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Abstract 

Let P be a sin.ill pietopos. Makkai showed that the pretopos (i.e. ihe language) cun 

lie recovered from the category of models of the pretopos (i.e. Set-valued functors 

preserving the prelopos structure). The realization thai ultraproduet functors can he 

expressed as composition of functors on categories ol sheaves over topological spaces 

opens ihe door for using continuous families of models, that is. categories indexed 

over topological spaces. 

We iatr.iduce a special kind of category indexed over topological spaces in which it 

is possible to define ultrapioduct functors. This involves continuous functions ,/ : V —> 

A for which the functors / , : Sh{\ ) —> Sh{X) preserve the pretopos structure We 

give a characterization of such functions. Each of these indexed categories produces 

a pre-ultracalegorv in ihe sense of Makkai. 

We also consider the 2-adjiinctioii PEETOP' 7 CAT and the 2-monad 
Mod(.) 

it generates. We show that each algebra for this 2-monad carries a pre-ultraeategory 

structure as well. We induce another 2-monad over the category of algebras and show 

that these new algebras carry the structure of ultracategories. 

We combine both approaches by defining a 2-adjunetion over the 2-category of 

special iml. \ed i ategories mentioned above and show that the corresponding algebras 

also carry ultraeategory structures. 

Finally, aiming at giving filtered colimits a bigger role in the picture we generalize 

a theorem of Leuv, namely, that indexed functors from the indexed category that has 

the category f sheaves ,S7i(A") over the topological space A\ to ilself is equivalent to 

the category of filtered colimit preserving functors from Set to itself. 

VI1 
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Introduction 

The coiicepi of pretopos was introduced by (irothendic K in [lj in relation with co 

licrent ti.poses. A pretopos is a . a'egory with finite limits, siiiet initial object, stable 

''isjoint finite coproduct;; and ;table (piotients oiequivalence relations. Functus be-

twc'ii pre'oposes that preserve ihe pretopos structure are called elementary. Small 

ness is also re'iuired in [lj but we allow our pretopos to be 'big", ;-u fo' example 

the cat.-gory Srt of sets is a pieoinos. Makkai and Reyes in [IS] study the rela 

tion between coherent theories and pretoposes. 'I hey show there how to construct 

a small pretopos '"or any <ohetent theory that cssenthlly codifies the information - i 

the theory in the sense that the category of models tin the coheient theoiy and the 

category of" elementary fun • tor.-, from Ihe pretopos are equivalent. 'That is we can 

replac- the theoiy hy the pretopos. I h e construction of Ihe pretopos involves as a 

first st,.p the construe!ion of a logical category. A category is logical if it has finite 

limits, stable finite sups of subolijects and stable images. This logical category can 

also replace the theorv. however there are two good reasons to use pretoposes instead 

of logical categories. The first one is thai there is a criteria to determine whether an 

elementary futicter between pictoposes is an equivalence (see 7.1.S in [IS] or Lemma 

1.15 below). Ihe second reason is the so called conceptual completeness: If an el-

emei tary F : P —f Q between pretoposes induces by composition an equivalence 

M.idlQ} —» Mod{P) then F is an equivalence (see 7.1.S in [IS] or Theorem Lib 

below). Here Mod(P) denotes the category of elementary functors from P to Set. 

There are some questions to be asked in this context. One is whether it is possible 

to n cover the language from the categoiy of models. Another one is under what 

conditions a categoiy iu a category of models. On the one hand we want to recover 

1 
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t he pre topos P from t h e ca tego iy Modi P) and on ihe othei we want to find < «»n 

ditioiis on a category .4 for it t o be of t h e form Mod{P) for c otne small pietop-is 

P. Th i s resenibles foi e x a m p l e t h e well known ( iabr ie l I ' lmci du .d i i \ (see [17]) in 

which we have equivalences C -+ LFCi LEX(( ', St t\. Set) (<-• „>, mail left e \ a . t 

ca tegory C and A —> LEX{LFC\A. Set).Set) for a in loeallv l in i teh p resen tab le 

ca tegoiy A wheie LEX dei iole the cateuoiv of h ft exact ( a t e»o l i e - ill t he -e, olid 

universe and LFC is t h e cateyoiv ot ca legoi ies with small Hunts <tnd sm.d ' filteied 

( o l i m i t s i n i h e second universe. Makkai in [15] pmci s one half of tIn above .,,ialitv 

foi p re toposes . Xot ice fits* thai in t h e equivalent e C - • L FC\ L E X \( ' . SetL Se* ' 

what is done is to consider Mniclois LEX(C.Set) >• Set and add condi t ions u l l 

t h e m ( the LFC part I to cut down to i h e ones that a l e of t h e foim < " foi some- i 

in C. For p re toposes we h a w to l e p h n e L/."XtC. Sct• by Mud P\. Mod* P\ has 

filtered col imits and thev a le calculated as in Set , I lowevi i we -an nol in geiieiai 

gua ran tee t h e exis tem e of a m olhei kind of limit s oi l o l imi t s . Wha t ( an be used 

is ano the r cons t rue ' ion that is also point wise, uamelv t h e u l t i ap rod iu 1 c ."est met ion, 

( T t r a p r o d u c t s are mixed l imi ts (filtered col imits of p i o d u c t s and the i " io re h . t v verv 

few canonical ar rows, as opposed to honest l imits or col imi ts . In J ' 5 | he part c o n e 

spond ing to LFC is taken bv ultrai a touoi ies . An u l l laca te»oiv is ob ta ined in two 

s teps . First a pre u l t r aca tegory is ,i ca te»ory A t oge the r with •• functor [lf\ : A — A 

for every ultrafi l ler [l.U). Functor" be tween t h e m have t rans i t ion i somorphism re

la t ing the cor responding functors of tl • foim [tt . The concept of u l t r an io rph i sm is 

in t roduced to supply enoutdt arrows to and fiom u l t r ap roduc t s , \ t i ul t rai aleuorv i> 

a p r e uhraca tegorv toge the r with u l t i a m o r p h i s m s . 1 his suffice* to p i m an equi /-

a lence of t h e fotni P ~+ I rC{ModjP). Set) vvhele UC deno tes t h e caieuorv of 

u l t rnca tegor ies in [15]. The o t h e r side of t h e quest ion is 1̂ ill open . 

T h e idea that s t a r t e d i his pape r is that we can recov -r ' h e u l t r a p r o d i v t functor 

[If] : Set —> Set for every ul t ra l i l te r ( / . / / ) using categories of sheaves. Specifically 

th ' ' functor [//] is natural iv e<piivaleut to the compos i t ion Set —^ Sin I)—"* s'/;( II) 

— - S e t where M is t h e Stone-Cech compact i i i ca l ion of / , / / : / —• 11 is t he usual 

e m b e d d i n g a n d //* is t h e functor associa ted to t h e con t inuous function l( : l - ; / 

I 



thai picks the ullrafilter U 6 di. So we consider categories indexed over the cat

egory Top of topological spaces and continuous functions. We follow Pare and 

Schumacher [19]. the approach in Renabou [3] is via tibrations. A Top-indexed 

category A consists of a category A^ for every topological space A and a functor 

/* : Ax —» A^ for every continuous function / : ! " — > A' subject to some coher

ence conditions. In particular if we take the category Sh(X) for every topological 

space .V and the usual /* : Sh(X) —• Sh(Y) we obtain a Top-indexed category 

that we denote by SET. This category plays the role of sets in Top-indexed cat

egories. /* : Sh{X) —- Sh[Y) is left exact and has a righ' adjoint. Thus /* is 

elementary. We can define then, for every pretopos P the Top-indexed category 

of models of P. We take the category Modsu{X)(P) for even space X and define 

/* : Modih(X]{P) -»• Modsh[Y)(P) ».v composition vvilh / * : S'h{X) --> Sh(Y) for 

even continuous / : Y —» .V. where Modsh(\)(P) denotes the category of elemen

tary functors from P to ,s7/(A"). We denote this Top-indexed category by MOV(P). 

To be able to recover the ultraproduct functors vv> have to take into account the 

functois of the form p, as above. For this purpose we introduce the concept of 

ultrafinite function: A continuous function / : Y —> X is called ultrafinite if the 

functor /« : Sh\Y) —> Sh(X) is elementary. Notice that for an ultrafinite / the 

fund or /* : Mods!^\){P) —> Modsh(y){P) has a right adjoint. Furthermore we 

recover the ultraproduct functors [U] : Mod(P) —> Mod(P) as the composition 

Mod(P)' - = * ModSi,ii){P) - ^ Modsk(,ii){P) — Mod(P). Accordingly we char

acterize those continuous functions that are ultrafinite and restrict to Top-indexed 

categories for which / * has a right adjoint /» for every ul traf ini te/ . Functors between 

these are those that behave nicely with these adjoints. We denote this category by 

COB. With the category £ o we can recover ihe pre-ultracategory structure but 

r 'fortunately it is not enough to recover the general ultramorphisms. 

There is another way to recovei the pre-ultracategory structure via algebras over 

CAT. and with a monad over these algebras we can also recover the ultramorphisms. 

Set1-* 
(Wside r the 2-monad T generated by t he 2-adjunction PRETOP4 * CAT. 

Mod(.) 
We can define a functor T-ALC —> PUC where TALtt denotes the 2-eategory of 

T-algebras and PUC denotes the 2-eategory of pre-ultracategories. We obtain -iii-

i P 
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T-AL(!(-,{Set,*)) 
other 2-adjunction PRETOPr*— ZZZZ ~T-AL(i where 4>P and * are 

(Afcrf(_),*ui) 
T-algebra structures we define below. Let S denote the 2-monad generated by this 

adjunction. We can define then a 2-fundor S-AI,(! —> UC where UC denotes the 

2-category of ultracategories. 

Our proofs about algebras are based on the following observation. Suppose we 

have functors H : A —» B. H : B -* A and a natural transformation 0 : IUI —> 1^. 

If B has a functorial weak initial object then A has a functorial weak initial object 

as well. A functorial weak initial object is a weak initial object with a functorial 

choice of arrows from it to any other object. When the natural transformation 0 is 

an isomorphism, the existence of functorial weak colimits in B implies the existence 

of functorial weak colimits in A. It is well known that colimits exist if th-- category 

has functoiial weak colimits and split idempotents. In this context it is easy to see 

that A has split idempotents if B does. 

The above setting is specially well suited for aluebras over a 2-monad. If we have 

a 2-monad T — (T. ij.p) over CAT for example and a strict algebra ( A . <I>) then one 

of the diagrams for '!> is 

A 

If TA is a 'good* category then A will necessarily inherit some of the good properties 

of / 'A- In particular the existence of certain kinds of limits or colimits. Furthermore, 

the other commutative diagram for algebras will tell us how to calculate these limits 

and colimits on A: Simply take the diagram over A, compose with r/A. calculate 

the limit or colimit in TA and apply $ . For example consider the 2-monad given by 

the 2-adjunction Set(-] H Set{'] : CAT'1 -> CAT. In this case having an algebra 

structure on a category A implies that A is complete ind eocoinplete. We note here 

that there are some size problems to be resolved. 

One way of trying to settle these size problems and at the same time give a good 

framework in which to at tempt a solution to the second problem (namely charac

terizing those categories that are of the form Mod(P)) is to combine the last two 

approaches. Tha t is, we define a 2-adjunction PRETOP~F" , gfis, gen-
MOP(.) 

I 
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crate the corresponding 2-monad T and define a functor T-AIA1 -> UC. 

Finally, if a closely related development we generalize a theorem of Lever [II]. 

Lever showed lhat there was an equivalence between the categories Filt(Set,Set) 

of filtered colimit preserving functors from Set to Set and Top-ind(SET,SE7") of 

Top-indexed functors from SET to SET. We define a Top-indexed category A 

for every category A with filtered colimits and products by taking eoalgebtas over 

A' ' for every topological space ,V and show lhat we get an equivalence between 

Filt(A.Set) and Top-ind(A<ScfT). 'The defin-thm of the eotriple is veiy similar to 

the one induced by the adjunction Sli(X) " ZSe&'\ This will allow us to prove thai 

whenever we have a Top-indexed functor F : MOV(P) —> SET we have that the 

functor Fl : Mod(P) —* Set preserves filtered colimits. 

The account chapter by chapter is as follows. 

In chapter 1 we review the definition of pretopos and its relation to coherent 

toposes: we consider some properties of pretoposes we will need later, especially the 

ones concerning equivalence relations. We show that for any pretopos P and any 

object / ' in P the category PjP is a pretopos and that for any other pretopo.. 

Q, the category Modq(P/ P) is equivalent to the category whose objects are pairs 

(M.u) with M in Mod(P) and a a global element of MP. We use this description 

to give a categorical proof of the existence of an airow into an ultrapower of another 

model under certain conditions. Finally we give a combinatorial description of the 

left adjoint to the forgetful functor Pretop —> Lex. 

Chapter 2 is devoted to the concepts of ultracategory and ultrainoiphism. There 

we give a proof of Makkai's theorem (the equivalence of a small pretopos P and the 

category UC{Mod(P). Set). We follow Makkai's [15] in this chapter fairly closelv. 

In cnapter 3 we consider categories indexed by topological spaces. We first review 

the concepts of indexed category theory drawing mainly from Pare and Schumacher 

[19] and also from Lever [11], We then introduce the concepts of ultram-ite continuous 

function. The Top-indexed categories that have right adjoints for the functors induced 

by ultrafinite functions are introduced next and are called Los categories. We close 

the chapter with a characterization of ultrafinite continuous functions. 

In chapter 4 we start with a brief review of the folklore of functorial weak (co)limits. 

We then explore the relation between functorial weak (co)limits and retractions of 



(ategoiies We applv 1 hes" n-sults to show that if a left e\ai 1 t a t t g o n C has an alge 

but s tun tine for the 2-monad genet at ( d bv the adpun tion PretopUZZ J ex. then C 

is a pretopos. This points the way to show that the forgetful functoi Pretop —* Lex 

is monadh . Fuithei anahsis of this will have to aw.tit auothei papei. We again ap 

p!v thest lestills to show that algebias tor diffeient 2 monads o\ei CAT have ceitain 

limits and colimits. We consider 'hen in detail ihe two suc<tssi\e monads ol pieto 

poses ovei CAT we are inteiested m and theii lelation with pie ultiac ategoiies and 

ultiat ategoiies. 

Ill ( hapter 5 wee oinbinethe appio.n lies from ( hapteis 3 and 1 bv < let mine <t monad 

c ei thecategorv C o s . We again relate this ( ategoiv of algebias with ultiac tlegoiies. 

In chapter (i we define Top indexed (ategoiies of coalgebias over categories with 

filtered colimits and piodiuts . We geneiali/e the lestill in Level [11] and use this 

iesult to show that anv Top indexed functoi / ' . MOD(P) —• SET satishes that 

I1 : Mod(P) —• Set p iesenes fill ied (olmiits. 
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A W o r d A b o u t Size 

We work in the setting of (Irothendieck universes. That is we fix (Jrothendieck 

universes U\ 6 U2 € U,\. Sets, pretoposes, categories in U\ are called small, 

The categories of small sets, small pretoposes, small categories are denoted by Set. 

Pretop, Cat respectively. We denote the category of sets in U2 by SET, similarly 

PRETOP and CAT denote the categories (2-categories rather) of preloposes and 

categories in the second universt U2 respectively. Then Set is an object in SET. 

SET is not a category in U-2 but it is a category in U:i. 

In this paper it is always assumed that limits and colimits are taken over diagrams 

with small domain. 



I 

Chapter 1 

Pretoposes 

1.1 Definition and Background 

As we pointed out in the introduction the concept of pretopos comes from [I]. In this 

paper however we adopl the definition given in [15] that is ecpTivalent except th.it the 

former definition asks for smallness. 

Definit ion 1.1. "The category P is a pretopos if and only if 

1. P has finite limits. 

2. P has a strict initial object. 

3. P has stable disjoint finite coprodncts. 

1. P has stable quotients of equivalence lelations. 

A functor /'' : P —> Q between pietoposes is called elemental}" if and only if it 

preserves finite limits, initial object, finite coprodncts and cpiotients of equivalence 

relations. 

If we denote the initial object by 0, it being strict means that for every / ' in P. 

an arrow / ; —> 0 is necessarily an isomorphism. 

(Jiven objects (^....Q,, in P, the copioduet is disjoint it for every ,;. k € { l . . . , » } 

j ^ k implies that the square 
,J_ +Q, 

8 

http://th.it
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is a pullback. Given // —> FJJ]=, Qk in P we can form the pullback 

g / t - j — U L i ^ * 

for every k. We say the coproduct is stable if the induced map 

t=i 

it. an isomorphism. It is not hard to see that , if the coprodncts are disjoint and stable, 

then the injections into the coproduct are monomorphisms. 

(Jiven an equivalence relation / ' 7 Q in P. a i/»oflent1 for the equivalence relation 

is a coequalizer Q—- R of / and ;/ such that the square 

f\ ['• 
Q — ft 

is a pullback. I. is si aide if the pullback of r along any arrow A —+ R is the quotient 

of some equivalence relation. 

(iiven pretoposes P and Q we denote by Modq(P) the category whose objects 

are elementary functors from P to Q and whose arrows are natural transformations 

between these. We call Modq(P) the category of models of P in Q. Clearly, the 

category Set is a pretopos and for any pretopos P we denote Modset{P) simply by 

Mod(P). 

Following the notation from [8] (that refers in its turn to [1]), a topos E is called 

coherent if it is equivalent to a category of the form Sh(C, J) for some site [C, J) with 

C a small left exact category and J generated by a pretopology in which every covering 

family is finite. An object Ar in a topos E is called compact1 if every epimorphic 

family {}] —* X}j with codomain A' contains a finite epimorphic subfamily. A' is 

called stable if, for any pair of arrows S —> X <— T with .S' and T compact we have 

that the pullback ,S' x.v T is compact, Ar is called coherent if it is both, compact and 

stable. We have (see 7.37 in [8]) 
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T h e o r e m 1.1. If E is a cnlnnnt tnpos and £?,.„/, is tin full subcatigonj of E of 

cohtrtnt objicts, thai En,iL is «» i ssi ntially small ]>n topos and tin inclusion E,.,h —+ 

E is tlainutarg. • 

(tiven a small pretopos P we can consider the precanonical topology . ' (,/' is gen

erated by the pretopology whose covering families are all finite epimorphic families). 

We have (sec 7,10 h [S]) 

T h e o r e m 1.2. .1 topos E is colnrai* if and only 'f thin i.rists a s.nall i<n)r>pos 

P such that E is iquirahnt to tin cattg^ry Sh(P..I) ir'n n .1 is tin pn canonical 

topology on P. Furtln rnicn , tin pn topos P is dttai.iim I up to muiraii in t hi/ E. 

D 

'The pretop.ts P determined by a col erent topos E is of o u r s e E (,/,. Ivoni 7.15 

:md 7.17 in [8] we have 

T h e o r e m 1.3. If P is a small pntopo'-, ,1 tin pncanoni al topology ou P end ,\/„ 

tin thniaitary fiihc'or .1/,, ~ I P — {SI [P..J)).,h -> Sh(P.J)). thai for a'a-y 

Stt-topos E ,'ht functor Topos/Set{E,Sh(P.J)) -* ModE{P 'Inn assigns to 

M f' 
tvtrg f : E —> Sh(P,.l) tin composition P --—- '>'//( P . . / ' *• E is an < oitiialaict. 

a 
from [18] we krow that Unitary coherent theories .'orre-pond to smaT pretoposes, 

so what the theorem above says is that Sh{P..l) is the classifying topos for the 

coherent theory P over Set, that is Sh{P.J) - SetP]. 

We will have the oppon unity to ..se Deligne's thtoien (see 7.11 in [8]} 

T h e o r e m 1.4. .1 cclnran topes has tnovgh points. • 

As il is pointed out in [••!] Ihe proof , f Deligne's theore n resembles tha' of (lodel-

Hen kin completeness theorem for iinitaiv first-order theoiies This ,s doiu in [18]. 

We will use t i e following resu t as well (see 7.17 in [8]). Recall Ti, ' (in [8]'< 
/* 

notation) a .siirjecfion F —> E is a geom jt -ic morphism FTZZE such that t" reflects 

/• 
isomorphisms (equivalently ,/* is faithliil, equivalently t ic unit for the adjunction 

/ * -if. i s : - O H O (see 4. II h [S])). 

W 
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L e m m a J.5. If a drotlundicck topos E has tnough points thai tlnn ixists a stir-

jtciion Set/1 —> E for somt I in Set. • 

1.2 Some properties of pretoposes 

In this section we include some propeities of pretop >ses we will use later on. Many 

more properties can be found in [18]. Following the notation in [IS] we call a morphism 

/ : A —> li in a category C surjective if for every commutative diagram 

A-
f 

P 

/ 
/ in 

Ik 

with in a monomorphism, in is necessarily an isomorphism. Then an imne" of an 

arrow / : A —> P. if it exists, is a siibobject m : i/():—>B such thai there exists a 

surjective (/ : A —> B{\ with 

,1 B 

9 \ /m 

Bo 
commutative. In a category with pullbacks images are unique up to isomorphism. 

Images are called stable if the pullback of a surjective is a surjective. 

L e m m a 1.6. Lit (\. ..,("„ hi objtcts in a catigory C with fin it t limits and fin it t 

coprodncts. Tin following condition is tquirahnt to JJjJ_j (\ bting stahh. 

For i verii diagram LIjjLr (\—-^-—L)-^—A the squan 

JJLi Pk 

A — 

Un-1 -UU('k 

(A) 

I 
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I-J 

is a pullback. if for t viry k tin squan 

PI:-^C, 

KU h 

is a pullback. Q 

Now. fix a pretopos P for Hie rest of this section. We have (see 3 3.0 in [Is.]) 

L e m m a 1.7. P has stabh imayis. n 

(see 3.3.10 in [is]) 

L e m m a 1.8. P has stablt jinitt sups. • 

(see 3.3.5 in [IS]) 

L e m m a 1.9. (iivat objtcts I\....Pn in P wt hart that for t rtry k tin k-th uijtcttoii 

/I.. : P, —* []"_, P, is a iiioiioniorphi*m. • 

As a matter of fact it can be shown that a category with finite limits, stable finite 

sups, stable images, stable cpiotients of ecpiivaleiice relations and stable finite disjoint 

sums is a pretopos. This is the definition of pretopos given in [Is], From there it 

follows that the definition adopted here and the one given in [1] are ecpiivaleiit except 

for the smallness condition (see the discusioii after definition 3.1.3 in [18] I. 

A , . 
Suppose novv we have a finite tamilv {(/V I K}]L=\ ni P- Consider the pullback 

,. ' !lk-
diagrams 

l> 'llk - n 

L e m m a 1.10. With tin abort notations tin squan 

LI(j,t) l\k 

{kPjk) 

II, Qj ~ 

VJW 
II, Q. i v j 

<</,} 

(X) 
- R 
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Ui 

Is a pullback. 

Proof. We do it for n=2. Since finite coprodncts are stable, it follows from Lemma 

Lb' that for any a : A —> P the following square is a pullback 

(TI . -T , ) (uuUz) 

A P 

where A X/> Q\ is the pullback of y\ along a and A X/'Qi is the pullback of t/j along 

a. For a = (fi'fi) '• QillQ-2 —> P we < a n substitute A x/> (^i with / n LJ/JJI and 

A x P y a with /Vj l IAa- • 

Suppose now that for every A' = 1,..,// we have a pullback diagram 

L e m m a 1.11. With tin abort notation tin squan 

lit 

Lit <ik 

II* 

ph—H 

C A — 7 1 

* • • ' * • ' T T 

— - L i t 

—r— LL 

ih 

Lit !lk 

• sk 

is r> pullback (i.t. Uf. preserrts pullback). 

Proof. In view of Lemma 1.10 it is enough to show that for all k we have Pk ~ 

Qk XTT ,s\ Rk <ind that for j ^ A' we have Qj XTT ^ 7^. ~ 0. For the second one notice 

first that S, XTT S ,S\ ~ 0 since finite coproducts are disjoint, second that we can 

induce a map from Q, Xrj SJ, /r"t to >'j X n S-A ,S\. and finally that the initial object is 
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strict. For the firs* consider the diagram 

1\- -lh Rk 

«/* !!k 

CA 
1QL 

A 
•*>K 

U 

!lf 

>k 

Qk 
A a-

LL *\ 

Since by Lemma 1.0 the injections ar" mono we have that the bottom right square 

above is a pullback, the other thiee squaies are also pullbacks so the exterior one is 

a pullback. Q 

Suppose we have a pair of arrows QZZZZ P in P. Consider the image of (/ . c/) 

Q SLtUp.r 
' • i , / ' . , ) 

R 

We say that (''i.e..} is the relation generated by (/,</)• 

L e m m a 1.12. (rirtn (J » P in P. if tinn txist* an arrow p : P — Q such that 

•" ''I 

fp= l/> and gp = l/> thai tin rtlat/on H - P gtntrattd by (././/) is nfhxirt. 
; • _ . 

Proof. Consider the commutative diagram 

' • i 

Ri 

,* P 

^ ' f l , 
•Q ^-P 

, , \ | l / . 

p 

/ n 
L e m m a 1.13. (lirai Q~^~X P in P. if tin n txists an arrow a : Q -> Q such that 



ir> 

tin diagram 

Q 

!/ " \H 

Q—r+P 

''i 
rommutts. thai tin nlation H I P gt m rated by {f. </) is symmetric. 

Proof. By hypotheses the diagram 

{ T J , ^ I ) 

<A«/) 

commutes. Taking the image of {/,</) twice we get 

Q P , P 

'H 

• R. 

(n\!<7r-i) 

Q 
<A</) 

P -• P 

So there exists a unique cr as shown above such that the resulting diagram commutes. 

• 
Now we have a condition that is enough for transitivifv. C h e n QTIZZ P <IS before, 

''I . . g 

and the generated relation R~ T P consider the following diagram 

T- Pi 

1>2 
h "-•-.. 

Q 

R 

Q—j—R—j^P 

I 
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where both scpiares are pullbaeks. By the pullback projierty we can induce h above 

such that the resulting diagram is also coiimiuKitive. Since surjec lions are siflble ,ind 

t is a surjection it is easy to see that // is ,i!so a surjection. 

J ' l 
L e m m a 1.14. With tin abort ':,fation If ~7 / ' is transitirt tftlnn utsf* an uirotr 

r> 
t : T —> Q such that tin diaqram 

Q~J!!—T 

•Q 

P\ 

P 

Q 

p 

com in utts. 

I'/ 'I .SJ . r i s j , j - >,--.>) 
Proof. First we show that the arrow >' *— " "—•-/'• P • / ' is a mouomor-

c/ 

phisin. Suppose . 1 IS are such that 
h 

b 

commutc-s. Then clearly (f'i. r>)>-ii/ = (ri.r^.'nh and (,'•]. r.Vsw, = ''/•.. r2}sdi. Since 

(''l-'"^} | s mono vve have .s,</ — sxb and >_.« = .s_./>. Since > is the pullback of r. ancl 

;•„. vve have a — b. Since h is surjective we have a siirjection-mono factori/alion 

7 {fih-m-'ip^ / ' • / • • P 

iir1.s1.rJ.s1.r_..^1 

and using the properties vve are assuming for / the diagram 

( t Pi- 'IPi~ '11'^ f ^LL^iLi -".-.' — p . p . p 

Q •+P • P 
(1.1) " (/-.'/} 

clearly coininutes. Consider the following surjective-mono factorizations 

sJdi^iJ^ir^iLp v p, pJihijLp , /, 

r 
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and 

T' •Q — 

V 

R 

Then bv the conunutativity of 1.1 vve have that 

h 
T -- .s r 

f -' 

c ( n . r j ) 

also commutes. Notice lhat both compositions are suijective-mono, so we can induce 

/ as shown such that both resulting traingles commute. Define i : >' —> R as the 

, u ., ( ,. v' ,. .. . . , 
composition > -—»-( —»- \ —•• n. Now it is easy to see tfiat 

S 

{risi.r2s2) 

R , P x P 

commutes. This is enough for h> - P to be transitive (see exercise (TRAX) in 12]). 

D 

1.3 Conceptual completeness 

In [IS] from any given finitary coherent theory they construct a pretopos that has 

the "same" category of models. This is done in two steps, first a logical category is 

constructed, a very detailecl conslruction of it is given in [()]. The construction of a 

pretopos from a logical category is i he second step. 

The advantage of using pretoposes instead of logical categories is the following 

two theorems from [i8], but first we need a definition (also from [IS]) 

Definit ion 1.2. Given an elementary functor F : P -+ Q between pretoposes we 

sav that 

r * 
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1. The functor F s subobject full iff for even P in P . F induces an epiniorphism 

Sub(P)^ Sub(FP) 

2. The functor F is conservative iif for P in P . /*' induces a mononiorphism 

Sub(P)~> Sub(FP) 

3. An object Q in Q has a finite cover via /*' if there exists a finite family 

{QJ^Q^FRYU 

such that the family {(7, -^* Q}','=i is epimorphic. 

Observe that /•' being conservative is equivalenl in this context to /•' reflecting 

isomorphisms. 

We have (see 7.1.7 ill [18]) 

L e m m a 1.15. If P is a pn topos thai an t It mtnfary functor F : P —»• Q httwttn 

pntoposts is an tquiralt net if and only if it stitisjits tin following thrtt conditions 

1. F is subobjtct full. 

J. /'' is const rvatirt. 

• K F'iry objtet of Q has a finitt cortr ria F. • 

And (see 7.1.8 in [IS]) 

T h e o r e m 1.16. If F : P —> Q is an th military functor httwttn small pntoposts 

such that _ e F : Mod{Q) —> Mod{P) is an tquiralt net tin a F is an tqui 'It net. 

U 

Theorem l.K) is called conceptual eompletoitess. The proof in [18], besides in

volving lemma 1.15. involves soundness and completeness theorems and Los-Tarski's 

theoiem on sentences preserved by structures. 

1.4 Los' Theorem 

A very important example for us of an elementary functor is given by Los' theorem. 

Let ( / , Q) be an iiltrafilter, then vve have the ultraproduct functor Inn TT (-) : Set1 —> 
Ti t ; j g / 

Set. We also denote this fund or by Tii{-)/$ OI' simply by l\g. This version ot Los' 

Theorem comes from [15] 
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Theorem 1.17. (Lou luvortm) the functor Inn U{-) '• Set -» Set is tltmai-
Tgt; j g J 

tary. 

