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ABSTRACT

This thesis is a study of kinks in general relativity.
The kink spacetimes are topologically non-trivial and
possess other interesting features such as tumbling light
cones and a non-zero conserved guantity, now called the

kink number.

Skyrme first noted the existence of kinks in certain
non-linear scalar field theories. Finkelstein and Misner
were the first to recognize the existence of similar
structures 1n general relativity. This thesis begins with a

review of past work on kinks.

The general form of a kink metric is discussed and a
formula to calculate the kink number of any metric is

derived.

Several exact kink solutions of the Einstein field
equations are rfound. The relationship of these solutions
to well known (zero kink) metrics, such as the de Sitter
and Friedmann-LeMaitre-Robertson-Walker metrics is
discussed. Possible interpretations of the kink solutions
are suggested. Analogous solutions in a (1+1)-dimensional
theory of gravity are also presented. Finally, work in

progress and areas for future work are menticned.
ix



SYMBOL TABLE

In what follows the metric is chosen to have signature

(= + + + )

and

Greek letters a,B,7... run from 0 to 3 with
summation over repeated indices
unless otherwise specified.

Roman letters a,b,c .... run from 1 to 3 with
summation over repeated indices
unless otherwise specified.

T refers to the ordinary partial

aB, 1 . -
derivative of any tensor TaB'

TQB‘T refers to the 4-covariant derivative

1

of any tensor T ., with respect to
the metric tensor Iun"
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CHAPTER ONI

THE SKYRMIONIC KINKS

Introduction

This chapter introduces the notion of kinks in nonlinear
scalar field theories and in theories such as general
relativity (1.1). These structures, in the nonlinear scalar
field theories, are now called skyrmions in recognition of
the work of Skyrme. The term "kink" is now for the most part
reserved for similar structures that occur in theories such
as general relatiivity. In honour of the pioneering work of

Skyrme a review of his work is given (1.2).
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(1.1) Introduction.

Skyrme was the first person to construct a ncn-linear
scalar field theory that possessed certain conserved
guantities which today may be called kinks. Kinks can be
considered as twists in the field variables. Skyrme
referred to the kinks as "singularities" in the field
variables, by this he meant they had a twist, not an
infinity. The term "kink" was first introduced by
Finkelstein (Finkelstein, 1966) and is now for the most
part reserved for the similar structures that arise in
theories such as general relativity that were first
considered by Finkelstein and others several decades ago

(Finkelstein and Misner, 1959; Finkelstein, 1966).

In recognition of Skyrme's work, the kinks arising in
certain non-linear scalar field theories are now called
"skyrmions'". There are many similiarities in the
mathematics of skyrmions and kinks but also some important
differences. A common aim of both types of field theories
in which kinks arose was to find a unified description for
fermions and bosons. The particles that make up ordinary
matter, characterized by their fractional spin gquantum
number m, = 1/2, 3/2,.... are called fermions. The fermions
interact through the exchange of bosons which are

characterized by their integer spin quantum number
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m_=0, 1, ... Skyrme achieved his goal of unification when
he found a common description for fermions and bosons, but
the kinks of general relativity were found not to describe
fermions and other physical interpretations have been
suggested (Finkelstein and McCollum, 1975; Harriott and
Williams, 1988). The skyrmions do possess half odd
intrinsic angular momentum (spin) as is required for the
description of a fermion (Skyrme 1962) but the metrical
kinks do not (Williams and Finkelstein, 1984). The
skyrmionic kinks are scalar quantities. The metrical kinks
of general relativity are described by a quantity that is

neither a scalar nor a tensorial gquantity.

The focus of this thesis is the metrical kinks of
general relativity but as a historical introduction to the
development of kink theory the rest of this chapter will

briefly review the work of Skyrme.




(1.2) skyrmions

On November 17th-18th, 1984 a workshop was held at
Cosener's House, Abingdon, United Kingdom on the topic of
skyrmions. Skyrme made some historical remarks at the
beginning of this workshop and was due to repeat this talk
at the beginning of another workshop on skyrmions in 1987
but sadly he died a week before this latter symposium. His
earlier talk was reconstrxructeé by Ian Aitcheson and
published in 1988 (Skyrme, 1988; Dalitz and Stinchcombe,

Editors, 1988).

In this talk Skyrme explains the three main ideas that
motivated his study of the nonlinear scalar field theories
that possessed skyrmions. His first goal was to construct a
self interacting boson field theory. That is, he wished to
construct a unified field theory that eliminated the need

for two separate fields to describe bosons and fermions.

Skyrme's second goal was to address the renormalisation
problem in quantum field theory. This is a problem with
infinities of physical variables, such as density, that
arise in quantum field theories when particles are
described as point~-like objects. Skyrme's approach was to
describe particleé as extended objects, thus avoiding the

infinities. This differed from the usual approach which was
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to attempt to mathematically remove the infinities, by
renormalization, from any theory that contained point
particles. Skyrme was certainly not alone in his unease
with the notion of elementary particles as point-like
objects - Kélvin (1824-1907) did not like the idea of
infinitely rigid point-like atoms (Thompson, 1910).
Skyrme discusses in his 1984 talk, the "smoke ring" model
studied extensively by Kelvin and Tait but finally

abandoned in favour of Maxwell's Theory (Thompson, 1910).

Skyrme's third aim was to find a theory that naturally
reproduced *he behaviour of fermions rather than imposing
the necessary mathematics into the theory to reproduce the
required properties. The fermions arise in quantised
theories but have no obvious classical analogue. This led
Skyrme to believe that the fermion should not be regarded
as a fundamental particle. He was attracted to nonlinear
theories such as general relativity in which the "sources"
(particles possessing mass) of gravitation might themselves
be produced by the field equations =~ arising as some kind
of singularity* in the fields - instead of having to add

them to the theory.

* (It is important to note here that Skyrme often
referred to a kink as a singularity in the field variables.

By this, he meant that the field variables had a twist and



not that they had an infinity.)

Particles can be classified on the basis of whether or
not they are affected by the strong nuclear force, which is
the force that binds atomic nuclei together. Particles that
are affected by the strong nucleai force are known as
hadrons and those that are not affected are called leptons.
The hadrons are then subclassified as to whether or not
they are fermions or bosons. Baryons are hadrons that are
also fermions. Mesons are hadrons that are also bosons.
Skyrme hoped that the fermionic sources would occur as
singularities* in some nonlinear classical meson field
theory arising as a conserved quantity that might be
identified with the baryon number. In this way the fermions
might naturally arise from the meson fields instead of

having to be imposed on the theory.

Skyrme began his work by first turning his attention to
nuclear physics. Nuclear matter is very homogeneous and
Skyrme found the description of thc nuclear matter as a
fluid very attractive. He suggested that the individual
nucleons could be described as local twists in this fluid
that described the nucleus. (Skyrme, 1958, 1959, 1961,
1962) . This idea is identical to the current concept of a

preferred direction in a theory with a spontaneously broken



internal symmetry.

To quantify these ideas of describing a nucleon as a
twist in a fluid Skyrme began by looking at the analogous
problem in (1 + 1)-dimensional spacetime which is now

called the sine-Gordon equation:

a.,, -a__ = -m’sin(a) (1.1)

where a(x,t) is the (single) field variable. The well known
time-independent (one-kink) solution of this equation is

(Skyrme, 1958; Rogers and Shadwick, 1982)

a = 1tan-1[exp(x)]

A vacuum state, obtained when the right hand side of

equation (1.1) is zero, is clearly

cos(a) =1

However, a is only determined up to a factor of 27, and so
it is possible to have a time independent situation in
which a(x) changes from one vacuum state at x = -o, say
a(=-») = 0, to another at x = o, say a(o) = 27. This
situation describes a (sine-Gordon) one-kink solution and

may be illustrated as shown below in Fig. (1.1).
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Fig. (1.1) A skyrmion kink.

A simple kink centred at x = X, . The arrows show it's width, the x range
over which most of the variation of a(x) occurs.



In general, choosing boundary conditions such as a(-«) = 0

and a(w) = 2N7 describes an N-kink solution.

If all physical variables depend only on a mod(27) and
if under the boundary conditions a tends to a multiple of
2m at x = 4o, then R1 is effectively compactified to s ana
a(x) defines a mapping from the physical space sl to the
field space sl. The number of times the circle is covered

is called the winding number of the map. This winding

number is equal to 1 for the boundary conditions a(-®) = 0
and a(w) = 27. For the the boundary conditions a(-w) = 0
and a(w) = 2N7 the winding number is N. The situation is

illustrated below in Fig. (1.2).

The winding number is a topologically conserved
gquantity and so may be identified with a physical conserved
guantity such as the baryon number. This model generalizes
to 3 + 1 spacetime, mapping S3 to S3 with a conserved
winding number (and, in fact, to n + 1 dimensions with a
mapping from s to Sn). The specific equations needed to
calculate this conserved number, now known as the
(skyrmionic) kink number, were first published by Skyrme

(Skyrme 1961) and have since been extended (Dunn, Harriott

and Williams, 1990) to include general relativity.
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Fig. (1.2). The mapping a{x).

The mapping from real space to fleld space provided by a(x). On the lower
plane, the function a(x) is plotted vs. x, for the case a(+00) - a(-00) = 2Nm
On the upper plane a(x) is ptotted as the angle of a point on a unit circle,
which winds around N times as x runs from -0o to +e0. Such an a(x) has a g
winding number of N. o
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' At the time of his death, Skyrme still hoped that it
might be possible to construct a nonlinear theory that
allows a semi~-classical visualization of elementary
particles. All hadrons are now believed to have a more
elemental substructure composed of two or three fundamental
constituents called quarks. His goal was that the quarks
and leptons, usually introduced as sources in these
theories, be regarded as helpful ways of describing the

situation rather than as fundamental particles.

Skyrme was also investigating the possibility of
topologically interesting field configurations in gauge
field theories as opposed to his original work which was
with nonlinear scalar field theories. If such
configurations existed, he questioned what the affect of
the constraints of the gauge invariance might be. 1In
particular, he was considering the possibility that a
certain choice of gauge that admits stable topological
structures may require the addition of source particles to
make it consistent and that these source particles may
correspond to physical states. A similar situation is known
to arise in the work of Faddeev and Popov (Taylor, 1976).
Unfortunately Skyrme had not found any interesting specific
examples of such a gauge theory by the time he died in

1987.




CHAPTER TWO

THE GENERAL RELATIVISTIC KINKS

Introduction

The homotopic classification of the metrics of general
relativity is discussed to introduce the notion of a kink
metric (2.1). A detailed discussion of previous work
concerning kinks in general relativity, in particular the
work of Finkelstein, is presented (2.2). The general
conditions that lead to a kink metric are derived (2.3). A
formula to find the kink number of any metric is discussed
(2.4). This extends earlier work of Skyrme. The exact form
of the general spherically symmetric metric is derived
(2.5). Possible interpretations for Kink metrics are

discussed (2.6).

12
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(2.1) Homotopic Classification of Metrics.

Field theories that admit configurations that are
topologically distinct have applications in several areas
of physics. A field configuration represents a mapping @
from the domain X of field variables into the range Y which

is assumed to be a connectad manifold
$:X -> Y

It is usual to assume that only maps, ¢, that map fixed
base point(s) X, € X into a fixed base point Y, € Y are
considered. The set of all topologically distinct classes
of base-point preserving maps are called homotopy classes
and are denoted by [X,Y]. In many field theories X = R3,
and the infinite boundary of R3 is mapped into some fixed
point Yor SO that R> may be compactified to s3. In such
3

theories there is interest in calculating [S87,Y] for

different Y.

Consider such a situation, when X = R3, with boundary
conditions ®(xX) =-> Yo (fixed) as |x| =-> o, so that R’ may
be replaced by s3. such a field theory can therefore be

described in terms of mappings
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These maps can now be classified by computing the homotopy
class [S3,Y] = m,(Y), which is the third homotopy group.
The homotopy classes can be labelled by Qn where Q, is the
group identity containing the constant map, LI which maps
the whole of R® into the fixed point v, If Q_ is not the
only element of n3(Y) then the field theory is said to

admit kinks (Finkelstein, 1966). For example:
(i) ¥ = V, any vector space, then

T, (V) = Q

and there are no kinks.

(ii) ¥ = s? , as in the case of Skyrme's theory of strong

interactions (Williams, 1970; Skyrme, 1971), then
ﬂ3(Y) = 2.

The homotopy classes, ...Q_2, Q-l' Q Ql’ 0..... can be

=2
labelled by a single integer n € Z. The classes are

ol

generated by Q, and Q_,- When n > 0 mappings belonging to
Qn are called n-kink maps and when n < 0 they are called
n-anti-kink maps. A specific example of such a 1-kink map

is
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#: B> -> §°
such that
¢(x) = (91, @5, P53, 0,)
and
N 2 2, -1

¢; = 2ax;(xr” + a’)

6, = (2 - a?) (2 + 2271
where r = |x| and a is a non-zero constant. This is the

usual stereographic projection and the homotopy class of 2,

is Ql'

These 1-kink mappings of Skyrme's theory are degree-1
maps. These degree-l kinks are now called skyrmions. In the
l-dimensional case they may be pictured as 27 twists in
an infinitely long strip (Finkelstein and Misner, 1959) as

illustrated in Fig. (2.1).
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Fig. (2.1). (1+1)-dimensional Kinks viewed as twists

(i) A zero kink.

(ii) A skyrmion kink.

(iii) A gravitational kink.

16
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(iii) Y = P3, where P3 is real projective 3-space (S3 with

the antipodal points identified). Then
3
"3(P ) = Z,

and so the theory does admit kinks. If

k: 83 -> p3

is the usual double cover map which identifies the
antipodal points of S3 then the homotopy class of K

generates 7. (P”) and so K is a 1-kink map but deg(K) = 2.

Such kinks correspond to a half twist (through an
angle m) and not a full twist because the mapping
characterizing the homotopy behaviour from M into P" is
not the double cover map. For example in the 1+1 case it is
the map that is obtained by mapping S1 into "half of stu
and then identifying the antipodal points to obtain pl. The

1+1 case can therefore be pictured as Mtbius strip type of

twist and is illustrated in Fig. (2.1).
. 3 3
(iv) Y = SO(4) = 8 x P then

T,(S0(4))= 2 @ 2
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and so such a theory admits two types of kinks.

General relativity was one of the first field theories
to be studied from the point of view of homotopy theory. It
can be shown (Shastri, Wiliams and Zvengrowski, 1980) that
for general relativity in 3+1 dimensions Y = P> and it is
of interest to find [X,Y] for different spacetime
manifolds, X. Finkelstein and Misner (1959) showed that
when X = R1 X R3 or X = R1 X 83 then the homotopy classes
can be specified by a single integer, which has now become
known as the kink number of the metric. The kink number of
the metric can therefore not be altered by any coordinate
transformation that is non—singﬁlar or does not involve a
change in the global hypersurface foliation of the
manifold, as this would involve a change in the homotopy
class. Shastri, Williams and Zvengrowksi (1980) also
discuss the classification problem for more general

parallelizable spacetime manifolds.

More generally, gravitational kinks can be shown to
occur in (n+l)-dimensional spacetimes for any n > 0. In

nti = Rl x M" and the hypersurface M" is

particular if M
assumed connected, orientable and compactifiable (in the
sense that the metric is required to take the same value
everywhere on the boundary of M" so that the boundary could

be identified to a point) then the relevant homotopy
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classes are [Mn, Pn], where P" is real projective n=-space.
This result will be shown below for the usual case of M4.
Manifolds are classified as to whether there exist mappings

3: M© -> p"

which have degree 1 (called Type 1) or whether no such
mappings are possible (called Type 2). Generally the degree
of a map can be defined between any two orientable

manifolds of the same dimension. If
: X -> Y

then deg (%) is the number of times that & wraps x" around

Y. A simple example was illustrated in Fig. (1.2).

In 1+1 dimensions, Type 1 is the only possibility, and

Ml = Sl. The homotopy classes are [Sl, Pl] = nl(Pl) = Z,
where nl(Pl) is the first homotopy group. A 1-kink metric

is associated with a degree 1 mapping
g: st -> pt .

Some examples of such metrics will be given later. In 2+1

dimensions Williams and Zvengrowski (1991) show that Type 2
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is the only possibility. In 3+1 dimensions both Type 1 and
Type 2 are possible (Shastri, Williams and Zvengrowski,

1980) . An example of a manifold that admits Type 1 is

M3 = P3, and an example of a manifold which admits Type 2

is M3 = S3. The latter is the main focus of this thesis.

M4 of general

The 4-dimensional spacetime manifold X
relativity and the problem of classifying the Lorentz
metrics is now considered in more detail. The manifold is
assumed to be parallelizable. Examples are M4 = Rl X M3,
where M> is connected and orientable. If asymptotic
flatness is also assumed then M3 can be compactified to
form a closed, connected, orientable three-manifold. A
Lorentz metric is a cross section, T, of the Lorentz metric
tensor bundle T0,2(M4). Shastri, Williams and Zvengrowski
show that the parallelizability of M? means that
classifying cross sections is equivalent to classifying the
maps, ¢, from M4 to the fiber of TO,Z(M4)' This fiber is
called S4,1 by Steenrod (1951) and is the set of all 4 x 4
real symmetric matrices of signature (- + + +)

4
$: M -> S4,l .

This thesis assumes that M4 = R1 X M3 and in particular

3 3 3

that M~ = R™ or S3. For these choices for M~ the homotopy
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classes will be shown to be labelled by a single integer,
now called the kink number. Kinks for manifolds with more
complicated topologies have been studied by Shastri,
Williams and 2vengrowski (1980), who consider M3 compact,
closed, connected and orientable. Their work has been
generalized somewhat by Whiston (1981) and Bugajska (1989).
The corresponding problem in 2+1 dimensions has been
analyzed by Williams and Zvengrowski (1991) and the
problems involved in adding kinks for spacetime manifolds
that are not simply connected have recently been addressed
by Shas.ii and Zvengrowski (1991) for the (3+1)-dimensional

case.

since RY is topologically trivial, the assumption that
M4 = Rl X M3 and in particular that M3 = R3 or S3, means
that the homotopy classes to be found are [83, S4’1].
Since the set of all Lorentz metrics has a dimension
greater than 3 it is nct immediately clear how the
classification can be achieved using the concept of a
degree of mapping, since this is not necessarily defined

between spaces of different dimension. The classification

can be achieved however, as outlined below.

To find the homotopy classes [83, S ] let G € S .
4,1 4,1

then it will be shown later that G can be written uniquely

as the product of two matrices S and Q. That is,
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where S is positive definite and Q is symmetric and
orthogonal. The matrix S is homotopically trivial since it
can be deformed into the identity matrix and so the
classification depends only on Q. Steenrod (1951) shows
that the set of all Q is homeomorphic to the Grassman
manifold M4'1 which in turn is homeomorphic to real
projective 3-space, P3. The homotopy classes which classify
the metrics of general relativity if M4 is assumed to be

R1 x R> (or R x s3) are therefore [S3, P3], which as
described in the example (iii) may be labelled by a single

integer, the kink number.

It will also be shown later that Q may be written as

the following product

Q = P diag(-1, 1, 1, 1) PT '

where P is orthogonal. Since P is orthogonai, each of its

rows or columns represents maps ¢: R3 -> S3. The kink

number is the degree of this map.
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(2.2) Historical Introduction to Kinks in General

Relativity.

Finkelstein and Misner (1959) first drew attention to a
class of nonlinear field theories that they called
"intrinsic". If, as in the section (2.1), ¢ is a mapping
from a domain X into a range Y, the term "intrinsic" was
used to emphasise the fact that Y was not homeomorphic to a
vector space as was the case with most field theories in
the literature at that time. Their interest in this class
of field theories was due to the fact that they possessed a
non-trivial conservation law in which the conserved
qguantity assumed only a set of discrete values, even in
unquantized theories, as described in the above section.
Finkelstein and Misner noted that general relativity was
such a theory and that in general relativity this conserved
qguantity could assume only the values 0, 1, +2, +3, .....
This gquantity therefore possessed many of the properties of
a classical particle number even though it arose from the
continuity of the basic fields. The authors suggested that
in the case of general relativity this quanfity might be
interpreted as a particle number. They named the new
particle associated with this conserved quantity the
M-geon. The term "geon" was coined by Wheeler as a
corruption of "geometrical entity" and seemed appropriate

since the quantity arose purely from the metric.
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The authors also showed in this 1959 paper that the set
possible metrics on a manifold may be divided into homotopy
classes. Two metrics are said to belong to the same
homotopy class if and only if they can be continuously
deformed into each other. They noted that this set of
homotopy classes is in one-one correspondence with the
group of integers. Any metric can therefore be associated
with an integer, which cannot be changed by any
non-singular coordinate transformation, as this would
involve a change of homotopy class. This integer has since
become known as the kink number, N, of the metric and is a
conserved quantity associated with any metric. Finkelstein
and Misner were also the first to recognize the phenomenon
of tumbling light cones which is associated with these kink
metrics. This may be illustrated as shown below in

Fig. (2.2).

This initial work was continued by Finkelstein (1966)
and it was Finkelstein who first introduced the term "kink"
(replacing the term M-geon of the earlier work) for the

conserved objects arising in these nonlinear field



Fig. (2.2). Light cone behaviour for metrics belonging to the homotopy classes labelled
by N=0, N=1, N = 2,
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theories. The purpose of this 1966 paper was to deduce the
properties that must be possessed by the underlying field
for kinks to exist and to possess half-integer spin and
Fermi-Dirac statistics. That is, Finkelstein hoped the
kinks would provide a description of fermions (particles
with intrinsic angular momentum (spin) 1/2, such as
electrons). He noted the connection between the kinks of
general relativity and those investigated by Skyrme (1959).
Finkelstein also discussed the fact that kinks do not
describe point particlies but rather particles that possess

internal structure, distributed over a finite volume.

Some confusion arose in the literature concerning the
angular momentum properties of the kink spacetimes. There
are two types of angular momentum: intrinsic and extrinsic.
Intrinsic angular momentum is usually called spin, it
refers to internal variables and distinguishes between the
fermions and bosons. For example the gravitational field
(graviton) has spin 2; the Dirac field has spin 1/2.
Extrinsic angular momentum is usuwally called orbital

angular momentum.

It was hoped that the spin properties of the kinks
would allow them to be identified as fermions. However,
Williams and Finkelstein (1984) showed that the usual kinks

of general relativity cannot have orbital angular momentum
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of 1/2. They considered group fields which are field
theories for which the field or mapping ¢ maps R3 into a
Lie group G, with ¢ mapping the infinite boundary of R’
into the group identity. Orbital angular momentum of 1/2
can arise if and only if the 27 rotation loops in the field
space are not deformable to a single point, that is if they
are nontrivial. To determine the existence of half-integer
orbital angular momentum, the transformation properties of
the fields under rotation must be considered. Using the
notation of Williams and Finkelstein (1984), if the range
of the mapping ¢ is chosen to be a 3-sphere S3, then 53 may

be parametrized by four variables (¢1,¢2,¢3,¢4) subject to

z¢a¢a = 1. They use as an example of a 1l-kink mapping:

Q(X) = (¢1I¢2I¢3’¢4)

with ¢a = f (x) where fa(x) are some functions of x that

o]
satsify 2¢a¢a = 1. The value of the orbital angular
momentum now depends on the transformation properties of
the fa‘ In particular if the rotation loop is trivial then

orbital angular momentum of 1/2 is not possible.

Williams and Finkelstein (1984) showed that for
skyrmions, where the fa transform as scalars, this loop is
not a single poiﬁt so the kinks of Skyrme's theory do have

orbital angular momentum of 1/2. The skyrmion fields
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considered by Williams (1970) also possess such nontrivial

loops.

For the gravitational field, which can be considered as
a group field, the J.p 2TE second rank tensors and the
authors showed that the 27 rotation loop for a 1-kink
metric was a single point and hence orbital angular
momentum of 1/2 was not possible. This contradicted the
earlier work of Williams (1971) and that of Shastri,
Williams and Zvengrowski (1980) where the ¢, were treated
as scalars. Their analysis would only be valid in a theory
such as that of Skyrme's, where the ¢a refer to internal

variables that transform as scalars.

