MCRWPT Design Through Analog Filter Theory

by

Aleksander Jack

Submitted in partial fulfillment of the requirements
for the degree of Master of Applied Science

at

Dalhousie University
Halifax, Nova Scotia
August 2020

© Copyright by Aleksander Jack, 2020



Table of Contents

LSt OF TADIES ..ottt ettt et h ettt beenees v
LISt OF FIGUIES ..ttt ettt ettt et e e et e st e et e esbeesseessbeensaessbeensaenssesnseennneenne v
AADSITACE ...ttt et h et et a bt e h bt e a e e h e bt et ea b e bt et en s e bt et eate e vii
List of Abbreviations USEd .........c.coiiiiiiiniieiiieierieeieeesee ettt sttt st viii
ACKNOWIEAZEIMENLS ......etiiiiiieeiiie ettt e ettt e e et e e s stee e saeeesaaessaeesssaeeessseessseeessseeanns X
Chapter I INrOAUCTION  .....ivuieiieieiieiieie ettt et et e b e e e e teesteeseesseenseessesseensesneenes 1
LT Back@roUnd .......coceooiiiiiiieeeee ettt et e 1
1.2 ReESCAICH GOAIS ......eiiiiiiiiieiiee ettt ettt et e 3
1.3 CONIIDULIONS ....eeiiieeiiieiie ettt ettt ettt et e ettt e sabe e bt e enbe e beeeabeesaneenseenneas 4
1.4 Thesis OrganiZation..........cocucvieiuirienieiiinienieee ettt sttt st sb et st sreete e 4
Chapter 2 Overview of Existing Theory and Design .......cccccevveriiieniieeiiiinieniieneeeeesee e 6
2.1 Wireless Power Transfer TReory.........cccveieiiiiiiiiiicie et 6
2.2 Current Research in MCRWPT ..o 11
2.3 DISCUSSION .netiiniieiieette ettt et ettt et st ettt et e st e bt e eab e e bt e sabe e bt e eabeenbeesabeenbbeeabeenbeesaneens 13
Chapter 3 MCRWPT and Filter Theory Derivations .......c.ccocevvevviiiiiiiiiniiiiieieiccceicn, 14
3.1 MCRWPT DEIIVATION ..eeeiiiiiiiieiiieiiieeieesite ettt ettt 14
3.2 Applied Filter TREOTY .....ciiiiiiieiieeeieeee ettt e e e 17
3.3 The Bridging or Mapping EQUAtiONS.......cc.ceoverieriiriiniiniiiieniteececsieee e 19
Chapter 4 Solutions to the Bridging or Mapping Equations ..........c.cccccceveviiiiniiniiiiiniininnnns 22
4.1 Solution LAMItatiONS .......cceevuiriirieierieniieie ettt sttt ettt ettt sbe e e 22
4.2 General Solution to the Bridging FUNCtioNnS..........ccceeviieriiiiiiiniieiieieeeene e 26
4.3  Implementation of the General SOIUtION .......c.eoeciiiiiiiiiiiiiiiiiee e 29
4.4  Considerations made in the Design of the General Solution ............cccoecveviiiiiieniennen. 33
4.5 AIernative SOIULION ...c...ovuiiiiiiiiiiiieiieee ettt 35



Chapter 5 Simulations of Solutions to the Bridging Equations .........c.ccceccvveiiiiviieiniieeieee, 37

5.1  Simulations of the General SOIUtION ..........cccoiiiiiiiiiiiii e 37
5.2 Simulations of the Modified General SOIUtion ............c.ccooiiiiiiiniiiiiine e 49
5.3 Summary of Findings and DiSCUSSION..........cccueeeviiieiiieeeiieeeiieeeieeeereeeeieeeveeesevee e 59
Chapter 6 COoNCIUSION ...c.coiiiiiiiiiiiiic e 60
6.1  Recommendations for Future Worki...........coccooiiiiiiiiiiiiieeecee 61
RETETEICES ...ttt ettt ettt s b ettt st e bt et st e saeentesaee e 62
Appendix A: MATLAB Code Developed for this Thesis.........cccevveeviienieeciienieeieesie e 66



List of Tables

Table 4.1: The Variables Present in Each Bridging Equation .............ccccoeveviiiiiiiiiciieciie e 22
Table 4.4.1: The Variables Derived from Each Section of the Bridging Equations..................... 33
Table 5.1.1: The Physical Parameters of the Coils ...........ccooiieiiiiriiiiiiiiieieie e 38
Table 5.1.2: The Electrical and Filter Parameters of the Coils..........ccoeiiiiiiiiiiiiniiiiee, 38
Table 5.1.3: The Calculated Impedance COMPONENLS .........cccveeeerveerciieeriieeniee e eereeeeeeeeeaee s 39
Table 5.1.4: The Added Reactive COMPONECNLS .........cccueeriieriieeieeiieeiieniieeieeseeeieesieeebeeseneeseens 39
Table 5.1.5: The Calculated Impedance COMPONENLS .........ccceeervierireiiieniieiierieeieenee e sieeeaens 44
Table 5.1.6: The Added Reactive COMPONENLS .........cocueiriiirriiiiiieiieeiieiie ettt 44
Table 5.2.1: The Impedance Components for the Modified General Solution..............ccccceenneen. 50
Table 5.2.2: The Reactive Components to be USEd..........ccoeviieviierieniiieniieiiesie e eseee e 50
Table 5.2.3: The Impedance Components Needed ...........ccoevvreiieriiiiiieniieiienie e 54
Table 5.2.4: The Reactive Components Added ..........occeeiuiiiiiiiiiiiiiieeeee e 54



List of Figures

Figure 2.1.1: The Circuit Diagram for an Inductively Coupled Wireless Power Transfer

N 1<) 1 0 PSR 7
Figure 2.1.2: The Circuit Diagram for a basic MCRWPT System.........cccccvvvereiviinienienenienceen. 8
Figure 2.1.3: A Physical Implementation of an MCRWPT System.........ccocevveeviinieninneniencenen. 8
Figure 2.1.4: Two Properly Aligned Coils..........cocuieiiiiiiiniiiiiieieeieeee et 10
Figure 2.1.5: The Power Transfer Efficiency and Received Power as a Function of Distance.... 11
Figure 3.1.1: The Circuit Diagram for the MCRWPT Derivation...........ccccecereereenenieneeniennnn. 14
Figure 4.1.1: The Ideal Transfer FUNCHON ......c.c.oiiiiiiiiiiieieieceeeee e 24
Figure 4.1.2: The Approximated Transfer FUNCHIONS ...........cocevieriiiiinienieieneceeceeee e 24
Figure 4.1.3: Enhanced View of the Approximated Transfer Function Passband........................ 25
Figure 4.3.1: Maximum Value of R, as a function of Xy .....ccccooviiiiiiiiiiiiiieeeeeeee, 31
Figure 4.3.2: Flow Chart for the Design Process of the General Solution .........c..cccceecveveenennnene. 33
FIigure 5.1.1: The Coil....coiiiiiiieee ettt et 37
Figure 5.1.2: The Power Transfer Efficiency and Transmitted Power as a Function of

DISTANCE (X1 = 5) rieoieeiieiie ettt ettt ettt e et e et e et e e et e e st e e ebeesaeeesbe e seeeabeeseeesbeensaeenseenaneenseeneas 40
Figure 5.1.3: The Power Transfer Efficiency and Transmitted Power as a Function of M,3

(0, G T OO OO OSSPSR PSPPI PORPPUPPI 41
Figure 5.1.4: The Power Transfer Efficiency as a Function of M,3; Simulated using ADS

(L T 0 ettt ettt ettt ettt 41
Figure 5.1.5: The Transmitted Power as a Function of M,; Simulated using ADS (X; =5).....42
Figure 5.1.6: The Relationship Between M,z and Distance ............ccceeveeveeiieniineenceicneeniennne. 43

Figure 5.1.7: The Power Transfer Efficiency and Transmitted Power as a Function of
DiStance (X1 = 0.05) ..cueeiieiieee ettt et 45

Figure 5.1.8: The Power Transfer Efficiency and Transmitted Power as a Function of
DISTANCE (X1 = 0.5) cueiieiieiiie ettt ettt ettt et e ettt e be e et esnte et e e sateenbeenneas 46

Figure 5.1.9: The Power Transfer Efficiency and Transmitted Power as a Function of
DIStANCE (X1 = 50) cuuiieiieiie ettt ettt et ettt e ettt ettt e et e e taeebeenabeenbeennnas 47

Figure 5.1.10: The Maximum Transmitted Power and Associated Range as a Function of X; ... 47

Figure 5.1.11: The Power Transfer Efficiency as a Function of X; and Transmission
DISEAINICE. ...ttt ettt ettt st a et ettt b et aeeae e 48

Figure 5.1.12: The Transmitted Power as a Function of X; and Transmission Distance............. 49



Figure 5.2.1: The Power Transfer Efficiency and Transmitted Power as a Function of
DT 7233 o1 SRR 51

Figure 5.2.2: The Power Transfer Efficiency and Transmitted Power as a Function of M,5....... 51
Figure 5.2.3: The Power Transfer Efficiency as a Function of M,3, Simulated using ADS ........ 52
Figure 5.2.4: The Transmitted Power as a Function of M,5, Simulated using ADS. .................... 52

Figure 5.2.5: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance, Modified Solution, (X; = 5) over arange from 0t0 10 m .....cccoevvieiienieeiiinieeieene. 53

Figure 5.2.6: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance, Modified Solution, X; = 0.5 over a range from 0 t0 10 M.......cccccvvevienieeiienieeieenen. 55

Figure 5.2.7: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance, Modified Solution, X; = 0.05 over a range from 0 to 10 m.......cccceeviiieniiiiiiniieieenee, 55

Figure 5.2.8: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance Modified Solution, X; = 0.005 over a range from 0 to 10 m ........ceecvvevveeciienirenennee. 56

Figure 5.2.9: The Maximum Power Transmitted and Range of Maximum Transmitted Power
as a Function of X; (Modified SOIUtION).......ccciiriiiiiiiiiieiiieie et e 57

Figure 5.2.10: The Power Transfer Efficiency as a Function of X; and Distance for the
MOIfIEd SOTULION ....ceiiiiieiiiiicic ettt ettt s 58

Figure 5.2.11: The Transmitted Power as a Function of X; and Distance for the Modified
SOIULION ...ttt st ettt ebe s 59

Vi



Abstract

Magnetically-Coupled Resonant Wireless Power Transfer (MCRWPT) is an emerging
technology and the subject of extensive research. Existing research is primarily focused on
improving the magnetic coupling properties of the four coils. The circuit parameters of these
coils have been of less focus. These parameters are generally determined using optimization
routines in an attempt to elicit the desired MCRWPT system performance.

While this has proven to be an acceptable method of designing MCRWPT systems, it would
make more sense to determine the desired performance of the systems, and then directly choose
circuit parameters which will meet these requirements. Filter theory is chosen to realize this
desire since the filter design has been optimized and standardized.

This thesis begins by illustrating how filter theory techniques can be applied to the
efficiency of an MCRWPT system. The square of the mutual coupling between the two resonator
coils is chosen to act as the input variable which controls the power transfer efficiency of the
entire system. This allows for MCRWPT systems to be specifically designed to maintain a high
efficiency between two user-chosen coil separations.

Next, the equations to map the MCRWPT efficiency equation to the filter transfer function
is presented. They allow for a high transfer efficiency to be realized across a wide range of
separations with the application of the filter theory. The transmitted power is found to be
maximized at a certain separation and decrease when the coils are moved away from this
separation.