Proof, (sketch) The proof is not hard but deserves some lines, fie; preserves finite 

limils since for every ./ C / the functor l\jej : Set —*Set preserves limits and 

the colimit over elements of Q is filtered. l" ce epimorphisms in Set1 are split, 

we have that Yig preserves epimorphisms Clearly T\^ preserves 0. Finally, given 

(At), (Bt) in Set1, we use the fact that Q is an iiltrafilter to show that the induced 

map 11/ AJO -f 11/ HJQ-* Ui(A, + B,)/Q is onto. • 

1.5 Slice pretoposes 

Let P be a pretopos and P an object of P . We have 

Lemma 1.18. The slice category P/P is a pn topos 

Proof. Since P is left exact then P/P is left »xact. If 0 is the initial object in 

P then 0 —+ P is a strict initial object in P/P. The coproduct of Q—-P and 

r \'i, r\ 
R~— P is Q JJ R~L-—L*-P and is easily shown to be disjoint and stable. If a pair of 

'' • '/ r . . 
arrows t/ZZZtr in P/P with Q-—- P and R—- P is an ecpiivaleiice relation then the 

A'_ h , _ ( 
corresponding QziZZR is an equivalence relation in P . Consider its quotient R—-S 
in P. Using the universal property of the quotient we induce a map S—-P such 

f 
that r -s is a morphism in P/P. This last arrow is the quotient in P/P. Q 

Then we have the forgetful functor P : P/P —> P that has a right adjoint 

AP : P —-> P / P . Given / : # -> 7? in P we have that AP[Q) = wP : Q x P ~> P 

and Xp(f) = f X P. We are ready for 

Proposition 1.19. The functor A/- : P —• P/P is elenuntary. 

Proof. Ap clearly preserves finite limits since it has a left adjoint. Ap(U) = zp : 

0 x P —* P but 0 x P ~ 0 due to the fact that 0 is strict in P . Since binary coproducts 
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are stable and for every Q, R in P vve have that both squares in the diagram 

Q x P
 >QXI\(QUP) x P <''" X P R x P 

*Q 

Q 
>Q 

Tl *"« 

'w 
/r1 

are pullbaeks, we have that (QIJ.iV) x [' - iQ y P)U{R * P)- Then A/- preserves 

binary co])rodncts. The proof for preserving cpiotients of ecpiivaleiice relations is left 

to the reader. • 

For any pretopos A we can induce the functor 

- o A/. : ModA{P/P) -> ModA{P). 

What vve want to do now is to give an ecpiivaleiit description of the category 

ModA{P/P) in terms of the category ModA(P). 

Define the category FIA(< ep) as follows. The objects of EIA{< '';•) fire pairs [M.a). 

where M 6 ModA{P) and a is a global element of MP. that is. a : 1 -*• A/ / ' in A. 

An arrow /; : (A/,«) —* (A,?)) in A7(c rp) is an arrow /; : M —> .V in M o d ^ P ) su-'h 

that the diagram 

1 - — A/P 

h hP 
XP 

commutes. As usual, when A — Set we drop the subscript. 

T h e o r e m 1.20. If A is ., pntopos thtn tin cattgorit* ElA(fep) and ModA(P/P) 

art tqitintltnt. 

Proof.- We define a functor (-) : EIA{CI'P) -* ModA{P/P) as follows. Given 

(A/,o) in FAA(evp) define 0 (A/ ,« ) : P/P -» A such that Q(M,a)(Q -U P) is the 

pullback 

0(M,a){Q-^P) - A / Q 

Mq 

1 .. MP. 

http://QIJ.iV
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and if 

Q 
f 

P 

R 

is a morphism in P/P, we define Q(M,a)(f) : &(M,a){Q - ^ P) -* (-)(A/,«)(Q 

P) as the unique morphh'm that makes the diagram 

(-)(A7,«)(«/) 
(-)(A/.,,)(/) 

commute. (-){A/.a) turns out to be an elementary functor from P/P to A. Now, if 

h : (M,a) -> (M'.b) is in / ^ ( n v ) , then define (-)(/,) : (-)(A/.«) -> (-)(A/',ft) such that 

for every Q —^ 7; in P/P, (")(/')('/) is the unicpie morphism that makes the diagram 

V{M',b)lq) 
\ 

M'Q 
/ 

\Q(h){q) 

0( A/,«)('/) 

,/ 

/ 

MQ 

Mil 

MP 

hP 

M'q 

b 
M'P 

commute. We define now a functor in the other direction. Define E : ModA(P/P) 

EIA((1'F)
 a s follows. (Jiven a model N in ModA(P/P), when we apply N to 

P- PxP 

A2 
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where b~ is the diagonal map, vve obtain a morphism Xc : 1 -* A'( AH I')). We define 

5(/V) = (A o Ap, No). If /•: X - • X' is a morphism in ModA(P/P) then it is clear 

that the diagram 

1 - ^ A ' ( A H / ' ) ) 

A"e\ f 4A, . (P) 
A"(A/.(P)) 

commutes. Define E(k) = kXp : (X o A/., A'cM - • (A" o A/., A'c). It is not hard to 

prove that E is a quasi-inverse for (-). Q 

It is easy 1o see that the forgetful functor FlA(<ep) -» ModA{P). (M.a) >-• M 

is isoniorohic to the composition P / ^ t e/>) -—> Morf /i(P//') - ^ ' ModA{P)-

We use this description to give a categorical proof, instead of the usual model 

theoretic argument, of the following theorem from [15] we will need later. Firsl a 

little notation. Given an iiltrafilter [I.Q), we have the ultraproduct functor 

lit; = lllH LI (-) = Afod( ^' ' -* Afod(P). 
t ^ ' l 6 ; 

If we have a family of models (A/,)/ we denote Lhn EH W ) / l ">* LI/M/t / . When 

we apply this functor to the constant /-family (A/)/ we denote the result by My. We 

denote by c : M —» A/** the usual diagonal morphism. If we have a nionomorphism 

Q>—+P in P and a model M in Mod(P). vve have that A/Q —>A/P. We may assume 

that this mono is actual containment of sets. If we have a homomorphism h : A —* Mu 

and elements a e MP.b 6 XP for some P in P such that hP(b) = cP(tt). then it is 

not hard to see that for every Q-—>P in P , /> G XQ implies a t A/Q. The converse 

also holds. 

Theorem 1.21. Assunu P is small. Let {M,a),{X,b) t= Fl(evp). sttppost that for 

emry monomorphism Q —>P irt hart that b t XQ implits n <= A/Q, rttn //»tr cr/.s-f 

an iiltrafilter {I.Q) and a homomorphism h : X —> M^ such that hP{h) — cP(u). 

We will prove the case P = 1 first 

Lemma 1.22. Let M, X in Mod(P), suppose that for tvtry monomorphism Q>—*\. 

XQ = 1 implies MQ — 1, then tlure exist an ultrnfilter {S,(j) and a homomorphism 

X —* Me. 

f, 
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Proof. Notice first thai the condition of the lemma is equivalent to saying that 

1 must 

»ar. 

lagram 

I-i-*El(X) 

'•d 1 
El(M)—*P 

commutes, where the functors to P are forgetful functors. To show this, consider 

the diagram I •—> El(X) —* P . Since P has finite limits and / is finitely gen

erated vve have that the limit / / in P of the diagram exists in P . It is clear 
("t. e Jvn e / 

that N(l±_w_ P) £ / ; in XP. We have {/»>fhevnp/ € ( / nt XP. Then 

/ / m A7P 4 0. It follows that I i w MP + ty. But an element in / / m MP de 
~» rr;— . ' -*; — . -•— ~— . 
(ft 6 -vri 6 J 

(' .6 JV/'l 6 I (he yn ei 

terniines a F / : / —> El{M) such that the square above commutes. For every J t S 

choose a F , . Given I 6 S, let | ( J ) = {A' G >'|J C A '} . It is clear that ft!) ^ 0. 

(iiven J and / ' in S, Let J be the subcategory of El(X) generated by J U J ' . Clearly 

J e S, and t ( J ) n t ( / ' ) = UJ). Let Q be an iiltrafilter on >' such thai for every I e ^ 

we have that \{I) fc t/. Consider the ultrapower A7^, and del :ne h : X —> A/-' as 

follows. Given h t A"7J consider the subcategory of El(N) that consists of one object, 

(b € A'P), and its identity arrow. Let hP{b) ~ (Ti(b 6 A*/ ,))/e |(j,6/vp). So, vve have 

a function hi1 : XP —> MgP. We have to show that h is natural. Let / : P —> P ' 

in P , consider the diagram 

hP 

Xf 

XI" 

Mef 

hi" M 

Let h £ XP, and let I he the subcategory of E1(X) generated by (b 6 XP) — 
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(Xf(b) € XP'). For every J t Sr we have that AZ/d ' /C ' H AT}) - I7(A' / (M ^ 

XI"). Therefore the previous square commutes. G 

The proof of the next It iiima is easy 

L e m m a 1.23. Lit (M,ti),(X,b) 6 Fl(trp). tin following two slatant nts art tquir-

alatt; 

For t rtry monomorphism Q>—*P, h G XQ implits a e MQ 

For every monomorphism ;•>—>1 in P/P, (-)(A', b)(r) = 1 implits (-)(A/, b)[r) = 1 

a 
Proof of theorem 1.21. Suppose that for every monomorphism Q-—>•/' we have 

that h <E XQ implies a t MP, then, by lemma 1.22 there exist a filter (S.ll) and 

a homomorphism k : (-)(.V, b) —-> (~)(A/,«)''. This corresponds to a homomorphism 

h : X — • AP; such that IiP(b) = rT(</). Q 

1.6 Left exact categories and pretoposes 

It is shown in [18] that given a small site (C \ . / ) with C a left exact category and ./ 

generated by a pretopology (in the sense of [8]) all of whose covering families are finite, 

a small pretopos F[C,.I) can be constructed such that the category Mod(F(C.J)) 

is ecpiivaleiit to Sh(C,d). This is clone by producing first a theory T^cj) sl»("li that 

for any logical category R, JR-models of ( C , . / ) are "the same thing" as R models 

of T(cj) (see ti.1.1 in [18]). From T^cj) a logical category R(C.d) is constructed 

together with a canonical model Mlt : T^c.i) —>• R{C,.I) with the universal property 

that for every logical category R, R models of T(c,.n ai'(> "the same ihing" as logical 

functors from R(C,.I) to R, the passage given by A/,,. Finally R{C,.I) is completed 

to a pretopos F(C,J) and a logical functor A'„ : R{C,J) ~> F(C,J) with the 

universal property that for every pretopos P , logical functors from R(C,d) to P are 

in correspondence with elementary functors from F(C,.I) to P . In panicular, when 

J is generated by the pretopology whose covering families are singletons containing 

isomorphisms a P model of (C,J) is simply a left exact functor from C to P. 

Then the construction described above gives a left exact functor P0 : C —> F{C,.J) 

with the universal property that composition with P0 induces an equivalence from 

Modp(F(C,J)) to Lex(C.P) for any pretopos P. We have a forgetful functor 

P 
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F : Pretop —• Lex. The discussion above gives a small pretopos F(C) for every 

left exact category C together with a universal functor Fa : C —* F{C). This clearly 

produces a left, adjoint for /'". F[C) turns out to be the category (Setc ),.,,/, (see 

9.2.5 in [18]). What vve do in this section is to give a combinatorial description of 

F(C) using only C. 

1.6.1 Coherent objects of Setc 

Start then with a small lefl exact category C. 

Lemma 1.24. A functor F : C v —> Set is a compact objtct in Set° if and only if 

it is finittly gt nt rated (that is, then txisf objtcts (\, ..,('„ in C and an tpimorphisin 

Proof. Suppose F is compact. Foi every x G PC consider i\r^fr) '• C{-,C) —> /'' 

such that T{reFc)C{lc) = J\ Then the family {C{..C) T[**Fn ' F}r(=Fr is an 

epimorphic family. Since F is compact there exist j'i £ F(\,..,.rn € F(\t such 

that {C(_,(\)—^h & '•^*-F}k
i
=.l is an epimorphic family. This clearly means that 

(TU-i,eF(\)) • UkC(-,rk)-~,'F is an epimorphism. 

Assume now that we have an epimorphism (x̂ .) : []£_, C(„(\)—--F and an 
f 

epimorphic family {G'a—^—F}^. Then for every k = l,..,n there exisls some 

Ok and j-jt 6 (TIU<"A- such that fak("k{xk) = rk(\.(lck). It follows that the family 
r 

{(J',K — ^ EYk-i i« an epimorphic family. D 

Proposition 1.25. .1 functor F : Cop —• Sei /.s « coin rait objtct if and only if tin rt 

is a coequalizfr of the form 

m n 

in Setc'"' such thatU"l=i C(_, .0,) IZT LILi C(-<Y) gaieratts an tquimltnct relation 

Proof. Let F in (Setc )C0il. By Proposition 1.24 we can find an epimorphism 

LLLU C ( _ , a . ) - ^ - F . Consider its kernel pair RZZZ UJL, C(_ ,G) . Since /? is 
r-2 
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compact (it is coherent by Theorem 1.1) there exists an epimorphism 

'" ( -I \ 

Uft,/)̂ -/̂ . 
This produces a eocqualizrr diagram 

UC(../^)zz:nc7( ,<\)-~F. 
.1=1 fc=i 

with (ci,7-j) the equivalence relation generated by the pair of arrows on the left in 

Ihe diagram above. 

Conversely, assume TJ"!, C(_. / ) , ) :z£ 0['=i C(-1 V) ~~** F is a coequalizer such that 

. !'i , 

the pair ot arrows on the lett generates an equivalence relalion Rzit U'k=i C*(_, t"/i). 
ri 

Since LI"!.j C(_, / ) , ) and LIl'-i C ( - ( i) are coherent and images in (SetC ' ) /, are cal

culated as in Set ' vve conclude that R is coherent. Since D'l.rjl is an ecpiivaleiice 

relation with coequalizer F it follows that F is coherent. • 

In mark L L Without the equivalence relation condition In Proposition 1.25 vve would 

simply have that F is finitely presentable. So being coherent is a stronger condition 

on a functor /•' that being finitely presentable. 

1.6.2 Free Pretopos Generated By a Left Exact Category 

Considering the previous section, the idea to construct the pretopos from C is to 

characterize the pairs of arrows of the form 

,-=1 k=\ 

that generate ecpiivaleiice relations (that is, that the image of 

m n n 

Ucw),)-+(Ucur,)^(TICL.r,)) 
.1 = 1 k=\ «=1 

is an ecpiivaleiice relation). 
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Notice that an .-.mm- J]'/!, C*(_, l>,\ - X UJL, C(..(\) is a j-family of arrow.s 

{C{.j)J)-Xflc{..rk))^l 
*= i 

and that this in turn rormspoixls to a family of arrows {l)t ~u^CicJ}"Ll. That is "i ~ 

{('(.,/,)),. Or put another way, there exists a function / : {{,'!...,111} -> {1...,//} 

and a family of arrows {/, ; 7>, —* f/(.,}}"!) such that for even',/ the diagram 

C{ . /'.) 

cui)J)~±J^C{..rfu)) 

commutes. Let's start with two functions {l,..,m}ZZZZ{l,..,n} and two families of 

arrows {7', : I\, —> 0(/)Tj'i, and {g, : I), -~> C:l(l]}",L{ 111 C, ami assume thai 

J J C(_, Dj) ZZZZZZZZZZZZZZZZZZZZ JTC(..(\.) 
,=i {'7(;)°£W./>; ft" 

generates a reflexive relation. (Vmsicier then the epi-mono factorization 

We are .supposing Uien t hat (rt. ;•_>) is a reflexive relation. Then there exists an arrow 

T :]\C(„,(\) -» H such that the diagram 

LF2L_, C^(\)—-—— U'U c(-,<\) > \1U cu(\) 

commutes. Since ,1 in epi we ran find a function /•: {J,... 11} ~> {1..., mj and a family 

uf arrow.s {(\.—-D^}'^ such that, for every l\ :l(\{rk) - T(\.(lf\). This implies 
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that for every k, f,(k)rk — \t\ — !l,{k)rk- It follows lhat fr — 1^ ,„) - gr and that 

the diagram 

LILi n-Ct) ±- ULi H- . c j -Lu^L, r(_,/>,) 
y \ 

( C U / , ) ) X (C[ _.,,,)) 

ULiH-JV) 

commutes. Ihe existence of „ coinmutative diam'am as above implies that the i>en 

crated relation is reflexive. We will have to lake care of svinmetrv and tratisitivitv in 

the same way. and show that they work in an\ pietopos. 

For the formal construction that follows we are going to use the concept ot limit 

sketch, for which vve refer the reader to [Hi]. 

Let <5 be the limit sketch 5 = \G. IK I ) . where G is the graph 

/'i j . i i / 

' 1 

Au '/ 

/) consists ot the following diagrams 

0 

Ihn 

and L onlv has the cone 

-^— 1 1 

(I 1 

1 

/ 

i-r" 

oJH± 

Pm 

lir[] 
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We are going to consider models of the sketch S in Setn. (Jiven a model 4> : 

S -> Seta vve are thinking of $(()) as the set {1...,?/} and <f>(l) as the set { l , . . ,m} 

in the discussion above, and f.g and r as the functions with the same names as 

above. The introduction of the pullback $(2) is necessary for transitivity. The names 

in Ihe graph G are not accidental, r relates to reflexivity, x to symmetry and / to 

transitivity. Notice that the diagrams in D that have r in them represent the condition 

on the indexing sets that vve found necessary on the discussion above for the generated 

relation 1o be reflexive. 

For every model $ : $ —+ Seta we can construct a new limit sketch S$ = 

(G*, IU, A*) as follows. The graph Gp has as set of nodes the set $(()) JJ 4>( 1) LI <J>(2). 

To make the notation easier we are going to denote the elements of <i>(0) by the vari

able ,r, possibly with subindexes, the elements of $(1) by the variable ;/ again with 

possible subindexes and the elements of <f>(2) as pairs (//i, //2)- We have the following 

arrows in t/ip 

y-^^f(y) for every y t= <T>(1). 

.</ 
.'/• •$</(//) for every.)/ 6 *(1) . 

,r—-$/•(.!•) for every .r G <f>(0). 

!l-—*$»(y) for every // P <I>(1). 

(!h,U2)—*$t(yuy2) for every (//i,.<y2) € $(2). 

(.'/i,. '/2)-"* (I )(//i.//.') = ,'/i for every (.Vi, cr/2) 6 4>(2). 

(Vii.'/2)—^*/>i20/i./72) = !)2 for every (//i,//a) € >I'(2). 

Notice that we have given the same name to many different arrows, if y\ -f- y, 

f f 
then (((/i -1—- $./(i/i)) ^ (,c/2 — K $f(!h)) so i< will be necessary to specify domain and 
codomain when confusion may arise. 

7Aj, mirrors D in the following way. For every / € $(()),;/ € $(1) and (yi.y2) € 

$(2)) the following diagrams are in I),p. 

4 
x -r* <Pr(.r) 

f 

L- 7 
/9 

t / 

- %(//) 

,/7 
<D.s(.'/) <D.s(.») 



HO 

(,'/l • II2 ) 

Pal 

ill 

( ' / l . ' / j ) " > 

- 7 ^ — * / ( / / ! ) * ' ( '/I • //.! ) Jf— *'/( .'/J 

and for every (r/j, I/J) <£ 4>(2), 7,j> has the cone 

L' / i . . ' / J— 'Iz 

/'111 

<71 

/ 

**/"( ' / ! 

(liven a left exact category C we are going to consider models 1 : iS.j. -^ C. We 

will denote Y{.r) by \\. .r.ilaily V(y) by I'v and l'(//i. u2) bv FVI ,_ 

When vve have a pretopos P instead of just a left e\ai I c ategoiv and a model 

F : S,\. —• P we can induce anovvs r \ t - : U^,j , ( 1 V,, —•> LJ e , j . ( 0 | F, such that the 

diagrams 

17 r, !•/('.) I</ 

' * f t ' . ) I, 

' l ' j ( v ) 

' • I ' / tv) 

(1.2) U«e'Ki) rv ;̂ r—* LLc*iu)l Ll.;<-ni) Tv ;— LI,,=*(„> I \ 

commute. Then we can consider the lelation generated by \Y\r). that is. the imase 

LIvt-KD ' v6<fr(l) ' 'i LI c t ' i i i ) ' i • LI i-.Hci) I 

Propos i t ion 1.26. (lirai a pntopo.-, P, a modtl <1> : 5 —» Seta mid a modtl 1 : 

S,\, —+ P . induct y.r : LL/(=.;,(i) T,, —> LLt'I-fo) L> <ls abort, Hit rtlatum qaitiatttl hit 

(<p. (') r's tin ' qui cult in t rt lotion. 

Proof. Induce/* : LLt,|>(i)) I\, —> LLe,j>(n ''< M1("n t n a t fwreveiv ./• ^ 'I'dll thediaiuani 

r,-

L L e>t>(ci) T J -

IV 
' ! ' i ( j 

' ' I » t > 

Ltve<t>(.) 1 v 

4 

I 
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commutes. Since the diagrams 

F Yr Vr 
• <t>ry) * J- ——"*" 1 $r(.r) 

h \ /\\f IrX Ag 
r r 

commute we have that L?/J = ITI r = i/'/j. it follows from Lemma 1.12 that the 

generated relation is reflexive. 

Similarly induce cr : L j ^ r i ) Vy —> U;/e*(i) ^n S11CU <,ua* w r e v e r >' .'/ € $(1) the 

diagram 
n F.s p 

LI.v€*(i) r,v —; r -* LI 

(•<-) 

,vG*(i) l v — J T * u,/€*(i) '!/ 

commutes. It is easy to show that the diagram 

LIj/6*(l) I v 
/ 

LLe-i>(o) f\ -— LI?/6<t.(i) F.v —?- LIj-<=-t'(ij) I i-
V r" 

commutes. Then by Lemma 1.13 the generated relation is symmetric. 

For x E $(0) denote by $(2),. the set, {(r/r,;/;) € $ (2 i | $ / ( / / 2 ) - .r}. By Lemma 

1.10 vve have that 

LI(.Vl,.V2)e1>(J)r I ji2)ei>(u)tL .VIWJ 
n ('ter^a) 

</»,rpoi) 

Uve*a-'(j-) I V 
(0/) 

tI»e,J>/-V) ^y 

(17) 
" 

— • r . 

is a pullback. It follows by Lemma 1.11 that 

TT r i'y^Pn) _ TT r 
U(s/i,!/2)e*(2)' jaw Ll,ve<t.(i) * » 

(hi^Poi) 

LIye*(i) Ly 
(r</) 

LL-e*(l>) ' r 
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is a pullback. So induce r : U(,n^)e>>(2) 1 7 su ~* live*!!) 1\ S U l 'n * 1*«* ' l ie diagiam 

17 xi , I VI < / ' lV2 -• 
VI 

(.VI. Ui) 

- l*Hyi,in) 

' * ' ( v i , v j ) 

LI(vi.« )6+(J) * W1W2 7= ~* LIi/6.t>(l) ' y 

commutes for every (i/ t , //„<) fc $(2) . It is easy to see that the diagram 

LL/e*(i) 17 
W/'u) 

Llj-t't'tii) 17 •*-

I 

I 7 . 
— LIvF«i>(i)' 'i -

iuJPoi) 
LL>c=*(i 

y 

( 1 ) ' V 

IJj-t't>((l) 1 J 

c'c)tnniutes. Then by Lemma 1.1 1 the generated relation is transitive. 

Now, for a left exact category C the objects of F(C) are pairs of model-

* $ Set D,c>.I. •C) 

a 

We are thinking that the pair (<1>. T) represents the quotient of the equivalence relation 

_!_________ 
generated bv LL,ei>(i) I\, ~, ~ " t LL e.t>(o) Lj . but this is not in C since vve are onlv 

\/.i.,,(.v)F</} 
asking for finite limits in C. 

Now, for the arrows in F(C) we need to retain onlv the information given bv 

/ 
/ and (/. To do this vve consider the graph H — I fl) and regard it as a limit 

sketch where the set of commutative diagrams and the set of limit diagrams are 

both empty. That is, vve consider the skelch 7 = ( H , 0 . 0 ) . We have an obvious 

skelch arrow / : 7 —> <!>. We are also going to use the sketch 7 = (1,0.0) and 
I) 

the sketch niorphisms 2 _ _ £ 7 . (iiven a model •$ : £ —->• Setn »ve can define the 
1 

graph H$ who->e set of nodes is $(1) [ ] <1>(0) and with arrows / : // -> $f{y) and 

</ : // -> $(/(//) for every // _ $(1) . Then let Tj, = (H, j , .0 ,0) . In the same fashion let 

2*0 = (i-",t,o,0,0) ami 7,|,i = (i_".i>i.0,0) where i_"*u is the discrete graph with nodes 

4>(0) and __"*! is the discrete graph with nodes <J>(1). We have the obvious sketch 

arrows 7$ —• S$,I$o —> 7* and 2<j>r —> 7i>. 
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(Jiven models $>, ty : S —> Sef0. an arrow h : <!>/ —> tyi of models induces an 

$ r 
obvious /t : 7$ —>• 7*. Suppose we have two pairs of models (S —~ Seta,S$—-C) 

* A 
and (S—+ Seta. Sty—*C) and a pair oi arrows ot models 

(1.3) 

7 1 » S % ' • S.x 

<5 - • - T, • •• Seta 'Ttjf • <5.p 

<r\ C 

A 
1. 

* 

Let's take a closer look at what these arrows aie. h is a pair of functions mailing the 

diagram *(7) 
<!>( 1) zzzz^zzzzzzzt *(()) 

At) 
*(.'/) 

* ( / ) 
hi 

*( / / ) 
^ *(0) 

secpieulially cominulalive. Then tr gives an arrow n.r : F,. —> A/,U(.,) in C for every 

.(• t <I>(0) and an arrow cry : Fv —> A/,i(,] in C for every // € <I>(1) in such a way that 

the diagram 

1 *.;(y) 
17 

- c, */(») 

^ </0y) (T// 

^*..»(/.i(»)) * 3 r - -̂ ''»(w) —±y • ^ * / ( / i i ( - ) ) 

commutes for all // € *e(l). What this represents in our inloimal discussion is a 

sequentially commutative diagram 

LLt.(i) T;, I t LI•!>(()) TJ-

('/,i(,)cn/) 

LIiji(i) A j,/ 

(4i)<J-)<
T-<") 

i t LIvji(i) Aj./ 

that would induce an arrow between the coequalizers. There is. of course, no unique 

way to induce arrows between coequalizers so vvj will need equivalence classes. The 

definition is as follows. 
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(iiven a left exact category C let F(C] be the category whose objects are pairs 

$ 1* 
of models (S—"Seta, S,p—*C). A morphism 

(S-5- Seta,S.p -1* C) -> {S-^ Set^Sn, - ^ C ) 

is an equivalence class [(/>,"")] such that [h.rr) are as in 1.3. The ecpiivaleiice relation 

is defined as follows, (h.rr) ~ (k.r) if Ihere exist morphisms of models d and ĉ  

I - « S 

s 
d 

<I> 

(11) ~ * 

such that the following diagrams 

7<I>II 

d 

Seta 7„ n 

- At 

s* 
i «• r 

A 

vf/to) J^_-<i)( 0)^711* ii/(i)) 

\ 
c/ * / 

l.:>) tflll 

TX 
{'•) * " 

\ 
A</ 

i , , T^A 

bx A / 

All(J-) 

A,(, («i 

commute. We show that ~ is an ecpiivaleiice relation. (liven {h.rr) define d — 
/ / ( ) * / • 

(<!>(())- **(()) ~*vj/|l)) and tor every x ~ <I>(()1 define c\r as the composition 

rrx A r 
1 .!- " - V (!(,-) * -A«I>r(/,ll(j-ll-

Willi these definitions it is clear that (h.rr) ~ (h,rr). Suppose now that {h.rr) ~ 

(k, T), then there exist 7 and b with the corresponding properties above'. Define 

(/ tys 
d' = (<!>(())- - * ( 1 ) — — - * ( 1 ) ) , and e'(,r fc <I>(())) as the composition 

bx A.s 
t J- " - i ,i(r) " -A*s(AU(x))-

It is not hard to see that </' and b' satisfy the conditions for (k.r) ~ (h.rr). Suppose 

now that (h.rr) ~ ( r) and {k.r) ~ (/,0), with d and b guaranteeing the first 
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(Hpiivalence and d',b' the second. Then there exists a unicpie arrow $(0) —> ^(2) that 

makes the diagram 

<I>(0)-
d' 

N, Vl»'»,,i 

* ( _ ) - ^ i * ( l 

V * /»12 

* ( ] 
* . < / 

commute. For every .r e $(0) there exists a unicpie arrow Fj. —> A,^.,.),^.,.) thai makes 

the diagram 

r, 
e'.r 

<S.r 
Ar f ( j .),/' (J ) 

Apu 
\ 

- A 

— A.i'f.,.) 

A/ 

' (>') A-/ 
A * / - / ' ( J 

W 
commute. Define </" = (<!>(()) -» 4>(2)——* * ( ! ) ) , and for every ,r , *(0), define b".r 

as ihe composition 

FJ- —* A,/(„.)(;/(j )- —•* Xqt(J(x),<{>(.,•)). 

It is easy then to show that {h.a) ~ (/, 0). 

Composition in F(C) is defined as follows. Given 

($,r)J^^^(*.A)J(^^(T.-) 

its composition is simply [(kli.Ta)}, It is not hard to prove that the composition is 

well defined. It is clearly associative and the identity morphism of ( $ , F) is [(1, I)]. 

If P is a pretopos we know from Proposition 1.2(5 that for any object (S—"Seta, 

r . . . f 

Sip—-*P) in FP we obtain a pair of arrows (see l._) LI<i>(i)!;/ ZZZZX. LLp(i.i) 17 whose 

generated relation is an equivalence relation. This in particular means that the pair 
of arrows has a coequalizer TJ<J>(I) 17 —r* LI<i>(o) 17 —*- V (the quotient of the generated 
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ecpiivaleiice relation). (liven a pair (h.rr) as in 1.3 we obtain a commulalive diagram 

<£_ u 
LI*(i)I7 7 = ^ U*(.i)I,r •*(' 

('hiiv)"!/) •Uli.T) 

"I'' Il'lcll) \l'~- ••;•• •»• U«t i (0)A, ' 
I v 

therefore vve can induce i*(/, |̂ above making the diagram commutative. 

