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Abstract

This thesis is an exposition of spectral theory for bounded operators on Hilbert space. Detailed
proofs are given for the functional calculus, the multiplication operator, and the projection-valued
measure versions of the spectral theorem for self-adjoint bounded operators. These theorems are then
generalized to finite sequences of self-adjoint and commuting bounded operators. Finally, normal

bounded operators are discussed, as a particular case of the generalization.
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List of Abbreviations and Symbols Used

I llx o norm for the vector space X

Ho....... Hilbert space

(vy e ) e inner product

LH) ... collection of bounded operators on H

| operator norm

T ... adjoint for the operator T'
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r(T) ....... spectral radius for the operator T'

LCH ....... locally compact Hausdorff

M(X) ....... collection of complex Radon measures on X, an LCH space

C(X) .o collection of continuous functions f: X — C

el veeneee uniform norm

M(X) ... collection of complex Radon measures on X, an LCH space

Py eeees the measure associated with a self-adjoint T' € L(#), and the vectors x,y € H
Co(X) coueene collection of continuous functions f : X — C which vanish at infinity
Cp(X) ... collection of bounded, continuous functions f : X — C

Bx ....... Borel g-algebra for the topological space X

B(X) ....... collection of Borel measurable functions f: X — C

Bp(X) ... collection of bounded, Borel measurable functions f : X — C
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PVM ....... projection-valued measure

Dayy -oeeees the measure associated with the PVM P, and the vectors z,y € H

supp(P) ....... support of the PVM P

[fap ... the element of £(H) associated with the Radon PVM P, and f € By(supp(P))
TR oo the real component of T' € L(H)

Tr oo the imaginary component of T' € L(H)



Chapter 1

Introduction

Spectral theory is a sophisticated area of mathematics, drawing on diverse concepts in algebra,
functional analysis, measure theory, and complex analysis. The spectral theorems are fundamental
to the mathematical modelling of quantum mechanics, which provided the initial inspiration for
their inception. They play an important role in many other applied areas, including statistical
mechanics, evolution equations, Brownian motion, financial mathematics, and recent work in image
recognition. Applications within pure mathematics are also numerous, ranging from differential
equations to harmonic analysis on manifolds and Lie groups.

In one of its most recognizable forms, the spectral theorem states that any self-adjoint operator
is unitarily equivalent to a multiplication operator on some L? space. More specifically, if T is a

self-adjoint operator on H, then there is a unitary map U : H — L?(X, X, ) such that
UTU(f) = Mp(f):==F -

for some function F : X — R. In the simplest case of C", this multiplication operator version of the
spectral theorem gives the familiar statement that every self-adjoint n x n matrix 7" is diagonalizable,
i.e. there is a unitary matrix U and a diagonal matrix D such that UT U~! = D. Here, D may be

interpreted as a multiplication operator on the L? space C".

The derivative operator T = —i % is an example of a self-adjoint, densely-defined operator on
L?(R). Applying the Fourier transform F to T, and integrating by parts, gives

oo

FO© = [ i 5s0e = (-2migi [ e a = ome (F1) ).

— 00

The Fourier transform is a unitary operator on L?(RR), so this shows that 7" is unitarily equivalent
to multiplication by 27¢.

The real power of the spectral theorem described above is that it enables one to define ” functions”
of a self-adjoint operator T. For any bounded and measurable function g : R — C, we obtain a

bounded operator g(T') on the Hilbert space H, by setting
g(T) =U"" Myop U.

The collection of all functions ¢g(7T') defined in this way is referred to as the functional calculus for

T. In the example of the derivative operator above, the functions g (—i %) are none other than the
convolution operators, natural operators that are found throughout mathematics.
The functional calculus for a self-adjoint 7" is uniquely associated with its subcollection of char-

acteristic functions x g(7"). The functions x 5(7") may be used to define a projection-valued measure,
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a map from the Borel o-algebra for R to the set of orthogonal projections on A, which behaves
similarly as a measure.

This thesis is an exposition of spectral theory for bounded operators on Hilbert space. After
discussing preliminary assumptions and results, we give detailed proofs of the functional calculus,
the multiplication operator, and the projection-valued measure versions of the spectral theorem for
self-adjoint bounded operators. These theorems are then generalized to finite sequences of self-
adjoint and commuting bounded operators. As a particular case of this generalization, we discuss
normal bounded operators.

The development largely follows that in [5] and [4], but expands on the presentations there,
carefully filling in all the details. Any basic facts we use about Hilbert space come from [2], and

standard results in analysis come from [3], unless otherwise stated.



Chapter 2

Preliminaries

This chapter provides, largely with proof, the background that is needed to discuss the spectral
theorems. In the first section, we recall the definition of a bounded operator. We also describe £(H)
as a C*-algebra, as it is a useful way of summarizing many facts that we will use later. The second
section introduces positive bounded operators and orthogonal projections, which are related objects.
In the final section, we define the spectrum and the resolvent of a bounded operator, and use the

resolvent to prove various properties of the spectrum.

2.1 A C*-algebra of Bounded Operators

Definition 2.1. If X and Y are normed vector spaces, and T : X — Y is a linear map, then T is
bounded if there exists a constant C' > 0 such that ||Tz||y < C'||z||x for all z € X. The collection
of bounded linear maps from X to Y is denoted by £(X,Y). The operator norm is a function
|-l : £(X,Y) — R=0 defined by

IT|| = inf{C' >0 | [|Tz|y < Cllz|x Vo € X}.

If H is a Hilbert space, then a bounded linear map T : H — H is called a bounded operator. The
space of bounded operators on H is denoted by L(H).

In this section, we show that £(#) satisfies the requirements for being a unital C*-algebra.

Definition 2.2. An algebra is a complex vector space A equipped with an additional multiplication

operation which turns it into a ring, not necessarily with unity, and satisfies

a(zy) =(azr)y =z (ay)
for all @« € C and z,y € A. An involution for an algebra A is a function * : A — A such that

r =X

*

(ry) =y =

(az+y)" =az"+y*

for all « € C and z,y € A. A Banach algebra is an algebra A with a norm || - ||, respect to which
it is a Banach space, and such that ||z y|| < ||z] - |ly|| for all z,y € A. A unital Banach algebra has
the additional requirement that ||I|| = 1, where I is the multiplicative identity. A C*-algebra is a

Banach algebra A with an involution such that ||z* x| = ||z||? for all z € A.

The assertions made in the following theorem may be found, for example, in the comments on

page 68 of [2].
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Theorem 2.3. If X and Y are normed vector spaces, then L(X,Y) is a normed vector space with
respect to pointwise-defined operations, and the operator norm. If Y is Banach, then L(X,Y) is also

Banach. In particular, L(H) is Banach.

With the previous theorem in mind, it is easily verified that £(%) is a unital Banach algebra,
with composition as its multiplication operation, and the identity map as its unit. Bounded linear

functionals and bounded sesquilinear maps will allows us to construct an involution for L(H).

Definition 2.4. A bounded linear functional on a normed vector space X is a bounded linear
map from X to the complex numbers. The collection of bounded linear functionals on X is denoted
by X*, rather than £(X,C).

Lemma 2.5 (Riesz Lemma). | € H* if and only if there exists y € H such that l(x) = (z,y) for all
x € H. When such ay exists, it is unique, and ||l|| = ||y||l%-

Definition 2.6. A sesquilinear form on # is a sesquilinear map ¢ : H x H — C. 1 is bounded
if there exists a constant C' > 0 such that |[¢(z,y)] < C - |||l - |ly||» for all x,y € H. When ¢ is

bounded, we define

[¢[] = inf{C >0 [ [¢(z,y)] < C- ||zl - [lylla}-

Lemma 2.7. A sesquilinear form 1 : H x H — C is bounded if and only if there is a constant C' > 0
such that [(z,z)| < C||z|3, for all z € H.

Proof. The forward implication is clear. Assuming there is a constant C' > 0 such that [¢(z,z)| <

C||z|3, for all x € H, we obtain

[V(z,y)| =~ (@ +y,x+y) =@ —yz—y) +i-Y@+iy,x+iy) —i- (@ —iy,z—iy)|

VAN
Q QeI

e+ yll3 + llz = yli3 + o+ ayll3, + e —iyll3,)

(113 + Ny %)

for all z,y € H, using the polarization identity and parallelogram law. Therefore | (z,y)] < 2-C
for all unit vectors x,y € H, which implies 1 is bounded. O

Theorem 2.8. ¢ is a bounded sesquilinear form on H if and only if there exists T € L(H) such
that Y(z,y) = (Tx,y) for all z,y € H. When such o T exists, it is unique, and ||T|| = ||¢||

Proof. Given T € L(H), consider the function
v HXH—C
(2, y) = (T, y).

The linearity of T" and the sesquilinearity of the inner product imply that v is sesquilinear. The
Cauchy-Schwartz inequality and the boundedness of T' then imply that v is a bounded sesquilinear
form on #H, with |[¢] < ||T||.
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Now, suppose ¥ : H x H — C is a bounded sesquilinear form. Fixing x € H, consider the

function

l. : H—C
y = (. y).
l; is linear because v is conjugate linear in its second term. It is also clear that [, is bounded, with

[l1z]] < |||l - |z]]- Therefore, by the Riesz Lemma, there exists a unique vector Tx € H such that

1/1(55":1/) = la:(y) = (y,Tx> = <Tx7y>

for all y € H, and ||Tz|lyy = ||l]|. After repeating this process for each x € H, we have the

well-defined function

T:-H—H

x— T
For any o € C and x1, x5 € H, we have

(T(amy +x2),y) = Y(xy + 32, 9)
= 0”/)(951731) + 1/’(95273/) =« <T.’L'17y> + <T.’172,y> = <06Tf171 + T.’I?Q,y>
for all y € . This implies the linearity of T'. Recalling that ||Tx|% = ||lz]| < || - |||, it is also
clear that T is bounded, with ||T'|| < ||¢]|.
Taking together the reverse and forward implications proven above, it is clear that ||T|| = [|¢||.

The uniqueness of T' is necessary, given its construction using the Riesz Lemma in the forward

implication. ]

Theorem 2.9. Let T € L(H). There exists a unique T* € L(H) such that (Tx,y) = (x,T*y) for
all z,y € H. Furthermore, ||T|| = [|T*||.

Proof. Define the function
Yv:HXH—=C
(y,2) = (y,Tx).

The linearity of T and the sesquilinearity of the inner product imply that v is sesquilinear. The
Cauchy-Schwartz inequality and the boundedness of T' then imply that 1 is a bounded sesquilinear
form, with ||¢|| < ||T||. Therefore, by Theorem (2.8), there exists a unique T™* € L(#H) such that

(Tz,y) = (y, Tx) = P(y, ) = (T*y,z) = (x, T"y)
for all z,y € H. Theorem (2.8) also implies that || T*| = ||¢|| < ||T||. For all « € H, we have
T2l = (Tz, Ta) = [z, T*Tx)| < | T - |zl - 1Tl

which implies | T'|| < || T*]|. O
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Definition 2.10. Let T € £(#). The unique operator associated with 7" in Theorem (2.9), denoted
by T*, is the adjoint of T. T is normal when it commutes with 7, and self-adjoint when T' = T™.
The following lemma will be used later in this chapter.

Lemma 2.11. If T € L(H), then T[H] = Ker(T*)*. If T is normal, then T[H] = Ker(T)" .

Proof. y € T[H]* if and only if (z, T*y) = (Tx,y) = 0 for all z € H, which is the case if and only if
T*y = 0. It follows that

T[H] = T[H]** = Ker(T*)*.
If T is normal, then
| Tx|f3, = (T* T, x) = (T T*z,x) = || Tz %,

for any z € H. In that case,

TH] = Ker(T*)* = Ker(T)*.
O

The map T+ T is an involution for £(H). The following lemma confirms that this involution

satisfies the necessary property for L(H) to be a C*-algebra.

Lemma 2.12. If T € L(H), then |T|" = H(T*T)2

n—l’

‘for any n € N.

Proof. The proof will be by induction. For the base step, consider n = 1. It is easily seen that
7T < | TJ*. Also,

IT|l3, = KT*Tw,2)| < IT*T| - |l=]l3,

for all x € H, which implies ||T||? < ||T*T||. The desired equality follows.

For the inductive step, consider n > 1, and assume [|T ER— H(T*T)TW1 for 1 < m < n.
Because (T*T)%" ' is self-adjoint, we have
n+1 n 2 n—1 2 n—1 n—1 n
I = (1) = ||| = @ e | = |
using the stated assumption. This completes the proof. O

2.2 Positive Bounded Operators and Orthogonal Projections

Definition 2.13. If ' € L(H) is such that (Tx,z) € R for all € H, then T is real. If T is such
that (Tw,z) € RZ° for all € H, then T is positive, which is denoted by T > 0.

Positive bounded operators are referred to in later chapters, in relation to the functional calculus.
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Lemma 2.14. T € L(H) is real if and only if it is self-adjoint. If T is additionally idempotent,

then it is positive.

Proof. Assume T is real, and consider the sesquilinear forms ¢ (z,y) := (Tz,y) and ¥q(x,y) =

(x,Ty) on H. We necessarily have

iz, z) = (Te,z) = (Te,z) = (x, Tx) = P2(z, )

for all z € H. Using the polarization identities for ¢ and 19, it follows that (T'z,y) = (x,Ty) for
all z,y € H, so T is self-adjoint.
If T is self-adjoint, then

(Tz,z) = (z,Tx) = (Tw,x)
for all x € H, which shows T is real. If T is additionally idempotent, then
(Ta,x) = |Tal}, > 0

for all x € H, which shows T is positive. O
Definition 2.15. Let M be a closed subspace of H. The function

P:H=MoM- —H

T =1+ Ty 21

is called the orthogonal projection onto M.

Orthogonal projections are of particular importance. They are the basis for the projection-
valued measure formulation of the spectral theorem. One consequence of the following theorem is

that orthogonal projections are positive bounded operators.

Theorem 2.16. P : ‘H — H is an orthogonal projection if and only if it is an idempotent and
self-adjoint element of L(H). If P is an orthogonal projection, then P[H] = {x € H | Px =z}, and
1P| =1.

Proof. Assume that P is an orthogonal projection onto the closed subspace M. Consider any

x,y € H, with 21 + x5 and y; + y2 as their respective representations in M @ M*. If o € C, then
Plax +y) = P ((ax1 +y1) + (aw2 + y2)) = aw1 +y1 = aPx + Py
implies P is linear. Because (x1,22) = (x2,21) = 0, we have
[Pz3, = (w1, 1) < (w1, 21) + (21, 22) + (w2, 21) + (w2, 22) = (21 + T2, 21 + 22) = [|2][3,-

This implies P is bounded, with ||[P|| < 1. Every element in H has a unique representation in

M & M*, so Pxy = x;1. It follows that

P Px = Pxy =x, = Pz,
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which shows P is idempotent. Px; = z also implies | P|| = 1. Because (x1,y2) = (x2,y1) = 0, we

have

(Pz,y) = (1,91 + y2) = (T1,y1) = (T1 + T2, Y1) = (T, PY).

