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ABSTRACT

In this study, the Dirichlet boundary problem for vibration of a parallelogram-shaped membrane
is solved. The simplicity and transparency of the proposed procedures allow one to clarify the
specific features of some state-of-the-art approaches to solve similar problems of mathematical
physics. For many types of domains, including a wide range of non-canonical ones, the use of the
concept of a general solution of the boundary value problem makes it possible to construct a
numerical-analytical solution to the problem. In this case, sets of partial solutions for the basic
equations of mathematical physics are used. The main idea is to indicate effective ways to
determine arbitrary coefficients and functions that are part of a general solution. The conventional
approach for deriving numerical-analytical solutions is used based on the mean square deviation
minimization and collocation methods.

KEYWORDS: vibration; membrane; parallelogram; Dirichlet boundary value problem; mean
square deviation minimization; collocation method.

1. INTRODUCTION

Consider the problem of harmonic vibration of a parallelogram-shaped membrane, as shown in
Fig. 1.

b Y1 Y

Figure 1. Parallelogram-shaped vibrating membrane
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In the absence of a mechanical load within the area occupied by the membrane, the oscillatory
process is reduced to the Dirichlet problem and the Helmholtz equation [1,2], which has the
following form

{ Vip+k*p =0, (x,y)€EN, 1)
¢(x,y) =P(xy), (xy)€Tr.

Here, ¢ is lateral displacements of the membrane, 2 is the area it occupies, I' = U!Y, I; is the
boundary of this region, while I}, I;;, I;;;, and I}, are the parallelogram sides OD, BC, DC, and
OB, respectively. From a mechanical point of view, this problem describes the kinematic
excitation of the membrane. To solve it, the method of partial domains can be successfully applied
[3].

The vibration problem of a membrane with fixed edges, excited by a mechanical load with a
density F (x, y) distributed along its surface (dynamic excitation), can also be solved by the method
used for solving the expression (1). This problem has the form

{‘72¢ +k*p=F(x,y), (x,y)€LN 2
d(x,y) =0, (x,y) €T.

To obtain the solution to this problem, we use the mathematical system of fundamental solutions
satisfying the following equation

V2T + kT = 6(x,¥) 3)

From a mechanical point of view, the fundamental solution is a function that satisfies the equation
of oscillations of the membrane (i.e., the Helmholtz equation) under the action of a bulk oscillating
force.

In the case under study, the fundamental solution requires no implementation of specific boundary
conditions, and we can use the fundamental solution of the form

* _ 1, e 2
@ (X,y)= 4Yo( X +y°). (4)

In this case, the amplitude of displacements at an arbitrary point of the membrane caused by the

action of a load with density F(x,y) distributed along its surface Qjs calculated in the form of
its convolution with the fundamental solution (4):

PxY) =~ [FEmNo(J(x=8) + (y-n)?)detn.
*a ©)

We now assign a function with a reversed sign as a function in the boundary conditions of problem

(2):
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xy) =1 [FEmNGx-&)7 + (v -m)?)dedn
: r ®

Having solved the latter problem for the given boundary conditions and taking the sum of the

solution obtained, which we denote by P with the forced (nonuniform) solution ¢ to (5), we get
the desired solution to the problem of forced oscillations of the membrane with a fixed edge:

P(X,y)=p(X, ) + (X, y) ™
2. The problem solution by the method of partial areas

The main objective of the mathematical modeling of physical oscillations is to obtain their
quantitative characteristics, depending on the geometric parameters of their area of existence and
boundary conditions. Typically, this goal is achieved by some iterative processes. This may be, for
example, the process of increasing the number of members in the Fourier series, which is used to
represent the desired function. For the effective implementation of such iterative processes, it is
crucial to guarantee that the choice of characteristics of the process ensures its stability and reliable
quantitative estimates.

In this respect, the method of partial domains, which leads to the construction of general solutions
of boundary problems, has a substantial advantage over other computation techniques. The
stability and convergence of computational procedures in its implementation are provided by the
fundamental properties of the completeness of the systems of functions used to represent solutions.