P r o p o s i t i o n 1 . 2 7 . With tin abort notation, if (h.rr) ^ (k.r) thai l{),r) - t{k,^ 

Proof. Let (/ and b be as in 1.1 such that the corresponding diagrams commute 

making (/>,"") ~ (k.r). ('(insider the arrow LJ*,,,) l \ —'-^-l—i- LLj,n)A,,i. Lsing the 

commutativity of 1.5 we have that the diagram 

, i \ (ikou-)'-'') TT r ('/.o(,-)T.'"} TT . 
ll>K(i| -V, ' -* Ll-KiM ' . Ll.Ko) -*,' 

\7(,pVc) / 

com 

11*11) -V 

mutes. Since n coequali/es (._:'. r') it follows that 

T T „ 7<M r)rrx) ,,' 

.[.(ll) \'ka{r)~-l'l ij,(|,) 

commutes. Th 'efore LJ[<f(ii) 17-—* (' ~ ~Z I ' also commutes. Since u is epi vve are 

done. • 
[k.ri 

Propos i t ion 1.28. For any small hft txaet caftyory C tin caftyory FC is tquiralt nt 

to tht caftyory (SetC ' ),„/,. 

Proof. Define (/ : FC -*• (Set0'''),^ such that any object (<I>.F) in FC the 

diagram 
(Uf{v)CUYf)l T T U c(_,i7)=-7==_==4 U c(_,r,))-—<,\*.r» 

«Wi) ('•M.v)M-.l</)) *(o) 
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is a coequalizer. The coequalizer exists as a consequence of Proposition 1.20. (liven 

[(h.rr)] : (<t>.F) -> ( * . A ) define (!([(!>,rr)]) as the in.luced arrow such that 

LU,.»)C(_,r,)' 

i ^ S e ? ')-,/,(-C(-.cr.r))} 

-(/(*,r) 
(/([(/t.cT)] 

U*(„)Q-,A,0—— W-A) 

commutes. Il follows from Proposition 1.5 that (l\(h,rr)] is well defined. 

In Ihe other direction ciefine / / : (Set ),.„/, —> FC as lolhnvs. For every A 

in (Set ),„/, choose a finite set $(()), an object, IL for every x c-E <!>(()) and an 

epimorphism LLtnn 0 ( - , 17) ——•••A. Consider Rzzt LLi>(o) C(_, 17). kernel pair of 
r2 

this epimorphism. Since R is compact we can choose a finite set, 4>(l), an object Fv 

in C for every // t $( 1) and an epimorphism LUfr) C(., V,,) »+ R. We obtain then 

a pair of arrows 

]lC(-,i\)~t]lC( ,17) 
* ( i ) ''' * ( i i ) 

whose generated relation is the eqmv.dence relation (/ 'i,/^). We can then find tunc-

r /7 r«/, lions $/,<f>// : <1>(1) -*• 4»(0) and arrows T,i,/(,4 

such that the diagrams 

17 — v r$!lM for every // t <!>( L 

C ( „ , F , 

c(_,r/ 
II*(l)^7(- 'I ;/) - JJ . t ( 

!>/(.'/) ' * / ( . , ) 
-*• LI*(o)^'(-. 17) 

c(-.i\, 
C(_, 17/) 

C(_. !>.</( v ) J 
;.i , 

^U* ( , )^(^I7) 
t/-

— U*(0,C(.,I7 
7(.V) 

commute. Since (/'r,;^) is reflexive and LI«i>(i) C(- , , r v ) -+R epimorphic we can 

choose a function $?• : <I>(U) —• <£(!) and arrows Vr : (\. —> /Ajvf.,) wich that the 

diagrams 

*(0) —l— $(o) —U $(0) 17—^- r , - I L ^ F , 

$ / • / $ < / 
r / N 

/ 
/ 

iv / rg 

* ( i ) F.i *r(*) 

I 
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commute 

Similarly, using symmetry and transitivity vve can define the rest of the elements 

necessarv to obtain an object (<{>, T) of FC. Detinetheii / / ( A ) = (4>,F). Given an ar

row // : A* ->• K'ui(Setc"''), ,,,, assume / / ( A ' ) = (ij>,__). Since IJ ,„,„, C( . A , . ) — - - A ' 

is epimorphic there exists a map A" —• LI^(II) C(_, A,<) such that 

A • A'' 

coniniutes. This induces an arrow 

UO-IM UruA,.l. 
' K I I ) * ( t i ) 

Therefore vve can find a function hi) : <I»(l)t ->• $(()) and arrows rr.r ; F, -* A/,n(J.j for 

every x t <!>(()) such that the diagram 

( ' / u t . ) r r - l ' ) 

I 
A _ . / v , 

coniniutes. There exists then an arrow R —> R' such that the diagram 

R : Ll*,u,n-,r.) 

/ f _____z__*U l t ( 1 1 )C(.,A< . ) 

is secpientially commutative. Since [],[,,,) C(„, A,/) —•"-# is an epimorphism vve can 

find an arrow LI*{i) C*(_. Fv) —> Llvf^) C(_, A,/) such that the diagram 

LI*(i)C(-, r „ ) — c - _I*( i )C(-A v ») 

/? - / ? 

I 
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commutes. This gives a function hi : $(1) —• 4»( 1) and arrows cry : Vy -+ A/U(v) for 

every // t 4>(1) such that 

C U P , ) C(-'<T ' /?C(_,A; i l (,v)) 

h *hl(y) 

U*(i)t7(-1.v) —* II*(i)C7(-A/) 

commutes. It is easy to show that // and rr as defined above are arrows of sketches 

as in 1.3. Define //(/<) —- [(//,cr)]. It is not hard to see lhat if we change the choices 

made above to produce (h,a) we obtain an ecpiivaleiit pair. (/ is the pseudo-inverse 

of // D 
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Chapter 2 

Ultracategories 

The concepts of pre-ultracategory, iiltramorphism. ultraeategory and Makkai's theo

rem (Theorem ''.3) all are taken from [15]. 

(liven a pretopos P vve want to consider the category Aioci(P) of models of P. 

Mod(P) has filtered colimits (and they are calculated pointwise) but in general vve 

can not guarantee the existence of any other kind of colimits. The situation for 

limits in Mod(P) is even worse. However, Mod(P) has ultrapioduct,- and they are 

pointwise. That is. given an iiltrafilter (Lit) (a set / wilh an ul t ra l i l ler / / on / ) vve 

have that for every family {M,)i of models of P the ultraproduct lim T\M, is a 

model of P . where the products and the filtered colimit are taken in Set . So we 

have a functor [11] : (Mod(P))' -> Mod(P) that assigns to any /-family of models 

its ultraproduct. Pre-ultraeategories are an at* apt to capture this situation. 

2.1 Pre-Ultracat egor ies 

Definit ion 2 .1 . A pre-ultracategory A consists of a category A together with a 

functor [U]A '• A' -* A for every iiltrafilter (I.N). We refer to the functor [N]A as 

the ultraproduct functor associated to U in A. 

Given pre-ultracategories A and B_, a pre-ultrafunctor F_ : A —> B is a functor 

40 
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F : A —> B together with a natural isomorphism [U,F] 

MA 

for every iiltrafilter (I,U). Pre-ultrafunctors compose in the obvious way. 

(Jiveii pre-ultrafunctors F_,(£ : A —• B, a pre-ultranatural transformation r 

F —> (1 is a natural transformation T : F —> (I: A —> B such that 

[W, F] 

7/1 __7__k r , 
M J ̂ 4 >- ( r O 

[WjflOf' 

#k 
[U,G] 

P\BT 
r [ M ] i o 6 " 

commutes. Pre-ultranatural transformations also compose in the obvious way. 

Let PUC denote the 2-eategory of pre-ultracategories, pre-ultrafunctors and pre-

ultranatural transformations whose underlying categories are categories in the second 

universe. 

Whenever we have a pre-ultracategory A, an ultraulter (1,14) and a family (Ai)j 

in A1 we denote [U]A{A%) by Y\i AJU or sometimes by \[AJU. Similarly, if {/,) is 

a morphism in A we have [<7k(/i} — Ylj fJU. 

If P is a pretopos then Mod(P) is clearly a pre-ultracategory Mod(P) with the 

usual ultraproduct functors. In particular we can consider the pre-ultracategory Set 

of sets together with the usual ultraproduct functors. 

2.2 Ultragraphs and Ultramorphisms 

The ultraproduct defined above for models is a combination of limits and colimits, 

therefore we are in very short supply of canonical maps in or out of an ultraproduct 

(as oppose to an honest limit or colimit). Here is where ultramorphisms try to fix this 
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lack. But before considering the concepl of ultramorphism we need the concept of 

ultragraphs. Fltragraphs are to ultraproducts whai limit sketches are to limits. That 

is, in an ultragraph we want to specify nodes that will represent the ultraproduct of 

other nodes (the same way as we want some nodes in a limit sketch to represent the 

limit of some other nodes). 

Definit ion 2 .2 . An ultragraph G is a graph G together with a partition G^ UG'1 of 

the nodes of G and such that for every d £ Gh we have assigned a triple ( Li.lLug,<) 

where (Ifi,U,i) is an iiltrafilter and </„ : /,< —> G ' is a function. The nodes in G' are 

called free nodes and the nodes in G ' are called bound nodes. 

Then an ultradiagram is the equivalent of a model of a limit sketch. That is, an 

tiltradiagram is a diagram that assigns to a hound node an ultraproduct of the images 

of the nodes associated with the bound node. 

Definit ion 2 . 3 . Given a pre-ultracategory A and an ultragraph G . an tiltradiagram 

P : G —> A is a diagram I) : G —• A together with an isomorphism 

/}(.:M —Li777</d ' ) )7 / , , 

for every 1 6 G . 

Given ultradiagrams 77.72' : G —> A a morphism <j : 1) —> / / is a natural 

transformation rr ; I) —* V between diagrams such that the square 

"•'I Ui^(nAn)/i( 
[)V)—-7— UijnnAi))/lL 

(\1 

commutes for every d € G ' . Morphisms between ultradiagrams compose in the 

obvious way. so vve have a category UD(G.A). 

If vve have a pre-ultrafunetor F : A —> JB and an ultragraph G then it is not 

hard to see that £ induces a functor UD(G,£) : UD(G.A) -> UD(G.jB) by 

composition. 
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Given a node k in G vve define the functor 11^ : UD(G, A) —+ A as evaluation 

at A', that is t i\(D) = D(k) and «i<*(rr) = ak for every a : I) -+ / ) ' in £ /£>(G,A) . 

We have the following corollary of Los' theorem 1.1 

Corollary 2.1. For any ultragraph G tin cattgory UD(G.Set) is a pntopos and 

tht forgt tful functor VD(G, Set) -> SetG is tIt m, ntary. D 

We are ready now for the definition of ultramorpliism. 

Definit ion 2.4. (Jiven a pre-ultracategory A, an ultragraph G and nodes k and / in 

G an ultramorpliism b of type (G,k,l) on A is a natural transformation b : t r^ —> 

trf.UD(G,A)~* A. 

An example of an ultramorpliism on Set is the following. Let ( / , / / ) be an ultra-

filter and / : 7 -> ,/ be a function. Consider the iiltrafilter V = {J0 C d\f~ldu _ 11} 

on ./. Define the ultragraph G as follows. G ' = {d,')} and G / = ./. There are no 

arrows in G. Define (/,i,M,<. .</,*) = (l,U,f : / - » . / ) and (I,,l(^,gA = (J,V,idj). We 

want to induce a natural transformation b : t c~ —> t i\u (Jiven a family (A,)j of sets 

let b(Aj)j : LI Aj/V —> I! Aj(i)/lt be the unique map that makes the diagram 

IWV,——* IU,/v 

commute for every Jo € V. It is not hard to show that S defined this way is a natural 

transformation b : 11\ —> a\i. That is, b is an ultramorpliism. As a particular case 

observe that when ./ = 1 we obtain the diagonal function .4 —• .4" for every set, .4. 

Denote by ASet the set of all the ultramorphisms on Set. This makes XSet a 

set in our second universe. 



I 

// 

2.3 Ultracategories 

Def in i t ion 2 .5 . An ultracategorv A consists of a pre-ultracategory A together with 

an ultramorpliism bA '• cr*. —* c t'j : ITD(G,A) —> A for every b : 11\ -*• t e; : 

UD(G.Set) -> Se_ in ASe*. 

(Jiven ultracategories A ami 73 an ultrafunctor F. : A_—* B. \* n pre-ultrafundor 

E--A-+B such lhat F e 4 = e B ^ D ( G . F ) . 

(liven ultrafunctors 7 7 7 '• A—^ B_ an ul tranatmal transformation n ; 7' —> (_/ is 

simply a pre-ultranatural transformation <r;F—>> (J_. 

ri trafunctors and ultranatural transformations compose in the obvious wav and 

vve have a 2-rategory UC whose objects are ultracategories whose undeilyi'm pre-

ultracategories belong to PUC. ultrafunctors as 1 cel ls and nltr.niatural transform.! 

tions as 2-cells. We have a locally full forgetful functor lTC -> PUC. When there is 

no risk of confusion vve will omit the corresponding underlining tor pre-ultracateg«»ries 

and iltracalegories. the eoiitexl should make clear which one vve mean. 

It P is a pretopos we can give ihe pre-ultracategory AIod\ PI an ultraca "gory 

si rue' lire as follows. Filst notice that for every ultragraph G and everv P »= P vve 

can define the functor UD{G.Mod(P)) -> UD[G.Set) such that / ; ^ / ) |_>|P) 

and CT t-> rr(_){P) for any rr : / ) —> / ) ' in UD\G.Mod{P)) where of course we have 

that D(A(P)(k) ~ P{k)(P) for any node k *= G. (Jiven an ultramorpliism b : , ,\ — 

t n : UD(G.Set) •+ Set define bmA(F) : , r, . t c, : UD\G.Mgd(P\) - » Modi P I 

such that for every P ^ P (bnfolnp)P)P = bP\^\P. In this way we obtain the 

ultracategorv Mod(P) of models of P . 

P r o p o s i t i o n 2.2. Fortvtry idtracaltgory A^tlit caftyory LrCi A. Set) is u pntopo*. 

Furtlnrmon . tht cornsponding finitt limit.-, and cobnuts an alculattd point wi*t. 

n 
We finally arrive at the main theorem of [15], Makkai's theorem. Let P be a 

small pretopos. For every P £ P we have that the functoi i rp : A /o t i lP ) —• Set 

is an ultrafunctor ivp : Mod(P) -> Set. This fact allows us to deiine the functor 
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T h e o r e m 2 .3 . (lirai a small pntopo.* P tin functor t r : P -» UC(Mod(P).Set) 

is an tquiralt net. 

Notice first lhat according to Lemma 1.15 it suffices to show that t e : P —* 

LJC( Mod( P ) , Set) is subobject full, conservative and that every object in the cate

gory UC(Mod(P), Set) has a finite cover via ev. We start with subobject full. 

Assume first that we have an object P of P and a monomorphism r : F -+ t vp 

in UC(Mod(P),Set) in which for every model M in Mod(P), TM : FM -* MP 

is actual inclusion. Notice that in this case for every ultrafilter (1,11) and any family 

(M,)l in Mod(P) the commutativity of the diagram 

F(U M,/U) ^J'^M') J7 FA/ , / / / 

\ 
r(UM/m\ /WrMJU 

YlMtP/U 

implies that [IE F] (Mt) : F(T[ Mx/U) -> FT FM,/U n identity. Let <S = {Qy-*P 

in P | F A r C XQ for every A' in Mod(P)} 

L e m m a 2.4. For t ra-y M in Mod(P). FM - f ) w _ + p ) e s MQ 

Proof. Let M G Mod(P). Clearly FM C C](Q y->p)es MQ- So suppose « € 

f){U^P)eSMQ. Define 7 = {(g>~>F) in P\a <£ MQ}. Clearly S (1 7 - 0, thus 

for every (Q>-*P) G 7 we can choose a model XQ in Mod(P) and an element 

*y € FA f
y - XQQ. Observe that ( 0 ^ 7 ) G 7 and if QX^P.Q2^P G 7 then 

g , V Q2y^P G 7 . (Jiven Q ^ 7 J € 7 define T ( Q ^ F ) = {Q'^-*P G T\Q>-*P < 

Q'>—+P as subohjects of / J } . For any family {Qt>—>/;}"-i °f elements of 7 we have 

f l7 i V.Qt >~*P) = T( V!=i Qx >-*?)• Therefore there exists an ultrafilter U on 7 such 

that for even Q>->P G 7 we have that ](Q •—>/') G IE 

Consider {bq)r €llr NQP/U. 

Let R>-*P in P and assume that (6g) G f i r XQR/U. We want to show that « G 

A//?. Suppose not, then R^P G 7 and t ( # ^ F ) G M. Since (&Q) T G UTNQP/U 

there exists ,7 G U such that for every Q—>P£ ,7, 6y 6 Ar
yA\ Since Jf l f t f l>-*P) G 

<?Y we have that there exists (R'>-+P) > (R^P) such that 6flc G A^/f. Since 

i 
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Xn'R C XpiR' we have &#/ G Nn>R'. This is a contradiction, so vve can conclude that 

ci G MR. 

We have showed that for every /?>—>P, (c\>)r G Y\T^QR/U implies « G A//Y. 

Therefore by Theorem 1.21 there exist an ultrafilter ( / , V) and an arrow 

h :JlXQ/U-> Mv 

r 

in Mod(P) such that hP(bQ) - bP(a) where b : M -> A/v is the cliagonal. Since 

(h) € F{YlTNQ/U) W(> have that («), - <S/>) = hP(bQ) G F ( . \ / v ) = (FM)V. 

Therefore there exists /() G V such that for every / G Ai, « G A// ' . That is, </ G MP. 

D 

L e m m a 2.5. H7r7/ tin stum notation as tin pn rious Itmi.ni. tin n txists Rr- 7 ' G >S 

such that F — ten-

Proof. Suppose not. That is. assume that for every Q—>P G <5 there exist a 

model MQ in Mod(P) and an element aQ G MQQ - F( MQ). NOW, (1/ . : P —>7) G <S 

and if Ql^^P,Q2-*P G 5 then g , A (7>.—P G 5 . For every Q^P G 5 define 

| ( ^ ^ 7 ) = {Q'^P G S|(C>'>-»P) < {Q—+P) as subobjeds of F } . We have that 

f\U(KQ'^p)) = KK=iQi>-'P)- There exists then an ubrafilter W on 5 such 

that for every Q-^P G S vve have j ( Q y - P ) G W. 

Consider (c/g^ G ILc^gP /VV. 

Let tfy-+P G 5 . We have that for every R' —>P G j ( F - > / ' ) . c/w- G A/«7f" C 

A/H .«. That is (HQ) G H s - ^ g / f / W . Therefoie (aQ) G n<«y-»/.)es Us A/g / t /W. So 

according to the previous lemma we have that (UQ) G F{T[S - ^ y / W ) = Us" 7 U g / W . 

This means that vve can find (Q —>-P) G 5 such that UQ G FMQ. This it, a contra

diction. • 

Consider now an arbitrary arrow a : (1 —• ff/< in UC(Mod(P).Set). Consider 

its image 
a CT 
(T *• c rp 

t \ / m 

H 

Since images in UC(Mod(P). Set) are pointwise vve may assume that for every M 

in Mod(P), mM : IIM -> MP is really an inclusion . Then there exists Ry-*P 
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such that / / = t rp. If cr : (1 —• < vr is a moiioinorphism vve obtain that < : (/ —>• / / as 

abice is an isomorphism in UC(Mod(P). Set). We have proved 

P r o p o s i t i o n 2.6. / / P /.* « small pntopos thai tin functor 

trip-* UCiMod(P).Set) 

is siibtdijtct full. fj 

We turn our attention now to tr being conservative. (Jiven a small pretopos P 

we can consider the piecanonieal categoiy ./ on P and form the category Sh(P,.l). 

Lsing 'Theorem 1.1 and Proposition 1.5 vve can find / in Set and a surjection 

r 
Set/lzZZZZSh(P,.l). 

Notice that vve need P to be small to apply 1.-1. We have then that the composi

tion P :- • Sh(P,./)——-Set/1 is elementary and conservative, where// is the usual 

functor. 

P r o p o s i t i o n 2.7. If P is a small pntopos thin t e : P -> UC(Mod(P).Set) is 

const rratirt. 

Proof. Suppose vve have two subobjeds Q^>P and Rr—*P of an object P in 

P such that a>Q = t rr< in UC(Mod(P),SM). Take the functor P-^Sh(P,J)-^ 

Set 11 defined above and define M, = ( J ° - ^ * Sh(P,J)-*-~ Set/1 — Sef) for every 

/ G / . Them for every / in I we have that AA is in Mod(P) and <CQM, — t np.Mt. 

Therefore i*f"yQ = i*f*yR for every /' G / . Then clearly f*yQ = f'yR. since f*~y is 

conservative vve conclude that (Q>—*L)) — (R>—>P) as siibobjects of P. • 

Now vve turn our attention to the other part erf the proof namely, that every object 

F in UC(Mod(P),Set) has a finite cover via iv. Let A/ be a model in Mod(P) 

and x G FM. If we are hoping to find a finite cover for F via ev we should he 

able to find an ultranatiiral transformation $ : trp —> F for some1 F in P such that, 

j - G Itn($M). That is to say, there exists a G A/F such that, <f>A7(c) = x. Notice 

that if this happens then for any two arrows //, k : M —> .'V in Mod(P) we have that 

if /iP(fl) = kl'(a) then F 7 , ( J ) = FA-(j). 
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Definit ion 2.6. (Jiven F : Mod(P) -> Set, M in Mod(P) and P in P we say that 

an element a > MP is a support for an element x G FM if for every pair of anows 

h,k : M -> A' in Mod(P) w have that hP(,i) = kP(a) implies that Fh(x\ = FA'( - ) . 

We say that ,r G FA/ has a support if there exist an object / ' in P ami an element 

a G MP that is a support for .r G /''A/. 

We will show that if a G MP is a support for x <z I'M where /•' is an ultrafunctor 

then there exist a subobject Q•—*P in P with '/ G MQ and an ultranattir.il trans 

formation <I> : t eg —> F such thai <I>A/(n) — x. Since vve already know that every 

subobject of (/';• in UC[ Mod(P). Set) is of the form < cq for some subobject Q of 

P in P all we need is a monoinorphisin (/ •—> c c/. and a transformation ' ! ' : ( / — /*' 

with x G Im{VM. Such a $ : (/ — /• is called a partial /'-cover of /*' that contains r. 

L e m m a 2 .8 . .1// tlain id x G FM Int.-. a support if and only if tin n txists a finitt 

family {((/, G P,)}"_j such that for trtry pair of arrow.* h.k : M —> A in hurt that 

hl',(tii) = kPt(a,) for trtry i = l...,n implits that Fh(.r) - Fk(.r). 

Proof. The only if part is clear. For the if part simply consider (tix </„) z-

n7 1A/p I~A/(n7 1F) n 

P r o p o s i t i o n 2 .9 . (lirai F in f rC'( Aforf(P), Set). M in Mod{P) wt hart that 

t rt ry x G FM ha.* a support. 

Proof. Suppose not. That is suppose lhal for every finite family d ~~ {{a, G P,)}J'_j 

there exists a pair of arrows ///.A1,/ : M —* X{ in Mod(P) such that fiiPt[a,) = 

k{Pi(«i) for every / = 1,...// but Fh(x) J- Fk(., ) . Let D be the set of finite families 

of the form d — {(a, G F ) } " = 1 ordered by containment. For every <1 in D chose 

a pair of arrows h,j,ki : M —+ X,i satisfying the property wrilten above. Denote 

f(</) = {(/' G D\d C ' / ' } . Now, A/1 = 1 and therefore D is nonempty, and for every 

(/,</' G D we have that \(d) H ](d') = T(«K' d'). Therefore there exists an ultrafilter 

' / on D such that for every d G D vve have ](tl) G IE Consider the dia vram 

nD*-i/« y 

http://ultranattir.il
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where b is the diagonal ultrainorphism. (Jiven a G MP consider d — {(« G MP)} G 

D. Then for every el' G ](d) we have that hd<P(a) = k\i'P(u), therefore we have that 

<MV)).f '6W - <A>P(./)),,6I,, in Y[DNdPIU. Therefore 

II/W^ocA/ = IIA'''//Yo^'U-
D r> 

Consider the following diagram 
F{\[Dhd/U) 

F(M") „" , LinnoAV^) F(cA/)/ 

FM 

c F A / \ 

F t f t o W ) 

[<FF](A/)0 [tf,/'W/>D 

nDF//,(//7 
( F A ; ) ^ = = _ = ^ n . F A ^ 

The left triangle commules because F is an ultrafunctor and the right square clearly 

commutes secpientially. Therefore both compositions in 

liD''l''dH< D 

are equal. We then have that {Fhd(x)) = (Fk\i(x)) in T[D FXJ/IL. Since vve assumed 

that Fh,i(.i') 7̂  FA,rf(.r) for every d G D we have a contradiction. D 

For the next couple of propositions vve use the notation from Proposition 1.20. 

Lemma 2.10. (lirai F : Mod(P) -» Set, P in P, x G FM and a G MP, in lurt 

find a G MP is a support for x if and only if tht only tit mail of (~)(A/,u)[l) is a 

support for x G F o ( - o Ap)(Q(M, a)) D 

Proposition 2.11. Let F : Mod(P) —• Set bt an ultrafunctor, P bt an objtct of 

P, M in Mod(P), a £ MP and x G FM. If thtn txist a siibobjtct r>-»l in P/P 

and an uliranatueal transformation $ : ecr - * P o ( - o i / . ) such that 0( A/, «)(;•) = 1 

and x G hn$(~)(M,a) then tlnre exists a subobjtet Qy-+P wt a G MQ and an 

itltranatural transformation $ : tea —> F ,s«c7/ that ^M(a) = x 

Proof. Consider a diagram 

Q, _-___/. 

/ lp 
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in P/P and assume we have an ultraiialural transformation $ : t i v - » / ' ' " ( - " ^ ' ' ) 

satisfying the recpiirement of the proposition. By the definition of (-) it is cleat that 

a G MQ. Define ty : < rQ -* F as follows. Given A" in M o d ( P ) and b H A"<y vve have 

*tt(A',fj) : (-)(A",/))(?•) -•» F.V. Since 6 G XQ vve have that (-)(A". &)(/•) - 1. Define 

tyX(b) = $(-)( A',/>)(•) (where <• is the onlv element of (-)(A", /»)(/• 1). It is not hard to 

see thai *I* is an ultranatural transformaiion and thai tyQ(u) = x. D 

The proposition above and the lemma preceding it tell us thai when we have a 

support c/ G MP for x G FM il is enough to assume that P -- 1 and that a is the 

onlv element of A/1. Now, • G A/1 is a support for x ^ FM if for every pair of 
h 

morphisms M ~ t V in Mod(P) we have lhat Fh(.r) — FA'(.r) 

If F : Mod(P) —> Set is a pre-ultrafunctor consider the category Mod"(P) -

Mo«i( P ) LJ El(F). where F / ( F ) is the category of elemntsof F with forge ti'ul functor 

Fl(F) -+ Mod(P). If A/ is an object of M o c i ( P ) vve denote it by (A/. +) when vve 

see it as an object in Afoc7(P) , whereas an object (X,,r) in Fl(F) is also denoted 

by (X.x) when seen as an object of A/ocTfP). We say that (X,x) is a proper object 

if x T̂  *, otherwise vve say it is improper, We give Mod'(P) a pre-ullracafegory 

structure as follows. If ( / , / / ) is an ultrafilter and (( l / , . ,r ,))/ is an /-family of objects 

of Mod*(P), consider the set ./ = {/' G 7|.r, ^ +}. Define 

I (n-w,/^(/U'i(.i/,)^(.o,,]t if./G// 

and if {/,) : {(M^xA) -> ((A",.//,)) is a morphism in Mod'(P)1 then (7',} ^\\f\/U. 

We have a forgetful preultrafimdor Mod*(P) -» Afod(P) such that (A/,.r) t-> A/. 

If vve carry out the construction above with '(/ : Set —» Sef instead of F vve get 

a pre-ultracategory that vve denote by Set*. 

The preultrafimdor F : Mod(P) -> S e t induces a functor F* : M o d * ( P ) -» 

Set' such that F*(A/..r) = (FA/, . r) and F*h = Fh for every // : (A/..r) -> (Ar,//) in 

M o d * ( P ) . F* turns into a pre-ultrafunctor if we define [U, F"]((Mt, jr,)) = [it, F](Mt) 

for every ((A/,,*,)) in M o c i l P ) 7 . 

L e m m a 2 .12 . (liven a pre-ultrafunctor (ultrafunctor) F : Mod(P) -* Set wt hare 

that subobjeds of F in PUC(Mod(P),Set) (UC(Mod(P),Set)) art in out to one 

I 
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corrtspondt net with cla.*.*t.*C of objtct.* of Mod* (P) that satisfy flit condition.* ())-,>) 

btloir 

0) For < vt ry M in Mod(P) wt hart (M, +) G C. 

1) If (M,x) G C and f : (M,x) -+ (X,y) is a morphism in ModT(P) thai 

(X,y)eC. 

2) For any ultrafilttr (IM) and any objtct {(Mt,xt)) in Mod*(P) with (Mt,xl) t 

C' for t rt ry i G / wt hart that n(M.-''«)/e< G ('. 

d) If (LIE) is an ultrafilttr and ((A/„.r,)) is an objtct of Mod*(P)1 such that 

n(A/,..r,)/c7 tzC thai tlnrt txists a.*tt d £ N such that for t rt ry j G ./, (M,.x,) G ('. 

Proof. Slart with a subobject (!> " F. Define Ihe class 

Ct ~= Mod(P)LJ{(M,x) G Fl(F)\x G ImpM}. 

Clearly Ca satisfies 0). If (M.x) G C(i is pioper and / : (M,x) -> (Ar,//) in Afod*(P) 

then, since x G Im pM and the diagram 

(If 
(IM — ^ (IX 

pM pX 

FM -yf FN 

commutes, we have thai // G Im pX. If (A/, x) is improper then (A. y) = (A', *j G ('t;. 

