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Abstract

This thesis is mainly focused on the equivalence problem for a subclass of Lorentzian
manifolds: the degenerate Kundt spacetimes. These spacetimes are not defined
uniquely by their scalar curvature invariants. To prove two metrics are diffeomor-
phic, one must apply Cartan’s equivalence algorithm, which is a non-trivial task: in
four dimensions Karlhede has adapted the algorithm to the formalism of General
Relativity and significant effort has been spent applying this algorithm to particular
subcases. No work has been done on the higher dimensional case. First, we study the
existence of a non-spacelike symmetry in two well-known subclasses of the N dimen-
sional degenerate Kundt spacetimes: those spacetimes with constant scalar curvature
invariants (C'ST) and those admitting a covariant constant null vector (CCNV). We
classify the C'ST and CCNV spacetimes in terms of the form of the Killing vector
giving constraints for the metric functions in each case. For the rest of the thesis we
fix N = 4 and study a subclass of the C'ST spacetimes: the C'ST, spacetimes, in which
all scalar curvature invariants vanish except those constructed from the cosmological
constant. We produce an invariant characterization of all C'SI, spacetimes. The
Petrov type N solutions have been classified using two scalar invariants. However,
this classification is incomplete: given two plane-fronted gravitational waves in which
both pairs of invariants are similar, one cannot prove the two metrics are equiva-
lent. Even in this relatively simple subclass, the Karlhede algorithm is non-trivial
to implement. We apply the Karlhede algorithm to the collection of vacuum Type
N VST (CSIr—p) spacetimes consisting of the vacuum PP-wave and vacuum Kundt
wave spacetimes. We show that the upper-bound needed to classify any Type N vac-
uum VST metric is four. In the case of the vacuum PP-waves we have proven that
the upper-bound is sharp, while in the case of the Kundt waves we have lowered the
upper-bound from five to four. We also produce a suite of invariants that characterize
each set of non-equivalent metrics in this collection. As an application we show how
these invariants may be related to the physical interpretation of the vacuum plane

wave spacetimes.

xiii
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Chapter 1

Introduction

How do we determine when two given Riemannian manifolds describe the same ge-
ometric object, so that they are equivalent under some coordinate transformation?
This is an interesting question with a complicated answer. Without going into tech-
nical details at this point, the answer lies in the components of the derived tensors
arising from the metric, such as the components of the Riemann tensor and its co-
variant derivatives. These quantities are invariant functions, and so any invariant
combination of these functions will retain the same form regardless of the coordinate

system.

The difficulty arises from the sheer number of invariants produced and how the
freedom of the frame bundle can be used to simplify these invariant quantities. To
cope with these problems algorithms have been developed to calculate these invariants
and their functional relationships. However, for particular manifolds these approaches
may still be computationally infeasible or non-algorithmic at some later stage. For
example, if one wishes to determine the exact coordinate transformation used, one
must solve an extensive list of equations and some of these equations may be tran-

scendental.

If one is interested in showing the inequivalence of two manifolds, one may avoid
such heavy mathematical machinery by examining the necessary conditions for the
two manifolds to be the same. If any of these conditions differ it may be concluded
the manifolds are distinct. The existence of symmetries like curvature collineations,
conformal motions, homothetic motions and Killing vectors are helpful as these are
geometric objects which exist independent of the coordinate system used. In the same
manner algebraic considerations like Segre type for the Riemann and Ricci tensor or
any other covariant formed from products of the Riemann tensor and its derivatives
with other tensors may be used to partially classify these spaces. As an example,

in the Lorentzian case one may use the Newman-Penrose formalism to work with
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the covariants of the Weyl spinor, W 4gcp with a spinor €4 to reproduce the Petrov

classification.

The covariants of the Riemann tensor and its derivatives are an effective means
of showing the inequivalence of two metrics. One particular set of covariants, the
polynomial scalar curvature invariants, are of particular importance (especially in the
context of Lorentzian geometry). These are produced by contracting the Riemann
tensor and its covariant derivatives in combinations that produce polynomial functions
in terms of the curvature and its derivative. They are remarkable because they allow
for a partial answer to the question of equivalence. In four dimensions it has been
shown that a Lorentzian manifold is either a degenerate Kundt spacetime or the
polynomial scalar curvature invariants are unique to the space [94, 92], namely they

are [-non-degenerate.

In higher dimensions it is believed this property will persist. Either the space will
be uniquely described by the scalar polynomial curvature invariants or the Lorentzian
manifold belongs to the class of higher-dimensional degenerate Kundt metrics where
the kinematic and curvature null frames are aligned so that the curvature tensor and
its covariant derivatives have vanishing positive boost-weight components [92]. If
the conjecture holds true, then the polynomial scalar curvature invariants provide a
straightforward answer to the equivalence problem for almost all spacetimes, except
the degenerate Kundt metrics. The study of degenerate Kundt spacetimes and the

equivalence problem will be important themes in this thesis.

For these spacetimes, the scalar curvature invariants provide necessary conditions
for equivalence but not sufficient conditions. As an example, the metrics describing
Minkowski space and a PP-wave spacetime both have vanishing scalar curvature in-
variants and yet are inequivalent as metrics. Of course by comparing the isometry
group of these two metrics we can show inequivalence by noting Minkowski space
admits a group with ten isometries while at most the PP-wave metrics may admit an
isometry group of dimension six - in the case of the plane-waves. How can we distin-
guish two PP-wave metrics with the same number of isometries, or more generally,
how do we distinguish between two degenerate Kundt spacetimes with the same geo-
metric quantities? To provide an answer one must work with Cartan invariants and

an appropriate algorithm suited to the geometry under study, namely the Karlhede



algorithm.

Admittedly the full invariant classification of the degenerate Kundt spacetimes in
any dimension is too general of a question to answer. We instead concentrate on a
significant subclass of the degenerate Kundt metrics, the C'SI spacetimes, where all
polynomial scalar curvature invariants are constant. Unlike in the Riemannian case,
where any C'ST Riemannian metric is automatically a locally homogeneous space [40],
the C'ST Lorentzian metrics are either locally homogeneous spaces (H) or degenerate
Kundt CSI spacetimes (CSIk) [91]. However, for every C'SIx spacetime with a
particular set of constant invariants there exists at least one homogeneous spacetime
with the same constant invariants. Furthermore, it was conjectured that the C'ST
spacetimes could be built from locally homogeneous spaces and the vanishing scalar
invariant (V.SI) spacetimes ( i.e. the C'SIp conjecture, this conjecture has been

shown to be true in three dimensions [389]).

From the perspective of differential geometry and invariant classification these
properties and the simplicity of the condition on the invariants make the C'ST space-
times an ideal subclass to study. In addition, the C'ST spacetimes have applications
to mathematical physics [91, 102]. The C'ST spacetimes admit a subclass of space-
times which are solutions of supergravity, [35], including AdS x S spacetimes [23],
generalizations of AdS x S based on different V' ST seeds [85] and the AdS gyratons
[75]. The conditions these C'ST spacetimes must satisfy in order to preserve some
supersymmetry is not fully known. A necessary (but not sufficient) condition for
supersymmetry to be preserved is that the spacetime admits a Killing spinor, and

hence a null or timelike Killing vector.

Although the invariant classification of the C'ST spacetimes is incomplete, those
CS1 spacetimes which are candidates for solutions to supergravity admit an isom-
etry, and hence can be classified coarsely. Towards this end, in chapter (4) we use
the Killing equations to determine the form of all n-dimensional C'SI spacetimes ad-
mitting at least one Killing vector. With this class of metrics written explicitly, we
determine the subset of these that admit a covariantly constant vector. If we are
given two of these C'SI metrics, we may determine inequivalence by comparing the
constant scalar curvature invariants, the form of the Killing vector, and the existence

of a covariantly constant null vector.
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The existence of a covariantly constant null vector is relevant for the higher-
dimensional VST solutions of type IIB supergravity [31]. Those VST spacetimes in
which some supersymmetry is preserved belong to the set of spacetimes admitting
a covariantly constant null vector. In general the CCNV metrics are of Ricci type
N and Weyl type II1 or higher; the Weyl type N solutions are a well-know class of
metrics, the PP-waves. These were originally presented as a gravitational equivalent of
the electromagnetic plane-fronted waves [9], describing a non-expanding, non-rotating
gravitational wave in vacuum or admitting a null radiation as a matter-field. As such,
in General relativity, they are interpreted as gravitational radiation propagating at
great distances from the source; they are generally treated as toy models due to the

simplicity of their geometry and interpretation.

The condition for a null vector to be covariantly constant, ¢,;, = 0, implies the
metrics are geodesic, shear-free, non-expanding and non-twisting; they are a partic-
ular subclass of the Kundt metrics, and belong to the class of degenerate Kundt
metrics. It is known that the C'ST metrics admit solutions which are CCNV as
well, one would expect that there are other degenerate Kundt CCNV metrics out-
side of the C'ST class. The invariant classification of the N-dimensional degenerate
CCONYV spacetimes (like the C'ST spacetimes) is incomplete, and so one must resort

to comparing geometric objects to show inequivalence.

In the four dimensional case, Kundt and Ehlers exhaustively listed the admis-
sible symmetry groups for all vacuum PP-waves along with a corresponding list of
canonical forms for these metrics [I1]. Presumably one could continue this process
for the remaining CC' NV spacetimes to produce a broad equivalence classes based
on the number of elements in the isometry group and their commutator relations.
In application this is a difficult thing to do in N-dimensions due to the generality
involved. For example, a particular choice of two-dimensional transverse space may

offer additional spacelike isometries.

Towards this end, we examine the existence of N-dimensional CC'NV spacetimes
admitting a second non-spacelike Killing vector in chapter (5), we produce an exhaus-
tive list of canonical forms and the resulting Killing Lie algebras. Noting that the
CCNV metrics belong to the degenerate Kundt class, and hence contains the C'ST

metrics, we extend the work done in chapter (4) by determining the subclass of C'ST
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CCNYV spacetimes admitting a second Killing vector. The chapter concludes with
an exhaustive list of all CC' NV spacetimes admitting a null or timelike Killing vector

on the entire manifold.

In the subsequent chapter, (6), we provide explicit examples of CCNV VST met-
rics with applications to supersymmetric supergravity. Supersymmetric supergravity
solutions are of interest in the context of the AdS/CFT conjecture, the microscopic
properties of black hole entropy, and in the search for a deeper understanding of
string theory dualities [35, 44, 43]. In five dimensions, solutions preserving various
fractions of supersymmetry of N = 2 gauged supergravity have been studied. The
Killing spinor equations imply that supersymmetric solutions preserve 2, 4,6 or 8 of
the supersymmetries. For each supersymmetry the space must admit a Killing spinor
and hence a null or timelike Killing vector, consequently the study of CCNV CST

metrics with multiple non-spacelike Killing vectors is necessary.

Comparing symmetry groups only yields so much information. To provide more
necessary conditions for equivalence, one must produce further invariants. This is
a non-issue as there are a wealth of Cartan invariants to work with. However, if
one wishes to have a finer classification for inequivalence we need only pick a few
invariants. To illustrate this, we examine the four dimensional spaces with all non-zero
invariants expressed as polynomials in terms of a non-zero cosmological constant, the
C'S1y spacetimes in chapter (7). We determine the conditions on the spin-coefficients
and curvature components as an analogue to the VST theorem in [55]. Here we
may use A to differentiate between solutions while the remaining curvature scalars

®15, P9y and ¥4 may be compared to provide necessary conditions for equivalence.

The CSI, spaces contain all plane-fronted gravitational waves: the PP-waves
and Kundt waves as C'SI, = V.SI spacetimes along with their generalizations with
non-zero A as well all of the Type N CSI, spacetimes. Originally these were de-
fined for spaces in which the Ricci scalar vanished. In 1984, Ozsvath, Robinson and
Rozga (O.R.R.) [33] studied the plane-fronted gravitational waves in spaces with cos-
mological constant. In 1999 Bicak and Podolsky formally outlined the classification
introduced by O.R.R. [33] into six canonical subclasses depending on the sign of A and
the sign of an additional constant «: the sole component of the double Lie derivative

of the metric in the direction of /.



6

According to this classification the rotating plane-fronted gravitational waves cor-
respond to A = 0 and ' = 1, denoted as the Kundt waves. Similarly the PP-wave
metric correspond to A = k' = 0. For non-zero A the situation is somewhat different:
if A > 0 there is only one class of plane-fronted waves. However, if A < 0 there are
three possibilities: «’ less than, equal to or greater than zero; corresponding to the

generalized PP-waves, Kundt waves and Siklos waves, respectively [50].

To complete Chapter (7) we analyze the conditions for Type N C'SI, spacetimes,
using the coordinates of [94], to reproduce all plane-fronted gravitational waves in
spacetimes with non-zero cosmological constant [33]. Using the six canonical forms
for the metrics we relate this classification to the one using Petrov and Segre type in
[55].

These comparisons between two C'SIy metrics can only prove inequivalence. Pre-
sumably if one used enough invariants, one could show equivalence between two met-
rics. In order to determine the smallest set of invariants to prove equivalence one must
invariantly classify these spaces using the Karlhede algorithm. As in the C'ST case
the C'ST, classification is incomplete; with the exception of the vacuum Petrov type
D [37, 28] and the Petrov type O [34, 48, 38, 39] spacetimes with particular matter
conditions, one cannot determine the equivalence of two C'SITy metrics. In fact the

Karlhede algorithm has yet to be fully implemented in the case of the PP-paves.

As an illustration of the utility of the Karlhede algorithm, in the remaining chap-
ters we will invariantly classify all of the vacuum Type N V ST spacetimes, the plane-
fronted gravitational waves. Although the zeroth order invariants are the same for
vacuum PP-waves and vacuum Kundt waves after normalization, i.e., ¥, = 1, the
analysis must be split into two cases depending on the vanishing of the Cartan invari-
ant 7 = 1 relative to the new coframe. Due to the relative simplicity of the PP-waves

and their familiarity in the literature these are analyzed first by setting 7 = 0.

In Chapter (8) we choose a special coordinate system adapted to the double ¢
derivatives of the metric function f((,u) to better study the functional dependence
of the Cartan invariants that arise in the Karlhede classification. We accomplish this
by studying the degenerate cases of the algorithm where none, one, or two invariants
appear at the first iteration (the case where three invariants appear provides no

information for general analysis and hence must be treated as the non-degenerate case
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in the classification algorithm). Comparing our work with the symmetry classification
[11], we sub-classify the PP-wave metrics according to their symmetry groups and
invariant structure. It is also shown that the upper-bound on the number of iterations

of the Karlhede algorithm applied to the vacuum PP-waves is sharp.

The PP-waves contain a subclass providing many simple and non-trivial applica-
tions of the invariant classification, the plane waves. These were introduced by Ein-
stein and Rosen [3] relative to a coordinate system with a metric singularity (Rosen
coordinates), due to this they were ignored as unphysical until it was revealed that
a change of coordinates could make the metric components regular (Brinkmann co-
ordinates). Although physically reasonable, they are still toy models, but the plane
waves allow us to explore the relationship between the invariants and the physical
interpretation of the space. In Chapter (9) we restrict our classification to the plane
waves, which correspond to the PP-wave solutions with the o = 0 relative to the first
order coframe of the Karlhede algorithm. Unlike the PP-waves with « # 0, the first
order coframe is not a canonical frame; however, it is not unique as a null rotation

about /¢ leaves ¥, = 1 and ~ invariant.

For a physical interpretation of these spaces, we review the formalism developed
to study the geodesic deviation equations [51] for an arbitrary timelike geodesic. This
is achieved by determining a unique coframe which is covariantly constant along any
timelike geodesic. This describes the gravitational field a timelike observer would
experience and may be decomposed into transverse, longitudinal and coulomb com-
ponents [15]. For Type N spacetimes, the physical situation is simpler as an arbitrary
timelike observer would only experience transverse waves. With these tools, we in-
variantly classify the weak-field circularly polarized plane waves in Rosen coordinates,
and discuss the physical interpretation of these spaces using Cartan invariants. Rela-
tive to Brinkmann coordinates, the metric form for the plane waves, f(¢,u) = A(u)(?,
give rise to a simple form for the equations of geodesic of deviation. By imposing
conditions on the Cartan invariants we may produce plane wave spacetimes whose
physical interpretation in terms of polarization and magnitude of the wave may be
related to the Cartan invariants used. Chapter (9) concludes with some simple ex-

amples of this approach.
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In Chapter (10) we examine the vacuum Kundt waves, which make up the remain-
der of the type N vacuum V' ST spaces. These spaces lack a covariantly constant null
vector and hence an isometry; in general to classify these spaces one will need four
invariants as essential coordinates. This is reflected in the Karlhede algorithm where
the upper-bound on the number of iterations to classify the vacuum Kundt waves is
strictly less than six, but potentially greater than four [36, 17]. By examining the
conditions for which a Kundt wave in the Karlhede algorithm admits one, two, three
or four functionally independent invariants in the components of the curvature and
the its first order derivatives, we derive invariant conditions to differentiate between
these four cases. In fact, in the cases where only one or two invariants appear at first
order, i.e. with invariant counts (0,1,...) and (0,2, ...), we may integrate to produce

canonical forms for the metrics.

Within this formalism we reproduce the result that the vacuum Kundt waves
upper-bound in the Karlhede algorithm is strictly less than six; this was originally
proven symbolically using the GH P formalism [17]. Although our approach requires
the choice of coordinates, the explicit metric forms for the vacuum Kundt waves
with invariant counts (0,n,...) n = 1,2 allow us to lower the upper-bound once
more, implying the vacuum Kundt waves require at most four covariant derivatives
to invariantly classify them. This is done by exhaustively listing the possible scenarios
of the Karlhede algorithm which admit ¢ = 5, namely (0,1, 2,3,4,4) or (0,2,2,3,4,4),
and showing that these metrics cannot exist. For example, those spaces with invariant
counts starting with (0,1,2,...) must have (0,1,2,2). This class of spacetimes is
notable as we recover the known Kundt wave admitting two symmetries [27], along

with a new Kundt wave with a distinct two dimensional symmetry group.

As the upper-bound for the Kundt waves is now the same as the PP-waves, we
address the question of sharpness. This can only occur for the vacuum Kundt waves
with invariant counts (0,1,3,4,4), (0,2,3,4,4) and (0, 3,3,4,4). By working with
the Cartan invariants and their frame derivatives it is shown that the latter two cases
do not occur and that the vacuum Kundt waves with (0, 1,3, 4,4) are unique in that
they are the only Kundt waves require the fourth order derivatives of curvature in
the algorithm. The chapter concludes with an invariant classification of the vacuum

Kundt waves as a byproduct of the investigation of the upper-bound. As in the case of
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the vacuum PP-waves, we provide a table of distinct canonical forms for the vacuum
Kundt wave metrics along with the necessary invariants to classify the spaces.

We examine the symmetries of the vacuum Kundt waves with permitted matter-
fields using methods independent of invariants. Instead of examining the Killing
equations, we work with an invariant coframe and calculate the symmetries by re-
quiring the Lie derivatives of these one-forms vanish for a particular vector field. The
invariant coframe produced in the Karlhede algorithm is not well-suited to this anal-
ysis, and so we use an alternative invariant coframe where the parameters for spins
and null rotations about ¢ are zero, i.e., § = B = B = 0. These two frames will differ
due to normalizing different components of the curvature tensor and its derivatives;
however, this fact ensures the new coframe is invariant. Using this invariant coframe

we recover the results of [27], illustrating the utility of invariant coframes.



Chapter 2
Differential Geometry

2.1 Non-coordinate Bases

Given a manifold equipped with a metric, (M, g), there is a unique connection for
which the metric is covariantly constant, the Levi-Civita connection, that simplifies
the calculation of the connection components and the curvature and torsion tensors.
Cartan introduced a method [1] which not only calculates the connection components
but also yields the torsion and curvature tensors as well. To begin, instead of the

usual coordinate basis for 7, M, consider a basis for 7, M:
€q =€, 0p €, € GL(N,R),
such that {e,*} is orthonormal with respect to the metric:

g(eaa 6[,) - €aa€b69a5 = MNab-

Using this basis, we can express the original metric components, g, in terms of

e?,, and its inverse:

Yap = €, ebﬂnab'

Choosing this as our coordinate basis we can re-express any vector V' € T,,M, in the

usual way:
VO( — VaeaOé Va — eaaVOé

To find a basis for TM, let {e"} be a set of N linearly independent one-forms with
the property that < e,, €® >= §%, after a little thought we see that the basis covectors

must have the form: e* = e dz®. Given an arbitrary one-form w € T M,

J— J— [e%
Wao = We€, We = €, Wa;,

10
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the metric expressed in this basis can be written in much simpler terms:
o a b
g =Nae" Qe

In general this choice of basis for the tangent space will have a non-vanishing

commutator;
[ea, €3] = Cqec

We call {e,} a non-coordinate basis or frames for T,/ and we will call the indices:
a,b,c,d, i, j, k,l,m,n,p,q frame indices while o, 5, v, d,¢, f,g,h,r,s,t,w will be the
coordinate indices. The metric will be used to raise and lower indices of the same
type; for example, €., = gap€®, = Nape”, while e = gaﬁeag.

To determine the frame connection components relative to this new basis, consider:
Vet = Fcbaea
but each e, is just a vector field and so,
Ve, = €aVo (e, Ora). (2.1)
Thus the frame connection components can be expressed as:
I, = ecveao‘(aaebﬂ +¢,°T7,.),
and the components of 7" and R in this basis become:

Tcab - Fc[ab} - Ccab (22)
Rdcba - eb[rdca] — €q [chb] + Fecardeb - Ferde - Cngdec

Now introduce a matrix-valued one-form called the connection one-form {w®}:

a __ Ta c
Wiy =1 p€

which satisfies the Cartan Structure equations,

de® +wh Ne* =T¢ (2.3)
dwab ‘I‘ wac /\ ch - Rab, (24)
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where 7% and R% are the torsion-two form and curvature two-form respectively,
T =T% e’ Ae®, RY = RY e A el

Taking the exterior derivative of the structure equations gives the non-coordinate

basis versions of the Bianchi identities:
dT +w ANT® = R% A e®, dR% + w?, A R% — R% Aw% =0

The non-coordinate basis and the resulting form for the metric is preserved only
under certain transformations. To see this consider at a point p in the manifold, a

— a

new set of frames é%(p) e’ (p) with the property that the simpler form of the

metric is preserved in the new basis. This implies
g = nabea ® eb — /\cagchdbea ® eb7

in order to satisfy the above we must have A € SO(N — 1,1). Thus the coordi-
nate indices transform under coordinate changes GL(N,R) while the frame indices
transform under SO(N — 1,1). As an example, the frame vectors transform in the

following way:
ba = No¢,.

Therefore an arbitrary tensor with respect to the frames transforms in the normal
way under orthogonal rotations. Both the vector valued torsion two-form and matrix
valued curvature two-form transform homogeneously, this can be seen by comparing
the transformation rule for the usual formulation of the two tensors 79, and R%_;

and comparing the results with their respective two form representation, we see that:
T = AYT", R = AR\ (2.5)
Using (2.5) and (2.3), we know that
de® + &% N éb = de® + w A e,
substituting é¢ = A%e® and noting that d(A%)A,¢ + A%d(A,°) = 0 we find:

&% = A w A% + A d(AT)6.
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So far the connection has been left arbitrary. By choosing to use the Levi-Civita

connection the torsion tensor vanishes, and so we have:
C C . C
Fab_rba_cab'

The connection components with respect to the non-coordinate basis are no longer
symmetric with respect to the last two indices due to (2.1); instead the metric com-

patibility condition implies that
Fabc - _Fbac'

where 'y = nadfdbc are called the Ricci Rotation Coefficients. Hence the matrix

valued connection one-form is also anti-symmetric:

w? = —w® .

Lastly the Cartan Structure Equations now become:

de® = —w A eb

dw? + w, Aw® = R%,.
To find the connection components expand out (2.3):
de® = —[I%, — D%, Jm° Am°
By explicitly exterior differentiating the frame one-forms we find:

a a i i a g i a i i c b
de® =m"; ;dx’ Nda' = [m® my'm. —m® m,/mylme Am?’.

NS_NQ

5 linear equations

Equating the coefficients of each m¢ A m® we find at most

for the ¥ 3;N : potential connection components; thus it is possible to solve for the
I'%.’s, and thus w%. With the Cartan connection one-form known, we can use the
second Cartan Equation (2.4) to find the matrix valued curvature tensor, simply by
calculating dw®, and adding the wedge product w® A w9, then by comparing the

coefficients of m® A m® the components of R, are found easily.
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2.2 The Lorentz Group

In N-dimensional Minkowski space, the Lorentz group, LL, is the isotropy subgroup
of the Poincaré group; that is, the Lorentz group is the subgroup of all isometries
in Minkowski space that leave the origin fixed. This is of particular interest because
once one moves away from a flat-spacetime, i.e., Minkowski space, to a spacetime
that is curved, it may not be sensible to consider translations from one point in the
spacetime to another, we are left with the isometries that leave a point fixed. Since it
is a Lie group, we can talk about its topological properties as a manifold; the Lorentz
group is a six-dimensional non-compact Lie group whose four connected components
are not simply connected (given a loop at a point p € L, it is not homotopic to the

identity map). The four components of the Lorentz group are:
1. The elements that reverse the direction of time-like vectors.
2. The elements that reverse the orientation of the spatial vectors.

3. The elements that reverse both the direction of time and orientation of the

spatial vectors.
4. Those elements that do not reverse the direction of the vector basis for T, M.

If a Lorentz transformation preserves the direction of time we call it orthochronous;
on the other hand if a Lorentz transformation preserves the orientation of the spatial
vectors we call it proper. The component of the Lorentz group containing all of the
proper, orthochronous Lorentz transformations, will be called the Restricted Lorentz
group. We will ignore those transformations that are not proper and orthochronous.
The restricted Lorentz group is generated by ordinary spatial rotations, Lorentz
boosts which can be seen as hyperbolic rotations in a plane that includes a time-
like vector and a space-like vector. As an example, in four dimensions (¢, z1, xe, z3) a

spatial rotation in the x; — x5 plane is of the form:

¢ 1 0 0 0 t
T 0 cos(0 sin(8) 0 T
= (©) (6) Yloeeo 2.
To 0 —sin(f) cos(f) 0 )
i’g O 0 O 1 XT3
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While a boost in the ¢ — x; plane is given by:

t cosh(0) —sinh(d) 0 0 t

P —sinh(0 h(@) 0 0

| sinh(6)  cosh(0) ) 6 € [0, 00).
T 0 0 10 T

24 0 0 01/ \ x

There is a much easier way to describe the Lorentz transformations and in
particular the Lorentz boosts. By adopting a null frame, that is a basis for T, M
consisting of two null vectors ¢, n and N-2 spatial vectors m?, a Lorentz boosts now

becomes:
(=X, hi=X"'n, wm'=m (2.6)
while spatial rotations or spins are now:

{=¢ f=n, @'=X"m X, €eON-2). (2.7)

Furthermore we can now rotate about the null vectors, for example a null rotation

about the n axis is:

N . 1 . ) .
=10+ zm' — §ZZZi n, n=n, m'=m'—zn (2.8)

while a rotation about the f-axis is of a similar form, except with n and ¢ interchanged.

2.3 Killing Vectors

Given a Riemannian manifold with metric g, suppose we are given a vector field X
with the property that its flow is a one-parameter group of isometries, or more simply
by choosing coordinates, z“ at a point p € M, the infintesimal change from z¢ to
x4+ eX*(p) preserves the metric:

O(z® + eX) (a7 + eX7)
Oxf oxd

gaw(x + EX) = gﬂd(l‘)

Then we say the vector field X is a Killing Vector field, while expanding out the above
equation, we find that g, and X satisfy the following:

X 0098y + 08X Gory + 0, X950 =0
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This is called the Killing equation, and it can be written in the more compact form:
VoXp+ VX, =0. (2.9)

This could be done in frame indices as well assuming one had the connection compo-
nents calculated with respect to the frame.

Returning to the matter of the integral curves of X, (2.9) tells us that the local
geometry does not change as we move along them; in this sense the Killing vector fields
represent the direction of the symmetries of the manifold. There may be more Killing
vector fields than the dimension of the manifold the maximum number of Killing
vectors is dependent on dimension. For example, flat N-dimensional Minkowski space

has W Killing vector fields, N of which generate translations, (/N-1) are boosts
and =DWV-2)
2

w Killing vector fields are called Maximally symmetric spaces.

spatial rotations. Flat Minkowski and other spacetimes which have

2.4 Classification Methods

We can classify exact solutions to Einstein’s field equations, by examining and clas-
sifying the corresponding Ricci and Weyl tensors which arise from the the metric
describing the exact solution. By doing so we can summarize many facts about a
spacetime into a compact form; for example, all those four dimensional spacetimes
that are vacuum solutions and admit gravitational radiation can be described as a
spacetime for which the Ricci tensor vanishes and the Weyl tensor is of a particular
canonical form. There are a variety of methods towards a classification for these
two tensors in four dimensional spacetimes however many do not generalize easily to
higher dimensions.

As such they will not be helpful in this instance and instead, we will focus on
dimension independent methods to classifying the Ricci and Weyl tensors. It is im-
portant to note that all of these methods reviewed in this thesis are in a neighborhood
of a point in the spacetime, as such, a spacetime may have a Weyl tensor of a certain
type in one region and an entirely different Weyl tensor at a point in another part of
the manifold. In the case of the characterization of geometries using invariants, equiv-

alence will be purely local in nature. Given two metrics which cover disjoint regions
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of a single analytic space it will be impossible to determine whether one is an ana-
lytic continuation of the other with these approaches alone. Alternatively topological
considerations can complicate matters by producing metrics which are locally equiva-
lent but globally inequivalent. We additionally assume that all classifying quantities,
discrete or continuous are respectively constant or sufficiently smooth in open open

neighborhoods.

2.4.1 Classification of the Weyl Tensor in N-Dimensions

The Petrov classification describes the possible invariant algebraic type of the Weyl
tensor at a point in a Lorentzian manifold. This classification was developed by Petrov
[56] and extended in [8]. If a spacetime has the same Petrov type at all points then
we say that the spacetime has a certain Petrov type. Petrov’s original classification
originated by treating the Weyl tensor as a symmetric matrix mapping bivectors into
bivectors and looking at the eigenvalues of this symmetric matrix. There are several
equivalent methods of obtaining the classification; for example, there is an approach
introduced by Penrose [3, 31] using two-spinors to decompose the Weyl tensor into
a totally symmetric spinor W gcp, which then can be decomposed in terms of four

principal spinors a4, Bg, Yo, 0p
Vascp = aaBBYcop).

Petrov types now correspond to various multiplicities of principal spinors and the

following possibilities occur

[={1111}:  Uapcp = aBsrcin), (2.10)
11 ={211}: VU pep = aaapycdpy, (2.11)
D = {22} : Vapep = aaapfelpy, (2.12)
11T ={31}: VU pep = aaapacfpy, (2.13)
N ={4}: U ApcD = QaQpacap. (2.14)
O={-}:  Wapep=0 (2.15)

All Petrov types except that of type I are called algebraically special.
We have seen previously that in four dimensions every spinor gives rise to a null

. . . . . =~ A’
vector, thus every principal spinor can be assigned to a null vector via v* = €44
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these will be called principal null vectors and the corresponding directions of the
vectors principal null directions (PNDs). Thus there are at most four distinct PNDs
at each point of a spacetime. In the tensorial form, PNDs corresponding to a vector
¢ satisfies three equivalent conditions [31], [22] given in Table (2.4.1 for the various
Petrov types.
fbﬁcé[eCa]bc[déf] =0 ( at least simple PND (I) Uyg=0,V; #0
WCCabc[dﬁe] =0 ( at least double PND (I,D) W, =W¥; =0, Uy #0
(°Copejale) = 0 € at least triple PND (III) Ug=U; =Wy, =0, V3#£0
°Copeq = 0 £ quadruple PND (N) Vo=V, =y =T =0,
U, #0

Table 2.1: Each line contains three equivalent conditions for various Petrov types
in four dimensions. W,...W, are complex components of the Weyl tensor in the
Newman-Penrose formalism. The third condition means a frame can be chosen in
which given components of the Weyl tensor vanish.

In some exact solutions there is a correspondence between the symmetries of the
solution and the Petrov type. For example, a static spherically symmetric spacetime
will be of type D with two double PND’s defining radially ingoing and outgoing null
congruences whereas the Friedmann-Robertson-Walker spacetime is of type O and it
is isotropic and does not contain any preferred null direction. In fact, in order to
find exact solutions of the Einstein equations it is usually necessary to assume some
symmetries or to assume a specific algebraically special type of a spacetime; by doing
so the field equations can also be considerably simplified and solved. Remember that
the Petrov type is defined at point, and so it is possible for a spacetime to have a
different Petrov type at distinct points or regions of spacetime, for example in four
dimensions, black holes of type I can have isolated or Killing horizons of type II [77].

While there are several distinct methods that lead to the Petrov Classification
in four dimensions only a few generalize to classifying the Weyl tensor in higher
dimensions. Given the recent interest in higher dimensional manifolds in gravity
theories, the classification of these manifolds is of particular importance and we would
like an dimension independent method that gives the Petrov classification in four
dimensions and in higher dimensions a partial classification for the Weyl tensor. The
alignment method introduced in [70] satsifies these two requirements; it is dimension

independent and in four dimensions it reproduces the Petrov classification.
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To introduce the alignment method, consider an N-dimensional Lorentzian man-

0

ifold and define a null frame: m® = n, m! = ¢ and m?, with two null vectors n, ¢ and

N — 2 spacelike vectors m/:

{4y =n"n, =0, (*n,=1,

mml = 6;;, m'Uy =0=m"n,.

The metric now has the form
Gab = 20(gnp) + 5ijmfzmg, (2.16)

which remains unchanged under Lorentz transformations consisting of null rotations
(2.8), spins (2.7), and boosts (2.6).
We say that a tensor-component 7" | has a boost weight b if it transforms

aly...,0n

under boost according to 7™ = \PT** ,  Furthermore we call the boost

order of a tensor T the maximum boost weight of its frame components. The boost
order of a tensor depends only on the choice of a null direction ¢ and thus spins and
boost do not affect it [76]. We will denote the boost order of a given tensor T as b(/)
to indicate the dependence on the choice of ¢, while the identity of T should be clear
from the context.

Denote the maximum value of b(k) taken over all null vectors k as bpax. Then
we say a null vector k is aligned with the tensor T whenever b(k) < bpax. Then
the integer bp.x — b(k) — 1 will be defined as the order of alignment. The Weyl
tensor aligned null vectors represent a natural generalization of the PND’s; so we will
call these higher-dimensional null vectors WANDs (Weyl aligned null directions). A
classification of the Weyl tensor in higher dimensions then depends on the existence
of WAND:s of various orders of alignment. The Weyl tensor in an arbitrary dimension
has in general components with boost weights —2 < b < 2 and thus the order of
alignment of a WAND cannot exceed 3.

We will call the primary alignment type of the Weyl tensor G if there are no
WANDs and LILIII, or N if the maximally aligned null vector has order of alignment
0, 1, 2, 3, respectively. Once a certain ¢ is chosen as a WAND with maximal order
of alignment, it is possible to search for another vector n with maximal order of

alignment subject to the constraint n - ¢ = 1. If such a n is found we can similarly
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N>4 dimensions 4 dimensions
Weyl type alignment type | Petrov type
G G
I (1)
I; (1,1) I
i (2)
I1; (2,1) 11
D (2,2) D
111 (3)
111, (3,1) 111
N (4) N

Table 2.2: Classification of the Weyl tensor in four and higher dimensions. Note that
in four dimensions alignment type (1) is necessarily equivalent to the type (1,1), (2)
to (2,1) and (3) to (3,1) and since there is always at least one PND, type G does not
exist.

define secondary alignment type. Alignment type is a pair consisting of primary and
secondary alignment types. Possible alignment types are summarized in Table 2. We
also introduce Weyl type with notation emphasizing the link with the four dimensional
Petrov classification.

To express the Weyl tensor in terms of its components in the ¢, n, m® frame,

introduce the operation { } such that:

1

WiaTpYcZd) = §(w[axb]y[czd] + W) Y[a2s))- (2.17)

Now the Weyl tensor in arbitrary dimension can be written as

2 1

Cabcd = 401i1j n{amibncm{l} + 80121@ Il{afbl’lcmid} + 401ijk n{amibmjém’fi}
0

—+ 401212 n{agbnc‘gd} + ClZz‘j n{afbmicmil} (218)
0

+ SCh‘zj n{amibécm{i} + C’ijk:l mz{amjbmlzm(é)}

-1 -2

+ 802121' f{anbﬁcmid} + 402ijk K{amibmjcmz} + 4021'2]' ﬁ{amibﬁcm{i}

where summation over ¢, j, k, [ indices is implicitly assumed, and the numbers over

the brackets indicate boost order.
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The number of independent frame components of various boost weights are,

5 <(m +25)2Em - 1)) 49 ((m+ ;;é(m - 1)> N mQ(ﬂ;Z— 1): m(m2— D)

with m = N — 2. This is in agreement with the number of independent components

of the Weyl tensor

(N +2)(N + 1)N(N — 3)
12 '

(2.19)

Specializing to four dimensions and using the standard complex null tetrad (¢, n, m,

m) [31, 22| the Weyl tensor has five complex components:

o Uy = —ClupslmPlrm?
o U, = — agﬁ,gﬁo‘nﬁﬁm‘s
o Uy = — amgéo‘mﬁﬁ"ﬂn‘s
o U3 = —Chpsl*n’mim’
o Uy =— awn“mﬁmm‘;

We notice that the components of the Weyl tensor Wy, Wy, Uy, W3, WUy have boost
weight -2,-1,0,1,2, respectively. When ¢ coincides with a PND then ¥, vanishes, other
components can be transformed away only in algebraically special cases. Namely, as
can be seen from the Table 1, for types I, I1, ITI, N one can transform away components
with boost weight greater or equal to 2,1,0,-1, respectively. Type D is a special subcase

of type II in which all components with non-zero boost weight can be eliminated.

2.4.2 Segre Classification for Rank Two Tensors

It was shown in [76] that Alignment allows for a partial classification of the Ricci
tensor in four dimensions, however alignment alone does not provide a fine enough
classification for the Ricci tensor; instead an older method called the Segre classifi-
cation will be discussed. Using the fact that the Ricci tensor can be interpreted as
a symmetric matrix we can classify any Ricci tensor by looking at its corresponding

eigenvalues and eigenvectors. Given any rank two tensor F on the N-dimensional
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manifold with signature (r,s) s.t r +s = N, the components F;; form a matrix of
functions from the manifold to R; where at an arbitrary point in M, the elements of
T,M and/or the elements of T, M act as vectors for the matrix, depending on the
type of the rank two tensor. It will be convenient to be able to classify rank two
tensors, so the question arises: How do we distinguish between a pair of arbitrary

rank two tensors F, and G?

By treating F and G as matrices at an arbitrary point p in the manifold this
problem is resolved using their respective Jordan Canonical Form. If instead of the
real numbers, an algebraically closed field like the complex numbers, C are used, then
there exists basis transformations P and Q such that F; = PFP~'and G; = QGQ ',
where F'; and G ; have the eigenvalues A\y; and A\, ; of F and G respectively along the
diagonal and potentially 1’s along the off-diagonal [(8] or equivalently both F and G
can be expressed as the matrix sum Dy + Nil where D, is a N x N diagonal matrix

containing the eigenvalues, and Nil is a N x N nilpotent matrix.

In order to find the eigenvalues of a matrix F, the characteristic polynomial arising
from det[F' — AI]] must be solved; in a real vector space with signature (r,s) this can
cause problems because the characteristic polynomial may have irreducible factors
and since the real numbers are not algebraically closed the characteristic polynomial
may factor into irreducible polynomials of degree greater than one. If this happens the
Jordan Canonical for a real-valued matrix cannot be expressed without complexifying
the vector space. If the complex numbers are used every complex valued matrix can
be transformed into its Jordan canonical form because the characteristic polynomial

can always be factored into a product of degree one polynomials.

If the eignenvalues are distinct then the vector space can be divided into invariant
one dimensional subspaces, or eigenspaces. If an eigenvalue, \; is repeated p-times,
then depending on the dimension of the nullspace of F' — \;Id, there will be p eigen-
vectors or q eigenvectors and p— g pseudo-vectors. Given a real valued matrix with at
least one complex eigenvalue this defines an invariant two-dimensional real subspace,
which arise from the real and imaginary part of the complex eigenvector. Using these

ideas we will classify the matrices by the number and size of the invariant subspaces.

To describe this better, the particular form of the Jordan Canonical form must

be examined. We will assume that V is a vector space over the complex numbers,
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since real valued matrices are included and their complexifications record information
about the matrix in a convenient way. If F has M < N eigenvalues the eigenvectors
and associated pseudo-vectors of a matrix F are linearly independent and span the
vector space, so this can be used as a basis for the matrix F; doing so the matrix is

re-expressed as:

where for ¢ € [1, M], each A; is a a; X a; diagonal block matrix made up of smaller

matrices, called Simple Jordan blocks, B;;, for P < a;:

Where the B;; are b;; X b;; matrices with A\; down the diagonal and possibly one’s along
the above-off-diagonal. The b;; satisfy b;; + ...+ b;p = a;, and are called the geometric
multiplicity, they correspond to the number of independent eigenvectors associated
with an eigenvalue. Each a;, i € [1, N] from the factorization of the characteristic
polynomial denotes the algebraic multiplicity of the eigenvalue, which in a sense tells
us the dimension of the entire eigenspace associated with an eigenvalue. Using the

Segre Classification this can be recorded in a more compact form:

{(b11, ey b1,p, )y eovey (bazay s baz,py, )

Where each round bracket is associated with a particular algebraic multiplicity and,
the b;; are the geometric multiplicities. Naturally the Segre type of a matrix is unique
up to ordering of the algebraic and geometric multiplicities.

At times when discussing higher dimensional spacetimes it will be helpful nonethe-
less to use the alignment method with respect to the Ricci tensor in order to get a

broad classification, whence the Segre type is used for finer classification. In general
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the Ricci tensor is of the form:
92 —1 0

Rag = RQQX{QE B} + Rigmi {a£ B} + R127’L {ag B} + R”m’ {amjﬂ}
—_—
+ Rilmz{an B} + RHTL {an B}
We will say a Ricci Tensor is of type I, II, III, N, or O respectively, if there exists an
aligned null vector ¢ along which the Ricci tensor the highest boost order is 1,0,-1,-2

or all components vanish. We will call this rough classification, the Ricci type.

2.4.3 The Karlhede Classification Algorithm

The problem of determining whether or not two given spacetimes are locally equivalent
is vital to the classification of exact solutions in General Relativity. One approach to
show the inequivalence of two spacetimes is achieved by taking the Riemann tensor
and its covariant derivatives for each spacetime and contracting them to produce
scalar curvature invariants. If their invariants differ the spacetimes are distinct; in
the case that the invariants match can one conlude that the spacetimes are equivalent?

Consider any two vacuum PP-wave spacetimes, their scalar curvature invariants
both vanish, however if one picks a sufficiently distinct f((,u) and f,(C, ) it is likely
that the spacetimes will not be diffeomorphic. The PP-wave spacetimes belong to
a class of spacetimes with vanishing curvature invariants, V' .SI, which are part of
a larger class of constant curvature invariants, C'SI, which contains the (locally)
homogeneous spacetimes as well [94], [94]. For all of these spacetimes, we cannot use
the scalar curvature invariant approach to differentiate between them.

As an alternative we adapt a method introduced by Cartan, applicable to the
equivalence of sets of differential forms on manifolds under appropriate transformation
groups. [12]. Assuming the metric is smooth enough, this produces a unique local
characterization, well-suited for comparing metrics. To do so, we take construct
coframes from their respective metrics and calculate the exterior derivative of the

coframe for both respectively:
dw' = Cijkwj AwP.

If the metrics are equivalent, both of the first set of Cartan structure equations will

agree. Of course, this is necessary but not sufficient for showing equivalence.
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To provide sufficient conditions one must take the exterior derivative repeatedly,
starting with dCijk, until no new functionally independent functions appear. The
procedure terminates when differentiation produces no such new functions arise, as
any further derivatives will depend on the previous invariants. As these are invari-
ants any relationship between independent and dependent invariants will be the same
regardless of which coordinate system used. The number of functionally independent
invariants, k, is called the rank, and it will be assumed to be constant in a neighbor-
hood whose points are called reqular. As the dimension of the manifold is N, k < N
(where inequality occurs if the space admits symmetries), this procedure must end at
some finite step.

Finally one must equate the quantities in both manifolds and determine whether
the relations arising from this can be solved, although this may be formally undecid-
able. For manifolds admitting a metric, the Cartan equations show that the repeated
differentiation of the structure equations is equivalent to the repeated covariant dif-
ferentiation of the Riemann tensor viewed as members of F(M) And so, we may
characterize a metric uniquely by the components of the curvature and its covariant
derivatives. Denoting R? as the set { Raped; Rabedies Rabedier...e, } Of the components of
the curvature tensor and its derivatives up to the g-th order. If p is the last derivative
at which any new functionally independent quantities arise, we must calculate RP*!
to determine all classifying functions and we say p is the order.

Christoffel was the first to work on the equivalence problem for Riemannian man-
ifolds [1] using the full coordinate frame bundle of dimension N(N + 1). This ap-
proach dealt only with metrics admitting no symmetries and implied that the twen-
tieth derivatives of the curvature would be required to determine equivalence of four
dimensional spacetimes; this is still computationally impractical. In 1946, Cartan re-
duced the upper-bound significantly using frames with constant metric components,
in which case the dimension of the space is reduced to %N (N + 1), and so the maxi-
mum order for four dimensional spacetimes will be 10. Cartan also showed how this
approach could be expanded to metrics admitting symmetries, this was completed
by Sternberg [12]. For k < {N(N + 1) there is an isometry group of dimension
N(N + 1) — k. Following this work, we have the following result [25]

Theorem 2.4.1. Let M and M be spacetimes of differentiability class C*2, z be a
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reqular point of M and E be a frame at x and similarly for M. Then there is an

isometry which maps (x, E) to (zE) if and only if RP*Y for M is such that:

1. The set of indices of the corresponding components of RP, A indexes quantities

I® which are functionally independent in F(M),
2. 1%(x,E) = I*(z,E) fora=1,....k, and

3. the functions giving all other components of RP*! in terms of the I* and I are

the same for M and M.

The above theorem has been applied practically in [13, 19] where in the first
used a scheme using canonical forms chosen by lexicography of bases, while the later
considered canonical forms of the Weyl tensor at the first step. This is similar to the
algorithm introduced by Karlhede and implemented by Aman and others [21, 24, 41].
The Karlhede algorithm for classifying geometries has become a prefered method for
classification of spacetimes.

In this section we briefly review the various steps of the algorithm. We start by
calculating the Riemann tensor in a particular frame and its higher derivatives up to a
particular order, using the various frame transformations to simplify the components
at each order of differentiation until a complete classification of the geometry has been
obtained. We denote the frame components of the Riemann tensor and its covariant

derivatives up to the gth order by R, with this the algorithm may be written as:
1. Let ¢ = 0.
2. Compute R1.

3. Fix the frame as much as possible using frame transformations (spins, boosts,

rotations, null-rotations).
4. Find the invariance group H? of the frame which leaves R? invariant.

5. Find the number of functionally independent components t? amongst the set
RA.

6. If t £ t97 1 or dim(HY) # dim(H?™') then set ¢ = ¢ + 1 and go to step 2.
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7. Otherwise the set {HP t’, RP} p = 1,...,q classifies the solution and the di-
mension of the isometry group I of the metric follows from the result [1]

dim(I) = dim(H?) + N — t2.

If we wish to compare two metrics g and g, for equivalence, we start by com-
pleting the above classification for each metric. The remainder of the algorithm

is summarized in the next two steps.

8. If the two sequences (H,t%; H' t;...; H9,19) for g and g, differ, then so do the

metrics.

9. If the set of simultaneous algebraic or transcendental equations R® = R?, R1 =
Rl ..., R? = R? admit a coordinate trnasformation z! = 2 (27) 1,7 = 1,..., N as
a solution then the metrics are equivalent, otherwise they are inequivalent. We
note that this step is not algorithmic, as there is no constructive procedure for

solving simultaneous algebraic equations.

2.5 General Relativity in Brief

General Relativity is the theory of spacetime and gravitation, introduced in 1915
by Albert Einstein, which unified Special Relativity and Newton’s Law of Universal
gravitation. Unlike classical mechanics gravity is not treated as another force affect-
ing objects, but rather as the curvature of space and time caused by matter and/or
energy being present; so that an object affected by gravity is not being pushed to-
wards the ground, but rather is moving along the path of "least resistance' in the
curved geometry of space and time. This leads to another difference between Newto-
nian physics and General Relativity. Before we treated time as a distinct parameter
tracing curves in a three dimensional Riemannian manifold; time was an absolute,
independent of the observers velocity or acceleration and so two simultaneous events
happen at time ¢t = ¢ for all observers. On the other hand Special Relativity treats
space and time in a single Lorentzian manifold called a Minkowski space, it is worth
noting that we no longer have an idea of absolute time. General Relativity goes fur-
ther by allowing curved Lorentzian manifolds in lieu of Minkowski space as models

for our spacetime. Exactly how the spacetime becomes curved is described by the
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Einstein Field equations:
Gag = (87TC)TQ5

where c is the speed of light, G, = R, — %Rguv is called the Einstein tensor which is
made up of the Ricci tensor R,,, the Ricci Scalar R and the metric of the spacetime
Juv, and T, is the stress-energy tensor. The stress-energy tensor is a symmetric rank
two tensor that essentially describes the density and flux of energy and momentum
in the spacetime; the most common stress-energy tensors used in General Relativity,
are those for perfect fluids, pure radiation fields, electromagnetic fields and vacuum
fields (A better summary of these stress-energy tensors and their properties is given
in [22].). Due to the symmetries of the tensors involved this gives rise to in general ten
non-linear partial differential equations which can be very difficult to solve. Often in
order to solve these solutions, assumptions must be made to simplify the equations.
The resulting solutions to the field equations are called Exact Solutions, and they
have played an important role in the discussion of physical problems. For example
Friedmann’s solution contributed to Cosmology by providing an argument for the
big bang, while the Kerr and Schwarzchild solutions gave theoretical evidence for the

existence of black holes.



Chapter 3
Degenerate Kundt Spacetimes

3.1 Kundt Spacetimes

In this section we introduce a complete local description of the general N-dimensional
Kundt spacetimes. This is done using a kinematic description, where the Kundt met-
rics are defined as those admitting a null vector, ¢ which is geodesic, non-expanding,
shear-free and non-twisting. In four dimensions one recovers a well-known theorem

92]

Theorem 3.1.1. A space M defines (locally) a Kundt geometry in j dimensions if
and only if there exists (locally) a family of frames {e,} = {¢,n, m,m}, defined up to

null rotations about ¢ and characterized by the conditions that

for the spin connection coefficients. Also, the generic line element is given, in a local

coordinate system {x®} = {u,v¢,}:
ds? = 2du(Hdu + dv +Wd¢ + Wd¢) — 2P~2d¢d¢, P, =0

In higher dimension the conditions involving the spin connection coefficients may be

replaced with the following invariants derived from the covariant derivative of ¢
Oy =0y = 07l = 0735 = 0.

The existence of such a null vector ¢ implies that there is a local coordinate system

(u,v,x%) such that [65, 92]
ds? = 2du (dv + Hdu + W.dz®) + Geg(u, 29)dzcdz’ (3.1)

where H = H(v,u,2¢), W, = W(v,u,2z’). The coordinate transformations that

preserve this metric are:

29
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L (v, 2) = (v,u, f*(u;27)), and J¢ = 5

H' = ot g fufl =Wy (1) fa W=y (1) = g7
9y = Gg (J_l>ge (J_l)lf (3.2)
2. (v, 2") = (v+ h(u,29),u, )
H'=H—hy, W =W.—he gy =ges (3.3)
3. (v, 2") = (v/gu(u), g(u), °)
H = gl2u <H+vgg’f> W! = EWS, Jof = Gef (3.4)

The Kundt spacetimes are of particular relevance to the equivalence problem,
as they contain a subclass of metrics which are not uniquely determined by their
polynomial scalar curvature invariants. To elaborate on this point we introduce two

definitions:

Definition 3.1.2. For a spacetime (M, g), a metric deformationm, g,,7 € [0,¢), is a

family of smooth metrics on M such that
1. g, is continuous in 7,
2. go =g, and
3. g, for 7 > 0 is not diffeomorphic to g.

For any spacetime we define the set of all scalar polynomial curvature invariants
I ={R, R R",CasC"" " Ryyap R T

In a sense the set of invariants acts a function of the metric and its derivatives. It is

of interest when this function has an inverse and to what extent.

Definition 3.1.3. Consider a spacetime (M, g) with a set of invariants I. If there
does not exist a metric deformation of g having the same set of invariants as g we call

the set of invariants non-degenerate, and the metric g will be called I-non-degenerate.
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Thus a metric which is I-non-degenerate will be uniquely characterized by the set
of invariants in I. Those metrics which are not -non-degenerate cannot be classified
by their scalar curvature invariants, for these spacetimes one must compare Cartan
invariants using the Karlhede algorithm. In the Kundt class, those metrics for which
the kinematic frame and null curvature frame are aligned. That is, relative to the
kinematic frame, the Riemann tensor and its covariant derivatives have vanishing
positive boost-weight components; imposing this condition we find that W ,, = 0 and

H ,,, = 0 are necessary conditions for the degenerate Kundt metrics,
ds? = 2du (dv + Hdu + W.da®) + Ger(u, 29)dz’da?, Wy = Hyp = 0. (3.5)
Using the invariant and covariant quantities [92]
Iy = R R JLLogealeleges,, Kap = Leligap

one may differentiate between the degenerate Kundt metrics and the remainder of

the Kundt class by combining Theorem 4.2 and Proposition 6.1 in [92]:

Proposition 3.1.4. Within the Kundt class, if 1y and Ky, are identically zero, the

metric belongs to the degenerate Kundt class.

