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Abstract

Our work in plasmonics is concerned with coherence properties of partially coherent,
twisted Gaussian-Schell model (TGSM) beams tightly focused on a thin metal film.
We have simulated the spectral density of in-coupled light and shown that it is strongly
affected by the surface plasmon polariton (SPP) generation. This also confirms our
original assumption that strong SPP coupling can be realized in this configuration.
The calculation of the angular momentum density shows that its distribution can
be controlled by the beam coherence length and a twist parameter magnitude. The
sharp angular momentum density maxima and their distribution tend to be smeared
out as the coherence length decreases. In addition, the axial component of angular
momentum distribution becomes delocalized as the strength of phase twist of an

incident beam is increased.
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Chapter 1

Introduction

1.1 Background

In the 19th century, the existence of electromagnetic waves was suggested by James
Clerk Maxwell [1]. He worked out mathematically the properties they might have,
after having collected and summarized research achievements in the field of elec-
tromagnetism by other researchers. Thus, the classical electromagnetic theory was
established. At the same time, Maxwell related optical phenomena to electromagnetic
phenomena, having pointed out that light was an electromagnetic wave, thereby build-
ing the electromagnetic theory of optics. This achievement made a great contribution
to the development of physics. The electromagnetic waves play an essential role in our
life, not only in the field of engineering, but also in various other fields like medicine
2], space exploration [3] and communications [4], to name but a few. Plasmonics is a
branch of science connecting research on electromagnetic fields and on free electrons

in metals [5].

Research in plasmonics, which forms a major part of the fascinating field of
nanophotonics, has been growing rapidly since the first decade of the twenty-first
century [6]. It offers us new perspectives to explore the properties of electromagnetic
fields over dimensions smaller than the wavelength of light [7]. The light energy can
be tightly confined to metal-dielectric interfaces by plasmons. Hence, strong elec-
tromagnetic fields can be generated in a vicinity of metal/dielectric interfaces [8].
To date, plasmonics effects have been applied to a wide range of fields, including
nanoscale waveguides [9], high-resolution microscopy [10], sensors [11], and nonlinear

optics [12].



1.2 Motivation and Objectives

The surface plasmon resonance can be supported at an interface between two materi-
als where the real part of the dielectric function changes sign across the interface [13],
such as silver and air. Coherent oscillations of the surface conduction electrons will
be produced at the carrier frequency of a driving electromagnetic wave [14]. How-
ever, a lot of researches in plasmonics deal with only deterministic situations [15, 16].
That means the physical quantities are expressed by mathematical functions that are
either fully specified or are predicted to be precisely measurable. The conclusions
drawn from deterministic and statistical analyses of the same realistic problem can
differ greatly [17]. That is the reason we employ statistical models in our research
to obtain simulation results corresponding to realistic laboratory conditions of noisy
light sources. The objective of this thesis is to control the field energy and angu-
lar momentum distributions by adjusting spatial coherence properties of the incident

light.

1.3 Thesis Contributions

This thesis is concerned with the energy and angular momentum distributions of sta-
tistical light beams tightly focused on a thin metal film. We have made the following

contributions :

e We apply statistical analyses to explore the properties of transmitted beams
near the metal film. The obtained theoretical results correspond to realistic

situation of the film illuminated by a noisy light source.

e We have simulated the spectra of transmitted light in the Kretschmann and
glass-air configurations. Our results indicate that transmitted electromagnetic
fields are strongly affected by the surface plasmon polariton (SPP) generation.
The results prove our original assumption that strong plasmon coupling can be

realized in the Kretschmann configuration.

e [t has been demonstrated in the reference that coherence of the incident light

is controlled by both the beam width and a twist parameter [18].Our simulated
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results prove that coherence also affects the energy distribution of the SPP-

enhanced light fields.

e We simulated the angular momentum density of the SPP-enhanced transmitted
field in cases of no twist and maximal twist of the incident beam phase. The
results show that we can control the distribution and periodicity of the angular

momentum density by changing the strength of the twist parameter.

1.4 Thesis Organization

The thesis is organized as follows. Chapter 2 starts out by providing an overview of
the theoretical foundations and background information—including introductions to
SPPs, coherence theory, and the principles of coherent-mode representation. Chapter
3 proceeds with the problem formulation, theoretical description, numerical modelling

and discussion of results. Finally, conclusions are presented in chapter 4.



Chapter 2
Background Information

2.1 Introduction to Surface Plasmon Polaritons

The prediction of the existence of surface plasmon polaritons (SPP) was first pre-
sented by Rufus Ritchie in 1957 [19]. SPPs represent surface charge density oscilla-
tions sustained by metal’s free electron gas at optical frequencies. Similar behavior
cannot be simply realized in other spectral ranges because metal parameters change
considerably with the electromagnetic wave carrier frequency. The SPPs excited at
the interface between a metal, possessing a negative dielectric permittivity, and a
dielectric can produce strongly enhanced optical near fields which propagate along

the metal surface.

2.1.1 Surface Plasmon Polariton Properties

It is sometimes stated that SPPs are quanta of surface charge density oscillations
[13]. SPPs can also be viewed as collective oscillations of the electron density at
the surface of a metal. The SPPs are naturally coupled to carrier waves at optical
frequencies. Solving the Maxwell equations with the appropriate boundary conditions

in the media gives us a dispersion relation for SPPs as [13]

w EmEd
kspp = — : 2.1
I | ey (2.1)

Here ¢, denotes the complex dielectric permittivity of a noble metal that depends

on the frequency of light, with a negative real part, and ¢4 stands for a positive
real dielectric constant of a dielectric material. To discuss some properties of SPPs,
the imaginary part of €, needs to be specified. Assume that ¢,, = ¢/ + ic/ and
kspp = k. + ik

sop = Kipp pp With constraints that e/, < 0 and [e],[ >> &7,. It follows that kg,
can be determined as [13]

[y e (2.2)




and
w | € &g el €a
K~ = m m . 2.3
P e\ el +eq2el (el 4 €q) (2:3)
The SPP wavelength is determined by the real part k{,,, such that
2 /
Nopp = 1 g [Em T Ed ) (2.4)

P /
Ky EmEd

where A represents the wavelength of the excitation light in vacuum.

On the other hand, the propagation length of SPPs along the interface is de-
termined by k{,,, which is responsible for an exponential decay of the electric field
amplitude, since the SPP energy is lost to ohmic resistance and is deposited in the
form of heat. The 1/e decay length of the electric field equals to 1/k%,, or 1/(2k7,)
for the intensity. After comparing the 1/e decay lengths of SPPs on both sides of the
interface, it can be concluded that the decay length into the metal is much shorter

than into the dielectric.

2.1.2 Excitation of Surface Plasmon Polaritons

. >
kx,res kx

Figure 2.1: Dispersion relation at a gold/air interface. The solid line shows the
dispersion relation of SPPs derived from Eq.(2.1). The two dash-dotted straight lines
represent the free-space light line w = ck, and the tilted light line in glass w = ck, /n,
respectively(Figure source: Fig 12.6(a), pp.389, [13] ).

