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Thag Lthedsrs axamines ﬁ%e general egualabraium alioecation
*

L] ¢ .
of a fimibe coononmy “where both drvisible -and indivisibloe .
——, [ o

° ° . )

gommoditics arey present, Teubnical conditions dictate that

»

. ! ] a -

*  the nufber of Myvisible goods 1n the economy nust, be at ’
least one, ) R . .
7 f‘“ﬂff‘ i ' T ¢

R Y

- 1 It 15 found that ginve 1nd1vlslbllity'encompasses non=

s . s -

< o “
copvexity, the aquillbrlgm in . this indivisible ecdnomy 1s

plagued by the nonconvexity related probtem of in%easlblllty.
o ¢ : R < ¥ N ’ -

On the other hand, indivisabzlity entails the unique“p;ob;em . -

3

. that some ccnsumptlon-bundles may not be optamal ip equili- -

brium. The conclusion of possible nonoptamalaty in the - .

b
present modeluls confirmed by similar fandings of existaing ,
rl

» L]

Andivisible models. Howvever, the present result reflects an o

- -

improvement 1in restraucting the potent1dlly nbnoptimal sitya- .
¢ . ¢ 1
tions to a very small set, .

(4 -
& ¢ * A

The strength of thas study 1s deflved from the use of ~
" &} . *‘ ’ “
a _recent equilaibrium existence theorém by Gale and Mas-Colell..
N - e ° 4 v
+ N Ay
v t - ~ {
This appllcat;pn~anables the thesis to produce the above <

~
~ . t

results under fewer and less rigid'conditions than gxlstlng . -

=
¢
alternative models, . e ‘ .

»
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weak approximate equilibrium

optimal approximate equilabrium
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‘ s
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a binary relation -/
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Chapter 0- Introduciion

£
\‘ﬁ - x

0.0 General Background

~ -

»

The spectrum of economic systems encompasses 'a vast range

@

which 1s bounded At one pole by. the centralized gsystem and the

-

qother pole by tHe decentralized system. Briefly, a ceniral-

:zed system 1s one in which economic gct1V1t1es are planned
+

and manaipulated bg one group of agents 03 behalf of all others
to reach certain pre-defined social welfare or goals. On the
other hand, in a decentralized system economic decasions are
undertaken by the 1n51v1dualveconcm1c units, each motivated

sofely by 1ts self-interest. The text book case of perfectly

competitive or market economy is an example of a decentralized

)

system. In amarket economy, the actions of the individual

economic agent (consumer or producer) have no effﬁct on the

° -

ecoromic parameters (prlées).. Each agent takes these para~-

meters as given and behaves accordingly (adjusts his consump-

¢

tion or production bundle) to dbtain his selfish objective

3

%
Jmaximizing satisfaction orx profit),
fiod .

Numerous writers from Adam Smith on have demonstrated
¥

the theoretaical gdberlorlgy,"ln a specific way, of the decen=~

tralized system, over the é%ntrallzed one in the allocation
= )
of scarce economic iesource&.' While the question of efficiency

v I

in resource distribution i1s impo¥tant in its own right, here~

after we will onlx focus our attention on the other egually

interesting rgsue: that of the logical congaistency of ‘a
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market

_ 0 . &
compatabilaity of the actiong of all t e ecglamlc agautas in
@ %

e & v
o
Syétem. Logacal consistency as def;ne§?a& Tiue mutaal-

1 LY

-

the system; or the ability of the gsystem to axllow the actiong

3
of itse
tainly

*

system
acting
gdflon
system

A

~ @

=

numerous agents to bf arried out gimultaneously., Cer-
. &

I3

Lthe. existenece of-a state} of mutual compatibilily in a

. L] -

where there is a large number of different agents cach

out™of greed is far from beang traivial, The investi=

of this state of mutual compatibility of an economic

1t

falls undér the area of general equilibraium analys:is.

condensed recount of the early contributions and deve-~
: '

lopmént of genegral équalzibriun analysis 1s found in Arrow &

v Hahn [3, ch.1]. The most original and notable early contri-

buto¥ in this area' 1¥s generally considered to be Walras [28]

.

who described the economy as a system of equations where t

gquilibrium ls:ekpr@ssed as a state of equality between supply

o

and demand i1n each and every market. The existence of such a

state was first rigorously shown by the mathematician wald [27].

¢ -

von Neumann followed shortly with the proof of the existence

of general équlllbrlum using game theory approach in an ecochomy
with prdhuctlon only [23].7é0£_more sagnificance and relevance

f
to the present study are éhe contributions durang the past }wo:ﬁnﬂ ,
b i ¥

. Pl N

half decades in which mathehatical rigor and finesse have been

§

greatly developed. Some of these recent works are represented

by McKRenzie [22], Arrow & Debreu [2], Gale [15] and Debreuw [9],

a

the last being the most formal and éomplete. A common feature

//ﬁmong these modern treatments ofﬁyhe subject i1s the construction
”» .

of an. axiomatic economic model in which an eguilibrium, 1i.e.

3 -
<

¥

o

©

L
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a state of mutual compatibarlity, 15 shown to exaist ag a
logieal and mathematacal deductaion of the chosen axaioms. AS

will be explained an more defails later in thais chapter, the

"

basic objective of this thesis is to analyse the. state of
mutual compaﬁlblllty in an economic model where some of the
7

mathematically standard axioms have 'been relaxed.

[N

0.1 Faxed-poaint Theorems and the Convexityv Assumption

[ * e @ i

The investigation of the state of general eguilibraum and
1ts exxstenc%i}s posaitive in nature and thus adapts 1t§€if
readily to mathematlcql analysise The predomainant mathematical
?ool employed in thg majority of equilibrium economic models
18 a class of theérems ﬁnawn as the fixed-poant theorems (See
Berge [6], Kakutana [18], and Klein [19]). The fact that the,
fixed-point theorems have become the standard modern tool in

-

the analysis of geheral equilibrium is summarized by XKleain:

a

"We¢ do not exaggerate 1f we say that the problem of the exis-
tence of a generai equilibrium in a closed economy modél 1s
nothing but the problem of the existence of a fixed~point for
some suirtable mappang, defined in terms of the componen%s of

the model." [19, p.122], This view 1s further supported by
Hildenbrand and Kirman who suggested that their text on equa-
librium analysis may be appropriately described by the sub- “
title: "Varaations on themes by Edgeworth and Walras scored

for modern instruments, convex sets and fixed~points." [17, p.v].

In order to apply the faixed-point theorem to the proof of "

existence, equilibrium models have incorporated axioms that are

<



1

3 .
not only a respectable reflection of cconomic reality, they

s v

must also conform Lo the Yeguired mathematical conditions of
the theorem. One such axiom , which 23 well known in many

major models,, 1s the axiom of convexaiy of consumer prefer-

ence ordering and ©f the production set. In the discussion
immediately below, we will only consader the convexrity of {the

consumer preference ordering.

f »

There are three concepts of convex preferences, The
1 4

first as referred/to as weak convexmig which states that 1f
*

x and y are any two consumption bundles with x beaing preferred

or indifferent to y, then any proper convex comblnatlon+ of

£
H

x and y 1s preferred or indifferent.to y, (if x  y then ,

o

Ax + (1-A)y 2 v for 2€}0,1[). The second concept 1s called

regulay convexity which requires that 1f bundle x is strictly

preferredﬁto bundle y then any proper convex combination of x
ahd v 1s strictly pfefgrred to y, (if > y then Ax + (1-\M)y>y

- s
for Ae]0,1{). Lastly, strong convexity says that any convex

combination of two andifferent bundles 1s strictly preferred

‘to both, (af x &~ y then Ax + (l-A)y > y for Ae]0,1[). Weak

convexity allows for the possibility of thick andafference L4

class and the presence of lochl satiation. Indifference class

' 3]
under regular convexity assumption may include linear segments

which ain turn imply multi-valued demand mapping. Strict con-

(

t A proper convex combination of a set of vectors is defined

as a weighted sum of these ‘vectors, each weight being pesitive and
the sum of all the weights equals unity, Other technical texrms
and notations encountered in this section will be formally defined
in later chapters.

v
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&

vexity, whieh is eguavalent tg the prlnfmple of diminishing
« Mmarginal rate of substitutx@n,ﬁxesults w0 single-valued

| .
demand mapping. These concepts of gonJuxzty preferences are

1llustrated Ln Fagures 0,08 {(a), (b}, apd (c) respectively.

n

Whatever version of convex prefe#@nco ordering 13 agssume

ed, it involves numerous important ec%n@mmc amplaiecationg,,
i

/
’SEE,QGQanlc interpretation of the axpmm of convex praference
18 that it prevents the consumer £r04 reacting drastlcal}y

° ] - {
to anfainitdsimal change in prices. #ven 1f the consumer res- 4
* |
, bonse 18 extreme, as under regular donvexzty, all cdommocdity

.

bundles between the extremes are poé51ble. Mathematically,
thais characteristic of consumer beﬂavlor genexally assyres

the continuirty{upper-semi-continuity) of the demand funptaion
7

{correspondence).' This property qf the demaﬂﬁ mapping will
1

be seen to be vital to the application of the fixed-point
’ .

»

theorems.

<

A brief digression at this point 1s useful to “illustrate

the effect of the absence of convex preference and the result-

b 4

ing discontainuous demand mapping on the existence of equilai~
e

brium.

L3

The demand curve DD for commodity x. expressed as a func-

1
tion of the praice ratio Pl/ P2 in FPigure 0.1 (b) 1is derlve4

v

from the convex indifference classes in Figure 0.1 (a), w de-
notes the bundle of 1initial endowment. Suppose that the sup-

ply curve for x. is given by SS in Figure 0.1 (b). If single

1
market equilabrium i1s defined ‘as the price ratio at whaich //r

d?mand equals supply, then in Figure 0,1 (b) equilibrium for
. P
/
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¢ ! 10

xl market 1o obtasned at the price level a where demand and 4
!

‘

=~
supply coincide at"xl*. .
the same given gupply curve 88 13 drawn in Fagure 0.2 (b),

o

“he demand, curve DD in this case Lo deraved from tle nonconw

vex preference classes of Figure 0.2 {(a). fThere is dascon-

-

tinuicy at price ratio a and equilabrium as defiped no longer

exigts. That is, there exists no price ratlc*pI/pﬂ where the
a "

¢

corresponding amouﬁis of %, demanded and supplicd are equal,
y

i
If partial egualabraum for Xy market 45 not obtainable then
obviously general egurlibrium for the whole system does not
- <
exist.

It 18 interesting to obserwve that 1f the nonconvexity in

o~

Pigure 0.2 (a) 1s elaiminated by brldgimg the nonconvex gaps
with lainear line segments then the resulting indifference
classes will be convex as shown inm Pagure 0.3 {(a). Tne corres-

ponding demand curve D"D™ is drawn an Fag. 0.3 (bl where all

& ’

amounts between poants e and f are pcsslblé thus the discon~

tainuity of the demand curve D'D' in Fagure 0.2 (b) s avoirded,
J
In this case an ¢quilaibrium exists at price r8tio a. As will

be seen }ater, thais bridging or convexifaication as the basaie
method employved in tackling the nonconvex problem,

As shown above, conveklty of preference ordering generates
Jilhe Pontlnuity property of demand mapping which 1is necessary

to the application of the fixed-point theorem, Despite this

mathematical convenience, the axiom of convex preferences is

‘

economically restrictive in that i1t disregards the classes of

.

anticomplementary commodities and indivisible commodities,

o

R

P )




1

o
« 3 o

Pirstly, anticomplementary commoditles refer to certain paslrs

or groups of commodities, ‘such as sleeping pilly and an evening

‘

at the theatre, which may be anvagonistic in samultaneous con-
cumption. Arrow & Hahn [3, p.173] observed that a proper con-

vex combination of ﬁrlpe 4 la mode de Caen and filet de sole

Marguérv maght not be haghly regarded by a gourmet. (They

2 }
commented, however, that perhaps the dishes of Chinesc cuisine
maytbe noroe éultabla for convex preferencesg,) Secondly, eco-

4

nomic reality admits the presence of numerous commodities which

-
) v

are produced and consumed only in whole.Pnits. These units
mighkt be of such enormous proportron or physical naturg that

they can hardly be considered leiSlble, a propartyisubsuméh
° Eaad
by cornvexity. Fagure 0,4 (a) allustrates gz camqulty space
consisting of all andivaisaible goods while 0,4 (b) shows a
space of ‘mixed 1nd;V131ble and lelSlﬁle goods, Obviously,
s
neither of these cases allows convex preference orderaing as
-
defined earlaier.

For these reasons, it is easily conceaved that the possi~
birlzty of nonconvex preferences existing in realaity is very
likely. - It 1s desirable, therefore, that thecoretical economic
models of consumer behavior should incorporate thais reflection

of reality. As 1t turns out, a considerable amount of research

has been directed toward ;his area,

o

0.2 Laiterature on Nonconvexity and Indavasaibility

One of the first authors to argne that the assumption of

3

convexity 1s less than absolutely necessary 15 Farrell [14]7.

