiam(Q2) where diam(€2) = sup,, cq |y — ¥'| < oo since Q
is bounded. Hence
‘B(‘Tv T)’ B(z,r)

|w - wB(z,'r)‘d,u < Ca

where C' is independent of x,7. Since B(z,7) was an arbitrary d-local ball, we
conclude that w € 70-BMO(Q2).

O
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The following corollary combines this with some of our other results.

8k5—1
8k°Cleuc

that (3.20) holds for some b > 0 and (3.21) holds for some T > 0 and suppose that
feL®(Q). Let 6 = ;6" and k > 0. Define & = u+ k and w = logu. Then

Corollary 4.3.2. Suppose Q) is bounded. Let 0 < §' < be sufficiently small

(a) For all oy > 0, logu® € §-BMO(2).

(b) If aq||logul|s-emo) < c2, then logu™ € 8y-Ax(S2), where &y, co are as in Lemma
4.1.3.

Proof. Let ay > 0. For part (a), we have by the above and Lemma 4.3.1 that logu €
6-BMO(£2). Moreover, logu® = a; log @ so that || log @ ||s.smo(q) < o1]|log @|sBmo) <
oo. Hence logu®' € 6-BMO(Q).

For part (b), suppose o, is sufficiently small such that a:||log@||s.Bmo) < co
Then || log @*||s.smo() < c2. Hence by Corollary 4.1.5, e°8%™ = g1 € §p-A,(Q) as
desired. ]

With this corollary, we are at last ready to combine all of our results to establish

a strong Harnack inequality:

Theorem 4.3.3 (Harnack’s Inequality). Suppose Q2 is bounded. Let

8K — 1
§y <
0<d'< 8k5C e

be sufficiently small so that (3.19) holds for some o > 1, (3.20) holds for some b >0
and (3.21) holds for some T > 0, and suppose that f € L>(2). Let § = T—;é’ and fix a
ball B(z,r) with 0 < r < ddist(x, Q). Let m(r) = r?||f||r~) and let & = u+m(r).
Then there exists Chyr > 0 such that u satisfies the strong Harnack inequality

ess sup U < Chgress inf @ (4.32)

B(z,rr) B(z,Tr)

Proof. By Corollary 4.3.2, we may choose a sufficiently small a; > 0 such that @ €

do — Aa(€2) where 4y is as in Lemma 4.1.3. Hence

1 w1

ay al
TR/ aald'u> (— / ﬂ_aldﬂ) < Char
<|B(ZL‘,T‘)| /B(x,r) |B(ZE,T’)’ B(z,r)



46

1
where Chqr = [|t]] )} ) is independent of B(z,r). Equivalently,

1 0%1 1 el
7%d <C ar | ———— u %d . 4.33
(\B@,r)\/mm“ “) = (rB@:w)r - “) )

The hypotheses of Lemmas 4.2.1 and 4.2.2 are satisfied, so combining (4.33) with
(4.23) and (4.24) and taking into account Remark 4.2.3, we obtain

Cess sup u < (heCess inf u

B(zrr) B(zrr)
whence
ess sup u < Chgress inf a,
B(zrr) B(zrr)
proving (4.32). O

4.4 Holder Continuity of Weak Solutions

Having established a Harnack inequality in Theorem 4.3.3, we now use this result to

establish local Holder continuity of our weak solutions using the methods outlined in
[D], and later in [M| and [SW1].

Definition 4.4.1. Given a > 0, we say that a function g : 2 — R is a-Holder
continuous on €2 with respect to the quasi-metric d if there exists C' > 0 such that for
every r,x' € (,

l9(x) — g()| < Cd(z, )" (4.34)

It is important to notice that if a = 1, then ¢ is Lipschitz with respect to the quasi-
metric d.

As we will see in a moment, the machinery from the previous sections is sufficient
to establish local Holder continuity with respect to the quasi-metric d. We often wish,
however, to establish Holder continuity in the classical Euclidean sense in order to
test for differentiability of our weak solution. To that end, we shall follow [FP] and

impose one final structural assumption on our space:

Definition 4.4.2. Q is said to satisfy a Fefferman-Phong containment condition if
there exist positive constants C,c and 0 such that for every x € Q and 0 < r <
ddist(z, 09)

D(x,r) C B(z,Cr®) (4.35)
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where D is a Euclidean ball.

