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Abstract 

In order to investigate the photon transport in inhomogeneous clouds, a Monte Carlo cloud 
model with internal variation of optical properties is developed. The data for cloud vertical 
internal inhomogeneity are chosen from published observations. Parameterization of the 
solar radiative properties of clouds is used in the form of the liquid water content and 
the effective radius of cloud droplet. The Monte Carlo simulations sho\ \t for overcast 
stratocumulus clouds, the differences in reflectance between the vertica. inhomogeneous 
clouds and their plane-parallel counterpart are very small (only about 1%). These differences 
can be enhanced up to 10% for large solar zenith angles, when the overcast clouds are 
separated into broken cloud fields. If the cloud coverage is large, the vertical inhomogeneity 
of clouds can cause about 7% increase in cloud absorption, which may help to explain the 
cloud absorption anomaly. Also, the parameterization of effective cloud amount for cloud 
absorption is discussed. 

For a vertical homogeneous plane-parallel layer with horizontal cosinusoidal periodic 
variations of the extinction coefficient, the first order perturbation solution of the three 
dimensional radiative transfer equation has been obtained. There exists a correspondence 
between the distribution of the extinction coefficient and the distribution of the upweUing 
intensity. However, under certain conditions, the distribution of the upweUing intensity is 
opposite to the distribution of the extinction coefficient. If the solar zenith angle is large, 
shifts in the configurations of the distribution of the upweUing intensity may appear. The 
single scattering parameters can influence the distribution of the diffuse radiative intensity. 
The distribution of the heating rate inside the cloud and the distribution of the extinction 
coefficient are nearly coincident with each other. 

The perturbation solution can be extended to second order multi-mode case. The calcu­
lations show that the perturbation solution series is convergent. The cloud albedo changes 
from the unperturbed value when the second order perturbation correction is appUed. The 
change of albedo can be negative as weU as positive. The albedo changes du> to the geo­
metric factors and scattering factors are discussed. Also, the radiative transfer in a medium 
with an internal variation other than the cosinusoidal type is investigated. 

Monte Carlo simulation is used again to investigate the horizontal irradiance distribution 
in clouds, to verify the results of the analytical solution. Also the impact of geometric 
variation to the distribution of irradiance has been discussed. 

xii 
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Chapter 1 

Introduction 

1.1 Background 

Climatic change and stability are intimately related to the Earth's radiation bud­

get, which itself is strongly influenced by clouds. In turn, clouds are governed by 

the Earth's radiation budget and thus by climate. For example, simple energy bal­

ance conservations imply that 5% change in cloud amount will result in an estimated 

change around of 2 degrees in the surface temperature. The potential importance of 

this feedback has initiated a large research effort to understand the cloud-radiation 

interaction. Clouds are one of the most crucial and least understood components of 

the climate system. The basic lack of understanding stems from our inability both 

to realistically describe the various life cycle processes of clouds and to effectively 

determine the radiative properties of realistic clouds. A process that is likely to play 

a central role in the evolution of clouds and clouu systems is the interaction of radia­

tion with the atmospheric environment both in and around clouds, This interaction 

depends on the cloud geometric structure and cloud mternal optical properties, which 

are highly nonUnear. However, in present climate models the plane-parallel approxi­

mation is generally used. Plane-parallel clouds are idealized flat, homogeneous slabs 

of infinite horizontal extent. The finite cloud geometry and cloud internal inhomo­

geneity are generally ignored. Such simple cloud models can hardly describe correctly 
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the cloud-radiation interaction. Therefore efforts are being made to improve radiative 

transfer methods to account for clouds with more realistic forms-

One approach to the problem is to simulate photon transport in cloud fields using 

the Monte Carlo model. In early work, Monte Carlo simulation was used to ex­

amine photon transport in homogeneous isolated clouds of definite shapes (Busygin 

et al., 1973; McKee and Cox, 1974; Davies, 1978). The large scale cloud fields were 

simplified to be regular arrays, in which all clouds are of the same shape and the 

distance between any two neighbouring cloud centers is the same. The importance 

of cloud shape and cloud field arrangement for radiative transfer process has been 

investigated by several groups (Busygin et al, 1973; Aida, 1973; Welch and Wielicki, 

1984). Kobayashi (1988) extended the regular array field to a cloud field composed of 

various sizes of clouds in a random distribution. Recently, Barker and Davies (1992) 

studied solar radiative transfer in a realistic broken cloud field with a scaling power 

law, motivated by observations showing that a cloud field on mesoscopic scale exhibits 

"scaling" or spatial autocorrelation structure (Cahalan and Snider, 1989). 

A number of works have focused on the parameterization of Monte Carlo calcula­

tion results (Harshvardhan and Weinman, 1982; Weinman and Harshvardhan, 1982; 

flarshvardhan and Thomas, 1984; Schmetz, 1984; Welch and Wielicki, 1985; Breon, 

1992). In order to describe more accurately radiative transfer processes in climate 

models by incorporating the Monte Carlo simulation findings, a successful parameter­

ization is necessary, since a direct Monte Carlo simulation is not practical in climate 

models. 

Realistic photon transport processes are simulated in Monte Carlo methods and 

computation of irradiance is fairly easy for any specified cloud geometry. However, 

since the number density of incoming photons (number per square meter) used in 

Monte Carlo simulations is much smaller than that of the real solar beam, the dis­

tribution of radiance is hard to be obtained using a Monte Carlo method. Also, the 

Monte Carlo simulation requires an excessive computer time. 
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Another approach to the radiative transfer problem is to solve the multi­

dimensional radiative transfer equation. Davies (1978), Brandley (1981), Preisendor-

fer and Stephens (1984), and Stephens and Preisendorfer (1984) have derived solutions 

that describe the radiance fields of an isolated homogeneous cub«dal cloud. For more 

complicated geometric cloud shapes, such a method is generally not applicable. 

For both of the above approaches, the study of radiative transfer has been mostly 

restricted to the effect of cloud geometry with the cloud still taken as internally ho­

mogeneous. However, in addition to having complicated geometric structures, clouds 

generally have internal inhomogeneity. For example, in cumulus clouds the liquid 

water content (LWC) and the effective radius increase with height. Such an increase 

of LWC with height is not observed in cirrus clouds. Horizontally the clouds are 

also inhomogeneous; the central core regions (updraft regions) in cumulus cloud have 

larger LWC and the boundary regions (downdraft regions) have smaller LWC. The 

impact of the internal inhomogeneity on the radiative transfer process has seldom 

been investigated either by Monte Carlo simulation or by any analytical method. 

Recently Kabayashi (1991) and Evans (1993) have considered photon transport in 

internally inhomogeneous clouds using a numerical model (space grid method). Just 

as in the Monte Carlo simulations, such numerical models are generally very time 

consuming. However, since the direct solar beam term has been treated very approx­

imately in their works, these works did not observe all of the physical phenomena 

shown in the following chapters. 

1.2 Purpose and outline of study 

The purpose of this thesis is to explore the impact of the cloud internal inhomogeneity 

on the radiative transfer process in clouds and our attention has been concentrated 

on this cloud internal inhomogeneity. An analytical method for solving the three 

dimensional radiative transfer equation and the Monte Carlo simulation method are 

both used in the study. 



4 

In the second chapter the cloud internal vertical inhomogeneity is investigated. 

In order to deal with the cloud internal variations, we develop a new Monte Carlo 

simulation scheme in which the cloud internal optical properties can be taken into 

account. There exist observations of the vertical variation of the LWC and droplet 

effective radius and all the observations show that the vertical variation of LWC is 

quite similar for cumulus (stratocumulus) clouds. Therefore, in calculations we can 

take the cloud vertical variation from observations and use a parameterization to 

obtain the internal optical properties from the observed liquid water content (LWC) 

and effective radius. Flat clouds and broken clouds are investigated. Cloud absorption 

was seldom considered before in Monte Carlo models, but cloud absorption is an 

important aspect in our study. 

We find that an analytical solution can be obtained for radiative transfer in a 

medium with internal inhomogeneity using a peiturbation method. In chapter 3, 

the first order perturbation solution of radiative transfer in a cloud with internal 

cosinusoidal periodic variation is obtained. The distribution of the upweUing intensity 

and cloud internal heating rate are discussed. 

In chapter 4, the analytical solution is extended to the multi-mode case and to 

second order perturbation expansion. An arbitrary form of cloud internal inhomo­

geneity can then be investigated. When the second order perturbation is considered, 

a change in cloud albedo results due to inhomogeneity, which will be extensively 

studied in that chapter. 

The Monte Carlo simulation is used again in chapter 5 to explore radiative transfer 

in clouds with internal horizontal variation. One purpose of this study is to verify 

numerically results obtained in chapter 3 and 4. 

Physical explanations for the phenomena explored are always emphasized in fol­

lowing chapters. 



Chapter 2 

Solar Radiative Transfer In 

Clouds With Vertical Internal 

Inhomogeneity 

In the last twenty years Monte Carlo simulation of solar photon transport in cloud 

fields has been extensively investigated. Although most of t^e reported Monte Carlo 

simulation works have improved on the plane-parallel assumption by considering cloud 

(cloud field) geometry structures, the improvements are more qualitative than quan­

titative. In most of these Monte Carlo simulations, the attention has only been paid 

to cloud geometry. The internal variations of cloud optical properties have not been 

considered and the clouds are taken as internally homogeneous. 

It is established from observations that a cumulus (stratocumulus) cloud is inho­

mogeneous in both horizontal and vertical direction* (Mason, 1971; Paltridge, 1974; 

Piatt, 1976; Slingo et al, 1982a; Slingo et al, 1982b; Noonkester, 1984). For in­

stance, inside a cumulus (stratocumulus) cloud the liquid water content (LWC) and 

the cloud droplet size distribution vary with height (Mason, 1971), which leads to 

the single scattering properties of cloud droplets being variable in the vertical direc­

tion. Therefore, the radiative transfer in a cloud would be influenced by the cloud 

inhomogeneity. 

5 
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To what degree can the inhomogeneity of clouds affect the Monte Carlo simula­

tion of radiative transfer in broken clouds? By consideration of the vertical internal 

inhomogeneity, will the cloud albedo difference between a broken cloud and its plane-

parallel counterpart be enhanced or redaced? What is the influence on the cloud solar 

absorption? These questions are important for both the study of radiative transfer 

in the realistic cloud field itself and the parameterization of Monte Carlo results in 

climate modeling. 

In order to study the internal inhomogeneity of clouds, the sp lial variation of 

cloud optical properties has to be considered in a Monte Carlo cloud model. In this 

model the length scales of homogeneous cells constituting a cloud will be taken to be 

small, close to the mean free path of photons in the cloud. Consequently on average, 

a photon will scatter only once as it passes through each cell. The -patial variation 

is taken into account properly in the photon transport process. In this chapter, the 

cloud vertical internal inhomogeneity will be investigated first. 

2.1 Vertical profiles of LWC and re in stratocu­

mulus clouds 

In the last 40 years, there have been a lot of aircraft observations of the droplet distri­

bution in cumulus (stratocumulus) clouds (Mason, 1971; Paltridge, 1974; Piatt, 1976; 

Slingo et a/., 1982a; Slingo et al, 1982b; Noonkester, 1984). All the observational 

results showed that inside a cumulus (stratocumulus) cloud, the LWC and the droplet 

radius increase with height above the cloud base. This phenomenon is attributed to 

the water vapor condensation process. 

In the following, we use the observational results of Noonkester (1984). In his 

observations, besides the vertical profile of LV/C, the vertical distribution of cross 

sectional areas of droplets are also presented. Fig.2.1a and 2.1b show the profiles 

of LWC and cross sectional area of the droplet in stratocumulus clouds measured 

for actual marine clouds. The two curves lepresent the two aircraft observational 
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results of August 18 (A18) and May 29 (M29) near San Diego in 1981. The droplet 

spectrometer probes are used in measurements. The vertical profiles of LWC and 

cross sectional area are calculated from droplet spectrum in different height. The 

clouds of A18 and M29 are pure water clouds. 

From the c)oud base to thj positions near the cloud top (200 m on A18, 280 m on 

M29), the LWC increases almost linearly. Noonkester gave the approximate formulae 

for the vertical variations of LWC in these regions from the observation results 

A18 : W = 0.0074 + 0.0016* (5 m - 3 ) , (2.1) 

M29 : W = 0.019 + 0.0012* (g m - 3 ) , (2.2) 

where z is the height in meters from the cloud base. Noonkester also presented the 

approximate formulae for droplet cross sectional areas in these regions, 

Al8 : A = 54 + 1.9* {cm-2m-3) (2.3) 

M29 : A = 50 + 1.3* {cm^m^) (2.4) 

Above these linear regions to the tops of clouds, LWC increases slowly (on M29) or 

decreases (on A18), which is due to the turret structures in the top of stratocumulus 

clouds. Above a cloud top the LWC decreases sharply. 

The cloud effective radius can be obtained by given liquid water content and 

droplet cress section 
3 W 

re = — 10lo(/m>) , (2-5) 

where p(gm~3) is the liquid wa!,er density. Fig.l (c) shows the vertical profiles of 

re for clouds of A18 and M29. In radiative transfer processes, the LWC and rf are 

the most important integrated quantities derived from the micro-physical structure 

of clouds, since LWC and re are associated with the cloud internal optical properties. 

2.2 Monte Carlo models 

We consider the Monte Carlo method because the solutions of the radiative transfer 

equation in non-planar inhomogeneous clouds through analytical methods are very 
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LWC (g rtf3) 
1 10' 

Cross Sectional Area {cm2 nT3) 

Figure 2.1: (a) and (b) the vertical profiles of LWC and droplet cross section area for 
clouds of A18 and M29 obtained from aircraft observations (after Noonkester(1984)), 
(c) the vertical profiles of corresponding re. 
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cumbersome and also limited in their applicability. The Monte Carlo simulation of 

photon transport offers a different quantitative approach for studying the radiative 

transfer process in realistic clouds. In Monte Carlo simulations, the irradiances can 

be computed fairly easily for general cloud shape and internal inhomogeneity. 

2.2.1 Physical principle of Monte Carlo simulations 

The fundamental blocks of the Monte Carlo mcdel are homogeneous cubes filled with 

scattering and absorbing particles. All particles are assumed to be spherical cloud 

droplets. A cloud or cloud field is simulated by a chosen number of elemental cubes of 

geometric size lx, ly and lz in x, y and z Cartesian coordinates. Each cube is assigned 

a volume extinction coefficient k(l, m, n), where the /, m and n indices, specify the 

cell. 

To establish the Monte Carlo algorithm, it is convenient to simulate the distance 

travelled by a photon between successive collisions. In accordance with Beer's law, 

the probability that a photon has travelled an optical pathlength r between successive 

colUsions is taken to be the fraction of radiation transmitted through that pathlength, 

that is 

Pr[r] = e-T (2.6) 

Choose a random number RNe(0,l) to represent Pr[r] in Eq.(2.6). If in the process 

the photon has passed through N cells with optical depth T' (T' < T) , 

RN < e"T' = exp[- £ /,-[*(/, m, n)],-] (2.7) 
i=i 

where / , and [k(I,m,n)]j are the geometric pathlength through and the associated 

extinction coefficient of the j t h cell traversed by the photon, respectively. The updated 

position of the ph /ton is 
N 

x N + i = X o 4 - § £ / ; (2.8) 

where Xo is the initial position of the photon and § is the unit vector in the direction 

of the photon path. 



10 

Assume the residual pathlength which remains before scattering or absorption is 

_ - l n ( R N ) - E ^ / , • [ < : ( / , mTn)], 
/ r M - [*(',m,n)]N+I ^> 

where [k(l, m, n)]N+i is the extinction coefficient of the cell containing the photon. If 

the number of the cell containing XN+I equals the number of the cell containing 

x = XN+I + s/ r e s , (2.10) 

there is a scattering or absorption event at x for the required optical pathlength has 

then been obtained. If this condition is not satisfied, then frea is discarded and the 

updating process is again repeated. 

If XN+I is within the correct cell, then either a scattering or absorption event takes 

place. Assume the single scattering albedo of droplet is w. At each events, before the 

scattering angles are determined, a uniform random number RNe(0,l) is generated. 

If RN> w the photon is taken to be absorbed and its trajectory is terminated. If RN 

< w, a scattering event takes place. 