In four dimensions it has been shown that a spacetime is either I-non-degenerate, a

locally homogeneous space or a degenerate Kundt spacetime [94].

3.2 (CSI Spacetimes

There is a class of spacetimes for which all polynomial scalar invariants constructed
from the Riemann tensor and its covariant derivatives are constant!, called C'ST space-
times; those Lorentzian manifolds for which all curvature invariants vanish identically
are called VST spacetimes, with VST C CSI. The set of all locally homogeneous
spacetimes (denoted by H ) are a subset of the class of C'ST spacetimes (i.e., H C CSI)
as well. Let us denote by C'STg all reducible C'ST spacetimes that can be built from
VSI and H by (i) warped products (ii) fibered products, and (iii) tensor sums. Sim-
ilarly we denote by C'SIr those spacetimes for which there exists a frame with a null

vector ¢ such that all components of the Riemann tensor and its covariant derivatives

'For brevity we will call these curvature invariants
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in this frame have the property that (i) all positive boost weight components (with
respect to £) are zero and (ii) all zero boost weight components are constant. Finally,
let us denote by C'STy, those C'ST spacetimes that belong to the (higher-dimensional)
Kundt class (the form of its metric is given by (3.1)); the so-called Kundt C'ST space-
times. By construction C'SIy is at least of Weyl type I1 (i.e., of type II, II], N
or O [66]), and by definition C'SIrp and CSI are at least of Weyl type I1 (more
precisely, at least of Riemann type I7).

A Riemannian manifold with constant scalar invariants is immediately homoge-
neous, (C'SI = H). This is not true for Lorentzian manifolds, there are examples of
C'S1 spacetimes which consists of homogeneous spaces and a certain subclass of the
Kundt spacetimes [79]. Interestingly, for every C'ST spacetime there is a homogeneous
spacetime (not necessarily unique) with precisely the same constant invariants. This
suggests that C'ST spacetimes can be constructed from homogeneous spacetimes H
and VST spacetimes using warped and fibered products (e.g., C'SIg). In particular,
the relationships between C'SIg, CSIr, CSIk and especially with C'ST\ H were stud-
ied in arbitrary dimensions and considered in more detail for the four dimensional

case in [79, 94]. A C'ST spacetimes is either:

e (A) of Petrov (P)-type I or Plebanski-Petrov (PP)-type I, or

e (B) of P-type II and PP-type II.

It is plausible that in case A, since the spacetime is not of P-type II and PP-
type I, it is necessarily completely backsolvable (CB) [59]. Furthermore due to all
of the zeroth order scalar curvature invariants being constant, there exists a frame
in which the components of the Riemann tensor are all constant, and the spacetime
is curvature homogeneous of order 0, C'Hy. If the spacetime is also C'Hy, then it is
necessarily locally homogeneous H [78]; therefore, if it is not locally homogeneous,
it cannot be C'H;. Then by considering differential scalar invariants, we can obtain
information on the spin coefficients in the C'ST spacetime. Therefore, in this case
there are severe constraints on those spacetimes that are not locally homogeneous.
Necessarily the spacetime is of P-type I or PP-type I (and does not belong to C'SI,
CSIp, or CSIg), it belongs to CS1y = C'Hy, but not CH; with a number of further
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constraints arising from the non-CB conditions and the differential constraints; and
it is plausible that there are no such spacetimes.

In case B, we have that the spacetime is necessarily of P-type II and PP-type II. It
then follows from Theorem 7.1 in [79], that all boost weight zero terms are necessarily
constant. The spacetime is then either CB, in which case all of the results in case A
apply, or they are NCB and a number of further conditions apply (these conditions are
very severe [59]). In either case, there are a number of different classes characterized
by their P-type and PP-type (in each case at least of type II), and in each class there
are a number of further restrictions. By investigating the differential scalar invariants
we then find conditions on the spin coefficients, and it was conjectured that all of
these spacetimes are necessarily C'SIg. In four dimensions the C'SIg, CSIr and
C STk spacetimes are closely related, and it is plausible that C'ST\H is at most of
Weyl type I1.

Motivated by these results, the authors of [79] proposed higher-dimensional ana-
logues of the CSIp, CSIg and C'SIk conjectures. These conjectures have all been
proven in three and four dimensions [89, 94]. In higher dimensions, C'SIg conjecture
has been proven as a corollary to the more general result for tensors whose scalar

curvature invariants do not uniquely characterize them [103, 104].

Theorem 3.2.1 (CSIp Theorem). A spacetime is CSI if and only if there exists a
null frame in which the Riemann tensor and its derivatives can be brought into one

of the following forms: either

1. The Riemann tensor and its derivatives are constant, in which case we have a

locally homogeneous space, or

2. The Riemann tensor and its derivatives are of boost order zero with constant
boost weight zero components at each order. This implies that the Riemann

tensor is of type II or less.

Assuming that there exists such a preferred null frame, then

Conjecture 3.2.2 (C'SIk conjecture). If a spacetime is CSI , then the spacetime is

either locally homogeneous or belongs to the higher dimensional Kundt CSI class.

And lastly,
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Conjecture 3.2.3 (CSIg conjecture). If a spacetime is CSI , then it can be con-

structed from locally homogeneous spaces and V ST spacetimes.

This construction can be done by means of fibering, warping and tensor sums.
From the results above and these conjectures, it is plausible that for C'ST spacetimes
that are not locally homogeneous, the Weyl typeis I'I, [11, N or O, and that all boost
weight zero terms are constant. In four dimensions, these results have been verified
so that every C'ST spacetime is immediately a member of the degenerate Kundt class
of metrics.

If a particular Kundt spacetime possesses a frame {¢,n,m’_} such that the com-
b

Bmc(;md and all of its

ponents of the Riemann are constant R.gsy = Rapeam®,m .

. . . o a d e
covariant derivatives Rogsyic,,..c, = Rabedier...enMy--- MM .

stant, then this spacetime lies in C'SI C CSIr(CSIk. Furthermore there exists

.mf Nn € Z are con-

(locally) a coordinate transformation such that the metric form is preserved and

_ L ofrort
Gey = 921%@> Jegur =0 (3.6)

In the case of VST spacetimes, from [79] we are assured of the existence of a coordinate
change (v, u', 2"") = (v, u, F(u; 2*)) such that the transverse metric components take
the form:
k Al
s = G O = b 3.7)
This agrees with (3.17), the canonical metric for VST spacetimes. Moreover, in
the more general case of C'ST spacetimes, Theorem 4.1 in [79], assures us that the
transverse space is locally homogeneous.
Given a Kundt metric satisfying (3.6) then it is C'SIy and the following Riemann
components are constant: with mémi ¢ = Gef, the non-zero frame connection compo-

nents are:

Lo = 250, T = DiH, Doy = DiH — D)W, (3.8)
Tijp = 5 (3.9)

20

20

_ DiW; _ DiW; _
Ling = =57, T = =57, gy =

Lijk = —% (Dijk + Djki — D) (3.10)
where the tensors involved are written in terms of

Mie,  Dijk = 2mie pmy; emk]f, Ay = DWy = DiiW* = 2Wy.
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The linearly independent components of the Riemann tensor with boost weight 1 and

0 may be written as:

1
R121i - _§‘/Vi,vv
1 .

Riois = —H,, + 1 (Wiw) (Ww> )
Rigij = WiV + Wi,

1 1
R1i2j = 5 _Wsz‘,vv + Wi;j,v - 5 (VVLU) (VV]}U) )
R = R

ij1) ijig

The spacetime will be €SIy if there exists a frame {¢,n,m'}, a constant o, anti-

symmetric matrix a;;, and symmetric matrix s;; such that:

Wi, = 0, (3.11)
Ho— 3 (W) (W) = o (3.12)
Wigo = 2 (3:13)

1
W(%ﬁ),v_?(Wiv) (Wizv) = S (3:.14)

and the components R, :- are all constants. That is, the tranverse metric dS?% is

ij1g
curvature homogeneous. Integrating the above constraints gives the following form

for the metric functions:

Wi(v,u, x¢) = vWi(l)(u, %)+ Wi(o)(u, x°), (3.15)
2
H(v,u,z%) = % [40 + (I/Vl-(l))(W(l)i)} + vHW (u, 29) + HO (u, 2°). (3.16)

If we further require that that our C'STy Kundt spacetime is also C'SI; we have that

1 1 ‘
Rinip = ) {UWQ,U - 5(5]'@' + aji)Wj’v]
1 ~
Riijkp = 5 [Wn’vajk — Wivaj + (sijj + ai[j>Wk],v]

are constant, that is,

1 .
JWi,v - §(Sji + aji)W]’“ =
(sij +ai)y — (s + k)., = Bigi

)

where the Ricci identity has been used to rewrite the latter condition.



36

In the case where 0 = 0 & a;p = s;; = 0, then the spacetime belongs to the
VS1y class, and it will be of Ricci and Weyl type III, N, O. V. SI; spacetimes will
arise from the vanishing of certain linear combinations of the scalars derived from
lo.p; these spacetimes have been studied in four dimensions in [78]. Less is known
about these spacetimes in higher dimensions, but it is plausible that those spacetimes
that are properly V.SI; (i.e., zero and first order invariants vanish but spacetime is
not V.ST) are of Weyl type N, Ricci-Type N or O and admit an aligned geodesic null

congruermnce.

3.3 VSI Spacetimes

There is more known about the subclass of C'ST spacetimes in which all curvature

invariants vanish, the V.SI spacetimes. From [65] we have the following theorem:

Theorem 3.3.1 (VSI Theorem). All curvature invariants of all orders vanish in
an N-dimensional Lorentzian spacetime if and only if there exists an aligned, non-
expanding, non-twisting, shear-free, geodesic null direction (* along which the Rie-

mann tensor has negative boost order.
To be precise, there exists a null vector ¢ such that
lasp = L11lols + Lyilom’ 5 + Lym' s

While if we choose a frame including ¢ as a basis vector, the Riemann tensor will
be of type III, N or O, this implies that all V'.ST spacetimes belong to the Generalized
Kundt class. In fact it was shown in [80] that there is a canonical form for the metrics

of VST spacetimes:
ds? = 2du(dv + Hdu + W.dz®) + 6. pdz*dx?, (3.17)

where the metric functions satisfy certain constraints that will be discussed in the
next subsection. The authors of [30] go further by classifying all higher-dimensional
VST spacetimes according to their Weyl type, Ricci-type and whether W; has v-

dependence or not.
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3.4 CCNV Metrics

As was noted in [80], in the case of a Kundt spacetime the aligned, repeated, null
vector of (3.17) is also a null Killing vector if and only if all of the metric functions

are independent of ¢/ = %; that is, the metric takes the form:
ds* = 2du (dv + H(u, z°)du + We(u, xf)da:e> + Ges(u, 29)dx dx! (3.18)

This forces all of the components of Ly, to vanish, which implies ¢ is a covariantly
constant null vector, i.e., £, = 0. We will say that a spacetime admitting a covari-
antly constant null vector is a CCNV spacetime. From [30] all of the CCNV VST
spacetimes were listed as special cases of the canonical Kundt metric (3.17), and there
are also CCNV CSI spacetimes. All CCNV VST spacetimes are of Weyl type 111
and Ricci Type III. In general, if there exists an ¢ that is a CC NV then from the
Ricci identity (*R,5,5 = 0, we expect in C'ST spacetimes the Riemann tensor to be
of type II or less.

To calculate the connection coefficients for the above CCNV metric, we define

the useful tensor
B’ij = mie’umje. (319)

Then with the other two tensors given as A;; and D;j;, the connection coefficients are:

Loio = (He—Weu)m,© (3.20)
Loy = _;Aij — Bij (3.21)
Tyr = Ay~ By (3.22)
Lijp = _;[Dijk + Dji + Dyjil (3.23)

the non-vanishing curvature components are then:

RQij2 = F2z’2,emje - (FQikmke),umje - F2a2raij + F2ajrai2 (324)
Roijr. = (Dogm! [e),f}(mjfmke + Dogilain — Taarlasj (3.25)
Riju = (Fiﬁmi[j),fc}mkkmlj - Fﬁzrzjk - Fi%kriﬂ (3.26)

By calculating the curvature tensor of the metric (3.18), and its covariant derivatives,

we note that R;ji = Riju, where the tilde refers to curvature tensors with respect
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to the spatial metric g.p(u,29). This metric is Riemannian and depends on the
'parameter’ u. In particular, R;j; is the Riemann tensor of the 'transverse space’

The non-zero components of the Ricci tensor are:

Ry = Rigio = —Rain (3.27)
Rgi - Rj2ji . _R2jji (328)
Rij = Ry (3.29)

We can express (3.28) in a convenient form by expanding (3.25) and replacing the

directional derivatives in terms of covariant derivatives we obtain

Roijr = Dogryy — Doggpe + Loi(Tikj — L + Cljre — Clij)

where |; = m;*V, and Cjj, = mz-j*ﬁlmé-mi*, this becomes
Roijr = Doy — Daijpie- (3.30)

Therefore the boost weight -1 components of the Ricci tensor can be expressed in

terms of a covariant derivative and a divergence,
Rai = Taj41i — Dajarj
From the definition of B;; follows the identity
Bi; + Bj; = miemjfé?ugef (3.31)
by (3.21) this yields I'y;; = —Bj; = —3¢”9,9;; and consequently
2Ry = —(¢°*0ug;x)1i — Aup + (Ba + By (3.32)

We note that by contracting (3.31) with m? m?/ gives B,” + B, = ¢"*0,gy; in terms
of coordinate indices. This can be used to express the last term of (3.32) in terms of

a divergence over the coordinate index j.

3.4.1 Criteria for a COCNV Metric to be CSI or VSI

It has been shown that the line-element (3.18) for a spacetime admitting a covariantly
constant null vector has a Riemann curvature tensor with the following boost weight

decomposition:
0 -1 -2

Rapys = Rigam' (qm sm" m! sy + Rojaliam’ gm*,m! 5y + Rojliam’ stm' 5y (3.33)
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Raijo = Taem;® — (FQikmke>,umje — Dogol’aij + T'ogjlain (3.34)

Ryije = (Dogm! [e)ﬂ(mjf myS + Logilain — Toanlaij

Riju = (Fiﬁmi[j),fc} kkmzj_rmrijk

- Fﬁkriﬂ

where all of the boost weight 0 components arise from the curvature of the Riemannian
transverse space. In order to take the covariant derivative of (3.33), we first consider

the covariant derivative of the frame components Rypeq:
vERabcd =/ EDQRabcd + mieDiRabcd (335)

where we have used the v-independence of (3.18) to set D Rgpeq = 0. The covariant

derivatives of the frame one-forms, m; & ¢ are V ./, = 0 and
Vemia = Dignm! ym™ 4 Tyom! Ll 4 Toylam!, + Toplole . (3.36)

Thus (3.35) and (3.36) imply that V does not raise boost weight because covariant
differentiation does not introduce the null vector n into the expressions; as a result
V. R,z Will contain frame components whose highest boost weight is 0 and these will
correspond only to the covariant derivative of the curvature of the Riemannian trans-
verse space. Using an inductive argument, this can be shown to hold for any number
of covariant derivatives of the Riemann tensor. Let the k' covariant derivative of
(3.33) be represented symbolically as V¥R, then we can say that V¥R has frame
components whose highest boost weight is zero and ¢ contracted with any index of
V*R vanishes; i.e., VFR - £ = 0.

It now follows that all curvature invariants of (3.18) will be completely equivalent
to the curvature invariants of the transverse space. Therefore, if we impose the C'ST
condition on (3.18), we are requiring the transverse space to be a C'ST Riemannian
metric. From a theorem of [F. Prufer from 1996] we conclude that the transverse

metric is locally homogeneous, which establishes the following,

Lemma 3.4.1. A generalized Kundt metric admitting a CCNV is CSI if and only

if the transverse metric is locally homogeneous.

Now, consider the Ricci invariant ry = Ry, R% = RUR” , where the second equality
follows from the form of the Ricci tensor (3.28)-(3.29), which shows that the boost

weight 0 components arise solely from the transverse metric. Since ry = ZZ‘J‘(RZ']‘)2
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is a sum of squares, we have that if 7o = 0 then R;; = 0. A theorem of | D.V.
Alekseevski 1975 | states that a homogeneous Riemannian space that is Ricci-flat is

flat. Therefore, combining these with Lemma (3.4.1) gives the result:

Proposition 3.4.2. If a generalized Kundt metric admitting a CCNV is CSI and
R, R™ = 0 then the metric is V.SI.

Although R,p,5(* = 0 = Rapl®, it does not follow that C,g,s¢* = 0. More
precisely, if we consider the decomposition of the Riemann tensor into its trace and

trace-free parts we obtain

1 1
Clped = 5(771de0 — heRpa) + 6(771c77bd — TaMbe) R . (3.37)

It is clear that there will exist boost weight 0 and -1 components of Weyl with

projections along ¢ that do not vanish, namely

1

1 1 1
—*R, Ch'Qj = —§Rij + 66in7 C’122'2 - §Rz] (338)

6

C11212 -

Assuming the conditions in proposition (3.4.2) are satisfied then the Weyl components
in (3.38) vanish and also Cj;;; = 0 from [17], therefore the remaining non-vanishing

Weyl components of the VST metric are Cyj; and Cyjy.

3.5 Kundt Spacetimes and Supergravity

A VST spacetime admits an aligned shear-free, non-expanding, non-twisting, geodesic
null direction ¢* along which the Riemann tensor has negative boost order [65]. These
spacetimes can be classified according to their Weyl type (III, N, O), Ricci type
(ITI,N,O) and the vanishing or non-vanishing spin coefficients.

One particular subset of Ricci type N VST spacetimes, the higher-dimensional
pp-wave spacetimes, have been studied extensively in the literature, and are known
to be exact solutions in string theory [35, 44, 413], in type IIB supergravity with an
R-R five-form [57], and with NS-NS form fields as well [58]. The pp-wave spacetimes
are of Weyl type N. However there are Ricci type N solutions of Weyl type III, like
the string gyratons and in fact all Ricci Type N VST spacetimes are solutions to

supergravity [84].
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Moreover in [384] it was shown that there are VST spacetime solutions of type
IIB supergravity which are of Ricci Type III, assuming appropriate source fields are
provided. In order for a VST spacetime to be of Ricci type III, the dilation must
be a non-constant function of the light-cone coordinate, u and the metric will have
v-dependence. However it was shown in [84] that no null or timelike killing vectors
can exist in a VST spacetime if the metric is dependent on v, thus the Ricci Type
I1I spacetimes do not preserve supersymmetry. Furthermore, while the Ricci type N,
Weyl type III solutions can be reduced to Weyl type N, the Ricci type III solution
can only have Weyl type III.

It has been shown that the plane wave spacetimes have the fascinating property
that all quantum corrections vanish in these spacetimes, [18, 16]; four dimensional
spacetimes which exhibit this property are called universal. The universal spacetimes
give important insights into the quantum theory, despite having actual knowledge
of this theory. It has been shown that all four-dimensional universal spacetimes are
actually C'ST spacetimes [91, 102]. For these reasons the study of the subclass of
universal C'ST spacetimes will be of great help in the pursuit of a theory of a more

general gravity theory.

In four dimensions V' ST spacetimes are known to be exact string solutions to all
orders in the string tension o, even in the presence of additional fields [54]. Similarly it
can be shown that higher-dimensional supergravity solutions supported by the proper
fields (for example, the dilation scalar field, Kalb-Ramond field, and form fields) are
also exact solutions in string theory using arguments from [35, 57, 58]. Thus it can be
analogously argued that the VST supergravity spacetimes are exact string solutions
to all orders in the string tension o’ in the presence of the appropriate fields, and so
it is to be expected that the special VST supergravity solution introduced in [84] will
be as well. From this we conclude that the Ricci type I1I solution may be of relevance

to string theory.

Since the Ricci Type III IIB-supergravity solutions do not preserve supersym-
metry, this leads to the question of what are the necessary conditions to preserve
supersymmetry? In a number of supergravity theories (e.g. D= 11 [73], type 1IB
[69]), in order to preserve some supersymmetry it is a necessary, but not sufficient,

that the spacetime involved admit a Killing spinor ¢* which then yields a null or
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timelike Killing vector from its Dirac current, 2 = 4’75 ,e* where the ¥ are the

higher dimensional analogues to the four-dimensional gamma matrices.

In the case of N-dimensional VST spacetimes, the existence of Killing vectors
depends on whether the components of the metric function are independent of the
light-cone coordinate v. This requirement leads to the conclusion that all V' ST space-
time solutions to type IIB supergravity preserving some supersymmetry are of Ricci
type N, Weyl type I1I(a) or N [30] Such spacetimes include not only pp-waves but
also spacetimes of Weyl type I11(a), an example of which is the string gyratons [32].
Weyl type I1I(a) spacetimes like the vacuum solution or NS-NS solutions only preserve

some of the supersymmetry.

It is known that AdS; x S~ (in short AdS x S) is an exact solution of super-
gravity (and preserves the maximal number of supersymmetries) for certain values of
(D,d) and for particular ratios of the radii of curvature of the two space forms. Such
spacetimes (with d = 5, D = 10) are supersymmetric solutions of IIB supergravity
(there are analogous solutions in D = 11 supergravity) [63]: AdS x S is an example
of a C'STI spacetime [79]. There are a number of other C'SI spacetimes known to
be solutions of supergravity and admit supersymmetries; namely, generalizations of
AdS x S (for example, see [81]) and (generalizations of) the chiral null models [11].
The AdS gyraton (which is a C'ST spacetime with the same curvature invariants as
pure AdS) [75] is a solution of gauged supergravity [33] (the AdS gyraton can be cast
in the Kundt form [85]).

Other known (ST spacetimes may be investigated to determine whether they
contain solutions of supergravity. For example, we can consider the product manifolds
of the form M x K, where M is an Einstein space with negative constant curvature
and K is a (compact) Einstein-Sasaki spacetime. The warped product of AdS3 with
an 8-dimensional compact (Einstein-Kahler) space Mg with non-vanishing 4-form flux
are supersymmetric solutions of D=11 supergravity [1], while in [15] supersymmetric

solutions of D = 11 supergravity, where M is the squashed S”, were given.

A class of C'ST spacetimes which are solutions of supergravity and preserve super-
symmetries, were built from a VST seed and locally homogeneous (Einstein) spaces
by warped products fibered products, and tensor sums [79], yielding generalizations

of AdS x S or AdS gyratons [85]. In particular, solutions obtained by restricting
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attention to CC NV and Ricci type N spacetimes were considered, some explicit ex-
amples of C'ST supergravity spacetimes were constructed by taking a homogeneous
(Einstein) spacetime, (Mpom, §) of Kundt form and generalizing to inhomogeneous
spacetimes, (M, g) by including arbitrary Kundt metric functions (by construction,
the curvature invariants of (M, g) will be identical to those of (Mpom,§)); a num-
ber of 5D examples were given, in which ds? . was taken to be Euclidean space or
hyperbolic space [64].

The question then is whether these C'ST solutions preserve any supersymmetry. It
is known that for many supergravity theories, if the spacetime admits a Killing spinor,
it then admits a null or timelike Killing vector. We will be particularly interested in

spacetimes that admit a null covariantly constant vector.



Chapter 4

CSI Spacetimes with a Non-spacelike Isometry

This chapter is based on: D. McNutt, N. Pelavas, A. Coley (2010). Killing vectors in
higher-dimensional spacetimes with constant scalar curvature invariants. IJGMMP,

Vol 7, Issue 8, pp 1349-1369.

4.1 The Killing Equations

Let ¢ = (in+CGl+¢m' be a Killing vector field in a C'ST Kundt spacetime; it satisfies
the Killing equations for a,b € [1, N]

Ca,b + gb,a - 2Fc(ab)Cc = 0.

To simplify the analysis of these equations, we choose new coordinates where one
of the Killing vectors of the transverse space, Y, has been rectified so that locally
it behaves as a translation; i.e., Y = A%. In this coordinate system ¢33 will be
constant, and so it is possible to pick a coframe with an upper-triangular matrix m’,
and m?; constant [20]. This choice of coframe causes I's;; and I's;) Vi, j € [3, N] to
vanish. Rotating the frame so that the spatial component of ( is locally aligned with
m?, ¢ takes the form ¢ = (n + Gl + Gm?

The components (; and (3 may be partially integrated from the equations with

indices (11), (13), (3i):
G= Gwa%), G==Dy(C)v+ ¢ (ua9), (4.1)
where CS(O) satisfies the following differential equations from (3):
Di¢s” + W Da(¢1) =0, DiD3G = W Daty =0 (4.2)

The tensors I'yp = D;H — Do;W; and Ay, = Dy, W,,,) may be express in orders of v,

where o* = 40 + I/I/,-(I)W(l)i and the metric functions A and W; = m,“w, are of the

44
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form (3.15) and (3.16).

(1)
o) r

k3

2
1
Loy = (Dio” — U*Wi(l)) % + (D;HY — ZW'(D)(T* — D2VV1’(1)) v

r®

+DHO —wOHD — p,w " 4 HOW W, (4.3)
40 A©

Ay = 20w v+ 2w —aw P wiY.

Substituting these into the equation with indices (21) yields (, in orders of v:

(2)
1
¢ o

oy

o WIDa()) 5+ (WG = Doty + HYG) v+ ¢ (w,2). (44)

G = (

Our primary interest are those C'ST spacetimes which do not admit covariantly
constant null vectors, since the existence of Killing vectors in CCNV spacetimes was
considered in [100]. The analysis will be restricted to non-spacelike Killing vectors,
|| < 0. Using the definition of the vector components given above the magnitude is

expanded into orders of v:

=2(¢1)? + W Ds(G1)G + (Ds(6)? < 0 (4.5)
GV = Dagi+ HOG) + Dy(G)6” =0 (4.6)
(G7)? = 266" <. (4.7)

The remaining Killing equations, with indices 22, 23 and 2n are now expanded into

orders of v, giving the following set of equations:

5 Ds(G1) = 0, (4.8)

Do¢s? + o7V — HOG? — 1T Dy(¢y) + =0, (4.9)
Dos? + 107 — HOG? — T8 Dy(¢r) + T c“” (4.10)
Dy = HOG + HOG" + TG =0, (4.11)

167 Dy(G1) + Dags? — WiV — irf¢ =0, (4.12)
DsD3(¢) — HOD3(¢1) — Dsc? + Wi + 1§0¢ = 0, (4.13)

Dy + HODy(¢)) + D3¢ — w2V —10¢ + WiVl =0, (4.14)
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D¢ =WV —1r@¢, + AN Dy(¢y) = 0, (4.15)
D¢ — WO —1We — AR + AQ Dy(¢y) = 0, (4.16)
DY = WO —TO¢ + WO — AP = 0. (4.17)

The analysis splits into subcases arising from (4.8) where either D3((;) or F:(f) are

assumed to vanish seperately.

4.2 Implications of (i, =0

Before each case is analyzed it will be beneficial to examine the anti symmetrization
of (4p = 0 to determine the set of C'ST spacetimes admitting a covariantly constant
non-spacelike vector. Non-spacelike Killing vectors in CCNV (CSI spacetimes has
already been studied in [100] as such if a C'ST spacetime is shown to be CCNV it may
be disregarded in the current analysis. Conversely it is of interest to determine when
a ST spacetime admits a Killing vector but cannot admit a covariantly constant
vector.

Using the form of ¢ given above, the vanishing of (), yields the following equa-

tions:

Dy — D1Gy — TH,¢G =0, (4.18)
DsC — DiGs — 2T 56 = 0, (4.19)
2 ,0G =0, (4.20)

D3y — DaGy + IMgy¢y = 0, (4.21)
DG+ T ¢ =0, (4.22)

DyGs — 2T 5,06 = 0, (4.23)
TG = 0. (4.24)

Assuming ¢; # 0 and expanding (4.20) implies I'; ;= W = 0. Similarly 2Ty =
Wi and so equation (4.19) gives Wg(l) = 2Dsin((;). Equation (4.24) implies that

A,m must vanish. Using (4.3) we may summarize these observations as

Lemma 4.2.1. For those spacetimes admitting a vector ¢ such that (ap = 0 and
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Clap) = 0 it is necessary that the metric functions W satisfy the following:

WiV = 2D5in(¢;), WO = o,
A = 2D W = 0.
The remaining equations are:
Dy — DiG — I'212G = 0, (4.25)
D3Cy — Da(3 + I'932¢ = 0, (4.26)
DG + Ton2Ci = 0, ( )
DGy — Agnly = 0. (4.28)

These will be studied once the analysis of the Killing equations has been completed.

4.3 Case 1: D;3(¢) =0

Setting D3((1) equal to zero we obtain

G= W), G=¢"w (4.29)
52) él)
G = (TS % 4 (WG — Dau + HOGY 0+ ¢, 2°). (4.30)

The non-spacelike conditions are now
—o" ()2 <0, QW36 — Do+ HVG) =0, (G)? =G <0 (4.31)

so either (; vanishes and ( is a null Killing vector or ¢; # 0 and ¢* > 0.

4.3.1 Casel.l1: (=0

If ¢; is allowed to vanish, the remaining non-spacelike conditions imply that (3 = 0

and so the Killing vector is of the form ¢ = (3¢. In light of the special form of (, it

must be a function of only v and the spatial coordinates z¢. The remaining Killing
equations are

"¢ =0

Dygs” + HVGY = 0

Dt + W

D,G” + WG =o.
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The vanishing of ¢* in the first term (4.32) implies wW Wi = —4 where WV =

m,w ) and hence
WOWW = gl wOW® = 4o, (4.36)

Since the transverse metric is Riemannian, it is positive-definite and restricts the

value of o to be less than or equal to zero.

4.3.2 Case 1.1.1:

If o = 0, this implies W) = 0 for all e € [3, N]. The vector component ¢, will be a

function of w only and the remaining equation (4.33) determines the metric function
HY(u) = —Dyln(é). (4.37)

One may always make a coordinate transform of the form (3.4) to set H) = 0, so

the metric is independent of the null coordinate v and ( = /¢ = a@ implying that ( is

v ?

a covariantly constant null vector.

4.3.3 Case 1.1.2:
If 0 < 0, one may solve for the metric functions Wi(l) and H" in terms of ((u, 2°):
HO (u,2) = ~Daln(Ga), W (u,2) = ~Diln(Ga).

These C'ST spacetimes do not admit a covariantly constant vector. To see this, assume
o < 0 and consider equations (4.25) - (4.27); the first two are automatically satsified
while the last implies that (, is a function of w only. This forces the m(l) to all vanish,
leading to the contradiction: 0 = ¢* = ¢ < 0, hence these spacetimes do not admit a
CCNYV.

Given a null vector of the form, ( = ((u,z%)¢, it will be a Killing vector for the

C'S1 spacetime with a locally homogeneous transverse space and metric functions:
H = —(In¢) yv+ HO (u,2¢), W, = —(In() v + WO (u,z7). (4.38)

The vanishing of the function ¢* leads to one last condition for the C'ST spacetime.
Since W) = —(In() ., the only constraint on the function ¢ arises from (3.14).

iv:[Diln(Cg)P =—40, 0<0 (4.39)

=3
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g IwWOWW = 4o

The left-hand-side must be positive, and so it is necessary that ¢ = Rj212 is a negative

real number.

4.3.4 Case 1.2 :

The remaining conditions from |(| < 0 are

Do¢y — HO¢ = Wi¢ (4.40)
(G)? < Y . (4.41)

Expanding ¢; and T'{", we find that the O(v?) terms, (4.12) and (4.15) are automat-
ically satisfied, while (4.9) and using (4.40) yield the following differential equation

for o*(u, z¢):
CIDQO'* + CngO'»< = 0. (442)

Using a coordinate transformation of the form (3.4), coordinates are chosen so

that ¢; = 1 and the non-spacelike condition (4.40) determines a part of H
HY = W3¢,

We can apply another coordinate transform of type (3.3) to eliminate H(® as well.

In this coordinate system the Killing equations are:

o*(¢3” — W) =0, (4.43)

D2C2(O) + C3D3C§O) + (3D2C3 = 0, (4.44)

DWW 4 DW= 0, (4.45)

DW= WOWEY = =Dy — Dycl” — WP, (4.46)
DoWO + GDsW© = (WPWD + D WiV = W — Dgs”,  (4.47)

If (5 is non-zero, equation (4.44) simplifies the differential equation for Wi in (4.46).

Thus two subcases must be considered in which ¢ vanishes or not.
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4.3.5 Case 1.2.1:

Setting (3 equal to zero causes H) to vanish while (4.44) and (4.45) imply
DW= Dyl = 0. (4.48)

The remaining equations give constraints for the remaining metric functions:

o*(¢”) =0, (4.49)
Doy = —Dyl” — Wi, (4.50)
DW= —WV¢” — Do, (4.51)

Thus there are two minor subcases to consider arising from (4.49).

4.3.6 Case 1.2.1a

Assuming o* # 0, CQ(O) vanishes and the set of spacetimes with metric functions:
2
H(v,z%) = 0*%, Wi(v, 2°) = W (@) + W9 (2°) (4.52)

are CCNV spacetimes with % as a covariantly constant null vector admitting a
Killing vector of the form:

o*v?

86.

(=n+

If we suppose ( is a covariantly constant vector; Lemma (4.2.1) and equations
(4.26) and (4.27) force the metric functions I/Vi(l) and W to vanish. However a

contradiction arises from (4.25) as it requires 0* = 0 but we have assumed that

c* # 0 and so the above spacetime cannot admit a covariantly constant vector.

Case 1.2.1b

For the other subcase, o* is equal to zero, and the positive-definite signature of the
transverse metric restricts ¢ < 0. For arbitrary ¢ (z¢), and any choice of m(l)(xe)
satisfying (4.36) with ¢ = Rijg2 < 0, the C'ST Kundt spacetime with a locally

homogeneous transverse space and metric functions:

H=0, Wiu,v,2°) =W 0 = (D8 + W )u 4w, (a°) (4.53)
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admit a Killing vector of the form:

C=n+qt

To preserve the non-spacelike requirement CQ(O) must always be greater than or equal
to zero. If this killing vector is covariantly constant, VVZ»(I) = 0 and hence o = 0,
equation (4.28) implies A;; = 0, and the remaining equations (4.26) and (4.27) force
Cz(o) to be constant. Thus ( is the sum of the CCNV’s £ and n.

4.3.7 Case 1.2.2: (3#0

Divide by (3 in (4.44) and substitute the result into (4.46) to simplify the differential

equation for W?EO) :

o _ Dy

DyW” = Gy B — Wi (4.54)

(1)
then by multiplying the above by E(u,z¢) = el W' Gdul integration by parts gives

the solution

(0
W(O) fW( )ggdu]/ (2 )D2C3
Cg )2 ol Wi Cadu)

From (4.43) there are two minor subcases to consider, depending upon whether o*
vanishes or not.
4.3.8 Case 1.2.2a:

Supposing that o* does indeed vanish, the functions Wél)(xe) and WM must satisfy
(4.36) with o < 0. For arbitrary (3(u) and any solution of the following differential

equation

Dogs” + (D3¢ = —(3 DG (4.55)

the Kundt C'ST spacetime with a locally homogeneous transverse space and
H =W ¢
. 1 . (0) B p D g
Ws(u, v, 2¢) = Wi )(u,x Ju+ % + =/ 4%43)22§3du, E=¢lHMd (4.56)
W (u, v, 2¢) = W (u, 2¢)v + WO (u, 2°)
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satisfying the following differential equations:

DQW(” + DWW =0 (4.57)

(1) (0)
D2 + CSDS CSW f (<42)2 du + Dn[% f EC?C §)22§3d ] (4'58)

admits a Killing vector of the form
¢+ ¢V (u, 7%)n + C3(u)m?

Requiring ¢ to be a CCNV, the Wi(l) must vanish, causing H = 0 and o = 0.
This is an example of a CC'NV metric, with ¢ = % as the CCONV | where ¢ will be
a second CCNV. The additional constraints (4.25) - (4.28) imply A;; = 0 while the
remaining equations lead to two possible subcases for Kundt spacetimes admitting a
covariantly constant vector, either D, (5 = 0 or Dy(3 = 0. The first case leads to the

following form for ¢ and the metric functions

C=n+[-Cl+Gumd 3G<0
H=0, Wsu,z°) = —C+ws(z®), Wy(2°) = [ Dywsdad + w,(x").

The non-spacelike condition 3¢? < 0 eliminates the above case, as we've assumed
(3 # 0 this case is not admissible. In the second case (3 must be constant, scaling z°

so that (3 =1,

C=n+Ga)l+m? 1<2(
H=0, W) =wsz(z%), Wyu(2°) = [ D,(w3)dz®—2D,(()x> + w,(z"),

The vanishing of As; = D[jW3f]0) implies that DnCQ(O) = 0 and so CQ(O) must be constant.

If ¢ is timelike, the constant CZ(O) = Whlle if ¢ is null (s 0 % These spacetimes

will automatically be CCNV spacetlmes with ¢ as another covariantly constant null

vector.

4.3.9 Case 1.2.2b:

If o* is non-zero, it satisfies the differential equation (4.42)

DQO'* + C3D30* =0
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and the identity ¢ = <3W3(0) may be derived from (4.43), which causes (4.54) to
simplify, implying CéO)DQCE} = 0. Letting CQ(O) = 0, the differential equation (4.55) for
CQ(O) forces Dy(3 = 0. In either case (3 must be constant and henceforth will be set to

one. For any solution QQ(O) to the differential equation
Do¢s” + D3¢ =0, (4.59)
the vector
n+ [(;*1)2 + 010+ m?
will be a Killing vector for any C'ST Kundt spacetime of the form

H =% 0> — Wi, (4.60)
Ws(u,v,z¢) = Wél)(u, ) + CQ(O), Wi (u, v, 2¢) = Wél)(u, z°)v + W,(LO) (u,z)

where the W " and W” satisfy the following equations:

K3 (2

D,W" + D, = o, (4.61)
DWW + DW= 0. (4.62)

If ¢ is required to be covariantly constant, a contradiction arises from (4.25) as it
requires o* = 0 despite the fact that we have assumed o* # 0. Thus there are no

CCNYV spacetimes of the form (4.60).

44 Case?2:T{¥P =0

For the remainder of this case we shall assume D3(; # 0 to avoid the previous
subcases. Supposing ngl) = 0, this implies that D3D3(; = 0 and ¢* = o¢. This
causes a contradiction to arise between the Killing equation (4.12) and the non-

spacelike condition (4.5):

20D5(¢1) =0, (Ds(1)* < o(G1)*

The first implies that ¢ = 0 as we have assumed D3(; # 0; however, by the second
inequality the vanishing of ¢ implies D3(; = 0 which contradicts our original assump-

tion. Thus D3D3(; is always non-zero, and using this fact we may derive another
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identity for o* = 40 + (I/I/?El))2 in terms of (; from the vanishing of F§2)

*

Dot 2w DY
o= =

Wél) = W?EI)
Using a coordinate transform of type (3.4) with g(u) = ﬁ, we may rescale o in

(3.12) so that it equals 0 = —1,0, 1 depending on it’s sign. Doing so will scale all of
the metric functions and Killing vector components by a constant value, but otherwise
will leave them unchanged.

Dropping the primes and substituting (4.63) into the original identity for o* yields

another differential equation for Ds(;:
D3 Dsln(Ds(p) — ;(an(pggl))? = 20.
Multiplication by exp(—3 [ Ds(InDs¢y)da?) = (D3¢1) "2 leads to the simpler equation
D3 Ds((DsG) %] = ~o(DaG) =, (4.64)
There are three possible solutions to this equation depending on whether o is positive,
negative or zero:
o=-1 : (DgCl)_% = c1(u)cosh(z®) + co(u)sinh(x?),
o=0 : (Ds¢)2 = cj(w)a®+ ¢,
o=1 : (D3¢)"2 = ! (u)cos(z?) + &l (u)sin(z?).

Ignoring these facts for a moment, we recall that the metric functions W; may be

expressed in terms of Q)(,O) and (; using (4.2) :

O _ —Digf”
K3 D3C1 Y
(1)

In this case, it is possible to set all but Ws

W = Dyn(Ds).

to zero by making a coordinate transform
)
of type (3.3) with h = _IC)?TQ' In these new coordinates, the metric functions take

the form:

The following coefficient functions of H change in the new coordinate system:

1) _ (1) C ) g ©) _ p(0) C(O)H/(l) C[(0) U*(C‘(O))Q
HY =A™ 5, HO = H'Y 4 S0+ Dy ( 5l ) S

O = B0 G 0 = g0 S p, (60 e

4D3(1? D3¢ Ds¢1 ) 8(Ds¢1)??
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where primed functions denote the functions in the previous coordinate system.

As the original H' D and H'© were arbitrary functions of v and the spatial co-
ordinates, we may ignore the special form the v-coefficients take in this coordinate
system and treat them simply as new arbitrary functions. In this coordinate system
the tensor As, given in (4.3) vanishes, and the connection coefficients I'y;o are of the

form:

r® r©

Ty = (DHY — D,W Y v+ DH® + HOWD

This choice of coordinate system simplifies the Killing equations considerably; for

example, the other two covector components are now

2
¢ (1)
2

O'*Cl

4

— D3D3(1) % + (HVG — DaG) v+ 87 (u, z°),
G = —D3(C1)v.

G = (

Taking the magnitude of the vector and invoking the non-spacelike conditions yield
Dy Dyln|(Ds1) 2] + Da(In(DsG1)) Daln(G) + (Daln(C1)? <0, (4.66)
G(HW¢ — Dy¢y) =0, (4.67)
a” > 0. (4.68)
Thus Cél) must vanish and we may solve for ™) in terms of (i,

H(l) = Dgln(Cl)

Further constraints on H involving H(®) may be found by taking those Killing equa-
tions involving the spatial derivatives of ¢({”: i.e., (4.14) and (4.17) and considering
integrability conditions. In this coordinate system (4.14) and (4.17) are

Ds¢s” + HODy(y — D5 HO — ¢ HO Dyin(D3Gy) + G Dsln(DsG1) = 0
DY — D, H©® =0
We note that the commutator applied to any function independent of v vanishes (i.e.

(D3, Dy f(u,x¢) = 0); thus differentiating the first equation by D,, and the latter by

D3 and subtracting the result gives the following constraint

2D, (H)Ds¢, = 0.
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Hence H® and Céo) are actually functions of u and the spatial coordinate z3.
In light of this fact the Killing equations (4.15) - (4.17) are automatically satisfied.
Similarly, equation (4.12) may be ignored as it gives the identity o* = 2D3D3ln(D3(;),

which arose from the vanishing of F:(f). The remaining Killing equations are now:

Do = 4D, (23255) — £ D[ (Dsln((1))?), (4.69)
DsHO = 2 —(¢{” — HOG), (4.70)
DyG” = =G Daln(), (4.71)

2D, Dsln(Cy) = DyDsln(DsCy), (4.72)
Dy(G3" DsGr) = GEDs[H© Doln(G1)]. (4.73)

Differentiating (4.72) and using the fact that [Ds, Do) f(u,2¢) = 0, one finds the
following expression for Dyc*™ = 2Dy D3 Dsln(Ds(y):

DsDsG <D3<1>2
G a )|

Subtracting this from (4.69) yields the following constraint

DQO'* == 4D2

Dy (Dsln((r))* =0
implying that ¢; must take the form:
¢ = AP, (4.74)

Apply a coordinate transform of type (3.4) with ¢ = [e 2™ du will remove the u
dependence from (;. Rewriting (4.71) in terms of ¢’ §°) = CQ(O)eB , it is easily shown that
this implies D2§’§0) = 0. Denoting (] = ¢4 the Killing vector ¢ = e2eBn+Col+Csm3
becomes:

* 1 12
c= i+ (T = Danalc)) g+ ¢ ¢+ - Dut

In the remaining Killing equations, (4.70) and (4.73), the function H® in the new
coordinate system becomes H'® = ¢2BH©) and so we may remove e? entirely from
these two equations.

Dropping the primes and combining (4.70) with (4.73) yields the following alge-

braic equation for H©:

* (0) % ~(0)
HO <D3D3ln(C1) - ‘1) _ D3(D3C<12<1)<2 ) 04221
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The coefficient of H® cannot vanish, as the non-spacelike condition (4.66) would

imply

2(D31n(C1))2 < 0.

It is assumed that D3(; # 0 so the above constraint is impossible. Simplifying the

above expression H© may be written as

0 _ DaDs(0)G") + DaDaln((Da1) )&

2Dy Dsln(G (DsCi)~2)

Having exhausted the Killing equations, we look to the remaining non-spacelike con-

ditions (4.66) and (4.68).

H (4.75)

4.4.1 Case 2.1: Null Killing Vectors

If ¢ is required to be null Qéo) must be zero, forcing H® to vanish as well. Using

(4.66) and (4.64) we find the following expression

Ds(A) = Dsln[(Ds¢)~] % \/2[Dsln((Ds¢) )2 + 0. (4.76)

Combining this with the solution to (4.64) for a particular 0 = —1,0, 1:

o=-1 : (Dgg)’% = cicosh(x?) + cpsinh(z?) (4.77)
oc=0 : (D3C1)*% = 011'3 + Co (478)
o=1 : (Dg{l)_% = cicos(z?) + cpsin(z?) (4.79)

we may algebraically solve for ¢; by noting that Ds(; = D3(A)e? = D3(A)(;:

=—1: = (c1cosh(x3)+casinh(z3))~1 B

i Cl ClSinh(x3)+02605h(x3)i\/C%+C§+(c1sinh(363)+czcosh(:z:3))2 ( 80)
—n. . 1

c=20: Cl - Cl(li\/i)(clx3+02) (481)

co=1:(= (c1cos(x3)+easin(z3)) 1 2 (482)

—cisin(ad)4cacos (m3):t\/c§ +c2+(—c1sin(x3)+cacos(z?))

Supposing that ( is covariantly constant, the constraint in Lemma (4.2.1) on W?fl)

along with the identity (4.2) yields

Dsln(¢y) = —Dsln[(D3¢1)?). (4.83)
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Since In(¢1) = A, the above simplifies (4.76) in the null case, giving

2DsIn[(DsC1) %] + \/2[Dsln((DsC1) 3)]2 + 0 = 0
Multiplying both roots together the result must vanish
2[Dsln[(Ds¢1) 2])2 =0 =0 (4.84)
Substituting the three posibilities of (Cl)% gives the constraint:

3[c — c3]sinh?(2®) 4 6c1casinh(z?)cosh(z?) + 2¢3 + 2 =0

2
1

(cra3+c2)?

=0
o =1:3[c¢? — P]sin?(23) — 6cicasin(x?)cos(x?) + 2¢3 — 3 =0
In each case this identity will only hold if ¢; = ¢5 = 0; however, this will imply that

D3¢y = 0, which cannot happen. Thus the null killing vector ( cannot be covariantly

constant.

4.4.2 Case 2.2: Timelike Killing Vectors

If we require ¢ to be timelike, equation (4.68) along with the fact that (; = e forces
CQ(O) to be greater than or equal to zero for all values of 3. To find (; we integrate

each of the three solutions to (4.64) given above

sinh(xz?
o=—1: Cl = cl(c1cosh(z3})ls-cg)sinh(:v3)) + e (485)
O':OZCl m+ 3 (486)
c=1:¢ = sin(e)) o (4.87)

ci1(cicos(z3)+casin(x3))

The inequality (4.66) restricts the choice of ¢3 depending on the choice of ¢; and ¢y:

o =—1: 8+ 3¢ -2 (2

cicosh(x

)+cacosh(x 1
3)+c§sznh ) Cl + clcosh(a:3)+023inh(23))2 <0
o=0:—-c¢— (

011‘3+Cg C Cl$3+02)2 < O (488)
o=1: _[C% + C%}Clz —2 ( cflcilyéiﬁ)ltjzfzsx‘“’ ) Cl clcos(:r3)+1025in(m3))2 <0

Notice in both the null and timelike case, the value of o restricts the domain of z3.

When ¢ = 1, the domain of 2% is limited to a finite interval, 2 € (23,23 + 7r) as

the value xj = arctan(—2) will cause (D3()~ 2 to vanish. When o = 0, 2% > — 2
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to avoid singularities. In the case with ¢ = —1, 23

> i = arctanh(—¢2) when
c1/ce < 1, otherwise ¢ is regular on the whole of the real line. Requiring ¢ to be
covariantly constant, equation (4.83) may be rewritten as a function set to zero in

terms of ¢ and (DgCl)% for the three subcases with ¢ = —1,0, 1 respectively:

[c1 + 2cicacs]sinh®(2®) + [ca + ez + crcaes|cosh(x®)sinh(x®) + [eacs + ¢
C103<Cl.1'3 + Cg)

—le1 + 2¢eacs]sin® (@) + [co — cies + ercses]cos(a?)sin(2?) + [cfeacs + ¢

In both cases where ¢ = —1,1 the vanishing of the first and third equation will hold
only if ¢; and ¢y both vanish, which violates the assumption D3(; # 0, and so there
are no timelike covariantly constant vectors in either of these two cases. When o = 0,
setting the second equation to zero implies ¢3 = 0, the Killing vector of the form
(4.75) with ¢; = —1/(c?2% + ¢1¢o) satsifies the condition in (4.83). A problem arises
from the inequality (4.66)

_C% (m) -2 ((0190631+62)) (Cl(ﬂ;;ﬂz)) T (019031%’2)2 <0

simplifying the above leads to the inequality 2 < 0 which is clearly impossible. We
conclude there are no covariantly constant timelike vectors in the spacetimes belong-

ing to Case 2.

4.5 Conclusions and Summary

To determine the subset of Kundt C'ST spacetimes admitting a null or timelike isom-
etry, several choices were made to simplify the Killing equations. Local coordinates
were chosen so that one of the spacelike Killing vectors; Y, belonging to the (locally)
homogeneous transverse space has been rectified to act locally as a translation in the
2 direction, i.e., Y = A%. The frame was then rotated so that the frame vector
m? was aligned with the spatial part of ¢ and, moreover, that the matrix m; was
upper-triangular with ms3 = 1. This causes the connection components I's;; and I';;3
to vanish, simplifying the Killing equations considerably.

In this coordinate system we determined the special form for the components of

in terms of arbitrary functions and in terms of H and the W,; i.e., (4.1) and (4.4). All

of the functions involved (metric or otherwise) are expressed as polynomials in v with
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coefficient functions of u and z¢. These are substituted into the remaining Killing
equations which are rearranged into the various orders of v to give (4.8) - (4.17), while
the non-spacelike conditions yield (4.5) - (4.7). The highest order equation (4.8) gives
two major subcases, either D3(; = 0 or F:(f) =01in (4.3).

It is known that all VST spacetimes admitting a non-spacelike isometry are
CCNYV spacetimes with £ as the covariantly constant vector [34]. As an analogue to
this result, the equations arising from V{,(; = 0 were examined to determine which
CST Kundt spacetimes admit a covariantly constant vector and which cannot.

The results of the analysis are summarized below:

Case 1.1.1: ( =/

In this case Ri212 = o = 0, the metric functions in (3.1) takes the form: H(u,z*) and
Wi(u, 2%). All CSI spacetimes in this subcase are clearly CC NV spacetimes with

(= a% covariantly constant

Case 1.1.2: ¢ = (o(u, z°)¢

With Ri312 = 0 < 0, the metric functions H and W; = m{W, will be of the form
(4.38) while (; must satisfy the further constraint (4.39). These C'ST spacetimes do

not admit a covariantly constant vector.

Case 1.2.1a: ( =n+ %”26

The metric (3.1) with H and W, take the form (4.52), Ri912 may be any value in R.
There are no CC'NV spacetimes belonging to this subset of C'ST spacetimes.

Case 1.2.1b : ( =n+ G(a®)l, ( > 0 Va©.

For any CQ(O)(xe) > 0, Vz° and any choice of I/Vi(l)(xe) satisfying (4.36) with ¢ =
Ri212 < 0; the C'ST Kundt spacetime with H and W; given in (4.53) will admit a

timelike Killing vector. If Céo)

(z¢) > 0, Va°, ¢ = n will be a covariantly constant null
vector.
If this Killing vector is covariantly constant, Wi(l) = 0 and hence ¢ = 0, equation

(4.28) and Lemma (4.2.1) imply A;; = 0, and the remaining equations (4.26) and
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(4.27) force ¢§” to be constant. Thus ¢ is the sum of the CCNV’s ¢ and n.

Case 1.2.2a : ¢ = {+ C(u, 2%)n + G3(u)m?

For any (3, and a particular choice of (; such that it satisfies the inequality (3 < 2(,
and the differential equation (4.55), the vector ¢ will be a Killing vector for the C'ST
spacetime with metric functions given in (4.56) where WY and W% are, respectively,
solutions (4.57) and (4.58). Due to the vanishing of ¢* = 40 + W W ®i| the W
must also satisfy (4.36)

Requiring ¢ to be a CCNV, the VVi(l) must vanish, causing H = 0 and ¢ = 0 as
well; this is an example of a CC NV metric with ¢ = % as the CCNV and ( acting
as a second CCNV. The additional constraints (4.25) - (4.28) require that A;; =0

along with the following simplification of { and the metric functions:

C=n+GI+m3 GER
H=0, W) =wsz(z%), Wy(z°) = [ D,(ws)dz®+ w,(z"),

If ¢ is timelike, then (5 > %, while if ¢ is null, (; = % All of the CST spacetimes

belonging to this subcase are automatically CCNV with ¢ as another covariantly
constant vector.

