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Abstract

For a positive integer n the n® cyclotomic polynomial can be written as

2mik

p(z)= [ @—en)

When n = p is an odd prime, the n'* cyclotomic polynomial has the special form
p—1
D, () :Zxk =P P2+ L
k=0

These two representations of the cyclotomic polynomials highlight the roots of ®,,(z)
and the coefficients of ®,,(x), respectively. Continuing with the work of Kwon, J. Lee,
and K. Lee and Harrington we investigate the generalization of the cyclotomic poly-
nomials in two distinct ways; one affecting the roots of ®,(x) and the other affecting

the coefficients of &, (x).

In the final chapter of the thesis we discuss congruences for particular binomial
sums and use those congruences to prove results concerning two special cases of Jacobi

polynomials, the Chebyshev polynomials and the Legendre polynomials.
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List of Abbreviations and Symbols Used

Notation

a=b (mod n)

alb

Description

a is congruent to b modulo n; that is, b — a = kn for some integer k.

a divides b; that is, b = ak for some integer k.

Greatest common divisor of a and b.

Legendre symbol of a and p defined for integers a and odd primes p for

which p{a to be 1 if 22 = a (mod p) for some x and -1 otherwise.

Binomial coefficient defined by W_Lk:),k,

The n* cyclotomic polynomial.

The n'* Chebyshev polynomial of the first kind.

The nt"* Chebyshev polynomial of the second kind.
The n'"* Legendre polynomial.

The Euler totient function.

The Mobius function.

H is a subgroup of G.

H is a normal subgroup of G.

The cyclic group generated by the element x.

The order of the group G.

Ring of integers modulo n.

Field of p-adic numbers.

Ring of p-adic integers in Q,.

Group of units in R.

Ring of polynomials in x with coefficients in R.

The smallest subfield of C containing F and aq, ..., a,.
The smallest subring of C containing R and oy, ..., a,.

The resultant of the two polynomials f(z) and g(z).
The discriminant of the polynomial f(z).
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Chapter 1

Introduction

The study of polynomials goes back to as early as 250 A.D with Diophantus. Deter-
mining the roots of polynomials and solving algebraic equations is one of the oldest
problems in mathematics. The theory of polynomials is closely linked to the theory of
fields and derives from the solution of algebraic equations and the geometric construc-
tion problems to which they were equivalent [25, ppg. 49-51]. Babylonian and Greek
mathematicians had success solving quadratic and certain quartic equations. Italian
mathematicians, working on cubic equations and the general quartic solution began to
notice a connection between the roots of a polynomial and its coefficients. Cardano
had the initial idea of the notion of the multiplicity of a root and began calcula-
tions with the square roots of negative numbers. Cardano’s pupils began formalizing
the rules for calculation with complex numbers and in 1545 L. Ferrari succeeded in
solving the general quartic. Viete explicitly described the relationship between the
roots and the coefficients of an algebraic equation. Descartes studied and managed
to distinguish between algebraic and transcendental functions. Due to work by Leib-
niz and Johann Bernoulli, the calculus of complex numbers began to be formalized
more and the question of the decomposition of a polynomial into linear factors was

pursued until the fundamental theorem of algebra was proved in 1806 by Argand [44].

Related to the study of polynomials, the study of binomial coefficients goes back
to as early as the 2nd Century BC with Pingala, although the notation we use today
was introduced in 1826 by von Ettingshausen. One of the avenues pursued in this

history has been the study of congruences of binomial coefficients modulo a prime p.

For a more detailed discussion regarding the history of polynomials, or mathe-

matics in general, the reader is referred to [21], [25], and [44].
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Of particular historical interest to this thesis, in the late seventeenth century and
early eighteenth century Cotes and deMoivre reduced the solution of the equation
2" — 1 = 0 to the division of the circle into n equal parts. The n'* cyclotomic
polynomial can also be thought of as the unique irreducible polynomial with integer
coefficients that divides 2™ — 1 but does not divide ¥ — 1 for any k < n. A well

known formula for the n** cyclotomic polynomial is given in the proposition below.

Proposition 1.1. For any positive integer n, the n' cyclotomic polynomial may be

calculated as

There is an inherent link between cyclotomic polynomials and primitive roots of

unity given by the following formula.

Proposition 1.2.

H(Pd(x) =a" -1

dn

This shows us that z is a root of ™ — 1 if and only if it is a d** primitive root of

unity for some d|n.

In the next two chapters of this thesis we study two separate generalizations of the
cyclotomic polynomial. The first generalization will be achieved by altering the roots
of the cyclotomic polynomials to arrive at a family of polynomials we have named
the Cyclotomic Subgroup-Polynomials. On the other hand, the second generalization
will be achieved by altering the coefficients of the cyclotomic polynomials. We then
present some binomial coefficient congruences that lead to polynomial congruences

for a special family of polynomials (the Jacobi polynomials) in the following chapter.



Chapter 2

Cyclotomic Subgroup-Polynomials

2.1 Preliminaries

In this chapter, we discuss a generalization of cyclotomic polynomials. In the next
chapter, we will alter the coefficients of a given cyclotomic polynomial to obtain one
possible generalization. Here, the roots of the cyclotomic polynomial will be altered

instead.

As we know, ®,,(z) can be written as

ke (Z/nZ)*

where (Z/nZ)* is the group of units modulo n. In [35], M. Kwon, J. Lee, and K.S. Lee
used the fundamental theorem of Galois theory to generalize the idea of cyclotomic
polynomials and discussed irreducible polynomials associated with primitive n** roots

of unity:.

While the motivation for this chapter comes from the work of Kwon, J. Lee, and
K.S. Lee, this type of polynomial construction appears in the literature in at least
two earlier instances: Wojcik’s paper of 1969 [57] and Stauduhar’s paper of 1973
[55]. In [55] Stauduhar gives a technique for the determination of the Galois groups
of irreducible polynomials with integer coefficients while in [57] Wdjcik gives com-
pletely algebraic proofs of special cases of Dirichlet’s theorem on primes in arithmetic

progression.



2.2 Algebraic Background

In this section we will introduce only those results from Algebra that are required to
discuss the generalization of Kwon, Lee, and Lee in [35]. All of the results presented
here, as well as additional related ones, can be found in standard introductory text-

books in Algebra, such as [20] or [30].

Of importance to this chapter are the concepts of cyclic groups, normal subgroups,

quotient groups, and Galois groups. We now recall these below.

Definition 2.1. A group H is cyclic if H can be generated by a single element. That
is, there is some element © € H such that H = {ax"|n € Z}, where the operation is

multiplication. The cyclic group generated by x is denoted by < x >.
A cyclic group is then completely determined by its generator. Therefore we have:
Theorem 2.2. Any two cyclic groups of the same order are isomorphic.

The number of subgroups of a finite cyclic group and the order of the subgroups of
a finite cyclic group are discussed with examples in [10], [51], and [56]. The structure

of cyclic groups can be completely determined as follows.
Theorem 2.3. Let H =< x > be a cyclic group.
(1) Every subgroup of H is cyclic.

(i) If |H| = n < oo, then for each positive integer a dividing n there is a unique
subgroup of order a. This subgroup is the cyclic group < x® >, where d = z
Furthermore, for every integer m, < ™ >=< ™™ > so0 that the subgroups

of H correspond bijectively with the positive divisors of n.

A normal subgroup N < G is a subgroup that is invariant under conjugation
by elements of the group G. That is, gng™! € N for all ¢ € G,n € N. Normal
subgroups N are also the subgroups such that left and right congruence modulo N
coincide. That is, left and right congruence define the same equivalence relation on

the group G. We formalize this equivalence relation below:
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Theorem 2.4. If N is a normal subgroup of a group G and G/N 1is the set of all
(left) cosets of N in G, then G/N is a group under the binary operation given by
(aN)(bN) = (ab)N. Further, if G is finite then G/N has order |G|/|N|.

This construction defines an important group which is closely tied to homomor-

phisms on the larger group G.

Definition 2.5. The group G/N in Theorem 2.4 is called the quotient group or factor
group of G by N.

The set of all field automorphisms F' — F' that fix a given subfield K forms
a group under composition of functions, denoted by Gal (F/K) and referred to as
the Galois group of F/K. It was Galois who discovered that many of the group-
theoretical properties of this automorphism group correspond to properties of roots
of polynomials over the subfield K. This vast area of study is referred to as Galois
Theory. We only require the following small lemma:

2mik

Lemma 2.6. Let w = e » with (k,n) = 1 be a primitive n

root of unity and
let Q(w) be the simple extension field of Q generated by w. Then the Galois group
Gal(Q(w)/Q) over Q is isomorphic to (Z/nZ)* wvia the mapping 0 : (Z/nZ)* —
Gal(Q(w)/Q), defined by 0[s](w) = w®, s € (Z/nZ)*.

2.3 Galois Irreducible Polynomials

We are now ready to define the main object of study in [35] and the related papers
37], [38]. Let w = e be a primitive n™ root of unity, H be a subgroup of (Z/nZ)*
and (Z/nZ)*/H = {h1H,hoH, ..., hyH} be the corresponding quotient group. For
each 1 <k </, let

ap = thkh. (2.1)

heH

The monic square-free polynomial having a,...,q; as its roots will be denoted by

Jn.p(x). That is,

Jou(z) = (r—a1)(r —az) (v — a). (2.2)
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For a fixed positive integer n, J, y(x) only depends on the subgroup H and not
the choice of coset representatives hy. Choosing different coset representatives h) €
(Z/nZ)* would only permute the sum that defines a; in (2.1) and therefore keep
Jn i (x) unchanged. Irreducible polynomials with integer coefficients of the form of

Jn.1(x) were called Galois Irreducible Polynomials by the authors of [35] and [38].

Definition 2.7. In the general case, we will refer to J,, y(x) as a Cyclotomic Subgroup-

Polynomial.

Example 2.8. If we take the trivial subgroup, {1}, which is obviously a subgroup of
(Z/nZ)* for all n, we recover the cyclotomic polynomials. Indeed, let n be a positive

integer and let G = (Z/nZ)*. Since H = {1}, we have

G/H=G={g1,92,- -, Go(m }-
Then,
ar = wo, (w=en),
for k =1,2,...,¢(n) and we have

Jn3(7) = (2 — a1)(x — az) - (¥ — ay(m))

=(z—w)(z —w?) - (x — wlm™)

= o, (x).

Since J, 13 = ®,(z), we see that these polynomials are indeed generalizations of
the cyclotomic polynomials. We now calculate some examples that do not only result

in a cyclotomic polynomial.

Example 2.9. If we consider the entire group, (Z/nZ)*, which is trivially a subgroup
of itself for all n, we obtain one of only three possible monic square-free polynomi-
als depending on the prime decomposition of the integer n. Specifically, if n is a

square-free positive integer with an odd number of prime factors we get x + 1; if n is
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a square-free positive integer with an even number of prime factors we get x — 1, and

if n has a squared prime factor, we get x, as we will now show.

Let n be a positive integer and G' = (Z/nZ)*. Since H = {g1, 2, - .-, 9o} = G,

we have
G/H = {1}.
Then,
ap =a=w"+w?+ ... +wm =pun), (w= e%),

where

1 when n square-free and has an odd number of prime factors,

pu(n) =49 —1 when n square-free and has an even number of prime factors,
0 when n has a squared prime factor.

is the Mobius function evaluated at n and the last equality is obtained using Theorem

A.21 in Appendix A. Hence we have

x+ 1 when n square-free and has an odd number of prime factors,
Jna(r) =2 —1 when n square-free and has an even number of prime factors,

x when n has a squared prime factor.

2mi

Example 2.10. If we take n = 7, then G = (Z/72)* ={1,2,3,4,5,6} and w = e'7 .
G has the four subgroups

H1 - {1},
H2 = {176}7
H3 = {17274}7

Hy=1{1,2,3,4,5,6} =G,



with corresponding quotients

G/Hy = {{1},{2}, {3}, {4}, {5}, {6}},
G/Hy = {{1,6},{2,5},{3,4}},

G/Hs = {{1,2,4},{3,5,6}},

G/H, = {1,2,3,4,5,6}}.

We then have:

Jom (2) = (2 —w) (@ — w?)(z — w’)(z — w)(z — w’)(z — w°)
=2+ 2%+t + 2+ 2¥ +a+ 1= D).

Jr,(2) = (2 — (w +w)) (@ — (W’ + w’))(z — (0’ +w?))
=% 2% - 22— 1

Jo, (1) = (2 — (w4 w? +wh))(z — (W + w® + w?))
=2+ r+2

Jrm (@) = (2 — (w+ w? + 0’ +w' + w” +w))
=z + 1

It is of note that, in this example, each J, () is an irreducible polynomial. We will
see later in this chapter that this is not a coincidence and J, g (z) is irreducible for

all H when p > 2 is a prime number.

We close this section by summarizing our observations from Example 2.8 and

Example 2.9 with the following lemma.

Lemma 2.11. Let n be a positive integer and J, g(x) be the Cyclotomic Subgroup-
Polynomial corresponding to n and the subgroup H < (Z/nZ)*. Then we have

(i) Jny(x) = @p(x) for all n.
x —1 n square-free and has an even number of prime factors,

(1) Jnzmzyx (T) = S n has a square prime factor,

x4+ 1 n square-free and has an odd number of prime factors.



2.4 Known Results

Kwon, Lee, Lee, and Kim presented a number of interesting results regarding these
Galois Irreducible Polynomials in [35] and [38]. This section is meant to serve as a
collection of their results. For proofs, the reader is referred to the original papers [35]
and [38]. In this section, unless otherwise stated, we shall take n to be a positive

h

integer, p > 2 a prime number, and w = e a primitive n" root of unity.

The first result shows us that the coefficients of the Cyclotomic Subgroup-Polyno-

mials are elements of the field Q:
Theorem 2.12 ([35], Theorem 2.2). For any subgroup H of (Z/nZ)*, Jy u(x) € Q[z].

It is of note that, in a remark in their paper [35], Kwon, J.E Lee, K.S Lee, and
Kim actually provide a proof of the stronger result that the coefficients of these poly-

nomials are indeed integers. That is, we have J,, y(x) € Z[z| for all integers n.

Kwon, Lee, and Lee then answer the question of when J, y(z) is a monomial:
Theorem 2.13 ([35], Corollary 2.4). Let H be a proper subgroup of (Z/nZ)*. If
(=Y hepw" €Q, then ¢ =0 and hence J, y(zx) = &', where | = |(Z/nZ)* /H|.

Example 2.14. Let us consider the case n = 8 and w = e 5 = e Then (Z/87)* =
{1,3,5,7} and we look at the case H = {1,5}. We calculate:

5 @i 5mi
ap=w+w’=e+ +e+ =0,

3 7 3mi T
as=w 4w =e+ +ezr =0,

J87{175}(l’) = (I‘ - 0)(1’ - 0) = [L’Q,

as expected.

In the following two results, the authors of [35] then consider the special case when

n = p is an odd prime:
Theorem 2.15 ([35], Theorem 2.5). If p is an odd prime number, then for any
subgroup H of (Z/pZ)* the polynomial J, g(x) is the minimal polynomial of ¢ =

> hen W' over Q.
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Since the minimal polynomial of an element is an irreducible polynomial, this
theorem confirms what was observed in Example 2.10, namely that J7 y(x) was ir-
reducible for all subgroups H < (Z/7Z)*. Related to this observation, we have the

following theorem:

Theorem 2.16 ([35], Corollary 3.2). Let p be an odd prime number and w = *7/?.
Then any subfield F of Q(w) over Q can be expressed as F = Q((), where ¢ =
> hen W for some subgroup H of (Z/nZ)*.

The irreducibility of J, g(z) for different integers n is addressed in these next

three theorems:

Theorem 2.17 ([35], Theorem 3.6). Let n be a square-free integer. Then J, g(x) is
irreducible over Q for any subgroup H of (Z/nZ)*.

We note that Theorem 2.16 is a special case of Theorem 2.17 since all primes are

square-free integers.

If we have certain information about the structure of the subgroup H of the group
G, the following two theorems allow us to conclude the irreducibility of J,, z(x). More

specifically:

Theorem 2.18 ([35], Corollary 3.3). If H is a mazximal proper subgroup of (Z/nZ)*
and ( = ey w" € Q, then J, y(x) is irreducible over Q.

Example 2.19. If we take n = 12, then G = (Z/12Z)* = {1,5,7,11} and w = €% |
G has the five subgroups

H1:{1}7 C: \/§2+Za

Hy ={1,5}, (=1,

Hy ={1,7}, (=0,
Hy={1,11}, (=43,
Hs ={1,5,7,11}, (=0.
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We then have:

It is of note that, in this example, not every .J, g, () is an irreducible polynomial.

Theorem 2.20 ([35], Theorem 3.1). Let H be a subgroup of (Z/nZ)* and
(Z/nZ)* JH = {mH,... hH).

Let a =Y g w™, k=1,...,1 and Q(w)y be the subfield of Q(w) fized by {O[h] :
h € H}. Then J,p(x) = (x —ay)---(z — @) is irreducible over Q if and only if
Q(¢) = Q(w)g, where ¢ =3,y w".

As an application of the irreducibility of J, () presented in both [35] and [38],
the authors provide an alternate proof of the following previously known theorem.

For an interesting discussion on this theorem the reader is referred to [8].
Theorem 2.21 ([35], Theorem 3.5). If n > 2 and k € (Z/nZ)* then cos(2k) € Q.
Theorem 2.21 is the result of a corollary found in [35]:

Lemma 2.22 ([35], Corollary 3.4). For any positive integer n > 2,

ke(Z/nZ)*,
k<p(n)/2.
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18 1rreducible over Q.

Proof. Let H = {—1,1} and ( = w + w™!. Then we have that p(z) = J, g(z). W
will now argue that Q(w)g, the fixed field of the set {0 € Gal(Q(w)/Q) : o(w) =
woro(w) =w'}, is equal to Q(¢).

@

Consider a = Y " cpw” € Q(w) . Then, by the definition of the fixed field, we

have )", cpw™ = « also, which implies

m

Zw+w

k=0

Using mathematical induction, and the identity
Wt = * D = (kY (w4 w ) — (WP wm ),

we know that w*+w™" € Q(¢) for all k. This implies Q(w)g € Q(¢). This, combined
with Q(¢) € Q(w)p, shows that Q(¢) = Q(w)y. Hence, by Theorem 2.20, we see
that p(x) = J, g(z) is irreducible, as required. O

We are now ready to prove Theorem 2.21.

Proof of Theorem 2.21. Let n > 2 be a positive integer and let k be relatively prime
to n. Then we have that k € (Z/nZ)* and w = e is a primitive n'* root of unity.
Taking H = {—1, 1}, we see that J, y(x) = p(z) from the statement of Lemma 2.22.