To excite SPPs, optical beam coupling with the SPP frequency is required. The
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SPPs can only be generated by fulfilling both energy and momentum conservation

conditions. Fig 2.1 exhibits an SPP dispersion relation.

/

pp 15 always greater

We can see that for a given frequency w, the wavenumber k
than the wavenumber of light in free space. The physical reason for this is the light
field has to drag electrons along the metal surface. Thus, light propagating in the
air cannot excite SPPs at a metal-air interface. In other words, the SPP dispersion
curve does not intersect the photon dispersion curve in the air. Consequently, we
need to increase the in-plane wave vector component of the SPP exciting light over
its value in the air. To this end, one can use evanescent waves created by a medium
with a refractive index n > 1, such as glass, to excite SPPs. The dispersion curve
of an example of such a wave is displayed in Fig 2.1, which is tilted by a factor of n
since w = ck/n. There are two possible experimental configurations that fulfill our
requirements, both shown in Fig 2.2.

field
amplitude

Figure 2.2: Experimental configurations to realize SPP excitation (a)Otto configu-
ration. (b)Kretschmann configuration.L: laser, D: detector, M: metal layer(Figure
source: Fig 12.6(b), pp.389, [13]).

In the Otto configuration, the SPPs are excited by the tail of an evanescent wave
coming out of the glass-air interface. However, this configuration is not experimen-
tally viable because it is hard to control the width of the tiny gap between the two
interfaces. That is the reason we apply an alternative, Kretschmann configuration in
our numerical simulations. In the Kretschmann configuration, a thin metal film is de-
posited on top of the glass prism. The film thickness can be conveniently controlled.
The SPPs can be excited by the evanescent wave penetrating through the metal film

with a proper thickness.



2.2 Angular spectrum representation of optical fields

2.2.1 Introduction

The angular spectrum representation is a powerful mathematical technique to describe
laser beam propagation and light focusing as a superposition of plane and evanescent
waves of different directions calculated from Maxwell’s equations [13], which can then
be individually propagated through an optical system of interest. A plane wave is a
wave that propagates in one direction. The wavefronts of plane waves are perpen-
dicular to the direction of propagation and have the same value [20]. An evanescent
wave does not propagate but rather decays exponentially with distance [21].

If the angular spectrum representation is treated in the paraxial limit, it can be
regarded as the framework of Fourier optics, which finds numerous applications such
as spatial filtering [13], optical correlations [13] and computer generated holograms

[22]. Let E(r) to be an electric field at a certain point r = (z,y, ) in space.
%
/
/ _ 7

E scatt

-

z = const.

Figure 2.3: The optical scattering problem expressed in the angular spectrum repre-
sentation(Figure source: Fig 2.9, pp.39, [13]).

In Fig 2.3 we sketch a typical scattering problem. One can choose an arbitrary
axis z and consider the field E in a plane z = const. The field E at any point in
space can be determined by combining the contributions of each plane wave since
the propagation characteristics of plane waves in free space are well known [23]. A

two-dimensional Fourier transform of the field E is defined as [13]



B(ky, ky; 2) // (1, z)e" K thut) gy, (2.5)

Similarly, we express the inverse Fourier transform as

E(z,y, 2 / / E(ky, ky; 2)e'Fam k) gl dk, (2.6)

Here x, y are the Cartesian coordinates in a plane transverse to the z-axis and
ks, k, are the corresponding spatial frequencies. If the medium is confined to be
homogeneous, isotropic, linear and source-free, the electric field has to satisfy the

vector Helmholtz equation in the form

(V2 + kHE(r) = 0. (2.7)

Here k = (w/c)n. In the space-time domain the electric field can be written as

E(r,t) = Re[E(r)e “". (2.8)

Substituting from (2.6) into (2.7), we obtain the expression
B(ky, ky; 2) = B(ky, ky; 02, (2.9)

where

k2 — k2 — k2, k24 ky < k2 homogeneous waves;
k, = (2.10)

in/k2+ k2 — k2, k2 + k> k2, evanescent waves.
The wavenumber k, is either real or imaginary and turns the factor exp(%ik.z)
into an oscillatory or exponentially decaying function, which determines the type of
wave. It follows from (2.6) and (2.9), that the electric field at an arbitrary position

can be represented as

E(z,y, 2 / / E(ky, ky; 0)e ke thovthe2) gpe qg; (2.11)

Eq.(2.11) is known as the angular spectrum representation [13]. There is one more
aspect we should mention. Although the angular spectrum of E fulfills the Helmholtz

equation, it is not yet a rigorous solution of Maxwell’s equations in free space. It is
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necessary to require that the fields be divergence free, i.e. V-E = 0. The condition

confines k to directions perpendicular to the spectral amplitudes.

2.2.2 Far-fields in the Angular Spectrum Representation

With the use of angular spectrum representation, a rigorous description of near fields
can be realized in terms of the corresponding far fields, which are conveniently de-
termined. Eq.(2.11) describes field propagation from the source z = 0 to any plane
z = const. The dimensionless unit vector s in the direction of r can be expressed as
[13]

x Yy z

S = (54, 8y, 52) = (—,—, -) , (2.12)

rirr
where 7 = (22 + y? + 22)2 is the distance from the origin. Eq.(2.11) can then be
transformed to

Eoo(sxasyasz = lim // k k O) lkr[%sz+ sy s:] dk, dk (2.13)
(k2+k2)<k?

kr—oo

The integration range is confined to (k2 + k) < k* due to the exponential decay

of the evanescent waves. Eq.(2.13) can be expressed as [24]

ikr
Eoo (54, 8y, 5.) = —2miks,E(ksy, ksy; O)e—. (2.14)
r

It follows from Eq.(2.14) that the far-fields are entirely determined by the Fourier
spectra of the fields E(ksm, ks,;0) in the source plane if we replace k, and k, by ks,
and ks,. This simply means that s fulfills the condition

k, k, k.
S = (Su, Sy, S2) = (?’ ?y’ ?) ) (2.15)

The result implies that due to destructive interference, only one plane wave with
the wavevector k = (ky, ky, k) at z = 0 contributes to the far-field in the direction s.
Thus we can treat the far-fields as a collection of rays with each ray being characterized
by a particular plane wave. On substituting from (2.15) into (2.14), the Fourier

spectrum of E is found to be given by

~ ire kT
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Eq.(2.16) can be substituted into (2.11) yielding

ire”thr

: 1
E(z,y,2) = / / B (ky, ky e e thovEhe2) — qp dk, . (2.17)
21 Sz < k.

Eq.(2.17) is a rigorous expression of near-field angular distributions in terms of far

fields [13].

