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Abstract

In a baseband system, the digital information signal required to be transmitted over a
channel, has a wide frequency spectrum. This wide frequency spectrum gets attenuated due
to the band limited response of the filters utilized for communication. This band limiting
of the signal pulses, causes them to expand outward thereby interfering with each other and
causing a phenomenon known as Inter-Symbol Interference. The known techniques used
for avoiding this limitation have used bandwidth greater than the minimum required
bandwidth for no interference given by Nyquist. The physical increase in bandwidth of the
filters can cause high frequency noise to interfere with the transmitted information signal.
This thesis presents an innovative way to reduce Inter-Symbol Interference in the received
signal by utilising a special filter designed by using Linear Prolate Functions. The results
compare the signal reconstruction capabilities of a prolate filter with those of an ideal low

pass filter.
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CHAPTER 1: INTRODUCTION

The term ‘Baseband Transmission’ refers to the transmission of low frequency digital data
i.e. a signal whose frequency range extends from zero or dc (direct current) value to a
certain finite value [1]. In telephony the baseband signal bandwidth extends from 0 to 3.5
KHz. In television the baseband is the video band occupying 0 to 4.3 MHz. Similarly, for
digital data using unipolar signalling at the rate of Fy, pulses per second, the baseband signal
bandwidth extends from 0 to F, Hz [2]. Baseband transmission is performed without any
modulation because the baseband pulses have sizeable power such that they can be
transmitted satisfactorily through different channels. Common examples of baseband
channels are optical fibers, twisted pair cables and co-axial cables. Digital data in its raw
form is not compatible with the different baseband channels mentioned before. Hence
before transmission, this data is converted into rectangular pulses which are compatible

with every basebands channel used in today’s applications [3].

Digital data has a wide frequency spectrum and in order to transmit such a broad spectrum
of data, the channel must ideally contain a flat pass band and a bandwidth large enough to
pass all the frequencies [1]. In reality, most channels have a response which causes the
digital pulses to expand thereby affecting adjoining pulses leading to a phenomenon known
as Inter-Symbol Interference (ISI). Inter-Symbol Interference is caused in transmission by

two main factors namely:



e Band-limited frequency response of the filter at the receiver

e Additive white Gaussian noise present in the channel.

The major focus of this thesis will be to reduce Inter-Symbol Interference caused by band-
limited frequency response of the filter at the receiver. The inter-symbol interference
impedes the correct formation of the signal at the receiver which causes bit errors in the
reconstructed data stream. In order to eliminate this effect different pulse shaping

techniques are used such as:

e Reducing the width of the impulse response of the transmitted signal so that
eventually when the impulses do expand after passing through the channel they will not
affect each other.

e (Creating raised cosine impulses which causes the sidebands to have a reduced
amplitude thereby reducing the interference between sidebands of the previously
transmitted symbol and main lobe of the next symbol.

e Using a guard time period between two impulses so that the impulses are given

enough room to expand which minimizes the probability of interference between them.

In baseband transmission, the main objective is to reduce the required system bandwidth
as much as possible. For instance, in case of a telephone channel the amount of bandwidth
available to each user is much less because different users utilize the same channel at the
same time. Hence, by keeping the bandwidth available for each user to a minimum, the
data rate can be increased and in turn lead to a greater utilization of total available
bandwidth in the channel [3]. The last two pulse shaping techniques mentioned previously

require additional bandwidth as compared to the bandwidth required by the first technique.



In this thesis, an innovative approach will be shown which will perform significantly better
than other two techniques mentioned before. This approach will lead to a highly precise
signal reconstruction at the receiver, while satisfying the main objective of a baseband
communication system. This approach was possible because of Linear Prolate Functions.
These functions have some favourable properties which can be utilised to resolve some of
the shortcomings in various applications in optics and signal processing. The only reason
these functions have not been researched thoroughly in the signal processing field and its
various applications is because it is too complicated to calculate them accurately. This
major limitation has been overcome in this research by utilizing a proprietary algorithm
which calculates highly accurate Linear Prolate functions in a software known as

Mathematica.



1.1. Motivation

Baseband transmission is a branch of Electrical engineering in which digital data in the
form of rectangular pulses with lower frequencies and sizeable power is transmitted from
a transmitter to a receiver via a baseband channel. These pulses undergo distortions as they
travel through the channel and this phenomenon is known as inter-symbol interference. A
filter is generally employed at the receiver to reduce this interference. But due to the band

limited nature of the filter response, the signal is not reproduced accurately at the receiver.

Nyquist [4] had proposed a criteria for the filter bandwidth by which transmission of the
digital data can be done without any interference. However, this criteria when
implemented practically also had its flaws which will be discussed later. The other methods
which modify the filter response to reduce this interference require additional bandwidth
as compared to the bandwidth required by the method proposed by Nyquist. Hence, there
is a need for a technique which can provide interference reducing capability with less
bandwidth consumption. This research hopes to fulfill that need by studying and simulating
a filter which was designed using linear prolate functions. The prolate functions greatly
enhances the inter-symbol interference reducing capability of the filter and the total
bandwidth consumed to achieve this is equal to the Nyquist bandwidth. In this thesis, most
of the illustration explained through graphs have their axes normalized and hence will have
no specific units mentioned for them. Furthermore, the application of linear prolate
function in the field of digital communication will be the main original contribution of this

research.






1.2. Sampling and Aliasing

Before introducing Inter-symbol Interference and studying its effects at the receiver of a
baseband communication system, one needs to understand aliasing which is an effect
occurring at the transmitter of a communication system. Aliasing primarily occurs while
converting an analog signal into a digital signal. The first step of any analog to digital
converter is sampling. If the analog signal is sampled at a lower sampling rate, aliasing
occurs in the system. In order to comprehend aliasing and its effects the sampling theorem

put forth by Nyquist has to be understood.

The sampling theorem states that a band-limited signal can be reconstructed exactly from
its samples, if the sampling frequency is greater than twice the maximum frequency of the

signal being sampled [2]. The sampling theorem can be can be analysed as follows [2]:

f) | 6o

) (b)

Figure 1.1. A Signal and its Frequency Spectrum [2]

Consider an analog signal g(t) whose frequency spectrum is band-limited to B Hz as

shown in Figure 1.1. The signal is sampled with the help of a discrete train of impulses



with a rate of f; Hz. The sampled signal is thus obtained by multiplication of the signal

g(t) with the train of impulses §T; where Ty = % Hence,

N

3O = g(OST, = ) gTI8(t —nTy) (L

-

@

Figure 1.2. A Sampled Signal and its corresponding Frequency Spectrum [2]

Any periodic signal can be represented by a Fourier series and as the impulses are periodic

in nature, they can also be represented by a Fourier series as follows:

1

6Ts (t) = F
s

[1 4 2 cos(wst) + 2 cos(RQwst) + 2 cos(Bwgt) + -+ ] (1.2)

Thus, g(t) can be represented as follows:

g(t) = ~[g() + 2g(¢) cos(wst) + 2g(t) coswst) +
’ (1.3)
29(t) cos(Bwgt) + -+ ]

In order to obtain the frequency spectrum of the sampled signal, Fourier transform

operation has to be performed on Equation (1.3). Hence, the Fourier transform of the first



term in Equation (1.3) is G (w). The Fourier transform of the second term is G (w — w;) +
G(w + wg). This means that the spectrum G (w) has shifted to —w, and +w; as shown in
Figure 1.2. The samples of G (w) will continue to be shifted to —nwg and +nwy until it
reaches infinity. This shows that the spectrum of the sampled signal consists of periodically

repeating samples of the spectrum G (w).
_ 1 <
C(w) = — z Gl — wy) (1.4)
Ts
n=-oo

In order to reconstruct the original signal the fundamental frequency G (w) is required. This
can be done by utilizing an ideal low pass filter with a frequency response which is same
as the maximum bandwidth B as shown in Figure 1.2. The sampling frequency should not
be considered equal to twice the maximum bandwidth. This is because in practise, it is
difficult to fabricate an ideal low pass filter and the practical filters generally have a
transition band where the filter transitions from pass band to stop band. Thus for exact
reconstruction of the analog signal from its samples the sampling frequency must be greater

than twice the maximum bandwidth of the signal being sampled 1.e.

f. > 2B (1.5)

Equation (1.5) is the analytical form of the sampling theorem as proposed by Nyquist. If
the sampling rate is less than twice the maximum bandwidth then it leads to a phenomenon

known as aliasing as shown in Figure 1.3:



e

Figure 1.3. The Aliasing effect [2]

The sampling theorem was based on the assumption that the signal is band-limited. In
reality, most signals are limited in the time-domain because of which they have a frequency
spectrum which ideally spans up to infinity. As the signal cannot be time and band-limited
at the same time, the overlapping of the frequency spectrum is a constant occurrence in any
communication transmitter system. The aliasing effect can be avoided if a filtering process
is used. This filter is termed as an anti-aliasing filter and it is present in many applications
in use today. There are two ways in which anti-aliasing can be done namely pre-filtering
and post-filtering [3]. In the pre-filtering process, the frequency spectrum of the analog
signal is limited to a certain frequency namely f;/2 before sampling due to which when
the data is sampled there is no overlap between two spectral components. On the other
hand, for a post filtering process the filtering operation is done after the sampling process.
After the aliasing has occurred the filter attenuates the frequencies beyond f;/2. In both

cases there is appreciable loss of signal components.