2mik 27Tz'k
Moreover, a; = wF +w™F =e™n +e” = 2cos (27”’“) We have now shown that

2 cos (27;’"3) is the root of a polynomial of degree > 2 which is irreducible over QQ, and

this in turn shows that cos (2’”’“) ¢ Q, as required. n

Having presented the concepts of Galois Irreducible Polynomials / Cyclotomic
Subgroup-Polynomials, we now turn the discussion to new results for the remainder
of this chapter. It has been established for which values of n J, g(x) is irreducible;

we now turn our attention to the study of the coefficients and roots of J,, g (x).
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2.5 Cases of Interest

To help focus our efforts, we will restrict the values of n to consider. Of special in-
terest to us will be the study of the Cyclotomic Subgroup-Polynomials corresponding
to those integers n for which G = (Z/nZ)* is a cyclic group. Since this choice means
that there exists a unique subgroup H < G of order |H| = d for each d||G|, we
have an expectation of the number of polynomials J, y(x) and their degrees for each
choice of n. The integers of interest are precisely those having primitive roots, and
so we restrict our attention to numbers of the form n = 2,4, p*, and 2p®, where « is

a positive integer and p is an odd prime.

Moreover, of particular interest to us will be the cases when n is equal to a prime
that is congruent to 1 modulo 3 and when 7 is equal to a prime congruent to 1 modulo
4. In these cases, we are guaranteed a subgroup H < G of index three and of index
four, respectively, as well as a cubic Cyclotomic Subgroup-Polynomial and a quartic

Cyclotomic Subgroup-Polynomial, respectively.

2.6 Coeflicients

In this section, we will investigate the coefficients of different Cyclotomic Subgroup-
Polynomials. We will consider cases by one of two ways: we either restrict the degree
of the polynomial .J,, g (z) by picking a subgroup H of appropriate index, or we restrict

the order of the subgroup H, itself.

2.6.1 The Case J, y(r) Where p is an Odd Prime

We begin by studying the case n = p, for an arbitrary odd prime p, before specializing

to particular congruence classes.

We start this subsection by calculating all of the Cyclotomic Subgroup-Polynomials

for the prime p = 11 in the following example:
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Example 2.23. For n = p = 11. we have

H, = {1}, Ji1,m, () = P11 (2),

H, = {1,10}, Jivm,(r) = 2° + 2t — 42% — 32% + 30 + 1,
Hs = {1,3,4,5,9}, Jim,(z) =2+ +3,

Hy = {1,2,3,4,5,6,7,8,9,10}, T () =2 + 1.

From the polynomials in this example, as well as the polynomials in Example 2.10,

it seems that the leading and the next-to-leading coefficients are 1.
We formally state our observation as the following lemma:

Lemma 2.24. Let p be an odd prime. Then the leading and next-to-leading coeffi-

cients of J, g(x) are all 1.

Proof. We will make use of Viete’s formulas, which relate the coefficients of a poly-
nomial to its roots, to prove the lemma. By their construction, it is clear that these
polynomials are monic. For the next-to-leading coefficient, we consider Viete’s for-

mula to see that our coefficient is equal to

p—1 p—1

(1)) ar=- th’“h

B
Il

—
£
Il

—
>
m
T

as required. O

In our proof of Lemma 2.24, the fact that n = p was an odd prime was only used
in the second last line. A completely analogous argument allows us to state the more

general result:

Lemma 2.25. Let n be a positive integer. Then the leading and next-to-leading

coefficients of J, u(x) are 1 and —p(n) respectively.
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Proof. The proof of this lemma is analogous to that of Lemma 2.24 except for the

second last equality which is obtained using the identity

see again Theorem A.21 in the appendix. O

From Example 2.10 and Example 2.23, as well as more numerical experimentation,

we find the following:

Lemma 2.26. Let J, y(z) = 2™+ 2™ ' 4+ by 02™ 2+ ...+ by. Then

p

2

AL if |H| is odd.

if |H| is even,

Proof. Using Viete’s formula, we know that the coefficient of interest is the sum over
all possible 2-products of the roots of .J, y(z). We begin by calculating the total

number of terms in our “Viéte sum”:

2 2 a 2

=1 T (— - 1) —p-1—|H
N::|H|2_(|H):|H|2,l [ \H] -1 |H|)
Case 1 (The index of H is even): Because of the group structure of the quo-
tient group (Z/pZ)* JH = Z/2kZ for an integer k, as well as the group structure of
(Z/pZ)*, we know that we will have no terms that equal 1 in our sum; each element

and its inverse are in the same coset. All of the terms will be in groups of (p — 1)

terms that equal —1, namely (w + w? + ...+ wP™!). Therefore,

N _pioiHl_p-1

b =
T (p—1) 2 2 2

as required.

Case 2 (The index of H is odd): Because of the group structure of the quotient
group (Z/pZ)” J|H = Z/(2k + 1)Z for an integer k, as well as the group structure

of (Z/pZ)*, we know that we will have 21 terms that equal 1 in our sum; each
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element and its inverse are in different cosets and will be multiplied together. The
remainder of the terms will be in groups of (p — 1) that once again equal —1, namely

(w+ w? + ... +wP™1). Therefore,

p—1_N—%1_|H|+1
2 p—1 2

as required. N

2.6.2 The Case J, 1, _1}()

We now turn our attention to subgroups H < (Z/pZ)* of order 2, where p is an
odd prime. This is a particular case of interest because not only does every group
(Z/pZ)* have a subgroup H of order 2, but we also know the two elements in H for
all p. Since p is an odd prime, we know that [(Z/pZ)*| = p — 1 will be even. Then
we have a cyclic group of even order, which must have a unique subgroup of order 2,
namely H = {—1,1}. The polynomials J, (1 13(x) are the focus of this subsection.

We begin our discussion by listing the first few examples of these polynomials.

Example 2.27. The polynomials J, ;1 13(x) for the primes p = 3,5,7,11,13, and 17

are as follows:

Js—iy(e) =z +1,

(z)
Jsq-113(2) = 2 + o — 1,
Jroin (@) =2 +2* — 22 — 1,
Jic1(x) = 20 4 2t —42® — 327 + 3z + 1,
Jis -1 () = 28+ 2% — 5at — 423 4+ 622 + 3x — 1,
Jir - (x) = 22+ 2" — 72% — 62° + 152% + 102 — 102% — 4z + 1.

As seen in Example 2.27, we notice an interesting pattern when considering these
polynomials for various primes p; their coefficients follow a “ladder” pattern in Pas-
cal’s triangle. The pattern depends on the congruence class of p modulo 4 as formal-

ized below:

(a) If p=1 (mod 4), then the coefficients follow the pattern
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(b) If p = 3 (mod 4), then the coefficients follow the pattern

4
(5): (7, (1) (772 (570 (7). (5 ()

If we split the odd-degree polynomials from the even-degree polynomials, a con-
nection with the Chebyshev polynomials becomes evident. Some basic properties of

the Chebyshev polynomials are summarized in the Appendix.

Theorem 2.28. For any prime p > 2, we have

where T,,(z) denotes the n'™ Chebyshev polynomial of the first kind and U, (x) denotes
the n'" Chebyshev polynomial of the second kind.

Proof. We have

where we have applied both parts of Lemma A.7 to get the first and last equalities.
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Now, knowing the roots of T,,(x) explicitly, we can write

O (Va2) = ST (Ve s e (i)

1 T 1 x
2 1 5 T 3 k=1
p—1
L2
= 1 x 2k—1
= ( — 2 = — = =LA
(—1) < 5~ 1 cos<2p 7T)>
k=1
P
1 z 2k—1
11 ( 2_4_cos(2pﬂ)>
k=142

To complete the proof, we need to observe two things. First, the transformations
z — £ — /1 — Z have doubled the number of roots (the original roots of T},(z) and
their negatives). Second, the identity cos(f) = — cos(f + 7) needs to be applied p
times, once for each root, which eliminates the extra factor of (—1)% found above

and will leave us the desired roots and their negatives, as required. O

Remark: In this proof, all instances of %—% could have been replaced with

We conclude this subsection with a corollary of Theorem 2.28. To prove this

corollary, we will require the following identity from [27].

Lemma 2.29 ([27], Identity 91.2.9, pg. 499). When n is an odd integer, we have

H [cos(y) — cos (22£)] = 27" sin () esc ().

A more complete form of this lemma will be given in Section 2.11.

Corollary 2.30. For any prime p > 2, the constant coefficient of J, —11y(x) is £1.
Furthermore, the sign may be determined by the congruence class of p modulo 8.
Namely, if p = 1,3 (mod 8) then the constant coefficient will be 1 and if p = 5,7
(mod 8) then the constant coefficient will be —1.
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Proof. From Theorem 2.28, we know that the constant coefficient will be equal to

p=l _ p-1
(—1) 2 H:i1 2 cos (2’;7"’) Applying Lemma 2.29, we have

If we consider ZF, we see that if p = 1,3 (mod 8) then the argument of £ lies in
-1

quadrant 1 or quadrant 2, respectively, and (—1 ) 2 sin ( 4 ) csc ( 4) =1, as required.

Similarly, if p = 5,7 (mod 8), then the argument of ZF lies in quadrant 3 or quadrant

-1
4, respectively, and (—1 ) 2 sm( )csc( ) = —1, as required. O]

2.6.3 The Case J,y(z) When p=1 (mod 3) and |H| =3

In this subsection, we will study another subset of the Cyclotomic Subgroup-Polynomials
Jp.i(x). We focus on primes p =1 (mod 3) and the subgroup H < (Z/pZ)* of order
3. We begin by listing the first few such examples.

Example 2.31.

T

J13{139}$ x —|—JI +2$ 4I+3,

Jig 711y (x) = 2% + 2° 4+ 22" — 8% —a® + 52 + 7,

ay ()
(z) =
(z) =
()

Ja1. 11505 (2) = 2" + 27 + 22° — 1627 — 92° — 112° + 432" + 62° + 632% + 20 + 25.

Lemma 2.32. Let p = 1 (mod 3) and |H| = 3, and write J,g(x) = 2™ + 2™ ' +
bm_gl’miQ +...+by. Then b,,_y = 2.

Proof. This is a direct corollary of Lemma 2.26. However, to illuminate the proof

through the use of a specific example, we present the following stand-alone proof.

Using Viete’s formula, we know that the coefficient in question is the sum over
all possible 2-products of the roots of J, H( ). Because we know that |H| = 3, the

total number of terms in the sum is 9 - ( 3 ) Because of the group structure of the
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quotient group (Z/ pZ)X /H and the group structure of the group Z/pZ*, we know

that we will have 22 products that equal 1, namely (w™ - wP™") for n = 1,. ,p%l.

The remaining terms can then be organized in groups of (p—1) summands that equal

—1, namely (w + w?* + ...+ wP™') = —1. Putting all of this together, we get

A X -(s)—’%_p—l_p—f):Q
me 2 p— 2 2 '
Thus we have shown that b,,_o = 2, as required. O

Conjecture 2.33. Let p=1 (mod 3) and |H| = 3, and write J, g(x) = 2™ +z™ ' +
by_ox™ 2 4+ ...+ by. Then

1 2 — 14
bm_3—2<pT)—4— pP— =

3

Through numerical experimentation this conjecture has been verified for all odd
primes p = 1 (mod 3), p < 10000. When attempting to prove this conjecture, the

major obstacle was determining the behaviour of sums of the form

> 699 995,95 € (Z/pL)"/H

i7.j7k

for a given prime p and subgroup H as in the statement of the conjecture.

2.6.4 The Case J,y(r) When p=1 (mod 4) and |H| =4

In this subsection, we will study a third subset of the Cyclotomic Subgroup-Polynomials
Jp,r (). This time we focus on primes p = 1 (mod 4) and the subgroup H < (Z/pZ)*
of order 4. We begin by listing the first few such examples.

Example 2.34.

Js 1234 (2) =2+ 1,

J13.{1,5,8,12} () = 3+ 2% —da+ 1,

J17,{1,4,13,16} (x) = -6 —r+ 1,

J29,{1,12,17,28}(ZE) =2+ 2% —122° — T2t + 2823 + 1422 — 9z + 1.
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Lemma 2.35. Let p = 1 (mod 4) and |H| = 4. Then the constant coefficient of

Jp.m(x) is equal to 1.

Proof. Since p =1 (mod 4), we know that each root of J, y(z) in this case is of the

form
ap = w9tk + w92k + w93k + w94k

for k=1,2,..., p%l. Because H = Z/AZ, we know that g1, = —g4, and g2, = —gs,
for each value of k; this means that every element of (Z/pZ)* is inside the same
coset as its inverse. The constant coefficient is the product of all of the a; and since
each w9 is in the same coset as w9 there will be no cancellation in the product
defining a; and every element of (Z/pZ) will appear an equal number of times as an
exponent of w. The w9 will cancel each other out in groups of p elements because
w+w?+...+wP™! = —1 and w® = 1. Since the total number of terms in the product

p=1 p— . . . . .
[1.4; ar will be 471, we look to write this quantity in the form A-p+ B for integers

A and B:
= :2%1:1(21’;_ <2>).p+ (2)
p p p

This means that the product of the roots of J, y(x) is equal to the Legendre symbol
<12)> Using Viete’s formula, the constant coefficient is equal to (—1)" (f—)) =1, as
required. O

We conclude this section with a small table that summarizes our results, where

the one entry for b,,_3 is only conjectured.

P Index of H | b,,—2 bm—3 | bo
=1 (mod 2) 2 2 +1
=1 (mod 3) 3 2 %
=1 (mod 4) 4 P2 1
=1 (mod 2) odd ‘H|2+1
=1 (mod 2) even p7127|H[

Table 2.1: Some Coefficients of J,, i ()
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2.7 Studying the Sets {J, uy(x)|H < (Z/nZ)*}

In this section, we investigate the relationship between sets of Cyclotomic Subgroup-
Polynomials {J,, g(x) | H < (Z/nZ)*} and {Jp, m(x) | H < (Z/nZ)*} for different

positive integers n, and ns.

2.7.1 The Case n; = p Compared to the Case ny, = 2p

We first consider the case with ny = p an odd prime and ny, = 2p. In this case,
(Z/pZ)* and (Z/2pZ)* are both cyclic, and ¢(n;) = ¢(ns) = p—1. So we know that
the two sets will be of equal cardinality, i.e., contain the same number of polynomials

with the same degrees. We calculate such an example with ny = 7 and ny = 14:

Example 2.36. With n; = 7 and ny = 14, we display the two sets of polynomials

using the following table for easier comparison.

n H . ()

7 {1} S+ttt 41
7 {1,6} P+t —2r—1

7 {1,9,11} 22—t 2

7 [ {1,3,5,9,11,13) -1

14 {1} 2 —a® ot -t -+ 1
14 (1,13} P2 — 2w+ 1

14 {1,2,4} ?+x+2

14| {1,2,3,4,5,6) 7+ 1

Table 2.2: {J7,H(x)}H§(Z/7Z)X Compared to {J14,H(x)}H§(Z/14Z)X

Just as n; and ny are closely related positive integers, we observe that these two
sets of polynomials are also themselves quite similar. It turns out that this is the case

when n; = p¥ and ny = 2p* for an odd prime p and positive integer k.

Theorem 2.37. The sets of irreducible polynomials {Jx y(x) : H < (Z/p*Z)*} and
{Jopre (x) « H < (Z/2p*Z)*} are identical up to the signs of the coefficients of the

individual polynomials.

To prove Theorem 2.37, we will make use of Theorem 2.2 and the following lemma

which may be found in many Algebra and/or Number Theory books, such as [15]:
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Lemma 2.38 ([15], Lemma 1.4.5). Let p be an odd prime, and let g be a primitive
root modulo p*. Then either g or (g+p*) (whichever is odd) is a primitive root modulo

20" for all positive integers k.

Proof of Theorem 2.37. We begin by noting that since (Z/p*Z)* and (Z/2p*Z)* are
both cyclic groups and ¢(p*) = ©(2p*), Theorem 2.2 tells us that these two groups
are actually isomorphic. Moreover, Lemma 2.38 tells that if g generates (Z/ pEZ)*,
then g or g+ p* generates (Z/2p*7Z)*. Now let w; = e% and wy = e% = el%. Note
that wy = w3. When comparing the roots of Jyx y(2) to the roots of Jox g (x) (where

H = H' by Theorem 2.2), we have one of the following two scenarios:

Case 1: g generates both cyclic groups: Using the notation of (2.1), a root of J,x i
looks like

d d dp/
g%h 29%h 2-g%h
Ewl —E Wy —E Wy )

heH heH h'eH’

which is a root of Jy,r g/, as required.

Case 2: g generates (Z/p*Z)* and (g + p*) generates (Z/2p"Z)*: Using the nota-
tion of (2.1), a root of Jr 5 looks like

ap + kydp, . k
E wi" = E WP gince w? =1
heH heH

2(g+p*)eh
:§ :wQ(gp)

heH

= Z wg-(g+pk)dh,
h'eH’
which is a root of Jy,k g, as required. The variation in the sign of the coefficients of
Joe g (x) and Jopr g (x) comes from the fact that w{ may be in a different quadrant
than wj or wj '™ " with the same reference angle for their arguments. That s, Re(wy) =
+ Re(wj) or Re(wf) = j:Re(wg+pk) and similarly Im(w{) = +Im(wj) or Im(w{) =

+ Im(wgﬂ”k).

U
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2.7.2 The Case n; = p Compared to the Cases ny, = 3p,4p, ...

The goal of this subsection is to investigate and compare the following sets of Cyclo-
tomic Subgroup-Polynomials for these values of n; and ny and compare them with

each other. This is a natural extension of the situation of the previous subsection.

Unfortunately, there is a nice comparison only between the sets {J,. y(x)} and
{Jope ()} discussed in the previous subsection. Suppose n; = p* and ny = A - p¥
with (A,p) = 1 are the two positive integers that we wish to compare. The structure

theorem of finite abelian groups tells us that
(Z/Ap*Z) = (ZAZ) x (Z/p*Z),

and we know that o(Ap*) = p(A)p(p*).

If A=#2and (A,p) =1, then (Z/Ap*7Z)* is not cyclic and we know less about the
group structure in general. Moreover, for A > 3, ¢(ny) # p(ng) and we won’t have
the same number of polynomials in both sets. These two observations together show

that it will be difficult to compare the case ny = p with the cases ny = 3p, 4p, . ..

However, this discussion has not yet covered the case when A is a power of the
prime p. That is, A = p® for some positive integer s. We calculate a few different sets

{Jnu(z)} for integers n in the following example:

Example 2.39. For a few given integers of the form n = A-p* with p > 2 we consider

the sets of all J,, y(x) for subgroups H < (Z/nZ)*.