Therefore Ca satisfies 1). Let (I,IE) be an ultrafilter and ((A/,,.r,)) be an object in 

Mod*(P)!. Let J =r {/ G I\x, £ *} . If ./ g W then clearly LI(M,-< V ^ <-V 

Assume then that ./ z IE Then for every ./ G 7 vve have lhat Xj G Im pMj. Since // 

is a pre-ultranatural transformation vve have that the diagram 

(2.i: 
F ( n M / ^ ) 

R7,F](A/,) 

YinMJU 

II FA/,/// 

commutes. Then if is clear that [/Y, f1](A/,)-1((.^)J) G hnpl\Mt/lE that is (V; 

satisfies 2). For 3) Assume that f l M , •«•«)/# G Cn. if ./ = {i G 7|J-, ^ *} £ U then 

I 
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for every / G / — •/ vve have that (A/,,.r,) G Ca. Suppose then that ./ G / / . We have 

that [lt,F](\lt)-
l((jrj)j) G Im p(U A/,///) . W> then can find an element {//A-)A G 

HCMJN such that fi(ilM,/li)iUE(l](M,)-H(uk)h)) = [IEF}(A/,)""(<.-•.,}.,). 'This 

means that HpM,/lI((flk)h ) = (•<";)./• Therefore there exists a set /. C , / f ] A with 

/. G / / such that for every / G /. vve have pM,(q,) = x,. That is for every ( •-. /. we 

have that (Mf.Xf) G Ca so we have 'A). It is easy to show that if the classes determined 

by two subobjeds of F coiii'dde then they are the same subobject. 

Assume now that we have a class (' ot objects of A7oc7(P) that satisfies ())-.'!) 

above. Define (lc : Mod(P) -> Set such that <lc(M) = {.r G FA/|(A/. .r) G C}. 

If h : M —• A is a morphism of models then condition It guarantees that Fh : 

FM —+ F.V restricts 

FM - ^ FX 
f 

( , V A / 7 T T ( , V . V 
( V'' 

With these definitions we have that (<V is a subfundor of F . 

We want to define [U,(!](M,), : (Icttl M,/U) -» ] J > V M 7 / s'»'li that the dia

gram 2.1 commutes. Let x G (>V(LI MJll). We have then that (\\Mt/lE.r) G C. 

Let (.c,}j = \l{,F}(M,)i(x). Then by :j) there exists A' C ./. A G / / such that for 

every k G A". (Mk,xk) G C. Therefore (j>fc)A- G T\('C-Mt/lt. Define [//. (/[(A/Ji.r) = 

(.r^)/c. Since [tP F]{A/,) is an isomorphism it is easy to see that [N.(1}{M,) is mono. 

Use 2) to show that [//, (/](A/,) is onto. This gives us a subobject (lc of F in 

PUC(Mod(P).Set). It is easy to see that the association C7 t-+ (lc, (1 t-> C<; 

between classes satisfying l))-3) and subobjeds of F in PLJC(Mod(P),Set) are in

verses. It is not hard to see that if F is an ulttafunctor then (lc is also an ultrafunctor. 

• 
Assume now that the only element of A/01 is a support for Xa G FMa. A diagram 

of the form 
(;,—,. f i'r ~ 1 

F 
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is the same thing as a subobject (7y-»fri x F ~ F thai satisfies x,x' G (/A/ implies 

x — .)•'. That is, we need a class C satisfying DM) above plus 

•1) (A/,.r),(A/,.r') G C with x,x' G I'M implies that j - = x'. 

We also want the class C to satisfy 

5) (A/n,.r„) G ( \ 

For the proof we will hrve to consider bigger and bigger small subcategories of the 

category Mod*(P). Here is the definition of the small subcategories we will need. 

Definition 2.7. Let P be a small pretopos and F : Mod(P) -» Set be an ultra

functor. A pair (C,S) is called a small approximation of Mod"(P) provided that 

i. C is a small subcategory of Mod*(P) 

ii. $ is a set of triples of the form ( / , U , 1 ~ ^ O h ( C ) ) where (/ , /f) is an ultrafilter. 

iii. For every (IJEg) G <5 the ultraproduct \[g(i)/ll is in C. 

iv. For every ;/ : {()} -+ ()b(C) vve have that ({()},//„,</) G S where ({()},//„) is 

the only possible ultrafilter over {()}. 

v. If (IJEg) G S and c/' : / -* Ob(C) is such thai 

/ ~ : Ob(C) - i * Mod*(P) -^ Mod(P) 
il 

commutes then (I, I Eg') G S. 

Let K he the cardinality of P (that is * = # ( , 4 r ( P ) ) ) . We say that a small 

approximation (C,S) of Mod*(P) is closed if it satisfies 

vi. For every A/ in Mod(P) such that # A / := # ( I i p 6 p A / P ) ^ K there exists 

(A', *) G C such that #X < K and Ar _; A/. 

vii. For every (A/, *). (Ar, *) in C such than A/ = X (elementary ecpiivaleiit) there 

is an ultrafilter (l,U) such that (I,U,gx),(I,lEg2) G S, with c/r : / -* Ob(C) is the 

constant ma]) with value (A/.*), g2 : I —> ()b(C) is the constant map with value 

(.V,*) and M" ~ X1-. 

(Jiven a small approximation (C,S) of Mod*(P) a (C,<S)-subobject of F is a 

family C C Ob(C) satisfying 0)-.'l) above when 2) and \\) are restricted to elements of 

S. 

A partial cover of F relative to (C,S) is a (C,<S)-subobject of F that, satisfies 1). 

I 
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Rt mark 2.1. (Jiven a pair (C.S) satisfying i-iii vve can always find a pair (C',Sr) 

satisfying i-v am' such that C is a subcategory of C and 5 C S'. 

Ran ark 2.2. (Jiven a small approximation (C.S) vve can always find a small close 

approximation (C',<5') such that C is a subcategory of C and ĉ  <7 S'. This is 

a consequence of the Keislcf-Shelah isomorphism theorem that says that given two 

models M,X such that M = A' there exists an ultrafilter ( / , / / ) such thai Ml< ~ V". 

We now show that for every small approximation (C.S) and any .rn G FMa with 

support the unicpie element of A/(il vve can find a partial covert'' of F relative to (C.S) 

such that C satisfies 5). We start by putting (A/,i..r„) in C. Notice thai conditions 

())-2) can always be fulfilled by adding more and more objects to C however condition 

'.]) involves the choice of a set in an ultrafilter. We will make all the necessary choice's 

and repeat the process. In this way vve can obtain a C that satisfies OKI) and 5) but 

not, necessarily 1). We will assume that for all possible choices we obtain a family 

C that fails to fulfill 1) and we will gel a contradiction. This process involves the 

recursive construction of an ultragraph. 

So let (C.S) be a small approximation of Mod'(P) and assume that • G A/„l is 

a support for .rn G FA/i>. Let K — $C and on = K+. 

We construct the ultragraph G and the ultradiagram /) : G —> Mod*(P) as 

follows. 

For every (A/. + ) in C we put a node r-\/. We also put a node ^a- Define 

G({ = { v u } U { y ^ | ( A / , + ) i s i n C } 

G'a = » 

No edges in Gn 

("),. - 0 

At : Go —* C is such that ^ t—> (A/t>,.ro) and r -y e-> (A/,*). 

Let 0 -̂  a v On and suppose vve have made the corresponding definitions for all 

o ' «- a. Define 

Gt = \Jal<„Gi> 
G<* ~ I L ' o Gtti 

«<,» = I U „ e,« 
F^<« = Ut,'<a Fa ' 
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Let (-),, be the set whose elements are of the form (o, I.ll.g; / ; . / , V.g') such that 

I. (d.V.g')£S. 

II. g : / - G{tl. 

I I I . (ElEI-^G^-^^C) G S. 

IV. /„ = { / ( £ / |Z^„(/ /( /)) is proper} G / / 

V. / : II lh,M')/U -> LI.'/'0')/V is a morphism in C. 

Notice that condition IV implies that LI Fv-».(/(/)/// is a proper object. 

For every / = {«>, /<.//*, f/f: ft;dt,Vt,g'f) G B a take two nodes di,~n and for every 

7 G dt take a node (/. j). Define then 

G!; = H | / G ( - U U I S | / G (-)>}. 
« { - {( / - j ) | /G (-)„ ami j <£./,}. 

For every / G B.t put an edge rt : rit —* ">/ in G t . 

A.(^) = n'^.'M')M. 

n^t.j)={ftu). 
l\,(rt) = f. 

Finally define G = Gv l ,0 and P = P % a n . We have that G is an ultragraph and 

I) is an tiltradiagram. Notice as well that D factors through C. 

Next vve make formal the concept of possible choices of elements of ultrafilters for 

the family to satisfy li). 

Let (-) be a subset of (-)Ll0, and .1 = (T,) f 6 H be a 6-indexed family of sets such 

that At G Vt for every / G 6 . We deiine recursively what it means for / G ("),» and *, 

node of G to be T-aeeessible. 

First, î o i-s .4-accessible. 

For every M. ip\i is not .4-aecessible. 

Suppose vve know what, it means to be T-aceessible for / G (-)^a and t G G<,, for 

0 < a < n(\. Then 

/ G (")„ is ,4-aecessible if and only if {/ G E\gt(i) in .4-aeecssib'e} G //(. 

dt is .4-accessihle if and only if t is .4-accessible. 

•)t is A-aeeessible if and only if t is /1-accessible. 

(t,j) is .4-accessible if and only if / is ^-accessible, / G © and j G At. 
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We say that 1 = (-4,)H is regular if and only it for every / •- (-). , vve have- / t. (-) 

if and only if/ is T-accessible. Define G( t) — {-, Z G\' is 1 accessible], ,1111 let 

A = \A\A is regular}. 

Notice that A is a meet semilatlice. (Jiven .1 = (.L)<-> and P — (11A^, construe 1 

( ' _. {(',),.)» recursively as follows. Suppose vve know alreacly what (-)" i I (-). , is and 

that vve have already defined C, for even / G (")" I I H. ,. 'Then / G (")" I I 0 > if and 

only if / is ((> : / e (-)" I I (-). ,,)-accessible and define <", -=. A, I 1 P, ^ W. ( ' - v( \)M» 

is regulai and C -- .1 A 11 in A. 

L e m m a 2 .13 . (lirtn an ultra diagram F : G -> Set ami <i > /( r~n) Unn i* an 

nil rat! nigrum E' : G -—> Set' such that F'(^a) = (P'(yn),</) and tin diaqram 

G — ^ — Set' 

E r 
Set 

torn in lift.*, win rt I is tin foigt tful functor. 

Proof. I). ie F " V „ ) = (F{^a).ti) and E*(T*\i) - \h(r\l)< • >• Assume that F \ " ) 

has been dc ed for 7 G G. ,. Let / H (-),. ch fine E'(Jt) = Y[lt F(/ / , (HW/. . Define 

F*(")t) = (E(~,t).b) if7) makes F(rt) a moiphism F*{ 1>) —» tE(ft).h) in Set' (notice 

that there is a unique b with this projierty). Define F*(rt) — h(rt). Choose ,/ •= \\ 

and c/, G F(t,j) for every / t ./ such that h — {.;,}./. Define F*\t.j) = \F(t, /be/ ) if 

./' G •/ and F'(t.j) = (F(t,j),^) if./ 4 ./ C 

L e m m a 2 .14 . (lirai \ ngular tin fam tin C = {(A/, 0 G C } 1 1 {/7|-, 1 - G G( 1)} 

stit/sfits condition.* ())-•>} and ">}. whtn I) : G ->• Mod*\P) 1.* tin ultradtag -am 

dtfiind abort. 

Proof. Clearly 0) is satisfied. Since y-ti G G( . l ) and P(yn) — (A/u..rn). C satisfies 

5). 

Assume (M,x) G C is proper. We show that there exists -, G G^ 1 1 G( . l ) such 

that [)(>)) = (M,x). If (AP.r) = I)(jt) with / .4-accessible. / G ("),. n o u then 

{/' G It\gt(i) is T-accessible} = Ut. Let / ' = (o, ltMt*Ut'.id\i\ {()}7/u. </') where </'(()) = 
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(A/..r). 'Then /' G (-)„, /' is .4-accessible and vve have D(t'A\) = (A/,.r) Clearly 

(/',()) G Gf n G(.4). The case D(y) - (A/, .n is similar. 

C satisfies 1): Let (A/,.r) =-. !)(-,) with 7 G G / H G ( . 4 ) and h : (A/..r) -> (X,y) 

in C. Suppose 7 G G{ ( l with o < o u . Let / = (o; {()},//„,</;/<; {0},/7(i. (/') vvhere 

//(()) = 7 and f/'(fl) = (X.y). Then / G B a . Since 7 is .4-accessible vve have that / is 

.4-accessible, this means that dt and -)t arc also .1-accessible. (1learly D(~)t) = (X.y). 

That is (X.y) zC. 

C satisfies 2): Let (IJEg) G S and with g(i) = (M„xt) G C. If ./ = {/ G /[</(') is 

jiroper} 4. U then clearly Y[g(i)/U G ( \ Assume then that ./ G / / . For every / G ./ let 

-)_, ̂  Gs tl G ( T ) such than (M,,x,) - D(-)j). Assume furthermore that (M,.x,) = 

( A / / . j y ) implies 7_, — "),» for j , j ' G •/. Since the cardinality of {a ,} •.„ K there exists 

0 <-. oo = *'+ such that a, <. o for every 7 G >/. Let / = (t\;IJEg;id;{()}Jta.g') 

where ,/(/) = -)(/) if 1 G ./, //(') = ^A/ l and //'(()) = LI D(fl(i))/IE Notice that, 

LI />(//(i))/U = n (M,J - | ) /W. Now, / G (-)„ and for every j G ./, 7, is .4-accessible, 

therefore / and dt are 1-accessible. We have n(M.- '*i) — D(dt)* 

C satisfies ,'i): Let (Mt,x,) in C !oi / G / and assume Yl(M,,x,)/lf G C with 

(777 , ((A/,,.r,)}) G <?. If n (M< J 5) /«^ G C is improper then the conclusion is clear, 

so assume it is proper. Assume Y\(Mt,xA/lJ G C — P(7 ) with 7 G G;{ fl G(A) and 

a -. <>,,. Let / = (cv, {0},//,,,*/, /</; / , c / , ((A/^.r,))) G «,» with ;/(()) = -). Since 7 is 

,4-accessible vve have that / is .4-accessible. Since .4 = (.4,/},<6B is regular we have 

that / G (-). Then (/,./') is .4-accessible for every j G At and D(t.j) — (A/,,,r,) for 

./' G .4,. • 

L e m m a 2.15. (lirai an ultrafunctor F : Mod(P) —>• Set, (C,S) a small approx

imation of Mod''(P) and XQ G FMn with support the only tit mad of Mai. Thtn 

txists a partial cover C of F nlalivt to (C,S) such that (A/u, J'o) G C. 

Proof, Consider the ullradiagram L) : G —» Mod'(P) defined above. We have 

seen that for A regular the family Cx = {(M,*)\(M,*) in C} U {P>h)|7 G G(A)} 

satisfies 0)-3) and 5). If for some regular .4 the family C,r also satisfies 4) vve are done. 

So 'let's assume that for every .4 G A = {B\L3 is regular } the family Cr does not 

satisfy 4). Then for every A G A vve can find nodes 7 i ( / l ) ,7 2 ( / i ) G GJ Tl G(A) such 

that F(7r( .4)) = (M^x^A and D(y2{A)) = (A/-,.r4-2) are proper and .r ^ =£ ,r f r 



I 

">i('l)- ")j( *) < an be c hosen in GElG( 1) as a i onsequeiM e oi the juoof of ihe jnevioiis 

lemma). We know that A is a meet semilattic e, so theie exists an ultiatillei VV on 

.4 such that foi even 1 G A, |( 1) G VV. We coiistiucl a new ultiagiajih G\ as 

follows. G] is obtained bom G bv adding a new bound node I and assigning to it 

the trijile (.4 VV, c/) where c/( 1) — -M( 1). We define an ultiamoijdiisiii csi : ' r , , —* 

ciV : U D(G, Set) —• S e t as follows. (Jiven an ultiadi.igiam / • G*i -» 5>ef coiisnlei 

the ultiadiagiam F' = F | c : G —> &e/ and ml ice that /•' essentiallv del ei mines 

F. We can assume F ( / ) = Ul''('i( T))/VV. Let « ^ / ' ( ^ i ) . const iud /•' : G ~> 

Set* as in lemma 2.LL If / , '*(7i( 1*)) - ( / ' h i b</,(.T)) define bJAa) .o t ̂  1 ) ^ in 

LI F(7r(.T))/VV. It is not haul to see that bxF[a) t t. that it does not dejiend on the 

choice of F'* and that ĉ  defines an ultianioijihism. 

Similailv, using •;>( 1) instead of 7,( 1) we obtain an ultiagiajih G j and an ultia 

11101 phisni b> : t r? —* 1 r, : UD(CE. Set) — Set. 

Consid u the ultiadiagiam G — * C—• Mod(P) vvheie D was ddined above and 

I is the toilet till functoi. We c an exlend / ) / 1o tiltiadiagiains 

P , : G, -> A/oci(P) I), : G . - Mod(P) 

such that />!(/) = I)2(l) - LI Wr/VV«md Ih\a = IhlG = Id • Sh'u>ri.«\. ale ultia-

11101 jihisms ovei Set vve have the coiiesjmnding ultiainoijihisms b{. b2 ovei Mod{P). 

We obtain a jiaii of ' 'omoinoiphisnis 

<>iF, _ 
F i (^n) - Fjf^o) = \/„ IT I I l / r / V V - / M ' l - />..{<' 

<SJFJ 

\pplving F vve have 
F ( o , P , ) 

FMg ^ F ( T T U f / V V ) 

F(<WL) 

Since r,i G F \/y has support • G U()l we have 

(2 2) l'(*ilh)(ra) = F(bd)2)(r0). 

We show that [VV, F](M f>(F(M>i )(.r0)) = [(.r r , ) ] : Since P is an nl t iafundor vve 
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have that the diagram 

FA/0__i___?lV(LIA/,r/VV) 

ciFP/, 
/ 

[W.F](A/.r) 

m 

(UFMX/W) 

commutes. So what vve vvant to show is that biFL)j(xt)) ~ [{•>'.ft)}- According to 

the definition of bx we need a lifting of FI)1. Define D* : G\ —* Mod*(P) such 

that P*|G = I) and L)*(l) = (Y[ A/.r/W. [VV. F](Mf)~l([(x r,)])). U is clear that the 

diagram 
IT F* 

Gr — Mod*(P) " Set* 

F7J, \ 

Set 

commutes, where F*(A/..r) = (FAP.r). We conclude that b\FD^(xa) = [(•'',r1}]-

Similarly vve can show that ^F/^jfj'o) = [(•''.fa)]' ^.v *n(' wa.v vvv eho.se x ft and 

.r r2 that [(x ,-,}] ^ [(x j-2)]. This is in contradict1 tn with 2.2. • 

Lemma 2.16. Ltt F : Mod(P) -* Set bt an ultrafunctor, (C.S) bt a small clo.*ttl 

approximation of Mod*(P) antlC.D bt two (C.S)-subobjtcts of F. If for all (M, t) 

in C with #A7 < /.• and t rt r x G FM wt hart (A/, ./•) G C if and only if (M, x) G D. 

tin n C = D. 

Proof. Let (A', + ) be an object of C. Since (C,S) is a closed ajqtroximation 

vve can find (M,*) in C with #A/ < ic and M = X together with an ultrafilter 

(l.U) with the following projjerties. There is an isomorphism // : Mli —>• A'" and 

(/.//,//]),(/,U,g2) z S where gi.g2 : / —> Ob(C) are constant functions with values 

(A/.*) and (Ar, *) respectively. Consider the following diagram 

(FA/)" (FX)U 

6FM/ 

FM 

F(bMf x 
F(Ml" 

| N bFX 

[U,F](M) [IL.F](X)\ FX 

I / F(f>N) 
. F(X") 

Fh 

* 
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fftfj 

where e denotes the diagonal. Nolice lhat since F is an ultrafunctor the above 

diagram commutes. 

Let, 1/ G FA'. We show that (X.y) G C if and onlv if there exist ./ z l( and an 

(M.X,)ZC for every j G ./ such that F(bX)(y) = Fh([U. F\(M)~\\(x,)]) \. 

Assume first that (A\;/) G C. Since C is a (C\<S)-.siihohjed we have []( A, / / ) / / / t-_ 

C. Let z G F(MU) such that Fh(z) = F(bX)(y). Then //"' . (X!<. F(b\)(y)) -

(A / " , - ) is in C. Therefore (Mli,z) G C Since C is a (C*.£)-siibobjed we can find 

a ./ G It and objects (A/..r,) G C for eveiy ./ H ./ such that [//. F](A/)~1[(.r,>] = ;. 

Now apply Fh. Conversely, assume that F(bX)(y) = F/i([//. F ] ( . \ / ) _ , ( [(.r,)./])) for 

some ./ G U and (A/,,r,) G C for every./ G ./. Then (A/". 7/ , F\(M)~\ [(.r} ,})) Z 

C. Since /, • ((Mli,[lt,F]{M)-l([(x,).,])\) - (X. F(bX)(,./)) is in C* we have that 

(X,F(b\ )(y)) ZC. I his means that (A.//) G C\ 

We clearly have the same result for P. Therefore C — D. D 

L e m m a 2 .17 . Ltt F : Mod(P) -> Set bt an ultrafunctor, A/„ a modtl in ModiP) 

and Xa G /'A/o- Assiinn that • G A/t» 1 /> c/ support for .'V G /'A/,>. Finn thtn is a 

diagram of tht form 

(1- - c r, - 1 

<I> 

(2.3) P 

in UC(Mod(P),Set) such that ,r„ G ///><tM/n. 

Proof. For every ordinal o give a small closed approximation (C t,SA such that 

- I fo < d then C . C C, and 5 , C 5.,. 

-LLC-.. = A/oc7*(P). 

- U,*<S. i.-1 'he set (in the second universe) of all the triples {IJEg) with ( / . / / ) an 

ultrafilter and // : / -» Ob(Mod*( P)). 

It is not hard to see that such a sequence of small closed approximations exists. 

Since (Cu,Sa) is a small close apjmtximation we can find a small set A and a family 

of models {M,}((z\ such that 

" Ji-Mt < />' for every / G A. 

- (Ap,+) is an object in C0 for every f G A. 
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- For every model A7 in Afod(P) with # A / < K there is an ( G A such that 

A/ ~ A/,. 

For every ordinal a let Clt be a jiartial cover of F relative to (CiX,Sn) with 

(A/o,.r()) G Ca. For every ordinal o and every ( G A define A',,/ = {J* G FAp|(Ap,.r) G 

(.,,}. Every o determines the family {.Y„/). Notice that, since A is small and F is 

fixed there is a small set of such families. It follows that there is a family (X?) such 

that the set (in the second universe) E = {o\e\ is an ordinal and (X„t) ~ (A7)} is 

unbounded. If <>, d G S with o < d then by lemma 2.16 vve have that Ca — Ca n Cti, 

that is, Cc, C C,t. Define C — \\a^=Cn. fy" the remarks after the jrroof of lemma 2.12 

C corresponds to a diagram of the form 2.3 above. • 

By proposition 2.11 we have 

Corollary 2.18. Lit F : Mod(P) -* Set bt an ultrafunctor, A/„ in Mod(P). x„ G 

FA/u, P in P and a G A/UF such that a is a support for Xa- Thtn is a diagram of 

tin form 
(1 • — C ('/• 

$ 

F 

in UC(Mod(P),Set) such that a G (IM and *A/0(«) = .r„. Q 

In a result similar to 2.16 we show that an ultranatural transformation is deter

mined by its values at models of size at most H = # P 

L e m m a 2.19. If §, $ : F —> (1 : Mod(P) -* Set art ultra-natural transformations 

btfwtai ultrafunctors such that for tray model M in Mod(P) ofcardinality #A/ <- H 

we hart 4>A/ = tyM thai $ = V 

Proof. Let Ar be a model. Choose a model M of cardinality at most ic, an ul

trafilter (Eld) and an isomorphism h : Mu —• A'". Let y G FX. Since h is an 

isomorpnism there exists z G F(MU) such that, Fh(z) = FbX(y). Let ./ G U and 

Xj E FM for every ; G ./ such that [Id, F](M)(z) = [(jfj)j]. Since $ is an ultranatural 
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Iransfoimation the diagram 

f l . l l " . " ^ ' " l I H I ,H 

Q{MU) 

(1(MU) 
[IE(1\(M) 

-((I 

(*.U 

' 1 f \!< 

\H 

\iy 

commutes. Il follows that $(A/") (c) = [//, f, ,](A/)~1[(*A/(.r,))]. I'siug the uatnralit.v 

of *I> applied to h vve conclude thai $(X!I)(FbX(y)) = (;h([lt,(l]{M)-l[(<P Wl.r,))]). 

Using Ihe commutalivity of 

FA' 
I 

FbS 

* V 

F(.V") 

4>(.V'V! 

(IX vrr*''(V") (IbX 

we have (,7i.V($.V(.v)) = (/ / ' ([ /M'KA/} ' [(<e.U(.r,))]). The same reasoning shows 

that (lbX(VX(y)) = (,7i([//.(;](A/}-1[(>I'A/(.r,)}]). Since # A / - K vve have that 

$A/(.r ,) = *A/(.r ,) for every j G ./. The result follow., irom this. D 

Propos i t ion 2.20. If P i.* a small pntopo.*. thai trtry F in UC{Mod(P).Set) 

has a finitt conr via t r : P -> UC(Mod(P), Set). 

Proof. Since P is small there is a small set of ultrafunctors of the form t vi-

with / ' in P. According to Lemma 2 .D an ultrafunctor trp —* F is determined 

by its values on models of size at most K. From lemma 2.6 vve know that trr : 

P -i- UC(Mod(P),Set) is subobject full. It follow that there is a small set 7 

of diagrams of the form F -—-(!>~*<rp such that for any diagram F-—(1'•—-*a,p 

there is a diagram (F-—•(/•—>cc/>) t 7 and an isomorphism (/ —> (/' such that the 

diagram 

F^-a tVp 

$ ' 

(/' 

commutes. 
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6:1 

For every model M in Mod(P) and x G FM we know that there is a diagram of 

the form ( F -—d'y—yt rp) with x G Im $A/. Hy what we said above vv may assume 

that (F^(l^trp)eT. 

Let Pu,(7) denote the set of finite subsets of 7 ordered by inclusion. Assume 

$ i that lor every 7' G 7 . 7' = {F-— (1, y->c ep,K'-i there are a model Mp and ./Y G 

FA/r such that xp 4. UU * ,A / r . Let /7 be an ultrafilter on 7^,(7) such that foi 

every 7' G 7 we have that ](T) G IE Consider [IE F](Mr)^[(xr)} G F(Y[MTIU). 

We can find ( F ^ - < 7 s - + f n.) t 7 such that [IE F](MT)"1[(.'T) G /m $ LI Mr/14. 

This means that there is ,/ G U such that for every 7 G •/. xp G lm^Mp. If 

F G | {F-— ( ly~+tcp)} n ./ G / / then we have that xT G Im$MT. On the other 

hand, since (P-*——(/>—>< 17.) G T vve have .17 4. IrnfyMp. A contradiction. There 

exists then 7 G P ^ ( 7 ) such that for every model A/ and every x G FM there is an 

element (F*— (7>—-x ('/-) G 7' with .r G Im$M. T is then a finite cover of P via 

( P : P - » UC(Mod(P).Set). D 

We have shown that for a small pretoj)os P the functor 

tr:P-*UC[Mod(P).Set) 

is conservative (Proposition 2.7), subobject full (Projtosition 2.6) and lhat every F 

in UC(Mod(P), Set) has a finite cover via tv (Proposition 2.2(1). This is enough to 

piove Makkai\s Theorem (Theorem 2.3). 

I 



Chapter 3 

Continuous Families of Models 

In this chapter vve are going to consider categories of models of pretojmses as categories 

indexed over Top, the category of tojiological spaces ami continuous functions. Before 

vve go into the definitions vve want to give some motivation for taking this approach. 

(Jiven a continuous function / : V —v A" in Top vve obtain a geometric morphism 
/* 

,S'/>( A )^ZlSh(} ) . b <vv, /* preserves finite limits and all colimits. this in particular 

j » 

means that / * : Sh(X) —> Sh(} ) is an elementary functor. For a-iy pretojios P 

comjtosition with /* induces a functor Modsi^\)(P) —* Mod*^ )(P) which vve 

also call /* . We want to relate this with the ultrajiroduct functors (see 1.1). Let 

/ be a set and consider it as a tojiological space ith discrete topology, let di be 

its Stone-Cec' compactitication and £1 : I —*• 11 be Ihe usual embbeding. dl — 

\ll\U is a.i ultrafilter e:i / } . and a basis for the tojiology on 11 is given by sets 

of the form ,/* = {11 G dl\d G / /} for subsets ./ i: / . We will show later that 

£/« : Sh(I) —• Sh(dl) is an elementary functor (see Proposition 3.IS). We have an 

equivalence of categories given by P : Set1 —> Sh(I) where F(.4,)(./) = U.,eJ ^< a i 1 ^ 

P(.t\)(d) = Uje.il, : njej.\j - l\,ejli, for every ./ C / and (/,) : (.1.) - (Bt) in 

Set . It / / is an ultrafilter on / then vve have a function 1 — » 11 that sends the only 

element of 1 to / / . 

P c 1 It* 

L e m m a 3 .1 . 7/ir composition Set1—" Sh(I)-^-*-" Sh(dl)—"Set is naturally iso

morphic to tht ultraproduct functor defined by U. 

Proof. Denote by L : Sh(dl) —> LH/dL the usual equivalence where LH/dl is 
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the category of local homeoiiiorjihisms over dl. If vve start with a family (A,)l€i in 

Set vve have that 

£(£/,( F(.4,).e/4) = U Ul!i tL(P(A,UW) 

using the fact that the sets of the form ,/* form a basis for the topology of ,11 we have 

J CI 
• 6 J' 

- LU,<; l>!»(P(X)teiW-l(d*)) 
i p > 

= u ^ i ( i» jFu , ) . t / ( . / ) 

= 11̂ 6**/ __" LI>L./-'b 

Therefore, the fiber ever// is /im LLe./b • We jirocc ed similarly with families of 

morphisms. • 

Assuming vve know that, £P : ,'>//(/) —» Sft(dl) is elementary (see 3.IS below) 

we have that composition with £/» induces a functor Modsh(i)(P) -*• Modsi,(,ii)(P) 

(called (L as well) for ai.v pretojios P. We lr ve an equivalence F : Mod(P) —+ 

M o d W i ) ( P ) given by F(Mt)(P) = (A/,/') aed F(r,)(/') -r- {,,/') for every P in P 

and every (r.) : (A/,) -> (A',) in M<Mf(P);. 