1.3. Inter-Symbol Interference

There are many different kinds of noise present in a system but this thesis will primarily
focus on Inter-Symbol Interference and provide a solution to reduce its effects. Inter-
Symbol Interference is a kind of signal distortion in which the transmitted pulses expand
outward after being transmitted through a channel and filtered through filters. Due to this

expansion they interfere with each other as shown in the Figure 1.4:

Anplitude
6 \

5\

—— Rectangular  Filter

L L ‘ ‘ C L Time —— Qriginal Signal
1o 05 05 1.0 g &

Figure 1.4. Inter-Symbol Interference in a Signal

The following derivation as in [1] helps in understanding inter-symbol interference

analytically. Consider a digital communication system as seen in Figure 1.5:

Tnput Tranmmit [vf)| Channd |yp| Receve |vwiy| Deddon |Ox| Cutpot
et ul O
Data Filter gt} bt} Filter Device Data

ix.. Cader a_"x..

Figure 1.5. A Digital Communication System

In this system, the binary information signal is encoded by a line coder. Essentially a line

coder is similar to a pulse amplitude modulator where in it assigns a certain amplitude to a

10



certain bit. The coder converts the information signal into a unipolar non-return to zero

(NRZ) signal i.e.

_(Liflg =1
e = {0 if I =0 (1.6)
A Coder is utilized in this case as it is more suitable to transmit pulse waveforms instead
of individual data bits through the channel. The sequence of short pulses are then passed
through a transmit filter having an impulse response g(t).

SO = ) ay* gt —KTy) (17)

k

The transmit filter shown in a baseband transmission system is used as an anti-aliasing
filter. This signal is then passed through a channel which has a band-limited frequency
response H(f) where H(f) = 0 for frequencies above a cut-off frequency. Since the major
focus of this thesis is to reduce inter-symbol interference caused by band limited nature of
the devices, the additive white Gaussian noise is assumed to be zero. This noisy signal is
then passed through the receive filter with response c(t) which tries to reconstructs the
original transmitted signal. The unipolar NRZ signal y(t) is then sampled and used to
recreate the original binary information signal by means of a decision device. The
amplitude of each sample is compared with a pre-set threshold value. If the value is greater

than the threshold value the output bit is 1 and if it is less the output bit is 0.

The output y(t) of the receive filter is written as follows:

y@) = u Zak*p(t—KTb) (1.8)
k

11



Where p is a scaling factor and up(t) is the scaled pulse and is obtained by convolving the
impulse response of transmit filter g(t), the impulse response of the channel h(t) and the

impulse response of the receive filter c(t).

pup(t) = g(t) ® h(t) ® c(t) (1.9)

where (®» denotes convolution. The receive filter output is then sampled at time t; = iT},

which gives

) =1 ) awli-0T] (1.10)
k=—oo
y(t) = pai+ 1 ) aplli-T,] a1
k=—o0
k +#i

In the Equation (1.11), a; denotes the required information signal and the second term

represents the residual effect which leads to Inter-Symbol Interference during transmission.

The Equation (1.9) in the time domain can also be written in the frequency domain as

follows:

up(f) = G(HH(C) (1.12)

where P(f),G(f),H(f) and C(f) are Fourier transforms of p(t), g(t), h(t) and c(t)

respectively.

In signal processing terms, rectangular pulses are transmitted through the transmit filter

where a discrete Fourier transform is performed on these pulses. The Fourier transform of

12



a rectangular pulse is a sinc signal whose side lobes extend from -oo to +oo. The side lobes
close to the main lobe, also known as pre and post-main lobe tails contain important
information required to reconstruct the signal. This signal is then passed through a channel
and the receive filter which have a band limited frequency response similar to that of an
ideal low pass filter. The side lobes of the sinc signal consequently get attenuated because
of the band limitation. Due to lack of information caused by the attenuation of the side
lobes, when an inverse Fourier transform is performed at the receive filter the output is

distorted and this phenomenon is known as Inter-symbol Interference.

Nyquist proposed a criteria where if the response of the receive filter is as shown in Figure
1.7, then there will be no Inter-Symbol Interference in the received signal. The pulses are
timed in such a way that the side lobe of the previous pulse will be zero when the magnitude
of the next transmitted pulse is maximum. As a result of this the signal reconstructed at the

receiver will be identical to the transmitted pulse.

13
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Figure 1.6. Received Pulse Shape in Time Figure 1.7. Frequency Response of Nyquist
Domain with no Inter-Symbol Interference filter with Zero Inter-Symbol Interference

The sinc signal shown in Figure 1.6 can only be obtained if the response of the transmit
filter is identical to that of an ideal low pass filter. But it is immensely complicated to
fabricate a circuit to generate an ideal response. Furthermore, it is more likely that there

will be timing errors in the sinc signal which can cause this theory to fail.

To avoid this a raised cosine filter could be used. A raised cosine filter is used to optimize
the ideal low pass filter response by varying the steepness of the filter roll off. The filter

response can be expressed as follows:

( 1 for |f| <2W, —W \
H(f) = Jcos2 (%* |f|;_VWV_V2WO) for2W, —W < |f]| < WL (1.13)
- 0

l 0 for |fl <wW J

where W is the absolute bandwidth and Wy is the minimum Nyquist bandwidth for a

rectangular spectrum and — 6db bandwidth for raised cosine spectrum. The roll-off factor

represents the excess bandwidth as a fraction of Wo which is given by r = (W = Wo) / W,

14



where r = roll-off factor which lies in the range 0 <r < 1.

Amplitude

10

0.6

04
— r: 1

—r: 0

02 r

Frequency —— r: (.5
Figure 1.8. Frequency Response of a Raised Cosine Filter

Figure 1.8 illustrates the frequency response characteristics of a raised cosine filter. In this
response the Nyquist minimum bandwidth for no inter-symbol interference Wo = 1. The
raised cosine filter allows excess bandwidth to be passed while keeping the amplitude of
the side lobes for the sinc signal as small as possible. The smaller side lobe amplitude will
mean lesser likelihood of errors caused by timing difference and will lead to reduced inter-
symbol interference during transmission. But, a greater utilisation of bandwidth leads to a
requirement of greater revenue for the telecommunication service provider. Although the
raised cosine filters can be realised physically, the major disadvantage that plagues this
filter is the excess amount of bandwidth required to be transmitted with the information
pulses. This major disadvantage can be avoided with the help of a filter design which takes

advantage of Linear Prolate Functions and its various useful properties.

15



1.4. Objectives

1. To simulate a filter designed using linear prolate functions in Mathematica which
can provide highly accurate reconstruction of a rectangular pulse after filtering.