Consider two coordinate systems (X1, y1) = (X, Y) and (X2, y2), which refer to the scheme
shown in Fig. 1 and are linked by the following relations:

{xlzxzsin a+Y,e08 a,
Y; =—X,C0S a +Y,8In a; (®)

Xo =X SIN & -y, C08 a,
Yo =% C0S @+ Y,Sin a. )

Next, we introduce the following notations (Fig. 1): Q1 and Q2 are the areas bounded by OGCE
and OHCEF rectangles, respectively. Thus, Q=0 N, . Let & b, a', b’ : h and L be
lengths of OF, OH, OD, OB, OG, and OE segments, respectively. It is obvious that @ = a'Sin &

 b=b"+DF =b"+a’cosa, h=b"sina  while the set of points of the boundary I canbe
described as follows:
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(10)
(11)
(12)
(13)

The boundary conditions for equation (1) can be reduced to the following form:

72'(— ‘; —b'cos(e) + xlj

cosh ;
or, (%) =- ?z' +1,
cosh —
2
Sk
27| —a COSa—E+ Y,
¢r,, (Y2) =cos o +1,
b!
2 -
(Y2 2)

or,, (Y2) = cos +1,

b!

(14)

(15)

(16)

(17)

According to the method of partial regions, the desired function e(X,y) can be represented by

the sum of solutions to the Dirichlet problem 1 (X1, Y1) and ?2(X2,¥2) in the rectangular areas

0 and %2 , respectively:
(X, Y) = @1 (X, Y1) + 92(X2, Y2) ,
where

X =X, Xo = XSin a—ycos «,
Y, =XC0S ar +ysin .

(18)

(19)
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In this case, we can make an arbitrary choice of boundary conditions for functions P1 and ¥2
within separate sections of the region boundaries 2 and QZ. This method is also known as the
Schwarz-Neumann method [4]. Next, functions #1 and %2 should have zero values within
segments DE, GB, BH, and DF.

Using the following designation

P1(X2, Y2) = o1 (% (X2, Y2), Y1 (%o, yz)), (20)
P2 (X1, Y1) = @2 (Xa (X1, Y1), Y2 (X1, Y1) (21)

we can formulate boundary conditions for the sum of functions (18)

o (%), 0<x <a

(01(X110)+€52(X1’0):{l7| (x), a'<x<L:

(22)
X)), b'cosa<x <a'+b'cose,
1)+ 3,y = | 21 V) PO <% <8 wbeose
v (%), 0<x, <b'cose;
(23)
- o (Y2), a'cosa<y,<b'+a'cosa,
?(a,Y2) +pa(ay) =4 , _
i (Y2)s 0<y,<a'cosa; 24
_ o (Y2), 0<y, <b’,
2.(0,,) + 9, (0, y2)={_'v N
viv(Y.), b'<y,<b. (25)

Arbitrary functions can be used as v (Xl), i (Xl), Vi (yZ), Viv (y2). Without loss of
universality, they can later be set to zero.

The type of regions O and Q2 allows one to represent their solutions by infinite series:

o6 1)= 3 Ay (x
n=1 , (26)

p=L (27)
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Insofar as @1 (%, Y1) has to be the Helmholtz equation solution, this yields the following system
of equations concerning functions A (V1) :
[ d2A nr ) . N1
Z n(zyl)_(j Ay(y) + K2 A (yy) [sin (==x) =0
1 dyg L L

: (28)
_sin (%) %0 | | | |
Since L , to determine A(Y1) i (28), we get the following system of ordinary
differential equations:

d 2An(yl) [n”jz 2
Rl |\ 04 VAN R TR Y =0, n=12,.
dy12 L n (V1)

(29)
nrz pz
A= Hp = . .
Using L b we can write the solution to system (29) as follows:
_ 1222 2 2., _
I R L UG R
cosk? -2y, A2 <k? cosk? —22(y,—h), 22 <k? (30)
We designate
- /12—k2y 2 2
Fn(l)(yl) _) e 'n ' Ay =K%,
cosk? = A2y, A2 <k?,
F(Z)( ) (Y1 h) 22>k2
n (Y1
cosw/kz —22(y,—h), 22 <Kk?,
This allows one to reduce expansion (26) to
210, 1) = 2 AL sin(A,x) PP (y1) + 3 AP sin( 2, x) Fi? ().
n=1 n=1 (31)

Similarly, we derive #2 (X2, Y2) :

2,2 2,2
— | us—kex us—k=(x,—-a)
e VP hek p@| © P2 ph > k?

cos\[k® — ub Xy, pp <k? cos\[k® — ub (x, —a), w5 <k’ 32)
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Next, we apply the following designations:

