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ABSTRACT 
 
 
AM60B magnesium alloy is being increasingly used in auto industry in applications that 

usually involve various formats of cyclic loading scenarios. Therefore, the fatigue 

response of this alloy is investigated in this thesis. Our investigation is focused on 

characterization of the influence of compressive stress cycles within a given cyclic 

loading scenario on alloy’s crack propagation response. 

  

In the first part of this dissertation, fatigue crack growth rate (FCGR) of AM60B alloy 

subject to cyclic loadings with various stress ratios (both positive and negative) is 

investigated and a modified model is proposed to predict the FCGR under a wide range 

of stress ratios. Subsequently, using the modified model, the experimental results of the 

crack propagation tests are condensed into a single line in a logarithmic scale and the 

integrity of a proposed FCGR model is investigated. The investigation is continued by 

studying the influence of compressive stress cycle (CSC) on FCGR. Constant and 

random amplitude loadings with several magnitudes of CSCs are applied, leading to 

considerable acceleration in FCGR. The stress distribution ahead of the crack tip is also 

studied using the finite element method. The tensile residual stress and plastic zone are 

characterized upon the removal of the CSCs. The acceleration in the crack propagation is 

shown to be governed by the tensile zone ahead of the crack tip. 

 

Furthermore, application of an overload within an otherwise constant amplitude loading 

(CAL) has been known to retard the crack propagation, thus increase the fatigue life. This 

retardation would be a function of the affected zone and retardation magnitude. It is 

shown in this thesis that the affected zone would be influenced by the “sensitivity” of the 

material to overload. Moreover, it is also demonstrated that the nature of baseline CAL 

loading would also affect the retardation response and dimension of the affected zone. 

Therefore, modification to the Wheeler model is proposed, thereby enabling the model to 

account for material’s sensitivity and nature of the baseline loading. The integrity of the 

proposed model is verified by the experimental results obtained in this project, as well as 

those reported by other investigators for other alloys. 
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CHAPTER 1 Introduction 

 

1.1  Introduction to AM60B magnesium alloy 
 
Development of magnesium alloys has traditionally been driven by the automobile and 

light truck industries requirements for lightweight materials to address operations under 

increasingly demanding conditions. Due to these alloys relatively low density (a quarter 

that of steel and two thirds that of aluminum), magnesium alloys have been found 

attractive by automotive engineers and designers. In fact, applications of magnesium 

alloys in auto industry dates back to early 70s, when the Volkswagen Group of 

companies and some other manufacturers utilized the alloys in various components. For 

instance, in 1971, 42000 tons of magnesium alloys was used by Volkswagen [1]. 

Moreover, the use of magnesium alloys in racing cars was also incepted in 1920. 

 

High-pressure die-casting (HPDC) is an efficient and cost-effective manufacturing 

process for producing magnesium alloy components. As a result, cast magnesium alloys 

are finding incremental use in automotive industry due to their high specific strength, 

lighter weight and excellent castability and machinability. However, to further increase 

the use of the alloys in various applications, more knowledge about their fracture and 

fatigue properties and responses should be gained.  

 

The magnesium alloy used in this investigation is AM60B, which is increasingly being 

used to produce various automotive parts.  The Meridian Technologies Inc. (Strathroy, 

Ontario), which is one of the largest producers of magnesium alloys auto parts in Canada, 

provided the AM60B alloy used in our investigation. The chemical composition of the 

alloy is shown in Table 1.1. 

 

Table 1.1 Chemical composition of the AM60B alloy in % weight [2] 
 

Mg Al Mn Si Zn Fe Cu Ni Other 
Bal. 

 
5.5-6.5 

 
0.25 
min 

0.1  
max 

0.22 
max 

0.005 
max 

0.01 
max 

0.002 
max 

0.003 
max (total) 
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Mechanical response of the alloy could be defined using a bilinear stress-strain curve 

with properties shown in Table 1.2. 

 

Table 1.2 Mechanical & physical properties of AM60B 
 

Yield stress (σy) 150 MPa 

Modulus of elasticity (E) 40 GPa 
Plastic Modulus (ET) 2.5 GPa 
Density  1800 Kg/m3 

 

The micro-mechanical properties of the alloy have already been investigated by some 

researchers. For instance, the mechanical response of the "skin" and "core” sections of 

AM60B Mg alloy was investigated and reported by Lu et al. [2]. They showed that the 

microstructures of the alloy varied from the skins to core layer with respect to grain size 

and porosity ratio. The researchers expanded their work to further study the influence of 

porosity on fatigue life of the alloy [3]. They showed that pores could act as stress riser 

and as locations for initiation of cracks. Moreover, they illustrated that the pores’ size, 

shape, configuration and their spatial distance could significantly affect the fatigue life of 

the alloy.  

The influence of temperature on fatigue response of the alloy was subsequently 

investigated by Nur Hossein and Taheri [4 & 5]. They observed a longer fatigue life at 

when the alloy was tested at cold temperature and shorter fatigue life when tested at 

elevated temperature (in comparison to fatigue life evaluated at room temperature). The 

crack propagation rate of the alloy for a small range of stress ratios [R = 0, 0.1 and 0.2] 

was also investigated [5], but more investigation is required to include the influence of a 

wider range of the stress ratios. 

 

In this thesis the fatigue response of the alloy was studied without any emphasis on its 

micro-mechanical properties.  
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1.2  Thesis objectives 
 

As mentioned above, the main application of this material is in auto industry where cyclic 

loading is a dominant type of loading. Therefore, more research in fatigue and fracture 

properties of the alloy is required. In general, several models have been proposed for 

predicting the crack growth rate (FCGR) in metals. Nevertheless, as stated earlier, the 

compressive stress cycles within a cyclic loading are usually dismissed in fatigue life 

assessment, while as will be demonstrated, they would have significant effect on FCGR.  

 

The main objective of this thesis is therefore the investigation of the influence of the 

compressive stress cycles (CSC) present within a cyclic loading on crack propagation 

rate. Beside the fact that all the experimental investigations were carried out on AM60B 

magnesium alloy, nevertheless, the proposed modifications on FCGR models have also 

been verified by applying the developed models to other metallic alloys as well, thus 

verifying the integrity of the models and their applicability to a wide range of metallic 

alloys. 

 

The objectives and goals of this study could be summarized as; 

 

 To develop a model for predicting crack propagation in the alloy for a wide range 

of positive and negative stress ratios with a good accuracy. 

 To study the influence of CSCs present within a cyclic loading on the alloy’s 

crack propagation rate. 

 To study the stress distribution and plastic deformation ahead of crack tips in 

order to better understand the physics of crack propagation acceleration due to a 

compressive underload. 

 To study the influence of the interaction of compressive underload within a cyclic 

loading on crack propagation rate. 

 To assess the retardation in crack propagation due to overload and modify a 

suitable model for predicting the phenomenon more accurately. 
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 To investigate the retardation response due to applied overload within a baseline 

constant amplitude loading (CAL) with a negative stress ratio. 

 

1.3  Thesis layout 
 

This dissertation contains eight chapters, including the present chapter, which is the 

introduction to the project and its main objectives. The second chapter contains some 

literature reviews on crack propagation, as well as discussion of some basic concepts of 

fracture mechanics. Several fatigue crack growth (FCG) models are briefly reviewed in 

chapter two. Our initial attempt to detect the damage in material due to application of 

cyclic loading is presented in chapter three. In this approach, the degradation of alloy’s 

properties under a cyclic loading up to the fracture stage is assessed by a vibration-based 

methodology. The natural frequency and damping capacity of fatigue specimen were 

thereby evaluated. Chapters four to seven are the journal papers compiled based on the 

results obtained in this project, which are either published or under review for 

publication.  

 

In chapter four, FCGR of the alloy under constant amplitude loading (CAL), with various 

stress ratios is investigated. The Paris equation [6] is the most well-known model used for 

predicting FCGR with respect to the stress intensity factor range, however, the influence 

of the stress ratio is not considered in that model. Walker [7] proposed his model in 1970 

for predicting FCGR under various stress ratios by adding one extra parameter to Paris’ 

model. However, it has been shown experimentally that the model is not capable of doing 

accurate FCGR prediction for a wide range of stress ratios. This shortfall of the model 

would be attributed to two fundamental flawed assumptions. Firstly, the negative or 

compressive portion of a cyclic loading was completely dismissed in the model. 

Secondly, the slope of the curve (line) of FCGR versus stress intensity factor range 

plotted on a logarithmic scale was assumed to be identical for all stress ratios. Therefore, 

Walker’s model has been modified so as to condense the scattered FCGR data obtained 

over a wide range of stress ratios by a single line when plotted in the logarithmic scale. 

Moreover, the integrity of the modified model was verified by FCGR experimental data 

of other materials. 
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The significance of CSCs within constant and random amplitude cyclic loadings is 

presented in chapter five. In this chapter, several scaled magnitudes of CSCs were 

applied within both random and constant amplitude loading scenarios and the 

acceleration in crack propagation rate was studied. An in-depth finite element analysis 

was also carried out to study the stress distribution ahead of crack tip at various far-field 

loading stages. The plastic zone dimension was evaluated at the end of the tension and 

compression loading. A new parameter was defined to better reflect the influence of the 

compressive portion of a cyclic loading on FCGR. Various FCGR models were used to 

estimate the fatigue life of the specimens subject to random amplitude loading. Moreover 

it has been demonstrated that the application of a certain number of compressive 

underload would affect the FCGR of the alloy. The influence of the presence and 

interaction of the underload is investigated and discussed. 

 

Most structural components experience various magnitudes of tensile or compressive 

stress cycles during their service life.  AM60B magnesium alloy is currently used in auto 

industry or manufacturing various automotive components (such as engine cradle, front 

end carrier, instrument panel, lifegate inner structure and radiator support, to name a 

few).  These components are usually subject to cyclic loading; they also become 

sometimes subjected to sudden loading spikes, as well as impact loads (e.g., due to 

uneven pavements, pot-holes, accidental collisions, etc.). Such loads in turn produce 

tensile overloads or compressive underload in the components. Therefore, investigation 

into the influence of overload and underload on crack propagation rate of the alloy is an 

ongoing useful and important task. In chapter six, the retardation in crack propagation 

due to the application of an overload applied within an otherwise CAL is investigated. 

The Wheeler model [8] was initially employed to predict the retardation response of the 

alloy. Wheeler proposed his model based on defining the affected zone dimension and 

magnitude of retardation. The affected zone dimension is a function of the current and 

overload plastic zones. A three dimensional finite element analysis has been carried out 

to evaluate the plastic zone dimension with respect to various stress intensity factors. 

Applying the evaluated plastic zone dimensions in the Wheeler model, confirms that the 
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model is not capable of predicting the affected zone, either for AM60B magnesium alloy, 

or for other materials. Analysis of the experimental results, showed that in some 

materials, the affected zone would be larger than that predicted by the Wheeler model, 

and in some other cases would be smaller. Therefore, Wheeler’s model was modified by 

adding a “sensitivity parameter” to it. The magnitude of this parameter was found to be 

less than one for AM60B magnesium alloy, which confirms the lower sensitivity of this 

material to overload. Additionally, the influence of overload was studied within a random 

amplitude loading scenario by using “clipping level” concept. 

 

The influence of overload on FCGR is usually reported for specimens tested under 

baseline loadings with positive stress ratios. Lack of information on retardation due to 

overload in baseline loadings with negative stress ratios, motivated us to implement a 

new series of experimental investigation, whose results are presented in chapter seven. In 

that investigation, the overload was applied within CAL baselines with various stress 

ratios (both positive and negative). It was observed that the presence of CSCs within such 

baseline loadings significantly altered the trend in retardation response of the alloy. For 

instance, a significant acceleration was observed when the stress ratio of the baseline 

loading was negative, leading to a significant reduction in retardation. Moreover, the 

sequence of overload and underload was proved to have a noticeable effect in the 

retardation of FCGR. Finally, the variation in the fracture surface roughness of specimens 

subjected to cyclic loading with various stress ratios was also evaluated. In the end, 

chapter eight presents the overall summary and conclusions of the thesis. 
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CHAPTER 2 Literature Review 

 
2.1  Introduction 
 

Application of a cyclic loading on any industrial component (with loading amplitude 

above a certain magnitude, yet below the yield strength of the material) would cause 

degradation of the material properties, finally causing their fracture. A typical stress 

versus number of cycles graph, better known as the “S-N” curve is shown in Figure 2.1. 

The curve would guide engineers in safe design of structural components against fatigue 

loading. These curves could be obtained from fatigue tests on un-notched specimens.  

 

Figure 2.1 Schematic graph of S-N curve 
 
As can be seen in Figure 2.1, application of higher levels of stress would shorten the 

fatigue life of the specimens. Some materials, like steel, show a stress limit, below which 

the fatigue life would be theoretically infinite; that limit is known as the “endurance 

limit”.  Some materials, however, do not have an endurance limit (e.g. aluminum).  

 

A typical constant amplitude cyclic loading is shown in Figure 2.2. A cyclic loading 

could be characterized by the stress range, ∆σ, and stress ratio, R, expressed by equations 

2.1 and 2.2.  
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Figure 2.2 Schematic graph of a cyclic loading 
 
 

max mins s sD = - (2.1)

min

max

R =
s
s  

(2.2)

The mean stress has a significant effect on the fatigue life of the specimens as shown in 

Figure 2.3 [1]. This figure shows that higher mean stress levels have detrimental effect on 

fatigue life, while lower mean stress levels would result in longer fatigue life.  

 

Figure 2.3 S-N curve for various mean stresses [1] 
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For a cracked specimen, the results would usually be illustrated as a function of fracture 

properties of the specimen; therefore, in the next part some basic concepts of fracture are 

presented. 

 

2.2  Fracture mechanics 
 

A crack may exist in materials due to manufacturing related anomalies. A crack can also 

be developed within any man-made structure due to application of stress levels higher 

than the material’s strength of the component, which in turn may lead to fracture of the 

component. A crack can experience three different types of loading as illustrated in 

Figure 2.4. These loadings would force a crack to displace in different modes. The 

opening mode or mode I would occur when the load is applied in a direction 

perpendicular to the crack plane. Second and third modes correspond to in plane and out 

of plane shear loading, which result in sliding and tearing respectively.  A crack can also 

be subject to a combination of the above loading modes. 
 

 

Figure 2.4 Three modes of fracture 
 

The stress distribution ahead of the crack tip could be characterized using a single 

parameter, K, which is known as the stress intensity factor. The stress intensity factor in 

an infinite plate is a function of the far-field applied stress, σ and half crack length, a. A 

geometry dependent parameter, Y, would be added when the crack is hosted by a finite 

dimension plate, mathematically represented by the following equation [2-4]. 
 

s p=K Y a (2.3)



 

 11 
 

The geometry dependent parameter, Y, could be evaluated using finite element analysis. 

For instance, the results for a center crack are presented using a polynomial function as 

shown in equation 2.4 [5]. 
 

1 2 2 4

sec 1 0.025 0.06
2

p é ùé ùæ ö æ ö æ öê ú÷ ÷ ÷ç ç çê ú= - +÷ ÷ ÷ç ç çê ú÷ ÷ ÷ç ç çê úè ø è ø è øë û ê úë û

a a a
Y

W W W  
(2.4)

 

where a and W are half crack length and half width of a center cracked plate, 

respectively. Crack could be subjected to a mixed mode loading, which usually occurs 

when the crack is angled. In such cases the global energy release would consist of the 

sum of the energy released by each contributing mode. Crack propagation rate is usually 

presented with respect to the stress intensity factor range. Some of the crack propagation 

model is presented in next part. 

 

2.3  Crack propagation models 
 

Figure 2.5 shows a typical crack propagation rate with respect to the stress intensity 

factor range in a logarithmic scale. This graph can be divided into three regions. Crack 

propagation rate in region I is in the order of 10-9 m/cycle or less. The main feature of this 

region is the threshold value, ∆Kth. A crack would not propagate under the stress intensity 

factor range lower than ∆Kth. The threshold stress intensity factor range is practically 

defined as the stress intensity factor range corresponding to the propagation rate of 10-10 

m/cycle. Several equations (see for example [6, 7]) are suggested for predicting ∆Kth as a 

function of the stress ratio or Young’s modulus of materials. Crack propagation rate in 

this region is affected by the microstructure of the material, environmental conditions and 

cyclic loading properties. It has been observed that the stress ratio of a cyclic loading is 

the most important parameter that affects the threshold stress intensity factor [8]. The 

second region of the crack propagation is a linear function of the stress intensity factor 

range in a logarithmic scale. This region would continue, reaching to the third region, 

which corresponds to fast crack growth and the eventual fracture of the specimen.  
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Figure 2.5 Crack propagation rate versus stress intensity factor range 
 
2.3.1  Crack propagation models under constant amplitude loading 

(CAL) 
 

Several models have been proposed for predicting the crack propagation rate under CAL 

as a function of the stress intensity factor range (∆K). Stress intensity factor range at any 

constant amplitude loading is a function of stress range and crack length, as shown in 

equation 2.5. 
 

( ) ( )max mins p s s pD = D = -K Y a Y a (2.5)

 

where σmax and σmin are the maximum and minimum stresses in the CAL. For CAL with 

negative stress ratio, some standards suggest the dismissal of the compressive stress 

cycles (CSC) (e.g. [9]); in other words, the stress range would include the maximum 

stress and σmin = 0. In the following section, some of the crack propagation models will be 

briefly introduced. 

 

2.3.1.1  Paris model 
 

Paris and Erdogan [10] proposed their model in 1963, which is known as the Paris model, 

expressed by the following equation. 
  

( )= D pm

p

da
C K

dN  
(2.6)
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where Cp and mp are curve fitting coefficients that have to be established experimentally. 

For instance, these parameters were experimentally evaluated by Yuen and Taheri [11] 

as; Cp = 1.66 × 10-13 and mp = 4.06 for 350WT steel alloy when the stress intensity factor 

range (∆K) was less than 26.5 MPa.m½.  

 

Paris’ model essentially describes the straight line portion of the FCGR curve shown in 

Figure 2.5 (region II), with mp representing the slope and Cp being the intercept of the 

line. Thus, the model can predict FCGR only in the second region. The other limitation of 

this model is that the effect of stress ratio cannot be accounted for.  

 

2.3.1.2  Walker model 
 

Walker [12] considered the influence of the stress ratio in his model, presented in 1970. 

He improved Paris’ model to become capable of predicting the crack propagation rate for 

various stress ratios, by the use of a single equation. His model is presented in equation 

2.7. 
 

( )11
g-

æ öD ÷ç ÷ç= ÷ç ÷ç ÷ç -è ø

w

w

m

w

da K
C

dN R  
(2.7)

 

However, in order to use this model, three curve fitting parameters should be 

experimentally evaluated. At zero stress ratio, Cw and mw would be equal to Cp and mp in 

Paris’ equation. For other stress ratios one extra parameter must be evaluated. That 

parameter could be found by trial and error using the experimental data obtained for 

various stress ratios. The ( )11
g-

- wR parameter governs shifting of the FCGR curve to 

either left or right. However, the slope of these lines is supposed to be identical.   

 

2.3.1.3  Forman model 
 

The Forman model [13] can account for the second and third regions (see Figure 2.5) of 

the FCGR curve. As shown in equation 2.8, a parameter, KC, is added to the previous 
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model, which represents the critical stress intensity factor or fracture toughness of the 

material.  
 

( )
( )

( )
( )( )max1 1

D D
= =

- -D - -

y ym m

F F

C C

C K C Kda

dN R K K R K K  
(2.8)

 

Equation 2.8 shows that, when the maximum stress intensity factor value reaches the 

fracture toughness, the crack propagation rate would increase to infinity. This model is 

also capable of describing the crack propagation rate in the second region and considers 

the effect of the stress ratio. Similar to Walker’s model, this model also assumes that the 

slopes of the FCGR lines would be identical for various stress ratios (i.e.  the lines would 

be parallel to one another).  

 

Hartman and Shijve [14] added the threshold stress intensity factor to Forman’s equation 

to cover the crack propagation rate for all regions showed in Figure 2.5. As can be seen in 

equation 2.9, when the stress intensity factor range approaches to the threshold value, the 

FCGR reduces to zero.  
 

( )
( )1

D -D
=

- -D

HSm

HS th

C

C K Kda

dN R K K  
(2.9)

 
2.3.1.4  Frost, Pook and Denton model 
 

Frost and Pook [15] related the crack propagation rate to the stress intensity factor range 

and Young’s modulus of the material. This model is supposed to be applicable to various 

materials. They proposed two separate equations, one for plane stress and another for 

plane strain condition as shown in the following equations. 
 

2
9

p
æ öD ÷ç= ÷ç ÷çè ø

da K
Plane stress

dN E  
(2.10)

2
7

p
æ öD ÷ç= ÷ç ÷çè ø

da K
Plane strain

dN E  
(2.11)
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2.3.1.5  Zhang and Hirt model 
 

This model was initially introduced by Lal and Weiss [16], and subsequently modified by 

Zheng and Hirt [17,18]. They applied a linear fracture analysis and assumed that a crack 

would propagate within a distance, at the end of which the normal stress becomes equal 

to the critical fracture stress, σff, as shown in Figure 2.6.  
 

 

Figure 2.6 Stress distribution and crack propagation in one cycle [17] 
 
Using the normal stress distribution ahead of the crack tip and equating it to the critical 

fracture stress yields equation 2.12. It should be noted that the effective stress intensity 

factor range, ∆Keff, has been included in this equation to account for the influence of the 

threshold stress intensity factor. 
 

( )22
2

1

2ps

s s e

= D = D -D

=

eff th
ff

ff f f

da
B K K K

dN

where E  
(2.12)

In the above equation, σf and εf are the stress and strain at the failure stage of the un-

cracked material. The fracture stress of the material is taken as the ultimate strength of 

the material. Yuen and Taheri [19] proposed some modification to the above equation, 

specifically in relation to the way the fracture stress is evaluated and obtained better 
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agreement with their experimental data. They proposed that the true fracture stress should 

be used in the Zheng and Hirt model instead of the engineering stress. 

 

2.3.1.6  Dowling and Begley model 
 

Dowling and Begley [20] presented the crack propagation rate data with respect to ∆J 

(the J-integral range) instead of ∆K in a gross plasticity ahead of the crack tip as shown in 

the following equation.  
 

= D BDm
BD

da
C J

dN  
(2.13)

 

They carried out a set of experimental investigation on A533B steel. Displacement 

controlled cyclic loading was applied in a way to produce large scale yielding around the 

crack tip. As shown in equation 2.13, CBD and mBD are model’s parameters. In the case of 

large plastic deformation, the concept of linear fracture mechanics would not be valid and 

a new parameter referred to as the J integral was introduced by Rice [21] to extend the 

application of the fracture mechanics concept. Furthermore, the J integral is shown to be 

a unique parameter, characterizing the stress distribution ahead of crack tip in an elastic-

plastic material [22, 23].  

 

2.3.1.6  Elber Model 
 

This model is based on the crack closure concept, introduced by Elber [24, 25]. He 

observed that the crack faces remain closed even at some levels of tensile loading. The 

stress level at which crack faces start to be open is known as the opening stress (σop), 

which corresponds to the opening stress intensity factor. The portion of a cyclic loading 

which is greater than the opening stress is assumed as a driving force for crack 

propagation; therefore, he replaced the stress intensity factor range by the effective stress 

intensity factor range. The effective stress intensity factor range is the difference between 

the maximum and opening stress intensity factors as expressed by equation 2.14. 
 

( ) ( )max maxs s pD = - = -eff op opK K K Y a (2.14)
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The opening stress should be evaluated experimentally by measuring the crack opening 

displacement as depicted in Figure 2.7 [24]. The load-displacement graph of a cracked 

specimen consisted of three regions (AB, BC and CD). Region AB represents the fully 

closed crack faces, which has the same slope as that of the uncracked specimen. Crack 

faces are fully open when the load increases from point C to D. Region BC is a transition 

region (from fully closed to fully open status) and the stress level at point C is the 

opening stress. In light of the abovementioned discussion, this model requires an extra set 

of experiments to establish the opening stress. Several attempts (e.g. [26]) have been 

made to formulate the opening stress level within cyclic loadings. 
 