When a scattering events occurs, the scattering angle, 0.,, is computed in the 

Monte Carlo code by solving 

RN = i / X PfoOd/1, (2.11) 

where P(/J) is the phase function. For simplicity the Henyey-Greenstein phase func­

tion PHG(M) is used. It is given as 

^w-p+^fe^' (2-I2) 

where g is the asymmetry factor. By Eqs.(2.11) and (2.12) the scattering angle, 0„ 

can be determined. The azimuthal angle of scattering is to be 

V?8 = 2TT(RN) , (2.13) 

Once 6„ and tpa are obtained then the new photon traverse direction is known. 
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2.2.2 Monte Carlo Cloud model with internal variation of 

optical properties 

As we have pointed out, most of Monte Carlo models used so far have focused on 

cloud geometric shape and cloud field arrangement. The internal variations of cloud 

optical properties have not been considered. In these models the size of spatial cells 

in cloud fields generally has a length scale of about 1 km. If we take account of cloud 

internal inhomogeneity on the radiative transfer process, the spatial cells of clouds 

must be much smaller. The photon mean free path length in a typical stratocumulus 

cloud is about 20 m (for an extinction coefficient of 50A:m~1). Therefore, the spatial 

extent of cells in the cloud field should be chosen with a size length of about 20 m 

or less. In previous Monte Carlo models, the asymmetry factor and single scattering 

albedo have been taken to be constant for all cells. This must be improved in order 

to show the spatial correlation of the three optical parameters. 

The Monte Carlo cloud models with cells of this size can be used in practical simu­

lations of isolated clouds with internal variation of optical properties. The calculations 

can also be extended to an overcast cloud field (planar cloud with an infinite horizon­

tal extent) or a cloud field with a regular array, since the computational requirements 

of such cloud fields can be much reduced by the cyclic boundary conditions. However, 

the mesoscale studies are not feasible in the present model, since at least 1010 spatial 

cells are needed to describe the mesoscale cloud field, and such sizes are too large. 

The radiative transfer processes in a cloud-are not directly associated with cloud 

LWC and re, but are related to the cloud droplet single scattering properties, which 

are the extinction coefficient, single scattering albedo and asymmetry factor. By a 

suitable parameterization of 3olar radiative properties of water cloud (Slingo, 1989), 

the relation between the LWC and re and the single scattering properties of cloud 

droplets are established. 

We choose the 4 band parameterization scheme developed by Slingo (1989). For 

a given spectral interval i, the single scattering properties of cloud droplets are pa­

rameterized in terms of the liquid water path (LWP) and the effective radius of the 
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size distribution. 

n = LWP(a, + - ) , (2.14) 
re 

uji = l — a — diTe , (2.15) 

9% = e,- + Ure, (2.16) 

where T< is the cloud optical path, w; is the single scattering albedo and & is the 

asymmetry factor. The LWP is defined as 

/•cloud top 
LWP = / LWC ds (2.17) 

J cloud base 

where ds is the differential geometric length along the transfer path. The values of 

the coefficients in Eqs.(2.14), (2.15) and (2.16) are listed in Table 2.1. The 'weight' is 

the fraction of solar irradiance at the top of the atmosphere in each spectral band. In 

our calculations, the average single scattering properties are obtained for each band 

(using Slingo's parameterization) and one Monte Carlo simulation is performed for 

each spectral band. 

In the Monte Carlo model, each ceU is homogeneous in micro-physical quantities. 

We denote LWC and re for each cloud cell as LWC(/, m, n) and re(l, m, n), where if, m 

and K are the cell numbers in the x, y and z direction, respectively. From this the 

optical path is 

T{ = ^2 fo(f» m i n ) 3(*> min) (2.18) 

where the sum is ovei the cells along the optical path, s(l, m, n) is the geometric path 

length through the cell (l,m,n), and 

*,-(/, m, n) = LWC(/, m, n)(ai + —-r±—-) (2.19) 
re(l,m,n) 

is the volume averaged extinction coefficient for the ceU (/, m, n) . Similarly, 

Wi(l,m, n) = 1 — C{ - d{re(l, m, n), (2.20) 

gi(l, m, n) = e,- + /,re(/, m, n) (2.21) 
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i 
1 
2 
3 
4 

(urn) 
0.25-0.69 
0.69-1.19 
1.19-2.38 
2.38-4.00 

0| 

(W-*m1/g) 
2.817 
2.682 
2.264 
1.281 

b, 
(nmm2/g) 

1.305 
1.346 
1.454 
1.641 

c» 
-5.62e-8 
-6.94e-6 
4.64e-4 
2.01e-l 

d, 
(»im-») 

1.63e-7 
2.35e-5 
1.24e-3 
7.56e-3 

e. 
0.829 
0.794 
0.754 
0.826 

/. 
(10-3/Mm) 

2.482 
4.226 
6.560 
4.353 

weight 
0.459760 
0.326158 
0.180608 
0.033474 

Table 2.1: Coefficients in Eqs. (2.14), (2.15) and (2.16) according to the pa­
rameterization of Slingo (1989)). Although the significance of all given decimal 
places is doubtful, a discussion of error bars is not given in this reference. 

are the volume averaged single scattering albedo and asymmetry factor in cell (/, m, n). 

The vertical distributions of fc„ w, and #, for the cloud case of A18 are presented 

in Fig.2.2. 

2.2.3 Error analysis of Monte Carlo models 

The Monte Carlo simulation is based on statistical methods and a finite number of 

photons should lead to a quasi-random unbiased error in flux estimates. Here we 

use a simple method for estimating errors in Monte Carlo calculations of radiation 

flux. We consider a planar cloud type of A18 with internal inhomogeneity. The solar 

zenith angle is chosen to be 0°. Statistical fluctuations in the Monte Carlo simulations 

result from a change of the initial RN seed. In Fig.2.3, the upward flux at cloud top 

corresponds to the different RN initialization. The total number of photons used are 

different in Fig.2.3 a, b and c. The statistical fluctuations decrease with an increase 

in the number of photons used. We can obtain the standard deviation from 
i M 

* = [ j ^ £ 0 * - P ) 2 ] l / 2 , (2-22) 

where M is the total number of calculations with different RN seed initialization, pk 

is the flux corresponding to the kth different RN seed initialization. The averaged 

value is 
i M 

* = n l > - (2-23) 
iV1 *=i 
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Figure 2.2: Vertical profiles of the single scattering properties of the cloud A18. The 
curves of single scattering albedo for band 1 and band 2 are both very close to one. 
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By Eq.(2.22) the standard deviations can be obtained for different numbers of 

total photon used, N. In Fig.2.4, the standard deviation is plotted versus 1/N1^2. We 

find that all the values of <r are under the dotted line. This shows that the standard 

deviation is smaller than tae 1/N1/2. This is consistent with the theoretical expression 

of standard deviation, 

* = [ ^ ] " 2 . (2.24) 

Therefore, an upper bound on the standard deviation may be taken to be 1/N1^2 with 

reliability. In following Monte Carlo simulations in this chapter, 106 photons will be 

always used. Therefore, the standard deviation is smaller than 0.001. 

2.3 Photon transport in vertically internally in-

homogeneous clouds 

We will take the cloud case of A18 in section 2 as an example to show the influences 

of the cloud vertical internal inhomogeneity on the radiative transfer in clouds. A18 

is a typical stratocumulus cloud; its vertically averaged extinction coefficient is about 

50 km'1 (McKee and Cox, 1974). The case of A18 is simple since the linear results 

of LWC and droplet cross section cover nearly all the vertical cloud region. The 

uppermost part of the cloud above the linear region is small, and can be ignored. We 

have pointed out that it is a common observational conclusion that the linear region 

can nearly cover the full cloud height except the cloud top turrets (Mason, 1971; 

Paltridge, 1974; Piatt, 1976; Slingo et al, 1982a; Slingo et a/., 1982b). 

2.3.1 Overcast cloud field with vertical inhomogeneity 

Radiative transfer is dependent on the cloud geometry effects as well as on the cloud 

single scattering variables (extinction coefficient, single scattering albedo and asym­

metry factor). The extinction coefficient is the sum of the scattering coefficient and 



16 

0.44 
X 
3 

E cs 
e 
•a 
u 
tt. 

X 
s 
E 
«̂ CS 

e 
•a 
o 
H. 

X 
3 

E _• 
C 
o '** 
s 

Ch 

0.43 

0.42 

0.41 

0.4 

0.44 

0.43 

0.42 

0.41 

0.4 

0.44 

0.43 

0.42 

0.41 

I I I 1 • • • ' 

(a) 

AM<T 

( « 

iVsrlO5 

' (C) 

0.4 
AfelO0 

i ' i • 1 

10 20 30 
RN seed Initialization 

40 50 

Figure 2.3: Normalized upward flux at the top of A18 cloud for number of photon 
N=10\ 10s and 106, respectively, for 51 different seeds in random number initializa­
tion. 



17 

0.01 — 

0.008 -

0.006 -

0.004 -

0.002 -

0 - - , , • , — • t . r 

0 0.002 0.004 0.006 0.008 0.01 
1/iV1'2 

Figure 2.4: Standard deviation (solid line) for normalized upward flux calculated from 
Eqs.(2.22) and (2.23) for five different values of total photon numbers, compared to 
1/N1/2 dependence (dotted line). 



18 

the absorption coefficient. The larger the extinction coefficient, the larger the prob­

ability that a photon is scattered or absorbed in the transport process. The single 

scattering albedo represents the probability of a photon not being absorbed when a 

scattering event occurs. The asymmetry factor represents a average forward compo­

nent of the scattering flux. 

From Fig.2.2, along the vertical direction inside the cloud (A18), the changes in 

the extinction coefficient are large for each spectral interval, but the changes of the 

single scattering albedos and asymmetry factors are relatively small. Especially for 

single scattering albedos, there is nearly no change for the first three bands. However, 

the radiative transfer process is very sensitive to the changes of u; and g. Let us 

consider a case of overcast cloud layer. Then the radiative transfer reduces to the one 

dimensional case. We keep u; and g constant in the whole vertical region, but let k 

vary with the height. This corresponds to the situation that all cloud droplets are of 

the same radius; the change of k is due to the spatial variation of the volume density 

of the cloud droplets. In this case the cloud reflectance is the same for taking k to 

have vertical variation or taking k as its vertically averaged value. If u and g are 

constants, the cloud reflectance is determined by T(ZQ) only, where the total optical 

depth is 

T(Z0) = - r k(z') dz' , (2.25) 
Jo 

and ZQ is the cloud vertical geometric depth. The results are only dependent on the 

total vertical optical depth of the cloud, not associated with the vertical variation of 

k(z). Therefore, the result is the same as for replacing k(z) by its vertically averaged 

value 

k = r k(z') dz' /z0 (2.26) 
Jo 

in all space. This can be verified by Monte Carlo simulations. 

In a real cloud, the spatial variation of k is usually accompanied by spatial varia­

tion of g and u>. Therefore a change in cloud reflectance is expected. Let us take the 

real cloud A18 as an example. The reflectances of solar radiation for an overcast cloud 

(A18) with an infinite horizontal extent are shown in Fig.2.5. Tvo values of surface 
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albedos have been taken into account. The real cloud (A18) has vertical variations 

of single scattering properties as shown in Fig.2.2. Its counterpart (<A18>) corre­

sponds to the plane-parallel case, with vertically averaged single scattering variables 

k, g, and Q. k is given in Eq.(2.26), while Q and g, are defined by 

u = r u(z') dz' lzQ , (2.27) 
Jo 

g^ p g(z')dz' /z0. (2.28) 
Jo 

In Fig.2.5, we find that the inhomogeneous real cloud has a smaller solar re­

flectance in comparison with that of the homogeneous plane-parallel counterpart (rel­

ative reduction is *h-wt 1%). Though small, the differences in reflectance between 

the real cloud and its vertically averaged counterpart are larger than the standard 

deviation. The results in Fig.2.5 are consistent with the common belief that the cloud 

inhomogeneity leads to reduction in cloud reflectance (Stephens and Tsay, 1990). Al­

though we are not aware of a rigorous proof, a physical explanation for the changes 

of solar reflectance can be given, taking into account the scattering properties. 

For cloud A18, the extinction coefficient and the asymmetry factor increase with 

the height (above cloud base); the single scattering albedo decreases with height 

(Fig.2.2). Since the downward directed transport of solar photon number decreases 

exponentially inside the clouds, the larger extinction coefficient at the upper part of 

a cloud leads to more scattering events for the downward directed solar photons. The 

larger asymmetry factor in this region leads to the scattered photons having a larger 

tendency to go downward, thus contributing less to the reflectance. In addition, the 

smaller single scattering albedo in this region of more scattering events results in 

more photons being absorbed, which also reduces the cloud reflectance. 

A« mentioned above, for an overcast cloud, if we keep u and g constant, the vertical 

variation of k does not make any difference for the cloud reflectance. Differences 

in reflectance only appear when the region of more scattering events has a larger 

asymmetry factor or a smaller single scattering albedo. These two processes both 

contribute in a real stratocumulus cloud case. 
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In Fig.2.5, the reductions of the solar reflectance due to the cloud internal inho­

mogeneity are small, and the reductions are not obviously dependent on the solar 

zenith angle and the surface albedo. Since the considered cloud case is a typical 

stratocumulus cloud, we conclude that for an overcast stratocumulus cloud the influ­

ence of internal inhomogeneity on the radiative transfer is not important for cloud 

albedo. The homogeneous plane-parallel assumption is a good approximation for a 

horizontally infinite overcast stratocumulus cloud field. 

2.3.2 Broken cloud field with vertical internal inhomogene­

ity 

For overcast clouds, the inhomogeneity in the micro-physical quantities of the cloud 

leads to a slightly reduced cloud albedo in comparison with that of the plane-parallel 

counterpart. However, the stratocumulus cloud field is not usually of overcast form. 

Therefore, the investigation of the internal inhomogeneity should be extended to the 

broken cloud field. 

In order to compare broken cloud field results with the results of the overcast 

clouds, A18 is chosen as a real cloud case. Noonkester (1984) did not show the 

cloud size distribution of the stratocumulus cloud field; he concentrated on the micro-

physical quantities. Therefore, the cloud field arrangement must be specified. An 

idealized broken cloud field is taken in the form of an extended regular array of 

cubes. Denote the side length of a cubic cloud by D, the height of a cubic cloud by 

H, and the distance between two neighbouring cloud centers by S. The aspect ratio 

a = H/D. The distance ratio R = S/D and the cloud amount N = R~2. Consider a 

regular array of clouds of aspect ratio a — 1. The cubic clouds have a side length of 

200 m. The change of the distance ratio corresponds to the change of cloud amount. 

The cloud vertical internal inhomogeneity of optical properties are also determined by 

Fig.2.2, the cloud lateral variation of optical properties due to entrainment is ignored. 

For the cloud field consisting of cubic clouds, the results of the radiative transfer 

is dependent on the azimuthal angle. Since the clouds in a real cloud field do not 
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show a specific orientation, the azimuthally averaged case may be interpreted as more 

realistic from a climatological point of view (Barker and Davies, 1992). Therefore, in 

the following, most of results are azimuthally averaged. 

In Fig.2.6, the cloud reflectances of the regular cloud array (A18) with different 

distance ratios are presented. The ground surface albedo is assumed to be zero. If 

the surface albedo is not zero, the reflectance is dependent on the cloud base height. 

In Fig.2.6 when R = 1.2, the difference between the two curves of A18 and its 

vertically averaged counterpart <A18> is still small. As the distance ratio increases, 

the differences in the reflectances of A18 and <A18> for a large solar zenith angle 

are enhanced. However, this enhancement is only up to a certain value. From R = 3 

to R = 5, the relative enhancements in the reflectances are not much different for 

different distance ratios. 

When an overcast cloud field is separated into a broken cloud field with a regular 

array, and if the solar zenith angle is not zero, the lateral sides of the cubic clouds 

would increase the illuminated area. Consider a photon entering the higher part of 

a lateral side of the cubic cloud with vertical internal inhomogeneity. Such a region 

corresponds to a larger extinction coefficient, a larger asymmetry factor and a smaller 

single scattering albedo, in comparison with its vertically averaged counterpart. Then 

the photon would have a larger tendency to go downward or to be absorbed, and 

reflectance will decrease. The physics is the same as that discussed for the overcast 

cloud in the last subsection. 