Williams (1985) showed that if the dimension of the
usual spacetime manifold is increased to allow inner
degrees of freedom then it is possible to have
half-integral orbital angular momentum. The metric studied

is of the form

where

gaB = aaB - 2¢a¢B'
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The indicies a and B run over time and the inner
dimensions. The indicies i and j are the usual spatial
indices. The indices of the = thus refer toc internal
variables and so transform as scalars under spatial
rotation. They therefore have non-trivial rotation loops

and allow half-integer orbital angular momentum.

The simple one-kink metric, in the usual 3+1 (time and

three spatial) dimensions

gaB = saB - 2¢a¢B

where the ¢a may be chosen to be

i,
X sinca

©
I

cosa

©
n

was first introduced by Williams and Zia (1973). This

metric will be discussed in detail in future chapters.

Williams and Zia (1973) also were the first to discuss
what type of mass distribution might give rise to such a
spacetime. Their discussions showed that it is possible to

recover Newton's Inverse Square (force) Law by considering
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the asymptotic behaviour of the metric. This part of the
paper will also be discussed in more detail in future

chapters of this thesis.

Williams (1974) introduced the following generalization

of the simple one-kink metric

as?® = (eaSinza - encosza)dt2 - 2’ +en)sinacosadrdt

f 2sin26d¢2

+ [ea - (eo + e )sinza]dr2 + r2d82 + r
where all functions «, o, and Q are functions of r alone.

This metric and some further generalizations will be

discussed in detail in further chapters.

Williams also notes that because the Iyt term will be

zero at least once if there is a kink present, the usual

transformation to remove the drdt term will be singular and

therefore invalid. A singularity even at a single point

will render the transformation inadmissable. This point has

been noted in a different context by Rosen (1983, 1985).
Such transformations will be examined in detail, with

specific examples, in future chapters.
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The interpretation of kink structures in spacetimes was
extended in the work of Finkelstein and McCollum (1975) to
include the internal structure of black holes that have no
curvature singularities and obey the weak energy condition.
This work also demonstrated, in more detail than
Finkelstein and Misner (1959), the feature common to all
kink metrics: that of tumbling light cones. This feature is

illustrated below in Fig. (2.3).

Spacetime is assumed Minkowski at infinity. Gradually,
the lightcones tumble towards the centre so they have
future toward -t at r = 0. They then turn back up
symmetrically on the other side. Such a spacetime has a
background topology of R4 and no curvature singularites.
Following a procedure similar to Williams and Zia (1973),
which will be discussed in more detail in later a chapter,
Finkelstein and McCollum showed that one example of a
physical source that may lead to such a light cone

configuration is one with an energy density, u, given by

1,-3

u = 9(2 + r )
However, no exact metric that satisfies the Einstein field
equations with such a form of u used in the stress-energy

tensor was presented by the authors.
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A feature common to many spacetimes is that of
incomplete geodesics. The main result presented by
Finkelstein and McCollum is that kink metrics and all other
spherically symmetric stationary spacetimes have incomplete
geodesics approaching every root of Jet in the metric. In
general relativity the geodesics represent paths of test
particles and so incompleteness is a problem because it
means that test particles reach the edge of the manifold in
finite proper time. Such a manifold can therefore not be
the complete physical manifold even though this is not
evident from the field equations themselves. The authors
discussed how to extend the geodesics by various methods
depending on the nature of the roots of et For simple
roots, they used the Kruskal extension method (Kruskal,
1960) and showed that the topology around each root is that
of the Kruskal manifold. For multiple roots they
illustrated two methods one based on symmetry and another

based on topology.

In particular, for the kink shown in Fig. (2.3) there
is at least one set of incomplete geodesics. At the radii
r, and Ty where the light cones are turned so that one
branch is parallel to the t axis, there are null geodesics
parallel to this t axis. These are therefore one-way

surfaces. For example, nothing can get out of the region

where [r| < |r,|. Near either of these one-way surfaces
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there are three sets of null geodesics: those that cross
the surface, those that stay in the surface and those that
approach but do not cross the surface. The authors showed
that those geodesics that approach but do not cross the
surface are all incomplete; the other two sets may or may
not be. The Kruskal extension method was used to extend
this kink manifold. This method assumes that the full null
manifold may be made up of two copies of the given part
joined along a surface in a smooth manner. This extended

manifold may be illustrated as shown below in Fig. (2.4).

The top two diagrams are of the same patch shown in
different coordinates. Each patch in the top two diagrams
is half of the patch in the lower diagram. The U and V

axes are at the radius of the one-~way surface, r, or r,.

1 2
The three sets of geodesics transform as follows: Null
geodesics parallel to the t axis transform to the V axis.
Null geodesics crossing the one-way surface transform to
the lines crossing the V axis, parallel to the U axis.
Incomplete null geodesics approaching the one-way surface

but not crossing it transform into lines crossing the U

axis into the new region.

These results are obtained by Finkelstein and McCollum
as a special case of the Kruskal method described for all

spherically symmetric stationary spacetimes. To construct
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a) overlaonping patches in rotation coordinates.
t
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b) patches in standard form.
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c) UV patches.
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Fig. (2.4). Kink extended.
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the extensions, they considered the most general
spherically symmetric metric, which, following their

notation is

2 2

_ 0,2 0..1 1 2
ds® = goo(dx )¢+ ZgOldx dx~ + gll(dx U+ g22dw

where

dw? = a2 + sin2eds2.

This metric is transformed to what the authors call
standard form

as? = e?®(rat® + 2k atar) + g,,aw’

where B and I are functions of r, Ki = +1 and g22 = -r

except in regions of extremal r.

To achieve this standard form, a transformation is
first made to the form

2

as® = P (r(ax®)? + 2kax®ar + rar?) + g, av’

where TL ~ K2 = -1 and all functions are functions of r

only. The standard form is then obtained by a

transformation

2

36
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where Ki is the sign of K at a root r, of I', where the

transformation becomes singular.

One coordinate patch surrounds each root of T'. Zero
kink number metrics may or may not be covered by one patch.
Metrics of a non-zero kink number will regquire more than
one patch to cover them. Each root of I defines a surface
called a root surface. The standard form draws attention to
the root surfaces, which are trapped surfacés, and the

incomplete geodesics approach root surfaces.

The authors showed that three quantities are needed to
count the kink number of the metric. These are, Ki which is

the sign of 911 at a root of 9507 f the sign of %0 in

il

the future direction; and oPi which is the change in T at

r,. To qualitatively construct the extension near a root

it is sufficient to know Ki’ £ ori and the order of the

il
root. These four quantities are invariants and so,
therefeore, is the topology of the extended patch which

depends only ori the order of the root.
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These four quantities give further information about
the spacetime. In particular, Finkelstein and McCollum
showed that they indicate whether the spacetime describes a
black or a white hole. A trapped surface may be defined by
considering a shell of light emitted normal to a spherical
surface. The behaviour of this shell is determined by the
behaviour of J:EEZ in the direction in which the light is
emitted. For example, if /3552 has a maximum, the shell
shrinks in surface area in whatever direction it is emitted
If =95, has a minimum, then the shell can only grow in
surface area. A trapped surface is one from which such a
surface area of a shell of light can either never grow or
can never shrink. The surface of extremal /:552 is always a
trapped surface. Trapped surfaces also occur where the
future part of the light cone points only in one direction
in r. Matter can only flow in one direction there, thus
determining a black or white hole situation. The direction
in r of the positive t half of the lightcane at a root of T
is given by K, . If fi is the sign of the chosen future and
/:EEZ is not extremal at a root of T then fK, = 1 indicates

a white hole and fKi = -1 indicates a black hole.

Finkelstein and McCollum illustrate a manifeld
extension for the kink metric in what they call rotation

coordinates
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d52 = cosZa(dt2 - drz) + 2sin2adtdr - rzdwz.

The authors did not demonstrate a form for cos2a that
satisfied the Einstein field equations. They showed however
that this metric can be transcribed into their

standard fornm

ds? = cos2a dt? + dtdr - ridw?

where I' = cos2a, = -r2. There are two rcats, at r., and

922 1
r, Both root surfaces are black (matter trapped inside).
In patch 1, £ = 1 and Kl = ~1. In patch 2, -t is the future
direction at r and so £ = -1, K, = 1. Incomplete

2 2
geodesics approach each root. The geodesics can be

completed by transforming the metric to standard form and
then to the form

as® = e*®(2f%aquav) + g, aw’

where f and r are funqtions of U,and V. (Kruskal, 1960).
The authors observed that the original tr plane covers only
half the UV plane. The tr plane is now extended by letting
it cover the other half of the UV plane by reversing t but
keeping the r the same. The geodesics crossing the U axis

are now continuous. In this way, two new sheets are
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attached. The light cone behaviour for this metric in
rotation coordinates, standard form and UV form is

illustrated in Fig. (2.4).

Finkelstein and McCollum suggest that n-kink metrics,
where n > 1, may need more extensions. Finkelstein and
McCollum also noted that it is possible to construct a
black kink (matter trapped inside) and a white kink (matter
can only flow outwards) from an originally kinkless
spacetime by a continuous process. They called this
structure an "onion" as the formation of such a spacetime
arises from "a pulling apart or as a nesting of spheres
within spheres like an onion" as illustrated below in
Fig. (2.5). In later chapters of this thesis the concept of

an "onion" will be further explored.

The interest in kink spacetimes initially arose from
the possibility that they might contain a conserved
guantity that could be interpreted as an elementary
particle number. When this was found not to be the case,
because of their incorrect spin properties, interest
remained because the spacetimes were found to be
topologically non-trivial and to possess other interesting
features such as tumbling light cones. As discussed
previously, Williams and Zia (1973), Williams (1974) and

Finkelstein and McCollum (1975) introduced various kink
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Extension to an n-kink manifold: an "onion".
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metrics and suggested possible mass distributions that
might give rise to such spacetimes. No exact kink solutions
of the Einstein field equations were deﬁonstrated by any
authors however. Also, the exact conditions that lead to a
kink metric were unclear at this time. The integral
counting number, also called the kink number, introduced by
Finkelstein and Misner (1959) was not expressed in a
covariant form. For this, and other reasons, it could not
be used in general relativity to unambiguously define a
kink metric as a metric with a non-zero integral counting

number.

This thesis first extends the work of Williams and Zia
(1973) and Williams (1974), who suggested the general
conditions that lead to kink metrics. Several exact kink
solutions of the Einstein field equations are then
presented. The tumbling light cone behaviour of all kink
metrics, noted previously by Finkelstein and Misner (1959)
and Finkelstein and McCollum (1975), is illustrated for
these solutions. The relationship of these exact kink
solutions to well known solutions, such as the de Sitter
and Friedmann-LeMaitre-Robertson-Walker solutions, is also
investigated. Finkelstein and McCollum (1975) suggested
that the kink metrics might serve as suitable metrics to
describe the intefiors of black holes. This idea, and other

possible interpretations for kink metrics, are discussed
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for the various solutions presented. Modifications to the
integral counting number formula, introduced by Finkelstein
and Misner (1959), are suggested. These modifications allow
the kink number to be interpreted, in a well defined way,

1

for any spacetime whose manifold is R™ x s".
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(2.3) Particular Form of the Kink Metrics

To derive the general conditions that lead to a kink
metric consider, the set of all possible metric tensors of
general relativity that make up the set of 4x4 real
symmetric matrices of signature (-+++). This set is called
84,1 by Steenrod (1951). Any 4x4 real symmetric matrix G of
signature (-+++) can be written as a product of a positive
definite symmetric matrix S, which is a member of 54,0 and
a 4x4 symmetric, orthogonal matix Q of signature (=+++)
which is a member of 04'1, that commute with each other
(Birkhoff and MacLane, 1965)

(9]
i

SQ = QS (2.1)

This decomposition of the matrix G is unique (Chevalley,

1946) and is proved as follows.

The matrix G is real and symmetric and can therefore be
diagonalized by an orthogonal matrix R,

-1

R "GR = diag(ﬂo,n n.,,a,).

177273

R is the matrix of eigenvectors of G and 0, «=0,1,2,3

are the eigenvalues of G.
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Consider the matrix G2 which is symmetric and positive

definite. Then R also diagonalizes G

R-l

Define

so that

2

GRR™IGR = R™1G2R
. 2 2 2 2
= dlag(no ,nl ,n2 ,03 ).
2 . 2 2 2 2
" = dlag(ﬂo ,nl ,92 ,93 )
¢ = rTR7?

The matrix T is positive definite, since it is the matrix

of the squares of the eigenvalues of G. A matrix T can

therefore be extracted easily by taking the positive square

roots of all the diagonal entries of 72. Define

and

so that

as required.

S = RTR (2.2)
Q = s™1g
SQ = G
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It remains to show that S is symmetric, Q is

orthogonal, that the decomposition is unique and that S

and Q commute.

n
]

(RTR

)

1, T

-1, 7. T, T

since R is orthogonal

hence S is symmetric.

The definition of S given by (2.2) implies that

(R")"T'R

i

G)

s? = RTR™IRTR™
= RT°R™L
and therefore that
s = G2,
Using this last result
T -1 -1
Q0" = (5 "G) (s
= s71gcT (st

)

T

T
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1

s'lsz(s'

S(S-l)T

it
W)

This shows that Q is orthogonal. The uniqueness of the

decomposition is shown as follows:
Let
G = 8Q = 8'Q"

where S and S' are symmetric positive definite matrices and

Q@ and Q' are orthogonal. Define
QFI = Q(Q')T
then Q" is also orthogonal since

ae") Treen )T
a(e') TarQT
=1,

Qll (Qll) T

Also

St = sqQ"
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since

SQ" = SQ(Q')T
S'Q' (Q'

= §'.

1l

)T

The matrix S' is symmetric, therefore it is also true that

st = (s)T

(SQ"
(Q")
(Qll) s.

T
)
T T
T

These last two results show that

2 SQ" (QII)TS

2

(8')
=S

Any positive definte matrix can be written uniquely

(Chevalley, 1946) as the exponent of some matrix. Define

S = exph

s expd'’

then S° = (5')? implies that
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exp2A = exp2A'
and hence that
A = A!
Clearly now
s = 8!
and
Q= Q'.

The decomposition is therefore unique as required. The

commutativity of S and Q is shown as follows:

The matrix G = SQ is symmetric and therefore

)T = of

SQ = (5Q Q"s.

Hence, using this last result and the fact that Q is

orthogonal,

s = goTs = gso = osoTo?.

The matrices Q and QT have the same eigenvalues and so QSQT

is clearly positive definite. Also
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(eseh) T = osTT = oso”
and so the product QSQT is symmetric and positive definite.

Q0aTQT

gt

0% (04T

=1

therefore Q2 is orthogonal. The decomposition (2.1) for any
matrix is unique. Therefore since the decomposition for any

symmetric positive definite matrix S is S = SI it must be

true that

Q® =1
and

os’ = s
or equivalently

SQ = SQ.

The matrices S and Q therefore commute as reguired and Q is

symmetric as well as orthogonal.
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Many of the known metrics of general relativity have a
trivial Q matrix and a non=-trivial matrix S. For example,

for the Schwarzschild metric

ds2 = =-(1 - 2mr-1)dt2 + (1 - 2mr-1)_1dr2
+ rzde2 + rzsinzedé2
Q = diag(-1,1,1,1)
/J.-'zmr’1 0 0 0
0 (1-2mr 1)71 o 0
g =
0 0 S
2 .
0 0 0 r51ne/' .
However, the G&del metric
ds® = -at? - 2exp(/2wx)dydt + ax? - 2-lexp(2f5hx)éy2 + dz?

has both S and Q non-trivial. This may be shown as follows:

Define

e
!

-2exp (/2wx)

c = g"1p2

so that the matrix G representing the metric can be written

as
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The S matrix is

W 0 X 0

0 1 0 0
S =

X 0 Z 0

0 0 0 1

where

X =+ B(1 - C){[(1 + )2 + 4%)1/2,"1

W=B%(C-1) -x%(c+ 1) (28xX) !
z = B2(c - 1) +x%(C + 1) (2BX) 1.
The matrix Q is
M 0 N 0
0 1 0 0
Q =
N 0 -M 0
0 0 0 1
where M = [87'B° - 1)([(1 - 8718%)? + 48%)1/%70
N = 2B{[(1 - 872B%)2% + 4p%;1/2)71,

Any positive definite matrix can be continuously

deformed into the unit matrix. The matrix S, which is
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symmetric and positive definite can therefore be deformed
into the unit matrix and is said to be homotopically
trivial. The matrices that reduce S to the unit matrix will
be constructed in section (2.4). The kink nature of the
metric must therefore be found in the matrix Q. The matrix

Q can also be written as (Roman, 1961)

T

Q = P diag(-1,1,1,1) P (2.3)

where P is an orthogonal matrix, given by

P = (2.4)

and where

]
=

29,9,

Using equation (2.4) with equation (2.3) shows that Q may

also be written as

QaB = aaB - 2¢a¢ﬁ'

The matrix Q can be reduced to the matrix diag(-1, 1, 1, 1)
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by its matrix of eigenvectors, because Q is orthogonal and
therefore has eigenvalues +1 (Horn and Johnson, 1985). It
should be noted however that P is not the matrix of
eigenvectors of Q. The required form of P can easily be
found if the metric is spherically symmetric as will be
demonstrated in section (2.5). For any symmetric,
orthogonal Q the result is more difficult and lengthy to
establish. A proof can be found however in Roman (1961).
The kink metrics considered in this thesis are spherically
symmetric metrics and therefore the proof for more general

matrices Q is omitted.

Williams (1971) showed that the ¢, define a mapping

from R3 into S3

. This mapping is said to be non-trivial if
it does not belong to the homotopy class that contains the
group identity, that is, the class that contains the
constant map, that maps R> into a single point. If this
mapping is non-trivial, then the metric represented by the
matrix G will be a non-trivial kink metric and the

degree of the map will be equal to the kink number. For

example, for the Schwarzschild metric, the ¢, are



55
which is clearly the constant map. This mapping is
therefore trivial and confirms that the Schwarzschild

metric is not a kink metric.

The factorization of any matrix G, representing a
metric, into the matrices S and Q is unique in a given
coordinate system but the factorization is not covariant.
That is, if the metric is transformed to a different
coordinate system, then it will be represented by a
different matrix G' that has a factorization S' and Q', and
there is no simple relationship between S' and S or between
Q' and Q. This is because the {¢a} are not the components

of a vector or a tensor.
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(2.4) Derivation of the Kink Counting Number.

Finkelstein and Misner (1959) were the first to
demonstrate the existence of an integral counting number N
that could be used to classify the metrics of general
relativity up to a homotopy. The number N is now also
called the kink number of the metric. They also
demonstrated that metrics whose kink numbers differ cannot
be continuously deformed into one another. The kKinks of
general relativity and skyrmion kinks are both
characterized by mappings from a three-dimensional space
into a three-sphere. This kink number N, corresponding to
the homotopy class that contains the metric Iopt is related
to the degree of this mapping, as is the counting number of
skyrmion kinks. The skyrmion kink counting number is
obtained when the N© component of the skyrmionic current N®
of strong interaction theory (Skyrme, 1961) is integrated

over three~space.

a _ 2,-1 _anQr o.B T §
N~ = (12717) T 60376¢ ¢ ,n¢ ’n¢ T (2.5)

It is important to note that the . in the above equation

due to Skyrme are scalar fields such that

0%, =1
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The set {¢a} therefore defines a map from three-space into

the three-sphere

¢:R™~>S

such that
8(2) = (3, ¢1s B30 &)

The skyrmionic current is therefore proportional to the
Jacobian of ¢, and the skyrmion integral counting number N
is equal to the degree of the map, deg(®).

Ng = deg(#) = |N'a’x (2.6)

As noted by Felsager (1981), this winding number,
deg(®), is only well=defined for smooth maps between
compact manifolds and even if it is defined for none-smooth,
non~compact manifolds it need not be an integer or even
constant. It is therefore necessary to be able to
compactify R* to form a three-sphere. This is possible when
¢ maps the infinite boundary of R} into a single fixed
point in s3, say (1,0,0,0). This means the set of maps ¢ is

restricted to satisfy

(¢0’ ¢1l ¢2r ¢3) -> (1, 0, O, 0)

e e s T T Ry i S
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at the boundary at spatial infinity.

Such a restriction leads to asymptotic flatness

lim gaB = ?aﬁ

| % | =>e0

and may be interpreted as "preventing" the kink from
escaping at infinity. That is, if there is no matter at
infinity the kink cannot be "pushed out" to infinity or

"flattened out" under some coordinate transformation.

Several examples of general relativistic lkink metrics
have been discussed (Finkelstein and McCollum, 1975;
Harriott and Williams, 1988; Dunn and Williams 1989). All

of these examples arise from metrics of the form

Jap = 6&3 - 2¢a¢ﬁ (2.7)
where the ¢, are functions satisfying 26, %, = 1. This
metric given by equation (2.7), in the notation of section
(2.2), corresponds to the choice S = I and G = Q. The kink
number of such metrics is again related to the degree of
the mapping defined by the {¢a} and it appears that it
could be calculated by using the formulae given in

equations (2.5) and (2.6). However, there are several
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problems with actually using these formulae to do such a

calculation. These are:

(i} The ¢a of Skyrme's theory are scalars, whereas those
arising in the general relativistic metrics are not
scalars, vectors or tensors of any kind. Also, the relation
they obey, namely o 0, = 1, is not covariant. It is
therefore not clear how these quantities transform under a

change of coordinates.

(ii) To be useful, it is desirable that the kink number
could be calculated for any metric of general relativity.
In general, it is not possible to transform a metric into a
form such as (2.7) in order to extract the ¢a to calculate
the kink number. That is, in general it is not true that

5 = I.

(iii) The concept of degree is only defined for mappings
between spaces of the same dimension. The set of all

Lorentz metrics, S has a dimgnsion greater than 3. The

4,1"
mapping used to define the kink number must therefore be

shown to be between spaces of the same dimension.

To overcome these problems it is therefore necessary to

generalise the process used above to calculate a kink
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number so that it will be well defined for all metrics.
This is achieved by specifying how to define the ¢, for any
metric even if it cannot be expressed in the form of
equation (2.7) and then showing how to define a vector
gquantity from the ?, that will allows a covariant form of

the kink number to be defined.

The ¢, for any general relativistic metric can always
be found as follows: It was demonstrated in section (2.3)
that any metric can be represented by the product of two
matrices S and Q where S is positive definite and symmetric
and Q is orthogonal and symmetric. It was also demonstrated

that the matrix Q can always be written in the form
. T
P diag(-1,1,1,1) P,

where P is also orthogonal, so that each of its columns or
rows represents a mapping from R3 into S3. In particular,
it was shown that the elements of Q can always be expressed

in the form

Qap = Sop = 29,95

where the ¢a are the elements of P, and
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P = (2.8)

The ¢, satisfy
£p,0, = 1.

Thus it is demonstrated that such ¢a can always be found

for any metric in a given coordinate system.

It is a well known result (Geroch and Horowitz, 1979)
that any Lorentz metric 99p in a particular coordinate
system can be written in terms of an arbitrary positive

definite metric ha and a vector field X% that is unique up

B

to a sign

=h . -2h h y 7L,
aT

7.9 o LU
ERY af @X X (haux X

B
Tt is this vector field X® that will be used to replace the

¢y in the formula for the kink number.

Let the matrix G represent the metric 9.8 and let H
represent the metric hoa in some coordinate system.
According to Perlis (1964), it is always possible to find

an invertible matrix C that simultaneously diagonalizes M
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and K where M and K are any symmetric matrices and K is
positive definite. G and H are two such matrices and it

will be shown that, following Perlis, there exists C such

that
cTec = diag(n_,n.,N.,N.)
orMyrNyiNy
cThHe = 1
and
Gca = N Hca
[0

where c® are the columns of C. These results are proved as

follows:

H is a real, symmetric matrix and therefore there
exists a real, orthogonal matrix that diagonalizes it. Let
this matrix be U, and let the eigenvalues be o

¢ =0,1,2,3 so that
T .
UTHU = diag(kq, Hyr Hyr Ha)-

The eigenvalues o of H are all positive because H is

positive definite and therefore it is possible to construct
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a symmetric matrix, D, from the inverse square roots of the

eigenvalues. That is

2 -
1/ /2

N - -1/2 -1/2
D = diag(uy, M2, 4, 2,y 7Y

2 3 )

Clearly

1/2

. -1 . . -
DU HUD = dlag(ua /z)dlag(pa)dlag(ua )

= I.