 

Figure 2.7 Experimental results for opening stress evaluation [24] 
 
2.3.2  Crack propagation models under variable amplitude loading 

(VAL) 
 

There is no guaranty that structural or industrial components would experience only 

constant amplitude cyclic loading during their life. Therefore the crack propagation under 

variable amplitude loading ought to be investigated. In a variable amplitude loading, 

loading sequence and its magnitude would significantly affect the crack propagation rate. 

Application of a tensile overload in an otherwise constant amplitude loading is a simplest 

scenario for VAL. The influence of an applied tensile overload is schematically shown in 

the following figure.  
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Figure 2.8 Delay in crack propagation due to overload 
 

Figure 2.8 evidences some increase in the fatigue life as a result of the retardation in 

crack propagation due to the application of the tensile overload. Point A in that graph 

represents the crack length at which the overload is applied. The amount of retardation 

depends on the overload ratio (OLR) and the nature of the baseline loading. On the other 

hand, application of a compressive underload within a CAL would accelerate the crack 

propagation.  

 

 

Figure 2.9 Crack propagation after application of (a) a tensile overload (b) a compressive 

underload followed by a tensile overload (c) a tensile overload followed by a  

compressive underload (d) a compressive underload [27] 
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Interaction of tensile overload and compressive underload is graphically shown in Figure 

2.9 [27]. Graphs (a) and (d) in Figure 2.8 illustrate the retardation and acceleration in 

crack propagation due to application of the tensile overload and compressive underload, 

respectively. A significant reduction in the amount of retardation would be observed 

when a tensile overload is followed by a compressive underload (graph c), while the 

reverse sequence does not produce noticeable reduction in retardation of crack 

propagation (graph b). 

 

2.3.2.1  Wheeler model 
 

Wheeler [28] added a reduction factor, ΦR, to the steady state crack propagation rate. He 

also defined an affected zone that the crack propagation would be retarded. The affected 

zone is a function of the current and overload plastic zone dimensions, as represented 

mathematically by the following equations.   
 

R
CAL

da da

dN dN

æ ö÷ç=F ÷ç ÷çè ø  
(2.15)
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when a r a r
 

(2.16)

 

where rp,i and rp,OL are the “current” and “overload” plastic zones, respectively. The 

current crack length and the crack length at which the overload was applied are 

represented by ai and aOL in equation 2.16. The reduction factor is effective over the 

length through which the boundary of the current plastic zone reaches the boundary of 

overload’s plastic zone. Wheeler assumed that crack propagation would be retarded 

immediately upon the application of an overload, however there would be some delay in 

retardation and even initial acceleration have been observed under some baseline loading 

conditions. Wheeler’s original crack propagation model is schematically shown in Figure 

2.10. This model has been modified and further discussed in Chapter six. 
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Figure 2.10 Wheeler retardation model 

 

2.3.2.2  Willenborg model 
 

Willenborg et al. [29] used Wheeler’s assumption and proposed the reduction in crack 

propagation by introducing an effective stress intensity factor. The stress intensity factor 

that produces a plastic zone to reach the boundary of overload plastic zone is called Kreq 

and was used to define the reduction in stress intensity factor (Kred). The reduction in 

stress intensity factor, Kred, was modified by Gallagher [30] to be presented as a function 

of crack length as expressed by the following equation. 
 

max, max, max,
,

1
-

= - = - -OL
red req i OL i

y OL

a a
K K K K K

R  
(2.17)

where Kmax,i, Kmax,OL, a, aOL and Ry,OL are the current maximum stress intensity factor, 

overload maximum stress intensity factor, current crack length, the crack length at which 

the overload is applied and the overload plastic zone dimension, respectively. The Kred 

would be then subtracted from the current maximum and minimum stress intensity 

factors to define the effective stress intensity factors. The effective parameters shown in 

equation 2.18 could be applied in a crack propagation model to predict the retardation of 

crack propagation. 
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 (2.18)

where Kmax,eff and Kmin,eff are the maximum and minimum effective stress intensity factor 

and Reff is the effective stress ratio. 

 

2.3.2.3 Equivalent parameters 
 

Barsom [31] proposed the equivalent stress intensity factor range be employed within an 

appropriate crack propagation model. The root mean square technique was applied to 

define the equivalent stress intensity factor range, ∆Krms, as shown in equation 2.19. 
 

2

1=

D
D =

å
n

i
i

rms

K
K

n  

(2.19)

 

where ∆Ki is the stress intensity factor range at the ith cycle and n is the total number of 

cycles. It should be noted that the influence of the loading sequence and the stress ratio 

are not considered by this model. Having the equivalent stress intensity factor range, a 

Paris like crack propagation model can be presented by: 
 

( )= D Bm

B rms

da
C K

dN  
(2.20)

where CB and mB are the model’s coefficients that could be evaluated using the 

experimental data. In order to consider the effect of stress ratio predicting the crack 

propagation under variable amplitude loading, Hudson [32] defined the equivalent 

maximum and minimum stress as shown in equation 2.21.  

2
max( min),

1
max( min),

s
s ==

å
n

or i
i

or rms n  

(2.21)

 

These equivalent stresses could be used to define the stress intensity range and ratio and 

employed in a crack propagation model to predict the fatigue life of the components.  
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2.4 Summary and conclusion 
 

Some of the most common fatigue crack propagation models have been reviewed in this 

chapter. Crack propagation rate under constant amplitude loading (CAL) would typically 

be presented as a function of the stress intensity factor range. For predicting the fatigue 

life under variable amplitude scenarios, one should also consider the loading sequence 

effect. The stress ratio and loading amplitude are the main parameters controlling the 

crack propagation under constant amplitude cyclic loading. 

 

The crack propagation trend as a result of cyclic loading is customarily described in three 

regions; in the first region, propagation would start when the stress intensity factor range 

becomes greater than the threshold value. This is followed by a stable crack growth in the 

second region. This region would have a linear relation with respect to the stress intensity 

factor range in a logarithmic scale. In the third region, the crack propagation rate takes a 

faster rate, leading to specimen’s fracture. Several models are proposed to predict the 

crack propagation under CAL. All the models require some coefficients that must be 

evaluated using experimental results. Each model has been proposed based on a specific 

requirement; for instance, some of them are formulated such to consider the effect of the 

stress ratio and some are developed to consider and predict the crack propagation in the 

third region of the FCGR curve.  

 

Loading sequence also has a significant effect on FCGR under variable amplitude 

loading. Application of a tensile overload results in retardation in FCGR while the 

existence of a compressive underload would yield to a faster FCGR. Some crack 

propagation models were reviewed that can account for the loading sequence effect. Most 

of them, as noted, are based on the size of plastic zone developed ahead of a crack tip. 
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CHAPTER 3 Evaluation of fatigue damage in HPDC AM60B 

 
In earlier efforts expended by some members of our research group, the special 

distribution of porosity that is an inherent result of high pressure die-casting were 

carefully identified and the resulting influence on the performance of materials, both 

under monotonic and cyclic loading conditions were systematically investigated.   

 

The project outlined in this thesis was initiated by an attempt to see whether the influence 

of porosity that exists within high pressure die cast (HPDC) AM60B could be quantified 

by a relatively simple vibration method.  Moreover, as alluded earlier, since the alloy is 

often used in applications subject to cyclic loading and vibration, evaluation of the 

dynamic properties of the alloy was also desirable.   

 

In this section, the dynamic response of the alloy during a cyclic loading was 

investigated. The natural frequency and damping capacity of the alloy were evaluated in 

certain cyclic intervals, up to the failure stage of the specimens. To evaluate a material’s 

dynamic response, beam-type specimens were clamped at one end and excited at their 

free end.  

 

Since the dynamic properties of materials change as a result of the applied loading cycles, 

the change is postulated to provide a measurable criterion for assessing the extent of 

damage in materials. In this case, an approximate variation of 5% in the natural frequency 

and a 60% change in the damping capacity of the alloy were observed at the failure stage. 

Additionally, the influence of porosity was evaluated by taking micrographs of the 

material’s cross section. 

  

3.1 Introduction  
 

The degree of damage in a material subject to fatigue loading is a function of the applied 

loading cycles. Thus, as the cycle number increases, the material property degrades, 
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reaching a critical limit, after which failure becomes eminent. In most real situations 

where a component undergoes cyclic loading, there would neither be a loading history 

record, nor could one guarantee that the material would always be subject to a cyclic 

loading with a constant amplitude in its lifetime. Therefore, it would be desirable to 

develop a methodology by which one could monitor the performance of the materials 

throughout their service life when subject to fatigue loading. To that extent, one should 

monitor the integrity of the material as it undergoes cyclic loading (or vibration). 

 

Detection of structural damage through changes in a material’s natural frequency has 

been reviewed by Salawu [1]. He showed that a structural component’s dynamic 

parameters could be obtained easily and cost-effectively from the recorded vibration 

response of the component, and that the changes in the properties could be used to 

monitor a component’s health in real-time. Hsieh et al. [2], used the change in a 

material’s natural frequency as a nondestructive means for monitoring the health of a 

cyclic loaded nickel titanium rotary component. They considered the natural frequency as 

an effective parameter for evaluating the microstructural changes in materials. 

Furthermore, the effect of fatigue loading on the dynamic response frequency of spot-

welded joints was studied by Shang et al. [3, 4]. They found a detectable change in 

material’s natural frequency that was most noticeable after 60% of the fatigue life of the 

component.  

 

The main objective of this study is to evaluate damage propagation in AM60B 

magnesium alloy specimens that include various levels of porosities as a result of cyclic 

loading by using the dynamic property of the alloy. As such, the natural frequency and 

damping capacity of the alloy are considered as the varying material properties in this 

part. 

 

3.2 Material porosity  
 

For evaluating the porosity ratio, several specimens were cut from different parts of a 

HPDC alloy plate. A reflected light microscope was used to capture the image of the 
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microstructure in the specimens’ cross section.  The specimens were polished and 

prepared according to ASTM-E-1245 [5]. The total porosity areas was measured in each 

image (field) using an image analyzer software. Typical field images are shown in Figure 

3.1. As can be seen, the porosity ratio varies significantly from field to field. The average 

value of the field-to-field porosity ratio in each specimen is taken as the surface porosity 

ratio of that specimen. The porosity ratios for eight of the specimens are presented in 

Table 3.1. 

 

Figure 3.1 Surface porosity in each field, leading to the porosity ratio of a-1.88%, b-

3.07%, c- 4.33%, d-3.35%, e-10.5%, f-14.72%, g-10.87%, h-54.25%. 

 
Table 3.1 The average surface porosity ratio of the specimens 

 

Specimen No. 1 2 3 4 5 6 7 8 
Surface 

Porosity (%) 
1.71 2.03 10.85 1.29 1.32 4.11 5.05 1.25 

 

As seen, the porosity ratio in these specimens varied significantly from approximately 

1% to 10%. 

 

3.3 Test setup  
 

Specimens were cut from the core section of HPDC AM60B alloy plates provided by the 

Meridian Technologies Inc. (Strathroy, Ontario). The top and bottom skin layers of the 

plate were removed in order to reach the core of the material, which was prepared with an 
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appropriate surface-finishing operation. The dimensions of the specimens were 

established according to ASTM E‐466 [6] to enable us to evaluate a large number of 

vibration modes. As such, various trials were done to establish the optimum dimensions 

of the specimens. The aim was to establish a geometry that could produce more than one 

mode of vibration, and be suitable for fatigue testing. It should be noted that the 

limitation in specimen dimensions were also a function of the fatigue machine test. The 

resulting specimen is shown in Figure 3.2. 

 

 

Figure 3.2 Total Length = 250 mm, c = 23 mm, w = 15 mm,  
B = 60 mm, Thickness = 10 mm  

 

Fatigue tests were conducted by an Instron servo-hydraulic universal test machine, 

controlled by a 8501 digital controller, under constant amplitude load control regime, 

with a maximum stress of 90 MPa and stress ratio of R=0.1. The cyclic loading was 

applied at a rate of 30 Hz. The fatigue loading setup is shown in Figure 3.3. 

 

 

Figure 3.3 Fatigue test setup 

Specimen
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3.4 Dynamic test procedure  
 

In order to measure the vibration properties of each specimen, one end of the specimen 

was released from the end fixture after a certain number of cycles, thus leaving the 

specimen in the form of a cantilever beam. A small vibration hammer (model 5800B5, 

Dytran Inst., Chatsworth, CA) was used to excite the specimen at its free end and the 

vibration signal was acquired with a light weight accelerometer at the same point. The 

accelerometer was mounted onto the specimen using an appropriate wax.  It should be 

noted that the vibration signal extracted at the same location of excitation would include a 

large number of higher frequency modes. Such data would however occupy only a small 

segment of the signal at the beginning of the time increment. This segment can be easily 

removed from the signal, leading to a purer signal. This procedure was repeated to the 

end of the specimen life. The data acquired through the accelerometer was then processed 

via LabVIEW software and stored in a personal computer. 

 

A total of six specimens were tested. The data sampling rate for all specimens was at 

25,000 Hz, which was at least twice the expected natural frequency of the specimen, thus 

conforming to the Nyquist theory. 

 

In order to enhance the vibration excitation, three types of hammer tips (i.e., hard plastic, 

soft plastic and aluminum) were trial tested. Of the three, the aluminum tip could 

generate a more pronounced excitation, thus affecting the higher natural frequencies. The 

impact test setup and a sample of an acquired accelerometer signal are shown in Figures 

3.4 and 3.5. 
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Figure 3.4 Vibration test set up 

 

Figure 3.5 Typical acquired vibration signal 

 
3.5 Data analysis  
 

3.5.1 Natural frequency  
 

Natural frequency is a property related to the stiffness and mass of the material. By 

transforming the vibration signal from the time domain to the frequency domain using the 

Fourier transform, one can obtain the natural frequency associated to the different modes 

of vibration. In this section, the objective was to evaluate the change in the natural 

frequency of AM60B as a result of applied cyclic loading after a certain number of 

loading cycles.  The following defined parameters would aid us in analyzing the data. 

The cyclic life ratio is defined as [3]: 

Specimen

Accelerometer

Data 
acquisition
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= i

f

N
Cyclic life ratio

N  
(3.1)

 

where Ni is the number of cycles at each loading stage and Nf is the total number of 

cycles leading to the failure of each specimen. As stated earlier, a cyclic loading 

generally causes an increase in the density of micro-cracks and void ratios within 

materials (due to void coalescence), thereby causing damage to the material. As a result, 

material’s physical properties such as the natural frequency would be affected (degraded). 

The natural frequency change is defined as: 
 

0

1D = - iff
f  

(3.2)

where fi is the natural frequency evaluated upon completion of each loading stage and f0 

is the natural frequency of an undamaged specimen. As stated earlier, the first part of the 

vibration signal is affected by the impact; therefore the unwanted signals are eliminated 

and the free vibration part is transformed to the frequency domain using the Fast Fourier 

Transform (FFT) technique, as illustrated in Figure 3.6. 
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Figure 3.6 Free vibration signal in frequency domain 

 

As can be seen, the second natural frequency is significantly greater than the first one; 

therefore, the change in the second natural frequency of vibration could be more 

detectable as a result of damage. Consequently, the change in the second natural 

frequency will be considered for all specimens. It should also be noted that each 
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specimen was tested four times, and the mean value of the natural frequency of each 

specimen is reported in Table 3.2.  

 

Table 3.2 Typical variation in the second natural frequency of vibration observed in the 
specimens 

 

Number 
of Cycles 

f2 
(test 1) 

f2 
(test 2) 

f2 
(test 3) 

f2 
(test 4) 

F2 
(mean) 

Cycles  
Ratio % 

Frequency 
change % 

0  1235  1237  1236  1232  1235  0  0 

8942  1225  1226  1225  1226  1225.5  18.21  0.769 

13976  1218  1220  1220  1221  1219.75  28.46  1.235 

22607  1221  1221  1222  1222  1221.5  46.04  1.093 

34576  1202  1202  1201  1200  1201.25  70.42  2.733 

39598  1205  1206  1206  1206  1205.75  80.65  2.368 

44616  1201  1201  1202  1202  1201.5  90.87  2.712 

47519  1190  1189  1189  1189  1189.25  96.78  3.704 

48809  1175  1176  1175  1173  1174.75  99.41  4.878 

49099  Fail  **  **  **  **  100  ** 
 

3.5.2 Damping capacity evaluation  
 

The logarithmic decrement method is used in order to evaluate the damping capacity of 

the material. In this method, the damping capacity is obtained from the ratio of the 

acceleration amplitude recorded at different cycles. The logarithm decrement is defined 

as [7]: 
 

d
+

æ ö÷ç ÷= ç ÷ç ÷çè ø
m

m n

y
Ln

y  
(3.3)

where ym and ym+n are the peak amplitudes of vibration for cycles mth and (m+n)th, 

respectively. The damping capacity can then be calculated by [7]: 

2

d
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æ ö÷ç= ÷ç ÷çè øn  

(3.4)

In general, if one assumes that the free vibration response of a system can be 

characterized by a periodic function (sine or cosine) in the time domain, as represented 

by Equation 3.5, the natural logarithm of the peak amplitude in each half-cycle would 

then be a function of the damping capacity. 
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( )( ) xw w f-= +ty t e Cos t (3.5)

As shown in Equation 3.5, the natural logarithm of the peak amplitude would be a line 

with the slope of xw- . As we know, the vibration mode shape of any system is a 

combination of different mode shapes; however, the first mode shape has a significant 

role in the final outcome of the vibration; therefore, the output signals were filtered by a 

low pass filter, which eliminated frequencies higher than 500 Hz, so that only the first 

mode of vibration signals were included. The absolute value of the peak amplitude in 

each half-cycle was then identified, as shown by the stars in Figure 3.7. As can be seen, 

the magnitudes of these peak amplitudes gradually decrease, and the amplitude ratio of 

the last point to the first point is equal to 0.05. 
 

 

Figure 3.7 The absolute value of a signal at its peak in each half-cycle 

 

A line is then fitted to the points established by the natural logarithm of the maximum 

amplitudes, as shown in Figure 3.8.  The slope of the line passing through the data points 

would represent the product of the damping capacity and natural frequency. The 

evaluated damping capacity for each of the specimens is reported in Table 3.3. As seen, 

the damping capacity of this material is about 0.48%. However, because of the variation 

in porosity throughout the specimens, the data are somewhat scattered, indicating the 

variation in the void ratio of the specimens. 
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Figure 3.8 Best fitted line to the natural logarithm of the peak amplitude of each half-

cycle 

 

Table 3.3 Damping capacity of the specimens 
 

Specimen 

No. 

Damping 

Capacity (%) 

Test 1 

Damping 

Capacity (%) 

Test 2 

Damping 

Capacity (%) 

Test 3 

Damping 

Capacity (%) 

Test 4 

Mean 

Damping 

Capacity (%) 

1  0.643  0.592  0.56  0.547  0.5855 

2  0.482  0.544  0.474  0.463  0.49075 

3  0.467  0.491  0.4  0.398  0.439 

4  0.502  0.472  0.477  0.501  0.488 

5  0.432  0.426  0.421  0.415  0.4235 

6  0.451  0.458  0.438  0.467  0.4535 

 

In order to establish damage progress in each specimen, the damping evaluation was 

performed for all the signals. The change in the damping capacity ratio, ∆ξ, is defined by: 
 

0

0

x x
x

x
-

D =
 

(3.6)

where x is the damping capacity of the specimen after a certain number of fatigue loading 

cycles, and 0x  is the damping capacity of the virgin specimen. The calculated variation in 
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the damping capacity as a function of the applied loading cycles (reported as % cycles 

ratio) of one of the specimens is reported in Table 3.4. 

 

Table 3.4 Damping capacity change 
 

 

Number of 
Loading Cycles 

Damping 
Capacity (%) 

Cycles 
Ratio (%) 

 
∆ξ (%) 

0  0.439  0  0 

11256  0.563  28.53  28.18 

23636  0.538  59.91  22.53 

32294  0.657  81.86  49.61 

33443  0.686  84.77  56.33 

35156  0.681  89.12  55.13 

36984  0.667  93.75  51.94 

38944  0.668  98.72  52.16 

39450  Fail  Fail  Fail 
 
 

3.6 Material’s response during cyclic loading  
 

The variations in the natural frequency and damping capacity of the alloy evaluated 

during the application of cyclic loading indicate that the cyclic loading had caused 

degradation in material’s stiffness, which in turn affected the material’s natural 

frequency. This change is depicted in Figure 3.9 for all specimens. 
 

 

Figure 3.9 Variation of the natural frequency as a function of life cycles ratio 
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As reported in Table 3.4, an increase in the damping capacity was observed for all 

specimens as a result of the applied cyclic loading. The evaluated change in the damping 

capacity is illustrated for all the specimens in Figure 3.10. 
 

 
 

Figure 3.10 Variation of the damping capacity as a function of life cycles ratio 

 
3.7 Summary and conclusions 
 
Vibration characteristics of HPDC AM60B magnesium alloy were evaluated with the aim 

of establishing the damage progress in the alloy as a result of the applied cyclic loading 

and indirectly evaluate the influence of especial porosity within the alloy. The variation 

of the natural frequency and damping capacity of a material, as a result of applied cyclic 

loading, can be utilized as a means for evaluating damage progress in materials.  This 

information can be used for estimating materials’ life-cycles.  This approach can be 

considered as an effective approach, which is independent of the loading amplitude, and 

the location of excitation and signal collection. However, our observations indicated that 

the results are quite sensitive to the test specimen’s dimensions. 

 

A frequency degradation of approximately 5% indicated excessive damage that could be 

considered as the failure of the material.  This value was not however very consistent for 

all the tested specimens, as it ranged from 4% to 6%. The response in the degradation of 

an alloy’s natural frequency was observed to follow two regimes.  Through the first 
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regime, which covered approximately the first 60% of the life cycle ratio of the material, 

the material degradation increased gradually. Within the second regime (i.e., from 60% 

life-cycle ratio to the end of the material’s life-cycle), the material underwent abrupt and 

significant degradation, ended by the ultimate failure. 

 

It was demonstrated that cyclic loading caused an increase in the damping capacity of the 

material. The values of this change to the failure ranged from 60% to 100%, which is a 

sizeable interval. Moreover, the variation in the damping capacity occurred within a wide 

range. This is believed to be in part due to the inherent nature of the HPDC alloy 

considered in this study, which had a large variation in its porosity. It could also be due to 

the method used in establishing the damping capacity, in that the method uses a curve 

fitting algorithm to establish the damping capacity. As a result, any error embedded in the 

experimental data could be grossly amplified and adversely affecting the outcropping 

damping capacity. 
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4.1 Abstract 
 

In this paper, the effect of stress ratio on fatigue crack growth rate (FCGR) of AM60B 

magnesium alloy plates at room temperature is studied. The plates are loaded under a 

wide range of stress ratios (-1, -0.8, -0.6, -0.3, 0, 0.25, 0.5 and 0.75) and the behavior of 

the center crack is investigated. Most FCGR data available in the literature have been 

presented using various FCGR models that are mainly based on a positive stress intensity 

range as well as the entire stress intensity range. In this paper, a modified model, 

developed based on the Walker model, is proposed.  The model condenses and presents 

the data obtained under the wide stress ratio range into a single line on a logarithmic 

scale. Finally, the variances in the FCGR data that were presented with different models 

from the best-fitted line to the zero stress ratio were calculated and compared to each 

other to clarify the efficiency of the model. 

 

Keywords: Fatigue crack propagation rate, AM60B magnesium alloy, Walker model, 

Stress intensity range 
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4.2 Introduction 
 

Magnesium alloys are increasingly being used in automobile and light truck industries 

due to their low density (a quarter that of steel and two-thirds that of aluminum), high 

specific strength, relatively lighter weight and excellent castability and machinability. 

 

The use of Mg alloys in automotive components dates back to 1920, when they were 

being used in racing cars.  However, in early 70s, Volkswagen Group of companies, 

along with other auto manufacturers (including DaimlerChrysler (Mercedes Benz), 

BMW, Ford and Jaguar), actively started using Mg alloys in various applications.  As an 

example, in 1971, Volkswagen used nearly 42,000 tons of Mg alloys in various 

automobile applications [1]. Automobile components, however, are usually subjected to 

cyclic loading. As a result, the likelihood of failure due to fatigue becomes high.  Failure 

caused by fatigue loading is usually catastrophic; therefore, there is an urgent need for 

better understanding of the fatigue and fracture behavior of Mg alloys, especially when 

subject to a wide range of stresses.   