Finally, a modified solution or mapping equation is presented. This solution maintains a
high transfer efficiency beyond the range specified by the filter used to design the system. Unlike
the original mapping, it also maintains a high transmitted power level over a wide range of coil

separations.
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Chapter 1 Introduction

1.1 Background

As technology progresses, the electronics sector continues to grow. Estimations for the number
of IoT connected devices in use by 2025 range from 41.6 billion [1] to 75.44 billion [2]. Due to
the nature of electronic devices, all of these systems will require some external source of
electrical power. This source can take many different forms. For some devices such as kitchen
appliances, this can easily be accomplished using a traditional power cord. However, many other
devices such as smart watches or cell phones cannot be powered by these means as they have an
inherent need to be mobile and untethered. Current solutions to this issue generally involve
limiting the mobility of these devices for a short period in order to recharge an onboard battery.

This solution is functional, but not ideal.

Inspiration for a possible solution to this issue can be found in the communication methods
employed in consumer electronics. Currently, a common trend throughout the industry has been
to remove physical data connections wherever possible. Many computer manufacturers have
stopped including ethernet ports in their laptops, and the latest flagship cellphone models from
both Apple and Samsung do not include 3.5mm audio connections. Instead of physical
connections, users rely on wireless communications methods such as Wi-Fi or Bluetooth to keep

their devices connected to other devices or the outside world in general.

Given the desire to power electronic devices without limiting their mobility, and the flexibility
and mobility observed in the wireless communications field, the concept of wireless power

transfer (WPT) seems attractive. WPT been applied to a wide range of consumer products



ranging from toothbrushes to cellphones. Unfortunately, there are limits to these techniques.
While communications techniques such as Wi-Fi have been developed to the point where a user
may use these systems over a wide range of distances and device orientations relative to the
transmitter without loss of performance, WPT technology does not enjoy these same advantages.
Currently, devices charged wireless generally use inductive coupling to transmit energy. While
this provides a reasonable power transfer efficiency (PTE), the efficiency cannot be maintained

for large separations or all device orientations [3].

In 2007, researchers at MIT developed a new technique for WPT known as "Magnetically-
Coupled Resonant Wireless Power Transfer" (MCRWPT). This technique uses a pair of resonant
coils to improve the PTE at longer ranges in comparison to traditional inductive coupling [4].
Researchers have identified several potential applications for this technology, ranging from
electric vehicles [5], to implanted medical devices [6], to mobile sensor systems located in the

field [7].

Currently, many of the design techniques developed so focus on different methods of designing
physical coils to improve transmission efficiencies such as auxiliary strips [8], impedance
conversion [9], or electromagnetic characteristics [10]. These methodologies attempt to optimize
the physical characteristics of their coils to improve the magnetic coupling between the
transmitter and the receiver. This largely results in complex optimization schemes that are time-
and resource-intensive and quite complex. The development of a simpler method to design

MCRWPT systems appears to be desirable.



In contrast to MCRWPT technology, analog filter theory is a much older and more mature field,
with several patents and papers on the subject dating back to the first three decades of the
twentieth century [11, 12, 13]. Evidence of the long term knowledge and understanding in this
subject is highlighted by the fact that both simple and complex analog filters are a common topic

in many undergraduate programs.

From a circuitry perspective, analog filters and MCRWPT systems are quite similar. Both
systems are made up of a combination of resistors, inductors, and capacitors. Both systems also
show frequency-selective characteristics which can be manipulated by changing the values of

their electronic components.

Given these similarities between the concepts of filter transfer functions and power transfer
efficiency, it should be possible to graft some components of filter theory into WPT theory. If
this were to be done, the resulting system would possess the existing optimization of the filter.

This grafting and the resulting MCRWPT designs will be the focus of this thesis.

1.2 Research Goals

There are two primary goals for this thesis. First, this research aims to prove that filter theory can
be successfully grafted into MCRWPT theory. Second, a viable general solution that implements
a filter design in an MCRWPT system is to be presented to illustrate the capabilities of such a

design process.



1.3 Contributions
This thesis contributes three concepts or techniques to state of the art:

1. Filter theory is shown to be compatible with the MCRWPT theory. This allows for the
design of MCRWPT systems using well known and understood techniques from filter
theory.

2. A rigorously derived general solution or mapping that implements a filter transfer
function in describing an MCRWPT system is presented. This solution is capable of
meeting all of the specified filter parameters. The solution is also capable of having its
filter or coil parameters altered without endangering the viability of the found solution.

3. A modified solution or mapping equation is also presented. This solution exceeds the
input filter parameters and is capable of maintaining maximum received power over a
wide range of coil impedance parameters. This feature is desirable, but not possible using

the original general solution.

1.4 Thesis Organization
This thesis is organized into six sections, along with the abstract and reference list. The contents
of each section are described below:
- Section one describes the background for this thesis and lays out the various goals and
contributions of the work described in this document.
- Section two reviews the existing theory for WPT systems with an emphasis on
MCRWPT systems. Current design methodologies for these systems are also considered.
- Section three is concerned with the mathematical derivation of an MCRWPT system and

the process of grafting a filter transfer function into this system. It also considers what the



WPT analog of a filter's input frequency should be and presents the bridging equations
which can be solved to obtain the general solutions.

Section four begins by presenting a solution to the bridging or mapping functions which
implements a filter transfer function in an MCRWPT system. It also discusses some of
the limitations to this process, the process to be used to convert a general solution into a
set of impedances, and alternate solutions to these equations.

Section five takes the solutions derived in section four and simulates them in Matlab and
ADS. Various characteristics of these solutions are considered and examined.

Section six summarizes the work described in this document and presents several

recommendations on future research to be conducted.



Chapter 2 Overview of Existing Theory and Design
This section will review WPT in general, followed by a more in-depth consideration of
MCRWPT. Following this, current research in the field will be examined, and the overall trends

will be discussed.

2.1 Wireless Power Transfer Theory

Commercially, wireless power transfer may be thought of as relatively new technology. In a
scientific sense, however, wireless power transfer has a long history. In the early 1900s, Nikola
Tesla conducted several experiments in this field [14]. In the 1960s, WPT was attempted using
microwave beamforming and a rectifying antenna [15]. These tests were successful in
transmitting 4W of power with a PTE of 50%. This technique was capable of transmitting power
over a range of several kilometers [16]; however, it was of limited use due to the line-of-sight
requirement [8]. Modern techniques for wireless power transfer are focused on shorter

transmission ranges and generally use either inductive coupling or MCRWPT.

Inductive coupling systems are accomplished using transmitting and receiving coils, as shown in
Figure 2.1.1. A time-varying current is generated in the driver coil, which in turn generates a
magnetic field. This magnetic field then interacts with the load coil to generate a voltage and
current which can be used to power the load. This technology is the basis for the Qi wireless

charging standard [17].
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Figure 2.1.1: The Circuit Diagram for an Inductively Coupled Wireless Power Transfer
System

While inductively coupled systems are relatively simple and capable of reasonable efficiency,

they are limited in their transmission range. As the coil separation is increased, the maximum
transfer efficiency drops on the order of d—13 [3] where d is the distance between the transmitting

and receiving coils.

Magnetically-coupled resonance wireless power transfer is a more modern technique which was
developed by MIT researchers in 2007. Unlike inductively coupled systems, a magnetically-
coupled resonant system consists of four coils: one driver coil, one load coil, and two resonant
coils. The driver coil and one of the resonator coils are located within the transmitting device,
and the other resonator coil and the load coil are located within the receiving device [4]. A circuit
diagram for this system is shown in Figure 2.1.2, and the physical implementation of this system

is shown in Figure 2.1.3.
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Figure 2.1.2: The Circuit Diagram for a basic MCRWPT System

Figure 2.1.3: A Physical Implementation of an MCRWPT System
An MCRWPT system has three distinct coupling states: Over-coupled, critically coupled, and
under-coupled. The coupling state of any given system is a function of that system's electrical
characteristics, its operating frequency, and the separation distance between the transmitting and
receiving coils. In most systems, the only variable which may be altered is the separation

distance; however, some systems have been proposed which rely on multiple operating



frequencies [18] or variable electrical parameters [19] to manipulate the coupling state of the

MCRWPT system.

A system is said to be over-coupled when the distance between the transmitting and receiving
coils is less than an ideal value. In this region, the large coupling between the transmitting and
receiving coils causes a frequency-splitting phenomenon, which in turn reduces the transmission

frequency [8].

If the distance transmitting and receiving coils were to be increased until the frequency-splitting
phenomenon disappears, an MCRWPT system is considered to be critically-coupled. This coil
separation is ideal, and the system will operate at the maximum possible efficiency while this

separation is maintained.

In the case that the coil separation of an MCRWPT system is increased beyond the ideal
distance, the system will become under-coupled. In this configuration, there is insufficient

coupling to allow for a high PTE to exist.

In addition to the limitations imposed by coil separation, coil orientation is also a consideration
in an MCRWPT system. Generally speaking, the coils used in an MCRWPT system exhibit the
maximum coupling when they are properly aligned, as shown in Figure 2.1.4. If the alignment of
a pair of coils is disturbed, for example, by a small rotation of one of the coils around the vertical

axis, the magnetic coupling observed will decrease, and the state of the MCRWPT system will



be changed [20]. This presents issues for mobile systems when proper coil alignment is not

guaranteed.

Figure 2.1.4: Two Properly Aligned Coils
Figure 2.1.5 shows a plot of the power transfer efficiency and received power as a function of
coil separation in a typical system, as described in [8]. It can be seen that high efficiency can

only be maintained over a short range of coil separations.

10
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Figure 2.1.5: The Power Transfer Efficiency and Received Power as a Function of Distance

2.2 Current Research in MCRWPT
The range of potential technologies that could be powered by MCRWPT is extensive. Some
examples of this range are as follows:

1. Cellphones, Smart Watches, and other Personal Electronic Devices. As previously
mentioned, the latest flagship cellphones from both Apple and Samsung can be powered
wirelessly using the Qi standard. MCRWPT technology could allow for these devices to
be charged in the pockets of their users instead of having to place the devices on a stand
or docking platform.

2. Implantable Medical Devices. A wide variety of research is being conducted to
implement MCRWPT technology into implantable medical devices. Research ranges

from detailed work considering the limitations of transmitting energy through the human

11



body [6, 8] to general system designs for an implementation which could be applied to
these devices [21, 22]

Transportation. As electric vehicles increase in popularity, additional infrastructure must
be developed to support them. While some of this research has been focused on powering
stationary vehicles [3], other work has considered the possibility of powering vehicles
while they are in motion as well [23, 24]. The technology has also been considered for
use in Maglev trains [25] illustrating the wide range of transportation methods which it
could influence.

Other uses. MCRWPT technology has also been considered to power [oT devices. One
implementation has expanded this concept to implement a low-power wide-area network
that could provide power to multiple devices [26]. MCRWPT technology has also been

adapted for use in metal object detection [27].

In addition to the research aiming to implement MCRWPT technology in existing systems, there

is also research being conducted into improving the characteristics of MCRWPT capabilities in

general.

One such method of improving the capabilities of MCRWPT technology is to manipulate the

operating frequency of the system. One proposed system adjusts the operating frequency via

frequency tracking to achieve this [28], while others use a multifrequency system [18, 29].

Unfortunately, any MCRWPT system put into commercial use will have to comply with existing

laws regarding the electromagnetic spectrum. As such their operating frequencies will be limited

to the ISM bands, making such multifrequency systems unusable [30]

12



As a result of this limitation, efforts to improve MCRWPT systems are largely focused on
improving the magnetic coupling between the coils or altering their impedance. Of these two
options, the magnetic coupling approach appears to be the most common. Methods of improving
the coupling vary from the use of ferrite on the coils to focus the magnetic field [8, 31] to
designing the coils such that they exhibit a higher Q factor [32] or improved electromagnetic
properties [10]. On the impedance side, systems have been proposed which use double-end
impedance converter networks to improve the coil impedances for different distance

transmission [9].

2.3 Discussion
One of the common trends throughout most of the design work being conducted is that the
electromagnetic parameters of the coils are the primary focus, while optimal circuit parameters

are determined via an optimization routine [8, 19].