A symmetric matrix, F, can now be constructed from D, G

and U:

F = DIulGup.

The matrix F is easily seen to be symmetric because

T - (oTvTeup)T

DTUTGT(UT)T(DT)T

DYUTGUD

tj
! I

= F.

The symmetric nature of the matrix F means that it can be
diagonalized by a real orthogonal matrix. Let this matrix

be V and let the eigenvalues be na, a=20,1,2,3 so that
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T

V'FV = diag(no, n,, n,, N

1! 21 3)'

Since V is orthogonal it is clear that

vIpTuThupy = viv
viy

=1

This result shows that a matrix C = UDV will diagonalize H,
in particular it will reduce H to the unit matrix. Such a

matrix C can be shown to also diagonalize G as follows:

(@]
(7]
0
]

(UDV) TG (UDV)

vT (pTuTeup)v

VIRV

diag(ny, Ny, Ny, N

it 2! 3)'
The matrix C = UDV is therefore the required matrix that
simultaneously diagonalizes G and H. These last two results

show that

GC = (CT)'1

diag(ﬂo,nl,nz,n3)

and

HC

"
0
A
H
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so that

GC

ll nzl n3)

17 02 ,ﬂ3)HC.

Hediag (N, N

dlag(no, N
This last result shows that for any choice of C the “a will
satisfy

det(G - N H) = 0.

There will therefore be non-trivial solutions to the

eigenvalue equation

X~ = fh X . (2.9)

Recalling that G = SQ, it is therefore possible to make a

special choice for haB’ namely let

This choice means that

GX

SQX = NSX.

It therefore follows that

B

SO SY. - ~

g g e

e g a0 e &g
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anX = NX

or equivalently,

0

QX nX.

The signature of Q means that one of the eigenvalues na,
say no, will be negative. The eigenvalues of Q must be #+1,
because Q is orthogonal, so that no = =1 and ni = +1.

IfNn=nN equation (2.9) can now be solved for XB, which

OI
determines a vector field X, that is timelike and unique
up to a sign and normalisation. The normalisation may be
chosen so that zxaxa = 1. However, with these choices, the

X% are equal to the ¢, in this coordinate system. This can

be shown as follows:
Let

col(¢) = zeroth column of P

and
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col(n) zeroth column of q

diag(-1,1,1,1)

-1

0

It is now easy to show that

G col(¢) = SQ col(g)
= SP diag(-1,1,1,1)PT col(o)
= SP col(n)

= =S5 col(¢)

Comparing this result to (2.9) shows that X% can be

identified with the by

This vector field X* is now used in the equation (2.5)
replacing the scalar ¢a of Skyrme's formula. The ordinary
derivatives are replaced by the covariant derivatives with
respect to the tensor s ., leading to the following

covariant form of the kink number formula

B T é 3

N = (12'”2)-‘1 EOle € XaX |iX |jX Ik d " x.

aBré
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The | denotes differentiation with respect to the tensor
S4R" Whenever the matrix S is the unit matrix, the
covariant derivatives reduce to ordinary partial
derivatives and the formula returns to the original form

proposed by Skyrme.

This form of the kink number will be used later to
demonstrate the that some metric solutions of the Einstein
field equations are kink metrics. The agreement between
this formula and Skyrme's original formula for these
solutions will be demonstrated. This is achieved by
calculating the kink number in the chosen coordinate system
of the metric and then transforming the metric into
coordinates where the S matrix is the unit matrix I and
showing that the kink number remains unchanged. The kink
number will remain unchanged in any coordinate system
chosen provided the transformation is one allowed by
homotopy theory. That is, provided the transformation is
not singular at any point and provided that there is no
change in the foliation of the manifold into hypersurfaces

as a result of the transformation.
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(2.5) The General Spherically Symmetric Kink Metric

Consider the decomposition of the matrix G,
representing the most general spherically symmetric metric,
into its S8 and Q matrices. That is, as shown in

section (2.3)

G
i

SQ

where S is symmetric and positive definite and Q is
orthogonal. The most general spherically symmetric metric

may be written in the coordinates {xa} as (Bergmann 1942)

2 _ a, B
ds” = gade dx
= Adt? + 2B(x'r l)datax* + [Coy4 + D (x*xr %) jaxtax’
where A = A(r,t), B=B(r,t), C=C(r,t), D=D(r,t),
£ = XO, r = (Xlxl)l/Z

The matrix representing this metric is

1 -1 2_-1

A Bx'r Bx“r Bxr %

Bx'r™t ¢ + px*x'r % pxlx’r~? Dxlx r 2
¢ Bx’rt  Dxxlr~? C + Dx’x°r™? px%x°r?

Bx’r %2  Dx x'r 2 pDx3x%r % ¢ + Dx3x3r_%/

(2.10)
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Let R be the orthogonal matrix that diagonalizes G and

let the eigenvalues of G be no, nl, nz, 03, so that

T .
R'GK = diag(fiy,n,,0,,0,)

where 8, < 0 and nl, a,, a, >0 to satisfy the signature
condition. Then R simultaneously diagonalizes S and Q. This

result is shown as follows:

S is defined from equation (2.2) by

s = RTR T

where T is the diagonal matrix whose elements are obtained
by taking the positive square roots of the squares of the
eigenvalues of G. To satisfy the signature conditions of G,
exactly one of it's eigenvalues will be negative. This

negative eigenvalue can be chosen to be 1, without loss of

0
generality. Clearly

. T
s = R diag(|n,|, 9,,8,, 0;) R

14 2/ 3)

and

R'SR = diag(lno}, a9,
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RTGR = diag(Ry, 0., 0, O

17 2! 3)'

The matrix Q can be diagonalized as follows.

1

Q =8 "G
= (R diag(|n.|,0.,0,,0,) R} 1{R diag(n,A0,,0,,0.) R}
EAN AL AL RALPTALE EACL AL AL AL
To-1 .. T P | -1,.-1
= &N 7 atag(|a, | @) ) 7 (@) THR TR
: T
dlag(ﬂopﬂl,ﬂz,ﬂ3)R
. -1 -1 -1 -1
= R diag({a,] 7, (8) ~,(R) 7, (25) )

. T
dlag(no,nl,nz,n3)R

R diag(-1, 1, 1, 1) RT,

1l

Therefore R simultaneously diagonalizes S and Q as

required.

It is important to note that R is the matrix of
eigenvectors of G, and P is the specific matrix defined in
equation (2.4). Both of these matrices reduce Q to the
matrix diag(-1,1,1,1) .but they are clearly distinct
matrices, except in the special case when G = Q and G is
diagonal. In the case where S = I and so G = Q, then R is
clearly the matrix of eigenvectors for Q as well as G. For
the spherically symmetric case, the form of these two

matrices, R and P, will be found below.

%]
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The eigenvalues of G are

N, ={Aa+C+D - [(a-c-D)? +p>)/2) )0
o, =a,=cC
0, ={A+C+D+[(A-C- D)2 + 4B%1%/2y/2.

To ensure that no < 0 and Q f i, > 0, the following

17 72" 73

inegualities must hold

cC>0,; B >A(C + D)

The matrix of eigenvectors of G, R, is

/ -1 -1
| =(C+D-R )R, 0 0 - (C+D-0,) R,
Bx' (rR )t 0 -s,,r T Bx'(rRy) !
R = <
2 -1 3 -1 1.2 -1 2 -1
Bx (rRo) b¢ 823 XX (rsz3) Bx (rR3)
3 -1 2 -1 1.3 -1 3 -1
Bx (rRo) X 823 XX (r823) Bx (rR3) ;

where

2 o .2.1/2

R, = [B® + (C + D - ny)?)

R, = (B2 + (C + D - 03)2]1/2
2.2 3.2.1/2

s,, = [(xA)2 + (A2,

To simplify the form of the matrices S and Q, consider

the following relabelling
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= -l
ﬂo = -e
— — T
ﬂl = 02 e
— a
ﬂ3 e

sin2e = -2B[(A - C - D)% + 4132]’1/2

The matrix S is now

efc?a+efs%a e s2axt (2r) TF e s2ax? (2r) TF e s2ex° (2r) L
e s2axt(2r) "t eT+r(xtrH)?  Fxlx%r™?  Fxlx3r?
e s2ax? (2r) 71 Fxixlr™?  eT+r(x’r h? mx®x3r?
e-:='.20zx3(2r)'-1 Fxlxr 2 Fx?x°r 2 eT+F(x3r_1)2//
(2.11)
where

ca = cosa, sa = sina

- fl (o)

e =¢e -e

F = ensinza + edcosza - el

and the matrix Q is
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1 -1 2_-1 3_-1

-c2a -X"r “s2a -X'r "s2a -X'r "s2a
x*rls2e 1-2(xtr1)2sZa -2xix?r 2s%a -2xix3rZsa
-x’rts2a  -—2x x?r?s2a 1-2(x°r 1252  -2x%x°r?%s%

~x3r"ts2a -2xMx3r%s%e -2x%x3r"%s%a 1-2(x°r 1) %s%
(2.12)

where c2a = cos2a and s2a = sin2a. The matrix that

represents the metric 9,p Can now be expressed as:

G = Rdiag(-en, eT, eT, eU)RT.

Under this relabelling, the matrix R is

-cosa 0 0 -sinc
-x*r"lsina 0 -8231'“1 x*r " Lcosa
R =
2_-1_. 3 -1 1.2 -1 2 -1
Xx°r “sina X 823 X"X (rs23) Xx"'r “coso
-x3r " sina -x2823-1 xlx3/(r823) x>r Lcosa

(2.13)

and the matrix G, given previously by equation (2.10), is

e9s20-e"c?e  —2 1 xlr Ys2eet -271x%r ts20et 2713 r s2qe”
2 0 so0e™  —H(x ) 24T -HxIXPrT? -ExYX3rT?

-2 1% leonet  -uxix®rT? —H(xzr-1)2+e7 —Hx?x3r 2
2733 r s20et  -Hx X3 ~Hx%x 12 —H(xr ) 24e”
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where
ca = cosa, sa = sina

. T
H = e951n2a - eocosza + e

e+ = en + eo.

It is clear that the matrix Q depends on a but not on
N, T or 0. It can be written in a more compact form by

introducing the functions {¢,}:

cosa
-1

S
]

i (2.14)
Xr “sina.

<
]

These are the functions that were first introduced by
Skyrme (1961) defining the hedgehog of skyrmionic gauge

theory. They clearly obey

2¢a¢a =1
3

and so these {¢a} represent a mapping from R3 into Ss~.

These ¢, as defined above are the by defined in Section

(2.3) as components of the matrix P where
= : T
Q = Pdiag(-1,1,1,1)P .

Here the form of P is
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cosa ~xr lsina  -x%r"lsina ~x3r lsina
x'r lsine -cosa x’r lsina -x°r lsina
x°r Ysine  -x°r"Ysina -cosa ~x r lgina
x°r"sina  -x°r"Ysine -x'r !sina -cosa

(2.15)
Equivalently, these are the ®, that lead to the following

form for the tensor represented by the matrix Q

an = SaB - 2¢a¢B'

It is now easy to see that when S = I, so that G = Q, the
matrix R given by equation (2.13) is the matrix of
eigenvectors of Q which is clearly distinct from the matrix

P given by equation (2.15).

One way to find kink metrics is therefore to find a
suitable form for the angle a (in the above metric) that
satisfies the Einstein field equations. To be of physical
interest, this form should lead to a physically acceptable
equation of state in the stress-energy tensor. The question
of how to choose a stress-energy tensor will be addressed

in the next chapter.

The varicus choices that can be made for S and Q are:
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(i) If a = 0 then

¢, =1
¢i =0
Q= diag(-ll 1, 1, 1)

/e“ 0 0 0 \

0 eT+(eG—eT)(x1r-1)2 (ear-e'r)xlxzr-2 (e-eTyxtx’r™2
0 (eo-ef)xler-z eT+(e°-eT)(x2r-l)2 (e%-eTyx?x>r 2
0 (e%-eTyxxir?  (e9-eT)x %% 2 eT+(e0~eT)(x3r-l)2;

This choice can be shown to lead to one of the well
known spherically symmetric solutions, such as the

Schwarzchild solution or the de Sitter solution, which are

not kink metrics.

(ii) R =7 =0 =0 and o # 0, which imply that

e = en - e = 0, ¥ =0, e+ = en +e7 = 2, H= Zsinza

S = diag(1, 1, 1, 1)
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and

is non trivial. The elements of Q or G are given by the

matrix given in equation (2.12), equivalently,

9o = Fap = Sap ~ 2%,%s-

Under the coordinate transformation

x =t

x1 = rcos$cos8 (2.16)
x° = rsindcoss®

x> = rsine

the metric becomes

-coszadt2 - 2sin2adtdr + cosZadr2
2

d52

+ r?ae® + r?sineds?. (2.17)

It is easy to show that in these new coordinates the S and

Q matrices are

S = diag(1, 1, r2, r’sin 8)
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-cos2a =-sin2a 0 0
-sin2a cos2a 0 0
Q:
0 0 1 0
0 0 o] 1

The matrix P, where Q = Pdiag(-1, 1, 1, 1)PT, is

cosa -sina 0 0]
sina cosa 0 0
P::
0 0 cosa sina
0 0 -sina cosa

The form of P shows that

¢t = Ccost
¢, = sina
¢g = ¢y = O

These matrices do not arise from the transformations of
equations (2.11) (2.12) (2.13) because the factorization of
G into the matrices S and Q is not covariant. They are
found from the decomposition process described in section

(2.3).

For particular values of a, this is a simple one-kink

metric which has been studied by several authors (Clément,
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1984 a,b,c, 1986; Finkelstein and McCollum, 1975;
Finkelstein and Williams, 1984; Harriott and Williams,
1986, 1988a; Williams, 1985 and Williams and Zia, 1973) and

will be further discussed in Chapter 4.

(iii) If S and Q keep their most general form, then the

metric tensor has components:

_ o_..2 _ a_ 2

dop = © sin“a - e’cos”a

9oi = 2" " rsinoa (e + e’)

934 = e’§ij - xlxjr°2(ef + eflsin®a - eacosza)

Under the coordinate transformation (2.16) the metric

tensor components become

o _.
e s;ln?‘a - enCOSZQ

Jee =

Iy = -271e% + eYsinza

Ipp = eacosza - ensinza (2.18)
_ T 2

Jgg = € T

_ T .2 .2
9gp = © T sin 6

and the S and Q matrices are now
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stt str 0 0
St Ser 0 0
5 = T. 2
0 0 er 0
0 0 0 errzsinze
where
0.2 Q.2
Sy = € sina + e''cos“a
o n_ o
S = sinacosa(e e’)
_ o_. 2 Q 2
s.. = e sin“a + e''cos“a
and
-cos2a =-sin2a 0 0
-sin2a cos2a 0 0
Q:
0 0 1 0
0 0 0 1

Therefore the ¢, of the P matrix, where

Q = Pdiag(-1, 1, 1, 1)P,

are

S
rf
L
Q
(o]
7]
R

A
Il
0
e
I
R

(2.19)
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For certain choices of «, this metric can be shown to have
one kink present (Harriott and Williams, 1986b)} This metric

will be further discussed in Chapters 3 and 5.

It should be noted that n-kink metrics can easily be
generated from any known one kink metric by construction of
a new metric tensor represented by the matrix G (Williams

and Zia, 1973)

where G = SQ is the one kink metric

. T
Q = P diag(-1, 1, 1, 1) P

and

o, = (»)" aiag(-1, 1, 1, 1) (@)™,

Such metrics may not, however, satisfy the Einstein field

equations. For the metric given by eguation (2.16), the

matrix P is

cosa -sina 0 0

sina cosa 0 0

P = '
0 0 cos«x slna

0 0 -sina cosa
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It is easy to show that

cos (na) -sin(na) 0 0
n sin(na) cos (na) 0 0
P_=(P) =
n 0 0 cos (na) sin(na)
0 0 -sin(na) cos (na)

and that the matrix Qn is

/

[ -cos(2ne)  -sin(2na) 0 0
-sin(2na) cos (2na) 0 0

“n = 0 0 1 0
0 0 0] 1

The new values of the ¢a are

¢t cos (na)

¢

r sin(na).

A possible example of an n-kink metric is therefore

d52 = -cos(zna)dt2 - 2sin(2na)drdt + cos(2na)dr2

+ rzde2 + rzsinzedé2 '
but such an n-kink metric that satisfies the Einstein field

equations has not yet been found. Extension of the

__,._.,«._,..
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spacetime manifold to construct n-kink metrics from known
one kink metrics, that do satisfy the field equations,

will be discussed in future chapters.
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(2.6) Interpretations of Kink Solutions.

The kinks, now called skyrmions, arising in the
nonlinear scalar field theories were developed by Skyrme
(Skyrme, 1962) with the hope that they would provide a
unified description of fermions and bosons. The similar
structures arising in general relativity were first hoped
to have a similar interpretation. However, the latter
cannot usually describe half-odd intrinsic spin particles
(Finkelstein and Williams, 1984). If the number oZf
dimensions is extend=d to include inner degrees of freedom
then Williams (1985) showed that half-integral spin is
possible. Such solutions may have a particle interpretation

but the usual metrics of general relativity will not.

Features of a kink spacetime include tumbling light
cones. They have no global timelike Killing vector, no
global timelike coordinate. There are therefore no
spacelike (Cauchy) hypersurfaces and so the Singularity
Theorems (Hawking and Ellis, 1973) do not apply .to these
spacetimes. A future direction is well defined at each
point of the spacetime manifold by the light cones and so
the manifold is in general time orientable. (This may not
be the case if the infinite boundary of a single kink
metric, where the light cones tumble through an angle m,

is identified).



Finkelstein and McCollum (1975) stated that the one
kink metrics of general relativity (with spherical
symmetry) that they considered do not have closed timelike
curves and so causality will not be violated. Their
arguement will extend almost unchanged to n-kink spacetimes
and is as follows: Consider a particle fired from a large
value of r, within its light cone. Without loss of
generality assume the particle moves to the left (to
smaller r) as illustrated in Fig. (2.3). The particle moves
to different slices labelled by t = k where k is constant.
For greater values of k as r decfeases, the light cones
are tipping more and more and so the particle, confined
within its light cone at each point is constrained to move
along the timelike geodesic sketched in Fig. (2.3), which
is parabolic in shape. The particle cannot return to the

large r values and so there are no closed timelike curves.

Finkelstein and McCollum (1975) suggested that kinks
may provide a description of the internal structure of
black holes that possess no curvature singularities. These
kink spacetimes have trapped surfaces: at certain radii the
lightcones are turned so that one branch is parallel to the
t axis at those radii. In one direction nothing can cross
these radii. Kink metrics are global in nature and

therefore any structures they describe must also be global.
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The global nature of the kink solutions found becomes
evident from the fact that locally they will be shown to be
transformable to non-kink metrics such as the de Sitter
metric. The 2quation of state of the de Sitter kink metric

will be shown to be

This equation of state has been found to be associated with
conditions in the early universe and, as shown in a later
section, the associated scalar expansion is exponential.

It is possible therefore that kink metrics may also have

some relevance in the early universe.

It is possible that there may be other interpretations
for kink metrics. Williams (1974) briefly discussed using
the stress energy tensor of the electromagnetic field in
the field equations, however no solutions were found.
Another approach may be to consider vacuum expectation
energy solutions but no work has yet been done in this‘

area.



CHAPTER THREE

THE GENERAL SPHERICALLY S8YMMETRIC KINK METRIC

Introduction

This chapter derives the Christoffel symbols, Ricci
tensor components, scalar curvature, Einstein tensor
components (3.1) and Killings equations (3.2) for the most
general form of the spherically symmetric metric discussed
in Chapter 2. The form of the stress-energy tensor is
presented (3.3). The choice of an appropriate velocity
vector for this metric is discussed (3.4). The form of
various hydrodynamical quantities appearing in the stress-

energy tensor are also found (3.5) - (3.7).
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(3.1) The Christoffel Symbols, Ricci Tensor, Scalar

Curvature and the Einstein Tensor.

The metric to be discussed is the most general form of
the spnerically symmetric metric that may admit kinks. It

was shown in Chapter 2 that this metric could be written as

ey = easinza - encosza

Iyp = -(en + eo)sinacosa

Iy = e%cos?a - ef'sina (3.1)
9pe = eTIZ

55 = eTrzsinze.

The contravariant components of this metric are

gtt = e %ine - e ros?a
gtr = - (7% + e ¥ sinacosa
¢'F = e %os%a - e Psin’a
8 = (oTr?)"1

g% = (er?sine)

and the determinant of the matrix |[|g .|| is

det(gaB) = -r*sin%e exp(l + 27 + 0).
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Writing

E = exp(l + 0),
it is clear that
tt -1
9 = E "9
rr _ -1
= ~E "9yt
tr -1
g = E gtr
and
2

(9pt) = Iet9ypr = E
The Christoffel symbols are calculated from the

equation (Misner, Thorne and Wheeler, 1973)

a _ a=1 au -
Tpr =279 (gBu,f Y 9,8 gﬁr,u)’

For this general metric, the equations for the non-zero
Christoffel symbols are rather lengthy if written explicity
in terms of the metric functions, a, o, 0, 7. Therefore,
where convenient, they are stated here in terms of the
metric components et Jep and grr‘and their derivatives.

t -1

- o _l -
r tt = 2 E (grrgtt,t thrgtr,t + gtrgtt,r)
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-1 -1
-2 'E (grrgtt,r " 9r9rr, t)

-1_-1
2 E (gtrgrr,r 2grrgtr,r + grrgrr,t)

-1._~1 72 -1
2 "E "er [grrf,t qtr(r,r + 2r 7))}

sin®eTyqq

z"lE'l(gtrgtt,t T 29:t%r,t T JetIet,r)
2.-:L]a_l(gtrgtt,r " 9etrr,t)

_y~lgm1

E (gttgrr,r - 2gtrgtr,r + gtrgrr,t)

-1.-1 1_2 -1
2 "E "er [gtt(f,r + 2r 7)) - gtrT,t]

2.
sin er 66

cot®e
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The above results imply that

t r — _pm1-1
Tiee T Ty = 72 "B "9 9%, ¢ * JttTrr,t

= 294 9¢r,t)
S s | 2 _
=2 E (gtr gttgrr),t

+ O
t)

't
and

t r = _o~iz-1
Tpg ¥ Ty =72 E (grrgtt,r + Y¢tr,r

- zgtrgtr,r)

_o-l=1, 2 _
=2 7E (9, gttgrr),r

_1
= {

2 ‘n’r + o'r).
The Ricci tensor is the contraction of the Riemann

curvature tensor and is defined by (Misner, Thorne and

Wheeler, 1973)

6

The non-zero Ricci components for this metric are stated
below. For this general metric they are expressed in terms

of the non-zero Christoffel symbols and their derivatives.



e - rr - e t a r a
Rete = Tte,r ~Tap,e = 7

t |2 r 2
(Meg) = (Tgp)” -

» r
Tet,r " Ter,t ~ 7t
-1t -1
+ 2 T tt(n,t + o,t + 27 + 2r 7)

-1.r
P2 (R o 2T )
-1

2 r t
2 (T,t) - 27 ttr tr

tr tr,t T T tr,r ~

r tr,r ° 2 T (a + o
r t r t
8 tr + T trr tr r ttr rr
r o+ 2r %

- -1 r
AT ) AT )

+ 27

tr ,tr)

rr rr,t - tr,r ro,r rr- tt
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ot r s b2
Roe = Tea,t * T ea,r “ T es,0 = (T s

t r r t r

+ T # T )+ Thg(Po, + TF )

t
ee(r tt r

t r -1t
e0,t ¥ Tea,r T2 Toalf ¢

)

it

1 +7T

-1 r
+27 T (0 o

+
o't)

' T

x
"

.2
*3 sin 6 Ree.