 

A few research works have been produced examining the mechanical behavior of 

AM60B. For instance, the monotonic and cyclic plasticity of the alloy in ambient 

temperature was studied by Lu et al. [2]. They discussed the influence of alloy’s “skin-

core” microstructure (which is the result of the non-equilibrium solidification of the 

molten alloy during the high-pressure die-casting process) on the fracture response of the 

alloy. It was observed that the microstructure of alloy’s skin and core were quite different 

with respect to grain size and percentage of pores, and that the difference increased as the 

plate’s thickness increased. Moreover, the pores act as a stress riser and initiates cracking 

in the material. The researchers presented the continuation of their investigations in a 

subsequent work [3], studying the fatigue life of AM60B under different maximum stress 

levels. Similarly, Nur Hossein and Taheri [4] studied the effect of the stress ratio on the 

fatigue crack growth rate of AM60B magnesium alloy and material fatigue behavior at 

various environmental temperatures. FCGR experimental data for specimens bearing an 

edge crack tested under three stress ratios (R=0, 0.1 and 0.2) was presented and compared 
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to the results obtained by incorporating the Paris and Walker models.  Their comparison 

showed the effectiveness of the Walker model. It is however worth noting that the stress 

ratios considered in that study were close to one another and, more importantly, they 

were close to R=0.  

 

Zheng and Powell [5] also applied the Walker model in considering the effect of the 

stress ratio on the FCGR of the nickel-based superalloy Udimet720, highlighting the 

method used to determine the parameters of the Walker model. 

 

Elber [6] was the first to introduce the crack closure concept. He defined a new model by 

substituting the effective stress intensity range for the stress intensity range appearing in 

the Paris model in order to account for the stress ratio effects on FCGR. He showed that, 

in a crack produced by cyclic loading, the load at which the crack is closed would be 

neither zero nor compressive, but would be tensile. He concluded that a crack would 

propagate at the opening portion of cyclic loading, and defined the effective stress 

intensity range as: 
 

max( )eff opK K KD = - (4.1)

 

where ∆Keff , Kmax and Kop are the effective, maximum and opening (or closure) stress 

intensity factors. Other researchers have also applied the crack closure concept to define 

the FCGR and stress ratio effects for different materials [7, 8, 9]. 

 

Kujawski [10] described the difficulties with the proposed crack closure model of Elber 

and introduced the (∆K+ Kmax)
0.5 parameter as a driving force for FCGR when 

considering the stress ratio effect. This newly-defined parameter is based on the 

hypothesis that the compressive part of the loading does not have any effect on crack 

propagation. In subsequent papers, Kujawski [11, 12], modified (∆K+ Kmax)
0.5 to Kmax

α 

(∆K+)1-α, such that α is a material-dependent parameter. As in his previous paper, positive 

and maximum stress intensities were used to define crack propagation behavior without 

any contribution from the compressive part of fatigue loading. Kujawski demonstrated in 

his research how to determine his model’s parameter (α).  
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Huang and Moan [13] reviewed several models, including Kujawski’s, and proposed a 

new model as a function of stress ratio (R). Kujawski’s model was modified to provide 

more accurate results, especially for negative and high stress ratios. Noroozi et al [14] 

proposed a unified two-parameter fatigue crack growth model for different stress ratios 

and related the crack propagation to the maximum stress intensity and total stress 

intensity range.  Dimitriu and Bhadeshia [15] used the neural network to define a crack 

propagation model for a wide range of material and specimen conditions as well as stress 

ratios.   

 

In this paper, the FCG behavior of AM60B Mg alloy subject to various stress ratios (both 

negative and positive) is investigated. The integrity of some of the available models in 

predicting the FCGR is also investigated, and their results are discussed. Finally, a new 

model, developed based on our experimental data, is proposed. The model is capable of 

accounting for a wide range of stress ratios effectively.  The efficiency of the proposed 

model in comparison to the other FCGR models is also presented. 

 

4.3 Material 
 

The chemical composition of the magnesium alloy used in this project is shown in Table 

4.1. The alloy was provided by Meridian Technologies Inc. (Strathroy, Ontario). 

 

Table 4.1 Chemical composition of the AM60B alloy in weight. % [1] 
 

 

Mg  Al  Mn  Si  Zn  Fe  Cu  Ni  Other 

Bal. 
 

5.5‐
6.5 

0.25 
min 

0.1  
max 

0.22 
max 

0.005 
max 

0.01 
max 

0.002 
max 

0.003 
max (total) 

 

The plates from which the specimens were extracted were 3mm thick, as received and 

were cast by the Meridian. As mentioned previously, the volume of the micro-voids and 

porosity in a cast material is highly dependent on the thickness of the final product. 

Therefore, for specimens as thin as those used in this study, the porosity ratio was found 

to be much less than those observed in the specimens used in our previous studies [16]. 

The consistency observed in the experimental results indicates that the existence of the 
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small porosity ratio in our specimens did not have any effect on the fatigue response of 

the material. The mechanical properties of the alloy are reported in Table 4.2. 
 

Table 4.2 Material properties 
 

Yield stress (σy) 150 MPa 
Modulus of elasticity (E) 40 GPa 

 

4.4 Test setup 
 

4.4.1 Specimen preparation 
 

Specimens were cut from as-received high-pressure die-cast AM60B alloy plates 

provided by Meridian Technologies Inc. (Strathroy, Ontario), according to ASTM E-647-

08 [17]. Grip holes were drilled on the top and bottom of the plate, along with a very 

small center hole (1 mm in diameter), which was used to initiate a 6 mm long starter 

notch, using a jeweler’s saw (Figure 4.1). 

 

 

Figure 4.1 Geometry of the specimen 

 

In order to obtain a clear view of the crack length and make an accurate measurement of 

it, the surface of the specimens were polished to a mirror-like sheen, according to 

recommendations in ASTM E1245 [18]. The polishing process involved using 

progressively finer abrasive papers (i.e., 320, 400 and 600 grit) before finally applying a 

suspension of 3-micron aluminum oxide on a rotary pad to produce the ultimate shine. 

 

4.4.2 Fatigue loading 
 

An Instron servo-hydraulic universal test machine, with a capacity of ±100 KN under 

dynamic, or 200 KN under static loading conditions, controlled by an 8501 digital 
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controller, was used to apply constant-amplitude cyclic loading. The maximum stress of 

55 MPa with a loading rate of 6 Hz was applied to all specimens. The sole variable in 

testing the specimens was the variation in the stress ratio, R, defined as: 
 

min

max

R
s
s

=
 

(4.2)

 

where σmin and σmax are the minimum and maximum stresses in each cycle, respectively. 

An anti-buckling device was designed and fabricated to prevent the lateral buckling of 

the specimens when subjected to a negative stress ratio. Figure 4.2 shows the 

configuration of the anti-buckling device, which is attached to our test fixture grip. As 

shown in Figure 4.2, two roller bearings support each side of the specimen, thereby 

minimizing the contact force between the device and the specimen under the loading. The 

digital microscope, Dino-Lite AM-7013MZTL, with a magnification of 92X and 

resolution of 5 megapixel (2592×1944), mounted on a traveling micrometer, was used to 

measure the crack length.  This microscope was equipped with 8 LEDs to illuminate the 

crack-tip region, and could be conveniently connected to a computer to record crack 

propagation. The entire test setup is shown in Figure 4.3. 

 

 

Figure 4.2 Anti-buckling device 

 

As shown in Figure 4.3, the grip and anti-buckling device were held by machined fixed 

grips, connected to a load cell. After a certain number of cycles, the test was interrupted 

and the crack length was carefully measured; the procedure was repeated till specimen’s 

failure was observed.  
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Traveling 

Micrometer 

Specimen

Digital 

Microscope 

Anti‐buckling 

supports/grip 

attached to 

machine’s grips 

 

Figure 4.3 Test setup 

 

All tests were conducted at room temperature. In order to obtain a sharp crack, the 6 mm 

notch was pre-cracked to a length of 8 mm and the subsequent FCG data was recorded 

with datum to this sharp crack tip. A maximum stress of 55 MPa with a stress ratio of 

zero was applied to the specimens at the pre-crack stage. An image of a crack captured 

with the digital microscope is illustrated in Figure 4.4. 

 

 

Figure 4.4 Image of the notch and crack 
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4.5 Results and analysis 
 

4.5.1  Crack length versus number of cycles 
 

As stated previously, different stress ratios, but maintaining the same maximum stress 

were applied to the specimens, and the incremental center crack lengths versus the 

number of the cycles were recorded. The considered cyclic loading scenarios are 

summarized in Table 4.3.  

 

Table 4.3 Different cyclic loading properties 
 

No.  R 
Max. Stress 

(MPa) 
Min. Stress 

(MPa) 

1  ‐1  55    ‐55  

2  ‐0.8  55    ‐44  

3  ‐0.6  55    ‐33  

4  ‐0.3  55    ‐16.5  

5  0  55    0  

6  0.25  55    13.75  

7  0.5  55    27.5  

8  0.75  55   41.25  
 

As is widely known, a decreased stress ratio would shorten the life-cycle of a specimen, 

as it is subjected to a relatively larger magnitude of stress. The curves of crack length 

versus number of cycles are shown in Figure 4.5. For a better understanding of what 

occurs under a negative stress ratio range, data related to R=0, -0.3, -0.6, -0.8 and -1 are 

depicted on a separate graph (Figure 6). Several researchers [see, for instance, references 

10, 11 and 12] have contended that a decrease in the stress ratio to a negative magnitude 

would have no effect on the resulting crack propagation rate. Their statement has been 

based on the hypothesis that when a crack in a material is subjected to compressive stress, 

it would be closed and thus would not grow. However, as shown in Figure 4.6, 

application of a negative stress ratio significantly decreased material’s fatigue life. 

Further, as shown in Figures 4.5 and 4.6, specimen’s fatigue life is highly dependent on 

the stress ratio. It should be noted that three tests were carried out for each stress ratio, 

and that the average values of the three curves are presented for each stress ratio. 
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Figure 4.5 Crack propagation versus number of cycles for all stress ratios 

 

 

Figure 4.6 Crack propagation versus number of cycles for the negative stress ratios 

 

4.5.2  Fatigue crack growth rate (FCGR) 
 

In this section, the FCGR of the AM60B predicted by the use of some of the most 

commonly- used models are presented and compared with the experimental data. 
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4.5.2.1  The Paris model 
 

The FCGR response of metals can be divided into three regions [19]. The first region 

covers the threshold portion, which consists of slow FCG.  This region is followed by the 

second region, which represents the stable FCG, followed by the third region that 

contains the fast FCG response up to failure. In the second region, the FCGR follows a 

linear trend as a function of the increasing stress intensity range, when plotted on a 

logarithmic scale. In all of the FCGR tests in this study, data related to the first and third 

regions are eliminated, and only the data related to the second region is presented. 

 

In 1963 Paris and Erdogan introduced their famous model, commonly referred as the 

Paris Model [20]. The model defines the material’s FCGR behavior in the second region 

as a function of the stress intensity range, and is represented by the following 

mathematical relation: 
 

( ) pm

p

da
C K

dN
= D

 
(4.3)

where 
da

dN
 and ∆K are the FCGR and stress intensity range, respectively, Cp and mp are 

the Paris model coefficients, which are material-dependent.  

According to the linear fracture mechanics theory, the crack tip stress intensity factor 

could be presented as a function of the applied far field stress, σ, half-crack length, a, and 

a geometry related coefficient, Y [21, 22], shown mathematically by:  
 

K Y as p= (4.4)

 

where the geometry coefficient for a center crack in a finite plate obtained through a 

finite element analysis is represented by [21]: 
 

0.5 2 4

sec 1 0.025 0.06
2

a a a
Y

w w w

pé ù é ùæ ö æ ö æ öê ú ê ú÷ ÷ ÷ç ç ç= - +÷ ÷ ÷ç ç çê ú ê ú÷ ÷ ÷ç ç çè ø è ø è øê ú ê úë û ë û  
(4.5)

 

In the above equation, w is the half-plate width. ASTM E-647 08[16] also suggests the 

use of equation 4.6 for evaluation of the stress intensity range. In the following equation, 
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only the positive (tensile) segment of the applied stress is used in calculating K, and the 

compressive portion of the applied stress is ignored.  In the following sections, FCGR 

behavior will be computed both as a function of the positive range of ∆K and also by 

considering the entire stress intensity factor range, pending the sense of stress ratio, R,  
 

max

max

(1 ) 0

0

K R K R

K K R

D = - >

D = £  
(4.6)

 

4.5.2.1.1  Paris model’s prediction when considering the positive 

stress intensity range (∆K+) 
 

In this section, the positive portion of the cyclic loading is considered in establishing the 

stress intensity range (as defined by Equation 4.6). The graph of crack growth versus the 

positive stress intensity range, ∆K+, for different stress ratios considered in our 

experimental work is presented in a logarithmic scale, in Figure 4.7.  

 

 

Figure 4.7 Crack growth behavior versus the positive stress intensity range, ∆K+ 
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As shown in the figure, the data are widely scattered and FCGR trend for each stress ratio 

is different from the others. The behaviour for each stress ratio, therefore, has to be 

represented by a separate line on the logarithmic scale. The best-fitted line to the FCGR 

data of plates tested at zero stress ratio is also shown in Figure 4.7; this line illustrate how 

widely the data for other stress ratios are scattered. As well, Figure 4.7 shows the strong 

dependency of the FCGR response to stress ratio. However, this dependency is not 

consistent for both positive and negative stress ratios. For instance, while an increase in 

the stress ratio in the positive part results in faster crack growth for a given positive stress 

intensity range, this trend is completely reversed in the case of negative stress ratios.  

 

The next step for applying the Paris model is the evaluation of the Paris coefficients Cp 

and mp. As mentioned before, the Paris model is applicable to the second region in which 

FCGR follows a linear trend when plotted in the logarithmic scale.  Thus, by fitting a 

straight line to the plot of da/dN versus K, the values of the Paris model’s coefficient 

could easily be established. Cp would be the intercept of the best-fit line to the data, and 

mp would be the slope of the line, as mathematically represented by the following 

equation; 
 

( )p p

da
Log Log C m Log K

dN
+æ ö÷ç = + ´ D÷ç ÷çè ø  

(4.7)

 

Paris model’s parameters for the FCGR data obtained at different stress ratios are 

calculated and reported in Table 4.4. It should be noted that these parameters are 

established based on the consideration of positive stress intensity range.  

 

Table 4.4 Paris model parameters for different stress ratios 
 

R  Cp  mp  Log (Cp) 

‐1  2.50611E‐11  4.9091  ‐10.601 

‐0.8  3.62243E‐11  4.6915  ‐10.441 

‐0.6  1.09648E‐10  4.1919  ‐9.96 

‐0.3  1.09749E‐10  4.046  ‐9.9596 

0  1.22603E‐10  3.8666  ‐9.9115 

0.25  5.55265E‐10  3.4209  ‐9.2555 

0.5  1.64097E‐09  3.1128  ‐8.7849 

0.75  3.08816E‐09  3.0284  ‐8.5103 
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The variation of mp and log (Cp) versus stress ratio are shown in Figures 4.8.a., 4.8.b. and 

4.8.c.  The relation between mp and the stress ratios are divided into two categories (i.e., 

negative and positive stress ratios.) As shown in Table 4.4 and the following figures, the 

slope of the FCGR curves increase as the stress ratio decreases. While this relation could 

be defined by a polynomial function, separately, for the positive and negative stress ratios 

(as presented in Equation 4.8), the variation in the logarithmic value of Cp does not 

follow a distinct trend when plotted as a function of the stress ratio, R, such that it could 

be expressed by a single mathematical equation. It is believed that this is due to the 

adaptation of ∆K+ instead of ∆K which is calculated based on the full range of the applied 

stress. 
 

2

2

0.8839 0.1915 3.8666 0

1.2470 2.1939 3.8666 0

p

p

m R R R

m R R R

= - + £

= - + ³  
(4.8)

 

 

(a) 

 

(b) 
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(c) 

Figure 4.8 Graphs illustrating variation of (a) mp versus positive stress ratio; (b) mp 

versus negative stress ratio; (c) Log (Cp) versus stress ratio 

 

4.5.2.1.2  Paris model’s prediction when considering the full range of 

the stress intensity range (∆K) 
 

In the previous section, the positive portion of the stress range was considered in 

establishing K and later in establishing Paris model’s parameters. In this section, the 

entire stress range will be considered in calculating the stress intensity factor and its 

effect on Paris model’s parameters will be investigated.  

 

The full range stress intensity factor can be calculated by considering both the positive 

and negative stress ratios, using the following equation: 
 

max min max( ) (1 )K Y a R Ks s pD = - = - (4.9)

 

The plot of the resulting FCGR versus the full stress intensity range for various stress 

ratios on a logarithmic scale is shown in Figure 4.9. The resulting curves are now clearly 

separated from one to another and the influence of stress ratio is more distinctly evident. 

It can be seen that when the full range of the applied stress is considered, the increase in 

the stress ratio essentially moves the FCGR curve to the left, similar to the trend observed 

when using only the positive stress ratios as seen in Figure 4.7.  
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Figure 4.9 Crack propagation behavior versus the whole stress intensity rang (∆K) 

 

Moreover, the response, as plotted on the logarithmic scale, also follows a linear trend. It 

can be mathematically demonstrated that the slope of the best-fitted lines to the data 

would be similar to those established when using ∆K+ (see Figure 4.7), and that the only 

change would occur in the value of the intersect of the best-fit lines (i.e., the values of 

Cp). The relationships for establishing the graph in negative stress ratio region are shown 

below.  
 

(1 )
(1 )

( )
1

(1 ) ( )

p

p

m
m

p p

p p p

K
K R K K

R

da K
C K C

dN R

da
Log Log C m Log R m Log K

dN

+ +

+

D
D = - D  D =

-

æ öD ÷ç= D = ÷ç ÷çè ø-
æ ö÷ é ùç = - ´ - + ´ D÷ç ê úë û÷çè ø

 
(4.10)

 

As shown in Equation 4.10, the slope of the line is represented by mp, but the Log (Cp) as 

used earlier has been replaced by Log(Cp) - mp × Log (1-R). The above parameters, 

calculated for the different stress ratios, are presented in Table 4.5. 
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Table 4.5 Paris model’s parameters calculated based on the entire stress 
intensity range 

 

R  Cp (New)  mp  Log(Cp (New)) 

‐1  8.34091E‐13  4.9091  ‐12.07878635 

‐0.8  2.29821E‐12  4.6915  ‐11.63861096 

‐0.6  1.5288E‐11  4.1919  ‐10.81565056 

‐0.3  3.79652E‐11  4.046  ‐10.4206148 

0  1.22603E‐10  3.8666  ‐9.9115 

0.25  5.55265E‐10  3.4209  ‐9.2555 

0.5  1.64097E‐09  3.1128  ‐8.7849 

0.75  3.08816E‐09  3.0284  ‐8.5103 
 

The variation in the value of Log (Cp) as a function of the stress ratio has been plotted in 

Figure 4.10.  It can be seen that Log (Cp) increases as R increases, and that this behavior 

can be defined by fitting a line through the data respectively yielding the following 

equation.  
 

( ) 2.1457 9.8173pLog C R= - (4.11)

 

 

Figure 4.10 Variation in Log (Cp) versus stress ratios 

 

The best-fitted line to the FCGR curve at the stress ratio of zero is also plotted in Figure 

4.9. It can be seen that the data for various stress ratios are more scattered in this plot 

when compared to those plotted when the positive stress intensity range was used (see 

Figure 4.7); nevertheless, this time, the data scatter has a trend in itself (i.e., they are 

scattered as a function of the stress ratio).  Furthermore, a unified and more logical trend 
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is seen in the variation of the logarithm of Cp as a function of the stress ratio, and the 

variation could be represented by a linear function, as stated by Equation 4.11. 

 

Presenting the data with the aid of the Paris model using the two different values for the 

stress intensity range (∆K+ and ∆K) indicates that beside the fact that Paris coefficient are 

material-dependent, they are R-dependent, and highly sensitive to the variation in the 

stress ratio. It can be concluded that the use of the entire portion of the cyclic stress range 

in calculating the stress intensity range would produce a better relationship between the 

Paris model’s parameters and the stress ratio, such that the parameter can be effectively 

defined by polynomial equations. 

 

4.5.2.2  The Walker model 
 

Walker proposed his model in 1970 [23] with the aim of improving the shortfall of the 

Paris model by incorporating the effect of the stress ratio. In fact, Walker asserted that his 

model was capable of predicting FCGR behavior using just one equation by inclusion of 

a new stress intensity range parameter, namely, KD . Walker proposed the inclusion of 

the following stress intensity range, KD , instead of ∆K used in the Paris model: 
 

1(1 ) w

K
K

R g-

D
D =

-  
(4.12)

 

Accordingly, the FCGR can be calculated by the following relationship: 
 

1
( )

(1 )

w

w

w

m

m
w w

da K
C K C

dN R g-

é ùDê ú= D = ê ú-ë û  
(4.13)

 

where mw, Cw and γw are Walker model’s parameters. In the case of R=0, this model 

would yield the Paris model; so, mw and Cw would equate to mp and Cp. Walker defined 

his new model such that the FCGR data for different stress ratios could be condensed and 

represented by a single line, by suggesting the use of an extra parameter, γw. He tested the 

integrity of his model by evaluating FCGR for two aluminum alloys (2024-T3 and 7075-

T6), adopting γw values of 0.5 and 0.425, respectively.  
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4.5.2.2.1  Evaluation of γw  

 

In this section, two methods will be reviewed for evaluating the value of γw. 

 

4.5.2.2.1.1  Method I  

 

Some researchers [5, 24] used Paris model’s parameter to establish the value of γw used in 

the Walker model. This approach is based on the assumption that the plot of FCGR 

versus the stress intensity range for all stress ratios would fall on lines parallel to one 

another in logarithmic scale.  If this were true, it would mean that the value of mw would 

be the same for all stress ratios. However, it has been shown that not only mp is highly 

stress ratio dependent, but its variation as a function of stress ratio is not linear.  

  

In showing the effect of non-parallel trend of FCGR for different stress ratios, the 

abovementioned approach will be applied to our FCGR data. Comparison of the Paris and 

Walker model indicates that:  
 

(1 )(1 ) w w

w
p m

C
C

R g-=
-  

(4.14)

 

Taking the logarithm of the above equation would yield: 
 

[ ](1 ) (1 )p w w wLog C Log C m Log Rg= - - - (4.15)

 

By plotting the Log (Cp) versus Log (1-R) and fitting a straight line to the data, the slope 

of the line would represent mw (1-γw). As stated, according to the assumption, mw should 

be constant and equate to mp, so the value of γw could be easily determined by comparing 

the FCGR for each stress ratio with the FCGR of R=0. The plot of FCGR versus 

Walker’s model stress intensity range, KD , calculated by the use of γw as established 

based on the abovementioned approach, is plotted on the logarithmic scale, as shown in 

Figure 4.11. 
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Figure 4.11 FCGR versus 
( )1
1 w

K

R
g-

D

-
in logarithmic scale 

As seen in Figure 4.11, the Walker model could not condense the data on a single line 

(i.e. on the best-fit line to the data for R=0), due to the incorrect assumption with respect 

to the FCGR for different stress ratios having the same slope in logarithmic scale.  

 

The role of 1(1 ) wR g-- in the Walker model equation has been supposed to push the 

parallel curves to the right or left with respect to the best-fit line at R=0, in the  

logarithmic scale. The values of 1(1 ) wLog R g-é ù-ê úë û  for different stress ratios are presented 

in Table 4.6; the values are also plotted against the stress ratio (for both positive and 

negative values), separately in Figures 4.12.a. and 4.12.b.   
 