Case 1.2.2b : n + [Z2 + Go(u, 2°)]¢ + m?

For a particular choice of (, satisfying (4.59) the vector ¢ is a Killing vector for
the C'ST spacetime with the metric functions in (4.60) where the W and W)
satisfy (4.61) and (4.62). The magnitude condition requires ¢* > 0 implying that
Ri210 = 0 > 0. If ¢ is now covariantly constant, a contradiction arises from (4.25),
as it requires D1 H = ov = 0 despite the fact that we have assumed o # 0. Thus the

subset of C'ST spacetimes associated with this subcase are never CCNV .

Case 2

u

Using a coordinate transform of type (3.4) with g(u) = o o in equation (3.12) is

rescaled so that it equals ¢ = —1,0,1. Another coordinate transform of type (3.3)
(0)
with h = — 52 & causes all but one component to vanish:

Wg(u,$3) = Dgln(Dgcl)U, Wn =0
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The other Killing vector components may be expressed entirely in terms of (4

¢

%
G = (Ufl — D3Ds(y) %2 + (HWY¢ — Dyl v + Cz(o) (u, z°),
G = —D3(C1)v.

=By, removes

Making one final coordinate transform of type (3.4) with g = [e
the u dependence from (; and, in fact, removes all u dependence from the other
components of the Killing vector and the Killing equations, (i.e., (4.70) and (4.73))

involving H®). Solving these yields the following algebraic equation for H(

© _ Da(Ds()¢f”) + Dy Daln((Ds6)HE" G

H 1
(tDsDsln(¢(Ds¢r)~2)

With all of the Killing equations satisfied, the non-spacelike conditions (4.68) and

(4.66) give two subcases depending on whether ¢ is a null or timelike Killing vector.

Case 2.1: ( =Gn+ KJTQ - D3D3(§1)) %} 0+ [=Ds(Cr)vjm?

If ¢ is null, ; takes the following form, depending on the sign of o:

o=—1:(= (crcosh(z3)+casinh(z3)) !
' c1 sinh(m3)+czcosh(a:3):I:\/Cf+c§+(clsinh(m3)+02603h(z3))2
— . _ 1
o=0: Cl T e (1EV2) (123 4-c2)
o=1": <1 _ (crcos(x3)+casin(x3)) !

—cisin(x3)+cacos (:(;3):I:\/c% +c2+(—c1sin(a3)+czcos(x3))?

There are no covariantly constant null vectors in this subcase as the constraint in
Lemma (4.2.1) on WiV along with the identity (4.2) lead to a contradition with the

given form of (;.

Case 2.2: ( = (in+ [(0*4<1 — D3D3(C1)) % + Cé(o)(xg)} {4 [—D3(¢r)v)m?

If ¢ is to be timelike, depending on the sign of o, (; takes the form:

o ) o sinh(z?)
o=-—1: Cl " ci(cicosh(x3)+casinh(z?)) T
c=0:( = m e

o= 1 . Cl — Si’n(z3) )) + C3_

ci(cicos(x3)+casin(z3
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The inequality (4.66) restricts the choice of ¢3 depending on the choice of ¢; and cs:

c1sinh(x
o=—1:[cf+c]¢f -2 <cicosh((w

)
%)
g = O . _01C1 - <01$3+02) Cl 611‘3+C2)2 < O

1. _[2 212 c1sin(x)+cacos(z? 1
g = 1 . [Cl + CQ}CI 2 ( clcOS(I3)+CQSZTL mS ) Cl ClcOS 13)+C2SZ7L(:E3))2 < 0

+cacosh(x )Cl 1 ' o< 0

+cgsznh(x3) c1cosh(:v3)+cgsmh(ac3))

There are no timelike covariantly constant vectors in C'ST spacetimes admitting ( as
a Killing vector. Notice in both the null and timelike case, the value of o restricts
the domain of 2. When o = 1 the domain of 2% limited to a finite interval, 2® €
(3, x3+m), as the value 23 = arctan(—£) will cause (D3¢1) 2 to vanish. When o = 0,
a® > —% to avoid singularities. In the case with ¢ = —1 2% > 27 = arctanh(—2)

when ¢; /¢y < 1, otherwise (; is regular on the whole of the real line.



Chapter 5

CCNV Spacetimes Admitting a Two Dimensional

Isometry Group

This chapter is based on: D. McNutt, A. Coley, N. Pelavas (2009). Isometries in
higher-dimensional CCNV Spacetimes. [JGMMP, Vol 6, Issue 3, pp 419-450.

5.1 The Killing Equations

The Killing equations for X = X n + Xyl + X;m’ are:

Dy X, + DXy =0 (5.2)
D3 X, + D1 X3=0 (5.3)
D, X1 =0 (5.4)
DyXo+ > JiXi=0 (5.5)
DXy + Do Xi — JiX1 — Y (Aji+ By)X; =0 (5.6)
J
k
To start, we make a coordinate transformation to eliminate Ws in (3.18)
(v, v, 2") = (u,v + h(u,2%),2"), h= /ngx?’. (5.8)

This choice of coordinates will be useful in order to write down the metric functions

and Killing covector components themselves or determining equations for them. For

any point in the manifold we may rotate the frame, setting X3 # 0 and X,, = 0.
This can be done by taking the spatial part of the Killing form X = Xyn + X0 +

1 .
m*==-Xm' x= > X% (5.9)
X i

64

X;m' and choosing
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Using Gram-Schmidt orthonormalization it is possible to determine the remaining
vectors for the frame basis. This is a local orthogonal rotation so the form of our
metric remains unchanged while X is now X = X n + X5l + ym?. Henceforth it will
be assumed that the matrix m;, is upper-triangular, due to the QR decomposition.

The frame derivatives are

é - D1 - 31,
n =Dy, = 0,—HO, (5.10)
m; = Dl = mie(ae - Weav)
Thus (5.1) — (5.4) imply that the Killing vector components are of the form:
X1 = F1 (U, Ie)
X2 = _.DQ(Xl)U“FFQ(u,xE) (511)
X3 = —Dg(Xl)U + Fg(U, CEe>.
The remaining Killing equations ((5.5)- (5.7) involve A;; and J;, if we define W, =
mee, we may write I'g;o = J; and A;; in terms of frame derivatives
J; = D;H — D;W; — B;;W? (5.12)
Aij = DyWi + Dy W*. (5.13)

From the commutation relations

[Dla Da] = 0
Dy, D;] = J;D; — Z B;;D; (5.14)

applied to the Killing equations the following can be derived:
DaDgXl == anaDgXl == 0, a = 2, 3, ..N (515)

This leads to two cases either D3 X; = 0 or I'5,0 = I's;3 = I's;;y, = 0 and X, is

linear in 3

. Supposing there exists another Killing vector X we will find further
constraints on its components X, as well as the metric functions W, and m,,. in the

ensuing subcases.
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5.1.1 Case 1: D3 X; =0

Equation (5.4) implies X7 must be independent of all spacelike coordinates. Using
equation (5.5) and the definition of F5 from (5.11), we have that X; must be of the

form
X1 = U + Cs. (516)

If ¢; # 0 we may always use a type (3) coordinate transform from Chapter 3 to set
Xy = u, while if ¢; = 0 we may choose ¢5 = 1 by scaling all coordinates by ¢y in
both cases the functions F5, F3, H and W, in the new coordinate system are just the
original functions multiplied by constants.

Equations (5.15) are identically satisfied, and (5.5)-(5.7) reduce to:

cH+ Do Fs + J3Fy =

—J3 X1+ D3Fy + DoF3 — Bysly =

W, — Jo. X1+ D, Fy — (A3, + Bus)F3 =
B33 X1+ D3F3 =

2B X1 + Dy Fs — D33l =

2Bm) X1 — 23y 3 =

o o o o o o

Setting ¢; = ¢y = F3 = 0, X reduces to a scalar multiple of the known Killing covector

¢. We must consider the possibility where F3 vanishes.

5.1.2 Subcase 1.1: F3=0

Setting F3 = 0 in equations (5.20)-(5.22) imply that B(; = 0. Rewriting this as
Bijy = miemjf Jef.u, the metric is independent of u. By virtue of the upper-triangular
form of m;, we see it must be independent of u also. Then assuming c¢; # 0, we make
the appropriate coordinate transformation to set X; = w, equation (5.17) yields H

algebraically:
H = —DyF,.

Solving the resulting differential equation from (5.19), W, is expressed as:

1
W, - [/—Dm(uD2F2+F2)du+Bm(xe) .

u
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Taking (5.18) with J3 = DsH we see that
DQD:),(UFQ) = 0,

implying that F» must be of the form

Py = f2(56> + QQS“‘).. (5.23)

We rewrite the equations of H and W,, in terms of these two functions

"o fzge) _géiu)+gz)u(g) (5.24)
W, = Bml(bxe) (5.25)

where ¢’ denotes the derivative of g with respect to u
If ¢, = 0, F5, must be independent of u, we rescale our coordinates so that X; = 1,

the equations for H and W,, are

H = Fy(z°) + Ap(u,z") (5.26)
W, = / Dy Agdu + Ci(2°). (5.27)
In either case, the only requirement on the transverse metric is that it be independent

of w. The arbitrary functions in this case are F, and the functions arising from

integration.

5.1.3 Subcase 1.2: F3 #0

As a consequence of the upper triangular form of m,. the system of equations (5.17)
— (5.22) decouples in the following order. Beginning with equation (5.20), we may

reduce this to an equation for mss in terms of I3

mss., 1
v — = D.F 5.28
ms3s X i ( )
whose solution is
1
m3z3 = — / ?F&gdu + Al(l'3, ZL‘T). (529)
1

Next, consider the diagonal components of (5.22) followed by the off-diagonal com-
ponents to find the determining equation for m,,,

F

E——— 5.30
M3z X1 ( )

Mpru = —Mpr3
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while equation (5.21) reduces to

FS,?" _ m3[r,3]m33F3
X1 X1 ‘

(5.31)

msary = —

With the transverse metric now determined and assuming ¢; # 0, we again choose

coordinates so that u' = cju + ¢9, equations (5.17) and (5.18) lead to the form of H

DQ(FZSQ)_F3D3F2_F3D3(F32) (532)

H=-D,F - 2u U 2u?

The form of A;; expressed in frame derivatives (5.13), along with equations (5.21)

and (5.22) simplify (5.19) to become the determining equation for the W,

Given Fy(u, z¢) and Fs(u, 2¢), we treat the equations (5.32) and (5.33) as constraining
equations for H and the W,.
If ¢; vanishes, rescale to make ¢y = 1, from (5.17) and (5.18) F; satisfies the

equation

1 1
DoFy + FyDsFy + 5 Ds(F5) + 5 FaDs(F5) = 0. (5-34)

The metric function H may be written as

|
H = /mggDQngx?’ + Fy+ SF 4 As(u,a”). (5.35)

The only equation for W, is
FsDsW,, + DoW,, = D,,(H). (5.36)

If ¢o # 0 the equation for my. holds, however if X; = 0 they simplify. The
equations (5.28) and (5.30) become

F33=0,, my.3=0. (5.37)

A constraint on the function mgs arises from equation (5.18)

DsF,
Fy

DQlOg(mgg) = — - DQlOg(Fg) (538)
From (5.19) W, is found

D, F.
W, — _/m33F 2dl’3 +En(u, xr)’ (539)
3
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while equation (5.17) gives H
D, F:
H = —/%dﬁ + As(u, z"). (5.40)
3

There are two further subcases to consider, expanding and simplifying equation

(5.21)

mM3r3 33
=== 5.41
A= (5, 41
and so, either ms, is a function of 2% or not. If mas,. # 0 we may integrate (5.41) for
msgy
ms, = / (77];33> Fsyda® + G, (u, 1), (5.42)
3/ r

Thus the above along with (5.37) and the requirement that m,,.3 = 0 are the
only conditions on the matrix mj.. If ms, is independent of 2® then we must have
D, (m?f’) = (. implying

mgz,r = 0. (5.43)
Substituting ms3(u, z*) into (5.38) yields a differential equation, whose solution is

1
mszs3 = F / —F273du + A4([L’3>. (544)
3

5.1.4 Case 2: I';, =0
To investigate what constraints these requirements give, we expand the expressions
for the connection coefficients in question:
r = W 3 f_ e 3
3n2 [S,f]m3 my, ms3eu1M,, + Mmp3uims ,
-1
Pani = 7m3[€7f]mnemif + g gmy mg + migpgm,Smy?.

These constraints lead to the following facts about the metric functions

Lemma 5.1.1. The vanishing of I's;, imply the metric functions of (3.18) must

satisfy the following constraints

Wisr = mam” ., (5.45)
Mgz, = 0 (5.46)
e (5.47)

Grs3 =10 (5.48)
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Proof. To begin the proof consider I's,s, using the upper-triangular form for m,,. this

simplifies to be

A

3 r e __
Wizyms’m,” —mse m, © = 0.

3 and so the

Multiplying through by m" ., we note that m, “m", = §°, — mg “m”>

ER

above equation becomes
W[3,s}m3 P = M3su — TN3341M35M3 3'
Dividing through by m, ® = mg3 leads to the desired identity

W[3,s] = M3s1M33 — M33,41M3s-

To show the next identity take I's,3 , the upper-triangular form leads to the

simpler expression
M3[r,3)M, M3 3 =0.
Since m,, " is invertible, (5.46) follows from this identity. Finally, taking I's,,
M3[e, )My, emp F 4+ My 3M, "my 34 M3, " Mg 3=0.
From the above identity msgjz,; = 0 this simplifies to be
3

MMy "My, © = —(mayzm, T +mypsm, D)myg

but m,,3m,, F+ My f,3M,, f = m,, "M, *Grs 3. Substituting this into the left-hand side

we have
r s r s 3
m3[7":5]mn mp - _m’n, mp gT8,3m3

The matrix mgj, 4 is anti-symmetric and g, is symmetric, by symmetrizing the above

we find (5.47) and (5.48) hold. O

Equations (5.46) and (5.47) imply that mz. = M. for some M (u, z*¥) which will be
at least a function of the spatial coordinate =3, otherwise the component mgs vanishes

and the matrix m,. is no longer invertible. Interestingly, the matrix components m,,,
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will be independent of 23 due to (5.48) and the fact that My 3my, " is upper triangular,

since for n < p we have
T S T
My, My, "Grs,3 = Mny 31, = 0.

In addition, the requirement that g,s3 = m,,3 = 0 give further constraints on M ;

by expanding the metric g,, = m;m’ . and differentiating we see that
Grs,3 = (M,TM,8>,3 + (mnrmn 5),3 = 0.

Choosing s = r this becomes M ,3M, = 0 and so M must be a function of 2% and
possibly coordinate u. The vanishing of ms, = M, along with (5.45) and (5.13) imply
that As, = 0. This equation will be particularly helpful in the subsequent cases as

an equation for the W,, = mZWe, which in expanded form is
—DW, + W¥* Dy, = 0. (5.49)

However, by looking at the definition of Dys, we see that it vanishes.

Collecting the above results we have the following proposition

Proposition 5.1.2. The vanishing of s, imply the upper-triangular matriz m;.

arising from the transverse metric of (3.18) takes the form,
maz = Mz(u,2®), mg =0, My, = mp,(u,z"). (5.50)
While W,, must satisfy
D3(W,,) = 0. (5.51)

The remaining Killing equations are then:

Dy X5 + J3X5 =0 (5.52)

D3 Xy + Dy X3 — J3 X1 — B3z X3 =0 (5.53)
DXy — Jo X1 =0 (5.54)

Ds X5+ By X, =0 (5.55)

Dy X5+ 2B X, =0 (5.56)
B X1 = 0. (5.57)

From equation (5.57) we have two subcases to consider. Either X; = 0 or B, = 0.
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5.1.5 Case 2.1: X; =0, By # 0

If F3 =0, F; becomes a constant and so X is some scaling of ¢, we will assume that

F5 # 0. From the third equation (5.54)
DoFy=m, “Fy, = 0.
Multiplying by m" ; so that m,, “m" ;, = 6° ; —my “m® ;
Fy, =my*m® Fp3. (5.58)

By Proposition (5.1.2) we see that m3, = 0 and so the left hand side vanishes
implying that F; is independent of all spacelike coordinates except possibly 2. Thus

the remaining components of X will be the following arbitrary functions,

Xy = Fy(u,2?) (5.59)
X3 = F3(u). (5.60)

Expanding equation (5.53) we find that the constraining equation for mss is

mM33u —DsFy — Dy Fy

5.61
mss F ( )

While from (5.52) we have
DyFy | .
H:_/@%ﬁﬁmuﬁuwﬂ) (5.62)
3

Thus, (5.62) and (5.61) are equations for H and mg3. The only constraint given for
the W, comes from Proposition (5.1.2), i.e, they are all independent of z3. This is
just Case 1.2 with X; = 0 and the additional constraints in Proposition (5.1.2).

5.1.6 Case 2.2: B(;,) =0, X; #0

By Proposition (5.1.2), we may repeat a similar calculation as Case 1.1 except with

B(ypy to show that for n < p the vanishing of B,,) implies
Mg = 0. (5.63)

Furthermore, by proposition (5.1.2), the special form of m;. implies that m, * = 0,

the only non-zero component of the tensor B is Bss. Since v € (—o00,00) we may
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expand the Killing equations into orders of v, using (5.11) and the definition of the

frame derivatives (5.10), to find a system of equations for F}.

DyDyFy + J3D3Fy =0 (5.64)
D3sDsyFy + DyD3Fy — B3s3D3Fy =0 (5.65)
D,D>F; =0 (5.66)
D3sDsFy =0 (5.67)
D, DsF, = 0. (5.68)

Along with another system of equations involving F; and Fj
HDyFy + Doy + J3F5 =0 (5.69)
HDsFy + D3Fy + DyFy — J3F) — B3sF3 =0 (5.70)
D, Fs +W,DyFy — J,F1 =0 (5.71)
D3F5+ BssFy =0 (5.72)
W.DsF, + D, F5 = 0. (5.73)

To begin, the special form of m;. from Proposition (5.1.2) along with equation
(5.68) lead to the conclusion that F; must be independent of 2% or 2" . Note that
it /13 = 0 then we have Case 1, with the added constraints I's,s = I's;,; = 0. The
analysis is not difficult, Case 1.23 may be omitted since ms, = 0 while in Case 1.21
and 1.22, equation (5.30) is satisfied immediately, (5.31) now implies that F3, = 0.
Only equation (5.29) still holds, these cases are given in the table at the end of this
section

It will be assumed that F} 3 # 0, then by expanding equation (5.67) the following
relation between F) and ms3 is found

m333 Fi 33

= . 5.74
mas3 F1,3 ( )

Rewriting the term Dy D3(F}) in (5.65) using the commutation relations (5.14) with

1 =3 as
D2D3F1 - D3D2F1 - ngDgFl (575)
this is substituted into (5.65) yielding

2(D3 Dy Fy — Bys D3 Fy) = 0. (5.76)
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The expanded form of (5.76) gives another relation between mss and Fy

ms3s F 1,3u

= , 5.77
ms3s F1,3 ( )
Thus ms3(u, z°) is entirely defined by Fj.
We may solve for H and the W), algebraically from (5.70) and (5.73)
D3 D F: D2F 2D F:
H = 220p 2L p 29 (5.78)
Ds(Fy) Ds(Fy) D3 Fy
DnFS
W, - . 5.79
D.F, (5.79)
Notice that by integrating (5.72), F3 is of the form:
FiDs Dy F:
Fy= [ DTLEOTRTL 108 4 Ag(u, 27) (5.80)
D3 Fy

Substituting (5.79) and (5.78) into (5.69) and (5.71) yields several equations for I

2 F 5 o F3Ds3(DoFy)? FyDs(DsFy)?
DyFy — D2pials = Dy(FaPaltn) — Bsiiesis o Bopi ) (5.81)
Dy(F)Ds(Fy Dy Fy) = Ds(F Do) Dy Fy. (5.82)

Hence Fy(u,z¢) must depend on the choice of the arbitrary functions F;(u,z*) and
Ag(u, z").

5.1.7 Summary of Results

We have considered the possibility of an additional Killing form in a CCNV space-
time, where the metric functions H, W; and g, ¢ are determined by the Killing vector.
Given the arbitrary form of the CCNV metric in equation (3.18), we used a coor-
dinate transformation (5.8) to eliminate Ws; this is done to simplify the constraints
on the metric functions. Next the null frame was rotated so that m? is parallel with
the spatial part of X. Due to the QR decomposition it is always possible to treat the
matrix, m;. as an upper-triangular matrix, this is assumed through-out the paper.
The first four equations (5.1) — (5.4) imply that the components of the Killing
co-vector are given by (5.11). By applying the commutator relations for the frame
derivatives (5.10) to the Killing equation splits the analysis into two simpler cases,
depending on whether D3 X, = 0 or I's;o = I's;; = 0. While the first case requires
that X; is independent of z3, the implications of s,y = I's;,; = 0 lead to the
constraints on the W, and the matrix m;. given in Proposition (5.1.2). Both cases

are summarized in the tables below.



75

Case X3 Fy Fy Mie H W,
1.11 u (5.23) 0 Miey, = 0 (5.24) (5.25)
1.12 1 Fy=0 0 Mien = 0 (5.26) (5.27)
1.21 u £y F; (5.29) - (5.31) (5.32) (5.33)
1.22 1 (5.34)  F3 (5.29) — (5.31) (5.35) (5.36)
1.23 0 £y Fy  (5.37), (5.38) (5.40) (5.39)
Mar3 7 0 (5.42)
1.24 0 Fy Fy;  (5.37), (5.44) (5.40) (5.39)
mgr3 =0

Table 5.1: Summary of analysis in Case 1

5.1.8 Killing Lie Algebra

In (5.1.7) we found that there are only three particular forms for the Killing vector
in those CCNV spacetimes admitting an additional Killing vector, depending on the
choice of X;. The three cases depend on whether X is linear in u, X; is a constant
or X, is a function of u and 2®. The remaining functions involved with X, and X3
are functions of u and ¢, satisfying the appropriate equations in the above two tables
. We will label those spacetimes admitting an additional Killing vector by its type;
using (5.11) we may write the three possible types for the Killing vector X as

X4 =cn+ Fy(u, 2°)0 + Fy(u, 2¢)m?
Xp =un+ [Fy(u,z%) — vl + Fs(u, 2%)m?
Xo = Fi(u,2*)n + [Fy(u, 2¢ — DyFy)l + [F3 — DsFyv)m?.

To see if these spacetimes admit even more Killing vectors we will examine each case
and consider the commutator with ¢. Using the frame formalism, the commutator of
two vector-fields X = X%,, Y = Y’ is

(X, Y] = X, (V") = Y, (X") + 2X YT, (5.83)

When Y = ¢ we have that Y¢ = §§ and from (5.14) I}, = 0 so the commutator is

(X, ] = —4(X?).
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Case X3 Fy F; Mie H w.,

2.1 0 Fr, =0 F;3.=0 (5.38) (5.40) (5.39)
2.21 U (5.23) 0 Miey, = 0 (5.24) (5.25)
2.22 1 Fy, =0 0 My, = 0 (5.26) (5.27)
2.23 U Fy F5,=0 (5.29), (5.63) (5.32) (5.33)
2.24 1 (5.34)  F3,=0 (5.29), (5.63) (5.35) (5.36)
2.25 0 Fy F;.=0 (5.38),(5.63) (5.40) (5.39)
226 | F1, =0 (5.81) (5.80)  (5.77), (5.74), (5.78) (5.79)

(5.82) (5.63)

Table 5.2: Summary of Case 2, where Proposition (5.1.2) implies D3(W,,) = 0 and
m;e takes the special form (5.50)

Thus in the Type A spacetimes there are no other required Killing vectors except ¢

and X. Similarly in the Type B spacetimes, the commutator of ¢ and X is
(Xp, 0] = —4

this is just a scaling of a known vector so we may conclude in general that Type B
Spacetimes contain no additional Killing vectors other than ¢ and X.
The most general case is more interesting because the commutator of X and ¢

yields a new Killing vector
YC = [f, Xc] = DQFlg + D3F1m3. (584)

Clearly this will be a space-like Killing vector for all choices of F' since its magnitude
is |Yo| = (D3F1)? > 0. The commutator of Y with £ vanishes because Fj is a function
of u and 2, however the commutator of Yo and X cannot in general be set to zero.

A quick calculation gives Zo = [X¢, Y¢
ZC - [F3D3D2F1 - D3F1D3F2 + (D2F1)2]€
—(D3F1)2TL + [D2F1D3F1]m3 (585)
Thus because we assumed F; # 0 and D3F; # 0 we may never set Z¢ = 0 due to

the coefficients of n. The Type C spacetimes admit at least one additional spacelike

Killing vector.
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5.2 (CSI CCNV Spacetimes Possessing an Additional Killing Vector

In section 3.4.1 it was shown that if a CCNV spacetime has constant scalar curva-
ture invariants to all orders its transverse metric g.; must be locally homogeneous.
Applying this result we may write down the constraints for a C'ST CCNV spacetime
to admit an additional Killing vector by choosing an appropriate locally homoge-
neous Riemannian manifold for the transverse space g.;. This choice may affect the
components of the Killing vector X.

Due to the local homogeneity of g.; one may perform a coordinate transformation
so that the matrix m;. is independent of u. Looking at the tables in section 5.1.7 we
note that Cases 1.11 - 1.13 and 2.21 - 2.23 already require that m;. be independent
of v and there are no constraints on the Killing vector components involving my,.
Therefore the C'ST spacetimes are the subcases of these cases where the transverse
metric is a locally homogeneous. The remaining cases are more interesting since they

involve a non-zero spatial component of X.

5.2.1 Case l

In Case 1.2 equation (5.28) implies that
F35=0 (5.86)
while from (5.30)
M3 = 0. (5.87)

The remaining equations (5.30), (5.28), (5.31) arose from (5.21), this may be rewritten

as a differential equation for Fj
Dn(lOgFg) = ang. (588)

It is possible to derive even more constraints on the transverse space through the
commutation relations [D;, D,] applied to Fj3(u,x"). To start, we note that because

of (5.14) and the u-independence of m., [Do, D,|(logF3) becomes

D, Ds(logFs) = 0. (5.89)
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Next we consider [Ds, D,], since D3(logFs) = 0 and Ds(m,”) = 0 the commutator is
[D3, D,](logF3) = D3(I'3,3) = 0.
However using (5.14) with k£ = 3 we find that
(D3, Dp](logFs) = T, Dy (log F3).

Thus we find two new constraints on the connection coefficients arising from the

transverse metric

D3(T3,3) =0 (5.90)
T Tamg = 0. (5.91)

With k,j > 3 in (5.14) we find that
(D, Dp|(logFs) = 2Fp[nm}F3p3
whereas from (5.88) we have that
Dy, D) (logFs) = DpTsimg — DinIaps.
Equating the two gives another constraint on the transverse space,
Fp[nm]ngg = D, 33 — Dyul'3p3. (5.92)

Thus if we require the Killing vector to have a spatial component the connection
coefficients arising from the transverse metric must satisfy the equations (5.87), (5.90),
(5.91) and (5.92). We will assume such a transverse metric has been found in order
to continue with the analysis.

Reconsidering (5.31) and solving for myg, 3 leads to another differential equation

msps3 = F3 <W;§),3> (593)
3 ;T

and two possibilities, either mg, 3 vanishes or not. If mg, 3 # 0 we may integrate the

above equation to find an expression for msg,

ms3s

ms, = / (F3>r Fyda® + B, (2%). (5.94)
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Differentiating with respect to v we must have

F3'r
) 5.95
(F3 )m (5.95)

So that F3 is of the form

log(F3) = gs(u) + f3(a"). (5.96)

The form of log(F3) above agrees with the differential equation given in (5.88) and
(5.89), where we expect f3 is determined by the I's,3. In this case, (5.87) and (5.94) are
the only equations for the transverse metric so far. The remaining constraints on the
metric functions will vary for each subcase depending on the choice of X; = ciu + ¢s.

If ¢; # 0, we see that H is given by
H = —i(uDgFQ + F3D3Fy + F3Do F3). (5.97)
While the W, satisfy the determining equation
Dy(uW,,) + F3DsW,, + D, (Fy —uH) = 0. (5.98)
If ¢; =0, F5 is no longer arbitrary it must satisfy the following equation
Dy Fy + F3D3Fy + F3DoF3 =0 (5.99)
H may be written as
H = F+ /m33D2F3dx3 + Ay (w2, (5.100)
and the equation for W,, is now
DsW,, + F3D3sW,, = D, F» — D, H. (5.101)

If ¢; = ¢o = 0 then X vanishes, we know that this turns (5.29) — (5.31) into the same
set of differential equations (5.86), (5.87) and (5.88).

The remaining metric functions H and the W, are

Dy F,
H=— %dwi‘ + Ay (u, a7, (5.102)
3

D, F.
W, = — / %dﬁ + By (u,2"). (5.103)
3
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If ms, 3 = 0 we find the following expression for mss

mss
D,{—=]=0. 5.104
< F; ) ( )

. This leads to the following equality
D, (logmss) = D, (logF3) = I's,3 (5.105)
Expanding this out we find the constraint,
mazzm®, = (m33) (5.106)

The equations for the metric functions follow as above in the various cases arising

from X| = cyu + co.

5.2.2 Case 2

If mje,, vanishes, Case 2.1 and Case 2.26 are now the same case. Due to Proposition

5.1.2, equations (5.30) (5.28) (5.31) imply that
Fy. = 0. (5.107)
From (5.38) we find the familiar equation for F:
Fas = —masFya. (5.108)

The metric function H is given by equation (5.62) and W,, may be arbitrary functions
of v and 2.

In Cases 2.24 - 2.26 the vanishing of m;., causes (5.29) and (5.31) to imply
Fy, = 0. (5.100)

So Fj is only a function of u. With this in mind the equations for the remaining
metric functions are the same as in (5.2.1), ms, 3 = 0, with the additional constraints
from Proposition (5.1.2).

In Case 2.27, equation (5.77) now implies

Fiu3=0. (5.110)
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The function F; must be of the form
F=gi(u) + fi(2?) (5.111)
g1 is an arbitrary function of u however, f; satisfies the differential equation in (5.74)
D3(logmsz) = Dslog(fi,3)-
Letting c3 be arbitrary constant we have by integrating that
Ji=mg3 +c3 (5.112)
Combining (5.111) and (5.112) yields
Fi=m33+ g1 +c3 (5.113)

From (5.80), F3 must be a function of u and z", the equations (5.81) and (5.82)

are
DyFy — gig D3F; = (giii)Fs + Bi?i DyFs + LDEZ}?LFI» (5.114)
Ds(F\DyFy) = DyFy Dy F. (5.115)

Assuming ¢] # 0, dividing through (5.114) by % it is possible to solve for Dy F3, while
dividing from ¢ in (5.115) we have D,, F3, hence it is possible to solve for Fj entirely
in terms of F» and ¢}.

Simplifying (5.78) and (5.79) we find that,

D2F1 D2F3 D3F2

H = ——2 - [ — — 5.116
Ds(F)?2" ' DsFy D3k (5.116)
D, Fy

W, = — . 5.117
Do ( )

If DyFy # 0, dividing (5.114) by this then substituting this into the equation for H
gives,

D2F,

H =
(DgFl

)F3 — Dy F. (5.118)

We note that F, may be entirely an arbitrary function of u and 3.



82
5.2.3 Summary of Constraints

As in the previous section we summarize our results for the existence of an additional
null Killing covector in a C'ST CCNYV spacetime. In order for a CCNV spacetime
to be C'ST, we found in section 3.4.1 that the transverse space must be locally homo-

geneous. This allows one to choose a coordinate chart locally such that
Miey = 0

so that many of the differential equations given in the previous section are simpler.
The results of this analysis are summarized below in the two tables. In all cases
the transverse metric is locally homogeneous, although it should be noted that in
subsection (5.2.1), if Fy # 0 then the transverse space must satisfy the following

constraints

Mprz = 0
D3(T'3,3) = 0
Mg lsms = 0
Fp[nm]rgpg = D,Usp3 — Dinlsps. (5.119)
We also remind the reader that if ms, 3 = 0 equation (5.106) holds, so that mgs is inde-

pendent of z”. In the second case the matrix m,., related to the locally homogeneous

transverse metric, must satisfy (5.50) in Proposition (5.1.2).

Case Xl FQ F3 H Wn

111 | w (523) 0 (5.24) (5.25)
112 | 1 Fu=0 0 (526) (5.27)

Table 5.3:  Summary of Killing equations analysis in Case 1 for a CSI CCNV
spacetime, when F3 = 0

5.3 Application: Non-spacelike Isometries

The metric for CCNV spacetimes (3.18) must be independent of v, varying this
coordinate value leaves the metric unchanged. With regards to the set of CCNV
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Case X1 F2 F3 H Wn

121a | uw  F,  (5.96) (5.97) (5.98)
1.22a | 1 (5.99) (5.96) (5.100) (5.101)

123a | 0 P Fy  (5.102) (5.103)
ms3y3 7& 0 (594)

Table 5.4: Summary of Killing equations analysis in Case 1 for a CSI CCNV
spacetime, when F3 # 0 and mg, 3 # 0

Case | X, Iy I3 H W,

121b | w  F, Fy3=0 (5.97) (5.98)
1.22b | 1 (5.99) Fy5=0 (5.100) (5.101)
123b| 0 F, Fy3=0 (5.102) (5.103)

Table 5.5:  Summary of Killing equations analysis in Case 1 for a CSI CCNV
spacetime, when Fj # 0 and mg,3 = 0

spacetimes admitting an additional Killing vector, a good question to ask is: which
of these spacetimes admit a non-spacelike Killing vector for all values v? In [90] this
was considered for C'ST CCNV spacetimes, however the approach taken differs from
the one presented in this paper.

While the frame was rotated so that the Killing covector X has one spatial com-
ponent X3 and the matrix m,. is upper-triangular, a coordinate transformation was
made to eliminate H instead of W3. Regardless of these coordinate changes, the equa-
tions (5.1) — (5.4) lead to the same form for the Killing covector components given in

(5.11). The non-spacelike requirement for the Killing vector field maybe written as
D3(X1)2’U2 =+ 2<D2<X1)X1 — Dg(Xl)Fg)U =+ F32 — 2X1F2 S 0

Since v € (—o0, 00) this implies that D3(X) must vanish and either X is independent
of u or X; =0.

Thus either X is constant or it vanishes entirely. This requirement along with
the u independence of m;, from the C'ST condition lead to a simpler set of equations
for the remaining components of X, as such the commutator relations were ignored

in [90] and the analysis was done using the coordinate basis instead of the frame
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Case X F, F; H Wi,
2.1 0 F,=0 F.=0 (540) (5.39)
Mijey, = 0
2.21 w  (5.23) 0 (5.24)  (5.25)
Fys #0
2.22 1 Fa=0 0 (5.26)  (5.27)
2.23 u Fy  Fy,=0 (597)  (5.98)
2.24 | (5.99) Fy.=0 (5.100) (5.101)
225 | (5.113) (5.114) Fyy=0 (5.116) (5.117)
(5.115)

Table 5.6: Summary of Case 2 for a C'SI CCNV spacetime - Proposition (5.1.2)
implies D3(W,,) = 0 and m,; takes the special form (5.50)

formalism. As such the results of [90] agree with the results given in this paper, but
only as special subcases of 1.1 and 1.2 in the Table 5.3.2 given below.

Instead of the labour intensive approach given in [90] we may use the result of the
previous section to find an answer to the question of non-spacelike Killing vectors in
CCNYV spacetimes. Since X; must be constant from the non-spacelike requirement
we have that Cases 1.11, 1.21, 2.21, 2.23 and 2.26 are no longer admissible. In the

remaining cases the only constraint left is for F5 and Fj is
F,> —2X,F, <0. (5.120)

Hence we will divide the analysis into two cases depending on whether the vector is

timelike or null.

5.3.1 Timelike Killing Vector Fields
If we allow X to be a timelike Killing vector field, we have the constraint that
F} < 20,F, (5.121)

and so the cases with X; = 0 (1.23,1.24,2.1 and 2.25) are no longer valid since Fj is
a real-valued function and with F7 < 0. which is impossible and so these cases will

be disregarded. In the remaining cases (1.12, 1.22, 2.22 and 2.24) equation (5.121) is
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an additional constraint on F3 and F,. Thus the Killing vector field X will always be

of the form
n+ Fy(u, 2)0 + F3(u, 2")m?, (5.122)
The requirement that Fy < 2F, does not affect the equations in the various cases.

5.3.2 Null Killing Vector Fields

If X is null, and ¢y # 0 we can rescale n so that (5.120) implies that 2F, = F,?, from
which we naturally find the helpful identity

Do(F») = Do(F3)Fs. (5.123)
If F3 vanishes as in Case 1.12, F5 must vanish as well, so X takes the form
X =n. (5.124)
the remaining equations for the metric functions are now

H = Ay(u,z") (5.125)
W, = /Dn(Ao)du—i—Cn(xe). (5.126)

The transverse metric is unaffected by (5.120).
In Case 1.22, X is now
F2
X=n+ 736 + Fym? (5.127)
taking equation (5.34) we find a differential equation for F3
Dy(F3) + D3(F3)F3 = 0. (5.128)
This allows us to rewrite H as
H = Ay(u,z"). (5.129)

The constraining equation for the W), is

Dy(W,,) 4 Ds(W,)Fy = D, (Ay). (5.130)
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We may rewrite (5.28) in a simpler form using (5.128)

m3s3u Dz(Fs)
— = . 5.131
mss F ( )

This may be integrated to find mgs in terms of F3, assuming mgs,, = 0, however this
is more useful as a differential equation. The remaining two equations (5.30) and

(5.31) are unchanged. If ¢o = 0, then X vanishes entirely and (5.120) implies that
F?=0. (5.132)

If X; = F3 = 0 then the Killing equations (5.17) — (5.22) implies F» must be constant.
That is, our Killing covector is a scalar multiple of ¢, so we will disregard this as well
as Case 2.1 and 2.25.

The remaining cases 2.22 and 2.24 are just a repetition of the above equations
with the added constraints that Proposition (5.1.2) holds and M, , = 0. In the first
case where F3 = (, this changes the W,

W, = / Dy(Ag)du + C (). (5.133)

No other metric functions are affected. When F3 # 0, the additional constraints

imply that (5.30) is satisfied trivially and (5.31) becomes
Fy, = 0. (5.134)
Lastly since D3(W,,) = 0, equation (5.130) implies
W, = —/Dn(Ag)du + Ag(a"). (5.135)

We summarize these results in the following table.

If we wish to find CST CCNYV spacetimes admitting Killing vectors which are
non-spacelike for all values of v, the above table will be helpful. The C'ST CCNV
spacetimes are the subcases of the above cases, where the transverse space is locally
homogenous, allowing for a choice of coordinates where m;, is independent of wu.

In case 1.1 and 2.1, none of the equations are affected by the vanishing of mic .,
while in case 1.2 and 2.2 equation (5.131) is no longer applicable, instead we look to

(5.29) which implies that

Fy3=0. (5.136)
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Case X1 F2 F3 Mie H Wn
.11 0 0 Moy =0 (5.125)  (5.126)
12 | 1 iF? F3 (5.131), (5.31) (5.129) (5.130)

(5.30)
21 |1 0 0 Mien =0 (5.125) (5.133)
(5.50)
22 | 1 LiF? F;, =0 (5.131),(5.50) (5.129) (5.135)
Mpyu = 0

Table 5.7:  Constraints on CCNV metric in order to allow null isometry.

Unlike the previous cases, where no other function is affected by our choice of coor-

dinates, in case 1.2 (5.31) implies
Mrs = 0. (5.137)
From (5.30) we find the following differential equation for Fj
Dy (l0gFy) = Tans. (5.138)

The remaining constraints on the metric functions follows as in section 5.2 where the
Killing vector X is of type A with some minor modifications due to Fy = %Fg? We

will do a simple example to illustrate.

5.3.3 A Simple Example

To simplify matters, we will assume that the transverse space is locally homogeneous
and that I's,3, ms, 3 both vanish. By Lemma 3.4.1 this will be a C'ST CCNYV space-
time and since (5.87), (5.90), (5.91) and (5.92) are all satisfied, it will also admit a
null Killing vector X of the form

2

F.
X=n+ 736 + Fym? (5.139)

For brevity we will only consider the simpler subcase where it is assumed that the
components ms, are independent of z3. Expanding I's,s in terms of the transverse

space frame matrix

U303 = mapgm, ms® = —mgs ,m, ' ms* (5.140)
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Then by multiplying this by m”, we find that
Mz, = 0. (5.141)
This and equation (5.106) then implies that
mazzm®, = 0. (5.142)
So that either mgy3 3 or m®, must vanish. If m3, = 0, the matrix m;. will take the form

mss = m33(x3)
ms, = 0 (5.143)

Mpyr = mnr<xr> .

On the other hand, if mg33 = 0, it will be a constant, say Mss, and then the matrix

m,e 1s of the form

masz = M3
Mgy = Mmgr(x") (5.144)

My = mm"(mr)-
In either case, the choice does not affect the remaining metric functions and Killing
vector components. Noting (5.86) in (5.88), we may multiply by m”, to see that Fj

is at most a function of u. However, from equation (5.131) we see that it must be a

constant. By requiring X to be null, we obtain F, = %32, and so (5.99) gives no new

information. The Killing vector may then be written as
1 3
n+§€+m , (5.145)

subtracting the known Killing vector %6 we find the spacelike Killing vector, ¥ =
n + m?. The metric function H is found to be an arbitrary function of u and z” by

(5.129), while W, is determined by the linear partial differential equation in (5.130)
DyW, + DyW, = D, H. (5.146)
Rewritting the above in coordinate form

Wy + Wy = H,. (5.147)
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Applying the method of characteristics, the solution is written as

W, = \}5 /L H(u,z")ds + g(z* — u) (5.148)
where g is an arbitrary function of one variable and L is the characteristic line segment
from the w-axis to an arbitrary point (23, u).

Thus we have found that in the subset of C'ST CCNYV spacetimes where mgs
and I's,,3 both vanish, there are no null Killing vectors other than ¢. However, these

spacetimes always admit the space-like Killing vector

Y =n+m (5.149)



Chapter 6

CCNYV Spacetimes and (Super)symmetries

This chapter is based on: D. McNutt, N. Pelavas (2013). CCNV spacetimes and
(Super) Symmetries . Submitted to MPAG. Copyright 2013, with kind permission

from Springer Science+Business Media B.V.

6.1 Supergravity and Supersymmetries

Supersymmetric supergravity solutions are of interest in the context of the AdS/CFT
conjecture, the microscopic properties of black hole entropy, and in a search for a
deeper understanding of string theory dualities. For example, in five dimensions so-
lutions preserving various fractions of supersymmetry of N = 2 gauged supergravity
have been studied. The Killing spinor equations imply that supersymmetric solu-
tions preserve 2, 4,6 or 8 of the supersymmetries. The AdSs5 solution with vanishing
gauge field strengths and constant scalars preserves all of the supersymmetries. Half
supersymmetric solutions in gauged five dimensional supergravity with vector multi-
plets possess two Dirac Killing spinors and hence two time-like or null Killing vectors.
These solutions have been fully classified, using the spinorial geometry method, in
[87]. Indeed, in a number of supergravity theories [73], in order to preserve some
supersymmetry it is necessary that the spacetime admits a Killing spinor which then
yields a null or timelike Killing vector from its Dirac current. Therefore, a necessary
(but not sufficient) condition for supersymmetry to be preserved is that the spacetime
admits a null or timelike Killing vector .

In this chapter we investigate the existence of additional Killing vectors in the
class of higher-dimensional Kundt spacetimes admitting a covariantly constant null
vector (CCNV) [100], which is of interest in the study of supergravity solutions
preserving a non-minimal fraction of supersymmetries. CCNV spacetimes belong to
the Kundt class because they contain a null Killing vector which is geodesic, non-

expanding, shear-free and non-twisting. The existence of an additional Killing vector

90



91

puts constraints on the metric functions and the vector components. Killing vectors
that are null or timelike locally or globally (for all values of the coordinate v) are of
particular importance. As an illustration we present two explicit examples.

The subset of CCNV spacetimes which are also C'ST or VST are of particular
interest. Indeed, it has been shown previously that the higher-dimensional VST
spacetimes with fluxes and dilaton are solutions of type IIB supergravity [31]. A
subset of Ricci type N VST spacetimes, the higher-dimensional Weyl type N pp-wave
spacetimes, are known to be solutions in type IIB supergravity with an R-R five-
form or with NS-NS form fields [44, 43]. In fact, all Ricci type N VST spacetimes
are solutions to supergravity and, moreover, there are VST spacetime solutions of
type IIB supergravity which are of Ricci type III, including the string gyratons,
assuming appropriate source fields are provided [34]. Tt has been argued that the
V' SI supergravity spacetimes are exact string solutions to all orders in the string
tension.

Those VST spacetimes in which supersymmetry is preserved admit a CCNV.
Higher-dimensional V' ST spacetime solutions to type IIB supergravity preserving some
supersymmetry are of Ricci type N, Weyl type I1I(a) or N [80]. It is also known that
AdS; x SP=9 gpacetimes are supersymmetric C'SI solutions of IIB supergravity.
There are a number of other C'SI spacetimes known to be solutions of supergravity
and admit supersymmetries [79], including generalizations of AdS x S [81], of the
chiral null models [11], and the string gyratons [75]. Some explicit examples of C'ST
CCNYV Ricci type N supergravity spacetimes have been constructed [35].

6.2 Additional Isometries
Let us choose the coframe {m®}
mt =n = dv+ Hdu+ W,dz®, m*=10, m'=m',dz°, (6.1)
where miemi § = ges and Mmiem;© = d;j. The frame derivatives are given by
(=D, =0, n=Dy=0,—Hd, m;=D;=m;d,—W.0,).

The Killing vector can be written as X = X n + Xyl + X;m?.A coordinate transfor-

mation can be made to eliminate Wj in (3.18) and we may rotate the frame in order
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to set X3 # 0 and X,,, = 0 [100]. X is now given by
X = Xin + Xol +xm?.

Henceforth it will also be assumed that the matrix m,. is upper-triangular.

The Killing equations can then be written as:
Xl,v - 07 Xl,u + XQ,U - 07 mgeXl,e + X3,U - 0, mneXl,e - 07 (62)
which imply

X1 = Fl(u,xe), X2 = —DQ(Xl)U + FQ(U/7 ZEe)7 X3 = —D3<X1)U + Fg(u,l‘e),

and
DyXp+ 3 JiX; =0 (6.3)
DXy + Do X; — J; Xy — > (Aji+Bij)X; =0 (6.4)
J
k

where Bij = m,-&umje, Wz = mieWe, and Jz = ngg = DZH — DQVVZ — sz‘Wj, Aij =
DWWy + Dk[ij]W’“ ; Diji = 2mye, fm[jemk{ : Further information can be found by
taking the Killing equations and applying the commutation relations, which leads to

two cases; (1) D3 Xy =0, or (2) I'spe = spnz = Lapm = 0.

6.2.1 Case 1: D3 X, =0

Using equation (6.3) and the definition of F3 from (5.11), we have that X; = cyu+ cs.
If ¢; # 0 we may always choose coordinates to set X; = u, while if ¢; = 0 we may
choose ¢, = 1.

Subcase 1.1: F3 =0. (i) ¢; # 0, X1 = u; F; must be of the form given in (5.23):

_ A | le)

Fy

H and W, are given in terms of these two functions which arise from ((5.24) and

(5.25)) (where ¢’ = @)

= du

oo sz(;e) B géSL) gzu(glt) !
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(i) g =0, Xy =1; F5,, = 0, and H and W, in ((5.26) and (5.27)) become
H = Fy(z°) + Ao(u,2"), W, = /DnAodu + Cp(x°).

In either case, the only requirement on the transverse metric is that it be independent
of u. The arbitrary functions in this case are Fy and the functions arising from
integration.

Subcase 1.2: F3 # 0. The transverse metric is now determined by the constraints

(5.29) and (5.31):

ma33 — —f %1F373du + Al(l'g,.’ljr).

— 3
mnr,u - _mnr,3 ms3 X1’
I X ms[y,3ms° F3
mszeu = — X, X,

(i) c1 # 0, X1 = u; Fi(u,2°) (i = 1,2) are arbitrary functions, from (5.32) H is given
by
Do (F}) _ I3Dsk F3D3(F})

H=—-DyF —

I

2u U 2u?

and W, is determined by equation (5.33)

(ii) ¢4 = 0, (cg #0) X7 = 1; F; and F3 must satisfy (5.34)
1 1
Dy Fy + F3D3Fy + §D2(F32) + §F3D3<F32) = 0.

From equation (5.35) H may be written as
H - /mgngng:p?’ YR+ ;F?? + Ag(u, a7).
The only equation for W, is (5.36)
F3DsW, + DyW, = D, (H).
(iii) X; = 0:
D3 Fy

F3,3 =0, Mpyr3 = 0, DleQ(m?,B) = - E
3

— Dslog(F3). (6.7)

D, F: D, F:
W= [T g ), B = - [T 4 A (69
3 3

There are two further subcases depending upon whether mss ,, = 0 or not, whence we

may further integrate to determine the transverse metric.
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6.2.2 Case 2: I'5;, =0

This implies the upper-triangular matrix m;, takes the form: mg3 = M 3(u, 2%), ms, =
0, My = My, (u, 27), while the W,, must satisfy D3(W,,) = 0. The remaining Killing
equations then simplify. In particular, B, X1 = 0, leading to two subcases: (1)
X1 =0, o0r (2) Bunny = 0.
Case 2.1: X; =0, By # 0. Fop, =0, F3. = 0; mye, H, W, given by (6.7) and
(5.39).
Case 2.2: B, = 0, X; # 0. This case is similar to the subcases dealt with
in Case 1.1 (see equations (5.23)-(5.29), (5.36)-(5.39)). For n < p the vanishing of
B(ypy implies my,,.,, = 0, the special form of m;. implies that m,. 3 = 0, and the only
non-zero component of the tensor B is Bs3.

If we assume that Fj 3 # 0 and F} is independent of 2" then it is of the form

(5.74):

ms33 F1,33 m3su F1,3u

mss3 F1,3 ’ mss F1,3
Thus mas(u, 2°) is entirely defined by F;. We may solve for H and the W,:

 DsDyFy D3 . 2DeFy _ D,F

H= - W, = — .
Ds(F)2°°  Ds(F)?2 ' DyFy D3 F,

F3 is of the form:

P — mszF1 D3 Dy Fy
3 =
Dy Fy

da® + Ag(u, z")

There are differential equations for Fy in terms of the arbitrary functions Fi(u,z?)
and Ag(u,x"). These solutions are summarized in Table 2 in [100].
Killing Lie Algebra: There are three particular forms for the Killing vector in

those CCNV spacetimes admitting an additional isometry:
(A) X4 =cn+ Fy(u, 2°)0 + F3(u, z%)m?
(B) Xp =un + [Fy(u,2°) — v}l + Fs(u, 2°)m?
(C) XC = Fl(u, xg)n + [FQ(U, l’e) — D2F1’U]‘€ + [Fg — D3F1’U]m3.

To determine if these spacetimes admit even more Killing vectors we examine

the commutator of X with ¢ in each case. In case (A), [X4,f] = 0 and in case B
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(X, ] = —¢, and thus there are no additional Killing vectors. In the most general
case Yo = [X¢, (] can yield a new Killing vector; Yo = Do Fyl + D3Fymg. However,
this will always be spacelike since (D3Fy)? > 0. Note that [V, ] = 0, while, in
general, [Yo, X¢] # 0.

Non-spacelike isometries: Let us consider the set of CC' NV spacetimes admitting

an additional non-spacelike Killing vector, so that
D3(X1>2U2 + 2<D2(X1)X1 — Dg(X1>F3)U + F32 — 2X1F2 S 0

If the Killing vector field is non-spacelike for all values of v, then D3(X;) must vanish
and X is constant. Therefore, various subcases discussed above are excluded. In the

remaining cases equation (5.120) applies, that is:
F,> —2X,F, <0.

In the timelike case, the subcases with X; = 0 are no longer valid since F3? < 0.
In the case that X is null and ¢ # 0 we can rescale n so that 2F, = FSQ. We can then
integrate out the various cases: If F3 = 0, F5, must vanish as well and X = n. The
remaining metric functions are now H = Ay(u,2") and W,, = [ D, (Ap)du + C,,(x°).
The transverse metric is unaffected.

If Fy # 0, H = As(u,2"), Do(W,,) + D3s(W,,)F3 = D,(As), and (logmss) ., =
Dy (logFs). If ¢c; = 0, F, must be constant, and the Killing vector is a scalar multiple
of £ and can be disregarded. The remaining cases are just a repetition of the above
with added constraints. The C'ST CCNV spacetimes admitting Killing vectors which
are non-spacelike for all values of v are the subcases of the above cases where the

transverse space is locally homogenous.

6.3 Explicit Examples

I: We first present an explicit example for the case where X; = uw and F; # 0.