2 .2
=4 KX,
e VP , ;zs > k2,

GW(x,) =
p 2
cos\[k? —u5xy, ph <k?,
12 k2 (x,-a)
Hp 2 2
2 >k
Gé)(xz) ' ﬂ

coswlkz—yp(x2 a), w5 <k?,

This allows one to reduce series (27) to the following form

02(X0,¥2) = > DS sin(1,¥,)G P (%,) + > D sin 2, ¥2)G P (x,).
p=1 p=1 (33)

Using (31) and (33), we can derive the general solution to (18)

p(x,y) =Y AP sin(A,x)FP (yy) + > AP sin( 4, %) FP (y;) +
n=1 n=1

+ 2D sin(1p¥2)G (xp) + 3 D sin 112G (40),
p=1 p=]_ (34)

which coordinates are derived via Eq.(19).

3. The mean square deviation minimization (MSDM) method

1) 2 p® D)

Definition of constants ™ , An , P and P in(34) is carried out by the mean square
deviation minimization method (MSDM) [5-20]. As projection systems of functions , we choose

. Nrx . pr
sin(——x) ¢ _ sin (=—Y,)
the systems L , N =12,... for Ly and FUboundaries and b

P :1’2""for Uit and T1v boundaries.

We define the boundary conditions for the boundaries of regions £ and €22 which include the
sides of the parallelogram. Taking into account the reduction of infinite series in the representation
of the general solution (4.34) to the finite ones with the number of their members N and P,
respectively, as well as the corresponding choice of the number of projective functions, we obtain
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D{’

)

O A@ L_IN
a system of 2N +2P finear algebraic equations relative to An : An N =LN and
Dy p=1P.

N N P P

2 1 2
zArgl)allnﬁ +2Ar(1 )aénﬁ + zDé)dllpﬁ + ZDE) )dzlpﬁ =§0n£,
n=1 n=1

p=1 p=1

N N p

NP/ 2) 11 1 ]] 2 II
ZArg)alnﬁ"'zArg)aZnﬁ"'zDE))d +ZD( )d2pn = '
n=1 n=1

p

N N
NP/ 2) 11 1) 411 2)q 11 v
ZA,ﬁ aur; +ZAr(w a5 + ZD( i + ZD( 2 =05
= p=1

ZArgl)aW + ZA,ﬁz)a pt Z D(l)dlpp + Z D(Z)dep = pV’
P p=L (35)

Here, the following designations are used

L
aj.~ = jsin(/ln X, ) Sin( Ax X, )dx, = % LS 7
0

[,2 2
al - —Tsin(/l x;)sin(A=-x)] € Rk Ap 2 k*
2nn — n”1 n 1
cos(—h+/k? — /12) 22 <k?
L5 o™i 2>k2,
2 ]

o

Lis —cos(—hJk?—22), A2 <k2,
2 n,n n n

X, =X, SN,
Y, = X, COSa,
a ) ) —xlsinaW
Jsm(ﬂ,ﬁxl)sm(ypxlcow)e P dxy, w5 =k?,
d1Ip'ﬁ —a 0
jsin(ﬂﬁxl)sin(ypxlcow)cos(xlsin a K2 — p)dxy, b <k,
0
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—(x; sin@—a) y%—kz

a
Isin(;tﬁxl)sin(ypxlcom)e dxy, pp = k2,

— 0

dépﬁ T a
J'sin(/iﬁxl)sin(ypxl cos &r) cos((¥, Sin a — @)y k* — u5)dxy,  pd <k?,
0

a’ L
o = [ or, ()sin( A )dxg + [ 7, () sin( s, )dx, =
0 a'

a
=[|1- a sin( Az x,)dx, +0,
0

(36)

2,2
Lis o™i 2 >K?

N !