Therefore, P is self-adjoint.
Now, assume P is an idempotent and self-adjoint element of £(#). The linearity of P implies

that P[H] is a subspace of H. If x = Py € P[H], then
Px=PPy=Py=ux,

because P is idempotent. It follows that P[H] = {z € H | Pz = z}. However, Pz = x if and only
if (P — 1)z = 0. As the preimage of a closed set, with respect to a continuous function, P[H] is
closed. Therefore, we may consider the direct sum decomposition H = P[H] © P[H]*. If 1 + x5 is
the representation of x € H in P[H] @ P[H]*, then

Px = Px1 + Pxo = 21 + Pxs.
To see that Pxy = 0, note that
(y, Pza) = (Py,22) =0

for all y € H, because P is self-adjoint. We may conclude P is an orthogonal projection onto
P[H]. O

Lemma 2.17. Let Py, P, € L(H) be orthogonal projections. Py Py is an orthogonal projection if

and only if Py and Py commute.

Proof. Denote Py P» € L(H) by P. P* = P, P; because P; and P, are self-adjoint, so P is self-
adjoint if and only if P; and P, commute. To see that P; and P, commuting is not only necessary,

but sufficient, for P to be an orthogonal projection, note that
P?= (P Py) (P P) = (P Py) (P P2) = 1 P,
because P; and P, are idempotent. O

Lemma 2.18. Let P, Py € L(H) be orthogonal projections. Py + Py is an orthogonal projection if
and only if P P, =0 or P, P, =0.

Proof. Denote Py + P> € L(H) by P. As the sum of self-adjoint operators, P is also self-adjoint.
Therefore, P will be an orthogonal projection if and only if it is idempotent. Because P; and P, are

idempotent, we have
PP=(Pi+P)(Pi+P) =P+ PP, + P, P + P,

which shows P is idempotent if and only if P, P + P, P, = 0.



prlpgz(), then
0=0"=(P,P)" =P, P,.

It follows that P, P, = 0 if and only if P, P = 0. Therefore, if P, P, = 0 or P, P, = 0, P will be
idempotent.

Now, suppose P is idempotent. P; P, + P, P = 0 implies P, P; P, = 0, so the range of P; P,
is contained in the kernel of P,. If My C H is the closed subspace onto which P, projects, then
the kernel of P, is Ms-. In this case, Py Po[H] C Ms-. However, P, P, + P, P, = 0 also implies
Py Py = —Py Py, so Py P3[H] C Ms. Therefore, Py P, = 0, because My N M3~ = {0}. O

2.3 The Spectrum and the Resolvent

Definition 2.19. Let T' € L(#H). The spectrum of T, denoted o(T'), is the set of all A € C such
that A — T € L(#) is not bijective. The point spectrum of T, denoted o,(T), is the set of all
A € o(T) such that A — T is not injective. The continuous spectrum of T, denoted o.(T), is the
set of all A € o(T) such that A — T is injective with a dense range, but not surjective. The residual
spectrum of T, denoted o,(T), is the set of all A € o(T) such that A\ — T is injective, but without

a dense range. o(T') is the disjoint union of ¢, (T"), o.(T'), and o, (T).

Theorem 2.20 (Inverse Mapping Theorem). Let X and Y be Banach spaces, and let T € L(X,Y).
If T is bijective, then T~' € L(Y, X).

The previous theorem may be found, for example, in [2] (Theorem 12.5). The following theorem,
whose proof depends on the Inverse Mapping Theorem, allows us to define another subset of the

spectrum.

Theorem 2.21. T € L(H) is bijective if and only if the range of T is dense in H, and there exists
€ > 0 such that |Tx||y > € |||l for all x € H.

Proof. Assume T is bijective. The range of T is clearly dense in . From the boundedness of 71,

we have
[zl = T Tallp < 1T - [Tl

for all z € H. Taking € to be the inverse of |T~1||, we obtain the desired inequality.

Now, assume the range of T' is dense in H, and that there exists e > 0 such that ||Tx|y > €-||z|»
for all x € H. The given inequality immediately implies that Ker(T) = {0}, so T is injective. If
{Tz,} C H is a Cauchy sequence, then the same inequality also implies that {x,} is Cauchy.
The completeness of H and the continuity of 7' then imply that there exists x € H such that
lim,, Tw, = Tz, so T[H] is closed. As a closed and dense subset of H, it follows that T[H] = H.
Therefore, T is bijective. ]
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Definition 2.22. Let T' € L(#H). A € C is in the approximate point spectrum of T if for every
€ > 0, there exists € H such that ||(A — T)x||ly < €-||z|x-

Theorem 2.23. For any T € L(H), 0,(T) and o.(T) are subsets of 04pp(T). If T is normal, then
or(T) =0 and o4pp(T) = o(T).

Proof. Consider any A € 0,(T). There exists a nonzero x € H such that (A—T)z = 0, because A\—T
is linear and not injective. Clearly ||[(A — T)z||3 =0, and 0 < € - ||z||3 for all € > 0, 50 A € Tapp(T).
Now, consider any X € o.(T). A —T has a dense range, but it is not invertible. In view of Theorem
(2.21), we must have A € 04, (T).

Assume T is normal, and let A € C be such that (A—T') € L(H) is injective, i.e. Ker(A—T) = {0}.
T is normal, and I is the multiplicative identity in £(H), so A — T is normal. Therefore,

A—T)[H] = Ker(A-=T)* = {0}* =H

by Lemma (2.11). This shows that A — T has a dense range, so A ¢ o,(T). As desired, o,.(T) is
empty. It follows that oqp,(T) = o(T). O
Theorem 2.24. If T € L(H) is self-adjoint, then o(T) C R.
Proof. Consider any A € C. If A, \; € R are such that A = A\, - \;, then we have

I3 = D)z[l3 = ((Ar = iXi = T)(Ar +iXi = T)z, x)

(A = T)?,2) + (Mo, ) = [ = D)3 + A7 - llzllz, = A7 - Nl
for all x € H, because T is self-adjoint. This implies A\ ¢ 04,,(T) when \; # 0. Noting that

Oapp(T) = 0(T'), the desired result follows. O

Definition 2.25. Consider T' € L(H). The resolvent set of T, denoted p(T'), is the set of all
A € C such that A — T € L(H) is bijective. For A € p(T), Rx(T) = (A —T)~* € L(H) is called the

resolvent of T" at \.

Lemma 2.26. Let T € L(H). If |T|| <1, then Y " T" € L(H). If > 0" T™ € L(H), then [ =T

is invertible, with >~ T™ as its inverse.

Proof. Tt || T|| < 1, then we have

o0 o0 1
17" < 7" = —=.
2, I < 2, 171" = 1=

which shows >~ °°  T™ converges absolutely. £(H) is Banach, so every series in £(H) that converges
absolutely also converges with respect to the norm topology. Therefore, > > T" € L(H).
If 300 T™ € L(H), then

(I-T) (i T") = i(IT") — i(TT") = iT” — iT”“ = iT" — iT” =1,
n=0 n=0 n=0 n=0 n=0 n=0 n=1

using the continuity of composition. The continuity of composition can also be used to show that

I — T commutes with Y~ T™. Therefore, I — T is invertible, and Y ° /7™ is its inverse. O
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Theorem 2.27. Let T € L(H). The series > oe o A\~ T™ has an annulus of convergence which
contains {\ € C | |\| > | T||}, and is contained in p(T). If X € p(T) is such that > oo A~ TV T ¢
L(H), then R\(T) =Y o2 g A~ (D 1,

Proof. Consider any \g € C such that |[A\g| > ||T|| > 0. It is then clear \;' T € L(H), with
[Ag ' T|| < 1. Therefore, > o2 ; (A\g" T)n is convergent, by Lemma (2.26).

Now, consider any A € C for which Y > A~ (D g convergent. Note that Ao satisfies this
additional property, because 300 A=+ T € £(H) if and only if 300, (A T)" € L(H). By

Lemma (2.26),
(£5)-(EE) (-5

n=0

Therefore, A € p(T), with Ry\(T) = > 00 (A~ (+D T, O
Corollary 2.28. If T € L(H), then limy_,o RA(T) = 0.

Proof. By Theorem (2.27), we have R\(T) = 02 (A=D1 for |\ > ||T||. Letting ¢ = A71,
we then have Ry(T) = Y02 ("™ T™ for 0 < [¢p| < ||T||. This implies that the power series
Yoo g™t T™ is valid for |1 < ||T|, and hence continuous at ¢ = 0. Therefore,

: T n+1lpn __ n+1pn __
Jim Ry\(T) —1}113107;)1& T _n;]o " =0
as desired. O

Theorem 2.29. Let T € L(H). p(T) is an open subset of C, on which R\(T) is an L(H)-valued

analytic function.
Proof. Fix A\g € p(T), and let § = ||Ry,(T)|| =% > 0. If A € Bs(\g) C C, then clearly
1o = N Ry (D) < 1B (D71 - 1By (1) = 1.
In that case, > .7 (Ao — N)™ [Rx, (T)]" € L(H) is the inverse of I — (Ag — A)Rx,(T), by Lemma

(2.26). This implies Ry, (T) o Yo" (Ao — A)™ [Ra, (T)]" is invertible, with

<R)\0 (T)o i()\o = A)"[Ry, (T)]n> == o= AR (D)o (Ao —T)=A-T

n=0

as its inverse. Finally, note that

Rao(T) o (Ao = V)" [Bag(T)]" = D (Ao = A)" [Bag (T)]"F

by the continuity of composition.

For an arbitrary A\g € p(T), we have shown there exists 6 > 0 such that Bs(\g) C p(T).
Furthermore, Rx(T) : p(T) — L(H) has a power series representation on Bs(\g), namely Ry (T) =
ool (Ao —A)" [Rx, (T)]"*!. Therefore, p(T) C C is open, and Ry(T) is analytic on its domain. [J
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Corollary 2.30. Let T € L(H). o(T) is a nonempty, compact subset of C.

Proof. o(T) = p(T)¢ is a closed and bounded subset of C, so it is compact. We are left with the
more difficult task of showing o(T") is nonempty. Towards this, assume p(T") = C.

By Corollary (2.28), limy_,oo RA(T) = 0. Therefore, there exists § > 0 such that ||Ry(T)| < 1
for |A| > d. For such a ¢, consider the closed ball Bs(0) C C. By the continuity of Rx(T), the image
of Bs(0) under Ry(T) is compact in £(H), and hence bounded. Therefore, there exists Cy > 0 such
that ||Rx(T)|| < Cy for |A] < 6. Letting C = max(1, Cy), it follows that Ry(T) is bounded.

R(T) is a bounded and entire function on C, so the vector-valued version of Liouville’s theorem

implies the existence of some S € L(H) such that Ry(T) = S. However, because limy_, o, Rx(T) = 0,
we must have Ry(T) =0 € L(H). 0 € L(H) is not invertible, so this is a contradiction. It follows
that o(T) is nonempty, as desired. O

Definition 2.31. Let T € L(H). We define 7(T') = supyeq(ry|Al. 7(T) is called the spectral

radius of 7T'.
Theorem 2.32. If T € L(H), then r(T) = lim,_,o0 ||T7"||". If T is normal, then r(T) = ||T.

Proof. We will first show that lim, . ||T7"||% exists. If T = 0, then existence of the limit is trivial.

Assuming ||T'|| > 0, define a,, = log ||T™|| for n € Z=°. If m,n € Z=°, then
s = Log | T < log (T[] - |T7]) = log [T || + log [T ]| = am + an
and
an.m = log [T <log (|T™[|") = n - log [T™[| = 1 - am.

Now, fix mg € Z>°. For any n € ZZ™°, there exist unique ¢y,,r, € Z such that 0 < r,, < mg and

n = g - mg + 1. Noting that 4 = (1 — =) m%), we have

On _ Qgnmotrn o In 0 Gro (1 _ rn) Gmo | Grn
= mo - .
n

mo n

n n

{rn} and {a,, } are finite, and hence bounded, sets of real numbers, so

a Tn\ @ a o\ a a a
lim sup — < lim sup ((1 —n) m°+r") = lim <<1 l) moJrr") = 2
n n n n/ mg n n—oo n/ my n mo

. e . . an, - a,
Because mg was an arbitrary positive integer, this shows lim sup,, %= is a lower bound for {2}, c7>0.

Therefore,
. a . a L. a
lim sup — gmf{—”} < liminf =,
n n n Jnez>o noon
which implies
. a . a
lim —n:mf{—n} € R.
n—oo N n Jnez>o0

Because e® is a continuous, strictly increasing function from R onto R>?, we have

lim |7 " Inezso € R.

1 . an i an . an .
no= nlgl;oe v = M{S ez = inf{e™ },ez>0 = inf{||T"
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This shows that lim,_,. ||[T7]|% exists, as desired.

R (T) is an analytic, £(H)-valued function on the open set p(T), so it is clear from Theorem
(2.27) that S°07 ) A~("*D T is the unique Laurent series representation for Ry (T'), centred at 0 € C,
and valid for [A| > ||T||. Let 7 be the inner radius of convergence of o2 ; A~("+1) 7™ Because the
annulus {\ € C | |\| > r(T)} is contained in p(T"), we must have < r(T"). However, if r < r(T'), then
the annulus of convergence for Y 7 A=+ 7 will have a nonempty intersection with o(7'). This
is a contradiction, by Theorem (2.27), so r = r(T"). Using the vector-valued version of Hadamard’s

formula, we get
r(T) =r = limsup ||T”H% = lim ||T7|.
n n—oo
Finally, if T' € L(#) is normal, then we have

2.27™ " * e
i || (7))

n— oo

9"

r(T) = nhﬁrr;o T

1 . on—1
n = lim ||T
n—o0

. * gn—1 27" T 2n.2—n
= lim ||(T"T) = lim ||| =71,

n—oo n—roo

using two applications of Lemma (2.12). O



Chapter 3

Spectral Theory for Self-Adjoint Bounded Operators

In this chapter, we formulate and prove three versions of the spectral theorem for self-adjoint,
bounded operators. We introduce the functional calculus in the first section, and the multiplication
operator version in the second. The main reference for both of these sections is [5], but we provide
an expanded presentation. In the last section, we develop the projection-valued measure version,

using both [4] and [5] as references.

3.1 The Functional Calculus

Definition 3.1. For T € L(H) and p(z) = >, ; - 2*, a complex polynomial of one variable, we
define p(T) := Y"1 ya; - T* € L(H), where T = I.

The proof of the following lemma is omitted, but it is trivial.

Lemma 3.2. Let T € L(H). If Q denotes the algebra of complex polynomials of one variable, then
the map p— p(T) is a unital algebraic homomorphism from Q to L(H).

Lemma 3.3. IfT € L(H), and p(z) is a complex polynomial of one variable, then o [p(T)] = plo(T)].
In particular, if Tx = Az for some A € C and x € H, then p(T)x = p(\)x.