In that light, it would be advantageous to have a system which would allow for circuit
parameters to be calculated simply, without having to be optimized in ADS, PSpice, or other
software. It would also be beneficial if these parameters could be calculated to achieve some
form of high efficiency and predictable transmission over a predetermined distance. The merging
of filter theory with MCRWPT theory would also allow a resultant system's transmission

characteristics to be understood through a transfer function, which would simplify matters.

13



Chapter 3  MCRWPT and Filter Theory Derivations
In this section, the MCRWPT circuit will be solved to obtain functions for the transfer efficiency
and load power. Next, an analog filter which is capable of being implemented by the efficiency

function will be derived. Finally, equations that bridge or map the two systems will be identified

so that the efficiency of the WPT system may emulate the performance of the filter.

3.1 MCRWPT Derivation

We begin by considering the circuit diagram shown in Figure 3.1.1.

R Ri G R2 R C: R
’ L. L ’ Lz Lg ¢
Vv o o o o
Mi, Mas M3s

Figure 3.1.1: The Circuit Diagram for the MCRWPT Derivation
The three mutual inductance terms shown are all that will be considered. In a physical system,
Mis, M4, Mas would exist; however, they are considered to be inconsequential compared to M2,

M33, and M34, and are thus ignored in the interests of simplifying the circuit.

Capacitors C; and C4 have also been added to the standard circuit described so that the imaginary

component of the source/load impedance can be tuned if necessary. If necessary, any capacitor

could be replaced by an inductor to satisfy the required conditions.

14



The resistors, inductors and capacitors in each coil will be combined together into a singular
complex impedance parameter for each coil, as described in equation 3.1.1. The source
resistance (Rs) and the load resistance (Rpq) are not included in these combined impedance terms.
These combined impedance terms were chosen both to limit the number of variables used in the
following equations as well as permit a simple removal of the C; and C4 capacitors in the final
system if they are deemed to be unnecessary. It will also allow for the conversion of a capacitor

to an inductor if the final solution requires it without completely rederiving the equations.
R, + jwl, — L =27, (3.1.1)

wCp

The MCRWPT system may now be solved, as shown below. Equations 3.1.2 through 3.1.5 show

the loop equations for each of the coils.

V, = LR + Z11;, — joM;, 1, (3.1.2)
0 = Z,1, — joMy,l; — joMysls (3.1.3)
0 = Zs3ls — jwMysl, — joMs,l, (3.1.4)

0=2Z,0, + I,R 4 — joMs,ls (3.1.5)

Next, the voltage observed at the load can be identified.

—I4R1q = Vg = Zyly — joMsyls (3.1.6)
Solving for la,
I, =2k (3.1.7)
Rpa

To simplify the following equations by removing unnecessary fractions, Rx is introduced:

R, =— (3.1.8)

15



Continuing,

(Z4Rx+1)V g
I, = 3.1.9
3 JjwMszy ( )
2n02
12 — _ VLd(ZS(Z4Zx+1)+w M34Rx) (3.110)
W*Mz3M34
Vil Z2(Z3(Z4Ry+ 1)+ w2 M2, Ry )+ w2 M25 (Z4Rx+1)
11: _ Ld( 2(23(24 : 360 $4Rx)+w?M33(Z4 ) (3111)
Jw M1z M3 M34
—VLd(Zl+RS)(Zz(23(Z4Rx+1)+w2M324Rx)+w2M223Z3(Z4Rx+1)+w21v1%2(Zg(z4Rx+1)+w2M324Rx))
Vs = — (3.1.12)
Jw M1 Mz3M34
In the interests of simplifying the equations for viewing, @ and £ are introduced.
a =Zy(Z3(Z4R, + 1) + w2MZ2,R,) + w?M325(Z4R, + 1)) (3.1.12)
B = w*M%(Z3(Z4R, + 1) + w?M2,R,) (3.1.13)

General formulas for load voltage and current, as well as input power and current, can now be

identified.
Vyg = — Lo it (3.1.14)
g = — et (3.1.15)
Vin = % (3.1.16)
I =$ (3.1.17)

This allows for input and output power to be derived, as well as the power transfer efficiency.

wOM$, M5 M5, VERy

= * = . .1
Prg = Vialg (Gr+ R+ B)((Z; +Ra+5") (3.1.18)
* (Zia+B)a’vé
= = . .1
P = Vinli ((Zl+RS)a+[)’)((Z{+RS)a*+B*) (3.1.19)
PTE = Pra _ @°MIM33M3Ry (3.1.20)

P (Zia+P)a*
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3.2 Applied Filter Theory
With the power transfer efficiency derived, we can now consider the derivation of the filter

transfer function and its application to the MCRWPT system.

In a typical filter system, the output amplitude is dependent on the input frequency. In an
MCRWPT system, input frequency is analogous to the distance between coils two and three.
However, D, is not a useful filter input due to the complicated relationships between D,; and
M5 which are not constant for all configurations. As such, some form of M, will be the input

variable for this filter concept.

One of the primary limitations in applying filter theory to a four coil WPT system is the
conversion from a WPT transfer function to a Filter transfer function. The basic form of the PTE
function is shown below:

A;MZ;
AyMys+AzM25+A,

PTE =

(3.2.1)

Unlike many conventional filter transfer functions, there are exceptionally few poles and zeros in
this equation. As a result, the number and order of potential filters which can be implemented are
extremely limited. This also presents the question of what form of M55 to use for the input
variable. If M, itself is used, the M3, and M3, terms in the denominator will need to solve to
zero as they cannot be replicated in the efficiency function. The use of M, technically allows for
higher-order filters to be implemented, but the restrictions on coefficient values may be

somewhat limiting.
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Alternatively, M2; can be used as the input variable. This restricts the potential range of filters
that can be implemented, but it also simplifies the process of identifying impedance terms. In this
configuration, the only workable system is a pair of cascaded filters — One high pass and one low

pass, resulting in a bandpass design.

A Chebyshev design process was used for the high and low pass filters as described in [33].

Based on the PTE function, these must be first-order filters.

1
€ = /IH(J—(A))IZ_ 1 (322)

n = sinh (+sinh~'3) (3.2.3)
6, =L Ir (3.2.4)

1
2

(25 (2)

a (3.2.5)
Hﬂ=1<s+<n sin 6r+j(1+n2)§coser>>

H(s) =

This leads to the pair of filters described by equations 3.2.6 and 3.2.7. When cascaded together,

they form equation 3.2.8. This will be the function which the efficiency function must emulate.

HPF(s) = w:jns (3.2.6)
LPF(s) = #‘”{:l (3.2.7)
BPF(s) = n s (3.2.8)

ns2+(wp+n?w)s+nwiwp
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3.3 The Bridging or Mapping Equations

The connections between the efficiency function and the bandpass filter are realized using the
bridging or mapping equations. Eventually, these equations will be solved algebraically for
individual resistances or reactances, allowing for the filter design to be implemented in

hardware.

The four impedance variables, their corresponding resistances and reactances and the mutual
coupling between coils two and three are considered to be the user-selected or calculated
variables. All other variables, such as M;,, M34, load or source resistances and the operating
frequency are parameters that will be defined by the user and will not be altered further by this
design process. This decision was made to ensure that solutions generated through this process

would be compatible with a wide range of existing coils and standards.

None of the solutions present in this thesis have been optimized. Individual configurations could
be optimized by users; however, given that any optimization will depend on the coil-specific
parameters of My, and M, as well as the operating frequency, solution optimization is

considered to be beyond the scope of this thesis.

Unlike the variables in the denominator of equation 3.2.1, the variable in the numerator is only
dependant on mutual coupling, operating frequency, and load resistance. These terms could be
manipulated to achieve the desired relationship; however, this may not be possible in an existing

system. As such, equation 3.1.2 is multiplied by a scaling variable, resulting in equation 3.3.1

w®Mf, M33M54RyB
(Zia+B)a*B

PTE =

(3.3.1)
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Solving the denominator and breaking the equations into the coefficients from equation 3.2.1
leads to equations 3.3.2 through 3.3.5.

A, = w®M%,M2,R, B (3.3.2)
A, = Ziw*(Z4R, + 1) (ZiR, + 1B (3.3.3)
As = ((Z1Zy + 0*ME)(Z3(Z4Ry + 1) + w?MZ,R,)w*(Z4R, + 1) + w?(Z4R, +
1)(Z3(Z5(ZiR, + 1) + w*M3,R,)))B (3.3.4)
Ay = (2122(23(Z4Rx +1) + W M3,R,) + w M7, (Z3(Z4R, + 1) + w2M324Rx))Z§(Z’3“(ZZRx +
1) + w*MZ%,R,) B (3.3.95)

Based on the filter transfer function from section 3.2, the following equivalences are known:

Ay = jn*w, (3.3.6)
Ay =—1 (3.3.7)

A; = j(n*w; + wp) (3.3.8)
Ay =nwwp (3.3.9)

Combining equations 3.3.6 and 3.3.2 allows for B to be identified.

B=_Jnre (3.3.10)

WSM?, M2, Ry,
In the interest of simplifying the eventual solution, it is convenient to break the four impedance
terms into resistances and reactances.
Z, =R, +jX, (3.3.11)
Solving the A, equation in 3.3.12 leads to equations 3.3.13 and 3.3.14 for the real and imaginary

bridging equations.

_ le4(Z4Rx+1)(ZIRx'l'l)jnzwl (3 3 12)
“’GMsz??z;Rx o

7= w*N?wiX1(RZRZ+XZR3+2R4Ry+1)
wGMsz§4Rx

(3.3.13)
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w*N?wiRy (RZR%+XZR%+2R4Ry+1)

0=
wOM7, M3, Ry

(3.3.14)

Next, the A3 equation may be solved, which leads to equations 3.3.15 and 3.3.16.

2X1n? X3n?w
= W(&%R% + XERE + 2R4Ry + 1)(XoX; — RyR3) — L (RZR2 + XZR2 +
2X177 (Ul
2R4R, + 1) — ~ (Ry + RoRaRy + X2 XuRe) + XaRemPwy (3.3.15)
2Ry7? R
n2w, + w, = WA&C (RZRZ + XZRZ + 2R,R, + 1)(RyR; — X,X3) + ;A’;z“” (RZRZ +

X2R2 + 2R,R, + 1) + 224 2R1” 2un o L (Ry + RoRaRy + XoXaRe) + 0 (ReRy +1)  (3.3.16)

Finally, the A, equation may be solved.

2 2012 2 2
2 o wz(sz M1z—X1(Rz+Xz)) (X2+R2)(R3RZ+XZR%+2R4Ry+1)
2wy, = o (= e + 2RsRy — 2X5X, + 2Rs +
w2M324Rx) (3.3.17)
2wi(Ryw2 M%7, +R1(RE+X3 24 R2)(RZR2+X2R2
0= n wz( 20?M;+R: (R z)) ((X3 +R3)(RZRZ+XZR2+2R4Ry+1) 4 2R3R, — 2X;X, + 2Rs +
w*Mf, w?MZ, Ry

w2M324Rx) (3.3.18)

The bridging equations may now be solved for individual resistances or reactances. This will be

completed in Section 4.
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Chapter 4 Solutions to the Bridging or Mapping Equations
At this stage, eight variables and six different equations have been identified. This presents the
possibility of approximately twenty thousand different solutions to the bridging equations.

Fortunately, the constraints put in place by the equations greatly reduce this number.

In the final solution, a user should be able to define their system's parameters (such as mutual
coupling) as well as two of these variables. The solutions to the bridging equations should then
determine the remaining six variables. Direct solutions are preferable whenever possible to

simplify these calculations.

Each of the variables must be wholly real in order to satisfy the conditions of the bridging

equations. In addition, all resistance terms must be greater than zero to be physically realizable.

Table 4.1 shows the variables present in each of the bridging equations. The cells which are
highlighted correspond to values from the transfer function. The non-highlighted cells should be
Zero.