Now consider a photon entering the lower part of a lateral side of the cubic cloud. 

In contrast to the vertically averaged case, this region corresponds to a smaller ex­

tinction coefficient, a smaller asymmetry factor and a larger single scattering albedo. 

The smaller asymmetry factor leads to the photon deviating more from its original 

path direction, so the distribution of the scattered photons becomes more isotropic, 

which would increase the reflectance. The larger single scattering albedo means that 

the photons are less likely to be absorbed in this region, and the reflectance would 



23 

0.6 

0.45 •; 

$ 

I 
•S3 
| 0.3 i 

0.15 

,i i 

\ . a = 1 
\ . \ X 
\ X. 

w \ . XC2 

\ \ \ 
N<-. f?=2 ^ N 

<•••• X 

X H=5 

v 
•) 

" * • * , . 

• * * ^ 

—_, ! , , _ , , , 
0.2 0.4 0.6 0.8 1 

Cosine Of Solar Zenith Angle 

Figure 2.6: Reflectances of the regular array cloud field for different distance ratios. 
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increase. However, the smaller extinction coefficient in this region results in less scat­

tering. Therefore the downward directed solar photons would undergo less scattering 

events and pass through the cloud more easily. This effect would compensate for the 

increase of reflectance due to smaller asymmetry factors and larger single scattering 

albedos in this region. Taking into account the two regions, for a large solar zenith 

angle, the net result is that the difference in reflectance is enhanced (Fig.2.6). 

For a large solar zenith angle, as the distance ratio increases, the exposed lateral 

sides intercept more photons. Then the differences in reflectance between A18 and 

<A18> are enhanced (from R = 1.2 to R = 2, in Fig.2.6). However, beyond a certain 

value, further increase in the distance ratio does not lead to an increase of intercepted 

photons by the lateral sides. The differences between A18 and <A18> are not further 

enhanced (R = 3 and R = 5 in Fig.2.6). 

For all cases in Fig.2.6, when the solar zenith angle is very small the situation is 

reversed. The reflectance of A18 becomes larger than that of <A18> (the differences 

are larger than the standard deviation), which suggests that in a broken cloud field 

case the heterogeneity does not always lead to a reduced cloud reflectance. 

The physical explanation for this anomalous phenomenon is that the scattered 

photons of the direct downward solar beam have a larger chance to leak through the 

lateral side boundary if the asymmetry factor is smaller. Some of the leaked photons 

can be absorbed by the surface directly. In the upper part of a real cumulus cloud the 

asymmetry factor is larger, in comparison with the vertically averaged counterpart 

case. Since the photon number of the direct solar beam decays exponentially as the 

beam transports downward, the effect of photons leaking through the lateral sides is 

more dependent on the situation of the upper part of the cloud. On the other hand, 

since the solar zenith angle is very small, the cloud lateral effect discussed above is 

very weak. 

This argument can be verified by a test. Usually when a cloud becomes "aged", or 

in a precipitation state, the droplets with larger radii are in the lower part of the cloud 

and the smaller droplets are in the upper part of the cloud. The situation is opposite 
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to that of growing cumulus clouds. Considering the photon transport in a "aged" 

cloud, for simplicity and comparison, we assume that variations with the height of 

single scattering properties are opposite to that of cloud A18, i.e. the LWC and cross 

sectional area linearly decrease with height (denote as A18). The calculated results 

are shown in Fig.2.7. In comparison with that of <A18>, the asymmetry factor is 

smaller in the upper part of cloud A18. At a very small zenith angle, the reflectance of 

<A18> exceeds that of A18, since the photons have a better chance to leak through 

the lateral boundary when the asymmetry factor is smaller in the upper part of the 

cloud A18. 

2.3.3 Cloud absorption 

Cloud solar heating rate plays an important role in the local energy balance. Stud­

ies show that the solar heating rate also has a considerable effect on cloud droplet 

(ice crystal) growth (Stephens, 1983; Ramaswamy and Detwiler, 1986). The cloud 

absorption anomaly has been one of the challenging problems in atmospheric science 

for many years (Stephens and Tsay, 1990). 

In Fig.2.8, the cloud absorptions corresponding to different distance ratios are 

plotted. The distance ratio R = 1 represents the overcast cloud. In Fig.2.8 shows 

that the cloud absorption is enhanced for the overcast cloud with a realistic vertical 

inhomogeneity, in comparison with that of the homogeneous counterpart. The cloud 

absorption anomaly refers to the fact that measurements of cloud solar absorption 

tends to exceed theoretical estimates. However the theoretical estimates are based on 

the plane-parallel assumption (Stephens and Tsay, 1990) and the cloud inhomogeneity 

has been ignored. Therefore, Fig.2.8 (R = 1) suggests that the cloud absorption 

anomaly might be partly attributed to the cloud vertical inhomogeneity. The physical 

explanation of the enhancement of absorption has been given in subsection 2.3.1. The 

region with larger k corresponds to smaller u;; more scattering events occur in higher 

absorption regions. 

When the distance ratio R — 1.2, cloud absorptions are sharply reduced for small 
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zenith angles. Since many photons directly penetrate through the intervals between 

the clouds, less photons have been trapped by the clouds. As the distance ratio 

increases further, the absorption by clouds is decreased, and the differences in ab­

sorption between the real clouds and their vertically averaged counterparts are re­

duced. As discussed in subsection 2.3.2, the lower part of real stratocumulus clc ' J 

has smaller k and larger w, in comparison with its vertically averaged counterpart. 

Photons which enter the lower parts of the lateral sides pass more easily through 

the cloud with less probability of being absorbed. This is opposite to the effect of 

larger absorption at the upper part of the cloud, and results in the reduction of the 

difference in absorptions of A18 and <A18> (R = 1.5 and R = 2 in Fig.2.8). 

2.3.4 Effective cloud amount for cloud absorption 

The cloud absorption is plotted as a function of the cloud coverage in Fig.2.9. Besides 

the inhomogeneous broken cloud and its vertically averaged counterpart, the cor­

responding plane-parallel case is also presented. The plane-parallel cloud absorp­

tion at the same value of cloud coverage is Abs^N) = Abspp(lOQ%)N , where the 

Abspp(\00%) is the absorption for a plane-parallel cloud and N is the cloud amount. 

When OQ = 0°, the absorption of fractionally covered plane-parallel cloud exceeds 

the absorptions of broken clouds for most vjlues of the cloud amount. This is due to 

the boundary leak of photons in broken cloud cases. Also, Fig.2.9(a) shows that the 

absorption of the inhomogeneous cloud is larger than its averaged counterpart. 

When 0o = 60°, the absorptions of both cases of the broken cloud dramatically 

exceed that of the plane-parallel cloud for all values of the cloud amount. This is 

because more photons have been intercepted by the lateral sides. In the large cloud 

amount regions, the absorption of inhomogeneous cloud is larger than its homogeneous 

counterpart. 

For a large solar zenith angle, the substantial increase of cloud absorption by 

broken clouds (Al8 or <A18>) in comparison with the plane-parallel case seems to 

show that the variability of cloud absorption is mostly associated with cloud geometry 
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rather than micro-physical variation in this case. 

Fig.2.10 shows the cloud amount dependence of cloud absorption for A18 with 

a = 0.2. The rectangular slab clouds have a side length of 1000 m. In comparison 

with Fig.2.9, for the cloud with larger side length, the differences in cloud absorption 

between broken cloud (A18 or <A18>) and the plane-parallel case are reduced espe­

cially for the case of a small value of cloud amount. The cloud lateral side area per 

unit cloud amount is proportional to DH/S2 = NH/D. For a given cloud amount, 

the cloud lateral side area per unit cloud amount is in inverse proportion to the 

cloud side length. Thus the number of photons trapped by lateral side is less for a 

cloud array containing clouds with larger side lengths. Hence the differences in cloud 

absorption between broken cloud and plane-parallel case are reduced. 

From above, it can be found that using only the cloud amount to describe the 

geometry of broken cloud is incomplete, and the parameterization of effective cloud 

amount is necessary. In earlier parameteri/ations of effective cloud amount for cloud 

absorption (Harshvardhan and Thomas, 1984), only the cloud geometry factor was 

considered. In some cases, especially for thin clouds or small zenith angles, the 

increase of iUuminated cloud area would not enhance the cloud reflectance. The 

cloud internal optical properties are also important and should be taken into account 

in the parameterization of effective cloud amount. This was realized by Welch and 

Wielicki (1985). Besides cloud geometry factors, the cloud optical depth also plays 

an important role in the Welch and Wielicki (WW) parameterization. The effective 

cloud amount Ne in the WW parametnzation is given by 

| l + a/tan*o-CMl-">) N < Na 

\ (1 - / ) + / AT-'/2 - 0 „ ( 1 -N2) N>N, 

where a is the aspect ratio, p,Q = cos#o> Ns = (1 + atan#o)~2, / and C are 

/ = {ln[1.05 + 0.045(lnr)2] + 0.05(//o2 - 1)[1 - (r/70)2] 

- 0.0015/io4 " 0.25(/xo - M.)(r/50)2}(1 + N2), (2.30) 

C = 0.25 - 0.13T"2 - 0.05(T/50)2, (2.31) 
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Figure 2.10: Cloud absorptance for different cloud amounts, aspect ratio a = 0.2. 
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where p. = cos72.5°, and r is cloud vertical optical depth. The WW parametrization 

is determined from cloud reflectance. It is unknown if this parameterization can 

be extended to broken cloud absorption. Similar to reflectance, the effective cloud 

amount for broken clouds A18 and its vertically averaged counterpart <A18> in cloud 

absorption case are defined as 

AbsAia = Ab8„(lQ0%)N0 A1S, (2.32) 

Abs<Als> = Abspp{100%)Ne <A18>, (2.33) 

where Ne AIB and Ne < îs> are effective cloud amounts for A18 and <A18> respec­

tively. 

NeAia/N (^e <Ai8>/N) represents the ratio of the cloud absorption for a broken 

cloud field (its vertically averaged counterpart) to that of the plane-parallel cloud 

case. Ne AIS/N, Ne <Aia>/N and Ne/N by the WW parametrization for three values 

of zenith angle are plotted in Fig.2.11. The aspect ratio a = 1. The cloud vertical 

optical depth obtained by band fractional weighted mean is 9.37 for A18. In this case 

the azimuthal angle <p = 0°, since the WW parameterization is for fixed azimuthal 

angle. Fig.2.11 shows that the WW parametrization nearly agrees with the Monte 

Carlo simulation in small zenith angle cases. The change tendencies for Monte Carlo 

simulation and parametrization are quite similar. However, in large zenith angle cases 

the WW parameterization underestimates the effective cloud amount. This defect is 

due to the different physical processes of reflectance and absorption. In Fig.2.11 also 

it can be found that the cloud vertical inhomogeneity is not a negUgible factor in 

determining the effective cloud amount. Cloud vertical internal inhomogeneity can 

cause about a 10% difference in effective cloud amount. 

In the above calculations, only one real cloud case has been considered. Here we 

briefly consider another real cloud case of M29 in (Noonkester, 1984). The formulae 

of Eqs.(2.2) and (2.4) do not cover the whole vertical cloud region, the values of LWC 

and re for the upper part of the cloud are obtained from Fig.2.1 directly. Fig.2.12 

shows the calculation results for a = 1; R = 1 and 1.5. The surface albedo is zero. 
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We find the results are quite similar to that of the corresponding cases in A18. Our 

conclusions therefore appear to have some general validity for the considered type of 

cloud. 

2.4 Summary 

In contrast to previous Monte Carlo cloud simulations, the cloud micro-physics of 

spatially varying single scattering properties has been introduced into our model. 

The relations between the observable physical quantities (LWC and re) and the single 

scattering properties are determined by the parameterization of shortwave radiative 

properties of water clouds. Then, the real process of photon transport in clouds is 

simulated. The cloud examples were chosen from observational results; they were 

typical stratocumulus clouds with average extinction coefficient of about 50 km'1. 

In overcast clouds, the reflectance was reduced for a real cloud with internal 

vertical inhomogeneity in comparison with the vertical averaged counterpart. Gen­

erally the reductions were small. However, in broken cloud cases, the difference in 

reflectances for the inhomogeneous clouds and their averaged counterparts were en­

hanced at large solar zenith angles. 

In broken cloud fields, it is not always true that a heterogeneous cloud leads to the 

reduction of cloud reflectance. The radiative transfer in clouds is dependent on the 

cloud geometry and the mutual relationship between three single scattering variables. 

Simplified arguments can not predict the change of reflectance. 

When cloud amount is large, inhomogeneous clouds lead to an increase of cloud 

absorption, which is one factor that should be taken into account in the cloud absorp­

tion anomaly problem. In general, the difference in cloud absorption due to cloud 

vertical internal inhomogeneity is smaller than that due to cloud geometry. The 

parametrization of effective cloud amount determined from cloud reflectance can be 

used approximately for cloud absorption, especially in the case of a small zenith angle. 



Chapter 3 

Perturbation Solution For 3-D 

Radiative Transfer In A 

Horizontally Periodic 

Inhomogeneous Cloud Field 

In this chapter we turn our interest to clouds with horizontal inhomogeneity. Wein­

man and Swarztrauber (1967) considered radiative transfer in plane-parallel layers 

with the horizontal inhomogeneity of volume extinction coefficient k = fc0 + k\cos(lx). 

Even under the assumption of isotropic scattering, they were only able to solve 

the problem numerically. Recently Kobayashi (1991) applied the discrete-ordinate 

method to an inhomogeneous cloud with volume extinction coefficient of one di­

mensional variation a = B + H\cos(irax/Lx) + H2Cos(irbx/Lx). The direct use of 

the discrete-ordinate method to the radiative transfer equation in an inhomogeneous 

medium results in the mixture of different modes. The analytical solution becomes 

complicated due to formulation in the form of the inverse matrix for the eigenvalue 

problem. The solution can be obtained only numerically. Evans (1993) purposed 

a 2D numerical model for radiative transfer in clouds with internal inhomogeneity. 

What we are interested in is an analytical method. 

