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Abstract

In this thesis, we study Hilbert functions of monomial ideals in the polynomial ring
and the Kruskal-Katona ring. In particular, we classify Gotzmann edge ideals and,
more generally, Gotzmann squarefree monomial ideals. In addition, we discuss Betti
numbers of Gotzmann ideals and measure how far certain edge ideals are from Gotz-
mann. This thesis also contains a thorough account the combinatorial relationship
between lex segments and Macaulay representations of their dimensions and codi-

mensions.
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Chapter 1

Introduction

1.1 Background

Every standard graded algebra R over a field k decomposes into a sequence of vector
spaces Ry, Ri, Rs, and so on, and the dimensions of these vector spaces form an
important invariant in commutative algebra and combinatorics.

There are a number of standard ways to encode this data: we can write this
sequence as a function HFg(d) = dimy Ry, called the Hilbert function of R, or we
can encode it in the coefficients of the Hilbert series HSp(t) = >_07 (dimy Ry)t?.
It was first shown by Hilbert [Hil90] that this sequence of dimensions is eventually
polynomial; there is a polynomial HPr with HPg(d) = HFg(d) for all sufficiently
large integers d.

There are many different facets to the study of Hilbert functions and I will try
to outline them here. First, there are many well known results on the classification
of Hilbert functions in various settings that date back to Macaulay but also some
which have more modern interpretations. Along with these are the well known con-
nections between Hilbert functions and other numerical invariants of graded algebras.
Second, there is the study of the growth of Hilbert functions and its interplay with
Castelnuovo-Mumford regularity, Hilbert polynomials, and the Gotzmann property.
This can be the entrance of a great deal of modern algebraic geometry, though this
thesis will focus on combinatorial aspects of the Gotzmann property. Finally, there
are strong connections between Hilbert functions and simplicial (and polyhedral)
combinatorics. I will now touch on each of these aspects in a bit more depth.

Macaulay’s theorem [Mac27] is a celebrated result that gives numerical bounds on
the Hilbert function of a standard graded k-algebra R. What it says is that, for all
d>1,

HFp(d + 1) < HFg(d)

1
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for some numerical operation (—){¥ that we will call a pseudopower. That is to say,
the dimension of R4, is constrained by a function of the dimension of Ry, and for this
reason we say that Macaulay’s theorem bounds the growth of the Hilbert function.
This condition is also sufficient for a Hilbert function; any function H : N — N is the

Hilbert function of a standard graded k-algebra if it satisfies Macaulay’s inequalities.

Macaulay’s theorem has been the inspiration for many similar classifications.
Stanley first wrote Macaulay’s theorem in its modern form in [Sta75a] and used
it as the basis for the classifications of h-vectors of Cohen-Macaulay and Gorenstein

domains, spawning a long line of study [Sta91l, [Sta7§].

Ideals which achieve Macaulay’s bound, at least componentwise, are called Gotz-
mann after Gerd Gotzmann who showed that this extremal growth persists once
it occurs beyond the generators of the ideals and that this rate of growth is al-
ways achieved in the degree of the ideal’s regularity for saturated ideals I [Got78].
Many modern presentations (e.g. [BH93] and [KR05]) of Macaulay’s theorem and
Gotzmann’s persistence and regularity theorems are based on proofs by Mark Green
[Gre89]. Ome should also refer to Green’s lecture notes [Gre98| for detailed proofs of

these results.

Murai and Hibi, whose work is important to this thesis in numerous ways, have
used generic initial ideals to classify Gotzmann ideals with few generators [MHOS,
Mur(07]. A generic initial ideal is a deformation of an ideal into one that is Borel-fixed
and this is done while preserving its Hilbert function and increasing its Betti numbers.
Generic initial ideals arose in Hartshorne’s celebrated proof that the Hilbert scheme
— the space of all saturated homogeneous ideals with the same Hilbert polynomial —

is connected [Har66].

Finally, Kruskal proved a theorem on bounding the f-vectors of simplicial com-
plexes in a way similar to Macaulay’s theorem [Kru63]. Katona separately proved
an equivalent result phrased in terms of Sperner families [Kat68]. Jeff Mermin has
rephrased their theorem to exactly parallel Stanley’s version of Macaulay’s theorem
except, in this case, for the Kruskal-Katona ring K[z, ..., z,]/(z3,...,22) [Mer(§].
The Kruskal-Katona theorem holds equally true in the exterior algebra [AHH97].

The Kruskal-Katona theorem and combinatorial aspects of Macaulay’s theorem have
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found widespread application in Sperner theory, network reliability, and other graph
problems [Eng97], BLO5, [Spe08|, [CL69).

In this thesis, we will be looking at Gotzmann ideals in both the polynomial
ring and in the Kruskal-Katona ring. Since we will focus on edge ideals and Stanley-
Reisner ideals (i.e., squarefree monomial ideals) there will be a lot of interplay between
these two rings.

Stanley-Reisner ideals have their own rich history of study which connects sim-
plicial homology to numerous algebraic properties. Probably the most celebrated of
these results are Reisner’s criterion for Cohen-Macaulayness, Hochster’s formula for
graded Betti numbers and Stanley’s proof of the upper bound conjecture [Sta75b]
(see also, [McMT70] and [Sta96]). Stanley-Reisner ideals are still the subject of much

activity.

1.2 Outline

The primary focus of this thesis is the study of Gotzmann ideals and monomial vector
spaces in both the polynomial and Kruskal-Katona rings.

In Chapter [2| we begin with the basic definitions for standard graded algebras,
monomial ideals, and Hilbert functions. Next, we introduce the notions required
to work with homogeneous components of graded algebras; we define homogeneous
and monomial vector spaces and their upper and lower shadows. In Section [2.2] we
discuss the Stanley-Reisner correspondence between squarefree monomial ideals and
simplicial complexes. Simplicial complexes give a combinatorial way to think about
the basis of squarefree monomial quotients of the polynomial ring (and quotients of
the Kruskal-Katona ring). In fact, the f-vector of a simplicial complex is essentially
the Hilbert function of the Kruskal-Katona ring modulo the Stanley-Reisner ideal of
the complex. The last section of Chapter [2| defines the exterior algebra and shows
that Hilbert functions of ideals in the exterior algebra are also Hilbert functions of
ideals in the Kruskal-Katona ring, and vice versa.

Chapter (3| gives a thorough account of Macaulay’s theorem and the Kruskal-
Katona theorem. The emphasis of this chapter is on connections between the numer-

ics of Hilbert functions and the combinatorics of lexicographic ideals (which we call
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lex ideals for convenience). In each homogeneous component of a lex ideal L, there
is a lexicographically smallest monomial m and every monomial that is lexicographi-
cally larger than m is also in L. Since a homogeneous component of a lexicographic
ideal, called a lex segment, is determined by knowing its smallest monomial m, the

dimension and codimension of the component are determined by m.

In Section [3.1| we introduce lex ideals and segments, while in Section [3.2| we show
how to explicitly compute the dimension and codimension of a lex segment as sum
of binomials which are determined by the segment’s last monomial. These sums of
binomials are called Macaulay representations. Since upper and lower shadows of lex
segments are also lex segments, the dimensions of shadows of lex segments can be de-
scribed in terms of operations on Macaulay representations called pseudopowers. The
various types of pseudopowers are described in Section[3.3] In Sections[3.4and[3.5], we
finally give Macaulay’s theorem and the Kruskal-Katona theorem which explain the
special role that lex ideals have in describing the Hilbert functions of all homogeneous
ideals. We finish Chapter [3| with a discussion of the properties of Gotzmann ideals
and a new result, Theorem [3.37, on the Betti numbers of Gotzmann ideals generated
in a single degree. This proof relies on the Eliahou-Kervaire resolution of stable ideals

and our combinatorial description of dimensions of lex segments (Proposition |3.8)).

The results in Chapter 3| are widely known, though few references give comprehen-
sive accounts of the connections between Macaulay representations and lex segments.
Macaulay’s original paper gave the dimensions of lex segments using Macaulay rep-
resentations. The book “Computational Commutative Algebra 2” by Kreuzer and
Robbiano [KR05] describes the Macaulay representations of both dimensions and
codimensions of lex segments and has many useful lemmas for manipulating Macaulay
representations. They do not, however, cover the Kruskal-Katona theorem, nor do
they discuss lower shadows. Lower shadows and lower Kruskal-Katona pseudopowers
are commonly seen in combinatorics since the original papers by Katona [Kat68] and
Kruskal [Kru63] used lower pseudopowers (Kruskal also used upper pseudopowers).
However, lower shadows and lower Macaulay pseudopowers in the polynomial ring
do not get the same treatment. So the first half of Proposition and part (4) of
Theorem m (Macaulay’s theorem) are an attempt to tell this part of the story. One
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should note that the lower pseudopowers described in this thesis are different than
those used by Green in his theorem on quotients of algebras by generic hyperplanes.

Proposition [3.8] on Macaulay representations of dimensions of lex segments ap-
pears in Macaulay’s original paper [Mac27] and also in [BH93|, while its counterpart,
Proposition [3.11], does not appear in the literature despite being more applicable to
Stanley’s modern statement of Macaulay’s theorem [Sta75al which we give as Theo-
rem [3.26]

In Chapter [ we show that all quadratic squarefree Gotzmann ideals come from
star graphs (Theorem [4.2)). In the process, we show that Gotzmann edge ideals must
have fewer variables than generators and hence fall into a classification of Murai and
Hibi. This is explored further in Section W4.3| where we give an alternate proof of
Theorem , suggested by an anonymous referee of [Hoe09], which takes advantage
of generic initial ideals. Also, in the case of edge ideals with fewer generators than
variables, we compute a lower bound on the distance an edge ideal is from Gotzmann.
In certain cases, this bound is exact (see Example . This chapter is based on the
paper [Hoe09] by the author.

Chapter [5| extends the previous result on edge ideals to all squarefree monomial
ideals. Most of this is joint work with Jeff Mermin and based on the paper [HMI10].
In particular, in Theorem [5.9] we characterize all Gotzmann squarefree monomial
ideals of the polynomial ring and we enumerate them in Corollary [5.22] In Section
m, we give decomposition and reconstruction theorems (Theorem and Theorem
) for Gotzmann squarefree monomial ideals in the Kruskal-Katona ring. A full
classification of these ideals is not currently known. Finally, in Section [5.4] we show

that there are few Gotzmann ideals with Gotzmann Alexander duals.



Chapter 2

Monomial Algebras

2.1 Graded Algebras

Throughout this thesis S = k[zy,...,z,] will denote the polynomial ring in n
variables over a field k. The polynomial ring is a graded algebra in the sense that S

decomposes as a direct sum of vector spaces,

S =P S,

deN

where N = {0,1,2,...,}. Each Sy, called a homogeneous component of S, is
a vector space spanned by monomials of degree d. If every term of a polynomial
f has the same degree d (i.e., f € Sy) then we say that f is a homogeneous
polynomial. The product of two homogeneous polynomials f and ¢ is another
homogeneous polynomial whose degree is the sum of the degrees of f and g. An ideal
is called a homogeneous ideal if it is generated by homogeneous polynomials.

A commutative k-algebra is any commutative ring which contains k as a sub-
ring. Consequently, commutative k-algebras are also k-vector spaces. We will only
be concerned with commutative algebras, except for one exceptional case — namely,
the exterior algebra. Graded algebras, R, like the polynomial ring, must decom-
pose as R = @, R4 and have the property that the product of two homogeneous
elements of R, namely f € R; and g € R,, is again homogeneous of the appropriate
degree; fg € R4y .. Naturally, the identity of R must have degree zero, but the gen-
erators of R as an algebra need not all have degree one. If all generators have degree
one, we say R is standard graded k-algebra. Throughout this thesis, we will only
be concerned with standard graded algebras, though non-standard graded versions of
some of the subject matter is known.

Despite this generality, standard graded k-algebras are really concrete. Every

standard graded (commutative) k-algebra R is isomorphic to a quotient S/I of the

6
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polynomial ring by a homogeneous ideal (and vice versa). Here the number of gen-
erators of S, which we always denote n, must be (at least) the number of algebra
generators of R.

There are two graded algebras which are the focus of this thesis because of their

nice combinatorial structure: the polynomial ring .S and the Kruskal-Katona ring

Q:k[xl,...,xn]/(x?,...,xi)

which will be denoted by @ throughout this thesis.

The polynomial ring can be thought of as the vector space spanned by all mono-
mials. We will denote monomials by x* = z{*---z¢ for a = (a4,...,a,) € N* or
simply use m, m’, and so on when the exponent vector a of m = x® is not needed.
The support of a monomial m is the set variables dividing it. The Kruskal-Katona
ring, as a vector space, is spanned by all squarefree monomials which we will de-
note by x;, - - - x;, for integers 1 <7; < --- <ig < n. Often we will refer to monomials
in the Kruskal-Katona ring and it is implied that these are squarefree. Polynomials
in the Kruskal-Katona ring multiply just as they do in the polynomial ring, except
that any term containing the square of a variable becomes zero.

The ideals of any graded algebra R (and in particular, the ideals of S) are called
homogeneous ideals if they are generated by homogeneous elements. Homogeneous

ideals I also have a graded structure. That is to say, they can be decomposed as a

Jz@fd

deN

direct sum of vector spaces

with f € Ry and g € I, giving fg € I4... Again, we call each I; C R; a homoge-
neous component (or graded component) of 1.

Ideals of either S or ) which are generated by monomials are called monomial
ideals. Monomial ideals are clearly homogeneous ideals and so, naturally decompose
into homogeneous components. Of particular interest are squarefree monomial
ideals, often called Stanley-Reisner ideals, which are ideals generated by square-
free monomials. All monomial ideals of ) are squarefree monomial ideals. Each
monomial ideal I has a uniquely determined set of minimal monomial generators

which we denote gens /. Quotients of the polynomial ring by monomial ideals can
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be referred to as monomial algebras and squarefree quotients are called Stanley-
Reisner rings (we cover Stanley-Reisner rings in detail in Section [2.2)).

One last homogeneous ideal of interest is the homogeneous maximal ideal
m = (.Tl,...,.flln>

which can be thought of as an ideal in S or Q.

Though our primary interest is in homogeneous ideals and their quotient rings,
we will often find it useful to consider the graded components of these ideals separate
from the whole. Therefore, we define a degree d homogeneous vector space of
S to be a subspace of S; and a degree d monomial vector space to be a degree d
homogeneous vector space spanned by monomials. We also use this terminology for
subspaces of (.

The homogeneous components of a monomial ideal are monomial vector spaces.
Also, every monomial vector space V' C S, generates a monomial ideal I = (V)
which is generated in degree d. We use gens V' to denote the monomial basis of a
monomial vector space V.

Given a degree d homogeneous vector space V', we define its upper shadow to

be the homogeneous vector space
VV =span{x;f | feV,1<i<n}.

The upper shadow of a homogeneous component I; of an ideal I is the space of forms
lying above I;. That is to say, V I; = (m )41 where m = (xq,...,2,).

The lower shadow of a homogeneous vector space V' C Sy is defined to be
AV =span {f € Sq_1 | Vi, z;f € V}.
In terms of ideals, we can equivalently define the lower shadow as
AV =((V):m)g_y

where (I : J)={f € S| fJ CI}. Notethat VCAVV and VAV C V. For an
example of both upper and lower shadows, see Example [2.3]
We will often drop the word upper when referring to upper shadows since they

will be used more frequently than lower shadows.
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We now define Hilbert functions which are numerical invariants of graded algebras

and homogeneous ideals.

Definition 2.1 (Hilbert Function, Hilbert Series). Let R be a standard graded
k-algebra and let M be a positively graded R-module (e.g., M =T or M = R/I for a
homogeneous ideal I). The Hilbert function of a M is the function HFy; : N — N
given by

HF ), (d) = dimy M,

while the Hilbert series of M is the generating series
deN
There is a simple relationship between the Hilbert function of a homogeneous

ideal I C R and the Hilbert function of its quotient ring R/I. The homogeneous

components (R/I)q of the quotient ring are isomorphic to Ry/I; and hence
dimy(R/I)q = dimg Ry/14 = codimy 1,

where codimy I; = dimy Ry — dimy I; is the codimension of I; as a subspace of R,.

Thus, in every degree d,
HFEg/(d) = HFg(d) — HF(d).

The following is an example of much of the terminology defined in this section. For
examples in only n = 3 variables, we switch from variables x, x5, x3 to the variables

x,y, z for readability.

Example 2.2. Let S = k[x,y,2]. The ideal I = (xy,rz? yz3) is a monomial ideal
with generators gens I = {zy, z2%,yz3}. The degree 0 and degree 1 components of T

are trivial vector spaces. In degrees two and higher we have,

I, = span, {zy} HF;(2) =1
I3y = span, {2y, 2%, vyz, v2°} HF;(3) =4
I, = span, {2y, %92, 2®, 2%y z, vy, vyt 0222, 12 y 2t HF;(4) =9
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and so on. The homogeneous components (S/I); of the quotient ring S/I are iso-
morphic to Sy/I;. Thus, a basis for (S/I)y is given by equivalence classes of the

monomials not in I;:

(S/1)o = span, {1} HFg/;(0) =1
(ST = spany{, v, 2} HF (1) = 3
(S/I)y = spang {2°, y*, yz, 2°} HFg/;(2) =5
(S/1)s = span, {2°, 2%z, 2, y2*, 2°} HFg/1(3) =6
(S/1)4 = span, {a*, 22,y 2, 92 2%, 21} HFg/1(4) =6

and so on.

Example 2.3. Consider the degree 3 homogeneous component of S = k|x, y, z] which
is depicted on the left of Figure 2.1 For each of the six monomials in S, we have
drawn a triangle around the monomial’s upper shadow in S3. For example, a triangle
is drawn around y3, xy* and 3?2 as these are a basis for the upper shadow of span, {y?}.

The monomial vector space V' = span, {22y, 2%, xyz, v°, y?2, 2, 222, 23} C Sy is
depicted on the middle of Figure . The lower shadow of V' is AV = span, {zy, y°}
since these are the only monomials in S, which have their upper shadows entirely
within V. Thus VAV = span {z?y, ry?, zyz,y>, y?2z} # V as depicted on the right
of Figure 2.1}

Figure 2.1: Upper and lower shadows.

In this thesis, our focus will primarily be on monomial and squarefree monomial
ideals. In order to justify this focus, we now highlight the connection between mono-

mial ideals and homogeneous ideals through initial ideals.
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A term order o on S or () is a total order >, on its monomial basis which has
the property that m”m >, m”m’ whenever m, m’ and m” are three monomials with
m >, m’. There are numerous term orders that one can choose for S or @); in Section
[3.1] we will define the lexicographic term order, but for now an arbitrary term order
will do.

If we are given a polynomial f = Zle a;m; where a; € k and each m; is a distinct
monomial, we define the initial term of f to be in,(f) = a;m; where m; is the largest
monomial with respect to o with a; # 0. Given an ideal I, we define its initial ideal

to be
ing (I) = span, {in, (f) | f € I}

which is an ideal in itself. Also, if m € in, (/) then there exists a polynomial f € I

with in, f = m (we can ignore coefficients because we are working over a field).
Taking the initial ideal of a homogeneous ideal I produces a monomial ideal.

Initial ideals have many nice properties, but what we are most interested in is the

following:

Theorem 2.4 (Macaulay’s Basis Theorem) |[Mac27]. Let I be a homogeneous
ideal in S or @ and let o be a term ordering. Then the initial ideal in,(I) has the

same Hilbert function as I.

In [Mac27], Macaulay first described the reverse lexicographic order and noted
that the span of the leading terms of an ideal, with respect to this order, “evidently
satisfy the test for an ideal”. The Hilbert functions of I and in, () are the same since
the monomials in in,(I) appear as the leading terms of the basis of I; constructed
by Gauss-Jordan elimination; in modern terms, we call this a reduced Grobner basis.
Macaulay’s basis theorem is named after these observations. Initial ideals have since

been subsumed into Grébner basis theory [Eis95, [KRO0].

