
I* y 
National Library of Canada 

Cataloguing Branch 
Canadian Theses Division 

Ottawa, Canada 
K1A CN4 

Bibliotheque nationaie du Canada 

Direction du catalogage 
Division des theses canadiennes 

v. 

NOTICE AVIS 

1 

The quality of this microfiche is heavily dependent upon 
tfie quality of the original thesis submitted for microfilm
ing Every effort has been madeto ensure the highest 
quality of reproduction possible 

If pages are missing, contact the university which 
granted the degree 

Some pages may have indistinct print especially if 
the original pages were typed with a poor typewriter 
ribbon or if the university sent us a poor photocopy 

jtgnal: Previously copyrighted matenals (journal articles, 
published tests, etc) are not filmed 

Reproduction in full or in part of this film is governed 
by the Canadian Copyright'Act, R S C 1970, c C-30 
Please read the authorization forms which accompany 
this thesis . v * v 

La qualite de cette microfiche depend grandement de la 
qualite de la these soumise au miGrofilmage Nous avons 
tout fait pour assurer une qualite' supeneure de repro
duction ' / 

/ 
S tl manque des p*ages, veuillez communiquer avec 

I'universite qui a confere le gr/ade 

La qualite d'impressiorj de certaines pages peut 
laisser a desirer, surtout si /lesjpages originates ont ete 
dactylographieesa I'aide dyiin ruban use ou si I'universite 
nous a fait parvenir une pr/otocopte de mauvaise qualite 

Les documents qui font deja I'objet d'un droit d iu -
teu r (articles de revue, examens publies, etc) ne sont pas 
mi crof ilmes 

La reproduction, rfieme partielle, de ce microfilm est-
soumise a la Lot canadienne sur le droit d'auteur, SRC 
1970, c C-30 Veuillez prendre connaissance des for
mulas d autonsation qui accomp'agnent cette these 

THIS DISSERTATION 
HAS BEEN MICROFILMED 
EXACTLY AS RECEIVED 

LA THESE A ETE 
MICROFILMEE TELLE QUE 
NOUS L'AVONS REQUE 

/ • 

NL-339 (3/77) 



APPROXIMATE EQUILIBRIA IN AN ECONOMY 

WITH INDIVISIBLE. GOODS 

by 

Ho N. Nguyen 

Submitted xn partial Fulfillment of the 

Requirements for the Degree of 

Doctor of Philosophy 

i at 

Dalhousie University 

A u g u s t , 1976 4 

) 

© HO N. NGUYEN 1977 



• \ 

"—*3 

; 

/ ^ABLB OF CONTENTS 
Si 

• » TT „ 

AJtJM A I\X7i\*' 1 » » . . . # l | . , | J . « f . * . » . « . V 

NOTATIONS . .- , vi 

ACKNOWLEDGEMENT , . . % 'J , . . x « 

CHAPTER 0: INTRODUCTION . . . . . , 1 

0.0 General Background . . . . . . , , . , \ 

0.1r Fixed-point Theorems and th& 

* Convexity Assumption , . . , . . , , , , -3 

. 0.2 Literature on Nonconvexity and J 

Indivisibility . , . . . . . , . . . , 11 

0.3 >rThe Present Study . . . . ' . . , " , , . . is 

0.4 Organization^of the Study » . , , . , » 16 

tl v. 

CHAPTER 1: MATHEMATICAL PRELIMINARIES 22 

1.0 Some Concepts and Properties in 

Euclidean n-space „ %. . . . . . . . . . 22 

„ 1.0.0 General Commodity Space . . . 22^ 

I.O1I Distance and .Related 

"* ' Concepts. » /23 

1.0.2 Convexity and Nonconvexity . . 26 

1.2r\ The Set of Proper Points , . 2,9 
\ - ' 

1.2 Binary Relations and Order-arng . . *-̂ \ . 37 

1.3 Other Results .' - . , 38 

JL • *k NOb6S ( * » • * i f * • * * » * * • « * « »̂ U 

1 1 " / " " " X 

CHAPTER 2j THE BASIC MODEL . , , . . , . , ' , , , , 41 

2.0' The Basic Economy « , , , » , ', « 1 1 1 41 

C i 

^ 

111 



2.1 Equilibrium Concepts , , « « , , , , , 

2.2 Assumptions on E- , , , , , « . , » , , 

2.3 The Convexafied Economy with Modified 

Preference . ' , , . , . , < , ! . \ , , < 

2 . 4 N o t . e s , , * , , «' ,•« « % i «„ < • « i 

49 

hi 

CHAPTER 3 s THE RESULTS , ' . « , , , , « . , , ' , \ 

3.0 Preliminary' Results . , , , , , , , . 

3.1 The Main Theorems , , , , . , , , , „ , 

3.2 Proofs of the'Results , • • , 

58 
n 

58 

61 

CHAPTER 4: RELATIONS WITH THI? LITERATURE , , . 73 

BIBLIOGRAPHY 

«$ 

IV 

http://Not.es


« #H 
it' 
/*if 

,^3 

ABSTRACT 

Thai .thooit> examineJ the general equilibrium allocation 

» * V 

of a finite oeouomv "wheru both dtvis*ibio 'and indivisible 

commodities aio^ present, TeuhnicaiL conditions dictate that 
the number of "•divisible goods in the economy must, be ,at 

It is found that since indivisibility encompasses non-

convexity, the equilibrium an.this indivisible ecdnomy is 

plagued by the nonconvexity related problem of in«feasibility, 

On the other hand, indivisibility entails the unique .problem -

that some consumption bundles may not be optimal in' equili

brium. The conclusion of possible ncmoptimality in the 

present model is confirmed by similar findings of existing , 

.indivisible models. However-, the present result reflects ^.n . 

improvement m restricting the potentially nbnoptimal sitt̂ a-

fions to a very' sma^l set* 

The strength of this study is derived from the use of 

.' & - ' 

a recent equilibrium existence theorem by Gale and Mas-Colell. 

This application enables the thesis to produce the above 

re.sults under fewer and less' rigid' conditions than existing 
i 

alternative models, * ^ 
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Chapter 0- Introduction 

u 

0.0 General Background 

The spectrum of economic systems encompasses 'a vast range 

which is bounded at one pole by. the centralized system and the 
9 

other pole by the decentralized system. Briefly, a central

ized system is one in which economic activities are planned 

and manipulated by one group of agents on behalf of all others 

to reach certain! pre-defined social welfare or goals. On the 

other hand, in a decentralised system economic decisions are 

undertak-en by the individual economic units, each motivated 

solely by its self-interest. The text book case of perfectly 

competitive or market economy is an example of a decentralised 

system. In a market economy, the actions of the individual 

economic agent (consumer or producer) have no effect on the 

economic parameters (priqes) . . Each agent takes these para

meters as given and behaves accordingly (adjusts his consump

tion or production bundle) to dbtam his selfish objective 

(maximizing satisfaction or pr,of it) , 

Numerous writers from Adam Smith on have demonstrated 

the theoretical superiority, "in a specific way, of the decen-

tralized system, over the centralized one in the allocation 

of scarce economic resources. While the question of efficiency 

m resource distribution is important m its own right, here-

after we will only focus our attention on the other equally 

interesting ifsue: that of the logical consistency of "a 

** 1 



lajtrtaJflfu market system. Logical consistency is detinogrrasWruc mutual-

compatibility of the action? of all tn"tf Economic ageiita in 

the svstem; OK the ability of tho system to" allow the a'etionc 

of its numerous agents to bjpN?arried out simultaneously, Cer-

tainlV the.existence of-a state\ of mutual compatibility in a 

system where there is a large number of different agents each 

acting out°'of greed is far from being trivial. The investi

gation of tins state of mutual compatibility of an economic 

system falls unde"r tka area of general equilibrium analysis. 
ft ! 

A condensed recount of the early contributions and deve-
i 

lopment of general equilibrium- analysis is found in Arrow & 

*> Hahn [3, Ch.i]. The mos*t original and notable early contri

butor in this area" l's generally considered to be Walras [28] 

who described the economy as a system of equations where V 

equilibrium is expressed as a state of equality between supply 

and demand ire -each and every market. The existence of such 'a 

state was first rigorously shown by the mathematician Wald [27]» 

von Neumann followed shortly.with the proof of the -existence 

of general equilibrium using game theory approach m an economy 

with production only [23] .̂ f*Of more significance and relevance 0 
f 

to the present study are the contributions during the pas-c two and 
half decades m which mathematical rigor and finesse have been 

-

greatly developed. Some of these recent works are represented 

by McKenzie [22], Arrow & Debreu [2],i Gale [15] and Debreu [9], 

the last being the most formal and complete. A common feature 

yamong these mqdern treatments of the subject is the construction 

of an»axiomatic economic model m which an equilibrium, i.e. 



a state of mutual compatibility, is shown to exi^t as a 

logical and mathematical deduction of the chosen axiom. Aa 

will be explained in more'details later in this chapter, the 

basic objective of this thesin in to analyse the. state of 

mutual compatibility in an economic model whoro some of tho 

mathematically standard axioms have'been relaxed. 

0.1 Fixed^point Theorems and the ConvexityAssumption 

The investigation of the state of general equilibrium and 

... „_> „.,„,....„.„,,.,, 
readily to mathematical analysis-* The predominant mathematical 

tool employed in the majority of equilibrium economic models 

is «a class of theorems known as the fixed-point theorera& (See 

Bergo [6], Kakutani [18], and Klein [19]). The fact that the/ 

fixed-point theorems have become the standard modern tool in 

the analysis of general equilibrium is summarised by Klein: 

"We do not exaggerate if we say that the problem of' the exis-

tence of a general equilibrium in a closed economy model is 

nothing but the problem of the existence of a fixed-point for 

some suitable mapping, defined in terms of the components of 

the model." [19, p.122], This view is further supported by 

Hildenbrand and Kirman who suggested that their text on equi

librium analysis may be appropriately described by the sub

title: "Variations on themes by Edgeworth and Walras scored 

for modern instruments, convex sets and fixed-points." [17, p.v] 

In order to apply the fixed-point* theorem to the proof of 

existence, equilibrium models have incorporated axioms that are 



•b • 

not only a respectable reflection of economic reality, they 

must also conform to the required mathematical conditions of 

the theorem. One such axiom , which is well known in many 

major models,^ is the axiom of convexity of consumer prefer

ence ordering and of the production set/ In the discussion 

immediately below, we will- only consider the convexity of the / 

consumer preference ordering: 

There are three concepts of convex preferences, The 

first is referred/to as weak convexijay which states that if 
» 

x and y are any two consumption bundles with x being preferred 

f •or indifferent to y, then any proper convex combination of 

x and y is preferred or indifferent .to y, (if x >, y then 

Xx + (l-X)y > y for Xe]0,l[) , The second" concept is called 

regular convexity which requires that if bundle x" is strictly 

preferred to bundle y then any proper convex combination of x 

and y is. strictly preferred to y, (if x > y then Xx + (1-X)y> y 

for Xe]0,l[). Lastly, strong convexity says that any convex 

combination of two indifferent bundles is strictly preferred 

to both, (if x * y then Xx + (l-X)y > y for Xe]0,l[), Weak 

convexity allows for the possiirility °o£ thick indifference 

class and the presence of locaj. satiation. Indifference class 
0 . 

under regular convexity assumption may include linear segments 

which in turn imply multi-valued demand mapping. Strict con-

______ f 
t A proper convex combination of a set of vectors is defined 
as a weighted sum of these 'vectors, each weight being positive and 
the sum of all the weights equals unity. Other technical terms 
and notations encountered m this section will be formally defined 
in later chapters. 
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voxity, which is equivalent to, the principle of diminishing 

marginal rate of substitution, 'results in single-valued 

demand mapping. These concepts of convexity preferences are 

I * | 
illustrated m Figures 0,0 (a), (b) ( ajad (c) respectively. 

Whatever* version of convex prefer/once ordering is assum

ed, it involves numerous important economic implications „ 

One^conomic interpretation of tho axliam of convex preference 

is that it prevents the consumer from reacting drastically 

to infinitdsimal change in prices. Even if the consumer res-
i 

ponse is extreme, as under regular convexity, all commodity 

bundles between the extremes are possible. Mathematically, 

this characteristic of consumer behavior generally assures 

the co,ntinuity(upper-SQmi-eontmuity) of the demand function 

n$ .(correspondence) . ' This property of the demanjd mapping will 

be seen to be vital to the application of the fixed-point 
i 

theorems. 

A brief digression at this point is useful to "illustrate 

the effect of the absence of convex preference and the result-
* , 

ing discontinuous demand mapping on the existence of equili-

brium. 

