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An'independent-sample Xi , . f. ,«Xra is drawn from a population ,with distribu-

tion" involving an unknown multidimensional parameter ??. We'introduce a proce-
* » " -

dure, for constructing confidence intervals'for a reaWalued function 8 — #(??). Th<£? 

intervals have error 0p(~) for s% in a compact subset of the parameter spajce. 

The unknown parameter is estimated by an M-estimate 57, and we w<$xl| with, 

a modified sample, constructed from the observed Values of the score functions f6r' 
t i e M-estimation. The modified sample Is called the configuration. The confidence 

* • # „, * * . 

interval is constructed as all parameter values @o not rejected by a specified .test 

. procedure. The^test is based on the observed average of the configuration. 

The configuration is constructed by applying results found in Bhattacharya 
i» - • - . 

anS 6h@slL-£lll78) ahfl Field (1982), and is; calculated once for* each sample.. For 

each value $0 under test, the distribution of the configuration is re-estimated by an 
0 ' - % . , ' 

euEpoEtentially tilted bootstrap. Bootstrap re-sampling is- avoided via the Hugann^Jii • 
<? * . , 

and Eke tail area approximation "(1980). * >• i " ' 

We apply the technique to two°prqbiems: confidence intervals for location, when 

scale is unknown, and confidence intervals for slope in simple linear regression. 
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DJimter 1 ;I 
*0 

> ,Our primaryxfoncern is the construction of confidence intervals for a real-valued 

population parameter in the presence of nuisance parameters. Our two examples 

are' location, with scale unknown, and the regression coefficient in simple linear1 

regression. = • ' • * • . - „ ~ -J""'" 

« * Our techniques can be applied to either a parametric or a non-paxametnc 

model; however, our programs are non?parametric. 
• « t 

This chapter contains background information. Our work has been influenced 
. ' * * 

by-ideas of Efron, and these ideas are discussed in Sections 1 and 2. The exponential 

tilt discussed in" Section 3 is an'important step in our technique. In Section 4 we 

introduce the cumulant generating function, and state a result of Daniels, The 

£ classical approach to the problem is stated in Section 6, along with modifications 
i t <• e 

t 

suggested by the,work of Huber, Kent, arid, Rbnchetti. 

^ " 
1.1 %Th.<e Bootstrap 

Suppose we have an. independent identically distributed sample Xi,...X} n.? 

taken from 'an unknown distribution F on the real line, and the observed value 

fe K — •£• Let T — T(X) be a real-valued function of X, and suppose we wish to ~" 
o 

* estimate the° significance level of Tabs T ^(^)j *kat is, the probability under F of * 

observing f'more extreme than T0bo« Then we need to know something about the 

distribution of T. Efron has introduced the bootstrap to handle, situations where, 

for one reason or another, it is difficult to use theoretical arguments to estimate the 

diotributiom of-%P, The bootstrap is a non-parametric technique which operates as 



&> 

•follows. * ' , . / u
 <( * , ' . . ' . 

Let I'-be the empirkal"probability distribution^ the data, pitting mass ' l /n 

on .each s%. Take a large number of samples of size-n, with replacement, from the 

observed values s j , . . , ,asw. For each new sample;X|,. . . X£, calculate T* = T(X-). c 

«/***'*" , * 

'Jhen the distribution of T can be estimated hy the empirical distribution, of T". 

for eiample, P (T > £o) is estimated by , a - | 
k -I 

. ,j • ' x _ # of bootstrap samples for whieh T* > t0 

_# of bootstrap samples taken ' „ , 0 

Usually, the number of bootstrap samples taken is large, at least 100", so the 'boot-

strap has become feasible in an era when computers have made massive computa-

$\« tions fet and inexpensive. * . ' . 
^ i) 

- Efron also defines a paf^jmetric boots t rap . Suppose we assume a parametric 

^ ' * model with distribution,,function F(x,8), and" that th© parameter @ is estimated 
A 

from the sample by @. Then,"rather, than take 0a large number of Monte Carlo 

• sample's, one could ̂ possibly use theoretical methods to estimate the distribution'of 

T under , F (E ,# ) , or under a parametric model where some parameters are estimated 

and others are assumed known. Note, in particular, that a parametric bootstrap 

involves no Monte Carlo resampling. 

Suppose we wish to tesf the null hypothesis Bo'.fk = Mo, where /A = IA(F) is a ' 

population parameter for the distribution" F. Suppose a sample X, size n, is taken 

with observed value z, giving the empirical distribution F, with weight 1/n at each 

%%. In/order to test JJo? we use a test statistic, call it T — f (X), and estimate 

thprprobability, under Ho, of observing T more extreme than T0b0 — T{%y\ We 

will rarely have i&[F) — ̂ o, so that 'bootstrap samples taken- from F will not', give 
*» « 

significance levels under EQ. Efron suggests that the bootstrap samples be taken 

i not from F, but from a modified distribution F&, satisfying ^{Fa) = po- The 

distribution F& is chdsen to be that closest to F in Kullback-Leibler dinfiasiee, while 



satisfying the null hypothesis. The,* distribution Fa puts weight 

n 
X 1 = &as% 

" 8 s . 

e°?» 
* = i 

oh the observed valuelx%, i = l s . . . , n , where a is chosen so that ^(F^) = HQ. Then 

the bootstrap is applied as usual, with the Monte Carlo -samples taken' from Fa 

-.' rather than from F> This technique is called the expomentially t i l ted bootstrap. , 

Efron's concern'.is primarily with confidence intervals, calculated-'by inverting 

appropriately chosen pivotal quantities. We "-calculate confidence intervals by run-

ning a series of tests, a process which Efron Jias steadfastly tried to avoid.- On the" 

other hand, our tests avoid bootstrap resampling, even for a non-parametric model. 
/ 

# 
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?> 
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/ 
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°*z 
1.2 Bootstrap1 confideiice intervals" ' "• ° ^ 

L " l i t 

a • ' * - * 
- * "*;. * 

'• ° •"' v " * < . ' ' ^ 

„ ILthe statistic T estimates a parameter 0, Efrow sugges% wtf assume that' I3-- 6 

has a distribution in<fepeMen^«of^,ajid'tHat " "" > '' ^ „ . 
A . % 4 - o '?> 

t?< 

(1.2.1)* ' " P ^ T 1 - - ^ > g 0 ) = i 3 B ( 2 ° ' T o b 0 > « o j , « 
• . { 

an approach which leads to the (simple) Rootste^p pivotal .confidence interval. 

Tibshirani (l9t84) "presents various .refinements of the pivotal interval. These all * 

keep assumption^(1.2.1)." Tfe-Normal Mao corrected percentile interval, 

example, is constructed, by assuming "that there is a transformation g such that 

g(T) — g(@) is normal. The beauty of these intervals is that $td transformation g 
, * • » 

need mot be known. All we need is a good estimate of the center of-the distribution 

tfg(T)-

Wy£, 

, 0 
In Efron's work we see two recurring ideas: first, that there is a transformation 

, > * - t> " ^ 

to normality anct second, that a confidence "interval for a statistic can he inverted 

to give a confidence interval for. the parameter of interest (that Is, there 4s a pivot).* 

For the mcpient, we consider a one-parameter parametric mbdel Efron (1980), • 
o % a' 

constructs his BG& intervals as follows. THe parameter of interest "mj = t(F), for ; 

which there, is &% estimate $, and § behaves asymptotically like a maximum iikeli-s 
^ *, 'hood estimate in terms of the orders of magnitude of its bias, standard deviation,"' * " » p 

6 " „ » <J * « I 

skewsess and kurtosis. A parametric bootstrap estimate, J9", of the-distribution of * ' A 

0 is eoastructed. Assume there is a monotone transformation g such that,'to a.goodv 

approsdmatiori, ^ = g(8) and $ = g(0) satisfy s ^ 

0 « ^ + ^(^-jsb) #~iV(0,l) (1.2.2) , ' <? 

where s0 = #~1(j§r(l)). Then the SCQ (1 - 2^)100% confidence interval for & is 

(l.2i) ieC^-^Oesle])), f^CCK^l-e]))), " . . _ 
n ^ 

4 
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I 

where 
*» 

. z[p\ = S0 + 3 ;—sr, 
^ <* > 
• , • - ' 6 * * ' • 

j$ is. defined hy/3 — §(s&), and # is the distribution function of Z. Efron shows 

that this interval is second'.order correct for the one parameter parametric model; 

that is, the interval has error Op(^). 

The transformatiop «pneed not be known. However, the constant a must be 

estimated. A good approximation t o# is ^ 
I S 

Of ' 

(1.2.4) » , ' ' a ss -skme=_§l§s 

where skew,,* Jf indicates the skewmess of a random variable X, evaluated at the 

parameter point & = #, and 1(7 is1 the score function 
Q 

(1.2.5) ' ^ fc(*Hjj log/*(*), 

assuming 0 has a,,density, fg. 
• * $ _ « 

? . ^he J^C^ interval is obtained by refining the bootstrap assumption (1.2.1). 
'It . There is a bias1 correction, via 2Q, aad a skewness correction, via c. The transr / 

"fcraiQfcioa 0 —> $, 0 —> $ leadt o a further transformation $ —> |,° $ —» | , which 

deduces the model to a standard, teasdlation problem: 
0 

°° w ^ > ^ 
Vf <? > 

: 
l n 

where W hay a distribution independent of £. There "is then a natural central 

(1 •-• 2a:) 100% confidence interval for | having observed | : 

I € [I - tt^fl>,| - w<°>] s 

r 

where P(W < w^} ~ /?. This interval is fchefi. transformed back to give the interval. 

of (1.3.3). 

<8* 



As mentioned abov^, Efron (1986) has established the second-order correctness 

of the BCa intervals only for the one-parameter parametric model. However, he 

indicates how to extend/the BCa interval to multidimensional parameters and to 

non-parametric models. ~ 

' in the parametric model, with nuisance parameters, Efron estimates a by fol-

lowing Stein's construction of a least favourable one-parameter family. It is this 

construction that interests us, and'we now present it. 

Let the pasametric model have density /(g/;??), let f), be the maximum likeli-

hood estimate oLij/ahd suppose 6 = £(s?) is the parameter of interest. Let 

Slog f[y,vj) 
i(2) -

(1.2.6) . •. .M^nr 

dr)_ 

Then thedeast favourable one-parameter sub-family passing through r) is f(y; tj +> 

a/t), ®ad the maximum likelih6od estimate of a is a = 0. Efron estimates a by 

~fi*v\ '"• X i 3 log/(y; £ + <*£) (1.2.7) a = -skewof-o-- rt . 
© OCl « 

0 

In the simple exponential family case, w® can write 

s 
* i» 

• /(£; a + o® = CWffbfty;, n). 

Th<2 nuisance parameters are absorbed in the new "underlying measure" / (^ ; ??)<%> 

With respect to this measure, f(y) £ -£* ©£*) is a one-parameter exponential family, 

parameter a, For^'6 a fixed value of a7 we call the density C(G!Q) QX.-p{aoyT$)f{y\ ^) 



t} 
A 

» a *l 

» ° ^ 

an exponential tilt of the density f(y°, rj). Least,, favourable distributions "are dis

cussed by DiCiccio and Tibshirani (1986). The next section discusses "optimal" 

exponential tilts. o 

/ * 

& 
^sw 
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/• L3 The exponential tilt 
D =, 

Suppose we have a multiparameter model with density /(S,ST) and we wish to 

test H0:@ = $os where $ = $(??) is a real-valued function of the parameter vector' 

?jf. Sjugpose further that^Jor the given sample X — x we estimate q by ??, with 

5(2) # $o5 and the test statistic is 2^bo = ^(s)- Then it is not appropriate to 

test the sigiyficance of T0b3 under f{z\ J)), since fjx\ 57) does not satisfy H0. The 

exponential tilt is a simple devke used &o circumvent this problem. 
\ ' 

W the random variable X,has a density f(x), a is real, and J e0isf{x)dx < 00, 

then the conjugate or esspoia@mtially-tilted density determined by a is 
6 

(1.3.1) 

The definition Can be extended to probability measures not having a density func-

tion, but we postpone the more general definition until the next sestion. 

The exponential tilt has been used )&f Daniels (1954) and B&rndorff-Nielsen 

and Cox (1979). In particular, Field (19§2) estimates the density of an M-esfcimate 

T_ by applying an exponential tilt at each possible value X — £o- ^n*ls PaPe? is 

motivated, in part, by the idea that, to tiH^any given null" hypothesis, just one ' 

' well-chosen tilt should Kdo the trick". ^= 6.3. 

The primary justification for .an exponential tilt is Kullback's result (1900) 

which we now state. Suppose that fi(x) and f2{%) are generalized densities of a 

dominated set of probability measures on the measurable space (X, S, A), so that 

(1.3.2) • » ]Ee $, 3 = 1,2. 

For a given fs(®) we seek, subject to a constraint, that member f\, of the domi-

riated set of probability measures that is "nearest" to or most closely resembles the 

8 , 



9 , 

° probability measure ^2 m'the sense of smallest Kuilback-Leibler "distance55 ,53 

\ 

(1.3.3) • 1(1:2} = [hWlogll&dXii). 

If /1 is* close to fz in Kuilback-Leibler d i s t ^ ^ then, in general, it is difficult to 

distinguish between Hi'.fi and E^'.f^ when inference is based on a sample taken 
17* 

from /gt' 

Theorem loS=l (Kullback (1980), page 38) If fi{x) and a given /sfe) ere gen- ] 

eralized densities of a dominated set of probability measures, Y =• T(X) is a measur

able statistic such" that® — §T(x)fi(x) dX(x) exists, andM2{a)*= j f%(x)eaT^ d\(x) 

exists for a. in some interval; then f ^ 

1 d 
(1.3.4) "^ - /(-1:2) > @a - logM2(©) = I(*:2), 8 = — logAf2(a), 

Tws£& equality in (1.3.4) (f crarf 0?% if a 

In the above theorisM, [A] means "except on a set of A-measure aero". This 

r^ult is restated in the next section, in terms of the cumulant generating function. 

In the classical problem of testing for the meaii of a univariate normal distribu-

tion, Mo'.p = /̂ os ̂ e test statistic T = ^r% has a Student tn-.\ distribution, and 

BQ is rejected if the probability that tn-i is greater than the observed value fy"/! 

is too large or too small. In this case, the T statistic is a pivot and the interval * 

lower acceptance point $n_i < ^ . ._ < upper acceptance point tn~i 

sfi/n „ * -*̂ >« 

can be inverted to give a confidence interval for \i>\ the set of all possible p,Q which, 

* for this set of data, would not be rejected at the specified confidence level, 

2 — -7= (upper point ^ ~ i ) < u> < S 7= (lower point ^ - 1 ) . 
V^ Vs"4, 



10 

In the sequel, we do not have pivots v We wish to test the null hypothesis 8 = #Q 

where 8{ri) is a one-dimensional function of a parameter vector 57. We construct a 

test statistic g — ^ Yld* (see Chapter 3), and test* under Bo, to see whether or not-

t>the observed value of g is too extreme. The distribution of the°gt is estimated from 
? A 

the sample. This initial estimate, call it F, gives a distribution for the gt which 
A 

does not, in general, satisfy Ho: 8 = 8Q. We "upgrade" the estimate F by applying-

aE'exponential tilt. The hypothesis 0 — 80 holds under the new distribution, call i i 
A * / 

Fao, and it is under .this distribution that we calculate P[g > gci,a). 

To compare with the classical case, -^f% is tn-\ because X is normal with 

mean ^0. Imagine a situation where ,each null hypothesis gives a differeak 4jstri~ 

bution for the test statistic. This unknown distribution must be estimated and 
<*» 

it must/be estimated in such°a„way that Mo holds, since UQ is under test. Kull-
H * O A ' 

back's theorem says that the exponential tilt forces Ho,"while altering. F "as little 

Whether or not Kuilback-Leibler distance is the best measure of closeness is an 

issue we do not discuss in this paper. However, it is clear from the work of Daniels 

and Field that the consequent exponential tilt produces the desired effect. 

' Note that the exponentially tilted bootstrap is an exponential tilt of the em-
j o 

pirical distribution F. 
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a 1.4 The cumulant geneteting function-

For our purposes, the exponential tilt has the advantage that it is applied more 

readily by considering the cumulant generating function, than by considering the 

generalized density or the distribution function directly. To approximate tail areas, 
- • « 

we use a result (Lugannani-Rice, 1980) which is also most readily described in terms 

of the cumulant generating function. .. 4 * " • ' . 

Let X be a random variable with distribution^. Then the moment gemer-1' 

atlmg famctioEi of F (or of X) is thejunction M, defined for> re$J t by ^ 

\ M{t)=E{etx). - " ' % ' " 

The characteristic function M(tt) exists for all X and all real t. ffl?F' has 

a density / , then M(it) is the Fourier transform of / . The moment generating 

function does not exist for all t and X. 
0 

Daniels defines the cTraralasati generating fuactiom K by 
,- * 

; • M(t) - fi™, t real. 

(This is not the same as Cramer's and Feller's definition of the cumulant generating 

function as K(it), which is well-defined for all X and all real t.) 
Y • 

We use two facts about characteristic functions (see Feller (1971)). If E(X) & 

<t « ' 

exists, thon 
M'(0) ~ E[X) 

JT(0) = 
Distinct probability distributions have distinct characteristic functions. 

As mentioned above, there are existence problems with the cumulant generating 
p i 

function*." These problems disappear when the random variable X is bounded, as will 

be the case in our applications. We need the following results from Daniels (1954, 

Theorems 6.1 and 6.2). In both theorems, © and h are real, - c o < <z < 6 < co. 



*^3-

Theorem 1.4.1 (Daniels) F(x) = 0 for x < a, and F(x) =~1 for $ > b if and 

only if K{t) exists for all real t and K"{t) — i has no real"root whenever £ <°a or 

, Theo3ftsm 1.&2 [Daniels) £e£ F{x) =0forx<a,0< Ff^~< 1 for a < x < b, 

^(s ) = 1 /or b < x. Then for every | m c < £ < 6 there is a unique root to of 

K'{t) = £. As t sraiss*0ffises /rom -co So oo, ^{t) increases continuously from £ = a 

tO £ = &. 1 .' * . , 
if ~ « 

The Esullback theorem of section 1.3 can be stated in terjns of the cumulant 

generating function. 

T&eorera 1.4.S (Kullback) Let X be a random variable and F\, F% distribution 

functions defined on the range of X . Let Y — T(X) be a measurable statistic with 

cumulant generating function defmed-hy $ 

* ^ ^ ® = E{etY), under Ft 

. e'K*M = E{etY), under F2. " 

Suppose further that K[{0) exists, K[{0) = 8, and that K2(t) exists for t tn some 

interval. Then ' 

* I[l:2J>8ao-K2{aQ)=I(*:2), 

0 A t 

where t = do solves K^t) = $j ««#& equality if and only if 
p « , 

# 1 (0 = 2& (* + O£o) - JJC2 (a0) • 

V 

Note in particular that F\ is well-defined via its cumulant generating function: 

Ki(t) = K2{t + ffio) - K2(CJO). Note also that K{(0) = ir^(a0) ~ 0, jaid F\ is that 

distribution1 closest in Kuilback-Leibler distance to F$, while satisfying Ept {¥) = 0. 

h 
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1.5' Effect of the exponential tilt on cumulants >.' *' 

•** ' •?• ~ • 

Efron's transformation to normality for the BGa intervals is given in Section 
!) , • 

1.2. In particular, 4> ^gi®)* <t> — a ~ ° 

6+ v
 a 4 <> ' 

(l.5.'l), \ : <fy = 1 + #<£, " * a ~ -skew— log, 
8 4 > 

1 We now demonstrate that the exponential tilt produces a comparable effect, 
* 0 

Suppose the random variable Y is bounded and therefore has finite cumulants. 

/ " 
We° expand K(t) in a Taylor series, 

,2 .3 ' 0 

(1.5.2) * •*. If («) = / c A + « 2 ^ - f ^ 3 ^ + ••• ,„ , , • „ "> \ ' • 

where the «, are the cumulants of F . In particular, ICJ .is the mean of F , &2 is 

"fche variance of F , -and"71 = Ks/^2 is the skewness. Let * = CZQ be a solution of 
> ^ * 

K"'(£) = ^o- Then ©0 is unique, % Theorem 1.4.2," and the ©0-tilted distribution 

' has cumulant generating function 

(1.5.3) "' IU0{t)^Ef(a0)t + Ket(ao)~ + K^(ao)l7 + ... . 
* G\ OS 

' 1 0 
4 

' The first cumulant of the tilted distribution is K ^ I = un, as it was forced to be. 

However, we can-also write 
* > 

c- 4 <• ttefbi = E"(ao) . 

= « i + ©ofe2 + O(oj) 

= ffij, - j - ^ 0 ^ 2 s 

provided % is "small", in fact, for each j > 1, 

(1.5.4) ' #ffl0|y* = tz3 + CKO^+I. 

We should 'think of an exponential tUft as a gentle "distortion" of the underlying 

diotribtttion. The distortion forces the first cumulant to assume a specified value 

•. ° , 13 . 

y 
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and each cumulakt<$s altered hy a (small); muft|p$§ of the next: (Discussion of the 
s a *. ^ % 

smallness of G:Q is delayed until the application.) 

^ Since &i + 0*0̂ 2 = ^OJ we can»make the approximation 

O!0 
#0 — tti 

K 2 

\ Then, taking j = 2 in (1.5.4),* 

0 • * ==«2 + - H ) 4 O - < P I ) . ' 

» •» » 

o The standard deviation for the .tilted distribution is then estimated using Tay-

lor's Theorem: 

'O!0 &2 + 
Kz[fl>0 — Kl) 

2K. 
3/2 

1 

t 

This, both Efron's transformation to normality and the exponential tilt alter' 

standard deviat|oh~By'a multiple of skewness., The two approaches are, however, 
A 1 

very different. The BGa model assumes that the random variable of interest can 
o 

a 

be transformed to give a better behaved random variable. In our applications, we 

take an estimate of the distribution of a random variable and then improve that 

estimate by applying an exponential tiltf.'* * ^ 

K 

-• ? 

'\ . 

\ 



1.6 Variations on the classical approach to testing 

• , \. 

Consider, for simplicity, a model with one-dimensional parameter 8. In the 

classical theory, we assume that the independent identically, distributed sample 

~Xi,.^.,Xfs comes from a population with generalised density /(&,$). The maxi^ 

mum likelihood^ estimate 8 is the solution of 

T sA d ' 
(1.6.1) 2 * aJ *<*/(*„*) = 0 , 

„ s = l 

and 0 ha| a limiting normal distribution, provided"/ satisfies certain regularity 

conditions. The proof that 8 is asymptotically normal proceeds by taking a Taylor 

.series expansion for the score function, U(xJ$) = jg ldg/(s,0), about the value 8: 
n „ " ' 

0 = ^U[x,J) 
(1.6.2) - E=* 

= V ^ s - , 0 ) + V _ ^ s / ) ( ^ - ^ ) + - y : — U(x,J*)(§-8)2 

8=3^ 8 = 1 *"' '8=sl 
4 

A A 

0* between 0 and 8. Then, consistency of 8 and the Weak Law of Large Numbers 

are used to*write 
1 A , 

(1.6.3) s($)($-$)v^ = -7=^7 #(».,*) + M1)> 
v -' 

where »(0) = Eg(-^{X,8)) = Ee{U2(X,8)). The Central Limit Tfeeorem°then 
•a 

gives asymptotic normality for the right hand side of (1.6.3), and hence,i is asymp

totically normal. 
ft 

Equation (1.6.3) also gives 

E{$)=8 + oP{j-). 

The bias can be corrected bj careful consideration of equation (1.6.2), see Cox tod 

Hinkiey (1974), pages 309, 310, giving a correction b{§) so that * 

(1.6.4) *•#(# + &(#)) « 0 + oM£)' 

' 15 
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The techniques we use in. Chapter 3 incorporate similar ideas, giving a bias-corrected 

M-estimate. 
0 

The classical result can be generalised. For example, Huber (1967) gives two 

sets of conditions sufficient to guarantee the (wealc) consistency of an M-jestimi^e, 

then gives conditions which imply that a consistent M-estimate is asymptotically 

normal. , ~ ' 

Classical tests of hypotheses are based on the log likelihood ratio. Asymptotic 

normality of the maximum likelihood estimate is used to prove that the log likeli

hood ratio has an asymptotic x2 distribution. This result, too, can be generalized. 

We now discuss Kent's (1982) generalisation. Consider a model with distribu-

tion F(s^ determined by a family of densities {/(s,??); £ G Jl/} and a sample x 

drawn from a population with density g(x), not a member of the parametric family, 

but for v/hich the parameter 57(0) is well defined. Then an analogue of the maximum 

likelihood estimate for ?? is ??, solution of 

n f * 
5 3 / l°%{f{x*>U)}9(x) &z = m a x • • 
8 = 1 * ' 

Define the score function by ^ 

U[X,7}) = — log f(x,7l) 
D o ** — I 

•̂  t 
at 

' and define - A 

G - G(rfj - / U(x,7f)U.(x,7j)Tg(x)'dx 

, '' f @E.{s,rj) , . 

A = A{n) = J . d7jT g{s) dx. 

B •= -A"1. 
Then fy is the solution of 

n 
^ £ ( ^ , 2 ) = Q 
8 = 1 
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fr <• < ^ 

<T taT -^* and let ^r = (#Q , IQ ), where AQ satsifies 

i 

<> 

Then the analogue of the likelihood ratio statistic js 

n n 

W = 2 J2 log /(SB„2) - 2 ]T log /(a;,, ^ ) 
8 = 1 , 2 = 1 

and Kent gives the following result. 

Theorem X3.1 (Kent) Let Xu...,Xn be independent identically distributed 

observations from g(y) and suppose that 8(g) — 8$, dim® — p. Let V\,..., Vp denote 

independent x\ variates. Then asymptotically as h —> co, W is distributed as 

(1.6.5) - W^^iMt Q, £2 
e=*l * ^ f * ^ ' 

where the vz are the eigenwiues of the matrix (BQO)~~14JBCB)QQ, where A and B 

are partitioned: « . 

A - ( ^0Q ^°\ 1 

/ - l «. TO _ f ^ ^ 

\ but, unhke the classical theory, G # —A. Kent shows that the estimate^ is asymp-

totically normal ( • rt o s 

v ' v ^ ( ^ - £ ) - # O T ( 0 9 5 C B ) , m=.dim^, 

a result analogous to Huber's (1967) result for Jif-estimates. - „ « 
0 

For 7}T = ($T,/|if), Kent recommends that we test Ho: 8 = 80 as follbws. Write 

H * 
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-oJ" \% 

Kent's result is a generalization of tne rtlassical theory. The classical result is 

that the log likelihood ratio is ° asymptotically Xp5 & distribution with which it is, 

easier to work than that given in (1.6.5). 

We note that the function log/(s, 8) in Kent's paper need not be a density 
r 

° function. Kent's results remain, valid for any ^well behaved" score function U.{x,rj), 

and^that is why the matrices u\ Kent's result have the^same form as Htiber's result 

on the asymptotic normality of M-estimates. We apply Kent's result p. Chapter 4; 
ft 

with the sc^e functions appropriate fc^ Huber's "Proposal 2" for joint estimation 

of location arid scale (£981). Kent is concerned with those cases when the matrix 

(BQG)~1(BGB)QQ of Theorem 1:6.1 is the identity matrix. (In Chapter 4, we force 
' w ' <? 

<£? B and C to be diagonal.) * „,- _ 

RonchettPs r-test (1982) is also an analogue of the log-likelihood ratio test: 

asymptotic normality of the M-estimate is used to conclude that, under the null-

- hypothesis, the°r-test statistic .(which is quadratic in the scores) is asymptotically 

a linear combination of Xi random variables. «, 

in all these classical approaches (Huber, Kent, Ronchetti) there is a common 

step: application' of the Central Limit Theorem to the sum-of-scores statistic to 

conclude that the estimate has an asymptotically normal distribution. Then te&to 

are Jjased on a quadratic function of the scores. 

Our work has been motivated by two beliefs: 

1) Almost everything we need to know is in the scores. 

2) For small samples, we should be able to improve on the normal approxima-

tion to the distribution of the sum-of-scoreo, and then avoid tests based on a 
* f 

i 

quadratic form in the score statistic. e $ ^ 

We do n&t assume tliat the Central Limit Theorem is applicable. Confidence in->pi 
j 



o 

I1 r 
tervals are constructed from a series of tests. Our procedure to test a null-hypothesis 

is as follows. 

1. Use an M-estimate. 

2. Work with the scores directly. 

3. Use an exponential tilt to improve -the initial estimate of the distribution of the 

test statistic. ' 

4. Use the Lugannani and Rice tail area approximation (Chapter 2). 

0 
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Chapter 2 Tail area approximation 
J 

»••& B 

In Section 2lh we give, Ppincare's definition .(1886) of an asymptotic expan-

1 sion, and state some basic results. Asymptotic expansions are used to approximate 
9 

complicated functions. In the amplication, Section 2.2, uniform asymptotic expan-

sions are used to approximate tail areas. The results of Section 2.2 cqme from a 

transformation to normality, which is discussed in 3ection 2.3. ' 

•> 

2.1 Asymptotic expansions i . __ 

Let f(z) be a function of a complex variable z and YlT-oa3z~3 a f° r m a l power 

series (which may or may not converge). Let Rn(z) denote the difference between 

f{z) and the nth partial sum of the power series; that is, 

1 » - i 

• 

ed value of re, 

(2.1.2) Rn(z) = 0(z~n), z->co, 
V 

/ •. 

in a certain unbounded region T. Then the series Y^Lo a}%~3 is called an asymp

totic expansion of f[z) .in the region T. We write 

(2.1.3) * f(z) ~ a0 + aiz'1 + a2z~2 + . . . , a -* co in T. 

We remark that the implied constant in (2.1.2) is not the same for .all values of n, 

*and it cannot.be less that l e J . 

If the function / has an asymptotic expansion, then that expansion is unique 

(Olver (1974) page 17), although different functions can have the same asymptotic 

20 
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expansion. On the other hand, if the series J ]^ .^«~^^onverges for \z\ sufficiently 

large, then it is the^asymptotic expansion of Us sum, and -fire(^\ = ^ ^ l n a3z~3. -In 

general/the remainder^term in (2.1.1) is not the sum of the taiFof the series. 

The value of asymptotic expansions lies in the fact- that the first few terms can 

give a good approximation to the'function f(z). The error of the approximation 

has the same order as the first term omitted. In our Application, the variable z 

is sample size. In this chapter, we use an asymptotic expansion to approximate a 

contour integral of the form 0 

(2.1.4) I ^{z)euk^s> dz, 'z complex, v large,, real. 

p^ We now state some results from the t&eory of asymptotic expansions. 

— - Theorem 2}„1.1 (Copson (1965), page 39) The Laplac©joae-terai approx

imation, v 

Let $(x) and h(x) be two real continuous functions, defined m the finite or 

semi-infinite interval a < s < '/3, suck that 

(i) $(x)evh(s) i8 absolutely integrable over the* interval for every positive value 
v » 

(ii) h(x) has a 'single maximum in the interval, namely at x = a; and the supremum 

of his) in any closed subinterval not containing a is less than h(a); ' 

(in) hls(x) is continuous; and h'(a) = 0, h"(a) < (L . , . 

Then, as v —> +co, 
0 

) (2.1.5) • jf ^(«)^M-)^x=^( t t)^(a)j^__^.J".+ o(1)_ 

«i The above theorem considers an integral of thetorm (2.1.4), where the integral 

«M the range of integration are real. The result is that, if tfys) has a maximum at 

ft 

J f% ' 
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the end-point a then, as v becomes large, the behaviour of the integrand near a 

dominates the value of the integral in (2.1.5). 

Theorem 2.1.2 (Copson (1965), page 49) Watson's l e m m a . 

Let <f)(i) be an analytic function of t, regular, apart from a branch-point at 0, 

when \t\ < R -\->6, \ph(t)\ < A < TT, where R, 6, A are positive; and let 

CO 

(2.1.6) " 4>(t) = V OmtW^'1, 
OT=1 

when \t\ < R^ r being positive. Also let \(j)[t)\ < Kebi, where K and b are posftive 

numbers independent of t, when t is positive and t>R. Then 

(2.1.7) / e-2i4>{t)dt ~ Y amT{f)z-m'r 

o m = l 

as \z\ -i co in the sector \ph[z)\ < \x — e < '|.7r. // r ,= 1, (j>[t) "doqs not have a 
, 1 * o * 

branch-point at the origin and4ke condition \ph{t)\ < A ts not needed. 

There is a real version of Watson's Lemma, see, for example, Giver" 

page 71. For our purpbses, th> theorem states that, provided one is careful to 

avoid branch-cut problems, a power Series expansion for <j>(t) in a neighborhood of 

t = 0 leads to an asymptotic expansion for the integral (2.1.7). The proof uses the 

observation that 0 , ' 

(2.1.8) ' / e-^ttSmM-l
/dt^s~m^T{f). 

Jo / 

Example . One can apply WatsWs Lemma to the real integral 

"? fP0 

i 
erfc(«j) = -7= 1 (2.1.9,) erfc(ff) = -7= / e""* A, e5r > 0. 

Making the substitution t = &%/l -I- r, the integral (2.1.9) becomes , 
t 

(2.1.10) . - <afc(<r) =.-7=e~<7S ; ^ " ^ 
V^ io V^+"': \ <A 
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where 

1 1J J(i)r(m) ' 
£=5 

*£* Hence, applying Watson's Lemma, 

(2.1.11) , «&(*) ~ 4 = ^ E n r " 1 r (wiia )^a m 

6 

o 

or,, equivalently, "* i 

(2.1.12) 

, where 

1 °° 

erfc(tf) ~"4=fi~*S T"(-1)"(J)»^""(2"+1) 

(«)o=*r te / 

(a) ra = ©[(© + 1) ••• (cu-J-re — 1), re > 0. 