The carvature scalar is defined by

. oaB
R =g RaB ’
and for this metric it is
_ . tt tr rr 69
R=g Rtt + 29 Rtr + g Rrr + 29 R68
= e %cosaR__ - 2sinacosaR,_ + sinoR }
rr tr tt
—n ] 2 s 2
e {sin aRrr + Zs:macosaRtr + cos aRtt}
-1_-2
+ 2e 'r Ree.
The Einstein tensor is defined by
G. =R, -21g R
aB af M
or
a _ _ar _ o0 _ 1. .a
G g =9 GTB R A 2 "R§ X
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For this metric

t _ tt
G £ = g Rtt + g
r _ rr
G r=- g Rrr + g
r rr

e _ ¢ _ ee
Cg=Cg=29
t _ t _ 8
Ge'GQ’Gt
r _ .86 _ ¢
G ® G r- %

The components of the Ricci
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R, - 2 'R
tr -1
R, - 2 'R
ne

Ret

tt

Rgg - 2 R
=G, _Gg=0
=c® =t -
=Gy =Gg=0

tensor and the Einstein

tersor will not be further simplified until certain

restrictions are rlaced on the functions o, I, 7, a . These

restrictions will simplify the equations so that solutions

to the field equations can be found.



(3.2) Killing's Eguations
The symmetries of a metric space are described by the

number of Killing vectors it possesses (Schutz, 19&0). Th

Killing vectors are vectors satisfying the equations

iﬁug = “a,B + “B,a =0

For this metric, the Killing equations are

t r _
Bt = Tigphby = Dgghp =0
+ - ort =0
“t,r ”r,t tr“t
+ - 2r® =
e, e T Hg,t tete
L + - 2r? 0
e o 7 Hg ¢ tots
t r _
Pep =0 ppby = T ppbp =0
+ - 2r® =0
“r,e “e,r re“e
+ - or? 0
Fr,o 7 Mo, r refe
t r _
Fg,8 ~ T gglg ~ I gghy = O

g6

e
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- 2T 0

¢ -
ke, o + Ls,0 eeke =

t r e _
Fo, 8 = T gkt = U galr ~ 1 gaMe = O

These equations will be solved later for the specitic
solutions of the field equations that are found for this
metric. However these general equations will clearly admit
the three Killing vectors that are the generators of the
rotation group SO(3), since the spacetime is spherically

symmetric.
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(3.3) The Stress-Energy Tensor

The stress-energy tensor for an imperfect fluid can be
written (Ellis, 1971)

(04

a _ a @ a cQ
g = (LT pPluu, + (qiug + gpu ) +pé o + W,

T

(3.2)

where u is Lhe total energy density measured by an observer
moving with 4-velocity u® and qa is the energy flux
relative to u% and represents physical processes such as

diffusion and heat conduction. The vector qa obeys

The isotropic pressure is given by p and the trace-free

anisotropic matter pressure is T, and represents processes

B
such as viscosity. It satisfies

It is usual to assume that certain phenomenological
equations of state hold (Ellis, 1971). These arise from
comparison with Newtonian theory and the condition that

entropy must never be negative. They are
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(T + uBT)

,B
P - pp = -Z6

where T is the temperature, Po is the thermodynamic
pressure, n(pT,v) is the coefficient of viscosity, X(pT,v)
is the heat conduction coefficient, and E(pT,v) is the bulk
viscosity coefficient. These last three coefficients are
functions of the thermodynamic pressure and the specific

volume v. The specific volume is defined by

where I’ is the rest mass density measured by an observer
moving with 4-velocity u%. The rest mass is related to the

total energy density p by
=Tl + €)
where € is the specific internal energy. Therefore these

coefficients may be regarded as functions of Pp and 4. The

coefficients N, X, and ¥ obey the restrictions
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The stress-energy tensor can therefore be written

a
Tg

100

= (4 + pT)uauB + staB - zeh“B - 200“3 + qauB + qﬁua.

(3.3)

The perfect fluid approximation is obtained from equation

(3.2) when

and then the stress-energy tensor reduces to

a  _ oA a
T g = (L + plu Uy + pé B

e
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(3.4) Choice of a Velocity Vector

Finkelstein and McCollum (1975) and Williams and Zia,
1973) discussed possible mass distrikcutions that might lead
to kink solutions, but did not consider the exact form of
the stress-energy tensor, the velocity vector components
or what the equation of state might be. Therefore, these
earlier suggestions for possible mass distributions did not
necessarily satisfy the Einstein field equations. Exact
solutions of the Zinstein field equations identified as
kink solutions were found by Harriott and Williams (1988a).
For the most generally spherically symmetric metric of

section (2.4), given by equation (3.1), which is

Iep = ecsinza - elcos?a
ey = -2’1(en + ea)sin2a
g_. = e%sina - efcos?a
rr

_ T .2
9gg = € T
o5 = eTr?sin’e

cosa

S
r-'-
i

sina

S
]
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Solutions of the Einstein field equations are sought
for which the components of the velocity vector are
generalizations of the ¢a' in that (Harriott and Williams,

1986)

ut = e 2c0sq
oF = e 25ing (3.5)
w® = u?® = 0.

For the simple kink metric,

gaB = 6aB - 2¢a¢B

for which 0@ = 0 = 7 = 0, it will be shown later that the
only acceptable choice for the velocity vector is that
given by equation (3.5). MacCallum (1973) who develops
general relativity in tetrad formalism notes that the
timelike tetrad may be identified with the velocity

vector. For the simple kink metric given above, the four
tetrads can be shown to be identical to the four columns of
the matrix P, given by equation (2.8). The first column of

the matrix P is
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and the ®, obey

The covariant components of the velocity vector are

gtaua
gttut + g
(e%in%a - encosza)e-ﬂ/zcosa
+[-(e? + e?) sinacosaje ™ %sing
- 2¢0sa

t r

grtu + grru
. -0/2
-(ea + en)51nacosae a/. cosa

2 n_..2 . -n/2

+(eocos a - e sin“a)e sina

-enlzsina

This choice for the velocity components guarantees that
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as required. It also leads to various kink solutions of the
field equations which have a physically acceptable
stress-energy tensor. These solutions will be found and

discussed in later chapters of this thesis.

w
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(3.5) The Acceleration Vector.

Before stating the acceleration vector components, the

following results should be noted:

. 1 .
+ S = - S1ng
grrs:Lna gtrCO
. Q
0 + slna = =-e CoOsa
T COSE * Gyy
. (o)
(o] - singa = cosa
grrc sSQ gtr 1 e

. g _.
cosa - sina = -e sina
I CO8 et

These results may be used to deduce the following
expressions for the non-zero components of the covariant

derivatives of the velocity vector, which are

t _ .t t t t r
u g = u £ + T £l + T £t
-0/2 -1 -o-01/2 .
+ 2 Te sina +
(e cosoz)'t gtt,r
-1.-1 _-0/2 : _
2 e gtr[thr'tcosa + grr’t51na]
-1_-1 _-01/2
2 "E e grrgtt'tcosa
ut = ut +rt ut + 17 __ut
ir , r tr rr
-Q/2_. -1 -o0-0/2 .
= (e sina + 2 e sina
( /),r grr,t
-1_~-1_-01/2 .
2 "E "e gtr[gtt'rcosa + thr’r51na]
-1.-1 ~-Q/2

2 "E e gttgrr,rSLna
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a/2 -1,0/2

cosa) _ + 271E
!

+ 271g"1e70/2

= (e Fex9rr,tcOS¢

[gtrgrr,rSina

sina - cosa]

= 291 9%r,r Irr9¢ct,r

-1e-o—n/2

(e—ﬂ/2

+ 271 e

ina -2
s ),t
-f1/2

cosagyy .

[9¢rTtt, £COS

cosa - sina]

= 2949y, t I¢t9rr, t

-1,-0/2

= 2 [7 (Cosa + (T _ + 2r Yysina].
[

' T

and
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(1)

= 27lgmR/24T 2, Lcosa

[

=1 = -

+ 2 “e n/ZHrz['r r to2r 1]sina
[
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The acceleration vector is defined as the covariant
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derivative of u along the particle world lines and is given

by

Long calculations show that the components of this vector

are

It can also be shown that

ua =

E

el

-1.0/2

e

o-0/2

o-0/2

/2

sina

coea(

sina(e

cosa(e

(e

a/

e

/2

n/2

Q/2

cosa
) ¢

2
cosa)’r

cosa -
),r

sina -
),t

+ g1

- E

o-0/2

o-0/2

-1.08/2 0/2

o0/2  0/2

(e

sina
),t

cosa(enlzcosa)

'

sina(enlzsina)
[}

sina) &

t

r
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(3.6) The Projection Tensor.

The projection tensor is defined by

hyg = 9ap + Uulp-

It has the following non~zero covariant and contravariant

components for this metric.

h = e silna = e htt
rr _ =0 2 _ =20
h = e Ccos a=-e rr
ntT = e %sinacosa = e 2%h
tr

8 _  -1_-2 _ -1
h =e r = (hee)

88 _ -1_-2 . 2 _ -1
h =e r “sina = (hég) .

The mixed components are

htt = sin“a

hrr = cosza

hrt‘= htr = =ginacosa
n° = n¥ = 1.
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(3.7) Other Hydrodynamic Quantities.

The covariant derivative of the velocity vector can be
completely determined in terms of various dynamical
quantities known, respectively, as the vorticity tenscr

the shear tensor o the velocity vector ua, the

Vap' af’
acceleration vector 6% and the scalar expansion 6

(Ellis, 1971):

+ 0 + 3 *h

=Wv aB

a; B afB

The shear tensor %8 and the term involving the expansion 8
are the trace and trace free parts of the expansion tensor
eaB'

2] = 0.3 + 3 haBe'
The expansion tensor and the vorticity tensor are the
symmetric and antisymmetric parts of a tensor VB! that is

the spatial gradient of the velocity vector defined by

= K
af ah Bur;u'

a B

The definition of Van and the relation h b = 0 clearly

show that
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8 _ B _ B _
eaBu = W,pU = 0 u = 0
e = u”
H
a _ -1, «a T ar, _ .~l.a
0'g = 2 " {u ;rh gt uB;Th ) 3 "h Be. (3.6)

From the shear tensor, a shear scalar 02, may be defined:

0 R0, (3.7)

Justification for the names "expansion", "shear" and
1} Tab] "

vorticity" tensors for the tensors, eaB’ Oap and LA
respectively and for the expansion scalar, ©, can be found

as follows.

It can be shown (Ellis, 1971) that the expansion tensor
determines an expression for the rate of change of relative

distance of neighbouring fluid particles

(§s) " /6s B, 371g

a
oaﬁp n
a B

eaBn n

where §s is a relative distance in direction n%. This
clearly justifies the na* of expansion tensor for 8.5 The
isotropic part is completely determined by 6, the scalar

volume expansion. The shear tensor measures the distortion
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of the volume element in all directions except those of the
principal axes of the shear as determined by the

eigenvectors of LY while leaving the volume unchanged.

Ellis (1971) also shows that

a , B.. _ .« a _ rma, B8
h B(n )' o= (w 8 + 0 3 Op N D h B)n .

This last equation shows that the action of the vorticity
tensor alone is that of a rigid rotation of the fluid

particles with respect to a local inertial rest frame.

With the above definitions, for this metric (3.1), the

expansion scalar 0 = ua,a is given by
!

(e—n/zcosa) et (e-n/zsina)

—1e-o/2

]

!

+ 2 cosa(fl,t + o + 27
14 ’

t )
-1

sina (0 + + +
no ( T a'r ZT,r 4r 7)

+ 27l ™0/2

E-1/2{ (eO/Z o/2

cosa) £ * (e sina)
!
+ 1 tcosozemn/2 + (1 _ + 2r Yysince
7 ' T

r !t
-0/2

(3.8)

The shear tensor components and the shear scalar will
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be calculated from equations (3.6) and (3.7) when specific
solutions have been found.

,
The spherical symmetry of this metric clearly implies

that the vorticity tensor

t )
]
(=]

ab



CHAPTER FOUR

DERIVATION OF KINK SOLUTIONS I

Introduction

The metric of Chapter 3 is now simplified by setting
l =0 =171 =0. Using the notation of Section (2.2), in
which the matrix G, representing the metric tensor, is
decomposed into a symmetric positive definite matrix S
and an orthogonal matrix Q, this simplification is
equivalent to the choice, S = I, so that G = Q. The various
curvature quantities arising from this simplified form of
the metric are presented (4.1). The form of the Einstein
field equations for this metric are stated (4.2) and several
perfect fluid, one-kink solutions to the field equations are
found (4.3). Imperfect fluid versions of these solutions are

discussed (4.4).
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(4.1) The Christoffel Symbols, Ricci Tensor and Curvature

Scalar.

The field rquations of Chapter 3 can be considerably

simplified by setting

With these simplifications the metric becomes

ep = 6.ozB: - 2¢a¢ﬁ'

It can be seen, using the notation of section (2

this is equivalent to choosing S = I so that G =

.3), that

Q. This

simplification allows several solutions to be found. As

defined by eguation (2.17), the ¢, are

©
]
1]
-
o
R

-
@
n
S
0
]
=]

The metric components, frcm equation (3.1), now reduce to

e = ~-cos2a = gtt

Iy = -sin2a = gtr
_ = oFF

9 = cos2a g
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_ .2 _ , 88
dgg =T = (9 )

rzsinze = (g

-1

114

)L

The Christoffel symbols for this metric are

tt

tr

tt

rr

606

%

68

14

re

14

e

Il

- o 2 -1 .
r tr = sin 2a a,r + 2 “s1inda a’t

__-1- -2
T rr - 2 “sin4oa a'r + s1ln"2a a’t

-271lsinde o _ - (1 + cos®2a ) o
/T 't

(1 + coszza)a - 27 sinae a
/T 't

rsin2a

t
60

sinzer
-rcos22a
. r
sin“8er 88

-sinBcose

coté.

.h__.v._

et il

[

=4

e

et e o= s e

rre a0 1 et 1 oty
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From the above expressions it is clear that

The

tt

tr

rr

66

3

« I _
r ta r da 0
a _ =1
T ra = r
a —
T ox cote.

Ricci tensor components are

- _l . - "’1 . 2 2
= 2 Tsinda a,tt 2 "sinda a,rr + 2cos2a (a,t)

2 2 . 2
2cos” 2a (a’r) + 2sinda a’r a,t 2cos” 2a a,tr
- 2r Y1 + cos®2a)a £ r Ysinda «
’ ' T

2

.2 2 .
sin“2a a,tt sin"2a a,rr + sinda (a’t)

. 2 . .2
sinda (a'r) sinda a,tr + 4s1in”2a a,r a’t
-1

. 2 -1 .
2r “sin 2« a,r r “sinda a’t

= -2"1sinse o e t 2 1sinta o - 2cos22e (a
[ .

, rr
2 , 2 2 .
+ 2cos”2a (a,r) + 2cos”2a cz'tr 2sin4da a’r a’t

- 2r1sin%2a a , + r lsinda a
It 't

2rcos2a « t + 2rsin2a « r + ZSinza
[ 7

26 R

= 8in 08



and the scalar curvature is

R = 4cos2a (a r)2 - 4cos2a (a t)2 + 4cos2a a
! s

. _ . - .
+ 2s1in2a a,rr 2sin2a a,tt 8s1in2a a,r a’t
-2 2

+ 8r lsin2e a _ + 8r-Ycos2a a , + 4r %sin’a.

' X 't
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(4.2) The Perfect Fluid Field Equations

Th2 components of the velecity vector can be found from

equation

they are

(3.5). With this simplified form of the metric

t
u = cosa = -u
(od
r .
u = sina = -u
r
(3]
u = uQ =0

This choice was made following standard practice

(MacCallum, 1973). For this simple kink metric, assuming

the perfect fluid approximation it can be shown to be the

only acceptable choice for the velocity vector, unless the

eguation

follows.

where f
. a

of state is p + 4 = 0. This result is shown as

Let
t _ r _ . .6 _ ¢ _
u = f1 ;o o= f2 ;u = f3 ;u f4
= f(t,r,8,%), a =1,2,3,4. Then,

ut = -flc052a - f251n2a

ur = -fls1n2a + f2c052a
_ .2

ue = r f3
)

uQ = r”sin ef4.
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The Einstein tensor components Gtr and Grt are not

identically zero therefore fl and f2 must be non-zero. The

components Gte and GtQ are identically zero. Hence,

The non zero velocity components must obey uaua = -1, which

may be expressed as

2

(£,

2 1 —-— -
f1 ycos2a 2f1f251n2a = =1,

t rt and therefore the

stress energy components Ttr and Trt must also he equal.

The Einstein tensor component, G r=G

This implies that
2f.f_cos2a + (f 2 . f 2)sin2a = 0
172 2 1 *

These last two equations may be solved to give

2 -2

1

2 2 2
cos2a (f f2 )(f1 + f2 )

2 2, -2
2£, £, (£, + £,5)7% .

sin2a

The relation sin22a + c0322a = 1 now shows that
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These functions may now be written as

f. = cos6

Hh
i

sine,

but substitution back into the above equations shows that
8 = a. The velocity components are therefore identified

with the ¢,

Using these velocity components in the stress-energy

tensor, the perfect fluid field equations are

Gtt = -2r-2(rsin2a) O p)cosza +p (4.2)
]
t _ r _ -1 _.
G r = G £ = 2r “sin2a a,t
= -(u + p)sinacosa (4.3)
ro_ =2, . 2 P |
G r = 2r “(rsin oz)'r 4r “cos2a a,t
= =(p + p)sinza + p . : (4.4)
8 _ & _ _ -1, .2 _ -1
G g = G o " r “(rsin a),rr 2r “(rcosza a,t),r

3 2
+
(sin a),tt

=p . (4.5)
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(4.3) Three Perfect Fluid Solutions.

To solve these equations, first note that substituting
equations (4.2) and (4.3) into the left hand side of
equation (4.4) gives

-(p + p)cosza + p + cos2a(u + p) = —-(u + p)sinza + p.

Equation (4.4) 1is therefore consistent with equations (4.2)
and (4.3). There are now three equations to satisfy, namely

equations (4.2), (4.3) and (4.5).

Equation (4.3) clearly reduces to

4r-1 @, = (4 + p) (4.6)
]

and equation (4.2) can be written as

2

-4r-lsinacosa @ - 2r sinza = ~-(u + p)cosza +p .

]

(4.7)

Substituting equation (4.6) into equation (4.7), the

following expression for p ic obtained

p = -4r lsinacosa @ - 2r%sina - 4r lcos?a @ ¢
{ r

(4.8)
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Combining equations (4.8) with (4.5) and rearranging, a
differential equation for a is obtained. All perfect fluid

solutions of this metric must satisfy this equation.

. . - 2 _ 2
sin2a a,tt sin2a a'rr + 2cos2a (a’t) 2cosa (a,r)
. -2 .. 2 -1 _
+ 4sin2a az’t a’r 2cos2a a,tr + 2r "sin"a + 2r cz,t =0
(4.9)
Three soiutions of this equation can be readily
obtained. If o £ = 0 then equation (4.9) becomes
!
-sin2a a - 2cos2a (a )2 + 2r %sin‘a = 0
XY )T
(4.10)

Note that for this metric, when « £ = 0 is chosen, the

’

equation of state of any solution must be

because the left hand side of equation (4.6) is identically
zero. Solutions of the equation (4.10) are found by noting

that if

sinza = f(r) (4.11)
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Sy o

where f(r) is some function of r, then differentiating with

respect to r gives
51n2a(a'r) = f(r)'r.

Differentiating again shows

2cos2a(a )2 + sin2a(a ) = £(x)
Ir lr !

r rr' j

These results mean that equation (4.10) can be written as
2r~2g(r) - £(r) =0 . (4.12)
/XY ‘

This last eguation is a second order, linear, homogeneous
equation in normal form and clearly has particular
solutions of the form

n

f(r) = Ar (4.13)

where A and n are constants. Substitution of this equation

(4.13) into equation (4.12) shows that solutions are

obtained when

or when
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One solution, when n = 2, of equation (4.10) and

therefore of the field equations is

sina = Kr (4.14)

where K = A1/2 is a constant. This solution is the

de Sitter kink, which will be discussed further in

Chapter 6.
The other solution of equation (4.10), when n = ~1, is

sine = Ar % (4.15)

where A is constant. This is the Schwarzchild kink, which

will be discussed in Chapter 7.

A third solution of equation (4.9), where a is a

function of r and t, is

tana = rt” . ' (4.16)

To prove this result, note that tana = rt™t implies that

2rt (r? + £2)L

2

sin2a
1

cos2a = (% - r?)(t? + %)~
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sina = r2(t? + r)71
a =tt? + 472
T
@, = r(t? + r)7?
1
_ 2 2,-2
a,rr = =2tr(r” + t%)
_ 2 2,-2
a,tt = 2tr(r® + t%)
2 2,02 2, -2
a,rt = (r £t7) (r™ + t%) .

These results substituted into the left hand side of (4.9)

give

ar’e? (r? + £%)73 - (mar?t?) (? + %73

+2r2 (8% - rd)(r? + %73 2t% (2?2 - £?) (2 + £33
+oa(-2r%t%) (2% + t4) 73 - 22 - ¥y (e - t%) (% + 373
-2 4 )7 4 2k Y

= 0 '

as reguired.

This solution is called the Friedmann-LeMaitre-
Robertson -Walker (FLRW) kink and will be discussed further

in Chapter 9.

Equation (4.9) becomes an ordinary differential equation

1

when the substitution a¢ = a(rt ~) = a(u) is made. Solutions

of equation (4.9) of this form are being sought.
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(4.4) Imperfect fluid solutions

The stress-energy tensor discussed previously in
section (3.3) can be expressed as given by equation (3.3)

a  _ a a _ a _ a a a
T g = (b + pT)u ug + pTS B Z6h 8 2No A + q ug + qpu
where u is the total energy density measured by an observer
moving with 4-velocity u% and qa is the energy flux
relative to u%. The thermodynamic pressure is given by Py
£ is the bulk viscosity coefficient, N is the coefficient

of viscosity. The shear tensor is aaB and the expansion

scalar is @.

In all the previous soiutions, the coefficient of bulk
viscosity T, the coefficient of dynamic viscosity N, and
the heat conduction d, that appear in the stress energy
tensor have been assumed to be zero. It is possible
that more solutions may be found by now allowing these

gquantities to be non zero.

For both the de Sitter and FLRW kink solutions, using
equation (3.6), it can be shown that the shear tensor, as

expected, satisfies

Q
[l
o

ab
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It can also be shown that for the simple kink metric
Yop = Sap T 2%.%s

assuming the form of the velocity vector, u? = ¢a’ that the
heat conduction vector qa must be zero. This result is

shown as follows. The Einstein tensor components Gte and

Gté are zero. Therefore

The heat conduction vector obeys

a =
qu, = 0.

This result reduces to

t r _
qu. + g u. = 0,

and substituting for the velocity vector components this

can be expressed as
q = - qrtana.

It is easily shown that
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and

q. =q .

The Einstein tensor components Gtr and Grt are equal.
Therefore equating the stress-energy components 'I'tr and Trt
it follows that

t t_ r r
qu. +qu’ =qu +qgu .

Subkstituting for the velocity components in terms of a and
for qt in terms of qr and a, this last expression reduces

to

qu[tanasina + cosal = 0.

Hence

Any solution of the field equations for this simple kink
netric which has a vanishing shear tensor must also have a

zero heat conduction vector.

For the de Sitter kink solution, using equation (3.8),

it can be shown that the expansion scalar € is given by
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) 3K.

Using this result, the equation of state for the de

Sitter solution may be expresesed as

p=-u= -6k’ =p; - 3KS.

