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Abstract

In this thesis we consider the spectrum and Algebraic Connectivity (AC) of cubic graphs that
have representation as voltage graphs. These graphs have relatively high symmetry and often
turn out to have high AC. We first discuss how to compute the full spectrum of a general voltage
graph over the group Zy. This includes, for example, the Tutte-Coxeter graph. We then use
voltage construction to search for cubic graphs with high AC and fixed number of vertices
n, constructed from a base graph having at most four vertices. We were able to reproduce
known records for n < 10 and n = 14, 16, 18, 24, 26, 30, 40, 48, 50, 60. Moreover, we found a new
record of a high-AC graph when n = 36,46 and 52. In particular, the record for n = 36 gives a
counter-example to conjecture 6.1 proposed in 1] which states that the graph with the maximal

AC also has the highest girth.
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Chapter 1

Introduction

The Algebraic connectivity (AC) or spectral gap of a graph G defined by the second smallest
eigenvalue of the Laplacian matrix L = D — A. D is a diagonal matrix where its diagonal entries
are degree of each vertex in G and A the adjacency matrix of the graph G. By using AC, it is
possible to measure connectivity of graphs. AC is important to extensively examine and study
because of its applications ,. Graphs with high AC such as Ramanujan and expander
graphs play a key role in Graph Theory, so that constructing them is interesting |f|,.
In particular, constructing an infinite family of them. In this thesis, we focus on constructing
cubic (i.e., 3-regular) family of graphs with high AC using Voltage construction. We explore
all possible derived cubic graphs from different base graphs with at most four vertices. We find
what is the structure of the base graph whose derived graphs have large algebraic connectivity.

For example, based on [House of Graphs| (HOG) there are about 10'® cubic graphs with 36

vertices . It is therefore impractical to search through all such graphs. Some restrictions

such as high AC and girth are required to efficiently construct 3-regular graphs by Voltage

construction [P}J.

There is Boyd algorithm in [EI] to construct graphs with high AC heuristically. This greedy
algorithm works efficiently for constructing a graph with high AC which is better than random
cases. Paper uses a combination of stochastic algorithms and exhaustive search to find
graphs with high girth and AC. Their stochastic algorithms are better than Boyd algorithm but
much slower. On the other hand, voltage construction restricts search space to very symmetric
graphs. Despite this restriction, some of these turn out to have high AC. Voltage graphs that
we study in this thesis turns out to be an appropriate restriction which can produce graphs
with high AC. For example, we find a new record high AC for cubic graphs on 36 vertices,
using voltage graphs with base graph with 4 vertices. We also compare all results of large AC
from voltage construction with record result for cubic graphs with high AC. We also found a

method of computing spectrum of the voltage graphs from the base graph.
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The summary of this thesis is as follows. Chapter 2 is about voltage construction. We show
how to compute the spectrum of a voltage graph from its base graph, and apply it to some
well known examples, including the Tutte-Coxeter graph. Chapter 3 is about voltage graphs
constructed by base graphs with at most four vertices. We found a new result for a voltage
graph with 36 vertices and the largest known AC. In Chapter 4, we will see future works and

open problems related to voltage graphs. Any theorem and lemma without references is new.



Chapter 2

Voltage Construction

In Voltage construction, the voltage graph is built from a finite directed base graph B having
k vertices; whose edges are labeled using elements of the group L and N is the order or size
of the group L. We denote the vertex, edge, and arc sets of B by V(B), E(B), and D(B),
respectively. We note arc set D(B) contains directed edges. So, any edge such as e=uv in F(B)
appeared in D(G) with directed edges uv and vu. In the following, if we show edges or loops
of the base graph without direction, that means they have double directions. There are other
graphs that will be replaced by labeled directed edges of B, called lifts, to derive a graph with

n =k x N vertices. We see the algorithm of the Voltage construction in the following.

Definition 2.0.1. The base graph B is a directed graph whose edges are labeled by elements of

a gien group L; we only consider L = Zy.
O

Definition 2.0.2. The Voltage graph G has the vertex set contains N copies of vertices of B;

we note the size of the group L is N, i.e.,
V(G) ={(z,l)|]xr € V(B),l € L}
and the edge set

E(G) = {((z,0), (2", I")|(x,2") € E(B),I' — is the label of the edge (x,x") in B}.

As a motivation, it is worth mentioning that by proper labeling of edges of the base graph, the
Voltage construction can construct the sparse highly connected graphs like Expander graphs,

in particular Ramanujan graphs. In the following parts, we see some examples.
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Figure 2.1: The base graph B and its voltage derived graph.

Example 2.0.3 The first example is a cycle(Circulant) graph which is the derived graph from
the base graph B with one vertex and one double sided loop. As we see in figure the
derived graph from the base graph B is a cycle of length five with vertex set {vg, vy, va, v3, V4 }.

The adjacency matrix is given by

(0 10 0 1]
10100
A=lo 1010
00101
10010

Thus, Avj; = v;_1 + v;41 where indices are taken mod 5. In other words,

)\’Ul = Vs + V2,
)\’UQ = + V3,
Av = v\ = )\’U3:U2—|—’U4,

)\’04 = V3 + Vs,

Avs = vy + 1.

Solutions of these equations are v; = 27 = e for j €{1,...,5} because by replacing v; = 27



for j € {1,---,5} in above equations, we have

(

Aol =22+ 22 or A= 2% + 21,

A2 =2 4 2B or A =271 +2

A2 =22+ or A=2t + 2 (2.1)

Mt =24 P or A=z271 +2

\/\25 =4 or d=z142%

If 25 = 1, then all above equations in ([2.1) become A = 271 + 2. Otherwise, they are inconsis-

2mm
5

*form € {0,1,...,4}. Then, the eigenvalues are

)

tent. This implies z = e

_ 2mmi —2mmi 2m7TZ
An=z214+2t=e"5 +e 5 =2cos(

for m € {0,1,...,4}.

2mmi

Note 2.0.4. We note that the power of z change mod 5 in z = e~5  for m € {0,1,...,4},

i.e., 2270 = 2. But this property is not true for any other values of z except z = e for

m e {0,1,...,4}.

U
Therefore, we can say the eigenvalues of any Circulant graph with N vertices are
2mmi
A = 2 2.2
cos ( N ) (2.2)

for m e {0,1,...,N —1}.

Example 2.0.5 The second example is the Peterson graph, we construct the Peterson graph
with the Voltage construction. Consider the base graph B in figure 2.2] The derived graph or
Peterson graph is lifts of this base graph (see figure , taken from ) The base graph B can
be represented by the following table.

H Tail head label H

1 1 1
1 2 0
2 2 2

Table 2.1: The table correspond to the base graph B.



Figure 2.2: The base graph B and its derived(Peterson) graph, taken from .

Corresponding eigenvalues solves

Ao — o) A\v; = w; +vjp1 +vjm1,  J€{0,1,2,3,4},
Aw; = v; +wjze +wj_o, j€{0,1,2,3,4},
where A is the adjacency matrix of the Peterson graph. Now it is enough to assume v; = ¢z7
and w; = 127, therefore, by replacing them in above equations, we have
APzl = p2d + @27t + 927 5 €{0,1,2,3,4},
MNp2l = g2l +ap2i T2 4 p2i 72 5 €40,1,2,3,4}.