Lemma 4.4.3. Let
8Kk — 1

Ceuc8/f5
. Fizy € Q and choose 0 < p < %(5dist(y,8ﬂ) where 7 is as in (2.1.4). Then

0<d<

1. For every x € B(y,p), B(z,2p) is also 0-local.

2. If (Q,d, p) satisfies the containment condition (4.35), then for all z, 2" € B(y, p),
d(z,2") < Clz —y|°.

Proof. For part 1, given © € B(y, p) we have (since 7 > 3) that

3p<p
< odist(y, 0€2)
< §(|ly — x| + dist(z, 09))
< 0(Ceucp + dist(z, 092))
< p + ddist(z, 9Q)

whence
2p < odist(z, §2).
For part 2, suppose (2, d, u) satisfies the containment condition (4.35). Let x,2’ €
B(y,p). By part 1, the ball B(x,2p) is d-local, so (4.35) holds for all B(x,r) C
B(z,2p). Suppose for the sake of contradiction that d(z,z’) > C|z — a’|°. Then
<d(IT’g”,))g > |z —a'|. Setr = %((d(xT’x/)>5+\w—a:’|). Then r > |z — /|, so
' € D(z,r). But 2’ ¢ B(z,Cr®) = B(x,d(x,2")), a contradiction. O
Theorem 4.4.4. Suppose ) is bounded. Let
8k° —1
0<d <
~ 8K Ceyue
be sufficiently small that (3.19) holds for some o > 0, (3.20) holds for some b > 0 and
(3.21) holds for some T > 0 and suppose that f € L>(2). Let § = T—;(S’ and fixy € Q)
and choose 0 < p < %5dist(y,8§2) where v is as in (2.1.4). Then there exists a > 0

such that (u, Vu) is a-Hélder continuous on B(y, p) with respect to the quasi-metric
d. Moreover, if the containment condition (4.35) holds, then (u,Vu) is ac-Holder

continuous in the Buclidean metric.
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Proof. Let 0 < r < p and define

wy(r) =ess sup wu(x)—ess inf wu(x)
z€B(y,r) z€B(y,r)

If wy(r) = 0, then u is constant on B(y,r), so there is nothing to show. So assume
that wy(r) > 0. Moreover, by Theorem 4.2.4, u € L>(B(y,r)), so wy(r) < co. Now,
define

z€B(y,r) 2€B(y:r)

1
M=—= <ess sup u(z)+ess inf u(x)) .
Then we have that

ess sup (u(z)+ M)

z€B(y,r)
1
=ess sup u(z)— —ess sup wu(z)— —ess inf wu(x)
z€B(y,r) z€B(y,r) z€B(y,r)
1
= 5“?;(7")

and similarly that
1
—ess inf (u(x) + M) = —w,(r).

z€B(y,r) 2
Let up =1+ f“(w) and u_ = 1— 1““(”). Then since (u, Vu) is a weak solution to
swy(r swy(r

(3.3) in €, we obtain by Lemma 3.2.2 with f(z) = 1+

M that (uy, Vu, ) is a weak
§Wy(7")
solution to

div(QVuy) = +——— /
§wy(r)
in Q, and similarly (u_, Vu_) is a weak solution to
: __f
div(QVu_) = ————
Wy (r)

in Q. Note that all results that held for (3.3) will also hold for these equations as
well upon replacing f with %(r) (Note that in the case of the log estimate, Lemma

4.3.1, the quantity D will not depend on wy(r) when k = p2 WllLoo @y

o) ). In particular,

the Harnack inequality holds for these equations. Both u, and u_ are nonnegative
on B(y,r) D B(y,7r) (where 7 is as in (4.32)) by construction. Moreover, since
uy +u_ = 2, we have that either esssup,cp(, ) U (2) > 1 or esssup,ep(, - - (7) >
1. Suppose the former holds. Then

ess sup (up(z) + 2w, (r)'m(r)) >ess sup wuy(z) >1
z€B(y,rr) z€B(y,rr)
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where m(r) is as in Theorem 4.3.3. Applying an adapted version of the Harnack

inequality (4.32), we see that

1 < Charess  inf  (uy () + 2w, (1) 'm(r))
z€B(y,rr)

or equivalently that

C' <ess inf (up(z)+ 2w, (r)'m(r))
z€B(y,rr)

where ¢’ = C;-1. Hence

har*
0 < O <ug(x) + 2wy(r)"'m(r)

for almost every « € B(y, 7r). Expanding this, we have

M
C'<1+ u(le + 2w, (1) tm(r)
5%,(7’)
or equivalently
1 , 1
() (L= C') = mlr) < u(@) + M < 200, (r)

for almost every x € B(x,7r). This means that
0l u(a) 2 — ()1 - C') — m(r)
ess inf w(z) > —=w,(r)(1—C") —m(r
z€B(y,rr) - 2 Y

and

1
ess sup (u(z) + M) < zwy(r).
z€B(y,rr) 2

Thus we obtain at last

wy(Tr) =ess sup wu(zr)—ess inf wu(x)

z€B(y,7) x€B(y,rr)
=ess sup (u(z)+M)—ess inf (u(x)+ M)
z€B(y,Tr) z€B(y,Tr)
1 1 ,
< quy(r) + gwy(r)(1 = C7) +m(r)