2.3 Coherent-mode representation

2.3.1 Introduction to Coherence Theory

Coherence theory describes correlations among physical properties of a single wave,
or several waves. There are two types of coherence, temporal coherence and spatial
coherence [17]. Assume V(r,t) to be an optical field at a point specified by the
position vector r and at time ¢t. V(r,t) is a fluctuating function of space and time
for any realistic optical field. The random field is stationary in the wide sense if its
cross-correlation function depends only on the difference between two time arguments

T =ty — t1, expressed as [25]
L(ry,re,7) = (V¥ (ry,t)V(re, t + 7)). (2.18)

Here angle brackets denote averaging over a field ensemble {V'}. Eq. (2.18) is known
as the mutual coherence function and describes a statistical optical field in the space-
time domain. Assuming that I'(ry,re, 7) is absolutely integrable in the range —oo <

T < 00 , it can be represented by its Fourier transform as

o0

W(I']_,I'Q,W):/ [(ry, ro, 7)exp(—iwT)dT, (2.19)

—0o0
which is known as the cross-spectral density function of the field and is a central
quantity of the second-order coherence theory in the space-frequency domain [25].
The cross-spectral density function becomes the spectral density if r;y = ro = 1,

which can be expressed as
S(r,w) = W(r,r,w). (2.20)

It can be shown that [17]

(W (ry,re,w)| < [S(ry,w)]?[S(rg,w)]2. (2.21)
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Thus the normalized cross-spectral density function can be defined as

W(ry,ra,w)

HrL T2, ) = tgr e S TP [S (e, ) 7 (2.22)

known as the spectral degree of coherence. The magnitude of the spectral degree of

coherence satisfies the inequality [17]
0 S |/L(I‘1,I‘2,W)| S 1. (223)

If |u| = 0 for each pair of ry and ra, the field is completely incoherent; when
|| = 1, it is completely coherent; and when 0 < |u| < 1, it is partially coherent in

space.
2.3.2 Coherent-Mode Representation of Twisted Gaussian Schell-model
Beams

According to the theory advanced by E.Wolf in the 1980s, statistically stationary
optical fields with arbitrary coherence can be expressed as a superposition of coherent
modes in the space-frequency domain, which gives us a new insight into the physics
of generation, propagation, and transformation of optical fields. If the cross-spectral
density W(py, p2,w) is a continuous function, it can be expressed in the form of

Mercer’s expansion as [25]
W(php?aw) = ZAn(w)wZ(plaw)wn(p%w)a (224)

where {\,(w)} and {¥,(p,w)} are obtained by solving the integral equation as

/ W (o1, pos 60} (1, )1 = M) b (92, 0). (2.25)

It is necessary to highlight that all the eigenvalues {\,(w)} are real and nonnegative,

such that

A (w) = An(w) >0, (2.26)
and the eigenfunctions {¢,(p,w)} are mutually orthonormal, such that
/ UVn(p, W)U (p, w)dp = Spm, (2.27)

where 0, is the Kronecker symbol.
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The Gaussian Schell-model (GSM) sources have shown great promise in optical
coherence theory [12] since they model generic properties of many realistic partially
coherent sources. GSM have been widely used, either for exploring the relationship
between radiometry and coherence [26] or introducing the concept of twist phase for
partially coherent beams [27]. In our simulations, we employ the twisted Gaussian
Schell-model (TGSM) beams which carry a position-dependent twist phase. Here
the twist factor presence offers an opportunity to control coherence without affecting
the beam intensity profile [18]. TGSM beams have found numerous applications,
including the theory of partially coherent solitons [18] and a ghost imaging technique
[28]. The expression for the cross-spectral density of a TGSM beam Wrggns is

pi+ Pz) exp [_ (p1 — p2)°

40% 207 } exp [tupipa sin(¢r — ¢9)] .

(2.28)

Wrasm(p1, p2)ox exp (

Here o; and o, represent the beam width and the spatial coherence length, respec-
tively, and u is known as the twist parameter. The coherent-mode representation of

the cross-spectral density of TGSM was derived in Ref[18]:

Wresm(pr, p2) = Z Z)\mnwmn P1: 1) Ymn(p2, P2), (2.29)
m=—oo n=0
where
n! |
/\mn =———(""2 ma 2.
n + ]m|!C " (2.30)
and
p Im| 2 2
Vrn (5 &) = (—) Lm (—2) e 217 e (2.31)
) )

Here ¢, denotes a characteristic width of each mode in the transverse plane, given by

B 20207 (1 + ()
b= \/ @07+ o)1 0) (2:52)

and the derivations of  and ¢ are shown in Chapter 3.

The TGSM is treated as the incident source in our simulations. The coherent-
mode representation of TGSM beams greatly simplifies the calculation of focusing

integrals in Chapter 3.



Chapter 3

Angular Momentum Density of Surface Plasmon Enhanced
Electromagnetic Fields Excited by Tightly Focused

Statistical Beams

3.1 Theory

Tightly focused laser beams are used in fluorescence spectroscopy to study molecular
interactions in solutions, as well as kinetics of single molecules at the interfaces [29].
They also show great promise in confocal microscopy [30] and optical data storage
[31]. Furthermore, focused laser beams can be employed to trap nanoparticles and to

move them with high precision [32].

Z Surface Plasmons

Glass X

Figure 3.1: Hlustrating SPP generation by tight focusing.

Investigations on optical manipulation of neutral nanoparticles have been ex-

tended to the control of optical torque and optical angular momentum [33]. It has

13
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been shown that light carries both spin angular momentum and orbital angular mo-
mentum, which can be used to rotate small particles [34]. Thus light has been applied
to the optical tweezer technology, which uses highly focused laser beams to provide
an attractive or repulsive force to physically move or rotate nanoparticles similar to
tweezers [32]. The coherence properties of the light source play an important role
in the simulation results. As a matter of fact, realistic light sources are necessarily
partially spatially coherent to some extent. In addition, decreasing the spatial co-
herence of light source generally reduces the interference signal produced by multiply
scattered light , while increasing the spatial coherence guarantees of undamped signal
strength in a large axial imaging range [35]. In this thesis, we use incident beams that
are partially spatially coherent. On the other hand, dielectric nanoparticles respond
rather weakly to applied optical fields necessitating the use of very tight optical traps.
To mitigate this circumstance, SPPs have been widely used to enhance the optical
response of sub-wavelength particles [36]. Plasmonics encompasses SPP studies and
nano-optics and it has found numerous applications ranging from merging photonics
and electronics at nanoscale dimensions [37] to cancer treatment [38].

In our thesis, SPPs are excited at an Ag-air interface by localized fields originating
from TGSM laser beams, which are tightly focused by a large numerical aperture
(N.A) objective (oil-immersion lens). The spread of incidence angles emanating from
the reference sphere of the lens and converging towards the focus includes the resonant

angles responsible for SPP excitation at the Ag/air interface, as illustrated in Fig 3.1.

E Pla.ne of Sirface
P Incidence

Py Normal
E, <
Interface of \/

Two Media

Figure 3.2: The relationship between s-polarization and p-polarization.

