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ABSTRACT

In this thesis, the spectral behavior of the fundamental and sum-frequency waves, 
generated from the surface of a thin metal film in the Kretschmann configuration, is 
theoretically studied with coherent ultrashort pulses. As a first exploration of considering 
spectral response in nonlinear plasmonics, it is shown that the spectra of reflected sum-
frequency waves exhibit pronounced shifts for the incident fundamental waves close to 
the plasmon coupling angle, whereas meanwhile those of reflected fundamental waves 
display energy holes. We also demonstrate that the scale of discovered plasmon-enhanced 
spectral changes is strongly influenced by the magnitude of the incidentce angle and the 
source pulse duration, and at a certain angle a spectral switch is observed. The 
appearance of large sum-frequency wave shifts can serve as an unambiguous plasmon 
signatur in nonlinear surface spectroscopy. Also, the discovered spectral switch can 
trigger extremely surface-sensitive nonlinear plasmonic sensors.
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CHAPTER 1 INTRODUCTION

1.1 BACKGROUD

Since the inception of the electromagnetic theory, we have witnessed enormous progress 

of how the newly invented tools could continue our incomplete biological evolution. To 

name a few, circuit theory, a simplified and practical version of Maxwell’s equations, 

triggered some of our greatest inventions – electronics and the computer; making use of 

electromagnetic energy allows us to communicate with people even on the other side of 

our planet, through radio or microwaves; we can also interact with the molecular or 

atomic world easier – by firing scary high-power laser beams onto the matter, and seeing

what will happen. All these advances that we couldn’t imagine as hungry cavemen, 

remarkably extend the outreach of our brains and hands, cultivating a vivid society that is 

progressing to an even more advanced and sophisticated one.

Nowadays, electromagnetism seems to be too mature to provide us with anything 

new. Yet based on exactly the same Maxwell equations and some particular boundary 

conditions, the emerging area of plasmonics has been growing rapidly since the first 

decade of the twenty-first century [1]. Origining from interaction processes between 

electromagnetic radiation and conduction electrons at metallic interfaces or in small 

metallic nanostructures, the so-called Surface Plasmon Polaritons (SPPs) leads to an 

enhanced optical near field of sub-wavelength dimension. It can break the diffraction 

limit of light in free space, and thus can be used to reduce the physical size of an ultrafast 

photonic device [2]. When the external electromagnetic energy oscillates resonantly with 

SPPs, the extreme surface sensitivity of surface plasmon resonance (SPR) also becomes

invaluable in surface chemical studies [3]. Besides, the area of plasmonics, young but 

rich in phenomena, has found more applications including much faster computer chips 

(into the 100 THz range) [4], high-resolution lithography and microscopy [5], organic 

light-emitting diodes [6], national security/environmental monitoring [7], medical drag 

delivery [8], full color holograms [9], and photovoltaic cells [10].
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1.2 MOTIVATION

The existence of SPPs, special surface electromagnetic modes that are confined to a 

surface, was predicted by Sommerfield in 1909 [11]. It requires a medium with a negative 

optical dielectric constant, and metal films at frequencies sufficiently below the plasma 

frequency can serve to this end. In particular, Kretschmann configuration has been used 

extensively because of its simplicity and efficiency in SPPs excitation [12]. However, 

much research deals with only linear light-matter interaction modalities [3, 13]. Due to 

the strong field enhancement on the metal surface, the area of nonlinear optics naturally 

called for its extension to the SPPs. Second-harmonic generation (SHG) by SPPs was 

first observed by Simon et al. [14], followed by other wave mixing processes involving 

SPPs [15, 16]. Nevertheless, majority of the work in plasmonics has been focused on

quasi-monochromatic light. In reality, even the line spectrum of a laser beam has a finite 

bandwidth. Those with wideband spectra could be rich in spectral signatures of plasmon 

enhanced electromagnetic fields. Recently, the linear optical response of different 

plasmonic nanostructures probed with broadband light laser beams has been studied [17,

18]. However, to the best of the author’s knowledge, plasmon-enhanced nonlinear optical 

processes with polychromatic light sources have not been examined yet. It is very

instructive to know whether plasmons will leave any spectral signatures in the far-field of 

generated second-order nonlinear waves or not. If the answer is in the affirmative, this 

could make new developments possible in surface nonlinear spectroscopy, microscopy, 

and surface morphology studies.