_ (1 _ %0) wy(r) + m(r)

(4.36)

for 0 < r < p. A similar calculation shows that the estimate (4.36) also holds if

u_ > 1. We now apply Lemma 8.23 from |GT|, which we present here:
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Lemma 4.4.5. Let w, be a nondecreasing function on an interval (0, Ry| satisfying,
for all R < Ry, the inequality

wy(TR) < ywy(R) + o(R)

where o is also nondecreasing and 0 < v, 7 < 1. Then for any 6 € (0,1] and R < Ry,

we have .
wy(R) < C ((Rﬂ) wy(Ro) + (R‘)R})(’)>
0
where C'= C(7) and o = (7, T,0) are positive constants.

The application is obvious with o = m and v = (1 — ") (by conincidence, the

7 and w, in the lemma and the rest of the proof coincide). Hence we obtain

(L) o +mis=). (137)
p
Examining the proof of Lemma 8.23 of [GT|, we find the precise definition of «:
1
a=(1-60)-—27
log T

1
Now, note that

r r

(9 = (05|l = (;)apl\ng - (;)emw. (139)

Substituting (4.38) into (4.37), we obtain

wy(r) < C ((g)awm " (g)em@)) (439

forall0 <r < p<1and® € (0,1), where C' depends only on Cj,,.. Choosing € such
that

1
a=(0—-1)log: (1 - 56") <0,

(4.39) becomes
r

1) < Clelo) +mio) () (.40

P
for 0 <r < p < 1, where C' depends only on Cjy,..
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Fix z,2" € B(y,p). We wish to use (4.40) to deduce Hélder continuity of u on
B(y, p). Note that the estimate (4.40) holds for any d-local ball B(y/,r) with r < p,
so by Lemma 4.4.3, it holds for B(y/, p) for any v € B(y, p). If d(x,z") > p, then

u(z) — u(z')] < wy(p)

< Clayl)+mie) ()

p

< Cluyop) + i) (M)

So suppose d(z,x') < p. Let Gy = m > 1. Then for every 1 < < By we have

both that 2’ € B(z, fd(z,2")) and, since fd(z,x") < p, that B(x, fd(x,z')) is d-local
by Lemma 4.4.3. Hence

u(e) — u(@)] < wa(Bd(x, "))
< Clwn(p) + mip)) (%)
S, >)

< Cluy(0) + m(p)) ( .

for every 1 < 8 < y. Taking the limit as 5 — 1T, we obtain once again that

u(w) — u(&')] < Clan(1p) +m(0)) (d("””/f'>)a. (1.41)

Thus u is a-Hélder continuous with respect the the d on B(y, p). Moreover, if (€2, d, 6)
satisfies the containment condition (4.35), then by Lemma 4.4.3, we may replace
d(z,z') by Clz — 2'|%, so that u is ae-Hélder continuous in the Euclidean sense on

B(y,p)-
O



Chapter 5
Discussion

In this thesis we have been following primarily the work of Sawyer and Wheeden
in [SW1], which in turn follows the work of DeGiorgi and Moser in [D] and |[M].
Although we have dealt soley with the simple equation (3.3), the methods used here
generalize to more complicated equations. In particular, they apply to general second

order degenerate linear elliptic equations of the form
div(QVu) + HRu + S’Gu + Fu = f in Q (5.1)

where R = (Ry,...,R,) and S = (S1,...,S,) are n-tuples of first order vector fields
(S’ denotes the formal adjoint of S) subunit with respect to Q(x,¢) in Q, H and

G are measurable R"-valued functions on 2 and F', f are measurable real-valued

functions on Q. A first-order vector field V(z) = Zvj(x)Dj identified with the
i=1

vector v(z) = (v1(x),...,v,(x)) is called subunit with respect to Q(z,£) in € if
(v(z)" - €)* < Q(v(x),€) for almost every z € Q, €& € R™.

Regularity and existence of solutions to equations of this type have been treated in
[SW1] and [R|. There, the core of the arguments are identical to those found above.
The lower-order terms H, R, S, G, and F are estimated separately in all of the
important inequalities.