Note that |erfc(ff) = 1 - ®(o-\/2), and for a > 0 
d 

° " ^« * j 

^ (2.1.13) e r f c ( - a j = 2 - e r f ^ ) - 2 - - 7 = e " < 7 2 £ ( - 1 ) r a ( l ) ^ ~ ( 2 n + 1 ) - ' 

There,is no need to restrict ̂ atlehtion to real values of cr in the Example. We 

pursue this example further, in order to demonstrate some of the techniques used 

to approximate contour integrals. But first we need to discuss paths of steepest 

descent for |ewfe^|. *, _ 
a. 

Any smooth arc in complex space can be described as s = Z(T), T real and 

\Z'{T)\-1. Then ' 

- (a,i.i4) dT dT ' 
,= M"HeW*>>~JZe(A(*)). 

t 

Therefore, |ev f o^ j increases or decreases-as Re(h(z)) increases or decreases, v > 0. 

Also, 

(2.1.15) " " h\z)f^±Re{h{z))^ijfIm{h{Z)); 
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/ 1 

a© that, fey using | | f |'— 19 / 
3 

o 

*(2.1.16) / i^Re{h{z))\ = M « ) | 2 - ( J r / m ( M ^ ) ) } 4 -

Therefore, from any fixed point B — w, the greatest absolute change in Re(k(z))i and 

hence the greatest absolute change in j e ^ ^ l , is along the level curve for Im^z))'^ 

th®fe is, along tjje curve Im(k(g)) = Irn(h{w)). 

1 Example (continued). In'the Example we considered 

(2.1.17) erfc(o-) 2 f°° _* 
VffJtr 

e K dtt 

with G reaL Suppose now that a is complex and write a =bt/i/e
aiZ, v real, u > 0, 

^ < <ffi < f. Making the substitution t — %y[v, (2.1.17) can be rewritten 

1 (2.1 
2 'CO 

erfc(o*) = —?=!/a I e "* dz, vj = e! ,1211 

Suppose that w is the point indicated in Figure 2.1.1. 

s 

i ^ 

Hills and valleys of Re(h(z)) (Copison). 

?Q 2.1.1. r. 
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h(z) = —z2, we need to evaluate ^ 

/

' oo 

eyh^dz. ' • 'w 

If s = x -f iy, then i2<s(/&(̂ )) = y2 - s2 and°'Jm(/&(^)) = - 2 s ^ . There is a saddle-

point for h(z) at s — 0. The lines s — ±y are the level curves of J2e(fo(g)) passing 

„ through £ = 0. The shaded regions show th© valleys of Re(h(z)); that is, regions 

where Re(k(z)) < 0. The"" other two regions are the hills of Re(h,(z)). The steepest 

descent curve from z = 0 is the* £-axis. The steepest ascent curve from the origin is 
i \ * 

the g/--axis. 

For the point w = eB&, of integral (2.1.18), with 0 < a < f, Im(h{w)) = 

—sin(2a), and the branch of the hyperbolic curve 2xy = sin(2a) passing through w 
f is the curve through z = w on which |evft(s) | decreases most rapidly, as z -* +co (see 

Figure 2.1.1). On this steepest descent curve from w to 4-co, lm('/i(^))is constant, 

c and we can write 

h(zjjF= -z2 ==Xa>2 - r , ' 

, with r real, r increasing from 0 to co. Then,* using i/w2 = o-2, we can write 

\ ' ^ ^ * 
—V2 = —<7 — ^7" 

- i 

on the steepest descent curve from„iy. Note also that 2zdz — dr and 

• "" z = [w2 4- r) 2 ° ^ , 

' ' ' , • = ^ ( 1 + — ) ^ - • , 

where the root is uniquely determined so that g lies in the indicated quadrant. Then 

Qdc[&) = —=.vll2 I e~vz% dz 

' _ 8 / l /* -** P9 „-v*U , ? \-1/2dT 
-e e (1+30' w s 
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where |1 + -^\~1^2 is bounded, since r is positive real and iv2* ~ e2m is bounded 

away from the negative real axis. (Remember, that a = ph(o)" is fixed, jot] < f .) 

One can then apply Watson's Lemma to obtain 

which is the _ result obtained in (2.1.12] for a real, a > 0, but verified now for 

\ph(a-)\ < | . . 

A common method to obtain an asymptotic expansion for a contour integral 

is to deform the path of integration to pass through a saddle-point, via a steepest 

ascemt/descent curve, then to apply Watson's Lemma to the new contour integral. 

Clearly, this requires the integrand to be analytic throughout the region of the de-

formation of the contour. If there is a pole in the region of the deformation, then we 

must append to the^iscent/descent curve a "detour curve" to pass around the pole. 

(See Figures in the next section.) We state a classic result on the approximation of 

contour integrals. p 

Theorem 2.1.8 (Olver (1974), page 127) 
7 , 

Assumptions , 

and <l>(t) are independent of z, and single valued and holomorphic in a 

domain T . 

(ii) The integration path P is independent of z. The end-points a and b of P are 

finite or infinite, and P lies within T . 

(in) hl(t) has a simple zero at an interior point to of P, 

(iv) z ranges along a ray or over an annular sector given by 8\ < 8 < @2 and 

• \z\ > Z, where @ = ph(z), 82 -@i <ir and Z > 0. The jntegml I(z), 

(*) = 
oo 

, - r r t <j>{t)dt 

converges at a'and h absolutely and uniformly with respect to z. 
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(v) Re[e%9h[i) — el6k{to)) is positive on P, except at'to, ®red is*bounded away from 

zero uniformly with respect to0ast—>aorb along P. 

With the foregoing assumptions, 

(2.1.20) / e-*hW<f>{t)dt ~ 2e~sh^ ] T T{m + h 
Jo, „ m-0 

V 

as z —> o& in the sector 8% < ph(z) < 82, where 

Iv a% m 

Zm+k 

GQ = (2^(2))V2 

a2 = {2^ - +'(• hi2) 7 W * ) a 2h(W*>(2hi2))3/2 

®,nd h, $ and their derivatives are evaluated.at t>= to. In forming (2h^)1/2 and 

(2h(2))3/2, the branch of uo = ph(h(2\to)) nmsfrsatisfy 

JT 
|w0 + « + 2wJ.<- , -

where u is the limiting value of ph(t — t0) as t -* t0 ahfSg^P^. 

This result is stated more precisely in Rice (.1968), page'1999, but Theorem 

2.1.3 is adequate for our applications. Notice that Theorem 2.1.1 is a special case 

of Theorem 2.1.3. 
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2o2 The Lugaanani-Rice tail area approximation 

The contour integral which concerns us has the form 

. (2.2.1) " J = I -se
nh^dz, . 

re a positive integer. The classical asjmptotic expansion for this integral is an 

expansion around the saddle-point ZQ of k{z), see (2.2.9) below. Unfortunately, the 

terms of-the expansion,, become0 too large for ZQ close to the pole at z — 0. We 

circumvent this problem by using aAflfesm asymptotic expansion. The expansion 

is asymptotic in the large variable re, smw uniform as |^o| —» 0- Typically, uniform 

asymptotic expansions hav ŝ the fornTof linV(2.3.2), below, where the V;t(n) are 

integrals, less complicated than the original. TtWfopa asymptotic expansions are 

discussed in Rice (1988), Bleistein andf Handelsman (1975), and Lugannani and 

Rice (1980). ^¥e restrict attention to the particular contour integral that concerns 

us. The result, (2.2.10), can be found in Lugannani and Rice (1980). We do not 

attempt to verify the result but, in the next section, we indicate how it is derived. 

Let Vu.^.iVn be independent identically distributed random variables. Sup

pose that Vi has a density f(v) and let K(t) denote the cumulant generating function 

of Vi. Then e* (*) «jE(e*Vl), and the characteristic function of Vt m'M(it) - eK(**). 
No 

Let Yj=* Vi -{-. . . -f Vn. We wish to approximate 

(2.2.2) Qu{y)=Pr{Y>y). ' . , • 

Simce ¥% is assumed^Wli&ve a density, the Fourier inversion formula gives that 

(2.2.3) ' f(v) ^j-H e^m)'mvdu^ 

and the density of Y is given by 

1 if00 

(2.2.4) fY{y) = ±. i e»*(»«)-»«tfrftt. 
^ J-CO " 

£ 28 
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Steepest Descent Curve with detour about pole. 
Im{u0) > 0 -

Figure 2.2.1 

u0 

Steepest Descent Curve. 
Im(u0) < 0 

J igure 2.2.2 



/ SC 

Then 
1 

(2.2.5) - - i Q « f a > ) = / f - / c*K^)-»if d l t d y . 

Reversing.the order of integration, we obtain 

(2.2.6) Qn{y) « i - f ° ° fe»*(«0—»*!.. 
27T / _ , „ SU 

The path of integration in the integral (2.2.3) cannot pass through the pole at The 

origin. We choose to indent downwards at the origin, then the integral (2.2.6) is 

along the same path and is well defined. 

We remark that the above argument can be used to prove^ 

(2.2.$ f -e^z-2v°»)dv = aTrerfc^oV^), 

a fact used below. 

An asymptotic expansion for Qn{y) can be obtained by considering the saddle-

point u0 of nK{i%) — my, solution of K'{iu) — iy/n = 0. If Vi is bounded, then 

Theorem 1.4.2 establishes the existence and uniqueness of u0 on the imaginary axis. 
\. , ' i 

We deform the path of integration in (2.2.6), so* that u follows a path of steepest 

ascent up tsPthe point % — w0? then a path of steepest descent away from u — «o-

Ascent and descent are with respect to the value of Re(K(iu) — iuy/n). There are 

two cases to consider, determined by where the steepest path lies in relation to the 

pole at the origin and the original path of integration (which was chosen to pass 

below the origin). These cases are illustrated in the diagrams. In the case illustrated 

by Figure 2.2.1, the steepest descent curve must have a £4detour5> added to ii^since 

we cannot deform through the pole at the origin'. The classkgil aymptotic expansion 

for Qn{y) is then obtained by applying Theorem 2.1.3, ™ ' 

• + E/Lo^i. Im(u0)>0 
(2.2.9) Qn(y) ~ { 

E/~oA'> M«o) < o» 



• ' * 3-1 

where to = 2&0 is real, K"{to) = yfn, 

/o = nK[to) ~t0y ' * 

P = MiHfe))178)-1 

0, = j r c , ) ( * 0 ) 

Xi = - 3 ^ { ^ 2 / 3 + nh + (W| - 2$4)/2} = O ( ^ ) , 

and further terms'A, can be calculated by applying Rice (1968, page 1699) but 

they are not used in the sequel. *Our notation is the same as that in Lugannani and 

Rice (1980), with the exceptions that we use Daniels' symbol, If, for the cumulant 

generating function and the symbol re for sasnple size. The series can be used to 

approximate Qn(y) with error of order Q(— (̂1727) provided all derivatives K^(to) 

Required to calculate Ao,Ai,...vA3 are finite. ^ . fJ^> 

The series (2.2.9) is valid in any region bounded away from y = nE{¥\). As 

yfn -»• E(Vi), the saddle-point wo approaches zero and hence the Aj, which involove 

poxvers of l/«o» become unbounded. Consequently, a statement that the error has 
d 

•4 

the same order as the first omitted A3, does not really give a control on the error 
« 

.for yfn near E(Vi). The problem arises because the integrand in equation (2.2.6) 

for Qn(y) has a pole at u = 0. In our applications, y is the observed ^alue of Y. 

The Law of Large Numbers states that yfn is close itf E(Vi) with high probability 

. as re -*,co. Therefore, it is important to obtain an approximation to Qn{y) which' 

remains valid for yfn arbitarily close to E(Vi)\ that is, for u$ close to the* pole at 

u s= 0. ^We need an integral approximation which "picks up" the influence of the 

pole at the origin. The required approxiimtion k given in Lugannani and Rice 

(1980): 

1 c o 

(2.2.10) Qn{y) ~ -erfe(v^S) -I- Y]{A3- - B3), * 
3=0 



V ' 

0- o & 

where £os /os A3 are as defined for the series (2.2.9), 

B, = l(-«f«ry%->$)/°, ,20, _ ^ ^ 

and the si|n of i/—fo is the same as the sign of to. (See Lugannani and Rice). 

"Note that, for V ^ / o > 0, (that is, £0 ^ O ând Im(tto) < 0), comparison with 
i 

(2.1.12) shows that s * 

(2.2.11) 
2 
•erfc(v-/0) 'B7 . 

j = o 

On the other hand, for to < 0, -%/—fo is Negative and (2.1.^3) gives 
« 

1 
T<artQl\/-/o) = 1 - -erfc(~v/«-/o) 

and (2.2.11) gives, since the B3 have also changed sign, 

1 , 
* 2erf>c(-v ~fo) ~ -

Then (2.2.10) states that 

% 

CO 

>=0 

CO CO 

QM ~1 + J2Bi + ]DA* -^)-
y=o, j=o 

The expansion (2.2.10) is a refinement of the classical expansion (2.2.9). 

' Consider r = yfn held fixed. Then the series (2.2.10) can be written 

1 
'CO 

Q4y) ~ ;erfc(/=/b) + e"* ^ ( J ) " 1 / 8 , 
y=o 

\ where 70 = fofn < 0 and the G3 are bounded as r —> E(Vi), that is as to —«• 0. 

(The Cy are not functions of re directly, but functions of r.) We demonstrate that 

Co io bounded .as £0 -* 0. 
t 

g«> 

2srre l^o' 

o 

1 , 1 ) 

1 1 . 1 
,2lm\to\/W^Q) %/2%/ioV-K{tQ)V 

e& ( 1 
%. 



For to in a neighbourhood of t = 0, 

t2 

'3! o) = ̂ (0)(*o)+iT"(o4 + e i | / 

r = K'{t0) =• lf'(Q) + IT"[0)*o + e 2 1 

• * K,e{tQ) = K"{0) + ezt0 

#3 A fz 

6" 

where £i,e2>e3 •*""** -K"w(0) as #o "** 0. Then 

g0r - K{t0) = K'{Q)t0 + Kl°{®)t2 + e 2 ^ - J5C'(0)*o - if"(Q)^ - ci 
(2 2 12) • 

*w - K{to) = | { i r " ( D ) + ^ r f 2 ^ } -
• / 

Next, apply a one-term Taylor approximation to obtain /^ 

1 1 3 

W - tos/K^o) Los/K^ + 3̂̂ 0 

^ l j f _ i eŝ o 1 
^ ^ toly^Jp) 2if"(0)3 /2 j ' 

And, similarly, equation (2.2.12) yields 

. 1 -^ 

%/2^/tQr - K{t0) 
= 1/{^K"(0) + ^ ^ } 

_ 1 / i #0 3^2 — Si 

~ > V ^ ° 7 ~ 21fw(0)3/2 °, 3 

Then 

and' 

C o = "* 

- 1 ' "I£W(G) 
/2?ITw(0)3/23f 

Thus, (7o is ̂ bounded as to —> 0 and the'sight hand side of the approximation 

gUTfo 

& yre 

^ 



approaches | — a f /«~ yH/0\3/a» 'm agreement with the Lugannani and Rice result 

(1980), equation (17), and in agreement with the Edgeworth expansion at the mean. 

(Cox and Hinkjey (1974), page 464). Remember that Qn(y) is the tail area to the 

right of y. For re actually equal to E{Vi), the A3 and B3 are infinite, but the limits 

jlimtfo-fO A3 —B3 exist and give the Edgeworth expansion. We see in the applications 

that, for our purposes, the case r = E{Vi) is never a problem. 

ffie use the approximation (2.2.10) -only as far as the j =? 0 term. Li the 

applications, our concern is with the tail area determined by a sample average".'" We 

write 

> r) = Qn{y), r = 
re 

Then the approximation used in the sequel is 

(2.2.13) Pi? > r) db 1 - # (^-2 /0) +%L{ . 1 - , l } , 
K J - ' \Y } V^Uoy/nK"(t0) s/^TEy 

where # is the distribution function of a standard normal random variable, K'(to) = 

r, and */o = n(K(to) — tor), the sign of ^—2fo is taken to be the same as the sign 

of to, and the error is 0 ( ^ ^ ) , provided Vi has finite fourth cumulants. 

The derivation of the tail-area approximation relies heavily on the existence 

of a density function f(v) for V\. In our application, the distribution of V\ is 
A ^ A 

estimat&d by an exponential tilt Fa of the empirical distribution F. The distribution 

Fa(v) is not continuous, and hence doessnot have a density. However, Fa can be 

approximated to any specified order of accuracy by a continuous distribution, call 
f* * 

it Ga. Then the cumulant generating function of Fa approximates the cumulant 

generating function of Ga uniformly in every finite interval (Theorem 2, page 508, 
•CD " . 

Feller (1971)), and so the approximation (2.2.13) remains valid. 

The tail area approximation given in (2.2.13) has error of order 0(—7=*), pfo-

yidedIftf>(*o)<oo,i<4. 
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WeA now discuss how the Lugamiani-RiGe approximation works, The integral 

(2.2.6) for Q^{y 

(2.3.1) 

t) can be written as / 

9 •" 

the uniform asymptotic series tis constructed by assuming, a transformation t *-* v 
iff ' B 

such that* in a region enclosing the saddle-point t = to„ and the pole t = 0, 0 H-S- 0, 

to •-> uo &ncl 

That is, 

where 

tr = ?r —*2uou, r = yfn. 

Kr{t) = v2 - 2v0v 

pf) V 

> / 

- * r 

is the cumulant generating function of{¥% — f. Then 

= I M-^r.!^14^9-2^") 

^ 

- Vlf{v)e iv 

where /(y) = (f) * J^. The next step is to take a linear approximation poo +poiv 

to f{v). It can be shown that the error term for the approximation 

\ J & j *-*{#» + | W ) e 5 1 < w 2 - 2 5 ' 0 ^ 

can be written e& Ifn times an integral with the same form as that in (2.3.1), say 

$ s 



; k, 3 6 

Next, take a linear approximation pio 4- piiV to the amplitude Ji(v) in J j , and* so 

on. Using this technique, we can write 
<• & . « 

60 00 a 

(2.3,2), J ~ vb(») £ p , o ( i ) ' + Fl ̂  EMi) J> 

by (2.2.7), and 

V0{n) = / h^-^dv 

_ = s?rerfc(t;oV )̂> 

Fi (s )= f e<v2~2vaVUv 

= Hf-e - r l w°. 

The coefficients p31l come from approximating (£ ) - 1 | § in an appropriate region, 

and are independent of th® path of integration. TJaepju could be calculated directly 

from"°an expansion for f(v) - the Bleistein technique. It iamore convenient to avoid 

f[v) and calculate the p3i directly, by choosing well-known paths of integration -

o the Ursell method, Lugannani and Rice use this latter-technique, the "well-known" • 

paths being the steepest descent curve through the saddle-point v = wo, and a loop 

enclosing v 2= 0. 

It turns out that the linear approximations f3(v) = p3o + p3\v are such that 

Pjo = 0, j > 1 and poo = 1- Consequently the first series on the right of (2.3.2) 

consists of just one term, j = 0: -
* 

' Vo(n) ^pAi)3 = M^Poo(i)0 = VoH ' 

giving the erfc term in (2.2.10). Thê  terms A, — B3 in (2.2.10) are multiples $f the 

Pjl in (2.3.2). We emphasise that the derivation of the series (2.2.10) is non-trivial.-* 

Our interest is with its application. ' ~" 
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For our purposes, there is another perspective to put on the Lugannam-Rice 

approximation. First, consider what happens when V\ is normal with mean /cj, 

variance K.2. -Then 
= f S 1 t - | - ^ t 2 

Kr{t) = K{t)-tr . 

and to = (r — tZi)/&2- -The transformation £i-> t; is given by v = tyK.zf2, so that 

:(t) = v2 - 2ubw9 wo = r — Ki 

'2/62 

The transformation t £*• t;.amounfcs\to changing scale from V\ — r, normal with 

mean tz% — r, variance /eg, to y2/i&2(Vi — r), normal with mean —2VQ, variance 2. 

In this case, the approximation f(v) = poo -j- Poiv = 1 is exact, and ptJ = 0, <e > 1. 

We see that 
— T - r —/ci . fe 

ro — 

'and 
1 

n v 

2-erfc(VWb) = 1 - HV^2fo) 

= P{Y>y).' 

^ The terms A3o— B3 are multiples of the coefficients p3i (in (2.3,2)), all of which 

are aero "since ( t /^)_ 1J~ = 1. Thus, when the distribution of V\ is normal, the 

Lugannani-Riee approximation is exact, and is given lay "the erfc term. The net 

effect of the transformation t y-> v in-this case is 'a convenient intermediate, Kstan-
4 0 

dardisation". 

In general, the transformation 11-> v, K(t) = v2 — 2vov, is assumed well-defined 

in'a region enclosing t — to and t —" 09 contributions to the integral Qn{y) from 

outside that region being negligible. Suppose that the transformation 11-> v can be 

extended giving, for characteristic functions, 

K(it) - -y2 - 2v0£v, for all real i. 
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Then, by the uniqueness of characteristic functions, this would be equivalent to 

a change of variables Vj —*• W\, witlj Wj normal, mean,—2«o, variance ,2. The ., 

Lugannani- Rice approximation to Qn(y), (2.2.10), can be considered to come from a 

transfopnation to normality. The erfc term cbmes directly from the nornwvariable 

W%. The remaining terms \~B3 come from the non-linearity of the transformation . 

V% ~> W\. (Non-linear in the dummy-variable for the characteristic functions.) - °, 
i 

This transformation to normality is difficult to "see", since it is going on at 
* f 

the level of t^e cumulant generating functions. We quote from Field and Hampel 

(1982, page 32) 

"It has been said that ^he role of the normal distribution in probability is 
Y \ 

similar to that of the straight line in geometry.53 

? 
0 

There is a result of Marcinkiewicz (1938) which states that if a distribution F 

has polynomial cumulant generating function K(it), then the degree of K{it) is no 

more than two. Therefore F'ia either a point mass (K-{tt) has degree strictly less 

than 2) or a normal distribution (degree 2). It follows that the usual polynomial 

approximations to cumulant generating functions are not, in general, the cumulant 

generating functions of anything. The special feature of the normal distribution is 

that it is the only (non-trivial) distribution with polynomial cumulant generating 

function. ~ " 

The Edgeworth approximation comes from an approximation to the cumulant 

generating function K[t) which is forced to match the behaviour of K{t) near sero; 

that is, «to match, IT(0), Kl(0), K"(Q), etc., up to a finite number of derivatives. 

The Lugamn&ni-Rjce approximation comes from a parabolic approximation to the 

• V c 

cumulant generating function near a point to that interests us, and to ^ 0. 
V 

For r =* yfn $,way from E(Vi), it is best to look at the cumulant generating" ' 
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function of the shifted variable ¥i •— r, 

Kr{t) = K{t) - tr. 

0 

Suppose that the graph -of K{t) is given by the curve of .Figure 2.3.1. (NoJ;e, 
• " «» > / _ " 

in, particular, that this figure implies that Kf[0) < 0, that is E(V%) < 0).:Then 

if'(to) = r and the lower of the two lines with slope / c u t s the vertical -axis,at 

JT(to) — tor. The graph of Kr{t) is then given by Figure 2.-S.2. Near the" point to, 
/ 

Kl
r[to) = 0, the graph of K?(t) looks like a parabola with vertex at t0 and passihg 

through the origin (blit it is generally not parabol ic ) .«- , ' ' ' 

The point to solves K'[i) = r, that is ' vi 

tr 
ki -hKgto + %^§ 4 - . . . = f, 1^2! 

so that 

. . r - «i 
to = : "• " 

The -point ti is the non-sera solution of Kr(t) = 0, and t± is approximately equal 
r 

to 2to. The Lugannani-Rice approximation pcoceeds'by distorting the approximate 
p 

parabola of Figure 2.3.2 to give a true parabola H(u) = v2 — 2VQV. The trans- * 

formation ^ -t—> v is such that 0 i-4 0, to i-* vo, and the point t j , which is only 

approximately equal to 2to is forced! tj H* 2i/o. The amount Tjy which the curve 

in Figure 2.3.2 is not parabolic is determined by the cumulants £63,/c4, "The 

transformed curve is parabolic and the terms (A3 — 33) in the Lugannani-Rice ap-

proximation are determined by the amount of distortion needed to make Figure 

' / 
2.3.2 into a true parabola. / 

As mentioned above, the Lugannani-Rice transformation is always chosen to • 

give a normal random variable with variance 2, so that the parabola H(v) satis

fies J§rw(Q) = 2. Scale ifi unimportaMNThe same tail-area approximation ^puid 

v 



/ - s slope K'[Q) 

° Cumulant generating functkpf o!" Vi. 

. ' Figur© 2.3.1." 

° J! 

slope 0 . . " 

Cumulant ge'nerating function of V\ - r. 

Figure 2.3.2. 
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1 • 
be obtained by distorting the curve of Figure 2.3/2 t© any parabola (v,S(v)), so 

long as H(Q) = 0, t0 H* W0, J5r'(«>o) = 0 and U(w0) = ^(to) - t0r. (That is, 

* origin f-> origin, vertex >-> vertex, with specified amplitude). Different, parabolas 

have different values of Bri(Q) and are equivalent to a change of scale for the normal 

random variable-determined by the-cumulant generating function U{v). The essen

tial feature of the tail area approximation is that the cumulant generating function 

of the transformed variable closely matches that of the variable ¥% — r near the 

vertex, and it is this part of the cumulant generating function which makes the 

major contribution to the integral (2.2.-6) determining the tail area Qn{y)-
•a 

"Once we specify that B(0) = 0, Blt(Q) — 2, and that, at the vertex, 3 assumes 

the value iif(to) —tor (and this is the way the approximation proceeds), the function 

B(v) = v2 -*• 2VQV is determined. In particular, B(v) is the cumulant generating 

function of a normal random variable with mean Es{0) — —2y =£s- and variance 

H"(0) = 2. ; 
c 

The transformation t H-> V gives B(v) which behaves, in a region enclosing 

VQ and the origin, very much as K(t) behaves in the vicinity of to and the ori~ 

gin. The classic Edgeworth expansion, ©n°the other hand, comes- from approx

imating K(t) by a polynomial which behaves like K(t) at the origin: matching 

K(Q)iK
t(Q)iK"(Q),... up to a finite number of derivatives. When ? = E(Vi), the 

Lugannani-Rice approximation is found by considering limr_>o(^ — Bj), and gives 
i 

the classic Edgeworth approximation. This is not surprising, since both procedures 

are then approximating Kr(t) at the same point, the origin. 

The accuracy ©f the Lugannani-Rice approximation for M=estimatj/rs of ioca-

tion, araall samples, is demonstrated in Tables 1 and 2 of Daniels (1983). Daniels (1986) 

•compares .the Lugannani-Rice tail-area approximation with the classical saddle- " 

polnfe approaches; which are based on an Edgeworth expansion for the exponentially 



tilted density. Daniels praisswhe 

^ 

& 

simplicity of the Lugannani-Rice 

J 
/ 
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Chapter 3 .Small sample confidence intervals 

In this chapter we introduce a procedure for constructing confidence intervals 

for a real-valued function § of a vector parameter sy, & — 0(r}). This general problem 

includes, of course, the problem of finding confidence intervals for a real-valued pa

rameter in the presence of unknown nuisance parameters. We construct Confidence 

intervals with error Op(~) for bounded JJ. 

1 v" 
Examples are not introduced until Chapters 4 and 5. The reader may wish to 

refer ahead to Chapter 4-while reading Sections 1, 5 and § of this chapter. 

The unknown parameter is estimated hy an M-estimate, and we work with' a 
Kmodifled^ampfestT«nstrected^ ofthe scores. The modified 
sample is called the coEifagurailoia. The confidence inter^l is constructed as all 

a 
o 

parameter values not rejected by a specified test procedure.^ The test" is based on 

the observed average of the configuration. 
t 

The configuration is constructed by applying results found in Bhattacharya and 

Ghosh (1978) and Field (1982), and is calculated once for each sample. Associated 

with each parameter value under test, there is an exponential tilt of the initial 

estimate of the distribution of the configuration. Tail areas are approximated via 

the Lugannani and Rice result of Chapter 2. 
. In Section 7 we compare our approach with other approaches in the literature 

and discuss some details concerning the tail-area approximation. 

Sections 1 and 8 outline the basic test procedure used to construct confidence 

intervals. 

Section 4 contains an interesting ^tension of the Weak Law of Large Numbers 

t© M-eatimafejp This resuH is the cornerstone of our error arguments. 
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3.1 Notation and the general test procedure 

/ We assume an independent identically distributed sample X\t...,Xn drawn 

from a population with distribution involving an unknown p-dimensional parameter ' 

sy. The parameter sy has value sŷ  and is estimated by an M-estimate ?y, solution of 

1 n 

~y^l(s„5y)=o, 
0 = 1 

where the score function % is p-dimensional. Our primary concern is with the 
1 

construction of confidence intervals for a real-valued parameter 8 = 8(n), 8: Up —> JR. 

The confidence interval is constructed as all values of 80 for which one should accept 

Bo: & = $o> The procedure to test BQ is as follqws. 

Step 1. A one-dimensional test statistic § = ^ Yl g% is chosen, and a shift 

comditiom is specified. • 

Step 2. The sample is used to construct a first approximation to the distribution 

of g under sŷ , where sŷ  is unknown, but assumed to satisfy'Bo^f?-,) = $o»! 

Step 3. The distribution of g is re-estimated via an exponential tilt chosen so 

that, undespple tilted distribution, E(g) satisfies the shift condition of Step 1. 

Step 4. Under the tilted distribution, estimate the probability that ^atkzlns 

a value more extreme than that actually observed, then accept or reject BQ 

accordingly. 
r 

The §i are functions of the sample, g% = ^(X t ,£, ff (??))• In the sequel, the 

vector 0 = (0i , . . . ,gf i ) r is called the comrlguFatioia. The'shift condition is deter-

mined by §0 and the observed value I = 8{fj). In Step 4, we use the Lugannani and 

Rice tail-area approximation. 

44 



i 

3.2 The Weak Law of Large Numbers 
0 

> 

We begin with two definitions* concerning the convergence, in probability, of 

sequences of random variables. Let {Xn}n>i J»e a sequence of random gambles 

and' f(n) & positive?valued function defined on the positive integers. We say that 

Xn = op[f{n)) as n -*• oo if, for every e*> 0, there is an Nc such that 

X n | <• e) > 1 - e for every n> N&. 
/ ( » ) 

We write Xn = Op{f(n)), n -+ oo, if for every s > 0 there are an As and an Nc 

such that 

£»| < <Ac/(«)) > 1 — e « for every re > Ne. 

Note that if Xra = op(/(ft))3 ra -» oo, then Xn = Op(/(»)), TJ -*• oo. If Xra ~ 

Op (ft -0), n -*• GO, for some e > 0, then Xw = cp(ra~6), ra. -*• oo, for all b satisfying 

0 < b < a. 

The independent, identically distributed sample Xi,..., X» can be considered 

to be obtained by truncating a sequence of random variables {X8}s>i at the nth 

. O 

term-. In this section we assume that the X% are 1-dimensional random variables. 

Ehintchin's Weak Law of Large .Numbers (Bickel and Doksum (1977)) states that 

if the X0 have finite mean $& then the sample mean Xre = ~ £ f = i Xt-converges in 

probability to fi. That is, ^ •> 
0 

/ 

(3.2.1) %n*stl, + Op{l). 

If.the underlying distribution of the Xz is normal, with variance a2, then we 

can say more: 

(3.2.2) X r a = / i 4 - ' 0 F i ^ ) . 

. 4B 



For the proof ol^his fact notice that, for e > 0, we can take Ac = «y# (1 — e/2) 

and thenJ _ a 

' P{\X-^\<Ac^=) = P{V^\^£\<Acfa) ' "^_ 

=5 @(As/o-) - #,(-Ac/^) 

Equation (3.2.2) holds whenever the underlying distribution of the X% has finite 

• third moments. In ordeVto^^rSsstrate this fact, we need the following theorem 

(Gnsdenko, Kolmogorov (1954), page 201). T@< clarify the notation of the theorem 

we define the absolute moments of XB: " 

Po^EXXxW 5 = 1,2,... . 

Recall from elementary probability theory that the moment of order s exists uf and 

only if the absolute moment of order s exists and is finite. () 
h 

o Theorem 8.2ol (Cramer, Berry, Esseen) / / the X% ham mean-Q, variance 1, 

and finite third moment then F^t), the distribution function of -T^(XI + . . . + Xn), 

satisfies 

where G is a constant ' >> -

The following corollary is surely Veil known. 

Corollary 3.2.2 If the Xt have mean IJ,, variance o2 and finite third moment 

then 

Xn = fj, + 0P{-fy), 

Proofs Let Yi = ^f^ and let Fn(t) be the distribution function of ̂ {Yi J-

. . . -F Yn). We have to show that, for every s 5> 0, there are an A0 and an iVc such • 

that, for n > Nat ' * * 

""^^l) f j — JUJ <*», T=S I - ^ JL — C , 



that is, %+t 

j-flfil|<^=)>i-e. 
V G<%fn) 

Let e > 0 be fixed and take Ac = «7# - i(l - e/4).' Then, for n > {^fs) , 
•'Pi 

'UX^-Mi 
V^y G^/re, 

^|F1 + ... + F r e l < ^ 
«7 

ins Theorem 3.2.1, 

= ^ ( — ) - & ( — ) • 

:„-**<-£ >©(-«)-©(—- - Mg.. 

£ j 

> 1-e , 

for si sufficiently large. 

