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Abstract

Starting from a classical mechanical model, a set of Langevin equations for the surface
diffusion of adsorbed molecules is developed. In contrast to previous work, these
Langevin equations take full account of the rotations and internal vibrations of the
adsorbed molecule. These equations are then applied to a stiff dimer diffusing in one
dimension, and the results compared with previous calculations for the same system.
It is shown that the modifications in our new approach give significantly different
results than this previous calculation, and therefore must be taken into account in
future calculations for systems of this kind.

Next a new approximation method is developed by assuming that the motion of
the molecule is confined to the lowest energy path between adsorption sites. This
method is applicable to an arbitrarily complex molecule, and is complimentary to the
first method, in that it can account for deformation of the molecule by the surface
but not the internal vibrations of the molecule (whereas the first method accounts
for internal vibrations but not deformation). This approximation method is then
applied to a flexible dimer in two dimensions (one dimension along the surface and
one perpendicular). The results are discussed and compared with those of the stiff
dimer in one dimension, explaining and clarifying the difference between our results

and those of previous calculations.
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Chapter 1

Introduction

The diffusion of particles adsorbed on solid surfaces is important in many areas of
physics. In catalysis and chemical reactions at surfaces, diffusion is essential for the
reactants to find one another and is an important factor in the overall dynamics of the
reaction. Crystal growth proceeds by the diffusion of atoms and atomic clusters from
terraces to edge sites [1]. Diffusion of clusters on surfaces is also an essential process
in surface nanostructuring [2]. An understanding of surface diffusion at a microscopic

level is therefore an important step to understanding all of these phenomena.

Direct observation of surface diffusion at the level of individual atoms was first
made possible in the 1960’s by use of the field ion microscope (FIM) [3]. FIM ex-
periments allow for the observation of diffusion of individual atoms as well as dimers
and larger clusters, however they are limited to a few types of metal surfaces (namely
platinum, rhodium, nickel, tungsten and iridium) due to the high electric fields needed
for atomic imaging with helium [4].

Since these initial studies, several experimental techniques have been developed
for the observation of surface diffusion, including laser ablation, helium scattering,
and scanning tunneling microscopy (STM). STM allows for the tracking of individual
atoms and molecules over a wide range of surfaces, and has been widely employed in

surface diffusion studies (see Ref. [5] for a summary of experimental techniques).

The first step in a theoretical model of surface diffusion is a description of the
interaction between the surface and the adsorbed atoms or molecules. At the most
detailed level, one can perform first principles calculations of the potential energy
surface. This allows for a quantitatively accurate determination of the energy barrier
for diffusion for comparison with experimental data [6]. It can also provide insight
into the importance of different diffusion mechanisms for a particular system, by

determining which mechanism is most energetically favorable (e.g. piecewise diffusion
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vs. coordinated jumps for dimers, hopping vs. exchange, etc.).

Quantitatively accurate results can also be obtained with the use of empirical
potentials, such as the embedded atom method and the Rosato Guillopé Legrand po-
tential (see Ref. [6] for a comparison of energy barriers calculated using first principles
and empirical potential techniques to experimental values). These potentials consist
of a sum of pairwise terms and a many-body term that accounts for the electronic

interactions. The parameters in the potentials are fitted to bulk properties of the
solid.

A more qualitative approach makes use of simple model potentials for the adsorbate-
surface and adsorbate-adsorbate interactions. For the adsorbate-surface interaction,
which must be periodic in the coordinates along the surface, the simplest choice is
a cosine potential with its period equal to the lattice constant of the surface. For a
more realistic description, higher Fourier components can be included [7]. Typical
choices for adsorbate-adsorbate interactions are harmonic potentials [8,9] (for stable
molecules that do not dissociate) or Morse potentials [10] (when dissociation is pos-
sible). A benefit of using these simple model potentials is that analytical solutions
can often be obtained, and the results can reveal general features of surface diffusion

(such as, e.g., resonant diffusion of dimers [9]).

To calculate dynamical properties of the system, several different approaches have
been developed. At the most detailed level, molecular dynamics (MD) simulations
can be undertaken. With the use of accurate empirical potentials, MD methods
can give accurate dynamical information about the system (see, e.g., Ref. [11] for
calculations for the technologically important case of Si dimers on an Si surface).
The inherent difficulty with MD simulations, however, is the separation of time scales
of the vibrational and diffusive motion. The fastest vibrational periods are typically of
the order 10~*s, while hopping times at room temperature are often of the order 1s.
The time step in the MD simulation must be comparable to the fastest vibrational
periods, so direct simulation of diffusion events under experimental conditions are
usually not possible. To circumvent this problem, simulations are typically done at

high temperature, where the diffusion rate is much higher [4,12].

Since typically only the motion of the adsorbed species is of interest, the problem
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can be simplified by averaging over the motion of the surface atoms. In such a
picture, the motion of the adsorbate is seen as Brownian motion in the periodic
potential of the adsorbate-surface interaction. The trajectories of adsorbed species
then satisfy a Langevin equation (equivalently, the Fokker-Planck equation describing
the probability density in phase space can be used.) In the simplest approach, the
adsorbate-surface interaction potential is evaluated with the surface atoms at their
equilibrium positions, and the effect of the vibration of the surface atoms around their
equilibrium positions is taken into account by a friction force and random stochastic
force on the adsorbate. The friction coefficient is often taken as a phenomenological
parameter. However, an expression for the friction can also be derived starting from
a classical mechanical model [13]. In this case, a position-dependent friction tensor
is obtained in terms of the interaction potential and vibrational characteristics of the
substrate. This Langevin equation approach greatly simplifies the problem, resulting
in a single equation of motion for the adsorbate, rather than the coupled equations
for the adsorbate and surface atoms employed in MD simulations. The cost of this

simplification is a less microscopically detailed view of the diffusion process.

A third approach to model the dynamics of surface diffusion is the use of lattice
gas models. In lattice gas models, the surface is treated as a lattice of adsorption sites
which can be either occupied or unoccupied. The hopping rate between lattice sites is
used to formulate a master equation for the migration of adsorbed atoms or molecules.
The hopping rates can be treated as phenomenological parameters, or calculated for
a given system by a number of methods (see, e.g., Ref. [7] for a calculation of the

hopping rate from a microscopic quantum mechanical model).

Transition state theory (TST) provides a simple expression for the hopping rate
of an adparticle in terms of the equilibrium properties of the system. When the ad-
particle is localized at an adsorption site, it is trapped in a local minimum of the
periodic adparticle-surface interaction, as illustrated in Fig. 1.1. In order to diffuse to
a neighboring site, it must acquire enough energy to escape over the potential barrier.
In TST one assumes that the adparticle is in thermal equilibrium with the surface, so
that the relative probability of the adparticle being near the transition state (maxi-

AV/kpT

mum of potential energy) is e~ , where AV is the energy barrier. Assuming a



Figure 1.1: Potential energy V(z) of an atom adsorbed on a surface.

Maxwell distribution for the adparticle velocity, the flux across the transition state

can be found, giving the following expression for the hopping rate [14] :

kol 2

FTST = T exp(—AF) = h Zm, (11)

where AF is the difference in Helmholtz free energy between the minimum and tran-
sition state, and Z,, and Z; are the partition functions at the minimum and transition
state, respectively. In the simplest approach one can use the harmonic approximation
for the partition functions, giving

Irsr = —

1 . .
H’L Wrni 6—AV/]€BT’ (12)
21 ], wi

where w,,; and wy; are the vibration frequencies at the minimum and transition state
(excluding the imaginary frequency at the transition state). Eq. (1.2) is convenient in
that it gives the hopping rate entirely in terms of properties of the potential energy
surface. TST is accurate when the energy barrier AV is large compared to the thermal

energy kg1, and for the intermediate friction regime, where the friction coefficient n



bt

is of the same order as the adparticle vibration frequency, 1 ~ w,, [15]. For stronger
friction, or lower energy barriers, TST fails and a more detailed approach must be

employed.

In the remainder of this chapter, we will review some general concepts related
to surface diffusion which will be used throughout this thesis. We will then give a
brief review of the Langevin and FP equations, and methods of solution. In chapter
2, we will derive the Langevin equation for a molecule on a surface starting from a
microscopic classical mechanics model. In chapter 3 we apply the Langevin equation
to the case of a dimer diffusing along a one dimensional (1D) channel. Chapter 4
deals with the diffusion path approximation (DPA), a method for the calculation of
the diffusion coefficient of a multi-dimensional system in which the problem is reduced
to 1D by restricting the system to the lowest energy path between adsorption sites,
the position along the path being described by a reaction coordinate. We will first
derive the DPA formalism, which results in a 1D Langevin equation in the ‘reaction
coordinate. The DPA will then be applied to the diffusion of a dimer along a 1D

channel, which is also free to move in the direction perpendicular to the surface.

1.1 General Diffusion Concepts

The simplest picture of surface diffusion is that of uncorrelated hops between nearest
neighbor adsorption sites. In this picture, the adparticle performs a random walk
across the surface, and the probability of the ¢th site being occupied is governed by

the following master equation (in 1D):

p;
ot

=T _pi-1 +Tepiz1 — (T +T)ps, (1.3)

where I'_, and I'__ are the hopping rates for an adparticles to move to the right or
left. For an isotropic surface, there should be equal probability for a hop to the left
or right, so I' . = T'.. = I'/2, where T is the total hopping rate. If we now take the

probability to be a slowly varying smooth function of position, p; = p(z;), then we



can expand p(z) in a Taylor series, so that (1.3) becomes

_—E +l@+ﬁi + _1@4_6&

2 P " 2022) T\P T 0 T 202
F 0?p
= — 1.4
—=2 (14)
where [ is the jump distance (equal to the lattice constant in this simple picture).
This is a diffusion equation of the form p = Dp”, with diffusion coefficient D = T'[?/2.

When hops to sites further than the nearest neighbor are allowed, and the adparticle

can diffuse in more than one dimension, the relationship generalizes to [16]

(1.5)

where d is the number of dimensions, and (/?) is the mean square jump distance.

In the cases of low barriers or weak frictional damping, long jumps become im-
portant to the diffusive motion [15,17,18], and calculation of the average jump length
can be difficult. Furthermore, there will in the general case be correlations between
successive jumps, so that there must be corrections to the random walk formula (1.5).

A more general definition of the diffusion coefficient is therefore needed.