Corollarj' 3.2. Tht composition 

Mod(P)1 -£~ ModsHi)(P) — Mod*h{li[)(P) - ^ Mod(P) 

is naturally isomorphic to tin ultraproduct functor dtfund by IE • 

We obtain then the ultraproduct functors from continuous functions in Top. 

3.1 Indexed Category Theory 

Basic Definitions 

We review indexed category theory, as in [19]; in [3] the appioacli is via fibrations. 

To start with, we need a category T with finite limits, that we call the base category. 

i I 



We further assume that, T is locallv small. 

Definit ion 3 . 1 . A T indexed category A consisls of the following d«i 

1. A category AX for every object A" in T. 

2. A functor /* : Ax - • A* for every arrow V -^-» A" in T . 

3. A natural isoiiiorjihisin 

for every A' in T. 

1. A natural isoniorjihisiii 

A" A" 

U"!t)" <r 

A' 

for everv Z-U \ -U X in T . 

Subject to the following coherence axioms 

\ 1 . The diagrams 

/ " 1> 

1 
• 

r-

"(h )'nf" and fly • fV 

I 

-*• 1.4^ ,J / * 

•* r 

.t* 

commute for everv V —> A' in T . 

A2. The diagram 

(./' o i/ o /i )* — ^ - /;* -i ( / o </)* 

1 i 
(c/ o //)* o /* - ^ ~ / r o (/* o p 

commutes for every IF —̂-> Z —> ) ' —-> A in T. 

Definit ion 3 . 2 . Given T-indexed categories .4 and B, a T-indexed " 

B consists of the following data: 

1. A functor F Y : Ax -> # Y for everv A" in T . 



2. A natural isomorphism 

A 

F Y 

B" 

r A* 

F} 

r 
'~B* 

for every ) - A A in T. 

Subject to the following coherence axioms: 

Bl. The diagram 

F Y 0 ( l y ) * F Y n l , 
M 

Fx 

/ J 
( l v ) * o P Y " l L i X , P Y 

commutes foi every A ill T. 

B2. 'The diagram 

F/o(fo «,)* " FZ o tf n f • - ,,* o P5 o f 

( / o , / ) *oF Y — 

commutes for everv Z -̂ -> Y —-> A' in T. 

g" a f o f ? \ 

Composition of T-indexed functors is defined in the obvious way. 

Definition 3.3. (Jiven T-indexed functors P, (1: A —» B, a T-indexed natural trans

formation r : F —* (1 consists of a natural traiisformalioii r x : F —> (1 for every 

A" in T, such that the diagram 

r1 r 
F1 of 

f*oFx 

(? °r 

r-r 
f * 0 ( t Y 

/ . commutes for everv V —• X in T. 

T-indexed natural transformations also compose in the obvious way. 

I 



Examples 

as 

We will be interested in the case where T is the category Top of tojiological spaces. 

As an < xamjde we have the Top-indexed category SST. (liven a tojiological space 

vve define SST to be the category .s7i(A") of sheaves over X. If / '• ̂  —•A is a 

continuous function then /* : St"'Tx —> Sf'T^ is the usual /* : S'h( Y) -> Sh() ). 

Here is another examjde. If A is a T-inueV'd c ategoiv and, C is a small (oidinarv) 

category then vve ciefine the T-indexed category [C..4] as follows; [C',^4]Y — (AX )C 

foi X in T . If V -U X is .ui airow of T . then /* : [C.A}X --> [C. ,4] 1 is Midi that 

(C "^AX)^(C-^AX -^*.4M 

If A is a T-indexed categorv. we ciefine the T-indexed category ^4 ''. such that 

(.4"'')V = (Axy and for V -U A in T . the transition fnudor is (/*)' ' '• If B is 

another T-indexed category, vve can define the T-indexed category A - B such that 

(A > B)x = Ax - Bx and the functor corresponding to / Is f • f : ^ v * Bx -* 

Ay xB\ 

T itself can be regalded as a T-indexed categorv 7 in Ihe following way: Define 

7 V = T/X for A in T and, for \ --* X define /* to be the juillback functor along 

/ • 

Small Homs 

Questions of size concerning a T-indexed category should be considered with iesjiect 

to the base category, (liven A and .1 ' in AX. vve have the functoi 

II XA> : ( T / . Y ) ' ' ^SET. 

such that for every 

z ___ i—. r 

y\ ' f 
*. * 

A' 
in 7 / A \ vve have / / , ,.< /') = AY(f*. 1, / " . 1'), and 

7/t,.f(/i) : A' ( / M , . f .4') -* Az(g*A,g'A') 

is such that 

(f*A - ^ J* A') H-V {,,*A = (fh)*A -Z> h'f'A ^ h'f'A' - ^ (fh)*A' = g*A'). 



an 

Definition 3.4. A T indexed category *4 is said to have small bonis if for every A" 

in T, .4, .4' in .4Y there exists an object liomx(A.A') : Homx(A,A') ~> A' in T/X 

ami a natural isomorphism 

T/YL.W>Y(. l , ,n)-W/,M<. 

We say that A has small horns at 1 if the above condition is satisfied for A = 1 

W'henever vve have such an isomorjihism we represent it by a horizontal line as 

follows 
f'A^f'A' h\Ay 

/ - homx(A,A') in T/Y. 

Suppose that .4 has small horns. A morphism (ft. ft') : (.4,-4') —> (P. IE) in 

(^4A )"'' \ Ax induces a natural transformation ///,,/,. : 11 \,\> —• Hp,,H' in the obvi

ous wav. This corresponds to a natural transformation 

T/.Y(_ ,homx(A,A')) ~* T/X^,homx(ll.H')). 

By Yoneda, this last transformation is lepresented by a unicpie morjihism in T/X 

that vve denote by homx(b,b') : homx(A.A') -»• hotnx(IE II'). If we have Z - ^ Y 

and Y -U X in T. then 

g-^ f*homx(A.A') in T/Y 

fg-»homx(A.A') in T/X 

(/.'/)*.'! -> iff/)'A' in AA 

/. g*f*A -> g*f*A' in A 

y-*hom* (f'A.f'A') in T/Y. 

This means that homy(f*A, f'A1) ~ f*homx(A. A') in T/Y. Therefore, if vve define 

/ICJ/»(_,_) • A"'' xA-*T such that for every A' in T, hom(„. A x(A, A') = horn X(A. A') 

and /ICJ/H(_,_)Y (ft, iV) = homx (b,b') vve obtain 

Lemma 3.3. ////« T-indtxid category A ha* small horns then hom(„. A : A1'1' x A —> 

7 /.s (/ T-indtxtd functor. • 
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3.1.1 Stability 

Definit ion 3.a. We say that a T-indexed category ^4 has T-stable colimits if for 

every X in T , Ax has coliinils and for every / : ) ->• X Ihe functor ./'* : Ax •* A} 

preserves colimits. 

Similarly we define the concepts of T-stahle (oj>roducts. T stable finite limits 

etc. 'This concept of Instabili ty should not be confused with the somewhat related 

coiKcjit of stability under jmllbacks. 'To avoid confusion vve will use the word imiversa/ 

to mean stable under jmliback in this section. 

A related concejit is 

Definit ion 3.8 . (Jiven a T-indexed category .4. an object \ in T and a monoiiioi 
, , , / 

jihism in : .h> — >T in A . vve say that m is T-stable if foi everv V —• A in T vve 

have that fin is a monomorphism in >45 . We say that A has T-stable monomor 

phisms if every monomorphism in „4V is T-stable for every A in T . We say that a 

subobject in : Au—
v-l in Ax is T-stable if m is a T-stable monomorphism. 

3.1.2 Well Powered Categories 

(Jiven a T-indexed category ,4 and .1 in ^4Y . define the functor 

S.*ith{(A*A):(T/Xyr ^ SET 

such that for everv 

Z—±—Y 

H f 
X 

in T/X, Ssuh((A*A)(f) = Ssub(fA) is the set of T-stable subobjeds of f'A, and 

,s'.s»ft((_)\4)(/t): S.*ub(g*A) -> SsuHfA) is i B —>/M) ^ (h"Ii —>/r /" . l - ^* g*A). 

for every T-stable subobject IE—>./*".!. 

Definit ion 3.7. A T indexed category >1 is said to be well powered if for every A in 

T , A in Ax. there exists an object ,s«ftv(.4) : Sulrx(A) -* A in T/X. and a natuial 

isomorphism T/A'(_,.su/rY(,4)) -> Ssub((AA). We say that .4 is well powered at 1 if 

the above condition is satisfied foi X ~ 1. 
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If the T-indexed category A has T-stable pullbacks and is well j)owered, then for 

every a : A —> A' in Ax we can define the natural transformation S.*ttb((A*d) "• 

.sr.s«ft((.)*,4') -» ,s'.s»ft((_)\4) such that for any } ' -£+ X in T/X vve have that 

S.*ub(j*a)(H>->f'A') is the pullback 

Ssab(fa)(H^fA') 

rA 

•* II 

/ ' « 
-f'A'. 

This induces a natural transformation T/X(-..*ulrx(A')) -> T/A'(_,.s«ft-V(.l)). By 

Yoneda this last natural transformation is rejuesented by a morphism in T/X that 

vve denote by sidiX(a) : subx(A') ~> M/ftY(.4). 

Define sub(A : A"v -> 7 such thai .sW6(_)-Y(.4) = .*ubx(\). and .*ub(Ax(a) = 

stibx(a), for every A' fc T and A -^-+ .1 ' in Ax. As for hoin we have 

L e m m a 3.4. / / / /n T-indtxtd caftyory A ha-* T-stablt pullbacks and is wtll powtrtd 

thai .*ub(A : A"'' -> 7 is a T-indtxtd functor. Q 

Notice that if A has T-stable pullbacks then every nionomorjihisin is T-stable. 

3.1.3 Adjoint Functors 

Definition 3.8. If F : A ~> B is a T-indexed functor, we say tha' F has a right 

adjoint if there exists a T-indexed functor II: B —* A and T-indexed natural trans

formations ;/ : ly — -> UF and t : FU —> 1/; such that the diagrams 

FIxFRF and P F P — U 

IF cF r,U t / 

F U 

commute. 



3.1.4 Internal Functors 

Let D be the T-category 

IE ____ D,+JL. Da 
"1 

that is, D is a category object in T. 

Definit ion 3 .9. Let A he a T-indexed category, and D' a T-cat egory as above. An 

internal functor from D to ^4 is a jiair (.LcV;.l —'->• t \ . l ) will. .1 in .4' ' ' and £ a 

niorjiliistii in A ' . such thai the diagrams 

.1 = »td'KA and rr'e*.! 
T,*sC 

, ></\f 

id'b'A b'\ 
« * c 

; s 

<T,?M-

cpt 

T*c\l4 

" i s 

~.''sF-l 

commute. (Jiven another internal functor (B.b'P —>• (S,P) from D t t. „4, an internal 

natural transformation a : [A.b*v\ — • e," 1) — {P.b'Jl • r^P) i- a niorjiltism 

n . A --» 11 in ^l / , u such that the diagram 

« 1 - . l — ^ - e , . ! 

c^ t i 

e:/r b'll 

commutes. 

Internal natural tran-formations coinjiose in the obvious way. ami we obtain the 

category A' whose ooj . ts are internal functors from D to .4 and whose morjihisms 

are internal natural transformations. Furthermore, vve can T-index A~ as follows. 

(Jiven an object X in T . form the T-categorv D «. A and deiine (^-:)A" = ^ 4 : : " v . If 

/ : X -> Y is a morphism in T . then /* : A7^ ~* Ar'xY is such that (( \b*(' ~^-

I « 
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II / / : P - > C i s t beT- fund or 

TTil 

w 
— T T * i 

//.. 

?fi 

//. //„ 
7 
ffii + eo 

7 ^ , , ( '2 L _ ('! . P.. 

between T-categories, we define //* : A1 —-> .4' such that (.4,<\*,4 —> b*A) i-> 

(//,;,i./.*//-,i - ^ //r^.i "^ n;b;A) - ^ <s*//(),i). 
If F : .4 —> £> is a T-indexed functor between T-indexed categories, we can induce 

the functor F3 : : A'J -> / r ' such that ( .1.^.4 - ! • e; . l i ^ i P"». l . ^ F ' S l - ^ 

f / ' t , ^ ^ /.'^iej.4 -=-* c ^ F ' M ) . b is not hard to see that when / / : D -> 'C as 

above we have the following commutative diagram 

//* 
A A 

F- }ZZ 

K* 
IP 

B:: 

Small Limits 

We can deiine a T-indexed functor Am : A — Au such that for every A' in T 

and a : A -> .4' in Ax. A$(.4) = (~\A,(ba •: X)*ir\A -^ (c, - A*)*3r^.4), and 

J\A((/) = ~\a, where ;r\- : Mi \ A —> A is ihe projection 

Definition 3.10. We say that the T-indexed category A has Delimits if the T-

iudexed functor An, has right adjoint lim::. 

H>colimits are defincl in the same fashion, requiring a left adjoint instead of a 

right adjoint. 

I 
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3.2 Functor Categories 

We consider now categories of the form T ind(A.B) of T indexed functors form ^4 to 

B. As in ordinary category theory Tind(A.B) inherits it , properties from B. 

Propos i t ion 3.5 . Ltt A and B bt T-indtxtd cattyorit.*. IfB ha.* T-stablt limit.* 

thtn fh: cattgory Tind(A.B) has limits and if F : A —> C is a T-indtxtd functor 

thai tin functo. Tind(F.B) : Tdnd(C.B) -* Tdnd(A.B) pnstrrt.* limits. 

Proof. Let 1 : / —> Tdnd(A,B) be a diagram. For every A in T we obtain a 

diagram Tv : / -> CAT(AX.BX) Mich that Yx I - (17) Y and l 'Y/ = ( T d v for every 

/':/—>• / ' in I. Define (~)A = lim Vs 1. Since Bx has limits we have that for every .1 
v v v " ; ,. 

ill ,4 . (-) (.1) = lim (17 (.!))• (liven / : * —> A vve obtain a natural isomorphism 

(-)*'./'* = UmldYf —-/m//T/Y - + fliml'Ix = /*(-)* 
-«_ _̂ .«_ 

where the first arrow is induced by the isomorphisms Y P f~——*-./'* 17 Y and the 

second isomorjdiism by the fad that / ' preserves limits. It is not hard to see that 

these isomorjdiisms satisfy coherence, making (r) : A —+ B a T-indexed functor. For 

every / in I vve ciefine ~/Y : (~)-Y —> T/A as the jirojection. It is easy to see that 

this definition makes KJ a T-indexed functor and the family ((-) — ^ 1 7 ) a cone. Ihe 

universal properly is clear. D 

Remark ILL Notice that the above proposition remains true if we replace limits by 

finite limits or eojmxlucis etc, provided they are T-stable in B. Notice furthermore 

thai the limits (or colimits. etc) are calculated doubly pointwise. that is they are cal

culated as the limit in Tind{Ax.Bx ) and they are pointwise at every T-ind{Ax. Bx). 

L e m m a 3.6. IfB has T-sfabh strict initial objtct tht n Tdnd(A.B) ha* strict initial 

object. • 

Propos i t ion 3 .7 . IfB has T-stablt finitt limits, a T-stablt initial objtct. T-stablt 

coprodncts and for tach X in T tin coproducts art disjoint and unirtrsnl, thai 

T iud(A.S) has coproducts and tiny an disjoint and unirtrsal. 

m 



I 
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Proof. By remark 3.1, T-ind(A.B) has coproducts and they are calculated point -

wise at each A' in T . Since finite limits are pointwise too at every X and so is the 

initial object the result follows. • 

Propos i t ion 3.8. If B has T-stablt finitt limits and T-stablt quotients oftquiraltnct 

relations and for ertry X in T thest quotiaits are unirtrsal thtn Tdnd(A.B) has 

quotitnts of tquiralt net rt lotions and tht y an unirersal. 

CT 

Proof. It is easy to see that an equivalence relation Fzzzt(l in Tdnd(A.B) j»ro-
r 

. cT" 
V V 

duces an equivalence relation F ____i (E . Then proceed as before • 
Propos i t ion 3.9. IfB has T-stablt finitt limit.*. T-stablt sups of subobjtcts and for 

ertry X in T tiny art unirtrsal thai TAnd(A.B) has sups of subobjtcts and tiny an 

unirersal. • 

Assume now that T has coj)roduets. Lei A be a T-indexed category and {A"t,}(< 

a family of objects in T . Consider its coproduct (A"t»—'̂ *- ]Ja .V,,},,. We obtain the 

functor {/*) : ^ l i „ - Y " -+ l]aA
x,\ We say that A distributes coproducts if for every 

family {A'v},» of objects in T the functor (/*) : *4Ll„ A> _> TJit A
x" is an ecpiivaleiice 

of categories with pseudo-inverse ('*)""• Notice that if vve have a T-indexed functor 

F : A —> B and an arrow / : Y —> X then the isomoijihisms F-Y,v'*——•• /'* FLL ' '" 

induces an isomorj)hism 

M.--ASL .v., 

pLL-Y 

BU 
(»:.) 

IL-4 
I 

n.^'v-
I L FX° 

and if both A and B distribute coproducts vve obtain then a natural isomorjdii nsm 

pLL-v,, I L F-Y" 

BU°Xnyryr ILBXn 



Defini t ion 3 . 1 1 . Let T INI) be the full. 2 full subcalegorv of T ind whose objec ts 

are T-indexed categories that distribute cojiroducts. 

Utmark 3.2. Since for any A and B in T-IND we have T - I N D ( A P ) - T in./l A t f I it 

is clear that the jirojiosilious above remain true when we are dealing with T-LN'I). 

'The category S£T is clearly an object of Top IXI). 

3.3 Continuous Families of Models 

Let P be a jiretojios, we define the Top-indexed category AAOD(P) of models o v r 

P as follows: (Jiven a topologi.al .space A, let MOP{P)X = Mod^^x^P) and if 

/ : Y -> X deiine /* : Afod-,•* (v) t F*) -+ A/orfsv((} )(P'l as coinjiosition with f : 

Sh(X) ^S!,()•) 

(P-^,s7n A')) .-* t P —-'<• ,s7n A")- ^ - S h { Y ) i . 

Since 7'* : .S'ft(A) —-•> >7i() ) has a right adjoint and it is left exad it is elementary. 

vve have ihen that the comjiosition with M is indeed a model. It is not hard to see 

thai MOP(P) is in Top-INH. 

The Top-indexed category SST is ecpiivaleiit to MOP(Pt for P ^ (SetSetA.,i,. 

Indeed, vve know from Theorem 1.3 that we have an equivalence 

ToposlSetiSl»{X),Sh\P.d\\ - MOD{P)S 

where ./ is the precanonical topology on P. and (see [s] (i.33| 

Topos/Set(Sh(.\).SetSetA - ,s7*(.Y). 

We have (see [11] 1.8) 

P r o p o s i t i o n 3.10. Fin Top-imhxtd caliyorySS'T ha.*Top-.-a'}h finitt limits. Top-

stable colimits, Top-.*tablt quotients of tquiralant nlations and tiny art unirtrsal at 

trtry X in Top, Top-sfablt sups of subobjtcts and tiny a> u? irtr*al at trtry Y I'H 

Top. n 

i 
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C o r o l l a r y 3 .11 . For trtry Top-indtxtd cat t gory A tin caftyory Top ind(A.SC'T) 

is an <\.-pntopos (in tin st nst of [IS], that is. it is It ft txact, ha.* itnirtr,*al .*tt<is <f 

small st ts of subobjtcts. unirt rsal unagts, unirtrsal quotients of tquiralaict relations 

and unirt rsal disjoint coproducts). 

Proof. The result follows from lVojiositions 3.J), 3.7, 3.S and Lemina3.fi. • 

It is shown in [11] thai the Top indexed caiegory $£'T is well jiowered, covvell 

powered and has small honis. We have 

P r o p o s i t i o n 3.12. Tin Top-indtxtd cattgory MOD(P) Int.* small honis at I. 

Proof. Lei M Z Mod(P), and A' t Mod^,{x)(P)- Consider the diagram V : 

77(4/ ) -> Top/X such that Y(a Z MP) = A P where vve consider A P as a local 

hoiueomoridiism over X, and F((« Z MP) -^-* (ft Z MP')) = (XP £-U XI"). 

Consider lim Y(a € MP) = lim XP in Top/X. Then for eve ry / : A —> Y we have 

I, : f —• IrmXP in Top/X 
I'll M I 

where for every / ) : P —* I" and any u f. MP the diagram 

commutes. Now, 

/ _J___^L_. XP 

/ ' (A/ , . ( . i )eA/ /") N
 x ^ ' v / ' 

XI" 

({h^n--f-^M%iiemi))p i» Top/X 

( ( ^ w n : l — A V ^ ^ h>Top/Y 

wheie for every p . P —• I" and any a € 4/ / ' the diagram 

iJ!wzUf.Np 
\ 

^•(\P(,,)eA//")\ ^'-Y/' 

*•? •! I ' ' * ' i 

http://Lemina3.fi
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/.S 

coniniutes. Then 

( { ^ , e , ; n : l - . r . V F ) ( , i ( ; A / / , ) ) i , niTop/Y 

V\U —/*AT n> MOP(P? 

fX*M~"f*X it-MOP(P)* 

In particular, for M, X in Mod(P) define //»m'(.U. A) - Ihn XP in Top. D 

7iT/i 

Not ice that this gives a loj.ology to the sets Mod(P){M,X) for 4 / . A in ModiP). 

Indeed, for the topological space 1 vve have the corresponding isomorphism 

Top(\, Horn1 [M,X))~~ Modi P)( M. Yi. 

Notice that )iond[M, X) is a stibspace of II( ,c\7/>,/>) A P. It is not hard to s«v 

that the tojtology for Mod(P)(M. X) has as stibbasis sets of the form P;-, ,,<,{/i : 

4 / - * X\hP(a) = ft} with P in P. a ^ MP and ft z XP. 

Further analysis of smallness conditions for Top-indexed categories of models will 

be done elsewhere. 

3.4 Los Categories 

So far we have not dealt >vith arrows uf the form j \ thai allowed us to obt.dn the 

ultraproduct functors at the beginning of this chapter. We now take care of this. 

Def in i t ion 3 .12 . Let / : Y —>• A be a morphism in Top. We say that fh ultrafinite 

if ./'» ' S'h()A —> Sh(X) preserves finite cojiroduds and epimor|)hisms. 

Notice that / : i" —i X ulttalinite means in pailiculat thai /„ \* an dement a n 

functor. Therefore, for everv jnetojtos P. < omj)osi*ion with f, '• Sh(\'\ —>• Sh[\) 

induces a fund o r . Vf OP(P)] —> MOP{P)X. also denoted bv / ' . . that is light adjoint 

to ./* : MOP(P)X - MODfP? . 

As vve mentioned before, given a disciete tojiological sjiace / the usual embbeding 

/ —> dl into its Stone-Cech compactification is ultrafinite. We show this fact and 

give some more examples of ultrafinite functions below (see 3..")). 

| 1 • ' I * ( " 1 
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Defini t ion 3 .13 . (Jiven A in Top IXI) vve say that A is a Los category if for every 

ultrafinite morphism / : Y —r X the functor f" : Ax —> A his a right adjoin! 

/ , :A" ^Ax. 

(Jiven A and B in Top-INI) we say that a Top-indexed fund or F : A —> B is a 

Los functor if for every ultrafinite j :>"—>• A" in Top vve have that the comjiosition 

,,// v ( ~ f /A",' 

vv /, -^-^7./* F Y /. - =* /, FV/* /. -^-^ /* F5 

is an isomorphism where // is the unit of /* i /» : Z?1 —> # x , (' is the counit of 

/* H /* : A —» .4 and the middle isomorjihism is induced by /*/ ' ' ' ' —-•- IA ./",. 

(Jiven a jiretojios P and an object / ' in P is is easy to see that ihe evaluation 

Top-indexed functor t vp : M.OP(P) - SS'T is a Los functor. 

Defini t ion 3.14. Let £ o s be the 2-category whose objects are Los categories, its 

I-cells Los functors and its 2-ceIIs Top-indexed natural transformations. 

Thus £ o « i s a locally full subcategory of Top-INI). 

P r o p o s i t i o n 3 .13 . IfB is a / o s caiegory that ha.* 

-Top-sfablt Jin if t limit.*. 

-Top-sfablt initial obj-ct strict at trtry X in Top. 

-Top-sfablt find' coproducts that an disjoint and it mm rsal at i st ry X. 

-Top-sfablt quotitnts of tquiralt net rtlatioits unirtrsal at trtry X in Top. 

Thai for ertry l.o.- eat t gory A tin cattgory £os(A,B) is a pntopos. Fiirlhtrinon, 

tin coirtspondinq limits and colimits an calculttttd as in Top- INI) (A#) . 

Proof. By Propositions 3..r), 3.7, 3.8 and Lemma 3.6' vve have that Top-INI) (A#) is 

a pretopos All vve have to show is that finite limits (cojjroduds. etc) of Los functors 

in Top- INi ) (A#) produce Los functors. Clearly the terminal functor 1 : A -> B is 

Los. Let 1,(1 be functors in £G$(A.B) and / : V —> A ultrafinite. Consider the 

n ~* I 
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St) 

following diagram 

( F x ( 7 ) V . -

>/(Fv (l)xf 

f,f*(F - (/)-Y/« 

/-(F * (r«)V/. 

./,(F - < / )V 

MP • d)] 

Fxf. ^(lxf 

,,Fxf\ • >fi>'\E 

U*Fxf. • f.f(lxf, 

fFYff • fJ,A ff, 

/-F1 • Ml" 

where the toj> scpiare commutes because ff preserves finite jmxlucts and ;; is nat-

ut'al. the one in the middle commutes by coherence and the bottom one commutes 

because (F • < ly is pointwise. Since p and (1 are Los the vertical composition on 

the light is an isomorphism Therefore the vertical composition on the left is an iso

morphism. A very similar argument shows that 'he pullback of Los functors is also 

Los. 'Therefore £ o s ( A / > ) has finite limits. 

The initial functor 0 : ,4 — B is (dearly Los. Showing that £os(A£>) has finite 

sums is a similar argument as before using ihe f id that f juvserves finite sums. 

Finally we show that Hos(A.B) has cpiotients of ecpiivaleiice relations. Suppose that 

p__=t(/ is an ecpiivaleiice relation in £os(A£>). It is easy to see that (rr, r) is then 

an etmivaleuce relation in Top-I\D. Consider (/ -L+ // its quotient. We have to show 

I I 
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that // is Los. Consider the following diagram 

F\f 

>lFxf. 

T ' V . 

i-V. 

/.r«r-Y/. 

- ^ f/A7» — 

>i('xf* 

"-V. IIxf. 

,,nxj: 

* llX 

EFYt' 

— Cr ^ 

I />5 ,7* I 
J*P f E j , / ' 1 / 7« 

/ . F l 
» > 

f*P 
Ml" 

f.p 

\ 
UP 

UP c 

It, is not hard to prove that the diagram commutes. Since ./'» preserves ejdmorjdiisnis 

vve have that /»."5 is an eju. Since 

fJ,yl-dfmay 
r - r ,/>5 

, P ( / r 7 - T / - / / V 

is a jmllback vve have that the last row in the diagram is a coequalizer. Since the first 

row is also a coequalizer and the first two vertical compositions are isomorjdiisms we 

conchide that the third vertical composition is also an isomorjihism. So vve have that 

// i s i n £ o o ( A # ) . • 

It is eas\ to see that if B satisfies the conditions of Proposition 3.13 and F : A —> C 

is a Los functor between Los categories then £ o s ( F , # ) : £os(C,B) —> £ c a ( A # ) is 

an elementary functor. We therefore obtain a functor Host'1' -> PRETOP. 

3.5 Characterization of Ultrafinite Functions 

We now turn our attention to ultrafinite functions in Top. 
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In what follows vve will use the well known equivalent descriptions of Sc'Tx as 

Hi" usual Sh(X) and as the category LIl/X of local homeoiiiorjihisms ovei A, for 

.1 tojiological space A . We use the usual equivalences F : LIl/X —> S£'T and 

/. : Sh(Y) v Lfl/Y (see [2] for example). 

L e m m a 3 .14 . Ltt f : X —* V bt a continuous function thtn f\ : Sh(X) -> ,S'/;(V) 

prtstrrts tin tinted objtct if and only if f(.\) is daist in Y. 

Proof. Suppose first that /„ preseives initial object. Let \ be a nonemptv ojten set 

of *P, and let 0 rejiresent the initial sheaf, then ,/'«(0)(\') = l/l. That is. 0(7' ' I ) - 0. 

Therefore. / _ I 1 " can not be the emjity set, and then \ f t / ( A ) -E 0 

In the other direction, suppose ./' is dense. Let I be open in \ . since / ( \ I is 

dense in Y. vve have that f~\Y) -f 0. Iheietoiv 0 ( / ~ ' ( F > ) = 0. So / .(Oi - 0. 