Table 4.1: The Variables Present in each Bridging Equation
M35 M3, M5

Real Part X1, R4, X4 | R1,X1,R2, X5, R3, X3, Ry, X4 | Ry, X1, R2, X5, R3, X3, Ry, Xy

Imaginary Part Rl,R4,X4, Rl,Xl,Rz,Xz,R3,X3,R4_,X4 Rl,Xl,Rz,Xz,R3,X3,R4,X4

4.1 Solution Limitations
Before any of the bridging functions are solved, the limitations to any solution must be
addressed. These limitations are most visible when the real and imaginary parts of the M3,

equation are examined together.
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w*N?wi(jR1+X1)(RZRZ+XZR%+2R4Ry+1)
WSMZ, M2, Ry,

n+0j= 4.1.1)

Equation 4.1.1 is clearly unrealizable unless R, is zero. This is impossible, however, as R; is the
resistance of the driver coil. This means that the efficiency function cannot be made to match the

filter transfer function perfectly.

Alternatively, the efficiency function can be made to approximate the filter transfer function. To
do this, the undesirable terms in the function must be made small enough that they will not

greatly affect the performance of the final system.

Figure 4.1.1 shows the amplitude of an ideal filter transfer function as a function of MZ;. In this
configuration, w, = 3.7854 x 10722 | w; = 1.6205 * 1071 | and n = 3.0424. Figure 4.1.2
shows an approximated version of this transfer function where every term in the denominator has
an undesired term attached with a magnitude of £10% of the desired term. Figure 4.1.3 shows a

closer view of the passband magnitude.
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Figure 4.1.3: Enhanced View of the Approximated Transfer Function Passband
Of the eight different approximated transfer functions shown in Figure 4.1.3, the two traces
which peak at a magnitude of approximately 1.015 are likely unachievable due to the lack of
amplification and the requirement that all circuit component be physically implementable. The
remaining six exhibit a smaller passband than the ideal transfer function, and a lower maximum
achievable efficiency. However, while the approximated filters are not perfect, a loss of 0.5%
efficiency is completely acceptable. As such, all tests were conducted assuming that the
undesired terms were no more than 10% of the magnitude of the desired terms in the transfer

function.
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4.2 General Solution to the Bridging Functions

The first solution to be considered will be a general solution. As it was previously stated, there
are approximately twenty thousand solutions to an eight permutation six problem. The actual
number of solutions will be lower as all eight variables are not present in each equation;
however, there is still a multitude of potential solutions in existence. As such, the solution which
will eventually be derived is not considered to be the only correct solution to the bridging
equations. It is also not necessarily the best possible solution to these equations. This is a

solution that is physically achievable.

The M}, equations will be solved first. Recalling equation 4.1.1 and inserting the undesired term

yields equation 4.2.1.

i 4,2 i 2p2 2p2

n (1 + lojy ) _ @ wl(]R1+)(i)16)IE;§’24I;;2+)I:4Rx+2R4Rx+1) (4.2'1)
2 127347 x

¥, has been added as a scaling factor in equation 4.1.1. This allows for the undesired term to be

made smaller if the need arises without completely rederiving the equations. The two subscripts

indicate that this controls the relationship between the parts of the S? term. The limitations placed

on y, are shown in equation 4.2.2.

ly2l =1 (4.2.2)
As was noted previously, the second bracketed term in equation 4.2.1 is a scalar which exists in
both the real and imaginary parts of equation 4.2.1. This means that the relationship between R,
and X; will control the relationship between the desired and undesired terms. This leads to the

relationship shown in equation 4.2.3.
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X, = 10y,R, (4.2.3)
Next, the real part of equation 4.2.1 is considered. This creates a relationship between X, Ry,
and X,. Given that a simple relationship exists between X; and R, and these terms appear in
every other bridging equation, X; is chosen to be one of the user-chosen variables. R, will be the

second. This allows for X, to be identified in equation 4.2.4.

w2M2,M3,Rx 5

(4.2.4)

Ry
Before the next bridging equation is solved, a useful substitution should be presented. The
(Z4Ry + 1)(Z4R, + 1) term appears in each of the bridging functions. This means that the scalar
term in equation 4.2.1 appears multiple times throughout the derivation. In the interests of
simplifying the math conducted by a user, equation 4.2.5 allows for this term to be substituted

for a simpler term.

2002 ng2
W Mi; M34Ry

= (RZR? + XZR2 + 2R,R, + 1) (4.2.5)

nwiXy
The M2, bridging equation will be solved for R; and X5. The real part will be solved for X5,
while the imaginary part will be solved for R3. First, the substitutions presented in equations
4.2.3 and 4.2.5 will be applied to equations 3.3.15 and 3.3.16, leading to equations 4.2.6 and

4.2.7, respectively.

XsnMf;  2Xin*w;
X1 w2MZ,

(R, + RyR4R, + X5 X4R,) + X4R, 2w, (4.2.6)

2
0= w_Z(X2X3 - R2R3) -

R3nM7, n 2R1n%w;
X1 w2MZ,

2
n2w, + w, = 527 (RyR3 — X,X3) + (Ry + RyR4R, + X, X,4R,) +

n?w;(RyR, +1)  (4.2.7)
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2
Setting equation 4.2.6 equal to T OFOk and solving for X3 results in equation 4.2.8. Similarly,
1

equation 4.2.7 can be solved for R; which creates equation 4.2.9.

2 2
nNwitwy 2X1n°w 2nRR
L7%h | l(Rz+R2R4Rx+X2X4Rx)+%—X4Rxn2(ul

10y1 w2M?
X, = 2 _ (4.2.8)
2nXy NM7i;
wz X1
2 ZR]_T]Z(A)Z 2 7]2X2X3
N*witwp———5 5 (R2+RaR4Rx+ X2 X4Ry) —N* W (RyRx + 1)+ =5
w?Mq, 5Y2w
Rs = _ (4.2.9)
Ron®  nMip
5202 X1

Finally, the M3; equations may be solved for R, and X,. Once again, the substitutions presented

in equations 4.2.3 and 4.2.5 will be applied. This leads to equation 3.3.17 becoming equation

4.2.10, and equation 3.3.18 becomes equation 4.2.11.

2o X0 w2 M2, —X, (R2+Xx2 23 p2) 2
(X0, i (5 +33)) ((X3+R3)M“ + 2R3Ry — 2X3X, + 2R; + 0?M3,R, ) (4.2.10)

2 —
nN“wwy = iz, -
x1(R5+x3
lewl<sz2M%2+ 1(102:2 2)> (x2+R2)M%, 2112
0= w*Mi, ( nwiX, + 2R3R, — 2X3X4 + 2R3 + w M34Rx) (4.2.11)

2w
L ol " and solved for R,.

Equation 4.2.10 is solved for X, while equation 4.2.11 is set equal to Toy
0

This leads to equations 4.2.12 and 4.2.13, respectively.

4X1w w4M2
1%h% "1z +4X2R2

202 404
Rl M I 2 .
A3 737712 — 2

< nw X1 +2R3R4-2X3X4+2R3+w M34_Rx>

(4.2.12)

X, =
2 -2X,

2,2
_X1X3

X1a)hw4M§2
25v%

2ng2 404
—-w*Mi, + [w*M7,—
12 = 12 (x3+R%)M?%, 22
25v2vo| gy L+2R3Ra-2X3 X4+ 2R3 +02 M3, Ry

R, = piey
5Y2

(4.2.13)
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Experimental trials using these equations has shown that both equations 4.2.12 and 4.2.13 yield
preferable results when the roots are added. As such, equations 4.2.12 and 4.2.13 are restated in

equation 4.2.14 and 4.2.15.

4Xq (l)h(l)‘l'M%z
2 2 2
((Xs +R3)M )

12 _ 21,2
nwX1 +2R3R4—2X3X4+2R3+w*M35 4Ry

X, = (4.2.14)

—2X;

—w?Mi+ |witMi,4

+4X2R2

2 2\ w2 2
X3+R3)M 25
25]/2y0<%+2R3R4_—2X3X4_+2R3+w2M§4_Rx> V2

R, = — (4.2.15)

5y2

X1wpwiM? Xx%x2
-w?M%, +\/w4Mf2— 1%h 12 -172

This marks the completion of the general solution to the bridging equations. The implementation

of this solution will be described in section 4.3.

4.3 Implementation of the General Solution
Now that the general solution has been identified, it can be used to produce circuit component

values for a given system.

A user may either be with a set of known coils which will be modified to fit the required
parameters or by specifying certain characteristics which will be implemented physically after
the design process. The second option may require an iterative approach to the design process

until all characteristics mesh together.

The user is required to provide values for M;,, M3,, w;, w, and the maximum passband
attenuation, which will determine 7. These values will vary depending on the coil design and

desired separations.
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Once these values have been determined, X; and R, maybe selected. These variables are
constrained by the calculation for X, in equation 4.2.4 as they appear within a square root and

thus must be chosen such that X4 is wholly real. This limitation is described in equation 4.3.1.

202 12
W Mi; M34Ry

nwiXy

— RZR2 — 2R,R, > 1 (4.3.1)

Solving equation 4.3.1 for R, will provide an acceptable range of values for R, at any given

value of X;. The solution is shown in equation 4.3.2.

Ry
1twM{, M
T0M12Maa e X7

Rarim = — (4.3.2)

Given that R, represents the resistance of the load coil, it cannot be less or equal to zero. As

such, equation 4.3.2 may be restated into equation 4.3.3.

(1—wM12M34m) (433)

R4Max - —Ry

Equation 4.3.3 also indicates that there is a limit to how large X; can be. This is illustrated in

equation 4.3.4.

_ sz%2M§4Rx
X1M = —=—"=
ax nw;

(4.3.4)

Figure 4.3.1 shows a sample of the restrictions existing on X; and R,. In this sample, M;, =
M, = 1.1675 % 1077, w; = 1.6205 * 10716, and the maximum passband attenuation is set to

5%, meaning that n = 3.0424.
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Figure 4.3.1: Maximum Value of R, as a function of X,

According to Figure 4.3.1, the absolute maximum acceptable value for X; in this scenario is

13.68. This matches the maximum value calculated using equation 4.3.4.

Once X; and R, have been selected, X, may be calculated using equation 4.2.4.

Next, the values for the impedance of the two resonance coils will be calculated. Unlike the
previous variables, the final values for these impedances will be obtained through iteration. The
user begins by guessing values for R,, X,, and R;. Generally, these values may be set equal to
R, . If unsuccessful, set each value to 1071°. Once the values are set, the user will calculate X5,
R3, R, and then X,. If each of the calculated values is physically realizable, and none of the
values has changed by more than 10%, the process is considered to be complete. If any of these

conditions are not met, the four variables should be recalculated in the same order until their

values are satisfactory.
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It is important to note that the first few iterations may result in negatives resistances which are
physically impossible. If this occurs, another iteration should be conducted. Negative resistance
calculations are not uncommon and are usually the result of the initial guess. They are usually
eliminated in the next iteration. Processes that produce negative resistances in one iteration
usually go on to produce positive resistances in subsequent iterations and ultimately yield

successful designs in most cases.

Figure 4.3.2 shows a general flow chart for this design process.
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Figure 4.3.2: Flow Chart for the Design Process of the General Solution

4.4 Considerations made in the Design of the General Solution
The variables which were derived in the real and imaginary parts of each bridging equation are

shown in Table 4.4.1. The desirable components for each bridging equation are highlighted.

Table 4.4.1: The Variables Derived from Each Section of the Bridging Equations

M3s M3s M35
Real Part X, X3 X,
Imaginary Part R, R; C,
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The range variables which may be obtained from the M5 the bridging (or mapping) equation is
extremely limited as none of the impedance terms related to the resonance coils appear in this
equation. Furthermore, any solution for R, and X, will depend on either of R; or X; in addition
to the unchosen load coil impedance component. This naturally leads to one each of the driver
coil and the load coil impedance components being chosen as user-specified variables. This
choice is largely arbitrary as the relationship between the impedance components of the driver
coil is extremely simple, and any solution for a load coil parameter will result in a square root

which presents the potential for an undesired complex impedance parameter solution.