2.2 Stanley-Reisner Rings

Throughout this thesis, we will be interested in squarefree monomial ideals in both S
and ). These ideals are best understood through the Stanley-Reisner correspondence

between squarefree monomial ideals and simplicial complexes.
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Definition 2.5 (Simplicial Complex). A simplicial complex A is a collection
of subsets of the ground set X = {xy,...,x,} with the property that I’ € A and
E C Fimply E € A.

Sets F' € A are called faces and their dimensions are given by dim F' = |F| — 1.
The dimension of a non-empty simplicial complex is the largest dimension of its
faces. Thus the simplicial complex {(}} has dimension —1 as its only face, the empty

set, has dimension —1. The dimension of the empty simplicial complex ) is —oo0.

Definition 2.6 (f-vector). The f-vector of a d-dimensional simplicial complex is
the vector (f_i, fo, fi,--., fa) € N2 where f; is the number of faces in A with

dimension 3.

Note that non-empty simplicial complexes contain the empty face, giving f_; = 1.
A simplicial complex is often described by a list of its maximal faces with respect
to inclusion, called facets. We use the notation A = (F},..., Fy) for the simplicial
complex with facets Fy,..., Fy. For brevity, we often write each facet {z;,,...,z;,}
as a squarefree monomial z;, - - - x;,. A face of A is simply a subset of some facet F;.
Every squarefree monomial ideal I corresponds to a simplicial complex A; called

the Stanley-Reisner complex of [ which is defined as

Hx,-@é]}.

T, €F

AI: {Fg {$17"'7xN}

The ideal I can be recovered from A; by taking the ideal generated by squarefree
monomials ;, z;, - - - x;, for which {x;,,...,2; } is not a face A;. It is easy to check
that this gives a bijective correspondence between squarefree monomial ideals and
simplicial complexes.

We use Ia to denote the squarefree monomial ideal whose Stanley-Reisner complex
is A and we call /o the Stanley-Reisner ideal of A. The Stanley-Reisner ring
of a simplicial complex A, denoted k[A], is the quotient ring S/In. Stanley-Reisner
rings and their Hilbert functions are discussed at length in [BH93|. One should think
of A; as the simplicial complex formed by the squarefree monomials in the monomial

basis of S/I.

Example 2.7. The Stanley-Reisner complex of the ideal I = (z1x9x3, v124) contained
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in k[zy, ..., x4 has faces {xq, 23,24}, {1,220}, {1, 23} and all subsets thereof. Tt is

two dimensional and its f-vector is (1,4,5,1).

€3

I = ($1$2$3; $1I4)

xy
Ap = (191324, 1129, T123)
Z2
Figure 2.2: Stanley-Reisner ideal and complex.
Recall that monomial ideals in the Kruskal-Katona ring Q = k[zy, ..., z,]/(z%, ...,z

are squarefree monomial ideals in that every non-squarefree generator is zero and
hence superfluous. Thus, every monomial ideal in ) can be written as the image
of a squarefree monomial ideal I in the canonical map S — ). Given a squarefree
monomial ideal I C S, we write I' C @ for the image of I in Q. We call I*f the
squarefree image of .

Consequently, simplicial complexes are in one-to-one correspondence with square-
free monomial ideals of S which, in turn, correspond bijectively to monomial ideals
of Q. Given a simplicial complex A, its Stanley-Reisner ideal in Q is simply
I5E = (Ip)%.

In particular, each face of F' = {z;,, -+ ,z;,} € A corresponds to a squarefree
monomial xp = z;, - - - 7;, in the monomial basis of )/ ISAf. This leads to the following

basic observation about f-vectors and Hilbert functions:

Proposition 2.8. Let In C S be the Stanley-Reisner ideal of A and let IS be the
image of Ia in the Kruskal-Katona ring Q. The Hilbert function of Q/I5 is

fior 0<d<dimA+1

0 otherwise,
where (f_1, fo, .-, faima) is the f-vector of A.

One useful property of the Stanley-Reisner correspondence is that the Hilbert
function of k[A] can easily be described in terms of the f-vector of A. On the other

2
n

)
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hand, it is often difficult to explicitly describe A; when I is a complicated ideal. That
is to say, it is computationally difficult to compute the generators of I from the facets
of A; or vice versa.

The following straightforward observation is Theorem 5.1.7 of [BH93].

Theorem 2.9. Let k[A] be a Stanley-Reisner ring and let (f_1, fo,--., faima) be the
f-vector of A. Then the Hilbert function of k[A] is

1 d=0
S LY d>o.

Our convention here and throughout this thesis is that binomial coefficients

HFya)(d) =

are defined as

(a) - Wla)' a>0,b>0,b—a>0, and

0 otherwise.
In particular, (8) =1.

Corollary 2.10. Let I C S be a squarefree monomial ideal in the polynomial ring

and let I*' be its image in the Kruskal-Katona ring Q. Then

S W) (1Y) >0

HFg/;(d) =
1 d=0.
Consequently,
HSs/1(t) = HSqrsr(5 i t)'
Proof. The first statement about Hilbert functions follows from Proposition [2.8 and
Theorem 2.9 The second part is simply a restatement of the first. O

A useful aspect of Theorem [2.9)is that the dimension of I; is determined by the
Hilbert function of I in degrees d and less. The converse is also true: the dimension
of I is determined by the Hilbert function of I in degrees d and less. This can be
seen most easily from Corollary by substituting ¢t = s/(1 + s) to obtain

s
Q1+ (8) S/T (1+$>

A final important tool for working with Stanley-Reisner complexes is Alexander

duality:.
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Definition 2.11 (Alexander Dual). Let A be a simplicial complex on vertices

V ={zy,...,2,}. The Alexander dual of A is the simplicial complex
AV={FCV|V\F¢A}

The Alexander dual of a Stanley-Reisner ideal I = Ix C S (or Q) is the ideal
IV =1Iav in S (resp. Q).

Topologically, the Alexander dual of compact locally contractible subspace of the
sphere is simply its complement in the sphere. Alexander duality of simplicial com-
plexes, however, is best understood in terms of polarity [Bay96] or as a type of Koszul
duality [BH93l, BHI7].

In terms of simplicial homology, the Alexander dual satisfies
Hi(Ask) = H, ;i 3(AY;k)

or more generally H;(A; G) = H"73(AV; G) when G is a group [ER98| [Bay96]. This
homological relationship has been widely employed in the study of Stanley-Reisner
rings. We will not have cause to use this formula, however, since our focus is on more

direct combinatorial implications of Alexander duality.

Lemma 2.12. Let A be a simplicial complex with n vertices and with Alexander dual

AV. If the f-vectors of A and AV are (f;)ED and (f))H™L respectively, then

i=—1 i Ji=—1

v_ [T ,
fz’ - <Z+1) fn—z—2

fori=—1,0,...,n and where f; =0 fori > dim A (and similarly for f).

Proof. The i-dimensional faces of AV are of size ¢ + 1 and correspond to non-faces of

A of size n — (i + 1), or in other words, non-faces of dimension n — i — 2. O

Proposition 2.13. Let Q) be the Kruskal-Katona ring on n variables. A function
H : N — N is the Hilbert function of a homogeneous ideal I C Q) if and only if
d— H(n — d) is the Hilbert function of a quotient Q/J for some homogeneous ideal
J.
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Proof. We can assume that [ is squarefree monomial by taking initial ideals.
Let A be the Stanley-Reisner complex of I and let (f;){™4 and (fY)$™ 2" be the

f-vectors of A and AV respectively. By Theorem and the previous lemma, the
Hilbert function of Q/Iav is

HFQ/IA\/ (d) = f(}/—l

= <Z) - fn—d—l

= < ! d) — HFg/r(n —d)

n —

The same argument works in reverse if we start with the initial ideal of J and pick

I to be the the Alexander dual of the initial ideal of J. O

2.3 Exterior Algebras

The exterior algebra, like the Kruskal-Katona ring, is a graded k-algebra which has
squarefree monomials for its k-basis. The exterior algebra is used more frequently
than the Kruskal-Katona ring to model the f-vectors of simplicial complexes. One
advantage of exterior algebras is that they work nicely with changes of coordinates
and generic initial ideals (which are defined later in Definition [£.10]), while Kruskal-
Katona rings do not. In fact, generic initial ideals in the exterior algebra have been
used so widely that combinatorialists have renamed the operation of taking generic
initial ideals to “algebraic shifting” [Kal02l, Her02].

Since we will not use these techniques, we will be content to stick with the Kruskal-
Katona ring which is otherwise easier to work with. We briefly describe the exterior
algebra below and then prove, in Theorem [2.14] that any Hilbert function of a quotient
of the exterior algebra is the Hilbert function of a quotient of the Kruskal-Katona
ring.

Let V' be a k-vector space with basis ey,...,e,. The tensor algebra on V is

T(V) = é ved
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where V® =V ®y --- ®, V. The product of two elementary tensors f; ® --- ® f;
—_———

d-fold tensor

and g1 ® - ® g, in T(V) is simply fi @ 1@ g ®@---® g € V@) This product
extends linearly to all of T'(V). One can think of the tensor algebra as isomorphic to
the non-commutative polynomial ring k{ey, .. ., e,) where a word ¢;, - - - ¢;, is identified
with the elementary tensor e¢;, ® --- ® ¢;,.

The exterior algebra E = E(V') on a vector space V is the quotient T'(V')/I by
the two-sided ideal

I=(faflfeTV)).

The ideal I contains the relations e; ® e¢; = —e; ® e; for any indices ¢ < j and,
more generally, I contains the relations f ® g = (—1)d¢/)(dee9) for any homogeneous
forms f,g € E(V). We call this anticommutative multiplication. In the exterior
algebra, it is conventional to write tensors f ® g as wedge products, f Ag, to suggest

anticommutative multiplication.

From anticommutivity we can see that any elementary wedge product e;, A---Ae;,
can be written in ascending order (i.e., iy < -+ < i4) with an appropriate change of
sign. Also, since e; ® e; = 0, we see that the squarefree wedge products of the form
€, ® -+ ® e, where e;, is in our distinguished basis of V and where i; < --- < 1g,
give a basis for . A monomial in £ is a wedge product of the form e;; A--- Ae;,
where each ¢;; is an element of our fixed basis of V' and where i; < --- < i4q. Note that
the product of two monomials is another monomial up to a change of sign (which is
needed to write the indices in ascending order).

A term order o on F is a total order >, on the monomials of E for which
f >o g implies hf >, +hg for any monomials f, g and h in E. That is, term orders
on monomials of F are defined much like term orders on monomials of S and (),
except that we need to ignore signs that occur from multiplying the monomials.

Likewise, we can define leading terms in, ( f) and initial ideals in, (1) = span,{in, (f) |
f € I} for forms f € FE and homogeneous ideals I C E. The ideals I C F and in,([)
share the same Hilbert function by Corollary 1.2 of [AHH97].

Theorem 2.14. A function h : N — N s the Hilbert function of a quotient of the
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exterior algebra if and only if it is a Hilbert function of a quotient of the Kruskal-

Katona ring.

Proof. Given an ideal I C E we need to produce an ideal of () with the same Hilbert
function. The initial ideal in, I has the same Hilbert function as I and its homoge-
neous components are spanned by monomials.

Thus we can form a graded vector subspace of () defined as
J = @spank{xil cemy ey Ao Ney, € (ing I)g}
d=0

which has the same Hilbert function as I.

The graded vector space J is, in fact, an ideal. This follows from the observation
that monomials in ) multiply in the same way as monomials of E, up to scalar
multiplication. Thus, the Hilbert function of I C FE is the same as that of the ideal
J CQ.

For the opposite direction, one can follow the same process of taking the initial

ideal of an ideal in ) and then forming a graded vector space in E. O]



Chapter 3
Macaulay’s Theorem

3.1 Lex Segments

Macaulay’s theorem on Hilbert functions numerically describes all Hilbert functions
of standard graded k-algebras. The numerics of Macaulay’s theorem are based on the
combinatorics of lexicographic ideals which can be used to model the Hilbert function
of any homogeneous ideal.

We say x? is lexicographically greater than (or occurs lexicographically
before) xP and we write X? > X? if @; > b; in the first index i where a and b differ.
Often, we use lex as an abbreviation of lexicographic. The lexicographic order is a
term order and hence a total order on the monomials of S.

We order the monomial basis of a homogeneous component Sy of the polynomial
ring S lexicographically and we call monomial vector spaces L. C S; spanned by initial
intervals in this set lex segments. By an initial interval, we mean a set of monomials
in S; of the form {xP € Sy | xP >, x2} for some monomial x® € ;.

A lex segment can be specified by giving either the degree of the homogeneous
component and the vector space dimension of the segment, or, for non-empty lex
segments, by giving the lexicographically last monomial in the lex segment which
implicitly contains both pieces of information. We will use the following two notations

for lex segments:

Lex(d,m) = span, {x™, ..., x*"}

where x?', ... x®" are the first m monomials of degree d in the descending lexico-

graphic order and
Lexsya = spany {x” € gens S | x° >1ex X*}

for some monomial x® € Sy.

19
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In the Kruskal-Katona ring @), lex segments are defined similarly with the caveat
that Lex® (d,m) is spanned by the first m squarefree monomials of degree d to ensure
that Lex®(d, m) has dimension m.

The shadow of a lex segment is also a lex segment. For the polynomial ring in
particular, the shadow of the lex segment ending in x® is the lex segment ending in
x?1r,. In the Kruskal-Katona ring the shadow of Lexgm is the lex segment ending in
max; where ¢ is the largest index of a variable not appearing in the support of m. If

such an index does not exist, the shadow is the trivial vector space.

Example 3.1. In S = k[z,y, z] ordered lexicographically with x > y > z, the lex

segment of degree 3 and dimension 7 is

Lex(3,7) = spany {a®, 2%y, 2%z, wy?, wyz, x2%, y°}

= LeXzyg.
The shadow of this lex segments is V Lex, s = Lexs s,

Example 3.2. In Q = k[zy,...,z5]/(2%,...,22), the lex segment of degree 3 and

dimension 7 is

Lex(3,7) = span, {x1xo3, ¥1T9Ty, T1ToT5, T1T3T 4, T1T3T5, T1L4T5, ToL3Ta }

- L6X2w2x314.
The shadow of this lex segments is V Lexs, ... = Lexs ... = Q4.

Definition 3.3 (Lex Ideal). Let L C S or () be a homogeneous ideal. If each

homogeneous component of L is a lex segment, then L is called a lex ideal.

For any function f: N — N with f(d) < dimy Sy, the graded vector space
L = P Lex(d, f(d))
>0
has Hilbert function f by construction. An important consequence of Macaulay’s
theorem is that, when f is the Hilbert function of a homogeneous ideal, L is a lex ideal.
In order for L to be a lex ideal, it suffices to show that L is an ideal; i.e., it is closed
under multiplication by any variable. Indeed, we will see that V Lex(d, HF;(d)) C
Lex(d + 1,HF(d 4 1)) for any homogeneous ideal I C S. This allows us to lexify

ideals:
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Definition 3.4 (Lexification). Let I C S be a homogeneous ideal. The lexification

of I is the (unique) lex ideal with the same Hilbert function as I and is given by

L = @ Lex(d, HF(d)).
d>0
Example 3.5. In Example[2.2] we showed that the ideal I = (z%y,yz,22%) ink[z, y, 2]
has Hilbert function HF;(2) = 1, HF;(3) = 4, HF(4) = 9, and so on. The lexification

L of I has homogeneous components
Ly = spany {2°},
Ly = span, {2°, 2%y, 2%z, vy*}, and
Ly = span, {2, 2%y, 22, 22y, 2%yz, 0222 2y, wyPz, 2y 2?Y.
Even though I is generated in degrees 2, 3 and 4, the lex segments Ly, L3 and Ly

are not sufficient to generate L as an ideal. The ideal J generated by Lo, L3, L4 has

minimal generators 22, zy?, xy2? and Hilbert function

HF;(5) = 14 < 15 = HF(5)

That is to say, the Hilbert function of J is smaller than that of I in degree 5. The
full lexification of I is

L = (2% xy? xyz?, vzt o).
It is natural to ask for a bound on the degrees of the generators of a lexification.
It will follow from the Gotzmann persistence theorem (Theorem that if 1, is
Gotzmann and max{degm | m € gensI} < d then all generators of the lexification
of I have degree d or less. Determining the value of smallest value of d is a more

complicated problem.

3.2 Macaulay Representations

The dimensions and codimensions of homogeneous vector spaces are best expressed

as certain binomial sums which we call Macaulay representations. The value of these
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representations will be seen in Section where they are needed to determine the
codimensions of shadows of lex segments. The codimensions of these shadows are
crucial to Macaulay’s theorem.

In this section, we make the combinatorial connection between the last mono-
mial m in a lex segment L and the Macaulay representations of the dimension and
codimension of L. This connection is made for lex segment in both the polynomial
ring and the Kruskal-Katona ring. This will be explained further after the following

definition and example.

Definition 3.6 (Macaulay Representation). Let a > 0 and d > 0 be integers.

Then a can be expressed uniquely as

() )

where the b; are integers satisfying b; > by_1 > --- > by > 0. Note that each b;
depends on both a and d. This expression for a is called the d-th Macaulay rep-
resentation of a and the coefficients b; are called the d-th Macaulay coefficients.

We will use
mrepy(a) = (bg,...,b1)

to denote the sequence of d-th Macaulay coefficients of a.
The binomials (bz) are defined to be zero when b; = ¢ — 1, which is the smallest
value the Macaulay coefficients can take on while still satisfying by > --- > b; > 0.

When necessary, we will drop the zero terms in a Macaulay representation to write a

as
ba ba—1 by
“= (d) * (d—l LR
where by > byg_1 > --- > by > k. For convenience and clarity, we introduce the
notation

(bd7...,bk;k— 1) = (bd7...,bk,k—2,...,0).
This notation is meant to indicate that the last k — 1 terms of a Macaulay represen-
tation are zero.

Macaulay representations appeared in Macaulay’s original paper [Mac27] in ex-

pressions for the dimensions of lex segments, but Kruskal [Kru63| gave the first
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thorough treatment of Macaulay representations, calling them “canonical representa-
tions”.

Macaulay coefficients can be computed by the following greedy algorithm: assum-
ing by, ...,b;11 have already been determined, take b; to be the largest integer with
a— Zj:i (bj) > 0 (see, for example, [Gre98| or [KR05]). The uniqueness of Macaulay
representations can also be seen from the greedy algorithm. If b, is the largest integer
with (bj) < a, then any sum of binomials (cj) 4t (611) withby >cg >+ >c; >0

cannot equal a as

(@) i)

It may also be helpful to think of Macaulay representations as a type of numeral

system where the i-th digit b; must always be strictly less than the (i + 1)-th digit.

Example 3.7. The third Macaulay representations of the numbers 1,...,7 are given

in the following table.

a | 1 2 3 4 5 6 7
mrepy(a) | (3,1,0) (3,2,0) (3,2,1) (4,1,0) (42,00 (42,1) (4,3,0)

Figure 3.1: Macaulay representations.

An integer can be recovered from its Macaulay representation by evaluating the
appropriate binomial sum. Therefore, if two integers have the same Macaulay repre-
sentation, then they are in fact equal.

Macaulay’s original paper on Hilbert functions of polynomial ideals made a con-
nection between Macaulay representations and the dimensions of lex segments which
we give below as Proposition What it states is that the (n — 1)-st Macaulay

representation of dimy Lex., . can be given in terms of the exponent vector a. In
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Proposition |3.11) we make a similar connection between d-th Macaulay representa-
tions of codimensions of lex segments in degree d and their last monomials. A similar
result appears as Proposition 5.5.13 of [KR05], but we give an alternate presentation
and a different proof. We repeat this process in Propositions and for lex
segments in the Kruskal-Katona ring. We have not been able to find references for
these two results.

In later chapters, various proofs involve lex segments while others are based on
the numerics of Macaulay representations. Often either technique could have been

used. The thrust of this section is to make these connections explicit.

Proposition 3.8 [Mac27|. Let L C Sy be a non-empty lex segment and let x* =

aPay? - xfratn be the last monomial in L where x, is last variable dividing x* before

x,. Note that a, = 0 is allowed. Then the (n — 1)-st Macaulay representation of

dimy L s
mrep,,_,dimg L= (by +n—2,bo+n—3,...,b,+n—r—1L;n—r—1).
where by, ..., b, are given by

n .
Zpi a; i<,

a, +1 1=T.

b =

Example [3.12] illustrates both Proposition [3.8 and Proposition [3.11] to come.