By cancelling 2’ from both sides of these equations, we have

AP =+ ¢zt + P21,
M= ¢+ 2+ 272

or
) o =+ 271 1 )
v 1 224272 |y
Thus, the eigenvalues of the above matrix for z = e form € {0,1,2,3,4} are eigenvalues of

the Peterson graph. In better words, the characteristic polynomial of the matrix

24271 1

1 22+ 272



is

POA) =N = (z+27" + 22+ 27+ (1 + 24+ 27+ 27 +2Y)

=N (A B2 A1),

If z # 1, then we use

5
-1
1+z—|—22—|—z3+z4:Z
z—1
to obtain
| 25 —1 25—z 25 —1
P(\) = A2 — —2) =)~ —2).
W=¥—Cnt L -9 =2-C I E 1 -9

Otherwise, P()\) becomes A\? — 4\ + 3. In summary, we obtain

NAA=—2=0=A=1,A=-2 if z#1,
N—4A+3=0=A=1,A=3 ifz=1.

Example 2.0.6 The third example is Tutte-Coxeter graph or Tutte eight-cage or Cre-
mona—Richmond graph. TIts base graph B (the left graph) as well as the Tutte-Coxeter
graph(the right graph) itself is shown in figure



)

Figure 2.3: The base graph B for the Tutte-Coxeter graph.

The base graph B can be represented as a table; see table [2.2

H Tail head label H

1 1 1
1 2 0
2 2 )
2 3 0
3 3 3

Table 2.2: The table correspond to B of the Tutte-Coxeter graph.

Now by considering the adjacency matrix of the Tutte-Coxeter graph or the table corresponding



to the base graph B, we have
)\Uj = U + Ujt1 + Uj—1,
)\Uj:Uj+IUj+Uj+5, jE{O,l,Q,"',g},
)\U)j = vj + Wj+3 + Wj—3.

Now solve these equations by replacing

uj = (sz,
v; =,
w; =27,

where 219 = 1. We then obtain
Ao =+ ¢zt + P27t
Mp = ¢+ 412,
My =9 +72° + 4273,

or
24271 1 0 o
1S 1 ne (2.3)

0 1 24+273 |y

¢
Al
Y
Thus, the eigenvalues of the Tutte-Coxeter graph correspond to the eigenvalues of the matrix

in equation for » = e with m € {0,1,---,9}. The characteristic polynomial of this

matrix is

PA)=A-z-2)A=2)A=2" =) -(A=2" =27 - (A —2—27)

=N N4 22 4 2) A28 228 4220 + 222 - 2)) +0.

By using

T+ 224 (292 + (22 + (%) = 2( o );

and assuming 22 # 1, we obtain

10
—1
PO = XN = 22020 427 4 25 4 23 4 2) + M(—4 +2(2 =)
Z_
10_1 210_1
:)\3_)\2 z o
)+ a2
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=N —4A= AN —4) = XA —-2)(A+2).
If 22 = 1, then, we have two following cases:

e if z=1, then

PA) =X —5X2 46X = A(A2 = 5A 4 6) = A(A —2)(A = 3).

e if 2 = —1, then

P(A) = A+ 5207+ 6A = AA2 + 5 +6) = A(A+2)(\ + 3).

Hence, the spectrum of the Tutte-Coxeter graph is 3,29, 09 (-2)% —3.

O

More generally, for any base graph B with k vertices and the Zy group to find spectrum of the
derived graph G, eigenspace of G has dimension n = Nk. It decomposes into N eigenspaces,
each of dimension k. In other words, we have N matrices k by k corresponding to the base
graph B. In these matrices, we note that the entry corresponds to a loop with label a in Zy is
2% + 2% and the entry corresponds to a directed edge(arc) uv with label b in the group is z°,
and the entry corresponds to arc vu is z7°. We saw in above examples, how to compute the
spectrum of derived graphs by these N matrices. In the following theorem, we see that some

derived graphs have a base graph with different labels, but the derived graphs are isomorphic

to each other.

The following two theorems simplify search for the derived graphs by exploring the isomor-

phisms of derived graphs from the same base graph with different labels.

Theorem 2.0.7. The derived graph from the base graph with labels (11, la, - -+ ,1;) is isomorphic
to the derived graph from the base graph with labels (lya,lsa, - - -, l;a) for any invertible a in Zy .

Theorem 2.0.8. FEvery derived graph from the base graph B is isomorphic to the derived graph
from the same base graph whose spanning tree gets identity of Zy as labels of its edges [@/
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2.1 History

Now we know what is voltage construction. So, we want to shortly review its history. One of
the first papers that use voltage construction for constructing dense graphs or highly connected
graphs is where they did not use voltage construction as the name of the construction. The
voltage construction appeared in Joel Friedman’s papers as “covering” [20]. There are more
papers that used covering as the name of voltage construction . From algebraic approach,
the paper explained the voltage construction as “lifts of digraphs.” It also appeared in [22]

as a type of “cylindrical construction.”



Chapter 3

Classification of Base Graphs with at most 4 Vertices for Cubic

Derived Graphs

In this chapter, we find the cubic voltage graphs with large AC whose base graph has at most
four vertices. Some of these graphs have both maximum girth and AC with same labels for
their base graph. But we will see some exceptions derived graphs where labels of maximum
AC and maximum girth are not same. Section [3.1]is about the base graphs with one vertex as
shown in figure .1} It can be used to construct cubic circulant graphs. Its base graph B has
one sided loop with label % (with N which is even) and a double sided loop with arbitrary label
(but not % because of degree) in Zy. Note that a double sided loop increases the degree of each
vertex of G by 2, but the one sided loop with label % increases degree of each vertex by one,
which is required for some base graphs in order to have a cubic (or odd regular) derived graph.
Section [3.2] is about Theta or Ears graphs whose base graphs have two vertices. We will see
they are good candidates of having girth 5 or 6. Section [3.3]is about the base graphs with three
vertices. One of the well known examples is the Tutte-Coxeter graph. It has a representation
as a voltage graph with the base graph B as in figure with three vertices where one of them
has a single side loop with label 5 in Zo. Section [3.5]is for the base graphs with four vertices.

The well known example of the this section would be the Coxeter graph.

A related question is, “What is the maximum girth or the maximum AC for derived graphs
from the base graph B?” For cubic circulant graphs, the maximum girth is 4 by theorem [3.1.2
as we will show in section Aside from finding derived cubic graphs with large AC, exploring
for the derived cubic graphs with large girth is interesting. We can see in table [3.11] there is
a derived graph(from the Base4(b)(1,2,4)) with 36 vertices and maximum girth 7 whose AC is
larger than all cubic derived graph with girth 8. This graph is a counter example for conjecture
6.1 in . In this chapter, we will see tables with maximum AC for derived voltage graphs.
The interesting remark is in most cases (but not all) the graph with Max-AC also maximizes

the girth in those derived voltage graphs.