Proof. Consider A € o(T'). Because p(\) — p(z) has A as a root, there is a complex polynomial ¢(z)
such that

which implies
pA) =p(T) = A=T)q(T) = q(T) (A =T) € L(H).

Because A—T is not invertible, it is not bijective. If A—T is not surjective, p(A) —p(T) = (A—=T) ¢(T)
shows that p(A) — p(T) is not surjective. If A — T is not injective, i.e. Ax — Tz = 0 for some nonzero
x € H, then p(AN)x —p(T)x = q(T) (A\x — Tx) = 0 shows that p(\) — p(T) is not injective. Therefore,
p(A) — p(T) is not invertible. We may conclude o [p(T')] D plo(T)].

Consider X € o [p(T)], and assume p(z) has degree zero, i.e. p(z) = « for some o € C. Because
A—=p(T) = (A—«)I is not invertible, we must have A = a. Noting that p[o(T)] = {a} because o(T)
is nonempty, it is then clear o [p(T')] C plo(T)].

Now, assume p(z) has degree n > 1. If {\;}7; are the roots of A — p(z), then we have

A=p(z) =BA—2) - (A = 2)

14
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for some necessarily nonzero 5 € C. Given this factorization,

A=p(T)=BM=T) - (A =T).

Because  # 0, A — p(T) would be invertible if each \; — T was invertible. However, A — p(T") is not
invertible, so there is some \g € {\;}7; for which Ay — T is not invertible. Because p(A\g) = A, we

may conclude o [p(T)] C plo(T)]. O

Lemma 3.4. Let T € L(H), and let p be a complex polynomial of one variable.
(a) If T is normal, then ||p(T)|| = supxcq(ry [P(A)]-
(b) If p is a polynomial of a real variable, then so is P, and p(T) = p(T)*.

Proof. Consider the complex polynomial p(z) = " a;z". The adjoint of p(T) is given by

n

p(IT)" = (Z W) =Y (aT")" =) @ (1)
=0 i=0

i=0
From this, two facts are now clear. First, if p denotes the pointwise complex conjugation of p, then

part (b) is immediate. Second, if T is normal, then p(T") is normal. In that case,

Ip(T)| =rlp(T)] = sup [A= sup |p(A)],
Aeap(T)] A€o (T)
using Theorem (2.32), and Lemma (3.3). This proves part (a). O

Consider the following version of the Stone-Weierstrass Theorem, which may be found in [3]
(Theorem 4.51).

Theorem 3.5 (Complex Stone-Weierstrass Theorem). Let X be a compact Hausdorff space. If A
is a closed, complex *-subalgebra of C(X) that separates points, then either A =C(X) or A={f €
C(X) | f(zo) =0} for some xp € X.

Corollary 3.6. Let X be a compact subset of R™, where n € N. C(X) is the completion of the

collection of complex polynomials of n variables, with respect to the uniform norm.

Proof. Define Q to be the collection of complex polynomials of n variables. Because X is compact,
C(X) is a Banach space under the uniform norm. Therefore, the closure of Q in C(X) will also be
the completion of Q with respect to the uniform norm.

It is easily seen Q is a complex subalgebra of C(X). Q will also be closed under complex
conjugation, because the variables for any p € Q are necessarily real-valued. By the continuity of
the algebra and complex conjugation operations, @ will be a closed, complex *-subalgebra of C(X).
The coordinate projection maps of R to C are polynomials contained in @, so Q will necessarily
separate points of X.

The Stone-Weierstrass Theorem implies that either Q = C(X) or
Q={feCX)| flar,...,an) =0}

for some [aq,...,a,] € X. However, the constant function ¢(z1,...,z,) = 1 is nonzero on X and

contained in Q, ruling out the second possibility. Therefore, C(X) is the completion of Q. O
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Theorem 3.7 (Bounded Linear Transformation Theorem). Let X be a normed vector space, and
let Y be a Banach space. Each T € L(X,Y) has a unique continuous extension to T € L (7, Y),
where X is the completion of X. Furthermore, ||T|| = [T

Proof. Given any x € X, there is a sequence {z,} C X which converges to x. The boundedness
of T and the completeness of Y imply that {Tz,} C Y is convergent. With this in mind, we
define T : X — Y by letting Tz = lim,, Tx,, € Y. However, for T to be well-defined, Tz must be
independent of the choice of sequence used in its construction.

Let {y,} C X be a sequence converging to y € X. If x = y, then {z,, — y,} C X converges to
0 € X, by the continuity of vector subtraction in X. The continuity of 7' then implies

0=1lmT(z, —yn) =limTz, —limTy,,

and we may conclude T is well-defined. For any « € C, {x,, + ay,} C X converges to z + ay € X,

by the continuity of the vector space operations on X. Therefore,
T(x+ ay) =limT(z, + ay,) = lim(Tz, + aTy,) = lim Tz, + alim Ty, = Tz + oTy,
n n n n

using the linearity of T', and the continuity of the vector space operations on Y. This proves the
linearity of 7T

Using the continuity of the norms on Y and X, and the boundedness of 7" on X, we obtain
[Tz, = lim || Tzally <lm|T)-[lzn]x = bm |7 - [lzallx = 7] - lzllx-

This implies T is bounded with ||T|| < ||T|. It is clear that ||T'|| > ||T]|, because X contains X.
Finally, suppose S : X — Y is another continuous function extending 7'. S and T are continuous

functions agreeing on a dense subset of their domain, so S =T. O

Theorem 3.8. Let X and Y be normed vector spaces, and consider T € L(X,Y). If |[Tv|y = ||v| x
for all v € V', where V is a dense subset of X, then T is a linear isometry. If, additionally, X is

complete and T[X] is a dense subset of Y, then T is surjective.

Proof. Given any = € X, there is a sequence {x,} C V which converges to x. We then have
[Tzlly = lm [[Tz,|y = lm [z,]x = |z]x,
n—roo n—oo

using the continuity of T" and of the norms on X and Y. It follows that T is a linear isometry.

Because T is a linear isometry, it has a well-defined inverse, T—! : T[X] — X, which is a linear
isometry on the subspace T[X] C Y. If X is complete, and T[X] is dense in Y, then T~! has an
extension to T—1 € L(Y, X), by the Bounded Linear Transformation Theorem. The first part of this
theorem then implies T—1 is injective. Therefore, for any y € Y with T-1y =z € X,

T-ly=a0=T"'Te=T"1Tx

implies y = Tz. It follows that T is surjective. O
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The map ¢ in the following theorem will be referred to as the continuous functional calculus for
T.

Theorem 3.9 (Spectral Theorem). Let T € L(H) be self-adjoint. There is a unique map ¢ :
C(o(T)) — L(H) such that:

(a) ¢ is continuous.

(b) If Id € C(o(T)) is the identity function, i.e. Id(z) = z, then ¢p(Id) =T.

(¢) & is a unital algebraic homomorphism.

In addition, ¢ has the following properties:

(d) ¢ is an isometry.

(e) ¢ is a *~homomorphism.

(f) If f € C(a(T)) is such that f >0, then ¢(f) > 0.

(9) If S € L(H) commutes with T, then ¢(f)S = S ¢(f) for all f € C(a(T)).

(h) If Tx = Az for some A € o(T) and x € H, then ¢(f)z = f(N)x for oll f € C(o(T)).
(i) 0 [6(f)] = F [o(T)] for all f € C(o(T)).

Proof. Let Q be the collection of complex polynomials of one variable, but with their domain re-
stricted to o(T) C R. Q is a normed vector space with respect to the uniform norm, because of the
continuity of polynomials and the compactness of o(T)). Let ¢ : Q — L(H) be the map described in
Lemma (3.2), i.e. é(p) =p(T). ¢ is linear, and

6Pl ey = (D)) = sup [P = [Pl
eo(T)

for all p € Q, by Lemma (3.4). Therefore, gf) is a bounded linear transformation from Q to L(H).
Noting that £(H) is complete, the Bounded Linear Transformation Theorem implies the existence of
a unique bounded linear transformation ¢ : @ — £(H) which extends é, where Q is the completion
of Q. However, @ = C(o(T)) by Corollary (3.6).

We claim this ¢ is the desired map. Because ¢ agrees with QAS on polynomials, it must preserve
the multiplicative identity and map Id(z) = z to T. If ¢ preserves the multiplication operation, it
will be a unital algebraic homomorphism. Let f,g € C(o(T)). Q is dense in C(c(T)), so there exist
sequences {p,},{gn} C Q that converge uniformly to f and g, respectively. By continuity of the
pointwise product, {p, - ¢n} C Q converges uniformly to f - g € C(o(T)), and by Lemma (3.2), ¢

preserves the multiplication operation when restricted to Q. Therefore,

O(f - 9) = lim 6(pn - aa) = lim_ (6(pa) 0 Blan)) = 6(f) © 6(9)

using the continuity of ¢ and composition.
Towards proving the uniqueness of ¢, consider any map ¢ that satisfies properties (a), (b), and

(c) of the theorem. For any polynomial p(z) = Y1 «a; - 2%,

b(p) = Zai T = ¢(p),
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since v is a unital algebraic homomorphism and (Id) = T. Because ¥ and ¢ agree on a dense
subset, their continuity implies ¢ = ¢.

We will now prove the additional properties of ¢. First, recall ||¢(p)| ) = [Pl for all p € Q.
Q is dense in C(o(T)), and ¢ € L(C(o(T)), H), so Theorem (3.8) implies ¢ is an isometry.

For the remainder of the proof, let f € C(o(T')) and {p,} be as before. By Lemma (3.4), ¢ will
preserve the star operation on Q, which is pointwise complex conjugation. Also, by the continuity

of complex conjugation, {p,} C Q converges uniformly to f € C(c(T)). Therefore,
o(F) = lim 6(pm) = Tim 6(p,)° = 6(/)
using the continuity of ¢ and *. This shows ¢ is a *~homomorphism.

Suppose f > 0, and let g = \/f. We then have g € C(o(T)) because f is nonnegative. Because

¢ is an algebraic *-homomorphism,

(0(f)x, ) = (D(g) 0 P(g)z, x) = (¢(9)x, ¢ (9) x) = (p(9)x, P(g)x) = 0

for all € H. Therefore, ¢(f) > 0.
Suppose T'S = ST for some S € L(H). It is clear that p(T") S = S p(T) for any p € P. Therefore,

6(£)S = lim (6(pa) $) = lim (S 6(pn)) = 5 6(1)

n—o0
using the continuity of ¢, right composition, and left composition. In particular, this implies that
any two bounded operators in the range of ¢ will commute.

Suppose T'x = Az for some A € o(T) and z € H. By Lemma (3.3), ¢(pn)z = pn(A)z. Noting that
convergence with respect to the operator norm implies strong convergence, and uniform convergence

implies pointwise convergence, we have

SN = lim (6(pa)e) = Tim (pa(N)a) = F(Na
from the continuity of ¢ and the line path [, (o) = « - .

Consider A\ ¢ f[o(T)]. %_f € C(o(T)) because A — f # 0 on o(T). ¢ is an algebraic homomor-
phism, so

6 (525) o -t =0 (525 O-n) = et =1
A= f A= f

This shows A — ¢(f) is invertible, because all elements of L£(#) in the range of ¢ commute. We may
conclude o [¢(f)] C f[o(T)].

Finally, consider A € f[o(T)]. In this case, there exists A\g € o(T') such that f(Ag) = A. Because
T is self-adjoint, A\ is in the approximate point spectrum of 7. In other words, there is a sequence of
unit vectors {x,,} C H such that lim,_, [[(Ao — T)2n|l% = 0. We would like to use these vectors to
show A € 04p,(4(f)). Towards this, fix € > 0. There is a polynomial p € {p, } such that || f —pl[. < 5.
Note that p(Ag) — p(z) has Ag as a root, implying p(Ag) — p(z) = q(2) - (Ao — 2) for some ¢ € Q. For

this ¢, there is an x € {x,} such that ||[(Ag — T)z||x < With these selections, we obtain

e
3flgflu+1-

A = o))zl = [I(f (Ao) = p(Ao) + (o) — &(p) + &(p) — &(f))zln
S 2-[If =pllu+ llgllu - 1(ho = T)zfl <
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Because € > 0 was arbitrary, A € oqp,(6(f)). We may conclude o [¢(f)] = f [o(T)]. O

Definition 3.10. Let X be a locally compact Hausdorff space. M (X) denotes the normed vector

space of complex Radon measures on X. The norm is given by
- larex)  M(X) — R
p pl (X)),
where |u] is the total variation of u.

We will now use the continuous functional calculus to construct a family of complex Radon
measures with certain properties. These measures will reappear throughout the thesis. For the

construction, we require the following theorem, which may be found in [3] (Theorem 7.17).

Theorem 3.11 (Riesz Representation Theorem). Let X be a locally compact Hausdorff space. For
p € M(X) and f € Co(X), define 1,(f) = [ f du. The map p — 1, is an isometric isomorphism
from M(X) to Co(X)*.

Theorem 3.12. Let T € L(H) be self-adjoint. For every pair of vectors x,y € H, there exists a

unique, complex measure [ty 0N (O'(T),BC,(T)) such that

for all f € C(a(T)). The family {jiz,y}zyen has the following properties:
(a) |z yllaeory) < Nzllac- [yl
(b) Each i, . is a finite positive measure, with i, .(o(T)) = ||z[3,.
(c) (z,y) = po,y is a sesquilinear map from H x H to M(c(T)).
(e) For any f € C(a(T)), dppg(fye,y = [ ditey = dul_@(?)y.
Proof. Fix x,y € H, and define the map

lgy : Co(a(T)) = C

[ (o(f)z,y)

where ¢ gives the continuous functional calculus. I, is linear because of the linearity of ¢ and the

inner product. Using the fact that ¢ is an isometry,

llzy (N = Ko(N)z )] < NSl e - Nllae - Myl = [1F - Nzl - lylln

for all f € Co(o(T')). Therefore, I, ,, € Co(a(T))*.

o(T) is a compact subset of R. This implies o(7") is a second countable, compact Hausdorff space.
Therefore, every complex measure on (o(T), B,(r)) is Radon, and Co(o(T)) = C(o(T)). With this
in mind, the Riesz Representation Theorem implies the unique existence of a complex measure fi, ,
on (O'(T),BU(T)) such that

(o(f)z,y) = fdpgy

o(T)
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for all f € C(o(T)). By repeating this process for every pair of vectors in H, we create the family

{1z, }oyen-
The Riesz Representation Theorem also implies

12,y s (o)) = ey llco@ry= < l@lle - 1yl

for all z,y € H. If x =y, then

ol (D)) < ol = (6(0)e,2) = [ 1 ditns = pa.ol0(T) < ol (D)

o(T)

because ¢(1) = I. This implies py . (0(T)) = |23, = |pa.2|(0(T)). Since p and its total variation
agree on o(T), fiz, is a finite positive measure.