1
> Lo cos(hyk? = 22), 22 <k?,

L . 2 2
. . . (-hcosa+x, sina-a) -k
jsm(lﬁxl)sm(yp(hsma+x1003a))e e \/?dxl, us >k,
gl = b'cosa
2pn L
J'sin(;tﬁxl)sin(yp(hsin o + % €050))c0s ((-hcosar +xsina —a) k% = ub) dxy,  pp <k?,
b'cosa
L o[22
. ) . —(-=hcosa+x,sina), | u'- -k
IS|n(ﬂﬁx1)S|n(yp(h3|na+xlcos(z))e £ P dx, 15> k?,
dll = b'cosa
1pn L
Isin(ﬂﬁxl)sin(yp(hsin o + X c0sa))cos((-hcosa + ¥ sin @), [k* - u5) dxg,  pp <k?,
b'cosa
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b’ cosa

j or, (%) sin( A% )dx + j 7r,, () Sin( Az X )dxy =

b'cosa
ﬂ(xl—a—b'COSaj
2
L cosh ,
= | ]1- a sin( s )dx, +0,
b'cosa COShz
(37)
b —(y,sina—acos @) 22 g2 2 2
j‘sin(y-@yz)sin(&n(asinoz+y2 cosa))e nody,, Ar >K*,
alll = a'cosa
1np
jsin(y-ﬁyz)sin(ﬂn(asina+yzcow))cos((yzsina—acow)w/kz—iﬁ)dyz, 22 <k?,
a'cosa
b ina- a-h),/ 2_y2
jsin(yﬁyz)sin(/ln(asinoz+yzcosw))e(yzsln cos iy K dy,, 2>k,
alll a'cosa
2np b
Jsin(/,z-ﬁyz)sin(/ln(asinmr y,c0sa))cos((y,sina —acosa —h)yk? - 22) dy,, A <k?,
a’'cosa
[2 .2
—a,fus-k
i 1bé‘l@ pe P '“SZKZ’
dlL — 2 "
1pp
b5 scos(ak®—pup), pp <k?,
1
17
d2pp :Ebgp,ﬁ ’
a'cosa
of' = j or,, (¥2)sin(uzy,)dy, + j Vr,, (Y2)sin(u5Y2)dy, =
a'cosa
[y temat
b 27|y, —a cosar——
j cos o +1|sin( 5y, )dy, +0,
a'cosa
(38)
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b’ v sina.] 22 K2
Jsinuy)sin( 2y cosae 2" NV ay, 2k,
v 0
alnﬁ - br
jsin(yﬁyz)sin(in Y, COSa)cos(y, sin ayk? — A2) dy,, A% <k?,
0
b o[22
J'sin(y-lﬁyz)sin(/lny2 cosa)e 25Tk dy,, 2> Kk2,
alv. _ a’'cosa
2np b
_[sin(y-lﬁyz)sin(/lny2 cosa)cos((y, sina —h)k? —A2) dy,, A% <k?,
La’cosa
v 1
dlpﬁ Eb‘Sp,ﬁ’
2,2
\Y 1bé‘p p e ’ /‘;23 >k?,
dys = 2 "
2pp

b’
Zﬂ(yz - 2)

o +1(sin(upY,)dy, +0,

(39)

The numerical realization of the proposed method was carried out using the Wolfram Mathematica
system. The calculations were conducted at N=P=60 and N=P=120. The method mismatch with
the boundary solutions was assessed, as shown in Fig. 2. It can be seen that the obtained solutions
have the largest oscillation mismatch/error in the vicinity of the parallelogram angular points.

Err Err
oo W ﬂ 0.0002
| \ﬂﬂnnnnnnnnﬂﬂn I S e U .
Lt/ I Ll
~0.0010 U :0:0003 “
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0.0010 ﬂ r 00005
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Err C) Err d)
A A
0.0010 ’ 0.0002
0.0005 0.0001 I
Wﬂﬂﬂﬂnnﬂnnnﬂnﬂﬂ (T
Y2 Yz
IO i UVWVWVW'”WL RV
-0.0010 “ _0:0002
Err e) Err f)
0,0010‘k | 0-0002
| \ﬂﬂﬂnnﬂnﬂﬂnﬂﬂﬂnﬂ SN T TreemevreeeeCerC A
. U | P VVRY R w L WUWWWWWUJWUWW
| 9) h)

Fig. 2. Mismatch with boundary conditions obtained by the method of the mean square
minimization method:

a) at boundary T/ for N=P=60 at k=8; b) at boundary T'7 for N=P=120 at k=8;
¢) at boundary Ui for N=P=60 at k=8; d) at boundary T for N=P=120 at k=8;
e) at boundary Ui for N=P=60 at k=8; f) at boundary Ui for N=P=120 at k=8;
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g) at boundary T for N=P=60 at k=8; h) at boundary T for N=P=120 at k=8;
4. The collocation method