2. To compare signal reconstruction capabilities of a prolate filter with those of an
ideal low pass filter.

3. To improve performance of the prolate filter by varying the threshold value ‘M’ of
the filter.

4. To verify if a prolate filter can be used as an anti-aliasing filter.

16



1.5. Outline of the Thesis

This thesis is divided into seven chapters. Chapter 1 introduces the problem of Inter-
Symbol Interference present in a baseband transmission system. It also provides
information about traditional methods used for reducing the interference. It also provides
details on the research problem and objectives of this thesis. Chapter 2 provides an
overview of Linear Prolate Functions and its various advantageous properties. The time-
bandwidth concentration problem and its similarity with problems in quantum mechanics
is also discussed. Chapter 3 presents a review of important literature which provides
significant contextual information regarding the basic theory used to solve the Inter-
Symbol Interference problem in the system. Chapter 4 describes and confirms the theory
used for creation of a prolate filter for reducing the interference problem and some results
simulating the sampling theorem are also detailed. Additionally, it also provides a brief
introduction of a software used for simulating the filter, known as Mathematica. Chapter
5, details the application of the prolate filter i.e. in a baseband receiver for reducing Inter-
Symbol Interference and in a baseband transmitter for anti-aliasing. Moreover, further
variations of the prolate filter are also illustrated. Chapter 6 provides concluding remarks
which summarizes the major advantages and outcomes of this research. Additionally,

potential applications of the prolate filter in other fields are suggested.
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CHAPTER 2: LINEAR PROLATE FUNCTIONS

The previous chapter has provided details on the inter-symbol interference problem. It can
be seen that the current methods also have a basic flaw of requiring additional bandwidth
to reduce interference in the signal. The filter mentioned earlier of reducing inter-symbol
interference was designed using Linear Prolate Functions. This chapter introduces Linear
Prolate Functions and its various advantageous properties. It also describes the similarity
between the time-bandwidth concentration problem in signal processing field with a

problem in quantum mechanics field described by Heisenberg’s uncertainty principle.

It is a well-known fact that there is an inverse relationship between Time and Frequency.
A small instant in time leads to infinitely long bandwidth in the frequency domain. Every
physical device has a band-limited response which causes its output to undergo severe
attenuation if a high frequency signal is applied at its input. This band-limiting nature of
the device gets in the way of successfully reconstructing a signal. If a signal is confined to
a specific interval or band in both time and frequency domain, it can be exactly
reconstructed after transmission. But, there are no signals currently present which are
maximally enclosed in a specific time interval and frequency band. This conundrum of
simultaneously confining the signal and its amplitude spectrum has been present for a long

time in digital communication; specifically signal processing.

In terms of Quantum Mechanics the confining problem can be expressed by Heisenberg’s

Uncertainty Principle. It simply states that certain physical properties of an entity are
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complementary. For example, if the position of some particle is accurately known then it
becomes difficult to accurately predict the momentum of said particle. Gabor was the first
one to relate this theory to signal or information processing. He was able to make this
hypothesis because there is an apparent duality between particles and waves. Consider a

signal r(t) having unit energy [5] such that

(0]

fr%t)dt - flR(f)lde -1 @.1)

Gabor-Heisenberg’s uncertainty principle thus can be expressed mathematically [5] as
follows:

1
(4m)?

0, %05% > (2.2)

where 72(t) and |R(f)|? can be considered as probability densities and o, and oy are
their corresponding variances. From the expression above the inverse relationship between

variances of time and frequency can be clearly seen.

Mathematically speaking, a meaningful measure of concentration for a signal (t) can be

seen in equation (2.3) [5]:

[ r2(e)de
207 — /2 2.3
@ (1) JZ r2(t)dt (3)

If r(t) is time-limited in equation (2.3) from (—T/2 to T/2) then a?(t) will have a

maximum value of unity. But because of the inverse relationship, the band-limiting of a
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signal will not allow it to be time-limited. Hence, to solve the problem of obtaining a unity
value for a?(t) while keeping r(t) band-limited, was undertaken by three scientists from
Bell laboratories namely; H. Pollak, H. Landau, and D. Slepian which lead them to develop
a set of band-limited functions that were maximally concentrated in a given time interval.

These functions are known as Prolate Spheroidal Wave Functions.

The Helmholtz wave equation for steady waves is given by [6],

(V2+ k)Y =0 (2.4)

where k = 2771,/1 = wavelength,

The solution for the wave equation in spheroidal co-ordinates can be found by using three

different ordinary differential equations as shown below [6]:

d ds(c,t)1 | m?
T [(1 —t?) It ] + (A — c?t? — T tzl S(,t)=0 (2.5)
d dR(c,&)1 | m?
3 [(52 -D—| - 4- e+ o 1] R(c,&) =0 (2.6)
d*®(p) _
P + m2d(p) =0 2.7

where S is the angular component, R is the radial component and @ is the azimuthal
component. By solving Equation (2.5) and Equation (2.6) we get two kinds of solutions for

radial and angular components namely RL,,(c, &), R2,(c, &), Sk, (c,t),S2,(c,t). The
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azimuthal solution is not required for determining prolate functions and hence will not be
considered in this thesis. The angular and radial solutions of the first kind are used to
determine prolate spheroidal wave functions. Alternatively, the second kind solutions are
required for the oblate case which will not be taken into consideration in this thesis. By
considering m = 0 the prolate spheroidal angular function S3,(c,t) can be used to
compute a set of functions having many advantageous properties over trigonometric
functions which are extensively used. Therefore, a one dimensional prolate spheroidal
wave function can be termed as a Linear Prolate Function designated by ¥, (c,t).
Similarly, the prolate spheroidal radial function R}, (¢, 1) can be used to determine the
corresponding linear prolate eigenvalues designated by A, (c). Mathematically, linear

prolate functions and their corresponding eigenvalues are expressed as follows [7] [8] [9]:

VAn(€)/to t )

* Sonlc,—

lpn (C, t) =
(P Gone 2 at :

2.8)

An(c) = % [Ron(c, 1)?] (2.9)
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2.1. Mathematical Notations

Different researchers have used different notations and normalizations for the prolate
spheroidal wave functions. In this thesis the mathematical notations and normalizations are
similar to those used by Flammer [10] and Slepian [7]. As seen in Figure 2.1, linear prolate
functions Y, (c, t) are dependent on four factors [11]: the time parameter t, the time-limited
interval to, the order of the function n, and the space bandwidth product parameter c. The

bandwidth parameter ¢ = t,(),

where (), is the finite bandwidth to be considered.

c: 2Pi
Amplitude

Time

— n: 0

— n: 1

— m: 2
Figure 2.1. Linear Prolate Functions of different orders

It is important to note that both the linear prolate functions y,, and their eigenvalues A4,, are
dependent on space bandwidth product parameter ‘c’. The significance of this parameter
can be understood by considering a Fourier transform on a rectangular pulse obtained by
using the usual trigonometric functions. The width of the main lobe of the sinc pulse
obtained from the operation is determined by the width of the rectangular pulse. There is
no other free parameter which can vary this width which proves to be practically

disadvantageous. On the other hand, if a Fourier transform is performed on a rectangular
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pulse created by using linear prolate functions the space-bandwidth parameter ‘c’ can be
used to vary the width of the main lobe of the sinc pulse. Similar to Slepian’s literature the
parameter ‘c’ will not be specifically stated in further expressions, with the awareness that
all the prolate quantities are dependent on c. The space-bandwidth parameter is an extra
advantageous parameter provided by linear prolate functions which will be studied in detail
in the results. Furthermore in this thesis, the interval under consideration to will always be

from—-1 < ¢, < 1.
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2.2. Important Properties of Linear Prolate Functions

Linear Prolate functions have some important properties which will be detailed in this
section. The following properties were first proposed by Slepian and Pollak in [7] and were
discussed analytically in detail by Frieden in [8]. This research has further proved these

properties with simulated results in Mathematica software as shown below:

e Linear Prolate functions are invariant to finite or infinite Fourier transform:

X0

[ G0 €79 dx = 7 Ao/ D P (0/0) 2.10)
%o
In the expression above the left hand side denotes the Fourier transform of the
prolate function and the right hand side is a scaled version of the same prolate
function with a constant multiplier. It can be clearly seen that the finite Fourier
transform of the prolate function is proportional to the same prolate function. The

analytical result above can also be proved by simulation as follows:

Consider a linear prolate function Y, as shown in Figure 2.2
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Figure 2.2. Linear Prolate Function with order n = 20

In this case the prolate function is even symmetric so only the positive half of the

signal is shown. The negative half of this signal will be the exact mirror image of

Figure 2.2. After performing Fourier transform we get the following result

Amplitude

1.0 -
08
0.6

04

NN aWAY)

A AR VALVELY

02

04

— Time
10

— | of n: 20

—— Fourier transform of | atn: 20

Figure 2.3. Fourier Transform of a Prolate Function

It is observed from Figure 2.3 that the Fourier transform follows i,  exactly.