To see that (x,y) — gy is a sesquilinear map from H x H to M (o(T')), consider any o € C and
z1,T2 € H. For all f € C(a(T)),

f dﬂazl +x2,y
o(T)

= (B(f)(0m1 + 22),9) = D71, 5) + ($(F)rry) = 0 / o / o

= fd(apie, y + payy)-
o(T)

By uniqueness, ftaz,+zs,y = Ollay,y + Hao,y- Similarly, it can be shown iy oy, +ys = Ozy, + Ha,ys
for y1,y2 € H.

Because ¢ preserves the star operation,

iy = (0(Nay) = 6Dwee) = [ Fiuya= [ s
) a(T)

o(T) o(T
for all f € C(o(T)). By uniqueness, fiz,y = fiy,z-
To demonstrate the final property, temporarily fix f € C(o(T)). For all g € C(o(T)),
[ @ ot = @000) 0 60120 = @l e = [ g diy
because ¢ preserves the multiplication operation. By uniqueness, dug(f)z,y = f djizy- From this,

and the conjugate symmetry of the measures, it follows that

duw’d’(?)y - d/%(?)y,:c =fdpya = [ dpsy
which completes the proof. -

These measures will soon be used to extend the domain of the continuous functional calculus to

bounded, Borel measurable functions. This extension will be referred to as the functional calculus.

Definition 3.13. If M is a metric space, then B,(M) will denote the *-algebra of bounded, complex-
valued, Borel functions on M. C,(M) will denote the *-algebra of bounded, complex-valued, contin-

uous functions on M.
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Before constructing the functional calculus, we prove B,(M) is the smallest vector space con-
taining Cp(M) and closed under pointwise limits of bounded sequences of functions. This fact will
be used to show that most of the properties of the continuous functional calculus transfer to the
functional calculus. We require the use of the Monotone Class Theorem, which may be found, for

example, in [1] (Theorem 1.9.3).

Theorem 3.14 (Monotone Class Theorem). (i) If A is an algebra of subsets of X, then the o-
algebra generated by A is the same as the monotone class generated by A. (ii) If £ is a collection
of subsets of X that is closed with respect to finite intersections, then the o-algebra generated by &

is the same as the o-additive class generated by E.

Theorem 3.15. If M is a metric space, then By(M) is the smallest vector space containing Cy(M)

and closed with respect to pointwise limits of bounded sequences of functions.

Proof. Tt is clear that B, (M) is a vector space containing Cy(M). The pointwise limit of a bounded
sequence of functions will also be bounded, so B, (M) is closed with respect to such limits. Let V be
any subspace of B, (M) that also has these properties. If we can show B, (M) C V, the theorem will
follow.

Let S be the collection of all B € Bj; such that yg € V. We claim § is a o-additive class.
Towards proving this claim, first note that M € S, because xar € Cp(M) C V. Now, consider
A, B € § such that B C A. A — B is also a Borel set, and xa-p = xa—xB € V,s0 A— B € S.
Finally, consider a pairwise-disjoint and countable collection {4,} C S. {XUJT-L A }; C V because
each XU, A, is equivalent to the sum >~/ _; x4, € V. Also, all characteristic functions are bounded
by 1, and XU, A, XUA., pointwise. Therefore, x\j4, € V and |JA, € S. As claimed, S is a
o-additive class.

Letting £ be the collection of closed subsets of M, we will show & C S. Consider an arbitrary
C € €. We define a monotonically decreasing sequence of functions {f,} by f, = g od(-,C), where

1if y=0
gn(y) =1—n-y if 0<y<n?

0 if y>n"t

is a complex-valued function on [0, 00), and d(-, C) is the function on M giving the distance from C.
Each f, is continuous because it is a composition of continuous functions. It is also clear that each
fn is bounded by 1, and that f,, — x¢, pointwise, where C; = {& € M | d(z,C) = 0}. However,
C7 = C because C' is closed. Therefore, {f,} C Cp(M) and x¢ € V. As desired, £ C S.

& is closed with respect to finite intersections, so the o-additive class it generates is the same as
Bar, by part (ii) of the Monotone Class Theorem. S is a o-additive class containing £ and contained
in Bys, so & = Bys. In other words, V contains all characteristic functions. It follows that )V also
contains all simple functions, because V is a vector space. This implies By(M) C V, because every
bounded Borel function is the pointwise limit of a bounded sequence of simple functions, and V is

closed with respect to such limits. O



22

In the case where M is a compact subset of R", we have the following corollary. Its proof is

immediate from Theorem (3.15) and Corollary (3.6).

Corollary 3.16. Let M be a compact subset of R™. By(M) is the smallest vector space containing all
complex polynomials of n variables, and closed with respect to pointwise limits of bounded sequences

of functions.
The map & in the following theorem will be referred to as the functional calculus for T

Theorem 3.17 (Spectral Theorem). Let T € L(H) be self-adjoint. There is a unique map P :
By(a(T)) = L(H) such that:

(a) If Id € By(o(T)) is the identity function, i.e. Id(z) = z, then ®(Id) =T.

(b) ® is a unital algebraic homomorphism.

(c) If {fn} C By(o(T)) is a bounded sequence which converges to f pointwise, then {®(f,)} converges
to ®(f) strongly.

In addition, ® has the following properties:

(d) @ is continuous, with operator norm ||®|| = 1.

(e) ® is a *-homomorphism.

(f) If f € By(a(T)) is such that f >0, then ®(f) > 0.

(9) If S € L(H) commutes with T, then ®(f)S =S ®(f) for all f € By(o(T)).

(h) If Tx = \x for some x € H and X € C, then O(f)x = f(N)z for all f € By(o(T)).

Proof. Letting {its y}ayen be the family of complex measures from Theorem (3.12), consider the

map

PriHxH—C

(z,y) — [ dpigy
o(T)

for any fixed f € By(o(T')). 1 is sesquilinear because (z,y) — fizy is sesquilinear. Furthermore,

sl < WSl llpeyllve@ry) < flla 2l 1yl

for all z,y € H, which shows || f||, is a bound for ¢s. Therefore, ¥; is a bounded sesquilinear form
on H. By Theorem (2.8), there exists a unique element ®(f) € L(#H) such that |®(f)| ) < [|fllu

and

(@), y) = / sy = Vs

for all z,y € H. This allows us to unambiguously define the map @ : By(a(T)) — L(H).
We claim @ is the desired map. Recalling that (¢(f)z,y) = ¢s(x,y) for all f € C(o(T)) C
By(o(T)) and z,y € H, we see ® is an extension of the continuous functional calculus. In particular,

because ¢ maps Id(z) = z to T and preserves the multiplicative identity, ® does also.
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We will now show that ® is an algebraic homomorphism. For any « € C and f, g € By(o(T)),
we have
(@(af +g)z,y) = / af +gdusy =a [ dpay +/ g dpizy
o(T) o(T) o(T)

= a(@(f)z, y) + (2(9)z,y) = ([a@(f) + 2(9)lz,)

for all z,y € H, which implies ® is linear. Temporarily fix g € By(o(T)). Using part (e) of Theorem

(3.12), and the fact that ¢ preserves the star operation, we have

£ dhoaye = (O 20)2.9) = @02 6) = | 9 disai,= [ Fradum,
o(T) o(T) o(T)
for all f € C(o(T')). The uniqueness of the measures {fipy }2yen then implies dug(g)z,y = g dpiz,y-
Therefore, for any f,g € By(o(T)),
(®(f- g, y) = frgdpey = / [ dpa(gey = (2(f) 0 (g)z,y)
o(T) o(T)
for all z,y € H, implying ®(f - g) = ®(f) ®(9).

To see that ® preserves the star operation, note that

(@(f) . y) = @By 2) = / it = / T dnn = (@(D)2.0)

o(
for all f € By(o(T)) and z,y € H. The fact that @ is a *-homomorphism is not part of the uniqueness
requirement. However, we use this fact in showing that ® satisfies property (c).

Suppose {f,} C By(c(T)) is a sequence of functions such that f,, — f pointwise and {||fp||.} is
bounded. In this case, f € By(o(T)). For any = € H,

1®(f) — B(H)Jl3, = [18(fn — £)]2
— (@ — ) B(fn — [sz) = (B( f — [P 2) = / o= 112 dta

a(T)
because ® preserves the star and multiplication operations. Noting that {f, — f} is dominated by
2M - Xo(ry € L*(0(T), pig,e), where M = sup||fy ||, the dominated convergence theorem for L?
spaces implies
i [[2(/,) — B )]l = 0.
This is true for every € H, so {®(f,)} converges to ®(f) with respect to the strong operator
topology.

We are ready to prove the uniqueness of ®. Consider another map ¥ : B,(o(T)) — L(H) that
satisfies properties (a), (b), and (c) of the theorem, and let V be the collection of all f € By(o(T))
such that U(f) = ®(f). As in the proof of the continuous functional calculus, properties (a) and
(b) imply that ¥ and ® agree on all polynomials. Tt is also clear that V is a vector space, because of
the linearity of ¥ and ®. If {f,} C V is a bounded sequence which converges to f pointwise, then

we have

(f) = lim W(fa) = lim ®(f.) = B(f),

n—roo



24

using property (c). Therefore, by Corollary (3.16), V = By(0(T)), i.e. ¥ = ®.
We will now show that ® satisfies the remaining properties. Recalling that [|®(f)|z¢) < [[f]lu
for all f € By(o(T)), it is then clear ® is continuous. Because ® preserves the multiplicative identity

with
I2(Wlzzy = ey =1 = 1 |us

O : By(o(T)) — L(H) has ||®| =1 as its bound.

Suppose f € By(o(T)) is such that f > 0. Using the same method as in the proof of the
continuous functional calculus, we may show ®(f) > 0. However, this may also be proven directly
from the construction of ®. Indeed,

(@(f)z,z) = [ dpgz >0
o(T)

for all € H, because each p, , is positive.

Consider any S € L£(#H) which commutes with T, and let V be the collection of all f € By(o(T))
such that ®(f) commutes with S. By Theorem (3.9), V contains C(o(T)). Also, V is a vector space,
because ® and composition are linear. If {f,} C V is a bounded sequence which converges to f

pointwise, then we have
O(f)o Sz = lim ®(f,)o Sz = lim So®(f,)z=So0P(f)z
n—oo n—oo

using the strong convergence of {®(f,)}, and the continuity of S. Therefore, by Theorem (3.15),
V = By(o(T)), i.e. @ satisfies property (g).

Suppose that Tz = Az for some z € H and A € o(T), and let V be the collection of all
f € By(o(T)) such that ®(f)x = f(A)z. By Theorem (3.9), V contains C'(¢(T)). The linearity of ®
and the evaluation map at x, and the distributivity of scalar multiplication, imply that ) is a vector
space. If {f,} C V is a bounded sequence which converges to f pointwise, then we have

@(f)r = lim ®(f,)r = lm_fu(\z = f(N)z

n—oo
using the strong convergence of {®(f,,)}, and the continuity of the line path (o)) = a-z. Therefore,
by Theorem (3.15), V = By(c(T)), i.e. ® satisfies property (h). O

Corollary 3.18. If T € L(H) is self-adjoint, then

o(T) = |J supp pray
z,yEH

Proof. Let A be the closure of (J, <y SUPP iz, and assume A is a strict subset of o(T). A° is

outside of the support of each (i, so

(@ (xac)z,y) = /( )XAC Az, = fg,y (A°) =0
o(T
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for all z,y € H. This implies ® (x4c) = 0. Recalling that ® is an algebraic homomorphism extending

the continuous functional calculus, we then have

o(f) = @(f) =2 (f - xac) = 2(f) 0 @ (xa:) =0

for any f € C(o(T)) whose support is contained in A°. If there exists such an f that is also not
identically nonzero, we will have arrived at a contradiction, because ¢ is injective as a linear isometry.
A is closed, so there is some r > 0 and a € o(T) such that the closure of the ball B,(a) is

contained in A¢. Using this r and a, we define f := god(-,a), where

1 if z=0
g(z)=q1-2 if 0<z<r
0 if z>r

is a complex-valued function on [0, o), and d(-, @) is the function on o (T giving the distance from a.
f is continuous on o(T'), because it is the composition of continuous functions. It is also clear that f
is not identically zero, with the closure of B, (a) as its support. Having constructed a function with

the desired properties, the aforementioned contradiction follows. We may conclude A = (7). O

3.2 The Associated Multiplication Operator
Definition 3.19. Let H1,H2 be Hilbert spaces. A surjective linear map U : H; — Hs such that

<UfE, Uy>7'[2 = <1’7 y>7—l1
for all z,y € H; is called a unitary map.

Lemma 3.20. Let Hy,Ho be Hilbert spaces. U : Hy — Ho is a unitary map if and only if it is a

surjective linear isometry.

Proof. If U is unitary, then, in particular, (Uz,Uz)y, = (x,x)3, for all € H;. Therefore, the

forward implication is clear. If U is a linear isometry, then

(o = g (o By = lle =yl +i- e+ igli, — -z - il,)
= 3 (10 + Uyl — Uz = Uyl +i |V +i - Uyl — i+ |02 — i Uyl,)
= ({Ux,Uy)n,.
The reverse implication follows. O

Definition 3.21. = € H is a cyclic vector for T' € L(H) if {p(T)x | p is a complex polynomial}

is a dense subset of H.

A self-adjoint bounded operator T with a cyclic vector is unitarily equivalent to a multiplication
operator. In proving this statement, we use the following theorem, which can be found, for example,

in [3] (Proposition 7.9).
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Theorem 3.22. If i is a positive Radon measure on the locally compact Hausdorff space X, then

Ce(X) is dense in LP(X, ), for 1 < p < oo.

Lemma 3.23. Let T € L(H) be self-adjoint with cyclic vector x € H. There is a positive Radon
measure i on o(T) and a unitary map U : H — L*(o(T), u) such that

UTU - L2(0(T), 1) = T3(o(T), )
f(2) =z f(2)
Proof. Given the cyclic vector z € H, let ;1 = pi5 . p is a positive Radon measure on the compact
Hausdorft space o(T) C R. By Theorem (3.22), C(o(T)) / (f = g a.e.) is a dense subspace of
L?(a(T), ). We wish to define a suitable map on C(o(T)) / (f = g a.e.) that we may then extend

to a unitary transformation between L?(o(T), 1) and H.

Towards this end, define

Up:Clo(T) ) (f=gae)—H
f=@(f)z,

where ® gives the functional calculus. It is not immediately clear that this map is well-defined.

Using the algebraic properties of ®, and its relationship with i, ., we have
12(f)zll3, = (@(f*)z,z) = /(T) [F1? dpe = 111220y
for all f € C(o(T)). This implies

[@(f)z = 2(g)llr = 12(f = 9lln = If = gllz2 (o)) =0

when f and g are a.e. equal elements of C(o(T)), confirming that Uy is well-defined.

Uy is linear because both ® and the evaluation map at = € H are linear. ||T7'0(f)||7.[ = [[fll2(o(1),)
then shows that ﬁo is a linear isometry. Furthermore, the range of (70 will be dense in H, because x is
cyclic for T and C(o(T')) contains all complex polynomials. By the Bounded Linear Transformation
Theorem, Uy has a unique continuous extension to a linear map Uy from L2(o(T), ) to H. By
Theorem (3.8), Uy is a surjective linear isometry. Noting that L?(o(T), ) and H are Hilbert spaces,
it follows that Uy is a unitary map.