Assuming that F3(u, ') = eumss and € is a nonzero constant, we obtain
Misu + €Myig 3 = 0 (69)
and the transverse metric is thus given by

Mis = mys(2® — eu, z™). (6.10)
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We have the algebraic solution

1
(H + FZ,u) - F273 - 6m332, (611)

€

Wg -
where Fy(u,x") is an arbitrary function and H is given by
H(u,2") = — [—/ S(z,2° — eu+ ez, 2™)dz + A(x® — eu, z")|, (6.12)
u

where A is an arbitrary function and S is given by

S(u, 2%, 2") = (uFy)y + eulFy g, + u(mag?), - (6.13)
Furthermore, the solution for Wn, n=4,...,Nis
~ . 1 u
Wi (u,z') = — {—/ T, (2,2 — eu+ ez, 2™)dz + Bp(2* — eu,2™) (6.14)
u

where B,, are arbitrary functions and 7,, is given by

T, (u, 2% ™) = [(qu)u + euFy 3 + 62um332} T emanmas . (6.15)

)

In this example, the Killing vector and its magnitude are given by
X =un+ (—v + Fy)l + eumszm?®, X, X* = —2uv + 2uF, + (eumss)®*.  (6.16)

Clearly, the causal character of X will depend on the choice of Fy(u, "), and for
any fixed (u,x") X is timelike or null for appropriately chosen values of v. Moreover,
(6.16) is an example of case (B); therefore the commutator of X and £ gives rise
to a constant rescaling of £ and, in general, there are no more Killing vectors. The
additional Killing vector is only timelike or null locally (for a restricted range of
coordinate values). However, the solutions can be extended smoothly so that the
Killing vector is timelike or null on a physically interesting part of spacetime. For
example, a solution valid on u > 0, v > 0 (with F» < 0), can be smoothly matched
across u = v = 0 to a solution valid on u < 0, v < 0 (with F5 > 0), so that the Killing
vector is timelike on the resulting coordinate patch.

As an illustration, suppose the ms, are separable as follows

Mmas = (% — eu)P*hy(z™) (6.17)
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and F, has the form

FQ = ‘ (.ZCS

o o 2p3+1h{2 n 6.18
2p3+1 GU) 3 +g(u,x )7 ( )

where the p, are constants and hy, g arbitrary functions. Thus, from (6.12)
H = —é(2® — ew)® '2® — e(ps + Dulhs® — g +u ' A(2? — eu, 2™), (6.19)

and hence from (6.11)

A

W3 = —epau(z® — eu)? 1 h,? — (eu) ' A(z® — eu, z™). (6.20)
Last, equation (6.14) gives

A 23 — p3 3

— (2% - eu)p”hn} — g +u By (2 — eu, 2™). (6.21)
II: A second example corresponding to the distinct subcase where X; = 1 and as-
suming F3(u,z') = emss gives the same solutions (6.10) for the transverse metric
(although, in this case, the additional Killing vector is globally timelike or null). In

addition, we have

Wy = / Haydu+ e Y (Fy+ f) (6.22)

where H(u,z"), Fy(x® — eu,2") and f(z?) are arbitrary functions. Last, the metric

functions Wn are
W, (u,z') = /u Ln(z, 2% — eu + ez, 2™)dz + B, (2 — eu, 2™), (6.23)
with FE, arbitrary and L,, given by

Lo(u,2%,2™) = H, + ¢ / Hoyndu + . (6.24)
The Killing vector and its magnitude is

X =n+ 8+ emgsm®, X, X% =26, + (ema3)?. (6.25)

Since F, and mgs3 have the same functional dependence there always exists F, such

that X is everywhere timelike or null. The Killing vector (6.25) is an example of case
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(A) and thus X and £ commute and hence no additional Killing vectors arise. For
instance, suppose H = H (23 — eu,2™) and f is analytic at 2° = 0 (say) then (6.22)
and (6.23) simplify to give

Wy = —e'(H—-F,—f), (6.26)
W _ -1 io: 9.0 pf(o m) (I3)p+1 +E ( 3 m) (6 27)
n = € 2 05 , T (1) w(r? —eu, x™). )

This explicit solution is an example of a spacetime admitting 2 global null or timelike
Killing vectors, and may be of importance in the study of supergravity solutions

preserving a non-minimal fraction of supersymmetries.



Chapter 7
Plane-fronted Gravitational Waves as 'Sy Spaces

This chapter is based on: D. McNutt (2013). Spacetimes with all scalar curvature
invariants in terms of the Cosmological Constant. IJMPD Vol 22, Issue 2, pp 1350003-
1350014. Copyright 2013, World Scientific Publishing.

7.1 The C'SI) Property

The plane-fronted waves in general relativity were originally derived by Kundt [9] in
1961 with vanishing cosmological constant. At the time, this was a reasonable con-
straint as it produced the simplest pure radiation solutions admitting a twist-free and
non-expanding null congruence. Although the plausibility of a non-vanishing cosmo-
logical constant had been addressed [5], it was not until the 1981 that the question of
the existence of Petrov type N solutions with cosmological constant was investigated
[[26],]27]]. and in particular whether there were plane-fronted gravitational waves in
spacetimes with cosmological constant [33] by Ozvath, Robinson and Rozga (O.R.R.).

In the O.R.R. paper, the resulting class of K N(A)[«, 5] metrics were classified by
the sign of the cosmological constant A # 0 and another invariant ' = %Aoz2 + 26

arising from the metric,
/ — —_
ds®> = —2¢*p2du ((—ZUQ + (Ing) wv + S(u, ¢, C)) du + dv) + 2p~2dCdc,
A -

¢ = (- Sc0a(w) + Flu) + CHu).

Excluding, the A = 0 cases, this produces four canonical classes, which were assumed
to have a canonical form by setting o and ( to be particular values. It was not until
1991 that Bicak and Podolsky in their paper [50] provided the coordinate transforms

needed to produce canonical forms for the metric:
e x'>0,A>0: KN(AM)[0,1]

99
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e iK' >0,A<0: KN(A)[0,1]
o kK <0,A<0: KN(A)[1,0]

o K/ =0,A<0: KN(A)1,/Zre)]

The plane wave spacetimes with A = 0 belong to the VST class of spacetimes [55],
by adding a non-vanishing cosmological constant these spacetimes are now C'ST. In
light of the results of [95] and [94] we may classify the above solutions by examining
the Segre type and comparing to the metric forms in [94]. The goal of this section
will be to derive a general characterization for the class of C'ST spacetimes with all
non-zero scalar curvature invariants expressed in terms of the cosmological constant
A # 0, as a parallel to the result in [55]. In general, these spacetimes will be of Petrov
type III or higher, however we will restrict our interests to the Petrov Type N case

and derive the metric of (7.1) in the Kundt coordinates used in [55],[95] and [94].

7.1.1 The CSI, Theorem

Our interest is to provide a general criteria for spacetimes in which the Ricci Scalar is
constant, and the only curvature invariants which are non-zero are the zeroth order

invariants expressed as various polynomials of the cosmological constant A.

Theorem 7.1.1. Given a spacetime, all invariants constructed from the traceless
Ricci tensor, Weyl tensor and their covariant derivatives vanish, if and only if the

following conditions are satisfied:
1. The spacetime possesses a non-diverging, shear-free geodesic null congruence.

2. Relative to this congruence, the Ricci Scalar is constant and all other curvature

scalars with non-negative boost-weight vanish.

These spacetimes belong to the C'ST class of spacetimes and we will say they are C'SIy

spacetimes.

We choose the tangent vector to the null congruence to be ¢* and a spin basis so that

0464 < (. The analytic conditions of (7.1.1) (1) for this spin basis is

k=0=p=0, (7.2)
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and the second condition of (7.1.1) may be expressed as

‘IJO - \Ill == \112 = O, (73)
q)o[) — q)Ol — (I)OQ — @11 — O (74)
A = constant (7.5)

Following the work done for V ST spacetimes, the definitions and results given in
the Necessity and Sufficiency proof of [55] may be used to generalize the case where

A # 0 is constant.

7.1.2 Sufficiency of the Conditions

To prove this direction of Theorem (7.1.1) we will use the Newmann-Penrose (NP) and
the compacted (GHP) formalisms [29]. Throughout this paper we use a normalized
spin basis {oA, LA} such that 0414 = 1 and 0?04 = 114 = 0. From this we may build

the corresponding tetrad:

A-A a A-A

A n® oA, me o ottt m® o A4, (7.6)

0* & 0404,
with the usual non-zero scalar products —¢,n* = m®mn, = 1. The spinorial form of
the Riemann tensor Rgp.q iS

Raped < XABCDEip€ep T XAiBepHEABECD
+  Pupepfiseep + Pipopeascen (7.7)
where

Xacp = Vapep + Aleacenp + €ap€erp) (7.8)

and A = R/24 with R the Ricci scalar. The Weyl spinor ¥ apcp = Y(apep) is related
to the Weyl tensor by

Cabed = Y aBcpEig€en + Y ipcpEABECD- (7.9)

414 give five complex scalar

Taking projections of this tensor onto the basis spinors o
quantities W;,7 € [0,4]. Similarly the Ricci Spinor @ ypep = @ 4p)ep) = D ipop i

connected to the traceless Ricci tensor Sy, = Rap — iRgab

1
(I)ABC’D <~ —iSab. (7.10)
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We denote the projections of ® 4z onto 0,14 by By = oo, Py = P10, Poa = Do,
¢y = (i)llv Oy = CI)21 and ®gy = i)22
The analytic expressions of Theorem (7.1.1) (1), (2) imply

Vapep = W4040B0c0p —4¥304050cLD), (7.11)
(I)ABC’D = <I>220A03505D - 2CI)12L(AOB)5('05D') - 2@210(AOB)Z(C'5D')- (712)

Following the convention used in [55] we will say a scalar 7 is a weighted quantity of

type {p, ¢} if for every non-vanishing scalar field A, a transformation of the form
o Nt A = A THA,

representing a boost in the £* — n® plane and a spatial rotation in the m®* —m® plane

transforms 7 in the following manner
NP\

The boost weight, b, of a weighted quantity is defined by b = 1(p + q).

The frame derivatives are defined as
D =/(V, = oAéAVAA, 0 =m*V, = OAZAVAA
D' = nV, = 474V 44,0 = m°V, = 1459V 4
and so the covariant derivative may be expressed in terms of the frame,
Ve =V = AAD 4 046 D — A48 — oMY

The GHP formalism introduces new derivative operators 0,p, 0" and p’ which are

additive and obey the Leibniz rule. They act on scalars, spinors and tensors 7 of type

{p,q} as follows: b
b=(D+py +q7)n,0=(0+ps+q8)n (7.13)

b = (D —py—qy)n. 0 = (8 +pB' +qB)n.

To show the sufficiency conditions we assume the analytic conditions of Theorem
(7.1.1) hold along with the requirement that o?,:* are parallely propogated along ¢

as well. Due to (7.2) we have the following relations on the spin coefficients

v =0, and 7" = 0. (7.14)
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The spin-coefficient equations, the Bianchi identities and commutator relations [29]
are greatly simplified by imposing (7.4), (7.3), (7.5). The non-trivial relations that

apply to proving the theorem are:

pbr = 0, (7.15)
bo’ = 0, (7.16)
b = —2A, (7.17)
b’ = TP 4+ 70 — U3 — Dy, (7.18)
b¥s; = 0, (7.19)
b®y = 0, (7.20)
bPyy = Py + (0 —27)Us, (7.21)
bU, = Vg4 (0 — 27)Dy, (7.22)
bb' = b'b = 70+ 70 + pA + ¢A, (7.23)
pd—dp = 0. (7.24)

To proceed we analyze the boost weights of the quantities involved in these rela-

tions. In particular we will use the idea of a balanced scalar.

Definition 7.1.2. Given a weighted scalar 1 with boost-weight b, we shall say it is
balanced if b=y = 0 for b < 0 and n = 0 for b > 0.

Many of the Lemmas as given in [55] follow without change despite A’s non-
vanishing. The proof of Lemma 4 requires some modification due to (7.17). For that
reason, we will state each lemma leading to the main result without proof, unless

there is some required change due to A # 0:
Lemma 7.1.3. If n is a balanced scalar then 1 is also balanced.

Lemma 7.1.4. If n is a balanced scalar then,

™, p'n, o'n, k'n
bn, on, d'n, b'n

are all balanced as well.
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p |a| b p q b
ol 1 o5 | A 1] 0| —3
k| 3 [1] 2] & -31]-11]-2
o 3 |1/ 1] o | 3] 1 -1
p | 1 1| 1| p | -1 ] -1 -1
|1 |10 ]| 7| -1 ] 1 0
pl 1 |11 P | -1]-17]-1
o 1 |10 | & | -1 ] 1 0
W, 1 4-2r| 0 | 2r| P | 2-2r | 2-2t | 2-1-t
Al O 0 0

Table 7.1: Boost weights of weighted quantities

Proof. Let b be the boost-weight of a balanced scalar n. Using Table (7.1) it is
clear that the scalars listed in the first row have boost-weights b,0 — 1,b — 1,b — 2,

respectively. To show these are balanced we must prove that the following must vanish:

b*(rn), b"(p'n). b (a'n), b* P (x'n).

while for the second row we require that four more quantities vanish to match their

boost-weight:

b=V (bn), b~*(@n), b~(@n), b~V (P'n).

As the equations (7.17) and (7.23) are the only that differ from the V' ST case, we

must only check to see if two conditions still hold
b (p'n) = b (b'n) =0

and the remaining six conditions hold automatically. The first condition follows using
the Leibniz rule and equations (7.17) and the fact that p?p’ = 0. Since we may expand

this as

bt (p'n) = bp'b~"n+ p'b(b"n),

Since 7 is a balanced scalar for which b < 0, these last two terms vanish. To prove

the second condition, we use the commutator relation (7.23) and the constancy of A
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to get
b'(b'n) = b *(b'bn) +7(b"0n) + 7(b~"3n) + b " (pAn + gAn)
= b"(b'bn)
Using induction one may show that p'~*p'n = p'p'~’n = 0. O

Lemma 7.1.5. If my,m2 are balanced scalars both of type {p,q} then n + 1y is a
balanced scalar of type {p,q} as well.

Lemma 7.1.6. If n; and ny are balanced scalars then nins is also balanced.

Definition 7.1.7. A balanced spinor is a weighted spinor of type {0,0} whose com-

ponents are all balanced scalars.
Lemma 7.1.8. If 57 and Sy are balanced spinors then S1S5 is also a balanced spinor

Lemma 7.1.9. A covariant derivative of an arbitrary order of a balanced sinpor S is

again a balanced spinor

Proof. Applying the covariant derivative to a balanced spinor S,
Ve — VAA _ LAZAD + oAéAD’ . LA(—)A(; _ OAZAcS’.

From table 1 in [55] it follows that VA4S is a weighted spinor of type {0,0}. By
virtue of how b, d,p’ and & act on the basis vectors, the components may be shown

to be balanced scalars using Lemmas (7.1.3), (7.1.4) and (7.1.5). O

Lemma 7.1.10. A scalar constructed as a contraction of a balanced spinor is equal

to zero.

From table 1 in [55], and equations (7.19)- (7.22) it follows that the Weyl spinor
and Ricci spinor and their complex conjugates are balanced spinors (lemma (7.1.3)).
Their product and covariant derivatives of arbitrary orders are balanced spinors as
well (Lemmas (7.1.8) and (7.1.9)). At this point to prove the sufficiency of the

conditions of Theorem (7.1.1) we must state two more results:

Lemma 7.1.11. The product of a balanced spinor and a weighted constant of type
{0,0} is a balanced spinor.
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Lemma 7.1.12. A scalar constructed as a contraction from the product of a balanced

A

spinor, eap, €28 and their conjugates is equal to zero.

With these observations, and equations (7.7), (7.8), (7.9) and (7.10) imply that
any contraction of the product of N copies of the Riemann tensor with itself must
vanish except for the contraction of the term built exclusively out of the product of

N copies of
A(eacepp + €Ap€BDE i€l -

Lemma 7.1.11 ensures all other terms are the products of balanced spinors, €’s and
€'s; these terms must vanish when contracted by Lemmas 7.1.10 and 7.1.12. To show
that all non-zero curvature invariants appear at zeroth order, we note that the n'®
covariant derivative of the Riemann tensor is a balanced spinor for n > 0, as Veag =0
and A is a constant. Thus any product of the Riemann tensor with its n'* covariant
derivative must vanish upon contraction by Lemma 7.1.12, while any contraction of
the product of the n'” and m** covariant derivative of the Riemann tensor must vanish

necessarily by Lemma 7.1.10.

7.1.3 Necessity of the Conditions

To show that these conditions are necessary follows by repeating the proof from [55]
vertabim, this can be done because the particular Newman Penrose equations used
and the Bianchi Identities do not involve A, or the derivatives of A - since they vanish
if A is constant. Thus by requiring that all invariants vanish except those constructed

as polynomials of A which are assumed to be constant, one may prove conditions (1)

and (2) of Theorem (7.1.1) hold.

7.2 (CSI\ Spacetimes of Petrov Type N

To conform to the theme of plane-fronted waves, we will ignore those C'S1, spacetimes
of Petrov type III, and instead focus on the Type N spacetimes. As a step towards a
metric form, as these C'ST) spacetimes admit a non-diverging, shear-free and geodesic

null congruence, their corresponding metrics must be of Kundt form. As in [91], we
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may choose coordinates ¢, (, u, v such that the metric is of the form:

ds® = 2dCd§

=227 - 2duldv + Hdu + Wd¢ + Wd(] (7.25)

where P((, ¢, u), and H((,C,u,v) are real-valued functions and W (¢, ¢, u,v) is com-

plex valued. To work with this metric we choose the following complex null coframe:
me =% — Wdu, €, = du, n, =dv+ [H + P*WW]|du, (7.26)
expressed in this coframe the metric becomes
2myqmy) — 2€(any).

Only certain coordinate transformations, (31.10)(a), (b), (¢) in [22], can be performed
which preserves the Kundt form and corresponding null coframe.

The second part of Theorem (7.1.1) dictates that these spacetimes must be of
Petrov type I11 or higher, and Plebanksi Petrov type N or higher. Despite limiting
the scope of this paper to the plane-fronted waves, which belong to the class of non-
expanding pure radiation solutions [33] - Petrov type N and Plebanski-Petrov type
O, we will derive the metric form for all C'SI, metrics inevitably. In these coordinates
it is not possible, in general, to simultaneously simplify the forms of the Ricci spinor
components in PP-types N and O by a boost and null and spatial rotations. In
most cases it is possible to specialize the solution form using an appropriate choice

of coordinates, further limiting the range of allowed coordinate transformations.

7.2.1 Plebanski-Petrov Type N, &5 # 0 and $5, # 0

e Petrov type I11:

By requiring that the appropriate curvature scalars to vanish so that the space-
time is of PP-type N, P-type I1] we produce equations for the functions H, W
and P. In these coordinates ®y, and ¥, vanish automatically. The scalars ¥y
and Py, are equal and so requiring one to vanish, eliminates the other, and

forces the requirement that W must be linear in v

1
Doy = Uy = L PW,, =0. (7.27)
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The equations arising from ®;; = 0 and ®y; = 0 simplify to be

—iP:P¢+ iPz P+ 1 P*W, W, + 1H =0, (7.28)
LPAPW,, — PW?2 +2PW ) = 0. (7.29)

The vanishing of W, gives another equation

%P,Q:RC — %P&TCP + %P2W§U — éPQW,UC + éH’w = 0. (730)

Setting the equation for A equal to a constant, say A/6 in the NP-formalism,
where A is the cosmological constant (Note: For now we will just call A = \/6)

we find

PsP; Py P 21 W PPW,, P
_ ¢ S ,CC _ P W,’UW,’U ,Cv e H,'Uv _
6 + 6 8 + 12 + 12 12 A. (731)

Adding (7.30) and its conjugate together gives a differential relation between
W and W

W’UE = WUC (732)
Simplifying (7.30) and solving for H ,,,
Hyy = —2P;P¢+ 2P P — P*W,, (7.33)

we may substitute the result into (7.28) to find the following differential equation

for W, and its conjugate
—PeP¢+ PP+ PPW, W, — 1P*W ¢ =0, (7.34)

this equation along with ®gy = 0 will give the necessary constraints on W,,. For
now we will only use this to solve for P2WW and substitute it into (7.31) to

get a simple differential equation for P
—P¢P¢+ PP = A. (7.35)

Using a type (I) transformation we may choose ¢, ( such that P takes the form

29
[33],

P((,¢) =1+ ACC. (7.36)
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This choice of coordinates restricts the Type (I) transformations to the following

form [50]:

¢ = Butat
a(u)—Ab(u)¢

where a and b are arbitrary complex valued functions of retarded time w.

To solve for W, look at the simpler forms of (7.29) and (7.34),

2(P2VV,U),C = P2VV3}7 (737)
2P2WUC =8A + P2I/V,UWU (738)

From (7.37) we may integrate for the function 1/P*W,,,

1 . 1 1
P, = aacP T Za(Ca) (7.39)

where w((,u) is a holomorphic function. To determine further constraints on
w(C,u) we solve for W, from above and substitute into (7.38). After much

simplification, w becomes,

_ _ —2A(2P%w sA(—8P2A?—2P% Aw—4wPA—w?)
w(C u) = (2Pw ;A{—8PA’—4wPA—2wA—w?

(7.40)

As the right hand side is both a function of ¢ and ¢ we take a first order Taylor

series expansion about ¢ = 0,

_ 4AA3¢(Cw z—2w—4N)
(2,u) = 20+ (pptons e ) ¢+ 0(C?)

then by requiring that the (-linear piece is some complex valued function K'(u)
we may rationalize both sides to find a differential equation for w. After some

simplification this equation takes the form,
(2020 + K')Cw ¢ — (4A2( 4 3K")w — K% _8ASC —4K'A = 0. (7.41)

We know already that at ( = 0, w = —2A and so setting ¢ = 0 in the above
equation we find it is satisfied. Supposing ¢ # 0 or— K’ we divide the above
equation by (2A%¢ + K') to get

(K )2 AA2CH3KT) 4A
we = (2A5(2A25+K/)) w* + (4‘(2A2<‘+K’)) wE
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This belongs to a special case of the Riccatti equations, 9, with

_ K’ _ 4A2(+3K) o
f(¢) = 2AL(AZLTKT) 9(¢) = AR and a = —2A,

following the prescription given in [61], the solution may be written as

_ —2A((—C + 2K'C + A2
Gy = O AL

where C' is an arbitrary complex valued function of u. Dividing the numberator
by K’ denoting k' = 1/K’ and absorbing the 1/K’ term into C' gives the simpler

form

s —2A(—CH2¢+k' AC?
w((,u) = : (,—gfg =

To determine C' we substitute the above into (7.40), after much simplification

we find,
—2A(—K +2¢ + CAL?)
(—k+¢) ’

thus C' = /. and so w takes the final form

w =

-~ —2A(—k'+2¢+K AC?
w((,u) = PAEEELEC), (7.42)

To calculate the form W substitute (7.42) into (7.39) and solve algebraically,

W may be written as,

[ 2(=K +2ALHEACP) 0 ~
W= (CRiiaiien ) v+ WO )

Defining the function
Q=2+kC+K¢—P((0), (7.43)
we may write W simply,
W =In(P?/Q%) v+ WO, (7.44)
In a similar manner H is found via (7.33):

- _ 110 2 vQ — —
H(Ca Ca u, U) = (%) 2 + HW <C7 Cv U>U + HO (Ca <7 U) (745)
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To relate this to the notation in [33] and [50], we have found the form of
¢(¢,¢) in the coordinate system where a(u) = 1 and f(u) = K’, depending on
the sign of s and A it may be possible to set o/ = 0 so that Q' = K'C + K'C.

The remaining coordinate freedom preserving the form of P((, ¢ ) is now

r_ _ bw+a(u)¢
("= f(Cu) = a(u)—Ab(u)C
9 p2g 7o W fu
pP==Pr f,Cf,@ W= fc Pifefe”

H = H— o (b 4 Whaf e+ Whefu)s

v = + g(C? 67 U) 5 (746)
W/(O) = W(O) —9¢— vi ) H/(l) = HD — 2H,vvg )
H'Y = HO — HOg 4 H 0% — g.u:

u =h(u), v =v/h,,

Wwr© — WO ) _ HO () _ HO

 ha hou 7 W ha

The non-vanishing Ricci spinor components are:

p Pw© Pw©
O, = 1 (Q2 <Q2 >,g‘_< Q2 >7J>,C

~WOPIN(Q) ¢ + WOP(PP) .+ WOP(PPg)

_ P?
—2PPPW O — 2P WOPAn(Q) ¢ — QW

P2 . P P P
—QwW( )+ =HY - Zw,, 7.47
+2Q,<(Q),¢+2,< i (7.47)
(R © , Lz 270
@22 — P .H7<T<. + 2W’UH75 + 2W'UH,C
1 1
9 9

P? =
“+v (H(l)(H,vv - 213,@“6) - 7(1/{/,1)511, + WUCU>>

o (PPHY - oW i+ W, HY)
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The non-vanishing Weyl spinor components are

v, = (| ((PQZ;(O)> (%) )]
€ </ 1¢
~WOPIN(Q) ¢ + J;HS) — ZVV,W
v, P2(H$V)Yj/,v),<c N 6AC(H;)2)§;WU), 3(P?) o HO (7.48)
» (P2(H;;Ij/,u),g< N GAC(H;;II;Wv),c - 3(P2>,<‘5H(1)>

1 _ _
—v <2H(1)W’%P2 + (P2w)’vuc_>

It will be worthwhile to know when it is possible to set W to zero when we

specialize to the Petrov type N, Plebanski-Petrov type O.

Lemma 7.2.1. The metric function W©) may be set to zero if and only if
©0) _ 77,0
W/,E =W’ .

Proof. Using a type (II) transformation, v’ = v 4 g(¢, {, u) such that
p? prwO  p? P2
(729)74 = 5 \29)¢= 2
Q Q Q Q

Simplifying this gives

P2 P2 0 P2 P2 _—
(@9),( = @W( )7 (@9),5 = @W( )

The integrability conditions hold for g(z, bz, ) if and only if

©) _ 5:0)
We =W,

which was to be shown. O]

e Petrov type N and O: In light of the differing form of ®;, and U3 when W(©) £ 0,
we expect that there will be spacetimes of PP-type N and P-Type N or higher.
In this case we neglect extensive analysis and focus on the simpler case where
W(EO) = W(CO)7 as our interest lie in the plane-fronted waves and these may be
seen as precursors to these solutions. we may set W = 0 and so U3 = ®1,
Corollary 7.2.2. For the metric with functions W and H written in terms of

P and Q [(7.36), (7.43), (7.44) and (7.45)], if W(EO) = W(O), those spacetimes
of Petrov Type N will be of Plebanski-Petrov type O or higher.
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7.2.2 Plebanski-Petrov Type O, &, =0 and $95 # 0

e Petrov type [11:

In general W will be non-zero, and so the equation ®1, = 0, (7.47), does
not readily give informtion about these spaces. Instead we state a simple result

about the pre-plane-fronted waves, where coordinates may be found in which
w©O =

Corollary 7.2.3. For the metric with functions W and H written in terms of
P and Q [(7.36), (7.43), (7.44) and (7.45)], and W© = 0 all spacetimes with
Plebanksi-Petrov Type O will be of Petrov type N or higher.

e Petrov type N: By calculating 1, — ¥5 = 0, we produce a very complicated
expression which may be simplified to find the expression:

(6)(C3) -3 -

. r_ (g P2y (0) . P2y (0) .. . .
Denoting w’ = (p) ((Q2 )75 (7622 >,C>’ it is subject to a transformation
law under the Type (I) transformations. In these coordinates, the transforma-

tion law is rather complicated, we defer to the proof in [33]

Corollary 7.2.4. In Kundt coordinates, the metric function W © may be set to
zero for any Petrov type N, Plebanski-Petrov type O spacetime with the C'SIy

property.
Proof. Consider the coframe,

e =2, =% ¢y =du ey = Ldv' + Zd( + Zd{ — Fdu.  (7.49)
with metric functions

P=1+A00,Q = (1 - ACT)a(w) + B)T + B(u)¢!
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with the additional assumption that & = 1 and § = k’(u). This may always be
done using the coordinate transformation given in [50], in this coordinate system
g = Q. To transform the metric to Kundt form, keep ¢’ = ¢, ¢’ = (, v/ = u and
P

= QQU.

In these new coordinates, examining e4 and noting In(Q~?)., = (55

()

find the transformation law for the metric components

WO =L7Z HO =, +n(Q?).. (7.50)

With the various components in [33] identitied, w’ is easily expressed and the
transformation law given by equation (4.26) in this paper. From this it is clear
for any choice of w'(u), a(u) and S(u) one may set ' = 0. Transforming back
to the Kundt coordinates this implies,

(5) - (252 =0

)

as P and @ are real-valued, this implies W(EO) = W(O) and so we may apply

lemma (7.2.1), thus W may be set to zero by the coordinate transformation.

O
In these coordinates, the metric functions are now
_ [ 2(=k+2ACHRAL?)
w=( P+RC+Ch—P) )v. (7.51)

— _ 7 2 v - —
H(C Cuyv) = (Greiess) 5 + HOC Gupo+ HOG CGu) - (7.52)

With these simplifications the remaining coordinate freedom is restricted to

type (I11). The non-vanishing Ricci spinor components are:

1

b, = Hf(l) - ivv,vu (753)
0 1 0 1 - 0
Dy = P2H’%2+§WUH,%)+§W7JH,(C) (7.54)
o L W, L 0
1o (P HE 4+ SWoHE + W H )

2

P _
1
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The non-vanishing Weyl spinor components are

U, = H%LQWW (7.55)
P2(HOW,) & 6AC(HO P2W ) : ) 0
U, = 7 o+ Py — 3(P?) e HY (7.56)
P*(HOW,) ;  6AC(HDP?W,) ¢ ) .
“+uv ( V_VU = P2W = — 3(P >7EEH( )>

1 _ _
—v <2H(1)VV3)P2 + (PZW),UUC>

To integrate the equation arising from ®9; = W3 = 0, take (7.53) and use
(7.51) to rewrite the lefthand side

1 (P’
HY =Zin ()
€ 2
2 Q 7<u

integrating with respect to z and expanding the left hand side yields

HO — —k,u(§_+ ¢) _
1+ k(C+¢) — ACC

where h; is an arbitrary function of retarded time u. This may be removed by

+ hy(u).

making a type (/1) transformation, exhausting the coordinate freedom given
in (7.46),
O 1 (S 9) y
T+ k(C+ Q) — AL
Notice that in the P-Type N and PP-Type O case in the O.R.R. coordinates
33, Z=0and : = In(Q) . = —1In(Q?) ., HY becomes

1
HY = 5zn(Q*),u

(7.57)

which agrees with (7.53) and (7.55). The remaining curvature scalars are

1 1
_ prp Ly po Ly o
Oy = PPHE + W HE + W, H (7.58)

P*HOW,) ez 6AC(HOP*W,) )
v/, )¢ __77(0)
+ o 3(P?) HY (759

v, =

Petrov type O:

Due to the choice of H, those terms linear in v in W, vanish. To analyze the

case when Wy = 0 we consider a gauge transformation —e/ CCw g© — f©O
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and solve the first order differential equation arising from the vanishing of the

coefficient of H 7(<0) .

F(¢.Cu) = =2n(P) + In(2 + k¢ + k¢ — P).

Thus H® = le;m where H'? satisfies Wy = 0:
—H’%Q =0, (7.60)
Implying that this function is linear in ¢ and (:
H'O = Au)CC + B(u)¢ + B(u)C + Clu). (7.61)
The remaining curvature scalar ®o5 is

(0) (0) (0) 0
~W(H'S)P - PeH') — P H'Y + H'Pr)

Dy = Iz , (7.62)
or simpler yet
AC+ A

7.2.3 Vacuum Solutions

For those C'S1, spacetimes where W(® cannot be set to zero there will be non-trivial
solutions to the equations ®15 = $95 = 0 of Petrov type I11. As these spaces are
not of interest in the present work we neglect them. In the case that W vanishes
in a particular coordinate system, these are automatically of type Petrov type N. In
the next section we will examine the vacuum solution as a particular subcase of the

Plebanski-Petrov type O.

7.3 Plane-fronted Waves in Vacuum or Admitting Either a Null

Einstein-Maxwell or Pure Radiation Field.

In terms of the Ricci spinor, these are expressed as ®15 = 0 and either ®95 = 0, Pyy =
fo”, or, gy = P?®(¢,(,u). These spacetimes will be of P-type N or higher and so
the function H™ is given by (7.57).
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e Petrov type N :

If U, does not vanish, we make another gauge transformation to simplify the
equation 9, = 0. From our original H (7.52), we assume —e/"(¢¢w) /(0 — p(0)
and solve the first order differential equation arising from the coefficients of H 7(49)

being set to zero to find,
F(¢ ¢ u) = —=In(P) + In(—2 — k¢ — k¢ + P).

Thus H® = QHT!(O) where H' satisfies the following constraint,

91"

@t =0 (7.64)

Alternatively in the case of a null Einstein Maxwell field or pure radiation, the

same gauge transformation gives a non-homogenous version of (7.64)

HO 20 — £ fp/g (7.65)
O ¢ ”;;” = P2(¢,C,u). (7.66)

To solve the vacuum case, we substitute our conjugate coordinates for po-

(0) o _

lar coordinates r, 0, assume H'" is seperable, and takes the form, H’

R(r)[e2" + e~ 3%]. Simplifying the above equation yields a remaining equation
for R

SAr?

7R, + 1R, + R( 52

—n?) =0

using Maple we find the general solution,
2
R(r) = C’l( +n—1)r" +C’2(F—n—1)
where C and (5 are real-valued functions of u. Substituting this into the form
of H'©

oo = [E—c +§(<)4+£—5 +¢(¢M ¢
CTL

— (T e + P —C*"+E(§*”),g

+Cy|

Due to the linear nature of the above differential equation we may multiply a

solution by any complex constant and add arbitrary many solutions together.
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Thus for any analytic function, ®((,u) = Z a,C" the combination,

H’(O):%—(D‘FC(I),C"’_%_&)_'—C&)’E

is a valid solution of (7.64). To match the expression in [33], let & = %, H'O
becomes
20CH - 2A(P
HO =g, -2 4. - 227 .
¢’C P + gb,C P (7 67)

In the case of a null Einstein-Maxwell field, the solutions given in [33] is

the best approach. When k # 0 the general solution may be found by taking a

(0)

function p(¢, ¢ ), and supposing the combination """ = p . — % satisfies

©
(0 20AH'Y 1 P
H' G+ = =51l 5

Integrating we find
1 ¢, s < ffp _

where ¢ and ¢ are treated as independent complex variables involved in the
contour integrals, and the relationship between the two are incorporated into

the final formula for H'”’) The end result is given as equation (7.7) in [33].

When k(u) may be set to zero, f is a polynomial function of ¢ and ¢~ with
coefficients dependent on w, [33] provides an alternative approach by choosing a
new variable t = ACC. Exploiting the linearity of the above differential equation
one may simplify the problem to a particular solution of equation (7.66) with the

right-hand side equal to (p/q)("¢"**, n,k € Z. The substitution of H = CAkZﬁ)

into (7.66) gives a second order differential equation for Y

2Y 14t
(1+t)?2 1-—t

tY"+ (k+1)Y' + .

Given two independent solutions of the homogeneous problem, a solution to
the above equation may be found using the method of variations. The authors
of [33] graciously provide the two independent solutions to the homogeneous

equation in the Appendix, and explore the simplest cases where f = (", n € Z
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e Petrov type O:

If ¥4, = 0 we may make a gauge transformation as in the PP-type O, P-type O
case so that H® takes the form (7.61). In these coordinates, the simpler form

of (7.63) implies that A = AC in a vacuum and hence

H'Y = (1= ACO)C + BC + BC. (7.68)
Imposing the conditions of a null Einstein-Maxwell field, (7.63) implies
AC+A)Q P
2 =ff o (7.69)

Then solving for ff = (AC + A)%z and noting that that log(ff) is harmonic
we find a contradition as ln(%z) is not harmonic for any choice of k.

7.4 Canonical Forms of the Type N CSI, Metrics

From [33] and [50] we know that all P-Type N and PP-Type O spacetimes may be
classified by A and the sign of the sole component of the second Lie derivative of
the metric with respect to ¢, L’. It will be helpful to transform these metric into
our preferred coordinate system so the metric is of Kundt form. The aim of such
a coordinate transform will be to relate these spacetimes to the paper [94], where a
general metric form for the C'ST spacetimes has been introduced and organized by
sign of the curvature of the transverse space and the Ricci tensor’s Segre type[71].

Case I, A >0, L' > 0 : Metrics in this class are equivalent to the ORR metric with

a =0, =1 and hence in Kundt form, the coframe member n, becomes

n = dv+v (ln <(1(C+ﬁ§><2)2><) d¢ +v (ln <(1<C++A<§)C2)2>c> d¢
(‘ ((21%52{)2“2 + H(°)> du.

Opting for the dimensionless complex coordinate ¢’ = v2A(, choosing
€T .
¢ = \/§mn(§)ew
yields a metric with the tranverse space is the usual form for the two dimensional

sphere,

ds* = dx + sin*(x)dy

i (7.70)
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the covector n transforms to become,

tan?(%)

n = dv — 2cot(z)vdx + 2tan(y)vdy + ((—W) v? + H(0)> du
2

These correspond to the Type N CSI spacetimes with Segre type {(1,111)} or
{(2,11)} for which the transverse space has the geometry of a sphere S?% and a
one-form W of type 2 [94].

Case II, A <0, L' > 0: Metrics in this class are equivalent to the ORR metric with

a =0, =1 and hence in Kundt form, the coframe member n, becomes

_ (1+A<5)2) <(1+A<§)2> -
n = dv—l—v(ln( Crop ,g)deLv(ln €10 i dC
—(1+ACC)2) 2 (0))
+<<(C+C_)2 v+ H du
Opting for the dimensionless complex coordinate ¢’ = v/2A¢, choosing
(= ﬂtanh(g)eiy

yields a metric with the tranverse space is the usual form,
ds* = dz + sinh?(z)dy
2A

(7.71)
the covector n transforms to become,

n = dv — 2coth(z)vdz + 2tan(y)vdy + (( W)(I)) v? + H(O)) du

" 4cos?(y)tanh?

These correspond to the Type N CSI spacetimes with Segre type {(1,111)} or
{(2,11)} for which the transverse space has the geometry of the hyperbolic plane H?,
and a one-form W) of a type not listed in the literature [94]. By calculating the
coefficient of the v? term in Kundt coordinates [94], we expect these to belong to the
class where the one-form W is of type (5), as these have & > 0 for all values of z

and y relative to the coordinates in which the metric takes the form
dz® + cosh(x)*dy*.

Case 11, A <0, L' < 0 : Metrics in this class are equivalent to the ORR metric

with o =1, = 0 and hence in Kundt form, the coframe member n, becomes

o (l ((1—A<<>2>,<) o (l ((1—A<<>2>,5) “

(R e
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Opting for the dimensionless complex coordinate ¢’ = v2A(, choosing
! Ly i
¢ = ﬂtanh(g)e Y

yields a metric with the tranverse space is the usual form,

ds* = dx + sinh*(z)dy
2A

(7.72)

the covector n transforms to become,

(1+tanh?(

. sect 3) 2 (0)
n = dv — 2utanh(z)dz + — ez ) v+ HY ) du
2

These correspond to the Type N CSI spacetimes with Segre type {(1,111)} or
{(2,11)} for which the transverse space has the geometry of the hyperbolic plane
H?, and a one-form W of type 3 [04].

Case I'Vy, A <0, L' = 0: Metrics in this class are equivalent to the ORR metric with

a =0, =X=+—A and hence in Kundt form, the coframe member n, becomes

— (1+A¢0)? (1+A¢Q)? F 1 g
n=dvtu (l” (((1+A<)<1+A<)>2),¢> de +v <l” (<<1+A<>(1+Ao>2>,<) de + H 7 du

Opting for the dimensionless complex coordinate ¢ = v/2A(, choosing
! Ly i
(= ﬂtanh(§)e v

yields a metric with the tranverse space is the usual form,

ds* = dz + sinh?(z)dy
2A

(7.73)

the covector n transforms to become,

_ cosh(z)cos(y)+sinh(x) sin(y)sinh(zx) 0
n=dv—2v (sinh(m)cos(y)—i—cash(m)) dr +2v (sinh(m)cos(y)+cosh(m)) dy + H( )du

These correspond to the Type N CST spacetimes with Segre type {(1,111)} or
{(2,11)} for which the transverse space has the geometry of the hyperbolic plane H?,
and a one-form WM not listed in [94]. However, by calculating the coefficient of v?,

we expect these to correspond to the first type with e = 0 and tranverse metric

da?® + e** dy?
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Case V), A < 0, L'’ =0 : Metrics in this class are equivalent to the ORR metric
with & = 0, 8 = Xe™ @ where A = v/—A and hence in Kundt form, the coframe

member n, becomes

(1+AC0)? (1+AC0)? NdC
U(Z’I’L( (1+>\Celw(“))(1+)\§e zW(u)) ) )dC + U(ln( (1+>\Ceiw(“))(1—&-)\5@*”\“))2):C)dC

1+ACC
(Uln(((1+)‘Ceiw((“))(1+>)\§e—iW(u)))2),u + H(O))du

Opting for the dimensionless complex coordinate ¢’ = v/2A(, choosing
! Ly i
¢ = \/ﬁtcmh(g)e Y

yields a metric with the tranverse space is the usual form,

ds? = dx + sinh?(x)dy

0 (7.74)

the covector n transforms to become,

cosh(x)cos(y — W(u ))—i—sinh(m))d
sinh(z)cos(y — W(u)) + cosh(z)

sin(y — W(u))sinh(x)
2 (Sinh( Jeos(yW (u)) + cosh(x )) dy

N (( 2\/>W tanh(3)sin(y — W) ) —|—H(O)) "
— W(u))

L+ 2|Aftanh?(3) + 24/|Altanh(3)cos(y

n = dv—2v<

These correspond to the Type N CST spacetimes with Segre type {(1,111)} or
{(2,11)} for which the transverse space has the geometry of the hyperbolic plane H?,
and a one-form W not listed in [94]. However, by calculating the coefficient of v?,

we expect these to correspond to the first type with € = 0 and tranverse metric
da?® + e**dy?

Notice that by translating the y coordinate all © dependence in W) may be elimi-

nated, recovering the form given in case IV}.



Chapter 8

The Karlhede Classification of the Vacuum

PP-waves

This chapter is based on: R. Milson, D. McNutt, A. Coley (2013). Invariant classi-
fication of vacuum PP-waves. . JMP Vol 54, Issue 2, pp 022502-022531. Copyright
2013, AIP Publishing LLC.

8.1 Introduction

In this paper we provide an invariant approach to characterizing the vacuum PP-
wave spacetimes, which may be summarized in a flow chart broken into three figures:
(8.1), (8.2) and (8.3). In these flowcharts, each end-node is a subclass of the PP-
wave spacetimes, with labels corresponding to those in the first column of the tables
(8.2) - (8.4). For each subclass these tables give a canonical form for f((,u), the
independent invariants at each order, and the corresponding numbered lemma listing
the essential functionally dependent invariants used in sub-classification. Following
the work of Collins [30]; where an analysis of the Karlhede algorithm for Type N
vacuum spacetimes, a coframe is chosen with ¥, = 1 and for which the Cartan
invariants are expressed in terms of spin-coefficients. By examining the invariants
at each order we may express all possible sub-cases for the Karlhede algorithm and
determine when all isotropy may be eliminated. In this manner upper-bounds for all
vacuum Type N metrics were given, in particular the upper-bound for the PP-wave
spacetimes was ¢ = 4. By choosing coordinates and analyzing the cases where ¢ = 4
we produce four classes of metrics, proving the upper-bound is sharp. The following

theorem summarizes the work done in section (8.3):

Theorem 8.1.1. The metrics with f((,u) taking either of the following canoncial

forms,

° %’W, C,k € R, and Z(u) is real valued,

u
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o (k)P0 4 kyeiZW(=2ko)¢ - | ko ky € R and Z(u) is real valued,
o f(C,u) = koS 4 e®e?MC ko ky € R and Z(u) is real valued,
o f(C,u) = —e™In(C) + kie?M¢, ko, k1 € R and Z(u) is real valued,

require the fourth order covariant derivatives of the Weyl tensor to be fully classified

by the Karlhede algorithm. (8.2).

We also explore all of the G5 subcases arising as degenerate subcases of the Karl-
hede algorithm. These are all specific subcases of the Gy I, I] and II1 cases arising
from the classification of symmetry groups having the same symmetry group but dis-
tinct geometric structure [11]. The following theorem and flowcharts summarize our

work.

Theorem 8.1.2. For those PP-wave spacetime admitting a two-dimensional isometry
group, the second Killing vector field V' annihilates the invariant coframe and all
Cartan invariants. If da Nda # 0 the spacetime belongs to Go- 1,11 or I11 depending

on the form of the invariants, dc and p expressed in terms of o, & and ju:

Gy—1 : da=a?%
Gy —II : da#a® Re(pa26a — i) = CIm(pda — fi);
Gy —III : da#a® Re(pa 200 — i) = 0;
Gy —IITi—y : da#a? Re(pa25a —j)=0,A(r)=0.

If da N\ da = 0, the spacetime belongs to one of the special subclasses given in table
(8.3). Further conditions for determining which subclass is given in the following

decision tree.

8.2 The Vacuum PP-wave Spacetimes

Following the work of [36] we choose the normalized dyad {o”, 14} satisfying, 044 = 1

and define the generic symbols ¢ for the dyad:

~— Al — A’ ~ Al — Al
C(I)L‘:OAv Cfl:LAa C§:0Aa Cf}:LA'
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Iy =1

|
a=1( a#0,7=0

| |
a=0,7#0 doAda 70 dandp=0 |-

Yisconstant A Gs ||dandandw —oH Gi || dee A dr=0 =

I | |

Y=10,
s daAd pp#(
o, dand v #(
y=dahd p=()

- = . = o . — _ y
¥ ?E '} H f;n—ll fjﬂ ;é [} m (:-'_‘—I ¥ # [’.1: =1 I‘I_ {} B _?f]
| ] | I
Gg-b el e tdn— i) = Ga11 &#{4#((1-2 ]'_1 I~ _:’j _Ef‘;]
1 1
T - G111 Gy
Ww: = [, Or o ’ -1

Figure 8.1: The decision-tree for PP-wave spacetimes. Here w = pu,v or do. Two
branches have been cut off and written explicitely in Figures (8.2) and (8.3)

T=0,
o, dexAd prF£()

docn du v dv# 0 aZ ko) H Ar#0 HSG
1 |
— ., & Ga
a=e /o [0 Lai)1
|
3 T / G
N pEr H Ap#0 H.5
a- T T i A
Ga O
b0 L 0)-3

Figure 8.2: A branch of the decision tree in Figure (8.1)

Using the Newman-Penrose formalism [29], the type N vacuum spacetimes have ®;; =
0 for all 4,5 € [0,2] and ¥y = ¥y = ¥y = U3 =0 and ¥, = 1. Applying a boost and

a spatial rotation we may always set &, = 1. The non-trivial Bianchi identities yield:
k=0c=0, p=4de, T=40. (8.1)
The first covariant derivative is then defined by:
(D\I’)uf’ = ‘IJABCD;EF/CbeBCCC‘Cé)CeEEJE/
where j of the unprimed dyad vectors are ({*’s. The non-vanishing components are:

(D\If)40/ =p, (D‘;[/)g,ol = 40[, (D‘;[’)41/ =T, (D\If)g)l/ = 4’y
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o, dand v ()
=dad p=()|
— _ Gy
do Ade Ade =0 :’_J::l[alkﬂ-g} o = K 7o I:] e j"_ ~dp-0)
|
[-"l l:-'-‘ll.
- [] -0
dordradAp £10 Ii'-'[:[] B _|LT_]
T 1
| [ A -1 — oy a2m Y Ge
IH_U B S o =[4koy” ) on— [ [:1 f 'f"f'-'u) ~dy-1
|
L] Gy Av 4 ] Gy
bo # [:1 | -‘f ) -i-1 - E: 70 <0
- n ["JI'
0 —e ¥y M ':-I'l ffz- Av£0 M -c]-ir
I -1 -C-1
fJIL I:-:'?
ot -id-1

Figure 8.3: A branch of the decision tree in Figure (8.1)

Where (8.1) was used to express the spin coefficients in terms of «,~, p and 7. Cal-

culating the second covariant derivative of the Weyl tensor, denoted as
(D*W) g (1=0,1,2,3,4,5;a,b,c =0,1).

In [36], it may be shown that the non-vanishing components will be for i = 3,4, 5:
(D*W)iors000, (D*W)i0rs01, (D*W)igraer, (D)o,
(D*®)iv00r, (D*W) 101, (D*V )10, (D*W )iy

Imposing the conditions for a pp-wave spacetime the spin-coefficients k, o, 7 and
p vanish by definition. Applying the Bianchi identities (8.1) we see that ¢ and [
are zero as well. The remaining first order derivatives of the Weyl Tensor, ¥ for the

vacuum Type N spacetimes are
(D\I/)50/ = 4&, (D\I/)51/ = 4’7

There are two cases to consider at this point, depending on whether or not « vanishes.

If o # 0, we may use a null rotation about 0?, to set v = 0

o =a, v =7+ Ba.
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Vacuum PP-Wave spacetimes with a # 0: The first order covariant derivative

of ¥ has only one component, as v = 0,
(D\I/)g)ol = 4.

The NP field equations require that # = A = 0, and so the non-trivial NP-

eqations become:

Da =0, da =aa, Aa = —[a,
D=0, dpu=—ay, (8.2)

Dv =0, ov=—-3av+1, Ap—ov=—p?+av.

The non-vanishing components of the second order derivative of ¥ from the

general case are simply,

(D2\Ij)50/;00/ = 4DOé, (DQ\D)50/;01/ =4 — 40_405,
<D2\Ij)50/;10/ = 450& + 200{2, (DQ\II)50/;11/ = 4AOZ,
(D2\Ij)51/;10/ = —4[_LOZ, (D2\I/)51/;11/ = —450[, (D2\If)41/;11/ = —ra.

Further information may be obtained by using the NP field equations in con-

junction with the commutator identities if necessary.

Vacuum PP-Wave spacetimes with o = 0: The non-zero component of the first

covariant derivative of the Weyl tensor W is
(D)5 = 4.
The relevant Newman-Penrose equations for v are
Dy =0, §y=0, 6y =0, (8.3)
and the second order covariant derivative of ¥ has only one non-zero component
(D*W)sa1 = 44y +207% + 457,

These metrics will in general have ¢ = 2 due to the simple form of the sole

Cartan invariant v as a single variable function of one coordinate.
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8.3 Vacuum PP-Wave Spacetimes - Degenerate Subcases of the

Karlhede Algorithm with q=4.

We are interested in the degenerate cases of the Karlhede algorithm, in particular
the case where the algorithm needs to calculate the fourth covariant derivative of the
Weyl tensor. From the previous section, we know that o # 0 allows for v to be set
to zero, and that the isotropy group has dimension 0. Thus the ¢ = 4 bound can
only be reached if and only if, one functionally independent invariant appears at each
iteration. At first order the only invariants are o and its conjugate.

To construct a solution where only one new real-valued invariant appears at each
order, i.e., (0,1,2,3,3), @ must be functionally dependent on « and so the wedge
product of their differentials vanishes. This yields three equations, one of which is

the complex conjugate of the other:
Sada — dada =0, dalAa —dala =0, dala —dala = 0. (8.4)

There are two cases to consider, depending on whether or not Aa is non-zero. For
the moment let us assume that it is non-zero, implying that p # 0 via the NP field
equations. Solving for dar from (8.4)-B we find

< Ko
da = —a”. 8.5
( )

Looking at this relation and the NP field equations, we see that all frame derivatives
of @ may be written as functions of «, v and pu, and so we need only inspect v, u and
their conjugates. Applying the commutators to these three invariants yield further

relations:

op = —af, % = %.

Now let us consider the case where Aa = 0, the NP field equations become

v =—-3av+1, ov=—av, da=ax, Da=0,Dv=0. (8.6)
The only equation from (8.4) is
Sada — doda = 0,

and the non-vanishing commutator relations yield

Ada =0, 6da = —2ada, 6Av = —2aAv, 0Av = —4alv.
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8.3.1 Coordinate forms of the Cartan Invariants

To analyze the equations given by (8.4), we choose a different set of coordinates than
the usual (¢, (,u,v) coordinates to derive the spin-coefficients, using the second ¢

derivative of f((,u) instead:

alGw) = Inlfeo) (8.7

We use a((,u) and its conjugate as spatial coordinates, letting ¢ = ((a,u) the arbi-
trary analytic function f becomes f'(a,u) = f((,u). The relation a = iln( fcc) gives

an important equation for f’  in these coordinates,

(?) = (qe™ (8.8)

The first order invariant o changes to

eafa

T G

and the dual of the coframe with ¥, = 1 becomes:

a (8.9)

0= a (g~ Caady), D= A=em (5= (Re(f) = CuCa) )

In both subcases, it is possible that ¢ ,, = 0. If this happens the second equation in
(8.4) vanishes; in the A« # 0 case the solution to ¢, has the linear case as a special

subcase, while in Aa = 0 it must be explicitely considered.