Table 4.6 ( )1
1 wLog R

g-
-é ù

ê úë û for different stress ratios 
 

  R  ( )1
1 wLog R

g-
-é ù

ê úë û  
 

  ‐1  0.560517136   

  ‐0.8  0.446677369   

  ‐0.6  0.233835789   

  ‐0.3  0.131668725   

  0  0   

  0.25  ‐0.17515205   

  0.5  ‐0.322837138   

  0.75  ‐0.36237889   
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(a) 
 

 

(b) 

Figure 4.12 Variation in ( )1
1 wLog R

g-
-é ù

ê úë û as a function of the stress ratio (R); (a) For the 

negative stress ratios and (b) For the positive stress ratios 

 

As seen, the variation of 1(1 ) wLog R g-é ù-ê úë û as a function of the stress ratio can be defined 

by the following polynomial functions as: 
 

1 2

1 2

(1 ) 0.2813 0.2890 0

(1 ) 0.5255 0.8829 0

w

w

Log R R R R

Log R R R R

g

g

-

-

é ù- = - £ê úë û
é ù- = - ³ê úë û  

(4.16)
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4.5.2.2.1.2  Method II  

 

The other method for evaluating the value of γw has been presented by Kujawski [11], 

which was verified for positive stress ratios. Again, his method is applicable in cases 

where the FCGR obtained for different stress ratios in logarithmic scale follow a parallel 

trend with respect to one another. He extracted the γw by considering two FCGR curves, 

each for different stress ratios, R2≥R1≥0, as: 
 

1 2

1 2

( )

(1 1 )w

Log K K

Log R R
g

+ +D D
=

- -  
(4.17)

 

where 
1

K +D  and 2K +D are the stress intensity range corresponding to a constant crack 

growth rate (i.e. da/dN being constant). In this approach, the value of γw has to be 

calculated for different values of da/dN and their average value would be reported. The 

obtained values for γw using this method for different stress ratios are shown in Figure 

4.13. As seen, the value of γw for each stress ratio is highly variable and could not be used 

in the Walker model. 
 

 

Figure 4.13 γw versus Log(da/dN) for different stress ratios 

 

4.5.2.3  Kujawski’s model  

 

Kujawski initially proposed his model, which used 0.5

max( )K K+D for calculating FCGR 

[10].  He then improved his model and used 1

max( ) ( )K Ka a-+D  in calculating FCGR [11, 
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12]. Although he applied his model for cases with negative stress ratios, his modified 

model was however developed based on the assumption that the negative part of the 

cyclic loading would not have any effect on crack growth rate. Thus, when one applied 

his suggested expression for stress intensity factor for negative stress ratios, his parameter 

equals that appearing in the original Paris model (also see Figure 4.7); or mathematically: 
 

1
max max( ) ( )K K or KKa a+ - +D =D (4.18)

 

where α is a material dependent parameter.  Noting that this model is not appropriate for 

consideration of negative stress ratios, it will not be discussed further in this paper. 

 

4.5.2.4  The Huang and Moan model [13]  

 

Huang and Moan reviewed different models, and finally came up with the following 

relationship: 
 

( )mda
C M K

dN
= D

 
(4.19)
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(4.20)

 

The modification factor was applied to the stress intensity range such to condense the 

data on a single line in the logarithmic scale. As seen, two new parameters β and β1 were 

also defined in the model, which are dependent on the material and environment (β≤ β1 ≤ 

1). The researchers used β1= 1.2×β, and β=0.5 and β=0.7 as a result of fitting their 

experimentally obtained FCGR data for Ti-6Al-4V and aluminum, respectively. While 

Huang and Moan mentioned in their paper that the same value of β could be used for 

similar materials, they however did not describe how β could be determined for other 

types of materials.  
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Huang and Moan’s model was applied to our data by trying different values of β to fit the 

model to the experimental data.  As seen from Figure 4.14, it was determined that β=0.5 

produced the most favorable results, that is in terms of uniting all data obtained for 

various stress ratios near a single line.  

 

 

Figure 4.14 FCGR versus Huang modified ∆K in logarithmic scale (R2 = 0.981) 

 

As shown in Figure 4.14, this model provides better condensation of the data in 

comparison to Paris and Walker models. 

 

4.5.2.5  Proposed Modified Walker model 

 

As mentioned previously, the underlying assumption for establishing γw in Walker’s 

model was that all the FCGR curves generated by Paris model for different stress ratios 

would be in parallel to one another. However, as discussed above, the data would not be 

in parallel, and the slope of the best-fit line to the data would be changing as a function of 

the stress ratio in a manner such that the slope would be decrease as the stress ratio 

increases. 
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Walker’s model is a relatively simple, proven and a widely used model, requiring 

minimal parametric values.  It would therefore be desirable if one could somehow 

arrange the data in such a way that they would align along the same slope, so that the 

Walker model could be used. To do so, a new form of the stress intensity range is 

proposed, which takes the following form:   
 

0

( )

( )
p Ri

p R

m

mK K¢D =D
(4.21)

 

where ( )
Ripm is the slope of the best-fit line of the data corresponding to stress ratio of 

“i”, which was previously defined by Equation 4.8, and 
0

( )
Rpm  is the slope of the FCGR 

data at R=0. Finally, K ¢D could be represented by: 
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Since the value of γw is not a unified value for all stress ratios, we recommend using the 

equivalent expression instead, as introduced in equations 4.16 (i.e., 1(1 ) wLog R g-é ù-ê úë û ), 

which accounts for various variation in R. By incorporating the equivalent value and 

K ¢D (as per Equations 4.16 and 4.22, respectively) into the Walker model, the proposed 

modified Walker model can be presented by the following relationship: 
 

( ) wm
w m

da
C K
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= D

 
(4.23)
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(4.24)

 

Km is the modified stress intensity range, Cw and mw could be found from the best-fitted 

line to the FCGR versus ∆Km data plotted in the logarithmic scale, or from the best-fitted 

line to the FCGR versus stress intensity range for the case of R=0. In that particular case, 
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Cw = (Cp)R=0 =1.22603E-10 and mw = (mp)R=0 = 3.8666. The plot of FCGR obtained from 

the proposed model versus ∆Km in the logarithm scale for various values of R is depicted 

in Figure 4.15. 

 

 

Figure 4.15 FCGR versus ∆Km in a logarithmic scale (R2 = 0.989) 

 

As can be seen, this model best fits the experimental data. 

 

4.5.2.6  Comparison of the predicted values obtained from different 

models  

 

To show the accuracy of the proposed model in predicting FCGR response with a single 

equation, the variance of the data predicted by different models discussed earlier from the 

best-fitted line to the zero stress ratio is defined by the following mathematical 

relationship: 
 

2

. .i F L

da da
Log Log

dN dN
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where s is the variance, ( )i

da

dN
is the individual values of the predicted FCGR at each 

stress ratio, . .( )F L

da

dN
is the value of FCGR taken off of the best-fit line to the data at stress 

ratio of R=0, and n is the number of data points. The variances amongst the four models 

are calculated and presented in Figure 4.16.  

 

 

Figure 4.16 Variance of the FCGR data for different models 

 

As seen from the figure, the proposed model produces the lowest variance compared to 

the other models. 

 

4.5.2.7 Integrity of proposed model’s prediction when considering 

FCGR of other materials 

 

As a part of our continuing efforts, here we examine the integrity of the proposed model 

and its applicability to other materials. For the sake of comparison, we first illustrate the 

experimental FCGR data obtained by Ritchie et al [25] for another alloy (namely, Ti-6Al-

4V).  The data discloses FCG response of the alloy obtained from tests conducted at 

stress ratios of 0.1 ≤ R ≤ 0.92, as illustrated in Figure 4.17. In addition, to illustrate the 

capability of our proposed model in better condensing the data (as illustrated in Figure 

4.18(b)), we also have illustrated the FCGR response of the alloy as per ∆K suggested by 
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Huang and Moan’s model (see Figure 4.18(a)). As seen from the figures, our model does 

a better job of condensing the data into a single curve.  

 

 
 

Figure 4.17 Experimental FCGR data of Ti-6Al-4V obtained at different stress ratios, 

obtained by Ritchie et al. [25] 

 

 

(a) 
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(b) 

Figure 4.18 FCGR data of Ti-6Al-4V for different stress ratios depicted based on (a) 

Huang and Moan model [13]; (b) our modified model 

 

To further illustrate the integrity of our proposed model (i.e., ∆Km), we also considered 

the application of the model in consideration of the FCGR data obtained for a similar 

titanium alloy through the experimental investigation of Ding et al. [26], presented in 

Figure 4.19.  The result of the application of our model in condensing the data is 

illustrated in Figure 4.20, showing an excellent fit. 

 

 
 

Figure 4.19 FCGR data of Ti-6Al-4V tested under different stress ratios obtained by 

Ding et al. [26] 
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Figure 4.20 Presentation of FCGR data of Ti-6Al-4V obtained by Ding et al. [26] 

based on our modified model 

 

We also applied our model to the experimental data presented by Kim and Lee [27], who 

investigated the FCG response of Al 7050-T7451 for the stress ratios of -1 < R < 0.3, as 

shown in Figure 4.21. The FCGR of this material obtained with respect to our proposed 

parameter, ∆Km, as depicted in Figure 4.22, follows a more condensed data band. 

 

 

Figure 4.21 Original FCGR data of Al 7050-T7451 obtained experimentally at 

different stress ratios by Kim and Lee [27] 
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Figure 4.22 Representation of FCGR data of Al 7050-T7451 obtained by Kim and Lee 

[27]  presented by our modified model 

 

4.6 Conclusion 

 

Fatigue crack growth rate is highly dependent on the stress ratio as well as the material 

and environment. A change in the stress ratio leads to change in the slope of FCGR curve 

depicted by the commonly used Paris model. Increasing the stress ratio in a positive sense 

accelerates the growth rate, but its decrease conversely reduces the rate, when only the 

positive stress intensity range is considered as a driving force.  

 

A relation between the slope of the FCGR in logarithmic scale and the stress ratio could 

be defined for all stress ratios, since an increase in the stress ratio results in an increase in 

the slope of the curves when the entire stress cycle is considered in the calculation of the 

stress intensity range. As well, the compressive portion of the applied stress, which is 

ignored by most of the commonly used FCGR models, is proven to have a significant 

effect on crack growth rate and fatigue life; it is therefore highly recommended that the 

entire stress intensity range be taken into account when evaluating FCGR of a material. 

 

Furthermore, the approaches thus far used for establishing the value of γw used in the 

Walker model have been essentially based on the assumption that the FCGR of a material 

evaluated at various stress ratios follow a parallel trend with respect to one another in 

logarithmic scale. We however demonstrated that data at various stress ratios follow a 
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variable trend, highly dependent on the stress ratio. To alleviate this inconsistency when 

using the Walker model, a new parameter is proposed (i.e., ∆K’) to reduce the slope 

variation. In addition, the proposed model recommends the use of polynomial function 

describing the variation of 1(1 ) wLog R g-é ù-ê úë û  in the Walker model. 

 

Moreover, the use of newly defined parameter, ∆Km (modified stress intensity range), is 

proposed, which enables the Walker model to better condense FCGR data around a single 

line, thus better predicting FCGR of materials when subject to various stress ratios.  The 

integrity of the proposed FCGR model was established in comparison to several other 

models.  The results indicated that the proposed model could produce the most accurate 

predictions among the models considered.  

 

In conclusion, the proposed FCGR model could effectively and accurately predict the 

fatigue crack growth response of AM60B Mg alloy, subjected to cyclic loading under a 

wide range of positive and negative stress ratios. 
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5.1 Abstract 
 

An experimental investigation is carried out to study the influence of compressive 

loading cycles on the crack propagation response of AM60B magnesium alloy. Random 

and constant amplitude loading scenarios with various compressive loading contributions 

(or stress ratios) are applied on a center-cracked plate, and their fatigue response is 

examined.  

A finite element analysis is also conducted to evaluate the stress distribution around the 

crack tip at various stages of cyclic loading for various stress ratios for the plates 

considered in the experimental investigation. The relation between the residual plastic 

zone size and crack propagation rate is critically examined. It is observed that the size of 

the residual plastic zone has a significant influence on the crack propagation rate. As a 

result, new parameter is defined, which captures the influence of the compressive loading 

on the crack propagation rate.  

 

Keyword: Compressive loading contribution, random amplitude loading, crack 

propagation, AM60B magnesium alloy, residual plastic zone. 
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5.2 Introduction 
 
The relatively lower density and high strength-to-weight ratio of AM60B magnesium 

alloy have attracted designers to use this alloy in various industrial applications. The 

many applications of AM60B in the auto industry have required more in-depth 

knowledge on material fracture and fatigue behavior. Several investigations have aimed 

at characterizing the monotonic and cyclic response of the alloy (for a comprehensive list 

of such studies see Reference [1] and [2]).  

 

The stress ratio within a cyclic loading, defined as the ratio of the minimum (Smin) to 

maximum (Smax) stress amplitude (Equation 1), plays a significant role in crack 

propagation, especially for AM60B.  
 

min

max

S
R

S
=  (5.1)

 

Under a negative stress ratio, the loading cycle will include compressive stress.  For 

many years, the effects of compressive cyclic loading were overlooked.  In fact, most 

research works have presented the crack propagation rate and fatigue response of 

materials as a function of positive stress intensity range. Even in some standards (e.g., 

[3]), it has been suggested that the compressive portion of a cyclic loading could be 

ignored. The dismissal of the compressive cycles in crack propagation calculation have 

been based on the theory that under compressive loading, the crack faces are closed, so 

no propagation could occur during the negative part of fatigue loading. 

 

Fleck et al. [4] were probably the first group of researchers to investigate fatigue crack 

propagation (FCP) under compressive loading. They showed that a crack could be 

initiated in structural steel under a fully compressive loading. In the same year, Suresh [5] 

reported that crack propagation could be accelerated as a result of compressive loading. 

He studied the compressive loading effect on short and long cracks in a relatively low-

strength steel, and related this phenomenon to the tensile residual stress formed around 

the crack tip.  
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In recent years, a few more investigators have considered this issue as well.  For instance, 

Silva [6] and Shabanov [7] reported that compressive loading would have a significant 

effect on crack propagation rate. They also concluded that the result of such loading 

would be different from one material to another, and that the material properties should 

be incorporated into crack propagation equations. Crack propagation under a fully 

compressive stress loading has also been reported by other researchers [8-9].  Kasaba et 

al. [8] described the effect of compressive loading on the crack propagation of stainless 

steel. They first produced an initial tensile residual stress ahead of the crack tip, and then 

applied fully compressive stress loading cycles and observed that the crack propagated, 

even in the absence of tensile loading. Vasudevan and Sadananda [9] introduced the 

internal stress intensity factor to analyze the crack propagation under compressive 

loading. They showed that a crack could grow under a fully compressive cyclic loading 

due to an internal tensile stress state around the crack tip; subsequently, the crack could 

be decelerated and then arrested after a certain amount of propagation.  

 

Different scenarios have also been used to investigate the influence of variable amplitude 

loading scenarios by various researchers. The loading scenarios used in most of these 

investigations included only a small number of overload or underload spikes within 

otherwise a constant amplitude loading. Yuen and Taheri [10] and Rushton and Taheri 

[11] reported the retardation and acceleration in crack propagation as a result of the 

application of an overload and a compressive underload in a polymer and 350WT steel, 

respectively. They also studied the reduction in the retardation induced as a result of an 

overload cycle following an underload. Bacila et al. [12] studied the same phenomenon 

and proposed a modified model describing the effect. Xiaoping et al. [13] performed 

some modifications on Wheeler’s model to capture the effects of overload and underload 

in cyclic loading. They tested the integrity of their model by comparing their results with 

the experimental data reported by other researchers and found reasonable agreement.  

As stated, thus far, most of the research related to variable amplitude loading has been 

mainly concentrated on the application of a few over-under loading applied within a 

constant amplitude loading scenario, while less work has been reported on the inclusion 

of compressive cycles within a random amplitude loading scenario. The study reported in 
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this paper presents the influence of random variable amplitude tension-compression 

loading scenario, which includes the contribution of various magnitudes of compressive 

loading cycles on the fatigue crack growth (FCG) response of AM60B magnesium alloy. 

The experimental data will be compared with the FCG data obtained under a constant 

amplitude loading having the same compressive loading contribution or stress ratios. In 

addition to the experimental data, a series of numerical analyses were conducted to assess 

the stress field surrounding the crack tip, by which the influence of the compressive 

loading cycles on FCG could also be discerned. 

 

5.3 Material 
 

Table 5.1 shows the chemical composition of AM60B magnesium alloy used in this 

study. The material was provided in the form of 3 mm thick cast plates by the Meridian 

Technologies Inc. (Strathroy, Ontario).   

Table 5.1 Chemical composition of the AM60B alloy in weight. % [1] 
 

 

Mg  Al  Mn  Si  Zn  Fe  Cu  Ni  Other 

Bal. 
 

5.5‐
6.5 

0.25 
min 

0.1  
max 

0.22 
max 

0.005 
max 

0.01 
max 

0.002 
max 

0.003 
max (total) 

 

The mechanical properties of the material are summarized in Table 5.2. 
 

Table 5.2 Material properties 
 

Yield stress (σy) 150 MPa 

Modulus of elasticity (E) 40 GPa 

Plastic Modulus (ET) 2.5 GPa 

 
 

5.4 Random amplitude loading scenarios 
 

A block of random loading function was generated using the MATLAB, as shown in 

Figure 5.1. Each block comprised of 144 cycles and was applied over a period of 24 

seconds. Each cycle in the random amplitude loading is represented by a sinusoidal 

curve, whose magnitude of its positive portion is different from that of the negative 
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portion. Therefore, in order to generate a block of 144 cycles, 288 random numbers (from 

zero to the desired maximum stress value) were generated using the MATLAB. Half of 

these random numbers were used as stress amplitude of the positive portions and the rest 

for the negative portions. Therefore the number of cycles for each loading scenario was 

kept constant. A random amplitude loading contained several of these blocks, back-to-

back. The compressive part of the random amplitude loading was scaled with various 

scaling factors (i.e. 100%, 80%, 60%, 30% and 1%).  
 

 

Figure 5.1 block of random amplitude loading history (with 100% compressive 

loading contribution (CLC)) 
 

 

Figure 5.2 A block of random amplitude loading history (with 30% of the 

compressive loading contribution (CLC)) 
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Figure 5.2 shows a typical loading history with 30% of the magnitude of the original 

compressive loading cycles. It should be mentioned that in order to maintain a consistent 

number of cycles in each block, a very small scaling factor (1%) was applied instead of 

zero. As a part of our study, the crack propagation resulting from the application of the 

constant amplitude loading (CAL) was compared with the experimental results obtained 

under the application of CAL scenario, which hosted a few compressive loading spikes. 

 
5.5 Test setup 
  

5.5.1 Specimen preparation 

 
The specimens were configured according to ASTM E647-08 [3], as detailed in Figure 

5.3. As illustrated, a 6 mm-long center notch was created using a fine (0.25 mm thick) 

jeweller’s saw. The specimen was then polished, as per ASTM E 1245 recommendations 

[14], to generate a shiny surface to facilitate more precise measurement of crack length. 

For this purpose, the specimen was polished with several different fine grit abrasive 

papers, after which the polishing continued using a rotary pad and a suspension of 3-

micron aluminum oxide. 
 

 

Figure 5.3 Specimen geometry 

 

5.5.2 Cyclic loading and crack measurement 
 

Cyclic loadings (both random and constant amplitude loadings) were applied to the 

specimens using an Instron servo-hydraulic universal test machine, with a capacity of 

±100 kN under dynamic, or 200 kN under static loading conditions, controlled with 8501 

digital electronics. In the case of compressive loading, an anti-buckling device was 
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designed and fabricated, which was subsequently used to support the specimen, as shown 

in Figure 5.4. By using the anti-buckling device, the effective length of the specimen was 

reduced, thereby preventing premature buckling of the specimen. Four pairs of roller 

bearings were used to minimize the friction in between the specimen and device. The 

complete test setup is shown in Figure 5.5.   
 

 

Figure 5.4 Anti-buckling device 

 
 

Traveling 

Micrometer 

Specimen

Digital 

Microscope 

Anti‐buckling 

supports/grip 

attached to 

machine’s grips 

 

  Figure 5.5 Test setup 
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A digital microscope with a magnification of 92X, mounted on a traveling digital 

micrometer with an accuracy of 0.01 mm, was used to measure the accurate length of the 

crack. The microscope had 8 LEDs to illuminate specimens’ surface, and was connected 

to a personal computer to facilitate real-time tracking of crack propagation. After the 

application of a certain number of cycles, the test was interrupted and the crack length 

was precisely measured using the microscope. The measurement process was repeated at 

a set interval, till the complete failure stage of the specimen.    

 

As a first step, the specimen was subjected to constant amplitude (zero-tension) loading 

cycles with a maximum stress of 55 MPa to form a sharp crack. The pre-cracking cyclic 

load was continued till an 8 mm-long sharp crack was produced. After generating the 

sharp crack, the loading scenario was applied and the crack propagation length was 

measured and recorded from the sharp pre-crack tip. Figure 5.6 shows the notch and the 

sharp crack.  
 

 

Figure 5.6 Image of a typical notch and crack 

 

5.6 Experimental results 

 

5.6.1 Random amplitude loading 
 

The maximum applied stress contained in the random amplitude loading (RAL) scenario 

as shown in Figure 5.1, was 70 MPa. The test was carried out at room temperature with 

various compressive loading contributions (CLC). The plot of crack length versus 
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number of cycles for the specimens tested under RAL containing various levels of CLC 

are detailed in Figure 5.7. It should be noted that, three specimens were tested for each 

loading scenarios and the average values are reported here. As seen, the compressive 

loading cycles produce a significant influence on the FCG of the specimens, by reducing 

specimens’ fatigue life. Even a small amount of CLC (30 %) has a considerable effect 

and will result in a 25 % reduction in the life of the material.  As can be seen, there is a 

minor deviation in the trend when considering the results of CLC = 60% and 80%.  It 

should be noted that crack length/propagation measurement always involves a certain 

margin of error, and based on our experience, the error margin is usually relatively much 

greater at earlier stages of crack propagation.  This is mainly due to the fact that it is quite 

difficult to clearly see/distinguish the crack tip, which is much finer at the early stages of 

loading; therefore the observed interpenetration of the curves (the crossing of the curves 

in the early stages) for tests with CLC = 60% and 80% is attributed to the inherent 

measurement error, and not to the actual material crack propagation response.  This can 

be also justified by noting the otherwise distinct trend in the crack propagation seen in 

Figure 5.7.  

 

 

Figure 5.7 Crack propagation versus number of cycles for all the CLCs considered 
 

As mentioned previously, not only the dismissal of the influence of the compressive 

portion of a cyclic loading has been the norm, but it has also been promoted by some 

guidelines [3]. It should be noted that a few standards (e.g., the API [15]) indeed 
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recommend taking the influence of the compressive loading into consideration.  For 

instance, the API suggests the consideration of the entire stress range, only when the 

stress cycles are entirely tensile; however, in case where the stress ratio is negative, it has 

been suggested that for fatigue life calculation, one could consider the entire tensile 

portion of a cycle plus 60% of the compressive portion. In other words, according to the 

API, in essence, 40% of the magnitude of the compressive stress cycles could be 

overlooked.  

 

To examine the influence of the compressive loading cycles, the variation in the fatigue 

life as a function of various percentiles of the magnitude of the CLC appearing in the 

RAL scenario (shown in Figure 5.1) is illustrated in Figure 5.7.  As can be seen, the 

variation in the resulting FCG is much greater when zero to 60% of the CLC has been 

considered in the calculations, while the variation becomes milder when 60% to 100% of 

CLCs magnitudes are included in the calculations.  This observation could probably 

rationalize API’s suggestion. However, while it is true that the level of change in the 

fatigue life when including the final 40% margin of the CLC is not as significant as that 

observed for the first 60% contribution of CLCs, nevertheless, the resulting influence on 

the FCG is not too insignificant that could warrant the dismissal of the compressive 

cycles. This issue will be discussed in more detail in the following sections.    

 

As a means to facilitate an easier method for predicting fatigue life cycle of metals 

subjected to RAL, Barsom and Rolfe [16] suggested the use of the root-mean-square of 

the stress intensity factor resulting due to the RAL.  In this approach, the RAL is 

converted to an equivalent CAL.  By calculating the stress intensity range of the 

equivalent loading and the use of an appropriate crack propagation model (e.g., Paris’ 

model), the propagation rate and the fatigue life could be effectively ascertained. It 

should be noted that the integrity of the proposed models (i.e., Paris, Walker, etc.), for 

evaluating the crack propagation and fatigue life of materials is strongly dependant to the 

material properties (through the materials constants used to represent the models). 

Accordingly, the crack propagation behavior of AM60B magnesium alloy was therefore 
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thoroughly investigated in our previous study [17].  The results of that investigation will 

be briefly reviewed and summarized in the next section. 