Furthermore, by carrying out an infinite Fourier transform on equation (2.10) it can

be seen that these prolate functions are also invariant to the infinite Fourier

transform:

f 0o () e=o% dx = { (2 [ 0)7 P (2
0,
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Although there are certain functions such as e™™”, |x|~%/2 and sech(mx) which
are invariant to an infinite Fourier transform, only prolate functions have the
property to be invariant to a finite Fourier transform. Most of the following
properties were formed as a result of Fourier transform property of prolate

functions.

e Eigenvalues A, are also eigenvalues of a sinc kernel
In matrix theory, A is said to be an eigenvalue of a function if it satisfies the

following equation [12]:

Av= v (2.12)

where v is a non-zero vector known as an Eigen function. The special property of
an Eigen function is that the eigenvector only gets scaled, even when any operation
is performed on it by a matrix. Alternatively, most vectors get scaled and rotated
by most matrix operations [12]. In case of prolate functions by taking a finite

Fourier transform of equation (2.10),

i sinQ(y — x) B
l%@;EZTM—@%m 2.13)

it is evident that the result as seen in equation (2.13) satisfies the general equation
for eigenvalues and eigen functions. In this way, A can also be considered as an

eigenvalue for a sinc kernel as the eigen function.
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e Linear Prolate functions are complete and orthonormal in a finite interval and
orthogonal over an infinite interval:

In number theory, real numbers are considered to be complete as they have no

missing terms between two numbers. Alternatively, rational numbers are

considered incomplete since irrational numbers are present between rational

numbers. Trigonometric functions such as sin(x) and cos(x) are orthogonal and

complete only over a finite interval. On the other hand, linear prolate functions are

orthogonal and complete over an infinite and finite interval:

fwm(x) * Yo (x) dx = {2 ;Z;Z > (2.14)
[ on@ ~ @ ax= {7 frmTn @15

—Xo

Mathematically, the completeness property can be confirmed as follows [8]:
It 1s understood from (2.11) that the linear prolate functions are band-limited over
an infinite interval. If a band-limited function f(x) is given, it can be expanded

using prolate functions using the expression seen in equation (2.16):

o)

FO)= ) an ) 2.16)

n=0

Using equation (2.14), the coefficient a,, can be expanded as follows:

a = f FO) Ya(y) dy 2.17)
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Substituting this a,, back into equation (2.16) and exchanging the orders of

summation and integration, we get:
= [ FOIdy Y a0 @) 218
—0 n=0

Multiplying equation (2.16) with 1,,,(x) and integrating on both sides over a finite
interval |x| < x, and by using orthonormality property of prolate functions in a

finite interval given by equation (2.15), we get:

= ! [ 2.19
W= f £ hax) dx (2.19)

—Xo

Using equation (2.13), equation (2.16), and equation (2.19), we can prove that:
D ) () = 77 sinCAy ) (220)
n=0

Therefore, substituting equation (2.20) into equation (2.18), we get,

fx) = n71Q f f(y) sincQ(y — x) dy (2.21)

Equation (2.21) is similar to a proven mathematical property which states that a
band-limited function is its own sinc transform. This proves that the series provided
in equation (2.16) converges to the required band-limited function f(x) and that

the prolate functions are complete on an infinite interval.
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e Extrapolation property of Linear prolate functions

Eigenvalues A, of prolate functions are an infinite scalar set of real positive
numbers obeying the following relation:

12> 14> 1,>...>0 (2.22)

Amplitude
1.0

0.8 |

04 |

02|

— ¢ =2Pi
* ousn — € =20Pi

0 10 20 30 40 50

Figure 2.4. Progressively decreasing eigenvalues for increasing order ‘n’

Dividing equation (2.15) by equation (2.14), we get:

fx,(c)o ¢n(x) dx
7 [Wa(0]? dx

(2.23)

n

Equation (2.23) clearly shows that A,, measures the energy content of the linear

prolate function in the interval. From Figure 2.4, for a fixed ‘c’ value the

eigenvalues 4,, can be seen to reduce slightly from unity value until their order

reaches a critical value given by:

(2.24)

Nerie = —

After this critical value A,, rapidly approaches zero but never truly reaches zero
value. Furthermore, in terms of energy it can be seen that as the value of order ‘n’

29



is increased the energy content of the prolate function moves outside the interval
under consideration i.e. [—1,1]. Thus, the prolate function has an inherent
extrapolation property with which the behaviour of the function everywhere with
infinite limits can be predicted if the behaviour of the same function in band limited
form is known over a finite interval. Mathematically an extrapolation formula can

be derived by substituting equation (2.19) into equation (2.16):

O = ) AT [ G G dx (225)
n=0 %o

The prolate filter extensively makes use of this extrapolation property for reducing

inter-symbol interference.

e Linear Prolate Functions are symmetric and they have exactly ‘n’ zeros in the interval

+t,
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Figure 2.5. Entire Prolate Function ),

From Figure 2.5, it is observed that the prolate functions are symmetric in the

interval to under consideration. Additionally, the number of zero crossings are
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exactly equal to the order ‘n’ of the linear prolate function. In this case there are 20

zero crossings since the ordern = 20.

It is evident from Figure 2.5 that a linear prolate function is time-limited. The Fourier
transform property states that the Fourier transform of a linear prolate function is a scaled
version of the prolate function itself. Hence, it can be stated that the prolate function is
band-limited as well. In this way, the prolate functions are able to solve the time-bandwidth

concentration in the signal processing field.
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CHAPTER 3: BACKGROUND INFORMATION

In the previous chapter, the time-bandwidth concentration problem present in signal
processing was solved by making use of linear prolate functions and its properties. In this
chapter, the resolution problem in optics will be shown to be similar to the inter-symbol
interference problem in baseband communication. Furthermore, some background
information will be provided which helps in understanding the different techniques used

by researchers to solve the resolution problem in optics.

In the field of digital communication due to the band limited nature of the filter, the pulses
transmitted through the channel expand outward and interfere with each other. The
interference known as inter-symbol interference makes it difficult to obtain an accurate
signal reconstruction at the receiver of a baseband communication system. A similar
limitation can be seen in the resolving power of optical systems such as microscopes or
telescopes. In imaging systems, each point being projected on a screen is expected to have
a Dirac Delta response. However due to diffraction, the delta response stretches outwards
and a pattern similar to a sinc function in two dimensions is obtained. The sinc function
pattern in two dimensions appears as an airy disk with a main lobe or disk having maximum
intensity and the side lobes of the sinc functions appear as surrounding disks with reducing
luminous intensity. If two such airy disks are brought close to each other, it becomes
demanding to isolate them. In other words, the resolving capability of the system is
affected. Similar to Nyquist criteria, the lower limit for resolving two points projected on
a screen as separate was provided by Rayleigh criterion. According to this criterion two

points are considered to be resolved when the principal maximum of one of disk coincides
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with the first minimum of the other [13]. According to the Rayleigh criterion a limit can be
obtained at which an imaging system, such as a microscope is just able to resolve the two

point as separate entities. This limit is as follows:

A
d= 061 — (3.1)
n sin@

where A, is the wavelength of light in vacuum and n sin 8 is also known as the Numerical
Aperture of the imaging system. For an imaging system, the numerical aperture describes
the ‘light gathering power’ [13] i.e. the different angles over which the system can accept

light. In this case, the illumination will be incoherent and the aperture will be circular.