Users may wish to specify R; instead of X; to simplify their coil design as it is easier to alter the
reactance of a coil than its resistance. X; has been chosen in this document as it would allow for
the reactance to easily be made negative if desired, which R is incapable of. However, given the
existence of the y, term and the previously mentioned simplicity of the relationship between the

driver coil impedance terms, this reasoning is largely moot.

The decision for the placement of the resonant coil impedance terms was based on an exhaustive
examination of the 96 different potential placements. A complete list of formulas was derived
symbolically in Matlab. Individual formulas were then selected from that list, combined, and
tested with a small variety of X; and R, inputs. Unfortunately, most of these combinations were
deemed unsuitable for use as the result of several iterations was either divergent or produced

complex or impossible physical characteristics.
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Combinations that did not contain either of these flaws were then examined in more detail and
with multiple different coils and filter configurations. The general solution presented here was

found to be acceptable over the widest range of coil and filter combinations.

4.5 Alternative Solution

In the process of deriving the general solution, an additional modified solution was found. The
root of this solution is derived from the general solution, however several terms from the R, and
X, equations were falsely eliminated when the sign of one of these terms was flipped. After the
algebraic error was identified, the solution was tested and found to have several differences from
the general solution. The primary advantage of this solution is that it allows for the region of
peak power to be adjusted without negatively affecting the amount of power being transmitted.

This will be shown further in Section 5.2.

This alternative solution uses the same inputs as the general solution but does not perfectly
reproduce the intended filter transfer function as the high pass characteristics vary depending on

the impedance values chosen.

This solution maintains the existing methodology for Ry, X4, R4, and X,. The revised formulas

for R,, X,, R3, and X5 are shown below.

X1wpw* X2x2
202 4ng4 1Wh 1X3
—w Miz+ |W*M7y,+ 2+ x2 552
25 33 +w2M3,R vz
Y2Yon NwX1 WMz Rx
R, = - (4.5.1)
5Y2
20,2 angd Xt 2p2
—wW Mi+ ([W*M7,— R§+X% 3 —4X{R5
R3+X3 . .,2
n<TIO)1X1+w M34Rx>

o
I

T (4.5.2)
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_ R3y
R; =—

R3p
2 2
Ran = @ = RyRenwy = 258 (Xu Xy + RiRoRyRy + RiXoX4Ry) +
2
2T (R, X,X3(R4Ry + 1) + X1 Ry X3 + RiR, X3 X4R,, + X1 Ry X5R4R,)
W M7, M3, Ry

R M1 | 21 22w i(RyRx+1) | 20*wi(X1Xa(RyRx+1)+X4Ry(X1Ra+R1X3))
3D X1 w?2Xq WM, M3,Ry w*M$, M3,Ry
_ X3n
X3 = P
3D

nwi+wn  2RzR3N  20*w(X1RaR4Rx+X1X2X4Rx—R1X2)

X3y = X4Rx772wl -

10y, w? w?M7,

212w R3(X1 Ry (RaRx+1)—XaRy(X1X;—R1R2)—R1X2R4Ry)
w*M?, M§4Rx

nMf;  2Xpn + 2n%wi( (X1 X2=R1R3) (RaRyx+1)+X4Ry (X1 Rz +R1 X5))
X, w? Ww*MZ,M2,Ry

X3p =

The formulas for R, and X, are nearly identical. Other than a few sign changes, the largest

difference appears in the denominator of the second term within the root where three terms have

been removed. The formulas for R; and X3, on the other hand, are completely different.

However, as it will be shown in section 5, they are effective at exceeding the filter requirements.
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Chapter 5  Simulations of Solutions to the Bridging Equations
The general solutions and design methodology described in section 4 will now be implemented.
Simulations were conducted using Matlab as well as Agilent's Advanced Design System.

Physical tests were not conducted due to ongoing Covid-19 restrictions.

5.1 Simulations of the General Solution
The first simulation, which will be conducted, uses a pair of the coils shown in Figure 5.1. The
physical parameters of these coils are described in Table 5.1.1. Their electrical parameters and

the filter parameters used are listed in Table 5.1.2.

Figure 5.1.1: The Coil
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Table 5.1.1: The Physical Parameters of the Coils

Parameter Inner Coil Value | Outer Coil Value
Outer Radius 3cm 5cm

Inner Radius 2.6 cm 34 cm

Trace Width 4 mm 6 mm

Gap Width N/A 4 mm

Trace Thickness 3.47x102 mm 3.47x102 mm
Number of Turns in Coil 1 2

Gap in Coil for Connections | 3 mm I cm

Table 5.1.2: The Electrical and Filter Parameters of the Coils

Parameter Value
Ly, Ly 75.522 nH
Ly, L 325.06 nH
M;, 1.1675x1077
Ma, 1.1675x1077
Wy 7.2213 * 10729 (30 cm)
wp, 3.785 * 10722 (1 m)
Maximum Passband | 0.95
Attenuation
X, 5
R, 0.01

Inputting the parameters specified by Tables 5.1.1 and 5.1.2 into the general solution results in
the six impedance components described by Table 5.1.3. This allows for the values of the added

reactive components to be calculated. These values are shown in table 5.1.4.
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Table 5.1.3: The Calculated Impedance Components

Parameter Value
R, 0.5
R, 8.4162x10*
R 2.4006x10°®
X, 8.445x1073
X3 6.306x1073
X, 3.9175x10°

Table 5.1.4: The Added Reactive Components
Parameter Value

Inductor (Coil One) | 41.849 nH
Capacitor (Coil Two) | 1.6862 nF
Capacitor (Coil Three) | 1.6960 nF
Inductor (Coil Four) | 91.884 uH

The impedances components chosen and calculated in Tables 5.1.3 and 5.1.4 were used in a
Matlab script to assess the performance of this system. Figure 5.1.2 shows the magnitude of the
power transfer efficiency and the amount of power transmitted as a function of distance. Figure
5.1.3 shows these same plots as a function of M,3. Once the system was simulated in Matlab, the

same simulation was repeated in ADS. These results are shown in Figures 5.1.4 and 5.1.5.
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Figure 5.1.5: The Transmitted Power as a Function of M,3 Simulated using ADS (X; = 5)

The filter parameters for this system were selected such that the passband began at a separation
distance of 30 cm and ended at a distance of 1 m. This corresponds to M,3 values of
2.6872x1071° and 1.9456x10°!!, respectively. Examination of Figures 5.1.3 and 5.1.4 indicates
that these parameters were met. The filter performance is slightly skewed when examined in
relation to physical distance. This is the result of the non-linear relationship between distance

and the M,; magnetic coupling term, as shown in Figure 5.1.6.

42



Distance (m)
a

4+ J

3 L -

2 - -

1k i

0 TR R ool TR R Lol Lo n m o

10714 10712 10710 1078 108
M23

Figure 5.1.6: The Relationship Between M,3; and Distance

Given the nature of the relationship between the two terms shown in Figure 5.1.6, changes in
distances over one meter will have a much smaller effect on the magnitude of M,3. This causes

the skewing effect on the right-hand side of Figure 5.1.2.

Next, the simulation will be repeated using the same set of coils. However, in this simulation X;
will be set to 0.05 instead of 5. The rest of the terms from Table 5.1.2 will remain constant. The
results of the general solution are shown in Table 5.1.8, and the reactive components to be added
to the coils are listed in Table 5.1.9. Values for subsequent tests are also included in these tables.
The power transfer efficiency and transferred power as a function of distance are shown in

Figure 5.1.7.
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Table 5.1.5: The Calculated Impedance Components

X 0.05 0.5 50

Ry 0.005 0.05 5

R, 8.4162x102 | 8.4162x107 | 8.4162x107
R; 2.4006x1071° | 2.4006x107 | 2.4006x107’
X, 8.4453x107" | 8.4453x107 | 8.4453x10*
X3 6.3135x10* | 1.9959x103 | 1.987x107

X4 3.9178x10* | 1.2389x10* | 1.2379x10°

Table 5.1.6: The Added Reactive Components

X, 0.05

0.5

50

Component Added Capacitor,
(Coil One) 7.4115 nF

Capacitor, | Inductor,

8.6390 nF | 1.0982 uH

Component Added Capacitor,
(Coil Two) 1.8053nF

Capacitor, | Capacitor,

1.7056 nF | 1.6953 nF

Component Added Capacitor,
(Coil Three) 1.6953 nF

Capacitor, | Capacitor,

1.6954 nF | 1.6976 nF

Component Added Inductor,
(Coil Four) 919.60 uH

Inductor, Inductor,

290.75 uH | 28.983 nF
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Figure 5.1.7: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance (X; = 0.05)

The transfer efficiency curve depicted in Figure 5.1.7 has not significantly changed from the
curve shown in Figure 5.1.2. This points to the success of the general solution — Given an
acceptable input, the solution will output impedance parameters which achieve the desired
transfer function. However, the transmitted power curve has been altered by the new X;
parameter. The maximum transmitted power now occurs at a distance of 1.04 m, as opposed to
the previous configuration which peaked at a distance of 0.55 m. The magnitude of the

transmitted power curve has also decreased from 0.49 W to 0.29 W.
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The results of additional tests of the solution at X; = 0.5 and X; = 50 are shown in Figures 5.1.8
and 5.1.9, respectively. A plot of the maximum transmitted power and the range at which it

occurs as a function of X; is shown in Figure 5.1.10.
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Figure 5.1.8: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance (X1 = 0.5)
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Based on Figure 5.1.10, the general solution is capable of tuning the range of peak transmitted
power via the value of X;. Smaller values of X; increase the range of the peak and larger values
of X; lead to smaller ranges. There are two drawbacks to this capability. First, the amount of
power transmitted is decreased when 1 > X; > 10. Second, even though the peak power
transmission range changes, the efficiency curve does not. This means that additional input

power may be needed to receive decreasing amounts of power.

General plots of the power transfer efficiency and the transmitted power over a range of values

of X; and distance are shown in Figure 5.1.11 and 5.1.12.
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Figure 5.1.11: The Power Transfer Efficiency as a Function of X; and Transmission
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Figure 5.1.12: The Transmitted Power as a Function of X; and Transmission Distance

At this stage, the modified general solution should be considered.

5.2 Simulations of the Modified General Solution

The modified general solution uses the same base parameters as the standard general solution. As
such, Table 5.1.2 contains all of the inputs used for this solution. Table 5.2.1 contains the
impedance components required for the modified general solution, and Table 5.2.2 contains the

values of the reactive components which were added to the simulated coils.
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Table 5.2.1: The Impedance Components for the Modified General Solution
Parameter | Value

R, 5
R, |4.5761x10°
Ry  |2.9520x10°
X, |4.5761x107
X | 63x107

X, |3.9175x10°

Table 5.2.2: The Reactive Components to be Used
Parameter Value

Inductor (Coil One) 41.849 nH
Capacitor (Coil Two) | 1.6952 nF
Capacitor (Coil Three) | 1.6960 nF
Inductor (Coil Four) 91.884 uH

These components were added to the system and then simulated in Matlab and ADS. The Matlab
solutions are shown in terms of distance in Figure 5.2.1 and in terms of M,3 in Figure 5.2.2. The

ADS solutions are shown in Figures 5.2.3 and 5.2.4.