 

5.6.2 Constant amplitude loading 
 

The Paris model [18] is a well-known model, used to describe the crack propagation 

response of materials; it is represented by the following equation: 
 

( )mda
C K

dN
= D  (5.2) 

 

where ∆K is the stress intensity range, and C and m are material related parameters. 

Because the Paris model’s coefficients changes from one stress ratio to another, the 

equation cannot be used for predicting FCG of materials for a wide range of stress ratios. 

To resolve this issue, Walker [19] proposed a new parameter to account for the effect of 

stress ratio, and proposed the following equation for estimating the FCG rate: 
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where Cw, mw and γw are Walker model’s parameters to be established from experimental 

fatigue tests. The results of our previous study [17] revealed that the model’s coefficients 

are highly stress ratio dependent when applied to AM60B alloy. With this finding, a 

modified Walker model was developed and proposed, by which one could establish the 

FCG rate for a wide range of stress ratios; the proposed model is presented by the 

following equations: 
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The crack propagation response of the alloy under constant amplitude loading subject to 

different stress ratios is shown in Figure 5.8. Comparison of the FCGR under CAL (as 

illustrated in Figure 5.8), with those generated under random amplitude loading 

(illustrated in Figure 5.7) reveals a great similarity in fatigue response under both loading 

scenarios. As seen, the change in FCGR of the specimens tested under stress ratio range 

of -0.6൑R ൑-1 is not as significant as the change seen for specimens tested under stress 

ratio range of -0.6൑R ൑0, nonetheless, it should not be overlooked.  
 

 

Figure 5.8 Crack propagation versus number of cycles for the CAL with various 

stress ratios 

 

In Figure 5.9, the fatigue life cycles of the alloy observed under CAL and RAL with 

different stress ratios (or CLC) are normalized with respect to the fatigue life cycle 

obtained under a fully compressive (R = CLC = -1) loading scenario.  The normalized 

fatigue life depicted in Figure 5.9 confirms that the compressive loading cycles would 

generate a consistent effect on alloy’s FCG, regardless of the loading scenario (i.e., being 

CAL or RAL). It also reveals that the fatigue life can be altered as much as 120% when 

the compressive cycles’ amplitudes are the same as those of the tensile cycles (i.e., CLC 

= 100%).  
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Figure 5.9 Normalized fatigue life as a function of percentage of the compressive 

loading contribution 

 

In conclusion, therefore, dismissing the compressive portions of a cyclic loading scenario 

would result in inaccurate fatigue life prediction. The percentile of error as a result of 

considering only 60% of compressive portion of a cyclic loading (i.e., per API’s 

suggestion [15]) associated with different CLCs is depicted in Figure 5.10.  As can be 

seen, the percent error in FCGR changes nonlinearly as a function of CLC.  According to 

our experimental data, the maximum error occurs when the amplitude of the compressive 

cycles reaches approximately between 70-80% of the amplitude of the tensile cycles 

within the loading scenario. From a practical perspective, however, the exact value of 

CLC within RAL scenarios would not be clearly known. In such cases, one could define 

a set of equivalent compressive and tensile stresses, following a similar approach as 

adopted by Barsom and Rolfe [16] for establishing the equivalent stress intensity range. 
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Figure 5.10 Errors resulting in the fatigue life assessment as a result of API’s 

recommendation 

 
5.6.3 Influence of spike loading on FCGR 
  

The other variable amplitude loading type scenario used in this study was the 

consideration of the spike loading applied within a CAL scenario. Specifically, a numbers 

of compressive spike loads were applied during the application of zero-tension constant 

amplitude loading. In other words, after n number of CAL cycles (with R=0 format), one 

compressive spike was applied, and this sequence was repeated until the specimen failed.  

 

Figure 5.11 A typical loading block with one compressive (underload) loading spike 

(10-1 Spike) 
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A representative block of spike loading is shown in Figure 5.11. The maximum 

amplitude of the CAL section is 55 MPa (with a stress ratio of R = 0). The spike load is 

applied in the form of a half-cycle load with a maximum stress of -55 MPa. The cyclic 

loading was applied at a rate of 6 Hz. Different loading blocks, as summarized in Table 

5.3, were considered.   
 

Table 5.3 Details of the loading histories that include spike loading  
 

Block Name Description 
3-1 Spike 3 constant amplitude loading cycles + 1 compressive spike 
10-1 Spike 10 constant amplitude loading cycles + 1 compressive spike 
50-1 Spike 50 constant amplitude loading cycles + 1 compressive spike 
500-1 Spike 500 constant amplitude loading cycles + 1 compressive spike 
1000-1 Spike 1000 constant amplitude loading cycles + 1 compressive spike 

 

The resulting FCG for the various spike load history considered is shown in Figure 5.12. 

As can be seen, even an infrequent application of a compressive loading spike (1000-1 

Spike) exerts a significant effect on the crack propagation, causing a 15% reduction in the 

fatigue life of the alloy. As can be seen, the results indicate that only when the number of 

spikes is very high in a CAL loading scenario (i.e., three constant amplitude cycles and 

one spike), the resulting fatigue response becomes almost identical to the curve of a CAL 

with a complete load reversal (i.e., R = -1).  In other words, the spikes produce the same 

influence as the rest of the repeated compressive cycles do. 
 

 

Figure 5.12 Crack propagation for different spike loading 
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5.6.4 Life estimation 
 

The proposed modified crack propagation model (equations 5.4 and 5.5) has been used to 

estimate the fatigue life of the specimens and the results are compared with the 

experimental results. 

 

5.6.4.1 The use of equivalent maximum and minimum stresses  
 

Barsom [16] suggested using the root mean square technique to determine the equivalent 

stress intensity range (∆Krms) as shown in equation 5.6, and then apply the Paris-like 

model to predict the crack propagation rate.  
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This method does not account for the influence of stress ratios. Hudson [20] proposed the 

equivalent maximum and minimum stresses and stress ratio to predict the crack 

propagation under variable amplitude loading. The relations for these equivalent 

parameters are as follows: 
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where max,rmss , min,rmss and rmsR are the equivalent maximum stress, minimum stresses and 

stress ratio, respectively. The proposed equation for evaluating the crack propagation rate 

was used along with the equivalent parameters defined by Barsom and Hudson to predict 

the fatigue life of the specimens that were subjected to the random amplitude loading, 

which included 100% compressive loading contribution. The results are compared with 

the experimental results as illustrated in Figure 5.13. It should be noted that when 
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applying the Barsom model, the stress ratio was set to R = -1.  As can be seen, both 

models produced results with significant error margins. 

 

 

Figure 5.13 Life estimation using Barsom and Hudson equivalent parameters (CLC = 

100%) 

5.6.4.2 Cycle by cycle method 
 

In this method the increase in crack length is calculated as a result of the individual crack 

growth increment due to each individual cycle, using the proposed crack propagation rate 

model. In this method the crack length would be allowed to propagate until reaching the 

critical value. The predicted results for the loading scenarios having various contributions 

of CLCs are shown in Figure 5.14. As can be seen, the estimated results are in reasonably 

good agreement with the experimental results. It is only for the case of CLC = 0 that the 

model slightly overestimates the crack propagation rate.  The overestimation could be 

attributed to the retardation effect that is produced by some of the overloads embedded 

within the applied loading scenario. Similar observation, that is, a reduction in crack 

propagation retardation, has also been reported in the works of other researchers (see for 

instance references 10 and 11), where a compressive underload was applied following an 

overload.  However, in the case of the investigated alloy the retardation is minimized in 

cases when the loading scenario included compressive stress cycles (i.e., those with CLC 

contributions of 30% to 100%).  It is therefore concluded that the cycle-by-cycle method 

can estimate the fatigue life with a reasonable accuracy.  
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(a) 

 

(b) 

 

(c) 
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(d) 

 

(e) 

Figure 5.14 Fatigue life estimation under RAL loading when a) CLC = 100%, b) CLC 

= 80%, c) CLC = 60%, d) CLC = 30%, e) CLC = 0 

 

Moreover, to investigate the limitation of the proposed model, the model was applied to 

estimate the fatigue life of the alloy undergoing constant amplitude loading scenarios that 

include compressive (underload) loading spikes.  For that, a series CAL scenarios (at 

stress ratio of R=0) that included a series of compressive loading spikes (with a stress 

ratio of R=-1), applied at a set intervals were used to investigate the influence of the 

loading spikes.  For instance, Figures 5.15 illustrates the prediction of the model against 

the experimental results for two of the loading scenarios. In the first case the compressive 

loading spikes are applied after every 1000 CAL cycles, while in the second scenario, the 
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spike is applied at after every three-cycle increment.  As seen, the proposed method 

underestimates the fatigue crack propagation rate and cannot account for the acceleration 

developed as a result of the applied compressive underloads.  

 

 

(a) 

 

(b) 

Figure 5.15 Fatigue life estimation under spike loading scenarios a) 1000-1, b) 3-1 

 

To summarize all the results, the difference between the predicted and experimental 

results as a function of the total number of underload spikes applied within the total 

number of cycles that was consumed to propagate a crack from 8 mm to 20 mm was 

calculated and shown in Figure 5.16.  In essence, in the figure, the horizontal axis 

represents the total number of the accelerated cycles per underload spike.  The results 
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indicate that the existence of the compressive loading spikes could impose a significant 

interaction effect as the number of underloads is increased. 
 

 

Figure 5.16 Fatigue life reduction per spike for different loading scenarios 

 

5.7 Finite element modeling 
 

Finite element method was also used to study the influence of compressive loading on the 

stress distribution ahead of the crack tip. Some researchers [10, 11, 21 and 22] have 

reported that a tensile residual stress is formed ahead of the crack tip upon the completion 

of cyclic loadings that include a negative stress ratio, and that this positive stress state 

would be responsible for the acceleration in crack propagation. Zhang et al. [21] carried 

out an elastic-plastic finite element analysis on a center-cracked plate, hosting a crack 

with three different lengths. The loading histories were designed in such a way as to 

produce a constant state of maximum stress intensity for the tensile portion of the cyclic 

loading and a constant maximum compressive state for the negative portion of the 

loading. They also used the isotropic hardening rule in modeling material’s plasticity 

response. Finally, they concluded that the stress distribution at different stages of the 

loading history was identical when different crack lengths were considered.  They further 

stated that the maximum stress intensity factors corresponding to the maximum tensile 

and maximum compressive stress were therefore the driving parameters governing the 

crack propagation rates. Zhang and his colleagues furthered their research [22], by 

changing the hardening rule from isotropic to kinematic and arrived at the same 
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conclusion. In all of these works, the researchers related the crack propagation 

acceleration to the positive (tensile) residual stress state formed ahead of the crack tip. 

Nevertheless, literature on the influence of crack length and stress ratio on the residual 

stress is almost non-existent.  

 

In summary, the finite element analysis was carried out to further examine the cause of 

the acceleration that would result in crack propagation due to the application of the 

compressive underloads. The increase in the tensile residual plastic zone size is 

hypothesized as a cause for the observed crack growth acceleration. It will be shown that 

a greater residual plastic zone size would cause faster crack propagation. As will be seen, 

the FE results will demonstrate that a residual plastic zone of a significant size would not 

be developed when the magnitude of the applied compressive loading cycle is relatively 

small; therefore, a new parameter is introduced, which in our opinion, would better 

represent the influence of all levels of the compressive loading cycles. 

 

The NISA (Numerically Integrated System Analysis) finite element software was 

employed to conduct the numerical investigation.  Center-crack plates with three different 

crack lengths (a = 6, 8 and 10 mm, where ‘a’ represents half of crack length) were 

investigated. The geometry and boundary conditions of the specimen were symmetric, so 

only half of the plate was modeled. The crack mouth opening at the center of the plate 

was set to 0.25 mm, which is equal to the thickness of a jeweler’s saw blade.  

The material was modeled as bilinear elastic-plastic material, with the properties shown 

in Table 5.2. The kinematic hardening rule was applied to define the material’s cyclic 

hardening behaviour. Generally, two types of hardening models can be used in an elastic-

plastic finite element modeling; these are: (i) the isotropic and (ii) kinematic.  

 

The isotropic hardening [23, 24] assumes identical yield surface when the material is 

subject to tensile or compressive stress, and that the locus of the yield surface on the 

stress plane remains at the same position as the load varies.  Moreover, the Bauschinger 
effect is not considered in the isotropic hardening.  In the kinematic hardening rule, an 

increase in the tensile yield stress results in a reduction of the compressive yield stress, 
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while the summation of the yield stress in compression and tension remains always 

consistent. Therefore, the shape and size of the yield surface will remain consistent; 

however, its locus would be shifted in the stress space. Moreover, the Bauschinger effect 

is also considered in this hardening model. As reported by Lu et al [1], since the 

Bauschinger effect is relatively large in AM60B magnesium alloy under cyclic loading, 

the kinematic hardening rule should be employed when analyzing the fatigue response of 

this alloy by finite element method. 

 

The eight-node quadrilateral plane stress element was used to model the specimens. The 

crack tip singularity was achieved by moving the mid-side node of the elements 

surrounding the crack tip to the quarter location nearer to the crack tip [25]. To maximize 

computational accuracy, a very fine mesh was used to model the crack tip region (see 

Figure 5.17); the element size in that zone was 0.001 mm (i.e., a ratio of approximately 

1/10000 of the crack length).  
 

 

Figure 5.17 The FE mesh and data line used for presenting the stress distribution ahead 

of the crack tip 

 

Since the application of the compressive loading cycle would cause crack faces to come 

in contact, a two-dimensional frictionless gap element was employed to connect the 

nodes on two opposite crack surfaces. From the numerical perspective, the stiffness of the 
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gap element undergoing tension should be different from that under compression. Since 

crack surfaces do not have any resistance against opening under a tensile stress, the 

tensile stiffness of the gap element should be zero (or, in order to insure numerical 

stability, it should be of a very small value compared to the compressive stiffness); 

however, when subject to a compressive load, those elements should be adequately stiff 

to prevent the surfaces from overlapping. The NISA user’s manual suggests employing a 

compressive stiffness of one to three orders of magnitude higher than the stiffness of 

adjacent elements. The compressive stiffness of the gap element could be estimated by 

observing the vertical distance between the two faces of the crack. 

 

Three cycles of constant amplitude loading with different stress ratios, similar to that 

used in out experimental work were modeled and the stress distribution along a line 

ahead of the crack tip during the loading history was monitored. It should be noted that 

each cycle was divided into 80 load steps. The location of the line (or plane) on the FE 

mesh on which the data was extracted and the loading history are shown in Figures 5.17 

and 5.18, respectively.  

 

 

Figure 5.18 Sampling location of the stress values on the loading history for R = -1 
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As shown in Figure 5.18, the stress distribution will be presented at four loading levels of 

the last loading cycle. A description of these four loading levels can be found in Table 

5.4. 

Table 5.4 Description of different loading stages  
 

TP The tensile peak load 

ZTP Zero load after the tensile loading cycle 

CP The compressive peak load 

ZCP Zero load after completion of the compressive loading cycle 

 

5.7.1 Results and discussion 
 

As mentioned previously, specimens with various crack lengths subject to different stress 

ratios were analyzed using the finite element method. Figure 5.19 shows the stress 

distribution normal to the surface of the data line (plane) ahead of the crack tip. In this 

case, the half crack length is 8 mm and the stress ratio is -1. As can be seen, the 

application of the maximum tensile load (TP) will cause a singular behavior around the 

crack tip, while removing the tensile loading (ZTP) will result in a compressive plastic 

zone. Increasing the compressive load to the peak value (CP) will increase the 

compressive plastic zone. After removing the compressive stress portion (ZCP), the 

tensile residual stress, was hypothesized as a reason for crack growth acceleration.  

Accordingly, therefore, the acceleration in crack propagation as a result of the application 

of compressive loading cycles is related to the “tensile” residual stress formed at the 

crack tip, while the application of a tensile overload results in compressive residual stress 

ahead of the crack tip. Therefore, in addition to the size of the plastic zone, which clearly 

influences the propagation of the crack, the sign of the residual stress (tensile or 

compressive) would determine whether the crack would accelerate or decelerate/retard. 

For the case when the applied compressive loading cycles have different magnitudes (i.e., 

different scaling factors), the residual stress becomes tensile; as a result, the crack will 

propagate at a faster rate, while the magnitude of the resulting propagation would be 

governed by the plastic zone size, thereby varying based on the level of the scaling factor.   
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Figure 5.19 Distribution of the Longitudinal (vertical) stress (Syy), at different loading 

stages, for the plate hosting a crack with a = 8 mm (See Fig. 5.18) 

 

The stress distribution at the three different loading stages (ZTP, CP and ZCP), for a plate 

hosting different crack lengths, but subject to the same stress ratio (R = -1) are depicted 

in Figures 5.20 – 5.22, respectively. The results in these figures show that the plastic zone 

size increases as a function of the crack length. If one assumes that the plastic zone is 

equivalent to the damaged zone, then the application of the same loading scenario should 

develop a larger damaged zone in the plate hosting a longer crack length. This would also 

justify the higher crack propagation rates observed for the longer cracks in our previous 

study [17]. The resulting residual stress distribution developed after the removal of the 

entire loading cycle (ZCP), as illustrated in Figure 5.22, evidences a residual plastic zone 

that is much smaller than the plastic zone sizes observed at the other loading stages. The 

graph in Figure 5.22 is magnified to show only a distance of 0.05 mm ahead of the crack 

tip.  The results indicate that in order to accurately capture the residual plastic zone, a 

very fine mesh should be used to model the crack tip region. It should be noted that most 

of the researchers who have investigated the influence of cyclic loading on FCG of 

materials, presented their results in the form of the distribution of the tensile stress 

formed ahead of the crack tip, not the plastic residual stress state. The state of the plastic 

residual stress for different crack lengths is presented in Figures 5.23 – 5.25. 
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Figure 5.20 Distribution of the Longitudinal (vertical) stress (Syy), at loading stage-

ZTP (See Fig. 5.18), for plates with different crack lengths, subject to R = -1 

 

 
 

Figure 5.21 Distribution of the Longitudinal (vertical) stress (Syy), at loading stage-CP 

(See Fig. 5.18), for plates with different crack lengths, subject to R = -1 
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Figure 5.22 Distribution of the Longitudinal (vertical) stress (Syy), at loading stage- 

ZCP (See Fig. 5.18), for plates with different crack lengths, subject to R = -1 

 

The results shown in the figures clearly illustrate that the residual plastic zone associated 

to all the three crack lengths increases by increasing the compressive loading 

contribution. Moreover, no plastic zone was developed in the case of plates with short 

crack lengths, which were subject to small magnitudes of CLC (e.g., CLC = 30%). 

 

 
 

Figure 5.23 Distribution of the Longitudinal (vertical) stress (Syy), at loading stage-

ZCP (See Fig. 5.18), for plates with crack lengths a=6 mm, subject to different stress 

ratios 
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Figure 5.24 Distribution of the Longitudinal (vertical) stress (Syy), at loading stage-

ZCP (See Fig. 5.18), for plates with crack lengths a=8 mm, subject to different stress 

ratios 

 

 
 

Figure 5.25 Distribution of the Longitudinal (vertical) stress (Syy), at loading stage-

ZCP (See Fig. 5.18), for plates with crack lengths a=10 mm, subject to different stress 

ratios 

 

The variation of the residual plastic zone size with respect to the variation in CLC for 

different crack lengths is shown in Figure 5.26. Figure 5.26 shows a linear increase in the 

residual plastic zone size as a function of variation in the compressive loading 

contribution. Therefore, one can conclude that the application of a compressive loading 

cycle on a crack could increase the damage zone, thereby creating the opportunity for the 
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crack to grow in a faster rate. If one considers the residual plastic zone as a criterion 

governing the crack propagation rate, it is clear that the influence of relatively small 

CLCs on certain crack lengths could not be accounted for; therefore, another criterion 

should be sought by which one could account for various crack lengths and levels of 

compressive loading contributions.  

 

 
 

Figure 5.26 Estimated residual plastic zone size for different stress ratios 

 

As a potential effective criterion, here we consider the effective force over an area in 

close proximity to the crack tip, expressed mathematically by the following integral: 
 

0

l

e yyF S t dx= ò  (5.9)

where Fe, Syy,  t and l are, respectively, the effective force, the normal stress value ahead 

of the crack tip, thickness of the plate and the length along which the integration would 

be carried out. This length would be an arbitrary length; however, it should be greater 

than the residual plastic zone developed at the loading stage ZCP (end-point of 

compressive portion) and less than the residual plastic zone size that is developed under a 

cyclic loading without any compressive cycles. In our study, this length was determined 

to be 0.05 mm. The variation of the calculated effective force versus different CLCs and 

crack lengths are shown in Figure 5.27.  In essence, this parameter is introduced to 

mainly qualify the potential of acceleration in crack propagation as a function of a given 
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loading scenario. It is postulated that the comparison of the effective force of a specimen 

that is subjected to a cyclic loading with stress ratio of R = 0 and that undergoing a 

different loading scenario, could give us a sense as to whether the crack would accelerate 

or not.  It should be noted, however, that this parameter could not quantify the resulting 

crack propagation rate. 
 

 

Figure 5.27 Variation of the effective force as a function of the compressive loading 

contribution and crack lengths 
 

Results shown in Figure 5.27 confirm that higher crack propagation rates would occur in 

cases where the contribution of the compressive loading cycles is relatively large.  

Moreover, it is observed that the proposed approach could also capture the influence of 

relatively small compressive loading contributions that in actuality would not create a 

residual plastic zone. The magnitude of the effective force is also consistent for various 

crack lengths when the stress ratio or CLC is zero. The reason is believed to be due to the 

fact that the residual stress distributions in such cases are compressive, occupying a much 

larger region ahead of the crack tip. On the other hand, the stress through the entire length 

of the integration is taken equal to the yield strength of the material (with a negative 

sign), thus resulting in a consistent integration value. This observed consistency would 

also indicate that no crack propagation acceleration would be observed in the case when 

the loading includes no compressive cycles, which also corroborates with our 

experimental data. 
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5.8 Conclusion 
 

Compressive loading cycles exert a significant influence on the fatigue crack propagation 

rate of most metals. In the case of the alloy considered in this study, even a small 

contribution of compressive loading (e.g., equal to 30% of the maximum compressive 

cycle) would have a marked influence, thus should not be overlooked. However, some 

guidelines (e.g., API) state that for cyclic loading cases involving compressive stress 

cycles, one could dismiss 40% of the magnitude of the compressive loads in a fatigue 

analysis. It has been shown that the adaptation of such a recommendation could result in 

25% error in fatigue life estimation, and that the extent of the error would differ from one 

stress ratio to another. Therefore, standards and guidelines should revisit the importance 

of the compressive loading cycles, especially when considering the fatigue life of 

materials that are subject to real-life random amplitude loading scenarios.   

 

In random amplitude loading scenarios, the contribution of the compressive stress cycles 

(or the stress ratio) is not as clear as that in the case of a constant amplitude loading 

scenario.  It is therefore recommended that, as a first step, one should define an 

equivalent stress ratio, using a suitable approach (such as that proposed by Barsom and 

Rolfe’s), and then for the cases where the stress ratio is negative, based on the magnitude 

of the equivalent stress ratio, one makes a judicious decision as to whether the influence 

of the compressive cycles could be overlooked. 

 

Our experimental investigation also revealed that the influences of compressive cycles 

occurring within both random and constant amplitude loading scenarios on crack 

propagation response were similar, and the same amount of reduction was observed by 

applying a consistent stress ratio. When the cycle-by-cycle method was used to estimate 

the fatigue life of the specimens that were subjected to the variable amplitude loading, the 

results showed no sensitivity to the retardation effect.  This would indicate that the 

method would be suitable for estimating the fatigue life of the alloy when the alloy is 

subjected to RAL that includes compressive loading contribution. 
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Moreover an increase in the compressive loading contribution resulted in an increase in 

the residual plastic zone size, which is believed to be the reason for the higher crack 

propagation rate. The residual plastic zone size developed under a cyclic loading that 

includes compressive loading cycles, is much smaller than the residual plastic zone size 

that is developed under a CAL scenario with no compressive loading cycles. As a result, 

when simulating the stress distribution at a crack tip subject to such loading scenarios, 

one should model the crack tip region with a very fine mesh (e.g., element size ≈ 1/10000 

of the crack length), so that accurate results could be obtained. 