•» o 
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3.3 Regularity conditions an$ preliminary results 

, We now assume that the_XE- are m-dimensional, each with distribution Ft, , 

parameterized by a p-dimensional parameter jy ,̂ belonging to an open subset M of 

W. As before, the independent Sample X | , . , . , Xn can be considered to be obtained 

by truncating a sequence {X8}s>i at the nth term. 

We estimate yj. by an M-estimate fj, solution of 

^So3«lj' 
i A 
n ^=^ 

J?)=Q, 

wher© j£ is p=dimen£ionaL Let D3 denote differentiation with respect to n3, j = 

l,...,p,m.dDofff- ' t • 

In all, we ma/ke six assumptions, Al to A3, and these hold for the rest of the 
" / ' ( 

chapter. The assumptions and results gathered' in this section are routine in the 

sense that obvious analogues can be found in the classical theory. 

The assumptions are as follows. 

Al. The system of equations (3.3.1) has a unique solution. 

AM. There is an open subset U of Mm such that 

(i) for/each jy_ G M one hsg'Fn(U) — 1 and 

(ii) the derivatives D3tfr(x,7f), DisD3tfr(x,rf), DiDkDjtr
r{z,r]) exist for 

AS J For each compact K C M, 

(i)/for 0 < j , k <p,l< rg p, sup,, €KE%\DhD^r{X,ri0)|
4 < oo 

(ii) there is an e > 0 such that for 1 < r, j , k, I <<p, 

h 
sup En ( max \DiDkD3%{X%rj\\)z < oo. 

A A. For each rinE M"' 

K f V ( X , « ) = 0 
«H) 

48, 
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\ and the matrices - i ° 

*C(2 O) = E 2 < I [ 1 ( ^ , ? 0 ) ® T ( X , 2 O ) ] . 

are non singular. _ - to 

"AS. The functions A{?f) and E^\[DkxD3JJ?l){DkzD32^T2)\, 0 < juj2,ku 

&2 ̂  PJ &I + Ji ^ 1> ^2 + J2 > 3.J 15- r l? f2 ^ P» s1"12 continuous on .W .•* 

A6\ For each compact if C i / and for 0 < j , /s < p, 

sup \DisB38{nr.)\ <co and inf |2?fc%T)j>0. 

Assumptions,A2-A5 are listed, in more general form, in Bhattacharya and 

Ghosh (1978)°page 439, and are also listed in Field (19§'2). We use'Field's nota

tion. Bhattacharya and Ghosh apply a result of Bahr (1967) on the Central Limit 
I 

Theorem in multidimehsions to prove the following result. 

Theorem S.S.I (Bhattacharya and Ghosh) Assume that °A2-A5 hpld. There 

is a sequence of statistics {jy }n>i such that for every compact K C M 

(3.3.2) inf P%{\vn-%\< 4^~1 / 2( logre)1 / 2 , syra solves (3.3.1)) 5= 1 - o ( ^ ) , 

where do is a constant which may depend on K. 

Corollary 3.§„2S With the above assumptions, |jy^ ~~%\m 8*e op(n~a) on every 

compact set K C M, provided that -y — © > 0. 

In-the light of assumption Al (that £ is unique), Theorem 3.3.1 implies that 

syK is weakly consistent for sy :- ' n* 

s 

(3.3.3) , sy = 2 o + op(l), 

a„£asult established by Huber (19S7)> under weaker conditions. The above equation 
^ \ 

establishes that the Weals Law of Large Numbers extends to JkT-estimates under 

fairly general conditions. The Bhattacharya and Ghosh paper implies a result, ' -



so 

equation 3.3.10 below, which allows us- to refine equation (3.3.3), replacing oj»(l), 

by Op (-4=). This refinement is presented in the next section. 

For the moment, our interest is with the construction used in the Bhattacharya 

and Ghosh paper. This construction is also used by Field (1982) in a slightly ,_ 

different setting, and we now present it. For simplicity, we drop the subscript n on 

sy . _" , • 

r 

Let 7i be the true, unknown value of r\_ and, for each r — 1 , . . . , p, consider the 

second-order Taylor expansion of (3.3.1) about sy^ 

•(*»»§) 
fa 

8 = 1 

= - y.Mrix^) + - 2md}^D3*r{x*>!Lo)(,ni ~ V03) 
BO IV (3.3.4) » ^ i - n 3 [ , - i 

1 A « - > 
+ 2^ 2L,2J*Di®3^r{zi,%){fi] - voj){ni - voi} -

c = l 3,1 

+ Rn,r{fj), 
f i 

where Rn,r{f}) ~ Op\^— jyJ3 — op(~). For the moment w.e consider the first three 

terms of (3.3.4). The notation we introduce is that of Field (1982), page 676. For 1 < 

r,j,l < p, let ZF = tf^X,^), ZrJ = Djyr{X,%), Zr3i « DiD3^r{X,rQ, ZT^ 

i E ^ i ^ r W . S o ) . ^r, = l E r = i I ? / M ^ 5 l 0 ) ! e t c . Let. E denote expectation 

under w,- Then assumption A4 gives EZr = 0, I < r < p. Let E(Zn) = £trj, 

E[Zr3i). = (£r3i, and define 

13 »2 m3 

= ^ ~s /•• . . . ' > - - M y 
© = (0,...,0,^ll,^125'">/App?^lli5'.">/ippp) > 

ja, = ( i5 l , • » « , ^ p , -2rils <&I2J • • • Zpp, ^ l l l , . • ' , Zppp) , 

Z_' = \Z\,..,,Zp,Zii,Zi2,...Zpp,2>ni,...Zppp) , 

so that a, ^", j [ are /s-dimensional, k = $> + p2 -f p3 . 
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. Referring back to the first 3 terms of (3.3.4) define the function / : 3i*+* -5- Slp', 

/ - ( / i , . . . , / p ) by 

p 

(-3.3.5) 

for 1 < r < p. Note that /V^,??-) = 0 and, by assumption A4, the matrix Afa), 

having (r,'j) entry [iT3, is non singular. The Implicit Function Theorem can be 

applied to prove that there is a unique threotimes differentiable function ff: Uk —*• 

®p, JT = (i3"i,...,J5rp), such that ^ ( G ) = r^ and / ( s + , If(2+)) = 0 for 2+ in a 

neighborhood of a, 

TliQ03?©Ea S.S.S (Bhattacharya, Ghosh) For 1 < r < p 

f. "* o 

(3.3 6) ( f f d ^ - s y j ^ o p ^ ) . 

•- ' ' ' ' > ' • 

This theorem is contained in equations (2.39) and (2.40) of Bhattacharya and 
» 

Ghosh (1978). The latter equation states, in fact, that for 1 < r < p, 

(3.3.r) p. (|B[2+ -§\< i^?i>) = p„' flVwi < d^)^f~:i,. 
—O — ££ * «»o ^ — j ^ 

d a constant depending on0fy_. - * x , 

Theorem $oSo£ (Field) Forl<r<p * ; , . *. » -

(F(2+) -2jr = ] £ M i + § E ( E W ; | (m))^ , 
(3.3.8) " 3=l, 3,1 m=l , 

wtee S a (ft,,) « - A ^ ) " 1 , G3>i(m) = E ^ ^ ^ m M a -

This theorem is equation (5) of Field (1982)/The terms of equation (3.3.8) are 

obtained by taking a Taylor expansion for B(£L ) about M(a). The derivatives of B 



•are obtained by s considering appropriate derivatives of/ = (/i , ...,fp). Corollary 

3.3.2 implies that |sy — ?yls = ©p(^). Using analogous arguments, Bhattacharya and 

Ghosh establish (1978, equation (2.32)) that \Z_ - G | 3 = op(^). The approximation 

in Theorem 3.3.4 then has error of order op(^). Note that \2_ - a\ — Op\-h)f also 
v 

• • i ^ \ 
follows from Corollary 3.2.2. 

*>„ " *• 

The above two theorems give: " , <, * 
p ,_ 1 \ .. 

(^ - »?«)$• ~ z2K3'%3 + - /Z hrmC3i(m)Z3Zi 
(3.3.9)/ *=l ° >>l>m " * > 

* v ^ - - * 1 
o + 2^bribjmZ3(Zim-inm) + op(~), 

provided syn is in a compact su'bset of i/. " >, 
—•o 

The first term on the right of the above equation estimates (r) — r\ )j.4with 

error" of Order ,|J.+ — a\2 =°.Opc(^), and should JSe compared with the classical 

approximation of the maximum likelihood estimate as an average of the scores 

(Cox and Hinkley (1974) page 294, 295).'The second and third terms of equation 

(3.3.9) have order Qp(^) . They,pn be estimated from the samplej and correct the 

bias df ?)'-*«• r^ with error 'op(^). (Under f̂ , the first term on the right of (3.3.9) 

has expected value sero.) 

In the sequel, we do not use the bias-correction terms of equation (3.3.9). 

We' give them here, for completeness. If our concern were with bias^reduction for, 

M-estimators, then equation (3.3.9) indicates the nature of the bias, and is to 

be compared with- the bias-correction for maximum likelihood estimates (Cox andN 

Hinkley (1974) page 309, 310). In the remainder of the paper we use only the°< 

simplified version of (3.3.9): 
* » P I 

(3.3.10) <4-2o)r»S^^+op(^). 
3—1 



3.4 T3b@ Wealc Law of Large Numbers'for M-estinaates 
i 

<J > 
t 

a * 

The result presented in this section extends Corollary 3.2.2 (that Xn — M + , 

Op(~j=')) to M-estimatord. We repeat equation (S.fsO). 

(3.4.1) ( | - l 0 ) r = ™ 2 ^ { 2 i , ^ ^ ( X 1 s , ^ 0 ) } H - o F ( : ^ ) u s»=l , . .* ,p , 

where the parameter n^ is fixed (hut unknown). / i 

Let r be fixed, 1 < r < p, and write i 

hn = M ^ S S 2 Q ) 

P 

= £i/i,(x8sSo). 

Then the hn are independent identically distributed random variables, with finite/ 

third moments. To see this, recall that TJU is assumed bounded (and fixed, as is the 

matrix B), and that the score functions have bounded fourth moments (assumption 

A3)\ Also, the kn have mean zero (assumption A4)> Hence, Corollary 3.2.2 implies 

that'fer = Op(-j^). That is, the first term on the right of (3.4.1) is Op(-k^). We 

therefore have the following result. 

Theorem. S.4.I Under assumptions A1»A5, 
i 

•v 

1 = 20 + ° ^ ) . 
* r r 

on compact subsets of M. 
* ^ > 

Our concern is with the real-valued parameter 0 = 8(g). We first expand 

8 — 8{^) in a Taylor series about fj> . 

• ~(&-2jr|£w+0p(i), 

S3 

/ 
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where we have used assumption A'6, that $5has bounded second derivatives. Then, 

substituting (3.4.1) into the above equation, we obtain 

(3.4.2) n 

=,;ItT(x, !o)^ s(2o)+»^); 
s = J 

We define , % \ 

• "' =«rw.a0)flr=(a.). • 
^ -

and then (3.4.2) can be written 

/ . ' . 

(3.4.8) 0 ®-H%)=9 + M^)-

Since 8 has bounded first derivatives (assumption A3)^ we can apply Corollary 3.2.2 

again to conclude that the first term on the right of the above equation is Op (-4=>). 

IjoraHary S.4.2. Under assumptions A1-A6 „ 

0 

® = Hio)+PP(^), 

a t 

ore eompciŝ  sa&eete 0/ A/. 

, The random variables g%,... ,gn are called the configuration. We emphasize" 

that, whether or not we know r^, we do know that 8 — 8(7^) jf- Op(-7^), so long as 

ru lies in a compact subset of M. 

\ 



3,5 Further discussion'of the Bootstrap 

We repeat equation (3.4.3) 

(3.5.1) ' '3-9{&J = -J29(*t,nJ+op{-fe). -
8 = 1 

This equation implies Corollary 3.4.2, but as it stands it is not a practical tool to 

help evaluate the distribution of 8, since sy_ is assumed unknown. ^ •* 

The classical, approaches to testing, discussed in Section 1.6, all require that 8 

be consistent for Q. That is, 8 = $-j-op(l). Theorem 3.4.1 and Corollary 3.4.2 state 

stronger results, I — j$-j-Op(-4=>). Our techniques require this stronger convergence: 

^we need to be/able to say that \fi_ — 5yJ2 is smaller than 0\rj_ — syj. ^The classical -

approaches also involve an equation like, but sightly weaker than (3.5.1): the error 

term is replaced by op(l). Then the Central Limit Theorem is applied, etc. 

r W<§ now discuss the implications of the above equation in a Bootstrap settings 
/ * 

Let si , . . . jsn ' -be the observed values of X\,...,Xn, giving estimates r) and 

ôba = ®{%bt)' The Bootstrap assumption (1.2.1) is that the distribution of 8—0(?y_o*) 
is approximated by the distribution of $* — $0baj where 8* vS calculated from a 

sample z\,... ,&* drawn from the multinomial distribution having mass ^ at each 

So, i = l,...tn. Several Bootstrap samples are observed and, on the basis of 

these, the distribution of 8* — #ob0 is estimated; call the estimate B. To construct a 

confidence interval for 8, there are several options. We could, for example, assume 

some kind of transformation to normality and construct a bias corrected percentile 

interval (BC-interval, see Tibshirani, 1986). We could, for example, construct a 

confidence interval as, all §o no^ rejected by an apprQpriately .chosen test. We could 

test BO:@[7IQ) = @o as follows. App% an exponential tilt to B so that'the tilted 

distribution Ba has mean equal to (a good estimfate of) the bias,of 8 for &o. The 

exponential tilt should be^sden as a refinement pi the Bootstrap assumption. Then 



/ 

\ 
A * A A 

JEJTcj is used as an estimate of the distribution of @ — @Q and, under B&, we estimate 

the tail area by \ . „ 

) > i b o - 80) = 1 - BQ{80h3 - 80), •no 

v> 
and accept or reject 'Ho accordingly. 

We make two observations about the Bootstrap procedure. First, the advantage 

of equation (3.5.1) is that, with~eraor op[-j=>)7 § — 8(TK) is a sample mean. We 

do not have to go all the way back to the observed sample xi,...,xn. Rather, we 

work with,the observed configuaration, g^ohg = g{st,7) , ). Let B be the empirical 

distribution function, placing mass ^ on each gtaho then 

8*-Bobs**?+oP{-^)1 

V 

A * 

where g* is the average of a sample #f,.. . 5#* drawn from B. Thus, for either a 

parametric or a non parametric bootstrap, once we have an estimate of the distribu

tion of the configuration, our concern is with the distribution of a sample average. 

The BGQ, intervals modify the Bootstrap assumption (see Section 1.2) and have 

« been demonstrated to have error Op(^) for a one-dimensional parametric model. 

Our second observation is that one Way to modify the Bootstrap assumption is to 

work directly with g(X,7] , ), to obtain a good estimate of the distribution, under 

7K, of g(X,ft , ), and to then base our conclusions on the observed value <yob0. 

That is, do not use the bootstrap distribution of g(X,i) ,b ) 'to approximate the 

distribution of ^(XjjyJ or of 8. 

\ In conclusion, equation (3.5.1), though no\practical in Itself, leads us to realize 

that we should work directly with, the observed configuration, #sobo = g(%t,W bo)j 

and to base tests on the observed value of a sample mean fob0. There is, of course, a 

loss of information when we move from the sample to the configuration (see Section 

3,7). For each Ho — $(f?o) — $o5 v/e obtain a, good estimate for the'distribution -of 
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g{X,?f . ), r) held fixed, ?ŷ  unknown but assumed to satisfy EQ. On the basis of 

this estimated distribution we then "decide whether or not the observed'value <y0t,3 

is top extreme, and accept or reject Bo accordingly. We do not try to estimate the 

distribution of g(XtJK) under Bo. 

As promised at the end of Chapter 1, we now present a test procedure based 

on the observed values of the scores. The test procedure uses an exponentially 

t i l ted Boots t rap distribution of the observed scores. Bootstrap resampling is 

avoided via the Lugannani-Rice approximation. 

-• i 

«-< 

\ 



3.6 The test statistic and its approximate distribution 

The observed sample is x\,..., xn, observations from a distribution Fq , where 

rs is unknown but assumed to be in a compact- subset of jy. The estimates fj and" 

8 = 8(r) , ) are calculated and held fixed. We wish to test BQ: 8^.) = 8o, where vj_ 

is unknown. Our test is based on the observed value p0bs = ^ IC-lK2^*/ b )• -

What is the distribution of g[X,7} . ), for X a random variable drawn from 

Fn ? Remember that ^o b o is held fixed and ^ is unknown, bui^assumed to sat-

" isfy BQ. A first approximation to the distribution of g(X,r) ) is via the cu-

- mulant generating function K[t,fj ). For a parametric model, K(t,r) j is the ' 

JL cumulant generating function of g(X,fj b ) for X drawn from Jfy . For a non-
A -

parametric model, let B be the empirical distribution function putting mass ^ at 

each g(%i, T) ) . Then 

• „ ^ ( ^ i o b J ^ l o g ^ f e x p ^ t X ^ J ) ) a 

1 A 

Clearly, K(t,^h) is not a particularly gopd estimate of the cumulant gener

ating function of g(X, r) b ) under rf . In particular, under this estimate, the first 

cumulant of giX,^^) is zero. (We know that the first cumulant of g(X, jŷ ) is zero 

under sy_Q, so we suspect that the first cumulant of g(X,rj ) is different from zero, 

under syrt.) 

- TakQ the Taylor expansion 

(S.S.1) g (x , l „ n ) = 9{X,%) + &b D - %)T"-^^ + 0 1 ^ - „0|2 

jp — 
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Notice that 
%) _d_ 

5>sy S U*>2o. 

+ 

T[X,nQ) 

d / 

/ 

;^(2o") 

9sy 

, r*«(2o) x ' , T 

<9jyJ sx&3o) 

and recall that En £ ( X , ^ ) = 0. Then 

o 
En 

^{KnJ _AT^{%) 
•±Q 

* ~ 
Mi 

d7f_ 

) 
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since B = —A~l (see Theorem 3.3.4). We now4ake expectations, under J ^ , in 

equation (3.6.1). In that equation, jy and rh. are fixed; X is the variable, drawn 

from Ft 7] > 
-4) 

-i-0 

(3.6.2) 

VJLobo -i-O' ^O T ' - iobo -M31 

= ^ ( i 0 ) - ^ b a + O F ( i ) 

where 0 . is held fixed while we take expectations, and then we appeal to Theorem 
e 

3.4.1, that fl — ru = PP{^)- Consequently, under ^ satisfying BQ: 

VJ_O) ~ °̂» ^ e ^ s * ^mulant °^ g[%*^) Js $o-~ $ + ^ ( r a ) ' ^°> owr hiltial es

timate of the distribution of g(X, 7) , .) under s^, via If (£, 7$ , ), should be modified 

to give 

(3.6.3) M^LJ = 'o -

What about the second cumulant determined by the estimated cumulant gen

erating function JC(fi,^obs)? For fixed $ . , the non-parametrk estimate of the vari

ance^©! g ( X , ^ b J is a sample mean, ^ ^ ^ ( s ^ ^ J 2 , and estimates Vart, g{X,7ioh) 
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with error Op (-4=), (see Corollary 3.2.2). For the parametric case, equation (3.6.1) 

implies that . . 

% / ( X ' i b o ) = 3 i / ( * 2 o ) + °l4ob. ~ 2ol 

and hence 
V a r2o5(^,toJ = V a r ^ X , ^ ) + O ^ - jyj. 

The assumptions of Section 3.3 guarantee that ^Var,j<y(X, $y) is bounded on com

pact subsets of M, and hence 

V a r ^ O X , ^ J = V a r ^ ^ X ^ J + O ^ - %\, 

so that our initial estimate of the distribution of g{X,rj , ) has error Op(-j^) for 

the second cumulant. For fixed r) . , the assumpfJidns of Section 3.3 guarantee that 

the first four cumulants of g(X,# . ), under TK, are finite. The above argument ,, 

can be extended to show that Jp(#,j|) estimates each cumulant of #(X,iy), under JJL, 

with error Op(-j^). c • ' , - * 

We also remark that our regularity assumptions imply that, on compact subsets 

of M, Varjj g(X, r) ) is bounded away from sero (so we can divide'by the standard 

deviation of g(X,7j«, ) in the order arguments which we now present). 

We now re-estimate the distribution of g(X,?y , ), (under the unknown sŷ , 

assumed to satisfy Bo: &[%) = @o) by applying an exponential tilt to the distribution 
•—•U j , 

K{t,r) . ). The exponentially tilted distribution has cumulant generating function 

K01Q(t) = K(ao^t;lsJ-M(ao;^J * * 
00 f3 i 

(3.6.4) y=l 

co tj 

- ($0 - $obo)« + 2U /Scf« ~ 1 

where ©o satisfies the shift eomditioa 

'Ke(ci0'^ho) = §0 - §Qha. 



Then Kmo (t) estimates th&first cumulant of g(X, fy^ )> under Bo, with error Op(~), 

(see equation 3.6.2). If the score functions jf are bounded, then all cumulants of 

«ff X, ̂  , ) are finite. In general, the infinite series of (3.6.4) are truncated, at some 

j > 4 (and the last term involves K^'{£,) for £ between 0 and t). 

Let 'k3 — K^) (0; $ b )} the initial estimate of the j * 1 1 cumulant, sz3, oig{X, sy , ) 

^ T h e n cto solves, approximately, 
V A 

fSi + C^/Cg = $0 — $obo 

U ~ - (^0 ~ ^obe - &l) + ( « 1 ~ & l ) , * M 

&2 

>s/m,'° 

^ 
Then, for j > 2, we have from Section 1.5, 

- =«/ + Op(^b). 

° so that Kaoj aES error no bigger* than that of k3. 

Thus, having observed sy , , we hold K. fixed and estimate "the distribution of 

§(X,y? . ) under sy., where $ŷ  is unknown but assumed to satisfy BQ: $(!»£») = 8Q. 

The cumulant generating fraction of g(Xtfji) is estimated by I£c,0(£), with err«?r 

'Opin) 'm ^ e ^ ^ stimulant, and error O^(-j^) in subsequent cumulants. We then 

estimate-tti® distribution of the average of % observations, — 5Z^ij ffP^s ^ h )? via 
•a t 

the cumulant generating function 
-u> 

OS 

(3.6.5) £ 
|&oM « («0 -*obo)*+ >.«aoj(-7F=) ,T« 

j=2 V n i J ' 
i r » 

where the first term has error Op(^), and. the term in P, j > 2, has order 
ni3 &p("$%h ^ »s Op(~) Jf % ±= 0[n), »a ^ o(ja) (see'belowJ. Then, un

der ir©o(-)9 *"/Q calculate, the probability of observing g(X,sf0bo) more extreme than 

•£liat valuG actually observed: & 
<ra 

&«» = r z^(s»>iobJ - °-•Xobo' 



Since we have estimated the cumulant generating, function' of g with error 

Op(^), the tail areas" P(g < 0) are also estimated with error Op(^). One way 
\ ." - if 

to see this is to appeal to the Fisher-Cornish expansion, idi fi, G, 7 be the mean, 

standard deviation, and coefficient" of skewness for 0(X,iyObo) under 7^, 'assumed 

to satisfy JSTO!$(*JA)
 = $0s ®n<£ l©t /*, «r, 7 be the estimates obtained under Kao(t).. 

That is, p> ^ ^ ^ ( 0 ) , etc. Then the Fisher-Cornish expansion gives * 

JV.W -LQ <0) = %> & 
P <zt 

-•f^.-^iOB 0S) ,-0+o* 

-y(-T + o>(i)J ^ ((g)' + <MA-i) 

= ftc. (J < 0) + 0,(A). 

• Wejiavkused jb = Op(-j=), p, — /* — p p ( ^ ) , and £ — <y = Op(-^) . 

Fop an observed sample xi,.:.,ssn, with M-estimates^iy , $ob0, the (1 — 

2e)100j% confidence interval" foi 0 is then 

(3.6.6) 

where 

{^oK<:^0(^<°)<1 

probability under sy., unknown 'feufes,assumed to satisfy B0: 

interval is estimated by 

{0o\e<PoQ{§<O)<l-eh 

where BQQ denotes probability under the 

generating function Jfffi0 (t), where m = ©o 

Theorem 8.6.1 TJk toera©! (3.6.7) 

which gives $(X„, ?y . ) the cumulant 

Dives ^(cs; j j ^ ) =» #0 — $obo-

upproisimatea the interval (3.6.6) with 
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Proofs We show that If 0% satisfies PQ1 {§ < 0) = e and 82 satisfies PQ2 (g < 

= s, then \BX - 02\ = 0P{ J ) . 
t 

Let &2 be the variance of g(X, 9 . ) under £ unknown, but assumed to satisfy 

sy ) = 03. The regularity assumptions of Section 3.3 imply that, on compact 

subsets of M, ^ 
&2 =®-a-fO|£2 — ^ |» 

and hence «72 = ^ 4-"0|$2 — $a|- Similarly, 72 = 7i -H 0\Q% — 8i\. We also observe 

that the assumptions of Section 3.3 a^e sufficient to guarantee that o3 is bounded 

away form sero on compact subsets of U (since the matrix B is continuous and has 

non-aero eigenvalues). 

We appeal, once again, ^ r> the Fisher-Cornish expansion 

P0l{g<0) = m(- -i—25£ + Op(i)J 

+ ̂ (i) 
^ c5/_ ^ Z i ^ f ^ _ W+ „_/A 

© • 2 " " - • • - - t 3 J 

p ( . ga^SE+op, _ g,|+0,(1)) •».+ ofc- »l ( f a ^ * . ?» 

+ O|0i-02| + 0p(£)-lJ+O(1 

0 2 - 0 o b 8 \ J / $2~4bo\ 72 //gg-fcboxa ' 

That is, 

+ O |0 i -0 2 | + Op(£) 

= P0,{g < 0) + 0|«i - <9g| + Op(l) 

^ - «" * K W 



, ° The parameter value §Q is included in the eonfidence interval if and only if the 

tail area is not too large or too small. Tail areas are estimated via the Lugannani-

E k e approximation, which does not increase the error (see 2.2.13). Theorem 3.6.1 

establishes that the confidence intervals for 8 have error Op(^) on compact subsets 

of M provided the ofiFeeftive oample siae, ni, satsifies »i = 0(n), nx ^ o[n). 

There is, of course, room for debate in this setting. Is <yob0 the average of n or 

•n — p ©r n — (p — 1) observations (where p is the dimension of sy)? That is, what 

is the value of the effective sample siae n{l We have used several values of n\ in 

our programs. Evidence suggests that a value smaller tbjfo n — (p — 1) is more 
t 

appropriate. See Huber (1981), page ISO. There is also evidence that the intervals 

can be improved by slightly "relaxing55 the shift condition. That is- to say, if we 

replace the condition K \ao) — 80 — 0ot,o by ,, 
6 Si 

A 0 

K'(€>o) —@Q — $obo + correction, 

whtre,the correction is op(^) and is chosen so that |CKO| is reduced slight&ly, then 

our confidence intervals perform better. The correction is discussed further nn the 

example of Chapter 4. . 

The ideas in the above presentation „are discussed nat some*length in the next 

section. We close this section with a remark about the practical application of these 

results. ' , . 

We go back to the definition, 

i QQ(y) ) ' 

In those cases where 9 is a linear function of fy's —jrf- is not a function of sy°. 

Generally, both B and ~ ~ a - are functions of the unknown parameter SJL, and 
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must be estimated from the sample. Suppose we take the obvious sample estimates 

8 = 1 — * 

Then we work with an estimated configuration 

, The first estimate of the distribution of the g% is calculated as before. For 

example, for th^non-parametrk model, w® take 

n 
exp{K[t;fl )} = - Vexp{£gJ. 

'^obo 7b 
Sv 2 A 

Next, we need a good estimate of En g(X,fj , ). We need an argument like that 

' given below equation (3.6.1). First notice that 

- A<3<) = -L,-£fo>3j = A + °r(jz) 

and similarly 

[aj = B + op(^ 

on compact subsets of M. Then 

(3.6.8) g(X,U 

where '-

•%) t &*. - ao)*sJ Wa.) + 014,1- - a.1". 

• io )=S(X l 2 o 
r V̂ LQ 

Then, as before, 

% i i 

%)= ^ P A f J 

r d 

H - O P ( ^ ) 
^ ( ^ J 

w; W^3o) 
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Then, taking expectations in (3.6.8), remembering that sy^ is held fixed, 

,) 
r 

v-: 
2JQ\ 

+0^)01^-^1 + 91^-^ 

= *(2o)-fci» +Op (J), 

and the rest follows as before. 

'The above equation was obtained using non-parametric estimates of A and B. 

Surely, for the parametric model, with parametric estimates of A and B, the error 

is not Increased. In the sequel, we do not distinguish between §> and g. * 



3.7 Discussion 

We return wm to some icfeas introduced in Chapter 1. Stein's least favourable 

distribution is defined at the end of Section 1.2, and Kullback's result on the\op-

„ timality of exponential tilts is stated in Theorem 1.3.1 and restated in Theorem 

1.4.3. 
v » 

a 

Before applying the exponential tilt, we move from the original sample X\%..., Xn 

to a modified sample, the coxtfiguration gz = g{Xi,fj). The diitribution of thi con-

.., figuration, is described by a one-parameter exponential family, 

' \ « 

whore tiig: rj , ) is our initial guess at the distribution* of'the g%. We repeat that, in 

our programs, pig; r) ) is the non-parametric estimate under which g has cumujant * 
* — O D D * *V \ >. f 

generating function If {a°,r$ . ), - , "' > „ ' 
4?9 

(3.7.2) , e*(aiW=vLyV*(*'^b.> 

If the statistic gr(X, sy) is sufficient fW-t|, then there" is no loss of information. In < 

general, however, there is a loss of Information when we move from the sample, to 

the configuration. In order to diecuss this idea further, we need, to introduce some ' 

notation (see Kullback, 1960). °-° k 
' *" - ' * ' • 

Suppose the' observations X take values' in a set X and, for "each fixed £, . 

, suppcae that the transformation'ST: X i-> g{X,rf\ is measurable, from the "measure 

space (X,£,A) to.a measure space (J/,T,V)- As,in Section 1.3, let ftjj®) and" 

!%{%) be geneValMed densities on thsumeasure apace |X,,£,A) giving, under the 

transformation T, the generalised densities h£(§jv $&%(§) respectively for g = T%X). 
A measurable transformation 'S: X —$ y |s o^ffieieiit for discrimination be* 
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tween f\ and / 2 if \ 

?where [X} means "except on a set of A-measure zero." Note that this definition 

includes the usual definition when f\ and f% are of the same functional form, but [f 

vdth different values of a parameter. 

We recall the definition of Kuilback-Leibler distance (Section 1 J ) : 

' (3 .7 .4) \ • j I(1:2;X) = / / i ( * ) t e g ^ ' d A ( a r ) . 

• \ \ 7 
Theorem S.T.I (Kullback, 196&>page 21) i f l : 2; X) > 1(1:2;]/), to&fc equality 

if and only ifT is sufficient for d%scrimtnatim,"between f\ and f%. >̂ 

* Suppose we have a parametric model, with /H^) = / (s5 *?) an{3. / j (x) = / ( s ; jy-f \ 

A?y), where sy is a fixed value of the parameter and A|y-is assumed "small". Let 

I(jy) be the information under jy. That is, l(sy) is the expected value under /(a:; rfj 

°^ — g a ' y '"' . The next result follows immediately4rom Kullback (I960, page 

28). 
\ b 

Theorem &.T.2 (Kullback) 

(3.7.5) K % + A ? y : £ ; X ) = ^(Aq) rI(^)A?y + 0|A??|3. 

In our applications, the 'firs£ estimate of the distribution of tl^e configuration ^ 

lgt is via^the empirical cumulant generating function K^®§r) . ) given in,(3.7.2). 

This esfimate has generalised density fog (#;**? . ), say. Then4he $ilted distribution" 

defines a one-pa^amter exponential family /&*($; ffi0), where 

- '. ^(grj^-^iC^^J » * ; * \ ;«r 
(3.7.6) & . 

Note that ^ 2 ( g ) =tt0 and l ^ j b ) = Kl(a0,^ha) = 0O>- ^obo. We define * *v 

Atf0 = ^,,(fi')-^ft9V5 
^3.7.71 

= §0 - $*obo„ ^ 
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Under the one-parameter model &*(#; ot), the derivative (with respect to a) of 

the log-likelihood is ' 

and Varo{(§) — Kll{a,7) , ) is the information for © in one observation from the 

model h?[g\ci). The information for ^ is then ^rVarc^gf)^. Differentiation of 

K'{CI;T) . ) — §o — $0ba yields* j@ = l/JT"(cB;^b ) and hence the information for 

§0 in one observation from h?(g°, ®Q) is 

?o) = l/lH<*a;$obo). 
\ 

Then, Theorem 3.7.2 gives 

'o + A»o:lo;WA l ° " °b° 
) 2 

»« 

2 ^ ( ^ o ; l b D ) 

(*o - i b 0 ) 2 

2Varffi0(g) ' 

In the light of these remarks and Theorem 1.3.1, the following Theorem is not 

surprising., We need ohe more piece of notation: ez = <a(|) is the solution of K'(a) = 

Theorem &T.8 (ipillback, 1960, page 47). 

2 

(3.7.8) .. 1(1:2; X)>I(h2',lJ)>{^8ohf 

. ©Aere | Ises between 0 an&8o — $ob0, WE$A equality between the first pair if and'only tf 

0 =* T'(X;2ob ) sa sufficient for discrimination between £1 and f%,and with equality 

between, the oeaond pair if and omly if » 

- 4 ^(^lb 0) = ^~" f K^ )%(f;lb 0) . 