What may be interesting about this proposition is that it differs from more recent
treatments (e.g., [Gre89, [Gre98, BHI3|) which deal only with Macaulay representa-
tions of codimy L and codimy V L. The main benefit of phrasing theorems in terms
of codimension or, equivalently, in terms of the quotient ring rather than the ideal, is
that the numerical theorems are independent of the number of variables n. For exam-
ple, Proposition 3.8 relies on (n—1)-st Macaulay representations while the next result,
Proposition [3.11] uses d-th Macaulay representations. Phrasing a theorem in terms
of codimension instead of dimension appears to be a superficial change, but it hides
a meaningful change in the underlying combinatorics. It’s not clear when it was in
the years between Macaulay [Mac27] and say, for instance, Stanley [Sta75al that this
transition was made. Before we give Proposition [3.11] on Macaulay representations

of codimensions of lex segments, we need some more notation.
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Every degree d monomial in a polynomial ring on n variables can be represented
by a string of d bullets and n — 1 bars by letting its variables be represented by bullets
and by separating the different variables by bars.

Example 3.9. For n = 3 and d = 5 we have

3Tyz5 > 00 e|e|e and
:p%x%»—) |eoe|oe

This allows one to count the number of monomials of degree d in n variables as
(”;ﬁd) since n — 1 positions need to be chosen for the bars among d balls. That is,
we need to chose n — 1 of the n — 1 4 d locations in the string for the bars.

These diagrams of d bullets and n — 1 bars can also be described by a sequence
of d integers (i, . ..,14) which express the positions of the bullets. We need to adopt
the convention that positions in a string are indexed from right to left and start from

Zero.
Example 3.10. For n = 3 and d = 5 we have

—  (6,5,4,2,0), and

oo o]
654 2

ce

(X N ]
543

[ J
1

ce

(5,4,3,1,0).

The following proposition gives the combinatorial correspondence between lex
segments and Macaulay representations. This result appears as part of Theorem
5.5.13 of [KRO05], though it is stated differently. Also, their proof relies on Proposition
and properties of binomial sums, while the proof given here is a simple induction.
Recall that the codimension of a vector subspace W C V is simply codim W =

dimk vV — dlmk W.

Proposition 3.11. Let L C S, be a non-empty lex segment and let x* be the last
monomial in L. Let (i1,...,1q) be the sequence describing the string representation
of x* as defined above. Then the Macaulay representation of the codimension of L in
Sy 1s

mrep, codimy L = (iq, ... ,1q).
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Proof. Proceed by induction on n + d, n being the number of variables in S, and
consider the two cases when x? is divisible by z; and when x* is not divisible by x;.
First, when x* is divisible by x; we have i; = n+d — 2. Consider the lex segment
L' = Lex,_. C S;-1 where x? = x? /.
By induction, mrep, , codimy L' = (43, ...,iq4). Since every monomial in Lex, a
is in one to one correspondence with a monomial in Lex_ ., by division by z;, we

see that dimy Lexs o = dimy Lex_ .. Therefore

—1+d
codimy L = (n d+ > — dimy L
—1+d
d
—1+d d—2
— (n d+ > — (n;—l ) + codimy L'/
d—2
= (n + ) + codimy L.
d
using Pascal’s rule. We know that is < 7; = n + d — 2 by its definition. Therefore,
the Macaulay representation of codimy L is (n +d — 2,1s,...,14) as we expected.
In the second case, where x* is not divisible by x;, we have that all (";ff)

monomials of degree d and divisible by x; have already occurred in L. Therefore,
codimy L = codimy L' where L' = Lexs,a C (S/(21))q-

The string representation of x* in S/(x1) is obtained by removing the first char-
acter, a bar, from the string representation of x* in S. Since this does not affect the
indices of the bullets relative to the end of the string, we have mrep,codimy L' =

(i1,...,1q) by induction. Since codimy L = codimy L', we are done. O

Example 3.12. Propositions and can be compared with Figure|3.2[in which
we list dimensions and codimensions of each lex segment in the polynomial ring

S =k[z,y, 2] in n = 3 variables and degree d = 4.

Since Macaulay representations correspond to the last monomials in lex segments,
it makes sense to order them lexicographically. For two d-th Macaulay representa-
tions, we say (ag,...,a1) >ex(bg, - .., b1) if there exists an index i where a; > b; and
a; = b; for all j > 4. That is, we compare them lexicographically from left to right

according to our convention of writing a, first.
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dimyg L codimg L last L mrep, ; dimg L. mrep,codimy L string rep.

1 14 ot (2,0) (5,4,3,2) ccece||
2 13 3y (2,1) (5,4,3,1) cee o]
3 12 3z (3,0) (5,4,3,0) coe||e
4 11 x?y? (3,1) (5,4,2,1) IRy
5 10 r?yz (3,2) (5,4,2,0) oeje|e
6 9 2?22 (4,0) (5,4,1,0) oo ||ee
7 8 xy? (4,1) (5,3,2,1) o|oce|
8 7 T’z (4,2) (5,3,2,0) ojoe|e
9 6 ry2? (4,3) (5,3,1,0) ojo|ee
10 5 23 (5,0) (5,2,1,0) o||oee
11 4 yt (5,1) (4,3,2,1) EXxxy
12 3 Y3z (5,2) (4,3,2,0) |eoe|e
13 2 Y222 (5,3) (4,3,1,0) |ee|oe
14 1 yz3 (5,4) (4,2,1,0) EIEXX)
15 0 2 (6,0) (3,2,1,0) ||eoee

Figure 3.2: Macaulay representations and lex segments in the polynomial ring.

Corollary 3.13. Let d, s, and t be a positive integers. Then s > t if and only if

mrep,(s) >1ex mrepy(t).

Proof. Pick n sufficiently large that (”+§_1) > max(s,t) and let S = k[xy,...,z,)].
Let s and t represent the codimensions of degree d lex segments L and L’ in Sy. If
s > t then last monomial of L comes lexicographically before the last monomial of
L'. By comparing the string representations of these two monomials it follows that

mrep,(s) > mrep,(t). The same argument also works in reverse. O

The previous corollary seems to be mentioned first in |[Gre89] and is normally
proved using properties of binomials (see |[Gre98, Proposition 3.1] or [BH93, Lemma
4.2.7]).

In the Kruskal-Katona ring and exterior algebra there is a similar connection
between the last monomial in a lex segment and the segment’s dimension and codi-
mension. The next proposition, for the codimension of squarefree lex segments, is the
analogue of Proposition [3.11} The subsequent proposition, Proposition is the

analogue of Proposition for dimensions of squarefree lex segments.

Proposition 3.14. Let L C Qq be a non-empty lex segment and let x* = x;, x;, - - - x;,,

with 11 < 19 < - -+ < ig, be the last monomaial in L. Then the Macaulay representation
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of the codimension of L in QQq is
mrep, codimy L = (n — iy, ..., n — ig).

Proof. Consider the same two cases as before: i1 = 1 and i; > 1.

If iy = 1 then every monomial in L is divisible by z; and hence dimy L = dimy L/
where L = Lexgégjﬁ?mid. Consequently,
. n .
codimy L = (d) — dimy L

n n—1 ) ,
= (d) - <d_1>+codlka

-1
= (n p ) + codimy L.

Q/(z1)

By reindexing the variables of Q/(z1) we get dimy Lex</ @/(en)

L= dimy LeXZ-TiQ—l"'Iidfl'

2T

So by induction on n,

mrepg_; codimy L/ = (n — 1= (ig = 1),...,n =1 = (ig — 1))

=(n—ig,...,n —1g).
Therefore,

-1
mrep, codimy L = mrep, ((n J ) + codimy L/)

=Mn—-1n—1dy,...,n—1y)

as desired.
If i1 # 1 then codimy L = codimy Lexgigfi)

2y, 8 all degree d monomials divisible

by x; are in L. The result follows by induction using a reindexing of variables as
above. O
Lemma 3.15. Take two monomials m,m' € Qq and let m = “-*n
be their complementary monomials in Qn_q. Then m > m' if and only if m/ > M.
Proof. The first index ¢ in which m and m/ differ is the same as the index where their
complements differ. Assuming m >y m’, ;/m but not m’ and hence x;/m’ and not

m. 0
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Proposition 3.16. Let L C )y be a non-empty lex segment and let m be the last
monomial in L. For1 <i<n—d, let a; be the number of variables in the support of
m that occur after the i-th variable not in m (see Ezample[3.17). Then the (n— d)-th

Macaulay representation of dimy L — 1 s
mrep,_4(dimy L—1)=(ay+(n—d—1),...,a;+(n—d—1),...,a5-q).
Proof. For this proof we will use Alexander duality. Let A = A(z) be the Stanley-
Reisner complex the ideal generated by L. By Proposition [2.13
dimg L = HF(1)(d) = HF /1y (n — d).

Let V' be the degree n —d component of ()/Ixv which is spanned by the complements
m’ of each monomial m’ in L. Since m is lexicographically last in L, by the previous

lemma, T is lexicographically first in V. That is,
codimy Lexgm =dimV —1=dim L — 1.
If we write m = x;, - - - x;,_, then, by Proposition m,
mrep,,_,4(dimy L — 1) = (n —iy,...,n —ip_q).
All that remains is to show that a; is equal to (n —i;) — (n —d — j5) = d — (i; — j).
Notice that at the j-th variable not in m, that is, at variable x;, in m =y, -+ - 2;,_,

we have already seen i; — j variables in the support of m that come before x;,. Thus,

there are d — (i; — j) variables in the support of m coming after x;, . O

The previous proposition can also be shown using an expansion for the lex segment

similar to that in Macaulay’s original proof of [3.8]

Example 3.17. Take n = 7 and let L C Q3 be the lex segment ending in m = xyx527.
For the variables not in m, namely x1, x3, x4 and zg there are 3,2,2 and 1 variables
dividing m which come after each of them respectively. That is a; = 3, as = 2, a3 = 2

and a4 = 1 in the previous theorem. Note that
mrep,,_,(dimy L — 1) = mrep, 23 = (6,4, 3, 1).

Example 3.18. In Figure we illustrate Propositions and in the Kruskal-

Katona ring Q = Kk[xy,...,25]/(2},...,22) on n = 5 variables and in degree d = 3.
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dimg L codimy L last L.  mrepgcodimy L last L (ag,as) mrepy(dimy L — 1)

1 9 T1T2T3 (4,3,2) zaxs  (0,0) (1,0)
2 8 T1T2T4 (4,3,1) T3T5 (1,0) (2,0)
3 7 T1T2T5 (4,3,0) T34 (1,1) (2,1)
4 6 T1T3T4 (4,2,1) ToTs (2,0) (3,0)
5 5 T1X3T5 (4,2,0) ToTy (2,1) (3,1)
6 4 T1T4Ts (4,1,0) xrows  (2,2) (3,2)
7 3 ToX3T4 (3,2,1) T1T5 (3,0) (4,0)
8 2 ToX3Tx (3,2,0) T1T4 (3,1) (4,1)
9 1 To2l4Ts (3,1,0) T1T3 (3,2) (4,2)
10 0 T3T4Ts (2,1,0) T1To (3,3) (4,3)

Figure 3.3: Macaulay representations and lex segments in the Kruskal-Katona ring.

3.3 Pseudopowers

Next we introduce pseudopowers which are operations on the Macaulay representa-
tion of an integer. These pseudopowers are paralleled by natural operations on lex
segments.

Definition 3.19 (Pseudopowers). Let a > 0 be an integer with d-th Macaulay
representation mrepy;a = (bg,...,bg;k — 1) and with b, > k. The d-th upper
Macaulay pseudopower and the d-th upper Kruskal-Katona pseudopower

of a are defined to be
bg +1 bg_1 +1 b, +1
(@ _ (Y d-1 k
¢ (d+1)+( d )+ +(k+1)
b by b
(@) _ d d—1 k
¢ <d+1)+(d)+ +<kz+1)

respectively. For convenience, we often drop the word upper when referring to upper

and

pseudopowers.

The lower d-th Macaulay and Kruskal-Katona pseudopowers of a are

defined to be
_(ba—1 ba—1—1 by — 1
wa=(5o0)+ () (1))

_ bd bd—l bk
o= () = () e ()

and

respectively.
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Recall that (Z) =0for p<0,q<0andp<q. Also, (8) = 1 which can appear

when applying a lower pseudopowers.

Our notation for pseudopowers is a compromise with the many notations in use.
Our notation for upper pseudopowers agrees with Stanley [Sta96], Bruns and Herzog
[BHI3], Green |Gre89, [Gre98] and others. Kreuzer and Robbiano’s book [KRO5]
prefers the suggestive notations af and a,, while Kruskal [Kru63] used a notation
a"'/") which is more general than the pseudopowers used here. Green uses a lower
pseudopower for his theorem on Hilbert functions of rings modulo generic forms. His
lower pseudopower, however, is different from the one we describe here, despite using
the same notation. We have used this notation because it seems suggestive of our
result in Proposition and Proposition [3.21

Pseudopowers act in a natural way on Macaulay representations. The upper
pseudopowers act by padding the Macaulay representation with an extra zero term.

That is, if mrep,a = (bg, ..., bx; k — 1) then

mrep,, o = (ba+1,...,b; + 1;k), and (3.3.1)
mrep,, ' = (ba,..., bi; k). (3.3.2)
The lower pseudopowers act in a slightly more complicated manner. If the last

Macaulay coefficient, by, is zero then the lower pseudopowers act by shifting the

Macaulay coefficients to the right. That is, if mrep,;a = (bg, . .., bs,0) then

mrep, 1 gy = (ba —1,...,by — 1), and (3.3.3)
mrepy_; a@y = (bg,--.,b2). (3.3.4)
If by # 0 then
mrepy_q(a@y — 1) = (ba — 1,...,bp — 1), and (3.3.5)
mrep,_y (g — 1) = (b - . bs). (3.3.6)

So, in these latter cases, applying a pseudopower to our Macaulay representations
does not leave us with another Macaulay representation.
Note that the number of non-zero terms in the Macaulay representation of a

does not change when the Macaulay upper pseudopower or lower Kruskal-Katona
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pseudopower is applied (and b; = 0), while it may change in the other two cases (e.g.,
if b, = k for the Kruskal-Katona upper pseudopower or k& = 1 for the lower Macaulay

pseudopower).

Proposition 3.20. The upper pseudopowers are increasing functions while the lower

pseudopowers are non-decreasing functions.

Proof. If s >t then mrep, s >jx mrep, ¢ by Corollary [3.13 After applying the upper

Macaulay pseudopower and using equation [3.3.1] we obtain
mrepg, ¢ s > mrepg, ¢ i

and so 5% > (@ using Corollary again.
For the lower pseudopowers, again s > ¢ implies mrep, s >jx mrep,t. Let the

Macaulay representations of s and ¢ be
mrep, s = (ag,...,a1) and mrep,t = (bg,...,b1)

and let i be the first (largest) index where they differ. That is a; > b; and a; = b; for
j > 1. We have two cases: by = 0 and b; # 0.

In the case where b; = 0, we have mrep,_; sy = (ag—1,...,az —1) from equation
whenever a; = 0. If instead we have a; # 0 then

mrepy_; 8(dy >lex MIePy_1(5(qy — 1)

=(ag—1,...,a0 — 1)
by Corollary and equation |3.3.5. Thus in both cases,

mrepy_; Sa) Zlex(@a — 1,..., a2 — 1)
Zlex(bd —1,...,b0 — 1)

= mrepg_; t(q)

where the equality occurs if 7 = 1 and a; = 0. Thus, s > t14).
Now consider the case where b; # 0. If a; # 0 then by the reusing the previous

argument,

mrepy_; (s — 1) >1ex mrepy_; (t@ay — 1)
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and hence s(g — 1 > t(gy — 1, as we wanted. If a; = 0 then ¢ > 1 and
mrepy_; S = (aq — 1,...,a2 — 1)
>lex(bd — 1, cee b2 — 1)
= mrepy_; (ta — 1).

That is, s(q > t(@gy — 1 and therefore sy > t(g).

The same arguments work for lower Kruskal-Katona pseudopowers. O

The following proposition is essential for understanding the interplay between
lower and upper pseudopowers. It also leads to various forms of Macaulay’s theorem
and the Kruskal-Katona theorem (in particular, see part (4) of both Theorem [3.26|and
Theorem . While we have no direct reference for this result, it neatly parallels
Theorem 5.5.11 of [KR05] for Green’s lower pseudopower and could probably be

stated in more generality.

Proposition 3.21. Let s,t and d be positive integers.
1. s < t'9 if and only if Sa41) < t.
2. s < t9D if and only if S+1) < t.

Also, if mrepy,, s = (ags1,...,a1) with ay = 0 then all the inequalities above can be
made strict. Finally, if a; # 0 and sqy1y < t then s < 9D and similarly for the

Kruskal-Katona pseudopower.

Proof. Assume the Macaulay representations of s and ¢ are

mrep,,; 8 = (@dt1,- - -, a1) and

mrep,t = (bg,...,01).

We break the proof into the two cases where where a; = 0 and a; # 0.

Assuming a; = 0, we have

mrepg ' = (bg+1,...,b1+1,0) and

mrepg Sia+1) = (@ay1 — 1,...,ap — 1,... a2 — 1).
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We see, by Corollary [3.13] that
s <t
< (Ggg1,y--,02,0) <jex(bg+1,...,b00 +1,0)
<  (agy1 —1,...,a00 — 1) <jex(bg, - - -, b1)

= S <t

and also the inequalities above can be made strict.

Now we move to the case where a; # 0 and hence
mrep,(Sig1y — 1) = (@ay1 — 1,..., a2 — 1).
If we assume s < t‘9 then we have
(agsty .- a2,01) <iex(bg+1,...,b; +1,0)
as before. Since a; # 0, we know that this is in fact a strict inequality. Consequently,
(age1 — 1,... a9 — 1) <jex(bg, - . ., b1)

which shows that sz11y — 1 < ¢ or rather sg41) <t as desired.

In the other direction, we assume s(44.1y <t which gives 5441y —1 < ¢ and hence

(ad+1 — 1, ., Q9 — 1) <lex(bd7 . 7b1)

Thus, (ag1,...,a2,a1) <iex(bg +1,...,by +1,0) and so s < /¥, Note that for this
direction of the a; # 0 case, we obtained a strict inequality.

The proof for the Kruskal-Katona pseudopowers follows similarly. O

With the next proposition, we relate upper shadows with the upper pseudopowers.

We have previously remarked that
S S
V6LexZ,a = LexZya,,

and

Q — Q
\Y LeXZml---md = Lexz%_

“Ti, T,

where k is largest index with x not dividing z;, - - - z;, (see Examples and .

This will be used in the next proof.
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Proposition 3.22. Let L C S; and L' C Qg be degree d lex segments. Then the

upper shadows of L and L' have codimensions given by
codimy (V L) = (codimy, L)

and
codimy (V L') = (codimy L')@.

Proof. Let x* be the last monomial of L and let z;, ---z;, be the last squarefree
monomial of L.

Let mrep, codimy L = (bg,...,bg; k — 1) with by, > k. The upper shadow of L,
V L = (m(L))gys1, is a lex segment with last monomial x®z,, and this monomial has
the same string representation as x* except with an extra bullet added at the end.

Therefore
mrep,,, codimg VL = (bg+1,...,bx + 1;k) = mrep,, , ((codimy L)<d>)

using Proposition m Thus codimy V L = (codimy L)', proving the first part of
the proposition.
Now consider L’. Assume for now that i; = n. Let s be the first index for which

ls,ls11,---,%q 1S a sequence of consecutive integers ending in n. That is,
(1sy0541y---50q) =(n—d+s,n—d+s+1,...,n)

and i;_; < n—d+s—1. Using Proposition this allows us to write the Macaulay

representation of codimy L’ as

mrep, codimy L' = (n —iy,...,n —is_1,d—s,d—s—1,...,0)

=(n—1iy,...,n—is1;d—s+1).

Note that if 74 # n then mrep,codimy L' = (n —iy,...,n — ig). So the above still
holds with s = d + 1.