The demand curve DD for commodity x.. expressed as a func

tion of the price ratio P / P in Figure 0.1 (b) is derived 

from the convex indifference classes m Figure 0.1 (a), w de

notes the bundle of initial endowment. Suppose that the sup

ply curve for x is given by SS xn Figure,0.1 (b). If single 

market equilibrium is defined 'as the price ratio at which 

demand equals supply, then in Figure 0,1 (b) equilibrium for 

t * * 
0 
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x market IB obtained at the price level a where demand and , 
1 * ' ^ - ? 

supply coincide at'x *. * 

The sale given supply curve SS is drawn in Figure 0,2 (b) , 

The demand.curve D'D1 in cnas case is derived from the noncon-

vex preference classes of Figure 0,2 (a). There is discon

tinuity at price ratio a and equilibrium "as defined no longer 

exists. That is, there exists no price ratio *p ./p., where the 

corresponding amounts of x demanded and supplied are equal. 

If partial equilibrium for x. maiket AS not obtainable then 
i 

obviously general equilibrium for the whole system does not 

exist. 

it is interesting to observe that if the nonconvexity in 

Figure 0.2 (a) is eliminated by bridging the nonconvex gaps 

with linear line segments then the resulting indifference 

classes will be convex as shown in Figure 0,3 (a), Tno corres

ponding demand curve D"D<" IS drawn in Fig, 0,3 (b) where all 

amounts between points e and f are possible thus the discon

tinuity of the demand curve D'D' in Figure 0,2 (b)yis avoided. 

In this case an equilibrium exists at price ratio a. As will 

be seen later, .this bridging or convexification is the basic 

method employed in tackling the nonconvex problem, 

A& shown above, convexity of preference ordering generates 

v̂ the continuity property of demand mapping which is necessary 

to the application of the fixed-point theorem. Despite this 

mathematical convenience, the axiom of convex preferences is 

economically restrictive in that it 'disregards the classes of , 

anticomplementary commodities and indivisible commodities. 
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firstly, anticomplementary commodities refer>to certain pairs 

or groups of commodities, 'such as sleeping pills* and an evening 

at the theatre, which may be antagonistic in simultaneous con

sumption. Arrow a Hahn [3, p.173] observed that a proper con

vex combination of tripe a la mode de Caen and filet de sole 

Margudrv might not be highly regarded by a gourmet. (They 

commented, however, that perhaps tho dishe& of Chinese cuisine 

may be more suitable* for convex preferences,) Secondly, eco-

nomic reality admits the presence of numerous commodities which 

i are produced and consumed only in whole units, These units 

migSft be af such enormous proportion or physical nature t^at 

they can hardly be considered divisible, a property-%subsume°d 

by convexity. Figure 0,4 (a) illustrates a commodity space 

consisting of all indivisible goods while 0,4 (b) shows a 

space ofWixed indivisible and divisible goods. Obviously, 

neither of these cases allows convex preference ordering as 

defined earlier. 

For these reasons, it is easily conceived that the possi

bility of nonconvex preferences existing m reality is very 

likely.- It is desi-rable, therefore, that theoretical economic 

models of consumer behavior should incorporate this reflection 

of reality. As it turns out, a considerable amount of research 

has been directed toward this area, 

°*2 Literature on Nonconvexity and Indivisibility 

One of the first authors to argue that the assumption of 

convexity is less than absolutely necessary is Farrell [14], 
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His paper genorated interesting debates on the subject by 

Bator [S] and Rothenberg [24]. Unfortunately, these discus-

sions on(nonconvexity were confined to the flat world of two 

commodities. The most rigorous analysis of nonco"nvex pre-

ferences in general ,n-space is by Starr [25] . In this paper 

the standard proof of existence ,of equilibrium by McKensic '[22] 

was applied to an exchange economy with divisible goods where 

the original.nonconvex preferences have been replaced by their 

convex hulls, or "synthetic" preferences. Using mathematical 

results on nonconvex sets due to L." S. Shapley and J, H, Folkman, 

Starr next showed that the discrepancy between this equilibrium 

and an associated (quasi-) equilibrium in the original non-

convex economy is bounded. The size of this discrepancy de-

pends on the degree of nonconvexity, not on the numoer of agents 
) 

in the system. Thus the discrepancy becomes insignificant as 
I the number of agents increases. Arrow S Hahn [3, Ch. 7] re- \ 

stated Starr's results through the concepts of social-approximate 

and individual-approximate compensated equilibria in an economy 

with production. ' 

'indivisibility implies the presence of nonconvexity,' how

ever, the converse is not necessarily true. Therefore while it ' 

is natural that an economic model with indivisible commodities 

may share some problems in equilibrium with divisible but non-

convex model, it should be expected that indivisibility involves 

additional theoretical problems unique to itself. For this 
s 

reason the investigation of indivisibility must be considered 

quite separately from that of general nonconvexity, 
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Dierker [1~] analysed the state of general equilibrium m'an 

economy with only indivisible commodities. He proved the 

existence of a near-equilibrium in this model by using the 

concepts of consumer price insensitivity and "near fixed-

point" . This solution technique is innovative, however, even 

when consumer insensitivity to price is decreased, tne result-

,ug near-e*quilibrium still suffers from, two ma;jor inexactnesses. 

Firstly, the near-equilibrium allocation is only approximately 

feasible. Secondly, it may be that the allocated bundles for 

some consumers are not' optimal within their budget constraints. 

Working i& an mdivis-ible environment in which there is at 

least one divisible good, Broome [7] employed the more con-

ventional method of convexification to create a synthetically 
a 

continuous 'demand correspondence'. The well-known proof by 
/ 

;> 

D ebreu [9] is applied to guarantee the existence of an equi- O 

libri'um ,in th\s artificially convex model from which an asso

ciated approximate-equilibrium in the original indivisible 

model is found. Despite the differences in the basic models 

and mathematical approaches, Broomefs approximate-equilibrium 

is similar to Dierker's in the sense that it alsef involves 

infeasibility, and; under certain circumstances) nonoptimality. 
. f 

While the first drawback is common to all economies with 
general nonconvexity, th'e second seems to be peculiar to those 

with indivisibility. . I 

' ' I 
It should be noted in passing that one autior, Aumann [4], 

mgeneouSly circumvented the difficulties of nonconvexity al

together by using an entirely different mathematical approach, 

? 
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4 ; t ' ' 

that qf measure o theory. Arguing that tho intuitive 

notion of^perfect competition cannot be truly reflected in 

any system with a finite number ,of agents, Auraann chose to 
« 

represent the set of agents by a 'continuum' which of courso 

contains an -infinite, number" of points*. Whereas the measuro 

imtegral) over the entire continuum'is "positive, the weight 

of each agent (point) is nil,- This" latter, property corres

ponds to the.perfect competition notion that individual eco-

nomic agents have no Jinf luenc-a in the market-and are simply 

price-takers. This mathematical technique is elegant and t 
V 0 

analyses the general equilibrium solution m the ideal limit 
i - ' 

whereas modols with finite number of participants approach 
i 

the solution from the mathematically less than id-eal state 

and then let the number of agents increase to the limit. 

0.3 The Present Stud 

This thesis is ari| analysis of the, state o£« general 

equilibrium xn a finite, indivisible economy with at least 
1 

one divisible commodity^ and with production. Its aim is 

\ 
twofold. Firstly, it" seeks to provide simpler proof of exist-

i,ng results in this type of economy by using different math

ematical technique and/or by incorporating less'restrictive 

assffmptions. Secondly, it strives to improve present re

sults by introducing certain new assumptions into the model. 

In relation to the first objective, the proposed,proof 

J 
of existence will be based on the" recent mathematical result 

•if 

by Mas-Colell [21] and Gale and Mas-Colell [16] on general -
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equilibrium models without complete, ordered or transitive 

preferences. To the boot knowledge of this writer, this 13 

the first time 'taeDG results have been applied to a finite, ° 

indivisible economy. Since indivicibility automatically 

•"involves nonoonvexityf the difficulties of nonconvexity will 

be treated in this/study by tno standard technique, a la Scarr, 

In other words, the^-dascontinuity associated witn nonconvexity 

is temporarily overcome by working with the convex hulls of 

the relevant sets. Once the existence of equilibrium is ob

tained in this syntactic environment, the result is related 

back to the original model through the established proj^rties 

on nonconvex sets by Shapley and Folkman, J> 

.Regarding the second objective, it will be shown that 

certain concepts of pseudo convexity m an indivisible system 

may be used to eradicate some weaknesses of the existing re

sults. 

\ 
0,4. Organization of the Study ' 
X l 

T&e thesis consists of five chapters which are organised 

as follows. The present chapter, Chapter 0, is a general in

troduction to this study. It briefly reviews some of the 

relevant literatures and leads to a discussion of the "pur

pose of this work. Chapter 1 contains the mathematical con-

cepts, properties and their proofs which are to be used in 

later chapters. It is mathematically self-contained and in-

eludes known results by Caratheodory, Shapley-Folkman, and 

Mas-Colell since these are indispensable to this thesis. Of 



particular importance to the re^ulta in Theorem 4 ia the 

oection on integer convexity, its properties and their proofs. 

In Chapter 2 the basic indivisible economy, its assumptions 

and the various concepts of equilibria are first defined. 

The basic economy is then modified by convexifying certain 

sets and altering the preference ordering, The alteration 

of the preferences is vital to the application of the Mas-

Colell theorem to the present model, The core of the thesis, 

Chapter 3, contains the mathematical results and their proofs," 

Economic interpretation 'of these results are also included 

in this chapter. The final chapter, Chapter 4, is a eompari" 

son of the present findings to those in the related litera

ture . 

*0.5 Notes 

Some chapters are accompanied at the end by a section desig-

Hated^'Notes". This section serves as a general'footnote to 

the entire chapter. It either elaborates on some point made 

in the body of the chapter and/or relates certain part of the 

chapter to the relevant references. 

Recent literature in the area of general equilibrium 

analysis is growing. A general up-to-date introduction to 

the field is the newly published text by Hildenbrand and Kirman 

[17] which offers "a simple but formal account of work done 

to date in that part of economics which we have chosen to call » 

equilibrium analysis", 

m 
The discussion of nonconvexity' m Section 0,1 was con-
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fined to tno consumption sector, Nonconvex production*&et 

and its problems are elaborated here. 

The presence of" nonoonvo:: production set in an economy, 

analogous to the case of nonconvex preferences, implies that the 

existence of'equilibrium is no longer guaranteed, Figure 0,5 (a) 

shows a nonconvex production setB Y, in a 2-conmodity world 

with y., being tne input and y^ the output. At price ratios 

less than a the price of the input is expensive relative to 

the price of the output and consequently no production takes 

place, i.e. the demand for the input y~ is zero. At price * 

ratio p7/p, = a profit maximization behavior dictates that 

the producer is indifferent between shutting-down or produc

ing at point A. The demand for the input y corresponding 

to the price ratio a is then either 0 or y , The demand curve 

for y at various price ratios p„/p. is shown as segments 

(0,A) , (e,D) in Figure 0.5 (b) , Assume that y., is only used 

for production and its supply is constant at y with 

0 K y, < Y-,' then there is no price ratio at which the demand 
i i 

for the input y equals its supply y . Note, however, that 

the discrepancy from exact equilibrium at the price ratio a 

can never exceed y,/2. 

The lack of exact equilibrium may be artificially elimi

nated by convexifying the production set Y in Figure 0.5 (a). 

This is done by bridging the nonconvex part of Y by the linear 

segment OA, the corresponding demand curve for y is then ex

pressed as (0,a,e,D*) in Figure 0.5 (c). Clearly equilibrium 

occurs at point 1 with price ratio a and quantity y . 
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To illustrate the fact that the discrepancy due to 

nonconvexity does not depend on the num-ber of economic agents, 
4 

assume that there are two identical producers with production 

sets Y shown in Figure 0.5 (a). At the relative price ratio 

P3^P, - a either one or both producers could shut down or 

produce at point A. The corresponding demand for input at 
el tl 

price ratio a is 3-valued, (0, y , 2y ), Tue entire demand 

curve is shown in Figure 0.5 (d). If the supply of input is 

fixed at y and 0 < y < 2y then there exists ̂rso exact equi

librium. However, the deviation from exact equilibrium is 

again at most v,/2, the.same as in the case of onlv one pro-
o """I 

ducer. It is interesting to note firstly that the increase 

in number of economic agents does not expand the sine of the 

discrepancy. Secondly, m equilibrium the behaviors of iden

tical agents may be quite different. This discussion of 

nonconvex production set is adapted from Arrow S Hahn [3, 

Chapter 7]. 