We need to show Uy 'TUyf = z - f(2) for all f € L?*(o(T), y1). Towards this, define

VL (o(T),n) — L*(o(T), )
f(z) =z f(2)

It is clear that V' is a linear map, provided that it is well-defined. Because sup, ¢, (1) |2|? is finite,

Iz F (L2 (o) ) = /(T) |2 f(2)]* dp < ( Sup)Z|2> NF @2y

z€o
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implies z - f(z) € L?(o(T), ) when f € L?(o(T), u). Therefore, V is a well-defined, bounded linear
operator on L?(a(T), ).
Recalling that Uy extends Up, and ®(z) = T, we have

Ut TUf=U ' TO(fla=U" @z f(2))e=Uy ' Up(z- f(2)) =2 f(2) =V f

for all f € C(o(T)) / (f = g ae). Uy "TUy and V are bounded linear operators agreeing on a dense
subset of L?(o(T), 1), so continuity implies Uy 'TUy = V.
Letting U = Uy ! we obtain the desired statement of the theorem. O]

Lemma 3.24. Let T € L(H) be self-adjoint. There is a collection {H;}ier of pairwise orthogonal,
closed subspaces of H such that:

(a) For eachi € I, Ty, € L(H,;).

(b) For each i € I, there exists x; € H; such that x; is a cyclic vector for Ty, .

(¢) =B Hi-

Proof. If H is trivial, then the results are immediate. Assuming H is non-trivial, we will use Zorn’s
Lemma to construct the collection {H;},c;. However, before giving the partial order, we define a
family of closed subspaces of H that are not necessarily pairwise orthogonal.

For every nonzero z € H, let
P, = {®(p)z | p is a complex polynomial} C H,

where ® gives the functional calculus. Each P, is a subspace of H, because both ® and the evaluation

map at x are linear. Furthermore, T is invariant on each P,, because
Tod(p)x=P(z-p(2)x € P,

for every polynomial p. It follows that each P, will be a closed subspace of H and invariant under
T, by the continuity of vector addition, scalar multiplication, and T € £(#H). We may then view
each P, as a Hilbert space with the inherited inner product, and we will have T |5 € L(P,). Tt is
obvious that 2 € P, will be a cyclic vector for T|5

We construct our partial order by first defining
S={ACH\{0} | P, LP,Va,yecAst. z+#uy}

It is clear (S, C) is a partial ordering, where C is inclusion. Assuming H is non-trivial, i.e. H\{0}
is non-empty, then S is non-empty. Let C be an arbitrary, non-empty chain in . If we can show
Upgee B € S, it will immediately follow that | Jz.. B is an upper bound for C. First, we have
Upee B € H\{0}, because 0 ¢ B for all B € C. Now, consider distinct 2,y € |Jg.e B. There exists
some B, , € C such that x,y € B, ,, because C is a chain. Because B, , € S, we have P, 1 E It
follows that |Jzco B € S. Therefore, every non-empty chain in S will have an upper bound. Zorn’s

Lemma implies S contains a maximal element M.
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We claim {P, } e is our desired collection {#;};cs. By construction, the elements of {P, } e
are pairwise orthogonal, closed subspaces of H for which properties (a) and (b) of the theorem hold.
We may then take the internal direct sum K := @, 1 Pr C H. Before proving property (c) of the
theorem, we note that T is invariant on K, because 7T is continuous and invariant on each P,. This
then implies that 7" is invariant on K+, because T is self-adjoint.

Assume that K is a strict subset of H. Because K is closed, an equivalent assumption is that K is
not dense in H, i.e. Kt # {0}. Let 29 € K+ be non-zero. P,, C K+ because T is invariant on K,
and K1 is a closed subspace. Therefore, M |J{zo} is an element of S. The maximality of M implies
xo € M, but this is a contradiction because K N K+ = {0}. We must have @, ., Po = H. O

Theorem 3.25. Let {H;,K;}icr be a collection of Hilbert spaces. If {U; : H; — Ki}icr is a family

of unitary maps, then the map

U:PH - Pk

el iel
D wie Y Ui(wi)
iel iel

is well-defined and unitary.
Proof. Let H := @,.; Hi and K = @,.; K;. Each x € H has a unique representation as a formal

sum ), ; ;. From the definition of the norm on the direct sum of Hilbert spaces, we have

IU@)% =Y Uik, =D llailld, = llz]3; < oo,

icl el

because each U; is unitary. Therefore, U is well-defined and norm-preserving. The linearity of the
U; implies that U is linear. Noting that each U; is surjective, it follows that U is a surjective linear

isometry, and hence unitary. O

Theorem 3.26 (Spectral Theorem). Let T € L(H) be self-adjoint. There is a collection {;}icr of
finite Radon measures on R, and a unitary map U : H — @,.; L*(R, ;) such that

UTu =" @LQ(R, i) = @L2(R7Mz‘)

el iel
D i) e Y 2 fil2).
icl iel
Proof. Let ;c; Hi be the direct sum decomposition for H that is guaranteed by Lemma (3.24).

For each i € I, we have T3, € L(H;), and there exists a cyclic vector z; € H; for T|4,. Because T
is self-adjoint, T'|, will be self-adjoint with respect to the inherited inner product. Therefore, we
may apply Lemma (3.23) to each T'|y,. Let {u;}ier and {U;}ier be the resulting collection of finite
Radon measures and unitary mappings.
The map
U:H=EPH - @PL0(Th), )
iel i€l

y= v ) Uiy

i€l i€l
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is well-defined and unitary, by Theorem (3.25). For any >, fi € @,c; L*(0(T|3,), pti), we have

UTU! <Z fi) =UT (Z Ui‘lfz') - (ZTUi_lfi> =D UTU ' fi=) = fi(2)

i€l i€l i€l i€l i€l
by the definition of U, the continuity of T, and Lemma (3.23).
For each ¢ € I, we may consider p; as a finite Radon measure on (R, Bg) with its support

contained in o(7T|3;,), because o(T |4, ) is a Borel subset of R. With this identification,

@ LQ(J(T|'H1)7 Mi) = @ LZ(Rﬂ :U’i)'

i€l iel

It is finally clear that U is the desired map. O

Theorem 3.27. For {(X,, Xy, 1tn) 52, a countable family of positive measure spaces such that
Do n(Xy) s finite, define X = |, Xy, X := {1, An | 4n € X}, and

Y — R3O

where | | denotes the disjoint union. (X, X, u) is a finite measure space, and
VP L (X, i) = LA(X, 1)
n
an — f such that flx, = fn

1S5 unitary.

Proof. Tt is easily seen that ¥ is a o-algebra for the set X. Because {u,} is a family of positive
measures such that Y u,(X,) < oo, p is well-defined, and is such that p(9) = 0. p will also be
countably additive, because any partitioning of the terms of a convergent series of positive numbers
will converge to the same sum. Therefore, (X, ¥, 1) is a finite measure space.

f is a complex valued function on X if and only if there exists a unique family of functions
{fn : X, = C} such that f|x, = f, for each n. It is also clear that f is measurable with respect
to X if and only if each f|x, is measurable with respect to 3,. In the case f is measurable, and

considering each f|x, as a function on X that vanishes outside of X,, C X, we have

N
2 _ 2 _ : 2
J i du—/}(;mxnl du—ngnoo/X;Iflxnl s
N
— 1 2 _
—ngnm;/xv d“‘;/xn'f

using the Monotone Convergence Theorem. With these comments in mind, it follows that V is a

Qdu

Xn Xn

surjective linear isometry, and hence unitary. O]

The following is a corollary to the multiplication operator version of the spectral theorem. In

this corollary, the unitary equivalence of T to a multiplication operator is clear.
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Corollary 3.28. Let H be a separable Hilbert space, and let T € L(H) be self-adjoint. There exists
a finite measure space (X, 3, 1), a unitary map U : H — L?(X, 1), and a function F : X — R such
that
UTU ' LA(X, p) — L*(X, p)
f—F-f.
Proof. Let Uy : H — @,;c; L*(R, 11;) be the map from Theorem (3.26). H has a countable basis,

because it is separable. Noting that Uy is unitary, we may then assume I is a countable index. From

the construction of each p;, we have

pi(R) = o, (0(Tha,)) = il

where H; is a closed subspace of H on which T is invariant, and x; € H; is cyclic for T'|y,. For

any nonzero « € C, o - x; will also be cyclic for T

#,. Therefore, we may assume that the family of
measures {j;} was constructed so that ), u;(R) is finite.

Let (UieIR,Z,M) be the measure space, and V' : @, L?(R,p) — L? (UieIR, u) the unitary
map, from Theorem (3.27). As the composition of unitary maps, U := V o Up is unitary. Also, the
properties of U and the definition of V imply that UTU(f) = F - f for all f € L? (|_|i€[ R,,u),

where F(z,i) := z is a real-valued function on | |;.; R. O

3.3 Projection-Valued Measures

Definition 3.29. A projection-valued measure on a measurable space (X,X) is a function
P : ¥ — L(H) such that:

(i) For each F € X, P(F) is an orthogonal projection on H.

(i) P(0) =0 and P(X) = 1.

(iii) If {E,}nen C ¥ is a sequence of pairwise-disjoint sets, then SN

n=1

P(En) — P(UpZ1 En)
strongly.

Lemma 3.30. If P is a PVM on the measurable space (X, X)), then
P(E1NEsy) = P(FE,) P(Es)
for all E1,Es € X.

Proof. First, consider disjoint sets A,B € X. P is a PVM, so P(AUB),P(A), and P(B) are
orthogonal projections such that P (AU B) = P(A) + P(B). Therefore,

P(A) P(B) = P(B) P(A) = 0

using Lemma (2.18), and the fact that (P(A) P(B))* = P(B) P(A).

Now, consider arbitrary sets Fp, Fs € 3. The behaviour of P on disjoint sets implies
P(Ey) P(E3) = (P(EL\E2) + P(Ey1 N Ey)) (P(E2\E1) + P(E1NEy)) =P (FE;NE>)

because E1\Es, Ex\E;, E1 N Ey € ¥ are pairwise disjoint. O
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Theorem 3.31. Let P be a PVM on the measurable space (X,X). For any x,y € H, the function

Doy n— C
E v (P(E)z,y)

is a complex measure on (X,X). The family {psy}eyen has the following properties:

(a) Each py  is a finite positive measure, with p, (X) = ||z||3,.

(b) (z,y) = psy is a sesquilinear map from H x H to the space of complex measures on (X,%).
(¢) Pay =Py

(d) For any E € X, dpp(g)z,y = XE dPzy = dps p(E)y-

Proof. Fix x,y € H. ps,y, as given in the theorem, is clearly a well-defined, complex-valued function

on the o-algebra . P(0) =0 € L(H) because P is a PVM, so

Pay(0) = (P(0)z,y) = (0,y) =0

All that remains in proving p. , is a complex measure is showing that it is countably additive.

Let {E, }nen C X be a sequence of pairwise-disjoint sets. Because P is a PVM, {22[:1 P(E,)}
converges to P(E) strongly, where E = |J)_, E,,. In particular, {ZnN:1 (P(E,)x)} converges to
P(E)z in H. Noting that (-,y) is a continuous functional on H, we have

N N oo
(P(E)x,y) = lim <Z (P(En)z), y> = lim Y (P(E,)z,y) = Y (P(En)z,y).
n=1

N—o00 N—oc0
n=1

n=1

As desired, pgy(E) = >0° | Po.y(En). Therefore, {psy}tayen is a family of complex measures.

We will proceed with proving the properties (a)-(d). Consider p, ,. For any E € X, we have
0< <P(E)$,P(E)l‘> = <P(E):c,;c) :pz,m(E)a

because P(E) is self-adjoint and idempotent. We also have p, ,(X) = ||z||3,, because P(X) = I.
Therefore, p, . is a finite positive measure.

It is clear that (z,y) — py,y is a well-defined map from H x H to the vector space of complex
measures on (X, ¥). The range of P is contained in £(H), and the inner product is sesquilinear, so

this map will be sesquilinear. For every E € 3, we have

Pey(E) = (P(E)z,y) = (y, P(E)z) = (P(E)y, z) = py(E)

because each P(E) is self-adjoint. Therefore, py ., = Dy 2.
Finally, fix E € X, Using Lemma (3.30), we have

Pr(E)ey(F) = (P(F)P(E)z,y) = (P(ENF)2,y) = pay (BN F) = /FXE dpa.y,

for all F' € ¥. Therefore, dpp(g)s,y = XE dPz,y- Property (c) then implies

dpx,P(E)y = dpP(E)y,z = XE dpyﬂc =XE dpaz,y7

which completes the proof. O
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Theorem 3.32. Let P be a PVM on the measurable space (X,%). For each f € My(X,X), there
exists a unique T € L(H) such that

Te.)= [ 1 dps,
for all x,y € H.
Proof. Fix f € My(X,X), and consider the well-defined map
Y HxH—-C
@) [ £ doe,

Integration with respect to the sum and scaling of measures is linear, and we have already shown

that the map (z,y) — ps,y is sesquilinear. Therefore, ) is sesquilinear. For all = € H, we have

< 1f 1l - Nl

()| = \ [ 1 v

recalling that p, ,(X) = ||z||3,. Therefore, by Lemma (2.7), ¢ is bounded. Because ¢ is a bounded
sesquilinear form on H, there exists a unique 7" € L(H) such that (Tx,y) = ¥(z,y) for all z,y €
H. O

Definition 3.33. Suppose P is a PVM on the measurable space (X,X). For any f € M,(X,Y),
J f dP will denote the unique bounded operator on H, guaranteed by Theorem (3.32).

Corollary 3.34. If P is a PVM on the measurable space (X,X), then the map
/. AP+ My(X, ) — L(H)

fH/fdP

is well defined. In addition:

(a) [+ dP is a unital, algebraic *~homomorphism.

(b) [+ dP is continuous, with operator norm || [ - dP|| = 1.

(c) If {fn} C Mp(X,X) is a bounded sequence of functions which converges to f pointwise, then
{f fn dP} converges to ff dP with respect to the strong operator topology.

Proof. 1t is clear that [- dP is well-defined, so we will proceed with proving property (a). Let
x,y € ‘H be arbitrary. To see that f dP is unital, note that

(Iz,y) = (P(X)2, ) = pay(X) = / 1 dp.,

Uniqueness implies I = [1 dP. Now, let f,g € My(X,X), and let S = [ f dP and T = [ g dP.