By the remark made before Example[3.1] the last monomial in the shadow of L’ is
x;, -+ x;, T where k is largest integer in [n] \ {i1,...,i4} (and, in the iy # n case we
have z, = x,). Thus, k is the last integer before the consecutive sequence of indices

ending in n, namely kK =n —d+ s — 1. And so, with indices in sorted order,

Ly » Lyl = T4y ** Ts—1Tp—d4s—1Tn—d—s * " Tn
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giving
mrep,, codimy VL = (n—i;,n—1is,--- ,n—is1,d—s+1,d—s,...,0)
=(n—iy,n—1ig, - ,n—1is1;d—s+2)
= mrepy,; ((codimy L')¥)
by Proposition and equation |3.3.2, Thus codimy V L' = (codimy L')@. O

Before proving the analogous proposition for lower shadows, we will first describe

the lower shadows of lex segments in S and Q).

Lemma 3.23. The lower shadow of a lex segment in S or Q) is also a lex segment.

a

In particular, if L = Lexgxa and xP > x® is the last degree d monomial before

or equal to x* which is divisible by x,, then
AL =TLexS,m ), .

If no such x® exists, then A L is the trivial vector space.
If L' = Lexgm for a squarefree monomial m € Qg and m' > m is the last degree

d squarefree monomial before or equal to m which is divisible by x,,, then
AL = Lexgm,/xn.
If no such monomial m' exists, then A L' is the trivial vector space.

Proof. Take X® >oy XP /x, of degree d — 1. We want to show that x;x° € L for every

variable x;. As > is a term order,

c b b b a
ZTiX Zlex ZTiX /xn Zlex TpX /xn =X Zlexx .

Thus x;x° € L and so Lexixb Jan & AL.

If instead xP/z,, >1x X then xP >, 2,x. By the choice of xP, x® >, 2,x¢ and
hence z,x° ¢ L. Thus x* ¢ AL, so Lexixb/xn =AL.

The same argument works for lower shadows of lex segments in the Kruskal-Katona

ring. [
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Proposition 3.24. Let L C S; and L' C Qg be degree d lex segments. Then the

lower shadows of L and L' have codimensions given by
codimy (A L) = (codimy L) q

and

codimy (A L") = (codimy L) (q).

Proof. Let x* be the last monomial in L. By Lemma [3.23] we know that A L is the
lex segment ending in xP /x, where xP > x2 is the last monomial before x2 divisible

by x,.

If x, divides x® then x® = xP. Denote the d-th Macaulay representation of

codimy L by mrep, codimy L = (ig,...,41). Since x, divides x* we know i; = 0 by

Proposition 3.11] Thus,
mrepy_; (codimy L) = (iq — 1,...,42 — 1) = mrep,_; codimy Lexixa/%

again by Proposition[3.11} From Lemma it follows that (codimy L) g = codimy A L.
If z,, does not divide x® then i; # 0 and so, by Proposition [3.11]

mrepy_; ((codimy L) gy — 1) = (ig — 1,...,49 — 1) = mrep,_, codimy Lexixa/xr
where z, is the last variable dividing x*. Consequently,
(codimy L) (g — 1 = codimy Lex3 S0

It now suffices to show that x/x, appears immediately after xP/z,, in the lexico-
graphic order. Clearly if xP/x, <o x®/2, then xP <jo 2,X*/1, <ox X* which con-
tradicts xP >1, x2. Thus xP/xz,, > x2/2,. If we have some x¢ between xP/x, and

x?/x, then, multiplying by z,, gives,
Xb >lex xnxc >lex l‘nxa/l‘r >lex Xa

which contradicts the definition of x®. Thus, x®/z, is the immediate successor of

xP /z,, and so
codimyg A L = codimy Lexgxa Jz, + 1= (codimy L) g

A similar argument works from the lower Kruskal-Katona pseudopowers. O



38

Example 3.25. For an illustration of Proposition consult Figure which
shows the lower shadows of degree d = 4 lex segments in S = k[z,y, z] and their

codimensions.

codimy L last L mrep,codimy L (codimy L)@ last AL mrep, ; codimy AL

14 e (5.4,3,2) 10 - (5,1,0)
13 2y (5,4,3,1) 10 _ (5,1,0)
12 52 (5,4,3,0) 9 2 (4,3,2)
11 z?y? (5,4,2,1) 9 z3 (4,3,2)
10 r2yz (5,4,2,0) 8 %y (4,3,1)
9 1222 (5,4,1,0) 7 2%z (4,3,0)
8 xy? (5,3,2,1) 7 2z (4,3,0)
7 xy’z (5,3,2,0) 6 21> (4,2,1)
6 xy2> (5,3,1,0) 5 Ty (4,2,0)
5 xz3 (5,2,1,0) 4 r2? (4,1,0)
4 yt (4,3,2,1) 4 22 (4,1,0)
3 Y32 (4,3,2,0) 3 93 (3,2,1)
2 Y222 (4,3,1,0) 2 Y2z (3,2,0)
1 yz3 (4,2,1,0) 1 yz? (3,1,0)
0 2 (3,2,1,0) 0 2 (2,1,0)

Figure 3.4: Lower shadows and pseudopowers.

3.4 Macaulay’s Theorem

Theorem 3.26 (Macaulay’s Theorem) [Mac27]. Let H : N — N be a function

and let k be a field. The following conditions are equivalent:

1. H is the Hilbert function of a standard graded k-algebra;

2. H 1is the Hilbert function of a quotient of a polynomial ring over a k by a proper

lexicographic ideal;
3. H satisfies H(0) =1 and
H(d+1)<H@dY  Vvd>1;
4. H satisfies H(0) =1 and

H(d+1)g4y < H(d)  Vd>1.
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Proof. For every homogeneous ideal I C S and degree d, V I; C I;,1 which tells us
that dimy V I; < dimy I4,1. If I is a lex ideal, the shadow V I is a lex segment and,
by Proposition m its codimension is known to be codimy V I; = (codimy, I,)‘?. So,

our inequality on dimensions reverses to give
codimy 1441 < codimg V I; = (codimy Id)<d>.

Since HF g/;(d) = codimy I, we have proven (2) implies (3).

Given a function H satisfying (3), we can construct the graded vector space

L= é Lex(d, H(d)).

d=0

In order to show that L is an ideal, we need to show that V L; C L4, for each degree
d. Since the shadow of a lex segment is also lex segment, it follows that V L; C Lgyq
if and only if dimy Ly; < dimyg Lgyr;. This is guaranteed by Proposition and
condition (3). So we have shown that (3) implies (2).

The equivalence of (3) and (4) follows from Proposition [3.21]

Clearly any lexicographic ideal, being a monomial ideal, is also a homogeneous
ideal. Thus (2) implies (1).

The last step, and one we omit, is the proof that (1) implies (3). In most mod-
ern references, this is shown to follow from Green’s theorem [Gre89] on the Hilbert
function of standard graded algebra modulo a generic linear form. Macaulay’s origi-
nal proof [Mac27] is, in the words of Macaulay himself, “tedious reading”, though it
introduces a useful technique, called compression, which has been exploited by other
authors [Mer08| [CL69). O

In this thesis, when we casually say that lex ideals model Hilbert functions,
implicitly we are referring to the equivalence of parts (1) and (2) of Macaulay’s
theorem. Similarly, the we refer to the inequality in part (3) of Macaulay’s theorem
as Macaulay’s inequality on Hilbert functions.

A consequence of Macaulay’s theorem is that lex segments have the smallest pos-
sible Hilbert function growth of all homogeneous vector spaces with the same degree

and dimension. This idea is made precise in following definition:
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Definition 3.27 (Gotzmann). Let R be a standard graded k-algebra. A homoge-
neous vector space V C Ry is called Gotzmann if for all other homogeneous vector

spaces W C R, with dimy V' = dimy, W, we have

A homogeneous ideal I C R is called Gotzmann if each of its graded components

are Gotzmann vector spaces.

As mentioned in the introduction to this thesis, Gotzmann ideals are named after
Gerd Gotzmann who proved the regularity and persistence theorems which bear his
name [Got78]. The definition of Gotzmann ideals given above first appears in the

paper “Componentwise Linear Ideals” by Herzog and Hibi [HH99].
Corollary 3.28. Lex segments and lex ideals in the polynomial ring are Gotzmann.

Proof. Let L be a degree d lex segment and let V be a degree d homogeneous vec-
tor space with dimy V' = dimy L. Also, let I = (V). Macaulay’s theorem states
that HFg/r(d + 1) < HFg/;(d)!? or, in other words, codimy V'V < (codimy V)?.

Therefore,
dimy V L = dimy Sy41 — codimy, V L
= dimy Sgy1 — (codimy L)<d>
= dimy Sgy1 — (codimy V)<d>
< dimg S441 — codim, V'V
= dimy V'V,
using Proposition [3.22 on L. O

We can infer from Proposition and the previous Corollary that Macaulay
pseudopowers determine the growth of Gotzmann ideals. This gives the following

numerical characterization of Gotzmann ideals.

Proposition 3.29. Let V' be a degree d homogeneous vector space in the polynomial
ring S and let L be the degree d lex segment with dimy L = dimy V. The following

are equivalent:
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1. 'V is Gotzmann.

2. dimy, VV =dim, V L.

3. dimy Sg41/ V'V = (dimy Sy/V) D).
Also, if V is Gotzmann then

4. (dimy Sap1/ V V) (g41) = dimy Sg/V
but not the converse (see Example [3.31)).

Proof. By the definition of a Gotzmann homogeneous space, any two Gotzmann
spaces VW C S, of the same dimension have the same growth (i.e., dim;, VV =
dimy V). Since lex segments are Gotzmann by Corollary , we have part (1)
implies part (2). Similarly, if dimy V V' = dimy V L then

dimg VV =dimy VL < dim, VIV

for any degree d homogeneous vector space W with dimy W = dimy L = dimy V' since
L is Gotzmann. Thus, part (2) implies part (1).

Parts (2) and (3) are equivalent by Proposition [3.22] This completes the equiva-
lence of parts (1), (2) and (3).

Now, let V' be a Gotzmann homogeneous vector space. From the equivalence of
parts (1) and (3), we have s = t!¥ where s = dimy Sg.1/ V'V and ¢t = dimy Sq/V.
Let mrepyt = (ag, . ..,a1) so that mrepy,, t'Y = (ag+1,...,a; +1,0) and therefore

mrepd(t<d>)<d+1> = (ag, - ..,a1), using equation and equation m Thus s(441y =
(%) 411y = t which proves part (4). O

Corollary 3.30. A homogeneous ideal I C S is Gotzmann if and only if for every
degree d,
HF g/ mr(d + 1) = HF gy (d)'%,

where m = (x1,...,2,) is the homogeneous mazimal ideal of S.

Proof. An ideal is Gotzmann if each component /; is Gotzmann. Since (S/m 1), =

Sa/ V I, the result follows from part (3) of Proposition [3.29] ]
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We often refer to this corollary by saying that an ideal I is Gotzmann if each

graded component of I achieves Macaulay’s bound.

Example 3.31. Let I = (zy,yz,xz) in the polynomial ring S = klz,y,z]. We
will show that this is not a Gotzmann monomial even though it satisfies part (4) of
Proposition [3.29]

The degree 3 component I3 of I is the shadow of I, and is spanned by

2 2,2 2 .2 2
P VIR o VI VN VA v 0 v A T

So, HF;(2) = 3 and HF/(3) = 7 giving

HFg/(2) = HFg(2) — HF;(2) =6 —3 =3 and
HFg/;(3) = HF4(3) — HF;(3) = 10 — 7 = 3.

Note that

().

(5) ()
1)+ )

) ()

HFg/1(3)5) = (
g
=3
— HFg/(2)

showing that V' = I, satisfies part (4) of Proposition [3.29, Since

N
HFs/1(2) = (2)

we see that I is not Gotzmann.
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3.5 The Kruskal-Katona Theorem

In this section we present the Kruskal-Katona theorem which is an analogue of
Macaulay’s theorem (Theorem in the Kruskal-Katona ring or, equivalently by
Theorem [2.14] in the exterior algebra.

The Kruskal-Katona theorem is most often stated as a bound on the f-vector of a
simplicial complex. Rather than starting with the combinatorial version of the theo-
rem, we will first give the algebraic version of the Kruskal-Katona theorem and then
write the equivalent combinatorial version as a corollary. This algebraic presentation
first appears for the exterior algebra in [AHH97], and for the Kruskal-Katona ring in
Mermin’s work [Mer0§g].

Theorem 3.32 (Kruskal-Katona) [Kru63| Kat68]. Let H : N — N be a function

and let k be a field. The following conditions are equivalent:

1. H is the Hilbert function of a quotient of the Kruskal-Katona ring over k by a

proper homogeneous ideal;

2. H 1s the Hilbert function of a quotient of the Kruskal-Katona ring over k by a

proper lexicographic ideal;
3. H satisfies H(0) =1 and

H(d+1) < HdY  Vd>1;

4. H satisfies H(0) =1 and

H(d+ )y < H(d)  Vd>1.

The Kruskal-Katona inequality applies to Hilbert functions of quotients of the
exterior algebra by Theorem [2.14]

Recall Proposition which states that the Hilbert function of a quotient /I of
the Kruskal-Katona ring is precisely the f-vector of the Stanley-Reisner complex Aj
with only a slight change of indices: HFg,;(d) = fs—1. Thus, we have the following

corollary:
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Corollary 3.33. A sequence of non-negative integers f_1,..., fp with fp # 0 is the

f-vector of a D-dimensional simplicial complex if and only if f_1 =1 and

farr < fiFY
for0<d< D.

Proof. Given a simplicial complex A, we can construct the quotient Q/I5f of the
Kruskal-Katona ring ) by the squarefree image of the Stanley-Reisner ideal /5 C S.
By the Kruskal-Katona theorem and Proposition [2.8]

d
fd+1 - HFQ/ISAf(d+ 2) S HFQ/ISAf<d+ ]_)<d+1> — fé +1>'

In the other direction, if we are given a sequence f_1,..., fp satisfying f; =1
and fg1q < f§d+1> then the function

-1<d< D
H(d) - fas1 <

0 otherwise
satisfies part (3) of the Kruskal-Katona theorem. By part (2) of the Kruskal-Katona
theorem, we know there exists a monomial quotient Q/I of @ with HFg,;(d) = H(d).
Consequently, the monomial basis of /I is a simplicial complex with the desired

f-vector, again by Proposition [2.8 O]

Gotzmann ideals in the Kruskal-Katona ring, as defined in Definition [3.27] have
many of the same properties as Gotzmann ideals of S. Lex ideals of () are Gotzmann
and the proof is the same as in Corollary Proposition [3.29] also holds for Gotz-
mann homogeneous vector space in ) with the obvious changes to Kruskal-Katona

pseudopowers:

Proposition 3.34. Let V' be a degree d homogeneous vector space in the Kruskal-
Katona ring () and let L be the degree d lex segment in Q) with dimy L = dimy V. The

following are equivalent:
1. 'V 1s Gotzmann.
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3. dlmk Qd-‘rl/ VV = (dlmk Qd/V)(d)
Also, if V' is Gotzmann then

4. (dimk Qd+1/ \V4 V)(d—i—l) = dimk Qd/V
but not the converse.

Proof. The proof of this proposition parallels that of Proposition [3.29. Equally, this
proposition can be thought of as a corollary to the Kruskal-Katona theorem and our
results on shadows of lex segments.

From the definition of Gotzmann monomial vector spaces, Definition [3.27] any
two Gotzmann vector spaces of the same dimension have the same growth. Since lex
segments of () are Gotzmann, parts (1) and (2) are equivalent. Parts (2) and (3) are
equivalent by Proposition [3.22]

Now, let V' C @4 be a Gotzmann homogeneous vector space. From the equiv-
alence of parts (1) and (3), we have s = t¥ where s = dimy Sy,;/VV and t =
dimy Sy/V. Let mrepyt = (ag,...,a;) so that mrepy,, ¥ = (aq,...,a;,0) and

therefore mrepd(t(d))(dH) = (aq,...,a1), using equation and equation (3.3.4]
Thus s(a41) = (¢¥) @41y = ¢ which proves part (4). O

We now show that any Gotzmann squarefree monomial ideal in S has a Gotzmann
image in (). This was first shown by Aramova, Avramov and Herzog [AAHOQ] for
Gotzmann squarefree monomial ideals of S generated in a single degree. Their proof
relied on their results relating Betti numbers of ideals in the exterior algebra to those
in the polynomial ring. We provide the more general result below and prove it using

a direct argument.

Proposition 3.35. Let I C S be a squarefree monomial ideal. If I is Gotzmann in

S then I8t = IQ is Gotzmann in the Kruskal-Katona ring Q.

Proof. Fix a degree d and let I<4 be the squarefree monomial ideal of S generated by
the homogeneous components of I that have degree d or less.

The benefit of looking at this truncation /<4 of I is that their homogeneous com-
ponents are equal in degrees less than or equal to d, while the (d 4+ 1)-st component

of I<4is V I; while Iy, is possibly larger.
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The squarefree image of I<4 also agrees with I8! in degrees d and less. And
similarly, the (d + 1)-st component of the squarefree image is (I¥;)441 = V I3

Let L be the lexification of I*! in @ and let L<4 be its truncation to degrees less
than or equal to d. That is, L<q and I*f have the same Hilbert function in degrees
d and less. Also, (L<g)ar1 = V(L<a)a = V L4 as L<4 has no minimal generators in
degree d + 1.

Let J be the ideal of S generated by the squarefree monomials in L<4 so that

J = Lg. Since L<4 and I¥; have the same Hilbert functions in degrees d and less,
by Corollary dimy J; = dimy 1. Also, since J is generated in degrees d and less,
V= Ji.

As lex segments are Gotzmann, we know dimy, V Ly < dimy V Iff and so, by our
characterization of Gotzmann spaces (Proposition , we only need to show the
opposite inequality.

Using Corollary and the assumption that I; is Gotzmann, we have

d+1 . d
; HF /1, (%) (d L1 z) = HFg/s(d +1)

< HFg/_,(d+1)
d+1 d

= HF S ) .
; a1, () (d +1- z)

Since HF g/, (i) = HFQ/ISSfd () for : < d, we get
HFg/1,(d+1) <HFg s (d+1)

and since (L<q)g1 = V Lg and (I¥)s1 = VI we get dimy V Ly > dimy V IS

completing the proof. O

3.6 Properties of Gotzmann Ideals

The Gotzmann persistence theorem states that the shadows of Gotzmann vector

spaces are also Gotzmann.

Theorem 3.36 (Gotzmann Persistence) [Got78|. IfV C S, is a Gotzmann vector

space then V'V is also Gotzmann. Consequently, if I is a homogeneous ideal generated
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in degrees less than or equal to d and 1, is Gotzmann, then Iy is also Gotzmann for

every degree k > d.

A simple corollary of this proposition is that an ideal generated by a Gotzmann
homogeneous vector space is a Gotzmann ideal. This proposition also tells us that
it is easy to check if an ideal I is Gotzmann — we simply need to know that its
homogeneous components I; are Gotzmann for every degree d up to and including
the highest degree of a generator of I.

A minimal graded free resolution of a graded module M over a graded ring

R is a long exact sequence,
F: ---—>Fii>---—>F1i>F0—>M—>O

where F; is a free R-module
F = @ R(—j)*
jez
and imd; C m F;_; for each i. Here R(—j), called the j-th twist of R, is a graded
module isomorphic to R except with degrees shifted up by j (i.e., R(—j)s = Ra—;)-
Twists are used to keep the maps d; homogeneous. The exponents f;; = f; ;(M)
are called the graded Betti numbers of M and they track the number of copies of
R(—j) that occur in stage i of the resolution. The numbers 5;(M) = >, Bi;(M)
are called the (total) Betti numbers of M.
Alternatively, graded Betti numbers can be defined homologically as

51'7]‘(M) = dlm]k TOI‘ZR(M, k)]

This formula is proved in Proposition 1.7 of [Eis05]. Although Betti numbers are the
main topic of [Eis05], this book does not discuss the basics of Tor. The reader may
want to refer to Section 6.2 of [Eis95] or Section 7.1 of [Rot09] for a thorough account.