• 
For the rest of the section rather that working with / , : .S7/(.Y) -— Sh{Y\. we will 

be working with LIl/X - U Sh(X) -^> ,s7,(l ) -±> Lll/Y. If vve have 

A" 

in LIl/X, then we have that the maj) 

Inn Y(F,P)(fl(Y)) _ _ _ ™ . ] J lim T[F'.P')(fl(Y)) 

is such that [,s z Y(E,p)U-\V% ^ \h ".s t Y{F',p')(fl(Y))\, 

L e m m a 3 .15 . Ltt f : X —> Y bt a continuous function with dt n.*t imagt. 'Unn 

,/'» : Sh(X) —> Sh(\') prtstrrts finitt coproducts if and only if for t rtrq optn \ C i 

and trtry y Zz Y, wlnmwr f~x(Y) i* tin union of two disjoint optn ,*tts of X , thtn 

txists \Y C Y optn with y t \V such that f~l(\V) i.* containtd in om of than. 
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Proof. Stijipose E Jireserves finite coproducts. therefore LfV jireserves finite rci 

jiroducts. Consider the following coproduct in LH/X 

Since LEY jireserves finite coproducts, vve have that the induced continuous function 

if Y( X, idx)bjLf.Y( X, ,</A ) - ^ /./,F(A'JJA', (i,/.v, ,',/v)) 

is a honieomorjthism. Take \" C Y an open set, y Z \ , and sujipose that / ~ ' ( V ) = 

A 11 11 with A and It open and disjoint. Define .s : / " ' ( L ) —> A JJ A' such that 

.s|.i is the inclusion of A into the first factor, and s\H is the incdusioii of H into the 

second factor. Then .s is continuous and [•*]„ z L,/*P(A" [] A, {idx. idx))- Therefore 

there exists an ojien set \Y of }', and a continuous function / : / - l ( U r ) —* X such 

that one of the following diagrams commute 

rHD-^A'U.Y fl(Y)-]rXU-\ 

In any case, vve have f\\Y) C A or fl(W) «- H-

In the other direction, consider the cojuodiid, 

E^JJUF]1E>JJ^E' 

\ f / 

in the category LH/X. Then we induce the unicpie morphism y> that makes the 
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diagram 

LfY( F,P) — Lf\Y( F.p) U L fS( F',//) - / f\Y( /'.//> 

/ . . / ' .n/ ' i]F' . (p./.') i 

commute. We have to .diow that T- is a honeomorjdiism. First vve show that r- is 

liionoinorphie. Sujqtose > ( [ / " ' ( C ) -•—> F]„) — ^ ( [ P ' t U ' i -^-» F'\ ). I hen it is clear 

that y = : and that 

lf-UY) - ^ F -±> FUF'l, [f ' ( I D - - F ' -*-> P U F ' ] . 

Therefore, there exists I <~ ) OJK-II such that // t-_ P C \ i 1 IF . and r : / _ 1 ( / r ! —v 

F I J F ' such that 

/ - M " ) - / " ' I F ) / _ , l » ' ) 

t 

P 
' ; • • 

FUF r 
commutes. Suppose .r f£ f~l{E). Then r(.rl H p ami r(x) z E'. a contradiction. 

Tlcrefore f"1(F) = 0. Hut E is open and nonemjilv and / ( A ) is dense in V. 

therefore p ' ( f ' ! ^ nonen pty, another contradiction. 'I h'Tefore vve conclude that it 

is not possible that r i [ / - , ( l ' ) - ^ F],,) = ^([./ '"'(U ) - ^ £"]-). 

Suj)])ose now that ^ ( [ / - ' ( H -^-> F]„) = ^ ( [ / ^ ( I F ) —• F}A. Then we proceed 

as before, so // = ~ and vve can find P open in i ' with y z P and P C \ 11 IT and 

/ • : . r 7 ) —+PTJF' such that 

/-'(n.— rur - / - ' ( I F 

t 

'£• 
F U F ' 

'E 
E 
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commutes. Hut this means that Im(r) ( F , and 

/-'(/•) — /-' in 

/-'(in—7— F 

therefore [ / " ' ( D —> Fj„ = [ / " ' ( IF) —'-» F]„. and y* is mono. 

Now, take [/-*(Y) -U E U F% z LfS( F U F ' , {p,p')), 1 hen / ' ' (V) - .s"1 (F) U 

.*~1(F') wilh .s^'(F) and .*' ' ( F ' ) open and disjoint. Therefore there is a IF C 1 open 

such that // 6 IF, and fl(\Y) C s~l(F) or fl(\Y) C s'l(F'). I f / ~ ' ( I F ) c s~l(F). 

'Then y"([/ -1(U ) — >̂ P j d = [s\u. The other case is similar. Finally, y? is ojien 

because it is a local hoineomorjdiisni. D 

If we consider 

F h "FA 

x > 
A" 

in LIl/X as before, then LfY(h) is an ejiiniorphism ill'for every y Z Y. every I" 

open in ) ' with // Z \ and any .s : / " ' ( C ) —> F ' such that p'u.s equals the inclusion 

of fx(Y) in X, then there exist IF open in Y with y t IF and / : / _ 1 ( U ' ) - -> F 

such that 

f-l{\V)—L-~E 

commutes, where the left vertical arrow is the inclusion. 

L e m m a 3 .16 . / / / : A —> i" is a continuous function, fhai f, : Sh(X) —» Sh(}') 

prtstrrts tpimorphism.* if and only if for trtry \ C Y opt 11. y t~ \ and trtry optn 

cortr {f\Aa£ i off~l(\"), thtn txist an optn \Y ofY with ,1/ Z \Y C Y. and a disjoint 

optn covtr { lF a }atJ °ff~lW) ^ucn that for trtry a wt hart that IFU C /",» 

I 
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st; 

Proof. Consider a commutative diagram 

1, 
F 

P 

A 

with p and />' local hoineomorphisnis and li onto. Take I ojien in ) and i/ . \ 

Sujijiose that .* . f l(\') • F' is such th.il / " s ecpi.ds the i ' UK l l h l l l l l i : /' ' I \ I -

A". Suict .s is a local honieomorphisiu, ir is open. Iheiefore s ( / l \\ n L open in 

K1, and .s : / ' ( I ' ) \ )) is a lioiiieomorphism with inverse p'. Sim e // 

is continuous vve have th.il h li*if ' (I )U is open in / . So we have the followii 

commutative diagram 

/.. -'(,(f "(\ n)-«i *\f-\\ )\ — - * /' M t 

A 

where the comjiosition at the top is < learly onto. It is clear that it is enough to find 

II r L with y Z II and / : / " ' ( l i ) —* lrl[.*{f\Y)>) such that 

J-\\\ I - — * / ! " ' I . s i / " 1 (i ))1 

7'in 

commutes. So, vve may supjiot-e that we have a local homeomorpliism q : F" —? 

fl(\) that is onto and vve want to lim' IF r )" with y Z ]\ and / : / _ , ( I F ) —* F" 

such that 

rl(\Y) - F" 

</ 
» * 

rl(V) 
commutes. 

I 
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For ever\ x Z f~i{\ ) choose F , c f' l{\ ) ojien, / ' i / (>pen such that .1 < / 

and c/ : / ' —+ / , is a hoineoiiioiphism. Then, {/ , } , , f qi » is an open covec of 

/ ~ ' ( l ). Therelore there exist II c I ' ojien with '/ c II and a disjoint open covet 

(H'7 . fcp-qi) o f / " ' ( I D s'it'li that IF, (_ / , for even r » / ' ( I ). Define /, 

('/It ' ) _ 1 | l i , : ^ i —> F". Since {!!',•},>/-qi ) -tie disjoint and c lopen in / '(U ) it L 

cdear that we can jmt them together to obtain the continuous fuiK tioii / : / '(II ) > 

F" s h that /|ii-, — p . t has the required properlv. ( J 

We j)iit Lemmas 3.1 L ILL! and and 3.1(1 together in the following pic.position 

Propos i t ion 3 .17. .1 continuous function /' : A -+ V is ulfrafiuitt if and only if / 

satisfit.* tin followinq conditions: 

(1) f(X) is d list in Y. 

(2) For trtry opt n Y of Y and any y z \ . if f~x(\ ) \a H with \ and U 

optn and disjoint, thtn thtn < n.*ts an optn II t I inth i/ • II .*mh that 

fl(\Y)CA orfl(\Y)c P. 

(3) For trtry optn \ of } , any y Z \ <mtl any optn con i { / ' ,}„ i "/ ./ ' ( ! ), 

thtn txists an optn \Y c Y with y z \Y ami a disjoint optn conr (IF,, j , , ( j of 

/"""(IF) such that for trtry o Z A wt hart that W„ <_ /',,. 

• 
Propos i t ion 3 .18 . (lirai a discrttt topological spact I, tin usual t inbtddtnq f_l : 

I --• dl into its Stout -('tch compactificdiou is ultrajinilt. 

Proof. Since £1 is dense we have by Lemma 3.11 that £/- : Eh(l) > Sh(dl) 

preserves the initial object, l a k e a basic open ,/* and an element / / f .P ami assume 

that £ / - ' (,/*'• = ./, U J j, with ./j 0 h '= IH. Since <7~7 /* ) =- ./ we hav. ./, i l , / ^ IE 

Since U is an ultrafilter that means that ./] Z U or d2 Z_ U. l h a t is U z d' oi U *- d' 

and £I~i(df) C df. for k = 1 or for k = 2. Hy Lemma 3.1-rt we have that £1, jiteseives 

finite coproducts. Using Zorn's lemma it can be shown that for any family {/,} of 

subsets of / we can find a disjoint family {./,„} sin h that l j , . / , , = l j , L, ami for every 

n, da C /,v. So given a basic open ./*, a point / / Z d" mid an open covering {/,,} 

of <7 _ 1 we simply replace the family {/,,} with a disjoint family {./,} with the same 

M B 
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,S',S 

union sin h that ./,, < / , foi all o. Hy Lemma 3.16 vve have that £/„ jireserves ejiis. 

( 1 

W«- need not take all of dl. If we take a non jirincqial ultrafilter / / on / and 

coiisidei the topological space £1(1) U \ll\ with the topology it inherits from dl we 

have that the resulting embbeding / -> £ / ( / ) U {11} is ultrafinite. We normally 

identify £/( /I with / . denote the element corresjionding to / / by an and denote ihe 

lestlltillli space by In-

Anoiher ex.uii|>le of an ultralinile function is the following. Let D be a directed 

categoiy. Consider the tojiological sjiace Xrj whose elements are the objects of D 

and give A'jrj the Alexandrolf tojiology. that is the sets of the form t(d) = [d'\ there 

exisls an arrow d -» </'} form a basis for the tojiology. Consider the tojiological sjiace 

Aft I I {/'} where p 4 Xp and with basis {f(d) U {p}} I^D- Notice that vve need D 

directed for the given family to form a basis. We have an obvious continuous function 

A/j + \p I l {/>}. It is not hard to see that ihis function is ultra'inite. 

I I 



Chapter 4 

Algebras 

4.1 2-Monads 

We will consider several monads. In this section we give the definitions we 'vill be 

using later to fix the notation. We follow the notation of [•">]. 

(liven a 2-category A. a strict 2-monad on .4 is a 2 eudofuiictor I' . A • A 

together with 2-natural transformations ; / : ! - - + / ' and p : TT » / ' such thai the 

usual diagrams 

.„ . TyA „TA 
TA — L — I I A v / ' ^ il,A ''"ITA 

TA 

\ 

pA •I'A pTA ,,A 

TA TEA ."I'A 
pA 

commute on the nose. (Jiven a strict 2-monad T = ('/'. I / , / I ) a strict algebra is a jiaii 

(T,<l>) where A is an object of A ami <I> : 'TA —+ A is a 1 cell of A such thai the 

ususal diagrams 

7 / 1 

A - 1 - TA FTA^-TA 

\ 

<I> 7«1> 

TA 

<I> 

<J> 
A 

S!J 



!)() 

. otiimuti- on the- nose. (liven algebras (A. '1') and (//.*!') a morphism of algebras is a 

paii (//. z) : ( 4.<I>| * [IEW) where // : A -* H is a 1 cell in A and y is an invert ible 

t w o c e 

satisfying the coherence axioms 

I'A * 

I'll It 

IB —$- B 

VTA—^+TTB TEA - ^ - ^ TTB 

7'<M 

TA 

7V 7'* 

77/ F B 

v-1 , x * 

/ / 
B 

an. 

,,A 

TA 

4> 

/ / 

77/ 

B 

i,B 

TB 

z\* 

11 

= '"hi 

When f is an identity vve say that the morjihism (//, y?) is strict. 

We eonsid' r the 2-category T-AL(1 whose objects are strict algebras (.4, <D). whose 

1-eelIs are morphisms of algebras (F,y?) : ( .4.$) —+ (B, ty) and whose 2-cdls r : 



( / / , y ) - , (k.r) ate2-cells r : // > l\ in .4 s,„ h th 

/ 'A 

/'<J?>/'B I'A ''k"l'B 

«!> / / / , * 

/ / B. A JT~: B 
II 

i I 

<H 

We have die 2-subcategory T-ALll, of T-AlAl where we rest 1 id the mot phisiiis 

to stricl morphisnis. Thus the inclusion 2 functor is not full but it is localh full and 

faithful. 

4.2 Functorial Weak (Co)Limits 

In this section we review some of the folklore of weak limits. 

Let A be a category. For every object A in A we have the usual forgetful IIUK ten 

EA : A/A -* A. 

Def in i t ion 4 . 1 . A functorial weak initial object, in A is a pair (/..!') with '/. an 

object of A and F : A ~+ Z/A a functor such th.il the diagiam 

A-
F 

\ 

Z/A 

' F z 

commutes. W'e say that A has a functorial weak initial objed if. u< h a ji.t'u (Z,F) 

exists. 

Functorial weak terminal object is defined dually. 

If (Z.F) is a functorial weak initial objed in A then clearly Z is a weak initial 

object in A. Furthermore, for every arrow a : A —» A' the diagram 

F 4 
Z L^-^ A 

F . 4 ' \ / a 

* A' 

I 
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'I'd 

i ciiiiniutes. In p.ntic n la t . ••oiisidt'iiiig FA : Z - * 1 as an arrow in .4 we have that 

z -?*- - / 
FA - FA 

A > 

( I I ) 4 

c c i M l M l U t e s . 

Lemma 4 . 1 . // (Z.F) is a fum tin nil irtak indial objtct in A thtn FZ : Z —> Z is 

an i tit in pot i ul. 

Proof F,,r A --. Z in 1.1 vve obtain FZ <> FZ = FZ. U 

Proposit ion 4 .2 . If A ha.* a functorial wtak initial objtct (Z.F) and split i dan po

tt ul* tlnn A has an initial objtct. 

Proof. From Lemma j . l FZ is an idemjiotent. Consider a sjditting 

t > in 
A 

s 
Sim e 

v F Z „ 
/ M / 

FS x m 
A 

s 
coniniutes, we have m o FS = FZ — in o t. Since in is mono, FS = t. (Jiven A 

in A we have the arrow , s ' — - Z -"A. Supjiose now that we have another arrow 
g : S » .1. Consider the diagram 

Hot It triangles on the left commute and the exterior triangle also commutes, therefore 

/•'. 1 o m ot = c / 0 ( . Since t is ejii vve have F . 4 o m — g. This shows S is initial. D 



I 

<>: 

Let Y.I -* A be a diagi.mi. Deiine the ( a' ••coi v ( ' o e o n e d 7 ot c ot ones o\ et F 

Thai is. the objects of C o c o M e d ' ) ale connies <J7 * l ) ; a i l d a illolphlsiii 

n : {VI ,! * 1), - U'/ ' ' ' * \'h 

is an allow ci : .1 -> A' sin h that foi even / in I the diagi.mi 

1 - - " - * 1' 

./; ^ /; 

17 

commutes, There is an obvious foi get ful fund 01 Coconv(Y) * A and a weak 1 oliniit 

cocone for F in A is (learlv a weak initial objed in the categon C'or<jne(F) md 

vice vc 1 a. 

Def in i t ion 4 .2 . A functorial weak colimit for F in A is a I'tnic toii.d weak initial 

object in the . at egory Cocone(Y). 

Functorial weak limits are defined dually. 

A functorial weak colimit for F in A deai ly gives a weak (olimit cocone Im I . 

L e m m a 4 . 3 . If tin cult yory A ha.* split idt mpott nt.* tin n fin ctilt gorq Coroiti'(Y) 

has split idt mpott id.*. • 

P r o p o s i t i o n 4 .4 . If a cattgory A has split idt mpott nt.* and a functorial trial, tohmii 

for a diagram Y : I —* A thai V has a colimit in A. 

Proof. Hy Lemma 1.3, Cocone(Y) has sjilit idenqiotents ami we .tie suppos 

ing that Cocone(Y) has a functorial vvak initial ob jed . Then bv l'rojiosiliou 1.2, 

Cocone(Y) has an initial object. This initial object is a colimit cocone Im I in A. 

D 

I 
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4.3 Fscmdo-ret.ractions 

Suppose n ,\\ we have ttiudors 4 * B and B --* A and a natural 1 ransl'orniatiou 

A * B 

7 „ L_ ,, 
l A x / /» 

(1 -2 ) 

P r o p o s i t i o n 4 .5 . In tin abort situation, if B ha.* a functorial wtak initial ohjtcf 

'hi n A has a ftinctorial wtak initial objtct. 

Proof. Assume (Z, F) is t functorial weak initial object for B . (Jiven ci : 4 —> .4' 

in A we have the commutative diagram 

*__J__L4_. /M 

FIEV \ , //./ 

11 A' 

in B . Applying It and using the naliiralily of 0 vve ol.iain the commutative diagram 

OAoH(FHA) 
HZ — • .4 

f P t ' o P ( F / P 4 7 \ >' 

, 1 ' 

Therefore (HZJH-) o F(/• ' //(_))) is a functorial weak initial object in A. D 

Utmark 1.1. Notice that for the dual, that is for functorial weak terminal object vve 

need to reverse the natural transformation 0. 

Assume now that it in 1.2 is a natural isomorphism and let F : I —>• A be a 

diagram. We can induce then < functor h" : Cocone(HY) —> C o c o n e ( F ) such 

that H'iHVl-^H), = (17 °Xl » RHVI-^HB), and R'b - 77ft for every ft : 

(17 J!l—* li), -+ (17 - ^ — W / \ ; ;., Cocone(HY). We have that H induces a functor 

//' : Cocone(F) -> Cocone(HY) such that H'{YI-^A), = (HTI-^HA)i 

I I 
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and / / ' . / = Pa for everv ,i . (17 "- * 1 ) , > (VI ''- " V), in Cocont ( Y) W e . a n 

induce a nalural isomorphism 
// ' 

(^oconf(Y) -JL + ('ucoiir(llV) 

i " 
'C"c«-one(l ) \ * - /)' 

\ 
«. * 

(1.3) Cocom(V) 

such that 0 ( 1 7 - ^ — , - 1 ) 7 = 0 1 :{VI-—-*lfllVI HUi" Hll I) , 7 1 7 f»\), 

T b e o r e m 4 .6 . If I) in 1.2 is a natural isomorphism, tin n any doiqrain Y 1 > 4 

such lhat I "A "B has a functorial wtak colimit (funclorial wtak tiiuiE' in If 

has a functorial wtak coltm ' (functorial wtak limit) in 4 . In parlic.dar, if A ha.* 

split idanpott nt.* thai Y has a colimit (limit) in A. 

Proof Since J — " A "B has a functorial weak colimit in B we have that 

the category C o e o n e ( / / F ) has a functorial weak initial object. Since t) is a natutal 

isomoijihism we can induce 0 in -1.3. Hy I'rojHisit'on 1.5 vve hav, (h <\ Cui'oiic(V) 

has a fiU'dorial weak initial object, that is F has a fuudorial weak colimit m 4 . It 

A has split idemjiotents then by Lemma 1.3. C*oeo7ie(\ ) has sjilii id. •npotents. Hv 

I'jopositiou 1.2 Cocone(Y) has an initial object. This initial object is a colimit Im 

F in A. • 

Rt mark 1.2. In the eases we are going to consider the categoiy B will have splil 

idenipotents. This imjdies thai A has sjilit idempotents (piovided 0 i* a naliiial 

isomorphism). Indeed, if a : A —> A is an idempolenl in A then Ha is an ideiupotcitt 

in B . Splitting 11'a and applying R we obtain a splitting of / / / / ( / , use now Iha' 0 

is iso. W;e will also have a colimit (limit) of the diagram / — " A - •*• B in B . h 

this situation the colimit for F hi A is o' aiued as follows: take the colimit <ocoiie 

{HYI "Irm HY)i in B , this gives a cocone 

( / / r / JllLL uiuiYI AlliL UHUm //!'}/. 

I 



I Ins 11 id in <•- .ui ait"«w -. : Inn 111 > II It Inn 111 sin h that I'm everv / t h e d iagram 

/ / I 7 - — — * lim III 

IIHirlPivri
 x 7 

\ / 
III) HR lim HY 

— > • 

commute s. I hen lili(lnn IIY) . IE, is an idempotent and a s|)litting of it jiroduces 

the c olitnit of F in A. 

h'tiiniik 1,3. As a (oiisequeineof Themem l.(i we obtain that if a category is a retract 

of a c mnplete c a 1 egory (in the sense that 0 in ! 2 is the identity) th 'li it is conqilete. 

This lesiilt appeals ill [7] 

4.4 Pretoposes Revisited 

/' 
We know from l.(i that vve have a 2-adjunction Pretop 1 +Lex. Denote by T the 

generated 2 monad. We use the results of the previous section to show that if a left 

exact category C has a T-algebra structure then C is necesarily a jiretojios. 

Recall that for any / / • C -f D in Lex, FC = (Setr"') „,, and F(1I) = Lttnu.v. 

Let T - ('/'. I / . / I ) be the 2-monad generated by F A E. 

If we start with an T-algebra (C,<I>) we have the following commutative diagram 

nC n „ , 

C ' EC =-- (Setc ) , u l l 

l c N \ / $ 

C 

Remember lhat >/(*' is the factorization of the Yoneda embedding through TC and 

since ( 'i.ts sjilit idempotents, vve have by 'Theorem 4.(i that C has colimits of all 

F 11C 

Ihos > diagrams T : I —> C for which the diagram J -C—-—-TC has a colimit 

in PC It follows that C has initial object, finite coproducts and coequalizers of 

ecpiivaleiice relations (ecpiivaleiice relations are preserved by i/C as it is left exact). 
P r o p o s i t i o n 4 .7 . If(C,$) is a T-algebra thai tin initial object in C is strict. 



Piotd'. Deitole bv 0 the initial obiec I ot I'C ,.nd bv fl) the mil tal obiec I of / / ( " 

( S p / , ( S p t ' '' ) /,. Following the image ot ihe uiiiipie .mow fl) > / ('( .Ota tmmd 

the eomtnutative diamam 

* » ' « • / « * ' ' " 

Ac/ii.j , i. 

' ) . . l ' c l'(' 

' 

* (Srt' 

«l» 
-

1..) 
(Ser1 r ' 

* c 

we have on the one hand that <I>(//C(<|) * / tt"( .()))) <1>(I„) I.,.,,, and mi t he ot bet 

$(/,(///,(, )((!) -» PCI ,0) ) - <!>(-,) wheie -, . 0 - C( .<!>()) is ihe utiicpt,- nimphiMii 

fioin 0 to C(_,<1>0). Since the initial object in C is obtaiii'-d as a splittuif of <1>( "d 

we co'iclude that the initial object in C is (I>(). (liven anv .mow / : P > ( ' in ( ' wi

ll a ve that the squaie 

0 • • 0 

cv/.) — - r n . e , 

is a pullback. Applying *I» we obtain the jmllback 

(P0 — - 4»0 

1 I 

Therefore the initial objed of C is stable under jmllbac k. I his means that the tinti.d 

object is strict. • 

P r o p o s i t i o n 4 .8 . / / ( C , <1>) is a T-tdgtbia thai finitt toprodutis m C an disjoin! 

and stablt. 

Proof. We do it for binary copioducts. Let C,D be objects of C. Considei 1 he-

arrow 

rc(.,c(.,("» + ,i,c(.,c(.,/i)) {lc[-t'h'c\=jAuic( ,a.(') v CA .D)\ 



<)s 

111 / ic wiim. /, tf( C) - a .<•) i c\ .D) .mii/<j n ,/ ; ) - -r*< .(') + ("'( . / ' ) 

an tin coitespoudlg injections We chase the allow {VC( ,i\). I C(-.tA) aiollllcl 

the- dlaglam 1 "i We obtain <t>(pC({ l'C( .iX).PC( .l2)V,) $(\^_t)+C( />)) -

l.|>(f"( t \iC{ i>)) on the one haml. and 

* ( / « „ * l ( x 7 ' n - , / i ) . i c ( . / 2 ) ) ) ) = * ( { $ ( M ) . * ( / 2 ) > ) 

on the olhei. Sim e tin c ojuoduc 1 in C is obtained as a spliting ol ihe idempotent 

*\>({'hi\),$(a))) W( have that <t>(cT( . f'| + C(„ 1))) is the « ojuodud in C of C and 

I). Inothei wolds cfrjfq ,(') f C ( _ , / > ) ) - ( ' f 1) We have that thescpi..ie 

0 - n ,D) 

Cf(')— C(„.(') + C(_.D) 

is a |iiillbac k. A|)])lv'mg <I> we gel the jmllbac k 

cj)0 — /) 

(' 
$/ 

<i>/2 

c + n 

Thai is, the copioduds m C a re disjoint. 

l"-i stabilitv vve use Lemma l.(i. Siij)|)ose vve have C -\ D ^ - ^-B^—A in C. 

I hen we have the pullb.u k 

f',j',)ff(.,i'/(^") + n-^>q.r) + r(../J) 

(Cfzu),C(.xn)) (C(_, .A), C(_,./',)) 
T 

C'(_, d ) — C(_, B) 
H-,</) 

wheie the scpiaies 

/',-iii-r 7,-^^-7 

T n / l *21 

fl B 



<)<) 

ate jmllbac ks„ \jipLinL> *1> we get the pullback 

p, t /'. T |* + T - ' i r - • /) 

( u , . ^ d 

* // 

d i d d 

1 heiefoie finite , op.-odtH's .nestable in C. LI 

Propos i t ion 4.9. /i {< \ '!>) is « T-alqt hi a tin n C lot* *tablt quoin nl* «>/ t qui nth in 

I tlal ion*. 

' ' ' Pioof. Let RzzZ< ' be an ecpiiv tlem e lelation in C , imisidei the cumiteiil 
/•> 

C( , / d 
C(..n) 

CE,ii 
tC( .(') •-Q 

in I'C and the quotient 

/ - r u r . , , , ) ) . 
/•CL.fdL.Pd) -3_z=iz : / ' ( ' ( . n .«'i; - c 

/T( . H ,rd) 

in TIC. fheic exists then a unicpie auovv t : O ->• /'("'( , Q) such i hat the diaiH.iiii 
\ /C( ,r(_,c) 

/'ru</)x 

O 

/ 
/ 

rn-gt 

commutes. It is easy te see lhat pC(t) is an isoiiioiphism and theiefoie <l>(//f'(/)j i-

an isoiiioiphism. On theolhei hand we have that <J>(/,(//!•(, ,(!)) <h|(7 ' - C( , ' K p ) 

wdtere -7 is the uniqii arrow that makes ihe dlagiam 

u 

C(-AQ) 

I 1 • 
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commute. Sime the coequali/cr of (r i ,? 'd in C is obi lined by splitting <!>(->), we have 

that the loequa'izer is <l>(r/) : (' —> <$>(Q). Since the square 

C{..H) C ( - , , ' 1 l C(_.C) 

C(.,r2) 

C(-.C) Q 

is a |)tillback. aj)|)lying 4> we get the jmllback 

lhat is, <!»(/ is a cpiotient in C of the equivalence relation (7"i./'d- We show that §q 

is si able. Suppose vve have an arrow // : D —* §Q in C . Consider the pullback 

in C. and the jmllback 

V « 2 
Q 

« i 

(i.(i 
C(-.D)——rCU$Q) 

C(-dl) 

HI l(\ There exists a unique arrow c/ : C(.,P) —• V such that the diagram 

C(..P) Cl"7rz\ C(.,C) 

C(-,*x)/ g' 

Q 
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commutes. Since the diagrams a b o v involving / ' and F are [itillhacks it can be 

shown that he scjuare on the right in the previous diagram is a jmllhack. Consider 

the diagram 

in wdiidi every scpiare is a pullback. Since the inner scpiare in the conmiul.itive 

diagram 

C(-.S) 

CI r,) ' 
C{_,R)-y^-i-'C{..C) 

-CfP) 

C(-,r, 

< ? ( _ , ( ' ) — - ^ Q 

/ ' \ 
/ C ( _ , 7T2) H-2 

CfP) E 

is a jmllback it is not hard to see that the outer scjuare is also a pullhack. Therefore 

the kerned pair of </' is C(-,.S)___£C(_, P). Sine" cpiotients of ecpiivaleiice relations 

are stable in TC and c/' is the pullback of c/ along u-j we have that the (liagram 
a' cj>,/ 

C ( . , > ' ) _ _ ; C ( . , P ) - i * f ' is a cpiotient diagram. Therefore P '-^fyE is the cpiotient 

oi the equivalence relation S * P in C. Q 

As a corollary we have 

Propos i t ion 4 .10 . If(C.<fr) is a T-algebra thai C is a pntopos. fd 

I 
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Siinilarlv we can show 

Proposit ion 4.11. / / ( F . y d : (C,$) -> (D,ty) is a T-AlAl morphism thai F is an 

i It im alary fain tor. • 

4.5 2-Algebras Over CAT 

4.5.1 CAT over CAT 

Consider the 2-adjunction 

CAT"1' 

Set^ Set[ 

CAT 

whose unit ijA : A —> CAT(SetA. Set) is evaluation, that is i]A(A) = ti>,\ and 

)/A((/) = e t\, for every a : A —> A' in A, and whose counit eB : CAT(SetB, Set) —• 

B in TAT"' is also the evaluation B -> CAT(SetB. Set). We consider the 2-monad 

T — ('/',//,/<) generated by the 2-adjinicti.m above. We have thai 

pA : CAT(SetCAT(SetAset).Set) -> C A T ( S e ^ . S e f ) 

is such that pA(C)((l) =- £((iv,.). / /A(£)(rr) = £(fr>) and //A(ft)((7) = lnr(! for 

even / / : £ - • C in C A T ( S e * C M r | S e t ' l - 5 e t ) , Se i ) and every rr : (/ -* (7 in S e / 4 . 

(liven a diagram Y : I -* A we will denote the composition 

/ _ U A - ^ t CAr(Sei4. Set) 

by c ry. 

Propos i t ion 4.12. If (A. $ ) i.s a .s/nV/ T-algebra thai A is a compltft and cocom-

plttt cattgory and cj> pnsirrt,* limit* and colimits of dit.grams of tht form try with 

Y:I->A. 