36 
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Due to convection, turbulence and other factors, clouds are generally inhomoge­

neous in both horizontal and vertical directions. For instance, stratocumulus clouds 

are horizontally inhomogeneous. The updraft regions have larger liquid water con­

tent (larger extinction coefficient) than surrounding downdraft regie \s. We can sim­

ply simulate such horizontal inhomogeneity as a two dimensional variation in the 

extinction coefficient, 

k = ko{l + c[cos(ax) -f cos(iy)]} , (3.1) 

where ko, e, a, b are constants, and e < 0.5. The cloud layer will still be taken as 

plane-parallel, the inhomogeneity refers to the interior of the cloud. To solve the 

three dimensional radiative transfer equation directly in an inhomogeneous medium 

such as that of Eq.(3.1) is difficult, since the equation is equivalent to a set of par­

tial differential equations with non-constant coefficients. Generally, exact solutions 

are not known. However one way to avoid this difficulty is through a perturbation 

method. The perturbation method for solving differential equations is commonly used 

in many branches of physics. Using the perturbation method, a complicated differ­

ential equation is replaced by a series of differential equations of simpler form. The 

perturbation method for the three dimensional radiative transfer equation in a cloud 

with cosinusoidal extinction coefficient was considered by Romanova (1975); however 

the explicit solution for the radiance (irradiance) was not obtained. The case of one 

dimensional radiative transfer was considered by Box et al. (1989). In the pertur­

bation method, the lowest order solution should be obtained; then the higher order 

solutions may be obtained by recurrence relations. In radiative transfer problems, the 

lowest order solution is the solution for the plane-parallel homogeneous case, which 

has already been obtained. The solution of the plane-parallel homogeneous case is 

then the starting point to develop the higher order perturbation calculations. Usually 

in perturbation methods, the higher order calculations are cumbersome. However, if 

the perturbation coefficient c in Eq.(3.1) is much smaller than one, i.e. the inhomo­

geneity of the cloud is small, we can obtain very accurate results even to the first 

order of the perturbation calculation. 
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3.1 The lowest order solution for plane parallel 

case 

The three dimensional radiative transfer equation with external source term is 

^ = k'{-I + J + J0), (3.2) 
as 

with 

- = , c o s ^ - + * s i n ^ - M - , (3.3) 

where p = cosO, v = sin0, 9 is the local zenith angle, <p is the local azimuth angle, 

k' is the scaled extinction coefficient, I(s, 9,ip) is the diffuse radiance in the direction 

0,ip at distance s, J is the source term due to internal multiple scattering and J0 is 

the source term due to single scattering with the direct solar beam. Expanding the 

phase function to the first order of Legendre polynomials, we have (Davies, 1978) 

J = £ - [2* dp' [*{i + 3<7'[//// + vu'cos(tp - V')]}I(s, 9', v') iff , (3.4) 
47T Jo JO 

Jo = 7~{1 + 3g \pito + VVOCQB(<P - fo)}}F(s,9o,<po) , (3.5) 

and 

F{s,90,<po) = irFoe'To . (3.6) 

where p0 and VQ are the cosine and sine of solar zenith angle respectively, g' is the 

scaled asymmetry factor, u>' is the scaled single scattering albedo, and TTFQ is the 

incident solar irradiance. The optical depth for the direct solar beam is defined as 

T0 = Jk'ds. (3.7) 

The relationship of the scattering factors to the scaled scattering factors are de­

termined by considering the separation of the forward scattering peak from the phase 

function (Joseph et al, 1976): 

k' = k(l-ug2), (3.8) 

file:///pito
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a / « u ; ( l - 0 a ) / ( l - u ; * a ) , (3.9) 

9* = §/{!+9)- (3-10) 

In the plane-parallel homogeneous case, the medium is homogeneous (k and k' are 

constants) and horizontally infinite. Therefore the radiative field has no horizontal 

variability, and it is a function of the vertical variable only. Using the Eddington 

approximation, we expand the radiance 

I°(z,9,<f) = 7°(*) + %(z)vca*p + I°y(z)„sm<p + I°z(z)p , (3.11) 

where we append the superscript '0' to describe the radiance in the lowest order for 

the plane-parallel case. Also, we denote the k' by k'0 for the lowest order case, since 

the extinction coefficient is a constant. From Eqs.(3.4) and (3.5) 

J° = u/{70°(z) + g'[I°x(z)vcosv + I°y(z)vSinip + J?(*)/i]} , (3.12) 

Jo = j { l + Wfrto + i/i*co8(¥> - ^ o ) ] } / ^ - ^ " 0 . (3.13) 

Integrating Eq.(3.2) in turn over 4T steradians with respect to dpdip, vcosipdpdtp, 

vsinipdpdip, pdpdip yields respectively (Davies, 1978), 

4 £ = -3*4(1 - u;')/0° + jk'0u;'FQe-ko^ , (3.14) 

0 = -k'0(l - uj'g')I°x + ^k'0u}'g'uQCOS^0F0e'ko^ , (3.15) 

0 = -k'0(l - u'g')I°y + l ^ ^ w u ^ F o e - ^ " 0 , (3.16) 

^ = -k'0(l - Jg')I°z + 6-k'0u'g'pQFQe-k,°*'«> . (3.17) 

where 7° and 7J are given by Eqs.(3.15) and (3.16) directly. From Eqs.(3.14) and 

(3.17) we obtain (Shettle and Weinman, 1971) 

/° = Ce'Xz + DeXz - ae'k^^ , (3.18) 
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I°2 = W(Ce'Xz - DeXz) - $e'k'«zllu> , (3.19) 

where 

A = [3Atf( l -u/)( l -<7V)]*, (3.20) 

W = [3(l-u')(l-g'u,')}? , (3.21) 

a = ^'p2F0[i + g'(l - *')}/(% - p2
0\

2) , (3.22) 

and 

0 = | l t f a / M i l l + fcV&l - u/)]/(*tf - ^ A 2 ) . (3.23) 

The constants C and D are determined by the boundary conditions. For simplicity, we 

assume there is no downward directed diffuse irradiance at the top of the cloud layer. 

Also, we take the surface albedo to be zero (the ground is taken to be blackbody), so 

there is no upward directed diffuse irradiance at the bottom of the cloud layer. We 

will therefore require 

Foi(0) = ir[70°(0) + |/°(C)] = 0 , (3.24) 

F°\ZQ) = ir[I°0(z0) - ^(ZQ)) = 0 , (3.25) 

where ZQ is the vertical geometric length of the cloud layer. From Eqs.(3.24) and 

(3.25) we can obtain C and D. We have only considered the nonconservative case 

(w ^ 1), the discussion is similar for the conservative case. 

Finally we point out that 7° and 7° may be neglected if only the upweUing (p = 

—1) and downwelling radiances (p = 1) or upward and downward irradiances are 

required. 

3.2 Perturbation solution 

Now we discuss the radiative transfer in an inhomogeneous cloud. We consider che 

extinction coefficient given in Eq.(3.1) with two dimensional horizontally periodic 

variations, and replace the k and &o with the scaled variables. The e in Eq.(3.1) is 
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taken to be much smaller than one so that terms of higher order in powers of c can 

be neglected. The solar beam flux F(s,80,<po) = vFoe'70, and the optical depth for 

the direct solar beam is 

To = k'0{l + e[cos(aa:) + cos(6y)]} ds = k'Qs + eH(s, 90,</?0) , (3.26) 

where the geometric path length s = z/po and 

E — I fc0[cos(ax) + cos(hy)] ds 

k' 
— —^-{sin(ax)[l — cos(r}z)] + cos(aar)sin(r/0)} 

POTI 

+ -%{sin(fo/)[l - cos(C*)] + cos(6y)8in(C*)} , (3.27) 

where 77 = av0cosipo/p0 and £ = 6i/osin</?o/Po- As 60 —• 0, 77 —• k'0[cos(ax) + cos(by)]z, 

therefore f k' as = k'z. 

77 is finite fcr a finite optical depth and, from Eq.(3.27), upper and low bounds 

are given by 

- 2k'Qs < 77 < 2k'0s . (3.28) 

Taking k'0 «s 0.014 m - 1 for typical stratocumulus clouds, and t = 0.1, then even for s 

of several hundred meters we have 2ek'Qs < 1. Therefore we can expand 

TF0e-k'<>°-tH « (1 - eH)*Foe-k'°3. (3.29) 

Of course, if s is too large, the inequality of 2tk'Qs < 1 is no longer valid. How­

ever, when 5 is large, the factor e~*°a approaches zero and the absolute error for the 

expansion is small. From Eq.(3.28) and Eq.(3.20N 

TrFoe'k,*'"eM < 7rF0e-*os+2efcifl . (3.30) 

In Fig.3.1 we plot the maximum limit (77 = — 2k'0s) of the incident solar flux and 

its approximate expansion by Eq.(3.29). We find that for a large geometric path 
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Figure 3.1: The maximum limit value of the direct solar irradiance (dotted line) and 
its expansion approximation (solid line) as functions of the geometric path length. 
The irradiance is normalized with respect to VFQ. 
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the contribution of the direct solar beam to the diffuse radiative transfer becomes 

negligible, and the approximate expansion is always accurate. 

In terms of the expansion in Eq.(3.29), Jo can be written as 

Jo = J? + cJj , (3.31) 

where JQ is given in Eq.(3.13), and 

J* = - ^ - { 1 + 3g'[pp0 + VVOCQB(<P - ^Q^HFoe'^^ . (3.32) 

To use the perturbation method to solve the radiative transfer equation we expand 

the radiance 7 in powers of c. To the first order, we retain only the first two terms 

7 = 7° + e7x , (3.33) 

where 7° is the lowest order of the radiance discussed in the last section, and 71 is 

the first order correction. Therefore, the radiative transfer equation becomes 

^-(7°+e71) = fc0{l+e[cos(ax)+cos(6!/)]}[-(70+e71)+(J0+eJ1)+(J0
0+eJ0

1)] . (3.34) 
as 

Regrouping the terms in Eq.(3.34) with the same order of e yields, 

dJ° 
~ = k'Q(-I° + J° + J0°) , (3.35) 

dJx 

-j- = kQ{-Ix + J1 + Jo1) -j- fc0[cos(ax) -»- cos(&2/)](-7° + J° + J0°) . (3.36) 

The lowest order solution for Eq.(3.35) has been given in the last section by the 

Eddington approximation. Eq.(3.36) is an inhomogeneous partial differential equation 

with constant coefficients. We again use the Eddington expansion to first order of 

the perturbation solution 

I\s,9,y) = Il{s) + Il(s)ucos<p + Jj(*)i/sinv> + I]{s)p . (3.37) 

By a process similar to that for the lowest order solution, we obtain 

If+ % + 7l!f = ~ 3 f e ° ( 1 " U']I1°+ 3 f colc 0 8(a*)+ 
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+ COB(6»)][-(1 - u/)7° + j f t e - ^ " - ] - \k'QJ H FQC^'^ , (3.38) 

°-j± = -fc0(l - u'gVl - IWJvvxvpoHFae-*'''* , (3.39) 

^ = -fc0(l - u # ) / J - ^ V M n . A j t f F o e - ^ / ' * , (3.40) 

BT1 

°-g = -fc0(l - J / ) J J + fc0[cos(ax) + cos(fo,)][-(l - Jg')I°z+ 

+ ju'g'p0Foe'k'<>z/>«} - h'Qu'g'pQHFQt'^1^ . (3.41) 

Differentiating Eq.(3.39) with respect to x, Eq.(3.40) with respect to y and Eq.(3.41) 

with respect to z, and using Eqs.(3.14) and (3.38) yields 

V270
x - A270

1 = [cos(ax) + cos(6j/)][2A27° - 2fce-*°*/"0] + hRe'^™ , (3.42) 

where h = | (1 +g' -u'g')u'k'Q
2F0. Eq.(3.42) is solved (see Appendix A) to obtain 7„, 

and then 71, I1 ana I] can be derived from Eqs.(3.39),(3.40) and (3.41) respectively. 

The total downward and upward diffuse irradiances are given to first order in e by 

Fi = F ° l + eFH = n[Io{Xi ^ o ) + ^7z°(x,y,0)] + «r[J&n, y, 0) 4 - | / ] (* , y, 0)] , (3.43) 

FT = FoT + ci,iT = , [ £ ( * , , , « , ) _ ll°(x,y,z0)} + £7r[70
x(x,j,,^0) - §/J(*,y,*b)] • 

(3.44) 

The required boundary conditions are that the downward directed diffuse irradiance 

at the top of the cloud layer is zero and that the upward directed diffuse irradiance at 

the bottom of the cloud layer is zero. Taking into account the boundary conditions for 

the plane-parallel approximation (Eqs.(3.24) and (3.25)), we require from Eqs.(3.43) 

and (3.44) that: 

7o
1(x,y,0) + £7J(x,y,0) = 0 , (3.45) 

Io(x, y. *o) - g72
x(x, y, z0) = 0 . (3.46) 
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Since cos (ax) ,cos (6y) , s in (ax) and sin(6y) are orthogonal t o each other , Eqs.(3.45) 

and (3.46) yield four groups of condit ions which de termine the constants C\, D\; C?, 

D2; C3, Dz; and C\, 7)4 (see Appendix A) . 

T h e ne t diffuse i r radiance vector (Goody and Yung, 1989) is 

F = Fxex + Fyey + Fzez , (3.47) 

where Fx = |TT(/O + eI>),Fy = |TT(/J + f/J), and F, = Jx(7? + ell). 

The net direct solar irradiance vector is 

¥d = 7^ex + 7^ey + F^z , (3.48) 

where Fx = i/ocos<poirFoe~r « (1 - eH)i/oCQsipQTrFoe~k'°z/,to, 

F* « (1 - eH)i/osin<poirFoe'ko*!ii<>, and F* « (1 - e77) / / 0 7rF 0 e- & W«\ 

Therefore t h e hea t ing ra te is given by 

?L = -J-V . (F + Fd) = —TT(1 - u')k'[4I° + F o e - ^ o ] 
c»r Cp/o cp/> 

+ — T T ( 1 - w0*£[4/2 - 77F 0 e- f c o^o] , (3.49) 

where Cp is t h e specific hea t and p is the air density. Eq.(3.49) gives t he dis t r ibut ions 

of the heating rate inside the cloud layer. 

3.3 Results and discussions 

We have derived the diffuse radiance for a horizontal periodic inhomogeneous medium 

using the first order perturbation method. If the perturbation coefficient c is small 

enough, the errors due to the higher order contributions are very small. 

The reflection for solar irradiance (cloud albedo) is defined as 

a = Fl{0)/ponFo . (3.50) 

T h e solution shows t h a t t h e slight horizontal periodic variation of t he ext inct ion coef­

ficient makes t h e rad iance also a periodic function, a l though the periodic form of the 
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radiance is more complicated than that of the extinction coefficient. Therefore, the 

horizontally averaged cloud albedo is the same as for the plane-parallel homogeneous 

case, since the horizontal average of the periodic form of the first order perturbation 

correction is zero. In our solution, no approximation has been used except that of 

Eddington and the perturbation method itself, but because the perturbation is only 

up to the first order, the results can not be considered as exact. However, since the 

higher order corrections are usually very small for a small perturbation coefficient, 

we conclude that the plane-parallel is a good approximation for the horizontally av­

eraged cloud albedo regardless of the consideration of the small internal horizontal 

inhomogeneity of clouds. 

The zero change in the horizontally averaged cloud albedo compared to the plane-

parallel homogeneous case does not mean that the first order perturbation solution 

is without significance. The local spatial distribution of radiance field may affect the 

local and even the large scale climate system. The cloud radiation interaction is an 

important factor for the nonfinearity of climate, which contains chaotic tendencies. 

In a nonlinear chaotic system, small scale variability can modulate significantly the 

overall state of the system. Locally, the distributions of solar radiance field and 

heating rate play an important role for the local energy balance. They influence the 

infrared radiation and the thermal circulation. The spatial distribution of radiance is 

also important for remote sensing, since the observation image of a cloud is determined 

by the distribution of the diffuse radiance field. 

Consider a layer of a typical stratocumulus cloud with extinction coefficient k0 ~ 

50 fern"1, and cloud droplet asymmetry factor g ~ 0.86. The single scattering albedo 

is largely dependent on the solar wavelength; in the following we choose u> between 

0.98-0.999. 

We first examine the horizontal distribution of the extinction coefficient k1 = 

k'0{\ + e[cos(ax) + cos(6j/)]}. Let a = 6 = 2ir/L, where L is the length of a period of 

the cosinusoidal cloud field. Taking e = 0.1, g = 0.86, w = 0.999 and A:0 = 50 km'1, 

the scaled k'0 is determined by Eq.(3.8). In Fig.3.2 the two dimensional distribution 
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of the scaled extinction coefficient is shown for one period. 

In the following, the behaviours of radiance field and cloud heating rate related 

to the horizontally inhomogeneous cloud field shown in Fig.3.2 will be investigated. 

3.3.1 The distribution of the radiance field 

Fig.3.3 gives the distributions of upweUing radiative intensities (I(p = —1)) at the 

top of a cloud corresponding to the extinction coefficient shown in Fig.3.2. The solar 

zenith angle 90 = 0°, the cloud thickness ZQ = 500 m, and the scattering factors are 

the same as those in Fig.3.2. From Fig.3.3a to 3.3c, different values of cloud periodic 

length L are considered. 

In Fig.3.3, although the cloud scattering properties and cloud depth are the same, 

the distributions of the upweUing radiative intensities are quite different for different 

cloud periodic lengths. Comparing Fig.3.2 with Fig.3.3a, there exists an explicit 

correlation in the distributions of the extinction coefficient and the upweUing intensity 

with the configuration of the distribution of the upweUing intensity being similar to 

the configuration of the distribution of the extinction coefficient. This is as expected. 

The smaller the extinction coefficient, the smaller the cloud reflection, since it is 

easier for the photons to pass through the cloud. We call the distribution of upweUing 

intensity in Fig.3.3a a correlated distribution. 

Comparing Fig.3.2 with Fig.3.3b and 3.3c there also exist clear correlations be­

tween the distributions of the extinction coefficient and the upweUing intensities. 

However, the configurations of the distributions of the upweUing intensities are op­

posite to the configuration of the distribution of the extinction coefficient. We call 

these distributions of upweUing intensities anti-correlated distributions. 