1.3 THESIS CONTRIBUTIONS

This thesis presents the first exploration of spectral response in nonlinear plasmonics. In 

this work, we have made the following contributions:

We investigated the spectral behavior of the fundamental and sum-frequency 

waves in the surface sum-frequency generation (SFG) from a thin gold film with 

polychromatic incident light.
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We found that at the incidence angle corresponding to light coupling to the 

surface plasmon, the spectral behaviors of reflected fundamental and sum-

frequency waves (SFW) are totally different: the former has a spectral hole at the 

carrier frequency whereas the spectrum of the latter gets blue-shifted from the 

expected maximum. The appearance of large SFW shifts can serve as an 

unambiguous plasmon signature in nonlinear surface spectroscopy. Also, as the 

incidence angle deviates from the plasmon coupling angle, all spectral changes 

disappear.

We found that the shifts of SFW spectra become more pronounced as the source 

bandwidth increases. This could be useful when trying to control the shifts with 

tunable lasers.

Finally, we found that at a certain angle a nonlinear spectral switch is observed, 

which could help advance conventional linear plasmonic sensors into a much 

higher accuracy level.

In general, the results may make new developments possible in surface nonlinear 

spectroscopy, microscopy, surface plasmon sensing, and surface morphology studies.

1.4 THESIS ORGANIZATION

The remainder of the thesis is organized as follows. Chapter 2 is a review of foundations 

of following theoretical work – including an introduction to SPPs, a couple of optical 

coupling methods, and the concept of polychromatic light. Chapter 3 presents the 

derivations of the theory, and later the results and discussions. Finally, conclusions and 

recommendations are pointed out in Chapter 4.
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CHAPTER 2 BACKGROUND INFORMATION

2.1 INTRODUCTION TO PLASMONICS

An emerging branch of optical physics is plasmonics which is now experiencing a truly 

explosive growth in popularity. It requires an evanescent electromagnetic surface wave to 

excite SPPs by light, which exists on an interface between a medium with a negative 

optical dielectric constant and another medium with a positive one (Fig. 2.1). To 

efficiently excite SPPs, different optical coupling methods have been developed. When 

the free electrons of metal respond collectively by oscillating in resonance with external

light wave, surface plasmon resonance (SPR) occurs. Combining SPPs and nano-optics, 

plasmonics is a cutting-eage technology that squeezes light into diminutive structures. It 

may yield, for example, a new generation of ultrafast computer chips and supersensitive 

molecular detectors.

Figure 2.1 Geometry for SPP propagation at a single interface between a metal and a 
dielectric.

2.1.1 Surface Plasmon Polaritons

SPPs can exist on a geometry as simple as a surface (Fig. 2.1) separating two 

nonmagnetic media: a dielectric with positive real dielectric constant d and an adjacent 
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medium described via a complex dielectric function m( ), where is the angular 

frequency (we write m( ) as m hereafter for concision). It is required that Re[ m( )] < 

0, while in optical regime metal can serve to this end [1, Chap. 1]. Solving the Maxwell

equations with boundary conditions in the media gives us the dispersion relation of a SPP

[1, Chap. 2]

m d
spp

m d

k
c

(2.1)

where c is the speed of light in vacuum.

If we assume that ' ''m m mi and ' ''spp spp sppk k ik , in the case that ' 0m ,

' ''m m , the real and imaginary parts of the SPP wave number are

''
'

m d
spp

m d

k
c

, (2.2)

3
2

2

' ''''
' 2 '

m d
spp

m d m

k
c

. (2.3)

It is concluded from Eq. (2.2) that 'sppk is real, indicating the SPP mode can propagate 

along the interface. The exsistance of ''sppk results in large losses during propagation, 

limiting the transmission range of such a mode – this problem has drawn lots of 

attentions particularly in the design of plasmonic waveguides [1, Chap. 7].

Either light [12, 19] or electrons [20] can excite SPPs. When light is incident at an 

angle of through a medium of refractive index n1, SPPs can be exited as satisfying the

linear momentum conservation along the surface, i.e.,

sin 'x sppk k k (2.4)
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where 1 /k n c is the wave number of light in the dielectric. The dispersion relations of 

SPPs and of light are plotted in Fig. 2.2, which are excited on a metal/air interface [21]. It 

can be seen in the figure that the dispersion curve of SPPs bends – at a same frequency, 

SPP has a larger wavevector kx than that of light in free space – the physical reason is that 

the light field has to “drag” energy from electrons along the metal surface. As a 

consequence, a SPP on such an interface cannot be excited by light of any frequency 

propagating in air. Translating into dispersion relations in Fig. 2.2, the curve of SPPs is 

always on the right side of the light curve. In fact, only if the two curves cross can SPPs

be excited. With regards to this, an efficient optical coupling method is demanded.