1 2 @) (2)
Alternatively, constants Afg) A,E ) D D in (34) can be derived via the collocation
method, which can be reduced to p0|nt by point implementation of boundary conditions in
particular boundary points (also referred to as collocation points). In this case, the system of linear
algebraic equations takes the following form:

N N P P
ain -ZAﬁ als +> APal s+ > DV 5 + > DPdl = o,

n=1 p=1 p=1
1ﬂadd ZA,gl)aladd+ZA£2)a1add+ZD(l)d 1add+zD(2)d21%c;"d _ Iadd’
p=1 p=1

NP/ 2 1 2 1
r‘maln ZA"(])a +ZA|’(] )aZnn +ZD( )dlpn +ZD( )d2pn - .
p p
Flaldd :ZAnallrI]%dd +ZA§aélnaI11dd +ZD%)dllpl)§ﬁdd +ZD dzllgr?d Iladd’
=1 =1 p:]_
P
1 IH 2) A1 1) 4111 2) 4 111 IH
T ZA,S)a +2Arg)aan+ZD§))dlpp+zD( )d2pp_ Pp
p=1 p=1

P
add . llladd 2 llladd 1 ladd ladd _ e
i ZAnalnp +ZAna2np +2Dpd1p’ﬁ +ZD dopp = ’

1 2 1 2
I ZAr(])a +ZA§)3 +ZD()d1pp+zD()d2pp 5

p=1 p=1
P P
dd . 1) 5 IVadd 2)  IVadd 1) 4 IVadd 2) 4 IVadd IVadd
ra ZA,ﬁ)a a +ZA,§ Jaga +Z:1D|(C,)d1p|§‘ +21D§,)d2p% = b/,
p= p=
(40)
(1110) ()
Here N main and Priain have to meet the requirements of {Xln’(o’ h)}e(l /1) and

(1111) pU11v)

{(a 0), YZn}E(IH/IV), respectively, while "~“add  gnd " add are supplements to

N (1110) P(III/IV)
main gnd ' main , respectively.

This yields:
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P(]II/IV) P(III/IV) P

{Nr%la/"i])_i_N(I/[[) N
add

main

The system of 2N+2P equations (34) allows one to derive 2N+2P unknown expansion coefficients.
a1]nﬁ = Sin(in Xlﬁ)a

. —hyA2-k2, 9 _ 2
al - sin(4,%z)e ' " Ay 2k*,
2nn —
Sin( A, % ) cos(—hy 22 —k?), A2 <Kk?,
—Xi5 Sin 2_K2
gl =] sin(upxcosa)e ' o Hh =k,
pA =
SIN( 1 Xy COS ) COS(Xg SiN ot [KZ — p12),  pud <k,
. —(x1~ sina—a) ,u2—k2
dl o = Sin( Xy COSr)e L Hh=Kk2,
Sin( X7 COS @) COS((Xy7 sin & —a)y[k* — p5),  uh <k?,
~ L 1 I I
ﬁ:¢rl(x1ﬁ)1xlﬁ:0+n(N +l) =1, Nimains N = Nppain + Nagq,
ladd ladd ladd ladd ladd
a1r{11n a1nn 1az?m = a'2nn ’dlgﬁ =0 dZ%n =0, 95 2 =Y, (Xg7), M = maln +L N,
(41)
2 .2
. hyA2 k2,
al__1 sin(Zxq)e " 25 2K,
nn
sin( A, x5 ) cos(hyk? = 22), 22 <k?,
I -
An = SIN(Ay Xq5),
~(~hcosa+xz sina), ,uz—k2
gl - sin( u, (hsin & + x5 cos ))e ' P 15 2 k?,
lpn —
sin( 42, (Nsin & + Xy C0s @)) cos((—hcos & + Xy sin oc),/k2 1y w5 <k,
2 .2
(-hcosa+xz sina—a), | us -k
a sin( e, (hsin o + x5 cos @))e 1 P w2k,
2pn —
sin( 1, (hsin o + x5 cos ) cos((—hcos & + Xz Sin @ - a)1/k2 uh), ph <k’
| ~ T
?n =¢r, (X)), N=Nagq +LN,
lladd lladd lladd lladd lladd
a1n% —alnn’aZnan —a2nﬁ!d1pﬁ =0, d2pn - (Dﬁ _‘//F (Xln) n= =1 N add’ (42)
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A sin(4, (asin a + y,; cosa))e (zp sina-acosa)y 2= 2 >k2,
1np =
Sin(4, (asin & + y,5 Cos @) cos(( Vo5 Sin & —acosa) k> — A7), A5 <k?,
. . Ssino— —h)| 22 -k?
A sin( 4, (asin o + y25C05a))e(y2"sma Acosa= A=k 2 >k?,
2np —
Sin( A, (asin a + Y, cos &) cos(( Y, sin @ —acosar — )y k* = A7), 22 <k?,
2 2
—a.|us -k
: b 2 2