[y
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His paper gencrated interesting debates on the subjeci by

Bator [5] and Rothenberg [24]. Unfortunately, these daiscus-

-

sions on nonconvexity were confined to the flat world of two

commodities. The most rigorous analysis of nonconvex pre-~

[y
»

ferenées in general n-space 18 by Starr [25]. 1In ‘this paperx

~

the standard proof of existence of equilibraium by McKenzie [22]

was applied to an exchange economy with divasible goods where

the original_nonconvex preferences have been replaced by their
convex hulls, or "synthetic" preferences. Using mathematical
results on nonconvex sets due to L., S. Shapley and J\ H. Folkman,
Starr.next showed that the diserepancy between this eguilaibraium
and an associrated {(quasi-~) eguilibrium in the original non-
convex economy 1s bounded. The size of this discrepancy de-

L3

r
pends on the degree of nonconvexity, not on the numper of agents
)
&
in the system. Thus the discrepancy becomes insignificant as
the number of agents increases. Axrow & Hahn [3, Ch. 7] re- M

stated Starr's results through the concepts of social-approximate

and individual-approximate compensated equilabria ain an ecoponmy

S

with production. ¢
‘Indivisibality amplies the presence of nonconvexity,” how-
ever, the converse 1s not necessarily true, Therefore while 1t

a

is natural that an economic model with indivisible commodities

\
may share some problems in equilibrium with divisaible but non-

convex model, 1t should be expected that aindavisaibaility involves
additaonal theoretidal problems unigue to itself. For this

L

reason the investigation of andivisabilaty must be consadqred

-

guite separately from that of general nonconvexity,

: L

4 x -
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Drerker [1.] analysed the state of general eguilibraium in’an

. H

economy with only indavisable commodaties. He proved the

o

existence of a near-eguilibrium an this model by using the é}

coneceptls of congumer price insensitaivaty ando“near fixed-

poant”. This solution technague 1s ainnovative, however, even
N N

a

when consumer insensitivity to price s decreased, tne result-
4

-

ing near-&guilabrium still suffers from, two major inexactnesses.

Firstly, the near-~equilibrium allocation is only approximately =
feasible, Secondly, 1t may be that the allocated bundles for

some consumers are not optimal withan their budget constraints.

' L

Workaing +h an i1ndavisible envivonment in which there i1s at

least one divisible good, Broome [7] employed thg more con-

¢

ventional method of comvexaification to create & synthetically .

¢

?

=

continuous 'demand correspondence'. The well-known proof by

“

D ebreu [9] 1s applied to guarantee the existence of aq:equi— G e ‘//
libraum ,in this artaficially convex model from which an asso- -

ch@ted approximate~egquilibrium in the oraginal indivisible

.

model 1s found, Despite the differences in the basic models

3
a

and mathematical approaches, Broome's approximate-equailibraum
1s samilar to Dierker's in the sense that at a?;g/xnvolveé

)
infeasibrlity, and: under certain circumstances; nonoptaimality.
: g e
While the first drawback is common to all economies with

¢

general nonconvexity, the second seems to be peculiar to those

with andavisabilaity. .

A -
»

It should be noted 1n passing that one author, Aumann [4],
4 T

ingeneous$ly circumvented the difficulties of nonconvexity al-~

v =

together by using an entirely dafferent mathematical approach,

-



that of measure . theory. Arguaing that the antuitave

> ~ N . o

notion bfﬁperfect gompetitron cannot be truly reflected in

«
.

; any system with a finite ﬁumhex.of agents, Aumann chose to

4

P

répfesent the sel of agents by a 'containuum' whaich of course

- 2

contains an-1Afinite, number of points. Whereas tlie measure
tintegral) over the entire continuum 'zs positive, the weight

ofeachagent'(p01gt) 18 nil,” Thig latter. property coffé%~

ponds to the.perfect competition noktion that lnleidual eCco-

- Q .

nomic agents have noz?hfluence in the hargeﬁ»and are simply

- 2

prlcgﬁtakers. This mathematical technique r's elegant and ,

analyses the general equilibrium solution in the ideal 11m}£ N

e
i

i -
whereas modols with fainate number of pariticipants approach ;

o

. b
the solutzion from the mathematlcallywless than ideal state

and then let the number of agents increase to the limat.

.
Y - '

| ‘s

0.3 The Present Stﬁd» ’
- - T »

< <Q
This thesis is aA anaiy51§ of the state of-general

equilibrium 14 a flﬂlt&, indivisible economy with at least

one divisible commodity and with production. Its aim 1is ’

\ .

twofeold, Farstly, it seeks to provide simpler proof of exist~
3 w \

ing results ain thas typq of economy by using different mathe~

- - o

ematical technigue and/or by irncorporating less regtrictive

+

i :
assemptions. Secondly, 1t strives to improve present re-

sults by introducing certain new assumptions into the model.

“ >

In relation to the first Sbjectlve, the proposed, proof

of existence will be based on the recent mathemat{cal resulté

s

by Mas-Colell [21] and Gale and Mas-Colell [16} on éeneral -

©
B -

.



«

cguilibriun models wirthout womplote, ordered ox transative
preferences. To the best knowledge of thig wrater, this ag
the farsi taime tnese resulis have been applied to a finite, °

‘indivisible econony. Since indivisabilaity automatically

o

» the dafficuliizces of nonconvexity wall

"anvolves nonconvex%t
be treated ain thig/study by tne Ptaﬁdard technigue, & la Scarr.
In other words, thesddscontinuxiy asgsccirated witn nonc@nyex1ty
15 vemporarily overcome by worgzng with the con%ex hullsncf

" the relevant sets. Once the existence of equalibrium is ob~
tained in this syntletac envaronment, the result is related
back to the oraganal model through the established pragerties

°

on nonconvex Sets by Shapley and Folkman, P
~ a L

uhRegardlng the gecond objective, 1t will be shown that

céytain concepts of pgeundo convexity in an indivasible system

may be used to eradicate some weaknesses of the existing re-

. sults.

0.4, Organization of_}he Study ’
N !
Ny [ ¢

.

Tye thesis consiSts of five chapters which are organiged
as follows. The present chapter, Chapter 0, 1s a general in-
troduction to this study., It briefly reviews some of the
relevant literatures and leads to a discussion of the ‘pur-
éose of this work. Chapter 1 contains the mathematical con-
cepts, properties and their proofs which are to be used 1in
later chapters, It 1s mathematicallly self-contained and ine~

&
cludes known resulits by Carathéodory, Shapley~Folkman, and '

Mas~Colell since these are indispensable to this thesais, Of

.

¢
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4
4

particular imporitanee to the resulis in Theorem 4 is the
seclaon on integer convexity, i1ts properiies and thear proofs,
In Chapter 2 the basic indivisible economy, 1435 asoumptions
and the varaious concepls of equilibria are fairst deflgod.
The ﬁasmc economy 15 themn modified by convexafving certain
gsets and alteraing the preference egﬁerzng. The altoeration
of the preferences is vztél to the application of the Mas- :
Colell thecrem to the present model, The core of the thegig,
Chapter 3, contains the mathematical resulté and them% pragﬁi%;
Beconomic interpretat18?°of ?ges& results arce also included -
in this chapter, The final chapter, Chapter 4, Ls a compari~

o

son of the present findangs o those ain the related latera-

ture . '

V.5 Notes -

Some chapters are accompanied at the end by a seotion desig- _
nate%.sttes“. This section serves as a general footnote to
the entaire chapter.' It either elaborates on some point made
wn the body of the chapter and/or relates certain part of the
chapter to the reievaﬁt refereﬁces.

Recent literature an the area of general equilibraium
analysis 1s growing. A general up-tow~date antroduction to -*
the field 1s the newly published text by Hildenbrand and Xirman
[17] which offers "a simple but formal account of work done
to date in that part of economics which we have chosen to call -

equilabrium analysais",

3 . -
The discussion of nonconvexity in Section 0.1 was con~
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fined to the consumpllon ccctor, Nonconvex production sot

and its problems are elaborated here,

v, 0

The precsence of nonconven production soct 1N an QUOnony,
analcgoug 10 the case Gﬁ nonconvex preferences, ilmplics that the
exislence ofreqnl%lbrlum 18 no longor guar;;taed, Fagure 0.5 (a)
shows a nonconvex production set, ¥, 1n a émcamnodlty world
with y,y beifig tne winput and Yy the output. At prlce ratios
less than a the price of the input is, expensive relative to
the praice of the output and consequently no praduct19n takes
place, 1.e. the demand for the input y, 18 zZero. At prace
ratio pz/pl = a profit maxaimization behavior dictates that
the producer i1s indaifferent between shutting-down or produc-
ing at point A. The demand for the znput ¥y corresponding
to the price ratio a 1s then eather 0 or yi. The demand curve
for yl at variocus price ratios pZ/Pl 15 shown as segments
{(G,a), (e,D) an Paigure 0.5 {b) . Assume that y; 1s only used
for productaion and 1ts supply 1s constant at §l with
0 < §1 < y;, then there is no price ratio at which the demand
for the input Yy équals its supply §l° Note, however, that
the dlscrepanFy from exact equilibraiun at the price railio a
can naver exceed yi/z.

The lack of exact eguilibrium may be artificially elimi-

-

nated by convexifying the productaon set Y in Faigure 0.5 (a).

a

This 1s done by bradging the nonconvex part of ¥ by the linear

segment OA, the corresponding demand curve for Yl 18 then ex-

pressed as (0,a,e,D') in Figure 0.5 (¢). Clearly eguilibrium

occurs at point E with price ratio a and gquantaity §1'

N ®

'
4
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?o allustrate the fact that the discrepancy due to

=

nonconvexity does not depend on the numher of economac agents,
&

assume that there are two adentical producers with produciion

sels ¥ shown in Pigure 0.5 65). At the relataive prace ratio

¢ ©

pg/pl = a either one or both producers could shut down or
produce at point A. The corresponding demand for input at
price ratio a is 3~valued, (0, yi, Byi). Tne entaire demand
curve 1s shown in Fagure 0.5 {d). If the supply of input 1i1s
fixed at §l and 0 < §1 ; Qyi then thexe gxists no exact egqui=
librium. However, the deviation from exact eguilibrium 1is
again at most 32/2, the,.same as in the case ¢f only one pro=

1

ducer. It 13 ahteresting to note firstly that the aincrease
ain number of economie agents does not expand the 51ée of the
discrepancy. Secondly, in eguilibrium the behaviors of iden~
tical agents may be gquite different, Thas discussion of

nonconvex production set i1g adapted from Arrow & Hahn [3,

Chapter 7].



o

Chapterx 1: Mdathematacal Preliminaries ~

[
.

1.0 Some Concepts and Properties in Ruclidecan n-~gpace

A

1.0.0 General Commodiiy Space .
)

4
¢ v g

all econcomic models in this thesis consist of a fanite

. \ v .

nunber of econ?mlc agents as well as 'a finite nunber of com-

~

modiiles. The modified cconomac model in the next chapter
further requires a davisible settang., Therefore it is appro-

priate to examine in some dotails the properties of the finite

.

n
Euclzdean space R,

Let R denote the set of real numbers, , It can alsc be

Y

considered as the Duclidean l-gpace. A typical element of R
i1s dencted by x, or x ¢ R.

: n
The Cartesian product J R = Rx,..xR = R™ then denotes the

n
Euclidean n-~space with elements being n-~tuplegs x = (xl,...,x )

k H
where x ¢ R for k= 1,,..,n. The Eucladean n-space 1s a vector

n 2,
space, thus 2 ¢ R 15 algo known as a vector and n a1s the da- .
mension of the space,

4
The operations of vector additaion, vector multaplication,

o n .
and scalar multiplication are defined on R respectively as

follows:
n
Let X ¢ R, vy ¢ Rn, and } £ R, then;

i, 1 n n
(x +y .--.,X+yn) e R j

Xty E .
< 1 "
ry £ (= y1+...+xnyn) ¢ R;
1 14
., Ax B (ax ,...,Axn)\s r".

(3

Hereafter, superscraipts are used to denote the components

Y

22

. S,

&
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of a wvector whereas subscrapts, af any, are used 0 adoentify
¥

dafferent wveciors,

o

v

n

Bometimes the digeugsion of a particulay R gpace may be
restraicted only to a portion of 1t, gsuch as the non-negatlive
part, denoted by &.

8

123

0
{z cr | z°z 0},

where 0 = (G%...,O) & Rn 18 the element with all components
equal to zero, the oraigin of r™. 3 v e
-

Remark: If there i1s a finate number, savy n, 0f dastiact and
daviszble goods and services produced and consumed in the d.'m

nomy, then tne space of commodities may natucally be represented

by the Buclidean n-space Rn. Each vector x ¢ Rn 15 then called

a bundle of goods where xk € R for k= 1;,...,n denotes Lhe gquan-

tity of the k-th good in the bundle. The fommodities in the

following economic models are well-defined in the sense of

Debreu [91:

Y

1.0.1 Distance and Related Concepts .

~

The notion of dastance ‘i1s basic to the defainations of
numerous other metric concepts in a vector-gpace.

Let x ¢ R" and y ¢ Rn, the real value d(x,y) defined by:

2
Py

3
ddx,y) = {z(xk—yk)?‘}- .

-
@

1s called the Euclidean distance between x and y. Clearly :

it can be shown  that d(x,y) satisfies all the axioms of a dis-

Y -

tance function:

1, d{(x,y) 2 0 and d(x,y) = 0 2f and only 1f x = y;

n

2ok



S Alx,y) B AUy,

e dug,n) » dlm,yd Fodw,ao).