12
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3.1 Cubic Circulant Graphs

A circulant graph is a voltage graph whose base consists of a single vertex such as shown in
figure . We note to the base graph as shown in figure (a) for derived circulant graphs in
general not just a derived cubic circulant graph. We start with the following theorem about

connectivity of circulant graphs.

(o)

Figure 3.1: (a) The base graph B of circulant graphs.
(b) The base graph for cubic circulant graphs.

Theorem 3.1.1. The derived circulant graphs whose base graph has labels Iy, 15, - -+ | l; is con-
nected if and only if GCD(ly,ly,--- ,l;, N) = 1.

Proof. If GCD(ly,ly,--- ,1;, N) = 1, then by Bezout lemma there exists a; for 1 <i <t+1
such that
liay + lhag + -+ -+ liay + Nag =1

or

l1a1 —i—l2a2—|— —l—ltat =1 mod N.

This gives a path. This path consists of following edges with label l1, a; times, l5, as and so
on. It is from an arbitrary vertex v of the derived graph which connects the vertex v to the
vertex v + 1 mod N in Zy when we marked vertices of the derived graph by elements of Zy.
Since circulant graphs are symmetric, if we rotate this path, then we can connect the vertex
v+ 1 to vertex v + 2 (addition is mod N) of the graph and so on. Hence, the derived circulant

graph is connected since there is a path between any two vertices of the graph.

To show the converse, suppose the graph is connected. Then, there is a path between an
arbitrary vertex v to the vertex v 4+ 1 in the graph. This means there exists a; for 1 <i <t
such that

liaqy + lsas + -+ - + l;a; = 1 mod N.
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By Bezout lemma, we have GCD(ly, 1y, -+ ,1;, N) = 1. O

Theorem 3.1.2. The maximum girth of derived graphs with the base graph as shown in figure
[3-1(a) is four.
Proof. Consider the path

ll — lg — —ll — —l2.

This path starts and ends at the same vertex. It has no repeated edges(assuming l; # I, mod

N). Therefore, the girth would be at most four. O

In the following figure, we can see an example of the circulant graph with Zg where we show

the girth is 4 by drawing a directed cycle of length 4 based on the proof of the above theorem.

J s/ %—'é, ‘%’/ZZ
! 2

SR
t 5 ¢
' XZ
“ 2

Figure 3.2: An example of the girth of a circulant graph.

Because of theorem [3.1.2] circulant graphs are not a good candidates for graphs with high
girth. However, they may still have high AC. Now we show that cubic circulant graphs have
the following AC.

Theorem 3.1.3. The AC of any connected derived cubic circulant graph from the base graph

in figure[3.4(b) is

U
2—2cos —.
cosN

Proof. The spectrum of a derived cubic circulant graph from the base graph in fig [3.1|b)

whose labels are [ and £ is (see (2.2))

2mml

Am = 2 cos ( I

)+ (=1)", where me{0,1,--- N —1}.
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Note that \,, = 3 when m = 0. Therefore,

AC = gnl;%(B — Am). (3.1)

We want to have maximum value for \,, which is dependent on cos(#Z2%) and (—1)™. The

value of AC in (3.1)) is the smallest value of

2mml 2mml
) —-1=2-2
3 (migr,ln?}gven(cos ) ) <m¢glnz’}}iven(cos ) )
or
2mml 2mml
3— 2(m¢1g}3lxodd(cos N ) +1=4-— Q(m;gﬁxodd(cos I ).

So, m should be even since | cosf| < 1 for any 6. One of the interval that cos gets its maximum

value is [0, 7). We claim there exist such m to satisfy
ml =2 mod N (3.2)
Such m maximizes
( 2mml )
max  (cos :
m#0,m even N

Now m and N are assumed to be even, so we can write m = 2m and N = ON. If ml =2 mod

N, then ([3.2) is equivalent to
ol = 2+ aN = 2 + 2aN (3.3)

for some a and m, or

lim=14aN or I —aN =1 (3.4)

for some a and 7. Since the circulant graph is connected, by the theorem GCD(I,N) = 1.
Then, by Bezout identity, the equation has solution for a and m. O

The following table gives maximum AC for different NV for derived circulant graphs.

Derived Cubic Circulant Graphs via base graph B

N 416 |8 |10 12| 14 16 18 20 22 24 26 126

Max AC |4 |3 |2 | 1.382] 1 | 0.753] 0.5858] 0.4679| 0.382 | 0.3175] 0.2679| 0.2291| 0.0099
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3.2 Cubic Theta Graphs

The base graph B has two vertices and multiple edges with different labels as we can see in

figure (a). In order to have a cubic derived graph G, we use the base graph B with t = 3

labels as in figure 3.3(b).
“: S
7 @
0 Z
1

1

Car L‘O)

Figure 3.3: (a) The base graph B of derived t-regular Theta graphs.
(b) The base graph B of derived cubic Theta graphs.

Definition 3.2.1. The derived graph G from the base graph shown in (a) with labels
l17l27”' 7lt
will be denoted by (11,1, -+ ;).

O

Lemma 3.2.2. 1. The graph (l1,ls,- -+ ,1;) is isomorphic to the graph (l1+a, la+a, - -+, l;+a)

for any a in Zy,
2. the graph (L1, la,--- ,1;) is isomorphic to the graph (lia,lsa,--- l;a) for any invertible a
m ZN.

Proof. Part 1: Geometrically, figure [3.4] shows that the only difference between labeling
li,lo, -+ ,lyand li+a,ly+a,- -+, l;+a (where a=1) is just a permutation of the outer ring in Zy
since all labels are mod N and the derived graph is symmetric. The following automorphism ¢

shows that if we label vertices by

{uo, ur, -+ s un-—1} U{UO;Ula o UN-1

then those two graphs are isomorphic by fixing the vertices of inner ring, that is,

{u(]vuh e 7uN71}
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and their label in Zy and relabeling vertices of outer ring where indices changed mod N, that
is,
{vo, v,y o1} = {Vas Vita,+  UN-14a)
by a proper permutation in Zy.
gb Ly — Ly
(Vi) = Viga,  O(wi) = u;
where i € {0,1,--- ;N — 1} and the indices are taken mod N. So, ¢ preserves the structure of
graph.

Figure 3.4: Changing labels of the base graph of derived Theta graph.

Part 2: this is a consequence of theorem [2.0.7] O]

Corollary 3.2.3. Let (a,b,c) be a connected theta-graph as shown in figure . Then, the

specturm of (a,b,c) is same as
1. the spectrum of (a+g,b+g,c+g) for any g € Zy,

2. the spectrum of (ag,bg,cg) for any invertible g € Zy .
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Based on the table the first observation would be the first two labels should be 0 and 1,
that is [p = 0 and [; = 1 for the base graph of any derived theta graph. But we note that not
all derived theta graphs whose base graph is (ly, 1, - -+ ,[;) are isomorphic to the derived graph
from (0,1,15,---,l;). The smallest counter example is the base graph (0,2,5) with N = 30.

We will see the following theorem which is true for any prime N.