• \ 

» ' 

-Jz 
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Generally speaking, Theorem 3.7.2 leads us to think of 21(1; 2) as a measure of 

the information available as we move away from model 2 in the direction of model 

1. Stein's least favourable distribution is characterised by the property that it gives 

the direction in which information does not change. All other directions produce an 

increase in information, which Stein considers artificial since one should not expect 

\to increase information once the sample is taken. In our applications, the model 1 

satisfies an extra condition, E(g) = 8Q — #Qbo. That is, we add more information. 

\ theorem-3.7.3 states that our tilting procedure gives equality on the right of 

(31,7.8) and that there is equality on the left if and only if the configuration is 

sufficient for the original sample. We believe that, to improve the intervals we 

have constructed^ we need to look at the first inequality of Theorem 3.7.3. We 

need a notiwof "approximate sufficiency," Some configurations are, surely, "more 

sufficient53'lihan others. We do not investigate these ideas further in the present 

) The distribution of the g(X,7) ) is first estimated via K(a;fi , ) and then 

tilted to force E(§) =§0 — §0ba (plus a correction, see Chapter 4). With respect to, -

the measure ftigifi^J determined by K(wt^hJ, the tilted distribution belongs to 

« a one-parameter exponential family with density h*(g; a), see (3.7.1). Let us hold 

a the measure ft(g\ $ ) fixed and consider the one-parameter exponential family 

' (3.7.9) & ' hf(g;a)^=e^-K^VJdfj,{g;lihg). 

Suppose we wish to test th<§ null*hypothesis BQ:8(T^\ ~ BQ. Then, in Section 

/ 3.6, we reduced fchio hypothesis to BQ: E(g(X,r) J ))*= $o ~"$obo> with error Op(^). 

f" " '" 
^ . We now go one step further. Let &Q be the ooiution of K'(a\^b ) =5= 80 — #obo. 

Then the hypothesis tj$a&*E(g), — @o — #obc> 'm equivalent ("to order Op{~)) to the 

hypothesis that, in the one-parameter exponential family described by (3.7.9), a 
. > 

has the true value UQ. That is BQ: a — O>Q. 

i * 
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In this context of a one parameter exponential family, a uniformly most pow-

erful test of BQI a == ©o versus B,i°. o> > ®Q is of the form reject BQ if g0bs exceeds 

a critical value, where the critical point is determined under 

(Cox and Hinkley, 1974, page 94). Similarly,^ajjniformly most powerful test of Ho 

versus J§i: a < oo is to reject Bo if Pao (§ < gob0) is too small. v 

The (1 —2e)l00% confidence interval for #, constmcted in this chapter, consists 

of all values &o for which we estimate ' > 

s<Pao{M>0)<l-e. ? ' 

(Remember, g0ba = 0). Thus, conditional on the measure determined by K(a; r) , ) 

and the assumed one-parameter exponential family model, /a* (g; a), the confidence 

intervals we have constructed are optimal. The one parameter exponential family 

model is forced if we choose to minimise Kuilback-Leibler distance. 

, For completeness, we should mention the role of densifef functions in our pro

cedures. The Kullback results hold for generalised denspaes and make no assump

tions about the continuity of the underlying eumnlatfro distribution function. The 

Lugannani-Rice approximation is established for distributions having a true density 

function. As mentioned at the end of Section 2.2, this presents no problems in our 

applications. As a point of interest, Daniels (1986) gives a different form of $he 

tail-area approximation for lattice distributions. I 



3.8 The general test procedure, in "more defeB 

For an observed sample xi,...,xn we construct a (1 — 2e)100% confidence 
/ - -

interval for 8 — $(sy) as follows^ FirsT calculate the M-estimate r\, solution of ,. 
» v . 

- > f;(s„5y) = 0, * 
71 ^=^ — 

8=1 
A A A 

and the-estimates 8 = 8(fjj and 3. We can calculate B parametrically, using r) to 

estimate jy, or non-parametrically, as minus the inverse of A, 

(3.8.1). A = = _ £ _ ^ ( S s > i ) . 
8 = 1 — 

Step 1. The conSgiaraftion is constructed: 

n 

>9iy 
/ » ^ 8 = t r ( £ 8 , i ) B T ^ ^ 

i The shift condition is 

F{g) = 8o-8, 

for each @Q under test." * ». 

•> Step 2. In our programs we have used exclusively the non-parametric first 

estimate of the distribution of the gu via ' ' 

1 » * 
<̂  expl£(£) = — / exp(i<ys). ^ 

8 = 1 ^ ' 

'¥& Note that * , x ' 
A " . • 7 A 

^ ' (*) = Z*f ^ «cp(*ft) / 2 ^ Q3£Pteff*)• 
8 = 1 ' 8 = 1 . 

Steps 1 and 2 are needed once for each sample. Then,.for each QQ under test, 
r ° 

we repeat the remaining steps. 

Step #. Let t = cj0 be the'solution of 

,72 

v - 0 -?" 



Then the improved estimate of the distribution of g is as the average of n\ = 

0(n) observations from a distribution with cumulant generating function 

/ 

Kao{t) = K{a0 +1) - K[a0), 

but this modification does not complicate the final step of the procedure. 

Step 4. Apply the Lugannani-Eice approximation of Chapter 2, noting that 

goho = 0. Then equation (2.2.13) gives I 

fo)( 1 1 \ * 
(3.8.2) P(g > 0) == 1 - #(>/-2/o) + 

2sr U o V C T S M - V-27o 
9 

wKerp-'lo solves J^0(#o) = 0 , raj is to be specified, 7&1 = 0(n), and other 

symbol are defined below. Observe that K'{$) = 0 and therefore t& == — oio. 

Then'k^J^o) = #"(0) and 

/o = ra1(Jfffi\(
fio) ~ ^Ofobo) 

= —mK [®o), 

and the sign of •%/—2fo is taken to be minus the sign of CIQ, so that the approx

imation (3.8.2) becomes (with sign(~7—l —A — — sign(ffio))5 

P(g > 0) = <l(—s/2mK(®o)) * . 

(3.8.3) _ exp(~^ilf (e0)) f 1 _ L _ 1 
Vlsr ^ ctoy/niK^O) y^ilf(ct'o) 

Finally, QQ is included in the interval if and only if the approximation (3.8.3) 

yields 

(3.0.4) s < P{§ > 0) < 1 - e. f t 
'1 

Our programs first calculate 0 and the e®nfieuration gt. This fiM part of the 

progKsn io proMem-clbpendGEt, and in simpler for the location problem of Chapter 
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4 tha® for the regression* coefficient ©f Chapter 5, say. Once I and gz have been 

calculated, the second .stage is the same for all problems. " • 

At the second stage, the program systematically tries values $o until two values-
> 

are found, giving equality on either'side of (3.8.4). These two values become the 

endpoants of th© confidence interval. 

T© test a value §\, we first solve for t — ®o, 

] P g% exp(^8)/ J ^ exp(^s) = ~80°- 8, 
8 = 1 8 = 1 

then plug into (3.8.3) to estimate P[g > 0). If (3.8.4) is not satisfied, then try a 

new value (%, closer to the center of the interval.' If (3.8.4) is satisfied with strict 

inequality, then try a value 8$, further from the center of the interval. The center 

of the interval should be somewhere near 8. This point is discussed further in the 
4 

David Andrews has noted that calculation are reduced if we first find 021 and 

022 satisfying 

Pen (& > 0) = ^ ^ Pm {& > °) ='1 ~>s 
*9 -» 

and than calculate the endpoints of the interval for & via 
<5 IP 

r 
a ° ( 

If '(<8e) = 0O- -* § + correction, i = 1,2. 

In oubsequent chapters, xn/e apply this four-step procedure and compare its 

performance with the classical approaches. .Methods based on the above procedure 

are demoted fay E (R for Robust). Methods in which the matrix A is pistimated from 

the oample (via (3.8.1)) arc denoted ES (Eobuot and Sample based 4-matrix). W4 

present Gvidenee that the KB methods are K»£ rabuat. The effective oample sage, n\, 

is alwayo specified explicitly; for example RS7 ©r R(ra'~ 2), the true cample else, a4 

being clear from the context. 
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o 

to 
"V, 

There is evidence that the shift condition E{g) = @o - 0oha should be relaxed: 

E(g) = 0Q- loba + s0, 

• > 

„ p" wadse^o is small aadchosen so that 0Q — #0bo + £o is' between @o — $oba and g Abs ^ 0. 
r^4 ^Eeerem 1.4.2 implies that, if If{&0) - BQ- §ohs an$ E!(ai) = 8Q -*- #obk + £os 

then j(tHo| > |<sj[. T îe observed value fobs = 0 is closer to the mean of the cumulant 

generating function ITe,, (£) tjian to the mean of Kao'{i), so the tail area P t t l (lr> 0) 

is lees extreme than the tail area Pac(g > 0). Intervals calculated under a relaxed 

^ 

* 

shift condition tend to be longer and to°give better coverage. See the examples in 

subsequent chapters0. , « , 

Tie shift correction we have used in Chapter 4 is a* multiple of ^ tainedi an 

estimate of scale for Q.The s h p correction used in, Chapter B is ~ times a multiple 
i, ° \ 

of j(?o — ̂ obo|' We hsve'ti^-been able to justify these corrections. We merely present 

evidence that they improve the intervals. When we relax tfoe shift condition we1 

-are saying that the "minimum, Kuilback-Leibler distasce" approach is too strongL." 
•* ja * o, • \ 

Referring-back t© the disciiEslon of tps preceding section, and3'3 Theorem *3.7.2«4s. 
particular, a relaxatiosi of the shift condition amounts to saying awe over-estimated 

the discrimination Informati©n?. We shoid.d"" compensate in t'he direction of the 
, . o - • * c * * * K i 

least favourable distribution. The shift condition should be investigates further. 

In this regard, we' ©I ^srve-that the. bias correction of equation (3.3.4) should be 

jaced with caution. For small sampler, attempts to relax the shift using sample^ 

' based estimates of thê  bias-soffyect|oEi have pjst been satisfactory. The problems are 

. oiiailas' to feliede eaeespteesd with saniole^based estimates ©f the matrix A. (See RS 
r o 

* mefetô fc is Chapter 4). Mettolls* Hsl̂ g a relaxed sMft'-eoaditioxa are denoted by ° 
r * * a Q « 

, qppr, fpF ecOTsfton? for exaigffife Btor r4. \ <t \ \ * . i 

<> 
» ft 

y <. 
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We construct small sample confidence intervals "using the techniques of 

4 3. The intervals are compared with two variations on the classical approach. 

er 

4.1 Introduction to the "problem ° 

it*. 
ill 

y 

°ia this chapter, we use the techniques of Chapter 3 to construct small sample 

confidence iater?als for location, when scale is unknown!! We give several variations 

.ur s outlined in Section 3.8. We compare these intervals" with the 

o 

ft & 

, v ciassical^-lnteryal, Method C, and with variations on the classical approach: two 

versio'EO-̂ froni Keat (1982) °Metnods K, and Huber's (198l)jaspproximate ^-interval, 

' Method H. We use machine-generated data:, standard normal, student-^ with three 
* C. " ' 

degree^ of freedom* slash, and chi-squared with three degrees of freedom. 

. * Ttfe classical confidence interval assumes the data,,is from a normal population and con^r^cts^ 

> star\ with the M-

phrotai interval based oanStudenVs £n-i- The other methods all 

estimates described below., a 

Y?«0 I*®? the sample Xa,. . . , X» 'from an unknown distributiori,„lQcation /x and scale. 

©• are estimated % 

v, 

the vM«&stimates p., &, solutions ©f 

o 

, 1 o 

a 

0 
it * a 

„ S,l 

V: 
fl 

rf "** I* 1 
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where 7$ = [ii,o)T and 

f 1 ( X , i ) = f c ( ^ - ^ ) 

t2(X,£) = f f ( ~ ^ ) - ^ , ' 

{ —e if |? < — c • 
1/ if |l/| < c 
c if ^ > e, 

0L = 
n 

POO 
it/2 

i— OO 

= 1 - 2{c${c) -f (1 - e2)#(-e)), 

#(g/) are the density function and cumulative distribution, respectively^ 

of a standard normal random variable. The above estimate, ?y, is referred to in the . 

literature as Huber's Proposal 2. The constant c is usually between 1 and 2. 

For normal data, the classical interval is optimal. It cannot be bettered. Our 
1 aim, then, is to construct confidence intervals which perform ^almost" as well as 

• the classical intervals for normal data, and better than the classical intervals for 

non-normal data. Our two measures of performance are length and coverage. 

a 

% 
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St small sample confidence intervals 

With the notation of Chapter 3, we proceed as follows, -

2 l = * c ( — ) 

Z* = W\ 
IA 

— «stec(" 
\ 7 _ ~1/X — (l^ 
j &\i — \ —Jtrc 

& t. 

iff iff 

•^VJtorc . ^ 2 2 . - — I,—^—jtrc. 

where X(y) = l and 

For the E methods _(w£fe0w£ the S),4we calculate the matrix A under the normal 

where 

=s B I ^ u ^ 1 2 i 
^ #21 #22 / 

_ — 1 f 8 o \ 
~ IT I 0 2e J ' 

5 = §(e) — #(—c) .and 

^ = 

% î '—C 

= 1 - 2(#(-c),+ c0(e)) 

= /?.- 2e2<#(-c). \ 

TK 

Then 

and we estimate Bby B, 

m 

h 

a 

0 

* 0 

.°.'& 

2 c / 2e 

fhe parameter vector Is s£ = f^,^)^ and the real-valued'Junction of 'Tjjis, in3 fast, " 
' ' ft* * '<$ ". . • ' • ' " " > ' 

linear: - . • t ( ^- * J>A * 

% 



a79 

The configuration io, from Section 3.8, 

and we work with the aa,
aas described in Section 3.8. For each lio'under test, the 

shift is ^o — A*'" * " 

For the RS methods (S for sample-based A), we calculate the matrix A non-

parametrkally, 

&• 

We calculate 

i = III f C l J ®12 \ ' 0 ' 

£ / 2C22 — ®12 | ^ 

2c21<®22 - 2fflf2 \ —2ffii2 ©11 / ' 

•p 

%i«22 - «12 » ' C 2 L RV a ' 

then proceed as before. The routine SETLOC''(see back pocket) is programmed 

with the following notation, 

„ t /&j — / ^dtTc{~—%— 
^ •>- 'c 8 S = 1 

" • ' ' .A*. —. WfLZJh 

fcrc 
,-ttwl 

• •" ~ ̂  A> - ̂ i 
?fc''i(^t.(*^)"-^«-fc)). 

'2 

.At 8tepn % application ©£, th& taltarea approximation, v/e must specify the' 

Gffedina aampfe'.ofee, fe&,'The effect of %?iouo vafaes of m is discussed below, in 

Section 4.4.. °> «. ^ - * , ° * ' -*, 
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For the Reorr methods, the shift correction is a multiple of &/(n^/n). That is, 

in the notation of Section .3.8, at Step l , t he shift condition is" ' v 1-" 

©a = $o-$obs4-eos . 
t 

' \ A 

wjherê  \SQ\ is a multiple of &f{n%/n) and eo($Q — $obo) < 0. « 

-I? V " « 

i 

. i 

? 0 

a 

y 
& 

if 
<?* 

<A 

1L> 

« •> 
'$ 

\J 

V 

y 

J -

J t > 

O ' < s 

•ft 

r 

-
' 

^ 
* 

<3 

11 f 

<* 
« * ' 

z^ 

* ' 
'fl 

4 , 
• ^ N 

* 

' Q ' 

a 

4 j-

\> 

& 



«l 

\ 

uriations tar the classical approach 

The classical confidence interval, which is appropriate when the distribution of 

the X, is approximately normal, is constructed as 'follows. We calculate , 

8 - i~r 2J£s ~^' 
re — 1 ^ ^ 

and Syj-ifo;) such that the probability that a random variable with distribution 

Students on n — 1 degrees of freedom exceed tmLi(a) is a. Then the classical (1 — ^ 

2d) 100% confidence interval for /A, the expected value of any one of the observations * 

IS * \a - » 

• &—tn,-il®)-7=<[A<s + tn-i(a)—=» 

The classical coxiEcfe&c® iritervaJ is programmed as Metkod G. • 

The K methods come from Kent's (1982) paper, 'as discussed in Section 1'.6. 

»The M-estimat©$7 = j^,o)T is the solution of the minimisation problem 
& 

n=l 

or, equivalently, the maximisation problem obtained by considering —r, v/here x< 

Notice that 

t(X\i&,o) = $( -)<r •-

0r(X;#,ff) 

<!> 

H —w 
!A (M 

a n d • . . , « , . , •» 

^ ^ ^ - - f H i ^ J - f c l ' •w ' 

. .81 / " . 
^ 4« 

" - ^ ' / * " 



Then, in Kent's notation, the score functions (for the max problem) are 

^ ( X 2) ,== f c(^—^) 

w 

1 - j * . 
W2) = i [«M-

5U . The matrix A <= E-Q=T? is riot the same as the matrix A of the preceding section.* In 

this section, A is symmetric: 

<^W fc^) fcrc ) 

\ 

. o 

If we assume that the Xi are drawn from' a normally distributed population, then 

§ and *e are aF*defihed in Section 4.2 and £ is aero. To a$ply Ken|'s procedure, 

Theorem 1.6.1, we also need » 

* G^E[U{X^)UT(X,7])\ 
(4.3.1) 

P K. 

If we assume^a normal model, then /3 is as defined in section 4 2, p is zero, and. , 

(4.3.2)- « = ij&p&;(i?)^) 3. 

4 

for Z a standard normal-random variable. Finally, we need *•*-£/ 

»={Burl{BCB)n; 
t. V-

•{& - • 
' i 

, where B = —A"1, and fdr'a normal model, v is simply ^ . 

For each sample Xu.,.%Xw the jW-eotimates 'p and-i? are calculated,as in 

secti&n $.2., To test'ITo: [& = ̂ o , we then calcmlate'tkeVo^ditionai'eotimawe of scale, 

{4»\.$} 

/ ° 

0 

^ ( 

• i A v 
— \ » 
mf^ ' 

.(fcAj-fctao. M «./ 
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Theorem 1.6.1 then-states thfit, under BQ, . ' 
A 

SO »J5 

(4.3.4) f
 v W = 2(^r(X„iAo,ao)-^r(X„P,a)} 

' ° ' u = l , 8 = 1 * « 

should be distributed as-^xf, The^alue }«o is included in the estimated (1—2^)100% 

confidene interval for ys, if and only if w0bQ, the observed value of W, satisfies 

' (4.3 J ) P{vxl > w0bo) > 2CK. 

* •• 

For the'K methods (%©£ KS), we assume that the data Xi, . . . ,X r a is taken 

from a normal population, we estimate & by &. Then the test.statistic 1^ of (4.3.4) 

is assumed to/be vxf, V = ^ . v . 4
 v 

For the KS methods, the matrices A, B and C are estimated from the sample, 

giving - . > 
A — z i (ffl11 ffi12 j 

j& \<Sj2 ©2*2/ ' * ^ 

not the same as the matrix A of the previous section, and 

a _ . g / ©22» —@12 \ , ., 

„ >- GijG22 — e | 2 \5VCl2 ©11 

C? — fi A 'v A | , 

where p and" ,̂ are'estimated from,the sampled 

"• ' • '*} < l i ' ° o * 1 3 ^ "'4.'.' fo ' ' ,. ' / 

** t 

, tTlpa \v<2 estimate ̂  

?, ' * V /< «; * • £ « " — j — -2-f(©|#£-2@22%2^^©f2r6),B 

* x. ^ c "« * ' ' ' l A ' " " ' - f, . >J " e 

0 

S D » 
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Continuing the notation ©f the previous/section, we write 

M = 

AQ = 

H 

Th 

M^)K(^)-^] 

sz — p 
)-h)\ 

*=1 

V = 1(3L-A2A3A4 + \AIAQ). 

In the KS methods we 'estimate v once for each" sample. For^aach $o under test, 

the observed value of W jis calculated, (4.3.4), and I&Q is included in the confidence \ 

interval only when (4.3.5) is satisfied. „ / 

We repeat that we have tampered with* Kent's paper. We have Teplaced score 

functions which were, for0 Kent, legitimate derivatives of log likelihoods, by score 
» 

functions appropriate for Huber's "Proposal 2s5 for joint estimates of location and 

' scale. In the It and KS methods, v is estimated once for each sample. JFtor each MO 

under test, &Q is then re-estimate°d. * . 

In Method H we use the test-statistic suggested by Huber, see Section 1.6. Let 

j - 2 ^ - ,1 £^ ts&. ^c\ £* 
nU„ = 

(*£#)«• .* - , 
•J^><> 

* [JET-i-M2**)!2 ^ 
•=5? 

"0 
and, for each yt,Q under* test, refect JAQU |£0bs| > £n~i(of), where tQba — ^ 5 ^ * ^<B 

pivot gives'estimated (l — 2&)10Q% confidence interval: * 

^1 

p - Data-iia) < !i< p + Bntn^i{a). 

We program-a modification of the above method, with 6 replaced by 6 — <»(e) — ^ , 

# ( - e | , fe^reasons discussed below' (Section 4.4). • 

«0 

* •» 
i -
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A Numerical results.''' 

We now present results of Monte Carlo trials. All data was machine generated. 

Normal data was generated using" the IMSL routine GGWML. Slash data was gener-

* ated using GGNML and the Fortran RANF routine. A random variable X has the 

glasla distribution if X — ZfW, where Z is standard normal and W is uniform onv 

(0,1). Slash data is interesting since the first moment does not exist, ii>(|X|) = oo-, 

but the distribution is symmetric abouvsero, so .that aero is the central point for 

the distribution: the true value of the location parameter" is sera. The Student-^ 

and the x2 ^a^a was generated using the NAGLIB, G05B JF and G05DHF routines 

respectively. All results for 1000 samples of sfee 5 from standard normal refer to 

the seme set of 1000 samples of size 5, etc. 

We recall the methods used. Methods "R denote the procedures outlined in 

Section 4.2." Methods RS use a sample-based estimate of the matrb£ A, whereas 

methods. R (wttkoui the S) use a diagonal A matrix, calculated under the normal 

model. TiZe shift correction is denoted by sorr. Method Meorr4, for example, de-

notes the procedure outlined in Section 4.2, with diagonal A-matrix, a shift correc-

tion and effective satople size n\ = 4, actual sample sis© n specified elsewhere. With 
x - 4 \ 

the exception of Table 4.4.21, the shift correction is always a multiple of &f{ri'%/n)\ 

. often, the multipkns^oj, where #(2,3) = oi and a (1 - 2©) 100%.confidence interval 

is desired. The/letter K refers to our modification of Kent's test procedure (Section 

/ e < \ > 
1 4.3). Methods KS uae sample-based estimates of matrices. Methods K use diagonal 
/, matrices, estimated under the normal model-Huber's g-test and the classical 2-test"1 

* ' 

are specified by^ name. For all but the dacsical interval, ft io also necessary to specify 
the value of -Huber's e, the truncation„point,,for the score* functions #e4 

la Table*4.4.1 vra present tho results of 100Q campfe of sise ^machine* gen-

ft.., 
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erated standard normal data. In this table, weJhsss. Bi&ord-ecl the"average lengths 
r * 

of the 1000 intervals calculated under each method and the proportion of intervals 

which covered the true center of the" distribution, zero. At a glance, we see that 

the robust intervals are too .short. In fact,, for each sample, the robust interval is 
* <7 

typically shorter than the classical interval. - ^ 

For 100Q- binomial trials, with probability of-success p = 0,9, the standard 
t 

* t A i * 

deviation of „the average number of successes is 0.0035. Hence, for a true 90% 

confidence interval, the standard deviation of the average coverage for 1000 intervals 

(reported in the tables as "& percent) is 0.95. Similarly, for a true 80% confidence 

interval,^ the standard deviation of average coverage (for 1000 samples) is 1.26, and 

for a 95% Interval the standard deviation is 0*69. 
* ' I p 

For the standard normal date presentd. in Tab]/4.4.1, the average length of the 

classical intervals is 1.78, and the estimated standard deviation is 0.681. Hence, the 

estimated standard deviation of the average length of 1000 intervals is 0.022. For 

the R<eorr4 intervals of Table" 4.4.1, the standard deviation of the average length of 

1000 intervals is also estimated to be 0.022. ^ ' 

„ We first consider Methods RS4 and KS. We see that tile average length of the 

•RS4 intervals % longer than the R4 intervals, and yet R4 gives better coverage. 

Similarly, method K gives shorter intervals and better- coverage than ICS. The R4 

and B.S4 methods usually give similar intervals, but the RS4 intervals are occasion-* 

ally 'Much longer. The same phenomenon is occuring with the two Kent methods. 

The erratic behaviour of intervals constructed from a sample-based A matrix is 

illustrated by^ the following example. 

Ifesamgsl© 4.4.1 • , ' -

v HU^GE-'O e = 1.5. Confidence level 2d% 
* 

Sample $ -S.CI, -2 .0 , -1.1,0.0,0.0 
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sample average: -.02, * standard deviation: 3.54 

Huber estimates; 

rf 

S&mple 

3 

2 -

sample average: 

Huber estimates. 

c 
> 

a 

<®n 

, location: —.02 

Method 

Classical 

R4 

RS4 

K4 

KS4" 

•3.0,-2.0,-1.2,0.0,8.0 

-0.40, 
a 

, location: —0.49, 

Method 

Classical 

R4 

RS4 
V 

K4 

KS4 

scale: 4.02 

" Interval 

-3.40,3.36 

-1.92,3.57 

-1.67*3.12 

-3.15,3.04 

-2,64,2.46 

standard devi 

scale: 4.00 

Interval 

-3.43,3.35 

-1.93,3.54-

-9.40,21.94 

-3.17,3.02 

— l<3>*d>wj AaS.<SO 

configuration for K.4: -3.41, -2.25, -1.33, M, 6.93 - * 

RS4: -11.79, -11:56,-10 J5, -7.58,41.78 • 

In Example 4.4.1, the first sample has no outliers, in the sense that 

j#c(5lZJf)| < ^ s = is.... 3g, p = -.02,£ = 4.02. 

The second sample is the same, with the exception that the middle point lias' been 

changed from —LI to —1.2. This change causes a small change in location and a" 

smaller change in scale, but the observation &M la now an outlier. For sampfoM 

.sise 5& ss s , 

1 X^ f> i®i~~®'\ 
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is 1.0" if there are no outliers and 0.8 if there is one outlier, if n — 5 and c = 1.5, 

then 6 = .87 and 0 = .78. If there are no outliers, then 

( A a \ 0 1.247 

. /1.0 0 \ i 

\ 0 0.8© J* - f 

and the largest positive entry in the configuration is less than &cf6 = (1.7)6". How

ever, if there is one outlier, on the right, then r 

-A 3 - 1 

= flr 

-I / 0.80 
a \-0M 

'3.60 3,13 

-0.3Q\ 
0.345 ) 

6.28 8.35/ 
**~ f a 

and the largest positive entry in the configuration is &{($.Q)c + (3.13)(e2 — fit)) — 

/t (10.5)S-. For small samples, sample-based estimates of the A matrix are not robust. 

We omit methods RS and KS from further discussion. (More samples are presented 

in detail at the end of the chapter, before the tables). 

y It is in the light of these observations about the*non-robustness of sample 

estimates of 6 that we have programmed the particular variation of Huber's £-test 

outlined at the end of Section 4.3. Recall that the Huber intervals use 8 calculated 
\ i 

under the normal model rather thas? $ estimated from the s4mpie. It sterns safer 
i » n » > 

to make a few assumptions about the form of a matrix than to use sample-based-

estimates, and inverses thereof? Our techniques are sample-based. The trick is to 
* 

use the sample robustly. , ' . 

The histograms in Figure 4.4.2 compare the distribution pf lengths of intervals 

for the classical and Re®rr4 methods, con ss &f(n-y/n). We see that tho'claaakal 

' method gives lengths centered to the right of the Seorr4 method. The his(.esraKi 

for the Kent, method K is roughly between the two histograms of Figum 4.4.2. TIvs 

Hmbes-^-ktefvals have lengths with a Salter distributioa^and there ape m©ro UtTSg, 

isiteirvalo than im 4he Classiest Method. * * 



D * 

^ ,S.fferrmg jiack to Table 4.4.1, we see that the robust intervals can be improved 0 
- * t , * ' I- ' ' " - ' , - ^ $ 

< ' ir 

by decreasing the effective sample size and by incorporating a shift correction. The 

„Reorr and Kent methods can. give intervals which go beyond the smallest'or largest ° 

observation. The R methods {without a correction) stay within the range of the 
2 c * . 

observations. This short-coming is bound to lead to too low coverage. Field has 
' , t J 

' suggested that we compensate for this fault as follows: for a (1—2G;)100J% confidence 

interval, look for a (1 — 2cz)l00/(l — (§) r a - 1)% confidence interval; the motivation" 

being thai, if ihe distribution is symmetric, then the proportion (D^'of samples 

will have til observations less than the true location, and the same proportion will 

•* -have all observations larger than the true location, r^ote "that a correction of this 

type* becomes negligible as n increases. * 
In this chapter .and the next,, our-primary purpose is to demonstrate the po-

* *• t> * 

° •** 
tential of the confidence-interval' procedure outlined in Chapter 3. The procedure 

needs to be refined. The two refinements we consider are changes to the effec-

, tive sample size, and the sliift correction, both operating at the order o(^). We 

believe that a combination of these-two refinements is appropriate. The appropri-

/> ate adjustments should become more clear when we have tested models involving-

inore nuisance parameters. ̂ Simple linear regression is-covered in the next chapter. 

Multiple regression -is to appear". 

Referring to Tables 4.4.1, 4.4.3) 4.4.4 we see that coverage is better for 80% 

confidence than for 90%, and coverage is worse for 95% confidence. This suggest 

that the shift correction should be larger for high confidence and lower for low 
> 

confidence. It io for this reason that we tried the shift-correction Za.&l(n%/n), where 

a = #(ia) and a (1 — 2a) 100% confidence interval is desired. For the same Set 

of samples of sise 5, standard normal, the results, are presented in Table 4.4.5; 

the information in the first column is repeated from previous tables. We see from 
eft * « 
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Table ,4.4.5 that we have not made a particularly good guess as to how to adjust 

the shift correction. In particular, the correction should be increased^for higher' 

confidence-levels. (Footnote: the multiplicative correction introduced in Chapter 5 

gives, automatically, an increase in the shift correction for larger confidence levels^ & 
K u i . 

.Table 4.4.2! gives results for a multiplicative correction). .* ° '• - % 

*< Before moving on to larger samples and other distributions, we address one w „ 
- ' " * ' " 0 ' 

more factor which can be adjusted: Huber's. truncation point c. Table 4.4.6 shows 
\ the effect of changing c. We j an similar, ̂ trials with slewed data, and agree with i 

Huber that ^should* be between t.0 -andi2.0 (Huber- 1981).^ 
» 

We now consider larger samples, drawn from a standard, normal distribution. 

, Table 4.4.7 summarizes our results for 1000 samples of sispe IQ/with-Huber's c = 1.5 
•a 

and confidence level 90%. Once again, we see that decreasing the effective sample 

size increases the coverage,-and that a shift correction also increases coverage,. We . 

draw attention to the good performance pf the Kent intervals, which are. discussed 

t later in this section. The histograms'in Figure 4.4.8 show the distribution of lengths^ 
• o 

of intervals for the, Classical and the RcorrQ methods. The two distributions are „ . 
more alike-for the larger sample size (feompare"Figure{4.4.2). 

° a a 

For standard normal data, samples of size 20, the 90% confidence intervals are 

displayed »in Table 4.4.9. Notice kthat, for this data, we have used the larger shift 

corrfection-{1.645)ff/(wy/?i), n = 20. We.suspect that this correction is too big, and 
° ° - > " „ IJ •' ' 

that the appropriate effective sample size is something less than 19. 

Next we consider a» heavy-tailed syMmetriq distribution, T^ble 4.4.10 displays 

results for 1000 samples of size n = % taken from the £3 distribution. The shift 

o "correction 'for these runs was Sat8rf(ni/n) for a (l — 2a) 100% confidence interval. 

Table 4.4.10 does nô t contradict our suspicions that this shift correction is*too large 

for ,80% confidence and too low for 95% confidence, and that the appropriate choice . 6 « ' 

; 9 
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for effective sample size is something less than n *- 1 (n for sample size, and one . 

nuisance parameter). «. & ' •• 

For the 90%f confidence intervals of Table "4.4.10, the estimated standard devi

ation of the average length-of 1000 classical intervals is 0.10, while the estimated 
\ s » i 

standard deviation of the average length, of 1000 Reofr4 intervals is $TQ2. . * c 

Figure 4.4.11 compares the distribution of lengths for the classical and the Kent^ 

interval, c = T.5, confidence level 90%. The histogram for the Rcprri intervals, -

torr — (l.MB)Bf(ny/n) rises faster than either of the histograms ef Figure 4.4.11, 
° 

but its tsm lies roughly between the two tails of Figure 4.4.11. The largest Rcorr4 

interval had length 11.8. ' " 

T(sble 4.4.12 and 4.4.13 display results for samples'of size n = 10 and n = 20,/% 

pectively, taken from £3. We generated 100O samples in each case. Huber's c was 
v set to 1.5, antfthe shift correction was {l.Q4B)af(n^/n). As fornormaj data, all the" 

* & ' ' ' ' . *s - * ° 

intervals^ave more accurate coverage for larger sample size. Unlike the results for 

normal data however, th© robust intervals (including Kent) remain shorter than the 

classical intervals, as is to be expected. , ' 
Vjs also ran 1000 samples of slash data, sample size n — 5. All methods give 

some long intervals, as displayed in Table 4.4.14. The classical method gives more , 

long intervals and the long intervals are oftten as much as ten times tha length of 

intervals calculated under the other methods.N*" ° 

* For heavy-tailed symmetric distributions, tjjere are more outliers.. The classical * 

interval handles outliers poorly, giving long intervals and too high coverage,. The \' 

robust intervals sometimes overcompensate, giving shorter intervals with too low ° 

, coverage. « ' 

Before'moving on to skewed distributions, we pause to draw attention to the 

'goo<l performance of confidence intervals calculated using our variation of Kent's 
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£> 

technique. Recall Kent's main result, that his test statistic, W is asymptotically a 

linear combination of xf random variables, with coefficients the eigenvahses of̂  

(4.4.1)^ ^ " ^'.{BoarHBCBJM ': . * ^ * #< -

' (see Section, 1.6, B = -A'1). Kent writes (1982, page 22): 

* * °.aRemar\ 1 If (4.4.1) equals the identity .matrix, then asymptotically, W ~ Xps 
o 

as in the classical case. If (4.4.1) reduces to the identity matrix for all underlying 

densities g(y) satisfying the regularity conditions, we call the .1. test robust. Clearly, 

robustness is a desirable property for a ... 'test to possess." -> 

We have tampered with<>Kent9s ideas. Firstly, our score functions are not %ths 

derivative log likelihood of any density function. They are the score functions for 

Huber's Proposal12,(1981). Then, having noticed the dangers of sample-estimates 

of a non-diagonal, ^.-matrix (the KS method of Table 4.4.1,* which we promptly 

abandoned) we assume a diagonal A>matrix and a diagonal C-matrix (Section 4.3). 