 

Since the residual plastic zone was not observed in the case of plates with small crack 

lengths subject to the loading scenarios that included compressive loading contributions, 

a new parameter was defined (i.e., the effective force) by which the influence of the 

compressive loading could be more accurately idealized. 
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6.1 Abstract 
 

Application of an overload within an otherwise constant-amplitude loading scenario 

causes retardation in crack propagation, resulting in longer fatigue life. Several models 

have been proposed for predicting retardation in crack propagation due to an overload 

cycle. Among them, the Wheeler model, a widely used model, assumes the “affected 

zone dimension” to be a function of the current and overloaded plastic zone radii. When 

one considers the actual shape of the plastic zone, however, one realizes that the affected 

zone dimension does not agree with that assumed by Wheeler. As a result, several 

effective plastic zone radius coefficients have been proposed by various researchers, so 

that the equation’s prediction would better fit the experimentally obtained retardation 

data.  

 

In this paper, the influence of a single overload (but by considering three different 

overload ratios) on the fatigue crack growth retardation of center-cracked AM60B 

magnesium alloy plates is experimentally investigated. The retardation effect on crack 

growth due to an applied overload within a random-amplitude loading scenario, using 

various “clipping levels”, is also investigated. The sensitivity of this material to overload 

is compared with the response of some other materials. 
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The results indicate that depending on the material, the affected zone would be 

sometimes larger or smaller than that produced by Wheeler’s model. The actual radius of 

the plastic zone is also evaluated for various stress intensity factors, using the finite 

element method. Subsequently, a new parameter, hereafter referred to as the “sensitivity 

parameter” (β), is introduced that enables one to evaluate the affected zone dimension 

more accurately. It is shown that the proposed modified model is more effective than the 

original one in predicting the retardation response of the alloy. The integrity of the 

modified model is also investigated by evaluating the retardation in some other materials.  

 

Keywords: Overload, sensitivity parameter, retardation, Wheeler model, clipping level. 

6.2 Introduction  

 
High-pressure die-cast (HPDC) magnesium alloys are increasingly being used in 

automobile and light-truck industries, mainly due to their lower density, higher specific 

strength and excellent castability and machinability. A few investigations have been 

carried out to study the monotonic and cyclic mechanical response of the alloy at room, 

elevated and sub-zero temperatures [1 & 2]. Due to the wide application of these alloys in 

auto industry however, cyclic loading is considered as one of the more dominant loading 

conditions. Therefore investigation of fatigue and fracture behavior of these alloys is of 

importance. 

 

Application of overload in a cyclic loading is known to produce retardation in crack 

propagation [3 & 4]. Kumar et al. [3] studied the fatigue crack growth retardation in IS-

1020 steel plate due to application of a single overload (with various overload ratios) 

applied within a constant-amplitude cyclic loading. They also attempted to formulate the 

number of delayed cycles as a function of overload ratio. The same experimental studies 

have been carried out on 6082-T6 aluminum alloy by Borrego et al. [4], in which the 

crack closure concept was applied to analyze the crack propagation retardation. The crack 

closure concept was initially introduced by Elber [5]; this procedure however requires a 

large body of experimental data in order to establish the stress intensity factor at the onset 
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of crack opening. Shuter and Geary [6] showed that the degree of retardation would 

depend on specimen’s thickness, stress intensity level and stress ratios. Tur and Vardar 

[7] studied the influence of a periodic tensile overload on crack growth retardation. They 

claimed that the maximum interaction was observed when the overload spacing was 

approximately half of the delayed cycles. Sander and Richard [8] showed that the amount 

of retardation would depend on the overload ratio, baseline stress intensity range and 

stress ratio, number of overload and fraction of mixed mode. Crack arresting, due to the 

application of overload with ratios greater than two, was also observed in their research.  

 

Several models have been proposed for predicting the retardation of crack propagation 

due to application of an overload. Some modeling efforts [9 & 10] led to the introduction 

of various equivalency parameters into the constant-amplitude loading fatigue crack 

growth (FCG) models for predicting the crack propagation rate under variable-amplitude 

loading. For instance; Barsom [9] applied the root-mean-square technique to define the 

equivalent stress intensity factor, and Hudson [10] defined the equivalent minimum and 

maximum stress, using the same technique. These equivalent parameters were applied 

along with a Paris-like model [11] to determine the crack propagation rate. In one of our 

previous works [12], it was demonstrated that these models could not accurately predict 

the crack propagation rate in AM60B plates under variable amplitude loading. Some 

other models [13 & 14] have also been developed with focus on the plastic zone radius 

developed ahead of the crack tip.  At this juncture, it should be acknowledged that the 

shape of the plastic zone is not a perfect circular shape; therefore, the word “radius” used 

throughout this paper refers to the distance from the track tip to the boundary of the zone 

ahead of the crack. 

 

Wheeler [13] assumed that as soon as an overload is applied, a larger plastic zone (than 

that developed in the previous loading cycle) would develop ahead of the crack tip.  This 

larger plastic zone becomes active in suppressing (or retarding) the crack growth; as a 

result, the crack tip would grow in a slower rate during the subsequent cycles. Wheeler 

then assumed that the retardation in FCG would continue until the boundary of the 
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current plastic zone reaches the boundary of the large plastic zone developed as a result 

of the overload.  He developed the following equation for the evaluation of the FCG rate:   
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In the above equations, RF is the retardation factor, which is a function of the current 

plastic radius, rp,i, the  overload plastic radius, rp, OL, the current crack length, ai, and the 

crack length at which the overload is applied, aOL, and m is a shaping exponent obtained 

through curve-fitting, which controls the magnitude of retardation. This model has been 

used widely due to its simplicity. Using this approach, Taheri et al. [15] attempted to 

estimate the fatigue life of a 350WT steel plate subjected to some overloads applied 

within a constant amplitude loading scenario. They used the plane strain assumption to 

model the plastic zone region and reported a good agreement with the experimental 

results. Khan et al. [16] used both the Wheeler and Elber models to predict the fatigue life 

of specimens subjected to variable amplitude loading. They obtained better prediction 

when the Wheeler model was incorporated in comparison to Elber’s model. Rushton and 

Taheri [17] modified the Wheeler model in order to better predict the crack propagation 

rate when a compressive underload was applied following a tensile overload. For this 

purpose, they introduced an effective plastic zone radius and modified the shaping 

exponent. Kim and Shim [18] studied the crack retardation and variability of the results 

on a 7075-T6 aluminum alloy. Their model, similar to the Wheeler model, is 

characterized by a retardation coefficient, the affected zone and one extra parameter, 

which tracks the retardation in crack-growth. They have also shown that the affected zone 

is a function of the overload plastic zone radius.  

 

In this paper, the influence of a single overload (having various overload ratios), on the 

crack propagation rate of AM60B magnesium alloy plates hosting a centre-crack is 
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studied. A modified Wheeler model is developed to improve the original model’s 

accuracy in assessing the retardation in FCG due the applied overload. 

 

6.3 Experimental investigation (Constant amplitude loading baseline)  
 

The material used in our investigation was AM60B magnesium alloy that was provided 

by Meridian Technologies Inc. (Strathroy, Ontario). The specimens, with the as received 

thickness of 3 mm, were configured according to ASTM E647-08 recommendations [19].  

 

Figure 6.1 Specimen geometry 

 

As shown in Figure 6.1, a 6 mm long center notch was incorporated using a jeweler’s saw 

(having thickness of 0.25 mm). Specimens were drilled at both ends so they could be 

attached to the fixtures. The alloy manifests a bilinear elastic-plastic behavior; its 

mechanical properties are summarized in Table 6.1. 
 

Table 6.1 Material properties 
 

Yield stress (σy) 150 MPa 

Modulus of elasticity (E) 40 GPa 

Plastic Modulus (ET) 2.5 GPa 

 

Cyclic loading was applied using the Instron servo-hydraulic universal test machine, with 

a capacity of ±100 kN under dynamic, or 200 kN under static loading conditions, 

controlled with 8501 digital electronics. In order to generate sharp crack tips, a constant 

amplitude cyclic loading with the maximum stress of 45 MPa and stress ratio of R = 0.1 

was applied to grow the notch tips to sharp cracks in the specimens. This pre-cracking 

procedure continued to increase the crack length to 2a = 8 mm (where “a” is half of the 
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crack length). Then, the loading scenarios were applied and the crack length, measured 

from the sharp pre-crack tips, was recorded against the number of cycles. The fixtures 

were designed such that any unwanted planer bending (potentially generated as a result of 

misalignment) could be cancelled out, thus enabling to crack tips to grow in equal 

lengths.  

 

 
 

Figure 6.2 Test setup 

 

The specimens’ surfaces were polished as per ASTM 1245 [20] recommendations, using 

various grits of fine abrasive papers and finalized with a rotary pad and a suspension of 3-

micron aluminum oxide. A 92X magnifying power digital microscope, mounted on a 

travelling micrometer, was used to measure the crack length accurately. The microscope 

was equipped with 8 LEDs to illuminate the crack surface. The test setup is shown in 

Figure 6.2. 
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6.3.1 Loading scenarios 
 

A single overload with different overload ratios (i.e., OLR = 1.5, 1.75 and 2) was applied 

within an otherwise constant amplitude loading scenarios. The baseline loading consisted 

of a cyclic loading with the maximum stress of 45 MPa and stress ratio of R = 0.1. All 

baseline loadings were applied at 10 Hz frequency, while the overload was applied very 

slowly. Each overload was applied at crack length of 2a = 11.5 mm. Figure 6.3 shows the 

crack tip after the application of the largest overload (i.e., OLR = 2). The dark area 

surrounding the crack tip represents the bean shape plastic zone.  

 

 
 

Figure 6.3 Crack tip under the applied overload (OLR = 2) 

 

Two specimens were tested at each overload ratio and the crack propagation versus the 

number of cycles was recorded and shown in Figure 6.4. As can be seen, the application 

of overload ratio of OLR = 2 significantly increased the fatigue life of the specimens. 

Attempts were made to apply smaller OLR (for instance, OLR = 1.25), but no substantive 

increase in fatigue life was observed as a result; therefore, the results are not reported. 
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Figure 6.4 Crack propagation versus the number of cycles 

 

6.4 Wheeler model  
 

Wheeler [13] proposed a distinct model that defined a reduction factor for the crack 

propagation rate when an overload is applied within an otherwise constant amplitude 

cyclic loading. As graphically illustrated in Figure 6.5, when the current plastic zone 

radius, rp,i, reaches the overload plastic zone radius, rp,OL, the FCGR returns back to the 

steady state crack propagation rate. 

 

 

Figure 6.5 Parameters considered in Wheeler’s model 
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Wheeler assumed that the retardation would occur immediately upon the application of 

an overload; nevertheless, several researchers have observed acceleration in crack growth 

before the retardation [4, 6, 15 & 21]. A typical retardation in crack growth rate is shown 

schematically in Figure 6.6. As can be seen, FCG is accelerated following the application 

of the overload and then decelerated to the minimum FCG rate, returning back to the 

steady state crack propagation. Two main parameters would have to be determined when 

using Wheeler’s model; (i) the distance (ar), which is affected by the overload, and (ii) 

the retardation magnitude, which is governed by the shaping exponent, m (as shown in 

equation 6.1). Since the affected zone (ar) depends on the overload and current plastic 

zone radii, the variation in the plastic zone radius could significantly affect the retardation 

induced affected zone dimension.  

 

 

Figure 6.6 Schematic retardation of FCG following tensile overload 

 

The plastic zone radius is basically a function of the stress intensity factor, K, and 

material’s yield strength σy, as represented by the following relation. 
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where α is the plastic zone coefficient. Several values have been suggested for α, which 

depends on the thickness of the plate and the maximum stress intensity factor. 
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Some modifications on Wheeler’s model have also been reported to reflect a material’s 

FCG behaviour in response to an overload. Song et al. [22] applied an experimental 

investigation on 5083-O aluminum alloy to study overload’s effect on FCG. They found 

that the evaluation of the plastic zone radius (using Irwin’s equations) would result in a 

conservative prediction of the crack propagation rate. They also suggested the use of the 

effective overload plastic zone radius, r’
P,OL, for predicting the retardation response of the 

material. The effective overload plastic zone radius, r’
P,OL, is evaluated based on the 

experimental data for each overload ratio, separately. On the other hand, when the crack 

propagation reaches to length of a = aOL + ar, the plastic zone radius at that stage should 

be added to ar and the new dimension be assumed as r’
P,OL.  

 

Sheu et al. [23] carried out a similar investigation and formulated the plastic zone 

coefficient and shaping exponent as a function of the overload ratio and initial crack 

length. Two different aluminum alloys were studied under several overload ratios and the 

affected zones were experimentally measured. Then, they used the following equation for 

establishing the effective plastic zone radius: 
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where rp,d and Kd are the plastic zone radius and stress intensity factor when the crack 

propagates to the length of aOL + ar, respectively. A similar formulation was presented for 

evaluating the shaping exponent as a function of various overload ratios and initial crack 

lengths. Yuen and Taheri [24] proposed two extra coefficients to be included in 

Wheeler’s retardation model. The purpose of these coefficients is to account for the delay 

in retardation and the overload interaction. Similarly the affected zone and the plastic 

zone coefficient were established using the experimental data. 

 

As mentioned above, the plastic zone radius has a significant influence on the retardation-

affected zone in Wheeler’s model, and it does not follow the condition that was assumed 

by Wheeler when developing his model. Therefore, the actual dimension of the plastic 

zone has rarely been incorporated in the models used for predicting FCG retardation 
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under different loading scenarios in various materials. Most of the experimentally 

evaluated plastic zone radii (also referred to as the effective plastic zone radius), do not 

have any tangible physical meaning; they have been essentially developed by best fitting 

the experimental data to the Wheeler equation, so that a better match to the retarded FCG 

data could be obtained.  

 

6.4.1 Plastic zone radius 
 

The plastic zone radius is usually related to 
2

y

Kæ ö÷ç ÷ç ÷ç ÷ç ÷è øs
, by the coefficient (α). Irwin [25] 

proposed an analytical approach for establishing α, by equating the longitudinal stress 

(perpendicular to the crack direction) to the yield strength of the material. Considering 

linear-elastic material behavior, he analytically obtained α to be 1/2π for plane stress and 

1/6π for plane strain. When considering an elastic perfectly plastic material behavior; 

however, α would increase to 1/π and 1/3π, respectively, for plane stress and plane strain 

conditions. The values of π/8 and (1-2ν)2π/8 have also been suggested by Guo [26] for 

plane stress and plane strain conditions, respectively. Voorwald et al. [27] proposed a 

different set of equations for α for plates with various thicknesses as shown in the 

following relation; 
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A finite element analysis was also carried out by Xiaoping et al. [28] to establish the 

plastic zone coefficient for various thicknesses and stress intensity factors. They 

developed the following equation for evaluating α.  
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As mentioned earlier, several equations have been proposed for evaluation of α, with the 

assumption that the material response is elastic-perfectly plastic. In our investigation, a 

three-dimensional finite element analysis was carried out to determine the plastic region 

for the AM60B magnesium alloy specimens. The actual bilinear material response of the 

alloy, as tabulated in Table 6.1 was used in our finite element model. 

 

For that, the center-cracked plate, with the dimensions described earlier, was modeled in 

the NISA (Numerically Integrated System Analysis) finite element environment, 

subjected to a far field tensile stress that increased gradually from 0 to 90 MPa in ten 

equal increments. Due to the symmetric geometry and boundary conditions (see Figure 

6.1), one-eighth of the plate (one half thickness of the quarter symmetry in the x-y plane) 

was modeled using 20-node higher-order solid elements (NKPT 4). Ten layers of 

elements were used to model the plate through its 1.5 mm half thickness. After running a 

nonlinear analysis, the plastic zone’s boundary was established along the thickness (z-

axis of the specimen; see Figure 6.1). The results for the relatively small and large 

applied far-field stresses of 30 MPa and 90 MPa are shown in Figure 6.7.  It should be 

noted that for illustration purposes, the results obtained for the quarter plate were 

projected on the plane of symmetry to generate the graph. 

 

 

(a) 
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(b) 

Figure 6.7 Plastic zone size when the plate is subjected to far field tensile stress of (a) 

30 MPa and (b) 90MPa 

 

As shown, the plastic zone’s boundary through the thickness of the plate varies as a 

function of the far-field stress. Moreover, at the lower applied stress (i.e., 30 MPa, see 

Figure 6.7(a)), the plastic zone is relatively larger near the free surfaces and smaller at the 

mid-plane, while the application of the larger far-field stress (i.e., 90 MPa, see Figure 

6.7(b)), results in a larger plastic zone at the mid-plane.  The plastic zone configuration 

shown in Figure 6.7(b) confirms the experimentally obtained overload marking line 

clearly visible on the fatigue-fractured surface of the specimen (shown in Figure 6.8). 

Similar marking line has been reported by Borrego et al. [4]. 

 

 

Figure 6.8 Overload marking line on fractured surface 
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Since the plastic zone radius is usually presented as a function of the stress intensity 

factor (K), the variation of the stress intensity factor throughout the thickness was also 

investigated. A linear three-dimensional finite element analysis was carried out and the 

resulting through-thickness variation of the stress intensity factor, K, is illustrated in 

Figure 6.9. As can be seen, K is almost constant and equal to its theoretical value across 

plate’s thickness (with less than 3% error in the mid-thickness of the plate). A sudden 

change in the stress intensity factor is also observed over small regions near free surfaces 

of the plate. The findings reveal that the theoretical equation can be used to establish the 

plastic zone radius.  

 

 
 

Figure 6.9 Variation of stress intensity factor (K) over specimen’s thickness 

 

Having established the variation of plastic zone’s dimension through the specimen 

thickness, its average value could be determined by: 
 

0

1 t

pr dz
t

r= ò  (6.7)

 

where t and ρ are the thickness and plastic zone radius across the thickness, respectively. 

The plastic zone coefficient (α) established based on the finite element (FE) results are 

compared with the equations developed by others [27 & 28] and shown in Figure 6.10. In 

order to show the influence of plane stress/stain assumption on the plastic zone radius, 
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two other two-dimensional models (i.e., using the plane stress and plane strain 

assumptions), were constructed in addition to the three-dimensional model.  
 

 
 

Figure 6.10 Plastic zone size coefficient 

 

As can be seen from the results exhibited in Figure 6.10, as anticipated, the incorporation 

of the plane stress assumption resulted in a larger plastic zone than when the plane strain 

assumption was used. The comparison of the results revealed that the plastic zone 

coefficient varied in its value, ranging from that obtained from the plane strain analysis 

(when subjected to lower stress intensity factor), and then approaching the results 

obtained from the plane stress analysis (especially when subjected to a higher stress 

field). 

 

6.5 Retardation of crack growth in AM60B magnesium plates 
 

As illustrated in Figure 6.6, the crack growth would accelerate upon the application of an 

overload, and then subsequently be retarded. Considering the fact that the acceleration in 

crack propagation occurred within a very small crack increment, and that it is physically 

very difficult to measure such crack’s advancement, the acceleration in crack growth is 

neglected. Therefore, the deceleration has been shown to start immediately after the 

application of an overload, thereby taking the FCG to its lowest value and subsequently 

returning back to the steady state.  
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Figure 6.11 Crack propagation versus the crack length for various overload ratios 

 

The crack propagation rate versus the crack length for AM60B magnesium plates 

subjected to various OLRs are shown in Figure 6.11.  The affected zone begins from the 

crack length at which the overload was applied (aOL), to the crack length at which the 

propagation rate returns back to the steady state; these values are reported in Table 6.2. 

The results indicate that the affected zone was enlarged when higher OLR was applied. It 

should be noted that the average value for each OLR is reported in the table. As also 

seen, the experimentally measured affected zone values for AM60B plates are 

considerably smaller than those calculated using the Wheeler model, while some other 

materials (e.g., 350WT steel, as reported in [24], and 6082-T6 aluminum alloy [4]) have 

exhibited larger affected zone compared to the values obtained by Wheeler’s model. 

 

Table 6.2 Affected zone size (experimental and those based on Wheeler model) (mm) 
 

OLR  aOL  aOL + ar (Experimental)  aOL + ar (Wheeler model) 

1.5  5.65  6.15  6.58 

1.75  5.68  6.7  7.55 

2  5.7  7.24  8.35 
  

Wheeler also assumed that the crack propagation rate would return back to the steady 

state when the affected zone parameter [rp,i/(aOL+rp,OL-ai)] reaches unity. This parameter 
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has been evaluated at the end of experimentally-measured affected zones and illustrated 

with respect to the overload ratios in Figure 6.12. The chart shows that the affected zone 

parameter is significantly lower than unity when the retardation process is completed.  

 

 
 

Figure 6.12 Affected zone parameter for various overload ratio 

 

6.6 Modification of Wheeler model  
 

It has been demonstrated by several researchers that due to the variation of the actual 

plastic zone from that assumed by Wheeler, the affected zone parameter defined by 

Wheeler could not predict the crack propagation in an accurate manner. As a result, 

various approaches have been proposed by several researchers for establishing the 

effective plastic zone radius.  In actuality, however, none of the plastic zone dimensions 

established by the proposed approaches matches the actual plastic zone. Moreover, it has 

been shown that in some materials, the actual affected zone would be either larger or 

smaller than that assumed by Wheeler. It could be therefore concluded that the sensitivity 

of materials to overload cycles varies from one material to another. The aim of the 

proposed modified Wheeler model discussed below is to account for the delay in crack 

growth retardation and to address the sensitivity of the material to overload in an 

effective manner. 
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6.6.1 The modified reduction factor  
 

To evaluate the retardation due to application of an overload within an otherwise CAL, 

the Wheeler model (as represented by equation (6.1)), is modified in the following 

format: 
 

D R
CAL

da da

dN dN

æ ö÷ç¢= F F ÷ç ÷çè ø
 (6.8)

 

where ΦD is the delay parameter and Φ’
R is the proposed modified reduction factor. As 

can be seen, the reduction factor used in the original Wheeler model is modified, and one 

extra parameter, ΦD, is added to the original model. 

 

In order to evaluate the modified reduction factor (Φ’
R), a portion of the overload plastic 

zone is considered. In other words, the reduction factor is modified to account for 

material’s sensitivity to overload, described by the following equation: 
 

,
, ,

,

, ,1

m

p i
i p i OL p OL

R OL p OL i

i p i OL p OL

r
when a r a r

a r a

when a r a r

b

ìïé ùïê úï + á +ïïê ú¢F = + -íê úë ûïïï + ñ +ïïî

 (6.9)

 

Comparing equations 6.9 and 6.2 reveals that an additional parameter (β) is included in 

the original Wheeler model. This parameter accounts for material’s sensitivity to 

overload. It should be noted that this modified reduction factor acts over the crack length 

from aOL + ad to aOL + ar, while it would be equal to unity for any other crack lengths. The 

parameters β and m were determined based on the experimental data obtained for various 

overload ratios, as presented in Table 6.3.  

 

Table 6.3 The parameters for the modified reduction factor 
 

Overload ratio m β 
1.5 0.524 0.58 
1.75 0.948 0.575 

2 1.044 0.585 
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As can be seen, the sensitivity parameter (β) seems to be independent of the overload 

ratio.  The observed minor variation for different overload ratios is believed to be due to 

the experimental errors.  

 

6.6.2 Delay parameter   

 
Yuen and Taheri [24] assumed that each fatigue loading produces an effective delay zone 

(rd) as per equation 6.10.  
 

2

d
y

K
r g

s
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 (6.10)

 

where γ is the effective delay zone coefficient. The delay in retardation would continue 

until the current effective delay radius (rd,i) reaches the overload effective delay zone 

radius (rd,OL), where the crack propagation at the end of the delay zone reaches its 

minimum value. Having established the delay zone dimension (ad) through the 

experimental results, the value of γ could be calculated using the following equation [24]. 
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where Kd and rd,d are the stress intensity factor and effective delay zone radius at crack 

length of a = aOL + ad. The values of the delay zone coefficients (γ) and ad for various 

overload ratios are presented in Table 6.4. The delay parameter should be a decreasing 

function, reaching its minimum value at the end of ad. Yuen and Taheri [24] postulated 

that the delay parameter would be a function of (aOL + rd,OL – ai) / rd,i and defined an 

additional shaping exponent (mmod). Moreover, the stress intensity factor was also 

modified to obtain a better fit of the experimental data, making their modified model 

somewhat complicated.  
 