To understand why the anti-correlated distributions happen, we have plotted in 

Fig.3.4 the one dimensional cross sections (y = 0) of the distributions of the upweUing 

intensities at different heights inside the cloud. The periodic lengths of L — 200 m 

and L = 1000 m are considered. At the height of z = 100 m (down from the top 

of the cloud), the distributions of the upweUing intensities are quite similar for both 
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Figure 3.2: Two dimensional distribution of the scaled extinction coefficient in a 
periodic region with the periodic length L. k0 — 50 km'1, g = 0.86 and w = 0.999. 
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Figure 3.3: Two dimensional distributions of upweUing intensities with different pe­
riodic lengths: (a) I = 1000 m, (b) L — 600 m, (c) L = 200 m. Solar zenith angle 
0O = 0°. ">']\e intensity unit is normalized with respect to PQFQ. 
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the cases of L = 200 m and L = 1000 m. The upweUing intensities are less in the 

central region. This is because, the smaller the extinction coefficient, the smaller 

the probability of a photon being scattered or absorbed, resulting in fewer reflected 

photons in this region. As the reflected photons travel upward through the cloud, 

more rising diffuse photons produced by the scattering of the direct solar beam are 

added, increasing the upweUing intensity (see Fig.3.4). 

Since the cloud droplet asymmetry factor is about 0.86, it is possible that a photon 

would deviate from its transport direction after a scattering event. If the upward 

travelling photons enter the central region from the side regions (see Fig.3.4), because 

of the smaller absorption and fewer scattering events in the central region, photons 

are more easily transported upward. On the other hand, if the upward travelling 

photons enter the side regions from the central region, because of the larger absorption 

and more scatterings in the side regions, the photons are more likely to be trapped 

or to be scattered into a new direction. Then the probability of going downward 

is enhanced. Therefore, the diffuse photons travelling upward have the tendency 

of "leaking" horizontally in the cloud from regions of higher extinction coefficient 

to regions of lower extinction coefficient. This is demonstrated in Fig.3.4a, from 

z = 250m to z = On? (top of the cloud), the upweUing intensities in the central 

region increase faster than that in the side regions. 

If the length of the horizontal period of cloud is large, the interaction between 

the regions of different extinction coefficients is weak. The number of the horizon­

tally "leaking" photons is not enough to completely change the configuration of the 

distribution of the upweUing intensity. Therefore, the correlated distribution appears 

(Fig.3.3a). For Fig.3.3b the number of the horizoutal "leaking" photons is just large 

enough to reverse the correlated distribution. The configuration of the distribution 

is very smooth. 

In order to deecribe succinctly the dependence of the upwelhng intensity at the 

top of the cloud on the various cloud parameters, we define a relative fluctuation for 
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Figure 3.4: One dimensional distributions of the upweUing intensities on the line 
(y = 0) at different heights, (a) L - 200 m; (b) L = 1000 m. Solar zenith angle 
9Q = 0°. The intensities are normalized with respect to ̂ oT̂ b-
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the distribution of upweUing intensity as 

UP =-i) - hjy =-l) , . 
F- \(UP =-l) + h(p = -].)) ^ 5 1 ) 

where 70(/* = —1) is the upweUing intensity at the top of the cloud with the maximum 

vertical optical depth (such as the point (x = 0, y = 0) in Fig.3.2), and h(p = —1) is 

the upweUing intensity at the top of the cloud with minimum vertical optical depth 

(such as the central point (x = ^,y = j) in Fig.3.2). P > 0 represents a correlated 

distribution and P < 0 represents an anti-correlated distribution. 

Fig.3.5a shows P as a function of the periodic length L. The other parameters 

are all the same as those in Fig.3.3. For large values of L, P increases slowly with the 

increase of L to a limit value. The value of P is very close to zero for L near 600 m. 

This is the case illustrated in Fig.3.3b, in which the distribution is very smooth. The 

minimum value of P is near L = 200 m. This is the case illustrated in Fig.3.3c, in 

which the anti-correlated distribution has a large amplitude of fluctuation. Then, if L 

decreases further, P increases again. When the horizontal periodic length of the cloud 

field '-z close to the free path length of photons, the photons can travel through an 

entire period of the cloud field between two scattering events. Therefore the regional 

difference decreases for the diffuse photons, and the relative fluctuation is reduced. 

We fiud that the correlated or anti-correlated distribution is also sensitive to the 

cloud depth. Fig.3.5b shows the variation of P with the cloud depth z0. The other 

parameters are all the same as those used in Fig.3.3b. As cloud depth increases, 

P decreases. This is because the average geometric path length that the reflected 

photons undergo is larger for a thick cloud than for a shallow one. Therefore the 

interaction between different regions is stronger, and photons have a larger chance 

to "leak" from a region with a larger extinction coefficient to a region with a smaller 

extinction coefficient. The anti-correlated distributions are more likely to occur. 

Fig.3.5c shows P as the function of the extinction coefficient. The other parame­

ters are all the same as those used in Fig.3.3a. We find the anti-correlated distribution 

is more likely to occur with smaller extinction coefficients. The smaller the extinction 

coefficient, the larger the mean path length. Therefore, the diffuse photons are easier 



53 

U.O " 

0.2 \ 

0.1 -

u -

0.1 -

0.2-

( a ) , 

sf : 

2«» 500 m —— An»50 Am""1 

101 102 103 

L(m) 
10" 10a 

ft O J 
0.2 " 

0.1 -

°- 0 -
-0.1 -
-0.2 -

(b) 
»,. 

" ~ ^ 

1 i 

Ab = 50 km'1 

y — , , r 

i 

L= 600 m 
L= 1000 m ' 

., , , 
200 400 600 

2o(m) 

800 1000 

0.2 
(C) 

ZQ m 500 m 
- — 2Q = 1000 m 

40 60 
AQ (/cm'1) 

80 100 
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to transport through regions with different extinction coefficients. The interaction 

between different regions becomes stronger and the "leaking" effect becomes larger. 

3.3.2 Shift phenomenon 

Reconsider the configurations of distribution of upweUing intensity in Fig.3.3 but 

with the solar zenith angle changed to 90 — 60°, and let <p0 — 0, keeping the other 

parameters the same as those in Fig.3.3. Then the resulting distributions of the 

upweUing intensities are shown in Fig.3.6. We find that all of «,he configurations of 

the distribution for upweUing reflected intensity are distorted from those in Fig.3.3. 

In Fig.3.3 the upweUing intensities are symmetric with respect to the central points in 

x and y directions. However, from Fig.3.6a to 3.6c the symmetry in x direction is lost. 

UpweUing intensities are larger on the right hand side of the regions. For example 

in Fig.3.6c the raised region of the upweUing intensity is shifted to the positive x 

direction. In the y direction the symmetric distribution is preserved. 

To show clearly the shift of the raised region in the distribution of the upweUing 

intensity, the one dimensional cross sections (y = 0) of the intensity are shown in 

Fig.3.7, for zenith angles 9Q = 30°, 45°, and 60°. The other parameters are the 

same as those in Fig.3.6c. The raised regions of the distribution for the upweUing 

intensity are shifted towards the positive x direction, and the shift increases with 

increasing solar zenith angle. The direction of the shift is always along the direct 

solar beam direction. If we keep 9Q = 60°, and switch the azimuth angle to ipQ = 90°, 

the shift direction would be towards the positive y direction. A similar shift in the 

distribution of intensity occurs in other directions. Later we will discuss the situation 

of downwelling intensity. 

It is seen from Fig.3.7 that the shift is proportional to the solar zenith angle 

and is always along the direct solar beam direction. Therefore, the declination of 

the direct solar beam is naturally thought to be an important factor for the shift 

phenomenon. In Fig.3.8, one dimensional distributions (y = 0) of the vertical direct 

solar fluxes (F* = (1 - e^poirFoe'^31^) at different heights are shown, taking 
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Figure 3.6: Two dimensional distributions VA U( ^ "• ( ues with different pe­
riodic lengths: (a) L = 1000 m, (b) L — 600 m, \^t ^ - 200 m. Solar zenith angle 
0O = 60°. The intensity unit is normalized with respect to PQFQ. 
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Figure 3.7: One dimensional distributions of upweUing intensities on the line (y = 0) 
with different solar zenith angles. The intensities are normalized with respect to MoT̂o. 
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irFo = 340 W/m~2 and the other parameters as in Fig.3.6c. Near the top of the cloud 

(z = 10 m, down from the top), the distribution of the direct solar flux is larger in the 

central region, which is due to Beer's law, and the distribution is nearly symmetric 

in the x direction. As the depth z increases, the shift in the distribution of the direct 

solar flux increases. Since the incident solar beam is now inclined towards larger values 

of x, for any two points symmetric to the center point (x = 100 m) with the same 

height, the optical paths for the two points are different. Therefore the symmetric 

distribution is lost. From the geometric consideration, for 9Q = 60°, y?o = 0, and 

L = 200m, the largest shift should happen at the height of z = I /2tan0o = 57.7 m. 

Then, as z increases further, the shift would decrease. In Fig.3.8, for z = 100 m, the 

distribution becomes nearly completely homogeneous. When z — L/tan0o = 115 m, 

each ray has passed one period in variation of the extinction coefficient, and there is 

no difference in the optical path for each ray. 

The regional asymmetric distribution for the direct solar beam will then make 

the distribution of the diffuse photons produced by the scatterings of the direct solar 

beam also regionally asymmetrical. The multiple scattering process acts to suppress 

the inhomogeneous distribution of such diffuse photons. Since more scatterings would 

happen in the region with more diffuse photons, this would allow the photons to have 

a greater chance of leaving this region. However, if the diffuse photons do not undergo 

a large number of multiple scatterings, the regional inhomogeneous distribution can 

be largely preserved in the outgoing diffuse photons. The shift phenomenon appears. 

Therefore, the shift effect is due to the interrelation between the diffuse photons and 

the direct solar beam. 

Next, we consider the influences of the scattering factors on the distributions of 

the diffuse radiative intensities. In Fig.3.9, the upweUing intensities are plotted for 

different values of the asymmetry factor. All other parameters are the same as those 

used in Fig.3.6c. We find the shift is smaller with a larger asymmetry factor. In the 

case of a larger asymmetry factor, the scattering is concentrated in a more narrow 

angle in the forward direction of the incident photons, in comparison with the case 
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Figure 3.8: One dimensional distributions of vertical direct solar flux on the line 
(y = 0) at different heights. Solar zenith angle 90 = 60°. xF0 = 340 W m"2. 
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of a smaller asymmetry factor. Therefore the diffuse photons produced by the first 

scattering with the solar beam have a larger tendency to go downward. Then the 

final reflected diffuse photons must have undergone more multiple scatterings. The 

spatially asymmetric distribution for the diffuse photons is more largely suppressed 

by the multiple scattering processes, and the shift is reduced. 

We can explore this point further by considering the distribution of downwelling 

intensity. Fig.3.10 presents the distributions of downwelling intensities with different 

values of asymmetry factor. All parameters for the cloud are the same as those used 

in Fig.3.6c except for the cloud depth which is taken to be 120 m. In Fig.3.10, the 

distribution of the downwelling intensity is opposite to that of the upweUing intensity 

in Fig.3.9. The shift effect is larger for a larger asymmetry factor. As we discussed 

above the larger asymmetry factor makes the diffuse photons more likely to pass 

through the bottom of the cloud, and suffer less multiple scattering. The regional 

inhomogeneous distribution is preserved more in the final transmitted diffuse photons. 

For this discussion of downwelling intensity, the cloud depth was taken to be only 

120 m, since the shift phenomenon would disappear for a very thick cloud. The mean 

path length of a photon is 20 m for the extinction coefficient ko = 50km~l. In the 

case of Fig.3.10, if the cloud depth is 500 m, on average a photon should be scattered 

at least 50 times by cloud droplets before it passes through the cloud base. This large 

number of scatterings results in the regional asymmetric distribution of the diffuse 

photons being completely lost. 

The cloud diffuse reflection intensity is very sensitive to the value of the single 

scattering albedo. In Fig.3.11, the distributions of upweUing intensities are plotted 

with different single scattering albedos, keeping the other parameters the same as 

those in Fig.3.6c. The diffuse upweUing intensity is larger for a larger single scat­

tering albedo. The relative fluctuation of the distribution of upweUing intensity also 

increases as the single scattering albedo increases, and the shift effect is larger with 

a smaller single scattering albedo. 

If a photon has undergone n scattering events, the probability of being absorbed by 
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Figure 3.9: UpweUing intensities on the line (y = 0) with different asymmetry fac­
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cloud droplets is 1 — u>n. For a smaller single scattering albedo, the photons that have 

undergone a large number of scatterings are more likely to be absorbed; therefore, on 

average the reflected diffuse photons have suffered a less number of scattering events 

in comparison with the case of a larger single scattering albedo. Thus the regional 

asymmetric distribution of the diffuse photons is more largely preserved. 

Although we have only investigated the shift phenomenon in the anti-correlated 

distribution cases, the discussion can be extended to the correlated distribution cases. 

In Fig.3.6a, the lowered region is shifted to the negative x direction relative to 

Fig.3.3a. The distribution of the upweUing intensity is anti-correlated in Fig.3.3b. 

However, it becomes correlated in Fig.3.6b. The delicate balance in regional distri­

bution of the diffuse photons is easy lost for a large solar zenith angle. Also, the 

intensity distribution is shifted. 

3.3.3 Distribution of cloud heating rate 

The heating rate inside the cloud layer is given by Eq.(3.49). With parameters stated 

in Fig.3.6c and WFQ = 340 Wm~2, we calculated the heating rates inside the cloud 

at different heights down from the cloud top. In Fig.3.12 only the one dimensional 

distributions (y = 0) are shown. Besides the case of zenith angle 90 — 60° (Fig.3.12a), 

zenith angle 90 = 45° is also considered (Fig.3.12b). In comparing with Fig.3.2, the 

correspondence in the distributions of the heating rates and the extinction coefficient 

is clear. There are no anti-correlated distributions in the cloud heating rates. If the 

cloud layer is homogeneous, the local cloud solar heating rate is proportional to the 

extinction coefficient. In the case of horizontally inhomogeneous cloud, the local cloud 

heating rate is also proportional to the local extinction coefficient (the first term in 

Eq.(3.49)); however another term is added due to the inhomogeneity of the cloud. 

The cloud heating rate is dominated by the first term, since the second term is a 

pure perturbation term. Because of the existence of the second term, the deviation 

from the distribution extinction coefficient is expected to appear in the distribution 

of cloud heating rate for a large solar zenith angle. 
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Figure 3.11: UpweUing intensities on the line (y = 0) with different single scattering 
albedos. Solar zenith angle 9Q = 60°. The intensities are normalized with respect to 
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As illustrated in Fig.3.8, for the vertical direct solar flux, the distribution is quite 

symmetric near the top of the cloud. The strong shifts happen near z = 50 m. The 

distribution of the direct solar flux would affect the distribution of the diffuse photons. 

Since the heating rate is dependent on the local difference (divergence) of the total net 

flux, not directly associated with the total net flux, we find in Fig.3.12 the shifts in 

the distributions of the local heating rate are much reduced in comparison with that 

in Fig.3.8. For 90 = 45°, the maximum shift in the distribution of the vertical direct 

solar flux should happens at the height of z = 100 m. In Fig.3.12b, the maximum 

shift in the distribution of heating rate also happens at the height of z = 100 m. 

The heating rate is the source term of the infrared radiation. Therefore, for a 

large solar zenith angle, inside the cloud and especially in the upper part of the 

cloud, the solar irradiance and the infrared irradiance are different in distribution. 

To balance the energy flow, the cloud would undergo thermal circulation. This effect 

may contribute to the small scale convection and turbulence in the upper part of 

clouds. 

3.4 Summary 

Using the first order perturbation method, an analytical solution of the 3-D radia­

tive transfer equation in a horizontally inhomogeneous medium with a cosinusoidal 

distribution of extinction coefficient has been obtained. The solution shows that the 

horizontally averaged cloud albedo is equal to the plane-parallel results. This is a 

special feature of first order perturbation solution. However, even the first order per­

turbation calculation of the spatial distribution of diffuse intensity contains valuable 

information not previously available. Our study has been restricted to the cosinu­

soidal periodic variation of the extinction coefficient. However, we can conclude that 

for other forms of periodically weakly inhomogeneous cloud, the hcizontally aver­

aged results are close to that of the pkne-parallel, since any periodic function can be 

expander in a series of cosinusoidal functions with different modes. Our solution is 
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just for a single mode case. The solution for multi-mode is similar, provided that the 

first order perturbation approach is valid. The perturbation method can be extended 

to more inhomogeneous cloud fields, if higher order calculations are considered. 