{Jau(@)}y ={r+1, 2" + 2+ 1}
{(Fsu@)pg={z+1, 22+ -1, 2" +2° + 2> +z + 1}
{Jo.u(z)}y = {z, 22, 2% =341, 25+ 2% + 1}
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{Ji5.8(2) e = {2 -1, ?—r—1, 2" —z+4, P —z+1, 2" -2+ 2 -+ 1,
et =2 4t e+ 1, 2t — P 207+ 1,
"4’ -t -+ 1}

{Joru(2)yy = {w, 2, 2%, 2% 2° — 92" +272° — 302 + 92 + 1, 2™® +2° + 1}

We observe that the sets {J5 g ()} i, {J5.0() } i, and {J15 g (z) } 4 are not comparable
in any meaningful way. However, the sets {Js g (2)}m, {Jou(z)}n, and {Jo7 g ()} u

seem to be.

For the purpose of studying relationships between sets { J,,, g ()} g and {J,, g ()}
in a systematic way and comparing these sets to one another, we seek values of n

such that (Z/nZ)* is a cyclic group.

The values n = 2,4,p%, and 2p* are specifically the integers n where either
(Z/nZ)* is cyclic or n has a primitive root. The group of units modulo n in these in-
stances is cyclic so that the entire group structure is well determined. The case n = 2
produces the single element set {x+1}. The case n = p, as we have seen, produces an
irreducible polynomial corresponding to every divisor d|(p — 1) that has degree ’%1.
We know what happens in the two extreme cases when H = {1} and H = (Z/pZ)*
and we also know some of the coefficients of these Cyclotomic Subgroup-Polynomials

for certain congruence classes of p and particular values for the order |H|.

In the previous subsection, we studied the case n; = p* and ny = 2p*. We saw that
these two sets are essentially the same (up to sign of the coefficients). We now wish to
study how the cases n = p, p?, p?, ... are related to one another for a fixed odd prime

I contains

p. In Example 2.39, we observed that the set of polynomials for n = p**
the monomials x* where s ranges through the degrees of the polynomials found in
the set associated to n = p*. Because of the embedding of Z/p*Z in Z/p*™'7Z, it is
clear why polynomials of those degrees are present but it is not immediately obvious
why zero is their only root. We now show that this fact is explained by a theorem of

Sivek [54].
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2.8 Vanishing Roots of Unity

We saw in Example 2.39 that the monomial x°, for specific values of the positive
integer s, is present as a Cyclotomic Subgroup-Polynomial in certain cases, namely
in the sets {Jo g (z)}n and {Jo7 g(x)}y. In this section, we characterize when this

occurs.

2.8.1 k-Balancing Numbers

A number theoretic problem that has been studied is the following: For a given natu-
ral number n, what are the possible integers k for which there exist n** roots of unity
ai,...,op € Csuch that oy + ...+ g = 0? If such a sum with & summands of n'”

roots of unity exists, then n is called k-balancing.

Two papers, [36] and [54], approach this question of k-balancing with one major
difference in their initial restrictions. In [36], the authors allow repetition in the
summands of n'" roots of unity, while in [54] the author does not allow for any
repetition in the summands of n'® roots of unity. It is this latter approach that we
are interested in, and which applies to the study of Cyclotomic Subgroup-Polynomials.
Because the roots of J, () are sums of elements determined from quotient groups
and the elements in a group are distinct, we will never encounter repetition. In [54],

Sivek presents the following theorem:

Theorem 2.40 (Sivek). Write m = p{* ---pSr, with each p; prime and each e; posi-
tive. Then m is k-balancing if and only if both k and m — k are in Nopy + . .. + Nop,,
where Ng = NU {0}.

This theorem allows us to determine exactly which polynomials J,, g (x) are of the

form z* for some positive integer s.

Example 2.41. Let n = 27 = 33. Since |H| divides |(Z/27Z)*|, we are interested in
knowing which divisors k of ¢(27) = 18 = 2-3? are such that k and 27—k are multiples
of 3. There are four such divisors k, namely k = 3,6,9 and 18. These correspond to

the polynomials of degree 6, 3,2, and 1, respectively, as we saw in Example 2.39.

We demonstrate Theorem 2.40 with another example, this time an example where

there are no monomials in our set {.J,, ()} n.
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Example 2.42. Let n = 15 = 3 - 5. From Example 2.39, we know that the set
{J15.1(x)} iy contains no monomials and we will now illustrate why. We seek positive
integers k, such that k|p(15) = 8 = 2% and both k and 15 — k can be written as a
linear combination A -3 + B -5 for non-negative integers A and B. The set of all
possible divisors k that we seek is {1,2,4,8}. We exhaust each possible case and
collect the information in a table. For each k, we seek a solution for k = A-3+ B -5

and n — k= C -3+ D -5 for non-negative integers A, B,C', and D.

|

| 15—-k| (AB) | (C,D) |
14 | no solution (3,1)

13 | no solution (1,2)

11 no solution (2,1)

7 (1,1) no solution

OO = DO ]| &

Table 2.3: k-Balancing When n = 15

We have therefore confirmed what we saw to be the case in Example 2.39; {Ji5 g (z)}

contains no monomials z*.

2.8.2 Reciprocal Polynomials

Given a polynomial p(z) = ag+ a1z + ... + a,x™ with real coefficients, the associated
reciprocal polynomial is defined by p*(z) = a,, + ap—12 + ... + apz™ = z"p(x~1). We
call a polynomial p € R[z] a self-reciprocal polynomial if p(z) = p*(z). We have
come across examples of self-reciprocal polynomials in this chapter, namely the cy-
clotomic polynomials ®,(z),n > 3. Because the Cyclotomic Subgroup-Polynomials
are a generalization of the cyclotomic polynomials, it is reasonable to explore which

Cyclotomic Subgroup-Polynomials are self-reciprocal.

If we let p(x) = 2® for a positive integer s, then p(z) # p*(z) and it does not sat-
isfy the definition of a self-reciprocal polynomial. However, the coefficient sequence
of a monomial z* reads the same forwards and backwards trivially. For this reason,

we will highlight monomials as well as self-reciprocal polynomials in this subsection.
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In [12], Cafure and Cesaratto give a useful characterization of self-reciprocal poly-

nomials in terms of their roots.

Theorem 2.43 (Cafure and Cesaratto). A polynomial f € Q|x] is self-reciprocal if

and only if it satisfies the following two properties:
If 1 is a root of f, then its multiplicity is even.
If a is a root of f of multiplicity r, then é 1S a root of multiplicity r.

This characterization, based on the roots of a self-reciprocal polynomial, proves
to be the most useful characterization when discussing the Cyclotomic Subgroup-
Polynomials J,, g(z) since they are generated by first calculating their roots. Theo-

rem 2.43 allows us to state and prove the following result.

Every family of Cyclotomic Subgroup-Polynomials contains the self-reciprocal
polynomial J, 13(x) = ®,(x). In certain cases, depending on the prime decomposi-
tion of n, we can enumerate the exact number of self-reciprocal polynomials and/or

monomials found in the set {J, g (x)}#.

Theorem 2.44. (i) Whenn = p, we have the unique additional self-reciprocal poly-

nomial Jy (z/pzm)x (€) = o+ 1.

(i1) When n = p*,a > 1, we have the additional [d(p — 1) - (o — 1)] monomials,

where d(p — 1) is the number of divisors of (p — 1), and there are are no more.

(iii) When n = py-py-- - pr, we have an additional 28 — 2 self-reciprocal polynomials

for a total of exactly (2% — 1) self-reciprocal polynomials, and there are no more.

Proof. We begin by making a general remark regarding the conditions of Theorem
2.43. From (2.1), we see that the roots of the Cyclotomic Subgroup-Polynomials will
never be equal to 1 and therefore vacuously satisfy the condition that 1 is a root of
even multiplicity. Also from (2.1), we see that for a; and i to both be roots of the
polynomial, a; will need to itself be a root of unity since >, , wh" and m
would both have to be of the form ay = >, 5 w" for some k. If ay is a root of
unity for some k, then every ay is a root of unity since they are all defined in terms

of coset representatives of the subgroup H. We now prove the theorem by addressing
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each case individually and in order.

Let n = p and let H = (Z/pZ)*. From (2.1) we then have a; = Y7 1w/ = —1
and from (2.2), we get J, z/pz)x(x) = = + 1 as stated. To show that we do not
have any other self-reciprocal polynomials we use Theorem 2.43, and the fundamen-
tal theorem of finite abelian groups that tells us there is no subgroup H < (Z/pZ)*

such that H = (Z/mZ)* for some integer m since p has no non-trivial proper divisors.

Now let n = p*, a > 1. We will use Theorem 2.40 to help resolve this case.
Since p(n) = ¢(p*) = p*'(p — 1), we see that if k is a divisor of ¢(n), then
k= 1,p,p* ...,p* ' or k|(p — 1) and all possible products are from both of these
sets. We then seek the cases where k£ and n — k are both multiples of p. We see

a—1

that this eliminates k = 1. The divisors k = p,p?,...,p all satisfy the condi-
tions of Theorem 2.40 and correspond to (o — 1) different monomials in our set of
Cyclotomic Subgroup-Polynomials. For any divisor s|(p — 1),s # 1, the product
k = sp,sp?,...,sp* ! also satisfy the conditions of Theorem 2.40. Moreover, the fun-
damental theorem of finite abelian groups tells us that there are no other subgroups
H < (Z/nZ)* such that Y, w"" would be isomorphic to an m root of unity for

some integer m since there are no other divisors of n.

Lastly, we now let n = py - ps -+ - pr. The fundamental theorem of finite abelian

groups tells us that
(Z/nZ)* = (Z)piZ)* X (Z]p2Z)™ X -+ X (Z]ppZ)*.

We can quotient the group (Z/nZ)* by any combination of the subgroups (Z/p;Z)*
and the resulting quotient group will be isomorphic to the group of roots of unity of
order n/[[;p;. There are 2F total combinations of these p;, and we exclude the two
extreme cases corresponding to choosing none of the p; and choosing all of the p;.

This gives us the required (2¥ — 2) self-reciprocal polynomials we seek.

We have exhausted all three cases and thus have proved the theorem. O
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We now conclude this section with three examples.

Example 2.45. Recall that in the case n = 7, by Example 2.10, we have a total of

2 self-reciprocal polynomials.

{Jru(@)} ={z+1,
>4+ 2,
2+t —2x—1,

A A A A e Y

The self-reciprocal polynomials have been underlined for emphasis.
Example 2.46. Recall that in the case n = 15 = 3 - 5, by Example 2.39, we have a

total of 22 — 1 = 3 self-reciprocal polynomials.

{Ji5.a(2)} ={r -1,

2

zr—x—1,
22—z +4,
22—z +1,

x4—a:3—|—x2—x+1,

ot — 2 —42? + dx + 1,
=42 v+ 1,

=" 42—t 1)

The self-reciprocal polynomials have again been underlined for emphasis.

Example 2.47. If we take n = 105 = 3 -5 -7, then the set {Ji05 z(x)} will contain
exactly 23 — 1 = 7 self-reciprocal polynomials. The degrees of these self-reciprocal
polynomials will be, in descending order, 48,24,12,8,6,4, and 2. Due to its size,
we refrain from listing the entire set of Cyclotomic Subgroup-Polynomials in this

example.

For the integers that do not conform to one of the three specific cases of Theorem

2.44, the values presented in the theorem represent a lower bound. For example, if
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n = Ap® with (A, p) = 1 then we would have at least an additional [d(p—1) - (a— 1)]

monomials and/or self-reciprocal polynomials.

2.9 Gauss Period Sums

Let Fpo be the finite field with p* elements for an odd prime p and let g be a primitive
root modulo p® i.e., g generates the cyclic group (Z/p“Z)*. For any divisor d|(p—1),

we write p — 1 = dm; then Barcanescu [6] defines the Gauss d-periods to be

77]: Z gﬂl’ j:O71727"'7d_17

ze{ghd+ti:k=0,1,....m—1}

where ( is a fixed primitive root of unity of order p. In [47], the author calls these
n;, “Gauss sums” as a convenient terminology but warns that the term doesn’t agree

with others in the literature.

In certain cases, namely when when o = 1 and we are considering sums over F,,,
these n;’s are the roots of the Cyclotomic Subgroup-Polynomials, a; from (2.1). In
some cases of small degree, this allows us to calculate the coefficients of some of the
Cyclotomic Subgroup-Polynomials. Specifically these cases occur when n = p is an

odd prime and the polynomial is of degree two, three, and four.

To properly state the results regarding the Gauss Period Sums, we must discuss
the ability to write a prime number as a linear combination of two square integers.

These results, due to Fermat and proven by Euler, can be found, with proof, in [7]

and [17].

Theorem 2.48 (Fermat). (i) An odd prime p can be written as a sum of two in-

teger squares if and only if p=1 (mod 4).

(it) An odd prime p can be written as p = x* + 2y?, where x,y € Z, if and only if
p=1,3 (mod 8).

(iii) An odd prime p can be written as p = x? + 3y?, where x,y € Z, if and only if
p # 2 (mod 3).
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We note that when we write p = 22+ 142, p = 22 +2y?, or p = 2? + 3y for integers
x and y, these representations are unique up to the sign of x and y. For proofs of
this, see [48, pp. 167-174], and in particular, Corollary 3.23 and Theorem 3.27 with
d = —12 and d = —8, respectively.

Let p=1 (mod 3) be prime. By Theorem 2.48 we know that such primes p admit
a representation as a sum of an integer square and 3 times an integer square. But if
we consider such a representation p = x? 4 3y? for integers x and y modulo 3, and
use the fact that the only squares modulo 3 are 0 and 1, we can conclude that z? is
congruent to 1 modulo 3. The congruence x> = 1 (mod 3) then implies that z = 41
(mod 3). Finally, by switching the sign of z if necessary, we can assume that x = 1
(mod 3). Tt follows that, with r = 2z, s = 2y we can represent 4p = r>+3s% withr = 1
(mod 3). The notation that will be used in Theorems 2.52-2.54 therefore makes sense.

When considering the general case given by p = 22 4+ ny? for integers x and y and
an arbitrary positive integer n one should be careful, the fact that a prime dividing an
integer of this form need not imply that the prime is of the same form. For example,

consider n = 5: 3|21 =12 + 522 but 3 # 2% + 5y? for integers x and y.

To completely answer the question of when a prime can be written as p = 22 +ny?
for integers x, y and a given positive integer n, is beyond the scope of this thesis, and
we have listed only the results that will be needed for our use. We refer the interested

reader to [17] for a complete and thorough discussion of the subject.

We now list the first few examples of the specific Cyclotomic Subgroup-Polynomials

that will be the focus of this section, grouped by their degrees.

Example 2.49. For an odd prime p, the order |(Z/pZ)*| = p—1 is even and therefore
will have a Cyclotomic Subgroup-Polynomial of degree 2. In this example, H denotes

the unique subgroup of (Z/pZ)* of index 2 in each case. The first few examples of



33

these quadratics are:

Jsu(x) =2+ +1, Jsu(r) =2 +2 -1,
Jon(x) =2+ +2, Jng(z)=2>+z+3,
Jisg(z) =2+ 1 -3, Jirg(z) =2+ 1 —4.

Example 2.50. For an odd prime p = 1 (mod 3), the order [(Z/pZ)*| = p — 1 is
divisible by 3 and therefore will have a Cyclotomic Subgroup-Polynomial of degree 3.
In this example, H denotes the unique subgroup of (Z/pZ)* of index 3 in each case.

The first few examples of these cubics are:

Jr.m(x) =23 4+ 2% — 2z — 1, Jis. () =234 2% —dx + 1,
Jon(z) =2 + 2% — 62 — 7, Jaim(z) = 2% + 2% — 100 — 8,
Jsrm(z) = 2% + 2 — 120 + 11, Jizu(zr) = 2% + 2% — 14w + 8.

Example 2.51. For an odd prime p = 1 (mod 4), the order [(Z/pZ)*| = p —1is
divisible by 4 and therefore will have a Cyclotomic Subgroup-Polynomial of degree 4.
In this example, H denotes the unique subgroup of (Z/pZ)* of index 4 in each

case.The first few examples of these quartics are:

Jsu(x) =a'+2° + 2>+ 2 +1, Jism(z) = 2t + 2% + 22° — 4o + 3,
Jizg(r) =o' + 2 —62* —x +1, Joo () = 2t + 2% + 42% + 20z + 23,
Jar () = ot 4 2% + 5a® 4 Tx 4 49, Ju,u(z) = x4+ 23 — 1522 + 18z — 4.

In papers by Barcanescu [6] and Myerson [47], methods are given to calculate the
coefficients of the polynomial having special cases of Gauss Period Sums, n;, as its
roots. We will introduce a small piece of notation to help list the next few theorems
neatly. Once a prime p is fixed, we take Hy to be the unique subgroup of (Z/pZ)* of

index 2. Analogously we shall use the notation Hz and H, as well.
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Theorem 2.52 ([6] and [47]). For an odd prime p we have

1
oy (2) = 2% + 2 +

Theorem 2.53 ([6] and [47]). Let p = 1 (mod 3) be a prime, and the integer ¢ be
such that 4p = ¢® + 27b* and ¢ =1 (mod 3). Then
p—1 1

I 2—7(p(c—|—3) —1).

Jp.s(x) = 3+ 2% —

Theorem 2.54 ([6] and [47]). Let p = 1 (mod 8) be a prime, and the integer s be
such that p = s* + 4t* and s =1 (mod 4). Then

3(p—1 1
Jor, (1) = 2t + 2° — %xz + E(QS —3)p+ 1):1:
1 2 2
— (p? — (452 — 85+ 6 1).
+256<p (4s s+6)p+

Let p=5 (mod 8) be a prime, and the integer s be such that p = s* + 4t* and s = 1
(mod 4).
Then

1 1
Jpiy(@) = o+ a2 (p+ 3)a® + - ((2s+ p+1)a

1 2 2 )
+ 556 <9p (4s* —8s —2)p+1).

Using Theorems 2.52-2.54, along with computer algebra software, we can solve
for the roots of these polynomials to obtain closed form formulas for the a; found
in (2.1) in terms of parameters that only depend on the prime p. Instead of using
computer algebra software, one may directly apply the classical quadratic formula,
cubic formulas of Cardano and Tartaglia, and the quartic equations of Cardano and

L. Ferrari.
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Theorem 2.55. For an odd prime p, the roots of the Cyclotomic Subgroup-Polynomial

Jp.m, () are

ZELQ = —5 +

where \/E:e%i:\/ﬁ(%) andﬁ:e%m:\/ﬁ(%),

Theorem 2.56. Let p =1 (mod 3) be a prime, and the integer ¢ be such that 4p =
¢+ 27b* and ¢ =1 (mod 3). Then the roots of J, u,(x) are

ld; 2p 1
_’L‘ _— — - —
76 3ds 3’
1 1 di 2
e Lgb P L iVB(fds 2 )
12 3d3 2 6 3d3

where d := 4dpc + 4+/p?c? — 4p3.