It is evident that the resolution problem in optics field is similar to the inter-symbol
interference problem in digital communication field. Hence, the methodologies used for
solving the resolution problem in optics can also be used to solve the inter-symbol
interference problem. The best way to solve the resolution problem will be to reduce the
width of the Airy disk or main maxima created by the point source thereby increasing
resolution beyond Rayleigh limit. But this creates a detrimental effect of increase in
brightness of the rings surrounding the main maxima. Several researchers in photonics field
have tried to overcome this limitation with varying results. The methodologies used by

different researchers and their disadvantages are detailed in the subsequent section.
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The theory of reducing the main maxima width to increase the resolution was obtained
from the field of microwave theory. After the introduction of microwave techniques
researchers were looking into ways to obtain highly directional antennas. Schelkunoff [14]
proposed that the amplitude of the signal radiated by a linear end fire array antenna of ‘n’

elements can be represented by a polynomial:

Ay + A; explivy] + A, exp[2ip] + -+ + A,,_; exp[(n — D)iy]

3.2)
= AO + A12 + AZZZ + .-+ An_lzn_l
where Ay, A; are complex amplitudes and Y = 27111’ where [ is the spacing between

elements of the antenna. In the complex plane for a uniform array, its zeroes are equispaced
along the entire unit circle but Schelkunoff was able to show a remarkable increase in

directivity by keeping the zeroes inside the unit circle corresponding to cos(8) < 1.
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Figure 3.1. Directive properties of two end fire antenna arrays with |l = 1/8 [15].

In Figure 3.1, the curve A denotes the radiation pattern of a uniform array while curve B
denotes highly directive antenna array due to zeroes being equispaced inside the unit circle.
Although this theory was revolutionary at that time, it was difficult to implement this theory

practically as there would be immense reactive currents generated by this antenna array.

G. Toraldo Di Francia [15] understood the theory and translated it into optical terms.
According to him diffracted rays are actually evanescent waves which get attenuated along
a direction perpendicular to the pupil. A uniform antenna array has its zero’s or cones of
silence spaced out equally in the region of radiating waves (cos(6) < 1) and in the region
of evanescent waves (cos(8) > 1). Schelkunoff in his theory has removed the zeros from
the evanescent region and transferred them into the radiating region. Due to this, the power

wasted in the side lobes has been reduced while leaving the power transmitted in the main

35



lobe intact, thereby increasing the total directivity of the antenna. Similarly, in order to
solve the optical problem G. Francia removed the rings surrounding the central maxima up
to the region of evanescent waves or in practical terms outside the field of the instrument

as shown in Figure 3.2:

field
diaphragm

diffraction
i pattern

Figure 3.2. Stretching the luminous rings outside field of the instrument [15]

He achieved this by making use of ring apertures of different diameters. Although this
method achieved the desired objective of increase in resolution, a major disadvantage of
this method was that large amount of luminous flux would be wasted in the ring aperture
structure if higher reduction in the ring diameter was required. It was thus observed that

the efficiency of this method was very poor.

H. Osterberg and J. Wilkins [16] [17] have described a new approach to reduce the maxima

of the Airy disk. Instead of using bulky ring apertures, they suggested to apply a coating to
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the exit pupil such that it will reduce the diameter of the Airy disk and the rings surrounding

the maxima will have low luminous intensity.

n=n,

/

\Pinhole

Objective Imoge Plone
Exit Pupil

Figure 3.3. An Optical System [16]

This coating will alter both the amplitude and phase distribution of the diffraction pattern
over the exit pupil. They deduced that such a coating could be obtained by expressing the
diffraction pattern over the exit pupil as a series of Sonine Integrals. Each series of Sonine
integrals had a unique coating function which described the amplitude and phase
information of the refracting material which was to be coated on the exit pupil. In [16],
they have presented results for a coating which only aims to reduce the radius of the central

maxima of the Airy disk.
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Figure 3.4. Comparison of four Sonine type Diffraction curves [16]

In Figure 3.4, the dotted curve is the one observed for uncoated diffraction while the other
4 curves are obtained by using a coating derived from Sonine Integrals. Even though the
size of the maxima has reduced, the intensity of the maxima has also reduced which is
unfavourable for the optical system. In [17], J. Wilkins has tried to negate this problem and

increase the intensity of the maxima.
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Figure 3.5. Diffraction pattern of varying radii of central maxima of Airy disk [17]

Even though, the intensity of the maxima has increased as compared to Figure 3.4, it is still

less than the intensity obtained for the uncoated diffraction pattern as seen in curve 1 in

Figure 3.5. The limitation present in this theory is mainly due to finite scanning aperture.

J. Harris in [18] has provided two important conclusions through his findings. Firstly, he
has made use of the identity theorem or uniqueness theorem which states that for an
absolute resolution limit to exist, the two objects need to have identical spectral frequencies
within the pass band of the optical system and non-identical spectral frequencies outside
the pass band. As two objects cannot have the same spectra (images), he concluded that
limited precision is the only major factor limiting the resolving power of the system. This
limit is determined by noise present in the system. He also stated that if the frequency

spectra of an object within the pass band of an optical system is known, then it can be used
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to determine the spectrum of the object beyond the pass band of the optical system. Finally,
he also utilized the sampling theorem in the frequency domain to show the mathematical
nature of a spatially bounded object. An object having finite dimensions can be defined
completely using the Fourier series. He derived a formula relating the frequency

spectrum G (fy, f,) with the Fourier coefficients Gy,,. The expression is as follows:

R — sin n[(%) - f]X sin n[(%) - flY
G(fu fy) = XY Z Z Gmn o * — (3.3)
e nl(x) £ wl(F) - I
Thus, by extrapolating the Fourier spectrum and taking the inverse Fourier transform, an
image can be obtained which has more detail as compared to the original image, due to the

increase in resolution.

C. Barnes in [19] was the first one to effectively make use of prolate functions in object
restoration procedure. He stated that any imaging system can be characterized by a linear

integral operation
b(©) = [ 962 aydx (3.4)

where b(&) is the complex amplitude of the image and a(x) is the complex amplitude of
the object and g (&, x) is the imaging kernel or the point amplitude response. By making
use of various favourable properties of prolate functions, he concluded that by increasing
the order ‘N’ of the prolate functions the response of the image kernel becomes more like

a Dirac Delta function:
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Figure 3.6. Point response of an imaging Figure 3.7. Point Response of an imaging
system using prolate functions N = 2 system using prolate functions N = 8

In Figure 3.6 and Figure 3.7, the dotted line is the point response of an ordinary imaging
system without the use of prolate functions. The main aim in such type of object restoration
procedure is to have a point response as narrow as possible. A fine point amplitude response
will provide a higher resolution which will increase the amount of detail in the image. This
increase in detail will provide a sharper and visually better restored image. Although, the
procedure suggested by Barnes solved the illumination problem present in the works of
Osterberg and Wilkins, it still had its limitations. The point response outside the
range (—1,1) becomes extremely large as we increase the order ‘N’ of the prolate functions
(to obtain a perfect Dirac delta response). In practice, to obtain a perfect response, great

care has to be taken not to allow any stray light to be present.

In this way, several researchers have used various techniques to solve the resolution
problem. But each method explained previously has a drawback which was solved by

Frieden in [8] which will explained in the next chapter.
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CHAPTER 4: IMPLEMENTATION

In this chapter the theory used to develop the filter algorithm by Frieden, which overcomes
all of the previously mentioned limitations will be explained. Additionally, the theory will
also be verified by comparing the results of Frieden with simulated results obtained in the
Mathematica software package. The sampling theorem which was detailed in Chapter 1:,
was simulated in Mathematica software and its results are presented in this chapter.
Furthermore, some basic concepts of interpolation which is the most important step in the

filter algorithm will also be detailed.

4.1. Basic Theory

B. Frieden [8] combined the different methodologies mentioned previously in the review
of literature and fashioned a theory which has solved most of the shortcomings in the work
done previously by various researchers. He used linear prolate functions to construct a
point amplitude response whose side-lobes do not increase in size even when the order ‘n’
of the prolate function is increased. It is known that the Fourier transform of a unity
function is a Dirac Delta function. But this statement is not true if a finite Fourier transform
is used. Thus, we can say that there are no functions available today whose finite Fourier
transform is a Delta function. However, with the help of linear prolate functions we can
obtain a function whose finite Fourier transform can provide a Dirac delta function up to a

finite extent.