More recently, Montecelli, Rodney and Wheeden have treated a still-more general
class of second order degenerate quasi-linear elliptic equations in [MRW] and a sequel
currently in pre-publication. Given A: Q X R X R" - R" and B: Q) x R x R" —» R,

these are equations of the form
div(A(z,u(z), Vu(z))) = B(z,u(z), Vu(z)) for x € Q. (5.2)

In (5.2), the functions A, B are assumed to satisfy the following: there exists a vector
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Az, z,€) such that for almost every = € Q and every (z,€) € R x R, the conditions

A(r,2,6) = /Q(2)A(x, 2, €)
& Alw,2,6) 2 a” ' [VQ@)EP — h(z) 2" — g()
Az, 2,6)| < al\/Q2)E[P~! + b(x) |2 + e(x)
|[B(@,2,6)] < (@) |\/Q@)E|"™ +d(x) |2~ + f(x)

hold relative to some particular nonnegative definite symmetric matrix @Q(z) with
|Q(x)| € Li,.(Q), where a,~,t%,§ > 1 are constants and b, ¢, d, e, f, g, h are nonnega-
tive functions of x in (2. There, the same basic structure of argument is used: showing
that a weak solution is an Ay weight using a (now greatly modified) version of the
John-Nirenberg inequality and combining that with mean-value estimates to estab-
lish a local Harnack inequality. Given all this, it appears that a large nail has been
put in the coffin, so to speak, for the regularity of degenerate (quasi)-linear elliptic
equations. The reader is strongly encouraged to investigate this further. The modi-
fications required to adapt the theory presented here to the more general cases just

described are non-trivial and very interesting.



Appendix A

The Sobolev Space W1?()

Let (Q,d, 1) be a homogeneous space. In order to more rigorously define W2(Q2), we
must first weaken our notion of the derivative of a function u : €2 — R. Recall that if

u is differentiable and ¢ € C2°(Q2), then the integration by parts formula yields

/uDigod,u:/ ugpds—/Diugod,u:—/Diugpd,u. (A.1)
Q 00 Q Q

This equivalence motivates the following definitions:

Definition A.0.1. Let v € L, .(Q2). Then for 1 < i < n we say that v is the
weak partial derivative of u in the direction x;, (or the partial derivative of w in the

sense of distributions in the direction z;) if

/ uD;pdp = — / vpdp
Q Q

for every p € C°(Q). If for each i = 1,...,n, u has a weak derivative in direction z;,

we simply call u© weakly differentiable on €.

Definition A.0.2. Let u € L .(Q) be weakly differentiable. Then we define the

loc

weak gradient of u by
Vu = (vy,...,0,) (A.2)

where v; is the weak partial derivative of v in the direction x;.

Remark A.0.3. Note that derivatives defined in this way are unique if they exist
(see Chapter 1 of [AF]). Hence if u is differentiable, its weak derivatives will coincide
with its partial derivatives by (A.1). That is, weak-derivatives are generalizations of
derivatives. Similarly, the weak gradient V is a generalization of the classical gradient,

since for a differentiable function, the two are identical.
Definition A.0.4. Let  C R" be open. We define the Sobolev space W12(Q) by
W2(Q) = {u € L*(Q) : Vu € (L*(Q))"}

where Vu is as in (A.2).

o4



Appendix B

Lebesgue’s Differentiation Theorem for Homogeneous

Spaces

Here, we take a moment to generalize Lebesgue’s differentiation theorem to a homo-
geneous space (£2,d, ). The following covering lemma is standard, and is available
on page 843 of [SW2], so we present it without proof. The proofs of the other results

are adapted from arguments used in |F| and [SM].

Lemma B.0.1 (Vitali). Suppose {Ba}aca is a family of balls contained in some fized
ball B C Q). Then there is a countable subcollection {B;}icr of these balls such that

(i1) Every B, is contained in some B}, where B is the ball concentric with B; and

radius k + 4k* times that of B;,
(iii) ‘ Uaea Ba‘u < Zie[ |Bi|u7
and where C' = C'(k,C), k is as in (2.3) and C is as in (2.15).

Definition B.0.2. Let f € L}, (). Define the d-Hardy-Littlewood maximal function
MA(f) by

1
M) @) =swp = [ (B.1)
r>0 |B(CL’,7’)|H B(z,r)
Define also the uncentred d-Hardy-Littlewood maximal function by
1
Ul f)ta) =sup o [ |fld (B2)
B3z ‘B|u B

Lemma B.0.3 (The Maximal Theorem). Let f : Q2 — R. Then

(a) If f € L'(Q), then for every a > 0,
o2 (@) > atly < S [ (7ldn
@ Ja
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(b) If f € LP(R2), 1 < p < oo, then M(f) € LP(Q) and

1Ml < (11

(c) If f € LP, 1 < p < oo, then MY(f) is finite almost everywhere.
The constant C' is as in (2.15), C' = C'(C,k) and C" = C"(C,p).