Chapter It Mathematical Preliminaries N 

1,0 Some Concepts and PgopAg-t.^a_j^n__Eucli,dean nj^ogace 

1.0,0 General Commoditv Space 

All economic models in this thesis consist of a finite 

number of economic agents as well as va finite' number of com

modities. The modified oconomiG model in the next chapter 

further requires a divisible setting. Therefore it is appro- ^ 

priate to examine in some details the properties of the finite 

Euclidean space R , 

Let R denote the set of real numbers, , It can also be 

considered as the Euclidean 1-spaee. A typical element of R 

is denoted by x, or x e R. 

The Cartesian product u R = Rx,..xR = R then denotes the 

Euclidean n-space with elements being n-tuples x = (x ,...,x ) 

k ' 

where x c R for k = l,,..,n. The Euclidean n-space is a vector 

space, thus x c R is also known as a vector and n is the di

mension of the space. 

The operations of vector addition, vector multiplication, 
' " n 

and scalar multiplication are defined on R respectively as 

follows: 

Let X e R , y c R , and X e Re then: 
, 1 1 n n. n 

x-s-y = (x +y ,.,,,x+y ) e R j 
„ « 1 1, , n n. - < 

xy £ (x y +...+X y ) c R; | 
Xx = (Xx ,.,.,xxn) *e Rn. |i 

Hereafter, superscripts are used to denote the components 

22 
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of a vector whereas subscripts, xf any, are used to identify 

different vectors. 

Sometimes the dissuasion of a particular R space may bo 

restricted only to a portion of it, such as the non-negative " 

part, denoted by 11. 

9. = {:: c Rn] x "g 8}, 

where 6 s (0,. ..,0) t R is the element with all components 

equal to aero, the origin of R . ^ y ^c 

Remarks If there is a finite number, cay n, of distiact and 

divisible goods and services produced and consumed in the 

nomy, then tne space of commodities may naturally be represented 

n n " 
by the Euclidean n-space R . Each vector x c R is then called 

k 

a bundle of goods where x e R for k = l,.,.,n denotes the quan

tity of the k-th good in the bundle. The Commodities in the 

following economic ipodels are well-defined xjci the sense of 

Debreu C9].' 

1.0.1 Distance and Related Concepts 

The notion of distance 'is basic to the definitions of 

numerous other metric concepts in a vector-space. 

Let x e R and y c R , the real value d(x,y) defined By: 

d£x,y) = CS(xk-y]c)2]% 

is called the Euclidean distance between x and y. Clearly 

it can be shown-that d(x,y) satisfies all the axioms of* a dis-

tance function: 

1. d(x,y) > 0 and d(x,y) = 0 if and only if x = y; 



2. a{::fy) = a(y,::) t 

3. dix,a) v. d(2:,y> b aiT,z). 

The definition of the neighborhood of a vector followb 

immediately that of di&tanco. Intuitively, the neighborhood 

of a vector x a R is the set of vectors which,aro located 

within a given distance from :-:. More formally, let « c R „ 

5 c R and 8 > 0, chen the o-neighborhood of x in R , denoted 

by Hts,S), is: 

N(::,S) s {y c Rn|ji(x,y) <• fi>« 

Let x c R and x c x, if there, exists a neighborhood 

t * • 

of x which is entirely contained in X then x is Galled an 

interior point of X. The set of all interior points of X 

is said to be the interior of X. 

Formally, if X _<= R then the interior of X, denoted 

Int X, is: 

Int X ? {x e Rn! i <S>0: N(x„S) c x}, 

A set is open if*all its elements are interior points of 
*• n 

i-bself. That is, let X c R , X itS an open set if Int X = X. 

A set is* said to be closed if its complement is open. 

In other words, let X = R then: 

X is closed if Int (RH\X) = R"\XJ 

where \ denotes sat exclusion and R \x = {y t R | y si x}. 

Remark: The empty set 0 and R are simultaneously closed 

and open while N(x,6) defined above is open, 

A boundary point of X f R IS a point which is neither 

in the interior of X nor in the interior of R \x. The set 

of all boundary points of X is called its boundary and denoted 
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by Bnd_ji, 

Lot X c R' then x c R iis a boundary point of X if 

x £ Int X and X £ Int (R^XX) . 

Bnd X - {x c Rn|x £ Int X and x £ Int (Rn\X)}, 

Obviously a set X c R may or may not contain its 

boundary, depending on wnother it is closed or open res

pectively. 

The closure of a set X c R , denoted ClX, x& che set 

composed of all interior and boundary points of X; 

CI X 5 Int X u Bnd X. 

Properties: Let X c R" and 6 c R, 

1. Bnd X = Bnd (Rn\X)'. 

2. Int X fi Bnd X = 0. 

3. X u Bnd X = Int X u Bnd X. 

4. X is closed if X = CI X. 

5. Bnd X = {x £ Rnjx'^ Int X ,and ¥<5 > 0: N(x,<5) n X- •£ $} 

6. ClX = { x £ R j v 6 > 0 : N ( x , 6 J n X j * # } . 

Another concept derived from the idea of distance "is the 

boundedness df a set. Intuitively, a set is bounded if the 

distance between any two'pomts in the set is finite. 

Formally, X <=*R 1 S said to be bounded if for x c X, 

a S > 0 exists such that ,X = N(x,<5) . 

A set X <= R is said to be compact if it is closed and 

bounded"! * 

BxampLes; 

1. The non-negative orthant, Q,, defined earlier is 

closed but not bounded. 



/ 

2 . ' L e t X = i s c s | 1 s s < 1 0 ) , ' t h e n : 

I n t X = X?" 

Bnd X = [ 1 , 1 0 b _ 

, CI X , = { x c RJ 1 £ ':; s»' 1 0 } . 

O b v i o u s l y X i s a n o p e n a n d ' b o u n d e d s e t . 

3 . . L e t X = { x c R J L - < S x £ 10° ] , ' t h e n : 

I n t X = {x £ Rj 1 < x < 1 0 } ; * 

Bnd X = { 1 , 1 0 } ; ' 

CI X - X. 

Clearly X, is closed and bounded, i.e. pompact. 

1.0,2 Convexity and Nonconvexity 

2.very important mathematical concept in modern economic 

theory is that of the convexity of a set. A set is called 

convex if the line segment connecting any two points of the 

set is entirely contained in the set. 

Formally, let X e R and x,y e X then X is convex- if 

Ax + (l-A)y € X for X e [0,1]. 

Illustrations of convex a|gd nonconvex sets are found in 

Figures 1.0. 

Properties: 

1. The intersection of any number of convex sets is 

also convex. 

2. If X c R is convex then Int X and CI X are also 

convex. 

3. If X is closfed and convex then it is not possible 

to partition X into two closed, disjoint subsets, 

( 
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Convex Nonconvex Nonconvex 

Figure 1.1 

Convex hulls of the above sets 



!Phat isfr there exist no closed sets x. and X such 
X *s 

that: X, US, = X and X, n X. = 0, 
1 Z L i 

The convex hull of a set is formed by taking the inter" 

section of all closed convex sets containing the original set, 

It follows that the convex hull of X c R f denoted by either 

Conv X or X, is the smallest closed convex set containing X. 

The convex hulls of sets in Figure 1.0 are shown in 

Figure 1,1. < » > « 

Let X c Rn
: 

Conv X 5 x S" {x e n Y„ IY is closed, - convex and x c v }. 
i' i i 

Property 5 

n 
If X = R is closed and convex then Conv X = X. 

A measure of the degree of nonconvexity of a set is the 
tf 

next topic of discussion. However, the following deflations 

are needed first. 

Let X c R , x e Conv X and S = {x,,..,,x } c x. 
I n 

If x = Z X x fbr I. >, Q and Z X = 1 then x is said to be 
1 x x 1 „ 1 

spanned by S or S spans x. 
n — 

A closed sphere in ,R with center at x and radius K is 

the' set: , 

. {x e R ]d (x,x) 4 K} where K e- R and K > 0. 

The radj.us of a set X c R , denoted rad (X) , is" defined 

as the radius of the smallest closed sphere containing X. 

Let {S} be the collection of finite -subsets of X that 

span the elements of Conv x [The existence of S for every 

x c Conv X is guaranteed by the Caratheodory's Theo'rem, 

-es» 



see -Section 1 . 2 ] . 

The inner r a d i u s of Xj denoted r ( X ) , i s defined as1 

/ . 
r(X) = / s u p ( \nf r a d ( S ) . 

x e X S c i s ] 

The inner radius of1 the set X is determined by taking 
I 

for each element x e Conv X the smallest of rad(S) as S 

varies over all spanning sets of that point x, then take the 

largtest over all x In-Conv X of this mfimum. 

Remark• 

(a) Conv X = X iff r(X) = 0 

(b) X1 is noncpnvex iff r(X) > 0. 

Therefore rfxTmay be considered as a measure of the 

degree of nonponvexity of X*'. i * 

1.1 The Set of Proper Points 

| \ 

The Euclidean n-space was found to'be suitable in 

repr.esenting the commodity space of ,an economy with a finite 
6 \ , 

number of divisible goods. it will be assumed,later, however, 

that- some commodities mfcr be produced and consumed only in 

whole units and are thus not divisible. In such an environ-

lent economic activities i will actually be confined to) a 

subset of "proper points", called F, in R . * • 

a F = {x e. R Jv k e, ,{1, . . . ,ta . } : x s. R, and 

V k e {n + '1, . . . ,nb ,x e Z*} = R x Z 
' t o ' 

where n, denotes the number of divisible commodities in the' d 

economy and the remaining commoditie.s.., n-n,, are indivisible 

The set Z denotes the set of integers - Each vector xn P 
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represents a commodity bundle which contains n, divisible 

and n-n, indivisible commodities, 
a 

X-t will further jae assumed in the formal model that 

the numoer of divisible goods is at least one/ However, 
for tne sake of simplification of the notations and exposi

tions of the concepts and properties in F, the specific ease. 

of exactly one divisible good, n =1, will be considered here-
«n a 

after. Therefore, for the rest of this study the set of 

proper points is confined strictly to a 

F = R x ZU"~, 

An illustration of F for the case of n= 2 is found iri 

Figure 0,4 (b) of Chapter 0, « 

An important vector in F is now defined. The unit vec

tor in the divisible direction, denoted by e , is the point: 

e = (1,0,...,0) e F. " , , 

n v 

The set of proper points xn R . may be described as a 

collection- of grid lines. The grid line through a point 

x e F is defined as the following sets 

{ x e F | x = ' x + X e , V X e R } . , 
* . •> n 

Some of the topological concepts defined earlier in R 

are no longer valid in the subset F. These concepts are 

now modified for F~. * 
i 

Let X e-tFs -
> ,o •> 

The 6-neighborhood of x e X in.F, denoted by N(x,6) , 
, F 

is defined by: 
H(x r«) p s {x £ F[d U,x) < 5}. , " 

\ 



r-
Alternatively, N(x,S)„, =. N(S,<5) n F where N(x,6> JO 

the S-neighborhood of x defined earlier for R . 

The set X c F is said to OG closed in F if for every 

x c F: there esisto 5 > 0 such that f (x,^)^ <= x. 

The lower edge of X S LE(X) = Ex c x|{x-Ae) £ X, V X >.0}. 

The upper edge of X = OE(X) = {x e XJ(x+Xe) ** X, ¥ A > 0}, 

T^ e upper rest oc X 

= UR(X) = X \ LE(X) H {x e XJx *? LE(X)}. 

The lower rest of X 

H LR(X) = X \ UE(X) 5 {x C x|x j£ UE(X)}. 
t 

n 
The hyperplane defined by p s R and a e R is the. set: 

H(p,a) = {x s R [px = a}« 4 

The hyperplane H(p,a) is said to support X c p 

from below at point x if: 

( l ) x e H ( p , a ) n X; 

(2) H(p,a) n UR(X) = 0. 

The support is said t&- be from above if condition (2) 

is changed to: 

<2') H(p,a) n LR(x) = $. 

The terms "upper", "lower", "from below," and "from above" 

are rather cumbersome. Therefore they will be dropped when

ever the context is clear. Hereafter the above concepts will 

be referred to as: the edge of X, E(X); the rest of X, R(X); 

and the hyperplane H(p,a) "supports X at x". 

Figures 1,2 (a) and (b) illustrate the edge and the rest 

of X respectively. 

Convexity is clearly not possible in the set of proper 
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points due to At a 'construction. A concept of pseudo-convexity 

is introduced here specifically for sets in P. 

A act X c F is said to be integer convex if; 

^ Conv X n P = X. 