Therefore, we need a function which has the following property:
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a
f do U(w) - e/* = §(x) for|x| < x, 4.1)
-0

Since U(w) is only defined over a finite interval |w| < Q, equation (4.1) can also be

written as

U(w) = Z a, - P (wxo/0) for |w| < Q (4.2)

n=0

Substituting equation (4.2) back into equation (4.1) we find that coefficient a,, is needed to

satisfy
1/2 m 4 1/2
@r0/x0) " Y A @y () = 8GO for 12l < x, (43)
n=20

The completeness and orthogonality property of linear prolate functions as seen in equation

(2.15) can also be written as follows:

> 2T (0 () = 8() for x| < x, (44
n=20

By comparing equation (4.3) and equation (4.4) we can find coefficient a,,
@y = (x0/2mQ) /2 j77 2,72 1, (0) (4.5)

Substituting a,, from equation (4.5) back into equation (4.2)

M

Un(@) = (o/200)M/2 > (=222 (0)n (X0 /D) (4.6)

n (even) =0
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In order to evaluate equation (4.6) in practice, the upper limit of the summation was
changed from o to M. ‘M’ indicates the maximum number of terms required to get the
required response. In the rest of this thesis ‘M’ will be referred to as the threshold value.
In optics, the function U,y(w) is also known as the Pupil function. A Pupil function
indicates how a light wave is affected as it travels through an optical imaging system such
as a camera or a microscope. The function U,,(w) obtained in the frequency domain is as

follows:

PUPIL AMPLITUDE P, (8)
he

i
N
T

m_
o

o] .2 4 6 .
RELATIVE COORDINATE B/8,

Figure 4.1. Pupil Function for M = 40 [20]

The inverse Fourier transform of the pupil function provides the required Dirac delta

function as seen in equation (4.7) and the response it generates is as seen in Figure 4.2:

() = D At Pn(0) Y () (47)
n=0
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Figure 4.2. Point Amplitude response of pupil function for M = 40 and for an uncoated
aperture [20]

In Figure 4.2, the dotted curve is the point amplitude response from an uncoated aperture
while the solid curve is obtained from the inverse Fourier transform of the pupil function
with a threshold value of M =40. The response denoted by the solid curve can be improved

by increasing the threshold value in equation (4.6).
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4.2. Interpolation

Interpolation was an important step required in the algorithm for implementing inverse
Discrete Fourier transform with high precision and accuracy. The idea for using
interpolation while maintaining high precision of the values before integration was
obtained from a concept proposed by A. Devasia and M. Cada in [21]. In [21], a piecewise
polynomial interpolation is used to calculate the overlap integral with high precision. It is
well understood that two points form a straight line. To be exact, these two points define a
polynomial of a certain degree (one in case of two points) whose graph passes through
these two points. In the same way ‘n’ number of points can define a specific ordered

polynomial given by:
Pp = Ay + a;xt + ax? + azx3 + - + ax™ 4.8)

where ‘n’ denotes the number of coefficients as well as the order of the interpolating
polynomial. In this way, the entire time interval for a linear prolate function
between [—1,1] which contains 2001 samples is divided into 8 segments i.e. each segment
contains 251 samples of the scalar product contained within the overlap interval. A
piecewise polynomial interpolation as seen in (4.8) is applied on each of these samples due
to which a polynomial of high order is obtained which is then integrated to obtain the
required overlap integral [21]. The sampling process provides the user with points which
describes the behavior of the function over a time period. In most cases while simulating
continuous data with discrete data points, interpolation is used on the known values so that
a value in between these known values can be found. This value approximates the behavior

of the function between those two points most accurately. There are different types of
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interpolations defined in the literature. Due to the simplification of the numerical analysis,
the amount of interpolation error depends upon the interpolation type and the data used.
Papoulis in [22] has provided some important conclusions regarding the problem of
estimating errors arising from simplification of various numerical operations involving
band limited signals. He states that the maximum value of the interpolation error can be

minimized only by properly selecting the interpolation coefficients.

In this case Hermite Interpolation is used as it provides the desired high accuracy due to
which the inverse Fourier transform is possible. In this type of interpolation, first order
derivatives are also used to provide a better approximation of the function. The
interpolation error when Hermite interpolation is used depends on the space between two
data points. Thus a major disadvantage observed in this interpolation type is, when higher
order polynomials are used the interpolation starts to exhibit oscillatory behavior near the

end points.
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4.3. Implementation Using Mathematica

In this thesis, the entire theory was implemented on a software package known as
Mathematica version 9.0. Mathematica is a type of computational software which utilizes
symbolic mathematics for calculation and analysis purposes. It was invented by Stephen
Wolfram and is developed by Wolfram Research of Champaign, Illinois. The reasons why

Mathematica was used are as follows:

o Mathematica provides a very high accuracy for any results obtained through various
operations as compared to other universally used commercial software such as Matlab,
C++ or Java.

o In order to perform higher order calculations such as summation or integration
multiple times, other software requires construction of various functions and loops but in

Mathematica the same thing can be done with relative ease with the help of a single

command.

. Automatic translation of English language into Wolfram code.

. Support for complex numbers, interval arithmetic and symbolic computation.
. Tools for parallel programming.

For the implementation of B. Frieden’s theory to be successful the prolate functions had to
be calculated to a very high accuracy. Machine accuracy is of only 15 digits meaning that
after the decimal point only 15 digits are considered correct or significant, while the
remaining digits are wrong or insignificant. This limited accuracy was a major reason why
researchers in the past have not been able to use prolate functions effectively in various

applications. Dr. Michael Cada was able to successfully implement prolate functions in
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Mathematica with a very high accuracy of 200 digits. In previous literature the researchers
have only been able to use ¢ (space bandwidth product parameter) values up to 40, but with
very low accuracy. However, with the help of a proprietary algorithm developed by Dr.
Cada the c values up to 200z or higher can be easily defined with very high accuracy. In
this thesis three ¢ values namely 2@, 107, and 207 were used for modelling of the prolate
filter in Mathematica. Furthermore, all the different input signals for the algorithm were

generated by making use of highly accurate linear prolate functions.

Initially the linear prolate filter was designed in Mathematica. Its time domain response
obtained from an inverse Fourier transform was then compared with the time domain
response of an ideal low pass filter with bandwidth + 2m. The low pass filter can be

generated using linear prolate functions as seen in equation (4.9):

F@= Y 1M1, 4,00) th(one/0) 49)

n (even) =0

where all the prolate functions and eigenvalues are dependent on ¢ = 2m. The response is

seen in Figure 4.3:
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Figure 4.3. Frequency domain response of an ideal low pass filter

The time domain response of the ideal filter can be obtained by an inverse Fourier

transform as seen in Figure 4.4.
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Figure 4.4. Time Domain Response of an ideal Low pass filter

The frequency domain response of the prolate filter is obtained from equation (4.6). The
corresponding frequency and time domain response plots for the prolate filter are as seen

in Figure 4.5 and Figure 4.6 respectively:
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Figure 4.5. Frequency Domain Response of Prolate filter with M = 60
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Figure 4.6. Time Domain Response of Prolate Filter with M = 60

The response obtained in Figure 4.6 from a prolate filter can also be obtained from the ideal
low pass filter if the bandwidth of the filter is increased. But this increase in bandwidth

leads to several limitations which will be explained in the results and discussion chapter.
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Figure 4.7. Comparison of time domain response of ideal filter with prolate filter

In Figure 4.7, by comparing the two time domain plots it can be clearly seen that the prolate
filter has artificially increased the bandwidth of the low pass filter which provides an
increased resolution in the time domain response. This response can be improved further
by increasing the threshold value ‘M’. Furthermore, the total increase in resolution can be

defined by equation (4.10) [8].

3c

Oy = —
M Mn

(4.10)

where c is the space bandwidth product parameter and M is the threshold value of the pupil
function in equation (4.6). &), in the equation (4.10) indicates the approximate width of the
main lobe of the sinc signal obtained after performing inverse Fourier transform on the

prolate filter. In this case, for M = 60 the core width is approximately 0.1.
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4.4. Implementation of Sampling Theorem in Mathematica

According to sampling theorem, the phenomena of aliasing occurs in a signal if the signal
is sampled at a frequency less than twice the Nyquist frequency. Nyquist frequency as
stated in Chapter 1:, is equal to the maximum frequency of the input signal. Hence, in order
to verify if a prolate filter can be used as an antialiasing filter, the sampling theorem must
first be simulated so that the Nyquist frequency can be obtained from the simulation. All
of the signals used for the simulation are obtained by making use of prolate functions with

a Slepian frequency of ¢ = 2m.