Sin( 2, Yo5) cos(ayk? - u5), b <k?,
daps =Sin(,Ya5),

o = (). B-PUL+LP,
Illadd -0 aIIIadd -0 d Illadd - i d Illadd —d i

B1np 2np 1pp = O1pps  O2pn 2pp
lladd _ — pli
o5 =vr, (Y25), P =1Pu,
2,2
Y25 sma,m —k
AV _ Sin( A, Yo5 COsa)e 2 >k?,
np —
Sin( Ay Yo COS o) COS( Y, 5 Sin ik — /12) 22 <k?,
. 2 2
. (yzﬁslna—h) A5 -k 2 2
a%ﬁ _ sin(4, Y, cOsa)e no, An =2 K*,

Sin( Ay Yo COS ) cos(( Yo sin e —h)k? = 42), A2 <k?,

d1pp —Sin(;quZﬁ),
2.2 L
dopp = sin(uzyape VP Bk
Sin( 5 Yo5)cos(—a\k* — pp),  pp <k?,

o5 =or, (Y25), D=1 Paain,

IVadd IVadd _ IVadd IVadd
Ay =0, agnp " =0, dyp™ =dyyp, dpp =dapp,

o5 =97, (Y25). P =Prain 1P,

(43)

(44)

The mismatch with boundary conditions by the collocation method was estimated for different

cases at N=P=60 and N=P=120, as shown in Fig.3.
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Fig. 2. Mismatch with boundary conditions obtained by the collocation method:
a) at boundary T/ for N=P=60 at k=8; b) at boundary T/ for N=P=120 at k=8;
c) at boundary Uit for N=P=60 at k=8; d) at boundary T for N=P=120 at k=8;
e) at boundary Ui for N=P=60 at k=8; f) at boundary Ui for N=P=120 at k=8;
g) at boundary T for N=P=60 at k=8; h) at boundary T for N=P=120 at k=8;

The comparison of the results obtained for the two systems of collocation points (containing 60
and 120 points, respectively) strongly indicates that an increase in the number of collocation points
improves the quality of boundary conditions’ implementation. Noteworthy is the presence of a
relatively high error in very narrow areas near the ends of the boundary segments. This can be
treated as a specific feature of the collocation method, which can be omitted by using the
alternative technique, e.g., the mean square deviation minimization method. However, local
deviations in boundary conditions have no significant effect when the spectrum of
eigenfrequencies is assessed by the collocation method. Moreover, the comparative analysis of
data for 60 and 120 points of collocation indicates that an increase in the number of collocation
points improves the accuracy and the number of such points can be significantly increased, if
required.

5. Oscillation of the membrane with a dynamic excitation; The mean square deviation
minimization (MSDM) method

Consider a parallelogram-shaped membrane subjected to a distributed load of density
F(x,y) = sin(ﬂyjsin(W].

The nonuniform solution (5) corresponding to such a loading case is
. l¢e. (nn). (#n(&—ncota
Py =— | sm(”jsm(@’i)}od(xl ~ &)+ (y, - m)?)dédn.
4: h a (46)

In this case, coefficients of the linear algebraic system (35) remain unchanged, as compared to
those in the problem of kinematically excited membrane oscillations, while variations occur only
in the right parts of equations representing the problem boundary conditions. When the MSDM is
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used, functions v (Xl), Vi (Xl), Vi (¥2) and Vv (¥2) are considered to be equal to zero,
which reduces the right parts of the system equations to the following form:

ol :E}Sin(zﬁxl)[ sm( ]sm(”@ UCOta)JYO(k\/n (% —&) )drydéjdxl,
40 o h a’
IS|n(ﬂnx1

s o5
b'cosa
o5 :Z js'n(ﬂp)’z){_“sm( 5 jsm(ij

a’'cosa

-

-l>||—\
N

xYO(k\/((—acosa +Y,sina)—-n)* +((@sina + y, cosa) — &)° jdndf ]dyz,
b’
v_1¢. . (7n)\ . (7(&-ncota)
Pp —4E|;S|n(y—f,y2)(£5|n(hj5|n(a,)x

XYO( k\/(yz sina _77)2 +(y,cosa _5)2 JdﬂdedYb
(47)

By solving the obtained linear algebraic system, we can derive the reduced series coefficients.
Next, to assess the displacement amplitude at an arbitrary point of the membrane, the uniform
solution should be derived for the nonuniform one in (46).