Theorem 3.2.4. If N is prime, then there exist | € Zy such that (lo,l1,ls) (for any lo, 1y, and
ly in Zy ) is isomorphic to (0,1,1).

Proof. First of all, if all of labels (ly, l1,ls) are non zero, we choose an arbitrary label such as
lo. Then, subtract all labels by ly. We get (0,1; —lo, > — ly). Now both of I; — Iy and Iy — [, are
invertible in Zy. We arbitrarily choose l; — [y which is invertible in Zx. Now by lemma |3.2.2

we can multiply the labels by (I; — o) ™! to get (o, 1,1) which is isomorphic to (g, 1, ls). O

Remark 3.2.5. In above theorem, N can be also a product of two prime numbers as well. We

omit the proof. A

The following figures show the comparison(relationship) between different [ in (0,1,7) with
maximum AC. For example, when N = 17, all (0,1,4), (0,1,5), (0,1,7), (0,1,11), (0,1,13),
and (0,1, 14) achieve the maximum Ac, 0.5626. It is interesting that all of the derived graphs
of these base graphs are isomorphic to each other. Additionally, when N = 111, (0,1,11) and
(0,1,101) achieve the maximum Ac, 0.1174. (0,1,11) and (0,1,101) are also isomorphic. We
see that the label [ in (0,1,[) that gets the maximum AC is not unique and there is not any

clear relation between N and the label [ that maximize AC.
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0.5

0.2

Figure 3.5: Comparison of different labels (0, 1, 1) with maximum Ac for N

Theta graph.
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= 17 of the derived

0.4~

0.3

0.1

30

Figure 3.6: Comparison of different labels (0, 1,1) with maximum AC for N = 31 of the derived

Theta graph.
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164 of the
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Comparison of different labels (0,1,1) with maximum AC for N = 111 of the
W
i
|
\
|

Comparison of different labels (0,1,1) with maximum AC for N

derived Theta graph.
AC

Figure 3.7:

In the following theorem, we see that any derived theta graph can have a cycle of length at

derived Theta graph.

Figure 3.8:
least six.
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Theorem 3.2.6. The maximum girth of the derived graphs from the base graph as shown in

figure is SiT.

Proof. Consider the following path
a——b—c——a—b— —c,

without repeated vertices. Then, this corresponds to a cycle of length at most six. O

The following table contains the maximum AC of the derived theta graph from the base graph
(a, b, c) for different N. In addition to theorem [3.2.6] the table shows that the maximum girth
is 6.

Table 3.2: Derived Cubic Theta Graphs

N Max | Max AC Maximizer | Girth
AC Labels(a,b,c)
3 3 0,1,2 4
4 2 0,1,3 4
5 1.382 | 0,1,4 4
6 1.2679] 01,4 4
7 1.5858| 0,1,3 6
8 1.2679| 0,1,6 6
9 1.0304| 0,1,3 6
10 0.8510| 0,1,3 6
11 0.7134| 0,1,3 6
12 0.7639| 0,1,4 6
13 0.9257| 0,14 6
14 0.7530| 0,1,4 6
15 0.7118| 0,14 6
16 0.6308| 0,1,4 6
17 0.5626| 0,14 6
18 0.5047| 0,14 6




19 0.6533| 0,1,8 6
20 0.5028| 0,1,5 6
21 0.5935| 0,1,5 6
22 0.4946/ 0,1,5 6
23 0.4542( 0,1,5 6
24 0.4604| 0,1,5 6
25 0.4257| 0,1,5 6
26 0.3948( 0,1,5 6
27 0.3670| 0,1,5 6
28 0.3421] 0,1,5 6
29 0.3195| 0,1,5 6
30 0.3820| 0,1,9 6
31 0.4093| 0,1,6 6
32 0.3491| 0,1,6 6
33 0.3175| 0,1,6 6
34 0.3103| 0,1,6 6
35 0.3237| 0,1,6 6
63 0.1860| 0,1,8 6

22

As we see in above table, there is not strictly decreasing MaxAC when N is increasing; we show

it in table with blue. We can see its pattern in the following image.
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Figure 3.9: (a) The base graph B.

3.3 Cubic Ears Graphs

An Ears graph is defined to be the derived graph whose base graph B is as shown in figure

3.10} The difference is single or double sided loops. In figure (a), a,b # % and in figure
m(b), N should be even. We note that the edges of the spanning tree of each graph in figure

[B-10] get 0 as their label by using theorem [2.0.§

O
o w (OO
RS e GL i
cod ¢ b)

Figure 3.10: (a) The base graph B of cubic Ears graphs,
(b) the base graph B with multiple edges of cubic Ears graphs.

Now one of the interesting questions is what is the formula of spectrum of the derived graph

of the base graph in figure m(a)? The answer is the eigenvalues of the derived graph is given
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by A, where )\, is the eigenvalues of

¥+ 27 1
M = ,
1 2420
with z = exp (275\1,”"”) and m € {0,1,--- , N — 1}. Equivalently, A, satisfies
2 2mmb 2 b 2 —b
M? + 2(cos ﬂ;\;m—i-cos n]? ))\—FQCOS%—FQCOS mﬂgi; )—120.

Similarly, the spectrum of the derived graph of the base graph in figure m(b) is given by the
eigenvalues of \,,, where )\, is the eigenvalues of

N
2

where z = exp (2222), and m € {0,1,--- , N — 1}. Equivalently, \,, satisfies

2mm(a — b)

A =20 (=)™ =2
(—1) cos N

—-1=0.

The following table compares maximum AC and the girth of derived Ears graphs whose base
graph are shown in figure |3.10} The first three columns of the table corresponds to the base
graph in figure [3.10)a) and the last three columns are correspond to the base graph in figure
3.10[(b). For the rest of this chapter we should note to the following remark.

Remark 3.3.1. For any base graph B where the maximizer labels of AC are not same as the
maximizer labels of girth and the maximum girth is g with labels (4, j), we use MaxG(B)=g(i.,j)

to show that the maximum girth corresponds to this base. A

We note that for all N in this table, the maximum AC of derived graphs from the base graph
3.10[(a) are larger than maximum AC of the derived graph from the base graph [3.10{(b).