The input signal used for implementing sampling theorem in Mathematica is as shown in

Figure 4.8:
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Figure 4.8. Input Signal in the Time Domain

The frequency domain response of the input signal to determine the maximum frequency

of the input signal is as shown in Figure 4.9:

53



Frequency

Figure 4.9. Frequency Domain Response of the Input Signal

The maximum frequency of the input signal is fy = 8 Hz. Hence, in order to avoid aliasing
in the signal the sampling frequency should be greater than 16Hz. The input signal was
initially sampled by a train of impulses with a sampling frequency f; = 25.78 Hz as shown

in Figure 4.10:
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Figure 4.10. Train of Impulses with sampling frequency f; = 25.78 Hz

The effect of aliasing can be easily observed from the Frequency domain hence the sampled

signal is converted to the frequency domain by using a Fourier transform. As the sampling
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frequency is greater than twice the maximum frequency of the input signal i.e. f; > 2fy,

no aliasing is obtained in the frequency domain of the signal as seen in Figure 4.12:
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Figure 4.11. Time Domain Response of the Resultant Signal
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Figure 4.12. Frequency Domain Response of the Resultant Signal

The input signal was then sampled by a train of impulses with a sampling frequency less
than twice the maximum frequency of the input signal i.e. f; < 2fy which is as seen in

Figure 4.13:
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Figure 4.13. Train of Impulses with sampling frequency f; = 16.20 Hz

The frequency domain response of the resultant sampled signal is as seen in Figure 4.14:
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Figure 4.14. Frequency Domain Response of the Resultant Sampled Signal

As f; < 2fy, aliasing occurs in the signal which is an undesirable effect as it complicates

the reconstruction of the signal at the receiver.

Thus, the sampling theorem was implemented in Mathematica and the Nyquist rate for an

input signal was calculated. Furthermore, Frieden’s methodology for reducing the width of

the main lobe while keeping the amplitude of the side lobes to a minimum was successfully
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implemented in Mathematica software. The highly accurate linear prolate functions was
the main feature added to this research. The major advantage of using highly accurate linear
prolate functions is that higher values of order ‘n’ and higher c values can be obtained with
ease. The calculated Nyquist frequency will be used to verify, if a prolate filter can be used
as an antialiasing filter which will be seen in the next chapter. The different results,
obtained by using the prolate filter in the receiver of a baseband transmission system for

various c values, will also be detailed in the next chapter.
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CHAPTER 5: RESULTS AND DISCUSSION

In the previous chapter B. Frieden’s theory of super-resolving pupils and the sampling
theorem was successfully implemented in Mathematica. This chapter will be divided into
three main sections. Firstly, the results of using prolate filter at the receiver side of a
baseband communication system will be detailed. Secondly, the results of a simulation
used to verify if a prolate filter can be used as an anti-aliasing filter will also be described.
Finally, the effects of varying different important parameters of the prolate filter on the

output of the receiver will also be shown.

5.1. Application of the prolate filter in a Baseband Receiver

In this section Frieden’s theory discussed in the previous chapter will be used to solve a
major limitation in the digital communication field. In a nutshell, the prolate filter will be
used to reduce the inter-symbol interference in a digital communication system. In the field
of digital communication, baseband transmission of information pulses is severely affected
by Inter-symbol interference which occurs because of the band limited nature of the filters
and it causes the apparent widening of the pulses after travelling through the

communication channel.

Receiver

\ 4

\ 4

Transmitter Channel

Figure 5.1. A Communication Channel

Consider a simple communication channel as seen in Figure 5.1 where an information

signal with data bits 1001 is generated by the transmitter: The data which is initially
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generated at the transmitter is converted into rectangular pulses for transmission as seen in

Figure 5.2.
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Figure 5.2. Transmitted Digital Signal

In signal processing for calculating the output of any system, time domain analysis using
convolution can be extremely complex and time consuming. Hence, in order to simplify
the calculations, a frequency domain analysis is considered by performing a Fourier

transform operation on the input signal as seen in Figure 5.3:
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Figure 5.3. Fourier Transform of the Transmitted Signal

Any communication channel generally adds noise to the transmitted signal which can be
removed at the receiver with a low pass filter. Inter-symbol interference due to bandwidth
limitation is the major issue considered in this thesis. Hence, the bandwidth under

consideration i.e. + 27 of the channel is considered noiseless.
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Figure 5.4. Frequency Response of an ideal low pass filter at the receiver

Since frequency domain analysis is used, the input signal at the receiver will be the product

of the Fourier transform of the transmitted signal multiplied by the frequency response of
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the filter at the receiver as seen in Figure 5.4. With the aim of obtaining the information
signal back in the time domain at the output, an inverse Fourier Transform operation is
performed. But due to the band-limited response of the filter, side-lobes of the sinc signal
which contain valuable information for signal reconstruction are lost. The reconstruction

of the information signal is severally affected because of this as seen in Figure 5.5:
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Figure 5.5. Reconstructed Signal using Ideal Low pass Filter
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The reconstruction of the signal can be vastly improved by expanding the bandwidth of the
low pass filter at the receiver. The reconstructed signal obtained by expanding the

bandwidth of the low pass filter is as seen in Figure 5.6:
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Figure 5.6. Reconstructed Signal Using a filter with increased bandwidth
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There are several factors which limit this expansion of bandwidth in the filter. Firstly, if
the bandwidth of the filter is increased further it increases the high frequency noise in the
signal which defeats the major purpose of a low pass filter. Secondly, the increase in
bandwidth also increases the amount of losses in the hardware circuit used to realize the
filter in physical form. Moreover, the increase in bandwidth also leads to a phenomenon
known as Skin effect where the electrical signals passing through the wires travel towards
the edge of the wire. This increases the amount of losses in the system and also decreases
the signal to noise ratio. This can be avoided by increasing the tolerance levels of the
components but it causes the components to become more bulky which is unfavorable for

a communication system.

In order to overcome these limitations of physically increasing the bandwidth of the filter,
one can increase the bandwidth artificially by making use of a prolate filter. The response
equation of the prolate filter in question is as seen in equation (4.6) and the response it
generates is as seen in Figure 5.7. The bandwidth range of the prolate filter in this case is

from -2x to +27.
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Figure 5.7. Frequency Response of a Prolate Filter with order M = 40

The reconstructed signal obtained by using a prolate filter is as seen in Figure 5.8 and is

the same as the one obtained by physically increasing the bandwidth of the filter as seen in

Figure 5.6.
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Figure 5.8. Reconstructed Signal using prolate filter with M = 40

The response of the prolate filter can be improved further by increasing the threshold value

‘M’ in equation (4.10) as seen in Figure 5.9.
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Figure 5.9. Reconstructed Sigﬁal using prolate filter with M = 60

It can be seen from Figure 5.10 and Figure 5.11 that the prolate filter successfully reduces

inter-symbol interference in a system even when the input information signal is changed.
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Figure 5.10. Reconstructed Signal obtained from Data Signal — 1001001 with maximum

order M = 40.

64



Anplitude

02 F —— Prolate Filter

[ —— Ideal Low Pass Filter
SR VAN N S 1 T Y VR o Low
S 1.0 Ny \/ i \/ W 1.0 —— Original Signal

Figure 5.11. Reconstructed Signal obtained from Data Signal — 1001001 with maximum
order M = 60.
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5.2. Application of the prolate filter in a Baseband transmitter

An anti-aliasing filter is a filter used to reduce the undesirable phenomena of aliasing from
the input signal. The anti-aliasing filter can be used before sampling the signal (pre-
filtering) or even after sampling the signal (post-filtering). In practice, when the signal
structure is not entirely known, pre-filtering is used. In this simulation, pre-filtering method
is used as well and the Slepian frequency used for generation of various signals in this
entire simulation was ¢ = 2m. The simulation was divided into three main stages where
first, results were obtained using an ideal low pass filter for anti-aliasing. Second, results
were obtained using a prolate filter for anti-aliasing after which both results were compared

to verify if the prolate filter could be used as an anti-aliasing filter.