The dofanaiticon of the neaighborhood of a vecrwor fLollows

*

wimmedrately thar of distancce. Inensiively, the ancighbornoond

n

-}
efba vectory ® ¢ R 1s the set of veciors whach.are located

n
withan a gaven digctonce from =, More feormally, let x ¢ R,

n i
§ ¢ R and § » 0, chen the Jd=neighborhood of x an R, denoted

by N({x,8), 15:

i

N{z,8) {v ¢ Rniﬂ(xay) <~ 81,

n s
Let X € R and = ¢ ¥, Lf there exists a neighborhood

a
3

¢
of x which 1s entirely contained an X then x 18 called an

]

inter2oxr point of X. The set of all aintericr poants of X

18 said to be the ainteraior of X.

n
Formally, if X ¢ R then the anterior of ¥, denoted

Iint X, 1s:
- Fl

Int ¥ 7 {x ¢ ’"| 3 6>0: w(x,8) = x},
A set 1s ppen 1f all its elements are interior poihts of
itself. Tha; 18, let X c RnF X ig an open set 1f Int X = X.
A set g said to be gloged if i1ts complement 1s open.
In Ether words, let X © r" thén: ‘

. X i1s closed i1f Int (Rn\x) = Rn\X;

v 3

3 LA n
where \ denotes set exclusion an8 R \X = {y « Rnly £ X},

n
Remark: The empty set @ and R are samultaneously closed
kN

and open while N(x,8) defined above 1g open,

~

n .
« A boundary point of X ¢ R s a point whach is neither

-3

in the ainterior of X nor in the interior of Rn\x. The set

of all Houndary points of ¥ 1s called i1ts boundary and denoted

- ¢

e

*

[ J

a

w '
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bY Bnd ¥,

Let X © ﬁn then x ¢ Rn 123 a boundary point of X of
n
% £ Int X and x ¢ Int (R \¥).
n
Bnd ¥ 2 {x ¢ R'yx # Int X and x ¢ Int (R°\X)},

o
Obvaiously a set X ¢ R may or may not contaim ats

A -

boundary, dependaing on wnether it 1s closed or open res-

pectively.

ra

The-closure of a set X ¢ Rn, denoted C1¥, Lf che set
¥
gonposed of all anterzor and boundary peoants of ¥;
ClL X £ Int X v Bnd X,
Properties: Let X < R" and § ¢ R,
1. Bad X = Bnd (R™\X).
2. Int X n Bnd X = J.

3. X v Bnd ¥ = Int X u Bnd X. . ’

4. X 1s cleosed 1f X = C1 X.

© v
4 .

5. Bnd X = {x ¢ R |x-¢ Int X and ¥§ > 0: N(x,6) n X # pl.

2

6. Clx = {x ¢ R'[wS8 > 0: N(x,8) n X # #}. ;

>

Another concept derived from the idea of distance '1s the
boundedness 6f a set. Intuitively, a set is bounded 1f the

distanceé between any two'points in the set i1s finzite.

Formally, X c R 1s said to be bounded 1f for x ¢ X,

a § » 0 exists such that X < N{x,8).
A set X < Rn 18 said to be compact if it is closed and

L]

bounded’ ¢

Examples: :
1. The non-negatave orthant, @, defined earlier iz

closed but not bounded,

e



s

{x ¢ R] 1 «~ x < 10}, then:
Int X = X; .
(o o )
(1,10}; _ o

-

i)
o
-t
[
¢t
W
i

©

Bad X

i

, €1 %.={x ¢ | 1 €% ¢ 10}.

R Obviously % 1s anr open and ‘bounded set.

=~ S

3., Let ¥ = {x ¢ R[ < x £ 10, then:
Tne % = R s
ng X = {3 ¢ R| 1 < x < 10};
L »
Bpd X = {1,10}; .
ClL X = X,
- Clearly X, 1s ckosed and bounded, 1,e. gompact.

- >

v
a

1.0.2 Convexity and Nonconvexitv

v

D)
Awwery important maﬂmqgmuml concept in modern 2CONONMLC
N

»

theory 213 ihat of the convexity of a set. A set is called

{

convex if the line segment connecting any two poants of the

set 1s entirely contained ain the set.

n .
Formally, let X ¢ R and x%,v ¢ X then X is convex if

=

Az + (1-N)y ¢ ¥ for X e [0,11.
Illustrations of convex agd nonconvex sets are found in

Figures 1.0. -

Properties: ~

1. The antersection of any number of convex sets ais

ki
also convex. .

]

2. If X ¢ Rn 13 conveX then Int X and Cl X are also

convex.
3. If X 1s clostd and convex then 1% 18 not possible

to partition X ainto two closed, disjoint subsets.

{
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Convexr

Figure 1.0

Nonconvex

a

Figure l.l

Nonconvex

e
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- o
mhat is, there exist noe closed gets Xl and X, such

. that Xl sz = X and Kl f Xa = @,

The convex hull of ? set 13 formed by taking the interw

section of all closed convex sets containing the oragimnal set,

It followsg that the convex hull of X c Rn, denoted by either

Conv X or g, 15 the szmallest closed convex set containing X.

& ~ -

The convex hulls of sets in Figure 1.0 are shown ain
b a

° Figure 1l.1. « 0 )

Let X € R s

4

Conv X = X ¥ {x ¢ n Yi Yl 18 closed,-convex and X ¢ Yl}.

L

Property: ’

X.

n
If X 2 R 18 closed and convex then Conv X

7

\ A measgure of the degree of nonconvexity of a set i1s the
%

. o
! * next topic 6f discussion. However, the followaing defaimptions.

are needed first. .
' Let X ¢ Rn, %X € Conv X and 8 = {xl,...,xn} < X.

If x = %A, X for A, > 0 and I Al = 1 then % 15 said to be

’ L 3 .

¥ o

spanned by 8 or 8 spans x. . 3
Ty ’ 1

. n -
A closed sphere in R with center at x and radius Kk is

. s

a

the' set: ‘ .
. ,

° . {x ¢ R"|@ (x,%) < x} where « ¢ R and k > 0.

“

The radius of a set % < Rn, denated rad(X), 1g defined

5
@ LI ¢

! . ag the raqlus 0of the smallest closed sphere Eontainxng X.

)
r

' Let {8} be the collection of fl%lte~subsets of X that

N )

' span the elements of Conv X [The existence of S for every
%

X ¢ Conv X is guaranteed by the Carathéodory's Theorem,

@ 7 3
i 1

L

P



see Section 1.2]. . - .

°
- ‘

The inner radaius thgi denoted r(X), 1s defined as-
J : ,
N\ x(X) = /sup, ani rad (8) .
. % e X S ¢ {8}

@

& The inner radiug og the set X 1s determined by taking

L}

for each element x ¢ Conv X the smallest of rad(g) as S
varies over all spanning sets of that point %, then take the
v largest over all %x in Conv X of ihis infimum.

Remark-

’ 5

. (a) Conv ¥ = X 2ff z(X) = 0O )

[} 2
~ . s

. . (b} X' 1s noncpnvex 1ff ¥ (X) > 0. N
T

R Therefore r(xflmay be considered as & measure of the

3 - .

. degree of nongonvexity of X\ , t
B § ’ » Al

) ' [l e
2 L

1

% 1.1 The Sct of Proper Points
- v \ . 3

’

The Euclidean n-space was found to be suitable 1in
%

. representing the commodity space of am economy with a finite
" M

i

numbe? of davisible §oods. It will be assumed‘iater, however,
. } H

a s
]

o &
that- some commodaitaies qﬁy be produced and consumed only in

®

3
whole units and arxe ?hus not davisable. In such an environ-

Al A

ment economic activities will actually be confined to) a

t B -
’

subset of "proper p%lnts“, called F, }n R . . .
“poz{xer’wk e,u{l,...,'ﬁd}: «° ¢ & ana {
: v 7 ¥k ¢ {nd +°l,j..,§}f,xk ¢ 7} = Rnd x Zn_nd; . )
where n. denoted the numbetr of lels;ble com;odltles 1n'the"

d
economy and the remaining commodities. n-n., are indivisable

-
LTy

- The sét 2 denotes the set of integers. Each vector in F

»
[} o Q



. &

ropregents a commodity bundle which contains ng divigaible

and nwnd indaivagaible conmmoditics,

(.
It will furcther pe assumed in the formal model that
* o

thf numper of davisible goods 1s at least one, Howcver,
for tne sake of simplafication of the notations and exposi-
tions of the concepts and properties an F, the specifac case,

of exactly one divaisible gooﬁ% n_ =1, will be considered here=~

d
after. Therefore, for the rest of this study the set of

I

¢
proper points 1s confined strictly o1

-1 w
F Z R % 7 T

An 1llustration of F for the case of n= 2 1s found 1

Y

Figure 0,4 (b) of Chapter 0, o -

- *

!

An important vector in P is now defined. 'The unit vecw~

tor in the divisible direction, denoteg by e , 1s the point:

<

11}

e {(1,0,...,0) ¢ F.

- A

The set of proper points in Rn.ma§ be described as a

y

collection of grad laines. The graid line through a point
‘ ¢ I

N

¥ ¢ F 1s defined as the following sets:

S {x ¢ Plx ='% + de, ¥ A € R}. . ‘ ]

Some of the topological conceptg defined earlier an Rn

are no longer valid in the subset F. Theswe concepts are

’

now modified for F. ‘ :

Let X & F: -
L N Q Ay

The §-neighborhood of X ¢ X in F, denoted by N(E,G)F,

1

1s defined by: *

) n(i,S)F

.

{x ¢ Fla (%,x) < §}. ‘

¢

: | f‘)

[[}]



- 4
Alternatively, N(X,0), = N(%,8) n ¥ where N{Z,8) & ,
- n
the S-neaghborheed of % defined earlier for R .
The get X € F 2g saxd to pe closed an P pf tor evaery ’

% ¢ P: there exnastos § > 0 such thaz w(x,ﬁ)w c X.

Phe lower cdge of X 2 LEB(Z) = [x ¢ Xl{x-Ae) £ X, ¥ A >.0}.
The upper edge of X = UE(X) = {x e X|(x+tie) ¢ X, ¥ A > O}.

4

Ll
b

The upper rest o

Hi

= UR(X) = X \ LE(X) {x ¢ x|x ¢ LB(X)].

The lower rest of X

tH

. = LR(X) = X § UnE{(X)
3

The hyperplane defined by p ¢ r™ and @ ¢ R 18 theg set:

'

{x ¢ x|z £ UE(X)].

H(p,a) = {x ¢ Rnlpx==&}. .

The hyperplane H{p,c) is saxd to support X ¢ F
from below at point x af:

(1) x € H(p,a) n X;

(2) H(p.a) n UR(X) = @,

The support 1s said tdébe from above if condition (2)
1s changed to:

{2') H(p,d4) n LR(X) = 8.

The terms "upper", "lower”, "from below" and "from above®
are rather cumbersome. %herefore they w1ll be dropped when~-
ever the context i1s clear. Hereafter the above concepts will
be referred to as: the edge of X, E(X); the rest of X, R(X);
and the hyperplane H(p,0) "supports X at x".

Figures 1,2 (a) and (b) 1llustrate the edge and the rest

of X respectavely.

Convexity 1s clearly not possible in the set of proper

)
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R

points due te zma‘constructlmn. A concept of pocendo-convexiiy

is introduced here spec&gfcall§ for sets an F.

~

A set X o F 1y saxd to be integer convex af:s

\\wmp Conv X n T = X.

<

.

%~ % The concept of anteger comvexity 28 illuswerared in

i
N
¥

rigure 1.3. N
Integer canvex1tync®nveys the 1dea that the nonconvexily
involved s atérlbuted solely to the prgkence of aindivasabilaty, ;
and not to consumer preference or production rvechnoleogy which
15 the case of nonconvexity in & divisible environnent. In
other woxds, 1{ the indivisible goods had bheen made availablec
3 v
in davisible guantities, then integer convex seits would have
been convex in the standard sense. .
A ser of properties of integer convex sets which are

useful for later application is given and groved here.

Propesition l: Let ¥ ©¢ F be integer convex and H(p,a)

support X at x., If for every x ¢ X: (x+le) ¢ X for all

1

A > 0 then pl # 0.

Proof: % ¢ H(p,®) n X by hypothesais.

-1 n-n
p x4+ ... ¥P X

[

This impligs pX

) = . :
1 w
Suappose p = 0.
For any A > 0: (X *+ de) ¢ R(X). g
p(X + Ae) = px + Ape
= o,
Sinceépl = e2 = L, = e = 0,

Thus (x + Ae) € H{p,®) n R(X) which contradicts the
¢ (83
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- 3 i
condrtion that Uip,a) ¢ R{X) = g, Therelore p # 0, QOH.De.
Proposition 2: Lei {Xl be a family of seto in T,
, Lol ’
then: Conv (XKL) = ¥ Conv Xi'

Proof: This proposition and proof follow directly the
n
regults in more general R space found an Arrow & Hahn [3, »,387].

proposition 3: Let {x } be a familv of sets in F.
» T oack

-~

I{ Xl 13 integer counvex for every 1 <« T then le 1g also
integer convex,
L]
Proofs (1} Take x g (le) n w.

This implies 4 x, ¢ X ¥1 ¢ I such that le = =, ‘

Suppose 4 7 ¢ I such that xj é Xj N T = ng then 1%1 = £ F.

]

Thercfore ¥ 2 ¢ I: x ¢ X n T X .
1 1 1

il

Thas neans I x x c £ X, or [{Ek ) n Pl e XX ;
1 1 1 i

s

{(21) Take x € le.

This implies 1 x, e X V1 e I such that Ix = x.

But x e X < X% ¥1 ¢ I, which means Ix = x ¢ IX .
L, S L 1
s ; R
Similarly, xl € Xl c F ¥i1 ¢ I, which means le = % ¢ F.
L] + J
Thus Ix = X ¢ %X n F, or: XX < (ZX, n 7)., ’
i 1 L i

(1) and (11)‘§ogether vield: Zﬁl n ¥ = le, which implies

that Exl 15 integer convex. Q.E.D.

%
1

Proposition 4: Let {Xl} be a family »f integer convex sets
1cI

in F. PFor every ¥ € E(Exl) there exists xl e E(Xl) for all

- -
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. y
(5}
.
12 ¢ T such chat = = hxi,
Proof: Tuke ¢ DILX ), o .
TRt

"

This amplies - x ¢ X Wiof such that x = EKL‘

~
Suppose for some 3 ¢ I % £ E(KJ), themy 4 A » O

such that (g = Ae) ¢ ¥ and ¥ =% 1 {x =Ae) = &x = Ao =
J J i3 2 3

“?\ e £ o

{x-ke) ¢ Zﬁl

But this implics thachxl=x é E(EK1), a contradaictaion,

.