In effect, we have.altered Kent's Remark 1, saying that so long as (4.4.1) is diagonal, 

then we obtain a robust test. We then force the relevant matrices to be diagonal, 
v , •> ' •* 

The performance of the Kent intervals in all the tables is impressive. This good 

behaviour should be seem* as evidence to support Ronchefcti's r-t'est (1982). 

Another attractive feature of the Kent intervals is that they are not symmetric 

about the initial estimate of location. The classical interval „is symmetric about 

the* sample mean, and the Huber interval is symmetric about the M-estimate of 

location. The R and IC intervals, however, reflect tKê  shape of the sample. See the .., 

examples at the end of'the chapter (before the tables). 
* n o 

• The ohort&miffig ©f the Kent intervals is that, for each $Q under test, a new 

estimate of the nuisance parameters, &o, must be recalculated. If there are several 
f-

nuisance parameters, them calculations are increased. For the R intervals, on the 

other hand, the configuration is calculated once for each sample. Then, for each ps-o 
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under test, we calculate a'iSew one-dimensional a>o. The computation of do does 
I i 

•* 

' not increase in complexity, as the*number of nuisance parameters increases." 
0 

*• For problems .with several nuisance parameters, f̂chis is an important issue. 
' ®$ ' For the problem presented in this chapter, the en'dpoints" of the R" <&nd.K intervals . 

'" ' . b o * 

are calculated by first making an initial jump to where we expect the endpoint 

tovbe. (Weusually jump out from p" by a distance {6a)fs/Pn multiplied by the 

. appropriate number chosen from ^-tables. The quantity {6o)f<*f(hi estimates the 

standard deviation of /L) For a problem with several nuisance parameters, it would 

not be«-advisable to jump out too far-from the initial estimate, since then we might 

not have good enough first-guesses to feed into-the root-finders for the nuisance 

parameters. Consequently, not only is. each test of BQ\& = 80 more complex for 

' the Kent methro, but we would be obliged to make more such tests in order to 

construct a^confiderfce interval (since stepa would be'smaller). ,< 

We have also tampered with Huber's t'-test, replacing h (a sample-based •'esti-

- mate of the expected value of Itvc{^^)) by 6, = #(e) — #(—c). It is interesting to -

note that, with this adjustment four results suggest tl\at n—1 degrees ^f freedom 

is -not too large, in disagreement with Huber |1981, page 150)o 

We turn now to skewed distributions. For x\ data, the population mean is k 

•<. and it seems appropriate to measure coverage of this vajue. All methods give poor 

coverage of k for k = 2,3. For %\ there is no point where the density function has 

first derivative zero; the population mean is 2, and the median is 1.39, For x|ytKe 

mode is 1.0, the median is 2.37, and the mean ia 3. While investingating this type of 

data, we found ourselves asking: "What ia the central p'oint of the xi distribution?" 

Certainly, the sample mean x estimates the population mean, 3°. If Huberts e is set 
/ 

to oo, then p = m, and*ao estimates the population mean 3. If Huber's c is s^t 

to zero,"however, then p estimates the population median, a, number less than /3. 

i 
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Table 4.4.15 shows that, for samples of size n — 5, x | d a t a , all method^g^/e better 

coverage o£ the 'population median, 2.39, than of the population mean. As sample 

* size increases,? the intervals cover^a v,a!ue closer to the population mean, see Tables^ 

4.4.16, 4.4.l7.*The classical-interval moves toward coverage of the population mean 

"faster" than do.tfie other intervals. For s'kewed data, there is a problem with 
" ' ' » " s * . 

-definitioifof ^location". 

, ,- Huberts joint M-estimates of location and scale do not satisfy the Bickel and 

a Lehmann definition of a location estimate. (1975, .the authors recommend trimmed 
' - , <=• 

"means). The definiticfiM: location! fp^'a skewed distribution is an important issue for 

the R-intervals, since it (the appropriate location) dictates the amount of correction 

needed for the shift condition. " . \ , 
' » • " ' % * ^ i if \ , f 

ot)ur next"group of tables (4.4.18, 4;4.2Q) describe contaminated standard nor- -

mal data, with 5% symmetric contamination, at ±12.0. The shift corrections are 
* G 

^ <? * 

motivated by Table 4.4.5. For 80% confidence^ the shift correction is a/fo-^/n)* 0 

' For 90% confidence,^ the shift correction is [1.7)& f[n^/n); and for 95% .confidence 

•the correction is (2.2)&/[n,y/to). We beHeve that, lor optimal result, both the shift" 
»•* -^ 

correction and the effective sample size should be decreased. 
' * . . > . • - • • . • 

Table 4.4.21 considers standard normal data with asymmetric contamination 
* , o » a 

- and a mtilUplieative shift .correction, introduced" in, Chapter 5. The multiplicative 

shift correction gives aa correction proportional to ^(#o — 8), and we are pleased 

with .its performance. \ 

In summary/the known 'shortcomings of the classical estimate of location, the 

sample mean, can be overcome using Huber's joint estimates of location and scale. 

,In order to give confidence intervals fof location, v/e need" a, good11 approximation 

to the diatribution of the score functions. The simplest approach is Huber's i-test, 

which we have modified, essentially to avoid sample-based estimates of.,a matrix. 

® . . > ( • 



We have applied a similar twist to Kent's test procedure* The Kent'intervals are not 

symmetric^ as are the Huber intervals, and thaJKent intervals clearly outperform 

the Huber intervals, giving shorter intervals and more accurate coverage. Indeed, 

there are days ^hen we" thinly that the biggest contribution of this paper is pur 
0 o 

slight modification of Kent's approach. „ , t 

The R intervals are interesting nevertheless. Thej are sample-based, yet they 

• avoid non-robust qample estimate of the A-matrix. The R intervals have the fol-

-lowing advantage over'the'Kent'-intervals: once we have an^initial estimate of all 

parameters^ calculation of the R confidence interval is'no more complex for several 

noaisance parameters than for one nuisance' parameters. Our techniques also give 

•confidence intervals for a real-valued function of the original parameter .set, and 

Kent's approach does not lend itself to this generalization,, (Functions of parame

ters are to appear in multiple regression). For the R intervals, we need to better 

./ i »* ' 
r 

understand the appropriate effective sample size; (a degrees of freedom problem) and 

the best shift correction. The"'questions "What is the best shift condition?" and 

"What is the center of a %\ distribution?" are related. An exponential tilt skews 

the distribution. M-estimates do not estimate the^mean of a skewed distribution, 

but something between the mean and the median or mode. 

Before turning to our next problem (simple linear regression)' we give some 

examples, intended to give the reader a feeling for how the various intervals behave. 

For the R intervals, we gjve the configuration and the value ©o at eaui end point: 

x ( K (cio) — fto, — p ± corr 

L * 
For the Kent intervals, we give the value of &of& at each extreme of the interval. 

Each sample is represented bw paints on a number line.^ The ctasojca] estimate 

of location, S, and the Huber estimate p are indicated (above the line). When 

thes*o are no outliers ̂ /S = p» The Symmetry/asymmetry of jm uitarval can be 
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«4 °<^ * 96, 

geees1 by measuring the distances from its endp^oints'to'the appropriate, estimate of 

location. Intervals'aire indicated below the line: C for. classical,, R for R&orrfe — 1), 
9 ** 

.corf = (1.7)3/(•a<*/n), K for Kentj and H for Huber. In all these^examples, Huber's 

c is set to 1.5 and the desired confidence level is~9Q%*. . ' . 

o -

© „ o 

\i 

o 
- 1 

A 

V 

0 

1 . 

M 
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IT'S C = 1.5, confidence level 90%, n = B. * 

le: -1.0, -d.S, 0.0, 0.1, 2.0 • ' 

o. 
"* s=t 

I I I I M i l ' 
H C K R ' " ' , K C H R. 

at 

' Method Reofrt, configuration": -1.3,* »-0.72, -0.14, -0.02, 2*.2 

cio^ at extremes : —0.77, 0.66 i 
' - - * 7 

Method K, #o/# at extremes": 1.14, 1.39 " • 

Sxasnpl© d.4.4 * „ . ' * ' " • " 
j a 

Huberts € = 1.5, confidence level 90%, n =, 5. * » v 

, - • a 
> Sample: -0.6, -0.5, 0.0, -0.1, 2.0 " ^J " " 

This example was ^btained^from the last, by moving the smallest poinfcHo the 

« - * "'' / ' , 
i . is. I ' 

• V ' 

H O U R U ClfP, t'4. 

° 7** 

Method Reorr4, configuration-: -0.88, -0,77, -0.19, -0.08, 1.9 
f ° 

• - ' a. 

®o at extremes : -Q.90, 0*.76 

Method K, B-Q/CT at extremes : 1.Q5, 1.47 ' 
< " V 



„-K ! 

'* ' , - *» 

r"> -

-ffeber's <e =^1.°^ confidence level 90%, $s = 5. 

le: -6 .5 , -0.4, -0 .3 , 0.5, -4.0 

Thi© example has a big outlier. u 

Reorr4, configuration: -1 .0, -0.88, -0.77, 0.16, 2.5 

a • ao at extremes:"—0.70, 0.59 

Metho°d0 K, b0fc at extremes : 1.-05,' 1.88 

Example 4o4„@ ' 

Huber's c = 1.5, confidence level 90%, n — 4. 

<, Sample." -0 .5 , -0.4, - 0 .3 , 0.5, - * . , « 
• 'This example was obtained from the last by dropping the outlier. 

"x 
2=/fc» 

i i i»VT"~ Sp * " i i il 
H C K R , * . * K C RH 

LeorrS, ^configuration : -0.38, —0.26, '-0.14, 0.78, 

° < » €i0 at extremes ; —3p3', , 2.0 

<* 
Method'IC, <S,o/®' at extremes : 1.52, 1.52" 

v 

3 
\ 
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£ Method Average length * Coverage (percent) 

Classical 

B<S©ST4 

R3 • 

R4 ' 

RS4 
i y 

K 

s 

Huber 

1.78 

1.59 

1.57 

1.40 

o 140 * 

1.60 

v~ 1-62 

2.03 

,91 

87 

" , o 86 

82 

79 

88 

54 

93 

^ 

1000 .samples of size _ n = T 5 sts 
Huber's e = 1.5, corr=^ Bf(h\/n) 

oV 
' 1 

4.4.1 

- V - ^ «. 

normal. Confidence level 90%, * 
0 

/ 

• 

IS 

L 

• 

^ 

— — s 

#-— 

4/ 4 

1 

-

- - » "̂  

"V 

* 

- - - - • ) / 

j - - - •"* 

j - , I . - . . . , . 
0. .4 ,8 1 2 1 6 2.0 2 4 2^0 3.2 3.6 4.0 

„ Olaaoical s 

c 

Distribution of lengths of intervals. 1000 samples of sise n — 5, 
standard normal. Confidence level 90%, c = 1.5, corr-— af(n->Jn). * 

\J 

<i-r 

Figure 4.4.2 
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Method Average length Coverage (percent) 

Classical 

RcorrA 

-m ' 
R4 ' -

K 

Huber 

; 1.28"' ., -

1.32 

• 1.28 

1.14 l 

'1.21 

1.46 

1 80 

80 

79 

: 75 • 

78 

86 

samples of size n = 5 standard normal. Confidence, level 80%, 
uber's e — 1.5, eort= af(n-s/ri) * ' -

Table 4.4.8 

Method "Average length Coverage (percent) 

Classical 

Re@rr4 

ES - * 
E4 \ 

1.80° s -

1.78-

l'(51 

K 1 1.97 

Huber 1 2 J 4 

95° 

" ' ; 91 

90 
» 

87 

93 _ * 

' 96 

loot 
e = 

samples of sise n, 
.5, eorr~&f(n^/rb) 

5, standard normal. Confidence level 95%, 

Table 4.4.4 

*-{? 



- > . ' • / 

s . 

Confidence corr^- Bfln^Jn) eorr^ z^ & By{n^/n^ 

8®%' 

<9Q% 

95%. 
i 

1.3,' 80 

. 1.6, 87 .* *^ 
% 1:8, 911 — 

1.4, 82 

L7,-90 

2.0, 92 -

.S3-

o_ •Entries: average length, coverage (percent). 1000 samples of size 5, ? t 
standard normal. Huber's <s = LS^-method Reorrti* 

Comparison of shift corrections. - r 

Table 4.4,5 

v> 

<? 

^ Mu . 

<!*> 

<b 

£> 

Method , <e ="Q.| <s = 1.0 e = 1.5 v e = 2.Q 

Reorr4 

Kent*\ 

Huber 

1.8, 85 

1.7, 87 

2.3, 90 

•L7, 87 

1.7, 89' 

2.2, 92 • 
- ' • 

1.6, 87 

1.6, 88" 

2.0, 93 

0 

1.5,' 84 

"*L5, 87 

1.9, 91 

-•s 

Entries; average length, coverage (percent). 1000 samples of oize 5, 
standard normal. Confidence level 90%, mrr- &f(n^/n) * % * 

Table 4.4.6 



V 

<? (b. 

9 

fethod ' Average length Coverage (percent) 

1 ~ Classical 

Heart® 

E7 

R8 * ' 

R9 

.Kent 

Huber 

1.13 

1.10 

1.-16 

- 1.10 "° 

1.04 

1.09 

1.21' 

89 

87 

89 

87 

» ' I 85 

' 88 

90 

1000 _ samples of sise 10, s 
Huber's c = 1.5, eorr= of(n^/n) 

Confidence" level 

Table 4LA.7 

s 

<=i> 

j 

P 

.1- « 

<? 

•It 

*°. *k 

.2 .4 .6 .8 i .o 1.2 1 4 1.6 1 8 2 0 . 
(J 

• Claoolcal 

Rcorrd 

Distribution of lengths of intervals. 1000 samples of sige n — 10 
standard normal. Confidence level 90%, a = 1.5, corr = d/(n<^/n). 

Figure 4.4.8 
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Method 

Classical 

Rcorr&9 

R18-4 

t R19 

Kent 

Huber 

Average length 

0.76 

' - 0.77 -

° 0.76 " 

0.74 

0.76 » 

0.79 

Coverage ,(perc 

90 

' - " 90°. 

89 

88 

90 

90 

1000 samples of 
e = 1 =Sy corf='{ 

size n »= 20, standard normal. 
.645) a fo(ri>-%/n)] 

.'^ 

Confidence level 90%, 

<$> 

Method 

Table 4L4.9 

80% 90%, ^95% 

Ctesgic&l 

Rcorrjc 

R3 

R4 

Kent 

Huber 

2.0, 84 

2.0, 83 

1.9, 79 

1.6, 74 

1.8, 81 

2.1, 86 t 

2.7, 93 

2.8, 90 

2.3, 86 

2.0, 82 

2.4, 90 

2.9, 95 

3.6/ 97 

2.9, 93 

2.6, 89 

2.3, 87 

2.9, 95 

3.8; 97 

\ 

Entries: average length, coverage (percent). 1000 samples of size n = 5, £3 data. 
Huberts e = 1.5, corr= z at?j'(n^/nf. 

4.4.J 



tj Ipl 

-

1 

t 

• » 

* 

--*--

9 

0 ^ 

•g 

£2> 

j 

B 

& 

- - - i 

' " I , 
0 0.5 1.0 2.0 3.0 4.0 5.5 

Claooical, largest interval 20 6, 6% greater thaa 5 5 

_J Keat, largest mtervair 13.1, 395 greater than 5.S 

/Distribution of lengths of intervals. "1005 samples of size n = 5, 
. £3 data. Confidence level 90%> c = 1.5. 

'"' * . \ Figure 4.4.11 

Method Avejage length Coverage (percent) 
1 

Classicai-

Rcorr® 

E8 

E9 

1 Kent 
1 

Huber 

1.70 

1.46 , 

. 1.40 

a «. 
1.44 

1.54 

92 

90 

89 

87. __ 

91 

93 

1000 samples of sise n — 10, $3 data. 
c = 1.5, €orf̂ = (l.fl45)#/(«*v?*) ^ 

rConfidenc^ level 90%, 
^ 

Tabl© <L4.12 

^ > 



^ 1 - c 

Mofehod Aver&go l<sagfch Coverage (pereesife) 

Classical 

" Heo?rl© 

R18 . \ 

Rm 

• Ke&t"1 

Huber 

•1.22 

0.98 
'i 

- 0.96 

0.93 
f 

0.98 

1.00 

o °, 91 , 

90 • 

89 

v' 88 

90 

•91 

105 

_lesn of 'size n « 
e — 1.5* eorr= (1.645)cr/(ray^) 

-20$ t3 data, Confidence level 90% 

Tafoli 4.4.18 

6 

Method Average Coverage Percentage of intervals 
Percent longer than 40.0 

Classical 

RcorrA 

f J8LS 

R 4 ^ 

Keat 

HtibeK" 
Q 

32.4 

8.5 

7.8 

7l0 

10.1 -

tJotd 

, _.— 
' -94 

87 

79 

74 

' 91 

95 
(i * 

9 

- 1 

1 

' ' 1 

2 * 

• A* 
V 

1000 samples of size n = 5, slash data 

Huber's c = 1.5, corr = (1MS)&f(n^/n). 

Table 4.4.14 

Confidence level 90% 

• 

^r 
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Method Average 
* length 

Coverage of 2 
"(percent) 

Coverage of 3.0 
(percent) 

Classical 

Reorrd 

Kent 

Huber "-', 
1 F 

4.00 

3.S9 

4.38 

89 

86 

85 

91 

85 

83 

^ S& 
86 

1000 samples of size J& 
c = f.5, corr= (l.64B)af(n^/n). 

— V x i data. , Confidence level_ 90% 

Tafol© 4.4,15 

Method Average (Coverage Coverage Coverage 
length of 2.4 of 2.6 'of 3.0 

Classical 

Rcorr4 

Kent 

Huber 

2.65 

2.36 

2 ^ 3 

4-BQ 

88 

86 

86 

89 
^ 

90 

87 

** 87 

89 

86 

S>2 -

81 

82 

samples §>i sise re = 10/ \% data. Coaideace' level 90%, 
1.5, eorr^ (1.645)0/(a^/n) 

Tabfe 4.4.1(1 



10? 

Average > Coverage Coverage Coverage 
length ' of 2.4 of 2.7* ' of 3.0 

Classical 

- Rcorr4 

, Kent 

Huber 

1.84 

1.60 

1.62 

1.64 

77 

80 

"81 

83 

88 

87> ' 

87 ' 

87 

91 

- 80 . 

81 * 

80 

1000 samples of size n = 20, xi data. 
c = 1.5, <20rr=" (l.MS)&f{n%/hm) 

' Tab!© 4.4.17 

Confidence level 90%, 

tf x. 

Method Average Coverage Percentage of intervals 
length (percent) • longer than 6.0 

«*-

Classical*-' 
0 

R@orr4 

Keat , 

Huber 

3.66 

2.54 

2.73 

2.97 

93 

88 * 

90 

94 

21 * 

7 

14 

*10 

1000 samples of cize n =s 5, standard normal with 5% contamination at ±12. 
Confidence level 90%, c = 1.5, corr= (1.7)& / (ny/n) 

Table 4.4.18 
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80% 95% 
4 

Classical 

RcorrA 

i Kent 

Huber 

2.6, 83 

2.0, 78 

"2U, 79 

2.1, 86 

4.8, 96 

3.0, 93 

cj)o<u'o sy«u> 

3.9, ©8 

-dp 

1 

Entries: average length, coverage (percent). 1000 samples of size n = 5, 
standard normal, with 5% contamination a$ ±12.0 , « ° * * 

Huber's <2"= 1.5, eos-r= &/{n^/n\ for 80%, (2.2)d/(f&^n)(for 95*%/ ^ 

4.4.2 

<? * 

Method Average Coverage Percentage of intervals , 
' length (percent) longer than 4.0 

Classical 

ReorrW 

Keat T 

Hube? 

1.41 

1.45 

1.48 / 

94 

88 

88 

90 " 

41 

1 

4 * 

1 

1000 camples of oise n == 10, standard normal with 5% contamination 
±12.0. Confidence level 90%, c = 1,5, mrr^ (l.7)er f {ntfn)'. 

at 

Tafelo 6AM 



'Method 80% 90% 

Classical 

RcorrQ 

• 

'Kent 

Huber 

1 

71 
1.56, 1.45 

78 
1.26, 1.44 

73 
1.07, 1.25 

4 

75 '' 

: 1.12, 1.28 

88 
2.07, l.,93 

89 
1.60, 1.82 

86 
1.40, 1.62 

90 — 
1.48, 1.69 

96 
2.55, 2.38 

94 
1.88, 2.14 

94 
'^ .70 , 1.95 

96 
1.83, 2.09 

1000 samples of ̂ size n — 10, standard normal 
„ with 10% contamination at 5. 

Multiplicative shift correction, shift = ^ ^ ( ^ o — P) 
, Entries: Coverage of zero (percent) / median, average length 
Huber's* c = 1.5. 

Tab!© 4.4.21 
Y 

r-



V 
Fortran programs appear in the back pocket of the thesis. j$?fo.e program 

MATLR calculates several location intervals. Data is,,generated (or read in) from 

'•the routine GENER, The mean, standard deviation, median and jhad^are calculated 

ia EST1, The'ilf-estimates are calculated.using" the NAG rootfinder C05NBF. The 

configuration is set up in SETLOC. The interval routine is ROBCI, which calls the 

test routine-MYTEST. The routine MYTEST calls the rootfinder MYROOT, which, 

incorporates our knowledge of the behaviour „of any solution to K?(a) = shift, but 

eventually calk the NAG rootfinder C05ADF. ' v 

The rootfinder MYR0OT*is also called from the Kent interval roujijine, KENTCI. 

The Kent intervals have to find a nested root, c?o, and the routine CHERT was writ-

ten for this purpose. The routine SETLOC (designed to set up the configuration) 

also takes care of'a few details for the Kent intervals. 

Optional £>rint statements (so that we can see more details about an interval) 

are blocked out with CC. Statments blocked out with"a single C are options not 

used in recent runs of the program. For example, in SETKOC, the sample-based 
0 

o 

./4-matrbs is blocked out. 
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Chapter br 'Gioiifidlea.ee intervals for elope in 
- v; .simple linear regression 

" • " • i * 4s 

In this chapter we construct confidence intervals for, a real parameter (slope) 
0 o 

in the presence of two nuisance parameters (intercept a îd m§an square error) 

'5.1 Introduction to the problem. 

A « ' 

We fit the model ' 

(5.1.1) _ yt = (1^0X1,+rt * 

where the errors rt are assumed identically and independently distributed, uncor-

"related with the p^dictors x%. The errors are "assumed to have a symmetric distri

bution with variance a2, unknown. The intercept fj, is also unknown. We desire a 

confidence interval for ° • 

0=(OlO)( / s«f f ) T . . ' ? 

We estimate (j,,@,o by "M-estimates ••p, &, a, solutions of the minimization problem: 

(5.1.2) — > >p( =kr = min! 

where 
sf • = (1 Si) 

S7r = (p *0) 

_ | | ( f i 3 + « if|*|<c. 
~ \ &\t\ - |e2 + \fo if j*| > e 

1 1 1 a 

v 

http://'Gioiifidlea.ee
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see Huber (1981). . 

^ Partial differentiation of (5.1.2) with respect to /*, &, a leads to the score 

functions ®(s, r,o), 

# i : t c ( - ) 

where r = y — ^ — ®s = y — sPf}. The estimates /&, I, 6" solve 

- > * ( « „ , » • „ <r) = 0 . 
' n z=^' 

8 = 1 

The matrix of derivatives of the score functions is 

( 1 s rja 

•z s 2 srfff 
?fa> xrf& (rfa)2 

In order to apply the techniques of Chapter 3, we need to estimate 

A = E(DM.) 

and 

B = -A-x. 

We could estimate A from the sample: 

' & ( ® * i * • • » * ) • 

8 = 1 

Then the configuration Is given by 
ft. 

where £„• ssy^ — p — fess B =* —A"1, and we can construct confidence intervals for 

0 ao outlined in Section 3.8. 

( 



l i s 

Before fitting the model (5-.1.1), we recenter the predictors %i. We do this for 

two reasons. First, the recentering makes the matrix A more manageable. Second, 

the recentering is necessary for weighted robust regression'(see below). We empha-

size that the predictors x% are assumed fixed. We have not attempted a model in 

which the predktors are also assumed to have a distribution, with location and 

scale for the predictors- to be estimated from the sample (see below), 

The simplest way 'to recenter the predictors is to subtract the average £ from 

each sz. In our programs, we calculate the joint M-estimates of location and scale 

^s s
 &&-> solutions of 

_ \ * mj——-) =o 
75 f ^ 0 

8 = 1 

1 tt 

-EC^^V/^o 
8 = 1 

and then replace each X{ by the normalised predictor s"~^r'. For the rest of this 

chapter, x% denotes normalized xt: -

— — — " • — ^ ^ . o 

Ox 

v 

Note^ m particular, that 
i JL 

tf6(xi) = 0. V 
1 ^ 

n : , 
8 = 1 

Then the model (5.1.1) has been transformed to 

(5.1.41 ° ° y% = p* + 6*xi + U 

where ®* = @o-s and $* — (i + % s . We obtain a confidence interval for 0*, then 

divide" by-o^ to give a confidence interval for &. 

We njow discuss the matrix A, and its estimate A. First note that A and ii are 

symmetric. We write 'A = ~r(%m) and A = ^(©jm)- Then, from (5.1.3), 

•a ra " . 

8 = 1 



and ©l2 should be close to J «£ $e(£ t) = 0. (fil2 is actually equal to zero if Itrc(^) # 
a 

»• °Q and #c(s0) ^ ±e for s = !,...,?&; that is, if there are no outliers among the l 

residuals eyw? the predictors). Certainly, ©12 should be small when compared with 

au.-iEMl)- Simi: 
„ SI A A 

8 = 1 

should be close to ^ ^ ^c{^) — 0, and, in particular, &13 should be small when 

-compared with cji- The term ©28 is more interesting, 

vi ^* a -
8 = 1 

If |©2s| is "large", then we do not have a good model: figs ̂  0 implies a correlation 
0 

between the estimated error& r̂  and'the predictors xz. For the moment, assume 
1 

that a.12 ==, &ia = 0, but do not ignore ©33. 
# 

Then we estimate A by _ 

_1 A" ° ° 
<̂  A = -x~ I 0 o22 «2S 

• V 8 f» A„ A 
\_ 0 fflgg ifflgs 

and 
* &

 A /d/6u 0 0 
A & I A A 

•B = "J J' 0 ©33 —023 
\ 0 -e 2 3 G32 

where - <•" b ' 

d = ffiggfflsg — a|3. 

Then tha configuration^ giving confidence^ intervals for$* is 

(5.1.5) * Method R: gt = ^^J^^^^^z^^x^- & 

That is to say, confidence intervals for slope are based on the second score function, 

with a correction for possible correlation Between the predictor si and tfte estimated 

error ^ . D h for diagonal A, giving the following configuration. 

(5.1.6) > ' Method E B : & = -^-t^ss^n,®). 
«2S 



& 

•v* . -— us 
a 

We saw in Chapter 4 that we should be wary of sample^depehdent estimates 

of the matrices A and B. -For example," rather than using 

8 = 1 

ea
rn the configuration (5.1.5), it might be better to use (with the notafeipn of Chapter 

4) G | S = s, which is the expected value of (rtfo')2 for normally distributed errors, or 

some multiple of e. It is more difficult to decide upon a robust estimate for A in the 

case of weighted robust regression. Our programs perform a weighted regression, 
/> 

which we now describe. 
& <? ;, 

We solve a modification of .the minimisation problem (5.1.2). We use the hat 

matrbg: E — X[XTX)~}XT to down-play leverage points. Here, X is the matrix 

with 1 in every position of the, first column and (normalized) si in the %th position 

of the second column. Following Huber (1981, sections 7.2, 7.9) we let ht be the 2th 

Miagonal entry of H and define weights 

8 ""~ 9 / JL fij. W. 

Then, rather than solve the minimisation problem (5.1.2), we solve 

•a n 

- > p{—-)<a = 0. 
8 = 1 

where . 
i(£2+/5J) i f | * | < c 

^ " \ e>[ - |c2 + J/3 if |*| > e. __ 

JVotfe that we have used (3 and rao£ $g (see €% below). The score functions are thw! 

(5^w,r,p), 
fljr*. @ e ( — ) « / 

t 2 : f ' f l(—)»s A 

#c: . iw2(fJ(-^)-/3). 
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The third score function is equivalent to ' ° • - „ < ^ '"' 1 * 
». ' • 

1 , ? ^ O ^ W v 

a m » * • 

since £wf == n — 2. (See Huber, 1981.)- *-* » 
" • „ , * " " * ' 

The'matrix 12j£.(s:5w,r,£r) looks just like (5.1.3) except that , in each position, 

Jfcrc (5) is "now replaced by Ifcrc(i^)- . " -

Yife estimate -A from the samples ' " « \ 

A —- T~lGjmJ • „ .* 

- n A / 1 S, f t / ^ 
A V""^ r /• ' * \ 2 A / A 

, = _ _ ) Jfcrc(—-) S s K | ssr,/o-
y j 0 - £_=£? - Z l / . C \ A / A A / A / * / A ^ 2 

8=1 ,8 Vr»/a° Zinfo- [nfo-y 
* »• 

/ 

We base tests on two different configurations. D is for diagonal A, W is for 

weighted regression. 

., Metho d RDW : gz = - — # 2 ( s t , w* ,1%»#) 
-©22 

0 
and .* . • * . 

\ ' * 
' A * >y » 

Method RW : ' gs = ^Ossa^aO5*,^,"^,^ - ©23^3(^8,^f?,^,^)) 
•> U p 

where d.= fig 2 £33 — G|S- -' 
*• « * b 

' In all cases, the shift condition is a modification of 
t, 

E{g) = rQ - 8* 

.where HQ:Q = @Q, 0Q = poo's. For this problem, the shift correction has been 

incorporated as a multiplicative factor. Recall that , to test HQ: © = ®Q, we relax the 

pshiftc©nditi©n to '> 

E(g) — 0Q — $o$30 -f corr 
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" where the correction is chosen so that * * 

- • V l^o1- ̂ obs + W | < \0O - #oba | 

In this chapter, the'correction is" ~ • t 

r*-? 

where \ ' " • " • * " * -'*..-* 

' • W(i) = mm{w8; s =M, . . . , n}, 
r ^ 

0 

wz the weights used for weighted regression. The same correction is used for both 

weighted and non weighted regression. The three is just a guess at the appropriate 

factor.. The minimum weight^ W(j), was motivated,by test samples. Basically, if one 

of the predictors xz has high influence then, in order to improve coverage, we need 

a larger shift,correction. The shift condition is then equivalent to '. 

t n 

0 The confidence interval for $* is divided by oz to give a confidence interval for 8. 

In the next section, we compare the R intervals with the classical, least squares, 

confidence interval. Recall tljmt the classical estimates of ^, 6 and a2 .are p, @ and 

s2, where, ?j> = (£»#)» 
l=(XTX)~lXTy 

Jp = X i | 

8 = 1 

and the (1 — 2to)lQQ% confidence interval for $ isu 

- *»-2(«!)8(C(*. - s))~1/2 < 0 < 9 + *BJa1a)«(2(*» - S)2)~ J/2." 



results 

" . We consider the simple model 

y — @x + p, + e 
- ' • (5 

and display results for four sets of predictors. The sets arenas follows. , 

Set 1, n = 7, 

/ {-3.0, -2 .5 , -2.0, . -1 .5 , -1.0, -0 .5 , 0.0}. 

- Set 2, n = 13, 

{-3.0, -2 .5 , -2.0, -1 .5 , -1.0, -0 .5 , p.Q, 0.5, 1.0, 1.5, 2.0, 2.5, '3.0}. 

Set 3, n = 7, 

^ {0.1, 0.2, 0.3, 1.1, 1.2, 1.4, 2.2}. ^ 

Set 4,n = 13, 

. __ {0.0, 0.1, 0.15, -0.2, 0.25, 0.3, 1.1, 1.2, 1.3, 1.4, 2.1, 2.2, 2.3J. # ' 

Notice that Set 1 is a subset of Set 2, and that both these sets' have equally 

spaced predictors. For both Sets 1 and 2 the weights are (of course) heaviest in the 

center, the minimum weights being 0.73 (12% of the total weight) at each end of 

Set 1, arid 0.85 (7% of the total) at each end of Ŝ et 2. 