Table 6.4 Delay zone size coefficients (γ) and ad  
 

Overload ratio γ ad (mm) 
1.5 0.0265 0.07 
1.75 0.03135 0.14 

2 0.0591 0.4 
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Crack propagation rate in the delay zone is believed to be a decreasing linear function of 

the baseline stress intensity factor in the logarithmic scale. Since the delayed zone crack 

length (ad) is small in comparison to the affected zone (ar), a linear relation between the 

crack propagation rate (in the logarithmic scale) and crack length in the delayed zone has 

been assumed. It should be noted that, the delay parameter should decrease from unity at 

aOL, to its minimum value at aOL + ad; therefore, it could not be presented as a function of 

(aOL + rd,OL – ai) / rd,i. The modified delay parameter is presented in the following 

equation. 
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where Φ’R,min is the minimum value of the modified reduction factor, which occurs at aOL 

+ ad, established using equation 6.9. A comparison between the original and modified 

Wheeler model for overload ratio of 1.75 is shown in Figure 6.13. As can be seen, the 

proposed modified Wheeler model can predict the affected zone dimension with more 

accuracy. 

 

 
 

Figure 6.13 Comparison of retardation in crack propagation evaluated by Wheeler’s 

original and the proposed modified models (OLR = 1.75) 
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6.6.3 Verification of the model for predicting the affected zone in other 
materials  

   
 

The integrity of the proposed modified model is evaluated by considering its predictions 

when applied to two other materials. In these case studies, the coefficient of sensitivity 

(β), and capability of the model to predict the affected zone dimension are verified. The 

first set of the experimental data were taken from the investigation that was carried out by 

Yuen and Taheri [24] on 350WT steel plates. In their tests, an overload was applied on 

each specimen hosting a crack with the length of 2a = 30 mm. Three overloads with the 

ratio of OLR = 1.33, 1.5 and 1.67 (with respect to the baseline constant amplitude cyclic 

loading, which had a stress ratio of R = 0.1 and maximum stress of 120 MPa) were 

investigated. The results of these experiments are summarized in Table 6.5.  

 

Table 6.5 Experimental results reported by Yuen and Taheri [24] 
 

Overload ratio 
aOL 

(mm) 
aOL + ad 
(mm) 

aOL + ar 
(mm) 

α (Effective plastic 
zone size coefficient) 

1.33 15.13 16.67 20.85 5.91 
1.5 15 16.03 22.10 3.11 
1.67 14.94 16.45 24.43 2.99 

 

It should be noted that in the results obtained by Yuen and Taheri [24] (tabulated in Table 

6.5), a different effective plastic zone coefficient (instead of the actual one) was 

considered in order to fit the experimental results to the model for each overload ratio. 

Their effective plastic zone coefficients are indeed much larger than those shown in 

Figure 6.10, and varies significantly from one overload ratio to another. Moreover, this 

parameter could not be established through a finite element analysis. Therefore, in order 

to calculate the effective zone coefficient for a given material, one must always have a set 

of experimental data for each overload ratio for that particular material. 

 

In order to evaluate the sensitivity parameter (β) for 350WT steel plate under the 

abovementioned baseline loading condition, a three dimensional finite element analysis 

was performed using the NISA, and the plastic zone coefficients were established 
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(similar to the results presented in Figure 6.10). Then Wheeler model’s parameter (rp,i / 

aOL + rp,OL – ai), which controls the affected zone’s dimension, was also evaluated. The 

variation of this parameter as a function of crack length, for different OLRs is presented 

in Figure 6.14.   

 

 
 

Figure 6.14 Variation of Wheeler model’s parameter with respect to the crack length 

 

The results indicate that the Wheeler parameter reaches to unity (which signifies the 

termination of retardation influence) at a crack length that is much smaller than those 

reported by Yuen & Taheri [24], as tabulated in Table 6.5. Using the plastic zone radii 

and the experimentally reported affected zone dimensions, the sensitivity parameter (β) is 

determined to be 2.5 for all three overload ratios. The consistency in the value of β for 

various overload ratios confirms the independency of this parameter to the overload 

ratios. Comparing the β = 2.5 for 350WT steel with β = 0.58 for AM60B magnesium 

alloy reveals the fact that 350WT steel is much more sensitive to the application of an 

overload than AM60B magnesium alloy. 

 

Additionally, the integrity of the proposed modified model has been verified by 

considering the experimental data reported by Kumar et al. [3] on IS-1020 steel plates. In 

their investigation, overloads with various ratios of 1.4, 1.6, 1.8 and 2 were applied on 

edge-cracked specimens. The initial crack length at which the overload was applied was 



 

 133 
 

12 mm. After conducting a finite element analysis to establish the plastic zone 

coefficient, and using the affected zone dimension calculated in their report, β value was 

determined to be 1.33, consistent for all the overload ratios.  

 

6.7 Influence of overload in random amplitude loading   
 

Most structural components are subjected to random amplitude loading during their 

service life. In order to study the influence of an overload in a random amplitude loading, 

one can use the clipping level technique [29 & 30]. In this method, all stress amplitudes 

that are greater than a certain percentage of the highest loading cycle amplitude in the 

loading history are truncated (clipped) in their magnitude to that certain level. The 

presumption is that some levels of truncation would produce shorter fatigue life, or may 

accelerate the crack propagation.  

 

Kim et al. [29] investigated the influence of two different clipping levels (i.e., 90% and 

80%) on a random amplitude loading applied on 7050-T7451 aluminum alloy plates. 

They reported that the application of 90% clipping level significantly reduced the fatigue 

life (by more than 50% reduction), while 80% clipping level resulted in lesser amount of 

fatigue life reduction. Iranpour and Taheri [30] studied the clipping level’s influence on 

6061-T651 aluminum alloy plates. Maximum crack growth acceleration was observed at 

70% clipping level, while application of 55% clipping level resulted in no acceleration. 

Clipping levels less than 55% caused the cyclic loading to move into lower stress 

amplitude; therefore, the crack was observed to have grown slower, leading to longer 

fatigue life.  

 

In this investigation, similar center-cracked AM60B magnesium alloy plates, as 

previously noted, were subjected to a random amplitude loading scenario. Each block of 

the random amplitude loading consisted of 144 zero-to-tension loading cycles, with 

cycles having various amplitudes. The random amplitudes were generated using the 

MATLAB. Two clipping levels of 85% and 70% were investigated in our experimental 
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studies. A typical block of random amplitude loading and a truncated one with 70% 

clipping level are shown in Figure 6.15. 

 

(a) 

 

(b) 

Figure 6.15 Typical block of (a) random and (b) 70% clipped random amplitude 

loading scenarios 

 

The results (crack length versus the number of cycle) for different clipping levels are 

shown in Figure 6.16. It should be noted that three specimens were tested at each clipping 

level; due to consistency of the results, only the average values are reported. As can be 

seen, the application of 85% clipping level resulted in the same fatigue life as the case 
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with no clipping, while further decrease in clipping level (i.e., to 70%) yielded slower 

crack propagation, thus longer fatigue life. 

 

 
 

Figure 6.16 Crack length versus the number of cycles for various clipping levels 

  

The results observed for AM60B magnesium alloy revealed different response than those 

observed for aluminum alloys by other researchers [29 & 30]. In the case of the Mg alloy 

considered here, the application of the clipping levels (or removing the overloads), did 

not produce any acceleration in crack growth. This phenomenon could be attributed to the 

sensitivity of this material to overload. Moreover, as shown earlier, the value of β 

coefficient for this material is significantly lower than those obtained for other materials.   

 

6.8 Conclusion   
 

Application of an overload applied within a CAL scenario resulted in retardation in crack 

propagation in AM60B magnesium alloy plates investigated experimentally. The 

retardation due to overload could be characterized by consideration of the affected zone 

and the amount of increased life cycles.  

 

The Wheeler model uses the plastic zone radius to establish the affected zone’s 

dimension that is used for life-cycle assessment. When the actual plastic zone radius is 
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considered in the model, the model falls short of predicting the affected zone radius with 

an acceptable accuracy. Therefore, effective plastic zone coefficients were evaluated and 

proposed for several materials, and various overload ratios. It is also concluded that a 

separate set of detailed experimental data is required for each overload ratio if one wishes 

to accurately establish the value of the effective plastic zone coefficient.  

 

Furthermore, the Wheeler model was modified to include the actual plastic zone radius in 

evaluating the affected zone dimension. A new parameter (β) was also proposed to be 

included in the model; this parameter accounts for material’s sensitivity to overload. It 

was shown that this sensitivity parameter would be constant for all overload ratios; 

however, its value would vary from one material to another. 

 

The affected zone dimension calculated for AM60B magnesium alloy was found to be 

smaller than that produced by the Wheeler model. Moreover, the magnitude of the 

sensitivity parameter, β, calculated for AM60B magnesium alloy, revealed that this 

material is not very sensitive to the application of an overload when compared with the 

other materials considered in our investigation. The investigation conducted to consider 

the influence of overload cycles within a random amplitude loading scenario, 

demonstrated that clipping level’s influence is not unified across all alloys.  
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7.1 Abstract 
 

Application of a tensile overload within an otherwise constant amplitude cyclic loading 

scenario is known to retard the resulting crack propagation in metals, thus resulting in 

longer fatigue life. The magnitude of retardation and crack length increment that would 

be affected by such an overload would depend on the overload ratio and the nature of 

baseline loading. However, the influence of an overload within a baseline loading with 

negative stress ratio on crack propagation has not been extensively investigated.  

Consequently, the influence of overload (with various overload ratios), applied within 

various baseline loadings consist of both positive and negative stress ratios, is considered 

in our experimental investigation. It is shown that the retardation response of AM60B 

magnesium alloy varies when the stress ratio of the baseline loading changes. Wheeler 

model’s parameters are evaluated separately for positive and negative stress ratios. For a 

positive stress ratio, the affected zone was modified based on the baseline loading’s stress 

ratios.  

 

The experimental results reveals that the retardation trend in crack propagation would be 

affected significantly by negative stress ratios; therefore, Wheeler’s model would have to 

be modified to account for this important issue. Moreover, the influence of loading 

sequence (i.e., when the overload is followed by a compressive underload) on retardation 

of crack propagation is also investigated. 
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Finally, surface roughness of the fractured specimens is carefully examined by a 

profilometer and its variation with respect to stress ratio is reported in this paper. 

 

Keywords: Overload, baseline loading, stress ratio, retardation, Wheeler model. 

 

7.2 Introduction 
 

In order to increase the application of high pressure die casting (HPDC) AM60B 

magnesium alloys in auto industry, more knowledge about the mechanical properties of 

the alloy is required. Some investigators [1-5] have reported the monotonic and cyclic 

response, crack initiation and propagation mechanisms, influence of porosities and 

casting defects on fatigue response of the alloy. The influence of cold and elevated 

temperature on fatigue response of the alloy was also investigated by Nur Hossain and 

Taheri [6, 7]. Nevertheless, due to the increase in the application of the alloy in auto 

industry, and considering the fact that cyclic loading is a dominant loading type in those 

applications, more investigation on the characterization of fatigue and fracture responses 

of the alloy are required.  

 

In general, any cyclic loading could be characterized by the stress range (∆σ) and stress 

ratio (R) as defined by the following equation.  
 

min

max

R =
s
s  

(7.1)

In the case of negative stress ratios, a portion of each cycle would be compressive. 

Ironically however, some standards [8, 9] and investigators have either recommended the 

complete dismissal of the compressive loading cycles’ amplitudes, or partial 

consideration of the compressive amplitudes when estimating fatigue life of metallic 

materials. For instance, Kujawski [10, 11] proposed the positive stress intensity range 

(∆K+) and maximum stress intensity (Kmax) in a cyclic loading as driving forces for crack 

propagation under such loading scenarios. It has however been shown that cracks could 

propagate even under fully compressive cyclic loading due to tensile residual stress 

around the crack tip and progressively decreases to be arrested [12- 14]. It should also be 
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noted that dismissal of the compressive portion of a cyclic loading in fatigue life 

estimation has been based on the hypothesis that the crack faces would be closed under a 

compressive loading cycle, and that the crack would not propagate under the compressive 

loading.  

 
The importance of the compressive stress cycles (CSC) within a constant amplitude 

loading scenario has been thoroughly investigated in last decade. It has been proven that 

a crack would indeed propagate faster when subject to a negative stress ratio. In some of 

the recent works [15-17], the finite element analysis has been employed to show that the 

maximum stress intensity factor (Kmax) and the maximum compressive stress (σc,max) 

govern the crack propagation rate when the stress ratio is negative. Huang and Moan [18] 

proposed a modification parameter to the Paris model [19] in order to predict the crack 

propagation resulting due to both positive and negative stress ratios. Some modification 

of Walker’s model [20] has also been suggested by the authors [21] in order to increase 

the predictive accuracy of Walker’s equation for estimating crack propagation in AM60B 

magnesium alloy under a wide range of stress ratios. Silva [22] showed experimentally 

that the influence of compressive cycles would vary from one material to the other. He 

performed experimental studies on materials considering three different aspects; that is: 

cyclic hardening, cyclic softening and cyclic neutral. Due to the varied responses of those 

materials to the presence of compressive stress portion within a cyclic loading, he 

suggested that the intrinsic properties of the material should be considered within crack 

propagation models.  

 

In most industrial applications, however, structural components are rarely subjected to 

constant amplitude cyclic loading (CAL) and are usually subject to a random amplitude 

loading (RAL). In order to study the material response under real fatigue loading 

conditions, some simplified scenarios, such as the inclusion of an overload or underload 

within an otherwise CAL have been investigated.  

 

The application of an overload has also been known to produce retardation in crack 

propagation and several models have been proposed to predict the crack propagation in 
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such a circumstance. Among them, Wheeler [23] characterized the retardation by the 

affected zone, and suggested the use of the following equation for evaluating the 

magnitude of the crack propagation retardation.  
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(7.2) 

 

where FR ’ (da/dN) and (da/dN)CAL are the reduction factor, the retarded and steady state 

crack propagation rates, respectively. The reduction factor is a function of the current and 

overload plastic zone radii (i.e., ,p ir  and ,p OLr , respectively), and the shaping factor (m). It 

has been shown however that the affected zone in some materials would be larger or 

smaller than what was originally stated by Wheeler [21]. Therefore Wheler’s model was 

modified by adding a sensitivity parameter.    

 

The crack closure concept was originally introduced by Elber [24] and has been used by 

other researchers to predict the crack propagation rate. Elber observed that the crack faces 

may stay closed during a cyclic loading, even under the application of some levels of 

tensile stress. He proposed the “effective stress intensity range” as a driving force for 

crack propagation. Nevertheless, Silva [25] has shown that the crack closure is not 

adequate to predict the crack propagation at negative stress ratios. He also reported that 

under some specific negative stress ratios, the crack opening stress level could be 

compressive.  

 

It has been observed that investigations considering the influence of overload on crack 

propagation rate in baseline loadings with negative stress ratio have been quite scarce. 

The lack of such practical data motivated us to study the response of AM60B magnesium 

alloy to an overload within an otherwise constant amplitude loading subject to various 

stress ratios (both positive and negative). Moreover the fracture surface of the specimens 

was also carefully analyzed to investigate their potential influence as a driving force.  
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7.3 Experimental setup 
 

The AM60B magnesium alloy plates used in our investigation were cast by Meridian 

Technologies Inc. (Strathroy, Ontario). The specimens were configured according to 

ASTM E647-08 [8] specifications with the same as received thickness (3 mm), as shown 

in Figure 7.1. A small hole was drilled at the center of the specimen in order to be able to 

make a 6 mm notch using a jeweler’s saw (having thickness of 0.25 mm). Another hole 

was drilled at each end of the specimen for attaching it to the grip system.  
 

 

Figure 7.1 Geometry of the specimens 
 

Since the specimen would be subjected to both tensile and compressive stresses cycles, 

an anti-buckling device was designed and fabricated to prevent pre-mature buckling of 

the specimens. The configuration of the anti-buckling device is shown in Figure 7.2. As 

can be seen, two roller bearings were used at four specific locations to provide the 

required lateral-support, yet minimizing the traction between the specimen and the anti-

buckling device. 

 

 

Figure 7.2 Configuration of the anti buckling device  
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In order to make sharp crack tips, specimens were pre-cracked by applying a constant 

amplitude cyclic loading with the maximum stress of 45 MPa (30% of yield strength) and 

stress ratio of 0.1, until a sharp crack with a length of 2a = 8 mm (where “a” is the half 

crack length). Then, the actual cyclic loading scenarios were applied and the crack 

lengths were recorded at certain intervals. An Instron servo-hydraulic universal test 

machine was used to apply the cyclic loading. The maximum capacity of the machine 

was ±100 kN under dynamic, or 200 kN under static loading conditions, controlled with 

8501 digital electronics. The entire test setup is shown in Figure 7.3. A digital 

microscope with 92X magnification was used to measure the crack length accurately. As 

shown in Figure 7.3, the microscope was mounted on a travelling digital micrometer. The 

surface of the specimens were polished using various fine grade abrasive papers and 

subsequently with a suspension of aluminum oxide particles applied with a rotary pad to 

produce a shiny surface.  
 

 

Traveling 
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Specimen

Digital 

Microscope 

Anti‐buckling 
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attached to 
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Figure 7.3 Test setup  
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Overloads with the ratios of 1.5, 1.75 and 2 were applied at the total crack length of 2a = 

11.5 mm at each baseline loading scenarios. Both positive (R = 0.1 and 0.5) and negative 

(R = -0.5 and -1) stress ratios were considered as the constant amplitude baseline 

loadings.  

 

7.4 Experimental results 
 

7.4.1 Constant amplitude loading 
 

At each stress ratio, two specimens were subjected to constant amplitude loading (CAL), 

so that their response could be compared with those specimens whose loading scenarios 

included an overload. The cyclic CAL was applied with a sinusoidal curve format with 

the maximum stress of 45 MPa. The selection of such relatively low number of 

specimens was justified by the fact that test results obtained from two were in very close 

agreement.  The crack length (incremental growth), due to application of CALs with 

various stress ratios is shown in Figure 7.4 versus the number of cycles. It should be 

noted that each curve represents the average value of two curves, obtained at each stress 

ratio. 

 

 

Figure 7.4 Crack length versus the number of cycles for different stress ratios  
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As can be seen, the presence of compressive cycles significantly accelerates the crack 

propagation and shortens the fatigue life. Comparison of the results for R = -1 with that 

of R = 0.1 reveals that the number of cycles to failure reduces by 50% when completely 

reversed cyclic loading was applied. Figure 7.5 presents the crack propagation rate versus 

the stress intensity range in the logarithmic scale. It should be mentioned that the entire 

stress range was considered in calculation of the stress intensity ranges, while as stated 

earlier, some standards and guidelines suggest dismissal of the compressive portion of the 

loading scenarios. 

 

 

Figure 7.5 Variation of crack propagation rate as a function of stress intensity range  

 

The graph shows that any increase in the stress ratio would in turn shift the crack 

propagation rate curves to the left, corroborating with previously observed results [26]. 

Moreover the trend is rather interesting; as it appears, the slope of the curves increase as 

the stress ratio decreases and the rate of change becomes nonlinear at negative stress 

ratios. Several models have been proposed to account for the influence of stress ratio on 

crack propagation.  
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All the models are based on the use of a modified stress intensity range with the aim of 

defining the crack propagation rate with a single line (in the logarithmic scale). For 

instance, Walker [20] related the crack propagation rate to stress ratio by adding a new 

parameter, with the assumption that crack propagation curves (lines) remain parallel to 

one another (when plotted in the logarithmic scale). Considering the fact that the slope of 

the crack propagation curves varies with respect to stress ratios, the Walker model was 

modified in our previous study, and a new modified stress intensity range was introduced 

by which the experimental data could be condensed into a single line (for more details 

refer to [26]). 

 

7.4.2 Variable amplitude loading 
 

Industrial components are rarely subjected to constant amplitude loading and may 

experience overloads and underloads within a more or less constant amplitude loading 

scenario. In this part of the experimental study, one overload is applied within each 

constant amplitude loading scenario, at the stage when the total crack length reaches 2a = 

11.5 mm. The overload ratio (OLR) is defined as the ratio of the maximum stress at the 

overload stage to the maximum stress of the baseline loading; as such, three overload 

ratios were considered (OLR = 1.5, 1.75 and 2). 
 

 

Figure 7.6 Influence of overload applied in a constant amplitude loading with R = 0.5  
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The resulting crack propagations as a function of the number of applied cycles are shown 

in Figure 7.6 for the case when the stress ratio of the baseline CAL was R = 0.5. As can 

be seen, the application of an overload with the ratio of OLR = 2 significantly increased 

the fatigue life of the specimen. For the same baseline loading, the logarithm of the crack 

propagation rate versus crack length is plotted in Figure 7.7, which reflects the fact that 

the crack propagation rates reach their lowest values upon the application of the OL, and 

then return back to their steady state.  

 

 

Figure 7.7 Variation of crack propagation rate versus the crack length when R = 0.5 

and OLR = 1.75  

 

7.5 Application of the Wheeler model for predicting retardation in 

crack propagation 

 

Wheeler [23] proposed his model in 1972 (as noted in equation 7.2), depicting the 

retardation response of a crack upon the application of an overload (OL). He 

characterized this phenomenon by the introduction of the “affected zone” and 

incorporation of the magnitude of retardation. The affected zone was assumed to be a 

function of the current plastic zone, as well as the plastic zone developed as a result of the 
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OL. It was postulated that the crack propagation would return to its steady state rate when 

the boundary of the plastic zone developed under a given CAL reaches the boundary of 

the plastic zone developed due to the OL; or when the ratio  + -, ,( )p i OL p OL ir a r a  reaches 

to the unity. The magnitude of the retardation is also governed by the shaping exponent, 

m, included in the Wheeler model, a parameter that depends on the overload ratio and the 

nature of the baseline loading. It has also been shown that [21] the affected zone in some 

materials would be larger than that predicted by Wheeler’s model, and that it would be 

smaller in some other materials. Therefore, Wheeler’s model would have to be modified 

to include a sensitivity parameter, β, as proposed by the following equation.  
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(7.3) 

 

In the above equation, ad is the crack length at which the propagation rate reaches its 

minimum (see Figure 7.7). The sensitivity parameter (β) was found to be less than one for 

AM60B magnesium alloy, which indicates that the sensitivity of this alloy to overload is 

less in comparison to other materials.  

 

The plastic zone size is usually presented as a function of the stress intensity factor and 

yield strength of the material, represented by equation 7.4.  
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where α is the plastic zone coefficient, for which several values have been suggested. For 

instance, 1/2π and 1/6π have been suggested by Irwin [27] for plane stress and plane 

strain conditions, respectively (assuming the material responds elastically). In the case of 

an elastic perfectly-plastic material response, Irwin’s parameters would increase to 1/π 

and 1/3π, respectively. Other researches [28, 29] have proposed various equations for 

establishing the coefficient, mostly developed based on the finite element analysis.  These 

equations relate α to the maximum stress intensity factor, material yield strength and 
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plate’s thickness. Furthermore, virtually all such equations have been developed based on 

the assumption that the material behaves elastic-perfectly plastic, while the actual 

response of a metallic alloy is rarely elastic-perfectly plastic. Therefore, carrying out an 

accurate finite element analysis and evaluating the actual plastic zone coefficient is 

considered to be a more accurate means for establishing the value as opposed to the use 

of the simplified equations. 

 

Therefore, a three dimensional nonlinear finite element analysis was carried out to 

evaluate the plastic zone size along the thickness (z-axis, see Figure 7.1) of the specimen 

for various stress intensity factors. The material was modeled using a bilinear elastic-

plastic stress-strain response with the properties shown in Table 7.1. 

 

Table 7.1 Material properties 
 

Yield stress (σy) 150 MPa 

Modulus of elasticity (E) 40 GPa 

Plastic Modulus (ET) 2.5 GPa 

 

The NISA (Numerically Integrated System Analysis) was used to carry out the numerical 

analysis. NISA’s 20-node isoparametric solid element was used to model the specimen. 

The average value of the plastic zone radius along the z-axis (see Figure 7.1), was 

evaluated using equation 7.5. 
 

0

1 t

pr dz
t

r= ò  (7.5)

 

where ρ is the plastic zone radius along the thickness of the specimen, and t is the 

thickness of the specimen.  