When M = S/I for some homogeneous ideal I, the number £, 4 counts the number
of degree d forms in a minimal homogeneous generating set of /. The numbers /3 4

can be given equivalently as
Bra = dimy I; — dimg V [;_4.

Consequently, if we fix dimy I; ; and dimy I; then we can see that I; ; is Gotz-

mann if and only if f; 4 is as large as possible. That is to say, 81.4(S/I) < 51.4(S/J)
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for any homogeneous ideals I, J C S where J is Gotzmann and where / and J have
the same Hilbert function (and equality holds if and only if I is Gotzmann as well).

Assuming once more that [ and J are ideals with the same Hilbert function and
that J is Gotzmann, if 51(S/1) = Bi(S/J) then 37y B1;(S/1) = ;7 51,(5/J)
and hence (3, ;(S/I) = 1,(S/J) for each j € Z. That is, if two ideals have the
same Hilbert function and the same total number of generators then if one ideal is
Gotzmann, the other must be Gotzmann as well.

The next theorem, due to Herzog and Hibi, extends these observations past the
first Betti numbers to show that Gotzmann ideals with the same Hilbert functions

share all of their Betti numbers.

Theorem 3.37 [HH99, Corollary 1.4]. Let I be a homogeneous ideal in S and let L

be its lexification. The following are equivalent:

1. I is Gotzmann.

2. Bu(S/1) = Bi(S/L).

3. Buy(S/T) = Bus(S/L) for all j.
4o Big(S/1) = Biy(S/L) for alli,j.

Parts (2) and (3) of the previous theorem, which are not explicitly stated in Herzog
and Hibi’s result [HH99, Corollary 1.4], do appear in a restatement of their result by
Conca [Con04, Theorem 1.3].

The equivalence of parts (1) and (3) of Theorem tells us that an ideal is
Gotzmann if and only it has the same number of generators in each degree as its

lexification.

Theorem 3.38 (Bigatti, Hulett, Pardue) [Big93|, Hul93, [Par96]. For any homo-
geneous ideal I C S with lexification L,

Bii(S/T) < B;;(S/L).

Consequently, out of all ideals with a given Hilbert function, the lex ideal has
the largest possible graded Betti numbers. These Betti numbers are shared by any

Gotzmann ideal with that same Hilbert function.
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We now explicitly compute the Betti numbers of a Gotzmann ideal generated in
a single degree using a formula of Eliahou and Kervaire.

Let max(m) be the largest index of a variable dividing a monomial m. A monomial
ideal I is called stable if for every monomial m € I and index i < max(m) we have
TiM ) Tmax(m) € 1. Since £,m/Tmax(m) >1ex M, lex ideals are stable.

The minimal resolutions of stable ideals were first described by Eliahou and Ker-

vaire and their graded Betti numbers are easy to state.
Theorem 3.39 [EK90]. If I is a stable monomial ideal in S and gens I is its set of
minimal monomial generators then

= ¥ (M),

megens [
degm=j—1

We use this formula to compute the graded Betti numbers of a Gotzmann ideal
generated in a single degree. This is a new result although it has some overlap with
[HH99, Theorem 2.1] by Herzog and Hibi. Herzog and Hibi give a formula for the
Betti numbers of componentwise linear Stanley-Reisner ideals. All Gotzmann ideals
are componentwise linear but “most” Gotzmann ideals are not Stanley-Reisner ideals.
In Section [5.1}, we will give a classification of Gotzmann Stanley-Reisner ideals which
justifies that there is a small overlap between [HH99, Theorem 2.1] and our the result

below.

Theorem 3.40. Let I be a Gotzmann ideal generated in degree d and let
mrep, ;dimy I, = (b +n—2,bo+n—3,....b,+n—r—1Lin—r—1)
with b, > 1 as in Proposition |3.8. Then the graded Betti numbers of I are

Bii+all) =§n: (j;l) ZJ: (j—’;t%_l),

j=1 k=1
Proof. By Theorem [3.37, f; ;(S/I) = B, ;(S/L) where L = (Lex(d,HF;(d))) is the

lexification of I. Note that the Betti numbers any ideal and its quotient ring are
related by f; ;(1) = Biy1,;(S/I) so we know f; ;(I) = f3; j(L) for each i and j.
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If we let x* be the last monomial in L, then by Proposition [3.8], the exponents a;

and coefficients b; are related by

n .
Djmir1 @ LT
an, + 1 1=
d_Z;:1aj i<,
d—z;zl(lj—i‘l =

where x* = z{* - - - 2% 2% with a, > 0.

We now decompose L as in Macaulay’s original proof of Proposition [3.8}

L= a0z, . . a7t
+ a9 as M (g, .. 3,2
_|_ N
+ a2 ey, )t
e at(x,,ay)

Note that the last summand differs from the rest in the exponent of x,. Let N;4(J)
be the number of monomials m of degree d in the ideal J with maximum index

max(m) = j. Then

_ | — k40— 1
Njybk—l((zkv- .. axn)bk 1) - (J j—kk )

Note that Nj, 1 = 0 for j < k. Thus,

Nia(L) = Njpoa(@n, - n) )
k=1

! <j—k+bk—l>
k=1 J—k
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Now we can use Eliahou and Kervaire’s formula for the graded Betti numbers of L.
Big(I) = Bi;(L)

S (max(zz)—l)

meEgens L

degm=j—1

S (07 =ik
0 j#i+d

as all generators of L have degree d. So, we have

BisvaD) = > (max(:w = 1)

megens L

Sy (0
; meé;sL < U
max(m)=j

= i <j ; 1) Nja(L)

]

Whether an ideal I is Gotzmann depends not only on its generators, but also on
the number of variables in the ambient ring. Whether an ideal is lexicographic or not
also depends on the ambient ring and, in fact, lex ideals may not even be Gotzmann

if new variables are added.

Example 3.41. The ideal I = (129, 2923, 2324, T124) is Gotzmann in k[xy, ..., 24
but not in k[xy, ..., z5]. Also, the ideal L = (2%, x129, 7173, 73) is lexicographic (and
therefore Gotzmann) in k[, z2, z3] but is neither lexicographic nor Gotzmann in

klz1, ..., x4).

In Theorem 4.14] we will see Murai and Hibi’s classification of Gotzmann ideals
with n or fewer generators, where n is the number of variables. These Gotzmann
ideals are interesting because they remain Gotzmann if variables are added to their

rings.
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This section has focused on the Betti numbers of Gotzmann ideals in the poly-
nomial ring. In the squarefree case, the Betti numbers of the exterior algebra have
been studied more than the Betti numbers of the Kruskal-Katona ring. For instance,
in [AHH97], Aramova, Herzog and Hibi prove that lex ideals of the exterior algebra
have the largest possible Betti numbers for their Hilbert function — the analogue of

Theorem [3.38

The following will be sufficient for our purposes:

Proposition 3.42. Let I C Q) be a homogeneous ideal and let L C Q) be the lexifi-
cation of I. Then I is Gotzmann if and only if I and L have the same number of

manimal generators in each degree.

Proof. The number of generators of I in degree d can be computed as
fra(Q/I) = dimy I; — dimy V Iy,

and similarly for L. Since dimy I; = dimy Ly, we see that dimy V I;_; = dim V Ly
if and only if 8, 4(Q/I) = f14(Q/L). That is, by Proposition part (2), I;; is
Gotzmann if and only if 51 4(Q/1) = f14(Q/L). O



Chapter 4
Gotzmann Graphs

The first two sections of this chapter are based on [Hoe09).

4.1 Edge Ideals of Graphs

Definition 4.1 (Edge Ideal). Let G = (V,E) be a simple graph on vertex set
V ={zy,...,2,} and edge set E. The edge ideal of G is defined to be

Every quadratic squarefree monomial ideal is the edge ideal of some simple graph.
Recently, “edge ideal” has become a broader term to encompass all squarefree mono-
mial ideals by associating the minimal generators of the ideal with edges of a simple
hypergraph [HVTO8|, [Far02]. Simple hypergraphs are also known as clutters [HMV09].
We will only deal with edge ideals of graphs and we leave it to Section to deal
with all squarefree monomial ideals. Villarreal’s book [Vil01] gives a broad account
of what is known about edge ideals of graphs.

A graph G is called a star if there exists a vertex z;, € G for which the degree of

x;, is equal to the number of edges in G.
Te
Z2 T1_e 25 I = (129, 1123, ..., X126)
xg gk[‘rla"'7x8]
XT3 Ty
Figure 4.1: Star graph and its edge ideal.

The main result of this chapter is as follows:

Theorem 4.2. Let G be a graph. The edge ideal 1(G) is Gotzmann if and only if G

1S a star.

93
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We will provide three separate proofs of this result.

The first proof, in Section [£.2] follows from elementary numerical arguments: In
Theorem [{.3] it is first shown that Gotzmann edge ideals must have fewer than n
edges. Subsequently, we bound the Hilbert function of edge ideals with fewer than n
edges and use this to prove that Gotzmann edge ideals must come from stars. These
results have also been published in [Hoe(9].

The second proof, suggested by an anonymous reviewer of [Hoe09|, follows by
similar steps from results of Murai and Hibi [MHO8]: One can show that Gotzmann
edge ideals must have fewer than n edges by using Corollary 4.8 in [MHOS]. The second
step can be shown to follow from Murai and Hibi’s characterization of Gotzmann
ideals generated by at most n homogeneous polynomials (Theorem . This will
be described in Section [£.3]

The final proof follows from more general arguments about Gotzmann squarefree

ideals given by Hoefel and Mermin [HMI0] and is reproduced with permission in

Section .11

4.2 Distance from Gotzmann

Before proving that only star graphs produce Gotzmann edge ideals, it is first shown
in Theorem that a Gotzmann edge ideal must have fewer edges than vertices in
its graph. The next two lemmas give formulas for HF;(3) when [ is either an edge
ideal or Gotzmann with fewer than n generators. These lemmas are used together
in Theorem to bound how far an edge ideal is from being Gotzmann. The main
result, Theorem [4.2] follows easily from this bound.

Theorem 4.3. Let [ = I(G) be the edge ideal of a graph G on n vertices with e

edges. If I 1s Gotzmann then e < n.

Proof. Let A = Ay be the Stanley-Reisner complex of I and let (fo, ..., fama) be its
f-vector. From Proposition and Proposition we know that fo = f1(2) and so,

HFg/1(2) = fo+ f1 and
HFg/1(3) = fo+2f1 + f1(2)
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from Theorem 2.9
As I is generated in degree two, V I, = I3 and so, by Corollary [3.30},

HFg/7(3) = HFg/7(2)®

giving,
fo+2fi+ 12 = (fo+ 1), (4.2.1)

Decompose f; and fy + f1 into their second Macaulay representations as

(a2 a (b2 by
i=(5)+(3) ara=(3)-(0)
where as > a; > 0 and by > b; > 0. Substituting these Macaulay representations into

equation [£.2.1] gives

b2 bl a9 aq a9 aq . b2 + 1 b1 + 1
(2) (1) (5) (1) (5)+ (3) - (5) -
which rearranges and simplifies to
b2 b1 . as + 1 a; + 1
(5)= ()= ("))
using the binomial identity (;) + (].frl) = (;E)
These are third Macaulay representations and by the uniqueness of Macaulay

representations we have
b2:&2+1 and b1:a1—|—1.
As [ is generated in degree two, fy = n and so

n=(fo+ fi) — fi

SARCRRENE

again using the binomial identity mentioned earlier. Rearranging gives ay = n — 1
and so f; = (”;1) + (7).
Recall from Proposition that fi = HFg/(2) = (}

2) — ¢ is the number of

non-edges of G. So,

= ()ne()-(7)- ()

and since a; > 0 we have e < n. O
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For the next few results, we will need to compare the Hilbert function of a homo-

geneous ideal I C S with the Hilbert function of its quotient ring S/I by the following

formula:
n+d—1
HFg/;(d) = HFg(d) — HF;(d) = ( n—1 ) — HF(d). (4.2.2)
Lemma 4.4. Let I C S = Kk[zy,...,x,] be a homogeneous ideal generated in degree

two and let m = HF[(2). If m < n then I is Gotzmann if and only if

1 1

Proof. In the case where HF;(2) = 0, we have I = (0) and the result clearly holds.

If HF;(2) # 0 then HFg/;(2) < HFg(2) = ("}'). On the other hand, applying

equation to S/I in degree two gives a lower bound as follows:

HFg);(2) = HF4(2) — HF(2) > (”; 1) = (Z)

Thus HFg/;(2) can be written in its second Macaulay representation as

HFg/1(2) = (Z) + (‘f) (4.2.3)

for some integer a with n > a > 0.

We compute a by using equation once more in degree two which gives
HF;(2) = HFg(2) — HFg//(2)
_(n+1 _(n)  [a
S\ 2 2 1
=n—a
and hence a =n — H(I,2) = n — m. Replacing a with n — m in equation gives

HFg/1(2) = <Z> + (" P m).

By Proposition [3.29] I is Gotzmann if and only if

n+1 n—m-+1
HFS/I(3):HF5/I(2)<2>:( ; >+( ) )
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Applying one last time yields an equivalent condition on HF(3). Namely, I is

Gotzmann if and only if

HF;(3) = HF4(3) — HFg//(3)

()-8

:mn+§m—§m.

]

Given a graph G = (V| E), aset W C V is said to be independent if there are no
edges {u,v} € E with u,v € W. Subsets of V' which are not independent are called
dependent. The faces of the Stanley-Reisner complex A of an edge ideal I(G) are
simply the independent sets of G. Also note that the Stanley-Reisner ring k[A] is
equal to the quotient ring S/I(G).

Consequently, the entries of the f-vector of A count the number of independent

sets of G of a given size. For example, f; is the number of independent sets of size

f=(5) - 1B@)

is the number of non-edges of G.

two or, put differently,

Lemma 4.5. Let G be a graph with e edges and t dependent sets of size three. Then

Proof. The monomial basis of I(G)s, the degree three component of I(G), can be
3

partitioned into monomials of the form x?, z7z; and z;z;x, where 7,7 and k are
distinct. There are no monomials in I(G); of the first type as I(G) is generated by
square-free monomials. There are two monomials of type z?z; in I(G) for each edge
of G and there is one monomial of type z;z;z; in I(G) for each dependent set of size

three. O

The next theorem provides a bound on the Hilbert function of edge ideals for
graphs with fewer edges than vertices. Implicit in its proof is an inductive procedure

that could be carried out to compute the Hilbert function of an arbitrary edge ideal.
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Theorem 4.6. Let G be a graph with e edges and n vertices and where e < n. Let
J be a Gotzmann ideal generated in degree 2 of S = k|x1,...,x,] with e generators.

Given a vertex v of G with at least one neighbour, we have
HF () (3) = HF;(3) + (d = 1)(e = d) + |[E(G\ N(v))]
where N(v) is the set of neighbours of v and d = |N(v)| is the degree of v.

Proof. Consider the graph H = G \ v obtained from G by deleting vertex v. Let
ey = e — d denote the number of edges in H and define ty to be the number of
dependent sets in H of size three.

Let t, be the number of dependent sets in G of size three that contain v. We
can partition the dependent sets of G into those that contain v and those that are

dependent sets of H. Thus, t = t, + tg and using Lemma we have

HF ;()(3) = 2e + ¢ (4.2.4)
= 2d+2€H+tH+tU.

Let L be the ideal generated by the degree 2 lex segment of dimension ey =
HFE;(#)(2) in the polynomial ring in n — 1 variables. As L is a generated by a lex

segment, it is Gotzmann. Thus,

> HFL(3)

:(e—d)(n—l)—i—%(e—d)(l—e—i—d)

using Lemma that L is Gotzmann and Lemma 4.4

We now compute t,, — the number of dependent sets in GG of size three containing v.
Partition these dependent sets into those that contain two neighbours, one neighbour
and no neighbours of v. Every choice of two neighbours of v, along with v itself, is
dependent. Every choice of a neighbour and a non-neighbour of v, along with v, is
also dependent. Finally, every choice of two non-neighbours of v which have an edge

between them gives a dependent set of size three when v is included. Thus,

t, = (g) +d(n—d—1)+|E(G\ Nw))|. (4.2.6)
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Taking equation and substituting in inequality and equation for

2eq + ty and t, respectively gives the following:
HF](G)(3) =2d + (26}[ + tH) + tv

22d+(e—d)(n—1)+%(e—d)(l_eer)
d
+ (2) +d(n—d—1)+|E(G\ N(@))|
:ne—%eQ+de—d2—%6+d+|E(G\N(U))|
1 2

_ <n€+%e_ S ) +(d—1)(e —d) +|E(G\ N(v))|.

Since we recognize ne + se — 1e® as HF,(3) from Lemma , this proves the

theorem. []

In the previous theorem, we gave a combinatorial bound on HF ¢ (3) — HF ;(3)
for a Gotzmann ideal J generated in degree two by the same number of generators
as I(G). This difference is independent of J and when the difference is zero, I(G)
itself is Gotzmann. Thus, HF;)(3) — HF;(3) is the distance that I(G) is from

Gotzmann.

Theorem 4.7. Let G be a graph. The edge ideal 1(G) is Gotzmann if and only if G

1S @ star.

Proof. Let G be a graph on n vertices and e edges.

We begin by assuming that I(G) is Gotzmann. We know from Theorem that
e < n.

The previous theorem applies to G for any choice of vertex v with at least one
neighbour. As I(G) is Gotzmann we must have HFj)(3) = HF;(3) where J is a
Gotzmann ideal generated in degree two with the same number of generators as I(G).
Thus,

(d—1)(e—d)=0 and
[E(G\ N(v))| =0.

These equations hold for every choice of vertex v with degree d > 1 and so, the

degree of each vertex in G is either 0, 1 or e. If every vertex v in GG has degree 0 or
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1 and if e is neither 0 nor 1 then G has more than one connected component and so
|E(G'\ N(v))| cannot be zero for all v. Thus, G must have some vertex v with degree
d = e and hence G is a star.

Conversely, if G is a star then every dependent set of G must contain the common
vertex v of all edges. That is, the number of size three dependent sets in G' can be

computed from equation as

t=t,= (;) te(n—e—1)+|E(G\N@)).

However, G\ N(v) contains no edges. Therefore,
HF 1 (3) = 26 +1

:2e—|—(§) +e(n—e—1)

— e+ 1 1,
=ne+ge—ge
and hence I(G) is Gotzmann by Lemma [1.4] O

From the proof of Theorem [4.6] we can see that we have equality in the distance

from Gotzmann,
HF () (3) = HF,;(3) + (d = 1)(e — d) + |[E(G \ N(v))]
precisely when e < n and H = G \ v is a star.

Example 4.8. Let GG be the graph of a square along with two extra vertices of degree
zero. Then I(G) = (2129, o3, T3x4, v421) C k|21, ..., 26]. Thus any Gotzmann ideal
J with the same number of generators as I(G) in degree two has Hilbert function,
HF;(3) = dimy S5 — (dimy Sy — 4)?
=56 — (21 —4)®@

~s- ((5)+ ()
=50 (1)~ (5)

= 18.
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Now, to compute HF ) (3), we could either count dependent sets of size three
in G and use Lemma or simply note that, for any choice of vertex v, I(G) is
(d—=1)(e=d)+|E(G\N(v)| = 240 = 2 away from Gotzmann. That is, HF () (3) = 20.

4.3 Generic Initial Ideals of Edge Ideals

The purpose of this section is to provide a second proof of Theorem which was
outlined by an anonymous reviewer of [Hoe09]. This second proof uses machinery of
generic initial ideals and their interplay with Betti numbers, Gotzmann ideals and
critical ideals.

From now on, we assume that k has characteristic zero since, in characteristic
zero, generic initial ideals are strongly stable [Bay82]. For a discussion of generic
initial ideals in positive characteristic, see [Eis95, Section 15.9].

Consider a linear transformation ¢ : S; — S; which acts on homogeneous poly-
nomials of degree one. The map ¢ extends to a graded k-algebra homomorphism
® : S — S which we call a linear change of coordinates. Thus, if x* = z{* - -- 2%
is a monomial of S then ®(x*) = ¢(z1)* - - - p(zp)"".