Assume a plane wave is incident at the interface of two different materials as
illustrated in Fig 3.2. P-polarized light is understood to have an electric field direction

parallel to the plane of incidence, and s-polarized light has the electric field oriented
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s | 0,

| 'E
By

Figure 3.3: Geometrical representation of the focusing process.

perpendicular to that plane. We only consider p-polarization of the incident beam as
there is no SPP produced by the s-polarization [39]. In terms of the unit vectors the

p-polarized electrical field can be expressed as

EP) = (Ej. - n,)n,. (3.1)

Here we introduce the unit vectors n,, and ny as shown in Fig 3.3. As the incident
beam is transmitted through the lens, the intensity law must be fulfilled, which means
that the energy incident on the aplanatic lens equals the energy leaving the lens . The
power carried by a beam of cross-section A equals to P = (1/2)Z;51/2 [ |E|*dA, where
Zye = m denotes the wave impedance and A is the cross-section area in the
plane transverse to the propagation direction [13]. Here pq is the permeability in free
space. The field refracts at the spherical surface of the lens and the unit vector n, is
mapped into ng. The refracted electrical field, denoted by E.,, to indicate that the
field is evaluated at a large distance from the focus (x,y, z) = (0,0,0), is expressed
as [13]

n
Es = 1 [(Eine - n,)0g] - | —(cos 0)Y/2. (3.2)

U
Here n; and ny are the refractive indices of the materials on either side of the lens
and t? represents a Fresnel coefficient of the p-polarization [40]. The factor outside
the square brackets is due to the energy flux conservation along each ray [13]. Let us

assume that the incident TGSM beam is radially polarized such that
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Ein. = Eincnp- (33)

The unit vector ny can be expressed in terms of the cylindrical unit vectors n,
and n, using the angle 6. The z-axis is parallel to the incident beam propagation

direction as is indicated in Fig 3.3. Thus,

ng =n,cost —n,sinb. (3.4)

Here 6 is a convergence angle that a focused ray direction makes with the z-axis. We

can then decompose the focused field into radial and axial components as

E. = Eip[cosfn, — sinfn,]| (cos )42 (3.5)

Here the factor ny/ny is omitted because the two sides of the lens are composed of
the same material. The focal length of the lens is much larger than the wavelength
of light. Consequently, the field E., on the reference sphere, which can be regarded
as far-field, entirely determines the field E near the focus. According to Eq.(2.17)
expressed in the cylindrical coordinates, one can express E(p, ¢, z) at an arbitrary

observation point as

. Os 27

E(p,p,2) = W / / B e'f17 080 pikipsind cos(6=¢) ¢in 9 pp (3.6)

0o O

Here f is a focal length and the distance r between the focal point and the surface of
the sphere was replaced by f. In addition, the integration with respect to € is confined
to the tiny interval 6, < 6 < 63 to highlight the SPP affect on the transmitted
field distributions, where 6, = 42.64° and 63 = 42.72°(the simulation configuration
corresponds to a g, = 42.7°). Further, k; and k3 are wavenumbers in glass and in

free space, respectively.

The angular spectrum representation of the transmitted field is given by

9[3 27
ki fe~ S . _
E.(p, ¢,2) = % / / E!_eiks=2eih1psin0cos(9=2) gin G, (3.7)
0

ba
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Here Ef_ is a far-zone expression for the field transmitted through the metal film. It
can be determined by applying the appropriate boundary conditions in Eq.(3.5) and

is expressed as

(3.8)

- . ~ . cos In
Eio = EooTlge_Zkgzd = Echlge_Zk?’zd(COS 9)1/2 [ g ] .

—sinfn,

The extra factor e#s=d

ensures that this ratio is properly defined [40]. Here d denotes
the thickness of the metal film and ﬁg is a Fresnel transmission coefficient of the film

given by [40]

P 4p ikond
lo3tioe"?”
1 — rh rjge2ika:d’

Tiy = (3.9)

where tfj and rfj (i,j = 1,2, 3) are the p-polarization Fresnel transmission and reflec-
tion coefficients at each interface of the film. Using Eqs.(3.7) - (3.9), the transmitted

field can be decomposed into the radial and axial components with the magnitudes

. 96 27
iky fe~ kit = iksod 1/2 ikssz ikipsin 0 cos(¢—p)
E,, = —o EincTi3e™ "% (cos )/ “e"3=7 1P #)sin 0 cos 8dpdo,
T
6o O

96 21
ik fe— kS ~ . . . .
Etz _ 1f2 //EmCTlge—zkgzd(Cos 9)1/261k32261k1p51n9cos(qb—ga) Sin2 9d¢d9
T
0o O

(3.10)
To any statistical optical field, Fj,. is a fluctuating function of the angular variables
and it should be regarded as a random process. Thus, according to the outline of

the second-order coherence theory of Chap.2, the cross-spectral density W, of the

electric field on the metal surface can be expressed as

W = (E; (p1, 1, 2) Et(p2, 02, 2)) - (3.11)
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Substituting Eq.(3.10) into (3.11), the Wj,, is represented as

0s 2m 05 o
/{?2f2
spp < // inc P17¢1 K d91d¢1// inc p27¢2>K2d92d¢2>

9/3 27 9,8 27

2 £2
- M / / / / <E7§k7l0(p17 ¢1)Einc(p2, ¢2)> KTK2d91d¢1d02d¢2 (312)
0

472

96 27 0,8 27

k,2 2
L ////WTGSM p1, O1, P, G2) K Kodfdoydydes,

T

Here the functions K; are defined as
K; = exp[—iks.d + tks.z + ik psin 6, cos(¢; — ¢)]

_ - cos b;, radial factor, (3.13)
XT13(COS 9j)§ Sin tgj X
—sinf;, axial factor,
where j=1,2 and items in the square brackets denote the different factors used to
calculate radial and axial components of W, respectively.
Wrasw in Eq.(3.12) can be regarded as the cross-spectral density of TGSM, as

we use a tightly focused twisted Gaussian-Schell model beam to excite SPPs. Recall

that the cross-spectral density of TGSM is expressed as

2 2 o 2
P +p2) exp [_ (pr —p2)

40% 20(2: } exp [iUP1P2 Sin(¢1 - ¢2)] )

(3.14)

Wrasm (;01, PQ)OC exp (—

where p;, po as position vectors in the beam cross-section; o; and o, represent the
beam width and the spatial coherence length, respectively, and u stands for the twist
parameter.

Wraswm can be expressed in terms of the coherent-mode representation as [18]

Wrasm(pi, p2) = Z ZAmn¢mn P1, $1)Umn(p2, G2), (3.15)

m=—oo n=0

where

)\mn - Cn+%nm7 (316)

(n + |m])!
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and

wmn(pv (b) = <_) L‘;Ln‘ <_2) e 2i7e™?. (317>
gj_ EL
Here L) ‘(x) is an associate Laguerre polynomial of order n and azimuthal index m;

¢, is a characteristic width of each mode in the transverse plane, given by

B 2020%(1+ ()
o \/ (205 +02)(1 —0) 1)

The factors ¢ and 7 in Eq.(3.16) specify the weight of each mode in the coherent-

mode representation of TGSM, through the expressions [18]

I 1+C—(n+1/n)VC

207 = v (3.19)
1 (n+1/n)V¢
ot (-0t e
and
g = = LmVE (3.21)

(1—¢)e.?