For the FLRW kink, the expansion scalar © is given by

o = 3(r2+t?)"1/2,

The equation of state for the FLRW kink may be written as

1/2 _ _,-1

P =pp - 3z(r? + t%)” -3 "u .
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CHAPTER FIVE

DERIVATION OF KINK SOLUTIONS II

Introduction

The metric of Chapter 3 is simplified by setting
a,t = 0. The various curvature quantities arising from
this simplifiéd form of the metric are presented (5.1).
The Einstein field equations are calculated (5.2). Several

perfect fluid (5.3) and imperfect fluid (5.4) and (5.5),

one~kink solutions to the field egquations are found.

131



(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

The Christoffel Symbols, Ricci Tensor and Curvature

Scalar.

The Einstein Tensor.

Perfect Fluid Solutions.

Imperfect Fluid Solutions 1I.

Imperfect Fluid Solutions II.
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(5.1) The Christoffel Symbols, Ricci Tensor and Scalar

Curvature.

The metric discussed in Chapter 3, namely

Iip = e’sin%a - efcos?a
Iep = -(ea+en)sinacosa
Ipp = e%cos?a - esin?a
. _ 1.2
Ceg = € T

errzsinze,

can also be simplified assuming that the functions a, o, 0,
and 7 are functions of r only. With this simplification the
Christoffel symbols and Ricci tensor components can be
written compactly in terms of the metric tensor and its
derivatives. Substitution for the metric tensor components
is made only after the field equations have been
constructed and further simplifications have been made.

The Christoffel symbols are

t I o _ _»~1 tr )
Tt ™ Ty =72 79 9ty
t -1 tt

Ty =2 79 ¢, r

t  _ tt -1 tr
I'yr =9 er,r t 2
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where

L X

tt

rr

68

- 24
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ro
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-1 tr
9 Ye0,r

—p~ 17,2 t:r[2r 1.,

-e'r gtrF

sin“er e

-1l rr
9 gtt,r

-1 rr + tr
grr,r g gtr,r

-1 rr
9 Ye,r
2 leTr2g T o 4

—eTrzgr F

. r
sin er 66

-5in8cose

cot®
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hj
il
N
~y
+
(a1

and, as before,

and

+o

The non-zero Ricci components are now

— -1 - - -
Ree = (4E) "9t p14F + 290¢ pr (e, o) E -1}
R = (4E) 'g, g, _{4F + 2g (Gpy ) T - B _EH

tr tr tt,r tt,rr* tt,r 9
R__ = (4E) Yg__g.. _{4F + 2g (g9.. )Y -8 E Y
rr ’ rr °tt, r tt, rr' tt,r , T
-1 2
2F . - FE ET - 2F
_ T 2 -1 -1
Ree =1+ e r (2E) gttF{4F + tht,r(gtt)
-1 -1
+ 2F _F ETE )
R = sinzeR
3% 00

the scalar curvature is

-1_-2 T 2

I § _ - - -1 2
R =E gtt,rr 2 "E gtt,rE,r + 2e r  + 6E gttF

-1 -1 -2
+ 4ETgyF .+ 4E Fgpy . - 2E FgE L.

JrE————.
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(5.2) The Einstein tensor components.
The Einstein tensor components are now
t -T_ -2 2_-1 -1
G g="er 3gttF E zgttF,rE
-1 -2
- Fpy BT+ FgE L E
T2 2.-1 _ -1
= -e r gttF E tht,rE
- 29, EYF _ - (2B)"YFE _ + F%}
tt ' r ' X
r —
G £ = 0
t -1 _ -1 2
Gy = =29, B T{F . = (2E) FE , + F°}
r _ _ =T =2 _ 2.-1 _ -1
G r="8 T gttF E tht,rE
e _ @
G g = G P
= - -1 -2 _ =1
= = (2E) 9tt,rr + 4E gtt,rE,r E tht,r
-1 -1 2
- E F - (2E FE + F
t _.6 _ t _ & _ r _
G g = G £ = G 2 = G £ = G e = 0
2] r _ % _ _ _
Cp=CG g =Gy =Cgs =Cgg=0

TR RE

P
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(5.3) Perfect Fluid Bolutions.

The stress-energy tensor for a perfect fluid is given
in equation (3.4) by

T(!

a a

g = (k + p)u up + ps a°

By comparison with the velocity components for the simple
kink metric (for which 1 = ¢ = 7 = 0) solutions of the

field equations are sought for which

ut = e 25gq = -u,
uf = e 2g4ng = -u_
e _ & _ _ -
u” = u = ug uy 0
It is therefore clear that
Tt = Tt = -(y + p)sinacosc.
t r

Recalling that Grt 0, this result implies that the
equation of state for any perfect fluid solution of the
field equations resulting from this form of the metric must

be
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Fluids satisfying this equation of state arise in
inflationary cosmological models (Guth, 1981; Guth 1983;

Guth, 1984) and in certain particle models (Rosen,1983).

The stress energy tensor therefore must have the form

and the Bianchi identities show that the pressure and
density must be constant. The form of the stress energy
tensor implies that

t 1 1 2

G'p = ~94,E {F . = (2E) FE _ + F%}

’

i

0 (5.1)

It is necessary for (sperically symmetric) kink solutions

of this metric that

9y F O

because et = 0 would imply that a = 0. Clearly, it is also

true that

This field equation (5.1) can therefore be satisfied if

either
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F=2"1_+1r =0 (5.2)
or if

1

F#0 but F °F 1

r = (2E) E'r + F =0 (5.3)

Both of these possibilities lead to solutions of the field

equations.

Consider first the case given by equation (5.2) where

This equation (5.2) implies that
e = cr-2 (5.4)
where ¢ is a positive constant.

When F = 0 the remaining field equations reduce to
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~1.-1 -1_-2
E 9¢t,er ¥4 B 9pe o F

These last three equations imply that any sclution must

have

and satisfy

-1_-1

2 "E iy pr

-1.-2 = =
4 "E gtt,rE,r = C = C (5.5)
where C is also a positive constant.

A general solution of this equation (5.5) is quite

difficult to find since

g = e%sina - efcos?a (5.6)
g+l

E==¢e
and o, 1, and a all depend on r.

However, if 0 = 1 = 0 or 0 = -1 is selected, so that
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then sclutions are easily found.

With either of these choices for ¢ and 1, equation

(5.5) reduces to

Iet,rr - 2

and this last equation clearly has a solution

ey = Cr” + Dr + H (5.7)

where D and H are arbitrary constants.

First consider the case where ¢ = 1 = 0. Using equation

(5.6), it is clear that this choice of ¢ and 1 implies that

g =~ cos2a.

Equivalently this last result combined with equation (5.7)

shows that

2

sina = 2722(1 + cr? + pr + HyY/2,

There is considerable freedom in choosing the values of
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these constants, while ensuring that |sina| < 1. The
resulting solution will be discussed further in section

(10.1) .

To summarize, this solution of the field equations

for the metric given in equation (3.1) has

where C is a positive constant and

2 1/2

sina = 271/2(1 + cr? + Dr + H) (5.8)
where D is any constant. The equation of state is p = -u.

It will be shown in section (10.1) that the metric can be

written as

2 3 1/2

ds? = -(1 - r - r¥)at? - 2(2r + 2 - 2r° - £ 1/2 gtar
+ (1 -1 -r9)%2 4+ ge? + sinedas?-
valid for 0 ¢ r < 1.
The case where ¢ = -1 is now considered in seeking

another solution of equation (5.5) and hence of the field

equations. This choice for ¢ and 0, using equation (5.6),
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means that

and

g = ~€ + (" + e ")sin“a.

Equivalently, using equation (5.7) to substitute for A

this choice for 0 requires
sina = (Cr2 + Dr + H + en)(en
This last result can be written
sinza = tanhQ,
if Q is chosen such that
-e™ = cr® + Dr + H. .

The constants C, D, H must be restricted to ensure that

|sina| < 1.
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but there is considerable freedom in doing this. To
summarize, this solution of the field equations for the

metric given in equation (3.1) has

o=-ne =ct?
where C is a positive constant and
sina = (cr? + Dr + H + ) (e + )7L, (5.9)

where D and H are positive constants. The resulting
solution will be discussed further in section (10.2). It
will be shown that the following metrics are solutions of

the field equations

2 3 1/2

as® = (r? - 2r + 1)at? + 2(8r> + sr - 12r? - 2rd) dtdr
- [1 - 2(r% - 2r -+ 1)2][r2 -2r + 177°% ar?
+ d82 + sinze d@z
and
ds? = -(1 - %) at? + 2r(4 - 2r¥)1/? atar
+ 01 -2(2 - %2 - 177t ar?

+ r2 de2 + sinze d@z

both valid for 0 < r < 1.
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t

The second possible solution of the G r field equation

(5.1) was shown in equation (5.3) to occur when

F#0 but F-lF'r - (ZE)_lE'r + F

i
o

This last equation can be integrated to obtain
-1 -1
InF -2 "InE + 2 "7 + 1lnr = k (5.10)

for some constant k. Rearranging, equation (5.10) can be

written as

rFE /2 = ge~1/27 (5.11)
where K = ek > 0. Egquivalently, substituting for
F=2"2r _+r !, equation (5.11) can also be written as

' T

5=lor rel/ZT . el/2T _ ypl/2
I

or, by substituting for E = ea+n, it can be written in

terms of the metric functions 7, o, Q as

Q1721 _ ge(0+0) /2,

r
{ T
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There are four remaining field equations to satisfy. These

are

ot = 1t
Grr = Trr
= 1°,
?, = T’Q.

The general forms of the field eguations are listed in

section (5.2) and these equations now simplify to

t _ r
G £ = G r
_ =T =2 _ 2.-1 _ -1
=-e 'r 9. FE tht’rE
=p (5.12)
and
e _ &
G 6 = G P
= -(2E) g + 4E%g., _E
tt,rr tt,r,r
-1
tht,rE
=p . (5.13)

Comparing these two field equations it is clear that for a

consistent solution the following equation must hold

-7.2 2_-1 -2 -1 _
-e r° - FE et 4E E,rgtt,r + (2E) gtt,rr =0 .
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(5.14)

General solutions of this last equation (5.14) will be hard

to find since

ey = esina - eflcos?a
E = ea+n

-1 -1
F =2 T’r + r

and o, 7, 0 and o are undetermined functions of r. However,

solutions can be found if it is assumed that

The fact that 7 = 0 implies that
F=r (5.15)

Using equation (5.15) with egquation (5.3) shows that the

simplification 7 = 0 implies



R

The metric component et is now

_ . -n_.2 _ a2
Jey = € sina - e'cos”a.

~1

These simplifications, E=1, F=r =, and 1 =
reduce the remaining field equations to
t _r =2 _ -2 L §
Cg=CGp=-T T Ggp T T 9,
-2
= -r “[1 + (r
[+ (rgee) )
=P .
6 _ & _ _,-1 -1
€0 =C 3 =72 Jet,rr - F it,r
-1
= =-(2r r + 2
(2x) "[r9¢t ppr * 29, p]

= -0 7ML+ (Tog) L g

= (2r)tr¥ety) o

=P
These equations (5.16) and (5.17) now show that

-1_.2t _ ot
(2r) 7[rfeTy) =6y

or equivalently

(r2Gt )-1 2.t -1
£ .

0,
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(5.16)

(5.17)
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This last equation can be integrated to give

it is clear that the constant L must be chosen to be

positive to ensure that the energy density is positive.

Substituting Cip = L back into the Gtt field equation

(5.16) also shows that

_ -, 2 _ Q2
gey = € sin“e - e‘cos’a
2a(ef + ™) -
1

sin

37 o1 4 M

where M is an arbitrary constant. Equivalently, rearranging
the above equation, a consistent solution requires that

2 -1

sina = (3 'Lr? - 1 + M7t

+ eflyel + ™1

There is considerable freedom in choosing 1, L and M while

still ensuring the required behaviour of the function sina.
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To summarize, this solution of the field eguations for the

metric given by equation (3.1) requires

and

1.-1

Ly eMe + &7 . (5.18)

sina = (37 1r? - 1 + Mr”

This solution will be discussed in section (10.3) It will

be shown that the metric for this solution is

2 2

as® = (r? - 1) at? + 202(1 - (% - 1)%7/2 grat
+ 01 - 2(22 - 1%e? - 1771 ar? + r? ae’
+ rzsinze d@z

valid for 0 < r £ 1.
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(5.4) Imperfect Fluid Solutiomns I.

For the perfect fluid solutions previously found in
this chapter the shear scalar can be shown to be non-zero.
If the heat conduction vector components qa are still
assumed zero, the stress-energy tensor, from equation
(3.3), is

a  _ a a  _ a  _ a
T B = (v + pT)u u, + st 3 Z6eh B 2Na 8 (5.19)

where u 1s the total energy density, Pr is the
thermodynamic pressure I is the coefficient of bulk
viscosity, and N is the coefficient of dynamic viscosity.
As shown in section (5.2), for all the solutions in which
o

£ =0 the field equation Grt is identically zero. It can
4

also be shown from equation (3.6), that when « £ = 0, the
[

ort component of the shear tensor is

r _ t _ _ -1/2
o £ = o r- 20 3

sinacosa

where, using equation (3.7), the shear scalar o is

-1/2

o =3 rexp{z-l(-n+1-a)}[r-lexp{z_l(-r+o)}sina] g

The Trt component of equation (5.19) therefore indicates
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that any sclution of the field equations with « ¢ = 0 and
’

qa = 0 must have an equation of state given by

1/2

B+ Py - 26 - 4N 3" = 0. (5.20)
r t r _
The fact that T £ = T r and G £ = 0, means that any
solution for which a g =0 and q, =0 must have
!
t -1 _ -1 2, _
Gy = = 29, {F . (2E) FE . + F°} =0

Therefore, as in the perfect fluid case, either

or

F#0, but Flf - (28)7'E _+ F
, T , T

I
o

In either case, using the previously listed forms of
the Einstein tensor components in section (5.2), it is

clear that

and
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r (] L
£ rr 9 g and ¢ s

calculated from equations (3.6) and (3.7), they are

The shear tensor components at o

are

att = 20 371 254n%,
arr = 20 37120520
e _ & _ _.1/2

o 8 = o 5 = 3 c.

Substituting for these shear tensor components from the
above equations and for the energy density, u, from the
equation of state (5.20), gives the following expressions

for the stress energy tensor components

Ttt = -pcos?a + (Pp - £68)sin%e - 4n3~1/20sina
= Pp - e - 4n 3-1/20
Trr = —usinza t (Pp - Ze)cosza - 4n3-l/zacosza
= py - 28 - 4n 3712,
e _ % _ - -1/2
T g =T 4 ="PFPp -6 +203 o .

There are therefore two independent field equations. These

are

-1/2

Gy =G _= pp - 6~ 4n3 o

1/2

Gg=6G 4= Pp- 6 +2Nn 3 % .
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If F = 0, these field equations reduce to

If F # 0 but

equations become

T = -T2
r
= py - %0 - 4N 3 1/2,
& _ _.-1.-1 -1_~2
Gg="2E 9%t,rr +4 E gtt,rE,r
= pp - 26 + 2N 371/2;,
-1 -1 . .
F °F - (2E) "E + F = 0, the field
Ir Ir
s
r
-7 _=2 2.~1 -1
e r gttF E tht,rE
p. - T - 4n 372
T
€pe
-1 -2 -1
(2E) gtt,rr + 4E gtt,rE,r tht,rE
-1/2,

Pp - 6 + 2N 3

General solutions of these field equations are clearly

quite difficult to find because

It

g _..2
= e sin“a - encosza,

o+Ql

E=¢e
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o = e (0FR)/2 0/2) . (5.21)
+ 20274 c r—l)(e_n/2sina)

- 3—1/2re(-n+r—a)/Z[r-le(-r+o)/zsina] N

and «, 0, 1, 7 are all unknown functions of r. In the
special case 7T = ¢ = 1 = 0, so that F = r_l, and
from equations (5.21), E = 1 and It = -cos2a, it can be

shown that a solution of the field equations is

1 1/2

sina = -2n 37 + K21 + K)2”
where K is a constant (Harriott and wWilliams, 1988a).
However, this solution has negative energy density for

certain values of r and will not be discussed further.
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(5.5) Imperfect Fluid solutions II

To find a further solution, the heat conduction vector
qa is chosen to be non-zero. The stress-energy tensor is
now given by equation (3.3) which is

a a a a _ o a a
T g = (b + pT)u u, + pTG B Z6h B 2No 8 + q ug + u 95

(5.22)

The components of must satisfy (Ellis, 1971)
9y

The velocity components, as discussed previously in

section (3.4), are chosen to be

u, = —enlzcosa ut = e-n/zcosa

u, = -enlzsina ot = e-n/zsina
- - e _ ¢ _

ug = uy = 0 v =u =90

As shown in section (5.2), some of the Einstein tensor

components are identically zero. These are
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These results together with the velocity components and

eguation (5.22) for the stress energy tensor, show that

Qg = 95 < Y

and suggest the following form for the remaining components

of the heat conduction vector
qy = Qeo/zsina
q._ = -Qeo/zcosa

where Q is an unknown function of r. The contravariant

components are now

t _ _tt tr
9 =g g +9 g

- Qe-a/z

r
sina

rt rr
qa =g q +9gq
= -Qe-a/zcosa.

These results show that the square of the length of the

heat conduction vector is given by
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2
q%q, = Q

The term [qauB + uan] appears in the following four

non-zero terms in the stress energy tensor components

qtut + utqt = e/ 255n0c0se - o9 /2c0sasina
qrur + urqr = -0ef9™ M /255 n0cosa + 0e (79 /2c0sasina
t t
= -(qtu + utq )
qtur + utqr = a0 /25412, 4 ge(f79) /2,052,
qrut + urqt = —gel9™M /2,552, - e (B70) /25412,
r r
= -(qtu + u, g ).

Some restrictions are now made on the metric. These
restrictions are to assist in finding a solution, because
the general forms for the field equations are difficult to

solve. It is assumed that

This assumption means that

I
0

qtu + utq
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t t _ r r _
Jtu + utq = qru + urq = 0.

The Einstein tensor component Grt is identically zero
and so the stress energy tensor component Trt now gives the

following expression for Q.

1/2

Q= [1+ Py - 26 - 4n 3"/ “glsinacosa. (5.23)

Using this result for Q, the field equation

t _ -1 _ -1 2
6", = -29 E(F _ - F(2E) 'E _ + F%)
= ~[k + pp - 6 - 4N 3'1/2]sinacosa -Q
where F =231 +rlanga =™ - 2% reguces to

' T )

This last result gives another expression for Q, which is

_ -1 _ -1 2

Q = g B {F -~ F(2E)'E__ + F%)

-sin2a e"F _ - F(2E) YE _ + F?} (5.24)
'r 'r

Therefore, for the heat conduction vector to be non-zero,

it must hold that
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and

-1 2
F . F(2E) E'r + F° # 0.
The first of these equations, namely a f 0 is also a
requirement for a kink solution. Comparing the expressions
for Q, given in equations (5.23) and (5.24), it is clear
that the non-zero hydrodynamic quantities must obey the

following equation

-1/2 1

_ _na—h _ - 2
o = ~2e {F’r F(2E) "E r + F7}.

7

b+ pp - IO - 403

(5.25)

The remaining field equations to be satisfied are

t _ .t
Gy =Ty
r _.r
G r T r
& _ & _ % _ .8
Cg=Cg=T4=Tyg

From equation (5.22),

2 1/2 2

a - 4N 3~ osin“a

-1/2

3
li

—ucosza + (pT Z£08)sin

o]sinza.

-u + [+ Pp - Z8 - 4N 3
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Using equation (5.25), the above expression for Ttt can be
written
t  _ . _ .0 _ -1 2,052
T £ = "H 2e {F,r F({2E) E,r + F }sin"a.
Similarly,
Trr = -usinza + (pT - ze)cosza - 4N 3°1/2ocos2a
= -u + [u + Pp - 8 - 4N 3—1/20]cosza

1

!

The Einstein tensor components Gt and Grr are

t

t _ __ -T2 _ 2.~1 _
G = -e r gttF E tht,r
-1 -1 2
E {F,r F(2E) "E r + F7}

!

= 294

Gr = -e-lrr-2

1 -1
r et

2._
FE"" - Fgy B

- 22" UF - F(2E)"YE _ + F?}cos’a.
, T r

These last four equations can now be used to show that

t t

although the field equations G £ =T r

t

r _
and G r = T r

are no

longer equal, they are dependent and it is hence convenient

to consider
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r t -1 _ -1 2
G -Gy =29 E {F - F(2E) "E _ + F}

e~ p F(2E) " E _ + F’}cos2a
) -1, 2
29, {F . = F(2E) 'E _ + F%)

!
r t
r~ T¢

T

e

The remaining independent field eguation is Ge =T e which

(2]
is

® —p_ -36+2n3

1/2
e =~ Pr

o .

So far, the only simplifications made to the metric to

assist in finding a solution are to assume that a _ = 0 and

t
1 = 0. To demonstrate an exact solution, several further
simplifications are made. These simplifications are to
choose two of the exponential functions, o and Q to be
zero; setting the coefficient of viscosity, N, to zero and

selecting a specific form for the remaining nonzero

exponential function, 7. That is

=0,
n=o,
and
F=2"3r +rt=o,
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where N is constant and the negative sign is included for

convenience. Choosing 1 = 0 leads to

+
e’ a _

and

9y = —Cos2a.

It is clear that choosing F -N is equivalent to the

choice of

7T = -2Nr - 21lnr

or, equivalently,

oTp2 = o=2NT

where the constant of integration has been set to zero for
convenience. It should also be noted that choosing F = =N
ensures that
-1 2
F,-F@E) E_+F #0
as is required if the heat conduction is to be nonzero. In

fact, this choice of F means that
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F _ - F(2E) *E _ + F% = N°. (5.26)
, T , T

These choices now allow the field equations to be

simplified to

Gtt = =N(cos2a) + 3N20052a - e2Nr
'r
= =u + [u + Pp = ze]sinza
cF_ = -N{(cos2a) + Nzcosza - eZNr
= -u + [(u + Pp - Ee]cosza
c®_ = 271 (cos2e) - N(cos2a) _ + N°cos2a
e Y , T

i

Py - 8.

The Gtt and Grr equations can be combined to give

~2N(cos2a) r + 4N2cosza - 2e2Nr = - u + Pp - 8.
14

Equivalently, substituting for u from equation (5.25) and
using equation (5.26) shows that

-N(cos2a) r + ZNzcosza - e2Nr = Pp - e + N2
4

This last equation and the c® field equation are the

(2]
remaining independent equations to solve. By inspection, a

solution to these equations exists of the form

PP —
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cos2a =P e2Nr + T + £(r)

where P and T are constants and £(r) is an unknown function

of r which satisfies

N°p 2N 4 z-lf(r),rr - N°7 - M) + e2NF 4+ N = 0.
This last eguation is valid if
N°P +1 =0
27Le (x) - N2E(r) - N°T + N% = 0
,TY

It is possible to choose

so that
£(r) = Uexp(+2t/2Nr)

where U is an arbitrary constant. These choices show that
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-2e2Nr

cos2a = =N + 1 + Uexp(i21/2Nr)

or equivalently that

sin‘e = (28%) "1e72NT

- 2" lyexp(+2/%Nr) .
Some restrictions must be made on these unknown constants
to ensure the correct behaviour of sina. To summarize, for

this solution of the metric given by equation (3.1),

l=0=20

n=2~29

T = =2Nr - 21lnr
or, equivalently,

eTrz - e—ZNr

where N is a positive constant and

2

sin“a = (2N2) 1

-le-ZNr

-2 Uexp(i21/2Nr)

(5.27)

where U is a constant. This solution will be discussed in
section (10.4). It will be shown that the equation of state
is

b+ pp -6+ 282 = 0
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where

U = exp(2Nr) - (2 - 21/2)exp(i21/2Nr) - 2N2

and N may assume any value in the range

N < (212 - 1y37L,

The metric will be shown to be

2

ds? = -[1 - N2

2 1/2

exp (2Nr) + N 2exp(+21/%Nr)] at®

2[-N"“exp (4Nr) - N Yexp(2nr2l/?) + 28 2exp(2Nr)
1/2 4 1/2

2exp(+27/°Nr) + 2N “exp(2Nr + 2-/“Nr)] dtdr

[1 - N 2exp(2Nr) + N 2exp(+21/2Nr) ] ar?