Theorem 2.57. Let p = 1 (mod 8) be a prime, and the integer s be such that p =
s +4t* and s =1 (mod 4). Then the roots of J, u,(x) are

1 VP | \2p—2s\p
1’172:——4-—:*:—,
4 4 4
1 P 2p +2s\/p
$34:————:l:—.
’ 4 4 4

Let p =5 (mod 8) be a prime, and the integer s be such that p = s* + 4t? and s = 1
(mod 4). Then the roots of J, u,(x) are
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2.10 Integral Formula for the Constant Coefficient of the Cyclotomic
Subgroup-Polynomial

In [1] and [2], Andrica and Bagdasar present the polygonal polynomials, P,(x), which
they define as follows:

Definition 2.58. For a positive integer n,
Pu(2)=(z—1)(z2 = 1)--- (2" = 1).

The polygonal polynomials are a special case of a more general family of polyno-

mials, also introduced in [1] and [2], defined as follows.

Definition 2.59. For positive integers n, my,ma, . .., my,, and complexr numbers zy, 2o,

.., Zn which satisfy |zx| =1 for k =1,...,n, we define
n

Fatis () =[] = =),
k=1

Motivated by the results of Andrica and Bagdasar, in this section we apply the
methodology found in [2] to provide an integral formula for calculating the constant

coefficient of the Cyclotomic Subgroup-Polynomial J, g (z).

Theorem 2.60. The constant coefficient by of the Cyclotomic Subgroup-Polynomial

Jn.m(x) is given by the integral formula

(2i)N/ . i(Nt+5)
by — ) t o 2) dt
0 = |a1] - |ag| - - - [ay] =/, | |Sm( N) € J

where N is the degree of J, g(x), and o = oy + s + ... + an with arg(ag) = oy, and

ai,...,ay given by (2.1).

Proof. The proof is based on a combination of two proofs found in [1] and [2]. We
begin by scaling the roots a; found in (2.1) to be on the unit circle. We will account
for this change in the final step of the proof. Set A, = \Z_ZI Given equation (2.2), we
want to re-write the difference (z — Ay). We let x = cos(2t) + isin(2t) for t € [0, 7].
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We then have

x— A = (cos(2t) - cos(ozk)> ( — sin ak))
7’“) + 228in (t — an) coS (t—|— %)
= 2isin (t - )< s (t+ 7’“)+isin(t+%)>

= 2isin (t — %) (7).

= —2sin ( ) sin (t

We write jnH(x) to indicate that we have manipulated the original roots of the

Cyclotomic Subgroup-Polynomial J,, g (z). Then

I (x) = Z c;ja? H(x — Ag)
=0 k=1
N e
2i)N H sin ’(HT’C),
k=1

N N
co + chxk = H(:c — Ap),
k=1 k=1
N o
= (2i)N Hsin (t — %) . ei(NtJr?),
k=1
N
= 20N | [sin(t—2)-e (Nt+3)
k=1

Since x = cos(2t) +isin(2t),t € [0, 7], we observe that ¢ = 0 and ¢t = 7 return the

same value for x. Therefore:
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Then, adjusting for our scaled roots as well as integrating a constant function
over an interval of length 7, the constant coefficient of the Cyclotomic Subgroup-

Polynomial J,, g (z) is

@)Y [T o
bo = (Jas] - |az] - - - |an]) / Hsin (t — %) . eZ(NHi)dt’
T Jo 5o
as required, and the proof is now complete. []

We now demonstrate an application of this theorem with an example.

Example 2.61. We saw in an earlier example that Ji7 (141316} (2) = 2* + 2% — 627 —
x + 1. We now use Theorem 2.60 to calculate the coefficients of this polynomial. We

2mi
set w = e17, and we calculate

a; = w + w* + w4+ w' arg(ay) =0
ag = w® + w® + w’ + w' arg(ag) =T
as = w® +w® + w'? + w' arg(az) =0
ay = w® +w + w' +w! arg(ay) = .
We also calculate:
la1| ~ 2.049481178 las| ~ 0.4879283651
las| ~ 0.3441507315 las| = 2.905703545,

so that

|ay| - |az] - |as| - |as] =
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Applying Theorem 2.60, we get that the constant coefficient is equal to

(24)*

|ax| - |az| - |as| - |a4]

/ sin®(t) sin? (t — Z) '@ dt = 1,
0

T

16, using the computer

as expected. We note that the final integral was evaluated to be

algebra system Maple.

2.11 Resultants of Pairs of Certain Cyclotomic Subgroup-Polynomials

In this section we study the resultant of pairs of Cyclotomic Subgroup-Polynomials
of the form J, {1 13(x). The resultant of two polynomials over a commutative ring
is defined to be the determinant of their Sylvester matrix (see, for example, [49, pg.
21]). If the coefficients of the polynomials belong to an integral domain, such as is the
case with the Cyclotomic Subgroup-Polynomials, then we can calculate the resultant

as follows:

Definition 2.62. Let f(z) = a,2" + a,_12" ' + ... + ayx + ag,a, # 0 with roots
Uiy oy -yl and g(x) = bpx™ + @™ + ...+ bix + bo, by, # 0 with Toots
A, A2y ooy Am. Then the resultant of f(x) and g(x) can be calculated as

p(f,9) =arvy, [T (w—N).
1<j<n
1<i<m
The resultants of pairs of cyclotomic polynomials was studied in [3] by Apostol,
and Dresden [18] presented a new proof of Apostol’s result, as well as a related

theorem regarding linear combinations of cyclotomic polynomials. The main result

concerning the resultant of cyclotomic polynomials is the following:

Theorem 2.63 (Apostol). For 0 < m < n integers, we have

pPm) if n/m is a power of a prime p,
P( P, ) =
1 otherwise.

We will now calculate a few resultants of pairs of Cyclotomic Subgroup-Polynomials,

Jng-1,13(x), in the following example.
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Example 2.64. The following resultants were calculated using the computer algebra

system Maple using the built-in Resultant function.

P(Js,{fl,l}, J5,{71,1}) = -1, ,O(Js,{fl,l}, J6,{71,1}) = -2,
P(Js,{fl,l}, J?,{fl,l}) =1, P(Js,{fl,l}, JlO,{fl,l}) = —4,
P(J5,{—1,1}7 J257{—1,1}) =25, P(J5,{—1,1}, J49,{—1,1}) = -1

It seems that the calculated resultants are of the form 41, +p* for a prime p.
We are now ready to state the main result of this section:

Theorem 2.65. For 0 < m < n integers, we have

p(m)

+p 2

if n/m is a power of a prime p,
p(Jm,{fl,l}a Jn,{fl,l}) =
+1 otherwise,

where the signs can be specified in some cases.

To prove this result, we will require a number of identities. To allow for an
uninterrupted proof, we have collected all of these identities, in the order in which

they are used, in the following section preceding the proof.

2.11.1 Useful Results

Throughout this section we will use the Legendre symbol (%) of a and p, defined for
integers a and odd primes p for which p{a to be 1 if 22 = a (mod p) for some x and

-1 otherwise. We begin with a famous result of Gauss; see, e.g., [48, pg. 132].

Theorem 2.66 (Lemma of Gauss). For any odd prime p let (a,p) = 1. Consider the
integers a, 2a, 3a, . . ., ’%1@ and their least positive residues modulo p. If n denotes the

number of these residues that exceed &, then

where (%) 1s the Legendre symbol of a modulo p.
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Next, we quote [48, pg. 142].

Theorem 2.67. We call H a one-half set of reduced residues modulo p if H has the
property that h € H if and only if —h & H. Let H and $ be two complementary one-
half sets. Suppose that (a,p) = 1. Let v be the number of h € H for which ah € $.

Then
=)

aH and a$) are complementary one-half sets, and

p

hen S (ﬁ%)

)M

The following product involving differences of the cosine function can be found in

27, pg. 499, Identity (91.2.9)].

Theorem 2.68. For positive integers n, we have

1
5=

[T (st o (222)) = {22 P (e s

n
k=1

\\}
T
n[3
n
=
=
—~
|3
~—
o
n
(@]
—~
<
~—
N
)
<
)
S

where || represents the floor of x.
The following product of the sine function can be found in [50, pg. 753, Identity 3].

Theorem 2.69. For positive integers n, we have

In this section we will also make use of the Mobius function p(z) defined on the
positive integers. For the definition of the Mobius function and some of its properties,

see e.g. [48, Section 4.3]. We quote the following from [48, Section 4.3]:
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Lemma 2.70. For positive integers n and divisors d of n, we have

0 o n#l,
p(d) =
(ﬂzn 1 if n=1,

and

> nld)= = en).

dln
Lemma 2.71. For positive integers n and divisors d|n, we have
1 \H(d)
()" i 3 odd
2 .

=2
dn (21’2%)“(60 if 4 even

Proof. Due to the common base 2 in both of these products, we can combine them

into a single exponent: If we set

then

d

P — <2220dd %_Qld—"_Z%even 1_2721>#(d) )

Now we use the fact that as d ranges through the divisors of n, the value % also
ranges through the divisors of n. We also clear the denominator in the exponent by

multiplying the exponent by 2 and adjust by taking the square root:

P = (2Zdodd 1542 deven 2= 5 ) “(d)>

/
N|=

— (2% w(d)%&u(d))%
2

where we have used Lemma 2.70. This completes the proof of Lemma 2.71. O
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Lemma 2.72. For positive integers n, we have

251) v

oy i n=p%
G(n) = H sin (%k) = 225
=1

2

1 . «
k=1,(k,n) 2(p(n) if n#p.

2

Proof. We begin by applying a multiplicative version of the M&bius inversion formula

to Theorem 2.69, as given in [41]:

125+

11 .(wk)_n<2122 n>“<d>
:15111 7 = E .

k=1,(k,n) dn

To prove the lemma, we need to consider the product

N ( g) (d) 0

din

for the two cases n = p* and n # p*. Let n = p{*p5?---p% and consider the set
S = {p1,p2,...,ps}- As we apply the Mobius function to the divisors of n, we are
applying it to every non-empty subset of S as well as the case d = 1. If the given
subset is of odd order, then pu(d) = —1 and it will contribute to the denominator of
our product. If the given subset is of even order, then p(d) = 1 and it will contribute
to the numerator of the product. We also note that, as the index ranges over the

divisors of n, we can replace % with d.

Case 1 (n = p®): In this case, S = {p} and the product in (2.3) has two factors:

H( g)u(d): flzx/ﬁ

dln

as required.

Case 2 (n # p®): In this case, |S| > 1 and we consider two cases separately, based
on the parity of |S].
Sub-case 1 (|S| is even): Let [j] denote the set of all possible quotients % by subsets
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of S of order j. Then the product (2.3) becomes

We pair the quotient (n) which corresponds to the case d = 1 and the quotient

7’L2
p1eps’

quotients in the set [s — 2] to get (3) copies of

[s] to get

then we pair the (5) quotients in the set [2] with their matching
n2
P1Ps

, and we continue this way in

2 .
™ _ in the
P1Ps

the numerator and denominator. To verify that the number of copies of

numerator and denominator are equal, we use the binomial formula

e (e (2 ()

Therefore

H( g)u(co .

dn

as required.

Sub-case 2 (|S| is odd): Then the product becomes
\/(n)[2][4] e [s— 1]
[AIE]--- sl

We proceed in a similar fashion to the above sub-case, but this time we count the

number of times any given p, is in each [k]. Let p, be fixed; then there are (Zj)

quotients in [k] that contain p, for each k. To verify that the number of copies of

712
P1-Ps

in the numerator and denominator are equal we use the binomial formula

(1—1)8—1:1_(szl)Jr..._(Sil)Jr(z:D:0.

Therefore
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dn

as required. We have thus dealt with all cases, and the proof is complete. O

2.11.2 Proof of Theorem 2.65

We begin by considering the following resultant for arbitrary positive numbers m and

n with n > m:

27 2mig
P(Jm,{—1,1}, Jn,{—1,1}) = (eTk — 67>

B(n)o(m) - = 21k 21j
-9 AL I AR
T (e () ()

From here, we will consider separate cases of the values of m and n to prove our

result in general.

In the special case when n = p, m = ¢, are distinct odd primes we have

p—1

p—1l g—1
2 2 .
(p=1)(g=1) 2rk 2mj
p(Tpicray Joicrap) =2+ []]] <COS <—> — cos <—>>
! ! k=1 j=1 p q

w(@)=(®) o

by Theorem 2.68. Next, we simplify the terms of (2.4) to get

[NIES
[S]N<}

p—1

(p-1)(a-1) 1
It
k=1

p(<]p7{_],]_}7 Jq7{_171}) et —k —
k=1 Sln (“ )
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by Theorem 2.67, as required. In the special case when m = p and n > 1, we have

252 :
n)(p— 2 k 2
LT (oo () - o (2)
n P

P(Jn,{q,l}, Jp,{fl,l}) =2
k=1,(k,n)=1j=1
é(n)(p—1) L2 | 1 7wk 7k
=92 i 2375 &j — — .
H 2281n(pn>csc(n>, (2.5)
k=1,(k,n)=1

by Theorem 2.68. Next, we simplify the terms of the product (2.5) and consider the

three possible relationships between the integers m and n:

n—1

JEn sin (p—)

P(Jn,{—1,1}7 Jp,{—l,l}) =
k=1,(k,n)=1
(%) if (n,p) = 1 by Theorem 2.67,
= L2t ( ak
1T :2 ny—q Sin(p7F .
o ) if (n,p) >1
.
+1 if (n,p) =1,
() G(n e(n) : n o
_ +q7 ggn; = 4¢3 if (n,p) > 1 and o =4,
+1 if (n,p) > 1 and + is not a
\ prime power by Lemma 2.72,

as required.

Now that we have considered these special cases of positive integers m and n, we

return our attention to the general case. We have

o(n)p(m) LEJ LmTflJ ok o
A ) =2 (s (5F) o= (5))
k=1,(k,n)=1j=1,(j;m)=1

T m u(d)

$(n)s(m) | (2%_@ sin (% %k) cse (%)) ’
o H H 1-33 si k 2k \ ) H(d)

k=1,(k;n)=1dm | (2" 2d sin (% . %) P (%)) ’

(2.6)

where on the right-hand side the two terms hold for % odd, respectively even, and
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where we have applied the multiplicative version of the Mdbius inversion formula

found in [41] and Theorem 2.68. Simplifying the terms in the product (2.6) we get

%5 sin (2 . TE) cgc (TR wd) . odd
(o1}, Imf-11}) = H H ( ' (i - 50) ese (5)) (d) ;
k=1,(kn)=1 d|m (sm (% . %) csc (Q’nr—k)) , 7 even
(1 if (%,n)=1, % odd,
1 if (F,n)=1, % even,

where G(n) is defined in Lemma 2.72. Hence

1 if (n.m)=1,
P(Jng-1.1}> Img-11}) = :I:p@ if (nm)>1,7=p°,

+1 if (nm) > 1,2 #p°,

as required. The proof of Theorem 2.65 is now complete.

We conclude this section by noting that we found no results similar to Theorems
2.63 and 2.65 for the resultants of Cyclotomic Subgroup-Polynomials when the order

of the subgroup H < (Z/nZ)* is |H| > 3. We demonstrate this with the following
example.

Example 2.73. For varying values of positive integers n such that 3 | |(Z/nZ)*|, we
calculate the following resultants:

P(J7,{1,2,4}($C), Jg,{1,4,7}(37)) =4,
P<J7,{1,2,4}(13)> J14,{1,9,11}(9€)) =8,

P(J7,{1,2,4} (56'), J13,{1,3,9} (96)) = 53,

p(Jr124(@), Jio 17,113 (x)) = 539,

P<J13,{1,379}<x)7 J147{1,9,11}<5U)> =179, P(J14,{1,9,11}(175)> J19,{1,7,11}(9€)) = 1939,

with no apparent pattern and/or result.

Remark: The resultant in Theorem 2.65 can be re-written in two ways that may
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be useful in studying identities involving the Chebyshev polynomials, and which was

interesting to the author.

n—1

2
$(n)e(m)
P(Jm11y Info11y) =27 1 H
k=1,(k,n)=1 djm (21_%U%_1 (cos (2”’“)))“(60 , 2|2

n d

_ g st e )
_ ; ) n m n m

(2%_%U%_1 (cos (”—k))>u(d)a 2 [

n

2.12 The Irreducibility of J, y(z) Revisited

In this section, we will provide an alternative proof that the Cyclotomic Subgroup-
Polynomials are irreducible when n = p is an odd prime and H < (Z/pZ)*. Similarly
to the cyclotomic polynomials ®,(x), we will show that J, i (x) satisfies the Eisenstein

criterion for an odd prime p.

We will adopt the same notation as was used in the Section 2.9. That is, we write
p—1=md, with d > 2. We also write J, y(z) = a,z" + 12" P+ .+ a1 + ap.
We apply two transformations to our polynomials J, y(x): first we replace x with

rz—1

and then we multiply the polynomial by the constant n™. We illustrate these
transformations by applying them to the polynomials of Example 2.23 in the following

example.
Example 2.74.

Jim (@) =0n(z) =20+ 2 + 28 + 2" + 2% + 2+t + P+ 2P x4+ 1
— 210 4+ 5528 + 44027 + 517025 4+ 564082 + 6209502+
68301202> + 7513148522 + 826446280z + 9090909091.

J11,H2($) =+t — 42— 322 +3x+1
— 2° — 1102% — 5522 + 2310z + 979.
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Jim(r) =2+ +3
— 2411

We note that all the modified polynomials in this example are 11-Eisenstein. This

i1s no coincidence:

Theorem 2.75. Ifp is an odd prime, then the polynomials J, g () become p-FEisenstein

polynomials for all proper subgroups H < (Z/pZ)* when x is replaced by “=2 and the

n

polynomial is multiplied by the constant n", where n = deg(J, u(z)) = [(Z/pZ)* : H].

Proof. We break this proof into two parts. We begin by showing that p divides all but

the leading coefficient. Then we show that p? does not divide the constant coefficient.

Part 1. We transform J,, ;y(z) by defining g(z) = n"J, i (). Then

n

= (o (52) - (552 (552 + o)

= Zn"‘jaj(x —1)7.
=0
Now write g(x) = b,z + ... + byx® + byw + by. Then

b, = zn: nnk (IE) (—1)*

k=i

_ kgd;d () v (0 Jmta| - o)

. 1
since d = 7’7. Then we have:

b, = zd:dd—k—1<_1)d+1—imd—k:—1 k d
' 1) \d—k

k=i
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where we have used the binomial coefficient formula (lf) ( dik) = (f) (j:li). Continuing,

we get:

&
=<—4>di(f);:;«=wk(d;”)
=0 () s o
=0 (mod p),

for i # d, as required. Note that the case i = d corresponds to the leading coefficient

which is 1.

Part 2. In this part of the proof, we will make use of a result of Barcanescu found
in [6].

Lemma 2.76 (Barcanescu). For an odd prime p and non-empty subsets My, My, ..., M, C
F,, define

{1,C4,...,Cqr} = #{(x1,...,2,)|x; € M, and ij =0}.

Then, with p — 1 =md,d > 2 we have

1
a’O(p7 d) = E (p ' {17017 B 7Cd71} - mdil) .