Inverting these equations, the quantities ( and 7 can be expressed in terms of the

beam parameters. From Eqs.(3.20) and (3.21), the relationship between uc? and 7 is

1 4 uo?
n=lrs (3.22)

Together with the non-negativity of every coefficient \,,,, [25], it leads to the constraint

found to be

on the twist parameter, expressed as
~1<uo?<1. (3.23)

The explicit derivations of modal weights in both maximal twist and no twist
cases are given in Appendix A. After substituting from Eqs.(A.10) and (A.12) into
Eq.(3.15), the cross-spectral density of a TGSM beam with the maximum twist can

be expressed as

= (1 + 02
Wrasu(pr, paluo = 1) = Z (

2\—m m
/2‘71) (P1P2> e—(p%+p%)/2€L26im(¢2*¢1)
m! ’

2
m=0 EJ‘

(3.24)
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and the cross-spectral density of a TGSM beam with no twist can be expressed

as

n+|glf‘
00 00 C O-g n!
Wrasa (1, p2lua? = 0) Z Z ( o\l 4o? * 1) (n+ |m])!

m=—o0 n=0

[m| 2 2
5 P1P2 IIml P1 IIml P2 67(p1+p2)/2h eim(P2—o1)
ELQ n ELQ n ELQ

(3.25)

As is seen in Fig.3.3, p can be expressed in terms of § as
p= fsiné. (3.26)

Thus, the cross-spectral densities of TGSM beams can be represented as functions of

0 as
(14 02/20 sinfy fsinf, \ ™"
Wrasar(u Z / 1) (f 1J; 2)
m=0 gJ‘ ) (327)
Xef(f sin® 01+ f2 sin? 92)/22l26im(¢2*¢1)
and

[m]

n+-—5-
© oo o2 o, | o2 ’ n!
% 2 0) = I+ G- — (
rosm(uo? = 0) mZOOZ( T 207 " o\ 107 (n + )]

y (fsin@lfsinez)w L (f2 Sin2 91) L <fz sin? 92) (3.28)

0,? n 0,2

% 6_(f2 sin? 64 /2 sin? 92)/2h26’im(¢2—¢>1).

Further, substituting from Eqs.(3.27) and (3.28) into Eq.(3.12), the expressions
for the cross-spectral densities of the electric field near the film with no twist and

maximum twist can be written as

0g 21 O 27
k2 f2 (1+02/20%) fsiné, fsinfy\ ™"
oot = 55 [ [ [ 320t (Fmme)

Xe_(f2 sm2 01+f2sin?65) /20, 2 ezm(d)g—d)l KfKQd€1d¢1d02d¢2,
(3.29)
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and
m|

kaQ 0g 21 O 27 2 n+|T
st 0 SE ] T]$ 5 (2200

m=—oo n=0

" n! (f sin 0 f sin 92) Im| Ll <f2 sin 91) il <f2 sin? 92>
(n+ |m|)! l,? " l,? " 0,”

o o~ (F2sin? 01+ f2 5in? 02) /201 2 im(2—61) K Kydfydg,dfydgs.
(3.30)

Extracting the iteration factors, the rest parts of both Eqs.(3.29) and (3.30) can be de-
composed into products of two double integrals, which can be calculated respectively.

Then Egs.(3.29) and (3.30) can be written as

9 27 96 27

k2f2 SN (14 02/202) .
Wapp(p1, poluc? = 1) = 47{2 Z( / ) //P d91d¢1//P2d02d¢>2,
(3.31)
and
n—&-m
k f2 = = o2 ’ n!
spp (P15 = 5+ 1 N
Wepp(p1, paluc? = 0) =z m_zoonzo ( 201 102 + ) (n t Jm))
0s 2n 0s 2n
X//Pfd@ldgbl//Pnggdgbg
0o O 0o 0
(3.32)

Here P; is defined as

; Im| 2 (in2
P = (fstj) Ll (f 31;1 93’) o~ (F2sin26;)/2% ime;

cos 0;, radial factor,

—sind;, axial factor,
(3.33)

where j = 1,2. and P; differs when calculating different components of Wy,

f2sin20,;

Notice that the Laguerre polynomial L" |( =z—) equals to 1 in the maximal
4

twist case because n = 0.
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Thus Eqgs.(3.31) and (3.32) give us the cross-spectral densities of SPP-enhanced
fields in both no twist and maximal twist cases.
Now let us consider the angular momentum density L of the fields near the inter-

face. The average angular momentum density L is defined as [41]
<L>=<pxS>, (3.34)

where p represents the in-plain position vector and S denotes the Poynting vector,
defined as S = E x H, where H is the magnetic field. One of the Maxwell equations

in free space takes the form

OH(r,t
V x Br, 1) = — o oin: 1), (3.35)
ot
in the space-time domain and
V x E(r,w) = —ipwH(r,w), (3.36)

in the space-frequency domain. Thus the magnetic field H can be expressed as
H = —(iwpe) *(V x E). (3.37)

Further, the magnetic fields near the film needs to be derived to obtain the ex-
plicit expression of angular momentum density of the SPP-enhanced fields. There
is no azimuthal component of E,, implying that E;, = 0. Recall Eq.(3.10) that
the transmitted electrical field E; can be decomposed into the radial and axial com-
ponents with the magnitudes E;, and E;,. Applying Eq.(3.37) into Eq.(3.7), each
component of the magnetic field H in the cylindrical coordinates can be expressed in

terms of the electric field components as

—(wpo) [y sin O sin(6 — ) FrcJm,
—(wpo) M [ks. Bty — ki sin@ cos (¢ — @) By Iny, (3.38)

H, =
H, =
H, = (wpo) [k sinfsin (¢ — ) By )n..

The average magnitudes of Poynting vector components can be derived from
Eqgs.(3.7) and (3.38) as
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S, = — (Ep.(61, ¢1)H (02, $2)) = (wpo) ' [ks. (E; Etz> k1 sin 0y cos (o2 — @) (B}, Frs)l,
Sp = (Ep=(01, ¢1)Hy (02, ¢2) — Eyp(01, ¢1) H: (63, 62))
—(wopo) ™[k sin B sin(2 — )| (ELBvc) + (Bl ),

S, = <Etp(91, gbl)H* Oy, ¢2) > = —(wpo) ks, <Eprtp> — kysinfy cos (92 — ) (B Erp)l.
(3.39)

Notice that the factors <E* Etz> (E} Ey.), <E Etp> and (£}, E;,) can be represented

in terms of Wrggn using Egs.(3.10), (3.12) and (3.13). Here we define K, and Kj,

developed from Eq.(3.13) to denote the option of K to calculate either of radial and

axial components, repectively, such that

K;, = exp|—iks.d + iks.z + ikipsin 0; cos(¢; — ©)|Ti5(cos b, )2 sin 0; cos 6, (3.40)