Figure 2.2 Dispersion relation of SPPs at a gold/air interface. The solid line is the dispersion 
relation that results from a dielectric function accounting for a single interband 
transition. The dash-dotted straight line is the light line = ckx in air (Figure 
source: Fig.12.5, pp. 388, [21]).
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2.1.2 Optical Coupling Methods

Glass provides a larger refractive index than does air, which has been proven useful to 

increase the wavevector component kx of the exciting light over its free-space value. To 

this end, the Otto configuration [19] and Kretschmann configuration [12] have been 

proposed, as displayed in Fig. 2.3. Both configurations make use of the prism coupling. 

In the Otto configuration [Fig. 2.3(a)], metal and glass are separated by an air gap of the 

order of wavelength. Light energy tunnels through the tail of evanescent waves to the 

metal layer and therefore SPPs can be excited on the air/metal interface. But 

experimentally it is extremely hard to control such a small gap between prism and thin 

film. The Kretschmann configuration [Fig. 2.3(b)] then comes to rescue – a thin metal 

film of tens of nanometers is coated directly on the prism. Due to its simplicity and high 

stability, the Kretschmann configuration is considered to be the most popular 

configuration in SPR experiments. In this thesis, we are going to theoretically study the 

nonlinear SPP generation in this kind of configuration as well.

By using such configurations, SPPs can be efficiently excited on the metal/air 

interface. Fig. 2.3(c) displays the dispersion curve of light in a glass, on right of that in 

air, making a crosspoint with the curve of SPPs at the gold/air interface: it corresponds to 

the maximum SPP generation frequency. Thus, changing the incidence angle properly 

can allow for kx satisfy relation (2.4), and the incident light energy can then be efficiently 

coupled to SPPs. Researchers usually measure the reflectivity curves in the Kretschmann 

configuration [13]. The occurrence of a minimum in such curves at a particular incidence 

angle has a physical interpretation as: the missing light has been totally converted to 

SPPs localized at the interface and cannot be reflected to the detector in the far-field.

Under this condition, the free electrons of metal oscillate collectively and in resonance 

with the incident light. This phenomenon is also termed as “surface plasmon resonance 

(SPR)”, which has found numerous applications in chemical and biological sensor 

applications (for a review article of SPR sensors see Ref. [3]).

Except for the prism coupling, alternative ways to excite SPPs include grating 

coupling, highly focused optical beams, near-field excitation, and so on [1, Chap. 3].
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Figure 2.3 Excitation of surface plasmons in the (a) Otto configuration and (b) Kretschmann 
configuration. L: laser, D: detector, M: metal layer. Both of them are the 
experimental arrangements to realize the condition sketched in (c): close-up of 
the dispersion relation with the free-space light line and the tilted light line in 
glass. (figure source: Fig. 12.6, pp. 389, [21]).

2.1.3 Plasmonics

Plasmonics is a crosspoint of SPPs and nano-optics. The term was coined by the research 

group at California Institute of Technology in 2000. The next decade witnessed an 

explosive growth and numerous research papers [22-24], review articles [4, 25-28].

Researchers have explored this area into various kinds of advanced applications, 

including fabrication of sub-wavelength optical devices and chips [25-27], merging 

photonics and electronics at nanoscale dimensions [2], destroying cancer tumors [4], and 

designing invisibility cloak [4]. Nowadays electronic devices have reached their physical 

limitations, but optical devices can support systems 1000 times faster than those 
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employing electronic devices. Nevertheless, the sizes of photonic components are usually 

in the order of micrometers, whereas electronics has reached as small as the nano-scale.

The sizes of photonics devices are limited by the so-called “diffraction limit” [29],

exceeding which will result in prohibitively large diffraction, making them impossible to

operate.

Plasmonic technology can help us close this gap between photonics and electronics:

now it is possible to design photonic devices dramatically smaller in size, by squeezing

light into a subwavelength scale. Thus, plasmonics is promising to merge photonics and 

electronics in the nano-world, fast and small [2]. With that we may be able to develop 

ultrafast plasmonic computers which could be thousands times faster than modern

personal computers [4].