+

exp(-ZNr)de2 + exp(-ZNr)sinze as?

“+

valid for 0 € r < R1 where R1 is defined from

1/2

exp(2NRl) ~ exp(+2 NR = 2N7 .

1)



CHAPTER 8IX

THE DE SITTER KINK SOLUTIOR

Introduction

The form of metric and various hydrodynamical
quantities for this kink solution are discussed (6.1) and
the transformation to the familiar de Sitter form is
demonstrated via a singular transformation (6.2). The
Killing vectors for this spacetime are founl (6.3). The kink
nunber is calculated for this metric and shown to be equal
to one (6.4), and the feature common to all kink metrics,
the tipping light cone behaviour, is illustrated for this
solution (6.5). Extension of the manifold to produce an

n-kink solution is demonstrated (6.6).

167
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(6.1) The Form of the Metric and Bolution Properties.
The solution obtained in Chapter 4,

d52 = -cosZadt2 - 2sin2cdtdr + cos2adr2
+ r?d8® + r2sinZeds? (6.1)
which may be called the de Sitter kink metric was given by

equation (4.14) which shows that

sina Kr (6.2)
for constant K. If the constant K is chosen to be positive,

then this solution is valid for

Justification for naming this sclution the de Sitter kink
metric and proof that it is a one-kink metric will be given

in future sections.

Analogous de Sitter kink solutions exist in both 1+1
and 2+1 dimensions (Dunn, Harriott and Williams, 1991a;
Williams and 2Zvengrowski, 1991). The 1+1 case will be

discussed further in chapter 8.
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To allow the presence of one complete kink, the
variable r can be allowed to be negative, so that the range

of r is

The metric can now be written as

2 2,.2,1/2

ds® = -(1 - 2k°r%)at? - 4kr(1 - ¥’r®)Y%atar
+ (1 - 2K2r2)dr2 + réae® + r’sineds?.
(6.3)
Note that for -(2K%) +/2 ¢ r ¢ (2k%)"Y/2, ¢ is the timelike
coordinate, but for (2K2)-1/2 <r<K? and
k! <rg-2k%)"Y2, r is the timelike coordinate.

The equation of state for this solution was shown in

section (4.3) to be

Also, from equation (4.8) the isotropic pressure can be

found to be constant, as expected, and in particular

p= - 6K2.

e |

gy
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It is also easy to see that this solution may be
interpreted in a different way: as an empty space solution
with a non-zero cosmological constant. If the choice

p = f = 0 is made, then a cosmological constant

o)
i

6K

must be introduced. The usual de Sitter universe is usually
regarded as an empty space solution with a cosmological

constant.

The scalar expansion, 6, can be found from equation

(3.8). For this solution it is

The expansion factor for this solution is therefore
exponential. This may be shown as follows. From the
definition of the scalar expansion

(6s) " /és = 8 = 3K .

This equation may be integrated to obtain

§s = RAexp(3Kt)
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for constant A.

The shear scalar and shear tensor can be shown, using

equations (3.6) and (3.7), to be zero for this solution.

The scalar curvature, R, can be calculated from

equation (4.1). For this solution it is found to be

R = 24K".

The scalar curvature is therefore a positive constant for
this solution and the spacetime manifold is well behaved at

all points.

The velocity vector components are found from equation

(3.5). They are

u” = (1 - K2r2)1/2

= -ut
ur = Kr = -u
r
e _ -
u = ue = 0
¢ _ -
u = uQ =0

The 4-velocity vector is (1, 0, 0, 0) at r = 0 and

continuously turns to become (0, 1, 0, 0) at r = iK_l.

o,
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The acceleration vector has components which are found
from the equations listed in section (3.5). For this

solution,

Qt = -Kzr
af = K(1 - K2r2)1/2
2® = a? = 0.

At r = 0 the acceleration vector is (0, K, 0, 0). This

vector turns continuously, reaching (+K, 0, 0, 0) at
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(6.2) Transformation to Usual de Sitter Form.

This solution can be transformed to the de Sitter solution
by means of a singular transformation. This was first
demonstrated by Dunn and Williams (1989). The cross term

dtdr can be removed by introducing a new coordinate
t' =t + f(r).
Under such a transformation

Iprp T 9gr - Ieedf/dr

where f(r) must be chosen so that

2

df/dr = tan2a = 2Kr(1 - Kr2)}/2(1 - 2x%r%) 71

Note that this transformation is singular at

1/2

r = i(ZKz)' , which are points within the range of

allowed values for r.

The metric is now

gs?® = -(1 - 2K’r?)at'? + (1 - 2k%r?)"lar?

+ r2de2 + rzsinzed@2

R S—

E

ez e e e 4
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which is a form of the de Sitter metric. The usual form of

the de Sitter metric is

2

ds® = -ar? + a®

cosh? (a™1T) [ax? + sin®x(de? + sineds?))

(6.4)

and can be obtained by the transformation
. -1
r = a sinX cosh(a ™T)

sinh(a”lt') = +sinh(a”iT)[1 - sin®X coshz(a-lT)]l/2

where a = (21(2)-1/2

, and is valid for
0 < X<

-0 < T < o,

The existence of this transformation justifies the name

"de Sitter kink" for the solution given in equation (6.3).
It also shows that the kinks are a global feature because
locally the metric given in equation (6.3) is identical to

the familiar de Sitter metric.
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(6.3) The Killing Vectors.

The Killing vectors are used to find the symmetries of
the spacetime. For this metric, the Killing equations
stated in section (3.2) reduce to

4K3r2(1 - K2r2)1/2

2 2.2 _
By + 2K"r(1 2K"r )ut =0

2 2.2 3.2 2.2 _
”t,r ”r,t + 4K"r(1 2K"r )ut + BK r™ (1 K'r )ur =0

e o THe,e =0
Pe,a T Hee =0
, ) 22,172, _ 2.2 2.4
#r,r 2K(1 K'r™) (1 2K°r® + 2K°r )ut
- 2K°r(1 - 2K%r)p_ = 0
U + U - 2r-1u =0
r,e e,r )
+ -2rty, =0
Fra T Hg,r Ky
2., _ ,2.2.1/2 2.2 _
“8,8 2Kr- (1 K"r™) By + r(l1 2K"r )ur =0

“e,o + “Q,e - 2cote by = 0
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By o = 2Krzsin28(1'- Kzrz)ll?‘ut + rzsinze(l - 2K2r2)u.r
14

+ sinBcose pbg =0

The usual de Sitter spacetime admits a full set of
ten Killing vectors, these are the timelike vector &/8T,
three vectors which are the (spacelike) generators of the
rotation group SO(3), and the six (spacelike )vectors which
are the translations. The above equations clearly admit the

vector
“1 = §/6t.

The lengih of this vector is

2

2
[l = 267 - 1

This Killing vector Ky is timelike for

1/2,~1

D e P

~1/2,-1

It becomes null at r = +2 K , and is spacelike for

-1 _-1/2.-1

K T <rc«< K and 2" 1/%¢71 -1

K <t <K .

Therefore there is no global timelike Killing vector and so

the spacetime is not globally stationary.
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(6.4) Kink Number Calculation.

The kink number N for this solution can be calculated
using the formula stated previously in section (2.3),
namely

1 0.3

N = (1272) "1 | 8%a3x (6.5)

where

T §
13

N0 = 013k, x“xﬁlix (6.6)

aBr$ |k*

and | denotes differentiation with respect to the S matrix
in the G = SQ decomposition for any matrix G representing a
metric tensor. Any metric given by equation (6.1), can be

represented by the matrix

-cos2a -sin2«a 0 0
-sin2a cos2a 0 0
G = 2
0 0 r 0
0 0 0 r2sine

where a = a(r).
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Following the procedure outlined in section (2.3) to
find the kink number, the ¢a are first found for this
metric. As stated in section (2.4), any metric given by
equation (6.1) is a metric for which the matrices S and Q

in the decomposition of the matrix representing the metric

are
1 0 0 0
0 1 0 0
S =
0 0 re 0
0 0 0 rzsinze
and
-cos2a =-sinZa 0 0
-sin2a cos2a 0 0
Q =
0 0 1 0
0 0 0 1
Writing

T

©
1l

P diag(-1, 1, 1, 1) P

where P is the matrix defined in equation (2.4), then
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cosa ~-sina 0 0

sina cosa 0 o
P =

0 0 cosa sina

0 0 -sina cosa

so that the required ¢, are

¢, = cosa
¢, = sina
g = b5 = 0

These ¢, are the X% used in the formula given in
equation (6.6). The covariant derivatives of the Xa, with
respect to the tensor S4B represented by the S matrix, are
also needed to calculate the kink number from the formula
given by equations (6.5) and (6.6). The nonzero Christoffel

symbols of the tensor S,p are

Tee = ¥
roo_ .2
I gy = ~rsin”e

e _ & _ -1
r re T ré - T
(2] ,

T = =-sS1n6cose

14
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The non-zero covariant derivatives of the X* = ¢a are

Xrlr _ Xr,r
Xrlt _ Xr’t
Xt|r _ Xt,r
X8|e = 19, %"
Xél@ - F@@rxr

Therefore the non-zero terms in the equation (6.6) will be

. those of the kind

= cosar-zsinza(sina)
8" |¢ X

and
. -2_...2
= slnar “sin a(cosa) r
!

These groups of terms, actually six terms of each kind,
will combine to give a non-zero answer because of the
antisymmetrization. In particular, using the above results

in equation (6.5) shows that

N = (:L2712)-l 6[r_2coszasin2aa - r ?sin*aa N a’x
1 [}
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cl 2
= (2n%)71 J

@y

T

J sina a r sin¢drdsde (6.7)
[

0

0

where @y and a, are the values of a at the limiting values

of r. For the de Sitter kink,

a(r = K1) = ~n/2 a(r = K %) = n/2 ,

so that the integral given in equation (6.7) reduces to

/2 T 27

N = (2n%) Y| sin®ada)( J sindds) ( I ae)
-m/2 0 0
m/2

(2m%) "1 j 271(1 - cos2a)da](2)( 27 )

-n/2

1

= (2n%) "1 (27n) (2) (2m)

In x% coordinates, the S matrix for this solution is
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the identity matrix and so the covariant derivatives with
respect to the tensor S8 reduce to ordinary derivatives
and the equation (6.6) reduces to Skryme's original formula
given earlier as equation (2.5). It can be shown (Skyrme,

1961) that in this case
(1 - cos2a)da

= (m)"ra(o) - a(®)],

provided that sin2a is zero at the origin and at infinity.

For the de Sitter kink, -K ! <rg "1, sina = Kr,
a(0) = 0, a(K) = w/2. If r is allowed to be negative, so
the complete kink is present, then «(-K) = -m/2, and this

integral becomes

n/2

=gl (1 - cos2a)da
-n/2

= 1.

Therefore the above solution is a one kink solution.
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If, however, the usual form, given by equation (6.4),
of the de Sitter solution is considered., then the kink

number is found to be 0. This is shown as follows.

For the usual form of the de Sitter metric

-1 0 0 0

0 acosh?(a”r) o 0

° 0 0 a%cosh®(a”'T)sin®x 0
0 0 0 azcoshz(a—lT)sin2Xsin28/

(6.8)

It is easy to show that

Q= diag(_lr 1, 1, 1)

and hence that

The vector field X% is therefore (1, 0, U, 0) and so all
the terms x°% A will be zero. The matrix S in the usual

[
G = SQ decomposition of the matrix G given in equation

(6.8) is
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1 0 0 . 0
0 azcoshz(a-lT) 0 0
5= 0 0 a2cosh? (a"1r) sin’x 0
0 0 0 a?cosh?(a”lT)sin’Xsin

The non-zero Christoffel symbols (with respect to the

tensor s _,) are
aB

rfy, = -asin’Xsinh(2Ta ')
rtﬁé = sin®er’

FXXT = a~ttannh(Ta™%)

Pxee = —2_1sin2X

PXQ¢ = sin®er®

I‘eM = ~2"1sin2e.

2

e

Recalling that XT =1, X" = X" = X" = 0, it is hence clear

that the only non-zero covariant derivative

is

X _ X _ -1 -1
X = T xp — @ tanh(Ta 7).
Therefore, there are no non-zero terms in equation (6.6)

and the kKink number for the de Sitter metiric is zero.
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(6.5) Light Cone Behaviour.

The kink properties of this solution can be more
readily seen by looking at the light cone behaviour of the
metric. The light cone behaviour is demonstrated by

considering the equation
I Ul -
g#n(dx /ds) (dx"/ds) = 0 (6.9)
This equation for the de Sitter kink of equation (6.2) is

-(1- 2k%r?)(dat/as)? - 4xkr(1 - K°r?)Y/2at/asar/ds

+ (1 - 2K°r?)(dr/ds)? + r(de/ds)? + rsin’e(ds/ds)? = 0

For convenience, the plane 8 = ¥ constant is considered.

Along the line,

this equation reduces to
2
—(t -t + (r-r)° =0
or, equivalently,

r -r, = +(t - to).
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The light cones are therefore bounded by lines of slope +1

so that their axes point up the t axis. Along the 1line

or,

The
the

/4

The

but

and

r = (2k)~1/2

a = 3n/4

(r - ro)(t - to) =0

equivalently,

light cones are therefore bounded by lines parallel to
r and t axes and the axes of the cones are at an angle
to either coordinate axis. Along the lines

r=K"~, a=1m/2

2 2
(t = ty)® = (r-ry°=o.

cones are therefore again bounded by lines of slope +1

now the axis is parallel to the r axis.

The complete light cone behaviour in the planes 6 = 0

$ = 0 is shown below in Fig. (6.1).
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(6.1). Light cone picture for the de Sitter kink spacetime.

Fig.
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For the usual form of the de Sitter solution, as given
in equation (6.4), the equation (6.9) in the 8 = & = 0

prlane reduces to
-(T - To)2 + a’cosh?(a”itm) (% - x0)2 = 0.

Hence everywhere in this plane, the cones are bounded by

lines whose slopes are
iacoshz(a-lT).

These cones therefore have a changing vertex angle as T

varies but do not alter their orientation with respect to
the coordinate axes for different coordinate values in the
T,X plane. The light cone picture for the usual de Sitter

solution is therefore as shown below in Fig. (6.2).

e

e s
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Fig. (6.2). Light cone picture for the usual de Sitter spacetime.
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(6.6) Extension of the Manifold

The kink form of the de Sitter metric given in equation

(6.3) by
as? = -(1 - 28%r?)at? - 4xr(1 - K°r?)Y/2atar
+ (1 - 2K°r?)ar? + r¢ae? + r?sineds?
assumes the same value at r = iK-l, therefore these points

may be identified. Under a change of coordinates

r = K 'sin(27 %),

valid for --K_l <r«< K-l and -7 < B < m, the metric becomes
ds® = -cospdt® - K_lsinBcos(z-lﬁ)dtdB

+ 4 cospeos? (271B)ar?

+ K %sin®(2718)ae® + K %sin®(271B)sin%eds?.
In these new coordinates it is still not possible to
globally introduce a new time variable t' that will renove

the Iep term because the transformation

t' =t + £(8)

leads to

e A o <5

4 M n e e o Robame e e s



91 = Jep ~ Iy £(B) g

so that
_ -1 -1
£(8) g = (2K) “tanB cos(2 "£)
7
which is undefined at B = 7/2.

It is possible to assume that the manifold, over which
the de Sitter kink given above is defined, is not the whole
of spacetime. Equivalently, the coordinate system can be
regarded as unnecessarily restricting the solution because
the coordinate patch ends at r = ~K, B = +m. The larger
manifold covering the whole of spacetime can be constructed
by attaching other coordinate patches. This procedure
follows that suggested by Finkelstein and McCollum (1975)
and describes what they call an "onion". Construction of
such an "onion" can be achieved here by a change of
coordinates

1

r = K sin(2"1n8)

valid for



192
Under this coordinate change the metric becomes

ds? = -cos(nB) dtc® - nK lsin(nB)cos (2 'nB) dt 4B

2cos(nB) cos? (27 1nB) ap? +

2

+ n?(2K)”
K 2sin® (2 1ns) de? + K %sin?(2”'n8)sin’e de°.
The metric is still defined on the same manifold because
the points B = +m where the metric takes the same value can
still be identified. The above metric now represents an
n-kink metric rather than a one-kink metric. This can be

shown by calculating the kink number. This is achieved by

considering again equation (6.7), which is

a, m2m
1
2,1 ( .2 .
N = (21%) ) sin“a a _ sin¢ dr 42 de.
1
a2 0 0

Under the coordinate transformation
-1

r = X Ysin(2"tna)

the integral becomes
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n 21

n
N = (27%) " 1[(2"tn [ sin?(27%nB) dR] Jsin@ as J e
0

-1 0

/4

27In (2n?)"t27?

[[1 - cos(nB)] dR} (2m) (2)

-n

-1

2"n (27%)71

271 (2m) (2m) (2)

However, the transformation that achieved this change
is not one-to-~one thoughout the range —K_1 £r g K-l. The
transformation extends the manifold from the one original
coordinate patch. Within each patch, the metric is locally

tranformable to the usual de Sitter metric. This

transformation is clearly not globally possible.



CHAPTER BEVEN

THE SCHWARZSCHILD KINK SOLUTION

Introduction

The form of metric and other properties of this kink
solution are discussed (7.1) and the transformation to the
familiar Schwarschild form is demonstrated via a singular
transformation (7.2). The Killing vectors for this
spacetime are found (7.3). The kink number is calculated for
this metric and shown to be equal to one (7.4), and the
feature common to all kink metrics, the tipping light cone

behaviour, is illustrated for “his solution (7.5).

194
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(7.1) The Form of the Metric and Solution Properties.

A solution of the Einstein field equations for the

metric

as? = ~cos2adt? - 2sin2edtdr + cos2adr>
2
+ r2ae? + rsin’eds? (7.1)
was shown in Chapter 4 to be
-1

sinza = Ar

where A is a constant. If A is chosen to be positive then
the solution is valid for A £ r < o, and

sina = i(Ar—l)l/z.

The metric can therefore be written as

as? = (1 - 2ar Hyat? - /321 - ar /2 grar

+ (1 - 2ar Yydr? + r?ae® + r’sineds? . (7.2)

It is clear from equation (7.2) that, for A < r < 2A,
r is the timelike coordinate and, for r > 2A, t is the
timelike coordinate. It can also be seen that, for

A < r < o, the metric is non-singular everywhere.
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The coordinate r may be allowed to be negative provided
that A is now also chosen to be negative. That is, a

solution is

where a < 0. It is valid for -o < r £ a and

~1,1/2

sina = *(ar

)

The equation of state for this solution is

p = -u

but equation (4.8) shows that

Clearly for this particlular solution the choice of a

velocity vector has been made redundant.

Substituting for sina into equation (4.1) shows that the
scalar curvature for this solution is zero. This solution
is therefore a vacuum solution which may be called the

Schwarzschild kink because it can be transformed into the

(PO



197

usual Schwarzschild solution via a singular transformation.
This will be demonstrated in the next section. It will also

be shown in a future section that the kink number is non-

Zero.
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(7.2) Transformation to the Schwarzschild Metric.

The spherical symmetry of this vacuum solution means
that according to Birkhoff's Theorem (Misner, Thorne and
Wheeler, 1973) it must locally be transformable to the
Schwarzschild metric, which may be written as

ds® = -(1 - 2ar”Yy ar

+ r? d82 + r?

2 1,~-1

+ (1 - 2ar” %) 2

dr
2

sine ds?. (7.3)
The transformation that changes the kink metric given by

equation (7.2) into the metric given above in equation

(7.3) 1is
T =t + £(r)

where

£1(r) = gy (Gey)

tan2a

1/2(1 - 2ar 1)

= anl/2,72(1 - ar7Y -1
so that the cross term drdt is removed.

The required form of f(r) can be shown to be given by
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£(r) = aat/2(r - n)1/2

- 221n{[ (A" r - 1)1/2 +130(a"r - /2 . 1171y .

The existence of this transformation justifies the metric
of equation (7.2) being called the Schwarzschild kink
metric. The transformation is not valid globally since it
is singular at r = 2A. Rosen (1985) also found a number of
spherically symmetric vacuum solutions that could not be
transformed to the Schwarzschild solution via nonsingular
transformations. The solutions found by Rosen are not kink

solutions.

The above solution was first found by Harriott and
Williams (1988). This solution and transformation is
similar to that noted by Dunn (1990) for the metric
2

d52 = coszadt2 - 2sin2adtdr - cos?.adr2 + rzde2 + r‘sin?‘edéb2

(7.4)

where

1

cosza Ar
The difference between this metric and the metric given in
equation (7.1) is due to a different definition of the ¢,

The metric of equation (7.1) arises from defining
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¢, = cosa
¢r = sina
g = ¢p = 0

where the ¢a are the terms in the orthogonal matrix P that
diagonalizes the matrix Q in the G = SQ decomposition of
the metric as discussed previously. The metric given in

equation (7.4) arises from defining

¢t = sina
¢r = Cosa

This difference in the definitions of the ¢a means that the
angles defined as a in the two metrics given in equations
(7.1) and (7.4) differ by m/2. The angle a relates to the
tipping of the light cones. However, both choices for the

¢, lead to the solution given in equation (7.2).
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(7.3) The Killing Vectors.

Killing's Equations for this metric are
1

3/2_-5/2 -1 -2 -
”t,t + 2A / r / (1 - Ar )ut - Ar “(1 - 2Ar )ur = 0

-2 -1
“t,r + #r,t 2Ar “(1 - 2Ar )#t

- 4n3/2,75/2 4 Ar"l)ur =0
Fe gt Hg,e = O
Feg T Hy, e =0
wo o+ aY2p73/2 (0 CooarT? 4 2a%r7%) (1 - ar Y)Y 2,
r,r t
+ ar-2(1 - 2Ar'1)pr =0
+ -2ar =0
br,e ¥ Ho,r )
+ -y =0
Fr,o ™ Hg,r Fg
_oa1/2.1/2,.0 _ 4 =1,1/2
ue’e 2A r (1 Ar 7) Ky

+ r(1 - 2ar 1)sine hy = 0

7 e, + “@,e - 2cote by = 0
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-1,1/2

-~ 2r(1 - Ar

y1/25in%e e + T(1 - 2ar 1) sin®e K

bg, e
+ sinBcos6 hg = 0.

These equations have solutions
&, = §/6t

= 6/6%

=
)
I

= sin®6/60 + cotBcosds/§¢

=
w
[

L, cos$s/ 66 - cotBsinds/6¢.
As stated previously Loy Loy and L, are the generators of

the rotation group S0O(3).

The length of the Killing vector By is

1

HE:L” = ~-(1 - Ar
which is spacelike for A < r < 2A. It becomes null at
r = 2A and is timelike for r > 2A. There is therefore no

global timelike Killing vector.

L1

e

et oy g 4 et g T eI o P
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(7.4) Kink Number Calculation

The kink number formula as derived in section (2.3) is

N = (127°)72 n%a3x (7.5)

where

B T é

0 0ijk
€ X X
|i% |3

N° = € x*x (7.6)

aBTé |x

and the | denotes differentiation with respect to the S
matrix in the G = SQ decomposition of the matrix
representing the metric. It was shown in section (6.4) that
for any metric of the form given by equation (7.1) this
kink number formula reduces to the following integral,

given in equation (6.7)

T
Jsinza @ sind drdedd®
0 (7.7)

where «, and a, are the limiting values of a for the

1 2
solution. For the Schwarschild kink,

al(r = A) = n/2 az(r =) = 0
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The integral given in equation (7.7) therefore reduces to

/2
1

-4
|

(2n%)~ [ 2711 - cos2a)aa)(2) (27)

]
bV

This result is not unexpected as the angle only turns

through 7/2 radians for this range of r.

A complete kink can be constructed by attaching the

de Sitter kink solution discussed in chapter 6 for the

interior range of r

The complete range of r is now

0OLKr<w
and
sina = Kr valid for O0<r g K %
sina = +(Ar-1)1/2 valid for A=Kl g r <w.
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The solution is continuous at r = K ¥ but not

differentiable.