K;, = —exp|—iks,d + iks,z + ik1psin; cos(¢; — ©)]T15(cos 9]-)5 sin” 6;,
where j =1, 2.
Thus, substituting Eqgs.(3.10) - (3.12) into (3.39), the Poynting vector components

can be expressed in terms of Eq.(3.40), respectively,

05 2 95 2n
k‘2f2
So T An2 ////kSzWTGSM 50 K 12d01dd1d02dds
TWHo
fo 0 6o 0
% 2m 9 2r (3.41)
—////leiHQQCOS(@_90)WTGSMKSZKudHldgbldequaz],
o 0 60 0
0 2w 95 27
k2f2
S = ////klsm B2 — @) sin O, Wrasa K5, K1.d01dg,dbrd g,
~dmwp
% 21 09 20 (3.42)
* / / / / kv sin(gz — @) sin 6 Wrasa K3, K1,d0: dé1dO>des],
0o 0 0o O
and
k:2f2 6/3 2T 9/3 27
S, = 47TQWMO////]€SZWTGSM K3, K1,d0ydo1dfadps
(3.43)

9[3 27 9[3 27

—////k'l sin02 COS <¢2_(;0)WTGSMK;zKlpd91d¢ld92d¢2]'
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Using the coherent-mode representation of Wrgsas expressed in Egs.(3.27) and (3.28),
the expressions of Poynting vectors of the transmitted fields can be decomposed into
combinations of double integrals, similar to the derivation of W,,. Thus, Eqgs.(3.41)

- (3.43) can be transformed into

96 27 9[3 27

S, = B[//Plzdé’ldgzﬁl//ngP;dengbg
0o O 0o O

05 2r 05 2m

—//Plzdﬁldgbl//kl sin02 COS (¢2_('0)P2*2d02d¢2]7
fo O 0o O

(3.44)

05 2 05 2r
Ss@ = —B[/ / P12d91d¢1 //kl sin 62 sin <¢2 — @)szdegdgbg
P 0 P 0 (3.45)

05 27 05 2r
-+ //Plpd91d<b1 / / kl sin 92 sin ((252 — (p)P;deQd(ﬁQ],
0o O 0o O

and

9B 27 95 2T

Sz :—B[//Plpd91d¢1//kgngpdegd(bg
0o O 0o O

05 27 Os 2m

_//Plpdgld(bl//kl sin92 COS ((bQ—QO)P;ZdeQd(bQ],
0o O 0o O

where the parameters P;, and P;, are factors developed from Eq.(3.33), expressed

(3.46)

as
: Im| 2 12
p. — Jsinb; IIml f*sin” 0; o~ (F2sin 0;) /263 img;
Jp KJ_ n gi
> efilcgzd+ikgzz+ik1p sin 0; cos (¢>j7<p)f13 (COS 9])% sin 0j7
: |m| 2 i 2
P.—— <M) il (fjg_n@) (1 sin? 0,)/263 imes
1

_ . . . X L ~ l .
X e ik3zd—+iks; z+ik1psin 6} cos (¢, @)T13<COS 0]) 5 st 9]',

(3.47)

and B is defined as
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K2 - (Lt o2/200)
B(uo, = 1) = y Z_O - , (3.48)

for the maximal twist case and as

[m|

n+-—o-
k2f2 - 0‘2 : n!
B(uo, = —_— 4
(uo. =0) = T Z Z( 102 ) (n+ [m)])! (3.49)

m=—oo n=0

for the incident beams with no twist.
As a result, the expressions for nonzero components of the angular momentum

density L are obtained using Eqs.(3.44) - (3.46) as
<L, >= —pS.n,, (3.50)
and

<L, >= pSyn.,. (3.51)

3.2 Results

Figure 3.4: Optical intensity in the glass-silver-air configuration.

In our numerical simulations, we excite SPPs on a 50nm thick silver film, cor-
responding to an SPP coupling angle 6,,, = +£42.7° with a tightly focused, radially
polarized twisted Gaussian-Schell model beam. The wavelength of the beam equals to

632nm. The integration domain is confined to a tiny angular area to stress a strong
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Figure 3.5: Optical intensity in the glass-air configuration.

impact of SPPs. Thus we choose a lens with N.A.=1.4 to make sure the angular
spread exceeds 0,,,. The relative permittivities are e = 2.3, g5 = —18.3 4+ 0.5¢ and

g3 = 1, corresponding to glass, silver and air, respectively.

Fig 3.4 shows the simulation results for the cross-spectral density W, on the silver
surface parallel to the air-silver interface and having dimensions of 2 ym x 2um. The
main peak of the optical intensity is centered at the optical axis, which is shown
in the figure. The results prove that the SPPs propagate from the axis toward the
periphery of the focal plane. To verify the SPP enhancement, we remove a silver
film from the configuration and present the resulting intensity distribution in Fig
3.5. Compared with Figure 3.4, the distribution of intensity in Fig.3.5 shows quite
similar properties. However, the maximum intensity is reduced by a factor of 30 in
the absence of SPPs. In addition, Figs.3.4 and 3.5 verify our original assumption that

strong plasmon coupling can be realized in the Kretschmann configuration.

The components of the average angular momentum density < L > of the transmit-
ted fields near the film are calculated as well. Fig.3.6 shows the azimuthal components
of < L > for input beams of different coherence states in the no twist case. It can
be seen in the figure that as the coherence length o. decreases, the incident beam
switches from the nearly coherent state to a nearly incoherent state. As a result, the
sharp angular momentum maxima and their periodic distribution tend to be smeared

out.
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Figure 3.6: Azimuthal component of the averaged angular momentum density in no
twist condition with (a)o. = 10507, (b)o. = a7, (¢)o. = 0.507.

In addition, the distribution and periodicity of the angular momentum density
can be controlled by adjusting the magnitude of the twist parameter. These results
are shown in Fig.3.7 and Fig.3.8 where the axial components of < L > are displayed
in both maximal twist and no twist cases with the same coherence length o, = 0.507;.
Compared with the no twist case, the effective region of angular momentum density
in the maximal twist is much larger. Nevertheless, the magnitude of angular momen-
tum density declines obviously. It can be understood that the rotating energy of the
beam has been delocalized by employing twist effect into the incident beam. This

result can be applied in the optical microparticle manipulation, such as the optical
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Figure 3.7: Axial component of the angular momentum density with uo? = 1 and
coherence length o, = 0.507.

Figure 3.8: Axial component of the angular momentum density with « = 0 and
coherence length o. = 0.507.

tweezer technology, which is a well-known tool in numerous fields of biology, chem-
istry and physics [42]. Using this technology, particles may be trapped or moved
along certain trajectory at the focal plane of a microscopes objective according to
the field distribution of applied beam [43] and the rotation velocity of optical vortex
is controlled by the orbital angular momentum carried by the beam. A typical con-
figuration of trapping system is shown in Fig.(3.9). By controlling the twist phase
of the incident light, the distribution of angular momentum density will variate be-
tween the no twist and maximal twist cases. Thus, the results can be used to set
parameters of the trapping system, such as the optical torques and the operating area.