The important aspect of this lemma for us is: For a fixed odd prime p and proper

subgroup H < (Z/pZ)*, the constant coefficient of J, () satisfies

to= (A= mt),

where p — 1 = dm and A is a positive integer 0 < A <m - (d — 1).
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Suppose, towards a contradiction, that ag = 0 (mod p?). Then

p-A—mT!'=0 (mod p?),
=p-A=m"1+ Bp?
=m®T! =p.- A— Bp*

= plm® .

This is a contradiction since p—1 = md and p fm. This implies, in turn, that by & 0
(mod p?) and combined with part 1 we have shown that g(z) is Eisenstein for the

odd prime p, as required. O

2.13 Congruence Property

One of the properties of the cyclotomic polynomial is the fact that if n = p™, then
®,(z) = ®,(z"""). This is not true for every Cyclotomic Subgroup-Polynomial, as

we will see with the following example:

Example 2.77. We set p = 5 and take n = p? = 25. If we choose H < (Z/pZ)* to
be H = {1,4}, then Js y(x) = 22 + z — 1. The associated subgroup having the same
order H' < (Z/25Z)* such that |H'| = |H| is H' = {1,24} and we have

Jos i (2) = 2% — 102® + 3528 + 2° — 502 — 52® + 2527 + 5z — 1.
We observe that
s (2°) = 210 + 2° — 1 # Jos ().
However, we do note that
Jos i (z) =2 +2° — 1 (mod 5).

As it turns out, this is not a coincidence.

As we just saw, we do not have the direct equality that we desired; however, we

have the following analogue:
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Theorem 2.78. If n = p™, then for each subgroup H < (Z/pZ)* and associated
subgroup H' < (Z/p™Z)* such that |H'| = |H|, we have

Tyn () = T (27" ) (mod p).

To prove Theorem 2.78, we will make use of the following theorem (this theorem
adds only a small variation to Theorem 2.3), which can be found in an Abstract

Algebra reference such as [30, pg. 35|, for example.

Theorem 2.79. All subgroups of a cyclic group are cyclic. If G =< g > is a cyclic
group of order m, then for each divisor d|n there exists exactly one subgroup of order

d and it can be generated by the element g4.

We now return to our proof.

2mi

Proof of Theorem 2.78. Let us denote w := e» and a := €>™/P". We begin by
noting that if the element h generates the subgroup H < (Z/pZ)*, then b/ = h?"""
(mod p™) generates H' < (Z/p™Z)*. That is,
/ m—1
a" = a" (mod p™)
— g"Pm=1) — " = b (mod p).

The roots of J, g and J,m g are of the form w2nen " and of the form aXwen’ | where
the index runs through the coset representatives of H and H’, respectively. If we then
apply the congruence a” = w" (mod p) to each term in the summand defining the

roots, we get the required polynomial congruence. O

Let us illustrate this theorem with our recurring example from this subsection:

27i

Example 2.80. We set p = 5,n = 52 = 25,w = e 5, and a = e%. We take
H < (Z/5Z)* to be H = {1,4}. The unique subgroup of order 2 H' < (Z/25Z)* is



= {1,24}. We then calculate:

°=1=1 (mod 25),
2°=32=7 (mod 25),

3° =243 =18 (mod 25),
4° =1024 =24 (mod 25);

2
w' +w! —2008(27;) w2+w3:—2008(g);
11
a' + a* —2cos(27g) a’ +a'® = —2 cos( 2;)

Then

Jsay(2) =2 + 2 — 1,
Jos 124y (2) = 2" — 102° + 352° + 2° — 502" — 52® + 252% + 5z — 1
=" +2° -1 (mod 5)
= Js,{1,4}(335)>

as required.

2.14 Roots

The aim of this section is to discuss the roots of the Cyclotomic Subgroup-Polynomials

for different values of n and subgroups H < (Z/nZ)*. We start by considering the

roots of of the polynomials calculated in Example 2.10.

Example 2.81. As was calculated in Example 2.10, we have:

Jom@) =2+ 2%+ttt o+ L
o, (7)) = 2° + 2% — 20 — 1.
o, (7) = 2% + 2+ 2.

Jrp,(x) =2

Plotting the roots of J, i, (), we have:
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15
e ]
L] 1A
. 0.5 05 ]
15 -1 -05 0 05 1 LS -2 -1 0 1 2
. ~05] -0.5
L] _l -
e
-1.51
(a) Roots of J7 m, (b) Roots of J7 m,
21 1
1 0.5
N . 0 : . : .
-15 -1 -05 0| 05 0.5 1 L5 2
-1 -0.5
_24 1
(c) Roots of J7 m, (d) Roots of J7 m,

Figure 2.1: The Roots of {J7 5 (%)} n<z/72)x

We note from this example that J7 i, (7) seems to have either all real roots or no
real roots. This particular behaviour of the roots of J, i, () seems to depend entirely
on the parity of the order of the subgroup H; < G,j5 = 1,2,3,4. We now formally

state these observations for a general odd prime p.
Theorem 2.82. When |H| is even, J, y(x) has only real roots.

Proof. H is a finite cyclic subgroup of even order and is therefore isomorphic to

(Z/2mZ) for some integer m. Then every coset of H is a scalar multiple of the
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underlying set of (Z/2mZ) and we can consider a general root ag. Writing w = e =

(cos (%) + 7sin <27’T)>, we see that each root ay, as defined in (2.1) and appearing

in the product (2.2), will have imaginary part equal to 0 since sin(—6) = — sin(0).
Indeed,
heH

This shows that a, € R for all &, as required. O
Analogously, we also have:

Theorem 2.83. When |H| is odd, J, y(x) has no real roots.

Proof. H is a finite cyclic subgroup of odd order and is therefore isomorphic to
(Z/(2m + 1)Z) for some integer m. Then every coset of H is a scalar multiple of
the underlying set of (Z/(2m + 1)Z) and we can consider a general root aj. As we
did in the previous proof, we write w = s = cos <27”> +1sin (%’T) and see that each
root ag, as defined in (2.1) and appearing in the product (2.2), will have at least one
non-zero imaginary part since the “pairing” that occurred in the previous proof will

not occur in (Z/(2m + 1)Z).

a, = Z whh

heH

() ()

J=1

e () (] o () o ()

Jj=2

We have separated the first term from the remainder of the that defines a; just to
emphasize the presence of at least one imaginary term. This shows that a, ¢ R for

all k, as required. O
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We plotted the roots of J, y(x) for various values of primes p and different sub-
groups H related to the congruence class of the prime p. When we have nonreal
roots, it appears that the roots of these polynomials are filling out a distinct pattern
but no limiting curve is apparent. Whether J,, y(x) has real roots or nonreal roots,
it appears that the roots of these polynomials are bounded in modulus by a bound

depending on the order of H.

Example 2.84. Let the subgroup H < (Z/nZ)* be such that |H| = 2. Then we

know each root in J,, g(z) is of the form a; = 2cos («) for some real number «, so

27i

that |ax| < 2. Recall from Example 2.10 that Hy = {1,6} < (Z/7Z)* with w = €7 .

For J; p,(x), we have

a1:w+w6:2008(

N———

a2:w2+w5:2cos(

SIS S8 Iy
S~—

N———

as = w’ + w? :2008(
This example can be generalized to give a rough bound for the modulus of the roots

in the general case based on the parity of the order of the subgroup H < (Z/pZ)*:

Theorem 2.85. (i) Let H < (Z/pZ)* be of even order, |H| = 2m. Then the roots

of Jpu(x) all lie in the interval (—2m,2m) on the real line.

(1) Let H < (Z/pZ)* be of odd order, |H| = 2m + 1. Then the roots of J, y(z) all

lie inside the circle |z| < 2m + 1 on the plane.

Proof. (i) As in the proof of Theorem 2.82, for each k = 1,2,..., ”z;ml, we have

() e (3) () (2]

Since |cos(f)| < 1 for all 5 € R, we see that |ag| < 2m, as required.
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(ii) As in the proof of Theorem 2.83, for each k = 1,2, ... we have

p—1
) 91
|ak| _ thkh
heH
2m—+1

‘(cos( » ) +zsm< » )))
j=1
2 s (2m 27 (2m+1) .. 27 (2m+1)
< ‘(cos(p) —i—zsm(p))‘—i—...—k‘(cos(—p )—l—zsm(—p ))‘

Since ‘(cos (%) + ¢sin (%))’ < 1 for all j, we see that |ax| < 2m + 1, as

<

required.

]

The bound on |ag| is sharp in the sense that there are roots ay that get arbitrarily
close to the values +2m on the real line in the even order case and arbitrarily close
in modulus to +(2m + 1) in the odd order case. To see this, consider the function
coS (%), which tends to 1 as p tends to infinity when k is bounded and sin <2]’:7k>
which tends to 0 as p tends to infinity when £ is bounded.

We now turn our discussion to the location of the roots of J, y(r) when H <
(Z/pZ)* is of odd order. In this case, the roots do not appear to be contained in any

particular region. We illustrate these observations with our next example.

Example 2.86. If we take p = 31 and calculate J3; g () for subgroups H < (Z/317Z)*
of odd order, we get:

H, ={1,2,4,5,7,8,9,10, 14, 16, 18, 19, 20, 25, 28},

J31’H1 (SE) = Q?Q + x4+ 8,

Hy ={1,2,4,8,16},
Js1,m, () = 28+ 2% + 32 + 1123 + 442® + 362 + 32,



Hs ={1,5,25},

a1 g () = 210 + 2% + 22% — 1627 — 925
,413

Hy = {1}7

— 112° + 432" + 62° + 6322 + 20z + 25,

J31,H4 (.T) = CI)31 (!I?)

The zeros of these polynomials are plotted in the following figure:

(a) Roots of Js1 g,

34

(c) Roots of Js1, 5,

Figure 2.2:

t e e

-1.57

(d) Roots of Js1,m,

Roots of {Js1, 1 ()} n<(z/312)



Chapter 3

Certain Classes of Quadrinomials

3.1 Background

For a positive integer n, the n'® cyclotomic polynomial, denoted by ®,(z), is the
unique irreducible polynomial in Z[z] that divides ™ — 1 but not ™ — 1 for m < n.

In the special case that p is an odd prime, the cyclotomic polynomial takes the form
dy(r) =Y dF=1+a+22+. . faP ! (3.1)

and the roots of this polynomial are the primitive p'* roots of unity (equally spaced
around the unit circle without # = 1). One variation on the general n'* cyclotomic
polynomial is obtained by keeping the leading coefficient equal to 1, but replacing the
remaining coefficients with an arbitrary positive integer c¢. In his investigation into

the factorization of such polynomials
fol@)=2" +cx" P a4 -+ cx+c€ L), (3.2)
Harrington [28] posed two main questions:
(1) For what positive integers n and ¢ is f,(x) irreducible?
(2) If f,(x) is reducible, then how does it factor?

For particular values of ¢, these questions have been answered. Indeed, if there
exists a prime p such that p|c but p?> /e, then the Eisenstein criterion applies and
we conclude that f,(z) is irreducible. If ¢ = 1, the two questions become questions
related to cyclotomic polynomials and their answers are known. Harrington [28]
answers these questions in general for values of ¢ satisfying ¢ > 1. His main results

are as follows:

29
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Theorem 3.1 (Harrington). Let n, ¢, and d be positive integers withn > 3,d # ¢,d <
2(c — 1), and (n,c) # (3,3). If the trinomial h(x) = 2" & cx"' £ d is reducible in
Z[x], then h(x) = (x & 1)g(x) for some irreducible g(x) € Z[x].

This theorem is then used to answer the two initial questions with the following

theorem below.

Theorem 3.2 (Harrington). Let n and c be positive integers with ¢ > 2. Then the

polynomials

n—1
flx)=2a"+ Z ca?, g(x) =a" + Z(—l)”_jcxj,
=0

]:
n—1 n—

h(z) = 2" — Zc:vj, k(x) = 2" — Z(—l)”‘jca:j,
=0 =0

are irreducible in Z[x] with the exceptions of f(r) = z* + 4z +4 = (z + 2)* and
g(x) =2 —dz+ 4= (z — 2)°

It is the purpose of this chapter to obtain analogous results for the modified case

concerning polynomials of the form
" 4" f e o cr + c € 2, (3.3)

where a and c¢ are positive integers. In other words, we will investigate analogues to
(3.2) with a gap after the leading coefficients. To align our notation with the original

notation found in [28], we make the following definition.

Definition 3.3. Let n,c and a be positive integers with ¢ > 2 and a < n. Then

denote:
n—a—1 n—a—1
fre@) =a"+ 3 e g@) ="+ Y (1) e
7=0 7=0
n—a—1 n—a—1

hy(e) =a" = Y e, Kaf(a) = a" = 3 (=) e,

J=0 J=0
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3.2 Irreducibility

In pursuit of an analogue to Theorem 3.1, we can multiply (3.3) by a linear factor
(x £ 1). However, in this case, instead of the resulting polynomial being a trinomial
we actually get a quadrinomial. More specifically, our resulting quadrinomials are of

the form:

(x — 1) fo%(z) = 2™ — 2" + 2™ — ¢,

ac " g —ca" " +c if n—a=0 (mod2),
(z +1)gy“(x) =
" e +c if n—a=1 (mod2),

(x — D)h2(z) = 2™ — 2" — 2™ + ¢,

"t —c if n—a=0 (mod2),
(z + Dk () =

gt —cx™—c if m—a=1 (mod?2).

Unlike the case with Theorem 3.1, we are unable to determine the factorizations
of these quadrinomials in the most general case. We will make an additional comment

regarding an analogue to Theorem 3.1 in the conclusion of the thesis.

Similar to the case with Theorem 3.2, there are special factorizations of f, g, h®¢

n 1'%

and k¢ that are known. For example, when ¢ = s" is a perfect n'* power, we have:

" —c=(x—s) (" F "2+ 2" 4 s, (3.4)
2"+ c=(r+s) (" —sa" 2+ 572" — ..+ ") if nis odd. (3.5)

Already this contrasts with Theorem 3.1 in the sense that we have infinitely many
exceptional cases. These are not the only reducible cases of ¢ g&¢ ht¢ and k> as

n *'%n

we will see in the following example.

Example 3.4. We have the following factorizations of fo®(x) and h3®'(z) respec-
tively:
3,8

0% (x) = 2% + 82 + 8z + 8 = (2% + 22 + 2)(2* — 22° + 222 + 4),
ho® () = 2® — 81z — 81 = (22 + 3z + 3)(2® — 32° + 62* — 9% + 92 — 27).
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This begs the question of whether we can say anything about the irreducibility of

a,c

e oghe he¢ and k3¢ If we fix an odd prime p that divides ¢ and we consider the

n

Newton polygon for either of these polynomials, we see that it is comprised of the

line segment connecting (0, v,(c)) to (n,0):

If we have ged(vy(c),n) = 1 then there are no integer lattice points inside the
line segment and by using Theorem A.12 and Corollary A.13 we conclude that the

polynomial is irreducible. This gives rise to the following lemma.

Lemma 3.5. Let f*°(x),g%(x),h®(z), and k»“(x) be as in Definition 3.3. If
there exists a prime p such that plc and ged(n,vy(c)) = 1, then the polynomials

foc(x), g@c(x), h&(x), and k%°(x) are irreducible.

It is important to note that this lemma is not an if and only if statement. That is,
there exists irreducible polynomials of the form of f, gi¢, h®¢ and k2 such that for
every prime p|c, ged(n,v,(c)) > 1. One such example is the irreducible polynomial

2T (2) = 28 + 27 + 27.

In the case that ged(vy(c),n) > 1 for all primes p|c, we cannot use Corollary
A.13 since the line segment in question will contain integer lattice points. However,
Theorem A.12 and the Newton polygon can give us some information and shed light
on possible factors of these polynomials and help determine reducibility. We demon-

strate this in the following example.
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Example 3.6. Let p be a prime and consider the polynomial fg™” 4(:c) = 25 +ple+pt
We then have ged(n,v,(c)) = ged(6,4) = 2 and the Newton polygon is the line
segment joining the points (0,4) and (6,0) which contains the integer lattice point
(3,2). This tells us that if this polynomial factors, it factors as two cubic polynomials
where p? divides the constant coefficient and the coefficient of z and p divides the

coefficient of z? in each one. That is,
07 (a) = (¢° + Apa® + Bp®z + Cp?®) (2 + A'ps® + B'p*x + C'p?) . (3.6)

Comparing the constant coefficient on both sides of (3.6), we see that C' = C" = 1.
We then have

a7 (2) = (a8 + Apa® + Bp*a + p%) (o8 + A'pa® + B’ +p?) . (3.7)
Comparing the coefficient of 2° on both sides of (3.7), we see that A’p + Ap = 0 or
A" = —A. We then have

3’7’4 (x) = (.733 + Apx® + Bp*z + p2) ({E3 — Apa® + B'p*z + p2) ) (3.8)
Comparing the coefficient of 2% on both sides of (3.8), we see that B'p?+ Bp*— A%p? =
0 or B'+ B — A? = 0. Comparing the coefficient of 2% on both sides of (3.8), we see
that 2p* + AB'p® — ABp® = 0 or —Ap(B' — B) = 2. This last equation indicates to
us that if our system of equations has a solution (i.e., fé P (x) is possibly reducible),

the only option is p must be equal to 2. We substitute p = 2 and see that indeed:

16(2) = 2% + 162 4+ 16 = (2 — 222 + 4)(2® + 222 + 42 + 4).

This example allows us to state the following lemma:

Lemma 3.7. Let p be a prime and fél’p4 (x) = 25+ plz +p*. Then fé"p4 is 1rreducible

for all odd primes p and reducible for the prime p = 2.

To illustrate that this type of argument will not work in the most general case,
consider the polynomial f,7 ’37(x) = ' + 2187z + 2187 which is reducible and factors

as a product of an irreducible quadratic and an irreducible polynomial of degree 12.
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We will now consider another example illustrating the use of Newton polygons to

help determine the irreducibility of f; a’pt ().

Example 3.8. Let p and ¢ be distinct primes and consider the polynomial fé v (x) =
2% + ¢@px + ¢Ap*. If we consider the Newton Polygon for this polynomial with re-
spect to ¢ we see that it is comprised of the line segment joining the points (0,3) and
(6,0). This line segment contains the integer lattice points (2,2) and (4, 1) which in-
dicates that if this polynomial does factor, it will do so as a product of an irreducible
quadratic and an irreducible quartic or as the product of three irreducible quadratics.
If we consider the Newton Polygon for this polynomial with respect to p we see that
is comprised of the line segment joining the points (0,4) and (6, 0). This line segment
contains the integer lattice point (3,2) which indicates that if this polynomial does
factor, it will do so as a product of two irreducible cubics. Since there is no way
to reconcile these possible factorizations, we conclude that this polynomial must be

irreducible.

The argument presented in this example was actually independent of the param-
eter a and allows us to state the following lemma.