/'roof. We have the commutative diagram 

A^-CAT(SetA,Set) 

A 

] 



lo:t 

Now, A has sjdit idenqnitents (see Remark 1.2) and by Theorem l.li we have that 

A is complete and cocomplete. Let Y : I —* A be a diagram. To obtain the limit 

for r in A vve have to proceed a.' follows according to Proposition l.li: First vve 

consider the limit cone (Erin try-—-(Vyi)i in CAT(SetA, Set). To this we apply 

4> and vve get a cone (4'(//7» tr\)——*T7)/ in A. From this one we obtain the 

cone {(i\lnn t cy))((D 

arrow •) : t r^dim t ry) 

— - ^ f ' V ; ) / hi CAT(SetA. Set). There exists then a unique 

—> lim t ry such that for every / in 7 the diagram 

< <^(lim t ei) < ' ' * M . [ . , — < i ' r ; 

\ / 

/ / ' » / c I'p 

commutes (compare* wit n -f.l). W'e have that 4>7 : 'frhm t f[ -» (l)//ni c i'r is an 

idempotent and the limit of Y in A is obtained by sjililting »!>-). It is enough 

then to show that $ 7 is an isomorjihism. To do this ((insider the inTupie .mow 

C -t'\lhn ery) - • / » _ . ' « W in CAT(SetCAT{SeiA'Set),Set) that makes ihe di.ig.am 

tl'r, 
' r(ljw ' ''rt 

\ 
<", , , , 

/ 

/A 
(1.7) fan 11',„ 

commute. W'e chase c," around the commutative diagram 

nArtnAm CAT(Set\S*d) 
CAT(SetCAT^Sei[ <SeiKSet) CAT(SetA,Set) 

pA 

CAT(SetA,Set) 

<1> 

(4.8) - — t — , — / $ 

Observe that if (7 : A —» S e t we have 

C A T f S e * * , Ser.)(c v{lhn , vv))((!) = < <'(7m/ 1 ,.„ o _?e,t*(r/) 

= <i'(lim trp(E' o^) 

= (l($(ljm < i'| )) 
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Similarly we have that 

CAT(Sefp, Set)(ljm rret,r) = IJm t ry 

So applying C AT (Set*, Set) to diagram 1.7 we obtain the commutative diagram 

< i^jlim t i'i 
\ 

CAT(Set'*',Set)(C 

en "i 

lim t ry 

/ 
/ -Kj 

That is CAT(Set*,Set)(() = 7. Therefore ^ C A T ^ e r * , Ser-HC)) = * b ) . On 

the other hand it is not hard to see that pA(() — l(/i„, fVp and therefore <I>(//A(C)) = 

Ipjljm t en. That >« * ( T ) = l*(Pmi c t>r)- • 

Proposition 4.13. If(H,^p) : (A.$) -* (B.*!*) ;',s a morphism of T-algebras then 

H : A —> B prtstrrts limits and colimits. 

Proof. Let 7 he a small category. Consider 

..A 1 lim 
AI-^^CAT(SetA,Set)I^=-CAT(SetA,Set) 

$ 

Fd CAT^et'i.Set)1 CAT(SetH,Set) 

Bi ____, CAT(Set B , Set)1
 / f m > CAT(Sef B , Set)• 

* 
— B 

it is easy to see that the middle and left squares above commute, (liven V : I —• A 

we obtain with the helj) of the coherence diagrams the commutative diagram 

H(*(Umur)) H^1' HYl 

^plirn ( i ' r \ /V7T; 

ty(lim ct'/rr) 

Colimits are done the same way. • 

Notice that *p above gives the isomorphisms *plim evy : H(UmY) —» limHY and 

(v'/nn c i 'r) -1 : /»» //I" —• H{lim Y) induced by the universal property of lim and 

lim on B. 

I 



4.5.2 LEX over CAT 

Similarly we can consider the 2-adjunction 

LEX"1' 

Set1 -) LEX\-,Set) 

CAT 

and cany over the same argument. We obtain a 2-m mad that we (also) denote by 

T = (7,//,//). The corresponding jmqiosition is 

Proposit ion 4.14. //(A,<I>) is a T-algtbra thai A ha.* all limit.* and fill aid col

imits. Furthtrmort <J> prtstrrts limits of tht form I—-A " LEX(SetA, Set) 

and colimits of tht form J—* A~~*LEX(SctA,Set) wlnn J is jilttnd. If 

(H,*p) : (A,<I>) —» (B. ty) is a morphism of T-algtbra* thai II prtstrrts limits ami 

filtered colimits. • 

4.5.3 PRETOP over CAT 

Consider now the 2-adjunction 

PRETOP1 

Set<"» Mod(^) 

CAT 

and the generated 2-monad T = (T,y,p)- We have 

Proposi t ion 4.15. If (A,$) is a T-algtbra thai A has fill at d colimits and <l» pn-
y\ A 

saves colimits of the form I—- A - ^ — " M o d ( S e t A ) . lf(U,<p) : (A,*) -t- ( £ , * ) 

is a morphism of T-algebras thai H prtstrrts filtt ml colimits. fj 

It is to he experted that in this setting we can give a jire-ultracategoty st rm fiire 

to any T-algebra (A, $) in much the same way as we have constructed limits ami 

colimits up to here. This is what we do now. 
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We define the 2-filiictor W : T-ALU -> PUC as follows, (liven ( A » in T-ALd 

then the underlying category of U-'(A,<I>) 's A and given an ultrafilter (IM) define 

[£/]iv(/!,*) '• A —> A as the composition 

A ' - ^ M o d ( S e t * ) ' - - ^ L - Mo<7( SeF1) — A. 

where [/7] denotes the usual ultraproduct functor of models. If (//, *p) : (A,$) —> 

(B, 4') is a morphism of T-algebras, them we define W(lt, if) ~ H together with the 

natural isomorphisms 

, [W]H'(A,*) 

[W]H'(B.») 

The natural isomorphism *p[U](iiA)' has the domain and codomaiii shown above due 

to the fact that the diagram 

Ai AllM Mod(SetA)' - M _ Mod(SetA) 

IE (Mod(SetH))1 

B Mod(Setl 

Mod(Set") 

Mod(SetB) 

commutes on the nose. If r : (H, *p) -> (K, 0) : ( 4 , *) --> (B , *) is in T-ALG define 

W(r) — T : / / —»• A'. Wre have to show that r is a pre-ultranatural transformation. 

It is easv to see that 

U\l 

0/A)' 

cpials 

Mod(Set") 

Mod(SetA)' | Mod(Setr)I^r Mod(SetB)1 

Mod(SetKy 

H1
 t 

Al C E D S ' ~^-* Mod{SetBy 
K 
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and that 

Mod(Set") 

Mod(SetAy Mod(Set \ Mod(SetA) [ Mod(SetT)^ Mod(SetB) 

equals Mod(Seth) 

Mod(Set11)1 

Mod(SetA)! \ Mod(SeF)' Mod(SetB)' ^Mod(SetB) 

Mod(SetKy 

Since r is a 2-cell in T-ALG we also have that 

equals 

Mod(SetA) 

Mod(Set") 

\ Mod(SeF) ^ Mod(SetB) 

Mod(Seth 

* 

// 

Mod(SetA) 

$ 

. Mod(Seth 

Mod(SetB) 

It follows that 

$ 

^ t 

K! 

* 4> 

H 

A! -JL* B> 

H 

4» 



wx 

Thai is, r is a 2 cell in PUC. This comjiletes the definition of the 2-functor IF. 

(liven a pretopos P define <J>P : Mod(SetMjd[P)) -> Mod(P) such lhat 

4>p(M)(P)^M(evp) 

for every M in Mod(SetMod[P)) and every P in P. It is easy to see that $P(M) 

is an elementary functor. If // : M --» / / is a morphism in Mod(SetModi<p') define 

4>P(/d(F) = h(tvp) for every P € P . No*ice that the 2-adjunction 

FRETOP°r 

Set*-) MOeti(-) 

C A T 

gives us the comparison 2-functor PRETOPop -> (T-ALG)S and it is not hard to 

see that this functor is such that P t-+ (Mod(P),$p) for every pretopos P. The 2-

fuiidor in the following definition is simply the comparison 2-functor PRETOP —* 

(T-ALG), followed by the inclusion (T-ALG)S -> T-ALG. 

Definition 4.3 Let (Mod(A, $(_)) : PRETOP1' -+ T-ALG' be the 2-functor such 

that for eveiv 2-cell 

in PRETOP we have that (Mod(_),$(_)) applied to it gives 

(Mod(E) ,=) 

(A_bd(Q),*Q )^ ' I Mod(r) . (Afod(P) ,$ P ) 

(Mod(F') , =) 

In particular when P is the full subcategory of Set51**0 whose objects are the 

finitely generated functors, where Setu is the category of finite sets, we have that 

Moci(P) is equivalent to the category Set where the equivalence is given by eut-„ : 

Mod(P) —> Set where in : Seto —> Set is the inclusion. It is not hard to see that 

<J>.P defined above corresponds to the functor ^sct '• Mod(SetSei) —> Set defined as 

WsetM = M(idstt). This gives us the T-algebra (Set, *&*)• 
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Proposi t ion 4.16. Tin functor \Y : T-ALG - • PUC dtfintd abort is such that 

W(Mod(P)AP) = Mgd(P) 

for any pretopos P. In particular lF(Set, ^>set) = Set. 

Proof. Lei (I.IE) be an ultrafilter then [ll}w(Mod(P),*p) >s the composilon 

, nMod(P)1 ....tJ. , 
Mod(P)1 —'- - " Mod(SetMod{p))' 

Mod(P)+ ^ r — Mod(SetMod[P)) 
CPp 

If we start with a family (A/,)/ in Mod(P) we obtain the model ^pdl ,< I'wJH) i" 

Mod(P). For any P in P we have 

*p(ii f 'WW)=n f niM^r)=n' '•*/.(' "/o/w=n A/./V<F 
1 1 1 . 

Therefore [cV]vv(A4bd(p),<i>-) : Moci(P) —> Mod(P) is the usual ultrajuodu t functor. 

• 
In other words we have a commutative diagram of 2-functois 

PRETOP'' -& T-ALG 

Modi A 

PUC 

Proposi t ion 4.17. Given a morphism (A,$) ——"-^*(B,^!) in T-ALG wt hart 

that the category (Set, ^set)' '4 '*' is a pntopos and (Set.^set)^1'^ is nv tit military 

functo' Furfln rmon, the corrtspemding limits and coiirnits art crt attd bg tin foryt If id 

functor (Set, tf SH) ' * ' * 1 -> SetA. 

Proof. We only do the finite limits to illustrate the point, the rest of the construe 

tions are done similarly. Supjiose Y : J —* (Set, *I'st<)'i4'*' i* a diagram with J finite. 

I 
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Denote the image of ,/ under V by the jiair (F./.7./). 'Then for any M in Mod(SetA) 

we have -,d(M) : Y.I($M) -* M(Yd). Consider the limit Urn Yd in SetA. We want 

a natural isoiiioiphism 7 

Mod(Set 

Mod(SetA)~^~ 

lim j v,i\ lim Y.J 
' J 

Mod(Set Set , 
* Set 

Set 

Le-t M be an object of Mod(SetA) let -)M be the unicpie arrow that makes the-

following diagram commute 

Inn l\I{$M) 
"*~i 

Y.hbM) 

XJ 
M(ljmYd) -IrmM(Y.J) ~ ^ M ( Y d ) 

foi eveiy ,/ in J . where the iso M(lim Yd) —> IjmM(Y.l) comes from the fact 

that ,V4 is an elementary functor. It is not hard to see that 7 is indeed natural, 

satisfies the- coherence conditions and that (lim YJ.7) is the limit of the diagram 

Y:J->(Set.VSet)l
A^. O 

We can then make the following definition 

Definition 4.4. Let V denote the 2-functor 

P = T-ALG(__. (Set. *&*)): T-ALG -> PRETOP1 

We define now a new 2-monad S = (S,(,;/), this time over T-ALG. 

In view of projiosition -1.17 we can regard the category Set as a schizophrenic 

object in the categories PRETOP and T-ALG. This gives rise to the 2-adjunction 

PRETOP op 

(Mod(.) ,* ( . , ) 

T'-AM! 



m 

with unit £ : idT \ j ( ; —• (Afod(d.*(_)) <•' 7 such thai for every ci : .1 

£(A.<e)(.4)-(<r..o(A.<l>)) where 

1' in A, 

Mod(SetA) 

Mod(Set^A-*]) 

Mod(SetplA>*)) 

<J> - A 

1(AA) £(A,*) 

Mod(P(A,<l>)) 

' i'r t"t 

7' . \ / .C 

is such that for every M in ModJSeP4) and (//, yd <» 7(A,<I>) we have 

•){AMM(H^) = ^M 

and £(A,<!>)((/) = c e„, and counit (," : p o ( Mod(_),ch( ,) -•>• idpHEp0v >• such thai foi 

every pretopos P . (P : P -^ V(Mod(P),$P) is <P(/ ' ) - » c/. ami CP(/»1 

every p : P —> P' in P . 

This 2-adjunction induces the 2-monad S = (S,£,i') where ,S : T dLti 

is the composition 

T - . 4 L ( ; — PRETOP1 - i i ^ ^ l i * i = L U T .iL(,' 

£ is the unit and //(A, $)(£)(/ / , y1) = £((!';/) for even 

£ /n Mod(7(Mod(7( A, <!>)), <I»r(,M>))) 

and (7/,vd : (A.*) -» (Set, $!Set) in T-d/d,'. 

We consider the 2-category S-ALG of strict S-algebras and homomorphisms of 

S-algebras. This category has the same- description given in the previous see lion lot 

T with S in jdaceof T and T-ALG in place- of CAT. For later reference we explicitly 

describe this category. An object of S-ALG is of the form ((A. •!>/, (0,0)) oi simpiv 

(A ,$ , (0 ,0 ) ) whew (A,*) is an object uf T-ALG and 

(0,0) : (Mod(7(A.«!>)) ,^u,*,) - (A ,* ) 

makes the corresponding diagrams for an S-algebra commute. If we have anothe-i 

S-algebra ( J3 ,* , (X , \ ) ) a morphism is ((H,<p),s) : (A ,* , (0,0)) -» ( B , < M * , y)) 

I 
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when- (ll,f) : (A,<1>) — (B. 1IM is a niorjihism in T-ALG and .s is a natural trans

formation 
Mod(P(A,<P)),<i>r(A,n)

 ( ( ~ M ) » (A,<t>) 

(Mod(7( / / , y d) . - ) 

(Mod(T(B.*)),«I>r(B,#) 

, s / ,̂/Fvd 

(A'.y 
f- (B,¥) 

that satisfies the usual coherence conditions, .s being a 2-cell in T-ALG means that 

Mod(Setmd{P{"^) , 

Mod(SetMod{P^))) 

Mod(SetMod^B^) 

Mod(Sets) 

Mod(Setx) 

Mod(Setl 

!.!>) 

***.•> Mo^See>)^ Mod(SetA) ^^od(SetH) 

0 <*" $\ y> ' ' 

Mod(P(A,<I»))——(5 A — 

* 

7/ * B 

ecpu 

(1.10) 

Mod(SetP{U'f)) v 

M o d f S e r * * 3 ^ 4 ^ ) — M o d t S e t * * " ^ * * " ) M o d ( 5 e t ' ,' M o d 5 e f B } 

M o d ( 7 ( B , * ) ) 
Mod(7( / / , y d) ^ - - r ^ \ Y \ 

* Hi,*) 

Mod(7(A.<I>)) 

* 

B . 

A 2-ceT, r : ((//yd,*) - - ((/v\r/<U) : (A .$ , (0,0)) -> ( B , * , ( A , \ ) ) is a 2-cell 
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u:i 

: (A,$) — ( B , * ) in T-ALG such that 

Mod[T(l\.r)) 

(Mod(7(A,4>)),«DriA,*,) ." f Mod(r) ^ ( Mod(P( 7*. ^d.'tV,,,,*,! 

(4.11) 

(0.0) 

(A,*) — 

Mod(P(K,r '.-V,\ 

//.yd 
/M'! 

c(pial 

(4.12) 

(Mod(P(A,*)),QP{A.*)f-—'^^>lMod(r(B,*)),'briH*\\ 

(0.0) 

(4 .$) 

(A,\ 

I J*.*) 

(/Pyd 

Next vve define a functor Z : S-ALG —• UC First consider the- composition 

S-ALG-^T-ALG -+PUC 

where U denotes the forgetful functor and IF was elelined above, (liven an S alge-bia 

(A,4>,(0,0)) the underlvingjire-ultracat egory of Z( A, <1», (0,0)) is U'(A,<I>). Let (1 

be an ultragraph, k and / nodes of G and b an ultramorpliism 

" ' * 

UD{G,Set) " J0 Set 

on Set. We want to define />#(.A,.I>,(H,. *)) 

"V 

f i ' i 

t/D(G,IF(A,cl»)) ' | W . < « » ) ) ^ -

e i ' / 
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Let l)< UD\G,\Y(A.<S>)). Define I) : T{A.<t>) -» UD(G.Set) such that 

P ( / / , y d = UoD>.G-+ A 

and P ( r ) = r /> for every T : ( / / .yd -» (A",i,') : ( A , $ ) -+ (Set.^set). W'e have 

to show lhat / / r> p ^ an iiltradiagiam. Let d Z Gb. Since I) is an iiltradiagram 

we- have, an isomorjihism I)(d) —* [/c',t]n'(A,*)((F(.'/,dd))/ld
 a U ( i therefore vve have an 

isomorphism 

H(P(d) inn,jH!iAi))/iE)^^niJi(m!hiU)))/iE. 

Next we have to show that TD is a morphism of ultradiagrams but it feillows easilv 

from the fact that IF ( r ) is a jire-uitranatural transformation that the right ham! side 

scjuare in the diagram 

H(D(d) inr\iJW>)Mi) 
?llli}nA' 

X[iJl{D(gAi)))IHi 

rl)(d) (Ylhn(aAi))/u,<)) nV(/%,c')))/ty 

hand))—- K(Tii,,i)(!itm/iiA —r~,—rn^A'(^(ft*(')))/w^ 

coimnules while the left hand side square commutes by the naturality of r . We have 

now an easy lemma. 

Lemma 4.18. Tin functor T) : 7 ( A , $ ) -+ UDiG.Set) is elamntary. 

a 
Consider the diagram 

C'l'Jt 

I) 
P(A.<t>) " UD(G.Set) \ 0 Set 

tV[ 

Notice that the top comjiositioii is tro^) and the bottom one is 11'0(1). Since the 

r 
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diagram 

(A,*) ^ A ' * \ (Mod(P(A,^)),<t>r[A^) 

i<l(A,<i>) \ 0 

( A . * ) 

commutes vve have 

I)(k) = 0(e r* o P ) - ^ - — 1 ( - ) ( , n o p ) = /)(/) . 

Define bZ{A^{(.m(I)) = (-)(bI)). 

L e m m a 4.19. b/(A^^.)rff)) : c i't —• t r/ : UD(G, IF(A,«I>)) —> A dtjiind abort is a 

natural transformation. 

Proof. Let, c/: 7 —> D' : G —+ IF(A, <I>) be a morjihism of ultradiagraii"-. We c an 

induce then the natural transformation d : I) ->• I)' : P(A.<1>) --> UI)(G,Set) such 

that d(IEy) = Hd. Consider 

f) t n 

v{A,$) CTD^ UD(G'Set)^Jt^-SeL 

D' i rt 

This gives us a commutative square 

A bi\ i* 
t Viil) " f t ' / P 

t ri:d | ' >"ld 

o^D'Tru'"'1*' b I) 

in Mod(Setr(A-<]>)). Notice that t ckd - t rdk and therefore' 0(f nkd) = ilk. Similarly 

(-)(e cp/) = dl. Ajjplying 0 to the square above we obtain 

D(k) h ' A A , W ) l \ m 

dk 

D'(k) 
bz[A,<P,(»,»))^ 

dl 

o 
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With this d.'fiiiition of bz( A, <!».((-), 0)) we have that Z( A.4>, ( 0 .0 ) ) is an ultra-

category 

P r o p o s i t i o n 4.20. For t rt rg morphism ((H,p),.*) : (A . $ . ( 0 , 0 ) ) -» ( B , * , ( A ' . v)) 

/.-i S-ALG wt hart that tht prt-ultraf"<ictor H : IC(A.<1>) -+ \Y(B,^) is an ultra-

fnucior II : Z(A,$,«r),0))^ Z(B,V,(X,\)) 

Proof. Let b : t rk —t t ci : G —> Set be an ultramorpliism. We have to show that 

Hbz(A,<j,,(<r),o)) = bz(B,»i,(.x,\))UD(G,W(H.i?)) 

l h a t is we-want toshowthat II((A(bf))) = X(blFl)) for every D € t / D ( G , I F ( A , 4>)). 

Observe first that the diagram 

V(B. $) -Mil" UD(G.Set) 

V(IE^) I) 

7 ( A . $ ) 

commutes. 'Then bill) = bDV(ll.p). Using the naturality of .s we obtain the 

following commutative diagram 

//((-)(/ rj))) *'VkD' X(t vkDV( 11, ,p)) 

II(U(bI))) 

/ / ( 0 ( c i V P ) ) 
s iviD 

X(bHD) 

"X(tviL)V(H.^)) 

Using the fad that .s satisfies the coherence axiom involving the unit and that evkD 

t i'!,(k) vve have that .s t rkD — idni)(k) D 

Deiine- / ( ( / / . yd,.s) = / / . 

It is .dear that for a 2-cell r : ( ( / / . y-) , .s) -+ ((A", </'), /) vve have that T : W(H, tp) -

It (A, i,') is a jue-ultraiiatural transformation, therefore 

r:Z((H,^).s)^Z((K,t),t) 

is an ultrafunctor. Define Z(T) = r . 
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This completes the definition of Z : S-ALG -•* UC. So we have a commutative 

diagram of 2-fiinctors 

S-ALG - "UC 

T-ALG—~ry—"PUC 

where the vertical arrows are forgetful 2-functors. 

We obtain a conijiarisoii functor PRETOP"'' —• (S-ALG), whose composition 

with the inclusion (S-ALG), -> S-ALG we call 

(Mod( ).$(_), ((-)(_),=)) : PRETOP' -> S-ALG. 

It is easy to see that for every pretopos P , every model M in Mod('P(Mud( P), «l>id) 

and every F in P we have that tiP(M)(P) = M(t rp) 

Propos i t i on 4 .21 . The functor Z : S-ALG —• UC i.* such that for t n ry pntopos 

P we hare Z ( M o d ( P ) , <J>P, (Op, =) ) = Mod(P) 

Proof. By Projiosition 4.16 vve already know that, the underlying category of 

Z ( M o d ( P ) , 4 > p , ( 0 p , = ) ) is Mod(P). So all we have-to check is the- tiltraniorphisins. 

Let b : t vk —> ci'i : UD(G.Set) —> Set be an ultatnorjihism and let I) b<- an 

tiltradiagram in UDIG, Mod(P)). Then for every P in P w<- have 

bz(Mod{P),*P,{uP,=))L)(P) = 0 P ( C / ) ) ( P ) = bl)(aip) = />(,,';. o />) =_ e d ( )(/ ') . 

D 

As before, when P is the full subcategory of Set***" consisting of the finitely 

generated functors we have that (Mod(P),<t>p,((Ap =)) is essentially 

where X&t = i c , ^ , . As a consequence of the above proposition we have 

Z(Set,M>Set,(XSet,=)) = Set^ 
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Proposition 4.22. For evtry object (A, <J>, (0,0)) the category 

S-A LG(( A, <J>, (0,0)), (Set, *•*,, (A'*,, =))) 

is a pntopos and for every morphism 

(A,<1>,(0,0)) ( B . t f , ( A \ 0 ) 

in S-ALG tin functor S-ALG(((H, <p),s), (Set, <5>set*(Xset, =))) ^ «M elanentary 

functor. Furthermore the corresponding limits and colimits are calculated pointwise. 

Proof. We do binary coproducts to illustrate the point, all the other constructions 

are simi'ar. Sitjniose we have 

(tl,<f,s),(K.ir,t):(A,$,(0.e))->(Set,M>Sei,(XSet,=)) 

in S-ALG((A,4>,((,-),9)),(Set,ys,t,(XSet,=))). Consider first the coproduct 

(ff,*)U(A\V') = (f l I lW) 

in T-.4L(.'((A,«P),(Set, * & d ) where <p'M is the composition 

(//FJA'K^A/) = fl$MUA'$M t » ? M U^ M , MB[IMA'-^-A/(BIIA r ) 

for every A/ in Mod(Set '4) . We want to define .s' in 

(Mod((Set.*Set)(
AW).*P{At*)) 

Mod((Set,*&1)<"LIK>'>) 

(Afod((Set, *&,)(*'•**«)), ^ a , , , , , , ) ) 

(0,0) 
(A,*) 

- (Set,***) 

(liven M in Mod((Set, *set)^ '* ' ) define .s'̂ Vf as the composition 

//(-),Vf[IA(-)A< ( - ^ ' ^ 1 A<(/ / ,y)UM(A',V')-^-^(( /y,y)TJ(A' ,^)) 

;//jjA')av( M(//UA',^') 
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It is easy to see that .s' is natural. We show now that the conqio.'.it.iou corresponding 

to diagram 4.9 and the comjiositioii corresponding to diagram 4.10 are equal. Let C 

in Mod(SetM,<i ( r<A '* ) )). then from -l.U and 4.10 for s and / vve have that 

£(.s) o $[C o SetB) o 110(C) = s$r[AA)(C) 

£(t) o t/-(£SetH) o A0(£) - /<J>r(4,*)(0-

With these two equations it is not hard to see that 

C(s') o . / ( £ o Set) o HUEO(C) = **r{A,*){C) 

Therefore .s' is a 2-cell in T-ALG, We have a coproduct diagram 

( / / , ^ ) ^ ( / / U A V ) —1» ' -< / ' ) 

in T-ALG. To show that iH : (II,v,*) (//_JA',yflV) is a 2-cell in S-ALG all we 

have to show (according to 4.11 and 4.12) is that, 

HQM - ^ M(H, tp) -^^MiHUK, <p') 

equals 

HQM-^*(HUK)QM = HQMUK&M sM^iM . M(ll,p)\\M(K,^) 

M(IIUK,<P') 

for every M in Mod(V(A,§)), but this is readily seen to be the ease. 'The universal 

property also follows easily. • 



Chapter 5 

Algebras Over Los Categories 

In 4.5d we saw how to obtain j>re-ultraeategories from algebras over CAT, that is, 

we constructed pre-ultrafunctors with the help of the structure map. We saw as well 

how to obtain some of the ultramorphisms. We needed however a second monad 

to be able to introduce general ultramorphisms. In this chapter we avoid the first 

monad by working in the category £06 . Notice that we introduced this category 

with the exjiress purpose* of dealing with ultraproducts. With the category £os we 

also obtain some of the ultramorphisms, however we do not see how to get the general 

ultramorphisms. In this short, diapter we define a monad over £os and show how 

we can obtain the general ultramorphisms for algebras over this monad. On the one 

hand this simjiliiies the notation since we are dealing only with one monad and the 

rest of the structure is given by the Top-indexing, i the other it provides a nice 

setting in which, we hope, the other side of Makkai's duality can be proven, namely 

characterize those categories that are of the form Mod(P) for a small pretopos P . 

Notat ion (liven a Top-indexed functor F : A —• B and a discrete topological 

space / we denote by F1 : A1 —> B1 the corresponding F for the topological space / as 
FT F 1 

opposed to the product functor f]/ A1 ' Ui & that we denote by F1 : A1 -» Bl. 

5.1 Los Categories and Pre-Ultracategories 

We define first a functor £os—» PUC. (Jiven a category A in -Cos we construct a 

pre-ultracategory as follows. The underlying category is A = A1. Given an ultrafilter 

120 
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(l.U) denote by f : I —* In the embedding and define [ll]A as the composition 

where the first arrow is given by the fact that A is in Top-INI) (definition .'5.11). If 

F : A —> B in £ o s consider F 1 = F : A -^ B and define the natural isomorphism 

[IE F] as the pasting 

~ / . W 

where the two natural isomorphisms on the left are given by the fact that F is in £ o o 

(definitions 3.11 and 3.11) and the one on the right is given by F being Top indexed. 

It is easy to see that this construction does define a functor £ofi —> PUC. 

If P is a pretopos then it is clear that the pre-nltractegory we obtain as the image 

of MOT>(P) under this functor is Mod(P), as a particular case we have that 1 he-

image of SET is Set. 

5.2 Algebras Over Los Categories 

From Proposition 3.13 anel the remark after the proof we have a 2-fiiiicfor 

£o«(-,SST) : £ o s - + PRETOP'. 

On the other hand we have the 2-functor 

MOV(A : PRETOP1 -> £00. 

We obtain a 2-adjunction 

PRETOP1 

£os(_,5<?7) MOVE 

£oa 
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whose couiiit eP : P -* £oe(MOT>(P),S£T) is / ' t-> evp for any pretojios P and 

P in P . The unit ijA : A -> X 0X>(£ Ofi( A, <S£7)) is such that for any A <= £ o « 

any tojiological space Ad any A in A x and any T : F -* G in £o6(A,<S<?7) we have 

(nA)x(/J)(F) = F*(A) and (//A)x(A)(r) = TX(A). It is easy to see that, for every 

A in Ax the functor JIAX(A) : £os(A,S£T) —> Sh(X) is elementary. We have to 

show that for every A in £ o « the functor i/A is indeed in £os. We show first that 

it is Top-indexed. (Jiven a continuous function f : Y —> X we need a transition 

isomorphism gAY o /*—>/* o i/Ax. Let ,4 in Ax and F in £ofi(A,<S£7) then we 

want an isomorphism /d/A x ( .4)(F) -» 7}A
Y(f*A)(F). That is f*FxA -> F r /* .4 . 

Since 7' is Top-indexed we have an isomorphism f*FxA —• F 5 /*A that we can use 

to deiine the isomorjihism we are looking for. 

It is easy to see that ipA is Los. Assume /:!"—> X is ultrafinite in Top, we need 

to show that 

1]Axh dH__d_̂ _t uri]X
xU -^"f,^rh J^^^i f.vA* 

is an isomorphism. Take A in AY and F in £os(A, SST) and if we apply the above 

comjiositioii at A at E we obtain 

F*/./t U'"tFXf-Af.rFxf.A-^f.F*rf.A f-FYcoUnitA.f.VF*A 

that is an isomorphism since F is Los. 