Another potential application of this result is to obtain a well-defined beam shape
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with a randomly-diffused intensity profile by the amplitude of twist phase, as the
similar function of homogenizer. Yet another potential application of our results is
to the generation of non-spreading partially coherent spatio-temporal beams, optical

bullets, in the plasmonics context [44].

[llumination beam (Bz)¢

(image plane)

Collimated
laser beam

Figure 3.9: Configuration of a holographic optical trapping system(Figure source:
[43]).



Chapter 4

Conclusions and Future Work

4.1 Conclusions

In this thesis, we use partially coherent, twisted Gaussian-Schell model beams focused
by a lens to excite SPPs on a thin silver film. The properties of SPP-enhanced
transmitted beams are examined by adjusting the parameters affecting coherence,
including the coherence length of the beams and the twist parameter. The simulation
uses the so-called Kretschmann configuration, which is a convenient configuration to
be realized experimentally.

To derive the SPP-enhanced angular momentum density distribution of light, sev-
eral mathematical tools have been applied, including the angular spectrum representa-
tion, coherent-mode representation and far-fields transformation. The cross-spectral
density of in-coupled light has been simulated and shows reasonable properties. It
is strongly affected by the SPP generation, proving that the Kretschmann configu-
ration can produce SPPs. In addition, most of the incident beam energy is coupled
into SPPs.

The results of simulations indicate an opportunity to control the angular momen-
tum density distribution by adjusting the beam coherence length and the magnitude
of its twist phase. Potential applications are related to the areas of optical tweez-
ers [45, 46], higher dimensional classical and quantum communications [47, 48] and

microscopy [49] .

4.2 Recommendations for future work

Although the results presented here have demonstrated the intensity and angular
momentum density distribution control by adjusting the degree of coherence phase,
the work can be further extended in several aspects.

First of all, the results are based on numerical simulations, which means that

30
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the experimental validation is required. Furthermore, the incident beams applied in
our simulations have radial polarization. Finally, we can use other types of incident

polarization at the source plane, such as azimuthal and linear polarizations.
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Appendix A

Modal Weights in the Maximal Twist and No Twist Cases

We can use beam parameters o; and o, to determine ¢. By combining Eqgs.(3.19) and

(3.20), it follows that

o  14+¢—(n+1/n)VC
- . Al
207 =t UnE (A1)
Thus
(1+03)”2+1\/Z—1+< (A.2)
207 n - ' ’

Since 7 can be expressed in terms of u and o, it can be derived that

+1= . A
L= p (A.3)
On substituting from Eq.(A.3) into (A.2), it follows that
2
2 (1 + 2?2) VE =1+ On(1 —us?). (A4)
1

On substituting from Eq.(3.22) into (A.4), we obtain a quadratic equation for ¢ as

C\/1— w20t —2(1 4 02/202)1/C + /1 — w2t = 0. (A.5)

The solution to Eq.(A.5) reads

Jeo Urafaon VLt 02/207)° — (1 —w?ad) (A.6)

1 —u?c?

If uo? = 1, the right-hand side of Eq.(A.6) approaches infinity with the plus sign.

Thus solution of Eq.(A.6) makes sense with the minus sign and ( is expressed as

(1 +02/207) — /(1 4 02/207)* — (1 — u?a)]”
1 —wu?c? '

¢= (A7)

It follows from Eq.(A.7) that
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1—u204
W0 tiaoh) ~ s oo i oy

— w20t
1 —wu?o?

implying that in the limit us? — 1,0ne can expand the right-hand side into a Taylor

series resulting in the approximation

u20'4
[(1+02/203) = (1+02/20%) + (1 + 02/20%) grotrsinss ?
¢ = 1 — w204 '
or 9 4
1 _
¢~ 4 e (A.8)

4(1+ 02/202)%
Now we will consider two limiting situations: us? = 0 (no twist) and uo? = 1
(maximal twist).

When uo? = 1, n and ¢ are found to satisfy the limiting conditions including

2 _,
= 00
1 1 — uo? ’
\/—_ V1 —ulo?
1—1—02/201) 0

and

/T = 2 /(1 +uo2)(1 —uo?) 1

= < 0.

1—wo?  2(1+02/202) V2(1 4 02/20%)
Recall the expression for A, in (3.16). It can be shown that when m < 0, A,,,, — 0.
On the other hand, when m > 0, Eq.(3.16) implies in this limit that

(/O™ unless n=0. (A.9)

>\mn -
(n+ Jm|)! |m|

Thus only the modes with the azimuthal index n = 0 contribute to the field

density in the maximal twist case such that

90 (1 4 g2 /202)~™, m > 0;
A = 4 U H 92/207) (A.10)
0, m < 0.

Here 6,9 is the Kronecker delta symbol, defined as
n =20;

0, n # 0.
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Similarly, the amplitudes of 7 and ¢ in the no twist case can be found from Eqgs.(A.6)
to (A.10) as

and

2
o? o. | o2
(=114+4—5—-— S 4+1 .
202 oy \ 0%

Thus in this case, \,,, can be expressed as

n+%
2 2 |
A = <1+i—ﬁ i+1> (”— (A.12)



Appendix B

Numerical Codes for Solving Spectral Density

o
°

R i e S I S I I I I S I I I S I b I e b I I I I I R S I S I I R I I S b b b b b b b b SR SR I I b I b b b b b b IR I I b S b S

$Numerical Codes for Solving Spectral Density excited by focused TGSM

%

o°  oP

o\

o° oo o°

o\

o\

o\°

%

beam

KA KA AR A AR A A A A A AR A AR A A A A A AR A AR A AR A A AR A AR A AR A AR A A AR A A AR AR hA A Ak kA Ak Ak kA Ak Kk

Program author: Hao Cheng

Department of Electrical and Computer Engineering
Dalhousie University

1360 Barrington St.

Halifax, NS B3J 2X4

902-999-7218

hz427921@dal.ca

Date of this wversion: Mar.28 2015

KA KA AR A AR AR AR A A AR A AR A A AR AR A A A AR AR A A AR A A A A AR A AR A A A A A A A A AR A Ak A Ak A Ak A Ak Ak Kk

clear all

clc

$%%parameters

eel=2.3; $permittivity of glass
ee2=-18.3+0.511; $permittivity of silver
ee3=1.0; Spermittivity of air
nl=sqgrt (eel); $refractive index of glass
n2=sqgrt (ee2); $refractive index of silver
n3=ee3; Srefractive index of air
ee=8.8542e-12; Spermittivity in free space
uu=1l.2566e-6; Spermeability in free space
cc=2.99792458e8; $speed of light

i=sqgrt (-1);

f=1le-3; %$focal length
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d=50e-9; $thickness of silver

wavelength=632e-9;

taoc=94; %$coherence length
taoi=9%4e-5; $beam width

w=2+pixcc/wavelength;

z=f+d;

k=w/cc; Swavenumber in free space
kl=kxnl;

k2=k*n2;

k3=kxn3;

ltrans=sqrt (1/ (1/taoc”2+1/ (2+xtaoi”2)));
%$%$%equation

syms theta Fi ffi pm

klz=klxcos (theta);

k2z=sqrt (k2" 2-(klxsin(theta)) "2);

k3z=sqgrt (k3"2-(klxsin(theta)) "2);
t23=2xee3+xk2z+sqrt (ee2/ee3) / (ee3*k2z+ee2%k3z);
r23=(ee3*k2z-ece2xk3z)/ (ee3xk2z+ee2%k3z);
t13=2+ee3*klz*sqrt (eel/ee3)/ (ee3xklz+teelxk3z);
tl2=2+ee2+klz*sqrt (eel/ee2)/ (ee2xklz+teelxk2z);
r2l=(eel*k2z-ee2xklz)/ (eelxk2z+ee2xklz);