It is also possible to allow r to be negative and to
construct an extension of the solution as follows

Kr valid for =K Y g r <o

~1,1/2

sina
sina = =-(ar valid for =-o < r £ =K = a .
The complete solution, valid for - < r < o, has two kinks,

and is illustrated below in Fig. (7.1).

After transformation to the Schwarzschild metric, whose
standard form is

ds® = -(1 - 2ar Hyar? + (1 - 2ar~ 1)1

2

dr2

+ r?ae® + r’sineas?

via the singular transformation described in section (7.1),
the kink number is zero. This can be shown as follows. For
the standard form of the Schwarzschild metric the 8§ and Q
matrices in the decomposition of the matrix representing

the metric are easily found to be

Q= diag(-ll 1, 1, 1)



sina =-( a/n)?/é-é R Sinat = KPr cecececece--- > &--- sina = (A/r)”2
a = o 7/ 4 3w/2 5n/a T 3m/4 /2 /4 0
r = -00 k1. g k-1 a +00

Fig. (7.1). A two-kink solution, with an interior de Sitter type kink and an exterior
Sciiwarzschild type kink.

90¢2



and

(1 - 2ar 1) 0 0 0

0 (1 - 2ar )71 o 0

° 0 0 2 0
0 0 0 rzsinze

The X% = ¢a are therefore clearly constant and so all
terms X% 8 will be zero. The only nonzero Christoffel
!

symbols for the tensor represented by the matrix S are

rTTr = Ar~2(1 - 2ar"H 71
rf__ = -ar?(1 -2 )7t
rfog = -r(1 - 2ar )

¥ = -sin®er(1 - 2ar )
reer =t

PGQQ = ~ginecose

réér =

PQ = cots8

are therefcore all zero except for

207
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T =1 xT=ar2@ -2}t

|r Tr

)

There is thus no non-zero contribution to equation (7.6).

The kink number is clearly zero.
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(7.5) Light Cone Behaviour

The light cone behaviour is determined by solving the

equation.
a B _
gaB(dx /ds) (dx"/ds) = 0 (7.8)

For the solution given by equation (7.2), the above

equation reduces to

Ly (at/ar)? - anl/2p73 21 o ar™1y1/2 4t 4sdr/as

2sin%e(d#/ds)? = o

-(1 ~ 2Ar
+ (1 - 2ar Yy (dr/ds)? + r?(de/as)® + r

(7.9)

Consider the plane 8 = $ = constant. Along the line r = A,

the above equation (7.9) becomes
2 _ 2
(t - to) = (r ro) .

The light cones have their axes parallel to the r

coordinate axis.
Along the line r = 2A, equation (7.9) becomes

(t - to)(r - ro) = 0
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and the light cones are tipped so that the bounding curves

lie parallel to the coordinate axes.

As r->w, the light cones continue to tip until their
axes become parallel to the t axis at infinity. This
behaviour was first noted by Finkelstein and McCollum

(1975) and is illustrated below in Fig. (7.2).



Fig.

k- +00

(7.2). Light cone picture for the Schwarzschild kink solution.
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CHAPTER EIGHT

KINK BOLUTIONS IN 1+4+1 DIMENSIONS

Introduction

A (1+l1)-dimensional theory of gravity is discussed
(8.1). A kink metric in 1+1 dimensions is constructed and
its curvature quantitites calculated (8.2). The energy
conservation conditions are also constructed (8.2). De
Sitter kink solutions are found, analagous to those

previously discussed in chapter 6, (10.3).

212
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(8.1) A (1+1)-Dimensional Theory of Gravity.

Recently there has been interest in 1+1 theories of
gravity, primarily for pedagogical reasons. However,
interest in these theories also exists because it is
usually easier to work in two dimensions rather than four,
so if a theory can be shown to duplicate the features of
general relativity, al least qualitatively, it will provide
a useful investigative tool for testing new ideas. It is in
this capacity that such a theory is included here: to study

kink solutions in two dimensions.

The Einstein tensor is identically zero in 1+1
dimensions and so to construct a (1+1)-dimensional theory
of gravity, a theory to replace general relativity must be
proposed. Several such theories have been suggested
(Teitelboim, 1983 and 1984; Banks and Susskind, 1984;
Jackiw 1984 and 1985; Brown, Henneaux and Teitelboim, 1986;
Sanchez, 1986 and 1987; Brown, 1988; Gegenberg, Kelly, Mann
and Vincent, 1988) and most recently Mann et al (Mann,
1989; Mann, Shiekh and Tarasov, 1990; Mann and Steele,
1990; Mann, Morsink, Sikkema and Steele, 1990; Kelly and
Mann, 1991; Sikkema and Mann, 1991a and b; Mann, 1992) have
proposed a (1+1)-dimensional theory of gravity with the

following field equation
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R - 0 = 87GT (8.1)

where 1 is the usual (Einstein) cosmological constant, G is
the universal (Newton) constant of gravitation and T is the

trace of the stress-energy tensor TaB,

af

An additional postulate of the theory is that

8 5= 0. (8.2)
This is to ensure energy conservation. In general
relativity the latter follows directly from the field
equations, but in (1+41)-dimensional theory it is an added
requirement. This particular theory has field equations
that are simple to solve but rich in structure. Einstein's
principal notion of equating curvature to matter is
retained in this theory whose field equations are formally
similar to the Einstein equations. It has begn shown
(Sikkema and Mann, 1991b) that this theory qualitatively
reproduces many of the features of general relativity and

also reduces to Newtonian gravity in the weak field and low

velocity limit.

The stress-energy tensor for a perfect fluid is
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TQ

B = (n + p)uauB + ps“B
where, as usual, u is the total energy density and p is the

isotropic pressur=s. The trace of Ton is therefore
T=p-u (8.3)

Given any metric, a relationship between g and p will
therefore be determined by equation (8.1), and actual
solutions of this 1+1 theory will be those metrics that, in
addition, allow p and u to satisfy the energy conservation

equation (8.2).

It is easy to show, following the general scheme of
Shastri, Williams and Zvengrowski (1980), that these 1+1
dimensional space-times do admit kink=-like structures. By
analogy with higher dimensions, the matrix G, representing
the metric, can be written as the product G = SQ = QS. The
matrix S is symmetric and positive definite and Q is
symmetric and orthogonal. It must therefore be possible to

write
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A B -cosf -sinf

B c -sinf cosf

for some functions A, B, C and angle B. By analogy with

higher dimensions, the matrix Q can also be expressed as

P diag(-1, 1) PT

where P is the matrix

P ~®y

Py P
and

¢, = cosa

b, = sina.

Comparison of the two expressions for Q shows that

The commutivity of S and Q implies
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-B cosB - C sinB = -A sinf + B cosB,

or equivalently

B =2"1(a - c)tans.

The matrix S is homotopically similar to the identity
matrix and so a transformation exists that transforms S to
a diagonal matrix whose non-zero (positive) elements may be
written as a'. Equivalently, because S is positive
definite, it must have two real positive eigenvalues. It
can therefore be diagonalized by its matrix of
eigenvectors. The matrix representing G can therefore be

written as

-cosB -sinB
o7
-sinf cosB
and the metric is
ds? = -e Tcosp at? - 2¢ Tsink dtdx + e~ T cosB dx?

(8.4)

If 8 = 0, this metric is conformally flat and reduces to

the case studied by Jackiw (1985). When 7 = 0, the metric
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reduces to the 1+1 version of the simple kink metric

discussed previously in Chapters 4, 6, and 7.

The kink number formula discussed previously in section

(2.4) for metrics in 3+1 dimensions is

N = (127%) 7% 013K XQXB|ixT|jX6|k ax .

aBré
In 1+1 dimensions it will reduce to

6016 Xa XB
ab

N = (2m)"1

The | denotes covariant differentiation with respect to the
positive definite metric represented by the S matrix. 1In
the (1+1)-dimensional case, when the S matrix is diag(1,1)
and the X% are chosen equal to the ¢a, the formula further

simplifies to

N=m (Bp Sy x = Py x) Q% . (8.5)
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(8.2) Curvature and Hydrodynamic Quantities.

If 7 is assumed to be zero in the metric given by

equation (8.4), then the metric becomes
2 2 . 2
ds” = ~cosf dt” - 2sinf dtdx + ceosf dx”. (8.6)

The non-zero Christoffel symbols are

t _ —1 . . 2 - - X

T = 2 “{sinfcosB B,t + sin™ B B,x} = -T £x
t _ =l . 2 - - _pX

T ix 2 {sin"B B,t sinfBcosB B,x} = =T Xx

r* = 2-1{-(1 + coszﬁ) B - sinBcosB B _}
tt 't ' X

rt - 2" (sinBcosB B , + (1 + cos’B8) B _}.
XX [t IX

There is only one independent Ricci tensor component

(Weinberg, 1972),

- -1 2 - 2 a3 )
Rtt = 2 cosB{(B,x) (B,t) + s3inB B,tt
- sinfB B,xx + 2sinB B,tﬁ,x - 2coshB B,tx}’
and
R = - R
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Rtx = tanB Rtt .

The scalar curvature is

s _ ) 2
R = SlnB[B,xx B,ttj + 2cosB B,tx + cosB[(B'x)
2 .
- (B,t) ] = 2sinB B,t B,x
which can be written more compactly as
R = (COSB),tt - (cosB)'xx + 2(51nﬁs)’tX . (8.7)

As in higher dimensions, the velocity vector is chosen

to be

It can now be easily shown that, for the metric given by
equation (10.6), the energy conservation equations,
ap

T g = 0, reduce to
1

a _
T, 5 =0 (8.8)

Substituting for the velocity components, these

conservation conditions given by (8.8) can be expressed as
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+ si -
+ p'x sina cosa (u p)’t

+ sinza (B - p),x = 0 (8.9)

2
+ p't + cos“a (p - p)’|

+ sina cosa (L - p) < = 0. (8.10)
[
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(8.3) The De Sitter Kink Solution.

Using equation (8.7) to substitute for the scalar

curvature, the field equation (8.1) can be written as
(COSB),tt - (cosfi»)'xx + 2(smf5),tx -0 =81G(k - p) .

If p = -y is chosen as the equation of state, the energy

conservation equations (8.9) and (8.10) reduce to

bBe=Hyx = C.
Therefore any solution with an equation of state p = -u
must have p and p constant. The field equation is now

(COSB),tt ~ (cosB) + :a(smB)'tX -l = -167Gu < O.

, XX
(8.11)

The scalar curvature must therefore be constant. That is,

R = (COSB),tt - (cosB) + 2(sinB),tX = constant.

This last equation is satisfied by any of the following

sina = Kx valid for -XK - €« x € K

sina = Kt valid for -K
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cosa Kx valid for —K-1 < X £ -1

K
_ . -1 -1
cosa = Kt valid for -K £t <K

where K is a constant.

If sina = Kx or cosa = Kt, then R = 4K2 and the field

’

equation (8.11) becomes

This solution therefore requires a positive cosmological

constant

Q= 4K2 + 16mGu.

If cosa = Kx or sina = Kt, then R = -4K2, and the field

equation (8.11) reduces to
-4K“ - 0 = - 167Gy

The cosmological constant may be set to zero if the density

is chosen to be

po= K2(4nG)-1.
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Alternatively, if the solution is regarded as an empty
space (u4 = 0) solution, the cosmological constant must be

negative

n

- 4K".

Comparing these solutions to the de Sitter kink
solution in higher dimensions discussed in Chapter %, it is
clear the first is the (1+1)~-dimensional analogue of the de
Sitter kink and the second can be considered as the
(1+1) -dimensional analogue of the negative constant
curvature space-time, the anti-de Sitter kink, discussed

previcmusly by Williams and Zvengrowski (1990).

For the de Sitter kink solution, sina = Kx, the metric
is

as? = -(1 - 2k*x?)at? - 4kx(1 - K%x?)1/%atax

2 2

+ (1 - 2K%x%)ax? (8.12)

valid for -K ! < x < K} and 0 ¢ t < ®. For this de Sitter
kink metric the kink number, given by equation (8.5), can

be shown to be equal to one.

¢, = cosa

¢, = sina

o e v
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and so

¢t¢x,x - ¢x¢t,x

(cosza + sinza) a .
[

=a _.
X
Substituting this last result into the kink number formula

(8.5) gives

.a(w)
N =11 da
o (=)
=7t {7

The kink metric given by equation (8.12) can be
transformed to the usual form of the de Sitter metric

ds® = -(1 - x%a"%)ar® + (1 - x%a"%j"rax? ,

where a is a constant, via a singular transformation, as
was the case in higher dimensions. The manifold can be
extended, in an analogous manner to the procedure described

for 3+1 dimensions, to form an n-kink metric by writing
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x = K Ysin(ne/2)

where -7 < 6 < 7. The metric now becomes

-cos(ne) at? - nk~1

+ 471 n%&”

ds

I

sin(n8) cos(n8/2) dtde

2 cos (ne) cosz(ne/Z) dez.

This is analogous to the "onion" extension suggested by

Finkelstein and McCollum (1975) in 3+1 dimensions.



CHAPTER NINE

FRIEDMANN-LEMAITRE-ROBERTSON-WALKER KINK SOLUTIONS

Introduction

A solution in 1+1 dimensions that is locally
transformable to one of the (1+1)-dimensional analogues of
the Freidmann-LeMaitre-Robertson-Walker (FLRW) solutions is
demonstrated (9.1). The actual transformation of this 1+1
solution to one of the Friedmann-LeMaitre-Robertson-Walker
metrics is presented and the properties of this solution are
discussed (9.2). Analagous solutions in higher dimensional
situations are found (9.3) and the transformation to FLRW
form for the 3+1 case is discussed (9.4). The kink number
for the 341 kink metric and the corresponding FLRW metric
are found (9.5). The Riemann tensor components (9.6) and the

Killing Vectors (9.7) are also found for this 3+1 case.

227
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(9.1) A Friedmann~LeMaitre-Robertson-Walker and Minkowski

Kink Solution in 1+1 Dimensions.

A soluticn found previously in 3+1 dimensions was given

by equation (4.16). The solution is

tana rt ~.

This (3+1)~dimensional solution will be discussed in
section (9.3). By analogy with this previously found
solution, a possible solution of the 1+1 theory of gravity

discussed in chapter 8 is

fl

tana = xt~ (9.1)
The angle a is only well defined for all x when t = ¢. The
spacetime manifold is therefore assumed to be the upper
half plane, t > 0. The scalar curvature can be found from
equation (8.7)

R = B - B + 2(si .
(cos ),tt (cosB) (51nB)’tx

, XX

When tana = xt~ %

, the scalar curvature can easily be shown
to be zero. The field equation, using equations (8.1) and

(8.3) can be written as



229

R-0=8nG(p - u). (9.2)

Equation (9.2) shows that this possible solution must have

if 0 is chosen to be zero.

The energy conservation conditions for a perfect fluid

are given by (8.9) and {8.10). When p = u they reduce to

I}
o

px-zpa’t

’

I
(]

+ 2p «
P’t P , X

If tana = xt~ !, it is easy to show that

rt? + r3)7?

R
It

tt? + ¥t

R
i

and so the energy conservation equations can be written as

—t(tZ + x?)"1

-x(t? + x5t .

These last two equations clearly have a solution



230

p = (&2 + x4)71 .,

It is also clear that p = ¢ = 0 will also satisfy both the

field equation and the energy conservation equations. The

-1

solution tana = xt may therefore be regarded in two ways:

as a flat empty space (p = 4 = 0) solution or as a flat

stiff matter (p = p = (t2 + x%)” 1) solution.

The metric for this solution is

as? = -(t? - x?) (t2 2 - atx(t? + x%)71

2

+ x5)™1 at at dx

1 2

+ 22 - ¥ 2 + ¥¥) 7 ax?,

(9.3)
valid for -» < x < ® and 0 < t < ©®, This metric describes
four distinct regions as shown below in Fig. (9.1). These
regions are bounded by the lines x = +t along which 6/6t is
a null vector. In the regions labelled II and IV, where

el > |x|,
t is the timelike coordinate. In regions I and III where

el < x|,

X is the timelike coordinate.

R
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The angle a determines the orientation of the light
cones. As Y varies from -« to +w, for any fixed value of
t, the angle a of the light cones changes by m, and so
there is a complete kink present. This can be confirmed by
calculation of tne kink number. Integrating along any
hypersurface t = constant, the kink number formula given by
equation (8.5) shows N = 1 as expected. This is proved as

follows: For this solution

¢t = cosa
= t(t? + x%)71/2
¢x = sina
= x(t? + x%)"1/2
and hence
_ 2 2, -1
¢t¢x,x ¢x¢t,x = (" + x7) :
The kink number formula is
o o]
N=n1t (¢ - a
t¢x,x ¢x¢t,x) X-
-00

For this solution it can therefore be written as
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0
N =n1 t(t? + x2 )71 ax
)
[+ o]
=7t tan™! (xt7Y) |
-

The light cone behaviour of this solution is
illustrated in Fig. (9.2). It is interesting to note that,
unlike previous solutions, the light cone behaviour changes
with the value of t. The range of x needed to tip through
any particular angle increases as t increases. Along the
lines t = ax, for any constant a, the light cones do not
alter their orientation with respect to the axes. However,
the orientation changes as the constant a changes. This can
be seen by substituting t = ax into equation (9.3), which
is

as? = -(t% - x%) (x® +t%)7lat? - axt(x® + t%) laxat

+ (82 - ¥%) (x? + t%)"lax? ,

so that the metric becomes
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as? = -(a? - 1) (a® + 1)7%at? - 4a(a® + 1) taxat

+ (a2 - 1)(a2 + 1)_1dx2.

For a 0 the metric reduces to

ds” = dt2 - dxz.

For a = +1 it reduces to

ds? = +2dxdt,
and as a -> 4o it reduces to
d52 = -dt2 + dxz.

It will be shown in the next section that the stiff
matter solution is locally transformable to a
(1+1)-dimensional analogue of one of the Friedmann-
LeMaitre-Robertson-Walker (FLRW) solutions. These 1+1 FLRW
solutions have been discussed by Mann and Sikkema (1991a).
The empty flat space solution must be locally transformable
to the Minkowski metric. Globaily, however, this will not

be possible.
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(9.2) Transformation of the 1+1 Solution to the FLRW and

Minkowski Forms.

Consider first the stiff matter solution. Under the

coordinate transformation

2 2

=t% + x

T
X = tan"Y(xt™1)

the kink metric given by equation (9.3), defined on

the upper half plane, t > 0, becomes

ds? = -ar? + T2ax?, (9.4)

valid fer 0 < T < o, -7/2 & X g w/2. If the boundary
points X = 4+m/2 are identified, the spacetime manifold of
this metric given by equation (9.4) is the whole plane
except for the origin. This metric is easily shown to have
no kink, when integration is performed along the
hypersurfaces T = constant: By inspecticn it is clear that
for this metric (9.4) the matrices S and Q,'in the

decomposition of the matrix G representing the metric, are
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and

Clearly therefore,

¢p =1

¢y =0

and the kink number formula, equation (8.5), shows the kink

number is zero. This discrepancy in the kink number is

explained by the fact that the manifold over which this

last metric is defined has been obtained from the original

kink manifold by some "cutting and pasting" which homotopy

theory does not allow.

The original kink metric, given by equation (9.3) is

1

defined on the upper half plane r! x R7, or, if the

boundary points x = * ©, where the metric takes the same
value, are identified, on the cylinder R! x s'. The

manifold is foliated by the hypersurfaces t = k, for any

positive constant k, each with the topology of Rl, or of S

1

if the boundary points are identified. Along any such slice
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it is clear from Fig. (9.2) that the angle a of the light
cones turns through 7 radians and, integrating with respect
to x, the kink number N = 1. The s1 hypersurfaces are not

everywhere spacelike.

The metric given by equation (9.4) is defined on a
different R x st manifold, obtained by identifying
X = +m/2 for each T, and is foliated by the hypersufaces
T = k, for any constant k. Integrating now with respect to
X gives a kink number N = 0. Again, inspection of

Fig. (92.2) shows that around the circles

T =t + x2 = constant,

the orientation of the light cones does not alter. The st
hypersurfaces are everywhere spacelike and such
spacetimes do not have kinks (Finkelstein, 1978).

It is important to note that changing the family of st
hypersurfaces will only change the kink number if some
cutting of the original manifold occurs. A change in the
hypersurface decomposition without a change in the manifold

will not affect the kink number.

It is also important that the hypersurfaces over which

the integral is taken to find the kink number are those

e 0 e o e
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labelled by t = constant. This is because the manifold was
specifically chosen with t € R! and x € s so that the
integration is over a hypersurface that is clearly
compactifiable. This will guarantee that the degree of

mapping is well defined. It is not clear that the

1/2

hypersurfaces labelled by T = (t2 + xz) = constant will

be compactifiable.

To summarize, the original kink manifold was chosen to

be RY x s® with t e R! and x € Sl, in particular the upper

half plane, t > 0. It is foliated by the family of

hypersurfaces t = k which are not everywhere spacelike, and

has a kink number of one. The FLRW manifold is R1

T ¢ R and X € Sl, in particular the whole of the TX plane

x st with
except the origin. It is foliated by the hypersurfaces

T = k which are everywhere spacelike, and has a kink number
of zero.

The transformation

T'

T coshX

XI

T sinhX

will transform the FLRW metric

ds? = -ar? + mlax
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to the 141 Minkowski metric

as? = -ar'? + ax'?.

The above transformation was first noted by Bondi (1965).
The empty space flat kink solution given by equation (9.3)
may therefore be transformed locally to the Minkowski (zero
kink) metric via the two transformations

T = (£2 + x%)1/?

X = tan T (xt™1)

followed by

T' = T coshX

X' = T sinhX.

It is also important to note that this solution differs
from the previous solutions discussed in that the change of
kink number under a certain coordinate transformation does
not arise from the transformation becoming singular
(infinite) at some finite point within the coordinate
patch. 1Instead, the change in the kink number is because
of the change in hypersurface foliation of the manifold

resulting from the transformation. A knowledge of both the
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metric and
the manifold in terms of its globally defined hypersurface
decomposition is therefore needed to determine the kink

number of a given spacetime. This has been noted previously

by Unruh (1971).
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(9.3) A Two-Kink Minkowski S8olution in 1+1 Dimensions.

The Minkowski metric expressed in its usual coordinates

is

ds?® = -~ at? + ax°.

The above metric is defined on the whole xt plane and

clearly has a decomposition into matrices S = diag(1,1) and

Q diag(-1,1). The kink number is zero when integration is

performed over hypersurfaces labelled by t = constant.

Consider now the change of variables

rr
i

TcosX

TsinX .

o
it

Under this transformation the metric becomes

2coszx dX2 ..

ds? = -cos2X dT? + 2Tsin2X dTAX + T
It is defined on the whole plane except the origin.
Integration now along hypersurfaces labelled by

T

constant will give a kink number of 2 and the light

b

e s

et e e by

emmant vw i
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cones will rotate through 27. This result is seen most
easily by considering the decomposition of the matrix G,

representing the metric, as follows

-cos2X Tsin2X

G = 5

Tsin2X T cos2X
1 0] -cos2X sin2X ) 1 0‘>
0 T sin2X cos2X 0 T

The matrices diag(1,T) are homotopically trivial as they
can be continuously deformed to the identity matrix. The
"kink nature" of the metric therefore resides in the other
matrix. As the angle X varies from -m to 7 the light cones

will tip continuously through 2w.

This solution again shows the importance of the
hypersurface decomposition of the manifold when determining

the kink number for a given metric.
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(9.4) FLRW Kink Solutions in Higher Dimensions.
In 3+1 dimensions a solution of the metric

ds? = -cos2adt? - 2sinzedtdr + cos2edt?

2

+ r%de? + r sinzedQ2 (9.5)

was ¢given by equation (4.16), namely

tana = rt-l. (9.6)
whence
as? = -(t2 - %) (t? + r¥)7tar? - srt(t? + r?) larat
+ (£ - %) t? + 27t ar? + rae® + rsin®eds?.