Derived Cubic Graphs via Ears the base graph in figure [3.10)
N | Max | (a,b) Girth Max | (a,b) Girth| Comment
AC(a) AC(b)
2 4 0,1 3




42 1,1 4 |2 0,1
512 1,2 5

6|1 1,1 4 1 0,1
7 1 1.2892| 1,2 5

8 | 1.2679] 1,3 6 | 0.5858] 0,1
9 | 0.8980| 1,2 5

10| 1 1,3 6 | 0.3820] 0,1
11| 0.8984/ 1,3 6

12| 1 1,5 6 | 0.2679] 0,1
13| 0.9474| 1,5 7

14| 0.7639| 1,4 7 ]0.1981] 0,1
15| 0.7639| 1,4 7

16| 0.7639| 1,6 7 ]0.1522] 0,1
17/ 0.7731) 1,5 7

18| 0.7375/ 1,5 8 | 0.1206| 0,1
19| 0.6350| 1,7 7

20| 0.5858| 1,8 5 ]0.0979] 0,1
21| 0.7530 1,8 8

22| 0.6564 1,6 8 |0.0810] 0,1
23] 0.5779| 1,5 8

24| 0.5858| 1,7 8 | 0.0681] 0,1
25| 0.6903| 1,7 8

26| 0.6278| 1,10 8 ]0.0581] 0,1
271 0.5731| 1,6 8

28] 0.5822 1,8 7 ] 0.0501] 0,1 MaxG(a)=8(1,5)
29| 0.5455| 1,8 8

30| 0.5121] 2,9 8 ]0.0437] 0,1
31| 0.4816| 1,7 8

32| 0.5524| 1,7 8 |0.0384] 0,1
33| 0.4533] 1,6 8

34| 0.5170| 1,13 8 |0.0341] 0,1

25
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35] 0.4755| 1,10 7 MaxG (a)=8(L,6)
63| 0.3005| 1,14 8

In the following table, we compare all results of the derived theta graphs with the derived ears
graphs from the figure [3.10(a). We see for 3 < N <9 and N # 5, the theta graphs have larger
AC. The larger maximum AC of these graphs shown in red. We note when N = 5, the derived
graph is the Peterson graph with maximum AC=2.

Table 3.4: Comparison of Derived Cubic Theta Graphs
with Derived Ears graphs

N | Max Max
AC(Ears- AC(theta)
111)

3 |2 3

4 |2 2

5 |2 1.382
6 |1 1.2679
7 | 1.2892 1.5858
8 | 1.2679 1.2679
9 | 0.8980 1.0304
10 | 1 0.8510
11 | 0.8984 0.7134
12 |1 0.7639
13 | 0.9474 0.9257
14 | 0.7639 0.7530
15 ] 0.7639 0.7118
16 | 0.7639 0.6308
17 | 0.7731 0.5626
18 | 0.7375 0.5047
19 | 0.6350 0.6533




20 | 0.5858 0.5028
21 | 0.7530 0.5935
22 | 0.6564 0.4946
23 | 0.5779 0.4542
24 | 0.5858 0.4604
25 | 0.6903 0.4257
26 | 0.6278 0.3948
27 1 0.5731 0.3670
28 | 0.5822 0.3421
29 | 0.5455 0.3195
30 | 0.5121 0.3820
31 | 0.4816 0.4093
32 | 0.5524 0.3491
33 | 0.4533 0.3157
34 | 0.5170 0.3103
35 | 0.4755 0.3237
63 | 0.3005 0.1860

3.4 Base graphs with 3 vertices

27

There are four possible base graphs with three vertices and at least one single side loop, see

figure In these base graphs, the edges of the spanning tree get 0 as their labels by using

theorem [2.0.8] Note that N must be even in order to have a cubic derived graph.
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Figure 3.11: The base graph B with 3 vertices.
In the following table, we see maximum AC of the derived graphs from all possible base graphs

with three vertices for 2 < N < 34. The maximum AC for these derived graphs for any N

shown in red.

Derived Cubic Circulant Graphs via base graphs in figure (3.11
N | Max | Labels(a,b) | Max | Labels(a,b) | Max | Labels(a,b) | Max | Labels(a)
AC(a) AC(b) AC(c) AC(d)
2 | 0.4384| 2,2 2 1,1 0.5858| 1,2 3 1
41 1,1 1 1,1 1.2679| 1,1 1 1
6|1 1,1 1 1,4 1.2679| 2,1 0.4679| 1
8 |1 1,3 1 1,2 0.8299| 1,3 0.2679| 1
10] 1 1,3 0.7639| 1,3 0.7118] 1,3 0.1729| 1
12| 0.5858| 1,1 0.6971| 1,2 0.5858| 1,2 0.1206] 1
14| 0.6931| 1,3 0.7530] 1,11 0.5405| 1,3 0.0889| 1
16{ 0.6571| 1,3 0.6343| 1,2 0.4877| 1,3 0.0681| 1
18] 0.5010| 1,2 0.5505| 1,3 0.4679| 1,4 0.0539| 1
20| 0.5188| 1,3 0.5064| 1,7 0.4406| 1,4 0.0437| 1
22| 0.4679| 1,3 0.4321] 1,4 0.4169| 1,4 0.0361| 1
24| 0.4859| 1,5 0.4384| 1,3 0.4145| 1,5 0.0304| 1
26| 04571 1,5 0.4055| 1,3 0.3996| 1,5 0.0259| 1
28| 0.3566| 1,3 0.3622| 1,3 0.3590| 1,4 0.0223] 1
30| 0.3820| 1,4 0.3820] 1,3 0.3886| 1,6 0.0195| 1




321 0.3636| 1,7 0.3636/| 1,6 0.3788] 1,6 0.0171
341 0.3729| 1,5 0.3437] 1,10 0.3480] 1,5 0.0152
421 0.3682| 1,8 0.2712] 1,12 0.3386| 1,8 0.0099

29

3.5 Base graphs with 4 vertices

In this section, we have three categories of base graphs with four vertices. The first category is
as subsection with base graphs that have single sided loops. The second subsection [3.5.2
is based on base graphs that have both single and double sided loops. The third subsection
have base graphs that have not any single sided loops.

3.5.1 Base graphs with 4 vertices without single sided loops

There are two base graphs without any loop, shown in figure [3.12] By using theorem [2.0.§]
all edges of their spanning tree get 0 as their labels. In the following table, we summarize all
results of the maximum AC of derived graphs from these base graphs. In addition, there are
some exceptional derived graphs that have different labels for maximum AC and the maximum
girth in the base graph. This property shown by red color in comments column by Max

G(B)=g(a,b,c) which means the maximum girth is g by labels a,b, and ¢ in the base graph B.
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Figure 3.12: The base graph B with 4 vertices without loop.
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Figure 3.13: The base graph B with 4 vertices Base with 4 vertices with double side loops.
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Figure 3.15: The base graph with 4 vertices with single and double side loops.
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Derived Cubic Graphs from the base graph in figure [3.12