Therefore, for everv 1 e I x, € E(Xg). Q.5,.D.
A L

.

Proposition 5: Let H(p,a) Support ¥ and ¥ at § with

px 2 ¢ for all x ¢ X and py £ ¢ for all vy ¢ ¥. If X and ¥

o

are integer ‘convex in F then H{p,c) n X n ¥ £ £,
Proof: H{(p,a) n Xny # f by hypothesuis.

vy e H o X+ 3 a spanning set S © % such that ¥ ¢S er

<
«

vy = BA,x for x, ¢ 8§ and A_ > 0, EA, = 1,
iTa i X 1 i

This implaies ¥x ¢ 8§ ¢+ x € H{(p,a).
1 b4 L

i

> HEn X # @&,

& )
Similarly, E n ¥ # @,

Suppose (H n i n i) ¢ F then the spanning seis Sx c Hn X

- v

and Sy ©c Hn Y of v do not exist. This contradicts the

statement of the Carathéodory's theorem. Therefore

(HnXnvY) cFand since HEnXn ¥ #£P, HnXnY¥nbF 4.

ButvX n F = X and Y n F = ¥,

Therefore Hn X N ¥ n F = H n X n ¥ #£¢8. Q.E.D.

il

g
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"Sanarv Rrlations and Ordering A

In tac models of later chap

a ’

- \

py

crs 4+t wrll be agsumed
1

that ceconomac agents make gfalional decigrons. FPor exanple,

cach cbnsunes 28 agssuned Lo choose choe best bundle(s), bascd

on a well-dcflaned
consunption set.

here cane concoepils

n
in 7.

Let ¥ € o°.

a gaven stalemenc

v

9

-
praeforence, from o cervain subset of hl?

13 relevant, taercfore, to discuss

v

binary relavion and ordering on set

:
~

o

£ o every ordered pair (u;y) - X

-

B

.

eitcher true or false Lhen this statvement

o v &

defines a binarv relation on X, Denote this relatien by 9,

then one writes x @ y or {xn,y) € ®%.f tne relation holds

between x and v,

otherwise x ® v or (x,y) £ ©.

A

T,

If ® 1s a bipary relation from ¥ to itvself and x,v,2 ¢ X.

Then® 18 said to be:

L. transitive

4. a-symmetric if x © v w v $ x;

. reflexive

3. svRmetyic

hR

i

-

L]
5. anti-symmetraic if x © %04 vy ® x < x
¥y

1f 2 @y and vy @ 2 +x @ z;
1

£ 2 ® = for every xm e X;

fix®y+y & x;

a

rs

L3

B. complete 1f either ¥ @ y or y @ “or all »,y € X.

A set X is saad 'to be partzally preordered by the rela~

o

tion @ 1f ® 135 reflexive and transitive. If in addition @

18 also complete then X 1s said to be conpletely preordered

.

by ®. A partially (completely) preordered set 1§ sard to

¢
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]

be paxtially {ceommlotelv) ordexed by @ 2f @

~

30 QNTLe=

zml
[#]
D
13
¢

SYRNC LY 13,
I'4

. A banary rolataon ® on a set X a1s sard wo Jdefaine an

& ©
-

=

cgurvaleance relataon s av g Uransitive, xeflexave and

-

symmecric. That i1s, Jor any Z,¥,2 ¢ X, ® nugt satisfyy
- X ® y and ¥y ® o > 11 © z;
»ox% @ 3 for every o€ 4

2@y vy ® ",

-

1.3 »~ 0ther Resulis .

»

The {ollowaing well-known results on convexr hulls and

equilibraum existence will play important roles ia lazer

chapters and are therefore grouped here for convenience.

3

n
Caratheodory’s Theorem: Let X e« R . For evef&

v

® ¢ Conv X there exists a gpanning set § & X of = with ac

most n 4+ 1 elements.

The above theorem 15 usced extensively in several non-

convex economic models, Its proof may be found in Eggleston

[13, pp. 35-36]. o . >

2

Starr's Extention of Shapley~Folkman Theorem: Let

n
{Xl} be a family of compact sets in R with r(xl) &K
1el ’

L4
for all 1 ¢ I.- Then for every ® ¢ Conv le there exists a

% ¢ X, such that a(¥,x) < wvm.

Q=

P

13

4.
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Starr first reported saralar rosult on noncdavex sets
‘ 1) o
py Shaplev and Feolkman ain his paper [25; Appendix] where the
above refined version is alsoc given. Arrow & Hahn [3,

Pp. 399~400] also discussed and proved chis theorem, It

X

is mainly used in relataing an equilibriumr in .cthe convexi-

[
~

A3 1) +
fied economy to an approxzimate eguilibriumvin the original

K

ade \B

nongonvex wmodel.
fad

. t

Gale and Mas~Colell Existence Theorem:

The following conditions are sufficient for the existence
of equrlibrium: :
The set ¥ 13 closed, convex, contains the-negataive

orthant, and has a bounded intersection with the posi~

a

tive orthant.

° -
.

The setis Xl are closed, convex, non-empty and bounded

1
&
~

below. .

L

The preference mappings Pl are irreflexive [that 1is,

X, ¢ Pl(xl)], have an open graph in Xl % Xi and thexir

- »

values are non-empty, convex sets,
The functions al(p) are continuous and satisfy

al(p) > ané€ pxl for all p an AT,

N a

° 9

The proof of this theorem i1s found in Gale and Mas—Coiell

a ot

[16]. 1t shinld be explained briefly that the set Y refers

:

to the production set, xl is the ai~th consumption set, a;

18 an income distribution function from A' fo R qhere Al is

v

o+



L ) *

the set of junit pracc veclors whilch yaeld finite prolitis,

The equilibraium referred to in the theorem is eguivalent to

the ﬁalras egquilibraiun to be defined in Chapter 2.

a

1.4 lNotes .

The concepr of znteger convexity may be considered to
be restraictive. However, i1ts inclusion will strengthen the

results en the state of eguilibrium considerably. For

r

f
another application of integer convexity, see Conn and Haloy [8].

The defanition of convex hull given in this chapter dirf-
fers slightly from the standard defainition. The standgrd
deiinition of convex hull requires Conv X to be the intex-
section of all convex, but not necessarily closed, s?ts
which contain X. The stronger defanaition used an this §Study

simplaifies the analysis but doés not aifect the basic out=-

come of the model.

e



Chapter 23 The Basic Model,

1tg Assumpbtions and Modafication ',

2.0 7The Basic Ecocononv

All the actaivaitlies of the following discussion will

.

take place in a general framework called an economy. In-
tuitively, an economy consists of a production sector, a

AN
consumption sector and.,a finite collection of well~defined,

commodities, Each unil in the production sector, referred
=)
tc as a producer, selects from among the technologically

frasible combinations of inpuvs and outputs one which .

§
v

maxaimizses hais profit. Symmetrirvally each comsumption unit,

]

called a consumer, chooses from his set of affordable bun~ 7

! -

dles one that he most prefers. The optimal decision of

¢
~

each unit 1s constrained by the prices of the commodities !

which nexther a single producer nor consumer can influence.

Defanition (2.0): Foimally, an economy with .production ¢

3

is defined by the following set of primitive concepts: -

1. A total supply set ¥ c R? of all possible -
o
“combinations of commodities avqllable for

. consumption in the economy;

Py ~

| 2. A finite number of consumers, indexed by the ga

8 set I = {1,...,m}; < )
¢ n‘. R L
%f A,consumption set Xi < R for every i € I;
4 ¥
, 4. A preference relation ;l defined on Xl for
every 1 e I ' v



- [}

5, An income dxstrlbrtion functxon

@, £ +» R for each 1 ¢ I whieh assigns to the
i=-th counsumer a fractlan°ul(p) of the profix
[ -
f(p)} = sup p¥, The sum of all shares, :

1?1 o (p), 25 equal to the. total profit I(p),

« .

A3
A as the n=1 price simplex {peRnipao, zpq=1}q

Notgrionally, an economy is expressed asy ¢
E E {(xlﬂ '::—10 I)I YI ul}' -

*

-

Remark: For the sake of samplicity, the supply side
> is assumed to consist of only one producer, It is conceiva-
ble, however, that the toral supply set Y may be treated as ”

the sum of numerous individual production sets and the bun-~

bs S : . .
A . dle of initial resources, i.e, ° i .
) ‘ i . 2 { ¢
Y = v+ {w} - i
B Jed 3 ¢

!
where'd ais sthe finite index set.of producers, ¥_ is the I-th

producer’s production set, and {w} represents the total amount
[4

4]

°

of all gobds avallgﬁke initrally,

0 &

¥

The preference relataion &1 in D(2.0} may be given the

] <

- ¢

verbal 1nterpretat16n of "at least as desired as®, This

; relataion 15 used to define a very aimportant type of set in )?

»

each consumption set.

13

sDefinition (2.1): In each consumption seit the class of

-~ A

»

not-worse-than sets 1s defined as a correspondence, cl,,from

S

Xl into its power set:

e
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¢ s X =+ 2 for every 2 0 I, =
kS kS '
where c (%) = {x-e x |x_ > ¥} for every X_ c X_.
1 1 LR T T 2 1

< .

- -

The set cl(il) consists of all those commodaivy bundles-

in Xl vhich are considered Petter then or indifferche. to the

»

given bundle 2 by the i1-tch consumer., TFigure 2.0 iliustrates

i
- - . @
the set C1(xl) and 1c¢s convex hull, ‘

A\ \ i

» @

Two related relationsg, >1 and ~l, are deriwed from Zl°

. - a

Definition (2.2): 5

¢ o

.
« « <%

Let n,v € Xl: N 0 .
»a) x> vy 1f % e c, (y) and y dc (x);

(b} = ~ Y 1f % ¢ Cl(y) and y e‘Ci(x).

o
.
e ¢ [}

The fairst relation says that bundle ¥ 1s considered

"strictly preferred to! kindle y by the 1=th consumer 1f,x

.18 "at least as desired as" y and y &s "not at least as . 7

-
o

desired" as x. The second relation reads: bundle x 1s’

il

o N - v
"indifferent to" bundle y in che 1=th consumer'$ view 1if
9

they are considered "at least as desired as" to each other

simultaneously., This definrition satisfies the condations of

3
-

an Mequivalence" relation,

i v

. 8

@

« 8
Defanition {2.3): (2) An allocation % is an m-tuple

3

] a
of vectors, x = (xly,,.,xm), where € xl4for every
1 e {1,.,.,m}; thus x ¢ 1gL.X1 = x._
t ’ 0 a4 - Id -
(b) An allocation 1s°sajd to be féagible af &
Zu Y E , -
1el xl € . r‘\ } )
L \ 9 ¢ °
. ) o
< -

W ’

o

8]

)
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¥

A a;Xbcatlan 1o then nothang bhut o vector whooe
components are comnodity bundles, ecach assoclated wath 2
consumer, B feaciblo allocation is onae whose component

sum coinecides with some supply bundle.
|
|

\
2.1 Eguilabraium Concepts ‘

.

8o far the descraiption of the economy has not indie

mated whether or not the actions of the individual ccononic
uniis wall braing a gituation of mutual satisfaction
to the system, The state of simultanecous satisfaction of

all individual actions 1s called a state of equilibraium,

The dizfferent concepts of
fined in this section and

answered in the followaing

4
equirlibrium will be formally de=
the gquestion of exrstedce is

chapter.

Definition (2,4): A price vector p ¢ A, an allocation

.

® = (§1ga.,,§m) € ¥, and a supply bundle ¥y ¢ Y is said to

W

constitute a Walras equilibraium of the economy 1f the follow-

; e
4
ing conditions are satisfied:
(a) py = py for evervy y ¢ ¥
C (b) §§l = al(ﬁ) for every 1 € I; <;W
A
(c) PFPot all 1 ¢ I and x_ € ¥ : x_ » X_aimplies . f
2 1 L TR §
px, > PX i .
(a4 le =y, .
The Walras equilibrium is also known as competitaive .

equilibrium in the literature. It as the egquilibrium whose

e

P2



exirotence igs agsured by the Gale and Mas~Colell Theorewm,

It describes the adeal suate oi compatibility zm the coconony,
condition {a) states that the cguilibraium supply bundle ¥

viglds xthe highesi net revenue vo the producer compared to

a1l orher technologically possible bundles. Thus the objec-
tive of profit maxaimigzation is net in the production sector.

<

The second condation reflccts the wdea that, for every con-

»

sumer, the eguilibrium consumplion bundle ¥, reguires the

i )
exhoustion of income, Thig s due to the implicili, assump-
tion :n the model that decisions are made over the 1life
spans of the economic units and thus no saV1ngs“and no
furture periods are considered, Condation (¢) save thac for

N\
any bundle whach is strictly preferred to the chosen bundle,

1t nust be that this preferred bundle can only be bought

at a ‘higher 1evel}of rncaome than the egquilaibzium income,

This signifies that the chosen bundle 13 the best bundle thaz
can be purchased girven the income and preference, Thus con-
dition {c) sacasfies the preference maximizing behavior cf
the consumer, For this reason, condaition (¢) 18 called the
condition of "optimality", The last condition reqguires that
the desired consumption of all consumers 1g exactly egqgual to
the desired supply and 1s_referred to as the "feasibility”
condation,

Under less than ideal economic circumstances there may

be less than 1deal state of equilibrium, The first of such

©

weakened concepts of equ%llbrium is defined as follows,



o
47

Dofinition (2,5):  Tue tuple (P,R.¥) ¢ (&.20Y) s

i

called a Weak‘prroximaLe Dauilibraium (W.A.E,}) of magnztude

£ 1 the followang condidtions are satisfioed;
1

{a) Dy 2 py for cvery v ¢ ¥;

{b) §§1 = mw(ﬁ) for every 2 ¢ Ij
{c') For-all 2 ¢ I and all x_ ¢ X 3 %, %%, lmplaes

P 2 DX .
P B uf

(a%) a(le,y).s K, where 1 18 a given constant,

9
o

The concept of Weak 'Approximate Equilibrium defined

above 1s closely related to the approximate equilibria de-
W ES
¢ -
fined by Broome and Dierker. The fairst two conditacons of

' £
profit maximization and income exhaustion are still sauvis-

"fied. However, condition (c¢') now states that for any
AES

bundle in the consumer's consumption set which 15 considered
. to he at %east as desared as the chosen bundle, 1t must cost
the same or more to purchase tgan the equilibrouvm bundle.
Thus 2t 28 possible that éﬁe income needed to buy the equi-
librzum bundle wmay be su%ficzent to buy another which is
stractly preferred,. I? this 15 the case then the conditaion
of "optimality"™ is not met. FPrthermore, condition (dF) no
longer assures exact feaslblllty.. It allows for total con-~

sumption to diverge from total supply by a bounded measure.