If ¢ : S; — 57 is an invertible linear transformation then ® : S — S is a graded
k-algebra automorphism. In particular, ® sends ideals to ideals and preserves their
Hilbert functions. Consequently, S/I and S/®(I) also have the same Hilbert func-
tions.

For a term ordering o, recall that the leading term in,(f) of a polynomial f is
simply the largest non-zero term of f with respect to . Also, remember that the
initial ideal

ing(I) = spany{in,(f) [ f € I}
of a homogeneous ideal I always has the same Hilbert function as its initial ideal
(Theorem [2.4).

An ideal [ is called Borel-fixed if ¢(I) = I for every invertible linear trans-
formation ¢ of S; whose transformation matrix, with respect to the ordered basis
Z1,...,%,, is upper triangular. A strongly stable ideal is a monomial ideal I with
the property that if m € I then i—jm € I for any ¢ < 7 < max(m). In characteristic

zero, as we have assumed, Borel-fixed ideals are strongly stable ideals [Bay82]. Recall



62

L

that stable ideals are monomial ideals for which m € I implies

m € [ for any

Tmax(m)

i < max(m), and clearly strongly stable ideals are stable.

In the following theorem, we use the concept of a generic invertible linear transfor-
mation. A property is generic if objects that do not have the property are contained
within an algebraic set — a set defined by the intersection of zeros of polynomials. Al-
gebraic sets are thought of as very small sets, and so a generic property holds “almost

everywhere”.

Theorem 4.9 (Galligo-Bayer-Stillman) [BS87, [Gal74]. Let k be an infinite field,
let o be a term ordering and let I be a homogeneous ideal. There exists a unique Borel-
fixzed monomial ideal J for which in, ®(I) = J where ® : S — S is an automorphism

induced by a generic invertible linear transformation ¢ : S; — Si.

The idea of the previous theorem is that if we change coordinates of our ideal 1
and then take an initial ideal, we almost always get the same Borel-fixed monomial
ideal J.

Definition 4.10 (Generic Initial Ideal). Given a homogenous ideal I and term
order o, the generic initial ideal gin, (/) is defined to be the unique ideal J given in
the theorem of Galligo-Bayer-Stillman. We drop the subscript ¢ when an arbitrary
term order suffices.

Since applying graded k-algebra automorphisms and taking initial ideals both
preserve Hilbert functions, we see that HF; = HF gy 1.

Generic initial ideals are a powerful tool in the study of Hilbert functions, Hilbert
polynomials and Betti numbers. One of their strongest properties is that they bound
Betti numbers, as described below.

Theorem 4.11 (Cancellation Theorem) [Gre98|. Let I C S be a homogeneous
ideal. Then for all i and 7,

Bii(S/I) < fBi;(S/ gin ).
The following is a remark that appears in Theorem 4.6 of [Con04].

Corollary 4.12. If I is a Gotzmann homogeneous ideal of S then gin I is a Gotzmann

monomial ideal.
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Proof. By Theorem |3.37 and Theorem I has the largest possible Betti numbers
for its Hilbert function. The generic initial ideal of I has the same Hilbert function
as I but larger Betti numbers by the Cancellation theorem. Thus, I and gin I must
have the same Betti numbers. Using Theorem [3.37] a second time shows that gin I is

Gotzmann. O
We now show the second proof of Theorem [4.2]

Lemma 4.13. If I C S is a strongly stable Gotzmann monomial ideal generated in

degree two, then I is a lex ideal.

Proof. Since the upper shadows of lex segments are lex segments, it suffices to show
that I, is a lex segment. Let m = x;x; be the lexicographically earliest monomial
not in I and let m’ = x,2; be the lexicographically last monomial in /. Also, assume
1 < jand k <[. Assume for a contradiction that I is not a lex ideal.

As I is not a lex ideal, we have m >, m’ and hence we either have i < k or i = k
and j < [. In the second case, we must have m = x;m’/x; € I as I is strongly stable
giving a contradiction. So we can assume that we are in the first case: ¢ < k. If we
can show that 7 <[, then again m € I and we will be done.

The Hilbert series of a stable ideal is given by Eliahou and Kervaire [EK90]:

HS(I,t) = i HF;(d)t?

deg(v)

- Z (]_ _ t)n—max(u)—‘rl ’

uEgens [

Let J = (u € gensI | u # m') + (m). That is, J is obtained from I by replacing
the generator m’ with m. If we take a monomial m” and replace a variable dividing
m” with one that occurs earlier, then the new monomial appears lexicographically
before m”. So, we see that K = (u € gens [ | u # m’) is strongly stable since m’ was
the lexicographically last monomial in /. And so, we can see that J is also strongly
stable since it is obtained by adding m to K, and every monomial lexicographically

before m is in K by our choice of m.
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Thus the Hilbert series of J is also given by Eliahou and Kervaire. The difference
between the Hilbert series of J and that of [ is
2 t2

HS(J,t) — HS(I,t) = (1— )i+t - (1 — t)yn—t+1

and so, the difference between the Hilbert functions of I and J in degree three is
HF;(3) — HF;(3) = [£*](HS(J,t) — HS(I, 1))
[t] ((1 . t)—n-i-j—l o (1 . t)—n—i—l—l)

—n—j+1—(n—1+1)

=1

Here [t f(t) = d!f9(0) is the coefficient of ¢ occurring in the formal power series
f(t). As I is Gotzmann, HF;(3) < HF;(3) and so j < [ which shows m € I, a

contradiction. ]

Murai and Hibi proved the following classification of Gotzmann ideals with n or

fewer generators.

Theorem 4.14 [MHOS|. Let I C S = Kk[z1,...,x,] be an ideal with n or fewer gen-
erators. Then I is Gotzmann if and only if there exists a linear change of coordinates

® such that

O(I) = (fiwe, frfowa, ..., fifo - fomr@eor, fifo- - fs)

where f; € K[z;, ..., x,] are homogeneous polynomials the last of which, fs, has degree

at least one.

Murai and Hibi call Gotzmann ideals with fewer than n generators critical ideals.
Critical ideals can also be characterized as ideals which remain Gotzmann if variables

are added to their rings [MHO0S]. Ideals of the form

(fll’l,flfﬂz, o fifer fsmime, fife fs)a

with the additional conditions mentioned in Theorem |4.14], are called canonical
critical ideals.
The reverse lexicographic order is a term order defined by x2 >, x? if either

deg x® > degx® or degx® = degx® and there exists an index i with a; = b; for i > k



65

and aj < bg. The reverse lexicographic order and lexicographic order are the same
on monomials of the same degree when n is 1 or 2, though one might have expected
them to be the reverse of each other. The reverse lexicographic order is the reverse of
the lexicographic order on monomials of the same degree if we also reverse the indices
of the variables.

The following is Corollary 4.8 of [MHO0S].

Theorem 4.15 [MHO0S8|. Let I be an ideal generated in degree d. Then I is generated
I

1s the generic initial ideal with respect to the reverse

by the degree d component of a critical ideal if and only if I is Gotzmann and gin

rlex

1 a lex ideal. Here, gin,,

lexicographic order.

Theorem 4.16. Let G be a graph. The edge ideal I(G) is Gotzmann if and only if

G is a star.

Proof. Let I be Gotzmann homogeneous vector space generated in degree two and

let J = gin., 1.
We know that J is a strongly stable monomial ideal, has the same Hilbert function
as I and, by Corollary [£.12], J is also Gotzmann. Therefore, I and J have the same
Betti numbers and, in particular, J is also generated in degree two.
So, by Lemma J is a lex ideal. By Theorem [4.15( of Murai and Hibi, [ is
generated by the degree two component of a critical ideal.

That is, there is a linear change of coordinates ® with

(I)(I)2 = (I)([2) = (f1561,f1f2$2, .- >f1 : "fsflxsflafl : "fs)z

for some f; homogeneous in k[z;, ..., z,] and deg fs > 0. Since generators of degree
greater than two have no impact, we can assume that each f; is either a scalar or
linear. As f; divides each generator of our canonical critical ideal, and because ® is
a k-algebra automorphism, ®~!(f;) divides each element of I. So, ®~!(f1) is either a
scalar or a variable as [ is squarefree.

If ®71(f,) is a variable, then every generator of I has a common variable and
hence GG is a star and we are done.

If ®71(f,) is a scalar then, as ® is a graded map, f; is also a scalar. Therefore x,

is an element of our canonical critical ideal, as is 3. Thus, ®'(z;)* = &~ 1(2?) € I
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The leading term of ®~!(z1)? is not squarefree, contradicting that I is an edge ideal.
Thus, ®7(f1) is not a scalar and G must be a star.
The other direction follows from Theorem by letting ® be the identity trans-

formation, f; = x,11, fs =xsand f; =1for 1 <i <s. O



Chapter 5

Gotzmann Squarefree Monomial Ideals

5.1 Gotzmann Squarefree Monomial Ideals of the Polynomial Ring

In this section, we will classify the squarefree monomial ideals of the polynomial ring
S = k[z1,...,x,] that are Gotzmann. To do this, we compare squarefree monomial
ideals with their squarefree lexifications and exploit the interaction between S and
the Kruskal-Katona ring Q = k[zy,...,z,|/(z3, ..., 22).
This chapter is based on the paper [HM10] and is joint work with Jeff Mermin.
In the previous chapter, based on [Hoe09], we saw that a squarefree quadratic

monomial ideal is Gotzmann if and only if it is the edge ideal of a star-shaped

graph. We generalize this result as follows:

Definition 5.1. We say that a d-dimensional simplicial complex A is star-shaped
if there exists a chain of faces @ C Fy C F} C --- C Fy_1 of A such that every

i-dimensional facet of A contains the (i — 1)-dimensional face F;_;.

The ideal we want to associate to a star-shaped complex is not the Stanley-Reisner
ideal I, but instead the facet ideal I(A) which is generated by monomials formed
from the facets of A. See Figure for an example of a star-shaped complex, ex-
pressed by its facets, alongside the chain of faces which shows it is a star-shaped
complex and a factorization of its facet ideal.

We show in Theorem that a squarefree monomial ideal is Gotzmann if and
only if it is the facet ideal of a star-shaped complex.

A consequence of Theorem is that all Gotzmann squarefree monomial ideals of
S =k[z1,...,x,] have at most n generators. We have already seen, in Theorem m,
Murai and Hibi’s classification of Gotzmann ideals of S with at most n generators;
it is clear from their classification that any Gotzmann squarefree monomial ideal

with at most n generators must have the form prescribed by Theorem [5.9, Thus, if

67
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T2.2

Fy ={z:1}, I\ = {1, 22}, Fy = {x1, 22, 23}

711 A :<$1$1,1,SU1371,27331331,37
T1X2X21,T1L2X22, T1T2X2 3,
T1X2X373 1, 551$2$3903,2>

T1,2

I(A) = z1(z11,212,213)

1,3 + x122(w2,1, T2,2, Ta,3)

+ T12923(23.1, T3 2)
€31 €3 x3,2

Figure 5.1: Star-shaped complex and its facet ideal.

this bound on the number of generators could be proved, Theorem would be a
corollary of [MHOS, Theorem 1.1]. We have been unable to find a proof of this bound.
Regardless, the smaller scope of our investigation allows a simpler proof than that
given in [MHOS]|.

Recall that we use I8! as notation for the image of a squarefree monomial ideal
I C S in the Kruskal-Katona ring (). We call an ideal L of S squarefree lex if L is

squarefree monomial and its image L C @ is a lex ideal of Q.

Example 5.2. Let S = k[xy,...,z6] and let L = (z12923, T122%4, T1222576) C S.
Let L' be the image of L in Q = S/(2?,...,2%). The degree three and degree four

homogeneous components of L' are the lex segments
sf Q sf Q
Ly = Lex%, ..., and Ly =LexS, ...

The upper shadow of a lex segment is a lex segment, so to tell if L*f is a lex ideal, it
suffices to check that every homogeneous component of L is a lex segment up to the
degree of the largest generator. Thus, we see that L*f is lex and so L is squarefree

lex.

We would like to define a squarefree version of lexification for homogeneous ideals
in the polynomial ring. Clearly, not all Hilbert functions of ideals in S can be achieved

by squarefree monomial ideals, let alone by squarefree lex ideals. If we start with a
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squarefree monomial ideal, there is indeed a squarefree lex ideal with the same Hilbert
function. We give the definition first and the existence proof second:

Definition 5.3. The squarefree lexification of a squarefree monomial ideal I C S
is the squarefree lex ideal L in S with the same Hilbert function as I.

The existence of the squarefree lexifications of a squarefree monomial ideal I C S

follows from the following construction: Let J C @) be the lex ideal having the same
Hilbert function as I*f. Next, let L be the ideal of S with L*f = J (that is, L is
generated by the monomial generators of J). Figure depicts these relationships.

S

Q

] _— ISf
J lexification

J

L

Figure 5.2: Construction of squarefree lexifications.

So, L is squarefree lex and has the same Hilbert function as I because, by Corol-

lary [2.10}

t t
HSg/1(t) = HSQ/ISf<1—_t) = HSq/.( 1

Recall Proposition |3.35 which states that if a squarefree monomial ideal of S is

) = HSg/(1).

Gotzmann then its image in () is Gotzmann.

Lemma 5.4. If I C S is a Gotzmann squarefree monomial ideal then its squarefree

lexification L is Gotzmann.

Proof. By Proposition m, I*! is Gotzmann in Q. Thus, applying Theorem m, I
and L*f have the same number of minimal generators in every degree. Now I and I
have the same generating set, as do L and L¥, so I and L have the same number of

generators in every degree. Applying Theorem again, L must be Gotzmann in
S. O

Lemma 5.5. Let I C S be a squarefree monomial ideal and let L be its squarefree

lezification. Then L C (x1) if and only if I C (x;) for some variable x;.
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Proof. If I C (x;) then I’ C (z;)*' and hence
dimy (L) = dimy (157) < dimy ((2)5) = dimy ((21)5).

As (1) is a lex segment in @, we have LS C (z1)3 and hence every generator of L
is divisible by .
Conversely, assume that L C (x;). We have dimy (L5 ) < n — 1, so there is at

least one squarefree monomial m of degree n — 1 which is not in L. Since L and I*!

T1 T
z;

have the same Hilbert function, there must also be a squarefree monomial m =
of degree n — 1 which is not in /. We claim that I C (x;).

Let m’ € gens I be a minimal monomial generator of I. As [ is a squarefree mono-
mial ideal, we know m’ is a squarefree monomial. If we assume, for a contradiction,
that m’ ¢ (x;) then z; does not divide m’. Thus, m’ must divide m = #*= and
hence m € I, which is a contradiction. Therefore, every generator of I is in (x;) and

so I C (x;). O

Lemma 5.6. If I C S is a Gotzmann squarefree monomial ideal then either I C (x;)

for some variable x; or (x;) C I for some variable x;.

Proof. Suppose to the contrary that [ is Gotzmann but, for all i, I ¢ (z;) and
(x;) € 1. We will show that L, the squarefree lexification of I, is not Gotzmann,
contradicting Lemma [5.4

It follows from Lemma that L < (z1). Therefore we may choose a generator
m of L which is not divisible by z;. Let d be the degree of m.

Since I contains no variable, L cannot contain x;. This allows us to choose a
squarefree monomial m’ € (z1) \ L of maximal degree d'. As L is squarefree lex and
m is not divisible by x1, L contains all squarefree monomials that are divisible by x;
and have degree d or larger. Thus, d’ < d.

Let T C S be the ideal generated by gens(L)U{z%%m/}\ {m}. Note that z¢~%m/
is not in L as its squarefree part — the product of its support — is m’ which is not in
L. Therefore dimy(T;) = dimy(Ly) since z¢~%m/ has degree d.

Let A = gens(V L;) and B = gens(V Tj) be the sets of degree d + 1 monomials
lying above L, and Ty respectively. If L were Gotzmann, it would follow that |A| <
|B|. We will show that instead |B| < |A|.
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We claim that B~ A = {z¢¥m/z; : z; divides m'}.

First, take a monomial y = xf’d/m’ x; with z; dividing m/. The squarefree part of
i is m’ which is not in L. Since L is squarefree, we can conclude that p is not in L
and therefore y & A. That is {z0~%m’z; : z; divides m'} C B\ A.

In the other direction, take p € B~ A. If p is not divisible by x’f—d/m’ then it is
clearly in the shadow of some generator of L; and hence y is in A. Thus, p must be
divisible by 24 %m/. If i has the form %% m’z; for some i and x; does not divide
m/, then m'x; is a squarefree monomial of degree d’ + 1 which is divisible by z;. By
the choice of m’, we have m’x; € L and hence x‘f’d/m’ x; € A, proving the claim. In
particular, |B\ A| =d'.

Similarly, monomials in A ~. B must have the form x;m for some ¢. If z; divides

m then x;m has support m and hence is not in B. Thus
AN B D {x;m: x; divides m}

which has cardinality at least d.
As | BN Al =d < d < |AN Bl it follows that dim(VTy) = |B| < |A| =
dimg(V Lg), and so L is not Gotzmann. O

Lemma 5.7. Let I C S be a Gotzmann squarefree monomial ideal with I C (x;).

Then L1 is Gotzmann in S.

T

Proof. Let L be the (non-squarefree) lexification of I. Since (x;) is the lexification of
(x;) and (z;) contains I, it is clear that L C (x7).

So, the lexification of x%_[ is %L. Since [ is Gotzmann, by Theorem W, I and L
have the same number of minimal generators in each degree. The number of minimal
generators of %I in degree d is the same as the minimal number of generators of
in degree d + 1, and likewise for %L and L. Therefore, x—llL and x%[ have the same
number of generators in each degree. Using Theorem again, we see that mii] is

Gotzmann. [

Lemma 5.8. Let I C S be a Golzmann squarefree monomial ideal with (z;) C I.

The image of I in the quotient ring S/(x;) is a Gotzmann squarefree monomial ideal.
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Proof. By renaming the variables if necessary, we may assume that (z;) C . Let
I be the image of I in S/(z;) (or, equivalently, the squarefree monomial ideal of
k[z, ..., x,] generated by every generator of I other than xy).

Let L be the (non-squarefree) lexification of I in S. The lexification L contains
(z1) as I does. Let L be the image of L in S/(z;). Then L is the lexification of I.

Observe that gens(I) = gens(I) \ {x;} and similarly for L. Thus, applying Theorem
twice, I is Gotzmann. ]

Lemma [5.6| allows us to characterize the squarefree monomial ideals which are

Gotzmann.

Theorem 5.9. Suppose I C S is a squarefree monomial ideal. Then I is Gotzmann

if and only if

I=my(r1,. . Trp ) Fmama(Tag, ... Top,)
+ - +m1"'ms(xs,1>-"axs,r5>
for some squarefree monomials my, ..., ms and variables z; j € {z1,...,x,} all having

pairwise disjoint support and satisfying
o degm; > 1 forl<i<s,
e, >1 forl<i<s,
e r;#1 and
e degmy > 2 when ry = 0.

Furthermore, this representation for I is unique. Note that if r, = 0, we use the

convention that my---mg(0) = (mq - - - my).

Proof. Assume that I is Gotzmann. This proof will be by induction on the number
v of variables that appear in the generators of I. If v = 0 then the generators of [
cannot be divisible by any variables. Since [ is proper, I must be the zero ideal. The
zero ideal can be written in the desired form by letting s = 0.

If v > 0 then, by Lemma [5.6] either (z;) € I or I C (z;) for some j.
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If I C (z;) then %] is Gotzmann in S and its generators are supported on
J
{xe, .. 2y, b I xijI is the unit ideal, then I = (z;) and is of the desired form
with s =1, r; =1, m; = 1 and x1; = z;. Otherwise, %] is proper and, by induction
J

on v, %I may be written as
J

ma(z1, o T ) Hma (T, L)
+"'+m1"'m5(xs,17"’7x577"3)

where z; does not appear in this expression. Thus, / can be expressed in the desired
form by replacing m; with z;m;.

Alternatively, if we suppose that (x;) C I then we can write I = (x;) + J where
J is Gotzmann in the ring k[zq,...,Z;,...,z,]. By induction on v, J may be written
in the desired form and so I = (z;) + J has the desired form as well (with m; = 1).