Set 3 is a subset of Set 4. In Set 4, the predictors fall into three groups, 0.0 

to 0.3, 1.1 to 1.4, and 2.1 to 2.3, with unequal numbers in each group.' In Set 3, 

the isolated predictor 2.2 is assigned the minimum weight 0.63 (11% of the total 

weight). In Set 4, the largest predictor is assigned the minimum weight, 0.85 (7% 

• of the total). 
J v < " 

We generated standard normal errors, e, using the IMSL routine GGNML, and 

thus produced the responses y = 2s -J-1 -f e. We generated one set of 500 samples 

for4he predictors in Set 2 (ft = 13 observed y in each oamjjle) and then used the 

appropriate subset of these same observations to obtain the tables describing Set 
) J 

f 
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1. Similarly, we first obtained the tables describing Set 4, then "threw away" the 
/ 

< » 
unwanted predictors and responses to obtain the tables describing Set 3. 

e In all cases, Huber's c was set to 1.5. Remember that W indicates weighted 

regression as described in Section 5.1,. and D indicates that the A matrix was as-

sumed diagonal. The correction to the shift condition was obtained by multiplying 

' QQ — §* by the factor S Z - ~ l i l . The correction is indicated by corr. 
. r f 

We compare "the R intervals with the classical (least squares) intervals for 0 

($ = 2). For standard normal errors^ the results for Sets 1 and^2 are displayed in 

Tables 5.2.1 and 5.2.2 respectively; the, results for Sets 3 arid 4 are in Tables 5.2.3 

.and 5.2.4. We see at a glance that the shift correction improves coverage, as does a' 
« -

decrease in the effective sample size. The RDW methods (without a shift correction) 

improve with larger sample siae, as is to be expected'. t)nly one method, Rcorrni 
» ** I 

(no,weights in the,regression), uses anon-diagonal A matrix. The Rcorrni intervals 

are often the same as the'RDeorrfti intervals, and offer no advantage over the latter 

intervals in our trials. However, the Rcorrni intervals may offer some advantages 

when there is a correlation between tj&e%-errors, s, and the predictors, x. We call 

attention to the good performance of the RDcormi intervals in all the taBles. , 

'The most striking feature of the tables is that the R"intervals axe often longer 

than the classical intervals. (Recall that, in Chapter 4, the R intervals "Were te/o 

short).- To illustrate what is going on, we refer the reader to Example 5.2.1 (imme

diately before the tables). This example was. taken from a trial sample. We see that 

the two extreme points, on either side of the classical regression line, are holding 

the line "fast" and allow less flexibility for the slope (that is, a $mall confidence 

interval for slope). The R iiltervals, ori the other-hand, down-play t?he influence of 

these points. Example 5.2.2 was obtained from another trial, and shows that the R 
i 

intervalo can also be shorter than the C intervals. 
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The distributions of the interv&Mengths are displayed in two histograms. Figure 

"5.2.5 compares the classical and RBcomlt intervals for predictors from €&et 2. (The > 

corr methods use no weights for regression, but does use weights to determine the "" 

shift correction.) The largest intervals were 0.85 for the classical method,-and 1.25 

for RDcorrll. The RBWeofrll method (weighted regression) gave similar intervals, _ 

but the long, ones -were longer: longest interval 2.16. • 

Figure 5.2.6 compares lengths for the classical and the R.DWcorrB intervals. 

For, this data, the largest RDcorr interval was 5.43. . V ' 

\ The tables indicate 'that the shift correction ts needed. Weighted regression 

gives longer intervals (some very long). Non-weighted^regression gives shorter in= 

/

ervals. The RDcorr intervals, in particulartlo6k promising.. 

The^multipjicative shift correction also looks promising. We ran trials with 

contaminated standard normal errors. The contamination was 10%' at 5,0 (asym-

metric contamination). The results appear in Table 5.2.7. We draw attention"to 

the negative skewness exhibited by the classical method for n = 13. 

We Wanted some gauge of.how the R intervals perform for sxnall samples, with 

arbitrary sets of "bad" predictors and non-normal errors. We generated 500 samples 

,of size n = 7, x | data. These become the 500'predictor sets, a;4.\Then, for each 

set of predictors we generated a new set of 7 response errors, Si, tA data. Then we 

constructed the response variables - > / 

Thusv, we formed 500 sets of data (x, y), each with .7 pairs (x, y). The results for this 

data are shown in Table 5.2.8. The third column of this table is baffling. We suspect 

the problem is caused by samples in which the two largest ,(or smallest) terms of 

the configuration are very close together. Then, for small samples, the solution of 

K'(ci) = shift is inaccurate. Recall that the solution of &'(a) — smallest gt is - c o 
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(see Theorem 1.4.2). The routine BCfROOT returns a message to shorten thev inter

val if |©201 is too large. We emphasise that these are computational problems. (We 

have since" written/a new version of the routine ROBCl,_which is not "in^imitated" 

by such situations, producing larger intervals when the two largest (or smallest) 

terms of the configuration are close together.) 

We also wanted to try the multiplicative shift correction for the location prob-

lem. We tried the factor (n — 2)/ra, with contaminated standard normal data, 

contamination 10% at 5. The results are shown in Table 4.4.21, at the very end 

of Chapter 4. Once again, the Classical intervals have median length larger than 
i 

average length. . \ 

That the' R intervals (for regression) are sometimes" longer than the C intervals r 

is, we think, reasonable. The classical intervals tend1 to be short when there are 

points with high influence. The R intervals down-play such points.' 

As with the problem of Chapter 4, refinements of the shift condition should be 

investigated further. The shift condition raises interesting questions about location *" 

for skewed distributions, and about loss of information when we move from the 

sample to the configuration (Section 3.7). 

/ -, 

A •>-
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E x a m p l e 5.2.1 

Huber's" c = 1.5, confidence level. 90%, n = 6. 
S 

Data: ( s ,y) : (1.0, 1.6), (l 5, 5 8), (2.0, 4.6), (2.5, 6.9),, (3.0, 7.5), (3.5, 8.9) 
Weights: 0.69, 0.84, 0.91, 0.91, 0.84, 0.69 

Model y = 0x -f- /i 4- e * •' , 
Classical estimates and R estimates of 8 and /A are equal. 

0 = 2.51, A = 0.24 

Estimated-scale for error e is 1.14 for Classical, 1.58 for RDW * \ 

Classical interval: 1.3, S'.fe 
t 

Configuration: -2 .7 , -»0.39, -0 .36 , 0.19, 0.33, 2.9 

interval: 1.1, 4>.0 

CIQ at extremes : —0.52, 0.51 

THe RDCOJT4, interval is essentially the same\ 

'•^ 

RDW4 interval: 1.6, 3.4 

a0 .at extremes : —0.51, 0.50 

The graph shows the fitted regression line. . 
/ i 

0 
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.s 5.2.2 

'Huber's c = 1.5} confidence level: 90%, n — 7. . 

Data: (x,y): (0'.006, 1.73), (0.026,1.68), (0.17,0.43), (1.17,3.21), 
. * (1.21, 2.77), (1.85, 3.491, (2.39, 3.93) 

Weights: 0.83, 0.83, 0.86,'0.92, 0.92, 0.84, 0.70 
Model y = @x -f /«, -j- e, scale of e is a 

Classical estimates : 0 = 1.17, A = 1.32, cr = 0.59 i 

estimates : 5 = 1 09, A = 1.47, a — 0.54 

Classical interval: 0.65, 1.69 

Configuration : — 0.64, —0.55, —0 44, -0 .03 , - 0 02, 0.23, 1.45. 

RJ}Wcor,rB interval 

do at extremes 

RDW5 interval 

do at extremes 

* RDcorr5 interval 

do at extremes 

0.74, 1.76 

0°86, 1.54 

-1 .22 , 1.03 . 

0.71, 1.82 

-1 .13 , 0.94 

and the configuration for non-weighted regression is more spread out: 

. ~ -0 .723 to 1.59. 
r 

The classical regression line is shown. 

* \ 



S0% 95% 

Classical 

f 

j RBWeorrS 

RDW5 

RDW4 

Si 

RDeorrS 
"ReorrB 

79 
1.0, 1.0 

81 
1.1, 1.2 

66 
,0.7?, 0.84 

71 
0.85, 0.93 

82 
1.1, 1.2 

89 
1.4, 1.4 

- 88 
1.4, 1.6 

77 
1.0, L I 

. 79 

88 ' 
1.4, 1.5 

95 
1.8, 1.8 

92 
1.7, 1.8 

' 81 " 

84 
1.2, 1.3 

©2 
1.7, 1.8 t 

agression model y = 2s -f 1 + e, e sta 
ft = 7 predictors^ Set 1 (equally spacei 
Entries: Coverage of 2 (percent) / median, average 
500 camples, three levels of confidence. - ~ 
Shift correction factor: re~ 3^ l>, Huber's e = 1.5. 

Table g.2.1 
0 

'» 



Method * 80% 90% ©5% 

Classical 

RDWeorr l l 

RDW11 

RDW10 

RDeorr l l 
Reor r l l 

81 
0.40, 0.39 

85 
0.41, 0.44 

77 
0.34, 0.37 

"79 
0.36, 0.38 

as 
0.42, 0.43 

91 
0.52," 0.52 

3 

91 
0.53, 0.56 

87 
0.44, 0.47 

88 
0.46, 0.49 

91 
0.53, 0.55 

94 
0.64, 0.64, 

92 
0.66, 0.68 

88 
0.55, 0.57 

90 
0.58, 0.59 

92 
0.66, 0.67 

Regression model y =* 2s -f 1 + s, e standard normaL 
** ft = 13 predictors: Set 2 (equally spaced) 

Entries: Coverage of 2 (percent) / median, -average len 
500 samples, three levels of confidence. 
Shift correction factor: ro~ v>u^-. Huber's c = 1.5. 

Tab!® So2o2 



80% 90% 

Classical 

KDWeorrS 

RDW5 

RDW4 

RDeorrS 
Reorri 

82" 
1.4, 1.5 

82 * 
1.6, 1.8 

70 ' 
1.1, 1.2 

72 
U.2, ' 1.3 

•83 
1.6,1.7' 

92 ' , 
2.0, 2.0 

89 

2.0, 2.2 

/ 77 

80 
1.5, 1.6 

89 

2.0, 2.1 

96 
2.5/2.6 

. ,92 
2.3, 2.6 

82 
1.5, 1.7 

83 * 
1.7, 1.9 

* 92 
2.3, 2.4 ~ 

Regression''model y = 2s -f 1 -f s, £ standard normal 
ft = 7 predictors: Set 3 (grouped) 
Entries: Coverage of 2 (percent) / median, average 
500 samples, three levels of confidence. • 
Shift^correction factor: ta~S^M,(1). Huber's c = 1.5. 

Tab!© 5.2.8 

Ci 

. ^ 
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80% 90% 95% 

Classical 

RDWeorrll 

RDW11 

RDW10 

RDeorr l l 
Reorrll 

82 
0.9, 0.9 

82 
1.0, 1.0 

76 
0.8, 0.8 

77 
0.9, 0.9 

8 4 / 8 3 
1.0, 1.0 

90 
1.2, 1.2 

91 
X«cu>9 JL«»<d> « 

86 
1.1, 1.1 

87 
1.1, 1.1 

91 
X.<^5 iloej) 

*95 
1.5, 1.5 

94 • 
1.5, 1.5 

91 
1.3, 1.3 

92 

94 
1.5, 1.5 

\ Regression model y — 2s + 1 + e, s standard normal. 

/ 

/ • 

;k = 13 predictors: Set 4 (grouped) 
Entries: Coverage of 2 (percent) / median, average length 

/ 50JJ samples, three levels of confidence. 

/ 
correction factor: - — „ W ( > ) . Huber's c = 1.5. 

Table 5.2.4 

%? 
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1' 
. 2 3 - I ' 
_ & Claaaical 

s » .u 1 0 1 2 

— — RDeorrll 

Distribution of lengths of intervals. 500 samples of sise h = 13. 

Predictors: Set 2. Model y = 2s + 1 + e, with , 

standard normal errors, e. Confidence level 90%. 
iFigHre 5.2.5 , ° 

F~ 

p. 

*>. 

„.4 .8 1 2 1.6 2.4 2 8 3.5 * 

a , - , _ « . - Clasoical , largeot in terval : 4 .08. 1% g rea t e r t l ian 3.S 

R D W c o r r S , largeot in terval : 13.7, 0% g r ea t e r t h a a 3.5 

Distribution of lengths of intervals. 500 samples of sise n = 7, 
•=13 

Predictors: Set 3. Model y — 2x - f l + e, with 

standard normal errors, e. Confidence level 80% 
• - Mgmre S.2.6 
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Set 1 Set 2 Set 3 Set 4 • 
(n - 7) (n = 13) ' (h = 7) ' (n = 13) 

Classical 

T 

RDWeorr(re -*-'2) 
r 

o 

RBeorr(n*-2) 

90 

88 
2.1, 2.7 

'89 

91 
0.93, 0.90 

' * 91 
0.77, 0.86 

91 

0.80, 0.89 

89 o 
3.2, 3.4 

87 
3.2, 3.8© 

86 
3.3, 3.6 

90 

89-
1.7, 1.9 

90 
1.8., 2.0 

e s 

ession model i 
tandard" normal 

.es: Coverage 
samples, eoafi.' 

correction 

2x + 1 + s 9> 
10% contamination at 5. 

f 2 (percent) / median, average length 
level 90%. 
£=2±2U1. Huber's e = 1.5. - « 

fS. 

Table 5.2.? 

Method .80% 90% 95% 

Classical 

RDWeorrS 

RB corr B 

81 -
0.68, 0.85 

80-
0.70,- 0.94 

80' • 

JbJIl, 0.90 

' m 
0.93, 1.2 

87 x 

0.88, 1.2 

87 
0.89, 1.1 

94 
1»29 1,5 

89 
1.0, 1.4 

89-
1.0, 1.3 

ision model y = 2s -f 1 -f i e . 
Xs, errors £4. n = 7. 

Entries: Coverage of 2 (percent) / median, average length 
500 samples, three levels of confidence. 
Shift correction factor: 5z_±i£iULf Huber'o e = 1.5. 

n 

,@ i$o<£JoG, y> 

<»> 



c 

5.3 Programming details „ . 

Foytran'programs^appear in the back pocket of the thesis. The-program SLREG 

calculates several E intervals for the slope. Data is generatecp(or read in) from the 

routine RGEN, The predictors ar<§ normalized in the routine KORMX, and weights 

are calculated in GETHAT. / < „ 

The routine LINEST calculates both the classical and the robust regression line 
/ 

and scale estimate. The classical estimates are obtained by a call to the NAG routine 

G02CAF. For the M-estimates, there is a loop using Huber's iterative procedure to 

calculate M-estimates (1981, Section 7.8), followed by a call to the NAG rootfindey 

C05NBF. „ . ~4? 

^Fhe configuration is set up in SLSETl (diagonal A matrix), with a follow-up 

call to SLSET2 for a non-diagonal A matrix. When the configuration-and the shift 

condition hav^ been specified, the program calls ROBCI (see Section 4.5). 

<3 

^ 
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Chapter 8 Conclusion 

1BQ Summary 

t 

For a multiparameter problem, we take a sample of size n and estimate all 

parameters, ry by M-estimates, fj_. To construct a confidence interval fof a real-

valued function, @ — &(TJ), we work with the observed scores (score functions for M-

estimation), following the procedure described in Section 3.8. We obtain confidence 

intervals with error Op{~)9 for J? in a compact subset of the parameter space (and 

under the regularity conditions stated in Chapter 3). , » 
a* 

b 

The numerical results of Chapters 4 and 5 demonstrate the performance of the 

R intervals. We draw attention to those R intervals incorporating a shift correction. 

1 intervals use a reduced effective sample size.) 

For the location (unknown scale) problem of Chapter 4Kwe also demonstrate the 

good performance of intervals based on Kent (1982), These intervals should be seen 
' a 

- as evidence to support Ronchetti's r-telt (1982), which we have not programmed. 

_The shortcoming of the Kent and Ronchetti intervals is that the test procedure 

• increases in complesdty as the number of nuisance parameters increases. Once the 

initial M-estimates have been calculated, calculation of the R intervals is a one-

dimensional problem (solve for CIQ), no matter how many nuisance parameters are 

involved. For the Kent and Ronchetti intervals, however, the multidimensional 

nuisance parameter is re-estimated for every @o under test. 

1 

In order to generalize these results to other types of estimates, the eoaential 

feature is the score functions. We need a parameter estimate T) defined aa the 

131 
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solution of a system of equations 

. tt15 

Ir« 
n 

,57) = Q , 
s = i 

with the score functions # satisfying regularity conditions like those listed in Section 
6 

3.3. In particular, the matrix !?#, of derivatives of the score funqtions must have a 

well-behaved first moment, A. Certainly, A-1 must exist. ?' 

The R, Kent and Huber intervals demonstrate that the scores hold a lot of 
« 

information, and should be investigated further. - » 

We repeat the basic procedure: 

Use the score Junctions to construct a modified sample. Approximate the d%s-

trihution of this modified sample with an exponentially tzlted bootstrap. Use the 

Lugannam-Rtce tail area approximation to avozd bootstrap re*sarriphng. 
E?fl 

\ 

t f 

£> -
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6.'2 Pl^ns for the immediate future _ 

We are presently working^on a multiple regression problem, involving three 

predictors, 

^ — ^ __ " ' y—P + m%l +7?2®2 +573^3 + e. •«• 

In tmXcontffiict,.V93^{plan to construct confidence intervals for real valued functions 

of ri, for example hi — r\%. We also plan to consider analysis of Variance models. 

* For higher dimensional problems, we need to change our proglSftas considerably. 

The pjogr,ams* used for Chapters 4 and 5 call packaged routines wherever possible 

(primarily to give credence to our results). The packages have shortcomings. For 

example, for multiple regression, _ most of the relevant NAG and IMSL routines 

do nSft allow for variable dimensions. It would be efficient to switch to packages 

designed /or robust regression? for example LINWDR, ROBETH or TROLL (see 
' * , /* ' 

Hampel/et al, 1986). We have not bedn concerned with emciency in our programs. 
. / ' - o 

We simply want to demonstrate that our techniques work. 
' T > 

We repeat 4that, for multidimensional problems, the only hurdle is the initial 

calculation of the M-estimates. aAfter that, it is a relatively simple matter to set up 

the configuration and then call ROBCI, the Interval routine. For several parameters, 

calculation of the M-estimate is a non-trivial problem. 

^ 



,6.$ Open questions . , -

We have raised more questions than we have answered. The two main problems 

for th§ R intervals are (i) the effective §,ample size, and (ii) the correction to the 

shift condition. 
o " 0 

The first of these problems is, surely^ geometric in nature: by moving to the 

configuration^ we have reduced the dimension of the sample. We also ask, how does 

effective sample sfee change when Huber's truncation constant c is altered? Closely 

related to $heae is the question, what is the loss of information when we move from 

the sample to the configuration? The discussion in Section 3.7 suggests-that the 

answer to this last question may shed light on our second problem, the appropriate 

shift condition. -

B This second problem fascinates us. How much should we skew (i.e., exponen-/ 

tially tilt) our first guess at the distribution of the configuration? What fe/^he 

appropriate definition "Of location for a skewed distribution? Bickel and= Lehmann 

(1975) suggest that, possibly, M-estimates are not the appropriate tool. 

We have set out to find a balance between the purely computational approach 

of the1 Bootstrap and the purely theoretical approach of the classical maximum 

likelihood ratio test procedure. We believe that we have achieved some measure of 
success. 

V -a 
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*• J i i t f i , ' F I S I V H K ) * I 
v F h l Z i h t i I J , ' 4 . U < : I ) P J S i r t r f e 
* «S ,JUJAHF f . t ^ d w / A L u ^ r ^ S FwCZ'fcCf 
* 3 A « 4 A.1- VAR i a ->iU^~i4 u * H t » T t u , « j ^ a t CF = * 5 I 4G FN(tf#»F) 
* A FA«b I J . * E I T l - 1 I i - T h . 3 / . . j U t i - T i n * 73 ,SUSPECT, 
* RATUKI - , T J € A A A H « F -A«bh* i P.*1HLIAIT *-*MjjJMS B U - I 
* a u 3 ^ J L ' T * h c r . K o f t r tFSKs FC* w*tf a o . r t THAT - M < v * * » TS F O ^ i f l V * 
* 1 > L J A - P A L A , W * S i>ACHi~U-i I F . u f i . ' L u b c i - a i V c j * e . 3 \ T I V £ »-M4I/AI< 
* i v ' - L A t r I . J V t j A * * Y Frt iM Z i h t ^ l N i . b l -u* HTfc"?V*L : n i i T A i n i . . - i G 
* TH-:. , t A u t »*A*LIa R J J T I ^ A i f i J i u F 
» * * L t I f * o r*&(*Kih h lTHJUT F I ^ ' W »5ST 

HcXL 1/H.i.Ji .Di3), VALCi) * J 
cXT£K*^*L t-H 
IruAi-
ZAKAI" 4. 

V * L U E « r f t *A~. / 
U.i-F«Aoii4rfAi:A/e I 

> I F C u X r i - * L T . T J L r i i l T r t g ' t 

I t ( tfALUfc.Ai .ZLku )TH I5^ 
Ui_« » - Am*.*ATMAX 

VAIS*W i R / T * 3 
« A L u t » r n ( V A J ) 
U I l - l — Aoa(WALuL) , . , „ 
l F 4 u A r » - j | A l •TLiLi-Ni -»cTOi»( 
l r 4 / A A U E « b T i > t f . f J ) r.if""l 

\ 

1 . > s , 

yAkhHA»t*.»*VAK 
WMMtNUC*)*yA«!»TWf1 
aLTi tit' 

I - U A F 

3TJF 

http://4K4-.lt


~ V 

t x r t K - ^ A L r r t • 
I F A A G - . 
Z C R A ) » 4« 
1 * J « Z « . ' 
/ * t t i E « i - r 4 v A " . ) 
J . r F - / * D i . 4 * A L u t ) 
:t{ u i r i - . L f . T c A F u J l r t i J 

h p l J S ' , ' 

A I- ( tf^.Alc.Ai . Z L k u J frlE"* 

* A , . « V »F / i'« J 
VAt « t « r UVA"? ) 

„ A » A r i r » 4 u 3 ( V A L J t ) 
I F l u * r i - . L l . r u t F ' U < l £ J u S I 
i r 4 V ^ t t p « b T « A c K i J > f i r ' x 

tf«K -.«Hi4ti )*V*..« 
c r i U U J * v. * 

* * * * * * 
* 
* 
* 
* * # * * i f i 

•"Ml*. 
O L T I '>*• 

! t J i F 
C J . l l AuUt. 
PIKA r £ ( o f i i . -) 

a T J F 

• frf"? 

* F T . i t r ^ £ a a t J U I F J U T J F I ' - L n U i H t - l ^ ?LbTIt , - -8 -T"* 
F * * W v r r A . j .J iStAi- **> i . * t » ; i a i - v U F E C T 
. t T . i - t i b — 2 A *U 5 ~ r j t i TJ J U L ^ I O F K 3 G R \ ^ 
4 J w C t i ^ I-A"UI*,A.' 

tot*'N 
t I t A F 

lit V s ^ t e r i i i t j ) * v *»*. 
/ , L 4 i l » V A u U c 
"I c F - ^ A f 
i4M A"» J .*J .4 I r ? u x i 

© 

A > J . * * * J, 1 H-*AA 

rf*U^«ri\{V^U'i.!)) 

»>iVJU* V F L Z A ) W V A A 4^7 
* F C F K f o , L T. ZEi> J > bu T 2* 
i i F F » A a ^ 4 ; * L i ; n 
*i-t 3 i F l - . » . T « r J L r . >Ti- :^ 

v ^ < < » v v » * £ i . i J 4 . : ) 
V ' . A i J t ' V ^ H i ; ) 
K r i U K . 

J in 141 r 
/ . « K c 4-» 4« ) • V., 'b st* 4 . > 
v j L t * ) - ^ L l / l 

C *NT_ <Uw 
*.<. I i *' 4 ^* A * L ) 

V * * * * * 

* *t* TrttK' A - ?w J U 1 J - J I J r ,c - A M U I * He** f J L U T t a ^ r 

* ftnU K. .TukM l u A t - I . i o i»f 4 b R U 
* * • » * • v * 

* 

_ F t A u 

-«"* I F ( »**«.•<• A I « A-IH A. ) T i 
A. J i » Vf** * ' l l u 4 ) 
; , i J . « V f c ^ t i l* i A ) 
J J F U J 

h ( U A » | / « I . C V it i 

J „ ( V - C - 4 L I I - ; < l w . . ) / r 
F A * t • > 

4 ,« 

x l - A i t » > 
C M . L L » * i A u r < A ! ' l 3 i i . H i . i l . A V « * * T . j t * i - # i r 
V - L U c » r . - » 4 v ^ K ) 
I h ( I F A . I , . . t » - ) THi « 

,*> i » £ ( « * * . *t ) > i » i t » « ' i l . d : 

F l ' i v F - A R " U ; r . i / . » r 5 " , » ' H , j i * 
S T J F . -

f V - M i F - ' l L ) 1* 
* . « ' F j K ^ n " i j i %,,<Y J r x A T T . ' u * * .lYr-JwT *i-u ) J » H ) 
i i * r j R r t / E i ; . i ; i i , 4 t A ^ T ' H r i i - i . *«• Y ' ^ r « i t M r i 

C'liJ 

'_ a a j r l u l i f . , ^HI ;T( I I t r \# f t r f **'>alr«^Ai#lTni»Xl#Pv, v*,ftf v^ 
* * U l \ l \ a J u S F L.AIN.A iX<K3ji, i A A t H J H i T 

* T t i . a nuuT-»N^ i t W A - L C A Fi<-3n r » i < O a l F K . I 1 < a * * T C l 
* * * * * * # 

LU£J 

K - A l . • I / U K . i > < J ) f V/ A 4 J ! 
; X U K i\t. hM 
Z = »«J* «» 
T*J«e.«> 
V ( . a E « i - « \ l ^ A H j 

http://Hi.il


K. m 4"" U i r i ) rf.fi- f •»*- • I 
51 J F 

?.**- F j K l A T C * I J ) I A U Y i J c ^ A T t L ^ a AN nYKJuT t ' J - L 3 J * * * > 
i i * F v K r t / T l " . . H ^ T I A L A S T T 4 A T £ * *> t + » , 'Y <f ;A ,T * > ,. „ 

A-Tb-?. ' 

U i r l ' J l * t . - - H . \ T4 1 "JtF t f " i V ^ l i l i 4 . A i # i I " n X " f P«*» M^tt V 4 L U t ) 

K ' J I M V J J V S T > - I S A 1 Y < j j i » ; A A W F I \H^7 
» - - " , - t w . 4 k ' U ^ k . u i i - C I T *.n 1 "* j%r.fi.-\fA L - * A A *" "* n » J L H 
i r l « . a ' k ' u F - f t - i t « A , - t t w *•>-' ' ' n ' f f U j i f i i . . 1 < ; " T C i. 

* 3 l * « l A ^ ^ 
\ . . ' L / *, »- fc l . ( U ^ , A l 4 ) 
" A l ..p i H I-J 

/ 

/ 

I H J * A # 
V L J t » l " i i ( V f ) 
j i F » - « W v ( « ; t u t > „ 
I r 4 J l r - r . t f «T* _ F . 0 1 . i F I 

M l U * I 

. r C i f * i - w t » L T iAAJ- J A " i ^ M 
J-» - . i " A # * T f . 4 X 

V » ' , * V i t * / ( «A> 
V . w U A * F 4 4 l / fW > 
A * * F ( • • ' O J ( K J A U A > 
I r i w r h . L l . r j k f H ) >£ . d * i 
X » - t V A L U ; . u U t w ' J ) r n ~ 

t V . , K - l H U 4 t ) - * , ' * * r * 
pJi - j I ip.« c s . 

*L #A ^F 
L««r» r » r o _ 

: T J I » 

4 ,* - \ J 4 * ) =»¥«.. 
tf" _ 4 A # * W A A U 

J ^ •*•• * - i f I ' l i - - X l 
VAK s 4 l l ( M f ' . f t ' i l t A J l - l i K 
V " « A 4 J - r ; , l i / * ' ' , . : . ( , } | 

Va 

F f J A« V * A , 4 ^ 1 4 i / A L 4 . ' ) 
i l . l . X : H j ) i > i l ) J 

J - r r " ^u_i 4 i/*.L 4w * J _ 
i t C 4x l - f - .L I • H A F I . ) T i 4 

if \-«.«V*r« -Mw 4 i ) 
S( .Aufc«v k i : ) 
r j - i u h 

„ . ( J l r • ~ 

tf«t l i . # * - « A L 4 " ) 
• C . » ' T . „ U c ' ., 

« > t i i i ( j f i i . l i 
; ft?F 

f *3 « # 1 1 1 , 1 1 * 1 * 4 I l A X J , - . . . „ 

» ' i | , U l « F M » « V i . ' l ? ) l 
, u l F r - ^ o - 4 tf*KtNtf4 : J - i/Af : * J I f A > • * 

I t - 4 b * l - r . L ! « T L t V r ^ J b ^ T 31 •* » 
u A M - * ' B » 4 V % ( it i 
X L * r F « t l • 1 o u f t » j - T J l - t 
1 r ( * A t t ; l « L f . £ : : » u > T i c i 

^Ar. Ai*A- 4 J l ' V ^ c ^ J i i J 
VAt 4A ) » V I A H I 
» j | .! ..4 ' 

t i ^ u * ! -
rfj»t4 «. J » * * L 4J> 
V A P A IA»< A J * < . » * < C , U 4 * ) 

1 * C w N f A . i U t 
tiKlTtttit?*.* I 
3 T J P 

J..M V . k - V i r . c r i u l J ) 
V*Lv r .« i /# .L4J> 

>.»' F j P f t A f C * I A i * * f l Y r i = < * T | f l | i > * N A H T . r A - L 1 J » « I 
» i - j F - J ^ A t l ! ! v r . I T . A t A a r i ^ A T M i A A - f. . w n : * T » ) , „ ' 

5 2 . : F.iivi1lAr4M
 I L A . ..-liY i T r ^ r K j i f

 V H A ^ F A * . .*-». J W» 
N^TUr^* ^^ 
fc-i'J 

4r 

4 * * * * * c 

a UJF.UA> I j,f« - r v t J ( i . I r l t T 4 > H : T * > : u u K f c f i f A ^ W I 

; J j p l i l . J i J i - A i ^ t 1K2 p w i v f t f r t ^ t > - j t A t l Q M , S C A A F 

» A A L T H C T « i 4 4 # . c ; t - t ( ? ) » A ( A . . ) 
C«r t r t t fN/ ,>#: iP/A 
v - 1 H J « / t h a / v # " « # F / i J # r ! f A * » i s l A j i f r F i « 
Z : R J * »•< 

http://rf.fi
http://_F.01.iF
http://vr.IT
http://UJF.ua


< - t U i " i n L k - } 
tf~ A *A * a < * ) » r f A ^ C . . ^ 4 ^ ) I , ^ C J d l l . l U f 

* * I T E 4 » # 2 A ; * > 
3T3P 

¥ ' Luo fW, . 14 4 ) 
F j ^ ^ r c " . A 
¥ ' L u s T * * * t 44 J -
F , J » , * £ r i " . A - . / » M { f T l t < * T I J I « J i*> t H J . T A. - L ^ a " ) 
f - k r U T C " . . r . I T . * u . - T l *UT A \ * * „ *,« A r i I * T " ) , , .. , 

f . - ! l l r . " , 

* * * * * * 

rAi«4*lrirT*fr-i = TAfiAu*fc>AF !_**:>) 

Si V ' .V <** HP 

* 
* 

* * * * V * 

J 

-IV Jf t^A.1 Af» 

* A i j - i . - i J i J i w * »., 1 < 2 ^ u w i i A.I% h i i 1 . b i t A l X 

* .T^bc.A ; r u « # n r i u T < i • 1 ' 
* . *A * I i A I . 4'*: i * - C > ( t D l A l * . 1 
C-rwi 3 I7 \ . » / . IPJ [X 
- „ 1 h U » W \ . h - » / „ > - > » * F * r I * r J » A » i 3 4 ' A » f «"F' 
Z : K W - *• • J - , • 
T i i _ T ; . * « f r i i i T A C l ) . W 
T 1 ? T A A « i r i r T A l ^ i * „ \ 
->«« JffA L * A £ ' . w 
a ,. !",*;_ . » i j . f j 
14 -1 A ' i A * i > î l 
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\ 4J£Ĵ  A i j T x f , . , *« f 7 A . . 7 4 *,* 3 * < < r i 

\ 

*it 

\ 

S C A . 