1

X Thus "feasibility® i1s also absent,

Two other variations of the, concept of equilibrium

B

complete this section on defainitions of equilibrium.

- T
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Defanitaion (2.6): The tuple (P,%,¥) ¢ (A»% ¥) 2

tude 1 2f av satnofaes che followshg condations:
{a) pY Z py for cvery v ¢ ¥

(b) §§1 = w_(p) for evory 2 ¢ I;
- - “

(¢} PFor all 1 ¢ I and xl @ Xl: xq} %, implaes

™ > —‘; ] v
pxi P}ala

(at) a(z§10§) % k, where ¥ as a given scalar,

@]

P
*

called an Optanal Approximato Bqualibgigg (0.A.0.) of nagna-

Definition (2,.7): The tuple (D,X,V.) ¢ (AvERY) is

.called a reagible Approxamate GBguilibraium if 1t satisfaies

“

the followaing condicirons:

a

°

‘ {a) py 2z py for every v ¢ ¥;

(b) §§l = allﬁ)‘for every 1 ¢ I;

(c?') For all o ¢ I and % ¢ X
1 3 i

x aiil igplies

®, 2 PE_;
(dy % = 9.
%

€Y

Obviously, an optimal approximate equilibraium i1s noth-

ing but a Walras equlllbriuﬁ without the condition of exact

feasibalaty. This equrlibrium concept 18 simailar to the

. P
guasi=-eguilibrium found 1n a divisible but nonconvex economy

by Starr. A feasible approximate equilibrium, on the other

o

hand, meets all the conditions of a competitive eguilibrium

with the exception of optaimality.

AN

-

Ay



2.2 Asgumniaons on £

A set eof asgsunmptions and tneir antesprotaton 1o now

stated for the cconomy [ defaned an D{2.1}.
A: Assumptions on the consumpiion secs and prclerence
relation il,
PO QUQRrYy 1 € L

A.l ({3) X1 o F;

<

v

{21} 2 L. 1

d

A.2 Xl 18 cloged in 7,

-

A.3 There exisits a g, aF such vhat for every xl ¢ Xla

A.4 TFor every x, ¢ X aad x ¢ Ps  x 2% implies x ¢ X .

A.SB %l i1s reflexave and transaitive,

r

£~

¢ X 1 ® > X or x » X,
k3 ~a ~

3 1

A.6 Por all x,

=

A.7 For every % @ X ¢ C1€§) and {x aq X_|X » x} are
closed an F,

L}

2.8 Por all x,x a Xl: X > x amplies =x 31 x.
: . =

A.9 For every X € xl and A >0: (x+)re) Fi. Ee
B- Assumptions on the supply set ¥,

~ .
B.l Y « F,
B,2 Y zs closed in TF. '
B.3 (-2 n F) < ¥,

B.4 .Y n R{Q n F)} 1s nonempty and bounded.
N’ .

C: Other assumptions on E

o

1%



[o1]
&

C.1 & : &' ~ R as containuous on A, .

)

c2. & mﬂ(p) = I{p) Loz all p < AY. g
C.3 R(XT) n iz « F}px 4 v {py} # 8 foxr all p ¢ &Y.

c.4 ¥ 0 § Xl £ 8.

Wath the ezception of two, 2.1 and nN.9, all othes assump-
taons on the consumption gscetor are basic and may be found
in most laterature on general eguilibrium analysis. The above

standard assumptions, however, have been adapted to the present

~

indivisable environmeént, The "closedness" assunption, A.2,

L] Q
staces that :f a bundle i1s in the consumption set then any
v
other bundle on the same grad laine very close to i1t 1s also

K]

in the consumption set, Assumption A.3, "lower boundedness”,
15 a physioclogical constraint on the consumer's inputs and

)
outpurs. It zmplies the physical condition that one can

neither work more than 24 hours in a day noxr survive on less

.

than some minimum amount of food, Aggumption A.4 states that

for a gaven bundle in the consumption set, then any othex

bundle (in F) with the same ox greater quantity in one or

a

more commodities is also ain the consumption set. This is

.

known as the "unlimited consumption" assumption. A.% 18 an
i

agssumption on the behavior of th® consumer. Farstiy, the

K4

consumer .must regard every bundle an hig consumption set as

"at least as desired" as itself. Secondly, given any three
bundles in his consumption set, if the consumer regards the

N

fyrst to be "at least as desired as® the second and the se-

[a]
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Another hehavioral assunptao ™, states that all paazsof

bundles an vhe consurpeion sof Gre couparable in the opigmion
- - !
/

of the consurer. This is the "conpleceness® assumptaon., A5
. 7

andwn .6 togocher inply chat 2. defines o conplete preordering

a
FaS]

it

4 i
inuntv® assumption, A.7,

ats

on the congsumpcion scu. The “"oon
assures thoe closednecs of itace not-bhetter-than and the not-~
worse~than sets corresponding to any given bupdle. That is,
1f¥ a hundle ié "avr least as Jesirved as¥ (or "Yar most as desi-
rod as") a gaven Lhundle c¢hen any other bhundle vexy close to
it 18 algso "at least as desared as® {(or "at most as desired
as") the given bundle, The "monoronicity® assumption, A.8,
reflects the consumer tasteoaf always preferring more to less,

The first nonbas%c agsumption, A.1, allowssgﬁe possibi~
lrty of consumer choice taking place in a maixed environment
of divasible and aindivaisgible commodities. However, 1t ro~
stricts the number of divikible goods to bé at least one,
This makes the present model ‘'daivisible 4 la Broome'!., It
18 ipteresting to note that Broome made explicit use of the

)

demand correspondence in his method and thus reguaired the
presence of at least one davisible commodaicy in smoothing
this correspondence. As will be evident later, the demand
correspondence does not appear in this paper, However,
assumptrion A,1 {(11) is stall ecrucial in asserting certain

%

continulty related properties of the modified preference re=-

a

latzon. In order to perform its smoothing function, the in~

divisible goed must have positive valuation, This property
L
1s inplied by the assumption of "straict monotonicity in the

divisible good", 2.9, which ys‘also adopted directly from

¥ . .



¢

Droome's nodel. It 19 rather shkrong 1a rogquarzng todt, gveny-

! 7

thang elgse beang cqual, a lzttle noxe of the duivisainle good

15 always sitraictly proeferred Lo a little less. »
‘Wlth the exgeption of thear adaptation O th indivigable
case, assumpirion.-B.2 and D3 arg congrdoered basic za nosc eyt -
1ibrium models. The closedness of the supply Eet, B.2, has
samilar interpretacion as assurption A.2 on the consumption
gset. B.3, the "{ree disposal®™ assumptaon, allows the rele=-
vant portion of the non-pogitive orvhant ro be rncluded in ¥,
Tes gcononie interpretation s that outpuis may be disposed

of without using any inpurs. Ic¢ exeludes, therefore, the posg-

:
I

sibilitzy of "penalties™ or negatave prices, Assumption B,1

~ :

requires the production segvor to operate under the idencical
)

condition of mixed davasibality and, andivisability as the con-~

2

sumption sector. It should be emphasized that the indivisi-

- a

bilaity under discussion as duc to the physxcal”natu;e of the
~ R -
comiodities rather than due to the technlcai cond’@ions c§/ﬁ\
production. The last assumption on the supply set, B.d4, spe~
cirfrzes a nonempty and bounded intersection between ¥ and the
proper portion oL the posicave orthant. This deviates greailly
from ithe basic assumptions found in many models with produc-
‘ti1on and may appear gquite objectionable at first glance. How-
ever, the boundedness of the above intersection dactaves that
only limited outputs mé& be possible without using any anputs,.
This 1s reasonable because by conséruction the supply set ¥

includes the vector on initial resources, Thus--even 1f no

produBtion activity takes place, the initial resources are

ps

1%




o

t
gkall available for conounipLion, 7This assumption 1S DRUERS=

sary for the application of the Gale and lNMas-Colell Dxzistance

v

Theoren,

-

The assunptions on the income dastribucion function,C.l

and“dlz, are taken darectly from the Gale and Mas-Colell model.

C.1 reguires the fupnction to be concinuous over the set of
relevanc praices and C.2 makeg certain that the circular flovu
5 )
I =
of income 1s 1n equrlibraum. That as, total income received

B

by consumers must coincide with the profic generated in the
producition gector. The scec of relevant prices, A', includes

only chose price vectors which vield fimate profits,
At = {p e Alsup pY < =] <-4,

¢
2

The above function distributes income with respect to
nrice vectors. However, as noted by Gale and las~Colell,

any other comvinuoug incowme distributaion scheme (based on

the consumers' weighits or hair colors for ainstance) would

have been acceptable. ;

2

Assumption C.3 states that for all relevant levels of/°
/
income, the’consumer must be able to purchase a bundle in
& 1
/
the rest of his consumption set. Thas will be shown to be

s /
eguivalent to the Gale and Mas-Colell condition that Eg con=

.
.

sumer will be permitited to starve, regardless of the existing
price vectoFs, As pointed out n the pure exchange models,
thais condition 15 met 1f each trader 1s assumed to possess
a stractly positive "ainitial endowment®. Finally, assumption

C.4 1s straight forward in making sure that the set of fea-

-
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Lo o

siple alloecacieon is nonempty,., <Cleavlyv, coonomic actaivicy

Ly
4

cannoc take place ac all 1f ¢has assunphion 28 not satisfaed.

\ ’

2.3 TPhe Convezificd Beonomy waith Modified Proferxence

4

In thig secczon 2 nev economy defained an the divisible |,

v
)

. n
environnent of R 18 derived from the izndivisible e¢onomy

34

by convexifying the supply and congumption secs. The prefe-

rence relataion ﬁi defined on Kl ¢ I musce alsod be modafied to

. n
cover all points in R, not just proper points.

Definlzlon {2,8): The mew economy, denoved by E, con-

! )
sists of tne following entztzes:

i

1. A cozal supply’séﬁ“% T Conv ¥ < Rn;

2. 10 fainite numbexr of congumers indexed by
AL AL LA

.

(4

= {1,...,1t};
Y .
- o - - no o,
J. A consumption set Xl = Conv hluc R for all 1 ¢

54w

4. A preference relation Pl defined on N

for every 1 ¢ I where Pl 15" defined by D(2.9);

”

7
5. An income dlsfrlbutlon functloniuls A 2+ R .

defained 1dentically to the function in D(2.0).

Formally, E 18 expressed by: .

£ = {(Xig ‘Pll I)' Ya@-i}n

[

Most of the components in the new economy are either

identical to those im the original economy (¢_, I) or are

B

i
convex hulls ¢f the original components (ﬁl, é). The only

"

component which is radically daifferent in the new eéonomy is

-3 1 L
the preference relation Pl defined on each consumption set Xl’

‘o
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o

This prefereuce plays a vatal part ain the proof of exastence

and i1ts construcfich basdd on » s elaborated ir the follow~

n
4

ing defainaviion. .

° ¢

Defination (2.9)s The preference relation Pi dafanded

“on ¥, for every 1 ¢ I 1s a correspondence £rom xl 10 acs

pouver set; ’

2

D
P.: X = 2 ) g
l l ; [+
I -
I £ > - " S = e - - o ~ bid
where for all x e Xl. Pi(xl) z {x ¢ &l‘u ¢ Int C1(¢ ) b a
L]
- ) X' .
with € 3 X -2 %
1 2 A ’ . '
c (=) = 1 C_ (z) = afc_(x)|x ¢ T(x )}

"y

o 1 > 3 " - ) [
and T3 X =« 2 7 Pix & ff; % 1w c (= ¥ X X -
. Pl s X jw e € (3} L€ &)

a

\

In general, ,for every.point E ﬁl (on or off the ggsid

lines of Xl) the set Pl(xl) 15 the interior of tne smallest

“

convex hull of the not-worse=~than sev whach contvains the point

[
i . 0f course, in the special gase where X € X, 1s a proper
A N A « .

point {(on the gxaa line) then Pl(xl) 1s simply the set:

~
.

. e
{x ¢ xlgx ¢ Iat Cﬁjxl)}v - . -

o s .

The construction of the set P1Txl) for xl e i; 1s 1llus-
e = i »

%

‘ Y
trated in Figure 2.1. The heavy grid lines in Figure 2.1 (a)
-

constitute the sget T(xi) which 1s the- set of all proper points
in X whose not-worse~than cohvex hulls contaims x . TFigure 2.1

{b) depicts the set El(xl) which 1s eqgual to the smallést not-

worse~than convex hull of all elements 1n T(xl). Fanally,
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© 3

. . o o , -
the sct Pl(xl) in Fagure 2.1 (¢) is the interior or Cl(xl).