; *. The concept of integer convexity is illustrated in 

Figure 1?3. * * 

Integer convexity conveys the idea that the nonconvexity 

involved^s attributed solely to the presence of indivisibility, /. 

and not to consumer preference or production technology winch 

is the case of nonconvexity in a divisible environment. In 

other words, if the indivisible goods had been made available 

in divisible quantities, then integer convex sets would have 

been convex in the standard sense. 

A set of properties of integer convex sets which are 

useful for later application is given and proved here. 

Proposition 1: Let X c F be integer convex and H(p,a) 

support X at x. If for every x e X: (x+Xe) s X for all 

X > 0 then p 5̂  0. 

Proof: x c H(p,ra) n X by hypothesis. 

This implies px = p x + ... +p x 

= a. 

1 
Suppose p = 0 . 

For any X > 0: (x *• Xe) q R(X), 

p(x + Xe) = px + Xpe 

= a. 

i_l 2 n 
Since *p = e = .., - e = 0 . 

Thus (x + Xe) e. H(p,a) n R(X) which contradicts the 
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2 
condition that II (p,a) c R(X) ~ 0, Therefore p ji Q% Q.n.D, 

Proposition 2; Let {x } be a family of satu in P, 

then: Conv (£x ) ~ £ Conv X.. 
° i i 

Proof: Tins proposition and proof follow directly the 

results in more general R space found in Arrow a Bahn [3, p,387]. 

Proposition 3: Let {x.} be a family of sets in F. 
* x xcl 

If X is integer convex for eveiy i t I then EX is also 

integer convex, 

Proof: (i) Take x s (SX ) n P. 

This implies 3 x c X Vi c I such that Ex = ::. 
i i i 

Suppose i 1 c I such that x i X n F = X , then L„ X £ F. 
3 3 3 l e i i 

Therefore V i c I : x e X n F = x . 
i x i 

This means 2 x = x c Z X , or : [{EX ) fi F] e £ X ; 
1 1 l 1 A 1 

(u) Take x e SX . 

Th is implies 3 x, e X Vi e I such that Ex = x. 
i i i 

But x e X e x V i s I , which means Ex = x c EX . 
l r 1 0 1 1 1 

S i m i l a r l y , x e X C F V i e l , which means £x = x c F . 
•* I i i 

Thus Ex = x e EX n F , o r : Ex c (EX n F) , 

(i) and (n) together yield: EX fi F = XX , whicn. implies 
i i 

that EX is integer convex. Q.E.D. 
i 

Proposition 4: Let {x } be a family g>£ integer convex sets 
X i d 

i n F . For e v e r y x € E(XX ) t h e r e e x i s t s x e E(X ) f o r a l l 
l i i 



i c I such chat :: - k:: , 
i 

Proof; Take :: c D{AX ), O 
—""""'— X. 

This implies -3 x c X ¥i i I such that x = Sx . 
i i i 

Suppose for some i c Is s & E(X ), then 5 J 1 > 0 
3 J ^ 

such that (x - As) c X and S x l («x -Xe) <= Sx - Ao -
3 3 x-*3 a 3 1 

(x-Xe) c EX . 

But this implies that Ex -x £ E(SX 3, a contradiction. 

Therefore, for every 1 e Is x c E (X. ) . Q.E,D. 
^ 1 1 

• » _. 
Proposition 5; Let II (p,a) support X and Y at y with 

px JL a for all x c X and py _< a for all y c Y. If X and Y 

are integer 'convex in F then H(p,a) n X n Y & 0, 
» 0 

P r o o f : H(p , a ) n X n Y £ 0 by h y p o t h e s i s . 
— • -,- — 1 

y e H f > x - » - d a spann ing s s t S r c X such t h a t y < S o r 

y = SX.x f o r x . e S and X > 0 , EX. = 1 . 
1 1 I X 1 1 

This implies Vx e S : x e H(p,a). 
1 x 1 

•> H n x f 0. 

Similarly, H n Y f 0. 

« • 
Suppose (H n X n Y) $ F then the spannxng sets S c B n X 

and S c H n Y of y do not exist. This contradicts the 
y 

statement of the Caratheodory's theorem. Therefore 

(H n x n Y) c p and since H n X n Y ^ ^ j H n x n Y n F ^ ^ . 

Butv'X n F - X and Y n F = Y, 

T h e r e f o r e H n X n Y n F = H n x n Y f?0. Q.E.D. 
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1,2 "3inary Relations and Ordering __ " 

Xn tao models of later chapters it wrll be assumed 

that economic agciitg make rational decisions. For example 

oach consumer is assumed to choose tho best bundle(s), has 
c 

on a well-defined preference, from a certain subset of his 

consumption set. It is relevant, tnerofore, to discuss 

hero ens concepts of binary relation and ordering on set 

in R . 

Let X c Rn . If Cos every ordered pair (Xfy) " X >< 

a given statement is eithei true or false then this statement 

defines a bi'nary relation on X, Denote this relation by ©, 

then one writes x ® y or (x,y) € (Ŝ if tne relation holds 

between x and y, otherwise x 0 y or (x,y) £ ©. 

If © is a binary relation from X to itself and x,y,z c X 

Then© is said to be: 

1. transitive if :: © y and y e s -*• x ® sj 

2. reflexive if x ® x for every si e Xj 

3 . symmet r ic i f x ® y - > y © x j 

4. a-symmetric i f x © y - * y ^ x ? 

5. anti-symmetric if x © y%nd y © x -> x/f yi 

"6. complete if either % © y or y ® x/ror all x,y e X. 

a set X is said 'to be partially preordered by the rela; 

tion © if © is reflexive and transitive. If in addition ® 

is also complete then X is said to be conpletely preordered 

by ®. a partially (completely) preordered set is said to 



k0 partially* (conplotelv)__ordes_od by ® if 9 xa aiso anti-

syrameferi-c, 

h binary relation © on a sot X xs said to define an 

equivalence relation if it is transitive, roflexi've and 

sysiraocric. That is, for any ::,y,s c x, ® must satisfy3 

x ® y and y © s -> :: o sj 

x ® :: for every :; e X ? 

x © y ~> y ® x. 

1.3 -Other Results l 

The following well-known results on convex hulls and 

equilibrium existence will play important roles in later 

chapters and are therefore grouped here for convenience. 

Caratheodory'<3 Theorem: Let X <=. R „ For every 

x s Conv X there exists a spanning sat S ĉ  X of x with at 

most n + 1 elements. 

The above theorem is used extensively in several non- , 

convex economic models. Its proof may be found in Eggleston 

[13, pp. 3 5-3 6] . /j/i * » 

Starr's Bxten-tion of Shapley-Folkman Theorem: Let 

{X } be a family of compact sets in R with r(X ) ^ ic 
x lei " 1 

* 
for all 1 e I.- Then for every x e Conv EX there exists a 

x 1 

x c EX such that d(x,x) <= K/H. 
1 

V, 
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Starr first reported similar result on nonconvex sets 

** ** o 

oy Shapley apd Folkman in his paper [25? Appendix] whore the 

above refrhed version is also given. Arrow a- Halm [.3, 

pp. 399-400] also discussed and proved chis theorem._ "It 

is mainly used in relating an equilibrium in .the convexi-

tied economy to an approximate equi]ibriuravrn the original i nonconvex model. * 

Gale and Mas-Colell Existence Theorem: 

The following conditions are sufficient for the existence 

of equilibrium: 

The set Y is closed, convex, contains the-negative 

orthant, and has a bounded intersection with the posi

tive orthant. 

The sets X are closed, convex, non-empty and bounded 
» 

a 

below. 

The preference mappings P are irreflexive [that is, 

x £ P (x )], have an open graph in X x X. and their 
1 1 1 J j r - s j r 1 , 1 

values are non-empty, convex sets. 

The functions a (p) are continuous and satisfy 

a (p) > inf pX for all p in A'. 

The proof of this theorem is found in Gale and Mas-Colell 

[16]. It should be explained briefly that the set Y refers 

to the production set, X is the i-th consumption set, a 

is an income distribution function from a' to R where A* is 
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tho set of (unit price vectors which yieid finite profits. 

The equilibrium referred to in the theorem is equivalent to 

the Wairas equilibrium to be defined in Chapter 2. 

1.4 Motes 

The concept of integer convexity may be considered to 

be restrictive. However, its inclusion will strengthen the 

results on the state of equilibrium considerably. For 
r 

another application of integer convexity, see Conn and Malay [8] . 

The definition of convex hull given in this chapter 'dif

fers slightly from the standard definition. The standard 

definition of convex hull requires Conv X to be the inter

section of all convex, but not necessarily closed „ sets 

which contain X. The stronger definition used in this study 

simplifies the analysis but does not affect the basic out

come of the model. 

• L 



Chapter 2s Tho Basic Model, 

its Assumptions and Modification 

2.0 The Basic Economy 

All the activities of the following discussion will 

take place xn a general frameisork called an economy. In

tuitively, an economy consists of a production sector, a 

consumption sector and.a finite collection of well-definedo 

commodities. Each unit in the production sector, referred 

to as a producer, selects from among the technologically 

feasible combinations of inputs and outputs one which ,. 

maximizes his profit. Symmetri-cally each consumption unit, 

called a consumer, chooses from his set of affordable bun- "• 

dies one that he most prefers. The optimal decision of 

each unit is constrained by the prices of the commodities ' 

which neither a single producer nor consumer can influence". 

Definition (2.0): Formally, an economy with .production -

is defined by the following set of primitive concepts"; 

1. A total supply set Y c R„ of all possible . o 

"combinations of commodities available for 

consumption xn the- economy; 

2. A finite number of consumers, indexed by the *g» 

set I = {1,...,m}f 

n^ 
3. A,consumption set X. c R for every i e I? 

4. A preference relation f, defined on X for 

every i e I? __ 

41 r . 

0 

t 
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An income distribution function ¥ 
a4: A' •* R for each i e I which assigns to the 

i-th consumer a fraction °a (p) of the profit 

JI (p) = sup pY, The sum of all shares, 

^T « (p) i xs equal to the, total profit II (p) , 

A is the n-1 price simplex {peR jpSO, Ep =1}, 

Notationally, an economy is expressed asi * 

E s {(X \ £ , I) , Y, a }, 
X x x 

Remark; 'For the sake of simplicity, the supply side 

is assumed to consist of only one producer. It is conceiva

ble, however, that the total supply set Y may be treated as 

the sum of numerous individual production sets and the bun-

die of initial resources, i.e. -

y = E Y + {w}, 

where'J is -the finite index set. of producers, Y is the 3-th 
3 

producer's production set, and {w} represents the (total amount 
t • 

of all goods available initially. 

The preference relation >, in D (2.0) may be given the 

verbal interpretation of "at least as desired* as", This 

relation is used to define a very important type of set in 

each consumption set. 

^Definition (2.1): In each consumption set the class of4 

not-worse-than sets is defined as a correspondence, C , ,from 

X into its power set: 
i ** 
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where 

C °{ X -> 2 f o r e v e r y i c , 1 , •< 
i i 

C (x ) = {it ' e X lx > x } fo r eve ry 5 c X , 
i i i i ' I -"i i i i 

The set C (ii ) consists of all those commodity bundles-
i i 

in X which are considered iaetter then or indifferent, to the 
I 

given bundle it. by the i-th consumer. Figure 2.0 illustrates 

_ • * 0, 

the set c (x ) and ics convex hull, 
1 x ' » . • • 

Two related relations, >* and r* , are derived from > , 
i I ^i 

; Definition (2.2); 

- L e t x , y e X : , •> 

(a) x >• y i f x e C (y) and y £> C (x) ; 
X X X K 

(b) x ~ y i f x e c (y) and y eX! . .<x) . 
i i i 

The first relation says that bundle x' is considered 

"strictly preferred to1' bundle y by the i-th* consumer if„x 

.is "at least as desired as" y and y 4s "not at least as 

desired" as x. The second relation reads: bundle x is " 

"indifferent to" bundle v xn che i-th consumer's view if 

they are considered "at least as desired as" to each other 

simultaneously. This definition satisfies the conditions of 

an'"equivalence" relation. 

Definition "(2.3): (a) An allocation x is an m-tuple 

of vectors, x = (x. , , . . ,a ) , where x <* X for every 
JL lu 1 1 - * 

i e ll,...,m}j thus x e II X ' = X. 
' <> i e l , l 

(b) An allocation is"sa,id to be feasible if 

l£l 
X 6 Y, 

\ 

* 
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An allocation is then nothing but a vector wheae 

cosponentG are eonnodity bundles, each associated with a 

consumer, A feasible allocation is one whoso component 

sun coincides with some supply bundle, 

\ 
i 

2.1 Equilibrium Concepts 

So far the description of the economy has not indi

cated whether or not the actions of the individual economic 

units will bring a situation of mutual satisfaction 

to the system, The state of simultaneous satisfaction of 

all individual actions is called a state of equilibrium, 

The different concepts of equilibrium will be formally de« 

fined in this section and the question of existence is 

answered in the following chapter. 