The most interesting results in our work are the anti-correlated distribution of 

the diffuse radiative intensity and the horizontal shift in the distribution of diffuse 

radiative intensity, relative to the extinction coefficient. These phenomena may have 

significant implications for the interpretation of aircraft soundings of solar radiation. 

The anti-correlated distribution of the diffuse radiative intensity is due to the hori­

zontal "leaking" of photons through regions of larger extinction coefficient to regions 

of smaller extinction coefficient. The shift effect is caused by the external solar source 

term. When the solar zenith angle is large, the asymmetry in the regional distribution 

of the diffuse photons produced by scattering with the direct solar beam results in 

a shift in the distribution of the outgoing diffuse photons. This argument has been 

verified by the examination of the dependence of the distribution of the diffuse inten­

sity on the scattering factors. The heating rate is mostly characterized by the local 

extinction coefficient and does not exhibit any anti-correlated distributions. 



Chapter 4 

Second Order Perturbation 

Solution for Radiative Transfer in 

Clouds with a Horizontally 

Arbitrary Periodic Inhomogeneity 

In chapter 3 we have used a perturbation method for solving the three dimensional 

radiative transfer equation in a cloud layer with a horizontal cosinusoidal variation of 

extinction coefficient. The most interesting results obtained in chapter 3 are the anti-

correlated distribution of upweUing intensity and the shift phenomenon. These show 

that the apparent cloud images may not correspond to the actual distributions of 

the cloud internal optical properties. Chapter 3 shows that the perturbation method 

opens up a potentially valuable approach to the analytical solution of the 3D radiative 

transfer equation in a medium having internal inhomogeneity. The work needs to be 

improved in the following two aspects. First, since only a single mode of cosinusoidal 

variation of inhomogeneity has been considered in chapter 3, the work should be 

extended for multi-mode case. Thus a more general type of inhomogeneity can be 

taken into account. Second, for larger values of the perturbation coefficient c the 

higher order perturbation corrections are required. In the first order of perturbation 
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theory, there is no change in the horizontally averaged cloud albedo. What happens 

when the higher order perturbation corrections are applied? 

4.1 Perturbation solution for multi-mode case 

For radiative transfer in an inhomogeneous cloud, we consider the extinction coeffi­

cient with two-dimensional horizontally periodic variations 

k' = k'Q[l + ef(x,y)}, (4.1) 

where k'0 is the scaled value of ICQ by Eq.(3.8) and f(x,y) is an arbitrary two di­

mensional periodic function. We expand the real perturbation function in a complex 

exponential Fourier series, 

/(x,y) = £ l m n e ^ + ^ > (4.2) 
mn 

where a and b are the half periodic lengths in the x direction and the y direction 

respectively, The expansion coefficients Lmn are generally complex quantities. For 

convenience in calculation, if there should exist a zero mode in th expansion, it can 

be removed by the rescaling of k'Q(l + eT-oo) —* k'Q and c/(l + eLoo) —* £• Any zero 

mode contribution is therefore rearranged into the result of the zero order unperturbed 

solution. 

The optical depth for the direct solar beam is 

ro = J k'0[l + ef{x, y)} ds = k'Qs + eH{s, 90, <p0) , (4.3) 

where the geometric path length s = z/p0 and 

H = fk'0f(x,y)ds = -ik'0jrLmne^*+W(l - e ^ ' V ^ o U , (4.4) 

where £mn = 7r(tan#o cos (pom/a + tanOosmipon/b), po and VQ are the cosine and sine 

of solar zenith angle respectively. 

Since f(x,y) is expanded in complex exponentials, the corresponding radiative 

intensity is similarly expanded. Therefore, in the transfer equation Eq.(3.2) we have 
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(I, J, Jo) —* (I, J, Jo) for the corresponding quantities with complex expansion co­

efficients. Finally, after the transfer equation being solved, the resultant radiative 

intensity is obtained by 7 = Re7. 

The direct solar flux in the external source term can be expanded as 

irF0e'k°s"H « (1 - e77 + \t2 H2)ir FQe-k*a . (4.5) 
id 

The accuracy of this expansion has been discussed in previous chapter. 

Substituting the expansion in Eq.(4.5) into Eq.(3.5), Jo therefore can be written 

as 

Jo = J f + ejj1* + e2J<2) . (4.6) 

Expanding also the radiance 7 in powers of e, 

7 = J<°> + elW + <?IW . (4.7) 

Consequently, 

J = j(°> + eJ(1) + e2j(2), (4.8) 

which is obtained 'rom Eq.(3.4). Substituting Eqs.(4.6), (4.7) and (4.8) into Eq.(3.2) 

and regrouping the terms with the same order of e, we obtain 

dlW 
ds 

dl^ 
ds 

dP) 

= k'0(-p) + J<°> + j f ) , (4.9) 

= k'Q(-p) + JW + Ji1]) + k'0f(x,y)(-n°) + J<°> + j f ) • (4-10) 

^ = k'0(-p) + jW + J?*) + Kf(x,y)(-P) + J<» + W) . (4.11) 

In the plane-parallel homogeneous case corresponding to Eq.(4.9), the radiative field 

does not involve the complex function 77. Therefore, 7'°) is still a real quantity, and 

the solution is the same as that in previous chapter. 

Now consider the equation for the first order perturbation correction of Eq.(4.10), 

which is an inhomogeneous equation with constant coefficients. We apply the Ed­

dington approximation to this first order correction for the intensity, which now is a 



70 

three-dimensional quantity, 

P\s,9,v) = iil\s) + iil\s)v<x*<p + il%)vsm<p + I ^ p . (4.12) 

Integrating Eq.(4.10) in turn over 47T steradians with respect to dpd<p, v cos <pdpd(p, 

v sin ipdpdip, pdpdip yields respectively, 

3*&/(«, y)[-(l - a/)IJ0) + jF0e-k,°z<">}, (4.13) 

2 g - = -k'0(l - Jg')!^ - fa'g'vo cos voHFoe'"^ , (4.14) 

^ - = -*0(1 -u,y)7<X) - jfc0u;yI/0sinvPo77F0e-^2^ , (4.15) 

^ L _ = -*0(1 - wyj/W - ^0u;VM077Foe-fci^ + 

*£/(*. »)h( l " ^V)7i0) + ^V/ioF0e- f co^] . (4.16) 

Differentiating Eq.(4.14) with respect to x, Eq.(4.15) with respect to y and Eq.(4.16) 

with respect to z, and using Eqs.(4.13) we obtain 

V24 J ) - A24a) = 2/(x, y)[A240) - he-^'f"0] + hHe<zl™ , (4.17) 

where h = |(1 + g' - Jg^JkgFo 

Let 4 1 ' = Emne"r(^I+^J')^m2. By orthogonality relation of Fourier expansions 

(Zauberer, 1983) 

J ^ > - A L ^ = imn[2A27r-2Ae- f c^/-~^(l-e-^)e- f eW«» ] , (4.18) 

where A2
m = A2 + (irm/a)2 + (irn/b)2. The solution of Eq.(4.18) is 

ftl = C(1le'x™z + D<£ne
x™z - Lmn[Tmn(C

0e'"z + D°eXz)+ 
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(«mn + i/Mfi-*4*'"0 - (Amn + iBmn)e-«™zek'<>*'«>} , (4.19) 

where Tmn = 2A2/(A2
nn - A2), 

am n = 2(A2a + h)/[(k'Q/pQ)2 - X2
mn], /?mn = [ W « m n ) ] / [ * o / * > ) 2 - ALL 

Amn = 2h(k0/po)2/[R2
mn + (2k'0UJpo)2], Bmn = Rn,nk'nh/(poUn)/[R2

mn + 

(2k'QUn/po)2} 

with T^n = ( C ro)2 - d „ - AL • 

C ^ and D^l are complex constants determined by boundary conditions. The 

p), Iy1) and /W can be derived from Eqs.(4,14), (4.15) and (4.16). Just as for the 

discussion in the last chapter, we have, 

41)(x,y,0) + |7<1)(x,y,0) = 0 , (4.20) 

ii1)(x,y,zo)-^p\x,y,zo)=0, (4.21) 

the orthogonality relations between different modes project out the C^l and D^H for 

each mode. 

For the single mode case, the solution of Eq.(4.10) yields the same result as that 

of chapter 3. However the calculation process becomes much simpler in the scheme 

of a mode expansion in the complex space. 

For the second order correction, considering Eq.(4.11) by a process similar to the 

first order solution, we obtain 

¥+¥+¥-^-^^»*^* 
+ 3*0 /(x,y)[-(l - u / ) / ^ - jHFoe'W1*] , (4.22) 

fl/(2) 3 
2 g - = -fc0(l - " V ) / ] 2 ) + fafa<*»<p0HHF0e-*'''« 

+ Kf(x, y)[-(l - J)I^ - -f'gvo cos <pQH Foe'***! ">\ (4.23) 

2 £ _ = -k'0(l -u'g')ix
2) + 6-k'QJg'vos\n<poHHFoe'k'>zl>« 

oy 8 
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+ k0f(x,y)[-(l -u')lil) - ~u'guQsin<poHFoe'koz^] (4.24) 

2 £ - = -fc0(l - Jg')p) + Ik'ou'g'poHF^e-W"* 

+ Kf(x, y)[-( l - u'g')p) - ^VMo77F0e-fco^o] . ( 4 2 5 ) 

Also, by a process similar to the first order case, we have 

V27<2)-A27<2) = 2 A 2 / 7 i 1 ) + g ^ + ^ ^ + A 2 / 2 7 r - M / 2 - 2 / 7 7 + i 7 7 7 f ) e - f c ^ / ^ . 

(4.26) 

Let 7Q2) = Emi.e , f^a :+^ )2i2l ' The orthogonality relation between modes gives 

d2 

2 

i + k = m 

] + l = n 

dz 
Z%-KnnZ£l= E L^i^Z^ + X^-he-^-

^ ( 1 _ e- .^ ) e-*WMo + J£L 
PoZki 2pUt]i 

where *(,« = 2A2 - (ir/a)2ik - (ir/b)2jl. The solution of Eq.(4.27) is 

9I-' h l-'2h 
_ i£f.(i - e-««.)e-*W« + *oft (1 _ c-««*)(l - C-*«')C-*W«] , (4.27) 

Po?w 2/i54,j^/ 

^2i = ct2><rw + D£UXmnZ + £ ^ « [ - K « + iM*-**1" 
t + /s = m 

- ( 

-(A,jJfe, + t ^ H j e - ^ ' e * " * + (5|jW + iTtjkl)e'l^+^zekoz^ 

ttUii-CiVze'^ + Dftzeh*) , |i + k\ = |fc|, |j + /| = |/| 

* W C & V A « ' + Dki)eXklZ) > others 

^i3ki(-Ci0)ze-Xz + D^zeXz) ,i + k = 0,j + l = 0 

r%jki{CWe'Xz + D^eXz) , others 

The coefficients in Eq.(4.28) are given in Appendix B. p \ p) and 7J2) can derived 

from Eqs.(4.23), (4.24) and (4.25). The complex constants C%1 and D^n are deter­

mined in a way similar to that for the first order perturbation solution. 

f (4.28) 
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4.2 Numerical results and discussions 

The second order perturbation solution to the radiative transfer equation in a medium 

with internal inhomogeneity has been derived in the last section. Calculations show 

that p),p) and p) are of the same order. The perturbation series is expected to 

be convergent with the increase of powers of c. Therefore the configuration of the 

distribution of the upweUing intensity is dominated by the first order perturbation 

result for small perturbation coefficient. To show the second order correction, we 

consider a cloud field with an internal single mode variation of extinction coefficient 

of Eq.(3.1) as discussed in chapter 3. Take the extinction coefficient to be k0 = 

50 km'1, cloud droplet asymmetry factor g = 0.86, single scattering albedo u = 0.999, 

perturbation coefficient e = 0.2, cloud depth ZQ = 500 m, and cloud horizontal periodic 

length L = 2a = 26. Two values of L are considered in Fig.4.1. 

Figures.4.la and 4.1b show the distributions of the upweUing intensities when 

only the first order perturbation correction is included; Fig.4.1c and 4. Id are the 

corresponding distributions of upweUing intensities with the both first and second 

order corrections are included. In Fig.4.1a and 4.1c the solar zenith angle 9Q = 0°, 

and in Fig.4.1b and 4.Id 9Q = 60°, ipo = 0°. The configurations of the distribution 

of the upweUing intensity in Fig.4.1a and 4.1c are consistent with the configuration 

of the distribution of the extinction coefficient of Eq.(3.1). These configurations 

are called correlated distributions in chapter 3. The configurations in Fig.4.1b and 

4.Id are opposite to that of the extinction coefficient; they are called anti-correlated 

distributions. Also, there exists the shift phenomenon in Fig.4.1b and 4.Id, since 

the solar zenith angle is inclined towards the x direction. We find that there are 

only slight differences between the configurations when the second order correction is 

included. However, the difference is still noticeable. In Fig.4.1c the central region is 

lower and smoother in comparison with Fig.4.1a. The central raised region is higher 

in Fig.4.1d in comparison with Fig.4.1b. 

In chapter 3 it was shown that there is no difference in cloud albedo (the horizon­

tally averaged reflectance) due to the single mode cosinusoidal variation of extinction 
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Figure 4 1- Two dimensional distributions of the upweUing intensities. In (a) and (b), 
the perturbation correction is up to the first order. In (c) and (d), the perturbation 
correction is up to the second order. Cloud depth 500m. Solar zenith angle 80 = 0 
in (a) and (b), and 80 = 60°, * , - 0° in (b) and (d). The intensities are normalized 
with respect to PQFQ. 
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coefficient, since there is no zero mode correction existing in this case. However, even 

for the single mode case, the change of cloud albedo does not vanish if the second order 

perturbation is applied, because the horizontal eigenmode expansions are generally 

different for p) and P\ Since the first order perturbation shows no contribution 

to the change of cloud albedo, the change of cloud albedo is proportional to c2, so a 

small change of cloud albedo is expected. 

Fig.4.2 displays the relative change of cloud albedo ( A Q / Q ) corresponding to 

the cloud geometrical factors, where a is the unperturbed value of cloud albedo 

for the plane-parallel case and Aa is the change of cloud albedo due to the internal 

inhomogeneity of the cloud. The single scattering parameters (k0,u,g) as well as e 

are the same as those in Fig.4.1, and the solar zenith angle is zero. Fig.4.2 shows that 

the internal inhomogeneity of cloud always decreases the cloud albedo. This seems 

consistent with the common belief that the cloud internal inhomogeneity causes a 

reduction in cloud albedo (Stephens and Tsay, 1990). In Fig.4.2a the relative change of 

cloud albedo corrssponding to the cloud depth is shown with two different horizontal 

periodic lengths considered. When the cloud is very shallow, the change of cloud 

albedo is very small for both lengths of L. As the the cloud depth increases, the 

value of the relative change of cloud albedo increases. However the relative change of 

cloud albedo reaches a maximum value at a certain value of cloud depth, and then 

becomes smaller with the further increase of cloud depth. In Fig.4.2a, for any given 

value of cloud depth, the relative change of cloud albedo is always larger for the 

smaller horizontal periodic length (L = 200 m). The smaller L value represents larger 

internal inhomogeneity. Therefore the more inhomogeneous the cloud the larger the 

cloud albedo change. However this conclusion is not always true for small horizontal 

periodic length. In Fig.4.2b, when L is less than 100 m, the value of cloud albedo 

change shows no increase as the periodic length decreases, especially for the curve 

of ZQ = 1000 m. For a small value of L close to the photon free path length, it 

is easy for the diffuse photon to pass through relatively large regions with different 

extinction coefficients. From this point of view, the cloud would not become more 
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inhomogeneous as L decreases further, and the change of cloud albedo would not 

increase. 

The sensitivity of the cloud albedo to the cloud scattering parameters is shown in 

Fig.4.3. The cloud depth is ZQ = 500 m, lae horizontal periodic length is L — 500 m 

and the solar zenith angle is 90 = 0°. In most cases the relative change of cloud 

albedo is negative corresponding to the variation of cloud single scattering factors. 