N | Max | Labels(a,b,c) | Girth| Max | Labels(a,b,c) | Girth Comments

AC(a) AC(b)
R 11,1 4 2 11,1 4
3 1 1.2679] 1,1,1 4 1 1,1,1 4
4 | 1.2679] 1,1,1 6 1.2679| 1,3,1 6
5 |1 1,2,1 6 0.9316| 1,2,3 6
6 |1 1,1,2 6 0.7639| 1,2,3 6
7 1 0.7530] 1,1,2 6 0.7928] 1,2,3 6
8 | 0.7639| 1,3,1 6 0.7639| 1,2,4 6
9 | 0.7375| 1,2,3 8 0.7766| 1,24 7
10} 0.7639] 2,4,1 8 0.6554| 1,24 7
11 0.6805| 1,2,3 8 0.6030| 1,5,1 6
12| 0.5858] 1,2,3 8 0.6239| 1,2,5 7
13| 0.6433] 1,3,4 8 0.5948| 1,2,5 7
14] 0.5858| 1,6,3 8 0.6086| 1,3,7 6 Max G(b)=7(1,2,4)
15| 0.5408| 1,3,4 8 0.6506| 1,7,2 9
16] 0.5858| 1,3,4 8 0.5858| 1,3,7 8 Max G(b)=9(1,7,2)
171 0.5302] 1,3,4 8 0.5287| 1,3,7 9
18] 0.5047| 1,8,4 8 0.5703| 1,3,7 10
191 0.5262] 1,3,5 8 0.5193| 1,3,7 9
20| 0.5505| 2,6,1 10 | 05002 1,8,2 9 Max G(b)=10(1,3,7)
211 0.4851| 1,7.4 6 0.4859] 1,3.8 9 Max G(a)=8(1,2.3)
22| 0.4946| 1,104 10 | 04352 1,4,9 9 Max G(b)=10(1,3,7)
23] 0.4933| 1,7,3 10 0.4264| 1,3,9 9 Max G(b) =10(1,3,7)
241 0.4938| 1,4,6 10 0.4859| 2,3,9 9 Max G(b)=10(1,3,7)
25| 0.4593| 1,94 10 0.4188| 1,3,10 10
26| 0.4450| 1,3,7 10 0.4389( 1,4,9 10
271 0.4424| 1,12,5 10 0.3982| 1,5,12 10
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28| 0.4549| 1,3,8 10 0.4292| 1,6,15 10
29| 0.4134| 1,3,8 10 0.3819( 1,3,9 10
30] 0.4373| 2,3,9 10 0.4026| 2,3,9 10
31} 0.3937| 1,4,10 10 0.3551 1,3,13 10
32| 0.4013| 1,4,10 10 0.3575| 1,3,10 10
33| 0.4297| 1,15,6 10 0.3672| 1,3,10 10
341 0.4213| 1,12,26 10 0.3718] 1,4,14 10
35| 0.3999 1,15,8 10 0.3654| 1,5,12 10

The base graphs in figure have four vertices and double side loops. So, /N should be even

in order to have the cubic derived graph. The labels of the edges of the spanning tree of these

base graphs get 0 as their labels by using theorem [2.0.8] The following table has all results of

the maximum AC of the derived graphs from these base graphs for 2 < N < 35.

Derived Cubic Graphs from the base graph in figure [3.13]
N | Max | Labels(a,b,c)(skip | Girthl Max | Labels(a,b,c)(skip Girth| Comments
AC(c)| N/2) AC(d)| N/2)

p 0.5858| 2.2,1 1

3|1 1,1,1 3 0.7639| 1,1,1 3

4 |1 11,1 4 107639 1,1,1 4

5 |1 1,1,2 ) 0.7639| 1,1,1 )

6 |0.6972| 1,1,1 6 0.7639| 1,1,2 6

7 |1 1,2,3 7 0.7639| 1,1,3 7

8 10.6340| 1,1,3 6 0.7639| 1,1,3 7

9 | 0.7766| 1,2,4 7 10.6972] 1,1,3 6 | MaxG(d)=7(1,1,4)
10 | 0.5107] 1,2,3 5 | 0.7639 1,1,4 8 | MaxG(c)=6(1,1,1)
11| 0.6283| 1,2,4 7 1 0.6564| 1,14 8
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12| 0.5107] 12,5 6 |0.5935 1,53 7 | MaxG(d)=8(1,1,5)

13 | 0.6066| 1,3,4 8 0.6531| 1,2,5 8

14 | 0.5858] 1,35 8 |0.5858] 1,2,5 7| MaxG(d)=8(1,1,4)

15 | 0.4859] 1,3.4 5 10.6972] 1,46 9 | MAxG(c)=7(1,2,4)

16 | 0.5218| 1,3,5 8 0.5858| 1,7,6 8

171 0.4938| 1,3,5 8 0.5437| 1,2,7 9

18 | 0.5703| 1,5,7 10 0.5376| 1,5,7 9

19 ] 0.5849| 1,7,8 9 0.5304| 1,2,7 9

20 | 0.4971] 1,6,9 8 | 0.5858] 2,6,5 8 | MaxG(d)=10(1,9,6)

21| 0.4859| 1,6,8 7 0.4845| 1,3,8 7 MaxG(c)=9(1,4,5),
MaxG(d)=9(1,2,5)

221 0.5107] 1,5,8 9 0.4944| 1,5,8 10

231 0.4758| 1,4,10 9 0.4849| 1,2,9 9

24 | 0.4384] 14,7 6 | 04390] 2,37 8 | MaxG(c)=8(1,3,5),
MAxG(d)=9(1,2,5)

251 0.4536| 14,11 9 0.4755( 1,4,10 10

26 | 0.5070| 1,6,11 10 0.4460| 2,6,5 10

27 | 0.4786| 1,6,8 9 |o04679] 158 10 | MAXG(c)=10(1,8,10)

28 | 0.4384 1,5,12 7 | 0.4410] 2,6,7 8 | MaxG(c)=9(1,5,6),
MAxC(d)=10(1,3,8)

29 | 0.4511] 1,5,11 10 | 0.4129] 1,5,11 9 | MaxG(d)=10(1,3,8)

30 | 0.4444] 2,5,9 6 | 0.4414) 2,89 10 | MAxG(c)=10(1,7,11)

31 | 0.4278] 1,7,9 10 |0.3822] 1,59 9 | MaxG(d)=10(1,3,8)

32 | 0.4054| 1,7,12 8 | 0.4206] 1,5,13 10 | MaxG(c)=10(1,5,7)

33 | 0.4384| 1,6,10 10 0.3898| 1,6,8 9 MAxG(d)=10(1,3,8)

34 | 0.4226] 1,6,15 10 0.4007| 1,14,9 10

35| 0.4312] 1,8,15 7 0.4355| 1,6,10 10 MaxG(c)=10(1,6,8)




3.5.2 Base graphs with 4 vertices and single sided loops

In figure two base graphs have only single side loops. We note the labels of the edges of
their spanning trees is 0 (see theorem [2.0.8). By noting to the following table, we can compare
maximum AC of the derived graphs of the base graphs as shown in figure [3.14 The maximum
AC of the derived graphs from the base graph [3.14(e) (or B.14]f)) showed by Max AC(e)(or

Max AC(f)). The next two columns to the maximum AC is the corresponding labels in the
base graph and the girth of the derived graph from these labels.
Derived Cubic Graphs from the base graph B in figure |3.14]
N | Max AC(e) | Labels(a)| Girth | Max AC(f) | Labels(a,b) | Girth
212 1 4 P 1,1 4
4 1 0.5858 1 4 0.7639 1,1 5
6 | 0.2679 1 4 1 1,1 6
8 | 0.1522 1 4 0.5858 1,1 6
10| 0.0979 1 4 0.4755 1,2 6
12| 0.0681 1 4 0.4859 1,2 6
141 0.0501 1 4 0.4474 1,2 6
16| 0.0384 1 4 0.4071 1,5 6
18| 0.0304 1 4 0.3663 1,3 6
20| 0.0246 1 4 0.3104 1,6 6
22| 0.0204 1 4 0.2600 1,3 6
241 0.0171 1 4 0.2907 1,3 6
26| 0.0146 1 4 0.2518 1,3 6
28| 0.0126 1 4 0.2514 1,10 6
301 0.0110 1 4 0.2212 1,11 6
321 0.0096 1 4 0.2183 1,4 6
341 0.0085 1 4 0.2087 1,10 6

3.5.3 The base graphs with 4 vertices and single and double sided loops

In figure the base graphs have both single and double side loops. The label of the edges
of their spanning tree is 0 by using theorem [2.0.§

compare maximum AC of the derived graphs of the base graphs as shown in figure [3.15] The

By noting to the following table, we can
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maximum AC of the derived graphs from the base graph [3.14{(g) (or other base graphs) showed
by Max AC(g)(or Max AC(h) or Max AC(i)). The next two columns to this maximum AC is
the corresponding labels in the base graph and the girth of the derived graph from these labels.