6. Oscillation of the membrane with a dynamic excitation; The collocation method

The coefficients of the linear algebraic system (40) remain unchanged, as compared to those in in
the problem of kinematically excited membrane oscillations solved by the collocation method,
while the right parts of the system equations take the following form:

or, )= [ 7 o[ P21 e o Joz,
o1, 050 = [ 7 Jan[ ZEZH Yok 2 00 o,

or,, (Y25) = iiSin(?jSin[ij

a

xYo(k\/((—aCOSa +Yy58ina) —n)° +((asina + y,5 cosa) — &) ]dndf,

or, (Y25) = % ISin(?)SiHKWj y
Q

a

xYO(k\/(yzr, sina —n)? + (Y5 cosa — &)° ]dﬂdé‘,
(48)
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The behavior of solution errors (mismatches) provided by the MSDM and collocation methods, in

case of dynamically excitated membrane oscillations, is similar to those revealed in the kinematic
excitation cases.

Forms of oscillation of the membrane with a kinematic excitation are depicted in Fig.3.

A review, primarily through « studies, Un parcours, principalement par le biais d'étu
of techniques and practices being utilized des techniques et des pratic

es utilisées de
in the predictive community today. dans la communauté prédictive




CMVA |Gensdian Machinery ANNUAL TECHNICAL CONFERENCE
Wbration ssecon CONFERENCE TECHNIQUE ANNUELLE
ACVM Vibrations=Machines HALIFAX 2019

Fig.3. Forms of oscillation of the membrane with a kinematic excitation for different values of k:
k=5.895; b) k=10.013; ¢) k=13.6; d) k=14.77; e) k=17.15; f) k=19.75; g) k=20.76; h) k=23.17; j)
k=23.354; k) k=27.224; |) k=27.877; m) k=29.22

Forms of oscillation of the membrane with a dynamic excitation are presented in Fig.4, whereas
the calculated amplitude-frequency characteristic (AFC) of the membrane is plotted in Fig.5.

P =peF P =peF

a) b)
Fig.4. Forms of oscillation of the membrane with a dynamic excitation for two values of k: a)
k=5.895; b) k=10.013.
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! |5.895

10.013

Fig.5. The calculated amplitude-frequency characteristic of the dynamically excited membrane.
7. Conclusions

This study attempted to provide solutions to the oscillation problems of complex-shaped
membranes, including the case of dynamically excited finite regions. The main feature of the
dynamic processes in such regions is the presence of resonance phenomena. The results obtained
strongly indicate that the analysis of forced oscillations in a wide range of frequencies of
interfering factors makes it possible to determine precisely their eigenfrequencies and eigenforms
of oscillations. The amplitude-frequency characteristic of the membrane central point was derived,
which indicates the effect of the complexity of the membrane shape on the spectrum of its
eigenfrequencies. There is no distribution regularity, in contrast to rectangular membranes. Some
discrepancies in the magnitudes of oscillation amplitudes for frequencies close to resonant ones is
due to a slight difference in the values of different frequencies from the membrane
eigenfrequencies. However, a significant increase in the membrane deviation from the static
equilibrium state (by 2-3 orders of magnitude) strongly indicates the sufficient accuracy of the
obtained estimates. All calculations made using 120 collocation points fully satisfied the boundary
conditions. The additional proof of the sufficient accuracy of predictions is the fact that the
magnitude of oscillation amplitudes of kinematic perturbations of exciting circuits approaches
zero. Several characteristic intrinsic forms of oscillation were derived for various wavenumbers
and the number of used collocation points. It is shown that an increase in the wavenumber leads
to a rise in the number of nodal lines in its oscillation eigenfrequencies. The performed analysis of
oscillation forms confirms that the chosen number of collocation points is sufficient to determine
the dynamic characteristics of the system with high eigenfrequencies containing about ten local
maxima in the membrane area.
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