However, in Fig.4.3a and 4.3c there are cases where the relative change of cloud albedo 

is positive. Therefore, the conclusion that the cloud internal inhomogeneity always 

brings about a decrease of cloud albedo is not a fully general correct statement. One 

case of positive change of cloud albedo happens when the extinction coefficient is very 

small. In this situation the probability of scattering or absorption of photons is very 

small, and the directed solar beam can easily pass through the cloud. Another case 

of the increase of cloud albedo happens when the asymmetry factor is close to one. In 

this situation the forward scattering dominates, and again it is easy for the directed 

solar beam to pass through the cloud. Therefore, the positive change of cloud albedo 

due to cloud internal inhomogeneity is likely to happen in the case when the cloud 

albedo is very small. 

The multi-mode solution allows the calculation of the radiative transfer in a 

medium with an arbitrary type of horizontal periodic variation of the extinction 

coefficient, provided that the second order perturbation expansion is valid. Consider 

the two examples of the distribution of extinction coefficient shown in Fig.4.4. The 

variation in the distribution is only in one dimension which means the cloud field is 

homogeneous in the y direction. 

Consider the cloud field with internal periodic variation of extinction coefficient 

shown in Fig.4.4a. Set the solar zenith angle 9Q = 0° , the scattering parameters the 

same as those in Fig.4.1, and the cloud depth z0 = 500 m. e — 0.2 The calculations 

includes second order perturbation terms. 

Since only the lowest mode of the local angular part of the radiance is considered in 

the Eddington approximation, the discussion of the resultant flux (angular integrated 
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Figure 4.4: One dimensional distributions of extinction coefficient in one periodic 
region (solid line), and the 16 mode Fourier series fits (dashed line). In the y direction 
the distribution is homogeneous. 
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quantity) is more reliable than that of the radiance. Therefore we will consider the 

distribution of the upward flux instead of the upweUing intensity in the multi-mode 

case. In Fig.4.5 the upward fluxes corresponding to different periodic lengths are 

shown. Comparison of Fig.4.5a with Fig.4.4a indicates that the configuration of the 

distribution of the upward flux is nearly opposite to the configuration of the distribu­

tion of the extinction coefficient. The regions with larger extinction coefficient are the 

regions with the smaller reflected flux. This is called the anti-correlated distribution 

and is mostly due to the horizontal leaking of diffuse photons from the regions of 

a larger extinction coefficient to the regions of a smaller extinction coefficient. The 

more detailed physical explanation was presented in chapter 3. 

Similar to the results in chapter 3, the upward flux tends to change from an anti-

correlated distribution to a correlated distribution as the periodic length becomes 

larger. In Fig.4.5b the distribution of upward flux becomes larger on the left side and 

smaller on the right hand side. In Fig.4.5b we find that the shape of the distribution 

of the upward flux is distorted from the shape of distribution of the extinction coef­

ficient. This is a new characteristic for the multi-mode case. For a further increase 

in the periodic length to L = 2000 m, the upward flux is shown in Fig.4.5c. The 

amplitude of fluctuation is increased and the shape of the distribution is more closely 

correlated to the distribution of the extinction coefficient. In Fig.4.5b and 4.5c there 

are small fluctuations in the distributions of upward fluxes, which is mostly due to 

the termination of the Fourier series expansion (see Fig.4.4a). 

Comparing Fig.4.5b and 4.5c with Fig.4.4a, the most distorted regions in distribu­

tion are observed at places with sudden change of extinction coefficient, such as the 

point of x = | . At | there is not a sharp decrease in the distribution of upward flux 

as there is in the distribution of extinction coefficient, and a peak appears near ~. As 

we discussed in chapter 3, the upward diffuse photons have a tendency of transporting 

from the regions of a larger extinction coefficient to the regions of a smaller extinction 

coefficient. These horizontal leakage of photons mostly occur at the transition regions 

of different extinction coefficients. Therefore the configuration of the distribution of 
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the upward flux shows a very different shape as compared to that of the extinction 

coefficient near the transition regions. The leaking photons have a smaller influence 

on the regions far from the boundary. In Fig.4.5b and 4.5c, the distribution of the 

upward flux is relatively smooth near x = £ and ^ . Also, from this point of view it 

is easy to explain why the anti-correlated distribution happens in the case of small 

periodic length (Fig.4.5a). 

Turning to the solar zenith angle 9Q = 60°, setting the azimuth angle </?o = 0°, 

and keeping the other parameters at the same values as those in Fig.4.5, the resultant 

upward fluxes are shown in Fig.4.6. In comparison with Fig.4.5, the configurations 

of the distributions of the upward flux are severely distorted. In the case of the 

single mode (see chapter 3), when the zenith angle is large, the raised regions (for 

anti-correlated distribution) shift in the direct solar beam direction or the lowered 

region (for correlated distribution) shift opposite to the direct solar beam direction. 

This is called the shift phenomenon. However, in the multi-mode case of Fig.4.6, one 

hardly finds the shift phenomenon any more. Fig.4.6 shows that the distribution of 

the upward flux strongly deviates from the distribution of the cloud internal optical 

property variations. The radiative transfer is a complicated process, which depends 

on many factors. One of the key points in the determination of the distribution of the 

reflectance is the horizontal leaking of diffuse photots between regions with different 

extinction coefficients. In dealing with radiative transfer in inhomogeneous clouds, 

the independent pixel approximation (IPA) is often used (Evans, 1993), in which the 

space is divided into each independent regions or pixels in radiative transfer processes. 

From the above discussion the reliability of IPA is not expected to be high, especially 

in the case of large solar zenith angles. 

Let us briefly discuss the distributions of the upward flux in Fig.4.7, which cor­

respond to the cloud field of Fig.4.4b. The solar zenith angle, scattering parameters 

and the cloud thickness are all the same as those in Fig.4.5. Also, the anti-correlated 

distribution of upward flux appears in the case of relatively smaller periodic length 

(see Fig.4.7a). In Fig.4.7b and 4.7c, for a larger periodic length, the configuration of 
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distribution of the upward flux Becomes very close to the corresponding configuration 

of the distribution of the extinction coefficient. However in Fig.4.7b and 4.7c the peak 

at j has been partly lowered, and the valley at — has been partly filled, especially 

in Fig.4.7b, which also can be explained by the net horizontal leaking of photons 

from the regions of larger extinction coefficient to the regions of smaller extinction 

coefficient. 

4.3 Summary 

For radiative transfer in a medium with internal variation of optical properties, the 

perturbation method is probably the only way to obtain an approximate analytical 

solution. In comparison with chapter 3, the expansion of the perturbation function in 

the complex exponentials makes the solution simpler, and easier to apply to the higher 

order multi-mode case. The numerical convergence properties of the perturbation 

series indicates that the perturbation solution is reliable. 

Albedo changes only appear in the second order perturbation correction. Hence 

the cloud internal inhomogeneity has a much larger influence on the distribution of the 

reflected photons than on the cloud albedo. Contrary to the common but unproven 

belief that the cloud internal inhomogeneity always decreases the cloud albedo, it 

was found that in some cases the cloud internal inhomogeneity can increase the cloud 

albedo as well. 

The multi-mode case calculations showed that the reflecl-d upward flux generally 

corresponds poorly to the distribution of the internal variation of extinction coeffi­

cient, especially under the circumstance when the solar zenith angle is large. This 

probably may be one of the reasons why it is hard to retrieve the cloud internal optical 

properties from the cloud reflectance. 
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Figure 4.7: One dimensional distributions of upward fluxes corresponding to the 
distribution of extinction coefficient in Fig.4.4(b). Solar zenith angle 90 = 0°. The 
fluxes are normalized with respect to povFo. 
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Chapter 5 

Distributions of Irradiance, Monte 

Carlo Simulations 

In this chapter the Monte Carlo simulation is used again to investigate the horizontal 

irradiance distribution in clouds. One goal of this work is to verify numerically of the 

results of the analytical solution in the last two chapters and to show phenomenon such 

as anti-correlated distributions through the realistic simulation of radiative transfer 

processes. This would support the physical findings in the last two chapters. Another 

goal is to investigate the impact of geometric variations on the distribution of irradi­

ance, which is very hard to obtain through analytical methods. The cloud absorption 

anomaly will be discussed again in this chapter. 

5.1 The limitations of Monte Carlo simulations 

As we pointed out in chapter 2, the irradiance can be computed fairly easily for any 

cloud shape with internal inhomogeneity through Monte Carlo simulations. However, 

the calculated irradiance is for the total bulk of reflected photons for the whole cloud 

field considered. The Monte Carlo method can hardly be used to obtain the space 

distribution of reflected radiance (irradiance) at the top of the cloud. The problem is 

that the number of photons used in practical Monte Carlo simulations is very small in 
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comparison with the corresponding numbe^of photcs in the incoming solar beam. At 

the top of the atmosphere the flux of photons in the solar beam is about 1030 m_ 2sec - 1 . 

However, in Monte Carlo simulation, only about 10s to 108 photons are spread out 

over an area of about 104 to 10s m2. The very small number of photons per unit 

area causes large fluctuations in the calculation of the distribution of the reflected 

photons. For the radiance the situation is even worse, since the number of photons 

entering in a unit solid angle would be too small for statistically significant results. 

Therefore, the use of Monte Carlo simulations is limited and analytical solutions are 

necessary in some circumstances. 

The cloud surface can be subdivided into regions which are of scale of the inhomo­

geneity. If the cloud internal variation in a certain region is small enough, this region 

can be taken to be homogeneous and the distribution of reflection in this region can 

be assumed to be the homogeneous as well. Then the reflected flux of this region can 

be obtained from the total number of photon refected from this region. Therefore, 

the distribution of the reflected photons for the whole cloud can be obtained through 

interpolation of the reflectance values for the finite number of subdivided regions. If 

the number of the subdivided regions is not too large, the reflected photons in each 

region can still be large enough to keep a small standard deviation. 

In this method the cloud field is divided into a limited number of homogeneous 

regions. The internal variation of the cloud is not continuous, and the distribution 

of the upward reflectance is assumed to be homogeneous for each subdivided region. 

However, this scheme differs from independent pixel approximation (IPA), since pho­

tons inside the cloud are allowed to be transported through different regions. As we 

pointed out, the interaction between the regions with different internal variation is 

important to determine the distribution of the cloud reflectance. 
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5.2 Horizontal distribution of irradiance 

Monte Carlo simulations are used to explore the distributions of cloud upward irradi­

ance. The cloud field has a two dimensional cosinusoidal periodic variation in extinc­

tion coefficient as described in Eq.(3.1). The optical parameters are k0 = 0.05 m - 1 , 

g = 0.86, and u; = 0.999. The cloud depth is zQ = 500 m and the solar zenith angle is 

9Q — 0°. In the Monte Carlo simulations of Fig.5.1, the cloud field for one period is 

horizontally divided into ten by ten subregions each with homogeneous internal opti­

cal parameters. The outgoing photons gathered from each of subregions represent a 

point value for the distribution of the upward flux. 

The Monte Carlo simulations of the distribution of upward irradiance are pre­

sented in Fig.5.1. It can be found that the anti-correlated distribution appears where 

the periodic length is small (L = 200 m, Fig.5.1a). Also, the distribution turns to 

be correlated as the periodic length becomes larger (Fig.5.1b). The results in Fig.5.1 

agree with our perturbation calculations in previous two chapters. 

We can not expect the Monte Carlo results to be exactly same as those from an­

alytical calculations. In the perturbation method the 6-Eddington approximation is 

used, in which the higher order angular contributions are ignored. In Monte Carlo 

simulations the Henyey-Greenstein phase function is used, in which the forward scat­

tering peak is suppressed in comparison with the Mie scattering results. Also, as we 

discussed above the internal variation of the cloud fields is not continuous in Monte 

Carlo simulations. However, the anti-correlated distribution is still found in Monte 

Carlo simulations. In Fig.5.1, the fluctuations in the distribution is due to the limited 

number of photons used. 

For the perturbation method described in the previous two chapters, the asym­

metry factor g and the single scattering albedo LJ are kept constant as the extinction 

coefficient k varies. Generally g and u would also change as we discussed in chapter 

2. However, for horizontal variation, there is no measurements to show the correla­

tion of g and u with k. Since the changes in g and u are usually very small, the 

perturbation method would also be applicable with a more complicated derivation, 

f 



89 

y(m) 

250 500 750 1000 ° x ( m ) 

Figure 5.1: Two dimensional distributions of the upward irradiance F^ at different 
periodic lengths, (a) L = 200m; (b) L = 1000m. Solar zenith angle 90 = 0°. The 
optical parameters ko = 0.05 m"1, g = 0.86, and w = 0.999. Cloud depth z0 = 500 m. 
The irradiances are normalized with respect to PQKFQ. 
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if the relationship between the three parameters is known. However, the sensitivity 

of the distribution of the reflectance to the variation of g and u> caa be shown easily 

using Monte Carlo simulations. 

In chapter 2, it was found that even for a large change in fc, the corresponding 

changes of g and u were very small. This is the reason why a large change in extinction 

coefficient does not lead to a large change in the reflectance. For overcast cloud the 

change in reflectance is only about 1%. In chapter 2, the relation between the liquid 

water content W and effective radius re was obtained through observational data. For 

the internal vertical variation there is a parameterization (Fouquart et al. 1990) 

re = 4W + l l , (5.1) 

where W is in units of gm~3 and re is in units of pm. If rs is in proportional to 

W (in Eq.(5.1)), the density of the droplet number should not change very much in 

space, which 's commonly observed. Though this approximation is obtained through 

the vertical variation, we hope to use it to explore the sensitivity of the variation of 

g and UJ in the horizontal variations since there is no observation data available. 

For easy comparison we take the case of a two-dimensional cloud. The cloud fields 

have an internal variation of 

W = W0[l + e cos(ax)] (5.2) 

where Wo is the unperturbed liquid water content, and the corresponding effective 

radius is obtained by the Eq.(5.1). As in chapter 2, the optical properties of the cloud 

can be found through the Slingo parametrization, also the 4 band scheme is used. 

In Fig.5.2, the parameters are as following: liquid water content W0 = 0.2 q m~3, 

e = 0.2, sclar zenith angle 90 = 0°, and periodic length L = 200 m. One of the two 

curves in Fig.5.2 shows the distribution of upward irradiance with only the spatial 

variation of extinction coefficient k, while g and u are taken as their spatially averaged 

values. The other curve shows the distribution of upward irradiance when the g and u 

change with k according to the relations of Eqs.(5.1), (5.2), (2.19), (2.20) and (2.21). 
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Figure 5.2: One-dimensional distributions of the upward irradiance. The g and u vary 
with the change of k (solid line) or constant equal to the averaged values (dashed line). 
Solar zenith angle 90 = 0°. The irradiances are normalized with respect to PQTFQ. 
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Fig.5.2 shows the sensitivity of the distribution of irradiance *o the variation of g 

and u>. Similar to the bulk reflectance, the corresponding variations of g and u have 

little impact on the distribution of irradiance. 

5.3 The anomalous distribution in reflectance for 

a cloud field with geometric structure varia­

tion 

The above discussions are mostly for clouds with internal variation. The clouds 

were taken to have a simple planar geometry so that boundary cond is could be 

easily satisfied in analytical solutions. In this subsection we consider another kind 

of problem where the distribution of cloud reflectance corresponds to the geometric 

variation in the cloud top. We take a cloud field with a flat plane on the bottom, but 

periodic height variation on the top surface. This is the so called turret structure, 

which is commonly observed in stratocumulus clouds. We simply describe the cloud 

height variation as 

z = 20{1 + t[cos(ax) + cos(by)]} , (5.3) 

where ZQ is the unperturbed cloud height and a = b = 2T/L, L is the periodic length. 

The cloud internal optical properties are taken to be constant, since our interest here 

is in the geometric factor. The method mentioned in subsection 5.1 is adopted to 

obtain the distribution of the irradiance. 