Lemma 3.9. For distinct primes p and q and integer 0 < a < 5 the polynomial

a,q3-p*

6 (x) = 25 + @pla"=t + ..+ @pta + ¢@p* is irreducible.
We now generalize the previous example for a special form of the integer c.

Example 3.10. Consider the polynomial f3°(x) where ¢ = p§ - pi® - pl® for distinct
primes pq, pa, and p3. We have n =30 =2 -3 -5 and ged(6, 10, 15) = ged(2, 15) = 1.
If we consider the Newton polygon of pi, ps, and p3 respectively we see that if f5°

was to be reducible:

(i) f30° must factor as a product of at most 6 irreducible factors and the degree of

each factor needs to be a multiple of 5,

(i) fs° must factor as a product of at most 10 irreducible factors and the degree of

each factor needs to be a multiple of 3,

(iii) f5° must factor as a product of at most 15 irreducible factors and the degree of

each factor needs to be a multiple of 2.
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It is not possible to reconcile the conditions (i) — (i7i) simultaneously and f3°(z)
must be irreducible. However, considering any two of the prime powers comprising c,

we cannot conclude that the polynomial must be irreducible.

We conclude this section by formalizing the argument presented in the previous

example.

Theorem 3.11. Let n and a be positive integers such that 0 < a < n — 1 and let
c = pi'ps? - pir for distinct primes pi,pa,...,pr, ged(ay, g, ..., ) = 1. Then

foc(x) = o™+ x4 4 cx + c is irreducible.

Proof. If there exists a prime p|c such that ged(n, v,(c)) = 1, then f°(x) is irreducible
by Lemma 3.5. Suppose ged(n,v,,(c)) > 1 for i = 1,2,...,r. If we consider the
Newton polygon for a fixed p; it consists of the line segment joining the point (0, c;)
to the point (n,0). This line segment contains ged(n, ;) = a;-many integer lattice
points. This tells us that if f¢(x) is reducible, it will factor as a product of up to
a;-many irreducible factors each with degree that is a multiple of n/a;. To reconcile
these factorizations for every p; simultaneously, we would at least need to have a
factor that divides each «;. Since ged(ay, s, ..., ;) = 1, there is no way to reconcile
these factorizations for each p; and therefore we conclude that f*¢(z) is irreducible,

as required. 0

We note that Theorem 3.11 also holds for the polynomials g%¢(x), h%“(z), and

k&¢(x) under the same conditions; the proof is identical to the one above.

3.3 Roots

While initially studying and plotting the roots of f2¢(x), we noticed that the roots
appear to be sitting on what at first sight appear to be two concentric circles around
the origin: A first “(inner) circle” that looks to be the unit circle and a second (outer)

“larger circle”. We demonstrate this behaviour with an example:

Example 3.12. Consider f,;"(z) = 2% +12-3.!7 2" The following diagram is an

illustration of the roots of fi:'*(z) in the plane:
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Figure 3.1: Roots of fi:'*(z)

Varying one parameter while keeping the other two parameters fixed affects the

roots in the following manner:

e Fixing the parameters a and ¢ while increasing n fills more roots on the the

inner “circle”.

e Fixing the parameters n and ¢ while increasing a fills more roots on the outer

“circle”.

e Fixing the parameters n and a while increasing c¢ increases the diameter of the

outer “circle”.

As we will see, the inner “circle” and the outer “circle” are not actually circles,
as is easy to verify numerically, but will converge to circles for large values of the
parameter n. The roots of f*¢(z) are converging to these two regions, and because
the set |z| < R is a compact set for a real number R, we are facing a question of
convergence of polynomial roots on a compact set. The following theorem of Hurwitz

gives the conditions for convergence in this case; see, e.g. , [40, pg. 4].
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Theorem 3.13 (Hurwitz). Let f,(z) (n =1,2,...) be a sequence of functions which
are analytic in a region D and which converge uniformly to a function f(z) #Z 0 in
every closed subregion of D. Let ( be an interior point of D. If ¢ is a limit point of
the zeros of the f,(z), then C is a zero of f(z). Conversely, if ( is an m-fold zero of
f(2), every sufficiently small neighbourhood K of  contains exactly m zeros (counted

with their multiplicities) of each f,(2), n > N(K).

Thus, if we can find a function Q(z) such that the roots of f°(x) are converging
to the roots of Q(x) uniformly on a compact subset, we can exactly describe the
limiting curve of the roots of f“(x). Through computational experimentation we

find the visual comparison below.

2 2
..:'lio..' -.:1..:..
- - 0 .2 -2 - 0 i 2
0"._.14.." ..'_01--'.'
-2 2
(a) Roots of (% — 2 +25)(52, 27) (b) Roots of fi3%(x)

Figure 3.2: Comparison of Roots of Degree 50

If the parameter n (degree) is increased, that is, if we add more roots to the
polynomials f®¢(z) and compare them to one another, we observe that the comparison

strengthens.
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Figure 3.3: Comparison of Roots of Degree 100

We now turn to the discussion of the roots of the polynomial Q%¢(z) = (z*™! —
o (S ),
Lemma 3.14. The roots of the polynomial Q%“(z) = (2™ — 2% + c)(z;zg_l z7) can
be described as (n—a—1) equally spaced roots of unity as well as (a+ 1) points inside

the disk || = R for R > 1 depending on c.

Proof. We address the two factors of Qf°(x) separately. The roots of > 7" § 2 are
the (n —a — 1) equally spaced (n — a)th roots of unity. For the roots of the trinomial
2Tt — 2% + ¢, we will use the following three results regarding polynomials with real

coefficients found in [40], pg. 123, 126, 165, respectively:

Theorem 3.15 (Cauchy). All the roots of f(2) = ap2™ + an_12""' 4+ ...+ a1z + ay,
a, # 0, lie in the disk

|z|<1+max%, k=0,1,2,...,n— 1.
Qn

Theorem 3.16 (Birkhoff, Cohn, and Berwald). The root of smallest modulus of

R
T
2n —1

f(2) = apz" 4+ an_12" '+ ...+ a1z + ag, ag # 0, lies in the ring R < |z| <

)
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where R is the positive root of of the equation
lao| — |ar|z — |as|z® — ... = |an|2" = 0.

Theorem 3.17 (Nekrasoff, Kempner, Herglotz, and Biernacki). The trinomial az™ +
2P +1 fora € R, n,p e N with0 < p<mn, has at least one root in each of the sectors

2 1
Arg(z)—Mg , k=0,1,....,p—1.

S

We apply Theorem 3.15 to conclude that the roots of 2%t — 2 + ¢ lie inside the
circle |z| < 1+ |¢|. We then apply Theorem 3.16 to conclude that all of the roots of
29T — 29 + ¢ satisfy |z| > 1. Lastly, to apply Theorem 3.17, we note the following

transformation:

q(z) = bz £ 27 1,

() )

1
— (_1)a+1b—a(za+1 —z2%) + 1.

This implies that
_(_K\a Y e+l _a _ (_1)\a
(—b) q( b> =z z (—b)“.

If we set ¢ = | — (—b)?| (replacing b with —b if necessary) we can now apply Theorem

3.17 to the trinomial z* — 2% + .

Putting it all together, we have shown that the roots of Q%¢ are made up of
(n —a — 1) roots of unity and an additional (a + 1) roots that lie in the disk 1 <
|z| < 14 ¢ and have angular distribution as described in Theorem 3.17. We have now

demonstrated all of the required properties and have proven Lemma 3.14. O

We are now in a position to apply Theorem 3.13 to f&¢(z).

Theorem 3.18. For fized natural numbers a,n,c with 0 < a < n, the roots of the
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polynomial f&¢(x) = 2™ + cx™ %1+ cx" 2 + e 3 + .- + cw + ¢ converge to the

roots of the polynomial (x*™ — 2%+ ¢) and to the unit circle as n — oo.

Proof. We begin by noting the identity

fo(z) =a" +ecx™ T dea" P4 der+c

= (2" — 2% +¢) ( _Z_ xj> + x. (3.9)

J=0

We set N =n —a — 1 and note that as n — oo, N — co. We re-write (3.9) as

foi(x) = (Tt — 2% 4 ¢) (Z xj) + z¢ (3.10)

and we consider the following two cases based on |z|. Let € > 0 be arbitrary.

(i) Case 1: |z| <1—e. As N — oo, the geometric series Z;V:O a7, converges to T
and the difference between the two sides of (3.10) is equal to 2™ which converges

uniformly to zero as n — oo for |z| <1 —e.

(i) Case 2: |z| > 1+ €. We replace « with + and proceed as in the previous case.
This time, as N — oo, the difference between the two sides of (3.10) is equal to

(i)n which converges uniformly to zero as n — oo for |z| > 1 +e.

Since € is arbitrary and can be made as small as we like, we see that as n — oo,
fo¢(x) converges to the function (z**! — z% + c)(Z;.V:O 27) where N is an arbitrarily
large positive integer. Then the conditions of Theorem 3.13 are met and we can apply

this theorem to conclude our desired result, Theorem 3.18. O

Although we used f*(x) explicitly in the statement and proof of Theorem 3.18,
the result also applies to ¢%¢(z), k%(x), and h®“(x). To see this, note the following

relationships between our polynomials:
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3.4 Discriminants

In this section we will introduce the very basics of the concept of the discriminant of
a polynomial, just enough for our use. For a detailed and thorough treatment of the

topic, the reader is referred to [49, ppg. 23-28].

Let f and g be two polynomials with real coefficients, given by

f() = apa™ + ap12" '+ +ax +ag,  a, #0,
g(:v) = bpa™ + bmflxmi1 +--+bx+by by, F#O.

The resultant of f(z) and g(z) is defined by the determinant of a certain (m + n) x
(m + n) matrix which has the coefficients of f(x) and g(x) or 0 as entries; we denote
it by p(f,g). The resultant was discussed in further detail earlier in this thesis in

Subsection 2.11. The discriminant of a polynomial f(x) is then defined as

nnt1)
o) =" g,

an

where f” denotes the derivative of f(z).

The discriminant of a polynomial is a polynomial function of the coefficients a;,
which provides some insight into the roots of the polynomials without requiring their
computation. The canonical example is the quadratic polynomial ax? + bx + ¢ € R[z]
which has discriminant b? — 4ac. If b*> — 4ac < 0 then the quadratic has no real roots,
if > — 4ac > 0 then the quadratic has two distinct real roots, and if 4> — 4ac = 0 then
the quadratic has a single real root with multiplicity two. In general, a polynomial
with real coefficients has a multiple root if and only if the discriminant is zero. If the
roots of the polynomial are known, the discriminant can be calculated in terms of the

roots as well.

Lemma 3.19. The discriminants of f*¢(z), g%(x), h%“(x), and k%(x) are congruent

to zero modulo ¢ forn > 2.
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Proof. Since the discriminant is a polynomial function in the coefficients of our poly-

nomials and reduction modulo ¢ is a ring homomorphism on Z, we have

D(fy(x)) = D(gy“(x)) = D(hy“(x)) = D(ky*())  (mod ¢),
= D(z") (mod c),

=0 for n>2,

as required. O

When calculating the discriminants of f*¢(z), g%°(x), h%“(z), and k%°(x), we no-
tice that not only are they congruent to 0 modulo ¢, but that a higher power of ¢

divides the discriminant. We demonstrate this with an example using f%¢(x).

Example 3.20.

This leads us to the following stronger result:

Theorem 3.21. For f*°(x), g%°(x), h%“(z), and k&°(z), we have

D(fp“(x)) = D(gy“(x)) = D(hyy*(x)) = D(ky*(2)) =0 (mod "),

for all n > 2 and all values of a and c.

Proof. To prove Theorem 3.21, we will make use of the following result regarding

discriminants of polynomials, which can be found in [32], for example.

Theorem 3.22 (Theorem 1.4 [32]). (i) The discriminant of a polynomial f is ho-

mogenous of degree (2n — 2) in the coefficients ag, ay, ..., a,.
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(i1) If a; is regarded as having degree i in the discriminant, then the discriminant of

f is homogenous of degree n(n — 1).

Since the coefficients of f*¢(x), g%°(x), h%“(z), and k®“(z) all share the structure:
a, = 1 and a; = ¢ for i = 0,1,2,...,(n —a — 1), parts (i) and (i) combine to
allow us to conclude that the discriminants of f%¢(x), g>¢(z), h%°(x), and k%“(z) are

n—1 _ n—1

homogenous in the term 1" - ¢ "' as required. O]

Remark: The author was made aware of a more direct approach to proving The-
orem 3.21. One of the examiners notes that Theorem 3.21 follows directly by looking
at the Sylvester matriz associated with the polynomials; they will have n — 1 columns
on the right where each element of the column is divisible by ¢ and so the determinant

is divisible by ¢ 1.

3.5 Results About Related Trinomials and Quadrinomials

Although not applicable to the trinomials studied by Harrington in [28] or the quadri-
nomials mentioned in this chapter, we came across similar and interesting results in

the literature for certain special cases of these polynomials.

The authors of [19] study the following three types of polynomials:

Definition 3.23. A polynomial 2 + a,_12" ' + ... + ayx + ag with a;, € {0,1} for

all1 <k <n-—1andag=1 1s called a Newman polynomial.

Definition 3.24. A polynomial a,a™ + ap_ 12" ' + ...+ a1z + ag with a;, € {-1,1}
for all k is called a Littlewood polynomaial.

Definition 3.25. A polynomial a,z" + a,_ 12" '+ ...+ ayx +ag with ap € {—1,0,1}

for all k and ag # 0 is called a Borwein polynomial.

In [22], the author considers many interesting results on the geometry of the roots
of trinomials. For results on the irreducibility of trinomials and quadrinomials with
coefficients restricted to some subset of the set {—p, —1,0,1,p} where p is an odd

prime, the reader is referred to [23], [39], [45], and [46].
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The books [5], [11], [40], and [49] contain many useful and interesting results on

the reducibility and roots of polynomials in general.



Chapter 4
Binomial Congruences and Honda’s Congruences

4.1 Background

Wilson’s theorem and its converse due to Lagrange combine to give a criterion for

identifying the prime numbers:

Theorem 4.1 (Wilson and Lagrange). A positive integer p > 1 is a prime if and
only if (p — 1) = —1 (mod p).

A famous binomial coefficient congruence, due to J. Wolstenholme, states

Theorem 4.2 (Wolstenholme). For any prime, p > 5,

Unlike Wilson’s theorem, a converse to Wolstenholme’s theorem has not been es-
tablished. But Theorem 4.2 has no composite solutions, n < 10, such that (2::11) =1
(mod n?). Tt has been conjectured that no composite solutions exist and that Wol-
stenholme’s theorem, like Wilson’s theorem, also gives a criterion for identifying the
prime numbers. For a more detailed and complete presentation of Theorem 4.2, the
reader is referred to [31] or [43].

Theorem 4.2 may be rewritten as

Theorem 4.3. For any prime, p > 5,

<2p) =2 (mod p?).

p

Wolstenholme’s theorem was generalized by W. Ljunggren [26] to

5
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Theorem 4.4 (Ljunggren). For any prime, p > 5, and nonnegative integers n, m we

(o) = () )

In two of their joint papers [13] and [14], M. Chamberland and K. Dilcher studied

have

a class of binomial sums,

iato =0+ (1) () (@)

and their divisibility properties. In particular, when a = 0 = € = 1, they proved the

following analogue of Ljunggren’s theorem.

Theorem 4.5 ([14], Theorem 2.1). For all primes p > 5 and integers m > 1 we have
u(mp) = u(m)  (mod p*),
where u(n) = uj ;(n).

4.2 Parameter Introduced

In a paper by D.F. Bailey [4] the following parameterized version of Ljunggren’s

theorem is presented.

Theorem 4.6 (Bailey). For any prime p > 5 and nonnegative integers m,n,s we

s+1 s
mp _ (mp 543
= mod .
(nps“ ) (nps ) (mod p™)

Of particular interest to us is an identity that appears on page 124 of [4] during

have

the proof of Theorem 4.6:
Lemma 4.7 (Bailey). For any prime p > 5 and nonnegative integers m, n, s we have

(mpm) - (mlps> (mod p+3). (4.2)

Ip
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Following in the footsteps of Chamberland and Dilcher [14], we present the fol-

lowing new result.

Theorem 4.8. For any prime p > 5 and nonnegative integers m,s we have

s+1) s+3).

u(mp®™) = u(mp®) (mod p
To prove this result we first note that the case s = 0 is the case proved in [14]; we

will therefore assume that s > 1. We express the sum (4.1) fora =b=¢=1 as

0
mpS—1 p—1 s s
S () (2
et pk+j) \pk+j

Sy (")) e

pk pk

The proof is made up of two parts: first we show that the double sum is congruent
to 0 modulo p**3, and then we use the fact that p is odd and apply Lemma 4.7 term
by term to second sum of (4.3).

Lemma 4.9. Let m, s, and j be positive integers with 1 < 7 < p—1. Then the power

of the odd prime p dividing (”;5:]1) and (Tkpj;l) is at least vy,(mp*™t).

Proof. We will consider the first binomial coefficient and note that the case of the

second follows in an analogous manner, since v,(mp**t) = v,(2mp*™). We have

(mps—l-l) _ (mps—i-l)!
pk+j (pk + j)!(mpst — pk — j)!
_ (mp*th) e (mp T — pk — i+ 1)
(pk+7)---(2)(1)

(4.4)

To ensure that the p-adic valuation of the binomial coefficient is indeed at least the p-
adic valuation of mp**!, we need to show that the p-adic valuation of the denominator
of (4.4) is less than or equal to the p-adic valuation of (mp*™ — 1)!. After some

simplification, we need to show that, for fixed p,k, and j as in the statement of
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Lemma 4.9, we have:

pk+j mp*ti—1
v, (H z) < w, 11 il (4.5)
‘ i=mpst1—pk—j+1

The product on the left-hand side of the inequality (4.5) contains (pk+ j) consecutive
terms with an initial term equal to 1 while the product on the right-hand side of the
inequality (4.5) contains (pk + j — 1) consecutive terms with an initial term greater
than 1. Since p is an odd prime, we know that the first two terms of the product on the

left-hand side satisfy v,(i) = 0, and therefore our inequality holds, as required. [

Proof of Theorem 4.8. Applying Lemma 4.9, we see that the double sum

mp®—1 p—1

pz pZ(_l)pk+j (mp8+1) (2mps+1>

— o pk+3)\pk+j
is divisible by

vp(mp™™) + v,(2mp* ) = 2+ (v,(mp*th)) > 25 +2 > s+ 3,

when s > 1. We have therefore proven the desired result. O

4.3 Extended Search Space and an Observation

In [14], the authors were interested in finding counterexamples to their analogue of the
converse of Wolstenholme’s Theorem 4.2. Namely, they were looking for composite

solutions to the congruence
u(n) = —1 (mod n?). (4.6)

They found that the composite integers satisfying (4.6) all have exactly two prime
factors, one of which is 2 or 5. Also in [14], the authors completely characterize the
primes p such that 2p is a solution to (4.6). The paper [14] ends with some open

problems, two of which are:
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(i) Do any solutions of (4.6) have three or more prime factors? In [14], there were

none found for n < 4 - 10°.
(ii) Can the primes p such that 5p satisfies (4.6) be completely characterized?