For any a € C, we have

/a'f+gdpx,y:a'/fdpw,y+/gdpm,y:<(a'S+T)x7y>
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using the linearity of integration. Furthermore,

(8%y0) = Boal = [ oy = [T vy = [76) oy

because Py, = Py - Uniqueness implies [a-f+gdP=a-T+ S and T* = [ f dP,so [ dP is
linear and preserves the star operation. We are left with showing [ - dP preserves the multiplication

operation. For all E € X, we have

because P(E) is self-adjoint, and dp, p(g)y = XE dPz,y. This implies dpry, = g dpsy, s0

Uniqueness implies SoT = [ f - g dP, completing the proof of property (a).
Using the homomorphism properties of [ - dP, and recalling that p, .(X) = ||z||3,, we get

1SaljZ, = (5" o Sz, z) = / T dpas = / P dpoa < 1£12 - 12l

This implies ||S||z(2) < || fllw, so [ - dP is continuous, as desired. Noting that || z) =1 = ||1]]«,
the remainder of property (b) follows.

Finally, suppose {f,} C M;(X,X) is a bounded sequence of functions converging to f pointwise.
f is measurable, because each f, is measurable, and bounded, because sup || fn|. < co. If S, =
| fn dP, then we have

H(S_ Sn)x”%{ = <(S_ Sn)*(s_ Sn)l',$> = /(f - fn)(f - fn) dpzzz,w :/|f_ fn|2 dpw,:m

again using the homomorphism properties of |- dP. Noting that {f — f,} is dominated by 2M €
L*(X,ps.2), where M = sup || fu||u, the dominated convergence theorem for L spaces implies that

S, converges to S with respect to the strong operator topology. O

Definition 3.35. Suppose X is a locally compact Hausdorff space, and that P is a PVM on (X, Bx).
P is a Radon PVM if {p, ,}» yen is a family of complex Radon measures. The support of P is

supp(P) = | supp(pa.y)
z,yEH

P is compact if its support is compact in X.

The above definitions differ from those given in [4]. Rather than defining the regularity and
support of a PVM P directly, we define these concepts in terms of the complex measures generated
by P. This was done so that we may avoid discussing the supremum and infimum of a family of
orthogonal projections. Even with these non-standard definitions, the support of a Radon PVM is

what one would expect.
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Lemma 3.36. If X is a locally compact Hausdorff space, and P is a Radon PVM on (X,Bx), then:
(a) P(B) =0, for any B € Bx contained in the complement of supp(P).

(b) P (supp(P)) =1.

(c¢) supp(P) = N€¢, where N is the union of all open sets B € Bx such that P(B) = 0.

Proof. Towards proving the first part of the lemma, consider any B € By that is contained in the
complement of supp(P), and let x,y € H be arbitrary. By the definition of supp(P), B is contained
in the complement of supp(ps ). Ps,y is a complex Radon measure, so p, ,(B) = (P(B)z,y) = 0.
Theorem (2.8) then implies P(B) = 0, as desired. In particular, part (a) implies P(supp(P)¢) = 0.
Part (b) immediately follows.

We will prove the last part of the lemma by showing that N, as defined, is equal to the com-
plement of supp(P). It is clear N contains supp(P)¢, because supp(P)¢ is an open set such that
P(supp(P)¢) = 0. Now, consider any open B € By such that P(B) = 0. Clearly, p, ,(B) =
(P(B)x,xz) = 0 for all € H. This shows B is null for every element of {p; s}sen, a family of
positive measures. (z,y) — pa,y(+) is a sesquilinear map from #H x H to the vector space of complex

measures on (X, Bx), so we may consider the polarization identity

1 . .
p%y(') = 1 [px+y,x+y(') - pw—y,x—y(') + 'px+iy,x+iy(') -1 'p:c—iyw—iy(')]

for any x,y € H. B is null for the positive measures on the right-hand side of the above equality, so
Pay(ANB) =0 for any A € Bx. In other words, B is null for each p, ,, and hence contained in the
complement of |, ven supp(pg,y). Because B is open, it is contained in supp(P)°. Therefore, N is

contained in supp(P)¢, completing the proof. O

If P is a Radon PVM on X, Theorem (3.32) may be proven for any measurable function f : X —
C which is bounded on the support of P, rather than its entire domain. Corollary (3.34) may also
be altered accordingly. These generalizations are important because the PVM’s we consider from

this point onwards will be Radon.

Theorem 3.37. If X is a locally compact Hausdorff space that is second countable, then every PVM
on (X, Bx) is Radon. In particular, every PVM on (R™, Bgn) is Radon.

Proof. Every complex measure on a second countable, locally compact Hausdorff space is Radon (see,
for example, the comments on page 222 of [3]). The proof is then immediate from the definition of
a Radon PVM. O

Lemma 3.38. If P is a compact PVM on (R™, Bg»), and II; : R™ — R is the projection map for
the i-th coordinate, then {f 1I; clP}?:1 s a finite collection of self-adjoint and commuting operators
in L(H).

Proof. Fix the index i € {1,...,n}. Because supp(P) is compact and II; is continuous, II; € B(R™)
is bounded on supp(P). Therefore, [II; dP is well-defined. Using the homomorphism properties of
f - dP, and the fact that II; is real-valued, we have

(/HidP>*:/HidP:/HidP.
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The multiplication operation in B,(supp(P)) is commutative, and [ - dP is an algebraic homomor-

phism, so { [ TI; dP}?:1 C L(H) is a family of commuting operators. O

Theorem 3.39. If P and Py are compact PVM’s on (R™, Bgn) such that

/Hi dP:/Hi dP,

Proof. Assume that [- dP and [- dP, agree on the coordinate projection maps. Recalling that

forie{l,...,n}, then P = P,.

J - dP and [- dP, are unital algebraic homomorphisms, it follows that they agree on all complex
polynomials of n real variables. Now, let K be the union of the supports for P and Py, and consider
f € Cy(R™) C By(K). K is compact, so Corollary (3.6) implies there is a sequence {¢,,} of complex

polynomials of n real variables which converges to f uniformly on K. Therefore,

/fdP:Iim/qmszlim/qmdP():/fdPo,

using the continuity of [ - dP and [ - dP,, and the definition of K.
It follows that [ f dpyy = [ f dpo(a,y) for all z,y € H, and all f € Co(R™). Noting that p, ,

and pg (,y) are Radon, the Riesz Representation Theorem implies

(P()2,y) = Day = Po(ay) = (Po(-)7,y)
for all z,y € H. We may conclude P = P. O
Theorem 3.40. Let T € L(H) be self-adjoint. The function
P:Bgr — L(H)
B~ xs(T)=®(xB)
is a PVM on (R, Br).

Proof. Characteristic functions of Borel sets are Borel measurable and bounded, so P is well-defined,
using the functional calculus for T. We may proceed with demonstrating P is a PVM. For a fixed
B € Bg, consider P(B) € L(H). Using the homomorphism properties of the functional calculus, we

have

P(B)" =xB(T)" =XB(T) = xs(T) = P(B)
and

P(B)* = x5(T)* = x3(T) = x5(T) = P(B)

because xp is real-valued and idempotent. Therefore, P(B) € L(#) is an orthogonal projection.
When restricted to o(T'), xg and xg are, respectively, the zero element and multiplicative identity
in By(o(T)). Therefore, P(0) = xp(T) = 0 and P(R) = xg(T) = I.
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Finally, suppose {B;, }nen C Br is a sequence of pairwise-disjoint subsets. Letting By = Ui:;l B,
and B = |J,—, By, it is clear {xp,} C By(c(T)) is a bounded sequence of functions converging to
X B pointwise. The convergence property of the functional calculus then implies x g, (T) — x5(T)
strongly in £(#). However, xp, = Zﬁle XB, because the elements of {B,} are pairwise disjoint,

SO

N N
> P(Bn) = x5, (T) = x5y (T).

Therefore, S~ . P(B,) — P(B) strongly, as desired. O

n=1

Corollary 3.41. Let T € L(H) be self-adjoint, let {1ty 4}z yen be the complex Radon measures on
o(T) used in the construction of the functional calculus for T, and let P be the PVM on (R, Bg)
constructed from T. If jiz 4 is considered as a measure on (R, Br), then pg .y = piz,y. Furthermore,

supp(P) = o(T) is compact.

Proof. From the definition of P and the construction of the functional calculus for T,

(P(B)a,y) = (xa(D)a,) = [ o ditny = 1o (B)
for all B € Bg and z,y € H. Corollary (3.18) then implies supp(P) = o(T). O
Lemma 3.42. Let T € L(H) be self-adjoint, let ® be the functional calculus for T, and let P be the

PVM on (R, Br) constructed from T. Then ®(f) = [ f dP for all f € B(o(T)), and T = [ z dP(z)

in particular.

Proof. Tt f € By(o(T)), then ®(f) is a well-defined element of L(H). From the construction of the

functional calculus, and using Corollary (3.41),

£z y) / f ey = / f dpa.,

for all z,y € H. Noting that supp(P) = o(T’), uniqueness implies ®(f) = [ f dP. O

Theorem 3.43 (Spectral Theorem). There is a bijection between the compact PVM’s on (R, Bg)
and the self-adjoint elements of L(H).

Proof. Tf P represents the collection of compact PVM’s on (R, Br), and T represents the collection

of self-adjoint elements in £(#), then consider the map

F:P=T

Pr—>/z dP(z)

Lemma (3.38) ensures that F' is well-defined, and Theorem (3.39) implies that F' is injective. If P is
the PVM on (R, Bgr) constructed from T € T, as in Theorem (3.40), then it has compact support,
by Corollary (3.41). Therefore, P € P, and

F(P) = /z dP(z) =

by Lemma (3.42). This shows that F is also surjective. O



Chapter 4

Generalizing to Finite Sequences

In this chapter, we generalize the spectral theorems from Chapter 3 to finite sequences {T;}!" ; C
L(H) of self-adjoint and commuting operators. The idea for this generalization comes from the proof
of Theorem (44.1) in [4], the projection-valued measure version of the spectral theorem for normal
bounded operators. The first section defines and proves the existence of a decomposing PVM
for {T;}7_,, the second section presents a generalized functional calculus, and the third section
generalizes the multiplication operator version of the spectral theorem. In the final section, we
consider the particular case where n = 2, so that we may develop the spectral theory for normal

bounded operators.

4.1 Decomposing Projection-Valued Measures

Lemma 4.1. Let {T;}7, C L(H) be a finite sequence of self-adjoint and commuting operators,
with {P;}"_, as their respective PVM’s on (R, Bgr). For any collection {B;}!_; C Bgr, {P;i(B;)}",
commute, and Py(By) - Pn(By) € L(H) is an orthogonal projection.

Proof. Consider any indices i,j € {1,...,n}. Because T; commutes with T}, the functional calculus
for T; has the property that P;(B;) = xp,(7;) commutes with T;. The functional calculus for T}
then has the property that Pj(B;) = x,(T;) commutes with P;(5;). It follows that {P;(B;)}i-,
is a family of commuting orthogonal projections, which implies P (By)--- P,(By,) € L(H) is an

orthogonal projection. O
The following theorem may be found, for example, in [3] (Theorem 1.14).

Theorem 4.2. A o-finite premeasure on an algebra A of sets has a unique extension to a positive

measure on the o-algebra generated by A.

Theorem 4.3. Let {T;}7, C L(H) be a finite sequence of self-adjoint and commuting operators,
with {P;}_, as their respective PVM’s on (R,Bgr). For each x € H, there is a unique positive

measure vy on (R™, Brn) such that
V;E(Bl X+ X Bn) = <P1(Bl) . Pn(Bn)Z‘,JJ>

for every measurable rectangle By X -+ - X B,, € Bgn. This family {v, }zecn has the following properties:

(a) va(R") = ||z|[3,.
(b) Vo.x = |a|? - vy for any a € C.

Proof. Let A be the collection of all finite, disjoint unions of measurable rectangles in Bg». A is an

algebra of sets which generates the o-algebra Bgn. We will first create a family of premeasures on

37
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A with the desired property on measurable rectangles, and then extend them uniquely to a family

of positive measures on Bgn.

For each x € H, define the map

pt A— RO
k k
U Bijx - x Buj > (Pi(Bij)- - Pu(Bn )z, ).
j=1 j=1
It is not immediately clear that ©, is well-defined, for two reasons. First, the range of 7, may
not be R=%. However, each P;(Bj ;) P,(By ;) is idempotent and self-adjoint, as an orthogonal

projection, so

k
Z Pl Bl,] o n Z |P1 Bl:] Pn(Bm])xHil ZO

Jj=1

Second, a set in A does not in general have a unique representation as a finite, disjoint union of
measurable rectangles. 7, may give different values for the same set, depending upon the represen-
tation.

Towards showing this is not the case, consider countable collections {B1 j, }j,en, -, {Bn,j, }jnen

of disjoint sets in Bg. Letting B; = J;—_, B j,, then

Ji=1

Bl><-~-><Bn=LnJ G By jy x - X By, € A

i=1j;=1

We will refer to {B1,j, x -+ X By j, }j,.j.en C A as a grid for By x --+ x B,. The countable
additivity of P; implies that

Pi(B1) - Pu(By) = Z Pl(Blvjl)PQ(BQ) o Po(By)
Jji=1
with respect to the strong operator topology. Also, for any i € {2,...,n}, the countable additivity
of P;, and the continuity of P (B j,) -+ Pi—1(Bi—1,j_,), implies that

oo
Pi(Byj,) - Picai(Bi1j,_ )Pi(Bi) -+ Pu(Bn) = Y Pi(Buj,) -+ Pi(Bij,)Piy1(Big1) -+ Pa(B)
Ji=1
with respect to the strong operator topology. Noting that strong convergence implies weak conver-
gence, it follows that

oo

(Pi(B1) - Pu(Bu)z,x) =) Y (Pi(B1,) - Pu(Bn,)e, o)

i=1 j;=1

which implies

n o0
Dp(By X -+ x By) = Z Z 74(Byj, X -+~ X By j,) < 0.

i=1j;=1
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Any two representations for the same set in A will have a common refinement that partitions
both into grids. Reordering the terms of an absolutely convergent series of real numbers will not
change the sum, so 7, will give the same value for both representations. We may now conclude 7,
is well-defined.

We claim 7, is a finite premeasure on 4. Using the properties of {P;}? ,
Dz (0) = (P (D) - Py(D)z,z) =0
and
7 (R") = (PL(R) - Pu(R)a,2) = ]2

To show that 7, is countably additive, it is enough to consider a collection {B j X - -+ X By, j }jen of

disjoint measurable rectangles in Bg~» whose union is in A, i.e.
[e'S) k
UBl,jX"'XBn,j:UAl,jX"'XA’rL,jeA'
j=1 j=1

From the same argument used to prove 0, respects different representations of the same set, it

follows that
ﬁz UBL]. X"'XBn,j :Zﬁm(Bl,J X"'XBnJ').
j=1 J=1

As claimed, 7, is a finite premeasure on A. Theorem (4.2) ensures the existence of a unique

positive measure v, on Bg» which extends 7. Suppose v/, is a positive measure on Bg» such that
V(By X -+ x By) = (P1(By) - Py(By)x, )

for all measurable rectangles By x - - x B,,. The finite additivity of measures implies v, agrees with
U, on A, so v, = v, by uniqueness.
All that remains of the proof is to show the family {v, } .3 has the additional properties specified

in the theorem. It is clear that v, (R™) = ||z||3,. Given any a € C,

Voow(B1 X - -+ X By) = (P1(B1) -+ Po(Bp) (- x), 0 - x)
=a-a(P(By)---Py(Bn)z,x) = |a* vy (By x --- x By).

for all measurable rectangles By X - -+ X B,,. Uniqueness implies 4., = \cu|2 Vg ]

Theorem 4.4. Let {T;}7, C L(H) be a finite sequence of self-adjoint and commuting operators,
with {P;}1_, as their respective PVM’s on (R,Bgr). There is a unique PVM P on (R™, Bgn) such
that

P(By x -+ x By) = Pi(By) -+ Pa(By)

for all measurable rectangles By X -+ X B,, € Bgn.
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Proof. Let {v, }zen be the family of finite positive measures on (R™, Bg») from Theorem (4.3). With

the polarization identity in mind,

1

Vpy = 1 (Vaty = Vamy +0 Vogig — 1 Vo—iy)

creates a family {vg }syen of complex measures. It is easily shown v, , = v,, using the fact that
Voo = |oz|2 - v, for any a € C. These complex measures will be used to construct the desired PVM.