Lemma 8.3.1. For those spacetimes with da N\ doc = 0, the function ¢, has two

possible forms. Supposing Aa # 0,
Ca= (engeR(u))eicl6—(e2icl+1)a’ Cy,Cy € R. (8.10)
While if Ao =0,
Co=cieT55, Oy CLeRe=0,1. (8.11)

Proof. Assuming for a moment that Aa and (., # 0, the equations (8.4) yields the

following separable equations

E,t_l + C,a _|_ C,aa — O7 E,(_z + C,a —|— ]_ — O‘ (8.12)
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The first implies

Ca Ca | Gaa
— = —ky(u), + 2= =k (u),
G~ T T R
combining these equations we have
ka
l a)a — — 3 1
n(Cada = — 5

It is easily shown that (8.12)-B is automatically satisfied in this case. To summarize,

the function ((a,u) satisfies

(i) :
ga = k?(u)e ! ) ln(c,a),u - _kT' (813)
1
We may write k; = r(u)e?™ and so
. 1
(o) = —a(e” + 1)+ In(ke) w = =7~
1
If this holds, 6, = 0 and In(k}), = —ki. Rewriting k; = r(u)e’®r, C; € R, the
1
second equation from (8.13) yields
iCh

ln(l{ig) = _/BT dU+CQ, ey € C.

As ky is arbitrary, let us suppose ky = (ké)eml, then we may divide through by e/t
and absorb the real part of the constant of integration by calling R(u) = [ %du +C

to write

ko = (engeR(u))eicl

with this piece known we may write down the derivative of (,
C,a = (67;026}%(,“))61‘01 6_(62i01+1)a7 Cl; 02 S R.

We note when C; = 7/2,371/2 mod 27 causes ((a,u) to be linear in a. Now to
consider the form of ((a,u) when Aa = 0. In the linear case, (., = 0, the wedge
product of da with its conjugate automatically vanishes, and so ¢, = c4. Next we
assume (4, 7 0, in this case we only get (8.12)-B, as this is separable we find two
constraints,

Caa

C,a C3
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The second constraint implies c3 = —% +:C3 and so integrating we find
—2a
Coa=cee2%, (3R, cqg €C.

Introducing € = 0,1 we may write a general form for ((a,u) to differentiate between

the linear and exponential case,
—2ea
Ca=cae’™ 2%, (3R, ¢, €Cle=0,1.
O]

In the Aa = 0 case, the second order invariant da cannot be expressed using the
NP field equations or the commutators. However the above lemma yields a simple

expression for this invariant in terms of first order invariants

Corollary 8.3.2. If a« # 0 and Aa = 0 in a particular PP-wave spacetime, then

Sa = —a? <1 ‘ ) . (8.14)

5 +iCs

Proof. Using (8.11) and (8.9) we may explicitely calculate da,
Sa=—a(1--— ).
o < 5+ z'03>
[l

To continue we will calculate the second order invariants A« and v for the two

possible forms for ¢,.

Corollary 8.3.3. In the case that da A\ doe = 0 coordinates may always be chosen in

which the spin-coefficients A« and v take the following form:

Aa = e R e O,

V= _a(e*%lcl =5 _ (CEaZl) (%2 + %) _ Zl,uue_a_ga; (815)
A = 0 — ﬂ _ Z —a—3a (8 16
a=U, V= o tucs) 2,uu€ 16)

where Zy(u), Za(u) are arbitrary functions arising from integrating (8.10) and (8.11)

respectively.
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Proof. From the NP field equations Aa = pa, so we may restrict our attention to u

and v. In the current coordinate system the remaining spin-coefficients are

= i:“" el Y = (?Z + C,uu) e a3, (8.17)

,a

As we must integrate ¢, to determine v, we define a new constant dependent on the
other constant (' - in order to differentiate between the exponential and linear case
in (8.10)

c(Cy) =-1 if Cy=7/2, 31/2 = mod 211
=% 41 otherwise. (8.18)

Integrating the conjugate of (8.8), we may write f”a/g_@ in a simpler form

Fa qetd fla 7 45 3+C )
e — B+ i), o B = e (5 ) + fiw)

We note that in the (¢,(,u,v) coordinate system the arbitrary functions of integra-
tion, f/ i = 1,2 are the coefficients of the (-linear term in f((,u) and hence may be

set to zero by the following coordinate transformation:

('=(+F, v =v+2Re(F,, () +Gu), H=H-fi(—fi¢  (819)
Fy= [ [ fi(w)dudu, G(u)=[|[ fldul*du

this is built out of (8.37) and (8.39). As this coordinate transformation does not affect
f.cc the alternative coordinate system (a, a, u,v) is still valid, except that f'(a,w) will
have Fi,uﬁw added to it - which will not affect the equations needed for analysis. The

arbitrary function of integration, Z;, may be redefined to absorb F}(u).

’ __da [ - _ 14,
Fa _ _ _Cact . Jla _ Cae* ( 2 +HiCs ) 7 (8.20)

Ca (e2€1-3)> 2—e+i4C3

I

l

and so the remaining spin coefficients may be written in terms of invariants where

the last invariant is V = z,,e7%73%, O

Due to the NP field equations (8.2) and the commutator relations arising from
daNda # 0 and equations [(8.6), (8.5)] or [(8.6), (8.14)] we may exclude all derivatives
of a as functionally independent invariants if we treat p and v as potential functionally
independent invariants. Of course, for the degenerate case of the Karlhede algorithm
with ¢ = 4 we must have only one new invariant at this iteration, hence da AduAdy =

da N\ dv AN v =0 at least, although there are further constraints.
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Lemma 8.3.4. Those PP-wave metrics with da A dav = 0, Aa # 0 and do A\ dp # 0
require at most the third order derivatives of the Weyl tensor to be classified invari-

antly.

Proof. To start we will consider the linear case when Cy = 7/20r37/2, the two-form

we will use in terms of o and p is
%?d“ = 12sin(Cy)da A da + 2Re ([R — el R““} da N du) (8.21)

Instead of v we pick only a piece of it which cannot be expressed in terms of previous

invariants,
e (¢ — Z;)C 2 ~ —a—3a ¢C
%4 —T (A,U + 1% ) - ZLquze 7
(g - ZZ)C R,uu iC C Zl,uu

Where C(C}) = —1 if C; = /2, 37/2 mod 27 and C(C}) = ¥ + 1 otherwise. It

will be helpful to pick out the subcase when Cy = 7/2; 37/2 mod 27, as (C Zi)

=a.
In the case of C; = /2 mod 27, taking the wedge product of the above two-form

with the differential of V' yields the following equation:

—2aR2 < ““) — <Rf1u + R?uu — QGCZ_ZRZLUUR?U + 2i602_iRR?u <Z};§““>> )

U

This must vanish if we require V' to be functionally dependent on o and . Notice that
by setting this to zero we get two separate equations, the coefficient of the a-linear
term gives a differential equation for R(u) while the remaining piece gives constraints
on Z;. Solving for R(u) yields two possibilities, depending on whether R ,, vanishes

or not:
R,(u) = Csu, Ry(u) = Csln(u), Cs € R. (8.23)

If Z; 4y = 0 it follows that Cs = 0 which cannot happen as we have assumed R, # 0.
Plugging each possibility into the remaining equation gives a special form for 7,

respectively,

Zio = —(cg — )2 Ziy = —(cs — T In(u)) %2 s €C (8.24)
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The case with C; = 37/2 mod 2 is similiar to the above except the constants now
have a negative sign. These both correspond to known (G5 metrics given in table
[22], the first case belonging to f(¢,u) = Ce* ™+ ¢ ¢ C, and the second
corresponding to f((,u) = Clete? (CHeju™e Ju®. At the third iteration of the Karhlede

algorithm the only potentially functionally independent invariant is Agu/p?, which is

A A
() 5 ()
H a H b

Assuming Cy # 7/2, 37/2 mod 27, we take the wedge product of (8.21) with the

constant:

differential of (8.22) and require that this must vanish. Doing so we find a complicated

expression from which one may obtain,
sin(C)e™ ™ (R LRy — 2R ) = F(u) (8.25)

where F'(u) is a complicated expression involving the functions R(u), Z; .. (u) and
their derivatives. This can only happen when either C; = 0 or 7 mod 27 or R is

either of the form
R,(u) = Cru or Ry(u) =In(Cru)+ Cs, C7; € R. (8.26)
Let us assume C7 = 0 mod 27, the right hand side of (8.25) gives a useful constraint,
Zia( R = Ry) = 0

If Z; 4, = 0 we may transform the coordinates to set Z; = 0; this subcase corresponds
to the known Gy metric with f((,u) = —e*®in(¢). Instead, if we assume that the

differential equation for R vanishes, we find a simple form for R(u):
R(u) = —In(C7u), C; € R.

Notice that in this case (8.21) vanishes, implying that « and p are functionally de-
pendent. This cannot happen as we have assumed that da A du # 0. All of these
spacetimes have at most two functionally independent invariants and hence have ¢ = 3
in the Karlhede algorithm. In the case that C) # Omod 27, R is of the above form
(8.26), and the vanishing of the left hand side of (8.25) gives a differential equation
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for Z1 yu:
—C;
R, : Zhwwut+t———Z10u=0 8.27
Lo + sin(Ch) b (8.27)
Cr + €1 +isin(C))

Rb . uZme%— Zl,uu (828)

isin(Cy)

These are Gy spacetimes since Ay = 0 in the first case and Ay = —C7'p? in the
second case, so that at third order there are no new functionally independent invari-

ants. O]

As a byproduct we have proved another lemma that will help narrow down the

class of Aa # 0 pp-wave spacetimes for which ¢ = 4 in the Karlhede algorithm

Lemma 8.3.5. In the case that Aa # 0 the wedge product do A\ dp N dv vanishes if
and only if Cy =0 or m modulo 27 in equation (8.10) and R(u) is of the form

R(u) = “'in(Cru), C; €R. (8.29)
In general, da N dv N dv # 0 for arbitrary complez-valued Zy 4, (1).

Using this result, we examine the lone coefficient of the triple wedge product of the
differentials of «, v and v, to pin down those spacetimes with Aa # 0 and ¢ = 4 by

requiring this to vanish. Doing so we find the following differential equation
Zl,uuzl,uu + U(ZLuuZl,uuu + ZLuuuZl,uu - 07

substituting Z; ., = Ru)eih() we find that R(u) = —2in(u) + C and that there are

e
no conditions on h(u):

eCel

2

h(w)

Zl,uu =

u

In general these spacetimes will have «, v and Av as three functionally independent
invariants, however for particular h(u) only two will be functionally independent. To
determine the form for h(u) we take the triple wedge product of the differentials of

these three invariants and look at the only non-zero coefficient:

hywtt + hy = 0.
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Solving this simple ordinary differential equation we find that if 7, ,,, is of the form
Zl . = Ou—2+i006i01

these will be G4 spacetimes. Summarizing these results in a lemma we have proven

one-fourth of Theorem (8.1.1) by taking (8.10) and solving for f((,u).

Lemma 8.3.6. Those spacetimes with Ao # 0 and q = 4 in the Karlhede algorithm
have the following form:
1 )
f(Gu) = —(In(2) + Ce™™¢), h(u) # Coln(u) + C1,C € R
Next, suppose that g = 0, the vanishing of i leaves v and its conjugate as possible
candidates for the second functionally independent invariant. To ensure there is only
one invariant at this stage we require that da A dv A dv = 0. Yet again, we pick off

the piece of v that cannot be written in term of previous invariants, V'
V = Zy e 0

With this invariant we will be able to prove the final lemma from which Theorem

(8.1.1) follows trivially:

Lemma 8.3.7. Those PP-wave spacetimes with da A da = p = 0, with coordinates
chosen such that v takes the form given in (8.15), will have three functionally depen-

dent invariants {o,V, AV} for an arbitrary choice of a real-valued function B(u) if

and only if Zsyu # 0 and

C3 £0, e=1:Zyyu, = cePOICTDB(y) £ 1200 (8.30)
C3=0, e=1: Ty =B 7, ., #cei™ CeR, (8.31)
e=0:2y=DB(u), Zoy, #Cu > (8.32)

Proof. Using this invariant, we construct a purely imaginary two-form by scaling

dV A dV,
dvV A dV
4%
and next we wedge product this with the one-form,

da €
— =da—[1— da
a ¢ ( ;+Z’C’3> @

= —8da A da — 2iIm(3[In(Zaw)) . — [17(Zoun)] u)da A du)
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then by denoting Z’ = In(Z.), the above becomes
€ (22!, +2iIm(Z.,)) — 4ilm(Z',) + 8CsIm(Z',) = 0.

There are two cases to consider here, depending on Zs ,,,,. If this vanishes, the above
equation is satisfied and these spacetimes admit Gy’s since A(V') is the only invariant
that could be functionally independent and it vanishes. These belong to the third
entry in the table 24.2 in [22]. Choosing Z' = A(u) + iB(u), we find that in the case

with € = 0 the imaginary piece of the equation implies B(u) is a constant and hence

Z2 un — eA(u)'

Supposing that ¢ = 1 we find that

A=—-4C3B, and B=B
and we may write this constraint as

Zo g = c(eBW) TG+ ¢ C,

To determine the functional independence of o, V and AV, in the case that e = 1,
we will work with a different third order invariant

AV

W= snTan)

— B4Cg—1—iB 62&
U

. Taking the triple wedge product of a,V and W we wish to find and avoid all B

such that this 3-form vanishes, i.e. all B satisfying,
(1 +44C3) By + (205 +i8C3) B, = 0 (8.33)
When C3 # 0 we may solve this equation to find the following form for B

Bl = 2,

Cy € R,
by translating and scaling u, the form of Z, ,, is then
Z3 i = c(u)fﬂﬁ. (8.34)

Those spacetimes in this class with C'5 = 0 admit a subclass of GG spacetimes. Setting

Cs =0 in (8.33)

Bou = 0. (8.35)
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Solving this equation, and noting that Zs,, = (¢Z®™)? we find that
ZQ,uu = CeiCuu’ Ci1 € R

Spacetimes satisfying the above constraints are Gs’s since the wedge product of da,
dv and dA(v) vanishes automatically. These correspond to the third entry of the
Kundt-Ehlers’ table with k = iCy;. Thus if we allow Zy(u) to satisfy (8.31), these
spacetimes will be GG1’s with the possibility of ¢ = 4 in the Karlhede algorithm. Now
to consider the ¢ = 0 case. There is a subcase containing GG5’s, supposing the triple

wedge products of da, dv, and dA(v) vanish, 7, satisfies

2Z2,uuuuZ2,uu - 32227 (836)

uuu
integrating yields
Louu = Crou™2.

These correspond to the second entry in the Kundt-Ehlers’ table with k = 0. Again,
by restricting Zs to be any other class of functions, the spacetimes described by (8.32)
will admit a GG, and they will have ¢ = 4 in the Karlhede algorithm. O]

8.4 The Invariant Classification of All Vacuum PP-wave Spacetimes

During the investigation of the G| spacetime with ¢ = 4 in the Karlhede algorithm we
have calculated a list of Cartan invariants for the degenerate subcases of the vacuum
PP-wave spacetimes with o # 0. To list these we define notation, (t1, 19,13, ...t,),
where t; denotes the number of functionally independent invariants at i-th iteration
of the Karlhede algorith, and n denotes the last iteration of the algorithm required
to determine the canonical form for the spacetime. Listing all possibilities for the
various isometry groups admitted by the PP-wave spacetimes, we denote those found

in the previous analysis by a star:
e (G spacetimes: (0,2,3,3), (0,1,3,3)" and (0,1,2,3,3)*;
e (G5 spacetimes: (0,2,2) and (0,1,2,2);

e (I3 spacetimes: (0,1,1);
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e (5 spacetimes: (0,1,1);
e (g spacetimes: (0,0);

These invariants are the spin-coefficients of a particular coframe (8.15), found by
boosting and spatially rotating the standard null coframe so that the Weyl curvature
component ¥, = 1 and then determining which spin-coefficient a or v may be set
to zero. In the cases dealt with in section (8.3) a was non-zero and by null rotating
about o? we may always set v = 0. This approach may be applied to the remaining
subcases of the Karlhede classification of PP-wave spacetimes with o« # 0 and o = 0

G, n > 3.

8.4.1 «a #0 Case:

In this case, one may simplify the components of the first and second derivatives of

the Weyl tensor to only a few spin-coefficients:
DV (a, @), DoV (p,ji,v,v,0a,0a).

As all spin coefficients are used in the first and second derivatives of ¥, we conclude
that for all n > 3, the n-th derivatives will only involve the spin coefficients and their
frame derivatives up to m-th order m < n. It will be helpful to pick coordinates,
(¢, ¢, u,v) to express the frame derivatives and their corresponding spin-coefficients.

The class of coordinate transformations that preserve the form of this metric are:

/

¢ =e“C+h(u),v =v+ 2Re(h7uu§t) H =H— 2Re(h,uu§) + fz,uhu; (8.37)
U — (u:}to)’ v = a', H = a/2H; (8.38)
v =v+g(u), H' =H—-g, (8.39)

where a’, ug € R. Denoting a = %ln( f.cc), we apply the following boost and spatial

rotation to the standard Kundt coframe,

m' =e*m, =Y, n =e 9, (8.40)
in this coframe the first order invariants « and + become:

a=e"" "y y=e ", (8.41)
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Let us first suppose that a # 0, then by making a null rotation with £ = 6*2‘1%
m'=m' + B0, "=/, 0" =n+Em +Em'+ EEl' | (8.42)

we may eliminate v and leave o unchanged. In this coframe the frame derivatives

and the remaining spin-coefficients may be written in terms of «, f and a, and their

conjugates:
=8 _ = D ad
0= (acge —aug) D =e""g,
A= (lacPl - auiel —auacd + (aul = (F + Dlacd®)2) . (8.43)

The second order invariants may now be written as

—2a
e a.,a

w o= — (Quc — e ’CC> ,
«

ag
6—4(1 B 5 , )
) — ? (f,f(a,c) + 2a,ua7<a7gu - a,uu(a,g> — a7C<(a7u) ) , (8.44)
ba = a7 (~lacfa+agage ™).

All non-zero spin coefficients and da are now involved as invariants. Thus at each
iteration of the Karlhede algorithm we may reduce this set to all of the n-th order
frame derivatives of a, pu, v, da and their conjugates. By taking the arbitrary
form of the vacuum PP-wave spacetime and picking which invariants are functionally
dependent at each iteration of the Karlhede algorithm it is possible to recreate the
various entries in table 24.2 in [22] along with special subcases of the G5 metrics and
G1 metrics. The results of this analysis is summarized in tables (8.2) - (8.4), where

the work involved has been relegated to the sections (8.7), (8.8) and (8.9).

8.4.2 « =0 Case:

In a similar manner those vacuum PP-wave spacetimes with o = 0 may be classified.
By choosing the same boosted and spatial rotated null coframe in which ¥, = 1, the
components of the covariant derivatives of the Weyl tensor ¥ will be expressed in

terms of the spin-coefficient v and its invariants:

DV (7,7), DoW (67,67, Ay).
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(¢ u) 15t ond Classifying
order order Functions
G f(Cu) (o, @) w: = (8.87)
W, v or S
G1-1-0 g1(w)lnC + g2(u)¢ (a.a) Vv (8.90)
Gi-IL0 | F(gi(w)™Q)gi(uw)? + g2(u)¢ () X, (8.50) (8.88)
G1-11-1 F(u*¢)u? + g1 (u)¢ (,@) X, (850)  (8.91), (8.92)
G1-111-0 F(e9r ) + go(u)C (,@) X, (8.50) (8.89)
G-1TI-1a F(e™¢) + g1(u)¢ (a,a) X, (8.50)  (8.93), (8.94)
G1-111-1b F(¢) + g1(u)C (,a) X, (8.50) (8.95)
Gyl 9(u)in(C) (a,a); (8.109)
Go-11 u 2 F(Cu'*) (o, @); (8.110), (8.111)
Go-1lla F(¢e™v) (o, @); (8.112), (8.113)
Go-11Tb F(O (o, @): (8.114), (8.115)

Table 8.1: Summary of analysis in Case with o # 0 and da A da # 0. Here a, k € R
and A(u) is a complex valued function.

It may be shown by direct calculation or manipulation of the NP equations that ~
must be a function of the retarded time coordinate u. As no new functions are intro-
duced in covariant differentiation of the Weyl tensor ¢ = 2 at most in the Karhlede
algorithm. in fact there are only two cases ' (0,1,1) and (0,0). We revert to the
coframe found by boosting and spatially rotating the Kundt coframe, (8.42). The
vanishing of a in (8.41) requires that a s = 0, so that f cee = 0, giving a solution of

the form
F(¢u) = A(u)¢™. (8.45)
Rewriting v in (8.41),
1 _
= ——=In(A4),
"= A,

'We note that only in the case that o = 0 is (0,0) possible.
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15t ond 3% Classifying
f(¢ u) order  order  order Invariants
oC iR (u)
G-a-0 e =) a (W, X) (8.96)
G1-b-0 | (Coe'FW(¢ — z(u)))¥ a (U, X) (8.97)
G1-c-0 (=) a  (Wy,X) (8.98)
G1-d-0 [C(¢ — 2(u))]¥ a (R,P) (8.99)
G1-dp-0 eIn(¢ — z(u)) a (Ro, P) (8.100)
Gi-b-1 C*e 0 Ip¢ — e o W, Y (8.101)
Gi-c-1 e 4 eiCoeltu¢ a U, Y, (8.102)
Gi-d-1 | (CQ)HC0 4 ¢pe(-4CotDZM e ¢ \Y% W, (8.103)
G1-dy-1 eCln(¢) + et oY Z Y, (8.106)

Table 8.2: Summary of all Gy spacetimes arising in the case, a # 0 and da A da = 0.
These are in addition to the NP equations (8.2) and equations ((8.6), (8.5)) or ((8.6),
(8.14)).

#(4) we may solve for A in

and supposing that v(u) = 71 (u) + iva(u) with A = r(u)e
terms the invariant real-valued functions in ~,

r

Ta il =y iy,

By integrating we find the expressions for r» and # which may be summarized as a

lemma.

Lemma 8.4.1. For any pp-wave spacetime expressed in terms of a canonical coframe

with « =0 and v = v + 172, # 0 we may express the canonical form for f((,u) as
A=re?  r(u)=[Cy— [dndu]™, O(u) = — [drydu+ Cy, Co, C; € RS.46)

Here, ~v is the only functionally independent invariant and the essential classifying
functions are 7(u) and Avy(u) expressed in terms of v. If v is constant, there are two
possibilities for A(u) depending on where vy lies in the complex plane, these are given
in (8.5).

To show equivalence for two metrics in this class g, g, we just need to examine the

classifying manifolds (7,; 7., Av,) and (y;7, A7), if they overlap the spacetimes must
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15t 2nd  (Classifying

f(¢ u) order order Invariants
Gy-a-0-0 (Cole™)HC 4 Cret¢ oY 1 (8.116)
Gy-a-0-1 | (Cou™ )% + Cpu™“Ou™? « U (8.117)
Gy-a-0-2 eC(CHer0)er o w (8.118)
Gy-a-0-3 u2ede 0 (e a i (8.119)
Gly-b-0 —eRWIn(¢) a m (8.120)
Go-b-1 u2(Celnl — cyu=¢2() a \% (8.121)
Gay-c-0 e%C + coC oY \Y% (8.122)
Goy-c-1 eCC + cou( o U, (8.123)
Go-d-0 (CC)%O + ¢oC oY W, (8.124)
Gy-d-1 (COZO 4 cqu™ 251 ¢ o V. (8125)
Ga-do-1 —eCIn(¢) — Ceon a W5 (8.126)

Table 8.3: Summary of all G5 spacetimes arising in the case, a # 0 and da Ada = 0.
These are in addition to the NP equations (8.2) and equations ((8.6), (8.5)) or ((8.6),
(8.14)).

be equivalent, and inequivalent otherwise. Any two equivalent Kundt metric with oo =
0, v non-constant, may be transformed using the coordinate transformations (8.37)
and (8.39). The only freedom left are rotations of ¢ and rescaling and translating
u. Supposing v’ = L(u+d), (' = €*¢ we find in the new coordinates that A'(u’) =
(e"c)?A(cu’ — d) and

v = ‘i"y(cu’ —d) (8.47)
Thus if two vacuum Kundt metrics with o = 0 are equivalent, we may equate the
invariant v for both spacetimes and determine ¢ and d. This can be used for diffeo-
morphisms that do not preserve Kundt form, like the one used in equation (24.49) in
[22] to switch from Kundt form to Rosen form, our invariant approach gives equiv-
alence and provides a complete integration of the metric function A(w). In light of
the results in [[98], [99]], where a general formalism is introduced for studying arbi-

trary polarization states of pp-wave spacetimes with a = 0 expressed in Rosen-form.
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15t Classifying

f(¢ u) order Invariants
G3-b-0 | u2ee¥0In¢ « (8.126)
Gg-c-0 e*¢ a (8.127)
G-d-0 (o a (8.128)
Gydo0 | €Ing o (8.130)

Table 8.4: Summary of all G3 spacetimes arising in the case, a # 0 and da A da = 0.
These are in addition to the NP equations (8.2) and equations ((8.6), (8.5)) or ((8.6),
(8.14)).

f(¢u) 1 2

Gy | QU2 (846)  ~; (847) Ay

iC1

1
Gﬁ—a ulcéocg <2 Y= CU + ’lCl
Gg-b eCru(? v=i&

Table 8.5:  Summary of cases with & = 0. Here, Cy,C; € R, A(u) is a complex
valued function.

Lemma (8.4.1) allows for any novel solution found by this formalism to be expressed

in Kundt coordinates.

8.5 Symmetry Methods for PP-wave Spacetimes with da A da # 0

For this class of spacetimes, an analysis of the vanishing of the necessary wedge
products does not readily produce tractable equations. However if one considers the
fact that a killing vector must annihilate all invariants, and that all invariants may
be expressed in this subcase in terms of o and & : the normalization Aa = 0 via a

null rotation about ¢ will be a helpful choice as it will then be a linear combination



of Killing vectors.

dov
A — g,
B = MA_/TL7
X = BJ(AA-1),
Y = 3—Av—1/a+ (Ap+p?)/a,
po= v+ X(p+2X)/a, AA#£1,
T = A@@/X)—20+1/a—4iXX,/a,
 _ 2
a a la|?
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Using the coordinates a = iln f.cc, we will specify the form of invariants and the

invariant coframe

Proposition 8.5.1. Suppose that o # 0. If the normalization ¥4 = 1 and v = 0

holds then

w =

ea—a

=—, ¢ =Z(a,u),

a

e " L,, L=logZ,,
—2a

¢ L,

Z

,a

o3 (Z,WJF ) ®(a,u) = (¢, u)

|
Ql ‘@\

-1 - [_/&7
@

07
6a+adu’

N A T+ ZuZ )t dv = ZudC + ZudC);

we also have the relations

Given Q(a,u) then

(8.55)
(8.56)

(8.65)
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For our purposes we will study those spacetimes where AA # 1 B # 0 Expressing

our vector field relative to a frame
V=VY+Vi+V3A+VID, V3=V3Vi=V"
the following proposition gives the constraints for the invariant coframe with Ao = 0
additionally.
Proposition 8.5.2. Suppose that AA # 1, then every vector field satisfying
Cya=Lya=0, V3#£0. (8.66)

has the form V = aA +bD, a # 0. If AA =1, but B +# 0 then (8.66) does not have
a solution. If AA =1 and B =0, then there is a 1-paramater family of solutions to

(8.66).

Proof. Applying a null rotation, A=A+Es+Es+ FED, we produce the following

linear system:

Ao « E
: = ") (8.67)
a Ao E i
In the case that AA # 1, the solution is
Aﬂ —n X
C(AA-1a o
If AA = 1, the system has rank 1, the system will be consistent if and only if,
Ao [
Mo aB =0
a p

O

To study the existence of Killing vectors distinct from ¢ = %, we use the fact that

along such a vector the invariant coframe w® = {m, m, ¢, n} is covariantly constant,

that is V1 #£ 0, V3 #£ 0 and
val = 2\/&)2 =0 (868)
Syt =0 (8.69)

To continue we first study the implications of (8.68), and then relate this fact back

to the vanishing of wedge products:
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Proposition 8.5.3. The vanishing of the Lie derivatives £yw! = Lyw? = 0 will

occur if and only if C = aV'! is a constant while V? satisfies

V3n=C+CA, (8.70)
V3 =aVv3, (8.71)
AV3 = —-C - C. (8.72)

Proof. To prove this, consider the Lie derivatives

Sva = a(C+CA-V3p), (8.73)
Ly(aw') = d(Lyda) = dC, (8.74)
Lyw® = (V2 —a—aV3w' + (V3 — aVHw? + (AV? + C + C)w?(8.75)

The vanishing of these quantities lead to the above identities as the coframe is linearly

independent. O

Proposition 8.5.4. If B # 0 then (8.68) is equivalent to the conjunction of
doa Nda Ndp =0, (8.76)
and the condition
d(B/B) = 0. (8.77)

Proof. 1f we require (8.68), then £ya = £ya = Ly = 0, as they are involved in the

structure equations:

dw! = aw' A w? — pw! A w3, (8.78)
dw? = (aw! + aw?) A w?, (8.79)
dwt = (i — p)wt Aw? + (Dw! + vw?) A w? — (aw' + aw?) A w?. (8.80)

So, if 3 functions on a 4 dimensional manifold are annihilated by 2 independent
vector fields, they must be functionally dependent and hence (8.76) holds. To show
the constancy of the ratio, consider (8.70) and its conjugate. This function is real

valued, equating the two yields

C(u— At = C(Ap — ). (8.81)
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from this fact it follows that B/B is constant. Conversely suppose that (8.76) and
(8.77) hold. By assumption C'/C = B/B = X X for some constant C. Hence C'/X is
real and by setting V = C/XA (where A comes from Proposition (8.5.2)) we obtain
a real vector field such that £y = 0 and so £ = 0. For this choice V! = C /& and
so by Propostion (8.5.3) £yw! = 0, applying this fact to the differential of w!:

0= Lydw' = —pw' A Lyuw?.

Thus £yw? must vanish as d€yw' = Ly dw' = 0. O

8.5.1 The G; Spacetimes
To continue we study the conditions imposed by the form of the vector field.

Proposition 8.5.5. There exists a vector field such that
Sywt =Lypw® =0, VI=0,V3#£0; (8.82)
if and only if p = 0. This class of metrics has the form f(¢,u) = F(C) + gC.

Proof. Suppose that (8.82) holds, by (8.73): £ya = —V3au = 0. Thus u = 0. To
prove the converse consider the component V3 = e*™@ by (8.65) the relations (8.71)
and (8.72) follow. To prove the second part, consider the form of u above in (8.56),
if this were to vanish Z,, = 0, and so Z = F(a) for some arbitrary function of (.

Solving for a and integrating yields the desired form: m

Proposition 8.5.6. There exists a vector field such that
Syw' = Lpw® =0, VI£0,V3=0; (8.83)
if and only if A = 1.

Proof. Suppose that (8.83) holds, by (8.73), C' 4+ C — 0 and hence C' = aV'! is
imaginary. Applying (8.70), C' 4+ CA = 0 implying A = 1. Alternatively if A = 1,
(8.70)-(8.73) to hold, it suffice to set V! =i/a, V* = 0. O

In the more general cases where V! and V3 are both non-zero, the above analysis
will not give up results so easily. Instead we will first consider the G| spacetimes
where either A =1and B =0, AA# 1 and B, =0, or AA =1 and B/B is constant.
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Proposition 8.5.7. Suppose that By # 0 and AA # 1, the following are equivalent:
(i) % =k is a real constant and (i) f(C,u) = F(h*¢)h? + g¢

Proof. Let C'=1+ 1k then

B 14
4521_%2 (8.84)
By

implying that B/C' is real valued. Supposing that (i) holds, the equations (8.49),
(8.56) and (8.59) this becomes

A B g - kcha a+a
CAA-1) =S (14 5A) = 04 - (ZCha)cata,

The piece inside brackets is real and holomorphic in a, thus it must be independent
of this complex coordinate,

Lo+ (14 ik)h L, = —2ikh, (8.85)

where hy = hy(u) # 0 is real-valued. Conversely, (8.85) with h; # 0 implies condition
(i). Solving for f . and integrating yields:

Z = F(a— (1 +ik)hy)e 2k
a = (1+ik)hy + F(e¥*2()
-f7CC — h2—',—2ikFv(hikc)7 h _ €2h2
f=FMh*On* + gC.
O
Proposition 8.5.8. Suppose that A # 1, the following are equivalent (i) By = 0 and
(ii) f(C,u) = F(e"C) + gC.

Proof. By (8.49), (8.56) and (8.59), condition (i) is equivalent to

e ((La+2)Ly+Lyu(Ls+2))=0.

where L, # —2 by assumption. To satisfy this, it must equal some real function

multiplied by ¢, simplification gives

Lyihy L, = 2hy
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Solving for f ¢ and integrating twice yields the desired form:

L = F(a+ihg) + 2ihy, hly = hy
Z = F(a + ihy)e*"
a = —ihy + F(e~%h2()
oo = et f(Cemioha)
f=F(e ) +g(, F'=F

[
Proposition 8.5.9. The following are equivalent: (i) A = 1 and (ii) f({,u) =
g1logC + g2
Proof. By (8.59) condition (i) is equivalent to L = —2a + g, hence
Z=e9, —2a=1logC —g, fec=e"C7 f=aglogl+ g
in this case B = p — j1, hence B; automatically vanishes in this case. [

Proposition 8.5.10. Suppose that B; # 0, AA # 1, the following are equivalent: (i)
condition (8.68) holds, (i) Ba/ By = k, AX, = 2X2, and (iii) f(,u) = F(u*)u=?+
96
Proof. Suppose that (i) holds, then the reality of V3 in (8.5.3)

CB=CB

as B # 0 we have pu # 0 as well. Solving for the ratio and factoring out B; we find

B
g_ 1+zB—j
— = =
C 1—23%

Furthermore since X/X = B/B it follows by (8.70)

1 C_C(B+BA)_C+C*A_V3

X X Bii ji

condition (ii) follows by using (8.72) on this expression. To show (ii) implies (iii), we
know by assumption that f(¢,u) = F(u*¢)u=2 + g¢ belongs to a particular Gy class
given in proposition (8.5.7) the equation below (8.84) yields

i B €a+a
X1 M




151
where h; is real valued, applying A to this yields
/
A = (i)

hl - ;1

2u

Therefore,

L. <1+zk:>La:@/<;
' 2u ’ U

by following the same method in proposition (8.5.7) we find h = ™! which specializes
the form of the metric in proposition (8.5.7). Lastly we show (iii) leads to (i), to do
this, set V! = C'/a with C' = 1 + ik while for V3,

1 _
V3 = X = et
Conditions (8.70) and (8.71) follow by (8.65). O

Proposition 8.5.11. Suppose that By = 0 p # 0 and AA # 1. The following are
equivalent: (i) (8.68) holds, (i) AXy =0, and (iii) f((,u) = F(e™¢) + gC.

Proof. To show (i) leads to (ii), notice thatC = aV*' # 0 is a constant such that

Im(B/C) = 0.Since B; = 0 we have C' = i, without loss of generality. Thus V? = X%

and AX, = 0 by (8.71). Next, (ii) implies (iii), by assumption f(¢,u) = F(e™() + g¢

belongs to the class given in proposition (8.5.8), since B = iBy we have

—i 1 B+AB 1-A4A
XQ_X_ B,u N 1% .

By proposition (8.5.8)

e /Xy =—i(2+ Ly)/L,=—1/M

where hy = —2h' # 0 is real. Since AXy; = 0 this implies that h; is a constant.
Lastly to show (iii) implies (i), set V! = C/a where C' =i and V3 = ¢ = —2ke**?,
conditions (8.70) and (8.71) follow by (8.65). O

Proposition 8.5.12. Suppose that AA # 1, the following are equivalent: (i) (8.68)
holds with V' =0, (i) AXy =0 and p =0, and (i) f({,u) = F(¢) + ¢C.
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Proof. To show (i) leads to (ii), we invoke (8.5.5) and note that p = 0 in this case;
next notice that C' = aV'! # 0 is a constant such that Im(B/C) = 0.Since B; = 0
we have C' = 4, without loss of generality. Thus V3 = X% and AX,; = 0 by (8.71).
Next, (ii) implies (iii), by assumption f(¢,u) = F(¢) 4+ gC belongs to the class given
in proposition (8.5.8), since B = iBy we have

—i 1 B+AB 1-A

Xy X Bu wo

By proposition (8.5.8)
eiaia/XQ = —Z(2 + L,a)/L,u = —1/h1

where hy = —2h' # 0 is real. Since AX, = 0 this implies that h is a constant. The
vanishing of y implies L, = 0 so that by integrating for L in the proof of (8.5.8) give
the required form for f(,u). Lastly to show (iii) implies (i), set V! = C'/a where
C =i and V3 = " conditions (8.70) and (8.71) follow by (8.65). O

8.5.2 The G5 Spacetimes

To recover the solutions introduced by Kundt and Ehlers, we impose the condition
(8.69), which will be equivalent to the vanishing of the last triple wedge product
da A da A dv. By Proposition (8.82) the (0,2,...) solution with V3 = 0 belongs to
some particular form of the metric given in Proposition (8.5.9), while the V! = 0
vector field is given by the metric given in Proposition (8.5.12). The remaining (0,2)
solutions are special cases of the metrics in Propositions (8.5.10), (8.5.11). This
specialiation arises from the vanishing of the invariants Y and T which are defined

above.

Proposition 8.5.13. The class of metrics of the form g¢,log( + g2C have da A dau N
dv =0 if and only if: (i)Y =0 and (ii) g» =0

Proof. By Proposition (8.5.6), V = Im(a~'§) annihilates w', w? o and p. Hence the
vanishing of the wedge product is equivalent to £y = 0. By direct calculation (8.51)

(6v)/a — (6v)/a

thus (i) follows from the vanishing of the wedge product. A direct calculation yields

—1lja+2v+ (P + Ap)/a =Y

aY = —go(q1g1)?
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proving that (i) is equivalent to (ii). O
Proposition 8.5.14. The class of metrics with f((,u) = F(u=*)u=? + g2,
k # 0 have da Ada A dv =0 if and only if: (i) T =0 and (ii) ¢’ = 0.
Proof. By proposition (8.5.7) V = X 'A annihilates wl,w?, a and p the Newman-
Penrose equations imply
dloga = aw' + Aaw? — uw?. (8.86)
Thus £/ A = £y X = 0 as well. Let 2 be the invariant defined in (8.52), by proposition
(8.5.3) and Newman-Penrose equations:
06X = —aX, 60X = —aX, AX =2XX,
S(0)X = —4iX5,6(0/X) = (1 —20a)/X
A0/X) = A0/X) —4iXXy/a+ (1 —200)/a=T
where the latter is the invariant defined in (8.53). This proves the equivalence of

the vanishing of the wedge product and (i). A direct calculation shows the final

equivalence of (i) and (ii):
_ 2

X )
T = 4Uylg/1F”(U_ZkC)_l/2

Notice that if ¢’ = 0 this a constant and the term, Cu~27"*( may be absobed into
F(u=*¢). Furthermore ¥ arises as the transformed invariant made by a null rotation

to set Aa = 0. OJ
Proposition 8.5.15. The class of metrics with f(¢,u) = F(e™¢) + ge™( have da A
da N dv =0 if and only if (i) T =0 and (ii)g' = 0.
Proof. By proposition (8.5.8) V = Xl_IA annihilates w', w3, @ and p the Newman-
Penrose equations imply
d(loga) = aw' + Aaw? — pw®.
Thus £y A = £y X = 0 as well. Let 2 be the invariant defined in (8.52), by proposition
(8.5.3) and Newman-Penrose equations:
6X = —aX, 6X = —aX, AX =0,
S(0)X = —4iX5,0(0/X) = (1 —20a)/X
A0/X) = A0)X) —4iXXy/a+ (1 —200)/a=T
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where the latter is the invariant defined in (8.53). This proves the equivalence of
the vanishing of the wedge product and (i). A direct calculation shows the final

equivalence of (i) and (ii):

A

T = 4uX g\ F"(e™¢)/?
O

Proposition 8.5.16. The class of metrics of the form f((,u) = F({) + g(u)C have
da Nda ANdv =0 if and only if: (i) Av =0 and (ii) ¢' = 0.

Proof. By proposition (8.5.5) a multiple of A annihilates w!,w?, o and p. Thus the
vanishing of the triple wedge product is equivalent to (i). Using the metric form given

in (8.5.5), a direct calculation of Av gives
Ap — 672ag//F//

showing the equivalence (i) and (ii). O

8.6 Conclusions

In our search for those vaccuum PP-wave spacetimes in which the fourth-order co-
variant derivatives of W are required to classify them entirely we have produced an
invariant classification of the vacuum PP-wave spacetimes, which will be finer than
the analysis of each spacetime’s isometry group alone. The summary of this invariant
approach to classification is given in tables (8.1), (8.2) - (8.4) and (8.5) which relate
the invariant classes determined in Figure (8.1) to an appropriate lemma in the sec-
tions (8.7), (8.8) and (8.9). Each lemma gives a canonical form for the metric along
with the functionally independent invariants arising at each order and the essential
functionally dependent invariants that are required for the sub-equivalence problem.
Although a particular coordinate system has been chosen for the lemmas and their
proofs to express the functionally independent invariants at each order, their clas-
sifying functions - the essential and non-essential functionally dependent invariants
given in the proof - will hold regardless of the coordinate system chosen as long as

the canonical coframe is used.
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To find the canonical coframe for any PP-wave metric with arbitrary f,((,u), one
chooses a null coframe, then by applying an appropriate spin and boost one may
always set W, = 1. At zeroeth order this reduces the dimension of the isotropy group,
dim(Hy) = 2 and eliminates all functionally independent invariants available from
the Weyl tensor W. At second order, the covariant derivatives of ¥ involve the spin-
coefficients {a, 7} and their conjugates. There are two cases here depending on «

vanishing or not.

e If & # 0 we may use a null rotation to set v = 0, this reduces dim(Hy) to zero
and this will be the canonical coframe. Using the decision tree in Figure (8.1)
one may use the wedge product on the differentials of the spin-coefficients to

determine which invariant subclass the metric belongs to.

e The vanishing of a produces a differential equation for f,(¢,w), so that it must
be of the form (8.45). As null-rotations about ¢ will not affect the invariant
structure, we note the dimension of the isotropy group will be two, dim(Hg) = 2.
Thus we have many choices for our canonical frame in this case. In general these
spacetimes will only require up to second order for the Karlhede algorithm, while
in the special case that v = Constant only first order is required, as depicted

in Figure (8.1).

With the invariant subclass of f,(¢,u) found one may use tables [(8.1), (8.4)] for those
spacetimes with a # 0 and table (8.5) when o = 0. To find the canonical form of the
metric and determine the coordinate transformation used to switch between it and

the original f,. Here are some simple examples that illustrate the approach:

1. Consider f,(¢C,u) = e*CH9< and another metric f(C,u) = f(Ce**) where
f(Z), Z = ¢e*™ is some analytic function belonging strictly to Gy — I11,
i.e., when § # 4a”. By inspection of either table 24.2 in [22] or table (8.1)
it is apparent that f, belongs to this class as well. Is there some coordinate
transform that changes f, to f? To answer this question we need only look at
the first order invariants o and « in both coordinate systems. From (8.112)

and (8.118): a, = «a, while @ # «, implying that the spacetimes are distinct.

2. As we require f(Z) in Gy — II] to be analytic we may always expand this

function as a power series where the coefficients a,, of 2™, n > 0 are functions
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of u. In light of this fact, consider the almost trivial example f(Z) = (Ce?**)"
for n > 0.

e If n =0 or 1, it is always possible to set f(Z) to zero using the coordinate
transformations (8.37) - (8.39). This would violate the constraint that

U, # 0 and so these cases cannot occur.

e If n = 2 this metric belongs to the G — b class with C'; = 2k, these space-
times have no functionally independent invariants and only two essential

constants &, =1, v = %
o If n=m+2, m >0, we see by inspection that this belongs to Go — I11.
Using (8.112) we may calculate a

m _m =
— 7%
“T Y

Taking « and its conjugate we construct simpler invariants

~[3

-1

m2

A= o(0a) =22, B=(a/a)m =2/

we see that Z may be written as

1
m2 —2m  —2(2m+4) \ 2

/= | —aq2mtiq 2m+4 .
16

Solving for f(Z) in terms of v and its conjugate the second order invariants

pand v in (8.112) imply k and m are essential constants.

3. Consider another metric from Gy — I1I, with the analytic function f(Z) =
Zm?2 4 cZ, c € C,and Z = (e*™. These spacetimes have exactly the same form
for @ and its conjugate. Naturally Z(«, @) will be the same, implying m is an
essential constant. Only by looking at the second order invariant v does one

find that k£ and ¢ are essential constants.

4. For any contrived example constructed by taking a canonical form for f((,u)
and applying the permitted Kundt-coordinate transformations in some arbitrary
way, we may always use the above flow-chart to determine its original canonical
form in some coordinate system. And then by comparing the Cartan invariants
in either system determine the constant and functions involved in the coordinate

transformation.
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8.7 (; Spacetimes

By classifying the G; spacetimes according to Cartan invariants instead of the isom-
etry groups, we find several interesting examples. In particular four subclasses of the
PP-wave spacetimes require the fourth covariant derivatives of the Weyl tensor. Prov-
ing that the upper-bound introduced by Collins [36] for vacuum PP-wave spacetimes
is sharp.

The largest and most general G case, (0,2,3,3), where f((,u) is any analytic
function not listed below has the following invariant structure. The first order invari-
ants, a and its conjugate are functionally independent, at second order there can be
at most one new functionally independent invariant. We find one real-valued func-
tion and two complex-valued classifying functions by writing the remaining second
order invariants in term of the three invariants. At third order, regardless of which
invariant is chosen, there will only be one new classifying function not arising from

the NP field equations (8.2) at second and third order respectively:

Da =0, Aa = —pa, da = aa,
D=0, dpu=—ap, Ap—ov=—p®+av.
Dv =0, v =—3av + 1.

Thus, at third order the only new information comes from du or Av or d0a respectively
if u, v or da, is chosen to be the third functionally independent invariant. In total
these spacetimes require at most seven non-trivial real-valued classifying functions in
terms of the three invariants. For each of the possible triples we find the following

classification functions which are not generic to type N vacuum spacetimes:

(o, 0, 1) = (fi, v, 0o, 610,
(0. ) - (7. . 50, Av), (5.87)
(o, &, 6a) : (6@, p, v, 6da).

For spacetimes with (0,1,3,3), there are two cases to consider, with two subcases
each. These arise from A« being zero or otherwise, looking at (8.10) and (8.11), we
note that the subcases of each differentiate between a linear or an exponential form

for ((a,u). This will be reflected in the classifying functions.
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8.71 (0,2,3,3); Aa # 0 case:

Lemma 8.7.1. The PP-wave metric belonging to the Gy — I1 — 0 class will have the

canonical form

f(¢u) = F(gi(w)*)g1(u)? + ga(u)C

where g1 and go are arbitrary complex functions. The functionally independent in-
variants are o, its conjugate and any one of the second order invariants o, p, v and
their conjugates - we will work with X = pdaa=2 — fi from (8.50). These invariants

are expressed in the (a,a) coordinates,

et~ __ _—a—a L,U+L,U4E,&+E,U>
X=e (L,a+L,a+L,aL,a

where ¢ = Z(a,u) = (F") ' (a — Oziil‘:)ln(gl))gl_%k and L = In(Z,).The essential

classifying functions are the remaining second order invariants
po= e og(Za),
- 1ea@
b = afl—=
( 2 Z7a > a7

R (z@) B(a,u) = (¢, u), (5.59)

and the third order invariants 6X,0X and AX.
Proof. See the proof to Proposition (8.5.7). ]

Lemma 8.7.2. The PP-wave metric belonging to the Gy — I11 — 0 class will have

the canonical form

F(¢u) = F(e™¢) + ga(u)(

where g1 and go are arbitrary complex functions. The functionally independent in-
variants are o, its conjugate and any one of the second order invariants o, p, v and
their conjugates - we will work with X = pdaa=2 — [ from (8.50). These invariants

are expressed in the (a,a) coordinates,

a—a __ —a—a L,U+L,U4E,&+E,U>
X=e (L,a+L,a+L,aL,a
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where ¢ = Z(a,u) = F(a —ig1)e 9 and L = In(Z,). The essential classifying

functions are the remaining second order invariants

o= e’“’alog(Zya),u,

-~ B 1 eaf(z
o = « (—2 7. > a,
—a—3a (i)a
v = e Z oy + = ) O(a,u) = f(¢,u), (8.89)

a

and the third order invariants 6X,0X and AX.
Proof. See the proof to Proposition (8.5.8). O

Lemma 8.7.3. The PP-wave metric belonging to the Gy — I — 0 class will have the

canonical form

f(Gu) = gi(u)ing + g2(u)¢

where g1 and go are arbitrary complex functions. The functionally independent in-
variants are o, its conjugate and V where these invariants are expressed in the (a,a)

coordinates

loru 4
n= _Z 3 5
i gi
S = a2, (8.90)
1 1 2 A
v = —a 4= <M_+_M> — g2V,
2\«

and the third order invariants 6V,oV and AV.
Proof. See the proof to Proposition (8.5.9). O

Lemma 8.7.4. The PP-wave metric belonging to the Gy — I — 1 class will have the

canonical form

F(Gou) = Fu™Q)u’ + g(u)(



160

where g is an arbitrary complex function. The functionally independent invariants
are o, its conjugate and any one of the second order invariants da, p, v and their
conjugates - we will work with X = pdaa2 — i from (8.50). These invariants are

expressed in the (a,a) coordinates,

_ len-a  a-a L,u+L,uE,a+E,u>
o= X=e (L,a+L,a+L,aL,a

where ¢ = Z(a,u) = (F") Y a — %ln(u))u‘zik and L = In(Z,).The essential

classifying functions are the remaining second order invariants

v o= e 7% (Z»uu + _(:l> . O(a,u) = f(C,u). (8.91)
At third order,
60X =aX, 6X =aX,
and Re(AX) = AX, has the particular form
AX, = 2X2. (8.92)
Proof. See the proof to Proposition (8.5.10). ]

Lemma 8.7.5. The PP-wave metric belonging to the G1 — I[11 — la class will have

the canonical form

F(Gu) = F(e™¢) + g(u)¢

where g is an arbitrary complex function. The functionally independent invariants
are o, its conjugate and any one of the second order invariants da, p, v and their

conjugates - we will work with X = pdaa2 — i from (8.50). These invariants are

expressed in the (a,a) coordinates,

et~ __ _—a—a L,U+L,U4E,&+E,U>
X=e (L,a+L,a+L,aL,a
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where ¢ = Z(a,u) = F(a —ig1)e 9 and L = In(Z,). The essential classifying

functions are the remaining second order invariants

po= e "og(Z4)u
B 1 ea—&
fo = af--=

“ “ ( 2 Zva ) a

I 6—0,—35, <Z7uu +

) , Pla,u) = f(C u) (8.93)

|
ol ‘QI

At third order
60X =aX, 60X =aX,
and Re(AX) = AX; has the particular form
AX; =0. (8.94)

Proof. See the proof to Proposition (8.5.11). O

8.7.2 (0,2,3,3); Aa =0 case:

Lemma 8.7.6. The PP-wave metric belonging to the Gy — 111 — 1b class will have

the canonical form

f(Gu) = F(¢) + g(u)¢

where g is an arbitrary complex function. The functionally independent invariants
are o, its conjugate and any one of the non-zero second order invariants oc, v and
their conjugates - we work with dov . These invariants are expressed in the (a,a)

coordinates,

ed—a

T (YRR

where ¢ = Z(a,u) = F(a —ig1)e 9 and L = In(Z,). The essential classifying

functions are the remaining second order invariants

po= 0,

- 1er@
b = b —= :
a aro ( 27, ) 3 (8.95)

and the third order invariants ov, év and Av.

Proof. See the proof to Proposition (8.5.12). O
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8.7.3 (0,1,3,3); Aa # 0 case:

Lemma 8.7.7. The PP-wave metric belonging to the G1 —a — 0 class in figure (8.1)

will have the canonical form for f((, u),

1

_ 1eCe= ' () (C—z(u))
= 160" ,C eR.

f(¢ u)

The functions R'(u) and z(u) may be any function except those listed in (8.23) and
(8.24) respectively. Using the special coordinates in (8.3), the functionally independent

invariants are
—a C iR 1 B _
=%l W = R(u) - §ln Zaw)Zuw), X=e"T0

The essential classifying functions are

a = eQCoz_l,

Sa = —a?
po= iR (W)X, (8.96)
v = (4a)t—a <l§ + ?) — 2 W)ae W e=C X2,

Proof. In the (a, a, u, v) coordinate system used in the previous section, these solutions
correspond to those metrics with ((a,u) of the form (8.10) with C} = 7/2 or 37/2
mod 27. By solving for a and integrating with respect to  in the coordinate system
where the (-linear piece of f((, u) has been set to zero we find the canonical form for

the metric. The first order invariants are

—a , / — —
o = e® a€C€ZR(u), Oé:€2COé 1

The second order invariants are then

_ P! ,—a—a _ —a—3a
W= zR,ue , V=12z,6 ,

2

= —p, u:(4a)’1—a(%+%)—V, Sa = —a?.

To continue we construct an appropriate pair of second order invariants, by first
1

making a gauge transformation R'(u) = R(u) + ¥(u) such that € = (2.u/Z )2

C
W —iln ||~ | = R(u).
V «
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Notice that z,,(u) may locally be written in terms of W and hence is a function-
ally dependent invariant, which will be a classifying function for the spacetime. To

determine the second invariant, we use this fact and eliminate this term in V/,

(ST

X: _ _a+ta

vV

The third order invariants are now
SW =0, AW =R, (W)X ! §X=aX, AX=0.