When the trajectories of individual particles are followed (as in STM or FIM
experiments), the appropriate quantity is the tracer diffusion coefficient, defined as
(FZ}

D = lim —*~ 1.6
where 7 is the position of the adparticle. This relation can easily be verified for the
above simple case by making use of the mean square displacement for a random walk
in 1D, (z?) = NI?, where N = I't is the number of steps. Eq. (1.6) allows a calculation
of the diffusion coefficient from the average long time behavior of the adparticle, which
in the following chapters we will calculate via a Langevin equation. In practice, this
is also typically how diffusion coefficients are measured in experiments; an average of

the displacement of an adparticle over many trials is taken.



1.2 Langevin Equation

As we will show in the next chapter, in the most general case an adparticle obeys the

following generalized Langevin equation for its position 77
Mr+/B Nt =t FE)dt + YV = E(7t). (1.7)

V' is the interaction potential between the adparticle and the surface with all of the
surface atoms fixed at their lattice positions. The friction-memory tensor B, and the
random force { account for the vibration of the surface atoms around their lattice po-
sitions; that is, they account for the coupling of the adparticle to the phonons in the
solid. This phonon coupling is the mechanism by which the adparticle exchanges en-
ergy with the solid, and attains enough energy to diffuse to a neighboring adsorption
site. There will also be coupling between the electronic degrees of freedom, which is
not accounted for in the classical mechanics approach used to derive Eq. (1.7). How-
ever, for many systems (particularly physisorbed systems), this coupling is negligible
compared to the coupling to the phonons [16,19].

The random force and friction-memory tensor are related by the fluctuation-

dissipation theorem [20,21],

(@), ), ) = kT B[F(t), 7(t),t — ¢']. (1.8)
In most systems of interest, the time scale for diffusion is very long compared to the
fast vibrational motion of the surface atoms, and the random force is uncorrelated
in time, (£(t)€(t)) ~ 0(t —t'). Then Eq. (1.7) simplifies to a standard Langevin

equation,
Mr+B-7+VV =€, (1.9)

where (£(7(t), t)E(F(t'), 1)) = 2kgTBS(t — t'). It can be shown that Eq. (1.9) is
equivalent to the following equation for the probability density in phase space p(7, V),
called the Fokker-Planck, or Klein-Kramers equation [20, 21]

T
+T-Vop VTV-VU/):VU~%~ <up+kivvp>

op _
ot " M

(1.10)



8

where V, is the gradient in velocity space, and V, is the gradient in position space.
The terms in this equation have the following interpretations. The left hand side
is simply the hydrodynamic derivative of the probability, %. The second term is
a convective term in position space due to the velocity v, and the third term is a
convective term in velocity space due to the force —V, V. The right hand side is a
source term that comes from the interaction of the adparticle with the phonons.

To solve for the behavior of the adparticle in this approach, two basic methods are
widely employed. Firstly, the Langevin equation (1.9) can be integrated numerically
for a particular realization of the random force, and the results averaged over many
realizations [8,17,22]. Secondly, the Fokker-Planck equation (1.10) can be solved
numerically using the matrix continued fraction method (MCFM) [21,23]. In 1D, the
MCFM provides a very accurate and efficient solution to the Fokker-Planck equation
for the moderate to high friction regimes; for low friction, and also for very high
barriers the computation time requires becomes much higher. In 2D the MCFM
becomes much more complicated [23], and for three or more dimensions it becomes
practically intractable [16].

In addition to these methods, there are also analytical expressions for the diffusion
coefficient or hopping rate available in several limiting cases. For high barriers AV >

kgT, where only nearest neighbor hops are important, the hopping rate is given by

the following expression for the moderate to high friction regime [24,25]

2
FZFTST( 1+-L 77>’ (1.11)

402 20,

assuming a constant friction coefficient 3 = Mn. @, is the unstable vibration fre-
quency at the transition state, and I'rg7 is given in Eq. (1.1). For the low to moderate

friction regime, the hopping rate is given by [26]

oo ln{l—ex [—M (uz—l—l)]}
1 P|l—
T = Ty exp —/ du bt ! . (1.12)
0 u ‘l‘ 1

This expression is only valid in one dimension.
For barriers of arbitrary height there are analytical results for the diffusion coef-

ficient in both the low friction and high friction regimes, in 1D. For low friction, the



following expression holds [21]

WkBT —AV/k‘BT
= — . 1.13
2Mny © (1.13)

This expression is only accurate when the friction is very small, which is typically not
the case in surface diffusion. In the high friction regime, the diffusion coefficient is
given by [27]

-1

l l
D =kgT {1/ 6(x)eVMS(m)/kBdel/ e~ Vs (@) /kpT ..t . (1.14)
L' Jo L' Jo

We will make use of this expression in the following chapters to calculate the diffusion

coefficient for a dimer in 1D.



Chapter 2
Derivation of Langevin Equation

In this chapter we derive the Langevin equation for a molecule adsorbed on a surface
starting from a classical mechanical model of a molecule and surface made up of point
particles interacting via local potentials. A classical mechanics model is appropriate
when the adsorbate is heavy enough so that quantum effects are negligible. This is the
case for most systems of interest, with an exception being hydrogen on metal surfaces,
where quantum tunneling effects become important at low temperatures [28].

In deriving the Langevin equation, we follow the work of Tsekov and Ruckenstein.
In Ref. [13], they derived a Langevin equation for adatoms coupled to the phonons
of a solid. After reviewing their derivation, we will extend the formalism to include
coupling of the center of mass motion of a molecule to the internal vibrational degrees

of freedom.

2.1 Interacting Atoms

We first review the derivation of Ref. [13] for a system of interacting atoms (which
can either be bound in a molecule or free). Consider a system of atoms adsorbed on
a surface. We denote the positions of the atoms of the solid by ﬁi, and those of the

adsorbed atoms by 7;. To account for the vibrations of the substrate atoms, we write
R, =RY +a, (2.1)

where u; is the deviation from the equilibrium position J{?O).

The kinetic energy can then be written as
T = E 1m |ﬁ|2 + E 1m|77|2 (2.2)
i 2 S 7 Z 2 7 7 .

1 - 1 .
= Z§m8|ul|2—l—zim,|r,|2, (23)

10
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where m, is the mass of the lattice atoms and m; is the mass of the ith adsorbed
atom. The potential energy can be split into three terms: the potential energy of the
free solid (in the absence of the molecule) Vg, the interaction energy of the adatoms

with each other Vj;, and the interaction energy of the adatoms with the surface Vj,g,

U = Vs({Ra}) + Var({7}) + Vars({Ba}, {7 }). (2.4)

We now treat the phonons in the harmonic approximation by expanding Vg and Vj;g

to lowest order in the displacements ;,

0 1 . o -
VSIVSE )+§izjui' (vRiijVS) S Uy, (25)
Virs = Vags + 3 (Va,Vius)” - i, (2.6)

where the (0) superscript denotes quantities evaluated at #; = 0. We have assumed
only a linear coupling of the adatoms to the phonons, neglecting the second order
terms in V). The second order terms correspond to two-phonon collisions, which
have been shown to be negligible in typical systems [29]. We then write the full

potential as

U=V + V(i) + Vi) + a0 () -

+ > ;- HiY -, (2.7)
i,
where
78 = (Vr,Vis)” = (Vu,Vars)"” (2.8)
H = (Ve Vi, Vs)” = (V,,V,, V)" . (2.9)

The total energy T'+ U can be rewritten in terms of the normal mode frequencies wy,

and coordinates ¢ (which we take to be complex) of the solid vibrations to give
1 N 1 . 0 — 0 —
B=THU=3 omilif+3 qlaf+ Vs + Var({7}) + Vags ({7})

£ Y oltm D+ Y geflanl (210)
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where
v, (0)
b = (aaMS) . (2.11)
dk
The equations of motion for 7; and ¢ can be found from the Euler-Lagrange equations,
giving
mits + Vo, (Vi + Vi) + Y eV =0 (2.12)
k
Gr + wiqr + ¢f = 0. (2.13)

The equations for g are simply uncoupled driven harmonic oscillators, which can be
solved analytically. By substituting the solutions into Eq. (2.12) we will obtain a set

of Langevin equations for the adatom positions 7;. Eqgs. (2.13) have the solutions

a1 (t) = (0) cos(wit) + wiqu(c)) sin(wt) — — /0 sinfwy (t — )5 ({7u(#) )t

Wk
(2.14)
To make Eq. (2.12) take the form of a Langevin equation, we must rewrite (2.14)

using integration by parts,

1 . 1. : |
qi(t) = [Qk(o) + —¢Z({7“n(0)})} cos(wit) + —x(0) sin(wit) — =@ ({7 (t)})
W Wk Wi
I :
+— [ cosfur(t—1)] > Ve ({Fa(t)}) () dt. (2.15)
k Jo r
Making use of these solutions, Eq. (2.12) becomes
t
~ Jo
j

where
cos|wy(t — t')]

B GAOIRUAGINEIED Y w—zvnm({f’n(t)})Vrjﬁ({f’n(t/)}),

(2.17)
UCH:VM+VJ§?;—%Z 'i’ff, (2.18)
Wi
0.0 == X | (20 + AL o + 20 singen
p k k (2.19)

X Vi, ok ({Tn(£)})-
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This is a set of generalized Langevin equations for the adatoms, so called because of
the presence of the second term on the left hand side of Eq. (2.16). This is a memory
term, involving an integral over the entire past history of the system; a standard
Langevin equation has a friction term, proportional only to the velocity at time t,
7(t), with no memory effects.

The force & on the right-hand side of Eq. (2.16) is a random stochastic force. The
stochastic nature of 5_; comes from its dependence on the initial conditions ¢x(0), Gx(0),
which we denote collectively by I'. Assuming the system is initially in thermal equi-

librium the probability of a set of initial conditions is given by

() = e ilkeT, (2.20)

where Er = >, (|dx(0)?/2 + w?|qx(0)[?/2), and Z = [ dle Fr/ksT is the partition
function. The average of a quantity A(I") is then given by

1
(A=~ / dDA(T)p(T). (2.21)
Using this averaging procedure, it is easy to show that the average force is zero,
(&t 1) =0, (2.22)

as expected for a Langevin force [20,21].
The memory term and random force both arise from interaction of the ad-atoms

with the phonons, and they are related by the fluctuation-dissipation theorem [20,21]

EUPOLDGEFE) 1) = ksT By [{Fa(t)}, {Fa(t)},t = 1], (2.23)
which can be verified by making use of Egs. (2.19) and (2.17). The memory term
therefore arises from the finite time correlations of the random force. In a standard
Langevin equation, the random force is completely uncorrelated in time, (£(£)£(¢')) ~
d(t — t'), so the integral in the memory term disappears, and a simple friction term
is recovered.