 

7.6 Retardation in crack propagation due to various stress ratios 

 

The retardation of crack propagation due to application of an overload is schematically 

shown in Figure 7.8. As illustrated in that figure, acceleration in crack propagation could 
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be observed immediately upon the application of an overload, but for a very small 

increment of crack growth. It should be noted that the Wheeler model is not capable of 

predicting this initial crack acceleration. The experimental results of crack propagation 

rate when an overload with the ratio of 1.75 is applied within constant amplitude baseline 

loadings with various stress ratios are illustrated in Figure 7.9. It is clear that for a 

baseline CAL with a positive stress ratio, the crack would start to retard immediately 

after the application of an overload with no acceleration following it. On the other hand, 

the application of an overload within a baseline CAL with a negative stress ratio would 

result in a significant initial acceleration, followed by small amount of retardation.  The 

magnitude of the retardation occurring within baseline CALs with negative stress ratios is 

much lower than those with positive stress ratios.   

 
 

 

Figure 7.8 Schematic of the resulting retardation in crack propagation due to an 

applied overload  
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Figure 7.9 Retardation in crack propagation (OLR = 1.75) for various baseline’s 

stress ratios  

As can be seen in Figure 7.9, the acceleration portion does not assume an infinite slope as 

was illustrated schematically in Figure 7.8. This observation indicates that the 

acceleration in crack propagation would continue for finite increment in crack length, 

which should not be neglected in cases where the stress ratios of the baselines CAL are 

negative. Therefore, three different characteristic crack lengths should be defined in the 

case of CALs with negative stress ratios, namely: aacc, ad and ar; those parameters will be 

described in the following section.   

 

The affected zone dimension evaluated for various CAL baselines and overload ratios are 

presented in Table 7.2. The results presented in Table 7.2 reveal that the affected zone 

dimensions obtained for the negative stress ratios and the positive stress ratio of R = 0.1 

are consistent and the minimal variation observed in their values could be attributed to 

the experimental related anomalies. On the other hand, the affected zone for the stress 

ratio of R = 0.5 is relatively significantly smaller. It indicates that the compressive stress 

cycles do not affect the affected zone dimension; however, it could not be concluded that 

their influence on the whole retardation process is nullified.  
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Table 7.2 Affected zone dimension for various 
baseline loadings and overload ratios 

 

OLR  R 
Affected Zone Dimension 

(mm) 

1.5 

‐1  0.68375 

‐0.5  0.61875 

0.1  0.63375 

0.5  0.51 

1.75 

‐1  0.87 

‐0.5  0.9075 

0.1  0.95 

0.5  0.64 

2 

‐1  1.72 

‐0.5  1.78375 

0.1  1.775 

0.5  1.31875 
 

Silva [30] assumed that the crack propagation rate is governed by cyclic plastic zone 

instead of a monotonic plastic zone under negative stress ratios. The cyclic plastic zone 

radius was defined by Rice [31] with the following equation. 
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where rp,c, α and ∆K are the cyclic plastic zone radius, plastic zone coefficient and stress 

intensity range.  Comparison of equations 7.4 and 7.6 indicates that the monotonic plastic 

zone radius is a function of the maximum stress intensity factor, hence, not affected by 

the stress ratio. On the other hand, the cyclic plastic zone radius would vary with varying 

the stress ratio and would be always smaller than the monotonic plastic zone radius.  
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Figure 7.10 Ratio of cyclic to monotonic plastic zone size with respect to stress ratio  

 

The variation in the ratio of cyclic to monotonic plastic zone radii is shown in Figure 

7.10. As can be seen, the ratio would reach unity for a completely reverse cyclic loading 

(i.e., R = -1). The affected zone dimensions for various stress ratios tabulated in Table 7.2 

are also consistent in value for R = -1 to R = 0, while the cyclic plastic zone radii vary 

significantly over this range of stress ratios. Therefore, the use of the evaluated 

monotonic plastic zone radius and incorporation of the sensitivity parameter in the 

Wheeler equation are highly recommended. 

 

7.7 Retardation model for baseline CALs with positive stress ratios 

 

Due to the shortfall of Wheeler’s model in predicting the affected zone size, the model 

was modified in previous work by the authors [21] and a sensitivity parameter was added 

to the equation. The model was modified to the format shown in equation 7.3. Wheeler 

originally reduced the crack propagation rate in the affected zone by adding a reduction 

factorFR ; this factor was also modified to ¢FR  in consideration of the sensitivity of alloys 

to overload. As can be seen, another parameter, FD , was also incorporated (see equation 

3) in consideration of the delay in retardation. The delay parameter, FD , governs the 

crack propagation from crack length at which the overload is applied, (i.e., aOL), to the 
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crack length at which the propagation rate reaches its minimum value, (i.e., aOL + ad). The 

delay parameter, FD , is a decreasing parameter, reported in the following equation. 
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In the above equation, ,minR
¢F is the reduction factor at crack length of a = aOL + ad. 

Equation 7.7 is based on the assumption that each loading cycle would produce a delay 

zone with radius of rd,i. When the boundary of this (the current) delay zone reaches the 

boundary of the delay zone produced by the overload, rd,OL, thus the propagation rate 

would attain its minimum level.   

The sensitivity parameter evaluated for the baseline CAL with the stress ratio of R = 0.1 

is 0.58, which is less than unity, thereby indicating lower sensitivity of this alloy to 

overloads. Similar analysis was carried out on the experimental data obtained for the 

baseline CAL with the stress ratio of R = 0.5, leading to the sensitivity parameter of 0.39, 

a consistent value for all tested overload ratios. The consistency in values of the 

sensitivity parameter indicates that β is independent of the overload ratio. Moreover, it 

reveals that the sensitivity parameter would vary with respect to the stress ratios in the 

positive range. Higher positive stress ratios would produce smaller affected zone and 

would exhibit lower sensitivity to overloads.  

 

Table 7.3 Modified Wheeler’s model parameters 
 

OLR  R  ¢F ,minR   m 

1.5 
0.1  0.596774  0.524 

0.5  0.339749  0.447 

1.75 
0.1  0.179108  0.948 

0.5  0.114242  0.78 

2 
0.1  0.112134  1.044 

0.5  0.053003  0.883 
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The evaluated reduction factor ( ¢F ,minR ) and shaping exponent (m) for various stress and 

overload ratios are presented in Table 7.3. As seen, at each overload ratio, the higher 

stress ratio (i.e., R = 0.5) produces lower reduction factor, but also along with a smaller 

crack length increment.  

 

7.8 Retardation model for negative stress ratio baseline loading 

 

As shown in Figure 7.9, negative stress ratios significantly affect the trend in retardation 

response of the alloy. Application of an overload within baseline CALs with negative 

stress ratios would produce substantive initial acceleration in crack propagation, while in 

the cases of baseline CALs with positive stress ratios, no initial acceleration would be 

expected. Moreover, the retardation in crack propagation is significantly greater when the 

stress ratio of the baseline loading is positive. Therefore, the retardation model should be 

capable of predicting the three stages of crack propagation in the affected zone; that is: 

(i)The initial acceleration (i.e., the portion from aOL to aacc, where aacc is the crack length 

at which the maximum acceleration occurs), (ii) when the crack propagation rate 

decreases to its minimum value (i.e., from aacc to ad, where ad is the crack length at which 

the minimum crack propagation rate occurs); and (iii) when the crack attains its steady 

state propagation rate (i.e., from ad to ar, where ar is the crack length at which the crack 

propagation returns back to the steady state). Therefore, three modification factors would 

need to be developed and included in the Wheeler model; that is:  
 

æ ö÷ç¢=F F F ÷ç ÷çè øacc D R

CAL

da da

dN dN  
(7.8) 

 

In the above equation, Facc , FD and ¢FR  are the modification factors that govern the 

initial acceleration, the deceleration in the delay zone and the final increase in the crack 

propagation stage, respectively. The crack propagation rates are linear at each stage (in 

the logarithmic scale). One can therefore define a shaping exponent for each stage, using 

the least square method. As a result, the maximum value of Facc and minimum value 
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ofFD , as tabulated in Table 7.4, for various overload ratios are recommended for 

obtaining relatively conservative results. 

 

Table 7.4 Model parameters for negative stress 
ratio baseline loading 

 

R  OLR  F ,maxacc   ¢F ,minR  

‐1 

1.5  1.515021  0.708059 

1.75  1.78195  0.742205 

2  1.802264  0.53498 

‐0.5 

1.5  1.457573  0.947746 

1.75  1.751805  0.635435 

2  2.414601  0.539509 

 

The results noted in Table 7.4 reveal that the application of larger overloads would result 

in lower retardation in crack propagation while for positive stress ratios, higher overloads 

produce higher retardation. Moreover, higher overloads also produce higher initial 

acceleration in crack propagation. 

 

7.8.1 Proposed modified Wheeler model’s parameters  

 

As stated, Wheeler’s original model is not capable of predicting the initial acceleration in 

crack propagation. As can be seen in Figure 7.9, the initial acceleration is not observed in 

baseline CAL with a positive stress ratio, while the acceleration for baseline CAL with a 

negative stress ratio is significant. The acceleration parameter, Facc , is found to be an 

increasing parameter, starting from unity and linearly increasing to F ,maxacc , as 

represented by equation 7.9. 
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The delay parameter is a decreasing parameter, starting from F ,maxacc at aacc, reaching to 

,minR
¢F  at ad, as formulated in the following equation. 
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Figure 7.11 Prediction of retardation process in crack propagation (R = -1 and OLR = 

1.75)  

The same parameter ( R
¢F ), as shown in equation 7.3, can be used to define the crack 

propagation in the last region of retardation process. Since the affected zone dimensions 

created under negative stress ratios are similar to that created under the stress ratio of R = 

0.1, the same sensitivity parameter could be used in evaluating the reduction factor. 

Using the parameters evaluated in Table 7.4 and the equations proposed for negative 

stress ratios, the retardation process is predicted and depicted in Figure 7.11.  

 

 

 

 



 

 161 
 

7.9 Influence of loading sequence on retardation in crack propagation  

 

Opposite to the retardation influence of a tensile overload described earlier, the 

application of a compressive underload (UL) within an otherwise constant amplitude 

loading is known to accelerate the crack propagation. The retardation in crack 

propagation could also be influenced by the sequence of the overload and underload. As a 

part of this experimental investigation, one compressive underload is applied after the 

application of an overload with the ratio of OLR = 1.75, applied within a constant 

amplitude loading with the stress ratio of R = 0.1. Two underload ratios (ULR = -1 and -

1.75) were considered in this investigation. The results are compared with similar loading 

scenarios, but without the application of a compressive underload, as presented in Figure 

7.12. Comparing the results illustrated in Figure 7.12 with those in Figure 7.9 reveals that 

the application of the compressive UL did not change the affected zone dimension.  

 

 

(a) 
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(b) 

Figure 7.12 Retardation in crack propagation when the overload is followed by a 

compressive underload when the ratio of the underload is (a) -1 and (b) -1.75  

 

The initial acceleration in crack propagation was attributed to the applied compressive 

cycles, however, the application of just one compressive underload did not produce 

noticeable initial acceleration. The results show a slight acceleration in crack propagation 

when the higher underload (ULR = -1.75) was applied. The level of retardation in crack 

propagation was significantly reduced due to application of the compressive underload. 

Reduction in retardation due to application of one underload (compressive cycle) has 

been reported by other researchers as well. For instance, Rushton and Taheri [32] 

suggested the adaptation of the radius of the plastic zone due to cyclic loading instead of 

the one produced as a result of a monotonic loading to accurately account for the 

influence of compressive cycle. Considering the fact that the affected zones are consistent 

in dimension for negative and zero stress ratios, and that the compressive cycles do not 

produce any influence on them, as a result the incorporation of the monotonic plastic 

radius is preferred. The reduction of retardation in crack propagation due to loading 

sequence can be accounted for by increasing the value of the modified reduction factor 

and reducing the value of the shaping exponent (m) as tabulated in Table 7.5.  
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Table 7.5 Model parameters when an underload was 
applied 

 

R  OLR  ULR  ¢F ,minR   m 

0.1  1.75 

**  0.179108  0.948 

‐1  0.531633  0.330642 

‐1.75  0.5088  0.325014 

 

7.10 Roughness of fracture surface 

 

Walker [33] suggested the fracture surface roughness as a parameter that controls crack 

closure and it has also been postulated to govern the crack propagation rate. Walker 

postulated that in essence, the roughness would wedge the crack faces, hence forcing 

them to be opened, therefore the minimum stress intensity factor would be increased, 

thereby producing smaller stress intensity range. As a result, one would expect a slower 

crack propagation when the roughness amplitude of the fracture surfaces are larger. This 

concept was used by some researchers (e.g., [34, 25]) to predict more accurate crack 

propagation rates. Chen and Lawrence [34] concluded that the roughness induced crack 

closure (RICC) may be used to predict more accurate crack propagation rate when the 

material is subjected to positive stress ratio loading, but it would not be applicable to 

crack propagation under negative stress ratio. Silva [25] also reported that neither crack 

closure nor RICC are relevant to crack propagation rate at negative stress ratios. The 

same observations in crack propagation response for aluminum alloy have also been 

reported by Iranpour and Taheri [35]. 

 

The profile of the fracture surfaces of the specimens tested under the various stress ratios 

were scanned using a profilometer. The arithmetic mean of the roughness (Ra) was 

measured along seven lines running along the fracture surface’s length (see Figure 7.13) 

and their average values are reported as the roughness value of the surface. The 

roughness parameter (Ra) was evaluated according to DIN 4768, using the following 

equation:  
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(7.11) 

 

where L is the length of the reference line and z is the height of the asperities. A 3D 

profile of the fracture surface and the lines along which Ra were calculated are shown in 

Figure 7.13.  

 

(a) 
 

 

(b) 

Figure 7.13 3D profile of the fracture surface of specimens subjected to (a) variable 
amplitude loading (b) constant amplitude loading 
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As can be seen in Figure 7.13(a), the application of an overload produces a marking line 

on the fracture surface, which indicates the extent of the plastic zone. Moreover, some 

metallurgical defects could be detected within the 3D profile that could affect the values 

of the evaluated roughness. In other words, all the observed asperities may not be due to 

the applied cyclic loading. 

 

The analysis of the surface roughness of the specimens reveals that the application of a 

single overload does not produce any considerable change in the magnitude of the surface 

roughness. In addition, considering the fact that the surface roughness is comprised of 

scattered data also due to metallurgical defects, nevertheless, it appears that it has an 

increasing trend when the stress ratios are decreased. The magnitudes of Ra for various 

stress ratios are reported in Table 7.6. 

 

Table 7.6 Surface roughness under various stress 
ratios 

 

R (Stress Ratio)   Ra (Roughness, μm)  

0.5  3.39 

0.1  4.38 

‐0.5  5.365 

‐1  6.5 

 

As widely known, a crack would propagate faster under a CAL that is applied with a 

relatively lower stress ratio; thus, based on Walker’s assumption, a lower (smoother) 

surface roughness profile should be expected. In contrast, in these experiments, higher 

roughnesses (Ra) were observed for the lower stress ratios. It could therefore be 

concluded that surface roughness might be a consequence of cyclic loading as opposed to 

be purely a cause for altering the crack propagation rate. 

 

7.11 Summary and conclusion 

 

In this section a summary of the work presented in this paper is offered, as well as the 

key observations and conclusions. 



 

 166 
 

 The stress ratio of baseline constant amplitude loading was observed to have a 

significant influence on retardation in crack propagation when an overload was 

applied within an otherwise constant amplitude loading. The crack propagation 

retardation’s trend under a baseline CAL with a negative stress ratio was also 

markedly different from that when the stress ratio of baseline CAL was positive. 

Wheeler model was used in this work to describe the retardation response of the 

alloy. This model is characterized by the affected zone size and the magnitude of 

retardation.  

 

 As for positive stress ratios, the increase in the stress ratio could result in a smaller 

affected zone, and produce larger retardation magnitudes. Considering the fact that 

for some materials the affected zone is either larger or smaller than the Wheeler 

model’s prediction, a new parameter, referred to as the “sensitivity parameter”, (β), 

was introduced and implemented to the Wheeler model. The value of this parameter 

was evaluated to be 0.58 and 0.39 for the baseline stress ratio of 0.1 and 0.5, 

respectively.  

 

 Cyclic loads with negative stress ratios (i.e., those with compressive stress cycles), 

were observed to promote crack propagation rate and reduce the fatigue life. 

Moreover, such loading scenarios would also change the trend of retardation in crack 

propagation in the Mg alloy tested. The result of an applied overload within baseline 

loadings with a negative stress ratio could be characterized into three stages: (i) 

initial acceleration, (ii) deceleration of the crack propagation rate to its minimum, 

and (iii) the return of the propagation rate to its steady state. In comparison to the 

baseline loading with positive stress ratios, the magnitude of the retardation would be 

significantly reduced. The affected zone size for baseline CAL with negative and 

zero stress ratios were found to be similar, thus indicating that the magnitude of the 

compressive cycles do not have influence on the affected zone’s dimension; as a 

result, the same sensitivity parameter (β) could be used for calculating the retardation 

in crack propagation rate with the proposed modified Wheeler model.  
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 In addition to those effects, the application of a larger overload within a baseline 

CAL with negative stress ratio was observed to increase the magnitude of crack 

propagation acceleration and decrease the magnitude of the subsequent retardation, 

which is completely reverse of what was observed when the material underwent 

baseline CAL with positive stress ratio. On the other hand, the application of 

relatively higher overloads may result in acceleration in crack propagation instead of 

deceleration. 

 

 When the applied overload was followed by a compressive underload, then the 

magnitude of retardation was observed to be reduced significantly, without imposing 

any change on the affected zone dimension.  

 

 The radius of the cyclic plastic zone decreases when the stress ratio increases. Since 

the dimension of the affected zone was observed to be similar for baseline CAL with 

negative and zero stress ratios, the incorporation of the cyclic plastic zone radius into 

the Wheeler retardation model would not improve the accuracy of the results. 

 

 Finally it was observed that the roughness induced crack closure (as hypothesized by 

Walker) would not have the same effect on crack propagation rate in CALs with 

positive or negative stress ratios. This parameter seems to be affected by the applied 

cyclic loading, and do not govern the acceleration or retardation of crack 

propagation. Moreover, the application of an overload did not produce a significant 

influence on the roughness of fracture surface.  
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CHAPTER 8 Summary and conclusion 

 

8.1 Summary 

 

Fatigue response of AM60B magnesium alloy has been investigated in the present 

dissertation. The investigation was initiated by monitoring the progressive damage in 

alloy specimens with various levels of porosity due to applied cyclic loading. The 

variation of the alloy’s natural frequency and damping capacity on the specimens 

configured for fatigue testing (per ASTM E‐466), were evaluated and reported.  

 

The crack propagation of the alloy under constant amplitude loading with various stress 

ratios was also studied. A modified model has been proposed for predicting the crack 

propagation under a wide range of stress ratios. It has been shown that the presence of 

compressive stress cycles within a cyclic loading would accelerate the crack propagation 

and shorten the fatigue life. Moreover, the influence of a spiked compressive loading 

cycle (underload) was also presented in this thesis. 

 

As it is commonly known, the application of a tensile overload in an otherwise constant 

amplitude loading scenario would retard the crack propagation. Retardation in crack 

propagation would be characterized by the affected zone and magnitude of retardation. 

The affected zone is a function of the overload plastic zone radius. The radius is also 

governed by the nature of the applied loading and the stress intensity factor. Therefore, 

using the finite element analysis, a coefficient, referred to as the “plastic zone 

coefficient”, was evaluated for various stress intensity factors for the AM60B magnesium 

alloy as well as other materials. It was shown that the affected zone was different from 

what was assumed by other widely used FCGR models (e.g. Wheeler’s model) and would 

vary from one material to another. In addition, the influence of baseline loading stress 

ratio on retardation in crack propagation due to overload was studied and reported.  
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8.2 Conclusions 

 

The results of this investigation as well as the conclusions could be summarized as 

follows: 

 

 Degradation in material properties due to application of a cyclic loading could be 

monitored by evaluating the natural frequency and damping capacity. A 5% 

degradation in natural frequency and 60% to 100% increase in damping capacity 

have been observed at the end of the fatigue life of the specimens. 

 

 The experimental values of the natural frequency and damping capacity were 

found to be highly scattered. Variation of the results at the same stage of fatigue 

life is attributed to the casting induced defects and the nature of the methods used 

for evaluating the dynamic properties of the specimens. The density of casting 

defects was found to seemingly have an inverse relation with the thickness of the 

specimens, such that the variance of the results is significantly decreased when 

thinner plates were considered. 

 

 As anticipated, the stress ratio of applied cyclic loading has a significant influence 

on crack propagation rate. Negative stress ratios would result in a shorter fatigue 

life and would accelerate the crack propagation in contrast to that under positive 

ratios.  

 

 The compressive portion of a cyclic loading should not be dismissed or partially 

considered as suggested by standards, since it was observed that compressive 

loading cycles would have a significant influence on FCGR. 

 

 Contrary to the assumption made by Walker and many other researchers, it was 

demonstrated that the slope of FCGR versus the stress intensity factor range 

curves plotted on a logarithmic scale would not be parallel to one another when 
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fatigue tests are conducted under different stress ratios.  In fact, the slope would 

actually decrease as a function of increasing stress ratio.  

 

 As per the above observation, modification to the Walker model has been 

proposed, such that the model would be admissible for predicting FCGR for 

specimens subjected to a wide range of stress ratios (negative or positive). 

Moreover, the integrity of the proposed model was verified by the experimental 

results in this study as well as those reported for other alloys. The modified model 

effectively condenses the experimental FCGR results obtained for various stress 

ratios onto a single line on a logarithmic scale. Consequently, FCGR could be 

predicted using a single equation for all stress ratios. 

 

 Application of compressive loading cycles in both constant and random amplitude 

cyclic loadings would accelerate the crack propagation rate in a similar manner. It 

has been shown that even the application of compressive spikes applied within 

constant amplitude loading scenarios would shorten the fatigue life. This is 

attributed to the increased size of the residual plastic zone. 

 

 A new parameter referred here as “the effective force” has been defined, thereby 

indicating the potential of acceleration in crack propagation due to the presence of 

compressive loading cycles within a cyclic loading. 

 

 It has been shown that the retardation affected zone due to the application of a 

tensile loading spike (i.e. overload) would depend on the nature of the material, as 

well as the overload and baseline loading. A parameter (β) was therefore defined 

to account for the sensitivity of the material to the application of an overload. 

Moreover, the Wheeler model was modified to include this parameter, 

accordingly. 
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 The sensitivity parameter of the AM60B magnesium alloy was evaluated to be 

less than unity, indicating that the sensitivity of the alloy to overload is lower than 

other materials. 

 

 The influence of a tensile overload applied within a random amplitude loading 

scenario was also investigated using the “clipping level” approach. It has been 

demonstrated that the clipping level would produce different outcomes on crack 

propagation rates on different materials due to material’s sensitivity to overload. 

 

 The affected zone, magnitude of retardation and even the retardation trend would 

be affected by the nature of the baseline loading. Increase of the stress ratio in a 

positive sense, would result in lower sensitivity to overload. 

 

 Application of a tensile overload within a baseline loading with a negative stress 

ratio was observed to produce noticeable initial acceleration, while that response 

could not be observed when the stress ratio of baseline loading was positive. 

 

 Application of an overload within a baseline loading with a positive stress ratio 

would produce a higher magnitude of retardation in comparison to a baseline 

loading with a negative stress ratio. 

 

 When the overload is followed by a compressive underload the magnitude of the 

resulting retardation would decrease, however the affected zone dimension would 

remain unchanged. 

 

 The roughness of the fracture surface was observed to develop as a result of the 

nature of the applied cyclic loading, and not a governing parameter that could 

influence the crack propagation rate. 
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8.3 Recommendation for future work 

      

The following suggestions are recommended for further investigations in order to gain a 

better understanding of the fatigue response of this alloy and its response in comparison 

to other metallic alloys. 

 

 Materials with various cyclic responses could be tested under constant and 

random amplitude loading to investigate the influence of the material nature on 

crack propagation rate. 

 

 All of these experimental investigations were conducted at room temperature, 

while materials usually present different responses in various environmental 

conditions (e.g. temperature). It is strongly recommended to investigate the 

influence of the parameters noted above on the fatigue response of the alloy 

within various environmental conditions.  

 

 It has been shown that the stress ratio of baseline loading could significantly 

affect the proposed “sensitivity parameter”. It would be worthwhile to study the 

influence of other parameters that may affect the sensitivity parameter. 
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