Derived Cubic Graphs from the base graph in figure [3.15
N | Max | (a,b) Girthl Max | (a,b,c) | Girth] Max | (a,b) Girth| Comments
AC(g) AC(h) AC(i)

2 | 0.5107] 2,1 1 0.2679| 2,2,1 1 0.5858| 2,2 1

4|1 1,1 4 06571 1,11 4 |0.5858] 1,1 4

6 |0.6472| 1,1 4 0.6571| 1,1,1 4 0.5858| 1,1 4

8 | 0.4384| 1,1 4 0.6571} 1,1,1 4 0.5858| 1,1 4

10} 0.3820] 1,2 4 0.6571| 1,2,1 5 0.5858| 1,2 4 MaxG(h)=6(1,3,1)
121 0.3236 2,1 4 |0.6236] 2,3,1 4 103820 1,1 4 | MAXG(h)=6(1,5,1)
14| 0.3043| 1,2 4 0.5544| 1,6,2 6 0.4329| 1,2 4

16{ 0.2799| 1,3 4 0.5129| 1,4,3 4 0.4071| 1,3 4 MAxG(h)=6(1,3,1)
18] 0.2662| 1,2 4 0.4803| 3,1,2 6 0.3238| 1,2 4

20| 0.2591| 2,3 4 0.4597| 1,5,3 4 0.3249| 1,3 4 MaxG(h)=6(1,3,1)
291 0.2479| 1,3 4 0.4431| 1,4,3 6 0.2940| 1,3 4

241 0.2477 1,5 4 0.4283] 1,11,5 6 0.2955| 1,5 4

26| 0.2406| 1,5 4 0.4151| 1,3,11 6 0.2769| 1,5 4

28] 0.2215 1,4 4 0.4116] 1,4,3 6 0.2266| 1,3 4

301 0.2344| 3,2 4 0.4022| 5,3,2 6 0.2346| 1,4 4

321 0.2312] 2,3 4 0.3946| 1,6,7 6 0.2459| 1,7 4

341 0.2098| 1,7 4 0.3945| 1,4,14 6 0.2242| 1,5 4

3.6 Summary

In this section, we see which base graphs resulted in maximum AC among all of the base graphs

with at most four vertices. We see that the largest AC for graphs with 10 vertices is for the
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Peterson graph. We also found that our result mathced with the maximum AC for the graph
with 48 vertices based on [HOG

The largest AC of the derived graphs from the base graphs with at most 4 vertices

n | Max | Base graph | Max Base graph Max | Base graph Max | Base graph
AC(1) AC(2) AC(3) AC(4)
4 |4 Cir(1,2) |4 Ears121(0,1)
6 |3 Cir(1,3) 3 Theta(0,1,2) | 3 Base3(d)(1)
8 |2 Cir(1,4) 2 Theta(0,1,3), 2 Base4(a)(1,1,1),
Ears111(1,1), Base4(b)(1,1,1),
Ears121(0,1) Based(e)(1),
Base4(f)(1,1)
10 | 1.382 | Cir(1,5) |2 Bars111(1,2)
12 |1 Cir(1,6) 1.2679 | Theta(0,1,4) | 1.2679| Base3(c) 1.2679 | Based(a)
14 | 0.753 | Cir(1,7) | 1.5858 | Theta(0,1,3)
16 | 0.5858 | Cir(1,8) 1.2679 | Theta(0,1,6), 1.2679 | Base4(a),
Ears111(1,3) Base4(b)
18 | 0.4679| Cir(1,9) | 1.0304 | Theta(0,1,3) | 1.2679| Base3(c)(2,1)
20 | 0.382 | Cir(1,10) |1 Ears111(1,3) 1 Based(a)(1,2,1),
Base4(c)(1,1,2)
22 | 0.3175| Cir(1,11) 0.8984 | Ears111(1,3)
24 10.2679 | Cir(1,12) 1 Ears111(1,5) |1 Base3(a)(1,3),| 1 Based(a)(1,1,2),
Base3(b)(1,2) Base4(f)(1,1)
26 | 0.2291 | Cir(1,13) 0.9474 | Ears111(1,5)
28 | 0.1981 | Cir(1,14) | 0.7639 | Ears111(1,4) 1 Base4(c)(1,2,3)
30 | 0.1729 | Cir(1,15) | 0.7639 | Ears111(1,4) | 1 Base3(a)(1,3)
32 | 0.1522 | Cir(1,16) | 0.7639 | Ears111(1,6) 0.7639 | Based(a)(1,3,1),
Base4(b)(1,2,4),
Base4(d)(1,1,3)
34 | 0.1351 | Cir(1,17) 0.7731 | Ears111(1,5)
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36 | 0.1206 | Cir(1,18) 0.7375 | Ears111(1,5) | 0.6971| Base3(b)(1,2) | 0.7766 | Base4(b)(1,2,4),
Base4(c)(1,2,4

38 | 0.1084 | Cir(1,19) | 0.6533 | Theta(0,1.8)

40 | 0.0979 | Cir(1,20) 0.5858 | Ears111(1,8) 0.7639 | Base4(a)(2,4,1),
Base4(d)(1,1,4)

42 1 0.0889 | Cir(1,21) | 0.7530 | Ears111(18) | 0.7530| Base3(b)(1,11

44 | 0.0810 | Cir(1,22) | 0.6564 | Ears111(L,6) 0.6805 | Based(a)(1,2,3)

46 | 0.0742 | Cir(1,23) 0.5779 | Ears111(1,5)

48 | 0.0681 | Cir(1,24) | 0.5858 | Ears111(1,7) | 0.6571| Base3(a)(1,3) | 0.6239 | Base4(b)(1,2,5)

50 | 0.0628 | Cir(1,25) | 0.6903 | Ears111(1,7)

52 | 0.0581 | Cir(1,26) | 0.6278 | Ears111(1,10) 0.6531 | Based(d)(1,2,5)

54 | 0.0539 | Cir(1,27) | 0.5731 | Ears111(1,6) | 0.5505 Base3(b)(1,3)

56 | 0.0501 | Cir(1,28) | 0.5822 | Ears111(1,8) 0.6086 | Based(b)(1,3,7)