We note that no new classifying functions are introduced at this stage. With the

analysis complete, we may write down the non-trivial classifying functions

a = eQCa—l

po= iR,(W)X!
2 Au

v = (4a) ' —a <M_ + _) — Zu(W)ae W)= Ox =2,
a a

Lemma 8.7.8. The PP-wave metric belonging to the Gy —b— 0 class in figure (8.1)

will have the canonical form for f((,u),

4
£2iC 2 ¢iC0 R (u))e'C1 \ 20CT 11 _9itan
f(C7 u) = 2(627;((71 _31)(4;;201_1) <_( Oe2iC1 +)1 > i (C - Z(U)) 2it (Cl), C() 6 R

If Cy # 0,7/2,7,3m/2 mod 2m the real-valued functions R (u) and z(u) are arbitrary.
If Cy = 0,7 mod 2m, R'(u) and z(u) with z,, # 0 may be any functions except
those in (8.29) and (8.30) respectively. Using the special coordinates in (8.3), the

functionally independent invariants are

—iC'q

iC —iC15 5 e ’ 2
e la4e 1 aezCo R Z wia
o= , U= ’ , X=¢e"%

7
el (u) Z,uu|
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The essential classifying functions are

_ 2iC1  _9;0iC1
af e~ 2ie Co

a = ;
ba = e %2
noo= ei01Rfu((]>X_17
1 C—2) (1 A
= - . — —+— 8.97
v a(e—mcl _ 3) C,a a + & ( )
() e D

AU = U,X "

Proof. Opting for the (a, a, u, v) coordinates, these solutions correspond to those met-
rics with ((a,u) of the form (8.10) with C} # 7/20r37/2mod2n. By solving for a
and integrating with respect to ¢ in the coordinate system where the (-linear piece of
f(C, u) has been set to zero we find the canonical form for the metric. The particular
choice of R and Z in the instances that C, = 0,7/2, 7 or 37/2mod2n are necessary
to avoid those PP-wave spacetimes with invariant count (0,1, 2,3, 3).

The first order invariant o and its conjugate become

—iC

iC —iC1z 4 €
e¢’tate M 1agiCo _ 200, _o;.iC
o = a = ae 16 21e*~1C
- R’(U) 9 - .
e

The second order invariants are,

_ iCh p! ,—a—a _ —a—3a
p=e"rR e , V=2z,e ,

p=e %0y p=— L — (=) (”—,2 - ”) —V, da=e 102

a(e=2C1-3) Ca o a

For ease of calculating the third order invariants, we will pick two new second order

invariants. The first arises from a ratio

2 R12 2
o (2
V]| |27uU|

As before we may express z,, in terms of U, and using this we find the second

invariant at this iteration:

iCh 1

e ZauulU % _

X = —| : | = e?ta,
i
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Calculating the third order invariants,
sU=0, AU=U, X" /X =aX, AX=0.

The remaining functionally dependent invariant arises at third order by expressing

U , in terms of U. The essential functionally dependent invariants are

_ 2iCy]  _9:,iCq
of e 2ie'~1C

o =
no= eiclRfu(U’)}(fl7
1 — 2
- ey (e
a(e_QZCI o 3) C,a « o
—z uu(U) {e*icofl'%’(U)066—21'01 X_l} _9¢2iCy Xfl’

AU = U, X!

8.7.4 (0,1,3,3); Aa =0 case:

Lemma 8.7.9. The PP-wave metric belonging to the G1 —c — 0 class in figure (8.1)

will have the canonical form for f((, u),

C\* 4
fGuy = (F) et W, 242 cer

The function z(u) may be any complex-valued function with z # z. Using the special

coordinates in (8.3), the functionally independent invariants are

o= %, Wy = —iln [jiﬂ . X ="t
while the essential classifying functions are
a = (C%a)™,
da = —a?,
v o= (4a)' — 2 (Wy)CaX 2, (8.98)

AWO — leu(Wo)X_l.

Proof. In the (a,a,u,v) coordinate system, these solutions correspond to those met-

rics with ((a,u) of the form (8.11) with e = 0. By solving for a and integrating with
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respect to ¢ in the coordinate system where the (-linear piece of f((,u) has been
set to zero, we find the canonical form for the metric. The constant in (8.11) is c4,
which is complex, however by using the coordinate freedom this C' may be set to be
real. Equivalently if C' is left as ¢4 our invariants imply that the phase of ¢4 is not a
required constant, unlike its magnitude - to see this replace C' — ¢4 in the following

proof. The first order invariants are

ea—(l
a=-— a=(C%)"

C

The second order invariants are then

dba=—a? pu=0, V=27, v=_(4a)t' =V, da=—a’

To continue we construct an appropriate pair of second order invariants from V and

V, the first will be a function of u only

W, = —iln [(Ca)2 (X)] = —iln [Zj

With this invariant we see that locally z,, may be written in terms of Wy and we

may solve for the remaining invariant from V,

Voo
X — _ 0t
<z7uu(W0)C’a> ¢

At third order the invariants are:
Wy =0, AWy=W,, (WX §X=aX, AZ=0.
The non-trivial classifying functions are then,

a = (C*a)™,
Sa = —a?,
v o= (40)7' = 2, (Wo)CaX 2

AW, = W, (Wy)X!
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Lemma 8.7.10. The PP-wave metric belonging to the Gy —d—0 class in figure (8.1)

will have the canonical form for f((,u),

(—4iCo (¢ — Z(u))4iC’0

pum— ]R
(&) (2 —16C3 — 12iCy) GG

with C,Cy # 0 and 2., # ePWAHC)  Using the special coordinates in (8.3), the

functionally independent invariants are

142iCp \ -
+(rich)
T\ T=2icy )

— a Z uu —a
C , R = |Z,uu|6 2(a+a)7 pP=./z e(a 9,

Zuu

o =

The essential classifying functions are

N 14+2iCq

o = O op(F)
o = o (‘0)

142iCy

141420
v = (4a)"' - RP, (8.99)
AR - RS R.(o,R, P) 7
|2.uwu(a, R, P)|
AP — R% Pu(aaRap)
|2 uu(a, R, P)|

Proof. In the (a,a,u,v) coordinate system, these solutions correspond to those met-
rics with ((a,u) of the form (8.11) with € # 0 and Cy # 0. By solving for a and
integrating with respect to ( in the coordinate system where the (-linear piece of
f(¢,u) has been set to zero, we find the canonical form for the metric. The constant
in (8.11) is ¢4, which is complex, however the form of f((,u) allows for either the
magnitude or phase of ¢4 to be removed - in this case we opt for the magnitude.
This arises from the fact that there are only two essential classifying functions for the

three constants. To avoid the subclass of these spacetimes with an invariant count

(0,1,2,3,3) we require that z(u) # eB@W1+iC) ) ¢ R

()
o= ",

142iCy )

a = (C) 1721‘00)(0)—1&(1—21'00 ]

The second order invariants are then

SOK =’ (i:—gg) y M= 0, V= Z,uueiaigaa V= (404)71 - V.
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To construct a set of invariants with the simplest third order functionally dependent

invariants, we look at the polar representation of V

R = |z,le 2040, P = [Zteled)

Z

At third order we find the following relations,

SR = —2Ra, AR =Rz RuleRP)
“ |2,uu(c,R,P)|

§P = Pa, SR =—aR, AP =Rz Pu@RP)
|2,uu (e, R,P)|

In summary the non-trivial classifying functions are,

14+2iCy 142iCy )

a = (C)(”%)CSO)_IO‘(%7
S = o? (10,

1+ i2C,
v o= (40()_1—R%P,
AR = R% Ru(a,R,P) 7
v/ Zuu(a, R, P)|
AP = R% Pu(Oé,R,P)
|2,uu(a, R, P)]

]

Lemma 8.7.11. The PP-wave metric belonging to the G1 — dy — 0 class in figure
(8.1) will have the canonical form for f((,u),

f(Cu) = e (¢ — 2(u)), C,€R

and z # z='. Using the special coordinates in (8.3), the functionally independent

invariants are

ea+&

F -
o = e—1CH RO - ‘Z,’u/u’; P = /Eyuu e(a a).
,uu

The essential classifying functions are

40)"' — RP, (8.100)
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Proof. In the (a,a,u,v) coordinate system, these solutions correspond to those met-
rics with ((a,u) of the form (8.11) with € # 0 and Cy # 0. By solving for a and
integrating with respect to ( in the coordinate system where the (-linear piece of
f(C, u) has been set to zero, we find the canonical form for the metric. The constant
in (8.11) is ¢4, which is complex, however the form of f({, ) allows for magnitude of
¢4 to be removed, but not the phase. This arises from the fact that the term ¢4 /¢, is
involved in the classifying functions. To avoid the subclass of these spacetimes with
an invariant count (0, 1,2, 3,3) we require that z(u) # z(u)

ea+a

o = s
C4

o= (64)(04)7104.
The second order invariants are then

oo = 042, w= 0, V= Z,uue_a_gaa V= (4Q)_1 - V.

To construct a set of invariants with the simplest third order functionally dependent

invariants, we construct an invariant dependent on u only,

W, = JVV(e“a)™? =

To construct a set of invariants with the simplest third order functionally dependent

invariants, we look at the polar representation of V, however in this case R may be

scaled to be a function of u only
Ro = |z|, P = ’fvﬂe(a—a) ;
At third order we find the following relations,

Ry =0, ARy = (ea) 'R,
P =Pa, 0R=—aR, AP = (¢“a)"'P,

In summary the non-trivial classifying functions are,
a = acla,
da = a?,

(4a)”! — RP,
ARy = (¢%)7'R,,

(e“a)”'P,

eiCa)
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8.7.5 (0,1,2,3,3); Aa # 0:

Lemma 8.7.12. The PP-wave metric belonging to the Gy —b—1 class in figure (8.1)

will have the canonical form for f((,u).

F(Cu) = C2E N e 4 e 20 e 0 Cy, Cr €R

4u? u?

where Z # Cyln(u). Using the special coordinates in (8.3), the functionally independent

invariants are
a = Cue e W, =Z(u) —i(a—a), AY=2Z,.

The essential classifying functions are

— 2iCo

a = e a,
uo= (eicoa)—17
1 1 (12 Ap
- 4=, =7 8.101
. 2a+2<a+'a (8.101)
6010261W1
 e2iCop2

AY = CuY,(e“a) X1

Proof. Opting for the (a, a, u,v) coordinates, these solutions correspond to those met-
rics with ((a, u) of the form (8.10) with C) = 0 or # mod2m given in lemma (8.3.6),
the coordinate transformation (8.19) was used to remove Z and set the (-linear term

of f(¢,u) to be z,,. The first order invariant a and its conjugate become

a = Cue @t q = %C0q,
The second order invariants are,
U= (610004)_1’ V = 602322(1) —a—?:a7
Vz—ﬁ—%(%—l—%)—V, da = o

Instead of V we use the following second order invariant

W, = —iln (@) =Z(u) —i(a—a),
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from which we have the following third order invariants
SW, =ia, AW, = CuZ,(e%a) L.

Solving for Y = uZ,, produces the last candidate for the third functionally indepen-
dent invariant. In general this will be the case, except when the triple wedge product

of @ Wi and Y vanish. Calculating this condition we find a differential equation for

Z:
Z = CQZ?”L(U) + Cg,

implying that Y = C' so that these are G5 spacetimes, and so we must avoid this
particular Z to have the desired invariant count. The remaining functionally depen-
dent invariant arises at fourth order by expressing Y , in terms of Y.The essential

functionally dependent invariants are then

_ £2iCo

a = « ,

Hz — <€i00a>—17
1 1 p® Ap

v = + ==+ —
2x 2<a Q
6010262'W1

e2iCon2

AY = Y,(e%a) X

8.7.6 (0,1,2,3,3) ; Ao =0:

Lemma 8.7.13. The PP-wave metric, expressed in terms of a canonical coframe and

belonging to the Gy —c—1 class in figure (8.1) will have the canonical form for f((,u),
2

F(Cu) = (1]66é(o 4 ez‘coez(u)C7 C,Cy € R,

and eZ # Coln(u), Cy € R. Using the special coordinates in (8.3), the functionally

independent invariants are
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The essential classifying functions are

a = C?a ™t
v = (4a)7! = PZX0C00UE, (8.102)
AYy = (Zue 7)ue 2 U,

Proof. This corresponds to Aa = 0 case in Section (8.3) when € = 0 from the proof of
Lemma (8.3.7) where the coordinate transformation (8.19) was used. By a rotation
in the (¢, ¢)-plane the complex constant in equation (8.11) may always set to be real.

The first order invariants are

The second order invariants will be,
p=0, V=cZe 3 1= (4a)7" — OV, ja=—a?

from V we construct another real-valued invariant
— l g =
U0:<VV)4 — e2 a—a
The original invariant V must be expressed in terms of o, Uy and some third order

invariant arising from the frame derivatives of Uy:

1
§Up = —aU,, AU, = 5Z,ue*%Ug;

SN

so that at third order the last real-valued invariant will be,Y, = Z e 2. Taking the

frame derivatives of this yields the final set of classification functions
0Yo = 0,AY) = (Z,e7) e 7 U,
The non-trivial classifying functions are:

a = O 27!

v o= (4a)7! — 20O UE

Z

AYy, = (Z,e3),e 37U,
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Lemma 8.7.14. The PP-wave metric belonging to the Gy —d—1 class in figure (8.1)

will have the canonical form for f((,u),

C—4iCo (C)4i00

(2= 1602 — 12iCy) e AC-DZwe 0y R, ¢ €R
o 0 — 0

f(Gu) =

with C,Cy # 0. Using the special coordinates in (8.3), the functionally independent

invariants are

1+4-2:C _
ea+<1*2ng)a (=4Co+1)Z(u) ,—a—3a —a—a
a=———"—,V=e e , We=17,e )

The essential classifying functions are

142iCy 142iCq

o - ) 0 (i58),
S = o (‘“))

1+ 12C)
v = (4a)t -V, (8.103)
Zuu
AW, = —ZW,
(8.104)

Proof. In the (a,a,u,v) coordinate system, these solutions correspond to those met-
rics with ((a,u) of the form (8.11) with ¢ # 0 and Cy # 0 produced in the proof
of Lemma (8.3.7) where the coordinate transformation (8.19) was used. It is always

possible to make C' real-valued, using a rotation in the (¢,¢) plane.

a_( 1-2iCq )a
e TF2iCq

C )
142iC 1+2iC )

o= (C’)(l—?ico) (C’)*la(l—?ico

The second order invariants are then
S = a? (%) , =0, V=lHiCorNzZwe=a=3a y, — (40)~1 — ¢ V.
At third order the frame derivatives of V are

5V =—aV, 6V =-3aV, AV = (-4Cy+ I)W,V.

Solving for Wy, its frame derivatives produce the fourth order invariants

Wy = —aW,y, AW, — ZZ’“Q“WQ.

U
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Thus the essential classifying functions are

[ 1+42iCg 142iC
a = (C>(1—2z‘co> (C>71a(1—2100>
= 1 —142C
— 2 0
o= o (1 +z’200> ’
v = (4a) ' =V,

ZUU
AW, = W,

N7

)

(8.105)

]

Lemma 8.7.15. The PP-wave metric belonging to the G1 — dy — 1 class in figure
(8.1) will have the canonical form for f((,u),

e2iC

F(Gu) = =SIn(Q) + e@e?M¢, €, Co e R

and Z(u) # Cyu, Cy € R. Using the special coordinates in (8.3), the functionally

independent invariants are
a = ea—i—z’zeiC” 7 — ez’Z(u)e—%’ Yl — Z,u

The essential classifying functions are

v = (4a)t —e®Z(Ca)?, (8.106)
AYl = YLU(CO[)_I.

Proof. This belongs to the final case in Section (8.3) with € = 1 and C5 = 0, where we
have used the coordinate transform (8.19). A rotation of (¢, ¢) the complex constant
in equation (8.11) may always set to be real-valued and positive. The first order

invariants are

a = el g =%,

The second order invariants will be,

p=0, v=_4a)' =NV, V=¢Ze03 §o =0a?
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from V we construct another functionally independent invariant,
Z = CaV = ¢eZe 2,
The only relevant third order invariants arise from the frame derivatives of X
6Z =0, 0Z=—2aZ, AZ=1iZ,(Ca)™?

Finally, we produce the third functionally independent invariant as a real-valued
function of u, Y, = Z,,. Frame derivatives of Y yield the non-trivial fourth order

invariants

Y1 =0, AY; = Z,,(Ca)™".

8.8 All G, Spacetimes

8.8.1 (0,2,2); Aa #0:

For this class of spacetimes, an analysis of the vanishing of the necessary wedge
products does not readily produce tractable equations. However if one considers the
fact that a killing vector must annihilate all invariants, and that all invariants may
be expressed in this subcase in terms of @ and & : the normalization Aa = 0 via a
null rotation about ¢ will be a helpful choice as it will then be a linear combination

of Killing vectors.

Yo" _
= B = A —p, (8.107)
X = BJ(AA-1), (8.108)

The X invariant will only be applicable in the case AA # 1 B # 0, implying that
1 # 0. We study the case where A = 1, u # 0 first, and study the p = 0 case last.

Lemma 8.8.1. The PP-wave metric belonging to the Gy — I class in figure (8.1) will

have the canonical form for f((, u),

f(¢u) = g(u)in(C),



176

where g(u) is complex valued. Using the special coordinates in (8.3), the functionally

independent invariants are o and its conjugate,

po— —ifuy
445
sa = o, (8.109)
1 1 2 A
v = a1+<“+“>
2\« o7
Proof. See the proof to Proposition (8.5.13). ]

Lemma 8.8.2. The PP-wave metric belonging to the Gy — II class in figure (8.1)

will have the canonical form for f((, u),

F(¢u) = u"?F(cu™),

where F is a complex valued function of one variable and k € R. Using the spe-
cial coordinates in (8.3), the two functionally independent invariants are o and its

conjugate,

where ¢ = Z(a,u) = (F") (a — %ln(u))u*%k and L = In(Z,). The essential

classifying functions are the second and third order invariants

po= e og(Za)u

-~ 16117&
sa = al--
“ a( 2Zva>a

T e—a—?@ (Zyuu +

@,

) , Dla,u) = f((u). (8.110)

a

At third order, there is another constraint aside from
§X =aX, 6X =aX, Re(AX)=AX,

that determines this class, given D given in (8.52) one requires that T (8.53) must
vanish:

A —

T = AW/X) — 20+ 1/a — 4iXXs/a = 0. (8.111)
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Proof. See the proof to Proposition (8.5.10). O

Lemma 8.8.3. The PP-wave metric belonging to the Go — II1a class in figure (8.1)

will have the canonical form for f((,u),

(G u) = F(Ge™),

where F is a complez-valued function of one variable and k € R. Using the special
coordinates in (8.3), the two functionally independent invariants are o and its conju-

gate,

—_1
O="37Z.

where ¢ = Z(a,u) = F(a —ig1)e 9 and L = In(Z,). The essential classifying

functions are the remaining second order invariants
7(1 a
o= log (Z4)
B e~ a
oo = «@

—a—3a
v = e Loy + =
( 7

a

) B(a,u) = F(C,u) (8112)
At third order, there is another constraint aside from
6X =aX, 60X =aX, Re(AX)=0

that determines this class, given D given in (8.52) one requires that Y (8.53) must

vanish:
T=A(p/X)—20+1/a —4iXXs/a = 0. (8.113)
Proof. See the proof to Proposition (8.5.11). O]

8.8.2 (0,2,2); Aa =0:

Lemma 8.8.4. The PP-wave metric belonging to the Gy — II11 — 1b class will have

the canonical form
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The functionally independent invariants are «, expressed in the (a,a) coordinates,

ed—a

Za

— 1
a=—5

where ¢ = Z(a,u) = F(a —ig1)e 9 and L = In(Z,). The essential classifying

functions are the remaining second order invariants

po= 0,

_ 1€a—d
Sa — al—= 8.114
o a( 22@) | (8.114)

)

P (‘IZ’) B(a,u) = £(C,u)

At third order there is one more invariant that determines this class

Av = 0. (8.115)

Proof. See the proof to Proposition (8.5.16). ]

8.8.3 (0,1,2,2):

Lemma 8.8.5. The PP-wave metric belonging to the Go —a — 0 — 0 class in figure
(8.1) will have the canonical form for f((,u)

4
) < iC1 ] T30y 1 —iCu
B (2101 41)2 —(e€0eC%) ™ | 2O Loitan(Cy Emn)
f(C’ U) — (627;01 73)(62240171) e2iC1 11 C (C1) -+ Co€ ( 1)(7

where C,Cy,C; € R and ¢y € C. Using the special coordinates in (8.3), the two
functionally independent invariants are o and p
at+e 2C1g [ —iCy Cu —e i —iC1 ,—a—a
a=e (e e ) , p=Ce e .

The essential classifying functions are

_ _ C
& = (e 20a)™

ji= ey,
V=gt wd (5 + )
. . . i . —_—— L
B [((e—iC())e’ZCl ae—iC1 C—lu)3(ezco)e C1 aeiC C_lﬂ} 25in(C1) 7 (8.116)

Ap = 0.
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Proof. This metric function arises in the analysis in section (8.3) from (8.10) where
R, =0,Cy#0,7/2,31/2,m mod 2m and Z, = Zy, in (8.27). By direct inspection
we find that for this f({,u) at first order the invariants are:

76_1'01

o = eate 1a (e‘icoecu) . @ = (e 20q)e

while at second and third order we have,

_ —iC1 ,—a—a _ 2
= _Ce e , o= a”,

« «

1 1 2 A
v =g+ md (5 + )
1
_ [((efzco)e 1 aefzc'l Cfllu>3(6100)e 1 aezcl Cflu] 2sin(Cq) ’

o =—ap, Ap=0.
O

Lemma 8.8.6. The PP-wave metric belonging to the Go —a — 0 — 1 class in figure
(8.1) will have the canonical form for f((,u)

CQitan(Cﬁ)

) 4
f(C u) _ (eQ’LCl + 1)2 _(eiCOC3uC)elcl e27,(3'1+1
’ (62iC1 _ 3)(62i01 _ 1) 627:01 + 1

i(sin(Cq )+'iln(C3)+ieicl )
—FCzU sin(Cq) ,

where C,Cy, C1,C5 € R and ¢y € C. Using the special coordinates in (8.3), the two

functionally independent invariants are o and p

—iCy

—2iC17 [ _; —e 1 e
o = ea—i—e la (6 zC’OeCu> TS OU 162016 a—a.
The essential classifying functions are
— _ 21C'
a = (e 2Coq)™
= _ 2iC
po= e,
1 1 v A
V_4a+e2i01+1 (a + &)
1
. _iC . _ ; iCy — —1—1| 2sin
B [((e ZC())e Lae—iC10 1u)3(ezco)e LaeiCio 14 2 (01)7 (8.117)

Ap = C~Lei® 2,
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Proof. This metric function arises in the analysis in section (8.3) from (8.10) where
R = Cin(u) + Cs, C1 # 0,7/2,37/2,m mod 27 and Z; = Zy, in (8.28). By direct
inspection we find that for this f(¢,u) at first order the invariants are:

X _—1Cq .
a = ea—&-e’?’clﬁ (e—iCoeCu) € , a = (6—20()&)62101

while at second and third order we have,

p=Cute e jo = a?,
— 1 1 u o Ap
V=1a T &g (a +3

_ [((e—iCo)e—icl ae—iclc—llu)?)(eico)eifh o‘zeiclc_lﬁ} ~ T ’

op = —ayp, Ap=Ctelp2
]

Lemma 8.8.7. The PP-wave metric belonging to the Go —a — 0 — 2 class in figure
(8.1) will have the canonical form for f((,u)

1 4¢C0 (C—i—C)eiCl“
F(Gu) = teeme ,

where C,Cy,C; € R. Using the special coordinates in (8.3), the two functionally

independent invariants are o and p

a—a —iCiu+Coh —a
e Y

a=e pu=1iCre *
The essential classifying functions are

a =21

v =1+ b (In(Z4%) — In(16¢e3?)), (8.118)
Ap =

Notice that the constant found from v is the ratio %, reflecting the coordinate freedom

in u for fizing constants. This allows one to either scale Cy or C' to be equal to one.

Proof. This metric function arises in the analysis in section (8.3) from (8.10) where
R, =0,Cy =7/2,37/2 mod 21 and Z, = Zy, in (8.24)- fixing these constants we

relabel the remaining constants to have lower index numbering. By translating v we
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may set ¢ € C below to be real-valued. By direct inspection we find that for this

f(C,u) at first order the invariants are:

o = ea—ae—iC&u—I—Co7 a = 620004_1.
while at second and third order we have,
p=1iCe "% So = —a?,
V= i + %(ln(_gf‘) — In(16ce30)),

op = —ap, Ap=0.
O

Lemma 8.8.8. The PP-wave metric belonging to the Go —a — 0 — 3 class in figure
(8.1) will have the canonical form for f((,u),

1 4600 (C+C)uicl
f(Gu) = T6e20o o2 -

Using the special coordinates in (8.3), the two functionally independent invariants are

a and
o = ey I = 72'0164175'
’ u
The essential classifying functions are
a = 620004_1,
1 W2 Cy+i,, —ua
= —+ — [ —In(16 2C 8.119
v 40é+20_é 201 (n( Cl ) n( C)+ 0)7 ( )
: 2
i
Ap = —.
H )

Proof. This metric function arises in the analysis in section (8.3) from (8.10) where
Ryu # 0, Cy = 7/2,317/2 mod 27 and Z; = Zy, in (8.24) - fixing C) we relabel the
remaining constants to have lower index numbering. By scaling v and translating
z and v appropriately one may set the complex constant ¢ in the following proof to
be real-valued. By direct inspection we find that for this f({, ) at first order the

invariants are:

o = ea—aecou—zC'l’ a = 620004_1.
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while at second and third order we have,

; —a—a =
’uzzcleu 7 5@2—042

)

2 4 — o
= b+ G In(4) — n160) + 26y
_ iu?
5,U = —apu, A:u = 51 :

O

Lemma 8.8.9. The PP-wave metric belonging to the Gy —b — 0 class in figure (8.1)

will have the canonical form for f((, u),
f(¢u) = —e*Ce M Wing,

where R(u) is real-valued. Using the special coordinates in (8.3), the two functionally

independent invariants are o and pu

T
The essential classifying functions are
a = e
v=b 4 L& 4 Ay (8.120)

Proof. This metric function arises in the analysis in section (8.3) from (8.10) where

Zyuuw = 0, C1 = 0,7 mod 2m and R is arbitrary. For this f((,u) at first order the

invariants are:

while at second and third order we have,

p=—R,e™"% fa=a
2 A
2 ol T3

a )

AN — _R,uue—Qa—Qé.

V=
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Lemma 8.8.10. The PP-wave metric belonging to the Gy —b—1 class in figure (8.1)

will have the canonical form for f((,u),

e2iCOZnC

2 —2+41Cy _iC"
f(Cu)=u <402 + Ciu e 3) )
Using the special coordinates in (8.3), the two functionally independent invariants are

aand V

o = 6a+ace—zCou V: 6_G_3QU_2_102.

)

The essential classifying functions, are

a = %% q
. C
lu - eiCOCY’
v = (2a)7' + Ce v, (8.121)
C
AV = —(2+4iC3)V

eiCogy’
Proof. By direct inspection we find that for this f(¢,u) at first order the invariants

are:
a=eCeCu, a = ¥%a.
while at second and third order we have,
Vo= 073y 20y = S0y = (20) 7+ C1e DV, da = o
§V =-aV, 6V=-3aV, AV =—(2+iC)V=5.
O

Lemma 8.8.11. The PP-wave metric belonging to the Gy —c—0 class in figure (8.1)
will have the canonical form for f((,u),

4

o€
J(Gu) = C* + e

Using the special coordinates in (8.3), the two functionally independent invariants are

aand V
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The essential classifying functions, distinguishing one spacetime in this class from

another, will be:

a= =, v=_(4a)t - V. (8.122)

C2a

Proof. This metric function arises in the analysis in section (8.3) from (8.11) where
e = 0 and Zj 44, = 0, then by translating ¢ one may absorb the phase of the complex
constant ¢, and make it real-valued. By direct inspection we find that for this f((, u)

at first order the invariants are:

ey 1
o = — o= —
C C?«
while at second and third order we have,
V=% fa=—a?

pw=0, v=(4a)™t — )V,
6V = —aV, 6V =-3aV, AV =0.

]

Lemma 8.8.12. The PP-wave metric belonging to the Gy —c—1 class in figure (8.1)

will have the canonical form for f((, u),

f(Cu) = 6 T2
Using the special coordinates in (8.3), the two functionally independent invariants are
e e -1_—a—a
o = —, U = U e .
I 1

The essential classifying functions are

a= g, v=(4a)"' = CUia. (8.123)

Proof. This metric function arises in the analysis in section (8.3) from (8.11) where
¢ =0 and Z; ., = Cu~?, by rotating the ¢ coordinates, we may shift the phase of ¢4
onto the (-linear term. By direct inspection we find that for this f(¢,u) at first order

the invariants are:
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At second order we have the usual invariant V. = u=2e-%73% however instead of V

we work with the invariant U; = /| V|,

We may write V = CU%a. The functionally dependent invariants are
p=0, v=(4a)"" — cCUq, dar = —a?,
while at third order we find,
§U, = alU,;, AU, =-U2
[

Lemma 8.8.13. The PP-wave metric belonging to the Go —d —0 class in figure (8.1)
will have the canonical form for f((, u),
C2 C 21Cq
=—|= C
H&w =1, <c> + Gt
where Cy,C; € R, ¢ € C and Cy # 0. Using the special coordinates in (8.3), the two

functionally independent invariants are

14+i2C7 \ =
6“6( T—2iC; )a
a=C""" W, = e
C

The essential classifying functions are

1-2iCy

=) TF2i0,
. @
C
120y,

y = ((1_22,0)(4@) —CyVa, (8.124)

1200

oo = (1+2z‘01>a'
AW, = 0

Proof. This metric function arises in the analysis in section (8.3) from (8.11) where
€ # 0 and Zy 4, = 0. For this metric function f({,u), at first order the invariants

are

1+i207 |- 1-2iCy
eae( T30, )% _ _ (¢ar) TH20C1
a="—7—— a=a="r
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At second order we have the usual invariant V. = e~ 2739 however instead of V we
work with the invariant Wy = /| V|,
Vv .
W4 = —_ = ea_“.
A
. —(1-2iCq) _ . —(1-2iCy) .
We may write V.= (aW4)" 2 (3;)~ 2 . The functionally dependent second

order invariants are

142iCy

n=0, v= (M) (4a)"! — CyVa, da = (172101) ol
Taking the frame derivatives of Wy, the third order invariants are

If C; = 0 in the above case, the form of f((, u) changes slightly, f(¢,u) = —C’an(%)—i—
coC. However, by direct inspection, we see that this is a particular instance of the

next subcase. O]

Lemma 8.8.14. The PP-wave metric belonging to the Go —d —1 class in figure (8.1)

will have the canonical form for f((, u),

C2 C 2iC ) ;
- (5 e
f(C7u) 4012+2ch (C) +COU ga

Using the special coordinates in (8.3), the two functionally independent invariants are

14i2C7 -
a,(T5e7)a ;
e’e 1 B, W =
a=—— V=u #racy g3,

c

The essential classifying functions are

1-2iCy
oy 1F2i0;
NGl
c
L1200,
1200
oo = <1+2@Cl>a'
7 - 1
AV — —(2 )VV -3
+ 36 (Vvv)
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Proof. This metric function arises in the analysis in section (8.3) from (8.11) where
€ # 0 and Zy 4, = cou 2 %7 . For this metric function f(¢,u), at first order the

invariants are

144207 1-2iCy
eae 2O (g TFEC)
a="—"73 - e=a= """

—a—3a

At second order we have the usual invariant V. =e¢ . The functionally dependent

second order invariants are

p=0.v = (138) ()" — oV, do = (1535

Taking the frame derivatives of V, the third order invariants are

0V =—aV, 6V ==3aV, AV =—(2+ ;5V(VV)i.

N

]

Lemma 8.8.15. The PP-wave metric belonging to the Gy — dy — 1 class in figure
(8.1) will have the canonical form for f((,u),

F(Gu) = e Cn¢ + Creie.
Using the special coordinates in (8.3), the two functionally independent invariants are
o= efiCea+a W5 —_ engueafEL,

the essential classifying functions are

a = e2icoz,
v = (o) '+ 1V,
AW, — ZC? W
ca

Proof. This metric function arises in the analysis in section (8.3) from (8.11) where
e#0,C3=0and Z,, = coe’®¥ | a scaling of u sets the magnitude of ¢4 equal to 1
and a rotation in the (-plane sets C} to be real-valued. For this f((,u) at first order

the invariants are:

_ iCa+a = 2iC
a=e%e’ a

I
o
o)
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At second order we have the usual invariant V = e!“%e=2=3% however instead of V

VvV ) _
W5 — _ ezCouea—a'
V V

We may write V = CQ’VTE’QQ The functionally dependent second order invariants are

we work with the invariant,

p=0, v=(4a)" +C\V, da = a?
Taking the frame derivatives of W3, the third order invariants are

(5W5 - C_kW5, AW5 - M.

eCa

8.9 All G3 Spacetimes with « # 0

By imposing the condition that only that the invariant arising at second order is
functionally dependent, a subset of the G5 solutions produce G3 solutions: Gs-c-0
arises from Gs-a-0-2, G-c-0 and Gy-c-1; Go-b-0 and Ga-b-1 yield G3-b-0; Gs-d-0,
G9-d-1 reduce to G3-d-0; and Ga-dy-0 gives G3-dp-0. Thus we have found the four
subcases introduced by Kundt and Ehlers, although with different constants in two

cases.

8.9.1 (0,1,1):

Lemma 8.9.1. The PP-wave metric belonging to the Gg —b— 0 class in figure (8.1)

will have the canonical form for f((,u),

f(C’u) e <e2iCOZnC> .

4C?

Using the special coordinates in (8.3), the functionally independent invariant is
o = etTICe ™00y,

The essential classifying functions, are

. C
a=eM% a p= : (8.126)
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Proof. By direct inspection we find that for this f(¢,u) at first order the invariants

are:
a=e 0, a = *%Pa.

while at second order we have,

=5~ v=(2a)"", da=a

eiCoq?
[

Lemma 8.9.2. The PP-wave metric belonging to the G3 — ¢ — 0 class in figure (8.1)

will have the canonical form for f((,u),

ec
f(C,U) = CQTG

Using the special coordinates in (8.3), the two functionally independent invariant is

a—a

C

u

o =

The essential classifying function, distinguishing one spacetime in this class from

another, will be:

&= g (8.127)

Proof. By direct inspection we find that for this f(¢,u) at first order the invariants

are:

while at second and third order we have,

ba=—a?, u=0, v=_(4a)"".
[l

Lemma 8.9.3. The PP-wave metric belonging to the Gy —d — 0 class in figure (8.1)

will have the canonical form for f((,u),

C2 C 2iCo
f(Cu) = m (c) )
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where Cy € R, ¢ € C and Cy # 0. Using the special coordinates in (8.3), the

functionally independent invariant is

144207 | -
(1—21'(71 )a

ee
o= —

C

The essential classifying functions are

1—-2iCq
(¢a) TH2ICY

C

a= , oo = G;gzgi) a?. (8.128)

Proof. For this metric function f(¢,u), at first order the invariants are

14i2Cy 1-2i0;
eae< T30, )% _ _ (ea) TF2CY
o = 76 s a=0 = —-

[

At second order we have the usual invariant

— _ [ 1+2:Cy -1 5, _ (1=2iCy 2
p=0,v= (1—2iC’1) (4a), da = (1+2iCl) .

Notice that there are two invariant classifying constants, this is due to the fact that
by bringing in the constant into the bracketed term one may absorb the phase of this

constant by making a coordinate transformation O]

Lemma 8.9.4. The PP-wave metric, expressed in terms of a canonical coframe and

belonging to the G — dy — 0 class in figure (8.1) will have the canonical form for
f(C? u)7

(¢ u) = e~ Ing,

Using the special coordinates in (8.3), the one functionally independent invariant is

a=aq=eCerta
The only classifying function is then
a =¥ (8.129)

Proof. By direct computation, the first order and second order invariants are:
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Lemma 8.9.5. The PP-wave metric belonging to the Go —dy — 1 class in figure (8.1)

will have the canonical form for f((,u),

F(Cu) = e#CIng.
Using the special coordinates in (8.3), the functionally independent invariant is

o =e et

The essential classifying functions is

Proof. For this f((,u) at first order the invariants are:

o = ¢Cetta G = 2Cq

At second order we have the usual invariants

pw=0, v=(4a)7!, da = a?



Chapter 9

Applications of Cartan Invariants to the

Plane Waves

This chapter is based on:

A. Coley, R. Milson, D. McNutt (2012). Vacuum Plane Wave Spacetimes: Cartan
Invariants and Physical Interpretation. CQG Vol 29, Issue 23, pp 235023-235034.

(© IOP Publishing. Reproduced by permission of IOP Publishing. All rights reserved

9.1 The Plane wave spacetimes and Cartan Invariants

The plane waves were introduced by Rosen [3] in 1937 to describe wave-like solutions
to the Einstein equations. However, due to the choice of coordinates, Rosen concluded
that these metrics were unphysical due to singularities in the metric components.
Upon further analysis these singularities were shown to be coordinate dependent
and easily eliminated by a change in coordinates, [0, 7]. In 1961 the plane waves
were shown to belong to the class of PP-wave spacetimes® [9, 11] describing pure
radiation far from an isolated source; these were originally studied by Brinkmann
in 1925 as a special case of those Einstein spaces which are related by conformal
transformations, with the Ricci scalar vanishing [2]. In fact the complete family of
PP-waves were outlined in this paper for arbitrary dimension. Despite certain global
problems; like closed null geodesic curves [14], these spacetimes have been studied in
classical Relativity as well as its generalizations [50, 33, 54].

In a PP-wave spacetime, all polynomial scalar invariants vanish [55]; therefore, to
classify such spacetimes we need to apply the Karlhede equivalence method [95, 94].
To calculate the Cartan invariants for a given spacetime one chooses a canonical
null tetrad where the Weyl tensor component has been normalized (i.e., ¥y = 1) by

making a specific spin and boost. The first order Cartan invariants in the Karlhede

!These are Petrov type N spacetimes admitting a covariantly constant null vector, .

192
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algorithm arise as components of the first and second order covariant derivatives of
the Weyl tensor W. As W, is constant, these additional invariants take the form of the
spin-coefficient «, v, and their conjugates a,y which are introduced at first order as
components of the covariant derivative of the Weyl tensor. To study the plane waves,
we assume « = (0. It should be noted that the canonical frame is not unique, as a
null rotation about ¢ leaves ¥4 = 1 and v invariant. We add a subscript ¢ to indicate
the fact that these are spin coefficients relative to this class of canonical coframes (in
which U, = 1), and hence Cartan invariants as well.

Following the analysis in the previous section, at second order the plane waves offer
only one new Cartan invariant, A~. as all of the remaining second order invariants
vanish, i.e. p. =v. = dae = 0. This is reflected in the Newman Penrose equations,
where by setting these invariants to zero one may show that dv. = D7, = 0 implying
that 7. is a function of u only. From these facts we have a helpful proposition to

classify the plane wave spacetimes

Proposition 9.1.1. A plane wave spacetime may be locally described in an invariant
manner, using the triplet of Cartan invariants {e, ¥e, Av.}, where the remaining two
invariants are expressed in terms of v. and hence do not change in any coordinate

system.

In the cases where . is non-zero and constant,then relative to Brinkmann coordinates,
one may show that these are the G spacetimes given in table 9.1. Assuming 7. is non-
constant, we note that 7, is a function of the null coordinate u only, so that instead
of 7. we may take the real or imaginary component of gamma as the functionally
independent invariant and the classifying invariants 7. and A~. are replaced with
real valued functions.

For example if v; = Re(7.) # 0 then the remaining invariants become vo = I'm(~.)
and A~v;. Locally we may take the inverse of this real-valued function and express u
in terms of 7, of course if 75 = I'm(~,) is non-zero one could repeat this procedure.

From this argument we have a helpful corollary:

Corollary 9.1.2. Ify, = Re(7.) (or 2 = Im(~,.)) is non-constant and non-zero, one
may write the null coordinate, u, in terms of v1 (ory3) , i.e. w=U(v1) (or U(ys)).
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To see this, consider the Brinkmann form for the vacuum plane wave metric [50],

In this coordinate system the sole non-zero Weyl tensor component takes the form:

1
Uy = gHe =0, (9.2)

Defining a = %lnH@C, we may write « as
a=e""%g =0, (9.3)
clearly a ; = 0, so that f ¢e¢ = 0, giving a solution of the form
F(Cu) = A(u)®. (9-4)
Expressing 7. in these coordinates:
In(A) .. (9.5)

While a particular coordinate system is being used, regardless of which coordinate
system is used, we may calculate 7. in the canonical coframe, as only Lorentz trans-
formations are used. Supposing that 7. = v, + 47, with A = r(u)e?™, one may solve
for A in Brinkmann coordinates, in terms of the real-valued functions involved in =,

using the lemma:

Lemma 9.1.3. For any pp-wave spacetime expressed in terms of a canonical coframe
with a. = 0 and v. = 1 +iv9, # 0 we may express the canonical form for f((,u)

as
A=re?  r(u)=[Cy— [dndu]™, O(u) = — [drydu+ Cy, Co, Cy € R(9.6)

Here, 7. gives rise to the only functionally independent invariant and the essential
classifying functions are 4.(u) and Av.(u) expressed in terms of 7.. If 7. is constant,
there are two possibilities for A(u) depending on where 7. lies in the complex plane
these are given in table 9.1.

All of the remaining Cartan invariants involved depend on 7, and hence are classifying

functions invariantly describing the space.
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f(¢ ) 1 2

Gs | 22 (94) 45 (96) Ay

1Cq 1

Co 2 .
Ge-a ul@TgC Ye = Co +1iC}
Geb| @O =G

Table 9.1:  Summary of cases with a. = 0. Here, Cy, C} € R, and A(u) is a complex
valued function.

As an example we provide an invariant description for the class of spacetimes for
which all timelike geodesic observers produce a linear polarization in terms of the
equations of geodesic deviation [50], which will be discussed in the next section. For

now we make the following definition in terms of Cartan invariants

Definition 9.1.4. A vacuum plane wave spacetime is linearly polarized when the

Cartan invariant, 7., is real-valued.
Applying lemma (9.1.3) we find a particular form for the linearly polarized waves:

Corollary 9.1.5. Given a vacuum plane wave spacetime, relative to the class of
canonical coframes where Wy = 1 suppose y. = .. The metric expressed in Brinkmann

coordinates has A real-valued and
A=1[Cy— [4y.du]™t.

In the canonical coframe, we will say the plane wave is '+’ linearly polarized. Making
a rotation in the spatial coordinates (' = ¢™/4( (equivalently a spin in the transverse
plane), the metric function is multiplied by ¢ so that ¥, = i, and we say this is
" x ¢ linearly polarized. For more general polarization states the triplet of invariants

{Ve(w), Ye(u), Ay.(u)} describes how the '+" and 'x’ polarization states mix.

9.2 The Equations of Geodesic Deviation - Polarization Modes for all

PP-wave Spacetimes

To study the polarization modes of gravitational waves in vacuum spacetimes with

cosmological constant, a particular null tetrad is introduced relative to the Brinkmann
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coordinates . This null tetrad arises from the choice of an orthonormal frame in which

the equations of geodesic deviation take a simpler form:

2z o
el AR (S A (9.7)
Here x = dx/dr, |x|*> = —1 is the four velocity of a timelike geodesic curve corre-

sponding to a free test particle, 7 is the proper time along this curve and Z(7) is a
displacement vector transverse to X. To construct the desired null tetrad, one first
produces an orthogonal frame with x = e; and the remaining vectors {es, e3, €4} from
the local hypersurface orthogonal to e; (so that < e,, e, >= gaﬂegebﬁ = Naw). The
dual basis will be e! = —x and €’ = ¢;,7 = 2,3,4. This will hold at a point along
the timelike geodesic x#(7). If we wish to have this hold on the entire curve the
coframe must be parallely transported along the curve, yielding further conditions on
the components of the metric and the four-velocity %(7).

Choosing Kundt coordinates, the metric takes the form (9.1)

2d¢d¢ — 2dudv — 2Hdu?, H = Re(f(¢,u));

the plane waves are further constrained, as the analytic function must be of the form,
f(¢,u) = A(u)¢® These solutions admit an isometry group of dimension five or six,
which is reflected in the form of the complex function A(wu). Alternatively, in terms
of Cartan invariants: the first order scalar, o, must vanish and the isometry group is
six dimensional if and only if v is constant, otherwise it is five dimensional.

Briefly, in Brinkmann coordinates the PP-wave spacetimes belong to the subclass
of KN(A)[/, 5] [33] with A = 0 and where the arbitrary functions o and §’ may be
set to o/ = 1, f/ = 0 via an appropriate coordinate transform preserving the metric

form. We project the geodesic deviation equations onto this orthonormal frame in
the case A =0 and ¥y # 0:

V=0, 2P=—-A 2P+ A7 P=A73+AZ% Z'=0 (9.8)

Where the dot above a function denotes differentiation with respect to the proper

time 7 of the geodesic and

A+ = (\114 + \114)7 AX = %(@4 — \114) (99)

| =
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Using the null tetrad,

1 1 1
m; = —=(ea +ie3), n; = —=(e1 —ey), li=—(e1+ e4), 9.10
\/5( 2 + ie3) \/5( 1 — €4) \/5( 1+ €4) (9.10)
and denoting Z = Z°; + Z'n; + 2*m; + 23m,; with 22 = 23, the equations of geodesic
deviation become:

Z0=0,2' =0,
2= (A, +iA)2% = -1,z (9.11)

To determine the form of the null tetrad (9.10) for the PP-wave spacetimes one
must choose ¢ to be the preffered null direction along which the Weyl tensor has one
non-vanishing component, W,. With this null direction, one may prove the following

proposition

Proposition 9.2.1. Let x be the four velocity of a timelike geodesic, and { some
null vector. Then there exists a unit spacelike vector e, which is the projection of the
null direction given by € into the hypersurface orthogonal to x. This spatial vector
is unique (up to reflections) and is given by e, = —% + /2(, where < {,% >= —%.
Another null vector n in the (X,e4) plane such that < {,n >= —1 is then given by

n=2% — (. The only remaining freedom are rotations in the (€2, e3) plane.

In Kundt coordinates ((, Cu, v), we have two more propositions the first giving the

form of the null tetrad:

Proposition 9.2.2. In Kundt coordinates, the null tetrad tied to the J-velocity of the

geodesic, x = (C, 5, U, ), takes the simple form

mf = (=£,0,-1,0), mf = (=%,-1,0,0),
o = (%,0,0, 0) , nt = (\/§v — A V2 V2E, \/éu) : (9.12)

where the function H in the metric (9.1) is hidden away by the identity
2¢ — 200 — Hi? = —1.

Remark: The null vector € is no longer a covariantly constant null vector, as

Vool = —i(})

o =) Li; however, it is a recurrent null vector and there is a covari-
Ok M

ant constant null vector proportional to the original vector (.
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Of course, for an arbitrary unit timeike geodesic, x = (¢, ¢, @, ©), one may reconstruct

the usual metric coframe
mt =(1,0,0,0), m*=(0,1,0,0), ¢*=1(0,0,0,1), n*=1(0,0,1,—H) (9.13)

from the interpretation tetrad {m;, m;,¢;,n;} in (9.12) by applying the following

Lorentz transformation

by = Al;, n, = A7 (l; + BeV'm; + Be~™m; + BBn;), m,, = ¢~"®m; + BY;
A=+v2u, B=—-V2(, V=n (9.14)

To relate this to a physical description, one must have a tetrad that will be defined
on all points along the timelike geodesic curve, and not just one point. In the more
general KN (A)[c/, f'] class this requirement imposes further differential constraints
on the metric functions. Luckily in the case of the PP-waves, these constraints vanish

and we have a final proposition.

Proposition 9.2.3. For any timelike geodesic 2* (1) = (¢, {, u,v) in a PP-wave space-

time, the null tetrad given by (9.12) is parallely transported along this geodesic.

Proof. From Proposition 3 in [50], the tetrad arising from setting A = 0, « = 1 and
B =0 ? via a coordinate transform gives the following conditions for the null tetrad

A4 in [50] to be parallel transported along the timelike geodesic:

(Z) - (;)f —0, B(r) =i (pzfg- - p},}gé) | 0.15)

)

In these coordiates, p = ¢ = 1 and so the above vanishes, implying U must be a

constant as its dot derivative is zero. OJ

The interpretation tetrad (9.12) (up to constant spins and boosts) is the only
tetrad which is parallel transported along the arbitrarily chosen timelike geodesic
and provides the simplest form from which one can determine the polarization of a
wave along that timelike geodesic. However, the geodesic deviation equations are

frame dependent. As a simple example of this one may show that the magnitude of

2These are defined in [50] and are not to be confused with the spin-coefficients
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the wave is dependent on the timelike observer. By applying a boost in an arbitrary

direction with constant velocity (vq, v, v3), it is easily shown that

\Ij/_ (1_U3)2
T — 02— 02 — 2
i— vy — 03

v, (9.16)

the magnitude of the plane wave is dependent on the timelike observer as well. This
can cause problems, as an observer travelling with a higher velocity relative to the
original timelike geodesic will measure a smaller value for the magnitude of the wave.
In fact, setting vy, = vy = 0 and taking the limit v3 — 1 causes ¥/, — 0.

A more elaborate example arises when we wish to express the geodesic deviation
equations in terms of the canonical tetrad. To construct the canonical null tetrad

from (9.12) one must apply a spin and boost to normalize U, =1

(=eX0;, n=e*n; m=elm,
b b

X = |0y, e =g/ (9.17)

As long as we are concerned with points on the timelike geodesic the Weyl tensor com-
ponent W, will be a function of 7, because one may substitute z* = (¢(7), {(7), u(7), v(7))
to make everything dependent on proper time. In this sense, the two frames may be

related to each other along an arbitrary timelike geodesic,
U= AP = '2f7<<, (9.18)

where W) and W} are the Weyl tensor components relative to the interpretation tetrad
(9.12) and natural tetrad (9.13) respectively.

The interpretation tetrad is best suited to give a physical description of a plane
wave spacetime. If one is interested in the classification of the plane waves the canon-
ical coframe and Cartan invariants provide a general classification that complements
the study of the geodesic deviation equations. As an illustration of this, we will show
that those spacetimes for which all timelike geodesics the equations of geodesic devi-
ation are linearly polarized may be defined in an invariant fashion, and that the "+’
and ’x’ linear polarization modes arise as a choice of coordinates.

Looking back at (9.17) and (9.18), 2" = W, /¥, is an invariant that is independent

of the choice of timelike geodesic - as it lacks % and all of the other components of
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the timelike geodesic 4-velocity 2. Any constant boost leaves this quantity invariant

while a constant spin, m’ = e’“m, produces the net affect of adding a constant to Y,
ie. P =P+ C, C mod 2r. Rewriting €% it is easily shown that there is only one

real function involved, assuming A, # 0,

s
@4/\114:7‘&'
L=

While if A, = 0 the phase is already determined, i.e. P = 7/2 mod 27. Now if we
apply lemma (9.1.3) and equation (9.6) from the previous section, we note that in
the case of '+’ linear polariation, Ay = A = r(u) and A, = 0 while in the 'x’ linear
polarization A, = 0, and Ay, = ir(u). If the phase of Wy is constant in the complex

plane this is called a linearly polarized wave ([50, 98, 22], etc).

Lemma 9.2.4. Relative to the null tetrad (9.12), if the phase P of V,, defined as

1 Ay
P= Earctan <A+> € (_Z’ Z)’ (9.19)

is constant or AL =0 (implying Y = £7 ), then the vacuum plane wave spacetime is
linearly polarized with constant phase 2P and . must be real valued. In particular,
if P =0 the wave is in a '+’ linear polarization, and if P = £7 the wave is in the
"' linear polarization; each of these linear polarization modes are equivalent to each

other via a spatial rotation.

Proof. To start we take the interpretation null tetrad (9.12) and apply a spin and
boost to produce the canonical coframe in which ¥, = 1. For any point along the
arbitrarily chosen timelike geodesic, we may express the Cartan invariant 7. (relative
to the class of canonical frames) in terms of 7, as all of the coordinates may be replaced
with functions of 7. Then by expressing W, relative to the original interpretation
coframe (9.12) and imposing the particular form for the plane waves: f = A(u)(?,

the non-vanishing Weyl tensor component (9.18) along the timelike geodesic becomes:

U, = aA(u(r)).

3Glossing over the fact that the coordinates (¢, (,u,v) may be written as function of 7 for some
timelike geodesic with proper time.
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Imposing the condition that P = %arctan (ﬁ—i) is constant so that W, = S(7)e'”’, S

is a real valued function and

\Iffl_\IlZ_A

vowp A
Since % is real valued already this implies that A must have constant phase P in the
complex plane, by direct substitution into (9.5) one shows 7, is real-valued, so that
this is indeed a linearly polarized plane wave. Rotating the coordinates ((, () by /2 *
we may set P = 0, the plane wave is now '+’ linearly polarized. Another rotation by
/4 will give the *x” linear polarization, P = 7/2. One can differentiate between these
choices of coordinates by comparing ¥, in the differing coordinate systems relative

to (9.12). O

Thus, the two defining physical properties for the linearly polarized waves are
the unchanging phase of the wave as u(7) varies and the fact that the magnitude an

observer measures depends on two functions: the value of 4? and the function,

Pl AL ()

as u(7) varies along the worldline of the observer.