For any B € Bgrn, the map (x,y) — v, 4(B) is a conjugate symmetric, sesquilinear form on .
We will first verify this for the collection of measurable rectangles in Bgn, which will be denoted by

R. For each By x --- x B,, € R, we have
Vx,y(Bl X X Bn) = <P1(Bl) Pn(Bn)z7y>7

using the definition of v, ,, the behaviour of the measures {v;}zex on By x --- x B, and the
polarization identity. Noting that P;(By)--- P,(B,) is self-adjoint, (x,y) — vy, (B1 X -+ X By) is
as claimed.

Now, let S be the collection of all B € Bg» such that (x,y) — v, ,(B) is conjugate symmetric
and sesquilinear. We claim § is a o-additive class. It is already clear that R™ € S, because R C S.
If A,B € S are such that B C A, then

Viy(A\B) = vz (A) = vz (B)

implies (z,y) — vy (A\B) will also have the desired properties, so A\B € S. If {B;}jen C Sis a

disjoint collection of sets, then

o0

Vy U B; | = Z Vay(Bj) < 00
j=1

j=1

implies (x,y) = Vg y (U;’;l Bj) will also have the desired properties, so U;’il B;eS.

The intersection of two measurable rectangles is again a measurable rectangle, so R is closed
with respect to finite intersections. Noting that Bg. is the o-algebra generated by R, part (ii)
of the Monotone Class Theorem then implies Bg» will also be the o-additive class generated by
R. It follows that S = Bgn, because S is a o-additive class and R € S C Bg~. This confirms
(x,y) = vz 4(B) is a conjugate symmetric, sesquilinear form on #H for any B € Bgn.

Furthermore, each map (z,y) — v, 4(B) is bounded. v, , = v, is a positive measure for each

xr € H, so
Viw(B) < va(R") = ||z]|3,.

The boundedness then follows from Lemma (2.7).

For each B € Bgn, there exists a unique P(B) € £(H) such that

Vey(B) = (P(B)z,y)
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for all x,y € H, because (x,y) — v, ,(B) is a bounded sesquilinear form. The uniqueness of P(B)
implies that P(ByX---XBy,) = P1(By) - - - P,(By,) for measurable rectangles By X - - - x B,,. Therefore,
the map

P B]Rn — E(H)
B+~ P(B)
has the desired decomposition on rectangles. However, it still needs to be shown that P is a PVM.

First, we will show P(B) is an orthogonal projection for every B € Bgn. Using the previously

demonstrated conjugate symmetry,

(P(B)2,y) = Va,y(B) = vy..(B) = (P(B)y,z) = (P(B)"x,y)

for all 2,y € H. The uniqueness of P(B) implies that it is self-adjoint. Therefore, if P(B) is
idempotent, it is an orthogonal projection. The idempotentcy will be demonstrated indirectly.

We claim P (AN B) = P(A)P(B) for all A, B € Bgn. For measurable rectangles A; x --- x 4,
and By X --- X B, in R,

P((Al ><XAn)ﬂ(leXB,L)):Pl(AlﬂBl)Pn(Antn)
:Pl(Al)Pl(Bl)Pn(An)Pn<Bn)
=P(A; x - x Ap)P(By X --- X By)

using Lemma (3.30) and Lemma (4.1). Therefore, the claim holds for pairs of measurable rectangles.

Fixing By € R, redefine S to be the collection of all A € Bgn such that P (A N By) = P(A)P(By).
As before, we will show S is a o-additive class. Clearly, R® € S because R C S. If A,B € § are
such that B C A, then

Ve ((A\B) N Bo) = vay (AN By) — vz (BN Bo) = (P(A)P(Bo)z,y) — (P(B)P(Bo)z,y)
= VP(Bo)a,y(A) = VP(Bo)a,y(B) = VP(By)z,y (A\B) = (P(A\B)P(Bo)z,y)

for all z,y € H. The uniqueness of P ((A\B) N By) implies P ((A\B) N By) = P(A\B)P(By), so
A\B € S. If {A;};n C S is a disjoint collection of sets, and A = U;)il Aj, then

Vay (AN By) = Z Ve (A5 N Bo) Z P(Bo)z,y) ZVP Bo)z.y(A

= Up(Boyny(A) = (P(A)P(Bo)z,y)

for all 2,y € H. The uniqueness of P (AN By) implies P (AN By) = P(A)P(By), so A€ S.

S is a o-additive class containing R and contained in Bg~. Using the Monotone Class Theorem
as before, & = Bgn. It follows that P(ANB) = P(A)P(B) for all A € Bgn and B € R. This
process can be repeated, by first fixing Ay € Bgn, and once more redefining S to be the collection
of all B € Bgrn such that P (AgNB) = P(Ay)P(B). S is again a o-additive class containing R,
so § = Bgn. It follows that P (AN B) = P(A)P(B) for all A,B € Bg~. In particular, P(B) =
P (BN B) = P(B)P(B) demonstrates the idempotentcy of P(B).
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We have established that P is projection-valued. Clearly, P(0) = P1(0)---P,(0) = 0 and

P(R"™) = Pi(R)---P,(R) = I. Now, let {B;}jen C Bgr~ be a collection of disjoint sets. Fixing
x € H, consider the sequence {P(B;)z}en C H. For indices i # j,

(P(Bi)z, P(Bj)x) = (P(B;)P(Bi)z, ) = (P (B; N Bi) z,x) = (P(0)x, z) = 0,

so {P(Bi)r}ien is an orthogonal sequence. If B = |J;Z, Bj, then

IP(B)z|l3, = (P(B)x,z) = va.a(B va =D (P Z 1P (B;)x -

= ]:1

The generalized Pythagorean Theorem implies Y .-, P(B;)z € H. Therefore,

(P)3) =)= 35 = S0 B3)2) = (3= P

— j=1
for all y € H. This implies P(B)z = Y_72, P(Bj)z. x € H was arbitrary, so P(B) = >.72, P(B;)
with respect to the strong operator topology. We conclude that P is a PVM on (R"™, Bgn).

Finally, suppose Py is another PVM on (R"™, Bg») with the desired decomposition property on

measurable rectangles. For each x € H, pg (5,,) is a positive measure on Bgr» such that
D0 (2,2)(B1 X -+ X By) = (Po(By x -+ x Bp)x,x) = (P1(B1) - -+ Po(By)z, )

for all By x -+ x B, € R. The uniqueness of v, implies py(y,4) = Vs = Pzz- The polarization

identities for (z,y) = po (z,y) and (2,y) + pe. then imply

<P0():L'7y> = Po(z,y) = Py = <P()x,y>
for all z,y € H. We conclude Py = P. O

Definition 4.5. Let {T;} ; C L(H) be a finite sequence of self-adjoint and commuting operators.
The unique PVM on (R™, Bg~) guaranteed by Theorem (4.4) will be called the decomposing PVM
for {T;}7_,. If P is the decomposing PVM for {T};}7;, then P; will be assumed to be the PVM on
(R, Bg) associated with T;.

Corollary 4.6. Let {T;}!_; C L(H) be a finite sequence of self-adjoint and commuting operators,
and let P be its decomposing PVM. P is a compact PVM whose support is contained in o(Ty) x

-+ x a(Ty). Furthermore, if II; is the the function projecting the i-th coordinate of R™ onto R, then
o(T;) = 1L; [supp(P)].

Proof. Let E = o(T1) x -+ x o(T,). Recalling that supp(P;) = o(T;), part (a) of Lemma (3.36)
implies P; (¢(T;)¢) = 0. Because E° is the union of the disjoint rectangles

{o(Th) x -+ xo(Ti—1) xo(T;))*xRx -+ xR |1<i<n}C Bgn,

the decomposition property of P implies P(E¢) = 0. Noting that E° is open, part (c¢) of Lemma
(3.36) implies that supp(P) is contained in E. As a closed subset of a compact set, supp(P) is

compact.
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For some fixed index i € {1,...,n}, let E; = II; [supp(P)]. It is clear E; C o(T;); however, we will
assume the inclusion is strict. E; is closed because continuous functions carry compactness forwards.
Therefore, E¢ is an open set having a nonempty intersection with o¢(T;) = supp(F;). Part (c) of
Lemma (3.36) implies P;(E¢) # 0 € L(H). For the measurable rectangle Rx -+« x E€ x--- xR € Bgn,

we then have
PR x - x Ef x -+ xR) = PI(R) - Pi(Ef) - Po(R) = P,(EY) # 0 € L(H),

using the decomposition property of P. This contradicts part (a) of Lemma (3.36), because R x
<o x BEf x -+ x R is disjoint from supp(P). We may conclude E; = o(T;). O

We require the following lemma, which may be found in [3] (Proposition 2.34).
Lemma 4.7. Let {(X;,X;)}, be a collection of measurable spaces, and let f : ] | X; — C be a

function that is dependent only on its i-th variable, i.e.

i=1

(Zla'-'vzia"'azn) Hg(zi)
for some function g : X; — C. [ is (Q_, Xi, Bc)-measurable if and only if g is (X;, Bc)-measurable.

Lemma 4.8. Let {T;}, C L(H) be a finite sequence of self-adjoint and commuting operators, let
P be its decomposing PVM, and let f € B(R™) be bounded on supp(P). If f is dependent only on

its i-th variable, i.e.
fR*"—=C
(215 oy 2n) = g(2;)
for some function g : R — C, then
R R
In particular, fRn II; dP = T;, where I1; is the i-th coordinate projection.

Proof. Suppose g € Bg is a simple function. If Zj\il aj - xB, is the standard representation for g,
then we necessarily have f = Z;Vil G X, where II; : R™ — R is the projection map for the

i-th coordinate. f € B(R™) because II; is continuous. Also,
M M
/R fdpsy = a;(Pu(R) - Pi(By) - Pa(R)z,y) = Y aj(Pi(By)z.y) = /R 9 dpi (o)
" j=1 j=1

for all z,y € H. Therefore, [, f dP = [, g dP;, by uniqueness.
Now, consider an arbitrary f with the hypothesised properties. The boundedness of f on supp(P)
implies g is bounded on o(T;), because o(T;) = II, [supp(P)]. Also, by Lemma (4.7), g is measurable

with respect to Bg, because f is measurable with respect to Brn = ®?:1 Br. Therefore, there exists
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a sequence {t,,} C B(R) of simple functions which converges to g uniformly on the compact set
o(T;) = supp(F;). As was done above, we may use {t,,} to construct another sequence {s,,} C B(R™)
of simple functions. From its construction, {s,,} will converge to f uniformly on supp(P). Therefore,

f dP =lim smszlim/tmdPZ':/gdPi
R™ m R

Rn m

using the continuity of the maps [, - dP and [, - dP; on By(supp(P)) and By (supp(F;)), respectively.
Finally, consider II; : R™ — R. Because supp(P) is compact, and continuous functions preserve

compactness, we have II; € B, (supp(P)). It is clear II; is only dependent on its i-th coordinate, so

n R
by Lemma (3.42). O

Theorem 4.9 (Spectral Theorem). Fizn € N. There is a bijection between the compact PVM’s on
(R™, Brn) and sequences {T;}I_; C L(H) of self-adjoint and commuting operators.

Proof. Let P represent the compact PVM’s on (R™, Brn ), and let T represent the sequences {T;}7

of self-adjoint and commuting operators in £(#). Consider the map

F:P=T

PH{/HidP} ,
=1

where II; is the i-th coordinate projection. Lemma (3.38) ensures that F is well-defined, and
Theorem (3.39) implies that F' is injective. If P is the decomposing PVM for {T;}7 , C T, then it
has compact support, by Corollary (4.6). Therefore, P € P, and

F(P) = { [ dp}; — (T},

by Lemma (4.8). This shows that F is also surjective. O

4.2 The Functional Calculus

Theorem 4.10 (Spectral Theorem). Let {T;}7, C L(H) be a finite sequence of self-adjoint and
commuting operators, and let P be its decomposing PVM. There is a unique map ® : By (supp(P)) —
L(H) such that:

(a) ®(I1;) = T;, where II; : R™ — R is the i-th coordinate projection.

(b) @ is a unital algebraic homomorphism.

(c) If {fm} C Bp(supp(P)) is a bounded sequence which converges to f pointwise, then {®(fm)}
converges to ®(f) strongly.

In addition, ® has the following properties:

(d) ® is continuous, with operator norm ||®| = 1.

(e) ® is a *-homomorphism.
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(f) If f € By(supp(P)) is such that f > 0, then ®(f) > 0.

(9) If S € L(H) commutes with each T;, then ®(f)S = S®(f) for all f € By(supp(P)).

(h) If for some x € H there exist {\;}I_, C C such that T;x = Nz, then O(flz = f(A1,..., \n)x
for all f € By(supp(P)).

Proof. P is a PVM on (R", Bgr ), so we may define the function
@ : By(supp(P)) = L(H)

f»—>/fdP.

By Lemma (4.8), we have that ®(II;) = T;. ® also will inherit properties (b), (¢), (d), and (e) from
f - dP. Noting that p, , is a positive measure for every x € H, property (f) may also be verified as
in Theorem (3.17).

Suppose there is some S € L(H) which commutes with each T}, and suppose there is some 2 € H
and {\;}7, such that T,z = M\;jz. Let V be the collection of all f € By(supp(P)) such that ®(f)
commutes with S, and ®(f)x = f(A1,..., \n)z. First, note that By (supp(P)) contains all complex

polynomials of n real variables. Given any polynomial p(z1,...,2,) = Z?:o ajz ez ™ we
have
k k
d(p) = Zo‘j CD(ITy) ™ - B(IT, ) = ZO‘J N R
j=0 7=0

because ® is an algebraic homomorphism. It follows that
k k
O(p) S = | Doy T T | S =8 (D ey T T | = S (p).
3=0 3=0
It is easily seen by induction that T/"x = A"z for any m € N, and clearly x = TPz = A\Jz. Therefore,

k k
— LG T e — AL\ LG TG
®(p)r = E ;- Ty e = E A AT e
=0 =0

k
= ZajATl‘j A = p(Ag, .., A
j=1

This shows that all complex polynomials of n real variables are contained in ). V is a vector space,
because ®, composition, and the evaluation map at x are linear, and because of the distributivity
of scalar multiplication. If {f,,} C V is a bounded sequence converging to f pointwise, we may use
the strong convergence of {®(f,,)} to show f € V, exactly as was done in the proof Theorem (3.17).
Therefore, by Corollary (3.16), ¥V = By(supp(P)), i.e. ® satisfies properties (g) and (h).