Definition (2.4): A price vector p e A, an allocation 

5 = (x, ,...,5 ) e X, and a' supply bundle y e Y is said to 
I . m 

constitute a Walras equilibrium of the economy if the follow-

ing conditions are satisfied: 

(a) py 5 py for every y c Y$ 

(b) px = a (p) for every l e I; 

(c) For all I e I and x e X : x > x implies 
1 1 1 1 1 

p x x •> p x x ? 

(d) Exx = y . 

The Walras equilibrium is also known as competitive 

equilibrium in the literature. It is the equilibrium" whose 

\ 
\ 
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existence io assumed by the Gale and Mas-Colell Theorem, 

It describes the ideal otate ol compatibility in the ooonony, 

Condition (a) states that the equilibrium supply bundle y 

yields the highest net revenue to tho producer compared to 

all other technologically possible bundles. Thus the objec

tive of profit maximisation is met in the production sector. 

The second condition reflects tho idea that, for every ccn-

suraer, the equilibrium consumption bundle x, requires the 
i , 

exhaustion of income. This is due to the implicit.assump

tion in the model that decisions are made over the life 

spans of the economic units and thus no savings and no 

future periods are considered. Condition (c) says that for 
s 

any bundle which is strictly preferred to the chosen bundle, 

it must be that this preferred bundle can only be bought 

at a "-higher level\of income than the equilibrium income, 

This signifies that the chosen bundle is the best bundle that 

can be purchased given the income and preference, Thus con

dition (c) satisfies the preference maximising behavior cf 

the consumer. For this reason, condition (c) is called the 

condition of "optimality"* The last condition requires that 

the desired consumption of all consumers is exactly equal' to 

the desired supply and is_referred to as the "feasibility" 

condition. 

Under less than ideal economic circumstances there may 

be less than ideal state of equilibrium. The first of such 

weakened concepts of equilibrium is defined as follows, 
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Definition (2,5) ; , Tne tuple Cp,xsy) c (A -X^Y) is 

called a Weak Approximate Equilibrium (W.2U12») of magnitude 

K if the following conditions are satisfied: 

(a) py 5 py for every y t* Y; 

(b) px = a (p) f o r e v e r y i <• I? 

(c") F 6 r " a l l i e I and a l l x € X J X j f c x . i m p l i e s 

P « x S px^? 

' (d") d (£x ,y) i& K, where K I S a g i v e n c o n s t a n t , 

c 

The concept of Weak 'Approximate Equilibrium defined 

above is closely related to the approximate equilibria de-

fined by Broome and Dierker. The first two conditions of v 
> t 

profit maximisation and income exhaustion are still satis-
a 

t 

fied. However, condition (c') now states that for any 

bundle xn the consumer's consumption set which is considered 

to be at least as desired as the chosen bundle, it must cost 

I 
the same or more to purchase than the equilibrium bundle. 

Thus it is possible that the income needed to buy the equi

librium bundle may be sufficient to buy another which is 
0 

strictly preferred. If this is the case then the condition 

of "optiraality" is not met. Furthermore, condition (d?) no 

longer assures exact feasibility. It allows for total con

sumption to diverge from total supply by a bounded measure. 

Thus "feasibility" is also absent. 

Two other variations of the, concept of equilibrium 

complete this section on definitions of equilibrium. 
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Dofin11ion_J_2_._6)_g The tuple Cp,x„y) c (A^X Y) n 

called an Optimal Approximate EquaJLibr^um (O.A.D.) of magni

tude (i if it satisfies the following conditions: 

(a) 5y a py for every y e Yj 

lies 

(b) px ~ OJ (p) for every i c I; 

(c) For all i e I and x e X t i: V x. imp 
1 1 2. 'l 1 

px± > pxi} , 

(d') d(Ex ,y) £ K, where K IS a given scalar. 

Definition (2.7? ; The *£uple (p,5,y,) c (AVXKY) is 

>called a Feasible Approximate Equilibrium if it satisfies 

the following conditions: 

(a) py 5 py for every y e Y? 

(b) pi = a (p) 'for every i e Is 

(c') For all i c I and x e X : x ^ x implies (\ 
i i i i i ^ , ' 

i?s, > p5 x? ' 

(d) Sx1 = y. 

Obviously, an optimal approximate equilibrium is noth

ing but a Walras equilibrium without the condition of exact 

feasibility. This equilibrium concept is similar to the 

quasi-equilibrium found in a divisible but nonconvex economy 

by Starr. A feasible approximate equilibrium, on the other 

hand, meets all the conditions of a competitive equilibrium 

with the exception of optimality. 
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2.2 Asoumotiono on E 
^ — „ ^ _ — — — „ ™ _ ™ _ _ _ 

j*i &et of assumptions and incur interpretation 10 now 

stated for the economy E defined in D(J,1), 

A: Assumptions on tho consumption sets and preference 

relation > . 
~i 

For every i e I: 

A.I (-j.) Xi c Fi 

(ii) n S 1. I 
A.2 x is closed in ?. 

i 

A.3 There exists a g. a F such that for every x c X a 
•'i i i 

x > g . 
i = i 

A.4 For every x c X and x c Fs x >x implies x c X . 
i i = I i 

A,5 > is reflexive and transitive, 
™i„ 

A. 6 For all x,x <g X 3 x > x or x > x, 
i ~i ~i 

A. 7 For every x e X s C (it) and {x Q X lx "> x} are 
i i i' ~i 

closed in F, 

A.8 For all x,x a X J X > x implies x > x. 
x K, * ~i 

A. 9 For every x e X and X >0; (x-s-Ae) >•., x. 

B- Assumptions on the supply set Y, 

B.l Y c F, 

B,2 Y is closed in F. 

B.3 (-£2 0 F) c Y. 

B.4 ^Y n R(SJ n F) is nonempty and bounded, 

Cs other assumptions on B 

/ 
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C.3. a ! 4' •» R is continuous on A'. 

C2. | an (p) <= R(p) for all p c A". * 

C.3 R(X ) n {x L FJpx S ci<p) } =F 0 for ail p c A". 

C.4 Y n | X^ f 0. 

With the exception of two, A.l and A.9, all other assump

tions on the consumption sector are basic and may be found 

in most literature on general equilibrium analysis. The above 

standard assumptions, however, have been adapted to the present 

indivisible environment. The "closedness" assumption, A,2, 

• c 
states that if a bundle is in the consumption set then any 

r 

other bundle on the same grid line very close to it is also 

in the consumption set. Assumption A,3, "lower boundedness", 

is a physiological constraint on the consumer's inputs and 

outputs. It implies the physical condition that one can 

neither work more than 24 hours in a day nor survive on less 

than some minimum amount of food. Assumption A.4 states that 

for a given bundle in the consumption set, then any other 

bundle (m F) with the same or greater quantity in one or 

more commodities is also in the consumption set. This is 

known as the "unlimited consumption" assumption. A,5 is an 

assumption on the behavior of the* consumer. Firstly, the 

consumer ..must regard every bundle in his consumption set as 

"at least as desired" as itself. Secondly, given any three 

bundles in his consumption set, if the consumer regards the 

first to be "at least as dosired as" the second and the se

cond's "at least as desired as" the third, then the first 

must also \be regarded "at least as desired as" the third. 



Another behavioral acjiirrotii;*", '\$a, ',fcatoo that all paxru lof 

bundioa an the concumpaion net* 'are comparable in the opin/xon 

of the consuner. Thin in tho. "conpleuenocs" assumption^ A.S 

ancWA.6 tocjoclier xnply that >„ defineo a complete preordering 

on the consumption set. Tho "coctmuity* assumption, A,7, 

assures tho olosednGGO of Lac not-better-than and the not-

worse-than se-ts corresponding to any given bundle. That is, 

if a bundle is "at least as desired as" (or "at most as desi

red as") a given bundle then any other bundle very close to ' 

it is also "at least as desired as" (or "at most as desired 

as") tho given bundle. She "monotonicity" assumption, A.S, 

reflects the consumer taste of always preferring more to less, 

The first nonbasic assumption, A.l, allowsttyie possibi

lity of consumer choice taking place in a mixed environment 

of divisible and indivisible commodities. However, it re-

stricts the number of divisible goods to be at least one. 

This makes the present model 'divisible a la Broome', It 

xs interesting to note that Broome made explicit use of the 

demand correspondence xn his method and thus required the 

presence of at least one divisible commodity in smoothing 

this correspondence. As will be evident later, the demand 

correspondence does not appear in this paper. However, 

assumption A.l (11) is still crucial in asserting certain 

continuity related properties of the modified preference re-

lation. In order to perforjn its smoothing function, the in

divisible good must have positive valuation. This property 

xs mplied by the assumption of "strict monotonicity in the 

divisible good", A,9, which is also adopted directly from 



Droome'o model , it xi rather otrong ia roquarincj tnat, every

thing else beintj equal t a little more of tho divisible good 

is always sf.rictly preferred to a little less. °* 

With the exception of tlioix adaptation to tho indivisible 

case, assumption's. 2 and D.-3 are considered basic in nose equi

librium models. The closednesa of the supply set, B.2, has v 

similar interpretation as assumption A.2 on the consumption 

set. B.3, the "free disposal" assumption, allows tho rele

vant portion of the non-posxtive orthant to be included in Y." 

Its economic interpretation is that outputs may be disposed 

of without using any inputs. 1c excludes, therefore, the pos

sibility of "penalties" or negative prices. Assumption B.l 

requires the production sector to operate under the identical 

condition of mixed divisibility and/ indivisibility as the con-

sumption sector. It should be emphasised that the indivisi

bility under discussion is duo to the physical'nature of the 

commodities rather than due to the technical conditions ofi**̂7 

production. The last assumption on the supply set, B.4, spe

cifies a nonempty and bounded intersection between Y and the 

proper portion of the positive -orthant. This deviates greatly 

from the basic assumptions found in many models with produc

tion and may appear quite objectionable at first glance. How

ever, the boundedness of the above intersection dictates that 

only limited outputs may be possible without using any inputs. 

This is reasonable because by construction the supply set Y 

includes the vector on initial resources. Thus'even if no 

production activity takes place, the initial resources are 



still available for conminncion, Tins assumption* is necec-

sary for the application of the Gale and tSas-Coleli existence 

Theorem. 

The assumptions on the income distribution function,C.l 

and'C.2, are taken directly from the Gale and tlas-Colell model. 

C.l requires the function to be continuous over tho set of 

relevanc prices and C.2 makes certain that the circular flow 

of income ls^in equilibrium. That is, total income received 

by consumers must coincide with the profit generated xn the 

production sector. The sec of relevant prices, A', includes 

only chose price vectors which yield finite profits, 

A' = {p e A | sup pY < »} <='•&. 

The above function distributes income with respect to 

once vectors. However, as noted by Gale and Mas-Colell, 

any other continuous income distribution scheme (ba'sed on 

the consumers' weights or hair colors for instance) would 

have been acceptable. ° 
i 

I 
Assumption C.3 states that for all relevant l'evels of/-

income, the"consumer must be able to purchase a bundle in 

the rest of hi's consumptson set. This will be shown to/be 
/ 

equivalent to the Gale and Mas-Colell condition that no con-

sumer will be permitted to starve, regardless of the existing 

price vectors. As pointed out in the'pure exchange models, 

this_ condition is met if each grader is assumed to possess 

a strictly positive "initial endowment". Finally, assumption 

C.4 is straight forward in making sure that the set of fea-
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siolo allocation xs nonempty. Clearly, economic activity 

cannot take place ac all if this assumption is not satisfied. 

* Tr 

2,3 The Conve.xa.f_3.ed Economy- with Modified Preference 

4 

In this seccion a new economy defined in the divisible , 

n ' 
environment of R is derived from the indivisible economy 

by convej:ifying the supply and consumption sees. The prefe

rence relation >. defined on X c F must also be modified to 

~i i 
n 

cover all points in R , not -just proper points. 

Definition (2?.8) % The new economy, denoted by t, con-

sists of tne following entities* 

X. A total supply 'sffll 2 Conv Y c R • 

2. A finite number of consumers indexed by 
.i I I . i, i C -* 

I = {1 ,•. . . ,n} j 
a n > 

3. A consumption set X = Conv X • c B. for all i c 

4. A preference relation P defined on X 
X X 

for every i s I where P is" defined by D(2.9)j 
1 

5. An income distribution function ,a t A -> R 
• — — - i 

defined identically to the function in t)(2.0). 