2.2 SECOND-ORDER NONLINEAR PROCESSES

An important study in optics is to investigate, by the presence of light, what the 

modification of the optical properties of a material system will result in. Majority of the 

work was focusing on only linear optics till shortly after the ruby laser was invented [30]

– when the second harmonic generation was discovered in quartz crystals by Franken et 

al. in 1961 [31]. Nonlinear optics (NLO), the first and the largest field created by the 

invention of laser, is a branch of optics that studies the behavior of light in nonlinear 

media, i.e., media in which the dielectric polarization P responds nonlinearly to the 

electric field E of the light [32]. This kind of nonlinearity typically can only be observed 

at very high input light field intensities (typically 108 V/m) such as those provided by

pulsed lasers. Hence, it has been providing us with not only interesting basic physics, but 

also useful applications. In recent years, the subfield of surface nonlinear optics has 

drawn more and more attentions. Nonlinear optical techniques developed as surface 

probes have been proven powerful in the area of surface science [3, 33]. Meanwhile, the 

explosive-growing area of plasmonics has called for the extension to nonlinear optics –

nonlinear plasmonics holds promises for the future optical technology development [34].
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2.2.1 Theory

When the matter is placed in an external field, its atoms or molecules can be induced or 

reoriented with dipole moments – the matter polarization is produced. Polarization is 

described in terms of a polarization field P which is a dipole moment per unit volume at a 

given source point within the matter. The latter is proportional to the field strength, if the 

applied electric field is not too large [32]:

(1)
0P E , (2.5)

where (1) is the usual susceptibility in linear optics. Note that Eq. (2.5) is written in a

scalar format for simplicity.

With the invention of modern high-power lasers, Eq. (2.5) no longer holds, as the 

nonlinear response begins to play a role. Under this condition, electron displacements can 

occur and add additional contributions to the polarization such that

(1) (2) 2 (3) 3
0 ...P E E E , (2.6)

where the superscript “2” and “3” correspond to the second- and third-order 

susceptibilities, respectively.

We now qualitatively look into second-order processes, which are the strongest and 

easiest to detect nonlinear processes. To start with, consider an input field with two 

different input frequencies 1 and 2,

1 2
1 2

1( ) .
2

i t i tE t e e c c , (2.7)

The generated output polarization can be represented as

(2) 1( ) .
2

si t
ss

P t e c c , (2.8)
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where the summation is over all possible combinations of two frequency components. Its 

elements are found to be

(2) 2
0

1(2 )
2SHG j j , (2.9)

(2)
1 2 0 1 2( )SFG , (2.10)

(2) *
1 2 0 1 2( )DFG , (2.11)

2 2(2)
0 1 2(0)OR . (2.12)

where j = 1, 2, and the four terms describe second-harmonic generation (SHG), sum-

frequency generation (SFG), difference-frequency generation (DFG), and optical 

rectification (OR), respectively.

In a more general case, if the input field is polychromatic, i.e., if it has a finite 

bandwidth as will be discussed later, the second-order nonlinear process can be expressed

as [32]

(2)1
3 0 3 1 2 1 2( , ) ( ; , ) ( , ) ( , )

2i ijk j k
jk

dP E Er r r . (2.13)

Here 3 = 1 + 2, and i = x, y, or z, so do j and k. Due to the wide bandwidth of the 

source, any pair of monochromatic components within the source spectrum gives rise to a 

sum-frequency component through the SFG process, making it possible to realize SFG 

with a single source.

2.2.2 Nonlinear Optics of Surface Plasmon Polaritons

In 1909, Sommerfield predicted the existence of surface electromagnetic (em) waves 

[11]. Six decades later, since around 1970, SPPs had become a subject of interest in 

surface science community as they could be used to probe metal surfaces [12, 19]. At that 
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time, the success in nonlinear optics had motivated researchers in this area to associate

their work with SPPs. It was realized that as the symmetry is broken at an interface, 

surface nonlinearity of a medium should be different from the bulk nonlinearity. In 1974, 

Simon et al readily observed SHG by SPPs on a silver film [14], in which the 

Kretschmann configuration was employed. It has been shown that the resonant coupling 

of light and collective electron oscillations (plasmons) in noble metals, i.e., SPR, strongly 

enhances nonlinear optical responses of the medium in the vicinity of air-metal 

interfaces. After that quite a few works were followed studying this effect under diffrent 

configurations [35, 36], film compositions [37, 38], thin film thicknesses [39], or surface

roughnesses [40]. Meanwhile, besides the fundamental physics, nonlinear excitation of 

SPPs has been already used in surface sensor applications [41]. The linear process has 

been extensively employed in the bio-chemical sensor design [3, 13], whereas second-

and third-order nonlinear processes are more surface-sensitive, rendering them highly 

attractive for nonlinear microscopy. In fact, the second-harmonic microscopy has been 

already proposed and studied [42, 43]. Moreover, since when the new century began, the 

rise of near-field optics has further advanced the use of nonlinear plasmonics into an even

higher level. Nanoscale probes that can convert light into localized energy from the 

foundation for diffraction-unlimited imaging and intriguing light-mater interactions [44,

45]. These developments include the exciting nonlinear optical nano antennas [46].