The last term on the left-hand side of Eq.(2.16) is the so-called adiabatic potential

[16]. It is simply the potential energy averaged over the positions of the substrate

atoms; i.e. the configurational free energy,

Uea({mn}) = (U}, 1)), (2.24)

which can be verified by using Eq. (2.7) for the potential energy.
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2.2 Stable Molecules

For the rest of this chapter, we consider the system of the previous section with the
additional constraint that the adatoms form a stable molecule whose atoms make
small deviations from their equilibrium positions (with respect to the molecule center
of mass). What follows in the remainder of this chapter is new work.

To describe the motion of the molecule, we consider a reference frame that rotates
with the molecule, and has its origin at the molecule’s center of mass 7" = ﬁ > T
(where M = ). m; is the total mass of the molecule). The orientation of this frame
with respect to the lab frame is given by three angles, denoted by J The positions
of the atoms in the rotating center of mass frame are denoted as s;, and the positions

in the lab frame are related by

-,

7 =7+ R ()3, (2.25)

where R(1)) is a rotation matrix. If we take the angles to be the Euler angles,

—

= (0,0,x), (as defined in Ref. [30]) the rotation matrix is

cosf cospcosy —singsiny  cosfsingcosy + cosgpsiny —sinfcosy
R = | —cosfcospcosy —singcosy cosfsingcosy + cosgsiny  sinfsiny
sin # cos ¢ sin # sin ¢ cos

(2.26)

Note that the positions in the center of mass frame, s;, are not all independent, since
the center of mass coordinate 7 and the angles J have already been specified. For
an N-atom molecule, there will be 3N — 6 internal coordinates (3N — 5 for a linear
molecule), so 6 conditions must be satisfied by the coordinates 5;. Three of these have
already been specified, namely that the center of mass in the moving frame must be

Z€ro,
> ms =0. (2.27)
The other set of conditions can be taken to be

> mis” x5 =0, (2.28)
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where 5’50) and v; are defined by §; = 5’50)

+ vU; and s; = 550) gives the equilibrium
configuration of the molecule. The condition (2.28) is approximately equivalent to
setting the angular momentum in the rotating frame equal to zero, as long as the
displacements v; are small [31].
Following Ref. [30], we write the kinetic energy of the adsorbed molecule in terms
of the center of mass and internal coordinates:
Ty = Y gmliif = Y gmli+ RODE+ R@aP. (229)

7 i

Writing the above in matrix notation, and using the fact that R™' = R” for rotation

matrices (where the superscript 7' denotes the transpose),

1 S N\ /- ..
Ty =Y omi (7 + TR+ 5TR) (7f+ R'G+ R'5))

(2

= %Mﬂf—i—f‘r (RT;mi§+RT;mi=§}> +Z%ml§{§l

o 1 . .
+ Z msTRR' 5, + Z Smi(sT RR")(RR'3). (2.30)

The two terms in the brackets are both zero, since they involve the center of mass of
the molecule in the rotated center of mass frame (which is zero by definition).

The kinetic energy can be rewritten in terms of the angular velocity & of the
molecule in the following way. First, note that since the rotation matrix is orthogonal,
RR" = 1 (where 1 is the identity matrix). Differentiating with respect to ¢ gives
RR' = —R"R, so the matrix RR' is antisymmetric, and it can be shown [31] that

its elements are

0 —w., wy
RR =|w. 0 -uwl, (2.31)
—Wy Wy 0

where w; are the components of & in the rotated coordinate system. The matrix

. T
product RR 5; can then be written as a vector cross product,

RR'5 =0 x 3, (2.32)
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and the kinetic energy becomes
1. - 1 1 - .
T = SMITT* + Z 5l x &7 + Z il Sl + Xi:mi(ﬁ X &) 5. (2.33)

The second term can be written in terms of the moment of inertia tensor in the

following way

— — 12
mi‘w X 32“ = MGEjkIWESIIE jmnWmSin = mz((skm(sln - 6kn5lm)3ilsinwkwm

= mi(SilSu5km - Siksim)wkwma (2-34>

where the Einstein summation notation is used, and s;; is the jth component of 5;.

The kinetic energy can then be written
1. .- 1 . Y a5
TM = §M‘7:12 —+ Z §Ijkijk —+ Z §mi|si|2 —+ Zml(w X Si) © S5
Jk i i
= §M|F] +Z§Ijkijk+zimi|vi| +w-Zm,~(vi X 1), (2.35)
Jk i i

where the last term has been rewritten using the identity @- (b x @) = b - (@ x &) and

the condition (2.28), and [j; are the elements of the moment of inertia tensor,
]jk = Zml(|§;|2<5jk - sijsik). (236)

If we define the axes of the rotating reference frame so that they coincide with the
principle axes of inertia for the molecule, then the off diagonal elements of I;;, vanish,

and we have
1 . 1 1 . .
Ty = 5M|ﬂ2 + Ej iljjwj + E §mi|17i\2 + - E m;(T; X ¥;), (2.37)

We now change coordinates from the displacements o; to the normal coordinates
ay, related by a linear transformation, /m;v;; = >, lﬁjak, where v; ; is the jth
component of v;. The kinetic energy then reads

1. .- 1 1. ;.
Ty = §M|r_]2 _|_Z§]jjw]2-+zia?jtZw,-Cjkajak, (2.38)
j i ijk
where (7, are the Coriolis parameters, defined as

mnp
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The kinetic energy has the form Th; = Tians + Trot + Tovin + Teor- The first term
is the translational kinetic energy, the second is the kinetic energy of overall rotation
of a rigid molecule, the third is the vibrational energy of a non-rotating molecule,
and the fourth term, called the Coriolis energy, accounts for the coupling between the
rotational and vibrational motion. There will also be coupling between the rotational
and vibrational motions due to the dependence of the moment of inertia tensor I
on the normal coordinates ay. However, if the displacements of the atoms from their

equilibrium positions §§0)

are small, aj will be small and T¢, ~ a;cdy, will therefore
be negligible compared to Ty, ~ &2, and the dependence of the moment of inertia
tensor on «y, can also be neglected. This approximation, known as the rigid rotor
approximation, will decouple the rotational and vibrational motion, and allow us to
derive a set of Langevin equations for the semi-rigid molecule.

We must make one further modification to the expression for the kinetic energy.
In order to apply the Euler-Lagrange equations and obtain equations of motion for

the molecule, we must write T); in terms of time derivatives of the angles J, rather

than the angular velocity @. @ is related to the time derivatives of the angles 1; by
&= G, (2.40)

where

siny —sinflcosy 0
G = |cosxy sinfsiny O0]. (2.41)
0 cos 6 1

Making use of this relation, along with the rigid rotor approximation, the kinetic

energy can be written as

Ty = %M|ﬂ2 - Z %]ii Z Gy, + Z ldf
i ik ;

Lo - 1y
= M| + Z; Usethjthe + 3 567, (2.42)
7 7

where
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We can now make use of Eq. (2.42) to obtain the equations of motion for the

adsorbed molecule. The total kinetic energy is
T:1M|ﬂ2+ZU'k¢'¢k+Zl‘dl‘2+Zl‘4k‘2 (2.44)
2 jk Y l 2 k 2 . .

We also expand the molecular potential V,; and the interaction potential Vj;g. in the

normal coordinates, giving

1

0

Vi =V + zl: 52 of, (2.45)

Virs = Vaps(X) + )" on(X)ai + > Ou(X)au, (2.46)
k l

where (), are the normal mode frequencies of the internal molecular vibrations, X

stands for the center of mass coordinates 7 and angle coordinates 1/7, and

(Vs \Y
e, = < o ) : (2.47)

Following the same procedure as in the previous section, we obtain a set of
Langevin equations for the molecule. Instead of an equation for each atom, we obtain
only two equations: one for the center of mass motion, and one for the rotational

motion. The center of mass equation reads
. t . R -
M7+ / [BM -7(t') + By -¢(t')} dt' + V,Ug(X) = §.(X, 1), (2.48)
0
and the equation for the rotational motion is
. t .
UG+ 3 Gyt + [ [Bor 10) + Bow - 50| df +9,0(X) = E(X.1),
ik 0
(2.49)
where the elements of 7 are
Uy, 10Uy

et = G = 5 (2.50)




19

The memory-friction and random force are given by

BuX(0).X(0). 1] = 3 PG g x(1)vianx (@)
F - (2.51)
+) an@()((t))vb@()((t,)),
; i
é;(X, t)=— Z [(qk(O) + %};0))) cos(wyt) + %1?) sin(wkt)} Vi (X)
g , (2.52)
N ; KQZ(O) + %ﬁ(m)) cos(ut) + O‘g?) sin(Qlt)] V,0,(X),
where a, b stands for either r or ¢). The effective potential is
Ua(X) = @) = Vi) - 5 3 IR s S

Usually one or more of the angular degrees of freedom of the adsorbed molecule
will be confined to small oscillations. For example, a large planar molecule will
typically only make rotations through an axis perpendicular to the surface [32-34].
A molecule diffusing along a 1D channel will not make any rotations. In these cases
the angles through which the molecule only makes small rotations may be treated in
the harmonic approximation, and will add to the other normal modes of the molecule
«;. For a molecule that only rotates through an axis perpendicular to the surface,
the angular equation (2.49) simplifies substantially to

t
. = pv oy / 8
L.X + / By 7(0) + Bux(t)] dt + 5 Ua(X) = 6,(X.0), (2.54)
0

where gxrvax and &, are given by Egs. (2.51) and (2.52) with V,, replaced by %.
The generalized Langevin equations derived so far in this chapter are quite compli-
cated to solve in general, due to the memory terms. However, in the surface diffusion
systems we wish to study, memory effects are typically negligible. This is a result of
the separation in the time scales of the substrate vibrations and the diffusion of the
adsorbed species (e.g. for rhenium atoms on a tungsten surface, the hopping rate is
of the order 1072Hz at room temperature [35] and the Debye frequency of tungsten
is of the order 103Hz). When memory effects are not important, we can make use of

the Markov approximation, in which the random forces are completely uncorrelated,
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(E@)E[X)) ~ 8(t—1'). As mentioned above, this eliminates the memory terms in favor
of simple friction terms, giving a standard Langevin equation for the motion of the
molecule. In the remainder of this chapter we will derive simplified expressions for

the friction tensor and effective potential in the Markov limit.