Formally, c is expressed bys 

t = {{X., P , I ) , Y,a.}, 
i . i i 

Most of the components in the new economy are either 

identical to those in the original economy (<x , I) or are 
i 

* * * 

convex hulls of the original components (X , Y ) . The only 

component which is radically different in the new economy is 

the preference relation P defined on each consumption set X , 

http://Conve.xa.f_3.ed
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This preference plays a vital part m the proof of existence 

and its construction based on > is elaborated in tho follow™ 

ing definition. 

Definition (2,9) s The preference relation p, defmded , _^_w__ ~ _ " i 

on i for every i c 1 is a correspondence from X to acs 
i •* - i 

po\?er s e t s » 
a 

P . s X ~> 2 X * 
1 1 , . 

where for a l l x a X : P. (x ) = {x e X jx e I n t C (it ) }„ 
i i i I i ' i i ' 

9 

w i t h C j X -> 2 1 

i i 

5 i ^ i 3 = x ' § j ( « ) V ^ ' S « { ^ ( x ) i x c T ( x x ) } 

and T ; X <-> 2 ~, T (n ) s» {•£ & X x» s C (x) } ¥ x € X •• 
i i x ' i » i i i 

In g e n e r a l , ,for e v e r y , p o i n t x e X (on o r off t h e g r i d 

l i n e s of X ) t h e s e t P (:t ) i s t h e i n t e r i o r of t n e s m a l l e s t 
i i i , 

convex hull of the not-worse-than set which contains the point 

x . Of course, in the specia'L case where x ^ X is a proper 

point (on the gr«id line) then P (x ) is simply the set: 

{x s X ]x e Int C (x )}, 
X * ^ * t l 

. -» , 

The construction of the set p Xx ) for x e x is illus-
i i i i 

trated in Figure 2.1. The heavy grid lines in Figure 2.1 (a) 

constitute the set T(x.) which is the- set of all proper points 

in X whose not-worse-than cdhvex hulls contains x . Figure 2 
i I -

(b) depicts the set C (x 5 which is equal to the smallest not-
i i 

worse-than convex hull of all elements in T(x ). Finally, 
X t 

\ 
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the set P (x ) in Fagure 2.1 (c) is the interior or C (:t ) 
* X X ) i t- X x 

o 

2.4 Notes. 

tThe set Y is designaced the supply set- rather than the 

more, common name of production set. This is due to the fact 
*t 

that Y consists not only of the individual production tech-

nologies Y but also the vector1of initial endowment^ This 

construction makes it reasonable to assume B.4. ' ' v 
_ t 0 

„ f 

Dierker C12P suggested that-the.concept "of approximate 

equilibrium may be defined by relaxing different conditions 

'of exact competitive equilibrium. The Feasible Approximate-

Equilibirium concept defined by D(2,7) "is an attempt l'h this 
• i 

direction., It waakens optimality while retaining feasibility. 

The assumptions On the basic economy are, fos: tĥ e most 

part, basic to the literature. -Even, the-few not so standard 

assumptions have appeared in other models, .Therefore, with 

the exception of integer convexity, the other assumptions of 

the pr^se,nt model are not at all strong. 

4J 
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Chap<teg 2_% The jlegu 11s 

Tho set of assumptions in Section 2,2 and a feu . . 

additional ones still to be imposed" are sufficient to yield 

the results of this .paper. For the sake of continuity, 

these results will first be stated and discuosod in Sections 

s-
- 14 0 and 3 , 1 , t h e i r formal proofs a re cjiven s e p a r a t e l y in 

SecifGil 3,2. 

•1 % 

*" \ a 

3 . 0 Preliminary Results 

r " 

Lemma (1) % Let assumptions A% lf A.2F A, 4 and A„9 hoJ.d, 

For all^ i ,e I and x e X » i£ H(p,a) supports C, (x ) 

- *- i • 
at x . then p -̂ 0 for p e A ' . 

i^rk; It will be shown lo,ter [Lemma- (5)) that if the, 

e {p~,xey) e (A>«X̂ Y5 is an equilibrium then the hyper

plane H(p?a (p)) supports C (x ) for every i a I, Thz.s 
X « X X 

property and the result of 'Larama (1) imply that any equili-

» brium price" vector must have its first component different 

from zero. Therefore, herafter the analysis is restricted 

to A", the set of.relevant price vectbrs'whose first pom-

ponent is nongero. 

. » ' A" '= {p e A11 [p ^ 0} C A, t 

The Interpretation of this restriction is that if the 
j 

divisible good is "to play a role in the model, it must have 

58 
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value to tho econpmio units, Otherwiset if the divisible 

good xa free then the model. It? practically transformed into 

a case of complete indivisibility. 

Lemma (2)p Assumptions A,2 and C.3 imply that 

o (p) > m f pX for all p e A", 
X * X „ /j 

Remarkt This^lomma asoures that tho wealth assigned to 

every individual is sufficient to keep him f^om starving, 

regardless of the prices. This is onfe of the several pro

perties which prepare the stage fox the application of the 

Gale and llas-Colell Theorem, 

Lemma (3); Let assumption A.3 hold and define 

A = II X . If (x.,,«.,x ) = x c X IE- a feasible allocation 
, £ T i i m 

for E, then there exists a vector g such that x, < g for 
3i i Jx 

£& JL JL i C J. 9 

The existence of an upper bound for all feasible con-

sumption set X is guaranteed by the above lemma, Thus the 

following definition is possible. , 

Definition (3.0): 

(a) x ={x e X x § g ). 
I i I ' i i 

(b) P.: X -J- 2 \ 
1 1 * 

P (x ) = {x e X |x e Int C (x )} 
i i l' i i 



bO 

where C s X, > 2 7' 
x i 

C (a ) - n a C i-s) . n{6.(s )|ueT(;j )) 
x 1 x fe «?(:: )

 A x x 

A X 

x x x ' x x J 

c 

Remarks Substituting X oad P defined immediately 
-—_ v X X 

above for X and P. respectively in tho economy E> a now 

economy denoted by E is derxvod. 
a 

V. 

Since X contains all tho feasible elements of X and 
i i 

P is a restriction of P to Z , therefore a Walras equilibrium 
i i i ^ 

n 

for£ is also a Walras equilibrium for £. 

Lemma (4); Let assumptions A*i through A,9 hold. Then, 

for every °i e I and every x e X i 
x i 

[a] There exists x' c X such that C (x } = c.(x'); 
i i i i i i , 

Cb3 I n c C {x ) f 0-, 
XX ^ 

Lc3. x -e Bnd C (x ) . 

/ 

The Importance of these results will be evident in the 

proof of Theorem (1), „ 

Lemma (5)t Let (p,x,y) be a Walras equilibrium of E« 

Thens 

[a} H(p,n(p)) supports both the set Y and CI (E°P (x )) 
i i 

m Xxi , / 

Cb] H(p,a (p)) supports Gl (P (x )) in x , 
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Geometrically, tao hyperplane n(n,!l<o5) ouparaccs the 

supply oee Y and the closure auo of tho individual strictly 

preferred to sets at the point 2x which coincides with total 

supply and total consumption. At the aano time tho hyperplane 

H(p,a (p)) supports the closure of the indiv-dual strictly 

to* ra 
p^efexred to cot P (x ) at the optimal bundle x , This pro-

i i ™ i 

perty it ?sed in the proof of Theorem (4). 

3.1 The Mam Theorems 

Theorem |(1)• (Existence of Walrae equilibrium) 

Let the set/of assumptions A, B, and c in Section 2.2 hold 

for E. Tften 'its associated convexified economy E has a 

Walras equilibrium. . t 

Remarks The equilibrium allocation stated in Theorem 

(1) corresponds to the modified economy £. Clearly, chis 

theorem does no^ refer to the original economy E, The W.A.B, 

Existence Theorem immediately b'elow shows a weaker result is 

possible for the original economy E. However, even^with this 

weaker result the following additional assumptions specifying 

the degree of nonconvexity of the sets Y and C (x) are necas-i 

sary. 

Assumptions on the degree o£ nonconvexity: 

A. 10 For all x e I and all :t e X/ s r(C (x)') £ K, 
12. X 

• / 
B.5 r(Y) £ ic. 

Theorem (2)s (W.A.B. Existence Theorem) 

Let the conditions of Theorem (i) and assumptions A,10 and 



\ 

D.5 hold. Then there exists (p* ,t:* ,y**3 c (A 'X >Y) 

suca chat it xs a W„A,D. of magnitude tc/ja in 5. 

Tho result of Theorem (2)f\a weak in the senna of lack

ing both e:;act optiraaiity and feasibility. The none cheorcn 

states the condition which eliminates tho pocoability 

of nonoptiraality. The result of Theorem (3), fehorefore, is 

equivalent to,the approximate equilibrium normally asoociatod 

with a noneonv.ex but divisible model. 

Theorem (3): (Optimality Condition) 

Let (p*,x*,y*) be the W.A.E. of economy E according to 

Theorem (2). Xf n(p*,o* (p*)) n C (;:*) n E(X ) - 0 V x e l then 

(p* ,x"" ,y*) is an O.A.S. of magnitude ic/n* in E. 

The last theorem improve'3 the weakness of a W.A.E, in 

another direction, namely removing infeasibility, In addi

tion co the assumptions state'd xn Seccion 2 .,2, it requires 

the following pair of assumptions on the tvoe of nonconvexity. 

Assumptions on the type of nonconvexity in F: 

A.II For all i e I and all x e X % C (x) n F = c (x). 
i i i 

B.6 Y n F = Y. 

Theorem (4); (F.A.E. Existence Theorem) 

Let the conditions of Theorem (1) and assumptions A.11 and 

B.6 hold. Then there exists a F.A.E., (p*,x*,y*), in the 

economy E. 



The implication of Theorem (4) is that if the nonconvexi

ty in the original oooaoay E is solely due to the presence 

of indivisibility rather than due to consumer feast e and pro

duction technology then exact feasibility is always guaranteed. 

3.2 Proofs of the Results 

Proof of Lemma (1) » 

Assuapcion A.9 ~> ¥A > 0: (x -"-Ae) > n , 
* X X X 

By definition, (x -Xe) c II(C (x )), 

-Let H(p,ra) supporc C.(x ) at u for some p c A8 and ac R» 
» ' i l l 

chen: 

(a) x e II (p,a) n C (: ) ? 
<y X XX 

f 

(b) B(p,o) 0 R(C (X7)) = 0. 

Suppose p~ = 0, Then: 

p(x + Ae) = PX + Ape 

= a + (p e -i-. , ,-»p e ) A 

- a + 0 

1 2 n since p = e=*. .. = e = 0. 

This implies that (s.+Xe) e H(p,a) which contradicts 

the condition that H(p,a) n U(C, (x )) = 0-

Therefore p f 0. Q.E.D. 

Proof of Lemma \2) ; . c 

* — • * ' 

Take x e E(X 5 n {x e F | px s a (p) } for some p e A". 

The closedness of X => 3X> 0 such that (x-Ae) e X . 
i i 

Clearly p(x-Ae) -ox - Ape < px < a (p) 

because p > U, e »> 0, and A > 6. 
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Tnerefore inf pX. < p(j:«-\o) < cŝ  (p) . Q.I3.9. 

Proof o£ Lemna (3) s 

By A, 3 s 3 g c F such that x > g for every :: c -l ? i.e. 
1 I S A 1 1 

\ 
every X xo bounded from below by g e F. 
Thus, every X is also bounded from below by g c F. It follows 

SI 

then, that there exists a vector u c K such that : 
41 "• „ 

u < IL X for any A c I. 
i eA i 

Define: Y = {y c YJy > u}. *A 

Y, which is now bounded from below as well as above (aecause J 

Y n S2 s* "0 is bounded, Y is convex, and Y n EX f 0) contains 

all feasible allocations, 

'Thus, there exists a vector £,such that f > Y. Hence, 

for anv feasible allocation x = (x,,,..,x ) e X; 
i n 

Ex"1 = y < f. 
i •* 

This imoliess x < f - £. x < 2 « «» = g . Q.E.D. 
1 3$ei ] i 

Proof of Lemma- (4) • 

[ a ] T a k e a n v x . e X = { x e X J x < g } > . 

i i i' = i 

By the Caratheodory's theoremp there exists a £xnxc§ set of 

an most n-fl elements xn X* n X that spans :z f x*e« 
« X X X 

A 
3 S(x ) c (X n X ) sucn t h a t x = E„ A, s, f o r A, > 0 , i i i i heQ If h h 

,E L = 1 , s e S (x ) f o r e v e r y h e Q and Q = { l , . . . , q } 
iieQ u h x 

wi th q 5 n + 1 . 