Nevertheless, to the best of our knowledge, nonlinear studies of plasmonics have 

never considered the spectral response – majority of previous works use photon-detection 

devices, e.g., charged-coupled device (CCD) camera, to record the scattered nonlinear 

fields. In a recent study of SHG from the Kretschmann configuration [16], such a CCD 

camera is employed to receive the far-field reflected nonlinear signal. Shown in Fig. 2.4 

that it is only capable of capturing photon energy, whereas no spectral information can be 

found. As SPP generation is associated with the interaction between incident light 

photons and thin metal film electrons, it may change the population of photons in the 

output reflected wave, and leave signature in the far-field that can be detected using 

spectroscopy techniques. This may create a new dimension, i.e., the spectral domain, to 

the studies and applications of nonlinear plasmonics. Thus, we need to consider a light 

model that contains spectral information.
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Figure 2.4 (a) The Kretschmann configuration with a CCD camera being the reflected 

as a function of incidence angle. The inset shows an image of the recorded second 
harmonic light on the CCD camera. No spectral information can be provided 
(figure sources: Fig. 1 & Fig. 3, [16]).

2.3 POLYCHROMATIC LIGHT

Lasers, based on stimulated emission of electromagnetic radiation [30], differ from other 

sources of light because they generate light coherently. The high temporal coherence 

allows them to emit a single color of light (monochromatic), i.e., have a very narrow 

spectrum. A necessary background for material to follow in this thesis is the propagation 

of light wave generated by laser. As the most simplified model, the plane wave is 

commonly used in basic theoretical studies. In the case shown in Fig. 2.5, this plane wave

has the form of

( )
0( , ) i kx t

m yx t A eE e , (2.14)
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which represents a linearly polarized, spatially homogeneous, and monochromatic light 

wave propagating along the x-axis.

Figure 2.5 Linearly polarized and spatially homogeneous plane wave in free space.

Nevertheless, with the recent development of ultrashort laser pulses and ultrafast 

optics [47], the pulsed nature of the source will result in a considerable finite bandwidth, 

such as wideband or even broadband light. This effect has brought about new optical 

phenomena of interest in plasmonics [17, 18]. Therefore, we need to consider a more 

realistic, namely, a polychromatic plane wave model [48, 49]. To this end, we assume the 

source has an energy spectrum of  S( ). Since we are looking for a plane wave result, it 

has a relation of 2 2( ) ( )S AE , where A( ) is the spectral amplitude. A fully 

spatially coherent polychromatic light field can then be represented as

( )( , ) ( ) i kx t
p yx A eE e . (2.15)

If Eq. (2.15) is applied to an optical system, e.g., a photonic crystal or the Kretschmann 

configuration, an output energy spectrum can be obtained. Comparing it with the source 

energy spectrum allows us to do the spectral analysis. The spectral analysis of radiation, 

i.e., spectroscopy, is one of the most important analytic methods in science studying the 

interaction between matter and radiated energy. Historically, spectroscopy originated 

through the study of visible light dispersed according to its wavelength, e.g., by a prism. 
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Later the concept was expanded greatly to comprise any interaction with radiative energy 

as a function of its wavelength or frequency. These interactions include absorption, 

emission, and so on.

In the next chapter, we are going to study by the presence of SPR, what spectral 

signatures will be left through the surface nonlinear optical process, to better understand 

the generation of SPPs and to possibly trigger the future assistant of spectroscopy 

techniques to nonlinear plasmonics.
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Sum-Frequency Generation with Polychromatic Light

Luyu Wang, Franklin Che, Sergey A. Ponomarenko, and Zhizhang (David) Chen
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Copyright ©2013 Optical Society of America

3.1 ABSTRACT

We theoretically explore the spectral behavior of the fundamental and sum-frequency 

waves generated from the surface of a thin metal film in the Kretschmann configuration 

with coherent ultrashort pulses. We show that the spectra of reflected sum-frequency 

waves exhibit pronounced shifts for the incident fundamental waves close to the plasmon 

coupling angle. We also demonstrate that the scale of discovered plasmon-enhanced 

spectral changes is strongly influenced by the magnitude of the incidence angle and the 

bandwidth of the source spectrum.