2.3 Friction Tensor

Notice that the friction tensor is a sum of a contribution from the substrate vibrations,
and one from the internal molecular vibrations. Each of the four friction terms B,

have the form

B, — B(sub) + nglt)’ (2.55)
where
Bl =y Sl ZOIG e (1) Vo (X (1)), (2.56)
k
1nt _ Z co Ql t - t/)]Va@l(X(t))Vb@l(X(t/))- (2.57)

l

In this section we will evaluate the substrate friction B(SUb) by making use of the
Debye model for the phonons. The internal friction B depends on the vibra-
tional frequencies €2; of the molecule being studied. In the simplest approach the
normal mode frequencies can be calculated for the isolated molecule. However,
some molecules undergo a significant conformational adaptation upon adsorption
[36-39]. For such molecules the normal modes can be calculated with the molecule
fixed at an adsorption site on the solid; i.e. define the modified internal potential
V({8 = Vir({5n}) + Vs (Xaa, {80 }) » whereX,,4 stands for the center of mass and

angle coordinates at the adsorption site, and calculate the modified normal modes.

2.3.1 Markov Limit

The first simplification we make is to consider the Markov limit, where the memory
effects are negligible. We begin by rewriting the memory integral terms in (2.48)

and (2.49). Consider the contribution from one of the normal modes in the substrate
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friction term B®™) in Eq. (2.48). Taking the t-independent part outside of the

rr

integral, we have

2 2
wi 0 Wi

[ O gy -y = [ =Dl g oy ey

Am/ek coslwg(t — ¢/ .
+/2 Mvr%()((t/)) CFdE + .

T/ wi W
N / coslorll =G o (e (@) - (et (2.58)
2nm /wy Wi

If the vibration frequency wy is fast compared to the time scale for the motion of
the adsorbate, the terms that depend on X (#') in the integrals will be approximately

constant over the interval 27 /wy. Then all terms except for the last one vanish, and

we have
[ =g o - gt = g g, xF. o)

Using the same procedure on the internal friction term, we recover a set of standard

Langevin equations

M+ B, - P4 By -+ ViU = &, (2.60)
Uy + > it t BT+ B G+ VU = &, (2.61)
J
where
B0 = 30 T VG0 X)
s Smé?lt) V,61(X)V,0:(X). (2.62)

l

and the random forces satisfy

(€a(X(t), 1)) =0,
Vo (X (), 1)) = 2kpTB,8(t — ). (2.63)

—~
o
S|
—~
>
—~
~
~
~

So far we have not made any assumption about the vibrational frequency spectrum of

the molecule or solid, or the interaction potential Vj;s. The Markov approximation,
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represented by Eqs. (2.60),(2.62) and (2.63), only requires that the vibrational motion
of the molecule and substrate is fast compared to the time scale for the center of mass
motion of the molecule. In order to further simplify the substrate friction term, we

will now use the Debye model for the substrate vibrations.

2.3.2 Debye Model

We will make use of a bulk Debye model for the solid vibrations, as often employed in
surface diffusion and adsorption studies [9,13,40-42]. The bulk Debye model is only
strictly valid in the interior of an infinite solid, and does not account for surface modes,
which modify the phonon frequency spectrum. However, the total contribution to the
friction tensor from the phonon interactions involves an integral over the frequency
spectrum, and previous work has shown that the difference between a bulk or surface
Debye model is negligible [29].

In the bulk Debye model, the normal coordinates ¢ ; represent plane waves with

— % g - . ﬁ.e_iE'REO)
4 = N 4y i )

. - 5(0)
Ui = \/—quk k€ R ) (2.64)

wave vector k [13],

where ¢ i is the polarization vector for the plane wave represented by ¢, and N is
the number of atoms in the substrate. For each wave vector IZ, there will be three
normal mode vibrations: one longitudinal and two transverse waves. The frequencies
are related to the wave vectors by w; = vs|k|, where v, is the speed of sound. The

coupling constants O then become

(0)
Vs 50U i) ik A
¢pgz< M) :§ g(“)'aq,;_ pk E Ry (2.65)
7 P

8qp];

and the substrate friction tensor is

Sub Sln wk ZE(R‘EO)—E(O)) A OLAT . _)(j)
Z Vi Z G Vgl

mswﬁ

sin(wit) 730 _ 30
= Zvagu gu Nzige (" J )7 (266>

MeWs
Sk
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where the second line follows because the three polarization vectors for a given k are
mutually orthogonal, so Zp cjp,;(j;]; = 1, where 1 is the identity matrix. The allowed

values for the wave vector are k = 7(n,& + n,y + n.Zz), where n,, n, and n, are

L
integers, and L is the macroscopic length of the solid. Approximating the sum over k
by an integral, the integration will go over a sphere in k space with a radius kp chosen
so that 37k} /()% = N, giving the correct number of normal modes. Eq. (2.66) then

becomes
su 1 /L\*
8 = v il 5 (%)

kD ”t
X / sin(wy )kzdk / d¢ / d0 sin () e <os(0) (2.67)
0

mew?
Sk

where R;; = \ﬁgo) — ]%5-0)\. Performing the angular integral and rewriting the integral

over k as an integral over w gives

Sub Zvagu 3 /“’D sin(wt) sin(wRU/vs)dw’ (2.68)
0

9 msw% w wR;;/vs

where wp = vskp is the Debye frequency. Rewriting the integral over w using u = wt

gives

“ot gin(u) sin(uRy;/ (vst
[ i sl .
Assuming the interaction potential Vg is short ranged, only substrate atoms within
some finite radius of the adsorbed molecule will interact with it, so we need only con-
sider pairs of substrate atoms within such a radius in the substrate friction, Eq. (2.68).
Then R;;/(vst), which is the ratio of the time for a sound wave to travel between sub-
strate atoms ¢ and j to the macroscopic time ¢ for the motion of the molecule, will
be vanishingly small, in which case the second factor in the integral tends to 1. Also,
since wpt > 1, we can take the upper integration limit to be oo, and the integral has

the value 7/2. The substrate friction now takes the form

B(SUb _

agu Z vbg)(uj)‘ (270)
J
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The final simplification comes from assuming the interaction potential Vj;s consists

of a sum of pairwise interactions,

Vs = 3 _vii(Ri = 7)), (2.71)
.
so that
G0 =D (Ve Vus)? =Y Vo (R =) = = > Vo 0y(R” =) = =V, VL,
Z Z ’ ’ (2.72)

where we have used the fact that V, = >, V,,. Finally, we have the following simple

expression for the substrate friction tensor

su 3
B (X) = 5 VaViVie(X) - ViV Vie(X). (2.73)
s%“D

2.3.3 Friction For a Dimer in 1D

In this section we derive an expression for the friction tensor for a dimer in one
dimension, to be used for calculations in the next chapter. Consider a dimer with
center of mass coordinate r = (myxy +mozy)/M and dimer length s = x1 — 25, where
x1 and x5 are the positions of the two atoms of the dimer along the surface. Since the
dimer is confined to 1D, its angle coordinates are fixed, so we need only to consider
the center of mass equation. In 1D it reads

W

Vi w
o+ Bt + or

& (2.74)

If the interaction potential for each atom with the solid is V' (z), the total inter-

action potential will be

VMS(Ta S) = V(T + %S) + V(T - %8)7 (275)

and the substrate friction, Eq. (2.73), is

, (2.76)

$=80

(sub) —
() 2mew?, | Or?

3m |:82VM5:| 2

where s¢ is the equilibrium dimer length.
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In the harmonic approximation, the internal potential is

Viu(s) = %uﬂz(s — 50)?, (2.77)

where = (1/my+1/m3)~" is the reduced mass of the dimer. The normal coordinate
for the internal vibration of the dimer is a = \/fi(s — s¢), and the coupling constant

O is therefore

g Mus| 1 WVus (2.78)
dax a=0 \/IE s 5=50 .
The internal friction is then given, in the Markov limit, by Eq. (2.62)
. 2 2
(int) (. ) — sin(Qt) [0*Vus 5 7
67"7“ (T7 ) MQ?’ aras ( N )
s=sg

For simplicity, in the next chapter we will consider the stiff dimer limit, €2 > wp, so

that B is negligible compared to BE™.

With Eq. (2.76), the position dependant friction coefficient is given once the in-
teraction potential V)¢ is specified. In the next chapter we will consider a simple

model potential, and perform a calculation of the diffusion coefficient.

2.4 Effective Potential

The effective potential, Eq.(2.53), has the form

Ut = Vb + US™ + UG, (2.80)
In this section we derive a simplified expression for Uélf’fub) by making use of the Debye
model for the substrate vibrations, and an expression for U, (an Y for a dimer in 1D.
2.4.1 Debye Model

Making use of Eq. (2.65) for the coupling constants ¢, in the Debye model, the

contribution to the effective potential from the substrate vibrations is

k‘D k2

J
2 T
) ngﬁ-gg)/ —2dk/ d¢/ df sin feFfiicos? - (2.81)
- 0o Wi 0 0
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where R;; = |§Z — §]| Evaluating the angular integrals and rewriting the integral
over k as an integral over w gives

“’DRij

vs  sinu
[ysub) _ S Us / , 2.82
off QmSwD — Gu g“ R U ( )

j

),

Again, we only need to consider pairs of substrate atoms ¢ and j in the vicinity of

. . R;;
the molecule, in which case “2=2 < 1, and we have
S

i 'Us WDRZ
U(sub ~ ] J
off 2m5wD ; Vs
3 (0) (0)

The effective potential appears in the center of mass equations as

V Usub _

-V, v,V . v, v, (2.84)

msw?,

Since the interactions are short ranged, VTVTV]\(/[O% is of the same order of magnitude
as Vg, Vg, VJ\(/? ; Also, m,w? is the largest value of the matrix Vy,V R VS(O) Since, by

(sub)

assumption, Vg, Vg, V]\(/([); < VR, Vg, VS(O), the effective potential term V., U ) will

be negligible compared to VT,V]\(/%.
2.4.2 Effective Potential For a Dimer in 1D

For a dimer in 1D, the contribution to the effective potential from the internal vibra-

tions of the dimer is

[t _ 1e? 1 (0Vus ?
ff Os

; T = 5T (2.85)

S$=50
A similar argument to that used for U, éf;b) can be used to show that U, 0(;1 " is negligible

compared to the interaction potential Vj;5. The effective potential appears in the

center of mass equation (in 1D) as

autn) 1 9?Vis OV,
=— MSZMS (2.86)
or ufd? Ords  0Os
V(O) 82‘/(0) ( )
The first factor 2 55-> is of the same order of magnitude as o Y5 ~ Vg, Vg, Vg, and
a V]WS

21,(0)
uQ? = 88‘; 4%, Since, by assumption, Vg, Vg, V), ; < , the effective potential
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(int)

(0)
term aUaCf will be negligible compared to a\gfs. In the calculations that follow, we

will therefore ignore Uéffub) and Ué;l Y. and set Uy = VJ\(/%-




Chapter 3
Dimer Diffusion

In this chapter we will consider diffusion in one dimension, with the adatom-surface

interaction given by the following model potential

V(z) =V, exp [a cos (27%)] -V, (3.1)

where V, = Vp/(e® — ™), and V = R(e* + e7)/(e* — e™). The energy barrier
(i.e. the difference between the minimum and maximum values of V' (z)) is Vy. The
shape of this potential depends on the parameter a. When « is small, the potential
approaches a cosine, i.e. for a — 0 we have V(x) — % cos (ZT“:L") As a is increased,
the bottom of the potential well becomes more broad and flat. Some plots of this
potential for a few values of a are given in Fig. 3.1.