Observe that S(x ) is compact (finite), and that •> is 
i ~i 

continuous and complete on X .« Hence 3 s , , c S(x ) such that 
i h' _ i „ 

v ' 
<f 

o 



c. s ,o, s for eveiy a. p f>'$"h ) . 
h ~i " w i / 

By 0(2.1): S (:: ) e c, (a, ,) which implies that S (::.)' c C (s , ) . 
X X ii X X il 

Furthermore, :: ~ . Z. \, s, c S (x ) , thus it follows that 
i acS) li h i 

is c C (a. ,) . ti 
i i h' 

Now 25 c C (a. ,5 implies cnat s, , s T(x ) so that T(x ) i- 0, 
I i a' h' i i 

and by D(3.0) s C (x ) c C (s, ,) . 
i i i h 

By continuity, transitivity and completeness of >., the colloe-

» . " • * 

tion fC.(s) x s T(x )} is totally ordered by inclusio>n, T(:i ) 
X * X X 

is compact, C (a ) is closed being an intersection of closed 
~ I X 

sets, and thus equals to tho smallest set in the collection, i.e 
o 

C (s ) - m m {C (x) |x e T(x ) }. i i i ' I 

Define: A = max A > 0 sucn that x c C. (s, , + Ae) . 
i i h» 

Since by construction C (s ,+Ae) = sua {C (x) a e T{:: )}, 
x in x x 

0 

it follows that C (x ) = C.(s, ,+"i\e) = c (x1) with x! = s,„.+Ae. 
i i i n ' i i i h' 
•̂  " * 

Q.D.D. 

Cb] Take the vector s, ,+Ae = x1 of resulc [a] above for which 
11 x 

« > 
C (x ) = C (x'). From the reilexivity of > s x' > x', it 

1 1 1 1 ~ i i ~ i i 
i » 

follows chat x1 e C (x ' ) so t h a t C (x ' ) r 0-
i l l i i 

By A,4 and A.9s x'+Ae e X and x '+Ae >. x> f o r A > 0 . ' 
l i i i i 



Hence : : ' *• \o i. P.(C ! s : ' ! J . * 
i l l 

Tlias implicf i t h a t I n t c (:*•'> ^ 0 , T h e r e f o r e I n t C (:: ) f 
1 2 , 1 1 

Q.E.D. 

Cc3 Let :: L X . By the resale of [a] aoove, 3 ::' c X 
i i , i i 

such t h a t C (:i ) - C I::1) raoro it* ™ s , t- Xe for* 
I 1 1 3. 1 1 11 

\ = max {A2 0| : i c C (s , . + Xe) ] : x i n 

Suppose x^ I Dnd C? ( ^ 5 = Bnd C ( n * ) . Then 3 A« •> " 

I o 

such 4hat ;: -c C (s , : A'o) contradicting the definition 
X X 11 

Therefore x ' c Bnd C (x 5. Q.E.D, 
i i i 

,Proo£ of Lenma (S) 

[a] Since (p,::,y) is a Walras equilibrium, one has: 

S:l ' = y c Y by D (2 . 4) - (d) . 

P Ex = py = o;t, <*...+ ps 
i 1 m 

= a (p) +..,+ a (p) 
1 ra 

= Ea (p) <= E(p) 

This implies Ex c H(o,H(p)) 
i ' 

Thus Ex = y a E(p,Ii{p)} n Y. 
x 

[1) First, one snows that H(p,H(p)) supports Y at Ex 

Suppolse not, i.e. suppose H(p,lt(p)) n Int Y <£• 0, and 
!' i 

'choose' z c ll(p,u(5)) n Inc Y. 
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One lian s 

pa = p Si: = II (p) a sun pY 4 

„ ' i 

pa "2 py for every y <. Y 

Due if a c Int Y then there must o:*ist (5 > 1 such that. os c Y. 

fiousver, p(«5c) =• a (pa) > PS - Ii(p) which contradicts the face 

pc - £5up pY, Hence, H(p,H(p)) n Inc Y = ,0. 

Therefore Elp,fl(p)) supports Y at Ex = y. 

(2) Next one shows that IJ{p,Jl(p)) supports Ci (EP (x )) at Ex 

Hoce chat Cl (P (i: ) - C. (x ) and ii e Bnd C (x ) . This 
i i i i i i i 

implies that it^ c C1(P.(S )) and thus Ex e C1(EP (ii )). 

Hence Ex c n(p,il(p)) n CiCEP (5 )). 

For ail i c I, let :: c P (ii ) . Then px > px = a (o) . 

i i i - i ~ i x ~ 

Hence pEx = px , +.,*.+ o s > pEx =• 31 (p) 
I - 1 " m i 

' => xx i H(p,n<p)) 

But s e P.(x ) implies x e Int £cl(P (x ))], 
i i i - i i i 

Thus H(pfn<p)) n EPX{5,J - H(p,JI(p}} n Int [Ci (EPi (̂ J ) 1 = 0 

Therefore H(p,JI(p)) supports ClCEP (x ) ) 3 at Ex . 
X X x 

[b] For every i c I one has that 

px - a (p) implies x e H(p,c? (p)) 

Furthermore, x e C1(P (x )) as shown earlier. Thus: 
i * . i i 
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2 L H ( p , a ( o ) } n CI (P ( : : ) ) , 
i 4 1 1 

C o n s i d e r a n y :: c P ( : : . ) ~ I n t C l ( P . ( : : , ) ) , I t f o l l o w s _, 
a l l i 1 „ 

D ( 2 , 4 > e ( c ) s p:t > p 5 . =tK (p) , Thuk -JfOr a l l -k e. 1 a n d f o r ) V l c j s p:t > p s . = a IP) 

X \ c P (it , ) : x fi II ( p , a e v e r y x \ c P { : : , ) : x ^ n ( o , a (p,) ) ' , Q-s 
1 1 1 i i •> 

E ( p , a (p) ) n P . (is ) = n (P*L*„(p ) ) n i n t [ C l (P ° (ii ) ) ] = 0. 
X 1 1 iX IX 

- *• •* M „ " 
T h e r e f o r e H ( p , a (p ) ) s u p p o r t s C l -(P Cx )3 i n :: , O f E , D . 

1 o i l i ^ o < 

Proof of Theorem (1) 

It is sufficient to »show tnat economy j: .satisfies the ,., 

conditions stated in the Gale and llsl'S-Colel! Existence Theorem, 

1. Supply set; io t 

* • '" »" Y is closed and convex by the definition ofr" convex hull 
i o 

B.3s (-fl n F) c Y => -fi c Y , , ' e 
0 ° 

• * O 

B.4: Y n R(fi n F) nonempty and bounded => Y n Q 'iion-

l empty and bounded 

2. Consumption sets v i c I „ 

X is closed and convex"by D(3.0) and convex hull definition 
i *• 

A.3, A,4 and Lemma (3) = > X f 0 • 
X c 

Y. is lower bounded => X is also- lower bounded 
x i 

3. Preference relation; V l e I 

D(3.0) and Lemma (4)»[c] = > ¥ x e X ; x £ P (x,) 
i i i i i 

A A /V ' 

Lemma (4)-[b3e ¥ x e X Int C (x ) f5 0 -> P (x ) ? 0 
i i i i i J. 

Property 2 [Section 1,0,2] => P.(x ) is convex 
i i 

D(3„0) => open graph 
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b9 

4. Income distribution functions V i c 1 

C.lj a is continuous 
i 

C.3 and Lemma (2) => a (p) > m f p:u . Q.E.D. 
i i 

Proof of Theorem (2); 

Let (p,ii,y)c (A"X"Y) be a Walras equilibrium in economy 

E as guaranteed by Theorem (1). 

One has y c Y. Hence by the Carathe*o<lory • s> theorem, 

there existsa smallest spanning set S(y) c Y of y such chat 

y = SAhyh where yh c S(y) and1 2 A * 1, Afe > 0 

witn h c Q H fl,...,q}and q < n +1. " 

For each y s S(y> c y C,Y => py s py by D(2.4)-(a). 

Substituting EA, y, for V: 
h h 

py - ?(sAhyn) = E xhpyh 

This implies that with A > Os py '= py for every h e O. 
h h 

Similarly, for every I e I• 

One h a s ii e C l (P (x ) ) = C ( x D ) f o r some : : ' e X 
i i i i i i i 

by Lemma ( 4 ) - [ a ] . 

Hence by the Caratheodory8s theorem, there exists a 

smallest spanning set S(x ) c C (x!) of x . 
e x 1 1 i 

By the same argument as above, px = px = a (p) , V i e I 
H X X 

How consider the set {ES(x ) - S(y)}: By the (extended) 

Shapley and Folkman theorems 



I 

There exists a point (E:;1, - y*) «<_ [ES(x ) - S<y)} such 
i i 

t h a t s ' , """"̂  

d [ ( E x - y ) , ( E r . 4 - y*) j s K</n. 
i i 

i> 

S i n c e Ex « y , t h i s l a s t i n e q u a l i t y i n & L i e s s , 

d ( E x A , y * ) *S K-/n ' D ( 2 . 5 ) - ( d « ) 

S i n c e y* c S ( y ) g py = ' p y - > p y , ¥ y e Y D ( 2 . 5 ) - ( a ) 

and x** e S ( x . ) : px* = px ~ a <p) 0 ( 2 . 5 ) - ( b ) 
i i i i i * 

L a s t l y , ¥ x e X s i f x > ::* => :: e C (x*) 
i l l i ~ i i i i i 

t nd C (x*) c C l |P ( x . ) ) . 
X X X X 

ZiXsoff H ( p p a Cp3 1 s u p p o r t s C i (P ( : 0 ) xri x 
X "* X X X 

and pii = ox* => px > p x * , V x c C (x*) . 0 ( 2 . 5 . ) - ( c " ' 
" i " l i i l l 

Q . E . D . 

Proof of Theorem,(3): 

We need to show only that the tuple (p*,x*,y*) satisfies 

condicion (c) of D(2.4). 

Take some x- € H(p*,a (p*)) n C (x*) and assume that 
X X X X 

x' is an anomalous point with x' > x*. , * 

By the statement of the theorem, x' £ E(X ). 
i i 

T h i s means x ' c R(X. ) and t h a t t h e r e e x i s t s A > 0 s u c h 
i 

t h a t ( x ! - Ae) e X w i t h x ' >• ( x ' - Ae) and ( x ' - Ae) ~ x * . 
i i i i i i i i 

b u t p M x ' -Ae) = (p*x« - Ap*e) < p * x ' = p*x* 
i i i 

€3 



«*. 

This last inequality contradicts condition (c') of D(2|5) 

which»requires thatt 
5 

V X" > X* s " p*x a: p'*X*. 
. 1 ~1 1 , . 1 v X 

Therefore, . x* > x ¥ x e H(p,*',0} (p*)) n C (x*fr and 
» ~i i ,i i «i 

S> 4 , 

if x* e C (x*) and x' > x* then p*x» > p^x*. Q.E.D. 
i i i i l l . . i » i 

proof or Theorem (4)s ec3? 

"Let" ( p , x , y ) e (A^XxY) be a Walras e q u i l i b r i u m m t h e 

economy fc as guaranteed-1 by Theorem.'(1) . 
; / ' . * * 

By Lemma (5): »£(p,]I(pn supports Y and C1[EP (x ) "J, i i i 

4' and «H(p,cr (p) ) supports Cl (P (x ) ) in x . 

„ This implies &(p,IT(p)) n'°y,n ClfEP (x J ] ^ 0 
^* J " * *- X X 

•> " H ( p , n ( p ) ) n Y n EG ( s f ^ 
j ^ i i v 

fe> H ( P , J I ( P ) ) n Y n EC i(x^) f 0 <^> 

j * where x ! e X i s *Siat o>£ Lemma (4)\- a . 0 

l . I « \ . 

v . • • . » , * * ; 

^ s a n c e y^ xs xn&eger^ convex by as^usnptxon p .6 '* , 5 „ 

'• , « ^ * ' ' ' w • 
Assumption A,"11 on t h e i n t e g e r c o m v e x i t y . o f c ( x ' ) V i 

og-. 
,1 

and Proposition 3*of Section (1:1) imply EC (°x') is also 
w v ̂  i ^ i < i / f * >> 

integer convex". 