\ . " 

j * A..Tn.Y • 
J« f X I T A 
i X . T t l 

j i « s ; a _ _ . .. 
I l i , > » ; - » E J F 

•• o l *i . f»afc t r 

^ -. ' t Y 4 1 » . ) , A.A t 4 t ) 
. «f t t e k . " " I LY > 

,2T A x l I l i ' J - . V c J Fk«" I - u \ J - * - i ~ ~ T < , 
b l » v - l ^ r f ~ - > i A C I ' L F I ^ I ' ri1 L a / a Zx*f>.Z5t T y T i . c A H 
U ^ f - A i r l ^ S T K c J e 3 1 3 1 \ . A* L s Y * t e r , K s , * .» -» T > ^ A i i A b . * 
F L A G - * ^ r T "» * i \ „ , L U U r L ^ ! . . | „ f r T<-f - t l ^ f - I J t ^ S f c j p C l c P V ' . t 

* ' 
* 

-W * * v 4 * 

- A J f ^ - A ^ l » i r * T I 
1 ^ 1 , j l / r I «AC/t>Lt *. l ? H I \ 
s. . 1 ^ H j i S / I H I F T Y / i r f - r T f X J - A C T . \ . 
C » r . » ( ' : . ) / w f l j / t > , ^ F > r l # i - . ^ Z # 3= T i # „ V l . 
- - f i l 3 n / t U i t A V A / C A C rfc A 
v _ f l » i - i i l / , t A . f < A 1 / «a 'ft ° • \ ' 
- . . f' i . Jn / TL.L t f / i j A * f T J<A "* f 1 - L 3 f T U A ^ J l f> t . 
v - . 1 . u : t / l A i F . o / Y » v u » » « . < J ( 
L 4 < ? « C j f c i . l »„ ., - * 
f - t - 4 5 l » . , ^ ' T J L - ' ' ' i 
X - , H £ « A . ' • * ' • . » . ° 4 
r ^ -i * A • « i % ' 
r . ' v ; * > • > . '* *, 
Z » » r u * « « - '.j 

Zr - i ln .* ' - ' * » 

Y 4 A I <t ^ H . r i s Y4 4) * X . 

A . j T l « Y4 A I • i -p j 

f 

» - * Yl 4 l -u{ t o fc 
V u l ^ r t . - T t t u i j . * - i • s i ' i - f t t j i «Co ITrtL" « 

* f A T C i * " > i } * 0 * 4 K - ' -* , 
V L I J ' M 

- t * 4 * . 

C.» 4 » F h t U . s^l* J T i 

H i T u f 

n a r c f r l i < f V*- L u r » 

H i T u K ' 
< r ' i / ^ > • ., 

- » . r ( / f - i . . J » * . l , ' j . . T . i - \ 
t . r ( ^ F , * * A 4 * ' - . # A - J J « > < . i - C « * ^ t 3 l . i * # * r ^ - » A 4 * » i 1 , * * 

+ • * « « ? , . i 
. . i - I A J t f i « A°i • I J J 1 4 f t * * , 4* j . . ' " 

- A / ( 4 S * f > t . . / * i j > r {.-1,14 #T # ^ " * - • , 
>^\ ^^t"* " .- / » . . . 

d c A I t i si« M . P* fc 

V A J L 1 i f * t t * j j i % i 4sUw . . «<« ' * l * \ 

' * . 



< > 

• 

* , * * » * / 
» j i « f i i J + I . J L t l) 
C o * . - Y 4 H l ~ r U A ^ . / 
* r 4 S H X r T « A T « t o A « ^ i « » 5 n T F T . b i »CS * I T n E 1 * 

., . J . r 
4 X . - * 

J A t p l f L p J l T i A ' > U A * » J U X i , . I , ' i i . i v u r r i f l i ^ V ' . L o ^ i 
_ - f k n g ) 

" l 4 ' F . i u . o i . J < M . 
A » * r » - I 
*-* t T u** ** a 

- , M i F 
. ' t - ( . F L . a . . J . J -T-J-

C X * F r t j , t » t r » s J ^ - t . l : U » v o " . ) < . # i r " . ! . i i . M i ' 
* * * * * * 
* A T -» * v , a . - tX tL ,*uw"-i* I T 

I r ( H J I 4 / ) » L T» l J - l i Tri» * 
I " JF i r * - 4 4. * ^ J )i»< : H J 3 # T f i 3 *< *F 

jJ 1 h » * 
" v t T l i - ' K 

. - S J A I F 
s.o i . * « j J ^ » 4 t u i f +» r r « " J 
r . A * ^ s j r 4« i t € r r * 

* * * * * * 
* F i lUT. i , j / P . - o . T I r f s 

* * * k * * 
2 r 4 t - v i , L l • T u i . ' . ) I M . ' * 

4> , r . - 4Uf 9 - J * ) / , F . I f i s f H j j 
•>T iV 

- j T i « ( A L , ^ 4 . - C L - . w £ ^ ) / f ^ l 
C v T f c . - x ^ i j t - t U T i 
.s , J « a J. ;T4 . N i * i - n i ) i " < i - 4,-T 

* » e * J f * * 
* „ U i a « 4 i - i , » i — ?. I v w T A A A A < T » M f ^ W u X ~ \ 7 * J « % 
* K I J I ' T . * 
A « * » L > * t F d i ( »K .nA i J~A< t 4 - F 4 l ) / k T . I ' . M A A K , / j s / C - , „ i ^ 4 X * ^ i t ' " / ^ * n ) 

- J ' j - G W i l V ^ J - t X f l - r » i ) 1kX2.fl *i i,\'+ } + A+*.J\* i/ i * 
_ * l . f J<-L'J . r I ) 

t L H \ i l C ( . ' f * ^ ' > * M l *fP 
* _>cT r ^ r i b * i t J » < •* s„ 
» *4r.* * * 

• .i t - . c . ' L I « X J . 4w-curA) 
J ^ V * JZ**t ii. ( * < - C U f - . ) ' 

t ^ * T . < j , : « t ),-,. f i ' . f CJ T A * w # : 0 1 / 
„ r l . i x ' i l U E L f j t i i w . ' . I D k * ) • L , r . r j " u ^ ) T r l & 4 

F -. \ <a " t . • -
IP •* _T<4* I 

t tu*t-
j . r < * « t r , L j l i J i n L i • 

i F t d . n l . t J i ' i h . l i ' 
A>A- * • 
fs 

ft £* 
• J i F 

. J i t -
«4. J " - * A * 
•if f t t V . 

53 F 3 i » l H l 4 ' ' : . X > r t : 5 , 1 - j j t , j r * > i o v o T , i H » i ; . ' > j r . * . ) ) 
-*e"< F ^ A H A ^ 1 * * * * , 1 . i l ' J i j I S T J iv» 4 * i * L i ' t * r « . * 5 M >LC * * S I M 
9 i F . « . . l ' . ! ( • * - A U . V . . A c * - . 4 t f H 3 ! J i # T l l , , : j , r < , l | H S ^ P A * ? * * 

f -A.- r « . * * - { « • r i - u * J A 4-"L . J " , r J . t , 16 I 
»-> r « K r . A f ( " - i % I Y T A - * * * f l i - * i L ! ! , # F v . j i . 4 j ) 
99-4 F j * r » M 4 " J J H , . K , ; I - , C I ' I & - I , , J F V » a > . * | 

c '.iA 

* i v4- .« j j i +/»t, C J O ! , ! ' T t P Uf : - ; < » r r » f 

_ I u_i*-*4"i I / XL " A. # T* JI i - A - » 1 l . i J O I i F •* ^ " , i / 
* # 4 * 4 * * 
•* i . A , * " S A « . _ L T * « L . « • ! * I - U . i r , ^ . » . f J - T » ; » 

-A: 

! ^ . a . A # . l u t H - « l » , - J M » L * ^ . 

. - - . A L « y / t 4 4 ; A # A . * 4 ' i j i p - t 4 » H ( l ' | # ttv*H*<.) 
. . ! . » » - • * . A ' j i J l ^ . . # # T J ' 3 » / I , 1 ! J 
, i r t i U - i / . A i ' i V . i . ' . i ' 
- . . i i ] * / i . H r / ^ i . f r f A M . f 
* . • - " < « * * • / A • 

T ^ J * J , , „ 

• J - 4 l * 4 ' * J * i # t • • . 
%,**««.«> 
k I A * A a T f t l ' l u *r » t - r f i,< j ~ f . i I . „M . i . f v . M L 

* Ar A L T < ' 
* - ' - A to 4 * A t * A ' > * 4'V * 

http://1kX2.fl


£ .a 
iUdKtlgt AP«A rtunCK. TtP a .̂'Cuhj f H# 

-.ItauhTji XL Jt f Ti^Si AF*J1» J rl3u# iF^uiT^ 
. 1 , - v ^ i -t'loTd*iriCo>'jiTL';«f TUP) - . 

* t * * 4 4 „ *AX 
* l . t k . i i A - j - D T ,»3 •*«.*.- C » l » F I l - i F . * - / w« 
•* T H - N . . - . . h - .< T * U i i 
* "> ^ r i w . 4 . A 1 . ^ H * F T ( . J x ^ - r C T F i , * . _ . . : . 1 - 1 « * - K 
*» 0.~ A « I U <i I i - f 
* 4c * * ̂ * 

* L- - .L A V . - L 4 4 l * t - 4 •• i JI w L ( o H i l . ) f 3 U s*T I 4 i £ > 
1. I ';«»..«' i . O i J f . r t i v » » I j * 3 l / l l U 
v J l l » l 3 i / ^ F « . I ' . l / . i ~ " , . F 
^ - . 1 * 1 J . / t r i . l - T Y A j H ^ F T f X r - t C T 

T W i - J . 
. l - l ' A ' j . I t . f . / j . o 

J - JS4 i J » i H » 
* * * * * * 
* j \ f » l > A . i \ l « 4 b r .1 L - r f tawii-»»t?i i«T .". r I H I A K 
* xr ; L T < < 
» - * b . i ( » C i , r - j J A.'" 
* J g * " u » K i f i « r j , « ^ 3 - H t . l . W u l f i . 'r I % T » i 

*c *c .*» ** % ! 

x r u L f j 1 

„ „ Ji* ( * V t^H»» t > * 

X i u L t * T - < 4 * 4 ^ A . . » - ? 4 J J ) - I . ' r ) 
4 v - j f . j * X i t » L T 

•» *• 4" 1" »f 4 
* X r v . f « - . i ( j n ( ' . L i ' J ) 
* * * * * * 

u f 4_«*rA-i-ArA#Ai» . > T : j * 
U 3 ^ ^ . m * t ; • 

«• r - . .* .* ,>' L A K $ I- . I. ^ j . * ! i t i : " " ! , . ' * r l . v 

A , ~n~r i - i i , * v i - r ^ - .>Hv- .» . i - x4uL r 
• r t A r f - d i . J - T U - j H C J - t 

C * r , x ? L C d > ' j y ~ # P M ? t * ' > . s r t t F T 
» H t - ^ Y T i a i l A C T r t J f u H " » F L 9 b J 
* l- 4 r A A s » » o T « A ^ x J | * > - » T t - » J r 

A i - 4 u * K . t r « A . . F 3 1 s > 3 T v 3 . ^ 
i S s t * « T n - r t * X i , u L 7 * 4 T ^ P l 
t , l £ J £ - - r t P « 
- S A U i d * X i A ! L i 

»"* * A J «s1 A » U P . 
« » h . i i ( ( . f O i U i t . s A . l F 
3 r J K 

i 3 f » i - A i * j i f c i ' „ / I n~t 
-I J •*' Zm^.t<u* 

* • * * * * r 
•* r ' ' - L k u r * 3 A A i>A > 1 + <n - f i 4 f > f A N T 
* * * # * # 

^ V < J «J " A l J t I 
j * h « L * J r 4 Ar t J A ' T 
i <fc «f • Tt i- « t A . « * % T c • > * 

w J i m T « T r - . i - l - l l - „ i v , i . ~ 4 » x J u L 1 
. n * ? - T « 4 U - * - T l » *1rtZ*i< 

t. ^ f f t l o ^ c y ) r**= Ht isHUFT 
? V J « A A » ' Y 7 , * f 4 A ' 3 u . « j j » j l ^ j F u i b ) 

. i L r / * 3 l r F » / r » i 3 
* » ^ t J i T i ' s u -

* r * b £ « A F I \ U J T + 1 * -
.4&±rl 4 A#d* 1 ) . . - %r t J J * .<c Tn I -t 

, j ~ , .*/,, f # \ U U W ) * p * v - . I J 
C * 4 sisl ) * l f t k H * a : A t r, 

r L C * « L X 4 * J 

* * ; I . I J H { ' . I r H i & j ' . U a r i 
* C A « s * ? r i ( - * e T H w A » i * A A - » a f i 4 1 A I M - 3 J • I w I J I M 

• , - • . „- »A-L.A v U ^ i c t t U m i J*f*w I d Jj>xtut# A ."t ' l f# 
2 i : £ 3 i / J 1 C ^ # - l A 4 i - A f c - r L ! 

V C*»lJl'*J I *.» I «,, 
, t i . 

t 2 / • ' •»' 
\ * •" * r * T . i b # « i * * i * c f r i j j # i A : 4 # r y p # * . i # . A f i A < ^ f 4 

A A « » r ' V «*. t l j # * * ' * . ( £ * - • 
- *A« , r . ^ 1 , H / * : i # " - ; i r t i 4 " # . f / A * X » , , % i . t F . M t * ^ 

* « > r 9 t i / ? * , * « A . i « / * f . X N : i t ^ i " j i | « . ) f i i f " , 

- « " V ' * * £ * | B 4 l * H ' 



4 . r * Al. AF«%u^r + l 

*fZ't 

a , .. 

# a * T t 4c.#«t 1 ) * , . * «P> A<»f He i t i j -

> W \ t 4 J J I * * C d n a 
C i l 4 a ) « t , h A K * i U = 

t ^ r ^ v J i . » 
rLL ,»i*tl4A ) 
f J » » 3 J 4 A J 
T L ^ a T n - T L r ~ i A . . , * 
J u i J H t . ' , l T H l D ) « i t . ' l o r i 

, C A «\»Trt( ' H H y J I " A A I V J T i 4 I A I rit.3 ) 4 I u.l J ! H 
w V t i . s . ! J 4 i : f s N U i i | 1 J^Jl^C I ri J ' J j X L U t f i . ' U l T l 

. l.ZMi 
C * » T A 4 1 . A t - ii.L\- * 

• „ ; » f J F - . z . * . , z \ 

M 

A A. 

uC 
A A 
A A 

# 9 * 

3 3 J." 
ua B 
9 V " 

i 

A 
t 
c 

A w 

t V 

rfr - T . 4t>*»T»* I 
. • f . rf .A l l i> 

r.« v i *1 4 / * 
. N . ^ / A X , " 

* r 9 » j . / 7 A f 
F3is, i1aT4" <K 
r < * * f 4 " ,'.c 

. # H 4f J 4 4 f . ! " 
F H » » ^ r i H t 
F^itH^l 4 „ i ^ # 
r - K i U l l " if* 

Su!Si<')'jrir,,£ 
•U A*. XtiW ) 
I I 1 I SJE. \ 1 .A 
Au«*..J»l/Afl4/ 
C JM**yr i / t t , :xF 
Curii13i«l/ aAi i l -
Cu1ri3-N/s.NoT 
C3.11urli» IA A»W 
Afc3Lt>.<«* 

F 3 U K » t « * 

Ir-4.iel itjU.to 
J w - » i A » l # . i 

»J-*»w* 44x4 
Y 4 D - * 
Cw4*'*AtJ. i£ 

t - M i x i u c 
A«.» ACINAJ 
\ . " 4L-KU 
A 4 « t t ^ -J 
A l « A = U 
*.*« A C K U 
X I c 5 I " 4 C ) f g 
O - Al - l " l # l l 

rf«4X4i)-T 
i l T t j f ^ K ' i t 
4 » F a I 4 * / C 
Y 4 A ) « W 
* I * * A + P . I 
W T - T x P i l l 

- * C * 4 . < * i ( r 
, • »3" ' . a4 - f i i 4 ' *T , 

* « » * \«f •»»*.* ;S 
<*£»«* • • » . a* •*. J 

, t ^ ; l f AiSJr: 

•*cTUF?* 
A,^a A 1 * ^ S . * A , . 
iA . , * fc ) * ' *4 . * * J «.*-*'-* * J 4 »' 
r a f i U » - j * 4 x 3 * 4 r 4>_^* 

/ « 3 / u £ i « u / * 
XA j t« r * .. 1 . * F / u*-. *i -.": 
u . -•. i » i l l 

* » Y * 4 ) 

p » f L . ; * » r u p , a f v « . * i i . < « f H . 
* V * t ( 2 , „. 
I X > »•-.; I M J&»*% - . - / l 1 . X# " U C H F *f*T A ^ V \ L » 
L A - O ? i >r M ^ M / H l ^ f t t i f " f r t 4 " 4 . 
•*«A.tlru #T u X T ^ c 1 i i « " i t-rm ?> F 9 , 
J b U A t *N •? ̂ J - I 3 4 * - L A ! L » ' * ^ A 4 F t h « ' * f 
J t i n " « -L j3Pf • • 
T H w U * M f A i f r t T r f l » i F J . r » 
F J . J S ) " * ' - ' , • 

tm> a-^ t - r in i ' j j c n " i A f y . s ) 

S t ' T t B t i T i f „ l # 5 ; Z n , 1 t T t i A . D J 
» r ( i i " j » c j , " ( < » f 
Y 
C# ' f F # - r l f r- ' * i u J u ' i i * » cr-i- < 
I b / Y # t t . T f I^DY 
7x 
N T / D L u T A f J * ' l t ^ j i c l ' S L i i f Z f T s 

i »V JbvlJ 3 i -t 

A * - l l ) / ^ I f C ) * - l / u £ L T , * 

4-W--H 

" , F 9 
*# 5X 
3) 
1 5 ) 

w A.E l u i H J 

1 ) / J x i 
3T + TAu4*«»3f 4 t T A f 11 ) 
) 
P 4 * 4 3 ) 
*# t ) 
*=T̂  

•i. r I . - A . . * ' *«») + ^ i * 1 - ! / TJAI-* ) 
* 

* * 

"4V 

rf-Xs..-. * ^ • * < f t a - 4 - ^ * C - * * — a F T * # j M t ^t ) 
jf 4* l * k . 

, C u . i « * t b , . F + i** 4° * . . - -
* ..-»T* 4JMt- " » 
r J i 4 . 1 ) * t u - . / F ' a-
* . A A J M J K ' L 4 Y / r » # , . o r ) ' n " ^ . . 

n , n . ; ( i i v » H r i : i i « i n f ' • " ' \ 
r - x H i . f 4 r * » VJ f r i b i ' J * ' ' * * . ' r v . > / ! . . * > . i r V » j J * j \ , 
- F v r % „. • - • \ 
t **St t • . -

> O » H U A T ! N t " t U u t J;Ctt l - I ^ f I 3 ! 'JMI# X t . AU " f T rlAC» ,, 
- « * C C V 4 2 - . ^ Y I ^ * ^ ^ T ^ » • ^ - , . , . ' / 



Af * \ ^ + , , . „ 4 
£ A 5 * A 3 4 - p j - &***'! 

t J C J N f l N s i c 
c • 

ReTOR* 
C * . » . a A i * « A * A . 
t t j f i U » - i * l j s J * l r * n - * " l - T i - « t A « 4 « i ) + * . ? . s i * M i / F w ' u O 
t * _ /*H/uE.uit 
i - , X t , 4 i . r « v i ' * F / t , h i J f l 
t u ^ - i i * j » r 
w < r f - Y 4 i ) 
C rf-X^jiF'tM-w-' * 4 < * * - 3 F T * ) / l * t i 

2 s ^ C U . ^ « t t . i < * 4 W * w 
A -̂  * w . . * i T i 4 u a 

•» *5 C u . 1 4 2 ) * t u ^ » * / F 
k. < l k u-(.A»y t 4 Y 4 r - # - « u Y ) 

A. u 
L A « i » I T E i ^ J f y M Y i : ) » " l » 0 , 

W r w t W . F ( / " t j f ' p i b * " f ^ X # A * r v . i / 4 * > A f .. i r - 9 . 3 ) ) 
4, Tur^'-i 
fc*-i) • . 

a u j f . U ' J T ) h t rtUAt 1 4 C L « « T - i , I C l U « l f X L A t f - l E T r t J D f 
. I . » A t V f V A . 4 l » H # l A j 4 f r J » ) ' 

« * A * A C A i * b i H 4 A ^ ) > A 4 1 " J i T U i i i t f - U . M l J 
_ f ' 5 L u s » T H 4 1 . ) 

I . T t o f c - i A t - O l . T 4 i » ) * l v 3 3 v 4 1 * ) # * M > Y 
» - .1 1 t J W i M A > A » . / T W i ' I f i A i l A t T 
KT -«n'.will/ aM. *.F/x , . 
C ? r t k 3 » \ / t r i a l - ^ o / Y ^ t U ^ f I * 3 Y 
€ j ^ 4 i J " « / L N 4 / C * , - * r , i - l * F 2 > Z f 3 e T A * E F F . . 
A - 3 1 J W / H U J A 3 T / t A # ^ I 
Z J » i n l i / v H L T f i l / J A u T i k < 3 * . i - * #~t F S t , * , , I I \ 
A * L L ^ T u D 4 X # Y f T I f . 1 ) 
i54aT« . • 
D A , l ^ . i J » X , N 

J r i * T « i . . r i * 1 + F J X F 4 Y 4 F i f 3 ) 
i C i n T i l o t . . , 

U H \ t - 4 A » r i A i / F ) * 4 « i 
.. D . . « i ^ . r ( S * * w l 4 . i * c T » , / u = J ' / u . w l W F J i 

- i . - s iTt - i ih * T * a L t T 
T A . J W « T * — C* - l \ -> l A 

j 7 t F » r i + t L * i T i 
"-•..-tArf r i * „ * *C J i i ^ I 1 * 

U A 
A. W A'l^^kot*. ) » J € T H X 4 3 # T A 3 4 f 1 u P j I r i 

C , t t C - I * C . R 4 ' T L t w * I t F f rtt ? H 3 U f X L u C > J A A * U % 1 > 

" ~ V ^ ^ w l r i 4 * 1 i t r r i ' 4 , > A « e t - t a l i ( 1 r ; l H ) j ) 4 ' A N b T . i 
o . A ^ « f > t t 1 t l H . J C ) » r L l - s f T H i 
F „ - t , « u t ( y t - X j * , , 4 = : T M « - i J H » * 3 / 

. F y « s * J A A X * w L 5 i i i » T . l * ^ 4 F * • 3 ) 
* . _ T t - « 

X f • • ; » . ' . r * i ^ t ' < V A L * * * , t -

M A f O , i * i . * T i L . i " 3 3 F 4 * I 
4 * * * 4 * 
* 
# * # • * • * % ^ t 

• ' I . ^ t Y 4 i ' < * , b L A . . C > ) j 
, « i A ' 3 < * . C Y ( , * 

.v, . i i - J % / w . T . r i t f / Y # U • • » ! O Y % 
- j ^ V - . ? - 1 £ » - M / L I \ E > / b ^ ^ r r i - l f r , * * A f d - . T « f H - r * 

, f r 4 A 4 J Y • t. * • i ) hu'i J e 

, J A ^ ^ j A + k x F 4r»* Y 4 . i ) 
„ 5 t - i T l r t U r * 
% ^V**" t *'*J t • o • • i ) s j » . T A , „ a J . 

6 a5£ * • * * ! ' UY#-* , » J .. 
. . . , » u i - F - ' A / G r . r 4 A X F 4 p . / Y 4 T / i 

1* V-:*'<rA%uc' 

s Ti/Kr. v 
F i J - ' " • 4 • 

* 
* * * * * * 

H - - . t , r J^* . " *4 t « C b r » * K 7 4 * ) 

C w i i l t ' T j ,u<ir*' I'A. f j » . ' J w l ^ A l I t J L * » < » i c , , * I * * 4 ^ T 

C - j i i l J M ' i n . r T Y / i i i i T f X r V ' T , • 
C«Fi*Pr*Ar 4 'C r - * t b rF4* l » *» , 
K I 0-S 4 ' 
t *iA ' - ; 

• * » * * # 
a » A L F*4. i. I iQt* s . ijhr'li . l ,^ 

. j A t L j ^ ' A i f c S A r 4 - I * j - i * r * f 

4 

-A 



r > 4 1 - . 4 f • u i • O w*. I « . a 
t; J - * - » ! « • b it * 

J b F P * A , w » r r + c X P 4 r t ~ Y 4 I i ) 
. t CUHFXNUfc 
. 3 C ^ F - A L J b 4 4 t u F P + S A ) / F ) 

j. T U k N 

* * * 4 * .' 

* 
* 

•^' l - . t r j ; . i , " *4 i.< C Gr*"i«.7 4 J-) 

C j i / r * T - CoFH 7A, r j ^ / J - i - ' ^ i i a L k 

C - i ' n > / j n . r T Y / i - l * r T f X F A 3 7* 
C w r ! - F 1 * X F ;C f - * „ b > F 4 U 
* f b*< < 

r rlf-c.-x., — 
C . - l J u i i r . . K*4*- . ) - >H'.»-T 

\ *L Y 4 U ) K U > 4 t ) 
. ' i -sbck I wY 
C 4»t U * i / t A . * r l b / Yj»s,Ur,f i \ J Y 
l i . l ! l J < » / w « ^ / C i ' j r » M i r * » i i i : T # » ' i r ' 
C « r t ' 1 U » * / a H « r T Y / A . H X r T 4 X r - a : T 

t i ; . j « . *• 

' J r M J M - Z t f . -
i , » r F « A . e n ' 
J i . * t 5 ' ( j 
a . » A C t J - ' 

I . • j li»4 Y-*.? 
J j J> i " A # * , I , 

W A - Y 4 * ) 
" V - * U « - A P ( - * t l l ) 

b V 4 i * - » . * H . 

..rv^+iiu. 
A i - 4 i i 4 3 Y , b . a i D ^ u t 3 * a 

J j j .*.{ ^ • l - - t 5Y>k 
rfi."YlX) • > 
4 " . ; - A X F 4 . * * l > 
w o F K ' C . b r F + W l ^ K A 
ur. 4 J H * U A h j l . + ri ' 

.? v o l - P ' i - b F ^ + ^ i ) / £ u . ^ 3 P 4 S . ) ~ J H I F r 
« f < x T - 4 « s f * t • / J u A U r i ' 
F j^rs i T i H *. # t v i r F J* * * ' j f l , • . ) 
* *-" T or, < 
C l J 

n . P A r U ' s t i i u i - i C b F r V l A ) « 

3 / iwCUt f . I te K* • 4 ' ) 

*S-.*L . * < - • • . J A V I U * * ! * ) 
3 J l . i ' J %/ A -« - i *n -a / Y# t l»A» • * ) Y 
c j 7 i ; " i A , - i / L * v 3 / C * - * , F > * - l f ^ AJ>Z# 3c 1 A* c F F * 
w J f . n J . 4 / : r t - . F f » / . H - r T f x F 4 i . T 

. »AA I A 1 * A C I < _< ^. 
w<iH J ' ' »4 .c i ' , j * 

*" S l » 4 . C 1 
» * t A * . 5 
* t 4 * i J Y . L - . ^ l o i i JA 
. . * i 4JJY-3 
D _ *» A* i f * 4. 

W A * Y 4 * ) 
4. " t X H i ' * H x l 
a » * j i t u x * * ! » « . . 
v - » a ! • * -

i - - . J l i s U . 

.a u- I i « L t , r i , 
* * - Y 4 ^ ) ' 
4 - « * - X i " 4 ^ - * W l ) . 
A « r « V * t i F P F l ' A . A * « i * * * 

r > i i : l J ( « L x i - . f i t * . ' ' • _-
* " 3 ««•< I J. »irf«. 

- . 3.C • . » F f i ' » t w o r f I ' + J . ) / 4 1 - SI I i * u l 
t i n v i T s ( . < i . l i | » . W ( j l i » ' » 

* ( f . ' • 4= 4 R 1 4 / T 4 " . i v W I » i H » , » F . * % ~ ) 

A l 

* • " * i sA i ' . * - * « r t . * . c i . - s r *>.' 
* l . 4 i4 f ' L w v W . r u - i f J j M ! r -* J , 
# * • * + *-

• » . * * , Y4 1C», ) 

*ac*i4x v * 
* ' 
* w * * * 



. ' A fcK J 

S i * A i r * 1 
3 : * £ t k J 
I l - 4 A f * A > Y . t » « » i ) u AT jti 
1 i * l r * Q Y ~ l 
Ou 5 1 - 1 * * 1 

W i « Y 4 * ) 
<i. » c X P * - * H A ) 
S ' « J . • i i i i ' N l * * , 

- - «I*»»U' 

a J - i * I .A Yf 
U ) 

A o r r V « C j F f l ' l - V . A . i ' y i ; * * ' 
kj : i i t=*L'Ai w l ' + * * 

* * A -*•* 1 J. t w .. 

« f i T k ( * #4.t ? ) * . f C b f F * * 
,-*' F i f i r T t * , 4 3 b r P i * « " f * F 1 U - • ) 

* A * Y l ^ ) 
4 . • c A t ' l , 4 Wi ) 

.-> 

' ¥ * /• * * 
j O j K U J f j . . ' - : « 'V-*We. t ( Y* H f * !»JY) 

* ' K A » ~ " J i r i . ^ C i \ i Y 
* ' u u Y , L u i - W . r u ^ A l i - H 1r s r > o T I-U.J i t t/c 
TP ^P i^F T P " • * *™ «&. 

i 1PY 

Y 4 - f > ) 
A - K * * • < . • • -1 

C X t t " 4.. -A ir 4 Y , _ > , > I F f t T t ) * 
J - i , * * I f « 

- i - { Y 4 * ) « w T « Z i . R j i T n t * J 
* . - J J Y « . " 
K« TL1- : 

. A A»it-
£ Jl»J . . L ' , ' 
. «uY« »+» • , r 

• ai UK.* ». . * * ' 

• t H l . n JfT^uViup;"" JU*̂ -A V - , * u r Y> T 

4 * f ) , X^ 4 1 - ) 
. X x , 0 ' 3 A t 4 4>tPrir.*r ) 

."l a <-, L M A M 4 L ) 4 t A v , i i i * 4 J f i i ) f ' r 

_ f A 41 I V»( Al ) J 

J J u i L - r ^ A . . ; U ' ' ! A S _ = ) 
>^^r ,?1 , 3- | /Ar , «p j . /C /» . j> r j r l j i r . ' ' f Z f i i i i r A f t r F * 
A.ifWiGN/LL.'L WA/CLC rf=L "> 
C. u, i«»t i / CA»'* * 1 / . 
C jf./iw.'/PlVA tV»--.>^ i > 3 A 
* .M.^uii/ u _ t f - / r r t A f i j t ^ * r 4 t d f i ^ L t f i . . » A 
v Jrtft J H / J M J L C / T M J L ' fttti-li.^1 
C i?MJ.*/F»ALjtT7X TR...J, 
F . - X ' . - * . F4 ) 
A . I ' ^ ' ^ k i 4 P I * * ' . ) 
f „ L A * W « »>'V'» V *•. A 
T ' L H - U C l s t A 
T J t a " r f » i. J 
T 4 A ^ » •••% '•- A 
I * L - . * *<• - 1 

, Z - ? . 3 * i # * * 
4 r H^. t * * 

. * - * * , » -*Jti~t\ Va4> - A A _ T, 
. M J U l a T . 4 , , - ) T r J z , 

Wr I T»_ 4 Of * *•* ) 
W P x T _ 4 a f A i i . i - f l> „rf i i i » i . . c V f . L i U b V ' L 
j J F — ^ 

. < U l -
- . I . A J I J ^ C i 4 "JS- - 0 ) 
t > t . U M i L j . . l » f 4 A a c t , t ) / * i 
w .Apt Al < * t At ( . ' U . I . A ) 
I « - 4 * A i A j ) « j * « A . ) T i N 

> t A 4 « . . # t # r i <; H# I f „ A - 4"- * f Tf. WVK L 
* f f . : i - j f c # i f v ) v , i M * j , i - f c s » ' # A A ( , v H f l f . i / / ' L 
* P l T A I C » A 3 , ) * J A . * 
- F ( . * y t : v i i « t - , i » ; ! ; 2 ) ; - t - - | • ' 

rf .4. I • 4 O / «.*! at ) 

> F X » 

* * * * * * 

* 41J*Tt-u t f AL . 
K~AJ A A / i ' t ^ ) » ; u ! . ' i *w' 
KCAW 9&*lwFY 
t ; 4 4 k r i i t X i » l b ; , « U . ) 
SJ>A £. I*lj».> | 

X-l« *b 41 l * X » 4 » ) 

*trlTz let* s> I f x i 4t If « * i » t ) 
v»>#r 4 s 

w*r 
r U ^ i J U P - * » J )il i -

CM*it.,4fl-



• * * ' * * 1 

* 
* * * » ¥ * 

Kl i T - ( t > t i ) * U 
. f ( - j A i . i » r « * * £ 2 

W&UTfc 4 o # ^ a ) 
£ * L U r 
K 4 1 ) - T F A . W A L ' 
r«. - iHj n . J i , ? l f ) > ' 
A C I H « 4 9 f . > l A # F Y 
k ^ J : . M , } X i t I ) 
- I A . * * 1 | | J 

" X j " i * ) l . ) - X . . 4 
A A. '<T« isU 
^ r J f . t t i A •>••') 4X 
\» -. r 4 »-

i J i l -
F 4 i - i i J i » t . A i » r f A H r t 

" ( J . ) * ^ L - F I I 
. ; t i i * f h i IL-KA" f- 7 

* 1 
) i f l : ' i 

Ju . * -7 A " ' 

, . « 1 f . ) 

l 4 t ) f f * I f " ) * 

J A A J J . 1 * 4*u.f _ r r 
» T 4 - . r _ 4 t ! f J :» )< - , , 
M i ) * tKuVp ' .U 
• i t i i i . t # K 4 - ) 

„ p \ k , . i i ) y ; » » L < F Y * l t > 
•O _ F < t ! K . ' ) 4 ) 

' . ' i J * F 
A _ 4 A i * 4 ... * s i- r *•. * 

_ 3 * - , n 4 - » - ) # C - V " i , 
' « . . U » M . A * t A < # . i * 4 - . 4 3 

>* L A J . : I h I * I'I >: *-
*•>..* ' ' . l j * i l . i . ' ) i . » p . r 

_> , * rf •»!,-. 4 *. * i1 ) # «• "".a A 4 
x _ f I I v V i A 

' » , i A A . " I I I AAA r 
' f * r - - J . ; 4Sf )< 

r i ' f L j -.7 C i i — 1 ) 
l - . T k i 14 - ) 
A * J 4** f 4 t- ) 
a I \ » ) . : 4 i i * I - * , / r 
* , i L * * » ' " " A P L C V I A 
«. ~ t A- l > w l * ( U i-f 
I, » j . « v k « * t + M . A . 
A A L . J 'P*- m i ' ' « l -

v V" i F ^ « i * i 4 * 4 1 
- I r '» .i#. T4 r i • ~ / r - « . 
x l 1 * r - . i i # T4 / ' " A * 1 * I 
- * * F j ^ p - . J l . U # H . 1 w J t 

J::: x > M j c n j - L - - . z 
_ A f X j » ** f - u e " . rs, I r 
- l d X j » M v - k - r i - i U 4«,A 
_ * T * A l „ * / u t w J f 

A - > r r „ i « J J i f t n A / ^ - . t 

... f' 
* 

fcn 
l -X 

+ f 

h 
<l4 
r 1 
% 

> f 1 ) A 

t rF »* 

>,-A.3 

1 f 3 
• 4 J 
A. Jit. 
.*) . 
>^.f 
I K 

FY 

A. h 

Js 1 

f 

' f t-

f ' 4 

v!..t 

- t t 

A 

A 

f 

< 

4* 

I 

i f T r v V L 
- v 1 1 # '1 % t y L 

•sPi^M* 4 _ ).» i \ . . t « •» 
4*».* ) 

f..Ai* " I I I . * 1 * A'*" A 
k i i . - n * H ( i j j ' v 3 
f 4 ) f C f t f M ~ 4 A f . > 

i L ) 
- ) 

:T 4 , * J - « K : I ' | J 

• * 
1 4 ' Jk a -4 

• - / A * / A 
U*>PAI r» 
H • -i 3 *** 

i - . P L - u 

A-t V C A « 
.h. 3 * c - « » 

V . 4 / * 4 / 

A * ' r-4i« 1 * . O r ^ X f " r t o 
_ 1 * X # " ; * » . . p £ h ' . . i a 
_ A * * * ^ * . 1 l * A * . J J . A 
_ ! ? < , * i o f . j i . f s wF 
_ 1 3 X * M » k r , r * U u i i , . 
_< X * " J U f I 4 l « . l | . 
_ w X f H ' 1 , w * i " x - ^ j 
_ * - X * r V » j 4 J A > k - i ' V « 
. , " , I S £ V I * . - W J 1 U I , r i K 

r - « r . . , i ( •« C K > a - A 7 
_** . M % n ' , . . T J l , ' _ .1 
_** T»- s j* . W L U f c i F 

* ; w r c . u e l { H A - 3 u r F A 
-.«* , c JH< ,"•> 1 4 H f ^ u r h14. 
4 "*' PT . 4 I « i 4 - U f ' / F A ' 
I J * F ; ^ ( . * , T 4 " A I 

K „ f Ul 4 

» / 

3 x 
S . l f 

- » "8 

l r T 
f " 

- / " 
p . . . « 

*" .* f 
: , - T 
i - ' i 
i ' . i » 
) 
4 . x 

f I s / 
F A : 3 
•*7 r t * 
; «u 

- H 

t\ii 

• J* -*. 