We will calculate the diffusion coefficient D for one dimensional motion in this

potential. The equation of motion for 1D diffusion is

mi + B(r)r + 8?:3 =¢. (3.2)

We consider the high friction, or Smoluchowski limit, in which the inertial term m#
is negligible compared to the friction, giving

Vs

Blr)i + 5

—¢. (3.3)

In this limit we can calculate D by making use of the high friction result given in

Chapter 1,

-1

l l
D = kgT [1 / 6(:c)erst<~’°‘>/’fBTd:c1 / e~ Vus@)/kBT gl | (3.4)
L Jo L Jo

In the remainder of this chapter we will first consider diffusion of a single atom,

and then move on to treat dimer diffusion.

28
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0.8
a=0.1 ——
a=1.0 ——
0.6 a=2.0 ——

0 0.5 1 1.5 2

X
Figure 3.1: The adatom-surface interaction potential, shown for a few values of the
parameter a. It can be seen that as a gets larger the potential becomes more flattened

at the minimum. Length is shown in units of [, and potential in units of V4. (The
same convention is used for all plots in this thesis.)

3.1 Single Atom

Consider a single atom in 1D with coordinate z. For the interaction potential Vjg

given by Eq. (3.1), the friction coefficient is found from Eq. (2.76),

(a) = oy Vo)

2 4 2 2 2 27
“ncg (7) ¥ lren (o) meen () 0
s D

We can obtain analytical results for the single atom in two special cases. First, in

the limit a — 0, when the potential approaches a simple cosine, the result has been
previously found to be [9]
D 1

P = o () — L))

(3.6)
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Figure 3.2: In(D) vs Vy/kgT for a single atom. The deviation from the Arrhenius
form can be seen for small barriers. In the plot, D has been scaled by the constant
D:; the same convention is used for all plots in this thesis.

where D = ms:;f’ﬂ, and v = g7 The functions Iy and I, are modified Bessel
functions of the first kind. In the limit v > 1, corresponding to high barriers, the

Bessel functions asymptotically tend to e?/+/27y [43], and Eq. (3.6) becomes

D= %e‘v‘)/k’ﬂ. (3.7)

So for high diffusion barriers D has the Arrhenius form D = Dye~2V/#87 which is

expected. For low barriers, D deviates from the Arrhenius form as seen in figure 3.2,

which shows plots of In(D) vs Vy/kgT. The deviation from a straight line can be
clearly seen at small 7.

We can also obtain an analytical result for @ > 0 in the limit of large barriers,

~v > 1. In this limit, because of the exponential term, only the region around the

maximum of V)¢ will contribute significantly to the first integral in (3.4). We can
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therefore expand V)¢ around the maximum at x = 0 to get
1 (27’
Virs(z) = Vet =V — §Va (Tﬂ) ae’z?. (3.8)
To a first approximation, we can also replace the position dependant friction ((x)
with its value at this maximum,
3 o\ *
r)~ ——V2 [ =) a’e*. 3.9
o)~ o () (39)
Similarly, the largest contribution to the second integral will be from the region around

the minimum at x = [/2, so we can expand Vs around the minimum to get

_ 1 (2’
Vis(x) = Ve ™ =V + §Va (Tﬂ) ae®(x —1/2)2 (3.10)
Making these substitutions, the integrals can easily be evaluated to give
D e*—e?
= ~Vo/ksT, 3.11
20 a4 (3:11)

So, as expected, the diffusion coefficient has the Arrhenius form in the limit of high
barriers. The prefactor depends strongly on the parameter a, which determines the
shape of the potential; it decreases exponentially as the minimum of the potential
well becomes more broad and flat. This decrease can also be seen in Fig. 3.2. Also
note that in the limit ¢ — 0, Eq. (3.11) reduces to the correct result for a cosine

potential, Eq. (3.7).

3.2 Dimer

For a dimer of two identical atoms at positions z; and x,, the interaction potential
will be

Vies(x1, @) = V(xy) + V(xg) = V(r+s/2) + V(r —s/2) (3.12)

where V() is given by Eq. (3.1), and r and s are the center of mass and dimer length.
Again, we begin with the cosine potential, corresponding to a — 0, for which we
can obtain some simple analytical results for the diffusion coefficient. In this case the

surface potential can be written

2
Vis(r, s) = Vpcos <§s> cos (Tﬂr) . (3.13)
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The energy barrier for this potential depends on the dimer length, and is given by
AV = 2Vp|cos (Fs)|.
The friction coefficient is found from Eq. (2.76),

= LVQ 2m 4cos2 <Es >0082 2—7T7’ (3.14)
" omwd 0\ 17’ l '

The integrals in Eq. (3.4) can then be evaluated using standard integration tables [43],

B(r)

- 3
2mewy, | Or?

3m |:82VM5] 2

and the resulting diffusion coefficient is

2475 cos (%so) Lo(v)[vIo(v) — Li(v)]

(3.15)

s

where v = Vg cos (Fso) /kgT. For large barriers, that is |y| > 1, this becomes

D. — D 6_2V0|cos(§so)\/kBT' (3.16)
1274|cos (Fso) |

So again, in the limit of large barriers, the diffusion coefficient has the Arrhenius
form.
Note that when the dimer length sy goes to 0, this reduces to
3 74
= 47715@0[)[ —(2V0)/kpT (3.17)
674 (2Vh) ’
which is the correct result for a single atom in a cosine potential with a barrier of 2V}
(compare with Eq. (3.7)).
A similar calculation was performed by Ruckenstein and Tsekov [9], but using a
constant friction coefficient
5o 127 Vi
Comawd 1

(3.18)

instead of the position dependant friction ((r). They also neglect the off-diagonal
terms (i # j) in the memory-friction tensor B;;, Eq. (2.17), assuming the fluctuation-
dissipation processes in the two atoms of the dimer to be independent. Their result
for the diffusion coefficient, in the limit of large barriers, is

= Dl G0 st (319
e
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The reason for the difference between the results of Egs. (3.16) and (3.19) is the
following. As mentioned in the previous section, at high barriers the friction coefficient
can be replaced by its value at the potential maximum, and indeed it can be verified

that replacing 3(r) as defined in Eq. (3.14) with the constant

B(r )—lXﬂ 2n 40082 (Es)cos2 2mnl
m T omgwd 0\ 17’ I 2

3T o (27 * o (T
— V5 - ) cos (750) (3.20)

2mgwy,

yields the same result for D, Eq. (3.16). (We have used the fact that the maximum
of the potential (3.12) occurs at rpa.x = nl/2, where n is an odd integer when 0 <
Sp < [/2 and an even integer when [/2 < sy < [.) Now notice that the value used
by Ruckenstein and Tsekov for the friction coefficient is simply twice the friction
coefficient of a single atom in the cosine potential. That is, they use

3T

2mswi, 2mw?, 2

6

V7(0)2 4 V" (0)2] = —F Vi(%”) , (3.21)

so their result is different from Eq. (3.16) by a factor of 2 cos? (Fs).

A plot comparing our result for the diffusion prefactor (defined in Eq. (3.16)) with
that of Ruckenstein and Tsekov (defined in Eq. (3.19)) is given in figure 3.3. Note
that at as sp — [/2, neither result is valid, since in that case the potential becomes
flat, V]\(/[O% = Vpcos(%sp) cos(2r) = 0, and so both the barrier AV = 2Vg|cos (Ts)]
and the friction coefficient goes to 0. This means that neither the high barrier ap-
proximation or the high friction approximation are valid. The results clearly show
different qualitative behavior of the prefactor as a function of the dimer length. Our
result (3.16) increases as sg increases from 0 to [/2, while Ruckenstein and Tsekov’s
result (3.19) decreases. The difference in the results is due to the inclusion of the
off diagonal friction terms and position dependence of the friction in our calculation.
Even when we take the limit of high barriers, so that the position dependent friction
is replaced with the spatially constant friction 5 = (3(rmax), 3 still depends on the
dimer length sy, so the behavior as a function of sy is different from the case of a
constant friction coefficient as used in Ref. [9]. Several other studies of dimer diffu-

sion have also made use of a constant friction coefficient [8,22,44,45]. However, the
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Figure 3.3: A comparison of our result for the diffusion prefactor (3.16) (red line) for
a cosine potential with Ruckenstein and Tsekov’s result (3.19) (green line).

results here suggest that including the dependence of the friction coefficient on the
dimer length has a significant effect on the diffusion prefactor.

To find the diffusion coefficient when a > 0, the integrals in Eq. (3.4) must be
performed numerically. A plot of D for a few values of a and sy is shown in figure
3.4. It can be seen that, similar to the single atom diffusion coefficient, D has the
Arrhenius form when the diffusion barrier is large, and deviates from this behavior
when it is small. The prefactor and energy barrier can be obtained for large barriers
by doing a fit of D(T) to D(T) = Dye~2V/*3T The barriers and prefactors obtained
in this way are shown in Figs. 3.5 and 3.6 as a function of the dimer length, for a
few values of the parameter a. Note that the barriers shown in Fig. 3.5 are effective
activation barriers and do not necessarily correspond to the difference in potential
energy between the minimum and transition state, since the dimer potential can
develop local minima at certain dimer lengths (see Fig. 3.7). In these plots the range

of the dimer length is sg = 0 to sy = [, chosen because letting so — sg + [ just
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Figure 3.4: The diffusion coefficient D as a function of inverse temperature Vy/kgT'
for a dimer.

introduces an offset in r to the potential, which does not affect the results. Letting
sg — | — sg has the same effect, so D should be periodic in sq with period [, and even
around sg = (n + 1/2)l (where n is an integer). This can be seen to be the case in
Figs. 3.5 and 3.6.