3.2 INTRODUCTION

The field of plasmonics has lately experienced a truly explosive growth [50]. Much 

research in plasmonics has so far been focused on linear light-matter interaction 

modalities [21, 51], owning largely to the success of plasmonic-based sensors as a 

powerful tool for probing surfaces [3, 13]. However, resonantly enhanced local electric 

fields bring about pronounced enhancement of nonlinear responses of plasmonic 

materials as well [50]. To date, several plasmonenhanced nonlinear optical phenomena 

have been explored, including second-harmonic generation (SHG) from deterministic 

[14, 52], random [53–55], and phase-matched [56] nanostructured surfaces. While SHG 

can be realized with a quasi-monochromatic light source of a fundamental wave (FW), 
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the sum-frequency generation (SFG) [57, 58] or difference-frequency generation (DFG) 

[59] in plasmonic materials is more difficult to realize experimentally; this is because it 

requires two such sources with distinct carrier frequencies as, in general, does surface 

plasmon excitation by four-wave mixing [15, 16]. These second- and third-order 

nonlinear processes are surface sensitive at the molecular level, rendering them highly 

attractive for nonlinear microscopy. In fact, one such modality, the second-harmonic 

microscopy, has already been proposed and studied [42, 43].

Although the vast majority of work in plasmonics deals with quasi-monochromatic 

light, there has been growing interest in spectral signatures of plasmon enhanced 

electromagnetic fields. In particular, the linear optical response of homogenous [17] and 

inhomogeneous–periodic or random [18]–plasmonic nanostructures, probed with 

broadband light beams, has been recently examined. However, to the best of our 

knowledge, plasmon-enhanced nonlinear optical processes, excited by polychromatic 

light sources, have not yet been studied. In this context, it is especially instructive to learn 

whether plasmons, excited on the surface of a conducting material or nanostructure, leave 

any signatures in the far-field spectra of generated second-order nonlinear waves. The 

affirmative answer to this question can trigger new developments in surface nonlinear 

spectroscopy, microscopy, and surface morphology studies.

In this work, we investigate the spectral behavior of the fundamental and sum-

frequency waves in the surface SFG from a thin metal film with the polychromatic 

incident light. We assume that the source field is well collimated such that it can be 

treated as a plane wave. The wide bandwidth of the source makes it possible to realize 

SFG with a single source: any pair of monochromatic components within the source 

spectrum gives rise to a sum-frequency component through the surface SFG process. For 

symmetric source spectra, one would expect the SFG spectrum to peak at half the carrier 

wavelength of the source. We show, however, that at the incidence angle corresponding 

to light coupling to the surface plasmon, the reflected sum-frequency wave (SFW) 

spectrum gets blue-shifted from the expected maximum whereas the reflected FW has a 

spectral hole at the carrier frequency. We further demonstrate that the magnitude of the 

effect depends on the bandwidth of the source spectrum and the incidence angle: the 

shifts of SFW spectra become more pronounced as the source bandwidth increases, while 
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at a certain angle a spectral switch is observed. Also, as the incidence angle deviates from

the plasmon coupling angle, all spectral changes disappear. The appearance of large SFW 

shifts can serve as an unambiguous plasmon signature in nonlinear surface spectroscopy.

3.3 THEORY

We consider fully spatially coherent incident light [48, 49], which we assume to behave 

as a plane wave. We examine the spectral behavior of fundamental and sum-frequency 

waves in the Kretschmann geometry [12] illustrated in Fig. 1. A thin metal (gold) film is 

illuminated by a p-polarized polychromatic plane wave from glass ( 1 = 2.25) at the angle 

of incidence i. The gold film has a thickness d and relative dielectric permittivity 2( ). 

The incident wave with the spectral amplitude A( ) can be represented as

1( )1

1 1

( , , , ) ( ) x zi k x k zxz
i

kkx z A e
k ki x zE e e , (3.1)

where k1 = (kx, 0, k1z) and 1 0 1k ; ex and ez are unit vectors in the x- and z-

directions, respectively. The components of the wave vector k1 can be expressed as kx =

k1sin i and k1z = k1cos i. The finite bandwidth of the incident light can originate either 

from partial temporal coherence or from a pulsed nature of the source. We assume 

henceforth that the incident light wave is produced by a coherent femtosecond laser 

source which provides sufficiently large input intensities to generate a nonlinear optical 

response of the system. Thus, we introduce the energy spectrum of the incident pulse by 

the expression [60]

2 2( ) ( , , , ) ( )i i iS x z AE , (3.2)

up to an immaterial proportionality constant.
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Figure 3.2 Illustrating the Kretschmann configuration.