While we do not have definitive answers to either of these two questions, we can

say something about both of these open problems.

Using Maple, we were able to verify the conjecture in [14] that no solution of (4.6)

has three or more prime factors up to the new search limit of n < 8- 10°.

The characterization of the primes p such that 2p satisfies (4.6) has to do with
their binary expansion. Naturally, the authors of [14] considered the 5-ary expansion

of the primes such that 5p satisfied (4.6) but no such characterization was found.

4.4 Honda’s Congruences

A congruence is referred to as a supercongruence if the congruence also holds modulo
a higher modulus than one would expect. The term first appeared in the work of

F. Beukers in 1985 [9] and was the title of M. Coster’s 1988 Ph.D. thesis [16].

Supercongruences in the literature have been motivated by a range of different
areas in mathematics, including Apéry numbers, Bernoulli numbers/polynomials, bi-
nomial coefficients, Euler numbers/polynomials, Legendre polynomials, and certain

infinite series of special interest.
In their paper [53], A. Robert and M. Zuber introduced a new proof for two known
supercongruences involving binomial coefficients:

Theorem 4.10 (Kazandzidis). Let p be an odd prime and n, k, nonnegative integers.

Then
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The notation A = B (mod CZ,) is taken to mean that (A — B) € CZ, and Z,
denotes the p-adic integers. Robert and Zuber apply these two supercongruences to

obtain a new supercongruence for the Legendre polynomials.

The new proof of Kazandzidis’ congruences presented by Robert and Zuber uses
the p-adic logarithm of the p-adic gamma function I',. By considering the series ex-
pansion of log I',(z) and bounding the absolute value of the coefficients, the authors

obtain the desired result.

The Legendre polynomial P, (z) satisfies the explicit formula

Po(1+2t) = i (Z) (" _kf k)tk, (4.9)

k=0

and satisfy the following congruences of Honda [29]:

Pp1(1+2t)=P,1(1+2tP) (mod npZ,[t]) n>1, (4.10)
P,(1+2t) = P,(1+2t?) (mod npZ,[t]) n > 0. (4.11)

Here, in analogy to before, the notation A = B (mod CZ,[t]) for polynomials A, B €
Zylt] is taken to mean that (A — B) € CZ,[t]. If we define

Qn(t) :=P,(1+2t) + P,_1(1+2t), n > 1, (4.12)
then as a direct corollary of Honda’s congruences (4.10), (4.11) we have
Qnp(t) = Qn(t*) (mod npZ,lt]).

As a corollary of the Kazandzidis congruences (4.7), (4.8), Robert and Zuber present

the following polynomial supercongruence:

Theorem 4.11 (Robert and Zuber). For p odd and for all integers n > 1 we have

Qup(t) = Qu(t*)  (mod n*p*Z,[t]).
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This raises the question regarding the necessity of Z, and Z,[t]. That is, given
that all of the elements involved are integers or have integer coefficients, do these
same congruences hold over Z or Z[t]? If not, do similar ones hold? Why or why not?
This led us to some experimentation using the computer algebra system Maple, and

we are able to discuss the following.

With regards to the supercongruences of Kazandzidis (4.7),(4.8), we did not con-
sider them as congruences over the integers for two main reasons. If n < k, Theorem
4.10 is trivially true. Moreover, the explicit use of the congruences (4.7),(4.8) was
not necessary in this approach over the integers without the machinery of the p-adic

integers.

In analogy to the congruences of Honda (4.10),(4.11), we have the following the-
orem over the integers, that is, we are considering the congruence of the coefficients

for the polynomials:

Theorem 4.12. With the prime p > 5 fized and P,(1 + 2t) defined as in (4.9), we

have

Popo1(1+2t) = P,1(1+2tP)  (mod np), (4.13)
Poy(1+2t) = P,(1+2tP) (mod np), (4.14)

where n = 1,2, p,2p, p?, 2%, ... .

To prove Theorem 4.12 we will require the following theorem of Kummer [34] and

the associated corollary.

Theorem 4.13 (Kummer). Given integers m and n such that n > m > 0 and a
prime number p, v, ((T?;’LL)) 15 equal to the number of carries when m is added to n —m

i base p.
This leads to the following corollary:

Corollary 4.14. For positive integers n and k such that 1 < k < n, we have

(Z) (” Z k) =0 (mod 2).
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Proof. 1f we consider the rightmost digit 1 of k£ in base 2 then either n or n — k has a
1 in this position. We note that there will be at least one carry in either (n — k) + k

or n+ k and thus 2| (nik) (%) as required. O

We now return to the proof of Theorem 4.12.

Proof of Theorem 4.12. We will prove the first part (4.13) of the theorem and note

that the second part (4.14) is proved in an analogous manner. To prove (4.13), we

will look at two separate cases, namely when n = 2p™ and when n = p™.

Using the explicit evaluation for the Legendre polynomials (4.9), we see that it

suffices to show

(npk— 1) (np —kl + k:) =0 (mod np) (4.15)

when k # 0,p,2p,...,(n—1)p, and

np—1\ (np—1-+kp
kp kp

when £k =0,1,2,3,...,n— 1.

(n K 1) (n ) /1 " k) (mod np) (4.16)

We first consider the congruence (4.15). We have:

(np—l) (np—l—i—k) (-1 (p—1+k)

k k Klnp —1—k)! kl(np—1)!
_ (np—1+k)
C kRnp—1—k)!
_(p+k=Dmp+k—=2)---(np+1) np (np—1)(np—2)(np—Fk)
N (k—1)! ko k! - (417)

Since both expressions on either side of the equality in (4.17) are integers, we have

np—1+k)! np
Vp <—k1(2(1;p:{—)k)!) > v, (?> = v,(np).

This establishes (4.15) modulo the highest power of p dividing np, and Corollary 4.14
establishes (4.15) modulo 2 which ends the proof of (4.15).
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It now remains to prove the congruence (4.16). We begin by noting that for

integers 0 <1 <m

m m (m—1 m 4+ m+l/m-—14+1
= — and = — .
l m —1 l { m )
We then have
m—1\/m-—1+1 _m—l m\ [m+1
l l S om I\ 1)

By taking (m,l) = (np, kp) and (m.l) = (n, k) respectively, (4.16) becomes

n—=k (np\ (np+kp :n—k n\ /n+k (mod np)
n+k \kp kp - n+k \k k moa p)-

To complete the proof of (4.16), we will use the following theorem of Gessel [24]:

Theorem 4.15 ([24], Theorem 2.2). Let a and b be nonnegative integers divisible by
a prime p. Then unless p=2 and b=a —b =2 (mod 4),

(Z) = (Z;ﬁ) (mod po+f+r+o-my,

where a = vy(a), f = v,(b),y = v,(a—b),0 = v, ((Z;ﬁ)), and p is 2,1, or 0 depending

on whether p is 2,3 or greater than 3 respectively.

By Theorem 4.15, we have

()= G) e ("))

where we can take

e = vy(np) + vy(kp) + minu,((n + k)p), vy((n — k)p)}.

Therefore it would suffice to show v, (kp) +min{v,((n+k)p), v,((n—k)p)} > v, (Z—;’l:)
For our conditions on n and k, we have v,(kp) > v,((n — k)) and so (4.16) has
been proven for the highest power of p dividing np. We again use Corollary 4.14 to

establish (4.16) modulo 2 which ends the proof of (4.16). This completes the proof
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of Theorem 4.12. O

Remark: While the author did have a proof of Theorem 4.12, suggestions from an

external examiner have made the above proof more concise.

In regards to the Legendre polynomial supercongruence, we recall the definition

of the polynomials @, (t) from (4.12):
Qn(t) :== Py(1+2t) + P,—1(1 + 2t),
for n > 1. By the Honda-type congruences (4.13) and (4.14), for p > 5 fixed, we have
Qnp(t) = @n(t")  (mod np),

where n = 1,p,p?,p%,.... In fact, we will show that the following stronger result

holds true.

Theorem 4.16. With p > 5 fized and Q,(t) defined as above, we have
Qnp(t) = Qu(#)  (mod n*p?), (4.18)

forn=1,p,p*p% ...

Proof. Using the explicit formula (4.9) for P,(1 + 2t), we have

ut=auen =3 (1) (7 ) B () ()

)R )

Set Qup(t) — Qn(t?) = ZZZO ¢xt*. Then we have:
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(b) If £ > 1, (k,p) = 1, then

_ (np\ (np+k np—1\ (np+k—1
w= () =) )
_@(np—l) ((np+k—1)+(np+k—1))
E\k-1 kE—1 k
np np—a\\ np(np+k—1
() -0
_np(np—1\(np+k np(np—1\/[np+k—1
_?(k—1>< ’ >+?( k >< k-1 )
n?p? (mp—1\ (np+k —1
?(k—1>( k—1 )

=0 (mod n?p?),

[\

%

since (k,p) =1 and n = p".

e B -CC) ()
B (n;l) (n+Z—1>
() ()
= () (70 7) -0 ()

So we must show that

() (757)

(D)

However, from our proof of (4.13) and (4.14), we know that this congruence is

true modulo p?™. So we have that g, =0 (mod n?p?) as required.
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(d) We lastly consider gy,, namely
(2np> (Qn)
Gnp = -
np n
-(n)-Go)
pm pm—l '
To prove that g,m = 0 (mod p*™) as required, we will invoke the following theorem

of Jacobsthal which can be found in [26].

Theorem 4.17 (Jacobsthal). For any integers v > > 0 and prime p > 5,

=1 (mod p7),

where q is the power of p dividing pPvu(v — ).

In our case, v = 2p™ 1, = p™ !, and ¢ = 3m. This gives us the congruence
¢np = 0 (mod p*™) which is actually stronger than the congruence we required. This

completes the proof of Theorem 4.16 O

We finish this section by clarifying that Theorem 4.12, and by extension Theorem
4.16, are not new results but rather new arguments for (4.10) and (4.11) considered

over the integers.

4.5 Other Polynomials

Given that Legendre polynomials are special cases of Jacobi polynomials, our work
in Section 2.4 leads to the question whether Honda-type congruences also hold for

Jacobi polynomials in general. That is, are there congruences of the form
(o,8) = plap
PO (1+2tP) = PP (14 2t)  (mod np)?

Supported by computer experimentation, it appears that, with the exception of
a = =0 (the Legendre case) and o = § = —%, no such congruences exist. There is

an issue with the coefficients of the polynomials not being invertible modulo np.
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The case a = 8 = —% is the case of the Chebyshev polynomials of the first kind.
We will use the following explicit formula for the Chebyshev polynomials of the first
kind which can be found in [52]:

0|3

5]
n p(n—k—1)!
Tnz) = EH(_ ) (k!(n—%))!

(22)" 2k,

For a fixed prime p, we have the following congruence:

Theorem 4.18. For any prime p, we have
Top(z) = To(2")  (mod np),
where n = 2ip? i, 5 > 0.

Proof. We need to show that

ﬁ
i

J 5]
np k(ﬂp-k—l)! npze T 2 k(n—k—l)l I
2 k:o(_ ) m@x} =35 kzzo(—l) m@x ) (mod np).

We are done if we can show that the following two congruences hold for k = 0,1,2,...:

n _ np—~k—1)

7]92”1’ 2’“(—1)’“% =0 (mod np), k#£0,p,2p,..., (4.19)
P gmp—2e( )k AP T8 T 2T Bon—ak gyl TR ) 1l other k.
2 D = — 22 O oy (mod ). all other &

(4.20)
We begin by showing the first congruence (4.19):

2 El(np — 2k)! 2 k!

=0 (mod np)

since k # mp for m € Z and n = 2'p, so the factor of np out front will not cancel.

We now prove the second congruence (4.20). We begin by simplifying the left-hand
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side of (4.20):

@2?@}7—2}6(_ )kp (np —k — 1)'
2 kl(np — 2k)!
_ Qipj+1 2np—2kp(_1>kp (2ipj+1 - kp _ 1) e (2ipj+1 - Qkp + ]')
2 (kp)!
— gnp=2kpi=1y L ke 2Pt —kp—1)--- (2T — 2kp + 1)‘

(kp)!

For simplifying the right-hand side of (4.20), we note

N on—2k k(”_k_l)!_Qin n—2k/ R —k—1)--- (2 =2k + 1)

22 = kln—2k) — 2 277 (=0 k!

L2 —k—1)--- (2'p) — 2k + 1)
k!

— 2n—2k+z’—1pj (_1)

It is clear that modulo 27, both the left-hand side and the right-hand side of (4.20) are
congruent to 0. Now we only need to consider both sides modulo p’**. Furthermore,
since both sides have a factor of p’, we will divide it out and consider everything

modulo p. We again begin with the left-hand side of (4.20):

2Tl —fkp—1) .- (2P — 2kp + 1)

(Qp)n72k2iflp<_1)kp (

(kp)!
ok ()P (=kp—1) - (=2kp+1
_1)k _
= 2n72k2i71 ( ]i) (_1)kp71 (zk];p ]_> (mod p)

iy (1) 2k — 1
— on—2k+ 1%( b ) (mod p).
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We now look at the right-hand side of (4.20):

2ipd — ke — 1) (20p7 — 2k + 1)
k!
(—1)F (=k — 1)+ (=2k + 1)
2 (k— 1)

—1)k _
= 2"_2’“22'_1%(—1)]’3_1 (2kk 1) (mod p)

_1\2k—-1 _
= 2%—2]9-"-1‘—1% <2kk, 1) (mod p)

2n72k2i71 (_1)k (

= 2n—2k2i—1

(mod p)

To complete the proof and show that the two sides are indeed congruent modulo p,

we use the following theorem of Lucas which can be found in [26]:

Theorem 4.19 (Lucas). Let mgy and ng be the least non-negative residues of m and

n modulo p, respectively. Then

() = (E) () ot

Using this theorem, we have ( . ) (mod p) and the proof of Theorem

4.18 is complete. O

We now illustrate Theorem 4.18 with an example:

Example 4.20. Let us set p =3, =1, and 5 = 1. Thenn = 2-3 = 6 and we

calculate

T,p(7) = Tig(z) = 1310722 — 5898242'% 4+ 11059202 — 111820872 + 6589442°

— 2280962° 4 4435225 — 43202 + 16222 — 1,
T, (2P) = Ty(z?*) = 322" — 482'% 4 182° — 1.
Reducing modulo np =6 - 3 = 18, we get

Tig(z) = 142" + 622 + 17 (mod 18)
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and
To(2®) = 142" 4+ 622 + 17  (mod 18),

as expected.

The Chebyshev polynomials of the second kind, U,(x), can be expressed in terms
of the Chebyshev polynomials of the first kind, 7, (x). For more information regarding
the relationship between T,,(x) and U, (z) as well as an explicit formula for U, (z) the
reader is referred to Theorem A.6 in the appendices, and to [52]. As an immediate

consequence of Theorem 4.18 we have the following two corollaries:

Corollary 4.21. For p an odd prime, we have
Unp(2) = Upp—a(z) = Up(a?) — U,—2(2P) (mod np)

forn =27, i,5 >0.

Corollary 4.22. For p = 2, we have
U1 (2) — Ugprr_o(2) = Ugp (2) — Ugp_o(2?)  (mod 2)

for k> 0.

4.6 Comments

Further commentary on Theorem 4.19 as well as a generalized version of Theorem

4.19 may be found in [42].

We continued to do some Maple experimentation with more Jacobi polynomials
and Hermite polynomials. While no results analogous to Honda’s congruences (4.13)
and (4.14) were found in these cases, it has led us to investigate other related results

for these polynomials and make the following observations.

There are some differences between the work of Robert and Zuber (Theorem

4.11) and our work that are worth mentioning. Despite being similar to the results
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in the paper [53], our results are obtained without the use of p-adic numbers. The
congruences in [53] are modulo a multiple of Z, while ours are over Z. However, the

congruences in [53] hold for any value of n, while ours only hold for specific values of n.

We have considered the difference of the two sides of Honda’s congruences (4.13),
(4.14) and tried to see if we get recognizable polynomial sequences when they do not

equal 0. No recognizable sequences or patterns were found.

We have also considered the divisibility of the denominators of the coefficients of
these Jacobi polynomials. Since they are not invertible, they are sharing a non-trivial
factor with np. The power of this factor showing up in the denominator of each Jacobi
polynomial forms a non-monotonic sequence that has relatively large values for some

indices in the sequence.

The congruences for @, (t) found in Theorem 4.16 no longer hold in the cases
n = 2p™ . The problem arises modulo 2 and modulo 22. We will demonstrate this

with an example.

Example 4.23. If we take p =7 and n = 1, we get:

Q:(t)=2t"+2 (mod 7*)  Q(t)=2t+2 (mod 7%)
and Theorem 4.16 holds as desired. However,

Q:(t)=2t"+2 (mod 2*)  Qi(t)=2t+2 (mod 2%

and here Theorem 4.16 fails to hold since 2t + 2 2 2t + 2 (mod 2?).

For the Legendre polynomials, unfortunately, the parallel ends here because a

congruence of the form
Th-1(2?) =Thp—1(z) (mod np)

does not hold. This means that we cannot define the analogue of @, (z) from the

Legendre case.
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The congruence in Theorem 4.18 we found resembles a result by Dilcher and
Chamberland [14, Theorem 2.1], specifically regarding the values of n for which it

holds. Maybe there is a connection deeper than just “shape”.

No such congruence was found for the Chebyshev polynomials of the second kind,
but given the close relationship they share with those of the first kind, I believe that

there would be an analogue of some sort for the polynomials of the second kind.



Chapter 5

Conclusion

We begin this chapter with final comments on some of the results in the thesis.
This is followed by natural questions related to the work in Chapters 2-4 and by
some remarks on possible further work. Any background material referenced in the
thesis as well as a few elementary examples of the objects studied are collected in the

appendices.

5.1 Comments

5.1.1 The case a =0 in Chapter 3

Unless explicitly stated otherwise, the results presented in Chapter 3 concerning
the polynomials f*¢(x), g%¢(x), h®“(z), and k®“(z) also apply to the polynomials
f(z),g9(x), h(x), and k(z) studied by Harrington in [28] if you take a = 0.

5.1.2 Height of J, y(z)

If P(z) = ama™ + ap_12™ 1 + ... 4+ a17 + ag is a polynomial of degree m, then the
height of P(z) is defined as max{a;}",. For a given integer n, we wondered for which
subgroup H < (Z/nZ)* did J, g(x) have the largest height. This is a question that
is of interest for all of the varying special cases of n studied in Chapter 2. Although
not true in general, it appears to be the case that the polynomial .J,, ;1. _13(x) is the

one with largest height in each family for certain cases on the integer n.