It can be seen from Fig. 3.5 that the energy barrier AV for a dimer can be
larger or smaller than that for a single atom, depending on the dimer length sy. For
example, for the case of a = 0.1, dimers with equilibrium length between sq ~ 0.34[
and sg ~ 0.66] will have a smaller barrier than a single atom. The dimer length
at which AV for the dimer crosses the single atom value does not depend strongly
on the shape of the potential, occurring at approximately sy &~ 0.3] and sq ~ 0.7,
regardless of the value of the shape parameter a. The barrier has its minimum value
at sp = 1/2 + nl, and its maximum value at so = nl, where n is an integer. This has
a simple interpretation: when the dimer length is a multiple of the lattice constant,

both atoms can sit at the bottom of the potential well and the barrier is simply twice
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Figure 3.5: The potential energy barrier AV as a function of dimer length sqg. The

barrier for a single atom is shown for comparison. The temperature range used in the
Arrhenius fit was Vy/kgT = 100 to Vy/kgT = 105

that for a single atom. When the dimer length is not commensurate with the lattice
spacing, the atoms are forced to sit higher in the potential well than single atoms

would, so the effective diffusion barrier is decreased.

The most interesting feature of Fig. 3.6 is that the prefactors exhibit a maximum
as a function of the dimer length. The reason for this is as follows. As shown
in the previous section, for large barriers the diffusion prefactor is approximately
inversely proportional to the friction at the potential maximum, Dy ~ 1/8(rmpax), SO
a maximum in Dy corresponds to a minimum in 3(ryax). The friction is proportional
to the second derivative of Vjsg, so if the curvature of Vj;5 goes to zero at the
maximum (i.e. the potential is locally flat), there should be a maximum in Dy. This
does in fact happen when a local minimum appears at r = nl as the dimer length s
is changed. This is shown in figure 3.7 for the case a = 1.0. It can be seen that the

local minimum at r = nl appears when sy 2 0.3[, which coincides with the maximum
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Figure 3.6: The diffusion coefficient prefactor Dy as a function of dimer length s,
plotted on two different scales for clarity. The single atom values are shown as dashed
lines for comparison. The temperature range used in the Arrhenius fit was Vy/kgT =
100 to Vo /kpT = 105
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Figure 3.7: The dimer potential Vys(r) with @ = 1.0 for a few values of the dimer
length sg. It can be seen that the local minimum appears around sy ~ 0.3[.

in Dy seen in Fig. 3.6. The exact value of sy for which the local minimum in the dimer
potential (and the peak in the dimer prefactor) appears can be found by considering
the second derivative of the dimer potential, Eq. (3.12). At » = 0 it has the value

Virs(0) = =24V, (2%)2 [a cos® <§30> + cos <§30> — a] e“COS(?SO), (3.22)

Setting V};4(0) = 0 gives

a cos® (?So) + cos (?s()) —a=0, (3.23)

which has the solutions

1
cos (%s()) =3, (1 +V1+ 4a2> : (3.24)
a

The solution between sy = 0 and sy = /2 gives

so_ 1 <\/1 Fda? — 1)

o (3.25)
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For a = 0.1, 1.0, 2.0, this gives sq/l = 0.47,0.29,0.21, respectively, which agrees with
Fig. 3.6. For dimer lengths close to the value at which the maximum in the prefactor
occurs, the dimer prefactor is larger than prefactor for a single atom (shown as dashed
lines in Fig. 3.6). Note, however, that the value of sy at which the dimer prefactor
is equal to the single atom prefactor depends strongly on the shape of the potential,
in contrast to the barrier. Note also that the magnitude of the prefactor depends
strongly on the shape parameter a; Dy decreases with increasing a, in agreement
with the single atom case. This result is intuitively reasonable: the prefactor can be
thought of as an attempt frequency, and can be roughly identified with the vibration
frequency of the atom or molecule at the bottom of the potential well [16]; a flatter

well means a lower vibration frequency and therefore a lower prefactor.



Chapter 4
Diffusion Path Approximation

In this chapter we will develop an approximation method for multidimensional dif-
fusion systems. The multidimensional problem will be reduced to a 1D problem by
assuming that motion only occurs along the lowest energy path over the multidimen-
sional potential energy surface, called the diffusion path approximation (DPA). This
procedure will allow us to make use of analytical results available for 1D systems.

If there are multiple possible diffusion paths, the total hopping rate can be found

by taking the sum of the different contributions, i.e.
F=r1+0T+.... (4.1)

In the calculations in this thesis, however, we take the simpler approach of only
considering the contribution from the lowest energy path.

In the next section we derive the formalism of the DPA| starting from the Langevin
equations (2.16) derived in Chapter 2. In the following section we apply the DPA to a

dimer moving in two dimensions (one parallel to the surface and one perpendicular).

4.1 Formalism

4.1.1 Langevin Equation in Reaction Coordinate

Consider a system of N adsorbed particles, which obeys the set of generalized Langevin

equations derived in Chapter 2,
t
mars ¥ / Z Bij - Fj(t/)dt/ + vriUeff({Fn}) = 52({Fn}a t)' (4'2)
0 .
j

In the DPA, we assume that the particles only move on the lowest energy path
between local minima. Let the curve followed by each particle on the diffusion path

be given by /m;r; = /mg ﬁ(y), where mg is a mass scale which may be chosen

40
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for convenience, and the curves are all parametrized by the total arc length y (the

reaction coordinate), defined as

S

where v is any parametrization of the curves. By standard rules of vector calculus,

]1/2 _ / f [Z ’% F(w) 2] " du, (4.3)

the curves then satisfy
M AP =1, > Al - Fly) =0, (4.4)

where fz d fl, and f” = dy2 >
Rewritlng Eq. (4.2) in terms of the f; gives

s ()i + 71(s) J—R%f ()t

+ aneff({Fn}) = 52({7%}7 t)- (4-5>

Taking the dot product of this equation with +/mg/m; f(y) and summing over i gives

a generalised Langevin equation for y:

moy+/ Z N Fly®)] - Bij - £y (t)dt’
+ Z \/7V7“1Uoﬁ {TTL} = Z \/7§2 {Tn} t f ) (46)
o + / Byi(t)dt' + d%UeH(y) — &, (u.1). (4.7)

where B, and &, are given by

B, =3 2 flly(t)]- By - f]lu()] (48)

&) = &0 - fl). (4.9)
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Making use of the approximation for the memory-friction tensor derived in § 2.2,

Eq. (2.73), gives

. .o d
moy + /Gy?/ + d_yUeff(y) = €y> (4-10)

with

i,J
. 3m d (0) 2
= 2wt |d Vars(Y) (4.11)
The random force has the following statistical properties
(&({(t)},1)) =0,
(GO} &)} ) = 2kTB,0(t — ). (4.12)

With Eq. (4.10) we now have a simple 1D Langevin equation that can be used to
study the dynamics of an adsorbed molecule. The approximation that the molecule
does not deviate from the lowest energy path will be most valid in the low tempera-
ture, high barrier regime, where the energy barrier AV is large compared to kgT'. It
will also be most useful when there is a single dominant diffusion mechanism.

We can use Eq. (4.10) to calculate the diffusion coefficient with respect to the

coordinate ,
2
D, = lim @ (4.13)

again using the high friction result given in Chapter 1,

1 [ 1 [ , 1
Dy =T | [ 5,(0) explun() ha Ty [ expl~Uiato)) kT
y JO y JO

(4.14)

A more experimentally relevant quantity, however, is the center of mass diffusion

coefficient

D = lim ~—Z. (4.15)
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To relate D, to D suppose that moving along one period of the lowest energy path
gives a displacement in the center of mass coordinate of magnitude [ along the unit
vector a, and a displacement of [, in the reaction coordinate y. Then we can write

the coordinates 7" and y in the following form:
7= nal + adr y = nl, + dy, (4.16)

where n is an integer, and dr < [, oy < [,. In the long time limit, ¢t — oo, n will be
very large, so

— A

lim - = ;‘—l (4.17)

t—o00 Yy y

We then have the following relationship between D, and D:
S 9N\ 9 l 2
D = im ST (—) aaD,. (4.18)

4.1.2 Minimum Energy Path

In order to make use of the DPA and calculate the integrals in Eq. (4.14), we must
find the minimum energy path across the potential energy surface Ueg({r),}) (the
diffusion path). The first step is to find the transition state, i.e. the maximum along
the minimum energy path, which is defined by the following properties. Consider a
potential U that depends on the coordinates z;, at a point on the surface x; = x;
with VU = 0. It can be expanded in a Taylor series,

U=U,+ % Z H;j(x; — xo;) (x5 — x0;), (4.19)

i\j

where Uy = U({xi}), and H;; are the elements of the Hessian matrix,

92U 92U
0x7 Ox10z2
2 2
H=|2v 20 | (4.20)

Ox20x1 ax%

with all derivatives evaluated at z; = zy;. Changing to a set of coordinates 7; that

diagonalizes H, we have

1 2
U=Uo+3 Z A, (4.21)
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where \; are the eigenvalues of H. Coordinates with a positive eigenvalue correspond
to a minimum of U, and those with a negative eigenvalue correspond to a maximum.
A transition state can therefore be characterized as a point where the gradient is 0
and one eigenvalue of the Hessian matrix is negative, with the rest being positive.
The diffusion path is found by following the steepest descent path from the transition
state to the minimum; that is, following the direction of —VV. To find the steepest
descent path associated with a given transition state, a method developed by Page
et al. [46] which employs a local quadratic approximation at each step was employed
for the calculations that follow.

The location of transition states on a multidimensional potential surface is a com-
plicated problem, and several methods have been developed [47]. We use an eigen-
value following method proposed by Cerjan and Miller [48], and developed further
by Wales [49-51]. This method has the advantage that an accurate guess for the
location of a transition state is not required as a starting point in order for the search
to converge. We will give a brief outline of the method here.