50



0.5

09 Ff 10.45
0.8 f H10.4
0.7} 10.35
06 B T 03 —~

) <

o =

205 10.25 g

2

T (@]
04 f 102 o
03F 10.15
02+t 10.1
01F 40.05

0 : ' 0
0 0.5 1 1.5 2

Distance (m)

Figure 5.2.1: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance

1 . , - 0.5
09} 10.45
0.8 | 104
0.7 F 10.35
0.6 [ 103 =~

) =

S =

2051 1025 ©

& 2

T} o
0.4t 102 o
03} 10.15
02} 10.1
0.1F 10.05

0 n il n Lol " Lol n T 1 " oo aaaal n RN O
10712 10" 10710 107 108 1077 10
M23

Figure 5.2.2: The Power Transfer Efficiency and Transmitted Power as a Function of M3

51



1.0

ADS

0.8—

0.6—

0.4—

Efficiency

0.2—

0.0
I | | | | | I
1e-15 1E-14 1E-13 1E-12 1E-11 1E10 1E-S 1E-8 1E-7

M23
Figure 5.2.3: The Power Transfer Efficiency as a Function of M3, Simulated using ADS

0.5
ADS

©
~
[0

o
w
|

Transmitted Power (W)

o
—

e
o

I ! I ! I | |
1E-15 1E-14 1E-13 1E-12 1E-11 1E-10 1E9 1E8 1E-7

M23
Figure 5.2.4: The Transmitted Power as a Function of M3, Simulated using ADS

52



The key difference between the general solution and the modified general solution appears in the
efficiency curve. While the general solution sees the efficiency curve peak around 50 cm and
then slowly drop off, the modified solution maintains high efficiency to distances of 2 m and
beyond. The curve shown in Figure 5.2.5 is taken from the same simulation as the previous

images. In this case, however, the simulation is conducted out to a range of 10 m.
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Figure 5.2.5: The Power Transfer Efficiency and Transmitted Power as a Function of
Distance Modified Solution, X; = 5 over a range from 0 to 10 m

Based on the efficiency curve shown in Figure 5.2.5, transfer efficiencies of 90% or greater can
be maintained at distances ranging from 41 cm to 4.5 m. This is an improvement over the

previous general solution.
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Next, the simulation will be repeated for different values of X;. Table 5.2.3 lists all of the
impedance components used, and Table 5.2.4 lists the values of the reactive components added.
R, was held at 0.01 for each of these tests.

Table 5.2.3: The Impedance Components Needed

X; Chosen 0.5 0.05 0.005
R, 5.0x102 5x1073 5x10
R, 4.5674x10°® 4.5649x10°® 4.5642x10°®
Rs 2.9520x107 2.9520x1071° 2.9520x107!
X, 4.5674x1077 4.5649x1077 4.5641x107
X5 2.0x1073 6.3135x10* 1.9967x10
X, 1.2389x10* 3.9178x10* 1.2389x10°
Table 5.2.4: The Reactive Components Added
X; Chosen | 0.5 0.05 0.005
Coil 1 Capacitor, | Capacitor, | Capacitor,
8.6390 nF | 7.4115 nF | 7.3077 nF
Coil 2 Capacitor, | Capacitor, | Capacitor,
1.6952 nF | 1.6952 nF | 1.6952 nF
Coil 3 Capacitor, | Capacitor, | Capacitor,
1.6954 nF | 1.6953 nF | 1.6952 nF
Coil 4 Inductor, | Inductor, | Inductor,
290.75 uH | 919.6 uH | 2.9089 mH

Figures 5.2.6, 5.2.7 and 5.2.8 show the results of the revised solution for X; = 0.5, 0.05, and

0.005, respectively.
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Based on Figure 5.2.5 through 5.2.8 as X; is lowered the distance at which the most power is
transmitted increases. However, unlike the general solution, the amount of power transmitted
does not change. Figure 5.2.9 shows a plot of the peak power transmitted and the range of peak

transmission as a function of X; for the modified solution.
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Power as a Function of X; (Modified Solution)
Based on Figure 5.2.9, the revised solution is capable of maintaining the maximum achievable
transmitted power over a range of X; values beginning at 1.8 * 103 and continuing up until 2.
This corresponds to a physical distance ranging from 2 m down to 40 cm. This is a major

improvement over the general solution as it allows a complete user control over the power

transmission characteristics of their system.

Furthermore, this system was simulated using a source voltage of 10 V. Referring back to
equation 3.1.8 for the load power of an MCRWPT system it should be noted that the load power
is proportional to the square of the source voltage. If the source voltage were to be increased, this
would greatly improve the power transmitted. For example, consider a source voltage of 120 V,

which is the commercial voltage available. Our source voltage has increased by a factor of
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twelve, so our load power will increase by a factor of 144 to 72 watts. There are some obvious
limitations to this concept. Larger voltages will create larger currents, which the transmission
coils will likely not be capable of handling. Larger voltages will also create larger magnetic
fields which may be harmful to people or equipment. Regardless of these limitations, the fact
remains that it appears to be possible to tune the range and magnitude of power transmitted

without observing major losses at the circuit level.

Finally, general plots of the power transfer efficiency and transmitted power as a function of X

and distance for the modified solution are shown in Figures 5.2.10 and 5.2.11.
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Figure 5.2.10: The Power Transfer Efficiency as a Function of X; and Distance for the
Modified Solution
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Figure 5.2.11: The Transmitted Power as a Function of X; and Distance for the Modified
Solution

Figure 5.2.10 clearly shows that smaller values of X; will yield a longer range of high-efficiency
transmission. Mathematically this trend appears to continue on well beyond the range of X; and
distance values simulated here. However, it is important to note that R, is constrained to being at
least ten times smaller in magnitude than X;. Thus, there is a physical limit to the maximum

capabilities of this design scheme.

5.3 Summary of Findings and Discussion

The simulations described in this section have clearly shown that designs generated using the
solutions developed in Section Four are capable of meeting the requirements set out by the filter
parameters. In addition, the modified general solution is also capable of maintaining a high
power output over a wide range of distances when X; is modified accordingly. This means the
performance of an MCRWPT system can be successfully predicted and controlled via a filter

transfer function. This provides system designers with additional control over their designs.
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Chapter 6  Conclusion

As a whole, it has been shown that the MCRWPT theory is compatible with the existing filter
theory. The range of filters which can be implemented may be limited due to a lack of poles and
zeros, although sufficient terms are available to produce a bandpass filter's transfer function.
Bridging or mapping functions were also identified which allow for filter transfer functions to be

realized using coil impedance terms.

Two solutions to the bridging functions have been presented. The first was obtained through a
rigorous derivation of the bridging functions. This solution reproduces the desired transfer
function characteristics in the power transfer efficiency at a wide range of values for X;. It was
found that the magnitude of the load power was dependant on the value of X, and that the
distance at which the maximum load power was observed could be controlled by the value of X;
as well. In general, smaller values of X; were associated with maximum load power occurring at
greater distances, and larger values of X; were associated with maximum load power occurring
at shorter distances. Unfortunately, it was also found that there was an ideal value for X; which
maximized the amount of load power observed. Whenever the value of X; was displaced from

this value, the maximum load power which was observed decreased.

The second general solution shared many of the properties associated with the first solution.
However, unlike the first solution, the power transfer efficiency curve was affected by the value
of X1, and smaller values of X; were shown to increase the range of high-efficiency energy
transfer. This solution was also capable of shifting the distance at which maximum load power

was observed without decreasing the magnitude of load power observed.

60



Overall, filter theory was proved to be a viable technique for the design of MCRWPT systems.

6.1 Recommendations for Future Work

The work shown here illustrates that filter transfer functions can be successfully applied to a
theoretical MCRWPT system design. However, physical tests of this concept were not possible
due to ongoing COVD-19 related lab closures. As such, these design techniques should be tested
on physical systems to determine if their theoretical performance can be realized in an actual

system.

In addition, while two potential solutions are shown, they are by no means the only possible
solutions. As such, further work should be invested in identifying alternate solutions to bridging

equations that result in physically realizable systems.

Alternatively, load power could be maintained through the arraying of multiple systems
configured for maximum load power at different coil separations. This is a concept that should

be investigated further.

Filter theory presents a convenient methodology for the manipulation and control of the
MCRWPT efficiency function. Given the success which has already been observed, it is worth
considering whether these techniques could be applied to other areas of MCRWPT theory, such
as load power. If this were to be successful, then an engineer might be able to design a wideband
system which would have uniform performance over a range of coil separations without

resorting to an arrayed approach.
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APPENDIX A: MATLAB Code Developed for this Thesis

%MCRWPT FILTERTHEORY.m

%Aleksander Jack, Last Updated August 30th, 2020

%General purpose Diagnostic/Figure Generation Code

%

%lIn the interests of improving readability and reducing the risk of
%improperly configuring/typing variables, X 1-4 and R 1-4 are
%substituted for A-H.

%R1=A,R2=C,R3=E,R4=G
%X1=B,X2=D,X3=F,X4=H

%

% General Purpose code used in the process of developing the thesis
% Used to generate most if not all plots taken from MATLAB

%

clear all

%Preset all physical constants

uo = 4e-7*pi;

eo = 8.854e-12;

f=6.87¢6; %Corresponds to an ISM band

w= 2*pi*f;

sigma_trace = 5.96e7;

e_air = 1.0006*eo;

e _sub =4.7*eo;

delta = 1/sqrt(pi*f*uo*sigma_trace);

Beta = 0; %Parameters described in [8] for PSC M calculations
Sigma = 0; %Parameters described in [8] for PSC M calculations

%Load/Source Configuration

RLd = 50;

Rx = 1/RLd; %Used to simplify the algebra
Rs =50;

Vs =10;

%10V is used as a sample value. Vs has no impact on the efficiency formula
%and only acts as a uniform scaling factor on the amount of power received

%Configure range of coil separations to be used
D23Count = 5000;

D23Min=0.01;

D23Max = 10;

D23 Range = linspace(D23Min,D23Max,D23Count);

%Configure range of X1 values to be used

BMin = le-6;
BMax = 100;
BCount = 500;

B =logspace(log1 0(BMin),log10(BMax),BCount);

%Note: Either D23Count or BCount may be set to 1 to run a one-dimensional
%sweep if desired.

% Coil Data Structure
% 1=Ro
% 2=Ri
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%3 =Wr

%4=S

%5=T

%6=N

% 7 = G (Gap in coil due to connections)

% Using 0.0347mm as trace depth
% All Measurements in Meters (Base SI)

%Two coil forms possible

SmallYellowTx = [0.03,0.026,0.004,0,0.0000347,1,0.003;0.05,0.034,0.006,0.004,0.0000347,2,0.01];
SmallYellowRx = [0.05,0.034,0.006,0.004,0.0000347,2,0.01;0.03,0.026,0.004,0,0.0000347,1,0.003];
LargeYellowTx = [0.1,0.068,0.012,0.012,0.0000347,2,0.003;0.0515,0.043,0.0085,0,0.0000347,1,0.03];
LargeYellowRx = [0.0515,0.043,0.0085,0,0.0000347,1,0.03;0.1,0.068,0.012,0.012,0.0000347,2,0.003];

%Determines which coils will be used to send/receive
coil = [SmallYellowTx;SmallYellowRx];

%Calculation of Coil Parameters, per [8]
Phi = (coil(:,1)-coil(:,2))./(coil(:,1)+coil(:,2));
Ravg = (coil(:,1)+coil(:,2))/2;

L = 1.27*uo*coil(:,6)."2.¥*Ravg/2.*(log(2.07./Phi)+0.18*Phi+0.13*Phi."2);
L1=L(1);
L2=L(2);
L3=L(3);
L4=L(4);

lg = 4*(2*coil(:,1)-coil(:,3).*coil(:,6)).*(coil(:,6)-1)-4*coil(:,4). *coil(:,6).*(coil(:,6)+1);
It = 4*(coil(:,2).*coil(:,6)+coil(:,6)."2.*coil(:,3)+coil(:,6).*(coil(:,6)-1).*coil(:,4))-coil(:,6).*coil(:,7)+(coil(:,6)-
1).*sqrt((coil(:,3)+coil(:,4))."2+coil(:,7)."2);

C =(0.9%¢_airt+0.1*e_sub)*eo*coil(:,5)./coil(:,4).*1g;
Rdc = It./(sigma_trace*coil(:,5).*coil(:,3));

Rskin = Rdc.*(coil(:,5)./(delta*(1-exp(-coil(:,5)/delta)).*(1+coil(:,5)./coil(:,3))));
Rp = Rdc*(Beta*f+Sigma*f*2);

Rtot = Rskin + Rp;

R1=Rtot(1);

R2=Rtot(2);