The (multiply) reflected FW strikes the detector. Using the standard multiple-

reflection Airy method (for details see Appendix A), it can be inferred that the reflected 

wave is

1( )1
12

1 1

( , , , ) ( )( ) ( , ) x zi k x k zxz
r i i

kkE x z A r e
k kx ze e . (3.3)

The reflected energy spectrum can then be written as

2 2(1)
12( , ) ( , , , ) ( , ) ( )i r i i iS x z r SE . (3.4)

Here 12 ( , )ir is the double-interface Fresnel reflection coefficient for p-polarization 

given by [61]
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r r er
r r e

, (3.5)

where 2 2
2 2z xk k k .

Next, the FW gives rise to nonlinear polarizations on both interfaces of the film. In 

general, the i’th component (i = x, y, or z) of the sum-frequency polarization field can be 

written as [32]

(2)1
3 0 3 1 2 1 2( , ) ( ; , ) ( , ) ( , )

2i ijk j k
jk

dP E Er r r , (3.6)

where 1 and 2 are pump frequencies while 3 = 1 + 2 represents the generated 

nonlinear frequency, and r = (x, y, z); (2)
3 1 2( ; , )ijk is the nonlinear susceptibility 

tensor of the sum-frequency generation (SFG) process. The subscripts denote the 

Cartesian field components tangential and normal to the interface, respectively. It was 

argued theoretically [62] that at relatively large pump wavelengths (

the leading contribution to the nonlinear polarization comes from the diagonal surface 

component (2)
,S zzz of the second-order susceptibility tensor. This claim is supported with 

the available SHG experimental data [63, 64], and it has been recently employed in a 

surface DFG study [59]. Hence, we will ignore the other contributions to (2) hereafter. 

Therefore, we will only need the z-component of the field at the top and bottom of the 

film to determine the polarization fields in Eq. (3.6).

It can be shown that the total FW field in the glass is simply a superposition of the 

incident and reflected waves in Eqs. (3.1) and (3.3), respectively. The normal component 

of the reflected electric field is then

1
1 12

1

( , , , ) ( ) ( , )x x zik x ik x ik zx
z i i

kE x z A e e r e
k

. (3.7)
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The field on the lower interface can be found by taking z = 0. In addition, on applying the 

boundary condition for the normal components of the field on both sides of the lower 

interface, we obtain the field on the metal side of the lower interface as

1
2 12

1 2

( , , ) ( ) 1 ( , )xik xx
z i i

kE x A e r
k

. (3.8)

Similarly, the total FW field in the film is a superposition of the waves transmitted and 

reflected by the upper interface. The corresponding normal component of the field can be 

represented as

2 2 2

2

212
2 232

2 12 23

( , , , ) ( )
1

x z z z

z

ik x ik z i k d ik zx
z i i k d

k tE x z A e e r e e
k r r e

. (3.9)

At the upper interface z = d, we have

2
2

( , , ) ( ) ( , )xik xx
z i i

kE x A e R
k

, (3.10)

where

2

2

12 23
2

12 23

(1 )( , )
1

z

z

ik d

i i k d

t r eR
r r e

. (3.11)

On substituting from Eqs. (3.8) and (3.10) into Eq. (3.6), the polarization fields at the 

upper and lower interfaces read

3( )
3 0 3( , , ) ( , ) xik x

i ix P ezP e , (3.12)

3( )
3 0 3( , , ) ( , ) xik x

i ix P ezP e , (3.13)
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where 3 1 3( ) ( )sinx ik k , 1 3 3 0 1( )k , and we introduced

2 2 (2)1
0 3 0 1 , 3 1 2( , ) sin ( ; , )

2i i S zzz
dP

1 2
12 1 12 2

2 1 2 2

( ) ( ) 1 ( , ) 1 ( , )
( ) ( ) i i

A A r r , (3.14)

and

2 (2)1
0 3 0 1 , 3 1 2( , ) sin ( ; , )

2i i S zzz
dP

1 2
1 2

2 1 2 2

( ) ( ) ( , ) ( , )
( ) ( ) i i

A A R R , (3.15)

These polarizations act as the sources of secondary upconverted SFW. The i’th 

Cartesian component of the resulting sum-frequency field is determined from Maxwell’s 

equations to be

2

0

( / )( , ) ' ( , ', ) ( ', )i ij j
j

cE r d G Pr r r r . (3.16)