(9.7)

Equation (9.6) shows that the angle a is well defined for
all values of r when t f 0. By analogy with the
(1+1)-dimensional solution it is.clear that this solution
may be transformed te one of the usual Friedmann-
LeMaitre-Robertson-Walker solutions, justifying the name
for this kink solution. Equation (9.6) also shows that the
angle a of the light cones changes by 7 as r varies from -
to » (for any value of t) as illustrated in Fig. (9.3).

Therefore it is expected that the solution will have a kink
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number of one. This will be confirmed in the section (9.5).

1 x R3, or if the boundary

points r = 1o are identified, as R1 X S3, where t € Rl‘

The manifold can be regarded as R
The S3 hypersurfaces are not everywhere spacelike.

The fluid pressure can be found from equation (4.8) and

for this solution it is

p = -2(r° + t2) "L,

Equation (4.6) now shows that the eguation of state is

p=—3 “o

It is easy to show that the eigenvalues of the matrix

B are u, p, p, and p. This

representing the tensor ¢
solution therefore obeys the weak energy condition,

which may be stated as (Hawking and Ellis, 1973)

g+ 3p = 0.

Unlike the previously discussed (3+1)-dimensional
solutions, this solution has non-constant energy density
and pressure. However, the pressure is still negative, as

was the case for the previously discussed 3+1 solutions.
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The scalar curvature is found from eguation (4.1):

1

R = 12(r® + t%)71,

and the scalar expansion, given by eguation (3.8), becomes

3(2 + t3)"1/2,

e
Again, this solution differs from those previously
discussed in 3+1 dimensions because the curvature and

expansion scalars are non-constant.

The velocity components, given by equation (3.5), are

ut = er? + £2)71/2
ut = r(r2 + 1:2)-1/2
W =u? =0

The components ut and u’ have no limit as (r,t) -> (0,0).
Also it can be seen that as r => © for any fixed value of t
that

u, =-> 0 ur -> 1

The acceleration vector components listed in section (3.5)

can be shown to be zero for this solution.
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A similar solution also exists in 2+1 dimensions (Dunn,
Harriott and Williams, 1991b). In 2+1 dimensions the metric
is

ds? = - (2 - r2) (2 + r3)7t at? - art(t? + r?)latar

2,.2

+ (2% - £2) (t? +r?) " lar? + r2ae? ,

2 2)1/2

where r = (x° + vy . This solution is a dust solution,

that is, the equation of state is

and the energy density is

po=2(t? + r¥)7L,
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(9.5) Transformation of the 3+1 SBolution to FLRW Fornm.

Under the transformation

T sinX

2]
I

ct
i

T cosX,

the kink metric given by equation (9.7) becomes

2

ds? = -ar? + T2ax% + T2

2

sinzx d62 + Tzsinzx sin“e d@z

(9.8)

which is the usual form of the closed FLRW metrics with
expansion factor L(T) = T and curvature constant K = +1.

It will be shown later that this form of the metric, given
by equation (9.8), has a kink number of zero. The spacetime
manifold of this FLRW solution is R' x s>. It has compact

spacelike hypersurfaces given by
T = constant.
This solution is a rather unusual form of the closed FLRW

models however because unlike most closed models the

universe it describes does not expand to a certain radius
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and then colliapse back on itself. This solution expands
forever but the expansion tends to zero as T -> «. This can

be easily seen by considering

L/L=T .

1

e b S s e ¥ W g R b fr 3 o e 4 o s ttn 5 e W one e coepah
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(9.6) Kink Number Calculation for the 3+1 Solution.

As shown previously, the kink number formula for the
metric given in equation (9.5) reduces to the form given in

equation (6.7), namely

sinza a sin®drdede

’

where @, and @, are the limiting values of a. For the

solution given by equation (9.7),

a, = 11/2’a2 = -n/2 .

The kink number therefore equals one.

If the metric is transformed to the usual FLRW

coordinates, the ¢a are seen to be

¢p = 1

¢i =0

because the matrix Q is diag(-1, 1, 1, 1). The S matrix is
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0 0
2 0 0
T2 5inx 0

0 TzsinZXsinze

and so the Christoffel symbols with respect to the tensor

represented by the matrix S are

orx

XX

X
T
e

Xe
X

r
r
T es

r =14

o

r ®%

T
T
I e
X

Y

e
T 1 44

e =Tiqe =T
= T
= FQXQ = cotX
-sinXcosX
cote
Tsin®esin®x
Tsin®X
~ -sinXcosXsinZe
= -sinecose.

All the terms X% 3 will be zero. However

’
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Non-zero contributions to the kink number formula come from
terms of the form
0ijk 8 T §

(04
€ o XIx° % X
B

¢ aBré 3% |k

However, due to the antisymmetrization these terms sum to

zero and so the kink number is zero.

This discrepancy in the kink number is explained in an
analagous way to the 1+1 case as discussed in section

(9.2).
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(9.7) The Riemann Tensor for the 3+1 Solution.

The components of the Riemann tensor can be calculated

from the equation (Misner, Thorne and Wheeler, 1973)

a _ nQ _ o a _ 0 a
R BTé8 r BS, T r Br,8 +T Bsr oT T Brr o8’
This tensor has the following symmetries
a - _p
Rgre = Ropser
a _ L a a _
Rorprs) “Roprs Y Rgpr ¥ Rgsp = O

and so the number of independant components of the Riemann

tensor is 80.

The kink form of the 3+1 FLRW metric is given by

equation (9.6) and is

as? = -(t? - r?) (t? + r¥)7tat? - art(t? + r?)"larat

+ (% - 3y e? + 57T ar? + r?ae? + rsineas?.

For this metric, the Christoffel symbols are

t _ st 2,.2 2, -
r e T r r = 2tr (7 + r7)

t _ _ I
r tr =T rr

2

= —2rt2(t? + r?)72



= 2r3 (2
= 2t3(t2
= 2r3t(t

= sinzer

2

+r )-2

+ 1:2)_2
2, £2y71
t

(2]2)

= -rt? - %) (t? + 5"

= sinzer
]

=T v

r
68
-1

=r

= =-sinBcos8

= cot8.

1
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Using these Christoffel symbols, the non-zero Riemann

components are

o
l

ttd

)
1

rté

w
i

rrd
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rre

)
I

tte
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rte
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d
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ere
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ord

d
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¢td

by
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ere

~2r?(r? + t%)”

2tr(r? + t2)~
—2t2(r? + t%)~
—-2r2(r? + %)~
—2t2(r? + t%)~
-2r2(r2 + tz)-

2tr(r2 + tz)-
2

2rsin®e (r? + t3)~

2r?t2(r? + t%)"

23t (r? + t4)

S o
sin 6R ere
2..T
®R ote

—2r3t(r? + t?)

sin

2

2

2

1

2

2

2

2

2

2

1
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t _ 4, .2 2,-2
R ete = 2x (r” + t%)

t _ 2.t

R red - sin“6R ere

t _ 2.t

R 3te sin“8R ote"

If the kink form of the metric, given by equation
(9.7), is transformed to the usual FLRW coordinates it

becomes

as? = -ar? + 72ax% + T?sinxde? + T?sin®xXsineds?.

In these coordinates, the nonzero Christoffel symbols are

Mg = Tope = Tlqe = T 0
PTXX =T
18y =Ty, = cotx
Pxee = =-sinXcosX
FQGQ = cots8
PT§Q = Tsinzesinzx
PTee = Tsinzx
Fx = -sianosXsinze
¢ .
F9§Q = -sinécose

and the non-zero Riemann components are

—2sin2X

e
|

66?

Ryxe = ~2



A s emthemn b ok

Ne

L WA G B Tt e SR e By W B

L.

257

RG,xxe =2

ReéeQ = Zsinzesinzx
Rxéx@ = ZSinZXsinze
R¥yg = 25in°X.

All the nonzero Riemann tensor components are well behaved

for all points of the manifold.
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(9.8) The Killing Vectors for the 341 Bolution.

Killing's Equations for the 3+1 FLRW kink metric of

equation (9.6) are

2

2
By

2, 2 2, - 3,.2 2, - -
“t,t 2tr(r” + t7) 2r  (xr™ + t7) By = 0

2, 2 2, -2
“t,r + “r,t + 4rt”(r” + t%) By

+ atrd(r? + t%)7? b =0
bt g T Hgy =0
Fe g THy e =0
by - 2t (r? + £%)72 py - 2rt? (e 4+ £%)72 b =0
Fre T He r ~ 2™ pg = 0
oo T He r ~ 2r- kg =0
bo 6 —2r?e(r? + £2)71 B + r'(t2 - + T =0
“e,@ + quQ - 2cote uQ =0
PP sinecose pg - 2sin®er?t (r? + £2)~1 e

+ sin%er(t® - rz)(r2 + %)t B, = O.

R |

i rerrinres mrveeone b o

—

S

AT bttt o ko - i o i e e 5 3 S b . i i At e . i B 8 ot

P

PN

ottt g e
e s ae W

i b W b
e ks

Y.
3hep;

"
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These equations admit six Killing vectors

b, = §/6%

by = sin® 6/60 + cotBcos® §/8%

ky = cos? §/66 - cotBsind §/69%
b, = -rcos8 6§/t + tcose® §/6r
-tr lsine §/66
by = -rsin@sing §/6t + tsinsind §/6xr
+ tr lcosesing 6/66 + tr ‘cosecBcosd §/8§%
Le = -rsinBcos® §/6t + tsinBcosd §/6r

o + tr lcosecoss §/60 - tr ‘cosecesind §/6%.

The generators of the rotation group SO(3) are Boyr bor Eay

and Ly, bg, Lg are translations.

The ..ngths of these Killing vectors are

2.2
| e, ]| = r"sin%e
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e, || = r?sin®s + ricosecos®s
leql| = rcos?s + rlcos?esin®s
|11 = t? + r?cos?e
Haugl] = t2 + r2sinesin®s
| lugl| = t?2 + r?sin®ecos?s.

These vectors are therefore clearly spacelike everywhere.

Under the coordinate transformation

r T sinX

t = T cosX,

which transforms the kink metric of equation (9.6) to the

usual FLRW form which is
as® = -ar® + T2ax? + Tsinx (d8% + sin%e ds?),

the Killing Equations are

Ko,

i
*-Nh"l“&

ey

-

e e g et A

e e it g i e e

P | %

e e
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Bpx *Tlgqp = 2T "By =0
L + -7 =0
T,® be,T )

i + - 21y =0
T, d bg, ot
Ky x ~Thp =0

“x,e + #G,X - 2cotX kg = 0

”X,Q + “@,X - 2cotX by = 0]
.2 . _
ue,e T sin™X B + sinXcosX by = 0
“e,@ + “@,6 - 2cote “@ =0
2, 0. 2 . .2
u - T sin"Xsin"8 U, + sinX cosXsin' 8
,90 T
“X + s1nBcose “8
= 0

The six Killing vectors are

= §/6®

=
[
|

= cosd 6/68 - cotBsind §/8%

=
N
]
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by = sin® §/66 + cotBcos® &§/6¢

L, = cosB 6/6X - cotXsin® §/686

be = sinBsin® &§/6X + cotXcosOsind §/66

+ cotXcosecOcos? 6/69%

ke = sinBcos® §/6X + cotXcosBcosd §/66

- cotXcosecBsind §/68¢

and their lengths are

||El|| ~ T%sin’Xsin’e

e, || = T?sin?Xcos®s + T’sin’Xcos’6sin’e

| sl ] = T?sin®Xsin®® + T sin’Xcos’ecos®s

e, |l = T?cos?e + T?cos®Xsin?e

Hugl] = T2sin%esin®s + T?cos®xcos?esin?s
+ T2c052Xc052¢

llg6{| = 7%sinecos?s + T cosXcos?6cos?e

+ TZCOSZXsinZQ.
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As required, these lengths agree with those found in the

(t, r, & ,%) coordinate

| [r6l]

The linear independence

established.

system. For example,

2sinztb

2

t2 +r

szinzesinzé

T®cos?X + T sin
T2c0s2X + Tz(l - COSZX)Sin2951n2@
m2sinesin’s +

2cos?X(1 - [1 - cos?8][1 - cos’%])
T%sin%esin’s + T2cos’Xcos?e +

2 2

T2c052Xcos 8sin“d.

of these Killing vectors is easily
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(9.9) A Minkowski Two-Kink Solution in Higher Dimensions

The two-kink Minkowski solution discussed previously
clearly extends to the (2+1) and (3+1)-dimensional

situations. The usual 3+1 Minkowski metric is

as? = -at? + ax® + dy?® + dz° .

Under the coordinate transformation

t =t
X = rcosdcose
y = rsingcose
Z = rsine
it becomes
d52 = -dt'2 + drz + r2d62 + rzsinzedé‘

Under the transformation

tl

TcosX

TsinX

2
I

it becomes



[

IR SRR

2 cos2X dX2

2 2

ds2 = -co0s2X de + 2T sin2X dTdX + T

2 2

+ Tzsin X d82 + T° sin“X sin“e déz.

As discussed previously for the (1+1)-dimensional case,

this metric has two kinks.
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CHAPTER TEN

OTHER KINK BOLUTIONS

Introduction

Kink solutions found in Chapter 5 are briefly discussed.
The first of these is another form of the de Sitter kink
(10.1). Two further perfect fluid solutions b
(10.2) and (10.3) and an imperfect fluid solution

(10.4) are also illustrated.

266
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(10.1) Solution I

Solutions of the field equations for the metric given

by

= ecsinza - encosza
Tt

ir = -(ea + en)sinacosa

9. = e%cos?a - efsina (10.1)
900 © e'x?

95 = e"r’sin’e

were found in chapter five. Such a solution was given by

equation (5.8) for which

and

2

sina = 271201 4 cr? + pr + my1/2 (10.2)

where C, D, and H are constants, with C > 0. There is
considerable freedom in choosing the values of these

constants. For example, requiring that

sing = 0 at r = 0
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means that

and requiring that

latr=R_>0

sina

o
forces
2
CR + DR - 2 = 0.
o o
This last quadratic has soluticns
R = (2¢)"Y(-D + (D% + sc}i/?y.

(o]

The constant C > 0 and so a positive and real R, will be

obtained 1f the positive square root is chosen.

For example, selecting

and substituting into eqguation (10.2) gives




T
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i/2 1/2

sina = (2) " Y?[r + r?)

To ensure that |sine| < 1, this last result leads to the

restriction
0<r< 1,
where
sina = 0 at r =0
and
sine =1 at r =R =1.

With these choices of D=1 and C = 1, the metric is now

2

as® = =(1 - r - r?)at? - 2(2r + r? - 2r® - vy 2a¢ar
+ (1 - v - r?)ar? + ae® + sin’eds?.
For this solution
gtt = Giy = r2 +r -1
gtr =gy, = -{2r + r2 - 2r3 - r4 )1/2
rr 2
9 =gy =1 - F T T Gy
88
9 =9 =1
3¢, -1 2
I55 = (g ) = sln 86 .
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The non-zero Christoffel symbols are

t _ T _ -1 2 _ .3 _ _4,1/2
r e = r er = 2 (1 + 2r)(2r + r 2r r)
t S o - pr - »=1 .3 2 _ . _
Trep =T =T =2 (2r +3r r - 1)
- =4
rtrr =27 2 + 2r - 522 + s5r® + 2r°) (2r +
r?2 - 2p3 - p4y2/2
Fe = - sinBcose
]
¢ —
T 0 = cots.
It follows that
R, =rl+r-1=g, =-g
tt tt rr
- 2 _ 3 _ ,4,1/2 -
Rtr = -(2r + r 2r r) gtr
— - - 2:
Rrr = 1 r r Ipr
Rgg = 1 = 9gg
R = sinzé =
LY 958 '

so that the solution is an Einstein space.

The Ricci scalar, calculated from the egquation listed

in section (5.1), is
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2

2 2 2 1 14
R= (gpe) + 2(9¢,)° + (9.)° + (9g9)° + 9" 9,

= 4

The equation of state for this metric is

With the above choice of C

]
[}
r'-
oy
[N
0
1]

2
=
[+
(-f
-
o}
3
o}
Fh
0n
r'-
o)
rf
o
-
0

The fact that this solution is an Einstein space and
has a constant scalar curvature and constant energy density
suggest that it may be a form of the de Sitter kink. The
usual transformation to remove the cross term drdt is

obtained by finding a function f(r) such that

t' =t + f(r)

-1

£1(r) = gy (Fee) "

For this solution,

3

£1(r) = (2r + r® - 2r° - £ 1

1/2(r2 +r - 1)

(10.3)



272

where 0 L r < 1.

This transformation will be singular because

i
o

r "+ r -1
at

r= ()31 4+ 592y = 0.7

which is within the allowed range of r.



(10.2) Boiution II
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Another solution of the field equations was given by

equation (5.9) for the metric of equation (10.1). This

solution is

and

sina = (Cr2

This last result can be written
L2
sin“a = tanh(,
with 0 is chosen such that

- = cr? + pr + H.

+Dr +H + ey (e + e

n

)

-1

(10.4)

The constants C, D, H must be restricted to ensure that

|sina| < 1,



but there is considerable freedom in doing this. For

example, if

sina 0 at r = 0,

then the constant H must be chosen so that

If

sina -=> 1 asr -> 1
then

C+D=-1 1f H=1
and

The constant C can assume any positive value. Therefore,
without loss of generality, C = 1 can be selected.
Substituting into equation (10.4), C =1, H=1 and D =
gives

2

sin“a = [1 - (r2 - 2r + 1)2][1 + (r2 - 2r + 1)2]_1

274
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valid for

With these choices for sina, H, D, ¢ and 1, the metric

given by equation (10.1) becomes

as? = (r? - 2r + 1)at® + 2(8r> + 8r - 12r% - 2r%)/2gtar
- [1 - 2(x2 - 2r + 1)%[x? - 2r + 177 %ar?
+ de? + sinZeds”.

which is valid for 0 £ r < 1.

The other possibility, when C = 1, H = -1 and D = 0 are

selected, gives
2.-1

sina = 1 - (r2 - 1)2][1 + (rz— 1))

valid for

For this last form of sina the metric is
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2 2 2)1/24,4¢

ds? = -(1 - r?)at? + 2r(4 - 2r

+ [1 - 2(r® - 1)2%y(r? - 177%ar?  + rae?
2

+ r°sin“eds?.

The equation of state for both of the above metrics is
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(10.3) Solution III

Another solution of the field equations for the metric
given in equation (10.1) was found in chapter five. As

stated in equation (5.18) this solution is

T =20
o= -0 (10.5)
Iep = e Msin%a - ePcos?a

= sin?‘a(en + e -GN

=37 -1 4 Mt

where L is an arbitrary constant. Eguivalently, rearranging
the above equation, it can be seen that a consistent

solution requires

1 9} f1.-1

sina = [37TLr? - 1 + Mrt o+ efy(ef + 7
There is considerable freedom in choosing 1, L and M while
still ensuring the required behavicur of the function sina.
For example, choosing 1 = 0 leads to the de Sitter kink (if
M = 0) and Schwarzschild kink (if L = 0) both of which were
discussed previously. However if

-0 2

e o 1?2 -1 4 me?
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is chosen then

2

sin“a = tanhf.

With this choice, the constants must now be restricted to

ensure that |sina! < 1. Selecting
sina = 0 at r =0

requires

and choosing
sing => 1 as r => 1

requires

Therefore, with these choices,
2 2,2.~1

sin®a = tanhQ = [1 - (1 - r2)%)[1 + (1 - r?)?]

valid for



and the metric is

2

ds

211/ 280t

= (r2- 1at? + 212(1 - (% - 1)
+ [1 - 2(r%- 1)2y1r? - 177 Yar? + r2qe?

+ rzsinzedéz.

279
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(10.4) Imperfect Fluid solution I

An imperfect fluid solution of the metric given by
equation (10.1) was found in chapter five and given by

equation (5.27). This solution is

where N is a positive constant and

sin®a = (2N%) le™2NT _ 2-1Uexp(i21/2Nr) ,
where U is any constant.

To ensure sina = 0 at r

"
o

is requirzd, and now

-1
sinza = (2N2) 1[exp(ZNr) - exp(ileZNr)]
cos2a = 1 + N-Zexp(izller) - N %exp(2Nr).
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The expression for sina is an increasing function of r and
reaches 1, at some value of r = Rl' when

1/2 2

exXp(2NR.) -~ exp(+2 NR.) = 2N
1 1

The equation of state with n =0 = 0 is now

b+ pp - IO+ 282 = 0

Substituting for Pp — Z6 from the Gee field equation
produces an expression for u
= 2 -1 2
g == 2N - 2 " (cos2a) r + N{cos2a) - N%cos2a
[ r Ir
= exp(2Nr) - (2 - 23/ %yexp(+21/%Nr) - 3N2

This is an increasing function of r and so will be positive
for all r if it is positive at r = 0. This function is

positive at r = 0 if

1/2 2

-1 + 2 - 3N° > 0.

That is, if,

The metric is now
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ds? = -[1 - N 2exp(2Nr) + N 2exp(+2}/?Nr)1at?

1/2 2

- 2{-N"%exp(4aNr) - N Yexp(2nr21/?) + 28 2exp(2Nr)

-2exp(i21/2Nr) + 2N-4exp(2Nr + 21/2Nr)}dtdr
+ [1 = N %exp(2Nr) + N 2exp(+21/2Nr)jar?

+ exp(-ZNr)de2 + exp(-ZNr)sinzedw2

which is valid for 0 < r < R, with R, is defined by

1/2 2

exp(2NR1) - exp(+2 NRl) = 2N".

The constant N may assume any value in the range

NZ < (2172 - 1)371,



CHAPTER ELEVEN

CONCLUSIONS

Introduction

The work of this thesis is summarized (11.1) and a

discussion of future work in the area is presented (11.2).
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(11.1) summary.

This thesis reviewed the work of Skyrme, who first
noted the kink-like structures in certain non-linear scalar
field theories. Previous work on kinks in general

relativity was also reviewed.

The general form of a kink metric was derived and
various kink solutions were found using this form. These
are the first exact kink solutions of the Einstein field
equations published. Several of these solutions were
discussed in detail, and their relationship to familiar

solutions of the field equations was demonstrated.

The formula to calculate the kink number for any
metric, introduced by Skryme was elaborated. The formula
was stated in a covariant form and the kink number of
various solutions were found. The kink number of these
solutions was demonstrated to be the same in several

coordinate systems.

Analagous kink solutions to those found in the usual
3+1 dimensions were chown to exist in a (1+1)-dimensional
theory of gravity. The lower dimensional theory was
introduced so that in this simpler situation the kink

properties might be more easily illustrated.
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(11.2) Future Work.

At least four areas for future study are easily

identified. These are:

(i) There is a need to find more exact solutions of the
Einstein field equations which are kink solutions. In
particular solutions which have more than one kink and
solutions that have equations of state with positive
pressure in 3+1 dimensions. Other solutions related to
familiar zero kink solutions via singular coordinate
transformations or surgery on the manifold should also be

sought.

Solutions of the general kink metric for which
a = a(r,t) are being investigated. If a = a(r) only, it was
shown that if a perfect fluid form is assumed then the
equation of state must be p = - pu. To find perfect
fluid, positive pressure solutions with this form of the

metric, a = a(r,t) is required.

The solutions listed in chapter 10 are being further
investigated to see if they are related to well known

solutions.
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(ii) This thesis concentrated on kinks in general
relativity on manifolds that are assumed to be r! x R® or
on R1 X S3 if the boundary points are identified. Kinks are
knowr to exist on more complicated manifolds. The kinks
studied in this thesis are known as kinks of type 2. Kinks
of type 1 on more complicated manifolds also exist and have

not been studied in detail.

(iii) More work may need to be done on the kink number
formula. It is not clear that in its current form it will
be sufficient to calculate the kink number of kinks defined

on more complicated manifolds than those studied here.

(iv) Solutions of the Einstein field equations using the
stress energy tensor of the electromagnetic field might be

investigated. Also vacuum expectation energy solutions

might be of interest.
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