The other direction, that any ideal of the given form is Gotzmann, follows from
Theorem [4.141

We now show that uniqueness of this representation follows from the uniqueness
of the minimal monomial generators of our Gotzmann squarefree monomial ideal I.
The monomial m; is determined by the g.c.d. of the generators of I. The set of
variables {z11,...,2,,} is the set of degree one generators of mill . After removing
these degree one generators of m%] , Mo is determined by the g.c.d. of the generators
that remain. We can continue in this way to uniquely determine each m; and each
set {xi1,..., 2, } with i < s. At the last stage, we have either a single monomial m
or a set of two or more monomials. If we have a single monomial it must have degree
at least two as otherwise, it would be a degree one generator and have been removed
at the previous step. That is to say, we either have ry, = 0 and degms > 2 or we have

ry > 2. ]

Corollary 5.10. A squarefree monomial ideal in the polynomial ring is Gotzmann if

and only if it is the facet ideal of a star-shaped complez.

See Figure for an example of a star-shaped complex and a factorization of its
facet ideal so that it appears as in Theorem [5.9]
There is a small amount of freedom in correspondence between the monomials

mq,...,ms in Theorem and the chain of faces ) C Fy C --- C F;_; in the
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definition of a star-shaped complex. If we index the variables in each of the m;

together so that

My = Tiy «** Tig, s

Mo = Tig 11" Lig,1ay0
’ SRl it RS
where m; has degree d;, then we can let F; = {x;,,...,2;,, }, though permuting the

order of the variables in any m; leads to other acceptable chains of faces.

Corollary 5.11. For every Gotzmann squarefree monomial I ideal in S = K[xq, ..., x,)
there exists an ordering of the variables of S so that I is a squarefree lex ideal. That
is to say, for some ordering of the variables, I is a lex ideal in the Kruskal-Katona

ring Q.
Proof. Using the notation of Theorem [5.9]
I=my(x1g,. . x10) + - Fmy-ms(Ts1,. .., Tsp,)-

Reorder the variables of S so that the variables dividing m, precede the variables

x1,; which are then followed by the variables dividing ms and so on. That is, write I

as
I = Xy £d1($d1+1, s 7xd1+r1>
T Tdyri+1 Ty 4ri+ds (‘rd1+7’1+d2+17 s J‘Td1+7"1+d2+7“2)
+ . e
T ) T D ) P S ) T3 )

where d; is the degree of m,.
The ideal I is generated in degrees d = 1 + 22:1 d; for integers i = 1,...,s. We
claim that in these degrees, I8 = Lexgm1~~~mimi .

If we take a squarefree monomial m’ which appears lexicographically before m =

my - - - Mm%, then there must be a variable appearing before z;,, which divides m’
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but not m. As each m; with j < i divides m, the variable dividing m' must be
xj for some j < i and k < r;. If this is the first variable where m' and m differ,
then by our order on the variables, m; ---m; must also divide m'. Thus, m’ € I
as 1 ---m;z; divides m'. This proves our claim that homogeneous components
of I*! are lex segments in the degrees of its generators. As the other homogeneous
components are shadows of the lower degrees, and since the shadows of lex segments

are lex segments, we see that I*' is a lex ideal. O]

In the next section we use our classification of Gotzmann squarefree monomial

ideals of S to enumerate them.

5.2 Enumerating Gotzmann Squarefree Monomial Ideals

Our classification of Gotzmann squarefree monomial ideals allows us to begin the
process of their enumeration. In doing so, we will use a variety of interesting tools
from enumerative combinatorics.

Let G,, be the set of all Gotzmann squarefree monomial ideals in a poly-
nomial ring over n variables. From Theorem [5.9] we know that every proper ideal

I € G, is of the form
I=my(x10,...,T10) + - Fmymg(Tsq, ..., Tsp,)-

where degm; > 1for 1 <i < s, r; >1forl <i<s, ry # 1 and degmg > 2 when

rs = 0.

Example 5.12. Figure lists all 19 Gotzmann squarefree monomial ideals in

k[l‘l, T2, $3].

In order to enumerate Gotzmann squarefree monomial ideals, we will break them

into the two cases r;, = 0 and r, > 2 and then relate them to certain set compositions.

Definition 5.13 (Set Composition). Let [n] = {1,...,n}. A weak set compo-

sition (or ordered set partition) of [n] is a sequence

a:(al,...,ak)
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Form ‘ Gotzmann Ideals
s = (0)
s=1,r=0 (1) (1) (x2) (x3)
($19€2) (%1'3) ($21'3) ($1$29€3)
s=1,r >2 (1, x2) (1, x3) (29, x3)
w3(21, T2) Ty (21, T3) v1(z9,x3) (71,72, 73)
§s=2 (1) + (w223)  (22) + (T123)  (23) + (2172)

Figure 5.3: Gotzmann squarefree monomial ideals in k[z1, xo, z3].

of pairwise disjoint sets whose union is [n] = o3 U -+ U oy. The set o; is called the
i-th part of o and a weak set composition of [n] is called a k-composition if it has

k parts.

Given a sequence of k non-negative integers a = (ay, ..., ar) € N¥, we say that a
weak k-composition o of [n] is a-restricted if |o;| > a; for each i. We let H,, o be the

set of all a-restricted k-compositions of [n].

The difference between set compositions and weak set compositions is that set
compositions are defined to have non-empty parts (i.e., they are (1, ..., 1)-restricted).
Since we will primarily work with restricted set compositions, where the minimum

sizes of the parts are made explicit, this distinction should not cause confusion.

The set of all weak k-compositions of [n] is equal to H,, o where 0 = (0,...,0) € N*|

since the size of each part of a weak set composition is always non-negative.

A weak k-composition of [n]| can be determined by taking each i € [n] and choosing
aset 0j, 1 < j <k for ¢ to belong to. That is to say, for every weak k-composition
o of [n], we can construct a function ¢, : [n] = [k] where ¢, (i) = j for i € ;. Thus,

there are k™ different weak k-compositions of [n].

Example 5.14. In the following example of restricted set compositions, we write

compositions without set braces for brevity; e.g., ({1,4},0,{2,3}) = (14,0, 23). If we
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let n = 3 then

={(12
(123,0), (12,3), (13,2), (23,1),
Hs,0,0) =
(1,23), (2,13), (3,23), (0, 123)
(1,0,23), (2,0,13), (3,0,12),
CEDTN (0,1,23), (0,2,13), (0.3,12), (0,0,123)
Hs 0,012 = {(0,0,1,23), (0,0,2,13), (0,0,3,12)}.

, and

It is easy to see connections between set compositions and Gotzmann squarefree
monomial ideals. We now give the definitions needed to make this correspondence

precise.

Given a weak set composition o = (oy,...,0%), we can construct a Gotzmann

squarefree monomial ideal I, given by

I Ma(T11y oy Trgy) + oo my - mg(Ts1y ooy To,) k odd,
=

Mma(T11y s 1) oo Fmy My (Tso11, oo, Ts10s 4 ) + (My---my)  k even.

where s = |k/2]| and for 1 <i <s,

=11 = (5.2.1)

JEo2i

(@in, - @ip,) = (25 [ J € 02i41) (5.2.2)

and where oy is the set of indices of variables not appearing in the generators of I,.
In other words, parts of ¢ with even indices determine the monomials, while parts
with odd indices (other than o7) determine the sets of variables. Two particular cases
to note are I(p) = (0) and g9 = (1).

In the next theorem we show that the map o — I, is a bijection between certain
restricted set compositions and Gotzmann squarefree monomial ideals in a ring with

n variables. The restrictions needed are given by the vectors a(k), for integers k& > 1,
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which are defined as

(0) if k=1,
a(k) = 4 (0,0) if k =2, and
(0,0,1,...,1,2) if k> 3.
N—_——
\ k—3 times

Note that H,, o = 0 when the sum of the entries of a is larger than n. So, for n # 0
and k> n+2, Hy, ) = 0.

Theorem 5.15. Let a(k) = (0,0,1,...,1,2) € N* with a(1) = (0) and a(2) = (0,0).
The set G,, of all Gotzmann squarefree monomial ideals in a polynomial ring with n

variables is in bijection with the disjoint union,

U Hn,a(k) .
k=1

Proof. By Theorem [5.9] each of Gotzmann squarefree monomial ideal I € G,, can be

written as

I'=my(x11,. .., 210,)Fmima(Taa, ..., Tom)

+ - +m1"'ms($s,17‘-'7xs,rs>
in a unique way where m; and r; are subject to the following restrictions: degm; > 1
forl<i<s,rm>1forl<i<s,r,#1and degm,; > 2 when r, = 0.
The unique presentation of each ideal I € G, determines a unique weak k-
composition o of [n] with I, = I, where

2s if ry =0, and
b —

2s+1 ifry > 2.

The parts of ¢ are determined by equations ([5.2.1]) and (5.2.2)).

The compositions ¢ that are produced in this way must have |og;| > 1for 1 <i <'s
as degm; > 1 for 1 < ¢ < s. These compositions must also satisfy the restriction
|ogiy1] > 1for 1 <i<sasr; >1forl <i<s. Thelast part oy of o corresponds to
the indices of mg when ry = 0 and to the indices of {zs1,...,2s,,} when rs > 2. In

both of these cases, we must have |oy| > 2 due to the restrictions from Theorem [5.9]
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Thus, the unique weak set composition determined by each ideal I € G,, is a(k)-
restricted. Since, by Theorem , every a(k)-restricted composition o also gives a

Gotzmann squarefree monomial ideal I,, we have the desired bijection. O

For an example of this relationship between Gotzmann squarefree monomial ide-
als and restricted set compositions, compare the ideals in Example with the
compositions in Example and note that they are in one-to-one correspondence.

We have already mentioned the correspondence between k-compositions o of [n]
and functions ¢, : [n] — [k] with ¢,(i) = j for ¢ € g;. One last way to represent
k-compositions of [n] is to write them as words in a way similar to the correspondence
between subsets of a finite set and words in 0’s and 1’s. An alphabet A is simply
a finite set whose elements are called letters. A word (or string) over an alphabet
A is a finite sequence of elements of A. This is standard terminology in the study of
formal languages and combinatorics on words [Lot97].

Given a word ¢; - - - ¢, of length n over the alphabet [k], we can define a composition
o= (01,...,05) by i € 0; if ¢; = j. This forms a bijective correspondence between
k-compositions of [n] and words of length n over an alphabet of size k.

For example, with n = 7 and k = 3, the word 1223132 over the alphabet {1,2, 3}
corresponds to the k-composition (15,237,46) of {1,...,7}.

If we have an a-restricted k-composition ¢ then, in the word representation of o,
the letter ¢+ must occur at least a; times. From these word representations, it is easy

to find a recurrence for the size of H,, 4:

Proposition 5.16. For all n € N and any sequence a € N¥, we have

k
|Hn,a| = Z |anl,(al,...,max(O,aifl),...,ak)|

i=1
where
1 ifa=(0,...,0), and

|H0,a

0 if there is some a; # 0.

Proof. Think of elements of H, o as words ¢ --- ¢, over the alphabet [k] with the

letter 7 occurring at least a; times. Thus, H,, o can be written as the disjoint union

k
Hn,a = U K’L
=1
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where K; is the set of words in H,, o with ¢ as their first letter. If we remove the first
letter from a word in K; then the remaining subword must contain letter i at least
max(0, a; —1) times. Thus there is a bijection between K; and Hi—1,(a1,...max(0,a5—1),...,a1)
given by removing the first letter of a word in K;.

In the cases where n = 0, the empty word corresponds to the composition
(@,...,0), and this composition is an a-restricted composition if and only if each

ai:O. ]

The remainder of this section is devoted to producing a generating function which
encodes |G,|, the number of Gotzmann squarefree monomial ideals in a polynomial
ring of n variables, for each n. We begin with some notation and basic facts about
ordinary and exponential generating functions, and then we build a bivariate gener-
ating function which encodes |[H, ax)| for each n and k. Finally, we apply Theorem
to build a generating function for |G, |.

Let A be a set of (combinatorial) objects and let w : A — N be a function called
a weight function. The w-weight of an element a € A is simply w(a).

For a given weight function w, we are interested in the number of elements of A
with weight n for each n € N or, in other words, we want to count the size of w™!(n).
It will be useful to encode these numbers in the coefficients of formal power series,
however there are two ways to do this: ordinary and exponential generating functions.
Algebraic operations on generating functions correspond to combinatorial operations
on the objects they count. We will need Cartesian products and shuffle products in
order to count restricted set compositions. These two products correspond to multi-
plication of ordinary and exponential generating functions respectively. Therefore we

will need to use both types of generating functions.

Definition 5.17 (Generating Functions). Let A be a set with weight function w.
The ordinary generating function of (A, w) is defined to be,

Dpult) =D 1 = i W™t (i) £
1=0

acA

The exponential generating function of (A, w) is defined as,

1 S RO]
o w(a) __ n
Vau(t) = st = E‘o St

a€A )
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If we can express a generating function for (A, w) as a rational or analytic function,
we can use partial differentiation to extract formulas for the number of elements of A

with weight d. For the task of coefficient extraction, we define two operators

() Ba(t) = 01230 (0) = (@)

and

d
[19nu(t) = o

The main difference between ordinary and exponential generating functions, be-

Vaw(0) = [w ™ (d)].

sides how their coefficients are extracted, is that they multiply differently. Recall that
the product of two power series f(t) = ooy a;t’ and g(t) = > o, bit" is defined as

= i i ajbi,jti.

i=0 j=0

If instead we have f(t) = Y_i°) %t" and g(t) = > o, %t' then their product can be

written as

ZZ Tl

/l_
’LO]O ‘7

33 (5) e
i=0 j=0
That is, [t"] f(t)g(t) = Z; 0 ( )ajbl _j where a; = [¢/] f(¢) and b; = [t/]g(t).
Let A and B be sets of combinatorial objects with weight functions w : A — N
and v : B — N, respectively. The Cartesian product A x B is naturally weighted
by w+ v : Ax B — N where (w+ v)(a,b) = w(a) + v(b). The product of ordinary

generating functions gives the generating function of the Cartesian product:

(I)A,w (t)q)B,u(t) = (I)AXB,erV (t> .

The combinatorial interpretation of the product of two exponential generating
functions is slightly more complicated, so we will only describe the product for sets
of words.

Take a word w over the alphabet A and let B be a subset of A. The subword of
w in the alphabet B is defined to be the word wp formed from all letters in w that
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are in B while preserving their order. For example, the subword of bxabybxa in the
alphabet {a, b} is babba.

Let A and B be two sets of words over disjoint alphabets A and B, respectively.
We define the shuffle product A x B to be the set of words w over the alphabet
AU B with wy € A and wp € B.

Example 5.18. If A = {aa, aba} and B = {xz, xy} then

( )
aarx,araxr,arra, raar, Lara, TLraa,

aary,aray, axrya, raay, raya, ryaa,
AxB =
abaxx, abrar,abrxa, arbar, arbxa, axrba, rabax, rabra, raxba, xraba,

| abazy, abray, abxya, axbay, axbya, axyba, xabay, vabya, xayba, ryaba |

Example 5.19. Recall that the sets H, ., with a € N¥ correspond to words of
length n over the alphabet [k] where the letter i must occur at least a; times. These
restricted sets of words can built by shuffling together restricted words over single

letter alphabets:

abb, bab, bba,
aabb, abab, abba, baab, baba, bbaa,
abbb, babb, bbab, bbba, . . .

I

U Ho1,2)
n=0

= {a,aa,aaa, ...} * {bb,bbd, ...}

<U Hn,u)) * <U Hn,<2>>
n=0 n=0

The following lemma tells us that the product of two exponential generating func-

I

tions for sets of words gives another exponential generating function that counts words

in the shuffle product:

Lemma 5.20. Let A and B be sets of words over disjoint alphabets. Then,

\IIA*B,w (t) = \IJA,V (t)\IIB# (t)

where w: AxB —- N, v: A — N and pu: B— N all map a word to its length.
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Proof. Take two words w € A and w’ € B of lengths i and j respectively. There are
(”Z” ) ways to shuffle together w and w’ since the resulting words have length 7 + j
and we need to ¢ positions for letters in w. Thus, the number of words of length d
in AxB is Zf‘l:o (f) a;bg_; where a; and b; are the number of words of length ¢ from
A and B, respectively. Since [t?|Wa, (t)Ug ,(t) is also equal to Zf 0 ( )aiba—;, we get
the desired result. O

Let A be a set and let w,v : A — N be two weight functions. We define the
bivariate generating function of (A, w, ) to be

e}

o 1k -1
bl ) = 33 B0
n.:

k=0 n=0

which is ordinary in s, but exponential in ¢t. The coefficient of Sff,n is given by
(S [E" ] Paww (s, t).

Theorem 5.21. Let a(k) = (0,0,1,...,1,2) € N* with a(1) = (0) and a(2) = (0,0).
Let H be the disjoint union

H= U U Hovah)-

n=0 k=1
Let o be an a(k)-restricted k-composition of [n] and let w,v : H — N be the weight
functions w(o) =k and v(o) = n. Then

32t( t—]_>
1+ s— set

Dy, t) = se' + s?e* +
is the bivariate generating function of H which is ordinary in s and exponential in t.

Proof. Recall that for a = (ay,...,a;) € N¥ H, , is in correspondence with words of
length n in k letters where the i-th letter of the alphabet occurs at least a; times.

Therefore, the set Hy = U2 (H,, a corresponds to words of any length, again with
the restriction that the i-th letter occurs at least a; times.

For instance Hp) = {€,2,22,222,...} is the set of all words in a single letter.
Here, € denotes the empty word. Since, in Hg), there is one word of each length n,
its exponential generating function using length as the weight is

2 3

t
el —1+t+2‘+3‘+



84

Similarly, the exponential generating function of Hny = {2, 22, 222,.. .} is

2 3
el —1_t+2|+3|+
and the exponential generating function of Hy) = {22, 222, ...} is
U
el —t—1= a0 + 5 3 + -

Using the word representation of Hy) gives

Hagr) = Ho) * Hio) ¥ Hay -~ Hyy % Hg)

J/

k—?:gmes
as every word can be decomposed into its subwords over single letter alphabets.
Restricting the number of times a letter occurs in these single letter subwords is the
same as restricting the number of times a letter occurs in the whole word.
Consequently, the exponential generating function of Hay is
k—
\IjHa(k)y ( ) = etet(et 1) 3( —t— 1)
:€2t<€t_1>k 3( t—l)
when & > 3. Since a(1) = (0) and a(2) = (0,0), we have Wy, ,(t) = e and

\IlHa(Q)v ( ) = e,
The bivariate generating function of H = (J;; Hag) is

o0
Dy, (5, 1) = Z W0 (t)

= se +3262t+z k Qt 1)k: 3( t_l)
k=3

o
= se +s2ezt+s362t —t—1) g sze—l
=0

s3e?t(et —t —1)
1—s(et—1) °

_ el 4 22 +
O]

Corollary 5.22. Let G, be the set of Gotzmann squarefree monomial ideals in a
polynomial Ting in n variables. Let the disjoint union of these sets be G = U2, G,
and let v: G — N be the weight function v(I) =n for I € G,. Then
e (2 — te')

2—et

Ve, (t) =
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Proof. By Theorem [5.15, we have |G,| = > /7, [Hpa)|- Therefore,

Il

S
T
&
A
—~
“}—‘

~
N—

=T 0

From this generating function, one can extract the number of Gotzmann squarefree
monomial ideals in k[xy,...,z,]. For 0 < n <5, these numbers are 2, 3, 6, 19, 96,
and 669. This sequence does not appear in the “On-Line Encyclopedia of Integer
Sequences”. If we subtract two from each integer in the above sequence, we get the
number of proper and non-zero Gotzmann squarefree monomial ideals in a polynomial
ring in n variables (e.g., 0,1,4,17,94,667,...). The exponential generating function

of this modified sequence can be computed as

e (2 — te') ot e'(—2 + 2¢' — tet)
— L e =

2 — et 2 — et

=t 4+ 42 + 173 + 94t + 6671 + - - - .

In the “On-Line Encyclopedia of Integer Sequences”, this modified sequence and its
exponential generating function appear as the number of distinct resistances possible

with at most n arbitrary resistors connected in series or in parallel [SIo03, A123750].