"») -

r T f * 

f ' F < 

M ) 
f F c . 

IA. 

* L<r $ 

" t r * 
i j r . 
4 r f # 

» " * F 
A A i . » 

• \ 

t n t t 
"t.pj 
I . ' . * . 

I ' l ' 

' S r a 
" j i l J , 
H f A i 

"*5 ) 

) « J)* 

• » / » * • 4 • ' ) . 

^ « F - . A / . , ' ' 

. ? / 
3 A f s , . ' ' I P - . I ^ I - J 

) ) 

3 / 
• ?r/ 

f j i . r / • « / 
t o ? , * r r t f 
. ) 
,w«3 * l i » " > J J / 

f h j • 1 ) «. 
a t ' T . w i i " > .*) 

. » ) 

f / I - A , » 4 ) / 

. v ^ r 4 J i 
_ l i . l A - t ) 1 -

i* • i t l l l ' 

r . *4 '.F > 4 J » . I > A * V l f * J | - ¥ f > A l ^ < ' 

* 

* 

* 
4 

r 
» * * 

A t v 

X U A . I : - ' < 4 J A 
Lis.*- ^r< * f aT A I J 

4A.) H «LflS r< 
4 i ) I U U J T I I 
4Ait l * J I ^ C I 

X j J r ' » ' L l s A » 
U A J . a*<tz 

* * 
* 1 ^ 1 

Y j j r P 

I -

"*. A * 

t i t-
t t */ 
1 f t 
- J T 
* *• s. 

A i t ' 3 

k / F * i 
I 41-
' *LU«-
* L o t 

4 S r ' 

1 A > „ 

> I J J A 
A — 

v r -
1 p 1 . 

uFx-
»*LI-Y 

».r ' • 
t F J 1 

*L 

• L n U . p 

p . . s 

«• I 'PP I 

.1«P 
FCL 3 T 
t 

^ L , U 

T- it 
* L » »• Fl 
1 i t ^ r 

4 * 3 
A ' 

t -Y . 
FY 

•1 t * 1 . 

http://i-.PL
http://iof.ji.fs


* 

i„\. t u r v 

jVOK33riN]k, Kyfci«t*^*A^P,-tQ£Sr#I3»- v£#*JFY# AOF<» 
_UactQ#ttiru A**!) 

* * * * * * "> „ 

* - u •x< S j_ W . - I * - . J J 4 M ; » ^ F - i u F v x <• 
* " " Lft* .-« *T i l a J i i l - r Jr-.rl.FY-' 

M - ) H *LuS T4s»- « d u E w i - - ' " * i t f - C t - ' T 
•• ( x ) , - IJLUa T t i f L ^ L i i t t F JA.A*P*~ 

* i 3 : F s J L I l d I v A r. I * T„t ••0K 'i ' -»L i-. 
* , * J - i t , x $»MVf- t l s J 
***. * , , I A ) - 4 T E K 3 - . » » T 4 JF . «L*U. . - kUu ) 
" i * •. • - i* » 1 ) 1 L ? P - . , 
"*/ * r " ° *-± S „ V b r t 
7 " »' Y 3 o r - p A l t i 3 . * 

, i * ; . - - . . * 3 * . 3 , i U . J t . ' 1 - l # I 3 F Y ' ' 
"1 . " - « :** • , - i i i - r ^ L * ' F ^ . j * 3 F Y f ,. - ^i .-is.'si. ' i iur.i,",^^!.' 
/ A . - L Y 4 - « . " ) # X - C - A - ) * X ^ ; -> 4 £ >> i l " J „ 

_ > X j , " . o l 4 . l j l 
J A i j J k i L - P f - t a t » * - * J ' * L 3 » - U . i -
\ X. I i . i i i r t i f # . # i i / - ... / " . 

Z i f j . , / ; v : F L / r > x , - - . . * 
C H . ' s ) f i / « f o / ; f . ' f i f r i f r . i i * i t ' f M » [ F h v 
C ^ , < m W r > j t l / A * J P I « > 4 • / ' 

• ^ i i - 4 _ J I J T . 3T««* I O J"?1; * * 
. t * 4 « w ) * v « « . 4 » ' ' . j T r i e . 
- .« - 1 . J . * ' , » 4-Y4i i t A ! i t t tJL* *.**\ \ * 

•o Jii J S -
c , J A F

 r 

x ;ui4i» 4.1)1.15 . J . -

3 - L'1 £*!*?> 
X t U J » G ' ' v H r t ^ J i - X i - i i - ^ i A ) 
Y 4 A )">* 4 ' , ) 4 f 4 * J * X i . 41 )*•<, ' m j i 4T»4J-Yf i r - A ^ A ) V. 

* * t u >'4 1 x < U E . 
«JT J 4 ' : 

"J I F ' * ' 
*i t ' l * l ^ i - » .. 

* ! F \ « . L * „ -1 

( . I ' l l bA- 'C Zt- 4 X.-i^-'i P f i f < f J'SJ^ A F A, A A ) 
Y 4 . ) - X _ r . F 4 * ) 
x x 4 1 ) * X . . ' ip*4 . ) •> 

'. W « P 1 [ ^ . , 4 L 
J . i F ( * j „ i / ( « ' t * . j i H t -

» f . l : l c * i . i s < * J * P # 4 Y4 - i t X i 4 i ) 11*. t ) 
. ' . A T J * ! . 

'• ' x ..>..».u . * * r u . - T * " ; * - ** 
. t t A bw a * ( f ; i » t J . i . » J » . i l ' - ' t . i p i s ; , 1 j f i . r / . u r l f i O T ' 1 ' ) 

C r 4 . . A v 1 F . t A ; . . )T-4L«, 

- J V { 1 ) * r 4«!A + K 4 4 i n j .Xb'(" i ) I-Y4 . I 

: r 5 * r • 
I i - l l i . n - . c . ) T H A . 

* *w - * . t ? 7 4 H 4 i t X l " > w # u r j I ' » / ( J X » V F * . « t i ) 
* , . . ' h J t . I A I 4 t X # t F L . H W ( u X i i F . . ' . i < ) 

1 - i- . | j , ' i / T4 , ' o i * i r j ' » t / 4 w X > * * F i < » f J 1 
-» ' I U ( , * \ , » 
- * t , 

4 a j . J j ! j i , s L i - ' ^ 4 ^ l / p > , . I Z ~ f X L J A J I K U * . . . . * t H 5 T ^ I C ^ U , * " * 
. ' A H i i H i t t i H U J i i .» l / j i L W b r H i ' i i p / . b r ' I '.) ' 

* , , * t ' Y 4 - . ) # X A 4 i . J f K i . j U L T 4 A A ) f l h t T » 4 - J f i ' 5 ' * I H l " ) " 
_# i \ 4 4 4 ) # l \ . U f S A ; 4 ^ ) f « o H T 4 i « i f L '< o l H4 _ . , J t .,< A,4wT 4 4 1 i ) 

- , « T t t o . ^ I C L U r . i ( U J > X ^ C - » V 4 l > ) 
' . A T A « 4 * L r t * » i \ - si 
; j r t ,Jt4.4/ .«*a P t / Y j X x 
A- i r ! | J H / i i s . u t A / 4 A a t , I » | S ! 1 A : 1 
t > - . 1 i i u f < / t h u / v j i J i - j r ! * - 1 i * i f J - S ' I A * * rt- < 
v_.1«* j h / » U t b * v / l . - t ;# r - j w i ' i Tw'L J * i v * 4 , !«..(.-
« ^.1 4Ui ,»/ks?,iT-. i> / . r tw . i f 
4* " i i + i 
i-i« + " * t » 
* i * « i L " , , \ 
i. ~.*jum » • " 
H J i ' i 
* r 4 . i c T i A A » « b r * t ) T . i , < 

Tr lu l « .A-(HA.T» I I ) 
, 7riv.T * ^ * i Hs i ,* 4 i J , t 

J J I * «Hr1 A4 ) f • 
< J J T 3 ^ 

% -tAJ.F 
« * * ^ * « 
* 3 L A » * ^ i t 1 L * m H t , . - . 1 ^ ^ A . I * E * * * * * * 

C - i v* J:\Ak-tb. *< . r . - * n , r . . r >» 

http://Jr-.rl.FY-'
file://J:/Ak-tb


. . . . 4 . * . l « % I J ^ S # . . . . - — * •* _ J . . * P V # P . . . * p r 

r -f» IA I 4 ^Xf A-r x. . t i / l o X * J r * » . >|J 
Lt\ r - ^ .1AT4 * o » 4 t i r j * « t / 4 o X f * i F i * • * ) ) „ j 

-£ 4 J 

, * . ' • _ Y4-«A )4XJ.41 ) f i .wjUl iTl ? t ) » i n t T . 4-.) f ̂ C: I 111 ) 
. n ' l * ! ) n ^ . U f t - U ) M u i T U W*' L*o l H l _ . . J , ; ^ ioT H41^ ) * 

. « T o m ' i ' .LUi ' i 4x«) f 3f >3nV 4 l * ) 
^ '..ATB_»« ti% A ,,rCJ^- « < 

3-UrWu 1/ "_/% FA /YJ -XA ' % * . ^ 
A J r i J - i i / l i ^ L ^ / K p J u , i i ' ' V - i 
A . . i iwr i / t tew/ 3* t t - t t - l t * i t Lt J"z<i*t* rr * . . 
„ ^'.h/itikfi./l.'L.*f-A.-»r.,i.)ii..ii»i-..«J / ; -,. 
„ . 1 4J**/'*s»,,lT-.i- / i i « - l ! ' * V 

* 4 V <"*<* 
* • 
* * * * , * * 

* r v . A -
i 'w ** A» " - • . . 
'« <J *»1 
* M u c H s l i * uJ« t ) T.i -i 

T t k l U - f H t L 4 1) 
f t i -T s>.»»ri^l, 4 ») 

-SP3> i * l l l r 1 / , 4 ) , 
»uN~3? 
«,.r 

* » ft . s 
. L i . ' i i w L* 'Lu"u« . i i v ) ' L * * £ 

A*. . . . . S3 < A, *- (?'* X i f Yf .-v: *U . V # . r >•.. A I 
friw, l > * * r i . O k T l 7 ) 

/ 

CA 
£Z 

A --. i " j J *T 41 § - t t ! 4-k2> ) 
" • A 3 U A ! 4a)*T.,-5Lc i 

Tr!-- T» J»IA' 
i 

..4 f J 

* .<»-,-( f r t * r i k } - ^ T f e ^ J * 3 * Z e 
: w.-," 4-1 HA . M J + - f t l ' ) *w . Z ; 
r . sui i * . . I J I — j". - J i 

• • * 

I ' o u f H.»W„.i)»* A P i o i i C ^ / ) 4 * wr o.lr1 

J L Ls»i i i * W k . r ^ - i A H s ^ - r 

w - ' ^ i 1 l * l r i - . T i * - L U i . . L ' X ' I J 

«i . * T L I O 4 X 1 S ) A . s i . » l j »: - . r i » . i ' ( - i . 
* * * i * 4 > i « > , . , . 
* # d -Awi f * ̂  riu3'-i * •> I I - -. -* i £ * 

' t* » - , • r . J j i j l r r ' j | , . g 4 . i , ' l L i t -
* * * * * * 

f .-• V.W A 4 w .» J • f > J * V ) 

A A 
V » 

I'.- . . A - * w ' i p./ b , U L < 

* * 4 4 * «, 
*' 
* * * . J * * ' 

* * *«<** 
* V 

* * * * * * 

: is p., j <r.. ^ A A A J I . T i ^ r ' „ 

,"t4-_rt*t F J a •• « -5 j ^ . ' 

J A l » . * i j i r, . „ tf 

M « H . 4 4 4Y4. l -TH- f ' i - H - T - * . »X 4 . ) ) / . ^L T / wl t ". ) 

-• s b ; u i * i * t i 
w»i «T*r»ut , * B 
i « : * * J i t m / j L i i / i U j ' l i ' t n ) ' . ' « 
« : - . 4A-4 '1 * ) i » u 4 + ) f i * i f * * r 

vLv i ; w t ' » •, i . J U . s J H ' X ! " 

Z -»AA bv . C AT 4"i-i4 X " f w J ! } » « : W O L ! " # * I " A A ! . ) 
M x I . x * f rfw"I>*4'f : iU t 7 4 i* ) 

\THA 7 t3» i r i c i l 4 ^ + i'i jUA74*hi) 
- . . . . .* *r . . _... s J A - I * V ^ T 4^1 - # ) , 

A rfj,*7.4C,i .. ) 1 H A « *Af . : > I * 
•J 0 iN f l a u * 

i i t r *. 
r i u i A 4 * ) « r n t . T * 1 
M A T \ 4 » ) « i h i i / - ~ 
f 1 t r % 4 ) - fcpji 

* * * * * " * . 
* 3/»tAiuLMie ^.JJyJ^ < : s»rf'„ JST J * L X ^ _ 
« « * * * * * , 

A ".K.\. A 4r*jF 4rC. jF_uf ' i f F ir. J *if . t j.^k. * ' f w « i * 
. . a o A , * * * A F P - I D 

i r i l r t . T « r i . A l . Z J i U i b i 
i 11^7^4,3 4 * - 1 it tl il ) 

, . A M L A t ' ' - f b r 4 F C i fAs» i f * 4t-T*f wvt«f.t ^ I A,t i 4 
^ f l d O i F A . J 

\ 

y t 

z 4U * r 
£ .-<-»L"i HL«**A 4 J ) 4 , 3 ' : A ~ 
v - 1 « : n f * I r i . . T A 4 * ) - A . , i r o L - + XL.4C 

4 . T c U i b i K u H i , r r 7 - r * , C " J ) F C 3 * £ t 



i • * » { . , . : ' - 4 A - * * - a / j * u ) » t » ' . > » » 
^ :A 4K ttf ^^ ttr ** 

* - . < L W C 4 4 kSF.w K t j i 3 U A ^ S - J N • X I 
* * * * * * . - . < . 

C » L t O A - C A F l h i X l f *Z i t "># K = 3 4 > L T » * F A 1 L ) 
*, J i H „ 7 , x » f H c T « j » * + K A S » 3 | . 7 4 f ) 

T r i L 7 s j » t r i £ T i . w i - f i , S L i i . T ( M 
J A - I ^ J T 4 , - r i W ) 

A " . i ' * T . - 4 < ; # J . J W t - ' , j . » . : > I » i r t E r , S ' . 
, i i - L A ( . A ) - T r i c T * I 

H k t 1 ^ ) « i H : l f . ' 
f . T i h r i 4 > - t j i , , * , 

+ * * * 4 - t < I o •• » * " 

"- • 3 ^ - A P ^ U A M I C h / i i i j j i " < : s X P j S t ) >
l k l W i 

\ * * * * * , a _ , \ 
V . _ A s, ' ^ r . t lF ( h t . - P _ v » f 3 f f . i c I »u* J A - . * A * T a j . i > 
I r 4 - i T H x I « 4 "i - A . l f . Z i i J ) M e i \ t . -

7 H - : 7 « 4 4 3 ) * - H J , 7 J 4 - ) , , * - , \ _ > ^ 
A n L i . A * ^ F a t-Xr C .* t< A si f i-f * 1F T *• f -* *. b f-1 4 5 >-> 1 1 > 

-, _ n ( # . f L W i f i F 4 * A ) * " * , . „ , 
x - i J . r - - ^ • 

» C p ! o U . » i r t x . i A t j J ^ 5 ' f : 
• , \ > t U j . r » 1 H \ . T ; , 4 1 ) - A . < ^ J L * X L S I C 

AC 
A A 

A . . 
Aw 

*" * Tc 4- j f l . - t )C>» t ' i , ! • Trtx- 7 M 7 ) t A I K S A 
- » - ( ( • - [ « i ) . i > T t . ) i * c 1 u . d j 

W--37ta4o*lJ4 i~i t l-4 A 4b»# T u i t o H _ 
FJKir1 ni 4 /4 *X.f •*F>LTrti.3 i*?V,?_ U%A'i^,t. .A 

_F J . 3 j n •* 
, _ . _ . L . i i r 

t u ' " i H i M » i - y . . 1 
•iUST - ^ T * « A T _ S ! M f 4 F n . 

= i T ; * ^ r )• 

^ - 4 F 9 » - J t 
hi F .<• ,*•.r4??x* " * 
A * *~ F JC .̂̂ J-.Tt.** . L a K ' -.* *. . - - - - -
A *"" ^ . * < \ . \ . f 4 " A t l o n r t J « ' . l u r ' i n 0 u " . o u i ! i " / l 
1 . : . r J - t . i / . r t " <£s»Al T rfw iMtflW**) 
i < t ; r » . i * * T { V 7 X / " C U C * A . T "i T . H L 1 ! i - c a ^ j " 

_ M ' . L ^ S f C i l . u . l I " T'_S t " * * F 9 . : - ) 
i t ) . r j i . , i A i ( « T . . P » " f i - ^ . 3 ) 

s .T -U^ . i - v. 

" ' , T - 5 V L l H » 

) ) 

/ * «. < • 

* o U 4 * J o r . i i A r t i * ' » - u 4 i T l ' = l t.» i , v T * i .*.,. r.=.» . h W M U ) . 
I ' l . v i u ' t r i A ^ i H i T S i | 
f . A \ L T i - T . 4 J i t W 4 . U K ' 4 S ) f A l { * * ) f Y 4 i ' " -,) 

_4 *'3fHT4 -, _"« ) „ 
3 H i . ] „ < / . . « P t aA Y / X i . 
C«-K». J u / A f W o j ^ f r ^ s - l , ! - *f Z# 6 A TA> t r F -
C JH4 i<J . * i / *b . i i s r . / W S j l , 

-"" J " ^ J r -J 

- ) ^ 4 l . . i » 4 . t V. v 

' -A J ' , A „ a At; ». 

fB»» 

A H . * X » *. " . * < • ! 
^ • • n o - l l * I ) * 
" . i . ' s l j i - P . i 4 4 Y 4 * ) " I , i s r.. 4 

o JJISP- f " „ t -3r l- - + 1^, 
' . n . . . i k . « , - ' t u r H X . . l ' ) * ^ 
w t i r t . * . C . i F » i 4 . + ( * i ^ * ^ " - J i T * rf 

t. .« i . - 4AI , 
' j ^ - i F F t j . ) « „ ^ A j R t / r 

(<k. 4 y J * . t , - . < A ? / h / ^ . 
<. 4 On l 
n,-3 

) - l r t ' , 7 r U n : ( J J - / H [ i M ' ) / < 

- ^ 

< J ^ ' . J i i i i r J L - 1 1 i 4 « . C J K * s f i H r T H I 
" • - H X i 4 i I ) # I 4 x : s ) f *» 4A»*4 i f S rti • '-. 4 - ) > 4 » i J 4X ' Jit"*) *r{M 
'a >n f 4 f t / t u - F x u / 3 . J > A . » , 4 f ! 4 j Y e ^ «. . ; 
C . '4 < J r ' . / N U . i l . . r . /V i ter i i • - , * . 
3 1k1 j . * / t f « A , / v > " - 4 i F f r i * F *t I t 'a- 7A# A F F . . . . 
; j i i v i N / . i . ' i F u / r f X i 
Z - - 1 3 - ». ; 

* « - a t i ; ' A 
.'<• A«Z~. . » , • , - - N ^ 
A ^ i * A _ >A ' '" ^ 
D I I s « « l j r - - -

/ s , : * 4 Y 4 I ) ~ T i A T ^ 4 * ) - T Hi. t 1 ( 4 ) + X1 C J > / i t-u: I I t * > 
> 31J - r l . x . M ^ I / 4 s , i , 4 : ) f C ) . . 

s>T • iX»bT(s»*Xl4 l« ) fl 

, <.» £*»nrfc, + o T n r t * \ a l i X , & 
4A. J * * ^ 3 * l > ] K A * b „ .. 
^ 4 d » U 3 + s i i » » i * v i H , " . 
u 4 *, ) * F ^ * 4 s j l / «S»I4I ( i ) t£ ) 

A 1-.-.4 I . - 1 U L A' r -4 . k a3r , - 1 , 3 , ' » «.a| / F 
b t i K K * r H b l f . ( 4 ? ) . / U L l 

s» | -<3s3 l - lJ^*4l j3 '* l l J 4- ) « 4 ^ - l i l l l v X « . i ' ) 

http://w4.uk'


. * 

• 

k. «MW'v«- ' f iv i< J l t ' . ' l . * J l 
C . - 4 * JT./ *SATl „* /*\3til 
• i . 1 j . « / t N ^ / w 4 - . f F , F 1 * FltLt d - T A j t F F . 

3 J ,1 iVJN/ -A I P A / Y > X A 

Z^J-% 
• £ ! . . * A A * A. • A 
* ,- i » Z -. * k - \ 

«.» " " I v . " l i r " , p •. 
J I » 4 Y 4 I ) - T - i l I * 4 - ) - H . f \>4 4 ) . * X ^ 4 7 4 ) / i 

s > i • r „ i , - ' 4 J ' I / 4 P V > 1 » 4 * ) f C ) 
s»T .-X«oT*..« XI 1 1 ) „ * „ " 

' , - . " . » . < k l - S f T - . X * S3 I A / * 3 * 
; * . l - . ^ i + b^Tr.A*^ 
- | J X - » l X ^ 4 b i * s » * * o l 4 
s» % * ) * r ^ * 4 w l / w uti s 4...) f 3 ) 

(. * i T - 1 U 1 ' t . j* 
u ' 7 « 4 „ . A ^ - ^ i } ~ . ' J - . k i » ) / F ' ' > 
JW J \h« . i rffc 11 4t')/Ut;'» t / " 
t u 1«-« 4 3 * A' • 
3 i J^ t - l f i .» 

. . » . « J J U . * / > ^ * o ( * ) * 4 k > i T 4 J ) * X i 4 r ) 

n.. 5 * 4 * ) , 

b LA Atftbl • . 
. "31J S f%U - + 0 * * 0 ^ 
C'J i l l I J I „ . 
I 4 . * h k.i»wuUi'k / F 
- L L . , - . ( , K P C I S . I { - » * ' ° J ^ 

9 V 
Tj—i-f A 4 i * 9 i ) 4 b 4 - . ) f . * l * . ) - ^ * 
r j r " , % , Y l A B - t J . i i - *«J "t 'X • j . ' F * * i A 4 k w X ^ ;r 
s » » « , K * . * s j t t ' . «« * A ^ / « * ^ 

v . ^ ) ) 

7k*r^w7>;n * L 3 t T " 4 v", t *!%* i si-, J .M 
. , „ ^ Xx 41 v )*i lxx> I f 3 41 ." ) f T r t k . I . 4 
3 ^ i J . i / u u F f c w / s j 
C -".nJ*•>/**» i l . V i b ' l , 

i f f . ufPi {. 

i . 

t k i r J . . » / „ h J / 3 . f ' ^ F f r ^ f r t ' f i f ' i ^ r t f ' t - J - -

C ."* 1 J n / A., f u / Y f x * 
t ' . m J 4 / k U - i L J I / V O K 
«. J"1 IA* ^ t. 
T w J - ' • 
t *-_ J. i „ * i # ! . ; • , 

W » * j i i 4 ) 
K * ^ ; 4 4 Y4 4 . ) - 7 H * i * 4 fc)-r it- i 14 ^) * x . * i ) / l n c F U ? 

" d t i . ' j t . )-J;V»C jlfJ1 * 4 * 4 " 4 4 ' * ' — a ^ f A I / T * . 
J 4 l i * S 3 i 

0 . . •: f - . l o t 
,J £J"A , )»A.U.-S -/.F , 
L...AA J ' A p V - t 4 s j ^ l f " « , j Y I 

4 9 F „ K 1 » , f 4 /J* Lw * > - * G » M f ? X f t ^ r v , , } / 4 i w X > . F 9 . < l ) 
i« . T U £ « ' 

-•J 

*» . i U J C o U i *UT sac l . 1 M T 4 S I - l-i* X H 4 1 ) 
M k . ' L X ^ 4 l « » ) , Y 4 x \ , v ) * X i H i " 4 1 » . ) 

„s. „ .1J * 7 . A , P L / Y > A - 1 
"•*. ; J , . . - / k i i u / v#> * t t r , tr „t It^-^^t r ^ 
Z. t t . " • 
4 * 'l'" * * * " ' 

j • A»j » ' - > * 
J l * Z ^ . 4 j i > " 
U . _.*< - * l > . s t 

r« A * X * 4 I i *> «. 
* r « • • 3 . 4 - irf. 

, . _ - 4 » 4 t + H ! x * ' j * A «--
1 ' C < l l . W » -'. «, 

p̂  4 n « " * . * A # J' . 
4 " A * X i 4 l ) 
X H ^ f r~)*Z*r I 4 X - ' - 4 v H - a i ' C * * * t — 1 N J * ^ ; j I i/"» = r ) 

3 U l * . iO 
( ( ' . • i ' l r i l 
A>3 ^ * sl*i>i|, 

w - - n l i - X H , i u ) 
* * A ^ . i T x . i U , 

X H * T 4 ^ 4 * ) » * A N 

, \£at»* ^* iKi**>^/f/»j'-i ) \ ^ 
mr mtu 4 J # 1 i,«) 4 X H M T 4 *. ) f **<)»••• ) 

. t- J F . 1 A I ( / " n i l ^ b f * ' ' * 4 *•>#!»., • j ) i 

£ *-J 

J u J r j J u h . " J A . ^ . I X ( , I Z "f F x ) 
"...-iL X 1 4 1 c J S t f M ' . ) * f r | t ; r * 4 - * l * 3 A , r 4 » ) 

- I Y 4 U i l # k > \ H < U ^ ) 
\ iMTtMit^ I a O k T 4 1 v 4 l 



- I-k fu» ' • 
A^-JA**. 

' . | » I U " * . « A - . 
i ' - Z E ^ -
i>*»-Z<=*J 
J . : _•* * * l * l * 

, 4 i » X i , 41 ) 
I - • 3 . + H , 
_ **« J t + K i " 4A 

°A * l l . S J I . • 
A!k 7 « F * =:%*•»..-'••> ' 

^ 

O 

4 i » X t 4 T ) • 
i , / " , = T ) 

i l ' . « k > : f U 
L*-3 j ; * n * x 4 s t 

/ ! - « n i ' t X i , i 4 J i 
k. 4 ' i T u -<U . 
X H v T 4 i + A ) 

13, J I " A n U U ' t k M K t A 
; 1 3 . J I * * 4K< 4 X t * r / F / U t l ) 
•** * ? c 4 k i * l i ) 4Xrt*kT 4 * ) f 7 * . » ' ) 

\ F 4 > ; 1 w l 4 / H n ^ $, A O r ^ i i i ^ F l U J J l 
A T Vk I , 

£ J ' . i - l 

* # 4 A * 

3 A . i i « 4 j | j s H w 1 L . * . * X 4 „ X Z ! > T A ) -
< % ; * A X I 1 1 A ) # W 4 % i f r i ; 7 * 4 * I fix, 3r 4 ? J 

- 4 Y 4 i » ̂ l f i v j ' f . i J * , * ) , 
: . ' ' T« .a . -< A.,L.«i 7*3.4 ' ) -
i X f - s K 4. k. F.tJ. 
3 - j r «"-. i / - i i p t / Y* X-
3 «.n,'53 ^ / T A I L L K / T J L A # T - t ' » i * 4 t B » l k i ' . ' t » : . / j " 
C . ' ' ' J . i / u a / A f S f r i ' i - i i F ' f Z f d x TAf S.-FF 
- . • . 1 . i J » N / ^ A . i K / b . i i 
Z _ A . « 1 , » " 
x .1: =*v 
A . « A . * k p « l p 
i t .A * J. .>• 

~ H ' M I ) » A 1 4 1 ) . ' 

•C A L 3 "» J3t_« Kt",t! i l i i i t i * > . i 4 v f t f t j * v j - i - . ) 

T i - . t r 4 - ) * 4 S H ' X « < * . J A . + - J * X A H U / ! < " ' 

;F «:L» ' 
3 * A. L » ) - h J f { r A i ' i . » TH " U # 4 s . 4 ' . - » i » L f r . » * . * . . . * 
i r 4 T i ^ r i « - 4 - . ) . A T . Z : ; J ) T M F « 

Tii€ I * 4«.) — I „ , l r : i * 4? ) 
3.-.AA, - A »* oF 4 irCi*# ''t T , i : i At -. 3 3 ^ > I P . L . J > 
uZ F 

I F 

f A f 

* I L ) 

Ici* I D 

A- A-
t s i 
t 
A 

'C 
CC 

f iVL-Ti-.T, 4- ) 
', - - 7 1_i;r 4. ) 
. . Z . - - A * » / H 

Li s." *Zrri 
x . 4 . ) » 4 X J 4 * I - r . ) / v 1 

• t . j * t 4 *j 
4" « f i - 4 4 f i . ^ ) 4 Y 4 x i * X A i i ) ^ I - " A f M 
I r < M L » -
W . 14. 4d4 I » )- , 

» . l l f c ( 3 i 4 . I ) < i 2 f c . , -
v . . A A, AS. * « l ; r 4* ^f'M'L'V ) 
; * L t X > - A a F 4 I f d ) 
t l ^ A . j " * * / o F 4 x x > i t • 4 * J 
t A it , X , - - / . 4 F 4 i > * ' A 3 4 ) 
U ,, *- ^ I * A - * I « 

., .* i U i " A A ( x : i i c f ( . i ) 
A .'4 1 X t ' J i 
J . . * . ' * * 1 > I • ' 
, XI 4 I ) » - * . U ' ) 
A J.» 7 * 1s4 

s H i * - J j 3 o * F * * l ) 

t ^ " 
u i 

M. I T £ 4 ->4 3 A ) 4 l l . k J f * 1 4 * ) f F « l . f l J 
*F * « i » H i 4 / l ^ A > n p A » » " " . - I - i 4 I * J > A I u „ i i , l ( . . t ' : i ' . 
r , - ^ . 7 4 " * ^ * * . A * M # r im i 
t - I K t A j - * * k i ' - . - U i k O 4 * . P L i * * / 4 t X , u F j . • % ) ) 

•Jm • * • 4 ' . A H # S«*4» KL * ^ « F , 

http://i-.tr


U « / t T t l o f i k ) l i i * l , x U 4 ) f t - t f - « , . 
i A3C F l f tnr t f4 / l -»Af , *pAJ' al" Y i /^KjJS usJK»'.« A I*XS u 'A * ) 

K ?i:"teU-. ^r^v'/J'-^PL.^/ctxfuFA^n^ * 

* » • « • " » j . k i * ! . 4 - ." -> f , f ', 14k.' v . . v a H . 

*" 

* * * • £ • 

y 

" # . 