T13=t23xt12%exp (ixk2zxd)/ (1-r21+xr23*exp (2x1+xk2z*d)) ; %$Fresnel
coefficient
kernall=cos (theta) (f*sin(theta)/ltrans) "~ (m) rexp (- (f*xsin(theta)) "2/ (2«

ltrans”2)) * (cos(theta)) "0.5+«sin (theta);

kernal2=exp (i*m*Fi-ixk3z+xd+ixk3z* (z—f)+ixklxpxsin(theta) *cos(Fi-ffi)) *
abs (T13) /klz;

partl=kernallxkernal?2;

%$loop to calculate spectral density on each point in domain

pp=linspace (0,1le-6,100);

fifi=linspace (0,2%pi,100);

for 1=1:length (pp)

pl=pp (1)
for j=l:length(fifi)
fl1=£fifi (3)
x(1,3) = pl.*»cos(fl);

y (L,3)= pl.+sin(£fl);
C=0;

for mm=0:3



41

kernalfinall=inline (subs (partl,{p, £fi,m}, {pl, £1,mm}), 'theta', '
Fiv);

A=dblguad (kernalfinall, 0,0.2373xpi, 0,2xpi);

$%part outside of integral

thegema=k1"2+«f"2/ (4xpi~2)* (1+taoc™2/ ((2xtaoi) "2)) "~ (-mm) /
factorial (mm) ;

C (mm+1)=AxA'*xthegema;

end

zz (1, J)=sum(C(:));

end

save ('wpp_ul_big', 'x"'",'y"', "zz");

end



Appendix C

Numerical Codes for Solving Angular Momentum Density

%*******‘k‘k*******************‘k‘k********‘k‘k‘k********‘k‘k‘k********‘k‘k********
$Numerical Codes for Solving Angular Momentum Density excited by focused
TGSM beam

%**********************************************************************

o\

o\

Program author: Hao Cheng

o\

Department of Electrical and Computer Engineering

% Dalhousie University

o\°

1360 Barrington St.

o\°

Halifax, NS B3J 2X4
902-999-7218
hz427921@dal.ca

o\

o°

o\°

Date of this wversion: Mar.28 2015

o\°

Sk Kk kK ok ok ok k ok ok k ok ok ok ok ok ok ok ok ok k k ok k ok ok ok ok ok ok ok ok ok sk ok ok k ok ok ko ok ok sk ok ok k ok ok ok ok ok k kK ok ok ko k ok ok k ok ok ok ok kK

clear all

clc

$%$%parameters

eel=2.3; $permittivity of glass
ee2=-18.3+0.511; $permittivity of silver
ee3=1.0; $permittivity of air
nl=sqgrt (eel); $refractive index of glass
n2=sqgrt (ee2); $refractive index of silver
n3=ee3; Srefractive index of air
ee=8.8542e-12; $permittivity in free space
uu=1.2566e-6; $permeability in free space
cc=2.99792458e8; $speed of light

i=sqgrt (-1);
f=le-3; %$focal length
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d=50e-9;

wavelength=632e-9;

taoc=94;

taoi=9%4e-5;

w=2+pixcc/wavelength;

z=f+d;

k=w/cc;

kl=kxnl;

k2=k*n2;

k3=kxn3;
ltrans=sqrt (1/ (1/taoc”2+1/ (2+xtaoi”2)));
%$%$%equations

syms theta Fi ffi pm

klz=klxcos (theta);

k2z=sqgrt (k2" 2-(klxsin(theta)) "2);

k3z=sqgrt (k32— (klxsin(theta)) "2);
t23=2xee3+xk2z+sqrt (ee2/ee3) / (ee3+k2z+ee2%k3z);
r23=(ee3*k2z-ece2xk3z)/ (ee3xk2z+ee2%k3z);
t13=2+ee3*klz*sqrt (eel/ee3)/ (ee3xklz+teelxk3z);
tl2=2+ee2+klz*sqrt (eel/ee2)/ (ee2xklz+eelxk2z);
r2l=(eel*k2z-ee2xklz)/ (eelxk2z+ee2xklz);

T13=t23xt12%exp (ixk2zxd)/ (1-r21+xr23*exp (2x1+k2z*d)) ;
partlz=-sin (theta) » (f*sin (theta)/ltrans) "~ (m) xexp (- (f*sin(theta)) "2/ (2%

ltrans”2)) * (cos (theta)) "1.5*sin(theta);

partlp=cos (theta)  (fxsin(theta) /ltrans) "~ (m) xexp (- (f*xsin (theta)) "2/ (2«

ltrans”2)) * (cos (theta)) "1.5*sin(theta);
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part2=exp (i*m+Fi-1%k3z+xd+ixk3z* (z—f)+ixkl+pxsin(theta)rcos (Fi—-ffi)) ~abs (

T13) /klz;
A=partlpx*part?2;
B=partlpx* (part2xk3z);
C=partlzxpart2+«klxsin (theta) *cos(Fi-ffi);
%$%integral
pp=linspace (0,1e-6,100);
fifi=linspace(0,2%pi,100);
for 1=1:1length (pp)

pl=pp (1)
for j=l:length(fifi)
fl=£fifi (3)

x(1l,3) = pl.*cos(fl);



end

end

save('Sz_ul_big', 'x',
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vy (1,3)= pl.*sin(fl);
X=0;
for mm=0:2
kernalfinalA=inline (subs (A, {p, £ffi, m},{pl, f1,mm}), 'theta', 'Fi")
kernalfinalB=inline (subs(B',{p, ffi,m}, {pl, £1,mm}), 'theta', 'Fi"'
)i
kernalfinalC=inline (subs(C',{p, £fi,m}, {pl, f1,mm}), 'theta', 'Fi'
)
Al=dblquad(kernalfinalA, 0.2369xpi, 0.2373%pi, 0,2xpi);
Bl=dblqgquad (kernalfinalB,0.2369%pi, 0.2373*xpi, 0, 2*pi);
Cl=dblquad(kernalfinalC,0.2369%p1i,0.2373%pi, 0,2*pi);
$part outside of integral
thegema=k1"4+«f"2/ (4xpi~2) /w/uu* (1+taoc”2/ ((2+taoi) "2)) " (-mm) /
factorial (mm) ;
X(mm+1l)=((Al)» ((B1l)-(Cl)))~thegema;
end
zz (1, 3)=sum(X(:));

|l 1 ]

v',y'zz");