Proof. We first remark that M? < U?, since U? simply considers more balls, so we
will prove the theorem for U¢, which will imply that it holds for M¢ as well. To prove
(a), let o > 0, let B, = {z € Q: U4(f)(x) > a} and let E C E, be compact. By
definition of U?, for each z € E there exists a ball B, so that = € B, and

1
Blu< 3 [ Ifldu (B.3)
(0% B,

The collection {B,}.cr forms an open (since 2 was a homogeneous space) cover of
E, so there exists a finite subcollection of { B, }.cr which also covers E. By Lemma
B.0.1, we may select a disjoint subcollection of the finite subcollection By, ..., B,

such that .
Bl < 'Y |B, (B.4)

i=1

Combining (B.3) and (B.4), we obtain

"1 C’
El. <N = < =
B, <C ;Zloé/medﬂ_ a/ﬂlf!du

since the balls are disjoint. Taking the supremum over all compact subsets E proves
(a).

Moving on to part (b), define fi(x) = f(x) if |f(x)] > § and 0 otherwise. Then
we have that U4(f) < U%(f1) + $. This yields that {x € Q: U(f) > a} C {z € Q:
U%(f1) > }. Applying part (a), we obtain

o UHN)@) > ol < [{o: V) ) > &)

C
S_/|fl|d,u

a Jo
_¢

= |fldp. (B.5)
@ Jif1>5)

I
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By Theorem 8.16 of |[R3|, we have that

/Q (U(F)Pdu = p / T U > o}l da, (B.6)

and combining (B.5) and (B.6), we obtain

vipin<cp [ fd] r-2g
Il <co | [/{W}Hua o

2/f]
—Cp / / [ flo¥~2dady

2|11

which proves part (b). Part (c¢) is immediate from the preceding parts, so we are

done. 0

Lemma B.0.4. If f € L},.(Q), then
1
lim— / fdu = f(x)
B(z,r)

=0 [B(z, 1)y

for almost every x € Q).

Proof. Let f € Li,.(2). Since the estimate we are trying to prove is local in nature
(that is, since we will be integrating over smaller and smaller balls) we may assume
that f = 0 outside of some large ball, so that f € L'(2). We proceed by proving that
the set

Aa:{xGQ hm;/ |f—f(m)|d,u>oz}
B(z,r)

=0 [B(x,7) 4
is of measure 0 for all o > 0.
Fix a > 0, € > 0. By the density of C(Q) in L*(2), there exists g € C() such
that [, |f — gldu < e. Now, we obtain

1
_— — f(z)|d
|B(I7T)|H /B;(x,r) |f f( )| s
1

1
= |B(z,7)]|, /B(M) | = gldp+ |B(z,7)],, /B(w,r) lg — g(x)|dp + | f(z) — g()]
< MYU(f = g)(@) +0(r) + | f(2) = g()

for every = € Q, where §(r) is some function such that |g(y) — g(z)| < d(r) whenever
ly — x| < r (note that d(r) is well-defined since ¢ is continuous). Note also that

d(r) > 0asr —0.
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By the above, if 2 € A., then either M4(f — g)(z) > 5 or | f(z) — g(z)| > $. But
by Lemma B.0.3, we have that

{zeoimir-gw =5} <Cir-h < e

and by Chebychev’s inequality (Theorem 6.17 of [F])

o If =gl €
cQ: — > —} < <
{re0: i@ —g@l>5}| < <2
Thus both of these sets are of measure 0 and we are done. O

Theorem B.0.5 (Lebesgue’s Differentiation Theorem for Homogeneous Spaces). Let

(2,d, 1) be a homogeneous space and let f € L, (). For every x € Q such that

loc

. 1 B
BTy =S B

holds (in particular, for almost every x € Q), given a family {E,},~o such that
o E.C B(x,r) for every r >0

o there exists C' > 0 independent of r such that C|E,|, > |B(x,r)|, for every
r>0

we have that

lim
r—0 |E7“|M E,

fdu= f(z).

Proof. Choose x €  such that (B.7) holds and let {E,},~¢ satisfy the above hy-
potheses. Then

<
|Erlu J,

C
< — d
_IM%ﬂhA¥nU f(@)ldp

which tends to 0 as » — 0 by Lemma B.0.4. [

fdp — f(x) |f = f(x)]dp

’|E7'|M E,
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