In Fig.5.3 we have taken the unperturbed cloud depth ZQ = 500 m, cloud internal 

optical factors k0 = 0.05 m - 1 , g = 0.86, u — 0.999, solar zenith angle 90 = 0° 

and the perturbation coefficient e = 0.2. The cloud field is divided into van by ten 

square columns, each with a constant depth. Two values of cloud periodic length 

are considered. For the periodic length L = 200 m in Fig.5.3a, similar to the case 

of internal inhomogeneity in Fig.5.1a, the distribution of the irradiance is larger in 

the central region opposite to the distribution of cloud vertical optical depth. This 
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Figure 5.3: Two dimensional distributions of the upward irradiance for cloud field 
with height variation of Eq.(5.3). (a) L = 200m; (b) L = 2000m. Solar zenith angle 
0o — 0°. The cloud id internal homogeneous with optical parameters k = 0.05m"1, 
g ss 0.86, and u/ = 0.999. Unperturbated cloud depth ZQ = 500m. The irradiances 
are normalized with respect to pQirFQ. 
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distribution is anomalous, since generally a thicker region of cloud should correspond 

to a larger reflectance. In comparison of Fig.5.3a with Fig.5.1a, the distribution in 

Fig.5.3a is very smooth except in the regions of the corners. When L = 1000 m the 

distribution is still anti-correlated, and the distribution is quite similar to that of 

Fig.5.3a. As the periodic length becomes larger (to L = 2000m in Fig.5.3b), the 

distribution becomes more correlated with the geometric distribution of cloud field 

with less reflectance is in the central region. 

The anomalous distribution is mostly due to multiple scattering inside the cloud. 

Photons transported upward from a thicker region to a thinner region can easily 

escape from the clouds. When the periodic length is large, the interaction between 

regions with different depths is weaker. The horizontally transported photons are not 

numerous enough to make an anti-correlated distribution. Therefore the distribution 

is likely to be more correlated to the distribution of the cloud depth. 

We find in Fig.5.3 that average cloud irradiance is larger for the case of larger 

periodic length. The smaller periodic length represents a larger geometric variation. 

Therefore, the geometric inhomogeneity reduces the reflectance for the whole cloud 

field. 

5.4 Again, on the cloud absorption anomaly 

Fritz (1951) pointed out that the measurements of cloud absorption tended to exceed 

theoretical estimates. The measurements of cloud absorption are difficult and there 

is considerable variation in the numerical results. However, discrepancies of 20% 

to 50% are common. This is known as cloud absorption anomaly. In chapter 2, 

it was pointed out that one of the important factors for the enhancement of cloud 

solar absorption is the cloud internal vertical inhomogeneity. The physics is that 

more scattering events happen in the region (upper part of the clouds) with larger 

absorption (smaller single scattering albedo for cloud droplets). The enhancement 

of cloud absorption due to the vertical inhomogeneity of clouds can be up to 7% as 
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shown in chapter 2. The importance of this effect has not been realized before (see 

the review paper by Stephens and Tsay (1990)). 

Since realistic radiative transfer processes in clouds are complex, other factors may 

also have a contribution, for example the aerosol effects as mentioned by Chylek et al. 

(1984) and the water vapor effect (Davies et al, 1984). It is pointed out here that the 

geometric effect is another important factor to take into account in considering the 

cloud absorption anomaly. Because of limitations in the theoretical calculations, the 

cloud anomaly refers only to planar clouds, i.e. the stratocumulus clouds. Therefore 

finite cloud size effects could not be considered. However, as we discussed in the 

last subsection the stratocumulus clouds always have a turret structure. What is the 

impact of such geometric variations en the cloud absorption? 

For a comparison with the results in chapter 2, take cloud type A18 (Noonkester, 

1984) as the cloud sample. As in chapter 2, in Fig.5.4 the cloud absorptions of 

cloud A18 with internal vertical inhomogeneity and its vertically averaged counterpart 

<A18> are considered. Also, the cloud top turret structures are considered by taking 

the cloud top height with the variation of Eq.(5.3). The perturbation coefficient is 

taken to be c = 0.1 in Fig.5.4. It is shown in Fig.5.4 that besides the existence of a 

difference in absorption between the cloud Ai8 and its vertically averaged counterpart 

<A18>, the top turret structure of the clouds would also result in further charges 

in cloud absorption. In Fig.5.4, several values of periodic length of L have been 

considered. For each value of L, the large enhancements of cloud absorption occur 

at small solar zenith angles. In Fig.5.4, without considering the cloud top geometric 

variation the vertical inhomogeneity can cause an increase of about 7% in cloud 

absorption for small zenith angle. However, the increase can be as much as 20% 

when the top turret structure effects are included. In Fig.5.4, when the solar beam 

is directly overhead, there is no further increase of cloud absorption due to the cloud 

turret structure in comparison with the case of vertical inhomogeneous cloud (A18). 

However, on average, the cloud top structures make a considerable increase in cloud 

absorptions. When the solar zenith angle is large the cloud top turret structure 
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can decrease tne local incident angle. Therefore probability of reflection decreases, 

and the incoming photons are more like to be to be trapped in the top regions. As 

we mentioned in last two chapters the upper part of the clouds is very important 

in determination of cloud absorptance and reflectance, since the downward directed 

transport of solar photon number decreases exponentially inside the clouds. For small 

solar zenith angle the top turret structure would only slightly change the local incident 

angle for the incoming solar photons. Thus the change is small in cloud absorption. 

The changes in cloud absorption in Fig.5.4 suggests that besides the cloud internal 

inhomogeneity the cloud top geometric variation is another factor which must be 

considered for an explanation of the cloud absorption anomaly. 

5.5 Summary 

The application of Monte Carlo simulations is limited due to the fact that the number 

of photons used is small in comparison with that of solar radiation. The Monte Carlo 

method is even difficult to apply to obtain the distribution of the reflected flux. In our 

method, the cloud top surface is separated into a number of regions, the reflectance 

for each region is taken to be similar to the plane-parallel case. However, inside the 

cloud the photon is allowed to transport from region to region. The interaction of the 

regions with different internal optical properties is considered. The anti-correlated 

distribution of the reflected photons has been shown in Monte Carlo simulations, 

which verifies the correctness of the perturbation theory in the previous two chapters. 

The anomalous distribution of the reflectance happens not only for a cloud with 

internal inhomogeneity, but also for a cloud with geometric structural variation. The 

thicker regions of clouds may correspond to smaller reflectance. Radiative transfer is a 

complicated process, there are still a lot of phenomena remaining to be studied. Cloud 

top turret structure can also increase the cloud absorption,. This is an additional 

important factor that should considered in an explanation of the cloud absorption 

anomaly. 



Chapter 6 

Conclusions and Outlook for 

Further Work 

The primary objective of this study was to investigate solar radiative transfer through 

clouds with internal inhomogeneity. The thesis consists two main components: Monte 

Carlo simulations of solar radiative transfer through clouds with vertical inhomogene­

ity; the development of perturbation method to solve analytically the 3D radiative 

transfer equation for a cloud field with internal horizontal variation. Monte Carlo sim­

ulations were also used to verify the results obtained through perturbation method. 

In the first part, a Monte Carlo model was created to account for spatially vary­

ing cloud micro-physical properties. Calculations were performed to determine the 

properties of radiative transfer through clouds with internal inhomogeneity. Although 

there are large changes in LWC (extinction coefficient) in stratocumulus clouds, in the 

overcast cloud case the reduction in reflectance was found to be very small (around 

1%) for a real cloud with internal vertical inhomogeneity in comparison with the 

vertical averaged counterpart. This showed that the plane-parallel approximation is 

a good model for planar clouds despite large changes in LWC. However, in broken 

cloud cases, the difference in reflectances between the vertically inhomogeneous cloud 

and its averaged counterpart was found to increase for large solar zenith angles. The 

difference was found to be generally less than 10%. 
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The cloud internal inhomogeneity and cloud top turret structures can increase the 

cloud absorption. These factors should be considered in an explanation of the cloud 

absorption anomaly. The increase in cloud absorption is up to 20% when the two 

factors are included.. 

In the second part of the thesis, an analytical solution of the 3D radiative transfer 

equation in a horizontally inhomogeneous medium with an arbitrary periodic variation 

in the extinction coefficient was obtained. Although there are some previous works 

on radiative transfer through clouds with internal inhomogeneity, the methods are all 

numerical or partly analytical. The occurrence of an anti-correlated distribution of 

the diffuse radiative intensity and of a horizontal shift in the distribution of diffuse 

radiative intensity, relative to the extinction coefficient are interesting new results that 

were found from this work. These phenomena show that the retrieved brightness of 

cloud images may not correspond to the cloud internal optical properties. The anti-

correlated distributions of the reflected photons have been confirmed using the Monte 

Carlo simulations. It was found that the anomalous distribution of the reflectance 

also occurs in clouds with geometric structural variations. The thicker regions of 

clouds might correspond to smaller reflectance. 

The solutions show that the cloud internal inhomogeneity has a larger influence 

on the distribution of the reflected number of photons than on the cloud albedo. 

Changes in the albedo occur only when the second order perturbation correction 

is included. Therefore, the change in cloud albedo is one order smaller than that 

of the perturbation coefficient. Contrary to the common belief that cloud internal 

inhomogeneity always decreases the cloud albedo, it was found that in some cases the 

cloud internal inhomogeneity can increase the cloud albedo as well. 

The new physical findings in the thesis are: 1. Cloud internal inhomogeneity and 

cloud top turret structure can increase the cloud absorption. 2. Anti-correlated dis­

tributions of the reflected radiative intensity (flux) can occur for clouds with internal 

variations or with top geometric variations. 3. Cloud internal inhomogeneity can 

increase cloud albedo in some cases. 
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There are several recommendation for future research. First, in above Monte Carlo 

simulations, only clouds with internal inhomogeneity in the distribution of Jfcs droplets 

have been considered. However, the water vapor inside cloud is also a very important 

factor to radiative transfer processes. The distribution of water vstpor inside clouds 

is also inhomogeneous. The inhomogeneous distributions of droplets and water vapor 

should be considered in further work. The spectral dependency of the reflectance 

and absorptance should be analysed. The cloud anomalous absorption will be better 

understood when this work is performed. 

Second, the perturbation method for 3D radiative transfer in an internally in-

homogeneous cloud will be extended to include the spatial variation of extinction 

coefficient asymmetry factor and the single scattering albedo, if the correlation of 

the three optical parameters are known. In perturbation solutions, the ^-Eddington 

approximation has been used in which only the lowest mode of local angular part of 

the radiance is considered. For higher accuracy the next order term of the spheri­

cal harmonic expansion will be needed. The corresponding analytical solution will 

become much more complicated. 

Third, Monte Carlo models or other numerical simulations are very time consum­

ing and are hard to be applied directly to climate models that include cloud-radiative 

interactions. Since any analytical solution can be easily included in climate models, 

it is hoped that through further improvement the perturbation model presented here 

can be applied to climate models. 



Appendix A 

Eq.(3.42) is an inhomogeneous partial differential equation with four particular solu­

tions. Let IQ = 7>i + £2 + La + L4 (Zauberer, 1983), where the functions L\ to L4 

satisfy 

V2LX - X2LX = cos(ax)[2A27° - 2he'koz^ + ^ i n f o ^ e - * * * ' " 0 ] , (A.l) 
POT) 

V2L2 - X2L2 = cos(by)[2X2I% - 2ke'k°z'«> + ^ s i n ^ e " ^ " 0 ] , (A.2) 
A<oC 

V % - X2L3 = sin(ax)^L[l - c o s ^ ^ e " ^ " 0 , (A.3) 
p0T) 

V2Z4 - X2L4 = s i n ( t y ) ^ [ l - cos(C^)]e- fei^ . (A.4) 
/*oC 

By Fourier expansion 

7/i = M\Q + ^[Mincos(nax) + iVlnsin(7iax)] , (A.5) 
n=l 

where 

Min(y,z) = - I L\coa(nax)dx (n = 0,1,2,- ••) , (A.6) 
JT Jo 

a r2ir/a 

N\n(y, z) = - I Iisin(nax) dx (n = 1,2,3, • • • ) . (A.7) 
ir Jo 
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Substituting Eq.(A.5) into Eq.(A.l) and using the orthogonality relation of the dif­

ferent modes, we obtain 

{aV2 + S ) M " " A " M " = 2A2/° " 2he~k'0Z,'t0 + ^s in(^)e- f co^o ? ( A . 8 ) 

(jj2 + ^ j )Mln - A2
nMln = 0 (n = 0,2,3, • • •) , (A.9) 

( cV + d?)Nln ~ X*nNln = ° (n = 1'2,3'"'") * (A,10) 

where Ajn = A2 + {no)2. 

The Eqs.(A.9) and (A.10) are homogeneous differential equations without a source 

term, which turn out to have only zero solutions under the required boundary condi­

tions of Eqs.(3.45) and (3.46). The Lq.(A.8) has the solution 

M u = (cne-l»y + c12e^)(c13e-'" 4- c14e''z) + f(z) , (A.ll) 

where cu are constants, f(z) is a particular solution, ly anu /2 are eigen-wave vector 

components in y and z directions determined by boundary conditions, and /2 + l2 = 

A2j. Since the particular solution is a function of z only, and the medium is of infinite 

extent in the y direction, we can only choose ly = 0. Therefore 

Xz Mxx = Cxe'XiZ + Dxe
XiZ - C^e'Xz - D^e 

- [ax - Axsm{i\z) - B1cos(7/2)]e-^2/M0 , (A.12) 

where A2 = X\x = A2 + a2, 7 l = 2A2/a2, ai = 2(A2Q2 + /O^A*" ~ ^oAi)> 

, Qk'oh/por, 2h(k'0/p0)
2 

0} + (2k'0r,/p0)
2 ' '0.2 + (2^/PQ)2 ' 

with Q = (k'0fp0)
2
 -T,2-X2. 
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Cx and Dx are constants determined by boundary conditions. Similarly we let 

7/2 = cos(6y)M2i(z), L% — sin(ax)AT31(2) and L\ = sin(fa/)Ar4i(z), (all modes of zero 

solution can be neglected) and we obtain 

M2i = C2e'x*z + D2e
x*z - C-r2e'Xz - Dj2e

Xz 

- [aa - A2sin«2) - B2cos(Cz)]e'k^'i0 , (A.13) 

JV31 = C3e'XlZ + D3e
XlZ - [-a3 - Bxsm(Tjz) + ^ c o s ^ ^ e " * ^ , (A.14) 

Nn = C4e'XiZ + D4e
x*z - [-a4 - £2sin(C*) + A2cos«*)]e-*°2/w> , (A. 15) 

where A2 = A2 + 62, 7 2 = 2A2/62, a2 = 2(A2a2 + %2 /(fc0
2-/ /2A2) , a3 = k'Qp0h/n{k^-

P2QX\), a4 = k'0poh/C(k'2 - p2X2), 

^ Rk'0h/p0<: 2h(k'0/po)2 

2 R2 + (2k'0C/p0)
2' 2 R2 + (2k'QC/po)2 ' 

with 7? = (fc0/^o)2-C2-^2 • The constants C2, D2; C3, Z)3; and C4, 7)4 are determined 

by the boundary conditions. 



Appendix B 

The coefficients in Eq.(4.28) are: X2
]kl = A2 + [jr(» + k)/a]2 + [v(j + l)/b}2, 

n„« = *„«/ (*« - A ; W ) , %M = *vki/{2xki), 

T,]k, = (Tki^ki - X2)/[X2 - X2
kl], T:jkl = (T»*vu ~ A2)/(2A), 

a„u = [h + X2a + $ , J W G W - hkQ
2/(2p2^ki)}/[{k'0lpQ"2 - X2

jkl], 

A,*i = [*>]ki0ki + 2koh/(poZki)]/[(K/no)2 - X2
]kl], 

AX]kiR.jki -I- 2k'0ZkiBX}ki/po 
A%Jkl -

BtJki = 

RU + Wotki/fio)2 ' 

-Bt]kiRtjki + 2k'Q^kiAx]kil po 

RUI + Wotki/no)2 

with A,jfc/ = QtJuAu - hk0
2/(2pl^ki), Bxjk\ = <b,]kiBki + 2hk'0/(p0^ki), 

R«ki = (K/PO)2 - ekl ~ AJW • 

c hk'o2Qt]kl/(2pti,}tkt) 
3kl Qiki+^m^+ikiVpor 

T _ Mff(k + tki)/(plSM 
3kl Qiki+mtv+tkiynor 

with Q%jU = (* 0 / / J 0 ) 2 - ti„ + &/)2 ~ K]M • 
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