Let U : By(supp(P)) — L(H) be another function satisfying properties (a), (b), and (c), and let
V be the collection of all f € By(supp(P)) such that U(f) = ®(f). Properties (a) and (b) imply that
V contains all complex polynomials of n real variables. Also, the linearity of ¥ and & implies that
V is a vector space. If {f,,} C V is a bounded sequence which converges to f pointwise, then we
necessarily have f € V, because of property (c). Therefore, by Corollary (3.16), V = By (supp(P)),
ie. U =0, O
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4.3 The Associated Multiplication Operator

Definition 4.11. Let {T;}"_, C L(#) be a finite sequence of commuting operators. = € H is a

cyclic vector for {T;}7_, if
{p(T1,...,T,)x | pis a complex polynomial of n variables}

is a dense subset of H.

Lemma 4.12. Let {T;}7, C L(H) be a finite sequence of self-adjoint and commuting operators,
with a cyclic vector x € H, and P as its decomposing PVM. There is a positive Radon measure p

on supp(P) C R", and a unitary map U : H — L*(supp(P), i), such that

UT,U ™t : L2 (supp(P), 1) — L*(supp(P), 1)

fGi, oo zn) = 2o f(z1,000 5 20)
for each i € {1,...,n}.

Proof. The proof of this lemma is very similar to that of Lemma (3.23). We will only provide the
outline, with the necessary alterations.

Given the cyclic vector x € H and the decomposing PVM P, let ;1 = p, .. p is a positive
Radon measure on R", with its support contained in the compact set supp(P). By Theorem (3.22),
C(supp(P)) / (f = g a.e.) is a dense subspace of L?(supp(P), ).

Define the map

Uy : C(supp(P)) / (f =g ae) > H
[ o(f)z,

where @ gives the functional calculus for {T;}7" ;. Up is a well-defined linear isometry. Also, its
range will be dense in H, because C(supp(P)) / (f = g a.e.) contains all complex polynomials of
n variables, and x is cyclic. Since [7'0 has these properties, it may be extended to a unitary map
Uo from L?(supp(P)), 1) to H, using the Bounded Linear Transformation Theorem, and Theorem
(3.8).

For i € {1,...,n}, define

V i L (supp(P), 1) = L*(supp(P), p)
fzi,oyzn) =z f(z1,0 -0, 2n)-

V is a well-defined, bounded linear operator on L?(supp(P), u) satisfying Uy *T;Ugf = V f for all
f € C(supp(P)) / (f = g a.e.). Continuity implies Uy 'T;Uy = V.
Letting U = U; ™!, we obtain the desired statement of the theorem. O

Lemma 4.13. Let {T;}7, C L(H) be a finite sequence of self-adjoint and commuting operators.

There is a collection {H,;},cs of pairwise orthogonal, closed subspaces of H such that
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n

(a) For each j € J, {Ti|3, } _, CL(Hj)-
(b) For each j € J, there exists xj € H; such that x; is a cyclic vector for {Ti\nj }?:1.
(C) H= @jGJHj'

%

Proof. The proof of this lemma is very similar to that of Lemma (3.24). We will only provide the
outline, with the necessary alterations.
If H is trivial, then the desired results are immediate. We will assume H is non-trivial. For every

nonzero xr € H, let
P, ={®(p)z | p is a complex polynomial of n variables} C H,
where ® gives the functional calculus for {T;}!_,. Each P, is a subspace of H such that
T, ®(p)z = ®(2; - p(21,...,20))T € Py

for every polynomial of n variables. Therefore, each P, will be a closed subspace of 7 that is invariant
under {7T;}"_,. Tt is then obvious that {T1|PT}:L: . C L(P,) is a finite sequence of self-adjoint and
commuting operators which also has z as a cyclic vector.

An application of Zorn’s Lemma guarantees there is a maximal pairwise orthogonal subcollection
of {P,} e Denote this subcollection by { P, },ear, where M C H. We claim { P, } e is our desired
collection {H;};cs. It is already clear that properties (a) and (b) of the theorem hold.

Let K := @xEME C H. {T;}, are invariant on K, and hence invariant on K1, because they
are self-adjoint. If K is a strict subset of #, then there exists a nonzero zo € K+. In that case,
P,, C K*, because {T;}"_, are invariant on K+. This is a contradiction, proving that property (c)

holds. O]

Theorem 4.14 (Spectral Theorem). Let {T;}}_, be a finite sequence of self-adjoint and commuting
operators. There is a collection {p;}ics of finite, positive measures on (R™, Brn), and a unitary

map U : H — @jEJLQ(R",uj), such that

UTU " @ L*R", ;) — P L*(R™, )

jeJ JjeJ
ij(zl,...,zn) —> 221 . fj(Zl,...,Zn)
jeJ JjeJ

for each i € {1,...,n}.

Proof. The proof is nearly identical to that of Theorem (3.26). Lemma (4.13) gives the direct

sum decomposition H = @, ; H;, where {Ti|7.[j}?= C L(H;) is a sequence of self-adjoint and

1
commuting operators, with cyclic vector x; € H;, for each j € J. Letting P; be the decomposing
PVM for {T; |y, }jzl, we use Lemma (4.12) to obtain the collections {1, }je.; and {U, }jes of measures
and unitary maps. U is constructed, and shown to have the desired properties, as in Theorem (3.26).

Noting that L%(supp(P;), ;) = L*(R™, ;) for each j € J, the proof is complete. O
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4.4 Normal Bounded Operators

Lemma 4.15. For every T' € L(H), there exist unique self-adjoint operators Tr,T; € L(H) such
that T =Tgr +1-T7. T is normal if and only if Tr and T; commute.

Proof. For an arbitrary T € L(H), let Tg = 5 (T* +T) and T; = 4 (T* — T). It is easily seen
that Tk and T} are self-adjoint, with T'= Tg + i T;. Now, suppose there are additional self-adjoint
operators Sg, St € L(H) which also decompose T in this way. It follows that

(TR—SR)—‘ri(T]—S[):O:O*Z(TR—SR)—i(T[—SI).

This implies 17 = Sy, so we must also have Tr = Sg.
If T and T7 commute, then clearly T' = Ty + i T; will commute with 7% = T — ¢T7. In the

case that T is normal,
T2 +i(T1Tpr —TpT) + T =TT =T*T =Ts +i(TpT; — Ty Tr) + T?
implies TR T] = TI TR. O]

Definition 4.16. For T' € L(H), let Tr, Tt € L(H) be as given in the previous lemma. Tx will be

called the real component of T, and T; will be called the imaginary component of 77.

Theorem 4.17 (Spectral Theorem). There is a bijection between the compact PVM’s on (C,Bc)

and the normal operators in L(H).

Proof. Let P represent the compact PVM’s on (C,Bg), let T represent the ordered pairs of self-
adjoint and commuting operators in £(#), and let A/ represent the normal operators in L(H).

Consider the maps

F:P—=T

P {/CRe(z) dP(z), /CIm(z) dP(z)}

and

G:T—->N
{TR, T[} '—)TR+’iT[.

F is the bijection from Theorem (4.9), once (C, Bc) is identified with (R?, Bgz). In view of Lemma
(4.15), G is also a bijection. Therefore, G o F' is a bijection. O

Definition 4.18. Let T be normal, and let Tr and 77 be its real and imaginary components. The
decomposing PVM for T and 77 on (C, Bc) will also be called the decomposing PVM for T.

Lemma 4.19. S € L(H) commutes with the real and imaginary components of T € L(H) if and
only if S commutes with both T and T*.
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Proof. Let Tk and T be the real and imaginary components of T. Tx and T are self-adjoint, so
T* = Tr — iT7. In the case that S commutes with Tk and T7, it is clear S also commutes with T’

and T*. If S commutes with 7" and 7™, then

28Tr=STr+iST;+STr —iSTr=ST+ST*
=TS+T*S=TrS+iT;S+TrS—iT1S=2TrS

implies that S commutes with Tr; similarly, the identity ST — ST* = TS — T* S implies that S

commutes with 77. O

Lemma 4.20. If T € L(H) is normal, with Tr and Ty as its real and imaginary components, then
X € 0,(T) if and only if Re(X) € 0,(Tr) and Im(X) € o,(Ty) have a common eigenvector. The
eigenvectors for X € o,(T) will be the same as the shared eigenvectors for Re(\) € o,(Tr) and
Im(X) € op(T7).

Proof. If Ag € 0,(Tr) and A1 € 0,(T7) have x € H\{0} as a common eigenvector, then
Te =Trr +1Tix = ()\R + Z)\]).’E

This demonstrates that A = Ar + ¢)A; is in the point spectrum of T, with x as an eigenvector.
Because T and Ty are self-adjoint, their spectrums are subsets of R. Therefore, Re(\) = Ag and
Im(\) = Ar.

Now, consider any A € o,(T). If x € H\{0} is an eigenvector for A, and Ar = Re()\) and
Ar = Im()), then we have

(Tr+iTr)x = (Ag + A1)z,
which implies
(Tr — Ag)x =i(\; — Ty)x.
With this identity in mind,
ill(Tr = Ar)z|F, = i (Tr — Ar)x,i(Ar — Tr)x)

= )\]<TR£L',LL'> — <TR£E,T[.T> — /\R)\IHJ:”H + )\R<$,T1$>
= )\[<TRJT,JJ> — <T] TR$,$> — /\R)\IHx”H + /\R<T]Z‘,l‘>.

Because T is normal, Tr and 77 are self-adjoint and commuting operators, so 17 T is self-adjoint.
Therefore, the right hand side of the above equality is real, while the left hand side is imaginary. This
implies (Tgr — Ag)z = 0, and, with the same argument, i(A\; — T7)z = 0. It follows that Trx = Agx
and Trz = Arz. We may conclude Ag is in 0,(Tr), Ar is in 0,(T7), and that they have z as a

common eigenvector. O

Theorem 4.21 (Spectral Theorem). Let T' € L(H) be normal, and let P be its decomposing PVM
on (C,Bc). There exists a unique map ® : By(supp(P)) — L(H) such that:
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(a) If Id € By(supp(P)) is the identity function, i.e. Id(z) = z, then ®(Id) =T.

(b) ® is a unital, algebraic *-homomorphism.

(c) If {fn} C Byp(supp(P)) is a bounded sequence which converges to f pointwise, then {®(f,)}
converges to ®(f) strongly.

In addition, ® has the following properties:

(d) ® is continuous, with operator norm ||®|| = 1.

(e) If f € By(supp(P)) is such that f >0, then ®(f) > 0.

(f) If S € L(H) commutes with both T and T*, then ®(f)S = S ®(f) for all f € By(supp(P)).

(9) If Tx = Az for some x € H and X € C, then ®(f)x = f(N)x for all f € By(supp(P)).

Proof. Let Tr and T be the real and imaginary components for T'. Let ® be the functional calculus

for {Tr, T7}, an ordered pair of self-adjoint and commuting operators. Noting that
Id(z) = Re(z) +iIm(z),

and recalling Lemma (4.19) and Lemma (4.20), it is clear that ® will satisfy properties (a) - (g).
The uniqueness conditions differ from those in Theorem (4.10). By requiring ® to be a *-
homomorphism in addition to being a unital algebraic homomorphism, it follows that ®(Re(z)) and

®(Im(z)) are self-adjoint. In this case,
O(Re(z)) +i1P(Im(z)) = ®(Id(z)) =T =Tr+1iTy

implies ®(Re(z)) = Tr and ®(Im(z)) = T, because the real and imaginary components of 1" are

unique. The uniqueness of ® now follows from Theorem (4.10). O

Theorem 4.22 (Spectral Theorem). Let T € L(H) be normal. There is a collection {p;};ics of
finite, positive measures on (C,Bc), and a unitary map U : H — @jeJ L*(C, uj), such that

UTU ' : @ L*(C, 1j) - @ L(C, 1)

JjeJ jeJ
S fi2) = Yz fi(2),
JjeJ JjeJ

Proof. Applying Theorem (4.14) to the real and imaginary components of 7', let {y;};es be the
resulting measures on (C,B¢), and U : H — @jeJ L?(C, ;) the resulting unitary map. If Tg and

T are the real and imaginary components for 7', then
UTU ' =U(Tr +iTy) U =UTRU ' +iUT,U .

Therefore, UTU ! maps each Yies [i(2) € Djes L?(C, i ) to

Y Re(x)-fi(z) | +i| Y Im(z)-fi(z) | =Yz f;(2).

JjEJS jeJ jeJ



Chapter 5

Conclusion

Spectral theory is an important area of mathematics with many applications; however, many of the
proofs provided in standard texts on spectral theory are terse. In this thesis, we carefully developed
the background necessary to rigorously prove several versions of the spectral theorem.

We began by constructing the functional calculus ® : By(o(T)) — L(H) for a self-adjoint
T € L(H). This was done by considering polynomials of T, and then constructing the continuous
functional calculus ¢ : C(o(T")) — L(H). This ¢ was used to create a family of complex measures
{142y}, yen, which allowed us to define ®. Thus defined, ® is the unique algebra homomorphism
which maps each polynomial function p on o(T) to p(T).

Turning our attention to the multiplication operator version of the spectral theorem, we showed
that T is unitarily equivalent to multiplication by Id(z) := z on L? (o(T), jiz ) when it has a
cyclic vector. The functional calculus was essential to this proof. By finding a suitable direct sum
decomposition of H, we were able to prove a similar result for the case where T does not have a
cyclic vector.

We then considered the projection-valued measure version of the spectral theorem. For an
arbitrary compact PVM P on (Bg,R), we constructed a family of complex measures {pg y}z yen-
These measures enabled us to define the map [ - dP : Bp — L(H), and we saw that [ z dP(z) would
be self-adjoint. Conversely, the functional calculus for T allowed us to construct a compact PVM
on (Bg,R). In summary, we showed that there is a bijection between such PVM’s and self-adjoint
bounded operators.

Finally, we generalized the aforementioned spectral theorems to finite sequences {T;}* | C L(H)
of self-adjoint and commuting operators. Once we had proved the existence of a “decomposing”
PVM for {T;}7_,, the proofs of the generalized spectral theorems largely followed those from before.
By considering the particular case where n = 2, we obtained the spectral theorems for normal
bounded operators.

Spectral theory for densely-defined operators on Hilbert space is the natural extension of the
material presented in this thesis. In certain applications, the operators that arise tend to be densely-
defined and unbounded, so their associated theory is of particular importance. Furthermore, the
spectral theorems for collections of such operators is poorly documented; it would be worthwhile to

provide a rigorous presentation.
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