«

<

4

R 2.4 Notesz . oy

e
' AN
N -

,The set ¥ 1s designaced the supply set- rather than the

A °

more, common name of prgductioch get. This 15 due to the faci
Al

i
al production tech—

- )

that ¥ consasts nor only of the individu

» El

nologies YJ but also th® veccor'of initiral endowmench, This

¥ o > -

. o .
construction makes 1Lt reasonable to asgum¢ B.4.

wa ’
)

5 > °

Dierker El2f‘suggested that ~the.concepe "of approximate

» . -

equilibrium may be defined by relax1n§ dlffergnt condaitions )

o 2 2o

‘of exact competitive equilibrium, The Feasible Approximate

»

Equlllbirlum concept defined by D(2.7) "15 an atiempt 2n this
Rl \ ]

& a -

<
3

The assumptions dn the basic etonomy are, fof the most

< - - -

0

part, basic to the licerature. -Bven vhe- few not so standaxrd
&

assumptions have Zppeared in other models, »Therefore, wicth

a

@
~ N

the exception of anteger convexity, the other assumptions of

-
-

the p%%sgnt model are not at all strong. '

3

%

> @
direction., It weakens optimality while retaining feasibilaty. °

L
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. Chapter 33  ®he Results °
v ‘ 9 ’
Theuset of asgumptions in Section 2,2 and a few -

o
©

additional ones gctill to be imposed arc sufficrent to yield

v -

the resulis of thais.paper. For the sake of continuity,

' ¢
these resulds will firse be stated and discussed in Scotions
g »

3.0 and 3,1, their formal proofs are given separately in K
- ga
AT * . .
Sec .01 3,2.
AN °
3 4
4 9 -
' o
’ o

“

3.0 Preliminary Resulcg

- @ .
'

LAY -
Lemma (1) s+ net assumptzons ANl, 2.2, 2.4 and 2,9 hold,

For &ll 1 ¢ I and x, e xl; rf H{p.,o) suppors Ci(x;)

Lal}

4 -

%

o - in l. i
at xlothen P #-0 for p e AV, o .
o ~ 0

¢

* -

It will be shown loter [Lemma- (5)}] that if the

uplé'(ﬁ;x,§) ¢ (A%E%Y) 1s an egurlibraium cthen the hyper-

plane H(ﬁ,ul(§)) supporcTs él(ﬁl) for every 1 @ I, Thxs

property and the result of Lemma (1) imply that any equili=-

o
2

o brium price’ vecter must have i1ts first component different

~ A M °

from zero, ‘Therefore, herafcer the analysis is restricted

o
° -

to A", the set of relevant price vectbrs whose first gom-

ponent 1s unonzeroc. )

. I .
- " r N

v 1
o o A" = {p e A'|p~ # 0} < A, 8

°
.

.
I ° s

The “nterpretation of this restriction s that 1f the
7 ' !
divisible good 1s'?ovplay a role in the model, 1t must have

-
-

58 .
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o Q
value to the cconpnig unzts, Othorwice, 2f the divisable

good 15 free thon Lhe model Ig practically transformed into

- 4

a case of complote andavaisabilaty,

o
~

Lemna {(2)y Agoumptions A2 and €.3 xmply that

wl(p) > anf px$ £for all p e AV,

a

Remark: Thas®lomma assures that the wealih assigned to
@ 1]
every andividual s suffigient to %eep him £rom starving,
g . .
regacdless of the praices. Thais as one of the several pro-

perties whach prepare the stage for the application of the

Gale and las-Colell Theorem,

Lemma (3): Let assumption 3.3 hold and define

o

o ) ? .
¥z 1 Xl. I£ (xi,.u.,xm) = x ¢ X 12 a feasible allocation
€

=f

v

= &

for E, then there exists a veoctor §l such that x, < §l for

all 1 ¢ I,

The existence of an upper bound for all feasible con~

[l

-
sumption set Xl 18 guaranteed by the above lemma, Thus the

following defanitaion 15 possible. 0

2
i

Definitaion (3.0):

L)
P—l
W
E“v
it
-
k4
m
i
=
®
m
2]
=
[
(e 1Y
F
M
EJ
Sexc?
et
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K
e o o %
vhaere € @ X > 2 .
b R
®
5 {zz )y - fn ¢ oz al{d. (= )[xc@(x 1)
1 » i - i .
2o D(z) ?/
. i
~ ol Ed ;
P (3 = {1n g ¥ s o
for _L(AIB {2 ¢ E,on K&{ L C Cl(m)]q

Remark: Substatutling X oad P defined ainnedarately

° L

-] 2.
above for Xl and Pi reopectaively in who cooneny , a nov
Q

econony denoied by

52
.
o)
o
I
=
‘-S'
4
Q|
N
13

E

5]

{(Xlof’l‘ﬂ13 7 3%901 }o

\
&

S

Saince Xl contaisns all the fcaszble elementg of ﬁ1 and

~

12
Pl 18 a resktriccaon of ﬁlto xl, Ltherefore a Walras cgualibrium

n ¢ )
for E 1s also a Walras equilibrium for [.

Lemma (4): Lef assumptrons J.1 through A.,% hold. Then, .

-
A

a
* for every 1 € I and every xl € Xi‘

Ey

' L]

Tal There exists ' ¢ X such that € (z )} = C,(x"); .
L L 14 1

[b] Inc Cl(xl) A D

a
[e]. X e Bnd Cl(xl).

/
The importance of these results waill be evident }n the

proof of Théorém (1), ”
s

kS

4 k]

Lemma (5): Let (p,%,y) be a?ﬁalras egquilibrlum of E. .
Then:

[al H(p,N(p)) supports both the set ¥ and Cl (zbl(§1))

- A -

. Za,
in IR
i’ ¢

o -

[pJ H(E,al(g)) supports Cl (Pl(ﬁl)) in X .

: |

2k
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&1

Geoonerrically, tune ayperplanc H(p,H{p)) scparaccs the

2
supply wsee ¥ and the closure gup of the indavaduael stzactly

"

proferred 1o gsees at tac point %% whach coincides with total
i

Q@

upply and toecal consunpcron. At the sane time the hyperplane

H(E,ul(ﬁ)) gupports the closure of cthe andivodual strictly

preferved to got Pa(xﬁh at ithe optaimal bundle x_. This pro-

a

pexrty a2: 1sed in the proof of Thoorem {(4).

3.1 The lain Fheorens

Theorem J{1l): (Dumistence of Walras eguzilibeium)

Let the ser jof assumpiions A, B, and ¢ im Section 2.2 hold

Walras qugllbrlum. . .

Remark: The equilibrium allocation stated in Theorem

®

(1) corresponds to the modifred econony g. Clearly, chis

theorem dogs noj refer to the origainal cconomy E. The W.A.RE,

* *

Existence Theorem immediately below shows a weaker result is

possible for the original economy £. However, evengékth thas
a

weaker result the following additional assumptions specifying

the deqree of nonconvexity of the sets ¥ and Cl(x) aAre neces-

sary.
Assumptions on the degree of nonconvexity:

A.10 For all 2 ¢ I and all =z ¢ 7&2 r(Cl(xy) £ K.

&
B.5 r(¥) £ k. .

Theorem (2): (W.A.Z. Exastence Theorem)

.

°

Let the conditions of Theorem (1) and assumptions A.10 and

o

Y



23

o "t A

3.5 hold, 7Pheon iLhere cmastg (p*,.u¥*,vy*) ¢ (A XY}

hat 2t 20 a W.D,0. of magaacude wvn zn £.

)
o
Q
=)
I

The rosult of Theoren (2)’19 woak in the scnone of Lach-

1ng boch ezact opramanlaity and feasaibalaiey. Phe noxe chooren

stawes the condition whaich ellmlaatgs the posgabaloty
of nonoptaimality. The wesult of Theoren (3), thezelore, is
¢ R s

equivalent to,the approzimate eqgurlabraun nornally asgsonzated

with a nonconvex but davisible model, ,

Theoren (3): (Optimalaty Condaicion)

Let (p*,x*%,y*) be the W.A.E, of economy E accordzng to
Theoren (2}, I H(p*,a (p*)) n Cl(xi) n E(Xl) = fJ % 2 ¢ I then

{p*,x*,v*) a8 an 0.A.B, of magnitude «vn in E. :

s
°

The last checorvem improves the weakness of a W.A.E. in
another direction, namely removaing anfeasaibality, In addi~
£ion co the assumptions statedd in Seccion 2.2, it requires
the following paxir of agsumptions on the tvpe of nonconvexity.

Agssumpitions on the type of nonconvexity in T:

[ s
A.1L PFor all 2 ¢ I and all x ¢ Xl: cl(x) n = Cl(x)°

B.6 Y nF =Y. :

Theorem (4): (F.A,B. Existence %heozem)

Let the conditions of Theorem (1) and aséumptlon% R,11 and

B.6 hold. Then therée exists a F.A.E., (p¥*,x*,y*), in the

economy €.

%
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The implacataon of Theoorém (4) a2 that 2f the nonconvexri-
ty an the oraganal ceoneny £ 15 solely due to the preseaac
oL lqlelSlbillhy racher than duce to coemnsuner tasic and pro-
¥ . ‘
duction technology then ezoct fLcagaibilaty a2 always guarantced.
3.2 Proefs of the Resulis . N
Proof of Lemma (1): A
Assumpeion A.9 => ®A > 0: (x *Ae) >l S « .
Dy defainrtvaion, (x]*Ae) ¢ R(Cﬂ(xv))°
Let H(p,0) suppore Ci{xl) at = for sone p ¢ A° and ag R,

‘ 5 (a) z, € H(p,e) n Cl(I 1)5

{b) H(p,2) n R(Cl(x?)) = g, - ,

0. Then: .

i

1
Suppose P

1

px_ + Ape o

< &
= b

p(xl+le}

1
= g 4+ {p e +¢..4§nen)h

= g 4+ 0 .
1 2 n '
since p=e =+x., = & = 0, .
Thas amplies thax (xi+he) ¢ H{p,a)} which contradicts -

the condition that H(p,u) n R(Ql(xl)) = @.

Therefore pl # 0. Q.E.D. -
u \ ‘ Al

Proof of Lemma $2)-

Take x ¢ R(X ) n {x ¢ Flpx < al(p)} for some p ¢ A".
The closedness of Xls> x> 0 such éhat {x-\e) ¢ xl,

a Clearly p({z=-ie) = px - Ape < px < ml(p)

~u
because pl > 0, elﬂ> 0, and ) > . ’

»

1&



Tuerefore anf pxX, s plu-\c) < o (P

Proonr ob Lenna {(D0):
od o

By A.3: - ¢ P guch thaec . » for cvery -4 1.Ca
y & 2 9y - v 29, Tomg e sy

o

2

QVRYY £ronm below by g, € F.

X  a1g bounded

« @
Thus, every Xl is also bounded fron below hy gl C

n
then, that there exasts a vector u ¢ R such Lhae
»
d N

< ﬁ for o N e I,
v 12& a Ry !
* (,;
1y

»
befine: N4
¥, which 1s now bounded £ron below as well as above (uecauoc,/

L] a
convaix, and ¥ n EXq # @) contaains

{yv ¢ ﬁ!y > ul.

i

o

¥ n @ # @ 15 bounded, ¥ RN
|

all fezasible allocations,
A
"Thus, Lhere exists a vector £ such that £ > ¥. Hence,
N o
for pany feasible alliocation z = (x1’°°°’xm) e X3
-y
i = < £. :
N ¥
/
This implies: X < £ « %, % < & = w 3 g . Q.BE.D. .
a IFL T3 1

Prooi of Lemma {(4) -

Vit
w0
L—

&

v a o
[al wake any =, ¢ X_ = {x ¢ X_|x
k8 a 3, = L
©

By the Carathéodory's theorem, there exists a finice sec aof

bEd

at most n+l elements in x: n Xl that spamns Z e 1.8,
-} b oD = - O
3 S(xl) c (xl n Xl) sucn that z h%g Ahﬁh fo Ah > 0,

{1,...,q9}

HH

A, = 1, 8 ¢ S(xl) for gvery h ¢ Q and §

hEQ h h

with g £ n+l.

o

compaci (£inite), and thatvil is

a ®
Observe that S(xl) is
C S{xl) such thac

continuous and complete on X .. Hence i S
; MR 4
4

Y
4
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a et - € r s
gy > Oy 0¥ overy 5 e nq”lpa

By D(2.1): S(xl) © Cﬂ(sh,b which nplies that é(x;)'c éq(s

h’>'

L]
Furthernore, z = h%@ thb ¢ S{x ), thug 2t follows uvhat
% 2 a

s

» -
Now LI Cm(s. } implaics chnad s ¢ T{x ) so that T xw} s B,

and by D(3.0): Cl(x%) < Cl(sh').

By contanypaty, transiritavity and complotencos of zi’ the colleg-
5
[

@ ~ -~
tion {Ci(x)ix ¢ T(x_ )} s vovally ordered by ainclusion, T(xl)

~ o

1g compact, Cl(xi) 18 closcd being an intersection of closed ‘

sets, and thus cguals to the smallest sec an the collection, 2.c.
e]

‘? Cl(xl) = min {él(x)[x ¢ T(x) 1},

[ -
Define: A 2 max A > 0 suen chat ®,¢ Ci(sh,+he).

+Ae) = man {él{x)lx € T(xl)}, -

)
Since by comnstruction Cl(sh,

[

it £ : 3 = C, + = C_(x! 2! s, the.
t follows that Cl(%l) cl(sh, he) Cl(xl) with i Sy tAe ~ ,
~_ - ) o
- - 0.0.D. '
[b] Take the vector sh,+ie = x; of resulc [a] above for which
c = ¢ (x!). From % ks s x! > om!, ac
1(x1) Cl(xl) rom the relflexaivity of il NN zl, it

- 1 -

follows that x; 3 Cl(x;) so that Cl(xi) 7 B

By A.,4 and A.9: x;+he € Xland xi+he R x: for x > 0. °

bl A
]

. o .