58 | 0.0468 | Cir(1,29) | 0.5455 | Ears111(1,8)

60 | 0.0437 | Cir(1,30) 0.5121 | Ears111(2,9) | 0.5188| Base3(a)(1,3) | 0.6972 | Base4(d)(1,4,6)

62 | 0.0409 | Cir(1,31) | 0.4816 | Earsl11(1,7)

64 | 0.0384| Cir(1,32) | 0.5524 | Ears111(1,7) 0.5858 | Based(d)(1,7,6),
Base4(a)(1,3,7),
Base4(b)(1,3,4)

66 | 0.0361 | Cir(1,33) | 0.4533 | Bars111(1,6) | 0.4679| Base3(a)(1,3)

68 | 0.0341| Cir(1,34) | 0.5170 | Ears111(1,13) 0.5437 | Base4(d)(1,2,7)

70 | 0.0321 | Cir(1,35) | 0.4755 | Ears111(1,10)
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126| 0.0099 | Cir(1,63) | 0.3005 | Ears111(1,14)| 0.3682| Base3(a)(1,8)

3.7 Comparison with known graphs

In this section we compare our search for maximum AC based on voltage graphs with known

results for cubic graphs.

Cubic graphs up to around 64 vertices are well studied. House of Graphs (HOG) website
tabulates cubic graphs of high girth up to n = 64 vertices , as computed by Nauty and other
programs . For the cases where the count for a fixed girth and order n is sufficiently small
(up to about 10°), the corresponding maxiumum AC was also tabulated in . This allows a

relatively exhaustive comparison up to 44 vertices, when restricted to higher-girth graphs.

For 44 < n < 52, the knowledge of cubic graphs is incomplete as there are too many graphs
even when restricted to the highest possible girth: there are, for example, around 2 x 107 cubic
graphs of girth 8 when n = 46 (see , table of cubic graphs according to girth, ) For
these cases, we compare our results with a search of HOG database, which is rather sparse. The
situation changes again for n = 58 when girth 9 graphs first appear; all girth 9 cubic graphs

are known up to n = 64.

In the table below, we compare our search for maximum AC based on voltage graphs with
the known graphs from HOG as described above. In the comments of second row, we indicate
whether the record comes from the table of all cubic graphs for a given girth (“Max for girth
X7), or HOG database.

Comparison with known records

n | Max AC | Comment Max AC | Base graph
(HOG) (voltage,
k< 4)
4 |4 Max for girth 3 4 Cir(1,2),

Ears121(0,1)



https://houseofgraphs.org/meta-directory/cubic

Max for girth 4

Cir(1,3),
Theta(0,1,2)

Max for girth 4

Cir(1,4),
Theta(0,1,3)
Ears111(1,1)
Ears121(0,1),

Base4(a)(1,1,1),
Base4(b)(1,1,1),
Based(e)(1),
Base4(f)(1,1)

’

)

1
1

10

2

Max for girth 5

Ears111(1,2)

12

1.467911

Max for girth 5

1.2679

Theta(0,1,4),
Base3(c),
Base4(a)

14

1.585786

Max for girth 6

1.5858

Theta(0,1,3)

16

1.267949

Max for girth 6

1.2679

Theta(0,1,6),
Ears111(1,3),
Base4(a),
Base4(b)

18

1.267949

Max for girth 6

1.2679

20

1.064568

Max for girth 6

22

Max for girth 6

0.8984

24

Max for girth 7 and

6

Base4(f)(1,1)

26

0.94737

Max for girth 7

0.9474

Ears111(1,5)
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28 | 1 Max for girth 7 0.7639 Ears111(1,4)
30| 1 Max for girth 8, the | 1 Base3(a)(1,3)
Tutte-Coxter graph

32 | 0.864221 Max for girth 7 0.7639 Ears111(1,6),
Base4(a)(1,3,1),
Base4(b)(1,2,4),
Base4(d)(1,1,3)

34 | 0.78568 Max for girth 8 0.7731 Ears111(1,5)

36 | 0.763932 Max for girth 8 Has girth T:
Base4(b)(1,2,4),
Base4(c)(1,2,4),
these graphs are
isomorphic

38 | 0.763932 Max for girth 8 0.6533 Theta(0,1,8)

40 | 0.763932 Max for girth 8 0.7639 Base4(a)(2,4,1),
Base4(d)(1,1,4)

42 1 0.763932 Max for girth 8 0.7530 Ears111(1,8),
Base3(b)(1,11)

44 | 0.7067 Max for girth 8 0.6805 Base4(a)(1,2,3)

46 | 0.45425 HOG database Ears111(1,5)

48 | 0.65708 HOG database 0.6571 Base3 (a)(1,3)

50 | 0.69032 HOG database 0.6903 Ears111(1,7)

52 1 0.49977 HOG database Based4(d)(1,2,5)

54 | 0.68213 HOG database 0.5731 Ears111(1,6)

56 | 0.61752 OC____databasd | 0.6086 Based(b)(1,3,7)

58 | 0.63766 Max for girth 9 0.5455 Ears111(1,8)

60 | 0.697224 Max for girth 9 0.6972 Base4(d)(1,4,6)

62 | 0.603671 Max for girth 9 0.4816 Ears111(1,7)
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https://houseofgraphs.org/graphs/36502
https://houseofgraphs.org/graphs/36552
https://houseofgraphs.org/graphs/36586
https://houseofgraphs.org/graphs/36606
https://houseofgraphs.org/graphs/36630
https://houseofgraphs.org/graphs/36656
https://houseofgraphs.org/graphs/36656
https://houseofgraphs.org/graphs/36682
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64 | 0.633832 Max for girth 9 0.5858 Base4(d)(1,7,6),
Base4(a)(1,3,7),
Base4(b)(1,3,4)

126/ 0.5505 Girth 12, Benson | 0.3682 Base3(a)(1,8)

graph

We were able to reproduce known records for n < 10 and n = 14, 16, 18, 24, 26, 30, 40, 48, 50, 60.
(indicated in red in column 4) Moreover, we found a new record of a high-AC graph when

n = 36,46 and 52 (indicated in green).

Of particular interest is the case n = 36. For this case, HOG exhaustively lists 3 cubic graphs
of girth 8 and around 95 million cubic graphs of girth 7. Unlike all other cases we looked at, the
record AC has girth 7 rather than the maximum possible girth 8. This gives a counter-example
to conjecture 6.1 proposed in which states that the graph with the maximal AC also has
the highest possible girth.



Chapter 4

Discussion and future work

The main motivation of this research is the open problem of constructing an infinite family of
7-regular Ramanujan graphs. But the main problem is finding a base graph and a group to
make an infinite family of 7-regular Ramanujan graphs just by changing N. In this thesis, we
found among base graphs with at most four vertices, which one has voltage graphs with the
large AC. So, we did not have enough time to see what will happen for base graphs with more
than four vertices. As we could find a new graphs with 36 vertices with the largest AC (bigger
than known result of AC), we can say having a base graph with more than 4 vertices can have

interesting voltage graphs with large girth.
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