Consider an input signal as shown in Figure 5.12:
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Figure 5.12. Time Domain Response of the Input signal

The frequency response of this signal whose maximum frequency is fy = 8.13Hz is as

seen in Figure 5.13:
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Figure 5.13. Frequency Response of the Input Signal
In order to observe aliasing phenomena in this signal as seen from the previous chapter,
the sampling frequency i.e. f is kept lower than twice Nyquist frequency i.e. 2fy. In the

first stage of the simulation, the signal is pre-filtered by an ideal low-pass filter with

maximum frequency equal to 8.13Hz which is as seen in Figure 5.14:
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Figure 5.14. Frequency response of ideal low pass anti-aliasing filter

An inverse Fourier transform operation was performed on the resultant pre-filtered output

signal in order to obtain the time domain response which is as seen in Figure 5.15:
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Figure 5.15. Time domain response of the pre-filtered signal

This pre-filtered signal was then sampled with sampling frequency f; = 16.2Hz which is

less than twice the maximum frequency of the input signal 2fy, as seen in Figure 5.16:
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Figure 5.16. Time Domain Response of train of impulses with f; = 16.2Hz

The aliasing was then observed by plotting the frequency response of the sampled signal

as seen in Figure 5.17:
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Figure 5.17. Frequency response of the sampled signal using ideal low pass filter
If frequency response of the pre-filtered signal, as seen in Figure 5.17, is compared with
the frequency response of the signal without pre-filtering, as seen in Figure 4.14, it is seen
that the aliasing present due to lower sampling rate has not reduced. If the bandwidth of
the ideal low pass filter is reduced further then the aliasing present in this case can be
completely removed but this will cause loss of signal components which is undesirable in

baseband applications.

In the next stage of the simulation, a prolate filter was used as a pre-filter with its virtual
bandwidth equal to the bandwidth of the ideal low pass filter with maximum frequency
equal to 8.13Hz and it physical bandwidth was kept equal to 6.25Hz. A prolate filter with
Slepian frequency ¢ = 2m was tested but the accuracy of the resultant calculations was not
high enough due to which the inverse Fourier transform operation failed. Hence, the
Slepian frequency used for the prolate filter in this simulation is ¢ = 10m. All the steps
used for pre-filtering were kept same as the steps in the first stage. The frequency response
of the prolate filter and the resultant frequency response of the sampled signal is as seen in

Figure 5.18 and Figure 5.19 respectively:
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Figure 5.18. Frequency response of the Prolate filter with c = 10w
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Figure 5.19. Frequency response of sampled signal using prolate filter
If the frequency response of the output sampled signal in Figure 5.19 is observed, it is seen
that aliasing is not reduced by using prolate filter for anti-aliasing. Thus, the prolate filter
in this instance did not prove to be a good anti-aliasing filter because the virtual bandwidth
of the prolate filter was greater than its physical bandwidth. If the virtual bandwidth of the
prolate filter is reduced further then it will also reduce the physical bandwidth of the prolate
filter which may lead to loss of signal components which is undesirable. But, it is worth

noting that even though frequency response of the output sampled signal obtained in both
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cases is the same, the bandwidth requirement for the ideal low pass filter case (BW =
8.13Hz) is more as compared to the physical bandwidth required by the prolate
filter (BW = 6.25Hz). The reduced physical bandwidth of the filter will provide various
practical advantages such as construction of the filter using cheaper components, reduction

in RC losses which will reduce the noise interference in the system.
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5.3. Effects of variation of space-bandwidth parameter ‘¢’ on the prolate

filter

The linear prolate functions used to design prolate filters are dependent on space bandwidth
product parameter ‘c’. The prolate filters described until now have a parameter value of ¢ =
2. For a total filter bandwidth range of —10m < BW < 10w and ¢ = 10w the

reconstruction of an input signal is as seen in Figure 5.20 and Figure 5.21:
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Figure 5.20. Reconstructed Signal obtained from Data Signal — 1001001 with maximum
order M = 60 with ¢ = 10m.
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Figure 5.21. Reconstructed Signal obtained from Data Signal — 1001001 with maximum
order M = 96 with ¢ = 10m.

Similarly, for a total filter bandwidth range of —20m < BW < 20m and ¢ = 20w the

reconstruction of an input signal is as seen in Figure 5.22 and Figure 5.23:
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Figure 5.22. Reconstructed Signal obtained from Data Signal — 10101 with maximum
order M = 60 with ¢ = 20m.
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Figure 5.23. Reconstructed Signal obtained from Data Signal — 10101 with maximum
order M = 96 with ¢ = 20m.

For suitable signal reconstruction the value of space-bandwidth parameter ‘c’ must be
equal to or greater than the bandwidth of the channel under consideration as seen in Figure

5.24 for a channel bandwidth of + 27
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Figure 5.24. Reconstructed Signal using a prolate filter with c > BW of the filter.

If the value of ¢ is less than the bandwidth of the channel, then the prolate filter fails as

seen in Figure 5.25 for a channel bandwidth of +207:
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Figure 5.25. Reconstructed Signal using a prolate filter with ¢ < BW of the filter.
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5.4. Effects of variation of threshold value ‘M’ on the prolate filter

The critical value for c = 2w is approximately 4 and the threshold value ‘M’ which
provides satisfactory signal reconstruction is equal to 40 or higher which is almost ten times
the critical value. Consider a prolate filter with a bandwidth of range —20m < BW < 20w

and ¢ = 20m. For a threshold value M = 40 the signal reconstruction is as seen in Figure

5.26.
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Figure 5.26. Reconstructed Signal for c= 20Pi and M = 40.

The signal reconstruction obtained from a prolate filter is the same as the one obtained
from an ideal low pass filter. In order to improve the fit of the signal the extrapolation
property is extremely useful. For satisfactory signal reconstruction the threshold value M
should be above the critical value neritical as seen in equation (2.24). By using the inherent
extrapolation property of the linear prolate functions the orders above neriical can be utilized,
thereby using the large amount of energy available outside the interval to improve signal

reconstruction as seen in Figure 5.27.
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Figure 5.27. Reconstructed Signal for c= 20Pi and M = 96.

Thus, it was shown that a prolate filter can be used to effectively reduce the inter-symbol
interference in a baseband communication system. It can also be used as an antialiasing
filter in the transmitter section if loss of signal components is acceptable. Additionally, the
interference reducing capability of the filter can be improved further by increasing the

threshold value ‘M’ of the prolate filter.
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CHAPTER 6: CONCLUSIONS AND FUTURE WORK

6.1. Conclusions

This thesis presents an innovative way to design a filter which can reduce Inter-symbol
interference in a baseband communication system. Highly accurate linear prolate functions
were used to design the filter. The major advantage of using a prolate filter is that it
physically consumes bandwidth similar to an ideal low pass filter while providing an
interference reducing capability similar to a low pass filter which has an extended
bandwidth. Hence, it can be stated that the prolate filter synthetically increases the
bandwidth of the ideal low pass filter. The interference reducing capability of the filter can

be further improved by increasing the threshold value ‘M’ of the filter.

The interference reducing capability of a prolate filter will be same as an ideal low pass
filter when the threshold value is equal to n.yiticq; given by % The artificial increase in

bandwidth works only for a threshold value above n.;;¢icq:- Furthermore, in order to reduce
complexity and to obtain the best interference reduction capability, the value of space-

bandwidth parameter ‘c’ should be equal to the bandwidth required by the channel.

It was also shown that although the filter performance of the prolate filter is similar to that
of a normal ideal low pass anti-aliasing filter, its bandwidth requirement is lower as
compared to the normal filter. Hence, if the prolate filter is realised physically, its use will

lead to use of cheaper components which is practically quite advantageous.
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6.2. Future Work

Even though, this research has proved the effectiveness of a prolate filter in reducing Inter-
symbol interference in a baseband transmission there is still scope for future work. Firstly,
the simulation based results in this thesis can also be obtained in the real world by
implementing the prolate filter physically on an integrated circuit (IC). Secondly, in order
to further improve the filter performance a comprehensive noise analysis with respect to
the linear prolate functions can be done and the complex response of the prolate filter i.e.
with respect to phase can also be studied. In Chapter 2: of this thesis, problems in the field
of optics and quantum mechanics have been shown to be similar to those in the digital
communication or signal processing field. Past literatures [19], [20] have shown that these
functions have been used in optics to increase the resolution of a beam by narrowing its
point amplitude response. If these highly accurate linear prolate functions can solve the
Inter-symbol interference problem in digital communication, they can also be used to solve
problems in other fields. Additionally, the increased accuracy of the prolate functions can
further improve the results of past literatures. Similarly, the prolate filter can be used in the

field of image processing to obtain super resolution in images.
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