R3=Rtot(3);

R4=Rtot(4),

%Calculate M23 Values for chosen coils/distance configuration, per [8]
countl = 1;
for D23 = D23 Range
M=zeros(4);
for a=1:1:4
for b=1:1:4
if a>=b
continue
end
if ((a==1)&&(b==2))]|(a==3)&&(b==4))
z=0;
else
z=D23;
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end
for na=1:1:coil(a,6)
for nb=1:1:coil(b,6)
ai = coil(a,1)-(coil(a,6)-1)*(coil(a,3)+coil(a,4))-coil(a,3)/2;
bj = coil(b,1)-(coil(b,6)-1)*(coil(b,3)+coil(b,4))-coil(b,3)/2;
yij=2*ai*bj/(ai"2+bj"2+z"2);
M(a,b) = M(a,b)+uo*pi*ai’2*bj 2/(2*(ai"2+bj"2+z"2)"1.5)*(1+15/32*yij"2+315/1024*yij 4);
end
end
end
end

M = M*(4/pi)"2;

M12 = M(1,2);

M23 Range(countl) = M(2,3);
M34 =M(3.,4);

countl = countl+1;

end

%PFilter cutoff values for small coils
wl =7.2213e-20; %30cm
wh = 3.7854¢-22; %100cm

%1.6205¢-16; %10cm
%1.3356¢-19; %40cm

neta = 3.0424; %Chosen per [33]
Top = i*neta"2*wl/(W 6*M12"2*M34"2*Rx);

%Terms to control the ratio between desired and undesired terms in the
%bridging functions

gamma?2 = 1;

gammal = 1;

gammal = 1;

%Intial Configuration of Impedance Variables

A =B/(10*gamma?2);

C = 1E-10*ones(1,BCount);

E=A;

G =0.01*ones(1,BCount);

H = sqrt(w"2*M12/2*M34/2*Rx./(neta*wl*B)-G."2*Rx"2-2*G*Rx-1)/Rx;
D = 1E-10*ones(1,BCount);

for iteration =1:1:15
%Two Solutions have been identified. Only one can be run at a time.

%Modified Solution

F = -((wl.*neta."2 + wh)./(10.*gammal) - H.*Rx.*neta."2.*wl - (2.*A.*D.*neta.”"2.*wl)./(M12.2.*w."2) +
(2.*B.*C.*G.*Rx.*neta."2.*wl)./(M12.22 *w.~2) + (2.*B.*D.*H.*Rx. *neta.”2.*wl)./(M12./2.*w."2) -
(2.*A.*D.*E.*neta."2.*wl)./(M12./2.*M34."2 *Rx.*w."4) -
(2.*A*C.*E.*H.*neta."2.¥*wl)./(M12.22.*M34."2 *w."4) +
(2.*B.*C.*E.*G.*neta.”2.*wl)./(M12./2.¥*M34."2 *w."4) -
(2.*A*D.*E.*G.*neta."2.*wl)./(M12./2 . ¥*M34 /2 *w."4) +
(2.*B.*D.*E.*H.*neta.”2.*wl)./(M12./2.¥*M34 "2 *w."4) +
(2.*B.*C.*E.*G."2.*Rx. *neta.2.*wl)./(M12.22.¥*M34 2. *w."4) +
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(2.%B.*C.*E.*H.A2.*Rx. *neta.2.*wl)./(M12./2.*M34./2.*w. 4))./((2.*G.*neta. 2. *wl)./(M34./2.%w. 2) +
(neta. 2. *wl)./(M34.°2. *Rx.*w.*2) + (G.*2.*Rx.*neta. 2. *wl)./(M34./2.%w."2) +
(HA2.#Rx.*neta. 2. *wl)./(M34./2.¥w./2) - (2.%A.*C.*neta. 2.¥wl)./(M12./2. ¥M34./2 *Rx.*w. 4) -
(2.%A*C.*G.*neta. 2. *wl)./(M12./2. *M34./2. *w. ) + (2.#B.*C.*H. *neta. 2. *wl)./(M12./2.¥M34.2 *w.4) +
(2.%A*D.*H.*neta. 2. ¥wl)./(M12./2.¥M34./2. *w.4) - (2.*B.*D.*G.*neta.2. *wl)./((M12./2.¥M34./2. *w. 4) -
(2.%B.*D.*G.A2.*Rx. *neta.”2. *wl)./(M12./2.¥M34./2 *w.4) -
(2.%B.*D.*H.A2.*Rx. *neta. 2. *wl)./(M12./2.¥M34.°2 *w.4));

E = -(G.*Rx.*neta."2.*wl - wh + (2.*B.*D.*neta.2.*wl)./(M12./2 . *w."2) +
(2.*A*C.*G.*Rx.*neta. 2. *wl)./(M12.2.¥w.~2) + (2.*A.*D.*H.*Rx.*neta.”2.*wl)./ (M 12.42.¥*w."2) +
(2.*B.*C.*F.*neta."2.*wl)./(M12./2.*M34 "2 *Rx.*w."4) +
(2.*A*C.*F *H.*neta.”2.*wl)./(M12./2.*M34 /2 *w."4) +
(2.*B.*C.*F.*G.*neta."2.*wl)./(M12.2.*M34.12 *w."4) -
(2.*A*D.*F.*G. *neta. 2. *wl)./(M12./2.*M34 .2 .*w."4) -
(2.*B.*D.*F.*H.*neta."2.*wl)./(M12.72.¥M34."2 *w."4) -
(2.*A*D.*F.*G.A2.*Rx. *neta. 2. %wl)./(M12./2.¥*M34./2 *w."4) -
(2.*A*D.*F.*¥H.A2.*Rx.*neta. 2. %wl)./(M12.22.¥*M34 .2 *w."4))./((2.*G. *neta."2.*wl)./(M34./2 *w."2) +
(neta.2.*wl)./(M34."2.*Rx.*w."2) + (G.*2.*Rx.*neta.”2.*wl)./(M34."2 *w."2) +
(H"2.*Rx.*neta.2.*wl)./(M34./2.%w."2) + (2.*B.*D.*neta."2.*wl)./(M12./2.*M34 .2 *Rx.*w."4) +
(2.*A*C.*G.*neta."2.*wl)./(M12./2.¥*M34./2 *w."4) + (2.*B.*C.*H.*neta."2.*wl)./(M12./2. ¥*M34./2 *w."4) +
(2.*A.*D.*H.*neta."2.¥*wl)./(M12./2.*M34./2 *w."4) + (2.¥B.*D.*G.*neta.2 . *wl)./(M12./2.¥*M34 "2 *w."4) +
(2.*A*C.*G. 2. *Rx.*neta. 2. ¥*wl)./(M12./2.¥M34./2 . *w."4) +
(2.*A*C.*H. 2. *Rx.*neta. 2. *¥*wl)./(M12./2.¥M34.12.%w . 4));

sqbrak = (E.*2+F.~2)./(neta*w1*B)+w"2*M34/2*Rx;

Csqrt = sqrt(w"4*M12"4+B*wh*w"4./(25*gamma2*gamma0*neta*sqbrak)-B.*2.*D."2/(25*gamma2"2));
C = (-w"2*M12"2+Csqrt)./(B/(5*gamma2));

Dsqrt = sqrt(w”4*M12°4-4*B*wh*w"4./(neta*sqbrak)-4*B.*2.*C."2);

D = (-w"2*M12/2+Dsqrt)./(-2*B);

%General Solution

% F = -((wl.*neta."2 + wh)./(10.*chil) - H.*Rx.*neta."2.*wl + (2.*B.*C.*neta.”2.*wl)./(M12./2.%w."2) +
(2.*B.*C.*G.*Rx.*neta.2.*wl)./(M12.°2.*w."2) + (2.*B.*D.*H.*Rx. *neta."2.*wl)./(M12./2 . *w."2) +
(2.*B.*C.*E.*neta."2.*wl)./(M12.22.*M34."2 *Rx.*w."4) +
(4.*B.*C.*E.*G.*neta.2.*wl)./(M12./2.*M34."2 . *w."4) +
(2.*B.*C.*E.*G."2.*Rx.*neta.2.*wl)./(M12.°2.¥*M34."2 . *w."4) +
(2.*B.*C.*E.*H."2.*Rx. *neta."2.*wl)./(M12.22.¥*M34.°2.*w."4))./((2.*G.*neta. 2. *wl)./(M34.°2 . *w."2) +
(neta."2.*wl)./(M34."2 *Rx.*w."2) + (G."2.*Rx.*neta.”2.*wl)./(M34."2 *w."2) +
(H."2.*Rx.*neta.2.*wl)./(M34./2.*w."2) - (2.*B.*D.*neta."2.*wl)./(M12./2.¥M34./2 *Rx.*w."4) -
(4.*B.*D.*G.*neta."2.*wl)./(M12./2 . ¥*M34./2 *w."4) -
(2.*B.*D.*G."2.*Rx.*neta."2.*wl)./(M12./2.*M34./2 *w."4) -
(2.*B.*D.*H."2.*Rx.*neta.”2.¥*wl)./(M12.22.*M34.2 . *w . 4));