9.3 The Vacuum Plane Waves and the Rosen Form

As another application of the classification we will consider a diffeomorphism that
does not preserve Kundt form. We will use the transformation given in equation
(24.49) in [22] to switch from Kundt form to Rosen form. In light of the results in
(98, 99], where a general formalism was introduced for studying arbitrary polarization
states of pp-wave spacetimes with a = 0 in Rosen coordinates, we would like to apply
Lemma (9.1.3) so that any novel solution found by this formalism may be expressed
in Kundt coordinates.

In Rosen coordinates the metric is written in the simple form:

ds? = —2dudr + gap(u)dz*dz®, A, B € [1,2]

4Equivalently applying a spin to the frame vectors m and m.
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where the three functions involved in the symmetric g4p are tied together by the

vanishing of the only non-zero Ricci tensor component arising from

1 1
Rup=— (492’13 — 49209”9’173) :

where differentiation with respect to u is denoted by primes. For a vacuum plane
wave with arbitrary polarization we need two arbitrary functions of u. A particular
form of the Rosen metric was introduced by Bondi, Pirani and Robinson [6, 7] to

study gravitational plane waves:

ds® = —e*Ydudr + u*cosh2Z(dz® + dy*) (9.20)
+u?sinh2Zcos2W (dx* — dy?) — u?sinh2Zsin2W (dzdy)].

where Y, Z W are functions of u satisfying,
2V = wu(Z* + W2sinh2W).

By examining the two independent components of the Riemann tensor: ¢ and w
defined in [7], the fixed plane polarization mode occurs if and only if W = 0. In this

case the metric simplifies to be
ds® = —e*Y dudr + u?[e*?dx* + e ]dy?.

Choosing a new null coordinate @ = [ *®du this becomes the usual Rosen metric

for + linear polarization,
ds? = —dudr + Y (@)?*[e*Z dz* + e *Z dy?

where Y denotes the inverse function of €2. One may apply a rotation of the (¢, )
coordinates to produce X linear polariation or any other linear polarization mode of

fixed phase. With that observation we have proven a helpful lemma

Lemma 9.3.1. In Rosen form, a vacuum plane wave is linearly polarized if and only

if coordinates exist in which W' = 0.
From which the results of the previous section imply:

Corollary 9.3.2. Relative to the canonical coframe, if 7. is real-valued, coordinates

may be found in which W = 0.
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Even in the simpler form (9.20), the plane waves in Rosen form are much more
complicated than their Kundt counterparts. For example, in the case of linear polar-
ization modes, the equations connecting Y and Z require considerably more analysis.
In [98] and [99] this problem was studied. Using the metric form (9.20) along with

the coordinate transformation v’ = [ €' du, the metric is now

ds* = —2dudr + S?(u)[A'(u)dz? + 2B’ (u)dzdy + C'(u)dy?],
A" = cosh[X'(u)] + cos|0'(u)|sinh[X'(u)], B’ = sin[0(u)]sinh[X'(u)], (9.21)
C" = cosh|X'(u)] — cos[t (u)]sinh[ X' (u)].

If # = 0 this metric describes linearly + polarized waves, while if it is constant one

has a linear polarization of along the axes produced by rotating by an angle ¢,. For

example, setting 6 = 7 yields the linearly X polarized waves.

Noting that A > 0 for all values of v we may construct a null tetrad from this

metric:

32
C-— =

(=du, n=dr, m=S(u) I (9.22)

dy +iVA (dx + dey>

We boost and rotate this null tetrad to construct an invariant coframe for which ¥, =
1 and 7, is the only functionally independent invariant. In Kundt coordinates the
metrics describing 4+ and X polarizations produce a real value and purely imaginary
value for 7. respectively; this fact holds true in the Rosen coordinates and so we may
use lemma (9.1.3) to solve for the metric function A used to describe this spacetime
in Kundt coordinates. An arbitrarily polarized wave will have 7. # 4~., however
given 7, in one coordinate system one may integrate to solve for A in the Kundt

coordinates using lemma (9.1.3) .

9.4 An Example: The weak-field Circularly Polarized Waves

The circularly polarized waves were originally introduced as a weak-field solution,
using the metric anzatz (9.21) and requiring that X, = 0, 6, # 0 and 6, = 0.
By imposing the final constraint that X << 1 we satisfy the weak-field vacuum

condition. These metrics were generalized to a class of strong field solutions [98], [99]
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by requiring that X = X, and 0 = fyu and the metric becomes

ds? = —2dudv + S*(u)[A(u)dz? 4+ 2B(u)dzdy + C(u)dy?],
A = cosh|Xo| + cos[fyu]sinh|Xy], B = sin[fyulsinh|Xo], (9.23)
C' = cosh[Xy| — cos[Oyu]sinh][Xy)].

Remark 9.4.1. Notice that if Xy = 0 this metric reduces to the Minkowski metric
which cannot happen as we have assumed W, # 0. Similarly by inspecting the Ricci

and Weyl spinor components displayed below, we see that 6, # 0 as well.

In these coordinates the sole non-vanishing Ricci tensor component is,

1/ Sw
Fon = = (4 K +smh2(xo)eg> (9.24)

Imposing vacuum conditions we find a form for S

smh(Xo)go(u — Uo)) .

S = Sycos <

In the strong field regime the construction of the Cartan invariants is considerably
more involved. To provide a simple application of our work, we examine the weak
field conditions by imposing X, << 1 so that X2 = 0.

Thus for an arbitrarily long interval of u the function S may be approximated to

be a constant
S ~ So.

Without loss of generality we may always set Sy = 1 and so the metric is approxi-

mately of the form
ds®> = —2dudv + da* + dy® + Xo[cos(bpu)(dz® — dy?) + 2sin(Ogu)dzdy).
Defining the following combinations of the functions A, B, C in (9.23),

2 —14+X2
_D — C — B— = — 0 — 1
A 1+4cos(00) Xo 1+cos(00) Xo

B B _ sin(fou)Xo

A T 1+4cos(00)Xo’

we may construct a null tetrad from the metric

(=du, n=dv, m= D%dy—{—z‘A%(dx + Edy).
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To see that this is approximately a vacuum spacetime we calculate the sole component

of the Ricci spinor which does not automatically vanish

oy — 1 X20%(2cos(ou) Xo+X2+1)
22— 7 1+2cos(Bou) Xo+cos(fou)2 X3

imposing the weak-field condition it is clear that this does indeed vanish as X3 = 0.
For the remainder of this section we will assume this implicitely.
To produce the Cartan invariants for these spaces we must normalize V4. Relative

to the natural coframe metric this component is:

(isin(Oou) — cos(Gyu))02 Xo

@ p—
* 2(1 + cos(Oyu) Xo)?

(9.25)

We introduce a new function, a = iln\h, to produce the class of canoncial null tetrads

for which ¥, =1,
6, — ea—l—ag7 n/ _ e—a—an7 ml = % %

By direct calculation using the transformation laws for spin-coefficients we calculate
~ relative to this frame. We add a subscript “¢” to indicate the fact that this is a

Cartan invariant and a spin-coefficient as well:

. Xosin(Oou
Ve = 72\/51\/70 (zXocos(Hou) + —(1_?6;5(902;X2))3 + (1+ cos(@ou)Xo)) (9.26)

Differentiating with respect to u

2Xosin(fou)
(1 + cos(bou)Xo)?

R Xo (1+ cos(Gou) Xy
— V2 0o

we produce the second order invariant needed to fully classify the space:

Yew = 00 (ZXOSZTL(HOU) + + SZTL(@QU)X()) + O(Xg))

and multiplying by

2 Xpsin(Oyu)
(1 + cos(Ogu)Xp)?

1
Ay, = 1 <iXosm(90u) + + sin(&ou)X()) +O0(X3).  (9.27)

By necessity Xy and 6y must both be non-zero, and so the combination ¥ =

,/Xlo(% — J.) is a real-valued invariant with the simple form

Y = cos(Ogu). (9.28)
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We may locally express 7. and the second order invariant A+, in terms of Y. Treating
the null coordiate u as an invariant in some open subset we write u in terms of Y,
u = Oy arccos(Y). In this local region these will be classifying constants for the
space. Substituting this into the original Cartan invariants at first and second order
we find

1 2Xov1—-Y?
T AV, (iXoY vy

1 — 2
Ay — 1 (iXO\/l —yrg 2Xovio YR g Y2X0> .

+(1+ YX0)> ,

4 (1+YXo)?
We have expressed all of the original Cartan invariants in terms of the imaginary part

of 7. scaled by some real-valued constant,

[X
2Im(y.) = 703/-

These two non-vanishing constants uniquely determine the circularly polarized waves
in the weak-field approximation.

To provide a physical description, we use the coordinate independent formalism
developed in [50]. As these two spaces are equivalent, there is a diffeomorphism
between the two coordinate systems. That is, the null tetrad built from the metric
(9.13) in Kundt coordinates is mapped to the null tetrad (9.22). Therefore we may
use (9.25) to express the equations of geodesic deviation. The real-valued functions
Ay and Ay are

A, — 02 Xosin(Oou) A — —02 Xocos(fou)
+ 7 4(14-cos(Bogu)X0)2’ X T 4(1+cos(Bou) Xo)2

Along an arbitrary timelike geodesic, the coordinates may be expressed in terms
of the proper time, 7, then by applying a boost, spin and null rotation about ¢ one
produces the coframe which is parallely transported along the curve [50]. Taking the

spatial plane and using the null tetrad (9.10) with z? = 23, (9.11) becomes:

2 2 —ifou
.9 —iu Xobge "0
= ) 9.29
© T A1 + cos(Bou) Xo)? (9:29)

Here the @ and u are (the only) functions of 7 which identity the geodesic solution in
the geodesic deviation equations, i.e. the particular timelike congruence. In this form
we see that the phase of the gravitational wave, e ~*“°% varies in a circular manner for

any timelike geodesic, with 6, dictating how quickly the phase spins as u(7) changes.
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It is clear that the magnitude of the wave depends on the the timelike geodesic
chosen. Given a particular timelike geodesic and corresponding interpretation frame,
one may apply a boost in the positive direction of the wave to produce a new coframe
in which the magnitude of ¥, is changed [50]. However, along a particular timelike
geodesic if the value of 4?2 were taken into account, the observer would notice the
magnitude of the gravitational wave measured along the curve will additionally vary
as u(7) changes:

[Wa| 05Xo
w?  4(1 + cos(Bpu) Xo)?

These two properties: the change of phase moving in a circular motion and the addi-
tional change in magnitude as u(7) varies along the worldline, determine the physical
properties of the weak-field vacuum circularly polarized waves. As a comparison, re-
call the case of linear "4" polarization modes where the phase of the wave is constant,

and the magnitude of the wave depends on the value of 7> and the function,

Pl A,

9.5 One Last Application: The Plane Wave Spacetimes
with 7. = —,

In section (9.2) we saw that the class of plane waves with the invariant, 7., a real
valued scalar, corresponds to those plane waves in which any timelike geodesic gives
rise to a linear polarization mode in the form of the geodesic deviation equations
along the geodesic. We now consider the plane waves with the classifying function,
e = =%, by expressing the metric in Kundt coordinates using Lemma (9.1.3). With
a particular metric form we then examine the geodesic deviation equations relative
to the complex null tetrad {¢,n,m,m} in the form of (9.11).

Assuming 7. = ig(u) where g is real-valued, Lemma (9.1.3) implies f((,u) =
A(u)¢? has the following form for A = r(u)e™®:

1 4
r(u) = ?g, O(u) = Cg/gdu + .

If we apply the transformation v’ = Cou, v' = &, (' = e_%C, these functions
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become,
r'=1, 0 = 4 /g(u')du’
9 CO

As A" = C2e %1 A we note that 7. has the following transformation rule v/, = &

equating the two we find that in the primed coordinate system,

oo g)
g) = Co

Thus without loss of generality the form of the metric function for these plane waves

is
A(u) = e*Jistwdu — o4 [ redu (9.30)
Relative to the metric coframe, the non-vanishing Weyl tensor component is
U, = €4fig(u)du

Applying a frame transformation of the form (9.14) to take the metric coframe to
the interpretation coframe, the equations of geodesic deviation are now

;2 2

72 = —%cas(4/gdu)22+ %sin(él/gdu)Z?’, (9.31)
) -2 -2
73 = %cos(4/gdu)23 + %sin(ll/gdu)ZQ, (9.32)

or relative to the complex null tetrad,
02 :
52 = ?e4f ig(u)du 3, (9.33)

The sole components of the geodesic curve u, @ are involved in the above form, from

which we see that the magnitude of the wave is directly related to @(7)? as

A
e b

How the wave polarization varies is directly related to P, defined by the equation

(9.19), now a function of 7 along the timelike geodesic:

P(r) = ;arctan(tan(ll/gdu)) = 2/g(u(7'))1ld7'
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As u(7) varies the polarization mode will vary as well. Thus the characteristic physical
properties of these spaces consist of a magnitude entirely dependent on the compoe-
nent u(7) of the timelike geodesic observer’s 4-velocity, and that the phase, e 1du i
determined by y(u) as u(7) varies along the curve.

Imposing conditions on 7. = ig(u) can yield further conditions. As an example
suppose consider the subcase where v = iCyu™, n € Z and Cy € R, in this case the

: , v _
metric form is A = eCou(m)""

Tthe magnitude of the wave measured is influenced
by the value of @ alone, while the phase changes in a circular motion, with a certain
orientation and rate of speed as determined by Cj and n, as u(r) varies along the

worldline.



Chapter 10

The Karlhede Classification of the Vacuum
Kundt Waves

This chapter is based on: D. McNutt, R. Milson, A. Coley (2013). Vacuum Kundt
Waves. CQG Vol 30, Issue 5, 055010-055039. (©) IOP Publishing. Reproduced by
permission of IOP Publishing. All rights reserved

10.1 Introduction

The Kundt waves, were originally defined by Kundt in 1961 [9], as a special subcase of
the class of pure radiation solutions of Petrov type III or higher and Plebanski-Petrov
(PP) type O or vacuum, admitting a non-twisting, non-expanding null congruence,

¢, that is
8, =0, ga;a =0, g(a;b)ga;b =0, g[a;b]ga;b = 0.

These conditions restrict the Petrov type for the the plane-fronted waves to Petrov
type N or O. The pp-waves are defined as the non-twisting plane-fronted waves, so
that ¢ is a covariantly constant null vector ¢,; = 0; the Kundt waves are then the
class of twisting plane-fronted waves. Choosing Kundt coordinates, the metric for the

Kundt waves is

ds? = d¢d¢ — du AH(C, Cu)(C+ () — omz ) du) (10.1)
(c+0)2 C

C+C C+C

where u, v are null coordinates, ¢, ¢ are complex coordinates for the transverse space[22].
All polynomial curvature invariants, built from contracting the Riemann tensor
and covariant derivatives with each other, vanish for these spacetimes. Thus, the
plane-fronted belong to the collection of VST spacetimes where all polynomial curva-
ture invariants vanish [55]; this is in turn a subclass of the C'ST spacetimes in which all
polynomial curvature invariants are constant [95]. These spaces have been explored

in four dimensions and shown to belong to the class of degenerate Kundt metrics [92].

210
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These are the Kundt metrics where the frame used to classify the Riemann tensor
(i.e., Petrov or Riemann type [66]) and the kinematic frame are aligned, i.e., they are

the same; it is expected that this is the case in higher dimensions as well [65, 92].

For a given spacetime in four dimensions, either a spacetime is uniquely deter-
mined by its polynomial scalar curvature invariants, a (locally) homogeneous space,
or a degenerate Kundt spacetime [92]. For the degenerate Kundt spacetimes, the
equivalence problem is particularly relevant, given that one cannot determine the
inequivalence of two metrics of this class by comparing polynomial scalar curvature
invariants [55, 95, 91]. To invariantly classify these spacetimes, one must use an al-
ternative tool, the Karlhede algorithm, which utilizes the Cartan equivalence method

[1] adapted to the case of Lorentzian manifolds [24] .

The first and second stages of the Karlhede algorithm were analyzed for all type
N vacuum spacetimes with A = 0 by Collins [36], who produced a theoretical upper
bound on the highest order, q, of the covariant derivatives of the curvature tensor
required for each of the various subclasses of the type N spacetimes. Interestingly,
this gives a hard upper bound for the VST spacetimes [55, 95], as the pp-waves and
vacuum Kundt waves make up the entirety of type N VST spacetimes [33, 55, 50].
Collins has shown that the pp-waves require ¢ < 4 while the vacuum Kundt waves
need at most ¢ < 6. We have shown that the pp-wave upper bound is sharp, and that
the Kundt-wave’s actual upper bound is five [47]. However, in 2000, Skea produced

a non-vacuum Kundt wave in which ¢ = 5, suggesting that there might be vacuum

solutions for which ¢ =5 [52].

In this paper, we discuss the upper bound for the vacuum Kundt waves in the
Karlhede algorithm or, equivalently, the highest order, ¢, covariant derivative of the
curvature required to invariantly classify these spaces. We show that the upper bound
may be lowered to be less than or equal to four by exploring all possible outcomes
of the Karlhede algorithm (see figures (10.2), (10.3) and (10.4)). Out of all possible
invariant counts only one actual vacuum Kundt wave may be integrated; namely, the
class with invariant count (0, 1,3,4,4). Due to the exhaustive nature of this analysis
we examine the remaining branches of possibilities in the algorithm to produce an
invariant classification of all vacuum Kundt waves. This classification is summarized

into two tables describing each of the non-diffeomorphic vacuum Kundt wave metrics
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arising by the choice of the metric function f(¢,u). We present twelve propositions
relating the form of the metric function f((,u) to the essential Cartan invariants
characterizing each spacetime. The final section contains all of the potential subcases
of the Karlhede algorithm applied to the vacuum Kundt wave spacetimes prior to

examining the geometric structure of these spacetimes.

10.2 Geometric Structure of the Vacuum Kundt Waves

If we wish to preserve the form of the metric, the permitted coordinate transforma-

tions will be [55]:

¢'=C+iC, u = h(u),v' = 3% = (C+ 05, (10.2)
H = 4 ©O302 4 9h ,h ),

where C' is a real constant and h(u) is an arbitrary real function. Taking the met-
ric (10.1), we work with the Newman-Penrose formalism [29] to calculate the non-

vanishing curvature components of the Ricci (®) and Weyl (V) spinors, respectively:
CDQQ = l’H’CC‘, \114 = 2H74_<_

To impose vacuum conditions, H must be harmonic and real-valued; as in the pp-
waves, this will be the real part of an analytic function, 2H = f(¢,u) + f(C,u). To
examine the geometric structure of these spaces, we work with the class of coframes
in which W4, = 1. These are found by applying an appropriate spin and boost to the

natural metric coframe.

Without imposing the vacuum condition, the non-vanishing Bianchi identities
imply the relationship between the spin-coefficients and the components of the Ricci

and Weyl spinors [29] and their frame derivatives D, A, 4, 6:

KJ:U:p:4€:O, D(DQQZO,
5@22: (45—7’)\1144—(7_'—26—20[)@22
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Imposing the vacuum conditions, we see that § = 7. The non-vanishing Newman-

Penrose field equations for the vacuum Kundt waves are

Dr=0, Da=0 (10.3)

Dy = 271w+ Ta + T+ {77, (10.4)

D\ —ém =+ ar — Lrm, (10.5)

Dp — ém = o7 — ma + 7T, (10.6)

Dy —Ar=7mpu+7pu+7\+ 7N+ ym — 37, (10.7)
AN = 0v = —p\ — IN — 3y + 3\ + 3av + v — 370 — Uy, (10.8)
Sov— 267 = aa + +77T — sar, (10.9)
6)\—5,u:,u7r—ﬂ7r—|—ua+i;ﬁ—l—/\6z— 3hT, (10.10)
6V — A=+ M +yp+ypu— vr + v — av, (10.11)
oy — tAT =ity —ay+ Sur 4+ 1Ty + al, (10.12)

or =37 — 1@, (10.13)

—6r = =377 —ar, (10.14)

Ao — oy = —27TA + & — pa — 317, (10.15)

while the commutator relations are

(AD = DA)f = [(v+9)D — (r+7)3 — (7 + m)dlf,

(6D =Do)f = [(a+ -mDIf,
A — AO)f = [—VD+(347—a)A+XS+(u—7+7)5]f,
(5 -60)f = [(i+mD—(@- 15— aplf.

The benefit of working in the class of coframes for which ¥, = 1 becomes apparent
once one takes frame derivatives of the Weyl tensor, as only spin-coefficients and their
derivatives appear as components of the Weyl tensor and its covariant derivatives. To

illustrate, the first order derivatives of the Weyl tensor are

(D\I’l)50’ = 40&, (D\D)Sl’ = 4’}/7 (D\IJ)ZLO’ - O,
(DU)y =7, (DW)3y =0, (DW)s = 0.
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At first order, one still has 2 degrees of frame freedom, using null rotations with
complex parameter B, which affects the first order invariant v and leaves o and 7

unchanged:
/ 5 5
v =7+ Ba+ ZBT. (10.16)

If || # 2|7] it is always possible to set o/ = 0. However, if equality holds, only one

degree of freedom can be fixed, and there are three subcases for the form of 4" [36]:

o =27 Im(y) = 0;
e a=27: Re(y) = 0;
e a# +27: Re(y') or Im(v') = 0, but not both.

Without fixing the frame freedom, the non-zero second order derivatives of the Weyl

tensor are:

D? so.00 = 4Da,

D2 50,01/ — 4(0a + 56@ — O_éOé),

2

-

501,100 — 4 SO{ + 5052),

2

-

sor = 4(Aa+bya —ya + 77),

2 D~ — 575 — 1),

S

v)

U)s0 (

U)s0 (

¥)s0 (

Vs = 4(

W)sior = 4(0y —5pb + 587 — A+ av),
W)sia0 = 467 — BAB + bay — i + ),
)1 (

U)o (

)
)
)
V)
v)

2

S O

2

-

sy = Ay —5uf + 597 — va +7y),

2

S

war = 4A(ra+7P0),

2

S

a0 = 4Dp,

aor = 408+ 35 +ap),

sy = 408 +3a8+B8),

s = AAB+ 3B+ 71y +78),

2

-

2

-

D2

2

-

(
(
(
(
(
(
(
(
(
(
(
(
(
(

31;117 = 878.

If |a| = 2|7], it is always possible to fix the last parameter of the frame freedom to fix

AT so that Re(A7) = 0. Manipulating the spin-coefficients and the remaining degrees
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of freedom, Collins produced a theoretical upper bound for these spaces [36], requiring
at most six covariant derivatives. This bound was lowered to five covariant derivatives
by Machados Ramos and Vickers [17] using the generalized GHP formalism. In both
papers a particular choice of coordinates was avoided so that these bounds were not

shown to be sharp.

10.3 An Alternative Proof That The Upper Bound for the Karlhede
Algorithm is Less than Six

The Karlhede algorithm terminates if and only if the dimension of the isotropy group
and number of functionally independent invariants do not change between two con-
secutive iterations using the invariant count notation, it is possible to map out all
possibilities for the Karlhede algorithm. The case where the invariant count begins
with (0,0, ...) is not permitted as the invariant 7 must be non-constant at first order;
if we assume 7 is a constant we find from (10.13) and (10.14) that 7 = 0, which
cannot be true since we are studying the vacuum Kundt waves. With this in mind, it
is easily shown that there is only one scenario where ¢ = 6 at most, (0,1,1,2,3,4,4)".
This invariant count would occur for the class of vacuum Kundt waves in which
at first order only one functionally independent invariant appears and further that

%. By choosing a particular coordinate system we may produce differential

o] =
constraints on the metric function H (¢, {,u) = Re(f(¢,u)) by imposing the vanishing
of the wedge products of the differentials of the spin-coefficients of «, 7 and their
conjugates. As the spins and boosts have been fixed to set ¥4 = 1, and since these
two invariants « and 7 are unchanged under the remainder of the isotropy group
(null rotations about ¢), these are already Cartan invariants. With a little effort and

a change of coordinates we intend to prove the following theorem:

Theorem 10.3.1. The vacuum Kundt waves require at most ¢ = 5 iterations of the

Karlhede algorithm to completely classify the spacetimes.

To this end we introduce a new complex coordinate a = iln( fcc). Relative to

this new coordinate system, ¢ = ((a,u) and we find a differential constraint for the

! This notation is adopted in section D to summarize possible states of the Karlhede algorithm
compactly.
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metric function f ,
<§,a> _ 64a<7a. (10].7)

The metric coframe becomes:

m = C,ada—i_c,udu:

¢ = du, (10.18)
n = dv— &(C,ada + Cudu) — ffgéada + Eudu)
3 _ v?
 (2Retita e+ O =

In these coordinates the non-zero component of the Weyl tensor is now
Wy =2(C+ (e

Applying a spin and boost with p = Lin(|Wy|) = a + 1n(2(¢ + ¢)) to the metric

coframe (10.18), we produce a new coframe:
m' =elPm, 0'=ePPl p =e P Pp. (10.19)

Relative to this coframe, the non-vanishing Weyl tensor component has been normal-
ized W), = 1 and the spin-coefficients « and 7 are already Cartan invariants as they
are unaffected by the remaining isotropy.

By direct calculation we produce the following spin coefficients relative to this

coframe:

Proposition 10.3.2. The spin-coefficients relative to the class of coframes (10.19),

in which W4 =1, may be expressed as

T=4f=-T= -2,
p=A=0,
a=I4+ /() (10.20)

v=e 3 ([ Caetida+ fr = (f + Prl).
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Before we fix any more frame freedom to set all or a part of v to zero, we may
determine the explicit form of the metric function f(¢,u) for the class of vacuum
Kundt waves where only one functionally independent invariant arises in the set

{a,7,0,T}:

Lemma 10.3.3. Those spacetimes in which the spin-coefficients o, &, 7 and T are

functionally dependent on one invariant will have the following form for the metric

function f((,u):

02 —hi-iGW+Cy)

f(Cu) = Fge % + fi(u)C + fa(u). (10.21)

Relative to the coordinates a = iln(f,«), the Cartan invariants o and T are now

T= Gaare Y=t Cio\ﬁ (10.22)
Proof. Taking 7 in (10.20), we calculate the double wedge product of dr and d7 to
get,

dr AT = 255 [(Ca+ Cada Ada+ (Cu+ Cudda A du+ (Cu+ Cu)da A dul

Requiring that this must vanish gives a set of equations:

Thus ((a,u) is of the form

Plugging this into the expressions for 7 and « in (10.20) we recover (10.22), then
solving for a and noting that e** = f - we may integrate twice to recover the function

in the usual coordinate system. O]

The vacuum Kundt wave spacetimes with this property will potentially contain
at most two functionally independent invariants at first order: 7 and + which will
simplify the search for those vacuum Kundt waves with only one functionally inde-
pendent invariant at first order. Furthermore, as the necessary conditions for fixing
the remaining isotropy is dependent on the Cartan invariants a and 7 we may use
the explicit form of these invariants from lemma 10.3.3 to show all isotropy may be
fixed at first order i.e. || # 2|7|, and that no vacuum Kundt wave requires ¢ = 6 in

the algorithm.
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Corollary 10.3.4. The invariant count (0,1,1,2,3,4,4) cannot occur in the Karlhede

classification of the vacuum Kundt waves.

Proof. From lemma 10.3.3 we calculate the equality || = 2|7| using equation (10.22).
We assume the equality holds and multiply both sides by |, then |of* = 2|7|2.

Expanding this we have:

25, 1,
67 =1l

1
ce

Using the a, a coordinates and simplifying the resulting equation yields
302 = (2C a) +2C)?
B o = (iCo(a —a) +2C)".

Differentiating with respect to a or a implies that Cy = 0 which cannot happen as

(o = Cp must be non-zero. This is a contradiction and so |a| # |7] . O

As this is the only permitted state in the Karlhede algorithm for the vacuum
Kundt waves with ¢ = 6, and this case cannot occur, we conclude that the upper-

bound for the vacuum Kundt waves may be lowered to less than or equal to five.

10.4 Reducing the Upper Bound to Less than Five

The goal of this section is to provide the necessary lemmas to prove the following

theorem:

Theorem 10.4.1. The vacuum Kundt wave spacetimes require, at most, four deriva-

tives (i.e., ¢ = 4) to classify these spaces using the Karlhede algorithm.

To study the sharpness of the upper bound, we examine the possible iteration scheme
for the Karlhede algorithm applied to the vacuum Kundt waves as tree diagrams.
This may be done exhaustively for the cases where there are at least one invariant at

the first iteration of the algorithm.

Lemma 10.4.2. The vacuum Kundt wave spacetimes for which the Karlhede algo-

rithm requires five iterations have invariant counts

(0,1,2,3,4,4), and (0,2,2,3,4,4)
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Proof. The trees for the various possibilities are included in section D. O]

To prove theorem 10.4.1 we must examine the constraints on the vacuum Kundt waves
to produce the invariant counts in lemma 10.4.2. To do so we break up the analysis
into two subsections to examine the distinct subclasses of vacuum Kundt waves with

either one or two functionally independent invariants appearing at first order.

10.4.1 Vacuum Kundt waves with (0,1,2,..)

Applying the results of lemma 10.3.3 and corollary 10.3.4, we are able to say something
about the upper bound in the first case, as the invariant coframe is produced from
(10.19) by making a null rotation (10.16) to set 4/ = 0. We must determine the form
of the parameter B for the null rotation taking the coframe (10.19) to the invariant

coframe required for the Karlhede algorithm:
' =1{, n' =n+Bm+Bm+|B[*, m =m+ Bl (10.24)
To achieve this, we equate (10.16) to zero and solve for B,

B = —/2r|feme [T (3055'77;?;) (v+ o22) . (10.25)

Rl

Using the dual of the invariant coframe, {¢’,0’,A’, D'}, we may compute the
second order Cartan invariants as the frame derivatives of the first order Cartan

invariants along with the following transformed spin coefficients:

m' =+ DB,

B7 2B - o
N = T+\f_+Bw+BDB+6B,

2 T (4

5 ’ (10.26)

W= 7T+B7T+BDB+5B,
_ 3 _ _ L _ o

V =v+2By+ 5327 + BB(m 4+ 2a) + AB + BéB + BB + BBDB.

These remaining invariants are expressed in terms of the coframe (10.19), the original

spin coefficients (10.20), and the frame derivatives of B relative to the original coframe
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(10.19) with ¥, = 1:

— 2 a+ag
D = 7_’e 3.
-y 2(f + f) o2} 0 Cud (a0
A = (\|—e T —— | ———— - ,
\/ 5 € 2 7 V77| O Cala ol , (10.27)
e 9 0
(5 C—_a afa—QfUTafv

Noting that 7 = —7 in (10.20) we subtract —7 from 7', it is clear that DB is an

invariant; a quick calculation confirms that it is functionally dependent on 7

B o, [T (Cal7] —1iCy
DB = =2r] \ﬁ <3C3|r|2 —2)

We now examine the second order invariant arising from the frame derivative of |7|~*

A,(‘T|_1) — e(_l—[lB + ea_aB — |72—|R6(6(_1—U,DB) (U + G7u ) '

Colr]?
Removing all expressions involving 7 leaves the helpful invariant:
. G
=e " 2. 10.28
E=e (v + CQ|7'|2> ( )

As |a| # 2|7, the remaining invariants at second order may be simplified to the spin-
coefficients 1/, A’ and /. These spin-coefficients involve B and the remaining frame

derivatives of this function:

- —aa 7 {1 } G
0B = TN — | =+ By| DB :
Te 5 |2 + Do v+ Colr 2 ,

I AT it 2 G.
0B = =4 —|= + By — DB :
e 2 |27 T RGP

. G G - TP G
AB — —2a—2a |T| ;U U . , Ul DB
¢ [ Co v—i_CQ’T‘Q (f+f)+ 2 +2CO’T| ’

where By is the following complex rational function of 7,

_ 2 Calrl_ _ _6CRIrP?
By = iColr] + C2lr|—iCo ~ 3CE|7]2—2"

Combining these functions, it is clear that both ' and ) are expressed entirely in
terms of 7 and &.

At this point we are able to prove that at second order, at least two functionally
independent invariants are produced if we wish to produce a vacuum Kundt wave

with ¢ > 4 in the algorithm.
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Lemma 10.4.3. All vacuum Kundt waves with the metric function f((,u) of the form
(10.21) and an invariant count starting with (0,1, 2, ...) in the Karlhede algorithm must

end at third order; i.e., with an invariant count (0,1,2,2).

Proof. The last invariant given in (D*W)s/.11/ gives one new candidate for a function-

ally independent invariant: 371/ + /a. Applying the transformation law for v/ it is
seen that we may remove the majority of the terms in v’ and instead study the new
invariant: 27(v 4+ AB) 4+ a(v + AB). As |a| # 3|7|, we may always combine this and

the conjugate to produce a simpler invariant
v+ AB. (10.29)

To start on this calculation we denote F,, = Re(f;) and F,, = Im(f;) and use the
special form on v in (10.20). We first simplify f + f using the functions in (10.21)
and (10.23) to produce

_ 02 _
fHF = T +6") + 2,00 = 2GF, + Re(fa),

—F,Cola+a)+ 1F,Co(a — a).

Integrating the remaining term and substituting this into v in (10.20) to get

7=~ Rt hlwe

c2r C?rt - , - ou—9a
- (0 + = (Fa(C + Q) +iF,(C = ¢) + 2Re(fr))e > ) 7]
We may remove several terms in v which are already functionally dependent on 7.

Plugging f + f into AB we find similar terms that may be removed from v + AB:

AB —2a—2a [|T|Gu< G ) U2|T|3 G uu ]
== = ¢ 24 )+ +

Co C()|7'|2 2 2CO|T|
c:ir Cit

—e R E (G4 Q) HIE(C = ) + 2Re(f)] = 0~ — (=

With this in mind we may remove even more terms from 7, to produce a new invariant:
N = \/Z(filr| e % — Ny)|r| + DB(N] — N)
Ny = (Fu(C+ Q) +iF,(C — ) + 2Re(fa)) e72072, (10.30)

1 [ITlG Gu V3|73 Guu ] —2a—2a
Nl_[ L (U+CO‘T|2 + o 4 g e .




222

Multiplying \/E = ¢ % to N and taking the difference of this new quantity with
its conjugate,
4iCo||* (N — Ng)
3C3|T|> -2

Removing this term from N leaves

— 2iF, e 7% = "N — " "N.

Ny = (Fy|r|7le7 7% = Ny)|r| + Co|r| Fye 7. (10.31)

Scaling N} by |7]7', we calculate the triple wedge product of this invariant with
the previous invariants; the coefficients of the triple wedge product relative to the
coordinate 3-form basis are extensive. However, only one is necessary if we wish that

the triple wedge product vanishes: the da A da A dv coefficient yields the equation
—e 3 Y(=CoFy + iF, (¢ — () + 2Re(f»)) + 2Co F,) = 0.

As ¢ — ( is linear function in a + a, F, must vanish and hence Re(f;) =0 as well.
These constraints cause (F,|7|"te™2?72¢ — N/) to vanish and so we work with the
remaining invariant N’ = N| — N} = (N] — F,|7| " te 2*72%)|7| 3,
G G 2 G —20,F, .
N/ — ) v+ ) + 1 + , 0 €—2a—2a'
Co|7'|2 C()|T|2 2 200|T|4

Using the same procedure of equating the triple wedge product of a — a, £ and N’,

we produce a very large 3-form which will not be included. Instead we examine the
da N du A dv-component:

—3a—3a QG:UUGJL + CUG,UUU _ QCgFl”yU
€ .
2C3|T|*

2
Integrating we find that F, = g(};* + 207105 + C5 and that

52 CQ —2a—2a
N/ = 5 W e .

To continue, we eliminate the parts of this invariant expressed in terms of previous

invariants, by denoting N” = N’ — % We take the triple wedge product of this

invariant with a — a and £ to produce the following equation in the da A da A du

component:

—3a—3a G,uu = 0.

Qe
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Denoting G, = Cy, the remaining invariant becomes N” = Coe 2¢724(CE|7|*) 7L, If
we wish to have only two functionally independent invariants at second order, Cy = 0.
This is generically the case, since if G, # 0 we may always set G = Cyu + Cs to zero

using the coordinate transformation, (10.2) of the form:

v h _24
"=hu), vV=-—+-—""_ h,=e ©
u (u), v he TR e o
Applying this transformation, the analytic function f({,u) becomes
C? —sig+cp
F(Gu) = Jge=

At third order there are no candidates for a third functionally independent invari-

ant, A’¢, as the unprimed frame derivatives yield

De= [T, de=\T(& +2rl), Ag= /e

The Karlhede algorithm terminates with an invariant count (0,1, 2,2). O

Rkl

Thus we have shown that vacuum Kundt waves with an invariant count of (0, 1,2, 3,4, 4)
in the Karlhede algorithm cannot occur as the metrics with invariant counts starting

with (0,1,2,...) must have (0, 1,2,2) at the next order.

10.4.2 Vacuum Kundt waves with (0,2,2,...)

To begin this section we prove a more general result for the vacuum Kundt waves

with invariant count (0,n,...) 1 <n <4 and |of = 2|7|.

Lemma 10.4.4. For those vacuum Kundt waves with at least one functionally inde-

pendent invariant appearing at first order and such that | = 2|7| then a # €21,

0 e R.

Proof. Expanding the conjugate of o using (10.20) we find
o 5
% + e“‘“(gl = —16107'.

Upon simplification this leads to the equation

———Ca = Cla,u) +(a,u).

A contraction arises here, as we may differentiate with respect to a giving ¢, = 0,

which cannot be so. [
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Recalling the comment after equation (10.16) there are three cases to consider de-
pending on the phase of the conjugate of . This lemma implies that the first two
cases where o = :l:%T cannot occur.

To start narrowing the possibilities for f({,u) we consider the wedge products
of invariants built out of a, 7 and their conjugates. As T = %% = \/7/7%, and
A=C(,=(e""%a—r7))"" are both invariants it will be helpful to consider the triple
wedge product:

dANdANAT = ~T(aaCau — CauCaa)da A da A du. (10.32)

Alternatively, using the invariant M = |7|=* = ((a,u) + {(a,u), we have another

equation as the coefficient of the triple wedge product:

dT NdM N dA = —T((aaCu + Caalu — CauCa — Caula)da A da A du. (10.33)

Equating these two wedge products to zero, we have sufficient information to solve for
f(¢,u) in the vacuum Kundt wave metrics with invariant count (0,2, ...), and hence

narrow down the possibilities for those spacetimes with invariant count (0, 2,2, ...).

Lemma 10.4.5. The vacuum Kundt wave metrics for which the triple wedge product

of a, T and their conjugates vanish have the following form:

F(u)? ac—fow)

Fle = RS L g+ 0w (10.34)
Flen) = S D L+ mlu). Rel(©) #0 (10.35)
FCw) = B¢ —co—iFy(w) + go(w)C + g1(w) (10.36)

F(Cu) = e’fF‘”’(u)d“fG (( — z'/F4(u)du) + g5(u)C + go(u). (10.37)

Proof. Equating equations (10.32) and (10.33) to zero, we have two differential equa-
tions for ((a,u) and its conjugate. There will be four cases depending on whether
Caa and (4 are zero or not.
Case 1- (4 =0, Cug # 0

Equation (10.32) vanishes entirely while (10.33) implies ¢, = —Ca, so that

¢ =iF(u)a + fo(u) (10.38)
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Solving for a and integrating f cc = e

~ 4(¢—fo)
f7<< — e iF

we find the form (10.34).
Case 2- (40 =0, Cuo =0:

Here the constraints immediately imply
¢ =ca+ fi(u). (10.39)

Solving for a and integrating f cc = e

~ 4(¢—f1)
fee=e =,

which yields the analytic function (10.35).
Case 3 - C,aa 7& 07 C,ua = 0:
These assumptions cause (10.33) to become ¢, + fu = 0, implying ¢ takes the

form:
¢ = f5'(a) +iFs5(u) + Co. (10.40)
Solving for a and assuming f, = iln f2, the expression f cc = €** becomes,

fec = fo(¢ = Co —iFy).

As f» and f, are arbitrary functions of u, we make one more assumption, fo = facc

Integrating twice yields the desired metric function (10.36).
Case 4 - C,aa 7é 07 C,ua 7é 0

Re-arranging the functions we find

C,au _ C ,au
C,aa C,aa

which is equivalent to € g, — F5(u)C 4 = 0. Integrating with respect to a yields

C,u - F5<U)C,a - f4<u)

Substituting this into (10.33) we find that f, = iF}, so that ¢ takes the form

¢ =it <a+ /F5du) +z’/F4du. (10.41)
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Solving for a and assuming fg = iln fe we find

fcg—e J fsdu ( —z/F4du>

Assuming fs = fscc and integrating twice, we recover (10.37). O

These metrics do not yet belong to the (0, 2, ...) class as we must determine whether
~v may be set to zero or not. If v is non-zero, the various triple wedge products
involving v with «, 7 and their conjugates give further conditions on the metric
function f(¢,u). By lemma 10.4.4 we see that @ # +7 and hence we may eliminate the
real or imaginary part of 4 but not both as the ratio of the real part to the imaginary
part of the quantity,aB + 2B7, is tan[(arg(a) + arg(r))] = tan(arg(e’“)) = C # 0
[36].

Opting to eliminate the real part of v, we note that the purely imaginary invariant
' is invariant under any null rotation preserving Re(7y) = 0 due to the proportionality
of the real and imaginary part of aB + %BT. Thus, without fixing the frame any

further, the transformed scalar 4’ is a Cartan invariant:

v = i(Im(y) — CRe(y))

_ ] [ZCU - Zg <|T\%+ gf‘ T g)] e,

ENG;

and so we may consider the triple wedge product of the differentials of three invariants

constructed from +/, 7, a and their complex conjugates.

Lemma 10.4.6. The class of vacuum Kundt waves with an invariant count beginning

with (0,2,2,...) and |a| = 2|7| cannot occur.

Proof. Using the invariants e*~%, (, along with +' the triple wedge product produced
has a considerable number of terms in each coefficient of the coordinate basis for
three-forms. Taking the coefficients of da A da A dv, da A\ du A dv and da A du A dv

and equating these coefficients to zero we find two constraints:

7,C'|T\2e C o
aa —

7

'LC|T\26 _
“Cau =
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Immediately we see that the metric function must be of the form (10.35) with the
corresponding form of ((a,u) given in (10.39). Expressing « and 7 in terms of this

function the required equality |oo| = 2|7| implies

24
7P -

16

Tt ey~ =0,
4
where |7| = (Co(a + a) + iCi(a — a) + 2Re(fo))~" with either Cy or C; non-zero.
Multiplying by |7|72|¢|?> the above equation is now
24lc]*  Colr|™!
16 2

|T|_2 =0,

then by expanding |7|~! and differentiating twice with respect to a we find a constant

that must vanish:
Coy+1iCy =0.

This produces a contradiction as we have assumed ¢, # 0, thus there are no vacuum
Kundt wave spacetimes with an invariant count (0,2, ...) where the first order Cartan

invariants satisfy |a| = 2|7|. O

We have shown that the collection of vacuum Kundt waves must have either an
invariant count (0,2,2) with all isotropy fixed at first order, or an invariant count of
(0,2,3...) with |a| = g|7| implying all isotropy is fixed at second order. Regardless of
either case, none of the potential spacetimes arising from these subclasses produce an
invariant count with ¢ = 5. This lemma completes the proof of theorem 10.4.1 as we
have shown the two possibilities for the Karlhede algorithm requiring ¢ = 5 cannot

occur.

10.5 Sharpness of the ¢ < 4 Upper Bound

In this section we will show that the new upper bound is indeed sharp by producing

an explicit metric function f((, u).

Theorem 10.5.1. The vacuum Kundt waves with invariant count (0, 1,3,4,4) are of

the form

02 —4i(¢+Cq)

fGw) =qge" @ + Wi+ hw)
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where f1 and fy are non-constant and satisfy either
fi=(Co+10)F,, Re(f:)=Cs+ LIn(F,)F,, F,#Cu?,

or (10.42)
fi = Fy, Re(f;) =Cs3F,, F,#Cu™?

Proof. To prove this fact we calculate the quadruple wedge product of the differentials
of a — a, £ and two new invariants arising in N where the invariant N, in (10.31) is

now denoted as Ny, and N; arises from the imaginary part of N,

N=\/z (N0|T| +DB(DB + DB)™! (No + @ T Nl))

No = (~CoFy +iF,(C — C) + 2Re(f,)) e, (10.43)
G2 +G .y Co—2C2F, L2 Com
Nl = ( ut ’20(%'2_‘ 265 F) + [CO|CO|T21}Fy:| e 2a—2 )

In these coordinates, the invariants are a bit complicated; one may make a coordi-
nate transformation to remove G(u) in the function f(¢,u) in (10.21). Applying a

coordinate transformation (10.2) of the form:

huu N
u' = h(u), ”/_;:}*%éﬂw w=e (10.44)
u K7
the analytic function f({,u) becomes
4
2 —4i(C+Cq) 4 4 eC—G 2 »
F(Gu) = She ™ B ) + €50 fyfu) + ATl

Finally, noting that f; = F, + ¢F, and f, are arbitrary functions of u, we may just

relabel the quantities and write the function as:

2 —4i(¢+Cq)

FlCu)=Ste™ S + fi(u)C + fo(u). (10.45)

Dropping the primes and repeating the calculations in lemma 10.3.3 and subsec-

tion (10.4.1) with this new function, one finds that Ny and N; are now

Ny = (—CoFy +iF,(¢ —¢) + QRe(f2)) e—20-2 (10.46)
_ [—202F, | [C27]2—1]Fy] _2a—2a
N1 = [ 20§O|7-\ + OC()|’7'|2 }6 2a—2 )
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From the quadruple wedge product d(a—a) Ad§ AdNyAdN; we find the sole coefficient

is:
(No.a + Nog) N1y — (Nig + Nig)Nou = 0.

Expanding this equation we find three essential equations whose vanishing is necessary

and sufficient for the 4-form to vanish

(Re(f2) + %Fy)Fx,u - Re(f2),qu
(Re(f2) + %Fy)Fy,u — Re(fa) uly
FyFpy— Fy,F,=0.

0
0

To solve these equations we must consider two cases depending on whether F; = 0
or not. In the case that F, does vanish, we find that Re(f;) may be expressed in

terms of derivatives F), an arbitrary function:
While if F, # 0 and arbitrary, we find that

F, = CyF,, Re(fs) =[Cs + i‘)zn(Fy)]Fy. (10.48)

The choice of these functions is reflected in the structure of the invariants. Supposing

—2a—2a
;

that F}, = 0, we may express N; in terms of Ny = Re(f>)e

N, = [@] N,.

I7|

In the case that F, # 0 we find that Ny and N; may be expressed in terms of No,

]\[2 — Fye—Za—267
No = No(Co|7|™t + 2C4 + In(N2/2)), (10.49)
N, = [g X 03\“2—2} N,.

I7] Col]?

Regardless of whether F, # 0 or not, the third second order invariant arising here

is of the form

N = Fy(u)e 22,
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The frame derivatives of this invariant produce only one new functionally independent

invariant,

2 - s
—AN = Fy,e

7]
To determine the full class of (0,1, 3,4,4) vacuum Kundt waves, we must avoid those

functions Fy which give the invariant count (0,1, 3,3), this can only happen if Fj is

constant or when it satisfies the following differential equation,

3
Fouw=—2\/C, ' Fy

by integrating one finds that Fy = Cyu~2.

In the case that Fj is constant, all of the metric functions in (10.45) are indepen-
dent of u and hence this is a (G; metric with no u-dependence. In the other case, we

may make a coordinate transformation,

v R 1
u = h(u), v = ™ + RN hy=u"",. (10.50)

Dropping the primes, in these new coordinates the (0, 1,3, 3) metrics with F,, = 0 are

now of the form

e

fGu)=SEe™ o + o +C (10.51)

while those metrics with F, # 0 are now

1 C|
—4i(¢+ =2 +0q)

FGu)=S2e™ @+ 0o +iCs (¢ + %) + C (10.52)
From [27] we conclude these are all G spacetimes. O

We conclude this section with the result that the sharpness of the upper bound has

been confirmed.

10.6 Uniqueness of the Vacuum Kundt Waves with ¢ = 4 in the
Karlhede Algorithm

Applying lemma 10.7.2 it is easily proven that the vacuum Kundt waves with invariant

count (0,3,3,4,4) cannot occur. Thus we need only investigate the existence of the
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(0,2,3,4,4) vacuum Kundt waves to determine the uniqueness of the vacuum Kundt
waves with ¢ = 4.

By examining the remaining admissible branches in figure (10.1), it is clear the
only possibility of a vacuum Kundt waves attaining ¢ = 4 in the Karlhede algorithm
lies in the cases with invariant count (0, 1,3, ...) and (0,2, 3, ...). In both of these cases
~ may be set to zero and the invariant coframe is entirely fixed.

Instead of working with the spin-coefficients relative to the invariant coframe with
VU, =1 and v = 0, we examine the second order invariants found by decomposing
the invariants « and 7 to construct the simpler invariants: a —a = 1ln( ) Ca =
\/; (a—47)"" and (+¢ = |7|~'. To produce higher order invariants we apply the frame
derivatives of the invariant coframe ¢ = ¢, n' = n+Bm+ Bm+|B|*(, m' = m+ Bl
to these invariants. By choosing coordinates, the frame derivatives take the form
(10.27)

By direct calculation with this simpler set of invariants and the invariant coframe

we may prove the following proposition.

Proposition 10.6.1. For all vacuum Kundt waves with |o| # 2|7|, the second order
Cartan invariants with no functional dependence on the previous invariants consist
of the following frame-derivatives of the first order invariants: %Z{) = |Ca*Aa —

V2, = ¢anCar VB2, = AC+O) = and VEZs = CabCa, along with the
spin-coefficients ', N, v/

Zy = =" (Cula—CuCa) + =B'Ca—

e~ a T
Zl - (CauCa C,uc,aa) + ;B/C,am

S
e]
oY

Z, = B+ 1B
T T

ZS - Caaa

B
A \/7+B7T+BDB+(5B
/LI = 7+B7T+BDB+5B

V' = v+2By+ B+ BB(r+2) + AB+ BB+ BSB + BBDB

where the unprimed spin-coefficients are defined in (10.20) and B' = \/g1 /%B is the
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complex-valued function

B =e ot DB -3 ($2 — &) 4 52 DB

’_ 16]7[? 1
DB’ = srp—igap 7] +

To inquire into the uniqueness of the ¢ = 4 vacuum Kundt waves, we classify the
vacuum Kundt waves with invariant count beginning with (0,2,3,...). This class of
spacetimes is noteworthy as it contains the majority of metrics admitting one Killing
vector, and will provide an invariant expression to differentiate those vacuum Kundt
waves with invariant count (0,2,3,4,4) from those with (0,2,4,4). To find such an

expression we consider the quadruple wedge products of
dla—a)Nd(, NdZ; NdZ;, and d(a—a) ANd|T|"P NdZ; N dZ;.

If there are only three functionally independent invariants at second order, all twelve

quadruple wedge products must vanish, giving twelve equations:

wilZio(Zia+ Zia) — Zi(Lio+ Zia
Ziwliv — Linlju = CaulZj(Zia + Zia) w(Zja+ Zja)]

C,aa )
NNZ A Zia+ 7)) — Zs (D0 + 7
Zi,qu,v—Zi,ijvu — (|T| ) [ 7, ( , —g +2_ ’ ( ot Zj )]

Fortunately the cases where (,, # 0 may be studied directly without resorting to

wedge products:

Lemma 10.6.2. The vacuum Kundt wave metrics with an analytic function of the

form (10.34),

N 2 A Fy(w)
F(¢u) = —=Ee 7m0 4 g(u)¢ + go(u)

have the invariant count (0,2,4,4).

Proof. To start, we make a coordinate transformation to remove the imaginary part

of fo in (10.34) using the coordinate transformation:

- 2Im(fp)

! __ /I v h,uu _ F(u)
w = h(u), v = R T R h,=e Fw .
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Writing ((a,u) = iF(u)a + Fy(u), we find that the first order invariants arising from

7 and « are

1
5[7@(?/7) =a—a, Co=1iF(u), |7|"'=iF(a—a)+ Fp. (10.53)
As F" # 0, so as to avoid metrics of the form (10.35), we may take its inverse locally

and express all other functions of « in terms of it.
Fy =Fo(F).

Thus we are left with a —a and (, as invariants. Noting that Z; = Z] + Z,, where

Zl is
Z, =€ “FF,=¢ " F(F).

Removing the u-dependent piece, we may solve for a — a as a third functionally inde-
pendent invariant. Taking Z5 in proposition 10.6.1 we eliminate all terms dependent
on a,a and u leaving v as the last invariant at second order to complete the set
{a — a,a + a, F(u),v} with the spin-coefficients at first and second order acting as

the classifying manifold along with the frame derivatives of v and a + a. m

Applying the lesson learned from section (10.5), we note that any Kundt wave
metric with a function of the form (10.37) may be transformed into one of the form

(10.36) using the coordinate transformation

h fF5du
! /I v ,uu _ _—
w = h(u), v = PO TN h,=e "2

(10.54)

The division of the case with (4, # 0 cannot be made by ( 4, vanishing or not; it is a
coordinate-dependent distinction. We may ignore the ¢,, # 0 in Lemma 10.4.5 case
and study the simpler case.