Es
G6
\ IDence =) *+ A o R(Cﬂ(x:lﬁ. 1
. R .
This implaics that Zat € (x') # O, Thozefore Int e (=) & 0.
® @ N
0.E.D.
F o
[el net 2, ¢ X . Dy che resale of [a] aveve, 3 x; ¢ X,
> Py :
such vhae ¢_{(x_ )} = €_{z!) wnere ! = s _, ¥ Ac foxr’
| 17 7 L [+
“n b
1 2 max {Ax D[::1 ¢ C (s, ¥ re) ]
i - - ?
L]
- Pl n
%uppcse %, Z Bnd waxj) = Bnd Cl(x:). FThen 4 A » v @
=3 ind .
! o _—
such ﬁhat z, Eﬁ(shq ! Y'e) coneradactang the dezanation of i.
Therefore xv'c Bad Cw(xl), 0.B.D.
s L kX
1 .
. | Proof of Lenma (85):
| B
&

[al Since {p,%,y) is o Walras eguilibrium, one hasS:

! ]

' B = ¥ ¢ ¥ by D(2.4)~{d). .
P Exl = py = pxl Faw pxm

al(p> Fooot mm(p)

, = za_(p) = 1(p)
Phis aimplies Zglic A(p,T(P)) ’
Thus IR = § ¢ E(B,0(D)) n v. ‘

N

Lt

: {1) Fairst, one shows that H(5,T(p)) supports ¥ at 2§1 =

; Suppolse not, L.e. sSuppose H(E,H(E)) n Int ¥ £ A, and
! !

‘choose z ¢ I(P,1(B)) n Inc Y.
, )

N



One has: ’

w3 = Y o wa @ a
pz = pin = li{p) = sup p¥ .

=3 o - ‘ f{:

P2 2 py Loy cevexy ¥ oo ¥ "

§2
5
2
I
fmd
=
e

Duc then chere must ozaist 6 » 1 sueh thae d2 ¢ Y.

nowever, »(6a) 6(52) > §z = ﬁ(ﬁ) whigh conecradacts the face

i

ps = oup pY, Hence, H(P.A(B)) n Inc ¥ = 0.
Therefore H{p,N(p)) suppocts ¥ ac Eﬁl = ¥.

-

{2} Nezt one shows that Hig?ﬂ(gp) suppor.s Cl (EPlfﬁl)) at Eﬁv.
[

Noce chae CL (P (§ ) = C.(§ } and % ¢ Bnd C (§ }. This
i 17 i i1

implies that = ¢ CL(P,{%X )) and thus Ix ¢ CL(ZP (% )).
L i'a i i .

-

Hence Eﬁl c m(§,n(§)) n Cl(ZP?(ﬁl)).

For all . ¢ I, lec 2 < Pl(xq). Then P > px_ = @ (p).

t
L
N

Ilence wa = px R Sx > pEx = H(p .
p a P 1 “m p L (p)

@

> x4 H{p,T(p))

uk % . (x 185 ¥ - % .
But L€ Pl(zl) iriplies 2, € int ECl(Pl(Xl))]

3
£y

Thus O(p,H{(p)) n z@l(§l) = H{p,l(p)) n Int [cl(zpi(ﬁl))] =g

Therefore H(p,l(p)) supports 01[291(§1))] at z§l.

-~

[bl] Pror every o ¢ I one has that

o3

pr = ml(p) amplaies EE H(P;C’l(P))

é . 4

Furthermozre, El € Cl(El(§l)) as shown earliexr. Thus:
A3
- o



2

E ¢ B(peafP)) a L (B

» o« 3 &= - - =)
Corgider anvy xl < Pl(xi} = Ine Cl (yaixl)),
had =Py
D{2.dx(c) pxl > pz, =
- ] Lial
> » ° <7 ¢ -
every x \. Ll(xi). 2, A n(p,altgj}o Qg

t

H(p,ml{p)) fi ?i(xl) =

A

+

Therefore H(ﬁ,mj(g)) supports C1 -(P (§l)) in

¢ 4

Prooi of Theorxen (1): ‘ ;

1}
1t 1s sufficient to.show tnat economy

n
3

conditions stated in the Gale and Mds~Collel
« e

-

1. Supply set: ?

i

/BQS:

B.dz:

(-2 n F) ¢ ¥ =>» =0 c § ;

i empty and bounded

2. Consumpticn set: ¥ 1 ¢ I .

-
=
-

s

)

¥ n R{( n F) nonempty and bounded

o

G4

-

It follows

o (p). Thubs Yor all & ¢ I and for
k)

o 0

H{Bsuv,(8)) a Int [cl(p;(%l))] = f.

saeisfaies thé .

b

Existence Theorem,
4+
L

(Vlf, ’

-
.

~ e

[] o 3]
Y 1s closed and convex by the definition off convex hull
« @

-

)

Xl 1s closed and convex "by D(3.0) and convex hull defainicion

A.3, A,4 and Lenma (3) => xl A8 -

¢ '

v
3. Preference relartion: ¥ 1 ¢ I

D(3.0) and Lemma (4)=[c] => ¥ %, e xl

a

Lemma (4)~[bl: ¥ ®, e X

v

°
2

L, 1s lower bounded => Xl 1s also: lower bounded

[}

X L,
N I Pl( 1)

Int cl(xl) # 8 => z (x)) # @

3
Property 2 [Section 1.,0,2] => Pi(xl) 1S convex

D(3.0) => open graph

<

&

VL



RSN

¥

S3Y)

d. Incone digeraibution functaion: ¥ 1 ¢ I

i
C.1l, al 18 continuous

C.3 and Lemma (2) =» al(p) > anf pi

PG

Proof of Theorem (2):

Let (P,Z,¥)c (A%X%Y) be a lalras eguilibrium in economy

{iie

as guaranteed by Theorem ({1).

One has § ¢ ¥. Hence by che Carathéolory's cheoren,

theke existsa smallest spanning set S(§) c ¥ of § such chav

v = % > : -
5’4 ukhyh where Y, © S(%) and § Ah

&

> <t

witn B ¢ Q ® {1,...,gqtand ¢ £ n +1.

For each v, ¢ S(Q) c ¥ c.¥ => §Yh S

-

tgy
s

Substituting Xhhyh faor

-t

py = plra, ¥ ) = I A PY,
This implies that with Ay > 0: §yh“= By
Similarly, for every r ¢ I-

- - L
-y - — p B 4
One has z, € Cl(Pl(ﬁl)) = Cl(&l) for

by Lemma (4)-[al.

4 el

Hence by the Carathéodoxy's theoren,

smallest spanning set S(Ql) e C (x!) of §l

N

-

By the same argument as above, pxh =

Now consider the sex {Zé(gl) - §(§)}: By

Shapley and Folkman theorem:

[y o

i Ah > 0

Py by D(2.4)-<(a).

for evervy h e Q.

some xi e X

3

kS

‘

there ex1gts a

~
8

px = Gl(P) » ¥ 1 g I,

the (extended)

-



¢ ‘(

S N ®

There exasts a point (Zx: - gE) o [ES(Ew) - S(§)} such
& e

»

vhats ¢ R , —

a [z = ¥, (=t - y*) 1 g «vn.
1 a
Since Z§1 = y, thie last ineguality liﬁﬁless

i

: d(in,y*} < gJ; ' T D(2.5)=(d")
- Y
Since ¥* ¢ s{y) 3 §§ =‘§y“ 2py, ¥y €% D{2.3)~(=a)
aut e s(3,): Pt = B3 3) D(2.5)~(b)
and x¥ e S(“i)= pr¥ = pu = a (g q (,’ )
c N = ® = [%e o *
Lascly, ¥ x ¢ X : af x L) z; I Cl(xl)

. :;
Tnd C%(Jl) c Cl1 Pl(“i))°

Also, H(p,al{p)) supports Cl (Pl(xi)) ad x

a

and px_ = put => P z pu¥, ¥ X c Cl(xg). D(2.3)-(c")

. 0.8.D.

Proof oi Theorem (3):

W

70

We need to show only that the tuple (p%*,x%,y*) satisfies

8

condrcion {(¢) of D(2.4).

Take sone x; € H(p*,ml(p*)) n ql(xz) and g@%ume that

xi 18 an anomalous point waith x; >l x;.

By the statenent of the theorem, x; £ E(Xl).

This means x: c R(X%) and that there exists A > 0 such

t
24

that (87 = Ae) ¢ X wath %' » (x' - Ae) and (x' - Ae) ~ =x*,-
X X i 1 kR i 2 i

" -

Al L4 LI = #ae l * k! = Koo K
at p ﬁxl Ae) (p x! Ap¥*e) < p X p*x

a



«?

¥V ox°c > x* *x 2 phx¥,
. e ca o~y Ty T BrE, prEy . a
e - £ xk Y ox: x ¢ H(p* & n C_ (x¥*) and ‘ .
. ; (BThere ore, k%, ¥ ox (p p?l(P )) L (=33 ; ~ ]
°
1f %' € € (x*™) and x' »_ x* then p*x! > p*x*, Q0.B.D. .
. - i 17 » a1 "1 N kN 1 \
Y v
o v o . 3 Y 3‘ . . «77 . -
o 4. . Broof of Theorem (4): L. E : .
- . 3 D\ . ) y o e °
e . ae - em , o =
. - Let' (D,x,v) & (A%Xx¥) be a Walras egquilibrium in the .
® v hl I r
" ° . . N
. economy E as guaranteed by Theorem (1). . . /
¢ o . a N N
- - L] - - »
. By Lemma (5): d(p,T(p)) sugégrts ¥ and C%EZPl(HllJ,l z‘ R
Lfl‘ e < o . H
. ‘ - . a’ .
z - i o & s I o "
* ~, - G' - - L y o
. N o e ang «H(P;a;(p}) supports Cl (P1(K1)) X . - .
- s i . P ':‘ v @ . e ’
- o e 2 - 4 “ e © 1 y a > .
‘ o ™ - t A\ bl n
e This amplies E(p,IM(p)) n°¥ n CILIP (x 3] # § :
£ . N N . © . "w ° A“ t N .
v, s . ° " at “-'.J ? -
R " I ~ > . M
« 2> "H(PLI(P)) n Y n EC_ (%) # 8 "
[3 . p!p P 1 ‘l . © ) .~ ~
/»,;“é\ﬂe, ) 4 . = . oy R
LS ; - - . ot R - - !
( #=> H(P,M(PI} n ¥ n IC,(x!) # 0 % ‘. N
™ i/k % ‘ 14 R ©a - ' w o u‘\ - T
. . 3
w2 . 2 |
& where xi e il 15 v#hat of Lemma (4k~ a . . °
+ 4 + AV v ‘
A » . . Ve e
. - vl ® * " '
» .Since ¥ _1s infeger convek by assumption B.6., & , l
v:,‘t i o " - - ° . o
¢ vl L] , . e . ﬂ(‘ o 1 - N , . s
. Agsumptaion A,1l dn the integer comvexity.of C (x)y ¥ 1¢1I ~
N e + ) ~
. = [ ° ot ' N
. " and Propositron 3-of Section (1:1) 2 bly \chﬁxi) 1s also
~ o
° @ ~ - 4 "o : . e , ‘a }1 " ‘
integer convex. . ¥ o 5 C. ®
?* + < 5 i LY " ey
I3 N v I s » o
e s ' " - e @ ¢ ‘o
" 2 v 4 » 1
oo . fhe result o Propositaion 5 of Section (1l.1) then y:relds
] 1 P . = a
S b
s e , ‘ h o
L the ggllow;ng:~ . NN o ' o
LA ¢ ¢ PR
’ Kl ' < : - . °
] - x + ’ e M
» o N ~ 0 R o e N
A . F v = v
* - A ‘ "
n s 4 \, ‘o
« P \ A 4 o ﬁi -~ ,
. - D, .y L y .
’ v u A
4 Q ;[ ' Q’w” vl ! = * ‘\n 7 » ’ .

- .
I
-
4 *

© » v s
¢ This last jlnequality contradicts condition (c') of D(2:5)

.
°
<

wvharchsregquizxes that:




B + W
3
72
- P - ° @ o s )
(e, I(py) 0 ¥ n 3¢ (z)) nrl # & .
=> {a(p,0(p)) A ¥ n ch(x;)} F 8. C
i - ¥ - ) °
., Take an elencnt yf ¢ {H(p,N(P)) n ¥ n ZC1(x;;}:
o ) & Vo ) k
Clearly, py* = py 2 pv., ¥ y ¢ ¥. D(2.4)~(aj
. ~ ..
Since y* ¢ é(zcl(xi))“=> ¥ 12 ¢ I: " there exists
- = y* D(2.4)~(d)
i LY
’ ° pix*
N ° . e L °
a8 .
= PR¥ ...t pu¥ '
, : PEy - P .
, ¢ - i \ o -
7 o - - f v ’
‘ o s T 'al(p) Fooot O"m(P) ~ ’
, . Since px¥ 2 al(ﬁ), this implies: - ’
¢ ) ! : - ¢ " “ - t P
@ - # - - . ' A
px*f= o (p) for every 1 ¢ I ‘ . D(2.4)~(b)
’ 3 8 ) ’ ‘
o . . ’ i "
. Lastliy, x* ¢ C_(x') amplies C_(%k*) an contained .
. "a 31 A A1 ) .
¢ cn? ° » ) @ w * LN
1 C_(x'). Phus: . )
! F M l l
[ 3 € 9
: - ¥ oz x¥: % e C (xz*)~c Cl(%’); . .
) 1 Ry ¥Y L - 1( 1)t 1(01} k s . “
FJ ; :: PN — /_‘ ¥
but C- {x') = C (£ = CL (P _ (=x ¢
, l( 1) 1( 1) ( l( l)) A .
- o - .
Thus px. = px! = px* . D(2.5)e~(c?)
. i “a 2 : o
9 rd W
2 ¢ ?
! ~a on ‘ g N ’ o [y '
// Let p = p¥*, then certainly (p*,32:,7%) as a F.Ah.U. in khe .
‘ : b )
. . econony. c o . S Q.E.D,
° « & (::;’ LN -
* ﬂa" a N - N &‘,’. L] L»g
1> * * ! . } N - ’ f o 3 t
. } "// © 6" B ¢ 4
N4 s o .
\ Id - .. . . - <-D /
‘ S @ . S » - . -
A « < ~ -
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Chapter 43 Relations with whe Laterature

The connection of thas thesis to sceveral puwmlished

N

works 1s cvident throughout the preceding chapters. AS is
the case with many of the recenc papers ok ceguilibirum ana-

lysis, the gencral f£lavor, style and formulation of ihe
P '3
EE 9 .
T e
pregent problem may be traced back to the anflucncial works
5 . ]

of Debreu, Iis modern axiomat.c ctreatment of gemeral cgui-

librium apalysis stamulates a £lood of investagations of
but

whaich this paper 25 a small, speecralized papt, 7% thesas

had also benefived {rom the works of Weddepohl, This s

]

reflected by the present choive of novations and the fozmal

2 -

definaition of the economy which are similar to those found

in Weddepohl [29] amd [31]. 1Incaidentally, Weddepohl's
! n
[} ™ . .
results on "dual sets and dunal correspondences and ‘theirx

«

.application to eguilibrium theorv were initaally considered

N

as a potential solution to the precent problem of nonconvex-

o .