5.1.3 Potential Applications

In their joint paper [33], Joyner and Shaska discuss the applications of self-inverse
or self-reciprocal polynomials to coding theory and reduction theory. They credit
the behaviour of the roots of self-reciprocal polynomials and their location in the

complex plane for their utility in the subject. It would be of interest to study the
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potential relationship between the self-reciprocal polynomials of the form .J, g (z) for

some integers n and subgroup H < (Z/nZ)* and such applications.

5.2 Further Directions

While studying congruences of the form of (4.13),(4.14) in Chapter 4, differences of
Jacobi polynomials were considered modulo powers of an odd prime p. There seem
to be “spikes” of divisibility as the integer n ranges with no currently discernible
pattern. Studying the divisibility of these differences may lead to new congruences

for Jacobi polynomials.

In Chapter 4, we mentioned that the authors of [13] considered the base-5 ex-
pansion of the primes such that 5p satisfied (2.2) but no such characterization was
found. Through numerical experimentation, an interesting observation was made:
taking the primes p such that 5p satisfied (4.6) and plugging them into the function
f(x) = 5z + 4 resulted in f(p) not being prime or f(p) remaining prime for an odd

number of iterations of f(z).

Although they were not applied in this thesis, it is of interest to revisit the ap-
proach of Robert and Zuber [53] in an attempt to apply those methods to the more
general Jacobi polynomials in hope of obtaining modulo p congruences or congruences

in Z, for primes p.

In Chapter 3, we proved a result regarding the discriminants of the polynomials
studied in [28] by Harrington and their variation introduced in Chapter 3. We would
like to study these discriminants in more depth, as well as study the resultants of

pairs of these polynomials.

Despite not being able to get a direct analogue to Theorem 3.1 in this thesis,
that is not to say it is an impossible task. We would like to investigate this matter
further and potentially classify more examples of reducible and /or irreducible families

of polynomials.
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In Chapter 2 we studied the coefficients of Cyclotomic Subgroup-Polynomials
Jn, () for fixed orders of the subgroup H. Namely, the cases discussed were |H| =
1,2,3, and 4. We would like to study the cases J, y(x) when H is of order 5 and
higher.

At the very beginning of Chapter 2 we restricted our attention to integers n that
resulted in cyclic groups (Z/nZ)*. This choice was made because of the nice struc-
ture of cyclic groups and the nice structure of their subgroups. We would like to
study the set of Cyclotomic Subgroup-Polynomials for integers n when (Z/nZ)* is

not necessarily a cyclic group.

While we were not able to find the limiting curve for the roots of the Galois
Subgroup-Polynomials, there does seem to be some pattern in the behaviour of these
roots. We would like to study these roots in more detail in attempt to find a limiting

curve or some long-term behaviour.

Theorem 2.65 can be considered the “order 2” analogue of Apostol’s famous re-
sult on the resultant of cyclotomic polynomials. In Chapter 2 we mention that we
couldn’t find evidence of an “order 3” analogue of Apostol’s result; we would like to
study this further in hopes of finding an “order 3” analogue or explaining the non-
existence of one. It is also of interest to study the discriminants of the Cyclotomic

Subgroup-Polynomials for different values of the positive integers n, a, and c.

As mentioned in Chapter 2, if the integer n is free of any square prime factors then
I, (x) will be irreducible for all subgroups H < (Z/nZ)*. That isn’t to say that it
is not possible for .J,, g(z) to be irreducible when n has a squared prime factor. An
area of interest would be to try to enumerate the number of irreducible polynomials

for any given integer n.
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Appendix A
Some Mathematical Background

Let z be an indeterminate and R a commutative ring with unity. The formal sum,
™ + ap1 2" L+ . 4 a1 + ag, with n > 0 and a; € R for each i is called a poly-
nomial in z with coefficients in R. Given a, # 0, we say that the polynomial is of
degree n and we call a,, the leading coefficient. In the special case a,, = 1, we refer to
the polynomial as a monic polynomial of degree n. The set of all such polynomials
forms the ring of polynomials in 2 with coefficients in R, denoted R[z]|, along with

the two familiar operation of addition and multiplication.

Definition A.1. Let n be a positive integer, K a field such that char(K) does not
divide n, and F a cyclotomic extension of order n of K. The n'* cyclotomic poly-
nomial over K is the monic polynomial ®,(x) = (x — (1)(z — () -+ (x — () where

Ch, ..., G are all the distinct primitive nt* roots of unity in F.

A.0.1 Properties of the Cyclotomic Polynomials

o, (z) = [ J(a — 1)), (A1)

dn

where p is the Mobius function. Special cases:

p—1
q)p(x):Zxk:1+x+x2+...+xp_2+xp_1. (A.2)
k=0
p—1
Dy, () = Z(—x)k =l-a+2* -3+, —aP 24Pt (A.3)
k=0
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In the case n = p™r, with (p,r) = 1, we have

®,(z) = By (a7 ). (A.4)

A.0.2 Properties of Binomial Coefficients

(¥)

n n -
(x+y)" = (k> "Ry

A.0.3 Chebyshev Polynomials

Definition A.2. The Chebyshev Polynomials of the first kind are defined by the

recurrence relation

Definition A.3. The Chebyshev Polynomials of the second kind are defined by the

recurrence relation

Uo(l’) = 1,
Ui(z) = 2,
Upni1(x) = 22U, (z) — Up_q(z), n>2
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Lemma A.4. The Chebyshev polynomials have the following generating functions:

[e.9]

1—tx
Ty ()" = —— A
nz_; @ = T (4.5)
EOO: Up(a)t" = — (A.6)
2 1= 2tz + 12

Lemma A.5. The Chebyshev polynomials satisfy the following identities:

T, (cos(#)) = cos(nd), (A7)
U, (cos(8)) = W (A8)

Theorem A.6. The Chebyshev polynomials of the second kind have the following

explicit expressions:

(¢ + VD)™ — (¢ — V= 1)

Un(x) = , A9
15
n+1 e
= <2k; N 1) (2% — 1)k 2k (A.10)
k=0
15 ]
n+1 Nk k
— 1— A1l
3 (i) (A1)
3] 2k —(n+1)
= Z ( " )(Qx)"_Qk, n >0, (A.12)
k=0
5] _—
- Z(_nk( L )(2 )" n >0, (A.13)
k=0
= y (n+k+1) N
= — 1— 0. A.14
Lemma A.7. The Chebyshev polynomials satisfy the following identities:
1
Ta(2) = 5 (Un(@) = Un—s(z)) (A.15)

22U, (1 — 22%) = (=1)"Ugpy1 (7). (A.16)
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A.0.4 General Polynomial Results

Suppose we have the following polynomial with integer coefficients:
P(z) = ap@" + ap12" '+ ap0x™ P 4L+ a1z + ag.

We begin with some important irreducibility criteria.

Theorem A.8 (Eisenstein Criterion). If there exists a prime number p such that the

following three conditions all apply:
(i) p divides each a; fori # n,
(ii) p does not divide a,,
(iii) p* does not divide ay,
then P(x) is irreducible over the rationals.

Definition A.9. Let P(x) be as above with a; € K for K a local field with discrete
valuation and with apa,, # 0. Then the Newton polygon of P(x) is defined to be the
lower convex hull of the set of points {Q; = (i,vk(a;)}, ignoring the points where

CLZ':O.

Theorem A.10 (Schénemann’s Criterion). Suppose that a polynomial f(x) € Z[z]
has the form f(x) = ¢(x)+pM (x), where p is a prime number, ¢(x) is an irreducible
polynomial modulo p, and M (x) is a polynomial relatively prime to ¢(x) modulo p,
with deg(M) < deg(f). Then f is irreducible over Q.

Definition A.11. Let p be a fized prime, and let f(x) = >"1_, Az’ be a polynomial
with integer coefficients such that AgA, # 0. Let us represent the nonzero coefficients
of f in the form A; = a;p*, where a; is an integer not divisible by p. To every
nonzero coefficient a;p™ we assign a point in the plane with coordinated (i,c;). These
points give rise to the Newton Diagram of the polynomial f (corresponding to p).
The construction of the diagram is as follows. Let Py = (0,ap) and Py = (i1, o),
where iy is the largest integer for which there are no points (i, ;) below the line PyP;.
Further let Py = (ig, ay,), where Iy is the largest integer for which there are no points

(1, ;) below the line Py P,, etc. The very last segment is of the form P._i P, where
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P. = (n,ay). If some segments of the broken line Py, ..., P, pass through points with
integer coordinates, then such points will be also considered as vertices of the broken

line.

Theorem A.12 (Dumas). Let f = gh, where f, g, and h are polynomials with integer
coefficients. Then the system of vectors of the segments for f is the union of the
systems of vectors of the segments for g and h (provided that p is the same for all

polynomials).

Corollary A.13. If, for a prime p, the Newton diagram for f consists of precisely
one segment, i.e., consists of a segment containing no points with integer coefficients,

then f s irreducible.

Lemma A.14. The Legendre polynomials, P,(C), can be defined as coefficients of the

generating function

1 - n
V-2t ,;P”(ox '

Carrying out the substitution ( = 1 + 2t, we obtain the following explicit formula for

P(1+2t)
Po(1+2t) = i (Z) ("Zk>t’f

Theorem A.15 (Victe’'s Formulas). Given the polynomial f(x) = a,z" +a, 12" +
.o a4 ag, with a, # 0, with its (not necessarily distinct) zeros x1,xs, . .., T,, we

have the following formulas:

(
Ap—
T+ re+...+x, 1+, =—"1

an

an—2
an

(129 + 2123 + . .. + T12) + (To2Xg + Toxy + ...+ ToTy) + . oo+ Ty 1Ty =

| T17223 - T = (—1)mae,

Qn
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A.0.5 Algebra Results

Theorem A.16. If R is a unique factorization domain, then R|x] is a unique fac-

torization domain.

Theorem A.17. A finite field F with n elements exists if and only if n = p* for some
odd prime p and some non-negative integer k. Moreover, this field is unique up to

1somorphism.

Theorem A.18 (Structure Theorem for Finite Abelian Groups). Every finite Abelian
group s isomorphic to a direct product of cyclic groups of orders that are powers of

prime numbers. That is, if G is a finite Abelian group, then
ngpllcl X Zpl;z X oo X Zp’f{”
where |G| = py'p? - - plr.

A.0.6 Number Theory Results

Theorem A.19 (Wilson’s Theorem). For an odd prime, p,
(p—1!'=-1 (mod p).

Theorem A.20. There exists a primitive root modulo m if and only if m = 1,2,4, p®,

and 2p* in which p is an odd prime and « s a natural number.

Theorem A.21. For a positive integer n, we have




Appendix B

SAGE Code

The computer algebra system SAGE was used to generate a list of all subgroups of
the group of multiplicative integers (Z/nZ)* for a given integer n. The computer
algebra system Maple is capable of doing these calculations as well but SAGE was

preferred in this case due to its speed.

The author used some advice and suggestions from different discussion posts found

at the website https://ask.sagemath.org/questions/

Attached is a small example of how SAGE was used.
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def list_elts(G):

exps = [range(g.multiplicative_ order()) for g in G]
return [prod(g e for g, e in zip(G, exp)) for exp in \

CartesianProduct (*exps) |

R = Integers(3); map(list_elts

[[1, 2], [1]]

R = Integers(4); map(list_elts

[[1, 3], [1]]

R = Integers(5); map(list_elts
(1,2, 4, 3], [L, 4], [1]

R = Integers(6); map(list_elts
[[1, 5], [1]]

R = Integers(7); map(list__elts
[[1,3,2,6,4, 5], [1,2,4], 1, 6], [1]

9

R.

R.

multiplicative__subgroups())

multiplicative_subgroups())

.multiplicative__subgroups())

.multiplicative_subgroups())

.multiplicative__subgroups())



Appendix C

Maple Code

The computer algebra system Maple was used to generate lists of the Galois Subgroup-
Polynomials for a given integer n. The computer algebra system SAGE is capable

of doing these calculations as well but Maple was preferred in this case due to its speed.
The author used some advice and suggestions from different discussion posts found
at the website https://www.mapleprimes.com, and modified some of the functions

found in found in the following master’s thesis to suit this task:

Cooper, III, Thomas Edmond, “Using the Maple Computer Algebra System as a
Tool for Studying Group Theory.” Master’s Thesis, University of Tennessee, 2002.

Attached is a small example of how Maple was used.
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| > with(GroupTheory) : Digits = 10°:
> Integers :==proc(n, f)
### Group of integers modulo n ###
local 4,i:
A= [seq(i—1,i=1.n)]:
f=(a,b)—(a+b)modn:
RETURN (A, f)
| end proc:
> Multint ==proc(n, f)
### Group of multiplicative integers modulo n ###

locali, j, H, A :
H:= {seq(i,i=0..n—1)}:
A=11]:

for j from 1 ton do

ifgcd(H[j],n) =1thend := [op(A4), H[j]]:

fi:
od:
f=(a,b)—(a'b) modn :
RETURN (A, f)

| end proc:

> Closed ==proc (G, f, x)

### Determines whether or not a list or set, G, with a given operation, f, is closed ###
locali, j,m n,y, z:
y = nops(G) :
for i from 1 toy do
forjfrom 1 toy do
z == member( f(G[i], G[j]), G) :
if z=false then
if nargs =3 then
printf ( ‘this set with this operation is not closed since\n’);
printf (“%oa(%a,%a)=%a\n’, f, Gli], G[ 1, f(G[i], G[j1));
RETURN( );
fi:
RETURN ( 'not closed);
fi:
od:
od:
if nargs =2 then RETURN ( ‘closed’); fi:
RETURN ( "This set with this operation is closed’);

| end proc:

> Identity ==proc(G, f)

### Find the identity element of a set G under the operation f or returns noid ###
localct, i, ], x, y, n, id :

id == noid :

n = nops(G) :
forifrom 1 ton do
ct=20:

for j from 1 ton do
x = f(G[i], G[j]) :
if x # G[ j] then break fi:
x = f(G[j], G[i]) :




if x # G[ j] then break fi:
ct=ct+1:
od:
if ct=n then id := G[i] : break fi:
od:
RETURN (id)
| end proc:
> SubGps =proc(G, f)
### Finds all subgroups of G ###
localc, i, j, k, DiV, X, y, id :
DiV := numtheory|divisors | (nops(G)) :
id == Ildentity(G, f) :
for i from 1 to nops(DiV') do
y=11:
X == combinat[ choose](G, DiV[i]) :
for j from 1 tonops(X) do
k == member(id, X[ j]) :
if k= true then
c = Closed(X[jl,f) :
if ¢ = closed then
y = lop(y), X[j]]:
fi:
fi:
od:
print(y)
od:
| end proc:
> Lcoset :=proc(x, H, G, f)
#itt Finds xH #H#
locali, y, z, m, xH :
m = member(x, G) :
if m =false then RETURN ( 'ERROR: not in group); fi:
xH = { }:
for i from 1 to nops(H) do
y=f(x, H[i]) :
z == member(y, xH) :
if z=false then
xH = {op(xH), y}:
fi:
od:
RETURN (xH);
| end proc:
> GmodH =proc(H, G, f, 2)
### Forms the quotient group G modulo H with operation g ###
locali, y, z, j, xH, X, GMODH :
X={}:
for j from 1 to nops(G) do
xH = { }:
for i from 1 to nops(H) do
y = f(Gl[j], H[i]) :
xH = {op(xH), y}:
od:




X:= {op(X),xH} :

od:

GMODH = X:

g = (a,b)—Leoset(f(al11,b[11), H, G, f) :

return( GMODH)

end proc:

GIP :=proc(G, n)

### Creates the family of Galois irreducible polynomials ###
local4, Z, h,i,j,b,a, F,m, B, C, Y:

A=11:

for i from 1 to nops(G) do

A = [op(A), GmodH(G[i], Multlnt(n, f), f,f) ]

od:
Z=[]:h=1:Y:=]
for i from 1 tonops(4) d
for j from 1 to nops(A[i]
h:=h- (x —sum(wA[l]U] k], k=1 .nops(A[i]l[j]) ) );
od:

Z=[op(Z),h];h=1:

od:

for b from 1 to nops(Z) do

Z[b]:

expand(%) :

simplij&( %, {wn =1 }) :
collect(%, x) -

simpliﬁ/(%, {WZexp( 2Pt ) }) :

n

convert(%, exp) :
evalf[lOS](%) :

collect(%, x) :

a = [coeffs(%, x,'t") ] :

for j from 1 to nops(a) do

F = [op(F), round(a[j])]:
od:

for m from 1 to nops(F) do
B:=B+F[m]-tm]:

od:

C = collect(B, x)
F:=1]:B:=
Y= [op(Y), C]
od:

end proc

GIP([[1,2],[1]],3):
for n from 1 to nops(%) do
print(%[n])
od:
x+1

(M



X 4x+1 1)

| > GIP([[1,3],[1]],4):
> for n from 1 to nops(%) do

print(%[n])
od:
X
X1 )
[ > GIP([[1,2,4,3],[1,4],[111,5) :
> for n from 1 to nops(%) do
print(%[n])
od:
x+1
CHx—1
i P+ a1 A3)
[ > GIP([[1,5],[1]],6):
> for n from 1 to nops(%) do
print(%[n])
od:
x—1
2
X —x+1 “4)

> GIP([[1,3,2,6,4,5],[1,2,4],[1,6], [1]],7) :
> for n from 1 to nops(%) do

print(%[n])
od:
x+1
CHx+2
CHr—2x—1
L+ P+ +1 Q)




Appendix D

Table of Cyclotomic Subgroup-Polynomials

n H I p ()

3 1,2} z+1

3 {1} ?+x+1

4 {1,3} x

4 (1} 2?41

5 {1,234} 41

5 {1,4} 2?4 —1

5 {1} 4+t +r+1
6 11,5 71

6 {1} 2 —z+1

7 [ 11,2.3,4,5,6) 11

7 {1,2,4} 2?2+ +2

7 {1,6} 34+ 2% —2x—1
7 {1} Pttt + B+t +1
S| 1{1,3,5,7) z

8 {1,7} 2 =2

8 (1,5} 22

8 (1,3} 2?42

8 {1} zt+1

9 | {1,2,4,5,7,8) 3:

9 (1,47} 22

9 (1,8} 2 — 31+ 1

9 {1} 20+ 2% +1

10| {1,3,7,9} 71

10 {1,9} r?—z—1

10 {1} -+t —r+1

Table D.1: Cyclotomic Subgroup-Polynomials
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Appendix E

Plots of the Roots of f%¢(x)
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-2 -2
(c) Roots of faz*(x) (d) Roots of f;’(x)

Figure E.1: Comparison of Roots of f73(x) when n = 15,20, 25, 30.
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Figure E.2: Comparison of Roots of f7%(z) when n = 15,20, 25, 30.
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Figure E.3: Comparison of Roots of f7"3(x) when n = 15,20, 25, 30.
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