With these two cases eliminated, we may set (4, = 0, giving only six equations
Zi,qu,v - Zi,ij,u = 0. (1055)

Lemma 10.6.3. The vacuum Kundt wave metrics with analytic function of the form

(10.35)

. , 4w
f(Gu) = §664(E ) +91(u)C + ga(u),  Re(e) # 0,
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have the invariant count (0,2,4,4) except in the subclass of these metrics with

2 4(( Co iCyu)

f(¢u) = + o€ + Im(c2)Cru + Cs

which have the invariant count (0,2, 3, 3)

Proof. We first examine the possibility of invariant counts of the form (0,2,3,...)
using the metric function (10.35). In this case the function is ((a,u) = ca + fi(u),

we find that the first order invariants arising from 7 and « are
a—a, Co=c, |7|7"=Re(c)(a+a)+ilm(c)(a—a)+ Re(f). (10.56)

At second order, Z3 = Z; = 0, thus there is only one quadruple wedge product giving

constraints on the metric functions. Mutiplying ¢Z5 and adding it to Z; gives a useful
invariant

Zh e e

c+c c+c

m(C.uC) + P
T
To calculate the wedge product we scale Z) and Z, and use the following quantities:

1 _ 71 257> ~16|a? / Zo
Z ZO 16|7]2(c+c) Zy = IDB'+IDB'"

Substituting into equation (10.55) and differentiating the whole expression by v to
get

7.7,

0,uv Z[I)/'L;Zéuv |T|7U'

Requiring this to vanish, we find that Re(f{) = 0 implying that a« — a and a + a are
the only first order invariants.

Returning to the original invariants Z and Z,, substituting into equation (10.55)
and denoting I'm(f;) = F; we find that this becomes,

5(c+c), T
4cl?

c+c|DB'|?

iF o | “DB + DB +
o P IP

( DB + DB )+
As before, setting this equation to zero we find that Fy = Im(f;) = Ciu. Substituting
the form of f; = Cy + iCiu into B’ in proposition 10.6.1 it is clear that one may peel

away the terms and coefficients of the v-linear term in Z5 to produce v as the last

invariant.
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It is clear that the only new functionally independent invariant arises in v in
(10.26), as this is the only function retaining u-dependence. Due to the formula for

v in (10.20) we may work with the simpler invariant,

Vo= |7]7'g1 + 91¢ + §1C + 2Re(gs) (10.57)

Denoting g, = G,+1iG,,. Taking the wedge product daAdaAdvAdV and and equating
this to zero we find that g = G, + iIm(ca), Re(g2) = Im(cy)Ciu and G, = 0 and
so g1 = ¢ € C. As all u-dependence has been removed from the invariants, it is clear
this is a GG; space; the classifying manifold consists of the first order and second order
invariants in terms of a,a and v along with the frame derivatives of v.

In the (0,2,4,4) case, we may replace the complex-valued f; in (10.35) with a

real-valued function of u. To do so, we apply the following coordinate transformation

v ——2_(Re(f1)Re(c)+Im(f1)I
u'=hu), V=5 gEtE ha=e iz (ReUDRe( M) Im())

Then by making the gauge transformation, F; = —Re(f1)Im(c) + Im(f1)Im(c), we

recover the desired form. ]

Lemma 10.6.4. The vacuum Kundt wave metrics with analytic function of the form

(10.36)

f(Gu) = fo € = C = iF3(u)) + g3(u)C + ga(u)

have the invariant count (0,2,4,4) except in the subclass of these metrics with

f(Gu) = fo(C = C —iCou) + c1¢ + Im(er)Cou) + Cs
which have the invariant count (0,1,3,3).

Proof. We first examine the possibility of invariant counts of the form (0,2,3,...). In
this case the metric function is ((a,u) = Z(a) + C + iF3(u), we find that the first

order invariants arising from 7 and « are

Car |TI7! = ((a) +¢(a). (10.58)

Locally we may take the inverse of (, to solve for a and use it as an invariant.

Similarly we may do this for the conjugate, and hence at first order a and a may be
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treated as invariants. At second order, Z3 = (4, gives no new information. If we

define a new invariant 7] = Z1Z§1, Ty =71+ Zy and Zy = §7aZ{ — C,aZ{, there is

only one quadruple wedge product giving constraints on the metric functions.
Taking the quadruple wedge product with Z] and its conjugate and substituting

into equation (10.55), we obtain

Ca+CalDB'|?

|Cal?I7]?

5(C,a + C_-,li) z
4Cal* 7

—iFyu |-DB + 'DB + DB + DB +
T T T

As before, setting this equation to zero we find that F3 = Cou. Substituting F3(u) into

B’ in proposition 10.6.1 it is clear that one may peel away the terms and coefficients

of the v-linear term in Z to produce v as the last invariant.

From the remaining second order invariants, (10.26) it is clear that the only new
functionally independent invariant arises in v as this is the only function retaining
u-dependence. Denoting g3 = ¢, + ig, we may work with the simpler invariant V' in
(10.57):

Vo= |7]7'gs + 93¢ + G3C + 2Re(g4)

Repeating the calculation of the wedge product da A da A dv A dV and equating this
to zero we find that g5 = G, + iIm(c1), Re(gs) = Im(c;)Cou andgs = ¢ € C. As all
u-dependence has been removed from the invariants, it is clear this is a G} space, the
classifying manifold consists of the first order and second order invariants in terms of

a,a and v along with the frame derivatives of v. m

10.7 An Invariant Classification of Vacuum Kundt Waves

In proving the sharpness of the lowered upper bound we exhausted all of the branches
of the invariant-count tree starting with (0,1,...). Employing the first order Car-
tan invariants, o, 7 and 7, we may eliminate several branches from the remaining
invariant-count trees in (10.4).

Using the results in this section the possible scenarios for the invariant classifi-
cation of the vacuum Kundt waves can be narrowed down further to the following

diagrams in figure (10.1)
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10.7.1 Vacuum Kundt waves with |a| = 2|7|

In the most general case, where a vacuum Kundt wave admits the following invariant
counts, (0,4, ...), we may eliminate the scenario where ¢ = 2 by counting coordinates

involved in the first order invariants.

Lemma 10.7.1. All vacuum Kundt waves with invariant count (0,4, ...) must have

laf = 3I7l.

Proof. Choosing Kundt coordinates, we calculate the quadruple wedge product of the
differentials of the first order Cartan invariants «, 7 and their conjugates. As they

are all functions of a, a and u relative to the special coordinate system, it is clear that
da Nda ANdr NdT = 0.

If the magnitudes of  and 7 were not proportional we would always be able to set

~v = 0, contradicting our assumption that four invariants appear at first order. O

With the upper bound ¢ < 4 shown to be sharp in the subclass of the vacuum Kundt
waves with invariant count (0, 1,3,4,4), we would like to determine whether vacuum
Kundt waves with ¢ = 4 exist in the other subclasses of the vacuum Kundt waves with
invariant count begining with (0,2, ..) and (0, 3, ...) respectively. Using the approach
from the previous section, it is possible to show the ¢ = 4 branch in (10.4) cannot

occur in the (0,3, ...) case.

Lemma 10.7.2. For all vacuum Kundt wave spacetimes with invariant count (0,3, ...)
the magnitude of a is never proportional to that of 7; i.e., |a| # 3|r|. All remaining

frame freedom is exhausted at first order by setting v = 0.

(0,4,.) --- (044,..) — (0,4,4,4)
(0.3,.) — (034,.) - (0,3.4.4)
(02,3,..) — (0,2,3,3)
(0.2,..) (024,.) — (0,2,4,4)
012.) — (0122)
(0,1,3.3)

0,13...) é 01.34,.) — (0,1.3.4.4)
(0.1,..) 014,..) — (0,1,4,4)

Figure 10.1: All permissible invariant-count trees for the vacuum Kundt waves
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Proof. Let us assume that the two magnitudes are equal, then by lemma 10.4.4,
a # £7 and we may set either the real or imaginary part of v to zero. As before, we
eliminate the real part of . The purely imaginary invariant 4’ is invariant under any
null rotation preserving Re(y) = 0 due to the proportionality of the real and imagi-
nary part of aB + %BT. Thus, without fixing the frame any further, the transformed

scalar 7/ is a Cartan invariant:

7, = Z(Im(V) - C(a7 a, U)RG(V))

z\/m [ic’“ ST (\T|v oy Z_C“ﬂ e

22 [ Ca Ca Ca ' Ca

and so we may consider the quadruple wedge product of the differentials of three

invariants constructed from «/, 7, and their complex conjugates: |7|7!, €7, (, and

~'. Doing so we find the sole coefficient of da A da A du A dv is:

ie2| 7|2 C
2v/2

If we wish to have three functionally independent invariants at first order, this wedge

(C_,aa o T E,‘ag_,u - Ct,auc_,a - C_-,&uc,a) :

product must vanish; however, this is exactly equation (10.33) used to determine the
class of vacuum Kundt wave metrics with invariant count (0,2, ...). This contradicts

our assumption and so |a| # 2|7|. O

With this result we see that for all metrics with an invariant count (0,n,...), n < 4,

we may always set v = 0 as 2|7| # |a.

10.7.2 Vacuum Kundt waves with |a| # 2|7|

To complete the classification of those spacetimes with invariant count (0,2, ...), we
show that the class of vacuum Kundt waves with invariant count (0,2,2) cannot

occur.

Lemma 10.7.3. If a vacuum Kundt wave spacetime admits a two-dimensional isom-

etry group it must belong to the (0,1,2,2) class.

Proof. Supposing that only two functionally independent invariants appear at first

order, we require that the wedge products of d(a — a) A d(, A dZ; and d(a — a) A
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d|T|7' A dZ; all vanish. Calculating the wedge products in a particular coordinate
system gives

dla—a)NdCo NdZ; = [CaaZin — CauZia+ Zia)lda N da N du
+ ZiwCaada N da A dv
+ ZiwCau(da Ndu N dv—da N du A dv),

dla—a)NdiT| " ANdZi = [(Ca+Ca)Zin— (ITI™)u(Zia + Zig)lda A da A du
+ Zin(Ca+ Ca)da Ada N dv
+ Ziw(Cu+ Cu)(da N du N dv—da A du A dv).

If these wedge products are to vanish then either ¢, + E,a =(qy+ Eu = Cau=Caa =10
or Zi, = 0. As in the proof of Lemma 10.7.4 we may use the same argument for
metrics (10.34), (10.36) and (10.37) to show Z;, # 0, i = 0,1,2. In the case of the
metric function (10.35) where (4, = 0 and ¢, = —57;1, Zy, = 0 occurs if and only
it (, = 0 which is not possible. If these wedge products do vanish, we must have
CatCa=Cut+Cu=Cau=Caa =0, implying that this metric belongs to the (0, 1, ...)

class. O]

To illustrate the utility of these invariants over the usual set of invariants arising
from the spin coefficients relative to the invariant coframe, we prove that the class of

vacuum Kundt waves with invariant count (0, 3,3) cannot occur.

Lemma 10.7.4. If a vacuum Kundt wave spacetime admits three functionally in-
dependent invariants at first order of the Karlhede algorithm, it must belong to the

(0,3,4,4) class.

Proof. Supposing that we do have the invariant count (0,3,3) we will show there is
a contradiction. Denoting the triple wedge product Qs = d(a — a) A dC, A d(¢ + C),

we note

Q3 - _(5,&&(C,u + §,u> - 6,6&(5,& + C,a))da A da N du.

We recall from equation (10.33) that if this equation vanishes only two functionally
independent invariants appear at first order of the algorithm; thus this must be non-

zero if we wish to have three invariants at first order. To impose the condition that
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no new functionally independent invariants appear at second order, we require the
vanishing of all quadruple wedge products with Z;, I =1,2,3,4

Qs ANdZr = —Z15(Caa(Cu + Cu) — Cau(Ca + Ca))da A da A du A dv.

This can only occur if and only if Z;, = 0, ¢ = 1,2,3. The v-coefficient of the first

three Z; yields two cases, depending on whether ¢,, = 0 or not.

o If (4o # 0, the vanishing of Q3 A Z; implies Z;, = 0; this can only occur if
DB = Owhich is not possible; otherwise one would have |7| = —(,'. If one
were to impose this constraint, it immediately implies, ¢, = 0 which cannot be

true.

o If (4o = 0, the vanishing wedge products 23 A Z, and Q3 A\ Z; give the following

equations

IDB'¢, — ZDB'(a =0,
IDB' +IDB =0.

As DB # 0, we may solve one equation and substitute into the other,

E,a T
l(,a + 1] DB; = 0.

This will only vanish if (, = —(g; however, if this is the case, then (10.33)
is satisfied and this spacetime belongs to the (0,2, ...) class, contradicting our

assumption, and so it cannot occur.
[

Effectively we may differentiate those vacuum Kundt waves with invariant count
(0,3,4,4) and (0,4,4,4) by the non-vanishing of the first order invariant |a| — 3|7|.

The Newman-Penrose field equations provide further classifying functions.

10.8 Conclusions

In this paper we have invariantly classified all of the vacuum Kundt waves by exhaus-

tively listing all invariant counts that appear as states in the Karlhede algorithm.
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Using the invariants produced by this method, we examine each invariant count to
determine if the spacetime is integrable. In many cases whole branches do not occur
or are significantly simplified; the results of this analysis are summarized in table

form in the following two tables (10.1) and (10.2).

This analysis was motivated by previous work on the upper bound of the Karlhede
algorithm applied to type N spacetimes; it was conjectured that ¢ < 5 [36, 47] for the
vacuum Kundt waves; however, this upper bound was not shown to be sharp. We
have lowered the upper bound to ¢ < 4 and produced an example by integrating the
class of vacuum Kundt waves with (0,1, 3,4,4) proving the sharpness of the bound.
Furthermore, we proved this class is unique as it is the only class requiring the fourth

derivative of the curvature to invariantly classify its members.

10.9 Vacuum Kundt Waves Admitting No Symmetry

In this section we collect all of necessary invariants required to sub-classify the vacuum
Kundt waves admitting no Killing vectors, by identifying the functionally independent
invariants and those functionally dependent invariants that are not generic to all
vacuum Kundt waves. These functions constitute the essential classifying manifold,
as all other curvature components to any order may be expressed in terms of these
functions and their derivatives. In each list the use of a semi-colon indicates those
elements arise from the next order covariant derivative of the curvature tensor than

the predecessors in the list.

Proposition 10.9.1. The metrics belonging to the (0,4,4,4) class may contain any
analytic function, f(z,u), not listed in the class of vacuum Kundt waves with invariant-

counts beginning with (0,n,...), n < 3.

Using the special coordinates a = iln(f“), the four functionally independent in-

variants may be constructed from the spin-coefficients in (10.20):
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The classifying functions at first and second order are:

ata= Z()(Z(a - (_Z), C,aa |7-|71)7 gu - Zl(l(a - d), ga) |7_|71)7
el 4 ¢ 171 7 (Ca + Ca) + 7175

gaa - 22(2(01 - a)? C,aa |T|71)7 f(aa U) = 23(2(01 - a)? C,aa |T|71)'
The invariant coframe arises from the coframe (10.19) by using the null rotation
parameters B' and B" to satisfy the conditions at first and second order respectively:
5 _
Im (7 + B'a+ 4B'7’> =0; iA"(a—a)=0.

Proposition 10.9.2. The metrics belonging to the (0,3,4,4) class may contain any
analytic function, f(z,u), not listed in the class of vacuum Kundt waves with invariant-
counts beginning with (0,n,...), n < 3.

Using the special coordinates a = iln(f@), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

invariant appears at second order:

C,au C_-,O_H |T|_1; v.

The classifying functions at first and second order are:

a = EO(C,av 5@7 |T|71);
gu = 22((,&7 6,57 ’T|_1)7 C,aa - 23(C,a7 5,5,7 |T’_1)7 f(aa U) - 24((,(7,’ éc—ta |T|_1>‘
The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: v + B'a + ZB’T = 0 which is
explicitly given in proposition 10.6.1.

Proposition 10.9.3. The metric belonging to the (0,2,4,4)—0 class has the canonical
form for f(C,u)

w)2 4(C_—F0(U))
PP T 4 g(u)C + golu),

where F', fo, g and go are arbitrary functions of u.
Using the special coordinates a = iln(f,gc), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

two invariants arise at second order:

a—a, C,=1iF(u)with F,, #0; a+a, v.
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The classifying functions at first and second order are:

7|7 = iCu(a — a) + Fy(u);
C,aa = 07 F,u(u)a g(“)? g(u)v Re(go)(u>'

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: v + B'a + %B,T = 0 which is

explicitly given in proposition 10.6.1.

Proposition 10.9.4. The metric belonging to the (0,2,4,4)—1 class has the canonical
form for f(¢,u)

4(¢ _ iF(u)

F(Cu)=Se= 1P 4 gi(u)¢ + ga(u), Re(c) #0

where Fy, g1, and go are arbitrary functions of u.
Using the special coordinates a = iln(f’cc), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

two invariants arise at second order:
- —1.
a—a, ’T‘ ) Z()’ ZQ

where Zy and Zo are defined in proposition 10.6.1. The classifying functions at first,

second and third order are:

C,a =q
{,aa = O, a—+a= Z[)(CL — C_L, ’T‘_l, —’iZO, ZQ), v = Zl(@ — d, ‘T’_l, Zo, ZQ),
AZO == iZQ((I - C_Z, ’7"_1, Zo, ZQ), AZg == Z4(a — C_L, ‘T’_l, Zo, ZQ)
The invariant coframe is found at first order by applying a null rotation to the coframe

(10.27) with parameter B satisfying the conditions: v + B'a + %B,T = 0 which is
explicitly given in proposition 10.6.1.

Proposition 10.9.5. The metric belonging to the (0,2,4,4)—2 class has the canonical
form for f(C,u)

F(Gu) = fa(C = co = iF5(w)) + gs(u)C + ga(u)

where F3, g3, and g4 are arbitrary functions of u.
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Using the special coordinates a = iln(f’gc), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

two invariants arise at second order:
-~ —1. / 71
a—a, |t|7Y Z], Zj

where Z) = Z, 75" as defined in proposition 10.6.1. The classifying functions at first,

second and third order are:

Ca =1Z0(a —a,|7]71);
a—+a= Zl(a —a, |T|_1>’ v = 22(a —a, |T|_17 Zi’ Z{)’
AZ{ = z':?:g(a — EL, ’T|_17 Zi7 Zi)

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: ~v + B'a + %B/T = 0 which is
explicitly given in proposition 10.6.1.

Proposition 10.9.6. The metric belonging to the (0,1,4,4) class has the canonical
form for f(¢,u)
5 —4i(¢+Cy)

FCu)=5Ste™ 9 + fitu)C + folu).

where fi and fo may be any set of functions except those listed in the remaining
invariant classes (0,1,3,4,4), (0,1,3,3) and (0,1,2,2).

Using the special coordinates a = iln(f@), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

three invariants arise at second order:
a—a; v, Ny, N

where Ny and Ny are defined in equation (10.46). The classifying functions at first,

and second order are:
C,a :iCO, "7”_1 :ZCO(CL—C_Z)+201,

a+a= Zo(a—a, No, N1);
ANO = Zl(a — C_L,U,N(),Nl), ANl = ZQ(CL — a,’U,N(),Nl).
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The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: v + B'a + ZB’T = 0 which is
explicitly given in proposition 10.6.1.

Proposition 10.9.7. The metric belonging to the (0,1, 3,4,4)—0 class has the canon-
ical form for f((,u)

2 —4i(¢+Cq)
C

F(Cu) = e E™ L R [(Co 4 )¢ +2C5 + In(Fy2))

where F, may be any function except Cu~2.

Using the special coordinates a = iln(ﬁcg), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

three invariants arise at second order:
= No: F _ Fyu
a a; v, 2 (U) — 3

where Ny is defined in equation (10.49). The classifying functions at first, and second

order are:

Ca=1Co, |7|7' =1iCh(a —a)+ 2Ch;
N, = [@ + CS\TP*Q} No;

I7] Colr[?

Fy=Zy(F), a+a=3}n(52).

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: v + B'a + %B’T = 0 which is

explicitly given in proposition 10.6.1.

Proposition 10.9.8. The metric belonging to the (0,1, 3,4,4)—1 class has the canon-
ical form for f(C,u)

2 —4i(+01)

f(Gu)=38e S0 + F(C+Cy)

where F, may be any function except Cu=2.

Using the special coordinates a = iln(fy«), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

three invariants arise at second order:

a—a; v, Ng; F(u):F“'*“
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where Ny is defined in equation (10.49). The classifying functions at first, and second

order are:

Co =1Coy, |77t =1iCy(a —a)+ 2C;;

— N- .
No= g5
E, = Zy(F).

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: ~v + B'a + %B/T = 0 which is

explicitly given in proposition 10.6.1.

10.10 Vacuum Kundt Waves Admitting a Symmetry

In this section we collect all of necessary invariants required to sub-classify the vacuum
Kundt waves admitting one Killing vectors, by identifying the functionally indepen-
dent invariants and those functionally dependent invariants that are not generic to all
vacuum Kundt waves. These functions constitute the essential classifying manifold,
as all other curvature components to any order may be expressed in terms of these
functions and their derivatives. In each list the use of a semi-colon indicates those
elements arise from the next order covariant derivative of the curvature tensor than

the predecessors in the list

Proposition 10.10.1. The metric belonging to the (0,2,3,3)—1 class has the canon-
ical form for f((,u)
4(¢—Cp—iCqu)
%e T + o€ + Im(cy)Cru + Cs

where ¢, co and Cy, Cy,Cs are arbitrary complex-valued and real-valued functions re-
spectively.

Using the special coordinates a = iln(f“), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

two invariants arise at second order:

a—a, at+a; v
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where Zy and Zy are defined in proposition 10.6.1. The classifying functions at first,

second and third order are:

Ca=c, |t|7'=Re(c)(a+ a)+ Im(c)(a—a)+ Cy;
017 Co, C3‘

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: v + B'a + %B’T = 0 which is
explicitly given in proposition 10.6.1.

Proposition 10.10.2. The metric belonging to the (0,2,3,3)—2 class has the canon-
ical form for f((,u)

f2(C = C —iCou) + c1¢ + Im(c)Cou + Cy

where C, Cy, Cs,and ¢y are arbitrary real-valued and complez-valued constants. Using
the special coordinates a = iln(f,gg), the four functionally independent invariants may
be constructed from the spin-coefficients in (10.20) even though the last two invariants

arise at second order:

The classifying functions at first, second and third order are:

a—a= Z‘ZO(C,aa E,ba)a C + E = Zl(c,aa C_,d)a C;
a+a= ZZ(C,(M 6,6)a C1, CQ'

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: v + B'a + %B,T = 0 which is

explicitly given in proposition 10.6.1.

Proposition 10.10.3. The metric belonging to the (0,1,3,3,3) class has the canon-
ical form for f((,u)

2 —4i(¢—iCou+C1q)

Tge o + CgC + Im(03)C'2u + ZCQ

where Cy, C1, Cy, and c3 are arbitrary real and complex valued constant, respectively.
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Using the special coordinates a = iln(f’gc), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

three invariants arise at second order:

The classifying functions at first, and second order are:

Ca=1Co, |7|7' =1iCo(a —a) + 2Ch;
CQ, C3.

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: v + B'a + ZB’T = 0 which is
explicitly given in proposition 10.6.1.

10.11 Vacuum Kundt Waves Admitting Two Symmetries

In this section we collect all of necessary invariants required to sub-classify the vacuum
Kundt waves admitting two Killing vectors, by identifying the functionally indepen-
dent invariants and those functionally dependent invariants that are not generic to all
vacuum Kundt waves. These functions constitute the essential classifying manifold,
as all other curvature components to any order may be expressed in terms of these
functions and their derivatives. In each list the use of a semi-colon indicates those
elements arise from the next order covariant derivative of the curvature tensor than

the predecessors in the list

Proposition 10.11.1. The metric belonging to the (0,1,2,2) class has the canonical
form for f(¢,w)

—4i(¢—iCo+Cq)
f(C’u) — %ge 00424’ 1
where Cy and Cy are arbitrary real-valued constants.
Using the special coordinates a = iln(f’«), the four functionally independent in-
variants may be constructed from the spin-coefficients in (10.20) even though the last

three invariants arise at second order:
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The classifying functions at first and second order are:
Co=1iCy, |77t =1iCh(a—a)+2C,.

The invariant coframe is found at first order by applying a null rotation to the coframe
(10.27) with parameter B satisfying the conditions: ~v + B'a + %B’T = 0 which is

explicitly given in proposition 10.6.1.

10.12 All Potential Invariant Counts for the Vacuum Kundt Waves
To write down a potential case of the Karlhede algorithm up to a given iteration, p,

we will use the following notation, (ty,%,...,%,,...), where ¢;, i € [1,p] denotes the

number of functionally independent invariants at the i-th iteration of the Karlhede
algorithm. We may map out all potential cases of the Karlhede algorithm, by using
each potential invariant count as a node in a tree diagram where the existence of a

non-trivial isotropy group from one iteration to the next will be denoted by a dashed

line, while a solid line denotes a trivial isotropy group.

(0,1,2,2) Z (0,1,2,3,3)
Z(O,LZ,S,...) 01,234,..) - (0,1,2,34,4)
01,2,..) (0,1,24,..) — (0,1,24,4)

(0,1,3,3)
(0,1,3,..)) 4 (0,1,34,..) — (0,1,3,4,4)

01,1,2,2) 0,1,1,2,3,3)
/(0,1,1,2,3,...) (0,1,1,2,34,..) — (0,1,1,23,44)

©01,1,2.) £ (01,124.) — (01.1,244)
©1.) Z ©,1,1,3,3)
(0,1,1,..)

(0,1,4,...) — (0,1,4,4)

01,13,.) & (01,1,34,..) — (01,1,344)
(01,14,.) — (0,1,1,44)

n (0,1,2.2) 0,1,2.3,3)
i 2(0,1,2,3,...) /50,1,2,3,4,...) — (0,1,2,3,4,4)
(01,2,..) & (01,24,..) — (0,1,2,44)

o (0,1,3,3)

n

‘,: (0,1,3,..) L 0134.) — (01,344)

' (0,14,..) — (01,44

Figure 10.2: Potential invariant-count trees for the case where one functionally inde-
pendent invariant appears at first order of the algorithm
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0,2,2)

(0,2.3,3)
(0,2.3,..)

0,234,.) — (0,2344)
024,.) — (0244)

0,2,2,2) Z 0,22,33)
0,2..) F- (0,22,..) <(o,2,2,3,...)

02234.) - (02,2,344)
n (0224,.) — (0,2.24,4)
".\‘ ©,23,.)

< 0,2,3,3)

(0,23,4.) — (0,23,44)
(0,24,..) — (0,24,4)

Figure 10.3: Potential invariant-count tree for the case where two functionally inde-
pendent invariants appear at first order of the algorithm

(0,3,3)
/ 034,..) — (0,3.44)
(03,..) €-

-~ (033,..) (0,3,3,3)

\

(03.34,.) — (03,344
N (034,.) — (0,344)

(0,4,4)
©4,..) /

- (0,44,.) — (0,444)

Figure 10.4:

Potential invariant-count trees for the case where three or four func-
tionally independent invariants appear at first order of the algorithm
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Invariant Count f(C,u)
(0,4,4,4) f(Cu), la] =37 =0
(0,3,4,4) f(Gu), ol = 37| #0
2 4C—Fy(w)
(0,2,4,4) — 0 — BT 4 g(u)C + goluw)
5 ¢ ik (u)
(0,2,4,4) 1 2 AH) | )+ gaw)
(0, 2,4, 4) -2 fg(C — Cy — ZF3(U)) + g3<U)Z + g4(U)
Cg 74i(é+cl)
<0717474) 16 € 0 +f1(u)g+f2<u)
o2 —H+Cy) . S
(0,1,3,4,4) Tee 9+ fl(Cy +14)¢ + 205 + In(fy* )],
fy(u) # Cu™?
2 —4i(¢+Cq)
(0,1,3,4,4) D@ 4 f(C+ ),
fo(u) # Cu™2

Table 10.1:  All Vacuum Kundt waves admitting no symmetries

Invariant Count f(¢ u) Killing vector

2 A¢=Cg—iCiu

(0, 2, 3, 3) Ee c : + CQC -+ Im(Cg)Clu + C3 U — ClT
(0, 2, 3, 3) fg(C —C - ZC()U) + ClC + [m(cl)C'ou + 02 U — COT

c2 —4i({—i1Cou+Cq)

(0, 1, 3, 3) Tge o + C3C + Im(c3)C'0u + Cg U — C()T
—4i(¢+Cq)
(0,1,2,2) Ge= U and
T+Ci'R

Table 10.2: All Vacuum Kundt waves admitting symmetries; the Killing vectors are:

_ 0 _ (0 o) _ 0
U—%,R—Z(afc—afc—> andT—%%



Chapter 11
All Kundt Waves Admitting Isometries

11.1 An Invariant Coframe to Calculate Isometries

We are interested in the collection of Petrov Type N Kundt spacetimes with 7 # 0, the
so called rotating plane fronted waves. In this paper our interest lies in the collection of
these spacetimes admitting one or more isometries. Kundt had previously investigated
these spacetimes [9], however we will use the notation in [22]. In the Newman-Penrose
formalism, these spacetimes have 0 = p = 0 and hence are Kundt spacetimes with
7 # 0; they admit vacuum, Null Einstein-Maxwell and Pure radiation as energy
conditions.

Using the metric form (31.38) in [22], these spacetimes describe those vacuum
Kundt spacetimes with 7 # 0. To restrict these to Petrov Type N, we set W9 = 0.
In these spacetimes, the vacuum condition implies H° is harmonic, if we relax this
condition the spacetimes will have ®55 # 0 and hence allow for an energy tensor

describing pure raditation or a null Einstein-Maxwell field. The metric will be
2 = _ v — HYC. o) — -2
ds* = 2d¢d¢ — 2du(dv C+C_Re(d<) + Hdu, H = H"(,(u) (HC—)Q). (11.1)

More conveniently this may be described by the coframe,

m=d(, {(=du, n=dv— <‘fc—Re(dC) + Hdu,
_ go(r ~ v
H - H <C7 Cv U) (C+<)2'
Using this coframe and applying the appropriate Lorentz transformations to normal-
ize particular Cartan invariants related to the Kundt waves, producing an invariant
coframe well-suited to the geometry of these spaces.
The coframe approach to the metric provides another method to calculating the
isometries of the spacetime using the Lie derivative, I by exploiting the fact that any

coordinate transformation, ®, maps each member of the coframe to its equivalent in

252
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the new coordinate system. That is for w* = {m,m, v} and w® = {m',m’, 'n'} in

the new coordinates:

> Wt = W (11.2)

(2

In the typical situation where one is using a coframe which is not invariant, ®*w?" =

A(¢, ¢, v)wi where Al belongs to the Lorentz group.

Theorem 11.1.1. Given a Lorentzian metric g;;, i,j € [1,4] admitting an invariant
coframe w A, B € [1,4] such that g;; = w{‘wanB. Every vector-field X which
annihilates the invariant coframe, Lxw? = 0 VA € [1,4], will be a Killing vector,

Lxgij =0, and vice versa.

Proof. Denoting ®[X], as the flow of X through a neighborhood of a particular point
in the manifold, the vanishing of the Lie Derivative implies ®[X]*w? = w?. Vector
fields belonging to this class give rise to the symmetries of a coframe. In the case of
the invariant coframe these symmetries coincide with those of the metric.

Assuming such a vector field exists, we use the fact that g;; = w;“wanB and the

Leibnitz property of the Lie derivative to find
Lxgi; = LxwwPnap + w'LxwPnap =0

Thus X is a Killing vector for the metric.
To prove the converse, we choose coordinates in which the Killing vector is part

9. Relative to these coordinates, the coordinate

of the coordinate basis, i.e., X = 5

transformation 7!

=o'+ O, 7 = 2%, i > 1is an isometry with the additional property
dz® = dx®, a € [1,1]. Supposing R(xz%) is an invariant function, for any coordinate

transformation, R(#) = R(z%), in particular for an isometry this implies
R(z' 4+ C,2") = R(z", 2°)

implying that R,1 = 0. Now if we consider an invariant coframe, w® = widz®, the
pullback of each member of the coframe is mapped to its equivalent in the  system,
ie. Wy = we. As di® = dx® each component of the coframe member will be left

invariant by the isometry:



254

we conclude that in general w® , = 0. Taking the Lie derivative of the invariant

coframe w¢ in the direction of X = % we find:
o, «a
Lxw; = Wa1 = 0,

X annihilates the invariant coframe.

11.2 Kundt Spacetimes with 7 # 0 Admitting a G; Isometry Group

Potentially this approach can lead to very complicated expressions involving the com-
ponents of the Killing vector and coframe, and their first order coordinate derivatives.
However by varying the isotropy to fix certain invariants we may produce a coframe
for which these equations are much simpler.

To continue we make a simple gauge transformation H° = 4xh°((, ¢, w) and apply
a boost to the coframe so that the Cartan invariant, ¥, = xh?&—, satisfies |W¥y| = 1:

m'=m, (' =e3l, n=etn, a=3 (ln(mz) + ln(|h?§c—|)) . (11.3)
Fixing the form of W, reduces the dimension of the isotropy group by 1 so that
dim(H,) = 3. In the context of the Karlhede algorithm, this is a bad choice of
coframe as the algorithm would continue longer than necessary for classification.
However we wish to produce a different invariant coframe to study the class of Kundt
waves admitting symmetries.

To produce the necessary invariant coframe so we require that the remaining frame
freedom be exhausted by setting the remaining parameters for a spin and null rotation
to be set to zero, i.e., § = B = B = 0. This choice is reflected in the components
of the Weyl tensor and its derivatives where at zeroeth order |Wy| = 1, at first order
7 = 7 and finally at second order the invariants 548 — Ao and 5\3 — jia both vanish.

Thus the coframe stated in (11.3) is indeed an invariant coframe as it normalizes
these invariant combinations of the Cartan invariants. It is in this coframe that we

prove the following lemma.

Lemma 11.2.1. If a Kundt spacetime with T # 0 admits an isometry it must be of

the form,

X =B + fw)Z —[fv+ 222" 2, (11.4)
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and the metric function h° satisfies the differential equation,
ZBh?y+2fh?u+4f’h0 —xf"=0. (11.5)
Proof. Supposing the Killing vector field takes the form,
X = Xl((a 67”77})3@( + X2(C757uav)% + f(CaEauav)% + X4(C,E,U,U)§U,

where X' = X2, X' is C-valued and X? and X* are R-valued. We drop the primes
in equation (11.3) and calculate the Lie derivative of m in the direction of X, using

the Cartan formula Lyw = ixdw + dixw:
dX'=0.

The component X! and its conjugate X? are constant, X! = C,C € C. Applying
the Lie derivative to ¢ in the direction of X yields,

Ll = [2Re(C(e) ¢) + (2 X?),0] du+ €3 X3 dv + 2Re(e3 X° d()

This will vanish if X® = f(u) and the quantity a satisfies the following partial differ-

ential equation
2Re(C(e2)¢) + (e2 f) . = 0. (11.6)

To summarize the work so far, for arbitrary f and choice of C' € C, if a in equation
(11.3) satisfies the above differential equation (11.6) the local diffeomorphism related
to the vector field

X =0 +0& + [ +X"(¢,¢uw),

leaves the covectors m, m and ¢ invariant. We wish to have n vanish under the action
of Lx as well, however to continue we will switch back to the real spatial coordinates
involved in ¢ = = + iy to simplify the process. Supposing C' = A+iB, A, B € R, the

vector field and differential equation become

X:A%+B%+ﬂw%+xmj%m%, (11.7)
(€2 f)u+ Ale2) , + Ble2),, =0
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The coframe transforms to be,

m=dz+idy, (=eidu, n=e 2(dv— 2dz+ [z4h°(z,y,u) v Jdu).

T 422

We note that a = 3 (ln(xQ) + ln(!h%ﬂ)) may be expressed in real coordinates, but
that for now we will continue to express it in the complex coordinate system.

Calculating the lie derivative of n in the direction of X,

W (Qp 2 —3 .
Lyn = lvAe‘? (“7 + 2) + S (Bay + fa.w—2XY) + e_QXi] do
X Xz xX ?

+ :(fe_g <2hx - (;’)2>>u A <e—‘5 <2hx - (;’)2))] du (11.8)
N <e—% <2hx - (;)2» - X;Z;;v + e—‘lej;] du

a
2

e [ - oy

2

It is easily seen that X* = G(x,u,v) from the vanishing of the dy component. At
this point it will be helpful to rework the differential equation (11.7)-B:

(e_%)ﬂf + A(—e%)w + B(e%)ﬂ — e_%f u=0.

Using this we find the dv component of Lxn simplifies to be G, + f,. Setting this

to zero gives,
G=—fu.o+d(z,u).

Substitution of this form for G(z,wu,v) into the dz component along with another
application of (11.7)-B gives further restrictions on G as a differential equation for

the aribtrary function ¢/, = 2¢' 271, the solution of which is now substituted into G
G =—f.v+2°g(u)

Finally, substituting (11.7)-B and the above G into the du component we find the

following polynomial in terms of v that must vanish,
Av? 4 (g 4 2f.uu)v + 4x(ARS, + ARO + Bh?y + fRO, 4+ 2fuh°) — 227 f i

Thus, (11.5) follows from the vanishing of the v° coefficient. It is easily shown that
equation (11.6) with A = 0 may be derived from (11.5). O
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We actually can do better than this, with a bit more work choosing the right
coordinate system for X. Our goals will be to eliminate the arbitrary function f and

provide a simple form for the metric function h°(z,y,u).

Theorem 11.2.2. If a Kundt spacetime with 7 # 0 admits a Killing vector X. Then
depending on the magnitude of X and the vanishing of i xdu coordinates may be chosen

in which the metric and vector field X takes the following forms:

° |X|>Oandixdu7é0;X:a%+%

2

2
ds* = da® + dy* — du <dv B <4xh0(x, y—u)— 41)2> du> . (11.9)
T T

. |X|>0andixdu:0;X:a%

2 2
ds* = dz® + dy* — du (dv B <4xh0(x, u) — 41}2> du) . (11.10)
x x

We note these spacetimes cannot describe vacuum solutions as
(I)Qg = 'I(h?xx) =0
implies hY,, = 0; this causes a contradiction as Wy = hY,, # 0.

o |X|=0andiydu#0: X =2

2 2
ds? = da? + dy? — du (dv L <4xh0(q;, y) — 4“2> du) . (11.11)
xr i

Proof. There are two cases to consider, depending on the vanishing of f. If f =0, we
find immediately that X = a% and the metric function h° must satisfy the differential

equation, BhY, = 0, and the metric takes the form

2 2 2 2v 0 v?
ds® =dx* + dy” — du | dv — —dz + | 4zh”(z,u) — — | du | .
T 4x?
Next we assume that f # 0. We may choose coordinates so that f(u) =1 in (11.4),
1 2 1
a:/fduzF(u), f)zf(u)v—a;j:, F=xz, §=uy, (11.12)

so that the metric becomes (dropping the tildes)

Ao+ dy? — du (do + | AR — (ZF) | = 5 = | du - Zdr)
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As h%(x,y, u) was arbitrary we may make a gauge transformation to absorb the extra

vO-terms in the du component in n, h® = f24h% — (Ifo l) — xj}{;. Dropping the tilde
U

yields a Kundt metric for which the killing vector
X =By, oy T au’
and the metric function h° satisfies the differential equation,
2BhY, + 2h%, = 0.

We again have two subcases, depending on whether or not B =0. If B =0 it
is clear that the metric must be independent of the retarded time coordinate u, and

that the metric takes the form

2 2
ds* = da® + dy* — du | dv — Uiw + 4ah®(z,y) — ) du).
x 42

If B # 0, without lost of generality we scale the y coordinate so that B = 1 and so

X=2

g5 T 9q- Lhe differential constraint on hY in (11.5) is now

hy+h, =

This is easily solved, giving the final form for the metric

2 2
ds® = dx* + dy* — du | dv — Yix + [ 42h° (2, y — u) — 2 ) du).
x 4x?

11.3 Kundt Spacetimes with 7 # 0 Admitting a G5 Isometry Group

Taking the metric for each case in theorem (11.2.2), we analyze the Killing equations
for a new Killing vector Y # X. In each case the form of X will determine the nature

of Y and (11.5) with Y switched with X determines h” up to constant.

Theorem 11.3.1. If a Kundt spacetime admits a two dimensional group of isome-
tries, then for some Cy € R the metric will belong to one of two classes. Writing
V=01 X +CYY, C,Cy € R, depending on whether iyl # 0 or not, the metrics will
be

ds? = dx? + dy? — du(dv — Zdx + (4ha ()b r) du),(11.13)
ds? = dx? + dy? — du (dv — Zdx + (4vhp(x)e 0 — )d ), (11.14)
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admitting the following Killing vectors with commutation relations [X 4, Ya] = %YA

and [Xp,Yp| = %XB respectively:

<, v, G
Xa=2+2 Yi=ed[Z—(%+2)2], (11.15)
Xp=2, Yp=2+%u2 : (11.16)

Proof. We will go through each case and analyze the Killing equations:

o If X = a% + a% the second Killing vector, Y, must have B = 0, as it may be
removed by adding an appropriate scaling of X. Setting B = 0 and h°(z,y —u)
in (11.4) and (11.5)

0 0
Y — 7_ / 2 2pm =
flu)mr = 1o+ 227",
and h°(z,y — u) must satisfy the additional differential equation

2RO, + 4f'hY — wf" = 0.

Differentiating the above identity with respect to y, yields a seperable equation

2/ hO
]{:—h’gyECo, C(]E]R,

Y

we find a simple differential equation for f(u) for which the solution is f =
C’le%“,Cl € R. Substituting this into the original equation (11.5) with B = 0

and h°(z,y — u) another differential equation is found

Cdx
0= _Rp% —Cyh’ =0
6
Denoting w = y — u, we note that h, = —h,, and so we may write the above
equation as
3
(ec’owhO) — ng Cow
" 16

from which h%(z,y — u) is easily found by integrating and introducing one ar-

bitrary function h(x). We conclude that the metric

ds* = da? + dy* — du(dv — 2dx + (4:1: (h(a:)eCO(y’“) + Cliﬁx) — %) du).



260

admits the following Killing vectors with commutator, [X,Y] = %Y,

X=2420 Y:e%“[%—(%jt%g)%}.

In these coordinates @9y = w(h?m + h?yy) # 0 and so in general these spacetimes
will describe pure radiation or null Einstein-Maxwell fields. In the special case

that ®q9 we find h 4, + CZh = 0, the most general solution of which is

h(z) = Cycos(Cozx) + Cosin(Coz), C1,Cy € R.

If X = a% we may always scale X and add this to the second Killing vector
Y to set B = 0, thus f # 0, and we may fix coordinates to set f(u) equal to
some fixed constant. Using the same coordinate transformation as in the proof

of (11.2.2) we find that (11.4) and (11.5) become

and hence the metric takes the form
42

2 2
ds® = da* + dy* — du <dv e+ <4xh0(x) U) du> : (11.17)
x

This admits two commuting Killing vectors X = a% and Y = a%' We note that

this metric can be found from the first metric (11.13) by setting Cy = 0.

If X = % we find that

0 0 : 2 pm 9
Y—Ba—y%—f(u)%—[fv—i-Qx ! ]81)
where hY(z,y) satisfies
T "
BhS, +2f1° =

There are two cases here, depending on whether B = 0 or not. Let us suppose
B =0 f" # 0 otherwise X =Y. Assuming this we may solve for h° algebraically
from (11.5) with B = 0 and h%(z,y) and so the metric is of the form

—r f///
pu— 4f, .

hO
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However this implies ¥, = 0 and so the constant B cannot vanish. Taking the

original identity and differentiating with respect to y a separable equation is

found
hO 2f
o Yy — — R
TL?y 7B = Co € IX.

Thus f(u) = 370011 and a rescaling of y sets B = 1, substituting this into the

differential equation simplifies to be
h, + Coh = 0.
Solving this we find that the metric

2 2
ds® = da* + dy* — du (dv — e+ (4xh(m)ecoy — 1;2> du) :
T

4x
admits the Killing vectors satisfying the commutator relation [X,Y] = %X
0 0 Cou 0
X=2 y=2, 209
ou’ oy T ou

Requiring these to be vacuum forces h ., + Cih = 0, the most general solutions
of which are h = Cycos(Cox) + Cssin(Cox) Ca, C5 € R. Notice that for Cy =0

we recover the second metric (11.17).

]

To show that the class of Kundt spacetimes with 7 # 0 cannot admit any sym-
metry group larger than a (5, there are two approaches. Either we may construct
our standard fixed coframe and show that all invariants are written in terms of  and
v, implying that there are two functionally independent invariants. We may use the
result from [22], Chapter 9, relating then number of functionally independent invari-
ants to the dimension of the symmetry group to show that dim(l) — dim(H,) = 0
where H, denotes the isotropy group. Alternatively we may suppose Z # X,Y and
analyze the Killing equations once more. In either case we find that Z takes the same
form as Y except C)) # Cy

Céza:Q
16

2,2
Cix _

ha(z)eColv—w) 4 0

or hy(z)e® = h}(x)eov;

hlA (;p) ec(l) (y*U) +

this immediately causes a contradiction as both of these can give a seperable equation
for which Cy = C{ must hold.
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Proposition 11.3.2. The class of Kundt spacetimes with 7 # 0 admit at most a

two-dimensional group of isometries.



Chapter 12

Concluding Remarks

In this thesis we have examined several aspects of the equivalence problem for the
degenerate Kundt spacetimes in arbitrary dimension. This is a particularly relevant
question, as the straightforward approach of computing polynomial scalar curvature
invariants to classify such spacetimes is no longer applicable, even in principle. In
fact, in four dimensions the degenerate Kundt spacetimes constitute all of the space-
times with this property, while in higher dimensions the degenerate Kundt class may
not make up the entirety of the spacetimes whose polynomial scalar curvature invari-
ants do not uniquely determine the spacetime. This is in contrast with the case of
Riemannian manifolds where the polynomial scalar curvature invariants for a given

metric uniquely characterize the space uniquely, independent of dimension.

In order to solve the equivalence problem for Lorentzian manifolds of any di-
mension, we must employ Cartan’s equivalence algorithm in order to construct a
set of scalar curvature invariants, the Cartan invariants, that uniquely characterize
the spacetimes. In theory, this algorithm would provide a complete answer to the
equivalence problem; in practice, this algorithm is not easily implemented. For exam-
ple, in four dimensions Cartan’s algorithm was adapted to the formalisms of General
Relativity by Karlhede, and significant effort has gone into applying the Karlhede
algorithm to a large subset of all four dimensional spacetimes, although there are
still many spacetimes for which the Karlhede algorithm is not feasible in practice. In

higher dimensions there has been no work towards applying Cartan’s algorithm.

With the higher dimensional equivalence problem for spacetimes in mind, we
consider necessary conditions for two degenerate Kundt metrics to be diffeomorphic.
As the ultimate goal is to implement Cartan’s algorithm in arbitrary dimension, we
will look at invariant conditions that are related to the properties of the set of Cartan
invariants. The existence of isometries in a spacetime influence the dimension of the

isotropy group and the number of functionally independent invariants; for example,

263
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in an N dimensional space where all isotropy is exhausted in Cartan’s algorithm the
existence of an isometry decreases the number of functionally independent invariants

by one.

In analogy with Kundt and Ehlers’ classification of the symmetry groups of the
vacuum PP-waves in four dimensions, we study two well-known subclasses of the
degenerate Kundt spacetimes: the C'ST spacetimes, those metrics for which all poly-
nomial scalar curvature invariants are constant, and the CCNV spacetimes, where
the metrics admit a covariantly constant null vector £. Both of these spacetimes are
generalizations of the PP-wave spacetimes which belong to the class of V.ST space-
times in which all polynomial scalar curvature invariants vanish, and which constitute
all of the four dimensional CCNV spacetimes. For both classes of spacetimes, we
present the possible forms for the non-spacelike Killing vector and the constraints on
the metric functions for each case. By fixing the dimension and making a choice of
locally transverse space we can use these conditions to determine the maximal sym-
metry group on a case by case basis. To illustrate this, in the eleventh chapter of
this thesis we use the conditions for the vacuum Kundt waves to admit an isometry

to prove the maximal symmetry group is two dimensional.

As an illustration of the importance of the degenerate Kundt spacetimes in higher
dimensions and the utility of the study of symmetry groups, we take an aside into
an alternative gravity theory: supergravity. If we wish to preserve some fraction
of symmetry, one requires the existence of a Killing spinor which give rise to non-
spacelike Killing vectors. For this reason we examine the CCNV spacetimes and
produce two specific examples that preserve a non-minimal fraction of supersymmetry.
More generally, it has been shown that C'SI spacetimes, when provided with the
appropriate sources, are solutions to other gravity theories as well. In fact, in four
dimensions there are classical solutions in general relativity, the universal spacetimes,
for which all quantum corrections are multiples of the metric and hence are solutions
to all quantum gravity theories; it has been shown that these spacetimes belong to

the C'ST subclass.

Although all four dimensional universal spacetimes have been shown to be belong
to the C'ST subclass, they have yet to be fully identified; e.g., it is still unknown if

every C'ST spacetime is universal. Originally this property was discovered in the class
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of the PP-waves, where the vanishing of the polynomial scalar curvature invariants
ensured that all quantum corrections vanished; generalizing this idea one can show
that the V.SI spacetimes are universal as well. To push this further we considered
the class of spacetimes in which all polynomial invariants vanish or are expressed
as polynomials in terms of the cosmological constant A, which we have named the
CS1y, spacetimes, which are universal also. To describe this broad class of metrics
we provide conditions on the Newman Penrose curvature scalars, which provides an

invariant characterization for the whole class.

Using these conditions we integrated the metric functions and related these metrics
to the standard metric form in Kundt coordinates. Although the C'SI, spacetimes
are of Petrov type III, N or O, we focus on the Petrov type N metrics for two reasons:
physically they describe all plane-fronted gravitational waves in spacetimes with cos-
mological constant, and they provide an alternative classification in terms of the sign
of two invariants, A and the sole component of the second Lie derivative of the metric
in the direction of the null coframe vector ¢, denoted by 7. This classification divides
the plane-fronted gravitational waves into five distinct subclasses; however, it cannot
prove the equivalence of two Type N C'SI metrics with the same values for A and
7. Applying the Karlhede algorithm to the entire collection of Petrov type N C'S1Ty
spacetimes is still a significant task, one that is outside the scope of this PhD thesis.
In order to present an example of the Karlhede algorithm in use, we focus on the
collection of all vacuum Petrov Type N C'SIy_o = V ST spacetimes, consisting of the

vacuum PP-waves and vacuum Kundt waves.

In each class the Karlhede algorithm allows us to classify each distinct subclass
first by discrete quantities like the invariant count at each order and the dimension
of the isotropy group. Within each broad subclass determined by these discrete
quantities, the functionally independent and dependent Cartan invariants produce a
classifying manifold which allows for a complete classification for each subclass. This
analysis answers two important questions relating to the upper-bound on the covariant
derivatives of curvature required for the Karlhede algorithm to invariantly classify the
vacuum PP-waves and Kundt waves, proving that the fourth covariant derivative is
the maximum required. Furthermore, a collection of PP-waves was found that was

missing from Kundt and Ehler’s original classification using symmetry groups.
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In the context of General Relativity, the measurements of physical properties are
independent of the coordinates used and thus are invariants. It is a reasonable ques-
tion to ask if the Cartan invariants of a spacetime are connected to physical properties
in it, since the Cartan invariants give a complete characterization of the spacetime
locally. The actual relationship between the classifying manifold and physical prop-

erties in the spacetime is unknown.

To this end we examine a particularly simple and well-known subcase of the PP-
wave spacetimes, the vacuum plane wave spacetimes; these spacetimes are ideal due to
their simple form in Brinkmann coordinates, the small number of Cartan invariants,
{v(u),¥(u), Ay(u)} where 7 is a spin coefficient relative to the coframe with ¥, = 1
and A belongs to the dual of this coframe, and the direct relationship between the
choice of v and the sole metric function A(u) in terms of an integral. We showed that
the magnitude and phase of a plane wave spacetime are related to the form of the
classifying manifold; imposing the condition that ¥ = +v we produce two classes of
spacetimes in which an arbitrary time-like observer would measure: i) a fixed value
for the magnitude of ¥, and a varying phase, ii) a fixed value for the phase with
the magnitude of ¥, varying. As a final example we examine the weak-field vacuum
circularly polarized plane waves and determine the form of the classifying functions

in terms of the simplest Cartan invariants.

In the future, I hope to continue my work on the equivalence problem for Lorentzian
manifolds in four dimensions and in higher dimensions. In four dimensions there is
still a considerable amount of work required to apply the Karlhede algorithm to the re-
maining degenerate Kundt spacetimes; in particular, the C'ST spacetimes are largely
unexplored in four dimensions. By applying the Karlhede algorithm to these four
dimensional spacetimes we will gain insight into implementing Cartan’s algorithm
for the higher dimensional C'ST and CCNYV spacetimes and the four dimensional

degenerate Kundt spacetimes as well.

Independent of the analysis of the four dimensional C'ST and degenerate Kundt
spacetimes, the class of V.SI CCNV spacetimes in N dimensions offer a chance to
apply the equivalence algorithm to these higher dimensional spacetimes. Furthermore
since there is now a formalism for the physical interpretation of higher dimensional

spacetimes, it is hoped that this formalism along with the invariant classification of
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these spacetimes will provide a generalization of the work done relating the Cartan

invariants of the vacuum gravitational plane waves and their physical properties.
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