5.3 Gotzmann Ideals of the Kruskal-Katona Ring

The problem of classifying all Gotzmann monomial ideals of the Kruskal-Katona ring
@ turns out to be much more difficult. Since the Gotzmann squarefree monomial
ideals of S are Gotzmann in @ (Proposition , we might hope to prove some
squarefree analog of Lemma [5.6] in @; then, arguing as in the previous section, we
would be able to prove that Gotzmann ideals of () are lex segments or, perhaps,

initial segments in some other monomial order (these alternative orders are discussed
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in [Mer06]). Unfortunately such an approach is doomed to fail, as the following

examples show.

Example 5.23. The ideal I = (ab,ac,bd, cd) is Gotzmann in the Kruskal-Katona
ring Q = kla, b, c,d]/(a?, b* c2,d?) but is not a lex ideal with respect to any order on
the variables. To see that I is Gotzmann, note that V I = ()3 and the shadow of the
lex segment L = span,{ab, ac, ad, bc} is also Qs.

Thinking of I and (L) as edge ideals, I corresponds to a four cycle while L cor-
responds to a three cycle with an extra edge. Since these graphs are not isomorphic,
there is no permutation of the variables that will make I a lex ideal of Q).

Also, note that every ideal I’ generated by three generators of I is the same up
to a permutation of the variables. So, setting I’ = (ab, ac, bd) we see that V I} = Q3
again, while the lex segment L' = span,{ab, ac,ad} has a strictly smaller shadow —
the shadow does not contain bed. Thus, I’ is not Gotzmann.

Consider all possible orders my,...,mg of the monomial basis of )5 for which
every initial segment span,{my,...,my} is Gotzmann. Though I is Gotzmann, it is

not generated by an initial segment under any of these orders as I’ is not Gotzmann.

The ideal I above is (up to symmetry) the only monomial Gotzmann ideal of
kla, b, c,d]/(a?, b*, c* d*) which is not lex in some order. Thus we might hope that it
is the only such ideal, or at least is the first instance of a one-parameter family of

exceptions. This hope is dashed as well as soon as we add a fifth variable.

Example 5.24. The ideal I = (abc, abd, abe, acd, ace, bed, bee) is Gotzmann in @ but
is not lex with respect to any order on the variables. If there were some order of the
variables for which I was lex then, like the dimension six lex segment of degree three

in a ring with five variables, there should be a variable dividing all but one generator
of I.

Throughout this section, all ideals will be monomial ideals of ). Since we no longer
work with the polynomial ring, we can dispense with the notation I*f to indicate that
an ideal lives in @), and will simply write I, J, etc. Many of our arguments are
technical, so for ease of notation we work mostly with monomial vector spaces rather

than ideals.
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We will show that every Gotzmann monomial vector space V' C )y can be de-
composed as the direct sum of two monomial vector spaces which are Gotzmann in
a Kruskal-Katona ring with one fewer generator. This decomposition relates to the
operation of compression (see [MP06] or [Mer08]). We begin by setting the necessary
notation.

Given a (fixed) variable z;, let n = (z1,...,2;,...,2,) be the maximal ideal in
R = @/(x;) which is a squarefree ring on n — 1 variables. If V' is a homogeneous
vector space in Ry, we use Vg V' to denote the upper shadow (n(V))s11 € Rgiq
within R.

Definition 5.25 (x;-decomposition). Let V' C Q)4 be a monomial vector space and
fix a variable x;. The monomial basis of V' can be partitioned as A U B where A
contains the monomials divisible by x; and B contains those not divisible by z;.

Let V4 be the monomial vector space spanned by B and let V; be the monomial

vector space spanned by {m | x;m € A}. We write V as the direct sum
V=Wl

which we call the x;-decomposition of V.

We view the monomial vector spaces Vg and V; as subspaces of Ry and Ry_q

respectively.

Definition 5.26 (x;-compression). Let V = Vi @ x;V; be the x;-decomposition of
the monomial vector space V C Q4. Let Ly and Ly be the squarefree lex-segments in
R = @Q/(x;) with the same degrees and dimensions as V and V;. The x;-compression

of V' is the monomial vector space
L= LO D JZZ‘Ll.

We recall the following important fact about compressions from [MPO6]:

Proposition 5.27 [MPO6]. If L is the x;-compression of the monomial vector space
V C Qq, then

Lemma 5.28. IfV =V, ® x;V1 C Qg then the x;-decomposition of V'V is

VV:VR%@Ii(%+VRm)>
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where R = Q/(x;).
Proof. Since z? = 0, we have V(z;V;) = Vg(z;V1). Thus,
VV =VVy+ z;V1)

=VrW+a;Vo +2, Vg Vi
=VrVo®z;(Vo + Ve V1).

This sum is direct since the second summand is contained in (z;) while the monomials

in the basis of the second summand are not divisible by z;. O]

Proposition 5.29. Let V C @)y be a Gotzmann monomial vector space and let V =

Vo @ x;V1 be its x;-decomposition. Then Vi is Gotzmann in R = Q/(x;).

Proof. Let L be the x;-compression of V. As V' is Gotzmann dimy(V V') < dimg(V L)
and so dimy(V V) = dimg(V L) by Proposition [5.27]

Thus we have

from the previous lemma.
As we mentioned in Section the shadow of a lex segment is a lex segment. So

Ly and Vg Ly are both lex segments of the same degree, meaning that one contains
the other. If Vg L1 C Ly then

Similarly, if Ly C Vg Ly then
dimk(LO -+ VR Ll) = dlmk(VR Ll) S dlmk(VR ‘/1> S dlmka/o + VR Vi)

In both cases dimy (Lo + Vg L1) < dimy(Vy + Vg V4). From the equality above
we see that dimg (Vg Vy) < dimg(VR Lo) and hence V) is Gotzmann by Proposition
B.34 O

Lemma 5.30. Let V' be Gotzmann in QQ with x;-decomposition V. = Vy & x;V; and
let L = Lo ® x;Ly be its x;-compression. Then either Vi is Gotzmann in R = Q/(x;)
or Vg L1 C Ly.
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Proof. We know from the previous proposition that Vj is Gotzmann in R and hence

dimg (Vg Vo) = dimg (Vg Lo). Thus, the equality (5.3.1]) gives
dlmk(‘/() + VR ‘/1) = dlmk(LO + VR Ll)

If VRL1 ¢ Lg then Ly C Vg L; as they are both lex segments in the same degree.
Thus

dimk(VR Vl) < dimk(‘/o + Vg ‘/1) = dimk(Lo + Vg L1> = dimk(VR Ll)
which proves that V; is Gotzmann. O]

If ViR Ly C Ly, then V; need not be Gotzmann. For example,
V' = span,{abc, abd, acd, bed, bee, bde, ede}

is Gotzmann in Q = kla,b,c,d,e]/(a? ..., e*), but Vi = span,{bc,bd,cd} from the
a-decomposition of V' is not Gotzmann in R = Q/(a).
Though V; is not always Gotzmann, we will see that it is always possible to choose

some x; such that V; is Gotzmann.

Lemma 5.31. Let V' be Gotzmann with x;-decomposition V = Voy@x; Vi and compres-
sion L = Lo @ z;Ly. Also, let R = Q/(x;). If Vg L1 C Lg then for every monomial

m € V with x;|m and variable x; not dividing m, we have Zm € V.

Proof. Applying equality (5.3.1), we have dimy (Vg Vi + Vi) = dimg (Vg L1 + Ly) =
dimg (Lg) = dimg(Vp), i.e., VR V4 C Vi, The desired property follows. O

Theorem 5.32. Suppose V. C Q4 is a Gotzmann monomial vector space. Then x;

may be chosen so that both summands
Vo = span{m € gens(V') | x; does not divide m}

and

Vi = spany {m/z; | m € gens(V'), z; divides m}

of the x;-decomposition of V' are Gotzmann in R = Q/(x;) and Vo C Vr V;.



90

Proof. Suppose that x; cannot be chosen so that the summands L; and Ly of the
x;-compression satisfy Lo C Vg L;. Then Lemma [5.31| applies for all variables ;.
That is, for all monomials m € V, all variables z; dividing m and all variables x; not
dividing m, we have i—zm eV.

The only subspaces of () satisfying this property are (0) and @Qg. In either case,
we have Ly C Vg L4 for any z;.

Thus, x; may be chosen such that Ly C Vg L;. Then by Lemma , Vi and
Vo are Gotzmann in R. Applying equality (5.3.1)), we have dimy(Vp + Vg Vi) =
dimg (Lo + Vg L1) = dimg (Vg L) = dimg (Vg V4), ie., Vo C Vg V4. O

In fact, the obvious choice of variable works:

Lemma 5.33. Suppose V' C Q4 is a Gotzmann monomial vector space, and let x; be
such that dimg(V N (z;)) is mazimal. Let V = Vi & x;Vy be the x;-decomposition of
V. Then Vy and Vi are both Gotzmann in R = Q/(z;) and Vo C Vg V;.

Proof. Let Ly and L; be the lexifications in R of V and V;, respectively.

By Theorem , there exists a variable z; such that we may decompose V =
Wy @ z;W; with both Wy and Wy Gotzmann in R and W, C Vg W;.

We have

dlmk(Lo) S dlmk(Wo) S dlmk(VR Wl) S dlmk(VR L1>,

the first inequality by construction, the second by Theorem [5.32] and the third because
dimy (W;) < dimg(Ly) and both are Gotzmann. By Lemma [5.30, V; is Gotzmann.
Applying equality (5.3.1]) again, we obtain V; C Vg V1. O

Unfortunately the converse to Theorem [5.32]does not hold in general. For example,
let V' = span,{ab, ac,bc} in Q =K|a,b,c,d]/(a? ... ,d?*). Then V is not Gotzmann in
@ but, decomposing with respect to a, Vy = span,{bc} and V; = span,{b, c} are both
Gotzmann in R =Kk[b, ¢, d]/(b?, 2, d?).

We can, however, prove the following partial converse.

Theorem 5.34. Let Vi and Vi be Gotzmann monomial vector spaces in R = Q/(z;)

with Vo = VR Vi. Then V =V @ (z; VR V1) is Gotzmann in Q.
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Proof. Choose any lex order in which z; comes last, and let L = Ly + x;L, be the

x;-compression of V. We have
dimy (V' V) = dimy (Vg Vo) + dimg (Vo + Vi V1)
= dimg (Vg Vp) + dimg (Vp)
= dimy (Vg Lo) + dimy(Lo)
= dimy (Vg Lo) + dimg (Lo + Vg L1)
= dimy(V L).

Thus, it suffices to show that L is lex.

Indeed, suppose that © € L and v is a monomial of the same degree which precedes
u in the lex order. If both or neither of u,v are divisible by x;, then clearly v € L.
Now suppose that « is divisible by x; but v is not. Then we may write u = u'z;. By
construction, v precedes v’ in the (ungraded) lex order. Let v/ = xij, where z; is the
lex-last variable dividing v. Then v precedes u’ in the lex order as well, so v’ € L,
implies v' € Ly and in particular v € Vg L; = Lg. A similar argument shows that

v € L if v is divisible by x; but u is not. O
Example 5.35. Consider the Gotzmann vector space
Vi = span,{ab, be, cd, ad}
in R =Kla,b,c,d]/(a?,...,d*). Let Vj = VR Vi:
Vo = span,{abc, abd, acd, bed}.

In Q =kla,b,c,d,e]/(a?, ..., e?), the monomial vector space V = Vj + eV} is Gotz-

mann but is not lex with respect to any order of the variables.

5.4 Alexander Duality of Gotzmann Ideals
Recall that the Alexander dual of a simplicial complex A on vertices V = {1, ..., 2,}
is

AV ={FCV|V\F¢A}
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Through the Stanley-Reisner correspondence, we define the Alexander dual of a
squarefree monomial ideal I C Q to be IV = Ixv C Q.

The d-th homogeneous component of IV is determined by the (n—d)-th component
of I;

ml.-.a’;n

(I')q = span, {m € gens Qq | o ¢ 1, 4}

So, it makes sense to define the Alexander dual of a monomial vector space V' C Qg4
similarly.
Definition 5.36. Let () be the Kruskal-Katona ring in n variables. The Alexander
dual of a monomial vector space V' C Qg is the subspace V'V C ),,_q spanned by the
monomials {m € gens Q,,_q | “=" ¢ V.

The Alexander dual of a monomial ideal I C () can now be written as

n

I’ = @)

d=0

Alexander duality has many nice properties. For example, duality turns generators
into associated primes and the duals of lex or Borel-fixed ideals are always lex or Borel-
fixed, respectively. As lex ideals are Gotzmann, it is natural to ask if the Alexander
duals of Gotzmann ideals are also Gotzmann. We will show in Theorem [5.3§ that
this is not the case; lex ideals are the only Gotzmann ideals with Gotzmann duals.

Just like we defined upper shadows Vg V' of homogeneous vector spaces V' C Ry
with R = Q/(z;), we can define the lower shadow Agr V' of a homogeneous vector

space V' C Ry to be

ARV =span {f € Ry1 |Vj € {l,...,4,...,n}, z;f €V}
= (V:nl),

where n = (x1,...,4;,...,x,) is the homogeneous maximal ideal of R.

Theorem 5.37. Let V. C )y be a monomial vector space whose Alexander dual
is Gotzmann. Then there exists a variable x; such that both summands Vo and Vi
of the x;-decomposition have Gotzmann Alezander duals in R = Q/(x;), and also

Agr Vo = (Vo : ny) is contained in V.
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Proof. Let W = VV. Then Theorem applies to W, so we may choose x; such
that Wy and W, are Gotzmann in R and W, C Vg Wj.

The Alexander duals of V) and V; from the x;-decomposition of V' are
Vo = (W)" and Vi= (W)Y,

proving the first part of the theorem.
Finally, suppose that m € Ag V. We will show that m € V;. By construction,

mz; € Vp for all z; # z; and not dividing m, so == ¢ W, for any such z;.
Therefore == & Vg W;. Since Wy C Vg Wy, we have =22 ¢ Wy, Thus m € Vi,
as desired. O

Thus, any recursive enumeration of ideals with Gotzmann duals should look sim-
ilar to any recursive enumeration of Gotzmann ideals. However, they will not be
identical. In fact, monomial vector spaces which are simultaneously Gotzmann and

have Gotzmann duals are quite rare, as the next theorem shows.

Theorem 5.38. If V C Qg is Gotzmann and its Alexander dual V'V is Gotzmann as

well, then V is a lex segment for some order of the variables of Q).

Proof. Suppose that V not a lex segment in any order of the variables. Then there
exists a counterexample V' C Qg where Q = Kk[zy,...,x,]/(z3,...,2%) with n mini-
mal.

Let z; be chosen to maximize dimy(V N (z;)). This choice of x; minimizes the
dimension of V' + (z;)q. One can check that VY N (z;) = (V 4 (x;)q)Y, and thus
dimg (VY N (2;)) is maximal as well, and Lemma applies to both V and VY.

Thus V, and V; are both Gotzmann and their duals are Gotzmann, so, by the
minimality of n, both are lex in R = @/(x;). Since V is not lex, we have 14 # 0 and
Vi # R4_1. Since Vy # 0, we have m,,_4 1V = @Q,_1. Thus the lexification of V' (in
any order where z; comes first) must contain at least one monomial not divisible by

x;. Similarly, the lexification of V'V must contain at least one monomial not divisible
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by x;. Thus, if L and LV are the lexifications of V and V'V, respectively, we have

dlmk(L) + dlmk(Lv) 2 dimk(Rd_l) + 1+ dimk(Rn_d_l) +1
; dimk(Rd_l) —|— dlmk(Rd)
= dimy (Qa).

On the other hand, dimy(L) + dimy (L) = dimg (V) + dimg(V"Y) = dimg(Qq). Thus,

such a minimal counterexample cannot exist. O

Note that Theorem [£.38 is not a theorem about ideals. If I is a Gotzmann mono-
mial ideal with a Gotzmann dual, then Theorem [5.38| guarantees that every homoge-

neous component /; is lex in some order, but does not guarantee a consistent order.

Example 5.39. The ideal I C K[a,...,e]/(a?, ..., e*) given by
I = (bc, abd, abe, acd, ace, ade)

is Gotzmann and its Alexander dual IV is also Gotzmann, but I is not a lex ideal in
any order. The component [ is lex with respect to the order a > b > ¢ > d > e for
k # 2, and with respect to the order b > ¢ > a > d > e for k < 3, but no lex order

works in both degrees two and three.



Conclusion

There are a number of interesting lines of research that are suggested by the results
on Gotzmann ideals contained in this thesis.

Perhaps the most obvious question one might ask is how to characterize all Gotz-
mann monomial ideals of the polynomial ring S. Our characterization of Gotz-
mann squarefree monomial ideals relied on the interplay between the polynomial
ring and the Kruskal-Katona ring. Much like the Kruskal-Katona ring, the Clements-
Lindstrom ring,

C=Kk[zy,...,x,]/(x]", ... 20k,

satisfies a version of Macaulay’s theorem in which lex ideals model Hilbert functions.
If we want to use techniques similar to those in Section to classify all Gotzmann
monomial ideals, then we would have to leverage the correspondence between mono-
mial ideals of S and monomial ideals in C'.

For any fixed monomial ideal I C S we can choose a Clements-Lindstrém ring
with each a; sufficiently large that each minimal generator of I appears as a minimal
generator of its image IC'. On the other hand, if we choose a; to be too large then
there is no information to be gained by comparing I to /C'. This is because, for each
d < min{ay,...,a,}, we have Sy = Cy.

Another interesting problem to pose is to generalize the connection between Mac-
aulay’s theorem for the polynomial ring and the Kruskal-Katona theorem for the
exterior algebra. The polynomial ring and the exterior algebra are both quadratic

quotients of the tensor algebra: if V' is a vector space with basis {ei,...,e,} then

S=TV)/(e;®ej—ej®@e |1 <i<j<n), and
E:T(V)/(€i®6j+€j®€i | 1 §2<]§n)
These two algebras are dual in the sense that their generating relations are orthogonal.

If we have two dual quadratic quotients of the tensor algebra, R; and R,, and if the

Hilbert functions of two sided ideals in R; are achieved by lexicographic ideals, then

95
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are Hilbert functions of ideals in R, achieved by lexicographic ideals of Ry? One may
need to assume that the initial ideals of the ideals defining R; and Ry both contain
e; ®e; with @ < j so that R, and Ry are “nearly commutative”.

One final and broader project, first posed by Mermin and Peeva in a variety of
forms [MPO7], is to understand which algebras satisfy some version of Macaulay’s
theorem. We have already seen that the polynomial ring, Kruskal-Katona ring, ex-
terior algebra and Clements-Lindstrom ring satisfy Macaulay’s theorem in the sense
that all Hilbert functions of ideals in these rings are modelled by lexicographic ideal.
Gasharov, Horwitz and Peeva [GHPOS| showed that this also holds true for the ra-
=

One could also look for rings satisfying weaker versions of Macaulay’s theorem.

tional normal curve, T' = K[y, vy, 2%y, -+ ,x

For instance, in the paper “Lexlike Sequences”, Mermin models Hilbert functions
using ideals whose components come from initial intervals in orders other than the
lexicographic order [Mer06].

It would be interesting to have examples of rings where Hilbert functions cannot
be modelled in a componentwise fashion. To be more precise, take a standard graded
algebra R and two Hilbert functions HF p/; and HF g/ with HF g/;(d) = HFg/p/(d)
for some d. Is it possible that for every ideal J with HFg,; = HF g/ and every ideal
J' with HF g, ;o = HF g/ that we have J; # J;? When Macaulay’s theorem holds, the
lexifications of I and J always have the same homogeneous component in degree d.
So, it would be interesting to find algebras where this component cannot be shared.

Inspiration for building algebras which satisfy Macaulay’s theorem can also be
found in the combinatorial literature (see [Eng97]). There are many known posets,
called Macaulay posets, which abstract the poset of monomials ordered by divisibility
and which satisfy a combinatorial variant of Macaulay’s theorem. From these known
Macaulay posets, it would be interesting to know which can actually be realized as

the monomial bases of standard graded algebras satisfying Macaulay’s theorem.
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