At each point in the search for the transition state, the potential is approximated
by its second order Taylor series, which, when written in the basis of the eigenvectors

of the Hessian matrix, has the following form
1 2
U=U+ E@ 9ini + 3 EZ ity s (4.22)

where g; is the first derivative of U along the ith eigenvector. The basic idea is to
take a step along one eigenvector in a direction that increases the potential, and
along all other eigenvectors in a direction that decreases the potential. The step sizes
are determined by a Lagrange multiplier method (for details see Refs. [48,49, 52]),
resulting in the following expression
29;
VIR eyl

where the + sign is used for energy maximization, and the — sign for minimization.

(4.23)

Using this procedure, one of the eigenvectors can be followed in the “uphill” direction
until a location with VU = 0 is found. It can then be verified that it is a transition
state (and not a minimum or higher order saddle point) by checking that one of the

eigenvalues )\; is negative and the rest are positive.
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To systematically search the potential energy surface for transition states, we

begin at a known local minimum, and use the algorithm outlined in Ref. [53]:

1.

Begin at a known minimum on the potential energy surface, and take a small
initial step in a random direction (necessary since the step size (4.23) is zero at

a minimum).

. Search along one of the eigenvectors until an extremum is found (or a set max-

imum number of steps is exceeded).

If the extremum is a transition state, take a small step along the direction with
negative eigenvalue, and then follow the steepest descent path to the minimum

to obtain the diffusion path.

. Repeat the search following the other direction along the same eigenvector, and

then both directions along all other eigenvectors.

Repeat the whole procedure with a new random initial step until a specified
number of transition states have been found (or a set maximum number of

searches have been conducted).

This method does not guarantee that all transition states are found, but previous

studies indicate that it is very effective at finding all transition states in the vicinity

of the starting point [49, 54, 55]. Since we start from the known lowest energy local

minimum, and we only require the lowest energy diffusion path, any possible higher

energy transition states or minima are irrelevant.

4.2

Dimer Diffusion in Two Dimensions

As a simple application of the Langevin equation derived in the previous section,

we will now consider the diffusion of a dimer which moves along a 1D channel on a

surface, and is also free to move in the direction perpendicular to the surface (thus

accounting for both center of mass movement and rotation).

We will make use of the DPA to calculate the center of mass diffusion coefficient

2
D = lim (re)
t—oo 2t

(4.24)
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for the dimer in 2D (where r, is the component of the dimer center of mass in the z
direction along the surface). In the high barrier regime, AV > kgT, Eq. (4.14) for

the diffusion coefficient gives rise to the Arrhenius form for D,
D = Dye=AV/ksT, (4.25)

as seen in Chapter 3. Since this is the regime most relevant to experiments, we will
confine our calculations to high barriers. The prefactor Dy and energy barrier AV
are found by the same fitting procedure as in Chapter 3. For all calculations, the

temperature range 40 < V;/kgT < 45 was used.

4.2.1 Interaction Potential

The interaction potential can be expanded in a Fourier series in the coordinate along
the surface, z,
271
Vix,z) = vi(z)cos | —x | . 4.26
(.9 = Ytz on (5 (4.26)
We will keep only the first two terms in the series, and for both vy(2) and vy(z) we

will use a Morse potential, allowing for differing strengths. The total potential is then

Viz,z) =V, <1 + Acos <2T7r:c)) (e72alzm70) — gemalz—20)) (4.27)

where A is a numerical constant which must satisfy |A| < 1 to prevent the potential
from going to —oo when z becomes negative. We will also take A > 0, since allowing
negative values for A simply shifts the potential in x by /2, which does not change
the diffusion behavior. Some plots of this potential for several values of A are given in
Fig. 4.1. As can be seen from the figure, increasing A increases the corrugation along
the surface. The minima are located at © = (n + 1/2)l,z = 2, and the transition
states are located at © = nl,z = 2y, where n is an integer. The energy barrier is
AV =24 A.

Considering now a dimer of two equal mass atoms with coordinates 7 = (1, 21)
and 7y = (x9, 29), we write the interaction potential in terms of the center of mass

— —

coordinate ¥ = (7] 4+ 73)/2 and the relative coordinate § = 7] — 75,

Vius(7,8) = vp(ry + 82/2)0. (12 + 55/2) + vp(re — S2/2)v.(r, — 5./2), (4.28)
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Figure 4.1: Adatom-surface interaction potential in 2D. The top figure is for A = 0.3,
and the bottom is for A = 0.7.
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where (r,,7,) and (s.,s.) are the z and z components of the center of mass and

relative coordinates, and
27 —2a(z—z0) —a(z—z0)
ve(x) =1+ Acos - v.(z) = Vo (e 0) —2e o). (4.29)
For the intramolecular potential we take a harmonic oscillator,
1 2
Vi (8) = k(IS = s0)". (4.30)
The total dimer potential is then

V(. 8) = Vas(7, 8) + Var(5)

_ %k(\ﬂ o)+ (1 52/ 200 (1 + 52/2) + 0a(re — 52/2)0a(1s — 5./2).

(4.31)

In order to visualize the potential in Eq. (4.31), we show in figure 4.2 a plot of the
potential as a function of r, and the angle 8 of s with respect to the x-axis, with r,
and |5] at the values that minimize the potential. Since the potential is periodic in
r, with period [ and periodic in 8 with period 7, we take the ranges 0 < r, < [/2
and 0 < # < m. It can be seen from the figures that there are two classes of local
minima. One has § = 0 or § = 7, corresponding to the dimer being flat against
the surface. These minima have r, = z, and either r, = nl or r, = (n+ 3)I . The
other has § = 7/2 or § = 37w /2, corresponding to the dimer standing vertically (i.e.

perpendicular to the surface). These minima have r, = nl.

Also shown in Fig. 4.2 are the lowest energy paths between the various local
minima. The energy along these paths as a function of the reaction coordinate is
shown in Fig. 4.3. Which path will be lowest in energy depends on the parameters
of the potential. For example, increasing a makes the potential steeper in the z
direction (the harmonic force constant at the bottom of the Morse potential is 2a*V),
and so will increase the energy of the vertically stacked minimum. For the choice of
parameters used in Figs. 4.2 and 4.3, the path along which the dimer stays flat against

the surface is the lowest energy path.



49

SN
SO Ry
OSSNy
SOSSN
SO

407 =
L5542 o,
‘ 7 %2, S SSSSSSSSOSON
4, o222, 20,20 50505%
0 S O S oSS 55 SN
1 S O S s S S SSS I
- O N S, oo 2 20 3022022
PSS
S S OO S SIS S S SIS oSSSs
-2 A Sesoas ‘\“‘:“;rx/’,::,:::::::::,.
I,"I',",/"o“‘ =S 20,2, SESSSS

<
MW
4 S 5 SRR
= 050%%%%, D S22 27 522 o
R o s e
03000509000 10 PSS S S S 220 77 7 e e e
9 0020200207 2059300 7 S SN RTTOOT S
000002000 0 4 1 O S S S o2 18 7 e
1000020 0030y g O OSSN S o2 2 1 g o
Y% "'[’"’I”,M““““ SOSSSS »:0:",'" I,"'I':O“ S
2, S OSSO IO 2,22,
0 Yr7s

Figure 4.2: Potential energy minimized with respect to s, and |s], with parameters
A=0.7a=17/1, k=3.5Vy/I? sy =14l



50

0 0
-1 -1
> -2 > 2
3 M 3
-4 -4
0 05 1 15 2 c 1 2 3 4 5
y y
@ o o
66 ©0 60 o0 oo oo © o o oo
0 0
—1 _1
> -2 > -2
-3 -3
-4 -4
0 1 2 3 4 0 1 2 3 4 5
y y
eo P g 4 % co co P 4 ° S co

Figure 4.3: Energy along the lowest energy diffusion path for the potential energy
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images beneath the graphs show the orientation of the dimer at the local minima and
transition states.
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4.2.2 Dimer Diffusion in One Dimension

Let us first consider a simpler case where the DPA can be compared to an exact
solution of the Langevin equations (4.2). The special case we consider is an infinitely
stiff dimer confined to 1D (the same system treated in Chapter 3), where the dimer-

substrate interaction potential (4.28) becomes

Vs (1, 9) = —2Vy — VoA cos (2771-561) — VoA cos (2771-562) ) (4.32)

The Langevin equations for a dimer in 1D read

. . . 0
may + Budr + Piada + a—zl[VMS(CEl,CEz) +Vu(z —20)] =&

3y . . 0
Mo + Po121 + Poala + %[VMS(%, x9) + Vi (x1 — 22)] = &o. (4.33)
2

Adding the two equations gives, in terms of the center of mass and relative coordi-

nates,

M7+ (Bu1 + B21)Z1 + (Brg + Pa2)d2 + %VMs(T, s) =&, (4.34)

where & = & + &, and M = 2m is the total mass of the dimer. If the dimer
is infinitely stiff, then the two atoms are at a fixed separation, x; = x5 + sg, and

T1 = &9 = 1. The above equation then becomes

0
Mi + B,r + EVMS(Ta s0) = &, (4.35)

where, making use of Eq. (2.73),

Br = B + Ba1 + Ba1 + B2

o 3 82VM5‘ 2 82VMS 2 + 282‘/MS 82VMS
© 2muwd |\ Omi0r Oxs0r Ox10r Oxs0r

. (4.36)

Using the fact that Vj,s has the form Vyg(xy,20) = v(xy) + v(xs), i.e. pairwise
interactions, the friction coefficient for the stiff dimer can be written as

2
B =T (82‘/”’5) , (4.37)

2mewi, \ Or?

which is the same expression used in the stiff dimer calculations in Chapter 3,

Eq. (3.14). Eq. (4.35) is therefore equivalent to the center of mass Langevin equation
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derived in Chapter 2 for a more general case. The diffusion coefficient is given by

Eq. (3.15), which in the present notation reads

_ 1
D-b , 4.38
48 At cos(Fs0) Lo () [bo(7y) — T1(7)] (438)
where v = 2AV; cos(750)/kpT. In the limit of high barriers, this becomes
., 1 o~ 4AVo| cos(F50)|/kpT (4.39)

=D
24 Am| cos(7 s0)|

In Fig. 4.4 we compare the diffusion prefactor and barrier for the stiff dimer, given
by Eq. (4.39), and the corresponding results for a flexible dimer in the DPA. It can be
seen that the DPA results become closer to the stiff dimer result as the dimer stiffness
k is increased. In fact it is easy to see that the stiff dimer approximation and the
DPA become equivalent in the limit £ — oo. In this case, the reaction coordinate y is
simply the center of mass of the dimer r, in which case the DPA friction coefficient,
Eq. (4.11), and that of the stiff dimer, Eq. (4.37), become equal, 3, = (.. The
two Langevin equations are then identical, and so the diffusion coefficients are also
identical.