% E = (wh - G.*Rx.*neta."2.*wl - (2.¥*A.*C.*neta.”2.¥*wl)./(M12.°2.*¥*w."2) -
(2.*A*C.*G.*Rx.*neta."2.%*wl)./(M12./2.*w.*2) - (2.*A.*D.*H.*Rx.*neta.”2.¥wl)./(M12./2.*¥*w."2) +
(2.*A.*D.*F . *neta."2.*wl)./(M12./2.*M34./2 *Rx.*w."4) +
(4.*A.*D.*F . *G. *neta.”2.*wl)./(M12./2.¥*M34.72 *w."4) +
(2.*A*D*F.*G. 2. %Rx.*neta. 2. %wl)./(M12./2.¥M34./2.*w."4) +
(2.*A.*D.*F.*H.A2.#*Rx.*neta."2.*wl)./(M12./2 *M34./2 *w."4))./((2.*G. *neta."2.*wl)./(M34./2 *w."2) +
(neta.”2.*wl)./(M34.22.%Rx.*w."2) + (G.*2.*Rx.*neta.”2.*wl)./(M34./2 *w."2) +
(HA2.*Rx.*neta. 2. *wl)./(M34./2.%w.~2) + (2.*A.*C.*neta.”2.*wl)./(M12./2.*M34."2 *Rx.*w."4) +
(4.*A.*C.*G. *neta."2.*wl)./(M12./2.¥*M34./2 *w."4) +
(2.*A*C.*G. 2. *Rx.*neta. 2. *wl)./(M12./2.¥M34.72 . *w."4) +
(2.*A*C.*H. A 2.*Rx.*neta. 2. *wl)./(M12./2.¥M34.12.*w . 4));
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% C = -(EA2.5M12.°2.5w. 2 - (BA2.%GA2.#Rx.A2 + 2 ¥EA2. %G *Rx + EA2.#H A2 #Rx.A2 + BA2 +
2.#E.*G.*M34./2 #Rx./2.#w.A2 + 2. ¥E.*M34./2 *Rx.*w."2 + FA2.#G.A2 *Rx.A2 + 2.%F.A2.*G . *Rx +
FA25HA2#RxA2 + FA2 - 25F FH.*M34./2 *Rx.A2.%w.A2 + M34.M FRx.A2.%w. ). (-
20.%chi0.*A.A2.*D.A2. *E 2. #G.A2.¥Rx.A2 - 40.*chi0.*A.A2.¥D. A2 *E.A2.*G.*Rx -
20.%chi0.*A.A2.*D.A2 ¥ E 2 *H.A2.#Rx.A2 - 20.%chi0.*A.A2.¥D.A2.¥EA2 -
40.%chi0.*A.A2.*D. A2 *E.*G.*M34./2 *Rx.A2.*w."2 - 40.*chi0.*A.A2.¥D.A2.*E. *M34./2 *Rx.*w. 2 -
20.%chi0.*A.A2.*D. 2. %F.A2.*G.A2. *Rx.*2 - 40.*chi0.*A."2.*D. 2. *F A2 *G.*Rx -
20.%chi0.*A.A2.*D.A2 *F.A2 *H.A2 ¥Rx.A2 - 20.%chi0.*A.A2.*D./2.¥F.A2 +
40.%chi0.*A.A2.*D. 2 #F #H.*M34.82. *Rx.A2.*w. 2 - 20.*chi0.*A.2.*D.A2.*M34./ *Rx.A2.%w. 4 +
2.5wh.*A. *M12.42.*M34.82 *Rx.*W."6 + 5.%chi0.*E.2.#G.A2. *M12./ 4 *Rx.A2.*w. 4 +
10.%chi0.*E.A2.#G.*M12./4. *Rx.*w.M + 5.%chi0.*E. 2. *H.A2.*M12./4 *Rx."2. *w. 4 +
5.%chi0.*E.A2.*M12.M . *w. 4 + 10.*chi0.*E.*G.*M12./4.*M34./2 *Rx.A2.*w./6 +
10.%chi0.*E.*M12.A4.#M34./2 *Rx.*w.6 + 5.%chi0.*F.A2.#G.A2. *M12./4 *Rx.A2.*w. 4 +
10.%chi0.*F.A2.%G.*M12.M *Rx.*w. 4 + 5.%chi0.*F /2. ¥H.A2 *M 12/ *Rx.A2.*w. 4 +
5.%chi0.*F.A2.*M12.°4.*w.A4 - 10.*chi0.*F.*H.*M12./4.*M34./2 *Rx./2.*w.A6 +
5.%chi0.*M12./4.*M34./4.*Rx."2.*w.*8))./(5.*chi0)).N(1./2) + F.A2. XM 12./2 #w.A2 +
M12./2.#M34.A4 *Rx.A2.%wW. A6 + 2. ¥EA2. %G AM12./2 #Rx. *w. 2 + 2 5F. A2 *G.*M12.A2 *Rx. *w.\2 +
2*EAMI12./2.4M34.2 *Rx.*w. M + EA2 4G A2 AM12./2 ¥ Rx.A2. 5 w.A2 + FA2.#GA2. A M12.A2 ¥R A2, % w A2 +
EA2FHA2AM12./2 5 Rx.A2.%w.A2 + FA2FHA2 #M12./2 #Rx.A2.¥w.A2 +
2*E*G.AM12./2.5M34./2 ¥ Rx.A2.5w. A - 2. 4F #H.AM12./2.%M34.82 *Rx. /2. %w. ). /(2. 5(A*E. 2. G 2 #Rx. A2
+ 2. A FEA2 AGARX + AFEA2 XHA2 ¥RXA2 + A FEA2 + 2.%A *E.*G.¥M34./2 *Rx.A2.5w. A2 +
2.#AFE *M34./2 *RX.*W.A2 + A ¥F.A2.#G.A2 ¥ RX.A2 + 2. %A *F A2 %G *Rx + A ¥F.A2 ¥H.A2 *Rx.A2 + A ¥F.A2 -
2.#AFF A AM34./2 4 Rx.A2.5w.A2 + A FM34.M 5 Rx A2 % w. )

% D =(E"2.*M12."2.*w."2 - (-(E~2.*G. 2. %Rx."2 + 2. ¥EA2.#G.*Rx + E~2.*H A2 *Rx. A2 + EA2 +
2*¥E*G.A*M34.°2.#Rx. 2. *w. A2 + 2 ¥*EAXM34.°2 *Rx.*w. A2 + FA2. 4G A2 ¥RxA2 + 2 ¥F A2 *G*Rx +
FA 2 *¥HA2.*%Rx.M2 + FA2 - 24F *H.*M34. 22 *Rx A2 ¥w. 2 +
M34./ *Rx.M2.5w. ). %(4. 4B A2 *CA2FEN2 ¥ G2 ¥ Rx A2 + 8.4¥BA2.*C A2 ¥ EA2.*G¥Rx +
4 B2 ACA2FAEN2¥HA24RXN2 + 4. 4B A2 ACA2*EAN2 + 8. 4B A2 *CA2*¥E*G. A M34.42. % Rx. 2. ¥ w22 +
8.*B./2.*C. 2. *¥E.*M34./°2. #Rx.*w.A2 + 4. *B A2 *C A2 *¥F A2 %G A2 % RxA2 + 8. 4B A2 X CA24F A2 *G*Rx +
4 B2 ACA2FF A2 ¥H A2 *¥Rx A2 + 4.*¥BA2.*¥C A2 ¥FA2 - 8.4BA2.*C A2 *¥F ¥H. A M 3442 *Rx. A2 ¥ w2 +
4 *¥BA2.*¥CA2.¥M34. M *Rx. A2 ¥w. M + 4. ¥wh *B.*M12.42.¥M34.22 *Rx.*wW."6 -
EA2*G A2 *M12.M *Rx. A2 ¥w. A M - 2 ¥EA 2 *¥G A M12.M ¥ Rx.Fw. - EA2 ¥HA2. ¥ M12. M 4Ry A2 5w -
EA2*M12.M *w.r4 - 2 ¥E*GAM12.44.%M34 /2 ¥ Rx 2.5 w.16 - 2.FE ¥ M12./4. %M 3442 *Rx . *w.6 -
FA2*G 2. 4M12.24 *Rx. 2. ¥w. 4 - 24F 22 *G*M 1244 *Rx *w. M - FA2 ¥HA2.¥M12. M 4 Rx A2 w4 -
FA2*M12.04 *w. 4 + 2 ¥F FH A M 12244 ¥ M34.42 ¥Rx. A2 ¥w. 60 - M12.°4.%¥M34.24 #Rx.A2.*¥w.~8)).~(1./2) +
FA2 3 M12.22 %w. A2 + M12.22 ¥*M34. M *Rx. A2 *¥w. 26 + 2 ¥EA 2 *G.AM12. 2.4 Rx.F w2 +
2FAF A2 *GAMI2./2 *Rx.*Aw. 2 + 2. ¥E*M12.42 ¥ M34. /2 *Rx.*w. M + EA2.2G A2 XM 1242 #Rx. A2 2w A2 +
FA2*G A2 AMI2.M2.*Rx. M2 4w A2 + EA2X¥H A2 AM12./2 #Rx. A2 4w A2 + FA2XH A2 ¥ M 1242 ¥R A2.F w2 +
2FXE*G.AM12.42.5¥M34.22 #Rx. 2. *w. A - 2 ¥F *H AM12.42.%M34.42.%Rx. 2. *w."4)./(2.%(B.*E.A2.#*G. A2 *Rx. "2
+ 2 *B*EA2.*G.*Rx + B.*EA2.#H. A2 *Rx.A2 + B.*EA2 + 2. *B.*E.*G.*M34./2 *Rx.A2.¥w. 2 +
2.*BAE.*M34.22 *Rx.*w.*2 + BAF. 2. *G. 2. *Rx. 2 + 2.*B*FA2.#*G.*Rx + B.*F. 2. *HA2.%Rx."2 + B*F. A2 -
2. *B.*F.*H.*M34./2 *Rx.*2.*w."2 + B.*M34.74 *Rx."2.%*w."4));

end

%
%Diagnostic system.

%Allows calculated values of M4/M2/MO to be compared to their desired
%values over the full range of X1 (B) to identify any regions where the
%desired values are not being met. Comment this section out if it is not
%being used.

%Form Resistances/Reactances into lumped impedances for coefficient calc
71 = A+i*B;
72 = C+i*D;
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73 = E+i*F;
74 = G+i*H;

%~ Calculate all coefficients for Filter
Num = w*6*M12"2*M34/2*Rx*Top;
M4 = Z1.*w. " *(Z4.*Rx+1).*(conj(Z4).*Rx+1).*Top;

M2 =
Z1.*w.A2.*(Z4.*Rx+1).*conj(Z2).*(conj(Z3).*(conj(Z4). *Rx+1)+w."2.¥*M34."2 *Rx). *Top+w."2.*(conj(Z4).*Rx+
1).*Top.*Z1.*Z2.%(Z3.*(Z4 *Rx+1)+w."2 *M34 /2 *Rx)+w."4.*M12.°2.*(conj(Z4).*Rx+1).*Top.*(Z3.*(Z4.*Rx+
1)+w.A2.*M34.°2.*Rx);

MO =
(Z1.*Z2 *(Z3.*(Z4 *Rx+1)tw. A 2.¥*M34 A2 #Rx)+w. 2. ¥M 1222 . *(Z3.*(Z4.*Rx+1)+w."2.¥*M34.72 . *Rx)).*conj(Z2
).*(conj(Z3).*(conj(Z4).*Rx+1)+w."2.¥M34.72 *Rx).*Top;

%Desired Values

M4 D = -neta*(1+i/(10*gamma?2))*ones(1,BCount);

M2 D = (neta"2*wl+wh)*(i+1/(10*gammal))*ones(1,BCount);
MO_D = neta*wl*wh*(1+i/(10*gamma0))*ones(1,BCount);

%

%Preinitialize PTE variable
PTE = zeros(BCount,D23Column);

%Main two dimensional sweep
%Begin sweeping by X1 (B) value
for CountB = 1:1:BCount

%Display current progress in % and a time stamp
CL = clock;

disp([CL(4) CL(5)])
disp([CountB/BCount*100])

%Form Resistances/Reactances into lumped impedance
Z1 = A(CountB)+i*B(CountB);
72 = C(CountB)+i*D(CountB);
73 = E(CountB)+i*F(CountB);
74 = G(CountB)+i*H(CountB);

%Begin sweeping by separation range
CountM23 =1;
for M23 = M23 Range

%Solving MCRWPT Circuit Via Impedance Matrix

Z = [RstZ1,-i*w*M12,0,0;-1*w*M12,22,-1*w*M23,0;0,-1*w*M23,73,-1*w*M34,0,0,-1*w*M34,Z4+RLd];
V =[Vs,0,0,0];

Z =inv(2);

1= V*Z ;

%Calculate Load/Source Voltage/Power
VIn = Vs-Rs*I(1);

VLd = 1(4)*RLd;

PIn = VIn*conj(I(1));
PLd(CountB,CountM23) = VLd*conj(I1(4));
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%Calculate PTE via Impedance Matrix/Circuit solution
PTE Z(CountB,CountM23) = PLd(CountB,CountM23)/PlIn;

%Calculate PTE via Efficiency Formula

ALPHA = Z2*(Z3*(Z4*Rx+1)+w 2*M34"2*Rx)+w"2*M23"2*(Z4*Rx+1);

BETA = w"2*¥M12"2*(Z3*(Z4*Rx+1)+w"2*M34"2*Rx);

PTE TF(CountB,CountM23) = abs(w"6*M12/2*M23/2*M34"2*Rx/((Z1*ALPHA+BETA)*conj(ALPHA)));

%Increment for next run
CountM23=CountM23+1;
end

%Used to generate plots 5.1.10 and 5.2.9.

[MaxPLd(CountB),PLdRange]=max(PLd(CountB,:));

MaxPLDRange(CountB)=D23 Range(PLdRange);
end

%Generate 3Axis plot, 5.1.12 and 5.2.11
figure()

surf(D23 Range,B,abs(PLd))

set(gca,'Y Scale','log")

shading interp

xlabel('Distance (m)")

ylabel('X 1"

zlabel('Load Power (W)')

%Generate 3Axis plot, 5.1.11 and 5.2.10
figure()

surf(D23 Range,B,abs(PTE_Z))
set(gca,'Y Scale','log")

shading interp

xlabel('Distance (m)")

ylabel('X 1"

zlabel('Efficiency’)

%Generate plot 5.1.10 or 5.2.9

figure()

semilogx(B,MaxPLd)

ylabel("Maximum Power Transmitted (W)")

yyaxis right

semilogx(B,MaxPLDRange)

ylabel("Range Required for Maximum Transmitted Power")
xlable("X_1")
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