X the sb.l 

The result off Proposition^5 of Section (1.1) then yie 

lowing x •>' . ' . , 

\ * i****V 

' * 
Is, v 

; • / 



Cl l (p ,n (p) ) ' n i l n EC (::") O F } f 0 
X X 

= > { H ( p , n ( p ) ) rr Y n EC ( : : ' ) } ? 0. 
v i i » 

Take an e l e m e n t y* c {H(p,IICp)) n Y n EC ( x ' / } : 

C l e a r l y , py* = py *> py,, V y e Y. 0 ( 2 . 4 ) - ( a ) 

Since y* e p (EC (x» ))"*=> V i e I: "there exists 11 i i 

j.* e 13 (C «x!)) such that vx* = y* 
i i i I . ** i 

D(2.4)-(d) 

F u r c h e r m o r e , H ( p ) = py* = pEx* 

= px* + . . .+ pit* 
- 1 * m 

= .« Cp) + . . .+ o (P) 

Since px* > a ( p ) , t h i s i m p l i e s : 
i i . 

gx* '= a' (p) f o r e v e r y i e 1 
i 

0 { 2 . 4 ) - ( b ) ' 

L a s t l y , x* c C ( x ' ) ' i m p l i e s C ( k * > xn c o n t a ' i n e d 2 x x x * , 1 1 

i!i C (x') . T h u s : 
i i 

V x > x* : x s C (x*)- .c c ; (x 5 - ) "U 
X ~ 1 'X X ' l i t 1 1 

brft «C- (x-!) = C (x' ) = Cl (P (x >) 
i i i i i i -

Thus px > px • = px* 
- - 1 " 1 L X 

D ( 2 . 5 ) , - ( c « ) 

Let p = p*» then 3 c e r t a i n l y (p* , : :< fy*} a s a F . A . T I . i n / s h e 

economy. • • * Q .E .D, 

15 

; 

• » > 



Chapter 4 s. i Relations with the Literature 

The connection of this thesis to several puolished 

works is evident throughout the preceding chapters. As is 

the case with many of tho recent papers ©n equiiibirum ana

lysis, the general flavor, style and formulation of the 

pre-sent problem may be traced back to the influential works 

L 

of Debreu, His modern axiomatic treatment of general equi

librium analysis stimulates a flood of investigations of 
but 

which this paper isfta small, specialised part, Tlffe thesis 

has also benefited from the works of Weddepohl. This is 

reflected by the present choice of notations and the formal ' 

/ - '. ' * 
definition of the economy which are similar to those found 
in Weddepohl [29]_and [31]. Incidentally, Weddepohl's 

<j ' - , t ' 

results on "dual sets and dual correspondences and 'their 

.application to equilibrium theory were initially considered 

as a potential solution to the present problem of nonconvex

ity and indivisibility. However' preliminary investigation 

indicated, that the" pr(pcess of dualiaation does not satisfac

torily eliminate discontinuity and the attempt was aborted. 

The treatment of general nonconvexity in this thesis is 

directly, related to the technique initiated by/Starr [25] and; 

• > , » 

elaborated by Arrow a^d Hahn [3, ch,„7j , It involves the. 
' * * l _ * ' 

result by "Bhapley and"Folkman which intuitTvyely states that 

J 
for every po^nt in the sum of "the convex hjafils of a collec- , 

"tion of compact sets there is a point in the sum of the (or; -

ginal sets located close to it. The 'proximity of" these two 
« 73 



points depends on the degree o£ nonconvo::ity of the ccto 

'involved. This property wab used to establish the results 

"i * 
on approximately feasible equilibria in Theorem (2) and 

Theorem (3). 

The objectives of this thesis could not have joeon 

reached without the application of the Gale and nan-Colell 

Existence Theorem, It is clear from Chapter 2 and Chapter 3 

that the modified economy, particularly the redefined prefer

ence, had been moulded to satisfy tho sufficient conditions 

o£ this theorem". This method of proving equilibrium exi&-

tence for the indivisible model' is much more simpi<e and-

direct than the existing alternatives. The' idesirabilicy of ' 

this theorem in the1 present context will be discussed in 

J more details b'elow, 

vbrium in finite economies with indivisibility. One of those*** 

a recent paper entxtled "Exchange Equilxbrxufe xn an Economy 
0 0 

with "Indivisible Commodities" by Alexander, Lloyd and Itow-

- ^croft [1] turns out to fee quite different and incompatible 

- <*..%. >*&^L t*ie present' thesis , It stipulates consumer choice in 

$$&&a commodity space involving future time periods and different 

methods of payments which do not conform-with 'the commodity* 

space^ of the present model, 

Another indivisible PQV>I which appears" to be more 
, ~ p 

^ I similar co this thooio io oy Oierker [12] ,/ Working in an 

* „ -economy witn all commodii-iOG being indivisible, Dnerker 

showed aiachonai-ical JJT • gj..,ial3 ty in establishing a quasi 

n ' 

' \ 
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equilibrium state which lacks both exact feasibility and 

optimaiity. However, that the reauitc of Diorkosr'o model 

seem "to be "alienated" and "irjceaoncilaablo*1 with those 'of 

a model with at least one divi&iule commodity has boon dis-

• cussed ajf length by Broome [7], 

The present model of indivisibility which includes at 

, least one divisible commodity is more parallel to thai- of 

, Broome. This" similarity enables a more diroct'.and neaning-

ful comparison, 
D 

Using "the proof of oxiocence by Deer-eu and the results 

on convex-hulls by Shapley and "Folkman, Broome obtained a 

"Wear Equilibrium" existence theorem which is reproduced 

here for discussion,"using his notations, » ' 

Broome [7, pp. 241-242] "4.11. Theorem. "Near Equilibrium" 
> H 

Let Assumptions 2,1, 2.2, 2,4, 2.5, 2.fe, 2,7? and 2,0 be 
0 b , "̂  i i •, 

satisfied. - Write K ?= max {r~|i el}. 3 p* & 0, 
3 ( x * * 1 , x » * 2 , .". . , x**ra) : 

(a) [Cva. c - I : x***1*^ e XX ] a 
s 

(b) [Vi c I ; ' p*»x** x <. p*«w1 '] fi , 

(c) [Vi s 2 Vx e X**j [Cp*-x^4 p*«w s 

x £ edge X n{x|*p*»x = p* *% } ], => x** x ] ] & 

(d) •[3x*K <. wl 
:* - Ex** 

i s l 

1 | - < « b / n ] ] 

? 
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The near oquil ibriun in tao above theoren involves two 

weaknesses. Firstly, the desired aggregate consumption nay 

not coincide with 'the desired aggregate supply, The sise 

of tne deviation 10 determined h** the,- structure of the mode"] 
*& « 

This is exhibited by condition (d) of the theorem, Broome 

concluded that thi1!'possibility of ini'oosifaiiity is expected 

wnenever nojjconve:: i «.y is present. This fittdinq does "not 

conflict with that 'established by Starr in a divisible set-

ting. Secondly, the bundle allocated"to the consumer in a 
i ' I 

near equilibrium nay not be his optimal choice under the 
i 

circumstances. That is, there might exist another strictly 

preferred bundle wnich he can purchase with the equilibrium 

income. This possibility is shown by condition (e*) , Broome 

J ' attributed this problem solely to t-hc pro'sence of indivisible 

commodities in the system. However, he showed that this 

X ^ 

problem is* very unlikely1 to occur si,nce A happens only in 

the intersection of the income hyperplane and the edge of 

the consumption 'set. This exceptional case of nonoptimaiity 

is called the "problem of the edge", 

& The Weak Approximate Equilibrium established by Theorem (2) 

' of this thesis is very similar to the near equilibrium con

cept above. Except for the different notations, condition 

r ( d ' ) of D{2.5) expresses an identical'infeasibility to that 

found by Broome, Condition (c1) 'of(.1D(2,5) also refers to 

potential nonoptimaiity,- It allowsothe possibility that xn . 

Weako Approximate Equilibrium some consumers may be able to 

• . * . v . ' •'•• ; • . 
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improve their satisfaction using iue sane equilibrium income. 

However, the result of Theorem (2) xs somewhat weaker than 

Broone'G because it only acknowledges tho possibility ot 

nonoptimaiity without pinpointing the area of occurence. 

Despite 'this inability to specify the circumstances of nan
s' 

optimality, Theorem (2) is not as fruitless as it seems." 

Its strength lies in the fact that i't yields results which 

are almost as strong as Broome's theorem yet requiring fewer 

and simpler assumptions. Disregarding the set of assumptions 

on the income distribution function and the supply set (Broome 

worked*with a*pure exchange system and did not involve pro-

duction), the other assumptions of the present model are both 

basic and similar to those used by Broome. Furthermore, 

Theorem (2) of this theses is proved without the following 

two nonbas'ic assumptions. Firstly, Broome required Assump-

tion 2.5 on the "overriding desirability of the divisible 

commodity" to demonstrate the upper-stern.-continuity of the 

demand correspondence. This is the second o*f two 'assumptions 

made" on the he'sirability of the divisible good,, and in Broome' 
( i •* j 

*own words, xt'seems an ""Unfortunate "superfluity". Secondly, 

Broome made' Assumption 2.6 to make sure "there'ir always""" some 
; i '" x 

•~c spanning set with a significant member in rest X ." This 

n r assumption "is not only complicated to state, bu* also
r appears 

to have little contact with intuition". [7, p.229]. 

'* Theorem (3). of this thesis specifies the condition under 

which,©ptxmal choxc©- of every consumer is guaranteed in an 
•i . 
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economy with inda visibj lity. Aaeoreding to condition (c) 

oC Broome's thooram, al3 tho bundles an the intersection of 

tue budget piano and tho edge X" are anomalous points, Tne 

present Theorem (3) f however, restricts the set of anomalous 

poanco further c© cho intersection of thov income hyperplane, 

the edge of X. , and tho not-worse-than set corresponding to 
~ " ** 

the equilibrium bundle, Obviously the second intersection 

is a proper subset of tne first intersection and therefore 

it contains fewer anomalous points. This pfifpiies the ncn-

optiFialicy in Theorem (3) of tins thesis is' less probable to 

occur than-Broome"s "problem of the edge". The difference 

between these two results is illustrated in Figure 4W0, 

The introduction of integer convex .preference and pr^ 

duction sets enables this thesis to expand the discussion on 

ind,ivisibi'rity~xn another direction. Recall that integer 

convexity may be interpreted as a special type of no-aeon-̂ -

•vexijyf which-is? caused' strictly by the indivisible nature of« 

•*-* the commodities rather than by consumer preference str'uctnre 

cor production^ technology (e.g, increasing returns). In -l 
"• j? * 

, < o tner words, thyer assumption of mtege i ; convexi ty conveys* the 
v \ « - t ' A* 

j idea»tha, ceteris paribus, if complete divisibility dould 
•s, , w 

somehow be introduced into the system, then all relevant 
1 1 & i ' 

•production and consumption sets would have Been convex, 
* .. 
Under this assumption, Theorem (4) guarantees the existence 

. I 
of a Feasible ApproKxmata Equxlxbrium xn an economy wxth 

c D * t 

xndxvxsxble goods*. This apparoxxaxnte^ equ i l ib r ium concept 
*•* « * 

v 
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satisfies all conditions of a Walras equilibrium except one, 

that of optimal choice for every individual consumer. Tne 

results of Theorem (4) present's an interesting contrast to 

existing results in completely divisible models, with noncon

vexity. Tnat is, a divisible environment wicu nonconveaicy 

yields o,ptimality but lacks exact feasibility t7heraas an 

indivisible model with nonconvenity purged (i.e. integer 

convexity assumed) will have e:iact feasibility but suffers from 

non - optimality. Therefore xc is expected that nonoptimality 

is ̂ associated with Indivisibility and 'infcasibility i"s asso

ciated with nonconvexity. , 

it may be concluded from the foregoing discussion chat: 

this thesis has achieved the objectives stated, m 'Section, 0,3. 

Firstly, tile mathematical technique employed in this study 

is relatively less complex than those in the existing litera-

ture. At the same time, the present results have been derived 

under fewer and more relaxed conditions than the other models * 

in the field. The findings of the thesis further corifirm 
, a ' 

* i 

Broome's conclusion that his "problem of the edge"",, or the 

possibility of nonoptimal consumption for some individuals 

xn equilibrium, is a probleft specifically associated with 

the oresejaee of indivisibility and seems "to be ineradicable. 

However, the thesis succeeds in reducing" tne probability of 

this occurence by confining the anomalous points to a smaller 

set. It appears, tiierefo,re, that, whiles the likelihood of 

nonoptimal equilibrium consumption may be decreased, the 



'V, 

01 

possibility of nonopfcicalicy cannot be eliminated as long 

as some commodities are indivisioio. 

fv 

;- ^ J? 
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