We obtain therefore a 2-monad T = (T,n,p) over £ 0 6 . Consider the category 

T-ALG of T-algebras. We define now a 2-functor T-ALG -+ UC. Let (A, $) be a 

T-algebra, consider first the pre-ultracategory A constructed from A as in 5.1. Notice 

that for any ultragraph G composing with ijA1 : A —• Mod(£os(A,S£T)) induces a 

functor UD(G, A) -* UD(G, Mod(£os(A, SET))). If we have an ultramorpliism 

evk 

UD(G,Set) ^jT^Set 

ety 

over Set define bA = 4)1
 0 6Mod{C.o4AiSfT)) ° UD(G,nA1) 

Lemma 5.1. If(F,ip) : (A,$) -» (B , tf) w a 1-cell in T-ALG then F : A -+ B is 

an ultrafunctor. 
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Proof. Simply put the following diagrams together 

UD(G,A) UD^,'A 1 L/D(G,Mod(£og(A,5rj))) 

UD(G,F) 

UD(G,B) 
UD(G,yB 

UD(G, Mod(£oo( h\S£7))) 

T*UD(G,Mod(£os(B.S£T))) 

"'A 

UD(G,Mod(£os(A,S£T)))^ \t>Mod^<AiStTJf Mod(£o*(A,$£T)) 

Mod(£o*(F,S£T)) 

i Vf 

UD(G,Mod(£os(F,S£T))) 

UD(G,Mod(£os(B.S£T)))^ \ ^wwer* Mod(£o»(B,S£7)) 

and (vf 

Mod(£os(A,S£T)) 

Mod(£o6(F,S£7)) 

Mod(£os(B,S£T)) 

<D' 

* l 

/ / ' 

D 

Lemma 5.2. If T : (F,^) -> ((7,?/') : (A,$) -> (B,¥) w a Zl-ctll in T-ALG thai 

T : F —* G : A —* B is an ultranatural transformation. D 

We obtain a functor T-.4L(i —• UC. Notice that we obtain the following com 

mutative diagram 
T-ALG UC 

£os PUC 

where the vertical arrow.s are forgetful functors. 
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Chapter 6 

Indexed Categories of Coalgebras 

In this chapter we generalize a result from [11] namely that there is an equivalence 

between Top-ind(S£T,S£T) and Filt(Set, Set) given by 

F •-» F1 

where Filt(Set,Set) denotes the category of functors that preserve filtered colimits, 

and use this generalization to show that if F : MOV(P) —• 5<f7 is a Top-indexed 

functor then F 1 : Mod(P) —* Set jireserves filtered colimits. 

We consider a sjiecial kind of Top-indexed categories, namely those that can be 

detined at every X as a category of coalgebras of a cotriple on the category A'x' for 

some fixed category A (see below). The Top-indexed category SET defined in chapter 

1 is an instance of these Top-indexed categories we will consider now. In particular, 

for every topological space A', Sh(X) is equivalent to a category of coalgebras for a 

cotriple defined over Set'' '. To be able to define these categories we need products 

and filtered colimits in A. We start with the definition of the cotriples we need. 

6.1 The Cotriple Gx 

Definition 6.1. Let A be a topological space, A be a category with products and 

filtered colimits. We define the cotriple Gx = (Gx,ex,bx) over A |X ' as follows: 

Define Gx : A | v | -» A m such that {Ar)reX ^ (/»« T\Ay)xeX and {/,) i-» 
. . . . - , , . C~5*i y€U 

{% n/y). 
I' 3 I » 6 (' 
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Define tA : G x . ,;x I suc-fi that (c"Y(.4j.))j. is the unicpie maji that makes 

Inn ndv('- :('U);- ., 
I ' S r t t l ' 

n Ay 
V<= c 

commute. 

Define Av : Gx G (1 such that (eV (/lj.))r is the unique maji that makes 

n AV 
s e e 

_ n lim m. 
« t e i 3 v . o 

/im n /1« —v >- lint Id ' ' " ' id 1 
" 9 r j s e (<• (dj - ) ) j - " e> t.ve e v a v .-e e 

commute, where the top arrow is the unique arrow that, makes 

n AV , n Lim UA: 
V f l ' 

' f 

V 6 C V 3 V i 6 V 

7T„ 

% n.-i-
V s'il J € C 

commute. 

It is easy to see G" is indeed a cotriple. 

6.2 Indexed Categories of Coalgebras 

Now we are ready to define a Top-indexed category. 

Defini t ion 6.2. (liven a category A with jiroducts and filtered colimits define 

Top-indexed category A as follows: 

For every tojiological space X, A is the category of e-oalgebras for the cott 

Gx. 

For every continuous function f : X —* Z and every coalgebra 

(A,-^lim T\AW) 
W 3 i n € W 
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in A/ define 

r((A:-^lim UAw)) = (AJlx)
T-^llim n Au.-+hm Y\Af,) 

H ^ si. e H » S [ i • 6 II [ ' 3 . ( 6 1 ' 

where- the last arrow above makes the diagram 

n A,„ ' » - . ijm n -4H, 
u>eij « s / » « e n 

V 
/ 

Ah 
\ 

n Afy-. • Inn UAfy 
V6 / " ' » ' / - U V f ' 3 rv £ 1 ' 

commute. We call A the Top-indexed category of coalgebras over A. 

It is easy to see that we have defined a Top-indexed category. Furthermore, all the 

coherence axioms on the definition of an indexed category turn out to be equalities 

in this case. That is A is a strict Top-indexed category. 

We will be intrested in the case where A = Set for a pretopos P , in this case 

we de-note A by SE7F. Notice that when P = l . we obtain the Top-indexed category 

SET. 

6.3 Filtered Colimits and Absolute Equalizers 

li is shown in [11] that the category Top-ind(S£T,S£7) of Top-indexed functors 

from SET to itself is equivalent to the category Filt(Set,Set) of filtered c-olimit 

preserving functors from Set to Set. It is our intention to generalize this result 

to the category Top-iud(A.B) where A and B are the Top-indexed categories of 

coalgebras over A and B respectively. However, to be able to do this we need more 

structure on the categories A and B . See proposition 6.9. 

'Take a category A with products and filtered colimits. If D is a small directed 

poset, and II : D —> A is a diagram, denote Hd by 

hod 
Hud——THid 

h\d 



for d <E D. Fsing ideas from [1*2] vve have that one of the jnojierties we need is the 

following: 

Definit ion 6 .3 . Let A be a category with jiroducts and filtered coMmits, vve sav 

that filtered colimits commute with jiointwise absolute equalizers if for every small 

directed poset D and, every diagram / / : D —+ A such that tor every d c- D, IId 

has an absolute equalizer c,/ : F,i —> Hud in A . and the jiair 

Iiin hud 

lini //nt/ Aj lini 11 \d 
•' lim hul •' 

also has an absolute' equalizer in A, we have thai the diagram 

lini t ,i lim h^d 

lim E,i "~*" lini //(1c/ ~ * 11 ol 
~^ ^~*" Inn hid 

.t 

is an equalizer diagram in A. 

6.4 Some Topological Spaces ^nd Their Associated 
Coalgebras 

Here are some definitions of tojiological sjiaces and continuous functions that we are 

going to need later. 

Recall from section :L5 the construction of Xp) for any small directed JIOSC-I I). 

Consider the topological sjiace Xp obtained form A'o l>y adding a point x. not in A'/j 

and whose opens are the emjity set ami sets of the form /<'I) { TO} with / a iionempt v 

open of XJJ. The inclusion h : XD —> Xp is clearly continuous. 

Let (7,7") be a filter. Define the tojiological space !/• whose set of jioints is 

I U { « F } , with ap £ I and the topology given by f ' C / U {ar\ ojien ill" ar ( E 

implies that U — {etjr} £ 7" 

In the case when (I,IF) and (I,£) are filters with £ C T we have a continuous 

function hss : ljr —y Ie such that, h restricted to / is the identity and hp.(aF) - a.-. 

If .7 C I we denote by S(.l) the jirincipal filter generated by ./. I hat is, S{.l) -• 

{K C 7|A' D d} 
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We will denote Sierjiinski's space- by S. thai is, S ~ {(). 1} ami the only noiitrivial 

o p e n of >' is {) }. 

11"/* 7 <: / define /.',,/ :,-'—> Is(.i) such that /*•_,,/( 1) = j ami /,,./(!)) = <*${.!) 

Considei the Top-iiitlexed eat egory A clefinecl as above. Let's take a look at the 

e ategoiv AX for A the spaces vve just defined, and at the transition functors induced 

bv the e oiitiuueius functions also elelined above. 

Fiist of all, if we take the tojiological sjiace 1, vve have that A1 is essentiallv A. 

When vve have a 7bp-indexed functor F : A —* B where B is defined over a categoiy 

B as above, we have /• ' : A -^ B. Sometimes vve write F instead of F1 vviien it does 

not lead to confusion. 

It is not haul to see that AK° is ecpiivaleiit 1o AD. 

Il is dear that A s is isomorphic to A 

A1' is equivalent to the caiegory whose objects are majis .4,,, -d-> lini f] .4,, 

whole . 1 , , and the .4, are objects of A. and whose morphisms 
J e ' J «r ; 

f:{Aiii^Um n d d - M T ^ -^lim nF/l 
J z > i e i J e • j e ' 

ire families of morphisms (/„, : A„f --> 7 , , , , { / , : d , —> B}}j) such that the iliagram 

1 r_-_% n^j 
" * ' fc ' I £ ' 

fa, km n/i 

comiiiules. We will use this description of AIf systematically. In the case where 

7 — S(d,i) tor some ./0 C / we1 have that Irm f] A} — Y\ Ar Then an object of 
J e-'-t-'n) j e J j e Jn 

A 'M '", with the description given above is a pair (d^(j0) —+ [7 Aj. (A,)/) . 
> e J„ 

Now, consider the continuous function hrt- : lp —> l* defined above, we have 

that h'r, : A ' ' -> A1' is such that ( d „ , - U inn Y[Aj) i-» (A„f - A /mi [1 Aj -* 
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/:») 

lini HA,) where the last arrow makes the diagram 
i g fi e i 

UiAj '•' .!n» n t , 

/./ 

Urn n- i , 

coi'iniute for even ./ G E. 

For hlJo : S -* li;ua) we have that /»;,„( A„S( ,_,, - TT, •^-{•b}/] 

n 4, -^ i 
( - v . , . . . 

J 6 

- + 6.5 The Category *4A^ 

When vve have the tojiological space XD with D a small directed jiose-1 the silnation 

is a little bit less trivial. It is here that we use the property that filtered colimits 

commute with jioinlwise absolute equalizers. Define L : A > A' " ' sin h that 

7 ( { d , ^ A,,.},,-.,.) = (lnnA.1, (A,,),,), and if {/,,} : {A, ^ A.,.},,_.,,. > {/*, "'"'• 

# , } , , _ , , . then ! ( { / , } ) = (lnnfi,(fd)) 

L e m m a 6 . 1 . If A is a cattgory with products and filttnd colimit.* ,*nch that filtatd 

colimits commuft with poiiitwis' ahsalutt tqualiztrs, D t< ,*mall timet til post I Ilia: 

flit functor L : A —• A'" D ' dtfintd abort is cotriphahlt. 

Proof. We use Heck's tripleability theorem (see [Y-\] foi examjilo). Fiist, we need a 

right adjoint. Define R : A]x°] -> AD such that //(( 4 .,{A/))) -- {A . , ]\ -Li" '' ' ' ' ' 
• < " • • ' 

-4,x x Y[ A,i"},i^,r, where/),;,(! = A,, < jwoj.id' and proj^p makes the diagram 
. t" - d' 

n A,P. WOJM . n A,» 
. i " — . ; . t ; '—. i ' 

Tt,jn rt<i 

'U» 
1-V 

A,,» 

commute. If ( / , , ( / , , » : ( A , , (A,,)) - (IE,(IL{)) then H(f.,(f,)) - {/., • II / , , } . 

It is easy to show that R it; right adjoint to L. Sujipose {/,/}. \g.\ \ : {A,{ —> A,i>\,i -,;< - • 
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{ll.i —• li,ti},i-,,p is a parallel jiair in AD such that L({f,t}), L({gu}) has an absolute 

equalizer 

i-.x.,{'rf)) 
(%/,,{/<>) 

7^,{F,» (/mjAd,<A r f)) 
( ^ i'.c (<'</)) 

* (lim^W). 

Projecting from A ' A D ' , we obta'n, for every c/ € £), an absolute equalizer 

F, ; • A,, __=__: Brf 

.</«• 

and another absolute equalizer 
lim fd 

F,Xl- /I7?I _̂  'Jim B,i. 
*~ lini e/,/ •' 

/irf 

'Therefore, for every d —* d' in D vve can induce an arrow Ed —=> E,i> such that 

commutes. It, is easily seen that we obtain an equal'ze; diagram 

{F,i —> h\i>},;_,/! -{Ad -* Ad>}d-*d'" ~^Z{Hd —» Bd'}d-*d'-

Since filtered colimits commute with pointwis* absolute ecpializers we obtain that L 

jireserves these eejiializers. It is clear that L reflects these equalize-s. Therefore L is 

cotrijdeable. • 

If we look at the cotriple generated by the adjunction L H R. of the lemma we 

oblain G A £ \ which means that the categories AD and Axn are equivalent. Now, 

the comparison functor $& : AD -» Ax& is such that ^o({Ad ^ » Ad<}d-+d<) = 

1 x lim (id x (tJdd>)) 

(Urn .At -lim Ad x lim (lim Ad x n 41), (4f ^ II ^») ) , and 
<t d * d ' d ' d" — d .i" — d 

$£>({/<•}) = C___JL̂  fd>(fd))- The qu?,si inverse vf/) : Ax*> —• AD is a lot simpler, 

VD{A^-*lhn n Ad, (Ad -> Aoo x n drfi) = {Arf -» Aoo x n d ^ - ^ d ^ - I r f w . 
c 3 .x. d e c d - d ' d' - d 

I 



C o r o l l a r y 6 .2 . With tin satin hypotlnsts and notation as in lanma (i.l. tin diagram 

commutes, where v]/D j> tht functor just dtf'uitd. 

It is easily seen that the functor A' : AD -> A | A ' D I such that A'({.4,/ -"'* 

Ad<}d-+d') = {Ad)n i« also cotrijdeable and defines the cotriple G D. 'Thus, in view of 

the previous corollary we have that the categories A v ° and Ax" are ecpiivaleiit. In 

the particular case when D = 2 we have that in A'2 1 and no can not be distinguished 

from eaedi other so and we will feel free to replace 4V-* by A s . 

6.6 The Functor (J1 :Top-ind(A< B) -> Filt{A<B) 

From now on we are going to sujipose that A and B are categories with products and 

filtered colimts such that filtered colimits commute with jiointwise absolute equaliz 

ers and that A and B are the Top-indexed categories of coalgebras over A and B 

respectively. 

L e m m a 6 .3 . / / G : A —> B is a Top-indtxtd functor thtn thtn txists a strict Top-

indexed functor F : A —* B isomorphic to G (in Top-intl(A.B)). 

Proof. Let G : A —> B be a Ibp-inclexecl functor. For any X in Top and any 

x G X, we have a continuous function x : 1 —>• A', and a natural isomorjihism 

x*Gx —> Gx*. Therefore, given (Ar d£_> Urn \[Ay) in Ax, we have a natural 

isomorphism X*GX((TT)) -=+ GAX. Define Fx : Ax -* Bx such that FX((TT)) is 

(GAX -=+ J - T » ( ( T , ) ) -* Urn Uy*f'((Tr)) -=+ lim ftGAy). It is not hard to show 
" a** » e v t> 3« 11 e " 

that we obtain a coalgebra in this way and that the functor F is strict and isoniorjihie 

to G. U 

In view of this theorem we will assume that our Top-indexed functors are strict. 

I 



V\2 

L e m m a 6.4. / / /•' : A —> B is a Top-indtxtd functor, thai the ,*quart 

A 

F F1 

B' 
*2 

B1 

cummiitt .* up to isomorphism. 

Pi oof. We are using As instead of AX* • Now, consider the continuous maps 
l__^ 

1 -»_1-— S. These maps induce the diagram 

in which il is easy to see that the front and back faces commute sequentially, and the 

sides commute as well. Then it is not hard to see that the top commutes as well. D 

L e m m a 6 .5. For any dirtcttd poset D, tin following diagram commutes 

^+____u A D 

Exi 

Bxi * D 

FD 
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Proof. Let </ —i- </' be all arrow in D, consider the functor o,j,r •- 4 D such that 

(0 —> I) i-+ ((/ —> c/'). Consider the continuous function dlitV : S ~+ \p, stidi that 

.7(0) = c/ and .^(1) = </'. Then it is easy to see that we have a commutative diagram 

A 

Fs I-n FD 

BX+° oTt BD 

tfl 

£•'.!> 

F 2 

* ; 
B J 

D 

The following proposition is an immediate corollaiv of these lemmas. 

Propos i t i on 6.6. If F : A —* B is a Top-indtxtd functor, thai tin functor /•'' : 

A—^ B prtstrrts filttnd colimits. 

Proof. It, is enough, see [1], to show that F 1 jireserves directed colimits. Considei 

the diagram 

•*Bn Bxi 
* D 

F-V_-

A*i 
* D D 

OO 
OO 

4i ill 

FD 

/ 

inn 
\ / 

A 

F 1 

B • 
The jiroposition allows us to ciefine a functor ( )' : Top-ind(A,B) --> FUt(A, B) 

such that F t-t- F 1 and r t-+ r 1 for every 

F 

A ^jT^B 
G 
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in Top-ind(A,B). 

6.7 The Functor (_) : Filt(A, B) -• Top-ind(A B) 

We ciefine now a functor in the other direction. (Jiven // Z_ Filt(A,B) and a 

topological space A", we define Hx : Ax —> B" such that 

/ 7 v « A , - ^ / £ m T\Ay)) = 
I ' 3 i i 6 l ' 

lhxI {llA/-^ ll(lim nAv)^limH(Yl Aa) 
tefx y 6 c e a r n e e 

where the last arrow is the unique one that makes 

lim II // Ay), 
C 9-t y € •' 

H(U Au)JlL ljmH(U At 

//TT, 

11 An 
7 

* £ ' ' 

LI / / . 4 , - r — lim Y\HAy 
ye.i U' rTuc-t' 

commute, and H((fx)x) = (h'fx)x- It is not hard to show that vve obtain coalgebras 

and coalgebra morphisms with the above definitions. 11 turns out to be a strict Top-

indexed functor. We will show that, with the proper conditions on A md B , the 

functors defined above give an equivalence of categories. Before the proof vve need 

some lemmas. 

6.8 The Ultraproduct Transition Morphisms 

Sujipose F : A —* B is a Top-indexed functor. Let A" be topological .space. For every 

x G X we have the continuous function x : I —* X that sends the only element of 1 

to x. This function induces the following commutat've diagram 

F 



/ :« 

If we start with a coalgebra (Ax —^ lim Y\Ay) in Ax we have that 
e s't nee 

•r*(FA((.4,-^% n4))) = //1(-u 
' 3 t SI € I 

This tells us that Fx((A, -^* Urn U A y » is of the form 
(' 9*t SI 6 e 

{F».4, - /»«, nF'.4v). 
I ' s n e 1 

In particular, when we have an ultrafilter (l.Q) and and a family (A,)/ in A1, we 

obtain the coalgebra 

//'m n d , —• /im fid,. i e c; j e J - ! € . . ' ) £ ' 

iii A^". Thvii 

F / t f ( / /m UA.-^ljm YlAA:Fl(l±n UA,)-*lhn ft Fx A,. 
i e t ; e •" Jet ' i e J J e t j e ' T T t ; t > 

We call this morphism 7 F C ; ( A , ) / . It is not hard to see that •>/.<; defines a natural 

transformation \im J~J t _) 
/ — n _ _ _ - j — „ A 

?w (F1) 7*V Fl 

B' 
lim n (-) 

B . 

L e m m a 6 .7 . If F : A —> B is a Top-indt xt d functor tin it for t rt ry ultrafiltt r (I ,Q) 

we hart that 

f'O 
E'^A^-^lim n^)=F(ABtf)-^F(/im UA^^lnn \\FAr 

' e i i j e J ' e y • <= ' 

Proof. (Jiven Aai. -^-+ /zm n An consider the morphism 
J 6 t J 6 J 

A„ 

(T 

-2 . / i m n ^ j 
J c - U j e ; ; 

/mi n U j 
J e c j e J 

lim J] Aj — j — - lim \[ A} 
Jt'e i e J I 77t-1 e J 

in AIg and apply F7s. • 
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6.9 Reduced Products and Ultraproducts 

Finally, we need a condition on B . (liven a filter ( 7 7 ) , ciefine Ujr = {Q\Q is an 

ultrafilter on / ami f C Q). 

Definition 6.4. We say that ultrajiroduets determine reduced products in B if for 

every filter ( / , 7 ) and every (F,)/ € B1 we have that the family {lim T\ B3 —+ 
j e'rj e J 

Inn n Hj}oen> ' s jt^intly monic, where ijrg makes the diagram 
/ 1 * , e i 

n,F, 

IJ 

____.__» UPj 
J t ' i e i 

\ 
km n R] 
J e * • e J 

>S6 

[•onmiiile for everv •/ € 7 . 

Using the fact that for every filter (/, 7 ) we have that T ~ flc;g//r Q-< if i* not hard 

to jirove that the condition above is true for the category Set. 

Lemma 6.8. If in B nduced products art ditermintd by ultraproducts and F : A —> 

8 is a Top-indtxtd functor, thai F is dtftrmintd by tht natural transformations ~jpg 

for all ultrafilttrs (1,0). 

Proof. Let ( 7 7 ) be a filter, and Q <= Up. Now consider F : A -+ B, and the 

continuous function hgjr : Ig —> lj- defined after definition 6.3. We have then that 

the following diagram 

Au lss A1* 
F l r Fh 

B1 

h'tljr 
B1 

eomm.'tes. Following the image of an arbitrary Aar —> lim T[Aj we have that 
J e's-j e J 

F'--(.4(1, - % lim JJAj -^* lim T[Aj) is equal to the composition FAajr —V 
J e'r} e J J e t j £ ' 
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lim II FAj —^ Urn \[ FAj. Or put another way, we have that 
TT*/ j 6 J J s t j € J 

F.4,,,-7____iLf._lF(/m, n.l.) 

F'dcr) 

lim 

1/-V 

J e fj e i 
UFA, -. • Inn UFA, 

commutes. Since the family {'Tv }(/€/<> is jointly monie, we have that /''''("") i* 

determined by the natural transformations -)/.-<; with (J € ///-• Now, given a tojiological 

sjiaee A', and a point, j - Z X, let / = A' — {x} and Tx = {./ C l\d 11 x is a 

neighbourhood of j-}. 7j-is a filter on / and there is a continuous fund ion h : lr, -> V 

such that /i|/ is the inclusion and h(ajrT) — x. Then we have a commutative scpiare 

A 

Fx 

B 

A1 

///;, 

II' B1 

Following the image of an arbitrary coalgebra we see that Fx is determined by 

{FlF*Ux.. • 

6.10 Top-ind(*4, B) equivalent to Filt[A, B) 

Proposition 6.9. Lt7 A and B bt cafegorits with products and filtt nil colimits such 

that directed colimits commute with pointwise absolute tqualiztrs, and such thai in

duced products are determined by ultraproducts in B, thtn tin cattgory Top ind(A,B) 

is equivale t to tht category Filt(A, B) of functors from A to B find pn strut fillatd 

colimits. 

Proof. We have already defined the functors ( )' : Top-ind(A,B) — Filt(A,B) 

and ( ) : Filt(A,B) -* Top-ind(A,B). It is clear that ( )' o ( ) is the identify. Let, 

F : A —t- B be a Top-indexed functor, we will show that for every ultrafilter (I,Q) 

and every (AI>/,7irff((A,-)/) is 

F\lim YlAj) -=-» lim Fl(T\ A}) -* lim U Fl Ay 

J e t j e j J e t j e J TiTt) i e J 
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Thus, using lemma 6.8 we conclude that F = F 1 . 

Let (l,G) be an ultrafilter, and J0 6 Q. Then S(d0) denotes the principal filter on 

/ generated by ,IQ. For every j € Jo we have the continuous function h3j0 : S —* ls(J0) 

defined after definition 6.3, that induces the following commutative square 

A/'s't-/o> 

77*'(j0) 

(»h) 

EJo 
A 

Fs 

l]Ja 
Bs. 

If we start with ((AA,AasUo)
 K—^l T\ Ay) <E AIs^J<>\ then we have that F(nij) = 

(F'-"<MM,>, Aa,{Jo) ^ n Ay)),. Therefore 
/ e JD 

^ * 1 ( 4 ^ ^ n A/) = ((FAI),FAas(Jo)^'n FA., 
j ' e Jo "' >' e Jo 

Now, the continuous function hg$u0) : lg —> 7<5(Ja) induces another commutative 

square 

AE{jQ) ?— A h 

pEaa) pk 

llJo 

from which we conclude that 

'Jo. F'%4„,(,n) ^ 1 n ^ - ^ Km n ^ ) = ^«, , U o . <f^> n FA, - ^ /im n ™ , . 
j e Jo J e <J j e j J € Jn J e v j e j 

In particular, taking Aa^Jg) = T[ A, and m: = JT,, consider the morphism 
j e Ju 

n A, JJo . Urn I\A> 
j e Jo J e o j e ; 

?J-o 1 

lim n A* ~ T * ^i£ n A 
J e t j e j 1 J eC]ej 

in A'^', apply F1* to obtain that 

Fl*(lim Y[A}-Ulim {[A,) 
J € t f j € j J € C ; 6 j 
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F(lnn UAj)-^lhnF{n A,) - Urn T\FA,. 
I ^ ' ) 6 J J € 1>" J « / ' € C > € J 

This last arrow is then -)pg. Since vve already know that F is determined by these 

arrows we see that we have an ecpiivaleiice as stated. • 

6.11 Subcategories Closed Under Ultraproducts 

Suppose now that we have a full subcategory A 0 of A such thai A() has tillered 

colimits and they are preserved by the inclusion A(1 -> A. 'Then we can define a 

sub Top-indexed category An of A as follows. Ax is the full subcategory of Ax 

whose objects are the coalgebras (Ar —d lim fj Ay) such that for everv x t_ .V 
eVri /ec 

we have that Ax is an object of A(). It is clear that for every continuous function 

f : Z -» A , the functor / * : A v - • A7' restricts to Ax, that is, /* : Ax -» A(f. It 

also is clear that for every directed poset D, the functor <p£) : AA*> -> A restricts 

We will be able to apjily the results of this section to Top-indexed categories of 

models due to the fact that models over a sheaf ( at egory are the same thing as sheaves 

of models as the next proposition shows 

Propos i t i on 6.10. Tht cattgory of modtls MOV(P)' is tquiralt id to tin full sub

category of (SET ) x whose objtcts are coalgtbras (A/,. dd- lini \\My) such thai for 

every x € X, Mx £ Mod(P). 

Proof. First notice that this is (dearly true for the topological space 1. (Jiven a 

topological space X, a model M t_ MOV(P) corresponds to the coalgebra (x*M —> 

lim u V A / ) in (S£TP)X. Clearly x*M <E Mod(P). On the other hand, if we start 
ca't y e v 
with a coalgebra (Mr ~^-> lim Yl My) in (S£TP)X such that for every x Z_ X we 

e i * i y ee 

have that Mx € Mod(P), this determines a functoi M : P -* Sh(X) such that 

MP = (MXF 2$ lim n MyP) . D 

i' $'* yen 

Definit ion 6 .5 . We say that the subcategory Ao is cdosed under A-ultraproducts if 
for every ultrafilter (l,Q) we have tha t the functor lim Yl(A : A1 —• A restricts to 

. / J e v" j e J 
a functor lim Y[() : A0 —> A0. 

Tt% j e J 
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Fix full subcategories A u of A, ami B 0 of B , with filtered colimits preserved by 

both imlusioiis and such that Ao is closed under A-ultrajirodiicts and B 0 i« (dosed 

under B-ultraproducts. Define Ao and Bu as above. We assume as well that in A 

ami in B filtered colimits commute with jiointwise absolute ecpializers. 

L e m m a 6 .11 . If F : A 0 —• Bu is a Top-indexed functor, thai F 1 : A() —» Bo 

pit st rrts filtt rtd colimits. 

Proof We can rejieat the same reasoning that leads to the proof of jiroposition 

li.fi. • 

We have then a functor ( )x : Top-md(Au,Ba) -+ Filt(Alh B0). Notice that we 

can not define a functor in the other direction as before because we do not have, in 

general, products in At) or B ( ) . 

(liven F : Ao —• Ba. we can elefine the natural transformations ^yg for every 

ultrafilter (l.Q) as before, that is, 1FQ{A,)I is 

F'*{Um [] A, -Ulhv U AA : F^Um T\A,)-+lim ft FlA,. 
J e t i e J J e t 3e J J e t j e J J e t j e J 

or jmt in a diagram l i m J-J ^ 

1 / J e t j e J 

% n (-) 
J e c; j e J 

With essentially the same proof we also have 

L e m m a 6 .12 . / / in B nduced products art determined by ultraproducts and F : 

Ao —» Bti is a Top-indtxtd functor, thai F is dttermined by the natural transforma

tion* -)j.g for all tdtrafiltirs (l.Q). 

• 
L e m m a 6 .13 . Tht functor ( ) ' : Top-iud(Aa, B0) -» Filt(A0,Ba) is faithful. 

http://li.fi


I I 

Ul 

Proof. If 6 : F —* «7 : An —• tf() is a T-indexed natural transformation. A is a 

tojiological space and : t .V, consider the following diagram 

Since </iis a T-indexed natural transformation, we have that for any coalgebra (\, '» 

lim l\Ay) in Ax, (&x(rx))~ = 0xA r : F d - -> (/A-. Il is clear then thai e/d is u.tallv 
e a ' t si e e 

determined by ejA Q 

It is easy to see that for every small pretopos P the calc-gorv Mo<7|P) satisfies 

all the lecesary conditions as a full subcategory of Set and therefore as a orollaiv 

of lenn la (i. 11 we have 

Propos i t ion 6.14. For any Top-indtxtd functor F : MOD(P) -* MOP(Q) tin 

functor 7'1 : Mod(P) —> Mod(Q) prtstrrts filtt nd colimits. [J 

« 
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