Also shown in Fig. 4.4 is the stiff dimer result of Ruckenstein and Tsekov [9],

D=D _| 0(1)3547;10” o~ 4AVolcos(T s0)|/kpT (4.40)

To obtain their result, Ruckenstein and Tsekov start with the following set of Langevin

equations for the atoms of the dimer

. . 0
miy + Bot1 + =—Vus + V) =&

825‘1
. . 0
miz + BoZg + %(VMS + Vi) = &, (4.41)
2
where [y is a constant friction coefficient fy = 72 A?V@(2F)*, resulting in the
sWp
following center of mass equation
. .0
MF + 281 + EVMS(T, S0) = &, (4.42)

The constant friction coefficient 3, is that of a single atom in the cosine potential

AVj cos(#x), evaluated at the transition state [9], as discussed in § 3.2.
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Figure 4.4: Diffusion coefficient prefactor and barrier as a function of sy for various
values of the dimer stiffness k (in the legend, k is listed in units of V;/1%). The other

parameters in the potential are A = 0.1 and a = 2.0/1.
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The energy barrier in Eq. (4.40) is the same as our result, Eq. (4.39), but the pref-
actor is qualitatively different, as seen in Fig. 4.4. Interestingly, although Eq. (4.40) is
obtained in the stiff dimer limit, it has the same qualitative shape as the DPA results
for a weakly bonded dimer. To understand this unexpected result, consider the DPA
in the limit £ — 0. In this limit the minimum energy configuration will have each
atom of the dimer at a minimum of the cosine potential, x1, 2y = nl (where n is an in-
teger), and the diffusion will proceed by one atom hopping to a neighboring minimum
while the second remains fixed. The transition state will then occur when one atom
is at a minimum and the other is at a maximum, z; = (n; + %)l, Ty = nyl, and it can
easily be shown that the DPA friction coefficient at the transition state is 3, = . In
the DPA the potential will be given by Eq. (4.32) with one atom fixed at a minimum,
ie. V(y) = =2V — AV — AVjcos(2y). Compare these with the friction coefficient
and potential energy used in Eq. (4.42), 26y and V (r) = 2V —2AV; cos(Fso) cos(3Tr),
respectively. For the k — 0 limit of the DPA, both the friction coefficient and the
potential along the diffusion path are independent of the dimer length. In Rucken-
stein and Tsekov’s calculation, the friction coefficient is also independent of sy, and
differs only by a factor of 2. The potential energy, however, does depend on sy, and
only coincides with the DPA potential at so = /3 (ignoring the constant term). It
can be verified in Fig. 4.4 that the energy barriers AV for the stiff dimer result and
the & — 0 DPA result do indeed agree at so =1/3.

4.2.3 Dimer Diffusion in Two Dimensions

We now consider the diffusion of a dimer in the two dimensional potential Eq. (4.31)
that moves across the surface by rotating, as shown in Figs. 4.2 and 4.3. Such diffusion
paths in the potential (4.31) will always contain both a vertically stacked configuration
and a flat configuration, either of which can be a local minimum or a transition state.
The effects of each of the parameters in the potential on the diffusion coefficient are
considered in turn.

We first consider the dependence of the diffusion coefficient on the equilibrium
dimer length sg. When the dimer length is short (compared to 1/a), rotating the

dimer out of the horizontal plane will not raise the energy significantly, and there is
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the possibility of a local minimum with the dimer standing vertically. For a situation
where this vertically stacked minimum is lowest in energy, the diffusion will then
proceed by a rotational motion. If the dimer length s, is then increased, the atom on
top will be forced further away from the surface, and if the desorption energy is large
compared to the diffusion barrier (as is typically the case), this will cause the vertically
stacked minima to become higher in energy than the flat minima. Once sq is large
enough that the flat diffusion path is lowest in energy, a further increase in sy should
give a periodic dependence of the barrier and prefactor, similar to Fig. 4.4. This
behavior can be seen in Fig. 4.5, where the energy barrier and prefactor are plotted
as a function of sg. At sg = 0.86[, the diffusion path for which the dimer stays flat
against the surface becomes lowest in energy. This is particularly noticeable in the
graph of the prefactor, where there is a discontinuous jump between the prefactors for
the rotating and flat diffusion paths at sy = 0.86/. Note that we have calculated the
diffusion coefficient considering only the lowest energy path, in order to emphasize
the change in lowest energy path from rotating to flat. However, if contributions from
both paths had been considered, in the manner of Eq. (4.1), the discontinuous jump

in Fig. 4.5 would be smoothed out.

Next we consider the dependence of the diffusion coefficient on the parameter a,
which determines the steepness of the potential in the direction perpendicular to the
surface (z direction). Plots of the prefactor and barrier vs a are shown in Fig. 4.6.
The parameters are chosen so that for small a the vertically stacked minimum has
the lowest energy. Increasing a makes the potential more steep in the z direction,
and therefore makes the vertically stacked minima less favorable. As a is increased,
eventually the flat minima become lower in energy, and the diffusion path for which
the dimer stays always flat against the surface (with z; = 2o = z) is the lowest energy
diffusion path. Increasing a further after this point has no effect on the prefactor or

barrier, since the 1D potential, Eq. (4.32) is independent of a.

Previous studies have found [56], however, that the vibration frequency of an
ad-particle in the direction perpendicular to the surface can in some cases have a sig-
nificant effect on the magnitude of the diffusion coefficient. That this effect is absent

in the present calculations is a reflection of the fact that all motion perpendicular to
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the lowest energy diffusion path is ignored.

Finally, we consider the dependence of the diffusion coefficient on the dimer stiff-
ness k. Plots of the prefactor and barrier vs k are shown in Fig. 4.7. In Fig. 4.7
the parameters have been chosen so that the lowest energy minimum is a vertically
stacked configuration at r, = 0. The flat configuration at r, = [/2 is either the tran-
sition state or a local minimum. Increasing the dimer stiffness k will force the dimer
to be closer to its equilibrium length sy. Since we have chosen an equilibrium length
incommensurate with the lattice constant, sqg = 0.4/, this will move the atoms of the
dimer away from the adsorption sites, raising the energy of the flat configuration. It
will also raise the energy of the vertically stacked configuration, since when vertically
stacked, the dimer is compressed to shorter than sg, so increasing k will move the top
atom further away from the surface. It is therefore not immediately obvious what
effect increasing k should have on the difference between the energy of the two con-
figurations, i.e. the energy barrier AV. It can be seen from Fig. 4.7 that increasing
k in fact increases the energy barrier, implying that the effect on the energy of the
vertically stacked configuration is less significant than the effect on the flat configu-
ration. The prefactor can be seen to increase sharply in the range 0 < k < 15, after

which it levels out, approaching the stiff dimer limit.
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Chapter 5

Conclusions

In this thesis, we have derived a generalized Langevin equation for surface diffu-
sion starting from a microscopic classical mechanical model. We then employed the
Markov approximation to obtain a standard Langevin equation, appropriate for sys-
tems with a separation in time scales between the vibrational and translation motion

of the adsorbed molecule.

We first applied this equation to study a stiff dimer diffusing along a 1D channel
on a surface, calculating the diffusion coefficient for the center of mass motion. An
interesting dependence of the diffusion prefactor on the equilibrium length of the
dimer was found (shown in Fig. 3.6), and explained in terms of the appearance of local
minima in the dimer potential. A strong dependence of the prefactor on the shape
of the potential was also found. The energy barrier was seen to depend periodically
on the dimer length, being a maximum when the dimer was commensurate with the
lattice (so = nl) and a minimum when the dimer was incommensurate with the lattice
(so = (n+1/2)l), as seen in previous work [9].

We also showed that our newly derived expression for the friction coefficient of a
stiff dimer in 1D, which takes full account of the dependence of the friction on the
dimer length and position, produced significantly different results for the prefactor
compared to previous calculations. This suggests that our new approach to the surface
diffusion of molecules, derived in Chapter 2, provides a significant modification to

previous studies based on Langevin equations.

Next we developed an approximation method to reduce a multi-dimensional vi-
brating system to 1D (the DPA), applicable to an arbitrarily complex adsorbed
molecule. We applied this approximation to diffusion of a flexible dimer diffusing
in 1D along a surface, and also free to rotate perpendicular to the surface. For dif-

fusion paths where the dimer remains flat against the surface, the results of Chapter

60
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3 for the infinitely stiff dimer were recovered in the limit of large dimer stiffness.
Comparison of the DPA results to the stiff dimer results from Chapter 3 also helped
to explain and clarify the differences between our results for the stiff dimer in 1D and

those of previous studies [9].

In the future it would be interesting to apply this approach to a large organic
molecule adsorbed on a metal surface. Interesting diffusion behavior has been ob-
served recently in many such systems. For example, for porphyrin molecules adsorbed
on a copper surface the diffusion is strictly one dimensional along the molecular main
axis, a result of a conformational adaptation upon adsorption. In the same sys-
tem, when two porphyrin molecules come together they can form dimers, and the
hopping rate for the dimers is larger than that for the monomers by two orders of
magnitude [36]. Other systems show novel behavior, such as supramolecular self-
assembly [39], and a “lock-and-key” effect, where a diffusing molecule is immobilized
by rotating it with respect to the surface using an STM tip [33]. Such systems present
a challenge for molecular dynamics methods due to the large number of atoms in-
volved. The method outlined in this thesis provides the means to simplify the theo-
retical description by averaging over the internal vibrations of a large molecule, while
still retaining information about the microscopic interactions by way of the expression

for the friction tensor derived in Chapter 2.

For a full description of the coupling of an adsorbed molecule to the surface, the
electronic degrees of freedom must be taken into account. So far electronic interactions
have not been incorporated into a Langevin or Fokker-Planck type description of
surface diffusion, and doing so represents a possible direction for future research. To
include the electronic degrees of freedom requires one to start with a microscopic
model based on quantum mechanics. Such a model has been worked out [7], and
could serve as the starting point for a Fokker-Planck equation for surface diffusion
that takes full account of the electronic interactions. Another interesting possibility
is to compare the quantum Fokker-Planck equation derived in Ref. [7] to the classical
version obtained from the Langevin equation derived in this thesis, and in Ref. [13].
Such a comparison has already been made between quantum and classical versions

of the Fokker-Planck equation for desorption, where it was found that the quantum
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version reduces to the low friction limit of the classical version upon ignoring terms

of the order of the thermal fluctuations [57].
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