1ty and indivasibilaity. However, preliminary investagation

3 W

-

o

indicatred,that the process of dualization does not satisfac-'

torily eliminate discont%nulty and the attempt wac aborted.

N
1

The treatment of general nonconvexity in thas thesis is

¢ a
s s

directly, rélated &6 the technigue initiated by Btarr [25] ang

elaborated by Arrow and Hahn [3, Ch,7], It involves the.
@ : » - . B 2
result by Shapley and“Folkmaﬁ whach antuithvely states that

e

’

for every poant in the sum of “the convex hdlls of a collec- .

s '

a i '

°

ginal sets located close to it. The proximity of’ these two

° »
A A M y‘ -
" . t -
= +

M 0 73 ! ‘1 ¢ "

tion of compact sets there is a poant in the sum 6L the or. -
' a N

-



points depends on the degree ol noncomnveznity of the sels

<
wanvalved, Thac property was used to cotablish the reoults .
¥ i QZ ’
on approsimaiely feagable gguailabraic a2n Theocen (2) and

B

Theorcm (3).
) . .
The objectives of thas thasais could nox have peen

£

reached without the applicataion of the Gale and Mas~Colell

3

Exrstence Theorem. It ag ¢lear From Chapter 2 and Chapter 3

that the modifred economy, partacularly the redeflned'pfeferu
i gnce, had been molded to satasfy Lhe susfacaient condytions :

0of this theorem, This method of proving eguilibrium exis-

Pl ~
.

. ¢ *

cence for the indivisible model'is much more simple and:
direct than the exastihg alternarives. The desarebilicy of
this theorem an Lhe*pre§ent oonrex®t will be daiscussed in

Y
! more detarls below, Y
i N “/ , 8
. . )
There are few studies of general (approximate) equili-

= - ¢ - \\ ,
“brzum aim finite ecconomies with andivisability. One of thesey,

° . 3 |
a recent paper entatled "Exchange Equilibraiul in anp Economy
2

°

with dndivaisaible Commodities" by Alexander, Lioyd and Row= v '

- iy 2

~ _croft [1] turns out to he quite dufferent and zncompaiible » 7
~ ot

» 0d

. Lh the present’'thesis, It st;pulages consumer choice in
g

' » - . - @
. aﬁﬂa commodity space involving future tame pegicds and different v

a
-

1 o
methods of payments which do not conform: with *the colwmodaty.

spaco, of che presgnc model, °

. Anovher amndavas.Dle rolcrl which appears” o be more

N I

n a4
. L\ gimilazr we chig chesaa Lo LY Dierker [lz]y» Workaing in an

[

® ,  cccoaony wren all commoedicics being indivasible, Dierkerx
] ~ 0 !
showed machenawical s giaalaty in eseahlishang a guasay 7 .
» } 9 ! !

1

2
v
K
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-

1
¥

oy
caualabraun stabte whach lacks beoth coxzact feasabalaty and
AN

3

optamalaity. However, Lhat the reoults of Dicrkor!s model ¢

seem*to be "alienoted® and "irseconcalioble® wath those of

a modcl waith at least one divisaiple commodaty has been digs '

.cussed o length by Droome [7].

?

The present wmodel of indavzsability which zacludes at

. least one divaisible commodity as more parallel to thao of

3

.
1

;DYODEGD This' simalarity enables a more directtand neaning-
<

4

ful comparaison, '
n
Using "the proof of euigconce by Depmeu and Lhe resulis
on convexn  hulls by Shapley and FTolknan, Broome obtained &

"Near Eguilibrium” existence theorem which i1s reproduced

.
. -

2
here for discussion, ‘using his notations, »

<

’. -

o +
. Broome [7, pp. 241~242] “4.11. Theorem. "Near Eqguilibrium".
. .

Let Assumptions é.l, 2.2, 2,4, 2.5, 2.%, 2.7, and 2,0 be N\

[ v b a2, Al
satisfied. . Wrate k¥~ = max {r |1 e T}. 3 p* = 0,
2 R p *

1 m o
q (m¥e™, xv 2", L, mER ) -

»

N

(a) [[wx c I x**lk ezt ] a& '

(b) [¥a2 ¢ I¢ prexws® s p*'wlﬂ & .

2 - )

(c) [¥1 ¢ T ¥x ¢ X}: [[p*ex-2 p*'wl & ‘

% ¢ edge xln{x!@*ox = p*~%l}l = xkrT 3"x]] & X
t t .

Co(@) [3x7 g whs |x*t - Zx**llygsz /nll. . , .

7 161 £
N\

)

S



a1

)

x>

The near equalibrzun in ta? above theorep anvolves iwo

.

weaknesses. Farostly, the dosired aggregale consumplLion nay
not coancide with the desazed aggregate cupply, The saze

of tne deviation 5 detosmrined by thae- stsucture of ihe node

< .

Thas 15 cexhrbpted by condation {d) of the theorem. Droome

1=
oF

L3
concluded that th@fpagszblllty oi ainfcogabal
WIGREVer nopconvexicy 1o prascnt, Thas fanding does 'not
conflict with that vstablished by Starr in a divisible get-
-~ [+ e
I3 >

5

ting. Secondly, the bundle allocated Lo the consumer in o

LI

p -
rear eguilibraum nay not be his optimal choice under the
. N

&
circumstances. That 1s, there maght exist ancther strictly
13

o
K

" preferred bunfdle wnich he can purchase with che cquilibrium

- 4
income. This possibility i1s shown by condition (<), Broom

[+

attglguted thas preblem solegly to the br&%ence of 1nd1v¢é1ple'

qpmmodgtles in the system. HBowevér, he Showed that this
® Y Bt
problem is’ very unlikely to gecur s%née £t happens dnly in

. 14

the intersectlon of the income hyperplane and the edge of

e
*

the consumption set. This exceptional case of nonoptimalit
LN < o ?

4
'
=

15 called the "problem of the edge%. .

T

e

Ly i1s cupactoed

»

P

¥

~

The Weak Approxzimate Equilabrium established by Theorem (2)

‘of this thegis 1s very similar to the near equilibrium gon=

y
° [3

,cept abkove., IExceptr for the different notations, cgndition
¢ ¢ o ’ a s
(@') of D{2.5) expresses an identical’infeasibilaity to that
e A n 3
found by Broome, Conditaon (c¢') ofvD(2.5) also refers te

o
&

potential nonopélmallty.» It allows the possmbiglﬁy that in

- - .

Weak Approximate Equilibraium some conjumers may be able to

.
.
.
,
M &' ’
Al - o

o

L]



_ worked.wath a:pure cxchange system and did not involve pro=
-3

wmprove rvhedn gotigfaction using tire sane egurlibriunm ineone.

llowover, the rasult of Theorem {2} io corowhat woaker than

%

Broone's boecaunse it only acknowledges iha poosibilaly 0%

nonoptaimalaity wikheunt panpoiatang the area of oceurcnce.

DeS@lteluhlS inability to gpecify the cirounciaaces of none
<&

oplimality, Theoren (2} is nol as fruztleoss as il geems,®

Its strength lzes an Lhe fact thac ic yvields resulits which

are almost as strong as Broome's itheorem yebt requiriny fower
» ro= L

and gampler agsumptions, Disregarding the get of aegumptl3ns .
T

on ihe income distribution function and the supply set (Broome

- o

duction), the othey assumptions of the present nmodel are both

* o

basr¥ec and simalar to those used by Droone. Furthermore,

] + N

Theorem (2) gf thas thédys 18 bré@i& without the following

o * ¢
€

- -~ s 3 ‘
two nonbasie assumptions. Firstly, Broome required Assump- v

-

taon 2.5 on the "dberrldlng aeglrablliﬁy of the divisible .

commadity® to demonstrate the upper-seni~continuity of the

demaﬁé correspondence., Thig as the second of two 'assumptions

made on the Ees;rabllity of‘tﬁe divasible goed, and in Broome's s

t °

owWn words,alt’séems an *"unforctunate superfluity". Secondly, o

- . © B i

Broome made  Agsumption 2.6 to make sure “"thers 'ic always some

‘ 5
"

¢, i
spanning set with a signifaicant member im rest X ." This
. ) N , - +

assumption ’i1s pot only complidated to state, bu¥ alsd appears ‘ .

I . o 0
o

te have little contact with intuation®. [7, p.229]. .

-~
&

* Theorem (3) ¢f this thesais spedifies the condrtion under »
<

A o

’C\

- «

L) 3

which optimal choice of every c¢onsumer is guaranteed in an °’
‘. N T .

Q ' ¢ '
1Y 4

- &

&
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~

>

adonony with andavligibolrey. JAceordang ko vomdiiLioa (o)

off Broome's theorem, all Lhe bundles an the interscection of

4

tuac budget planc and the cdge 37 are anomalous points, Tac
prosenc Pheoren (3}, howovez, rggilaets the get of anomalous

poanco further co che intersceetion of Lhe ancome hyperplane,
'S

the cdge of Xi’ and the not-worsc-than sct coxrespmnd§ng Lo
che cgualabriun bidndle, Obviously the BECQW@antGrSQCtLOn
13 a proper subsel of tne farst antergeotion gnd therefore
it contains fe;er anomalous poanits. Thas xéilles the non=-
optimalicy an Thooxrem {3) of thas thesis 18 less probabla to
ccour th§n-8roome;s "problem ol the edge®. Thg dafference
between ;h%se two results is a2llustrated in Pogure 4.0,

The wntroduction of integer convex preference and prif

<

[

duction sets enables this thesis to expand the discussion on

x

indavisibiliTy in another direction. Recall that integer

“
1

convexity may be interprepted as a special type of !n,pr;:;ccm-33
wvexiky which-i¥ caused strictly by the andivisible nature ofs
the commodities racher ithan by consumer prBference structure

o

cor production” techpology (e.g, zncreasing revurns). In -
*

L] 3
¢ otner wordeg, the agsumption of integer convexaty conveys.the

+ @ o
o = . -
1ﬁeanthaF ceteris paribus, if complexe lelSléﬁllty dould
] J' - g R
SN " , ’
Ssomehow be antroduced ainto the system, then all relevant
& )

f a
? N

L3
sproductron and consumption sets would have bpeefl convex, ’

+* .
Under this assumption, Theorem (4) guarantees the existence

. v ) l
of a Feasible Approximate Egquilibrium in an economy with

D 3 3
indivisible goods. This approxiafite equilibraum concept
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£ics all conditrions of a Walras cqualibrium ezcept one,

e
fur
0

sa
that of optimal echoice for every andavadual consumer. Toe

resuits of Theozem (4) presenvs an incceresting conirast to
. .
£

existing results an completely davisible models wath noncon-
12 " -
vexaty. Tunat is, a daivicible cunvironment Wicl RODCONVEILLY

¥
- vields optinalaty bur lacks exact feasability vhereas anm

indavisible nodel with nonconvenity purged {2r.e. antceger

H . t

convenicy assumed) will have exact feasibrlicy but suffcrs fxom

non =~ optamality. Therefore 1¢ 1s cupecved that nonoptimality

15 associated watrh lndaivaisabilaty and 'anicasibilicy Is acso-

3 ciated with nonconvenRaty. . -

i
~ g\& It may be concluded Lrom the foregoing discussion chat
T ¢ this thesis has achieved thé objectives stated, in ‘Section, 0,3.

I

Farstly, tlie mathemacacal techniqﬁé empibyed in this study

N -— — TSI

- - "
v

is relailvely less gomplex than those in the exlsting litera-

P
- Ix

ture. At the same time, the present rebults have begn derived

- v 3
o

. under fgwer and more relaxed conditions than the ochar models:

s -

- .
1n the fl%lﬂ.' The f£indings of the thesis further cornfirm

o [
7

Brxdome's conclusion that his "problem of the edge™, or the
. . .
-4

-~ possibility of nonoptimal consumption for some individuals

v

- # B o

in eguilabraum, i1s a problem specxflcallyﬂassoc1ated with

"
-

-5 .
the oresepnce of ndavaisibalicy and seems to be 1neradlc%plé«
d I

-t A ¥ -

However, the thesi's succeecds in reducing’ tne probability of

2
o 4 ¢

L i this occurente by confining the anomalous points to a smaller
“ ¥ L + .t
i . e [
c set, 1t appears, tnerefore, that.whale tlHe likelihood of
. - ’ & ~
b nonoptimal equilibrium ¢onsunption may be decreased, the
A ¥ »
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