Here ( , ', )ijG r r is the dyadic Green’s tensor which can be expressed as [21]

02

1( , ', ) ( , ', )ij ij i jG G
k

r r r r , (3.17)

where 0 ( , ', )G r r is the scalar free-space Green’s function representing an outgoing 

spherical wave from a point source. We use the Weyl identity to expand the spherical 

wave into an angular spectrum of plane waves [21, 48]
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( ') ( ')
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4 ' 8

x z

ik
ik x x ik z zx

z

dke iG e
k

r r

r r
r r

. (3.18)

Note that the problem we study is two-dimensional implying that r = (x, 0, z) and r’ = (x’,

0, z’). The nonlinear polarization field at the lower interface P< gives rise to a 

contribution to the SFW through the field directly reflected into the lower half-space. It 

can be obtained by substituting from Eqs. (3.12) and (3.17) into Eq. (3.16),  and using Eq. 

(3.18), yielding

3 1 3( ) ( )(2) 3
3 0 32

0 1

sin( , , , ) ( , )( tan )
8

x zi k x k zi
down i i i

ix z P e
c x zE e e , (3.19)

where 1 3 3 1 3( ) ( ) ( )x zk kx zk e e . By the same token, the other contribution from P<

to the SF field, partially transmitted into the film and eventually reflected back to the 

lower half-space, is

(2) 3
3 0 32

0 2 3

sin( , , , ) ( , )( tan )
8 ( )

i
up i i i

ix z P
c x zE e e

2 3
3 1 3

2 3

2 ( )
( ) ( )23 21

2 ( )
12 231

z
x z

z

i k d
i k x k z

i k d

r t e e
r r e

. (3.20)

The Fresnel coefficients here are all evaluated at the frequency 3 1 2 while 

2 2
2 3 3 2 3( ) ( ) ( )x zk k k .

The contribution to the reflected SFW from the nonlinear polarization field at the 

upper interface P> is determined as

(2) 3
3 0 32

0 2 3

sin( , , , ) ( , )( tan )
8 ( )

i
i i i

ix z P
c x zE e e

2 3
3 1 3

2 3

2 ( )
( ) ( )21

2 ( )
12 231

z
x z

z

i k d
i k x k z

i k d
t e e
r r e

. (3.21)
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Finally, combining Eqs. (3.19)—(3.21), the energy spectrum of the reflected SFW in the 

lower half-space is found to be

2(2) (2) (2) (2)
3 3 3 3( , ) ( , , , ) ( , , , ) ( , , , )i down i up i iS x z x z x zE E E . (3.22)

3.4 RESULTS

We utilize Eqs. (3.4) and (3.22) to evaluate the spectra of FW and SFW at the detector. 

The laser source is assumed to be tunable, generating ulstrashort pulses of duration 

ranging from 30 to 90 fs (FWHM). This translates to the bandwidth of approximately 

3.33×1013 to 1.0×1014 s-1 assuming a Gaussian pulse profile; typical Ti-sapphire lasers 

generate femtosecond pulses in this temporal range [47]. The carrier wave length of the 

source spectrum is assumed to be 0 = 1162 nm. The gold film has a thickness of d = 50 

nm. To describe linear dielectric properties of the film, we employ a modified Drude-

Sommerfeld model which takes into account the contributions from free and bound 

(interband transitions) electrons resulting in [21]

2 2

2 2 2 2
0

( ) 1 p p

i i
. (3.23)

The parameters of the model are: plasma frequencies, p = 13.8×1015 s-1 and p =

4.5×1015 s-1 15 s-1 and = 9×1014 s-1; bound electron 

resonant frequency, 0 = 4.187×1015 s-1. The surface nonlinear susceptibility is described 

within the framework of a hydrodynamic model developed in [65]. The leading 

contribution reads

1 2 2 1 2 2(2)
, 3 1 2 2

( , ) ( ) 1 ( ) 1
( ; , )

32S zzz
B

a
n e

, (3.24)
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Figure 3.2 Far-field energy spectra of (a) FW and (b) SFW around the plasmon coupling 
angle. The source pulse durations is tp = 90 fs.

where nB is the equilibrium free-electron density in the bulk. The dimensionless 

parameter 1 2( , )a is essentially frequency-indipendent whenever the two pump 

frequencies 1 and 2

< 0.1 0 and 0/ p

much smaller than p. Hence, we may safely treat 1 2( , )a as a constant. The evaluated 

(2)
, 3 1 2( ; , )S zzz is then of the order of 10-18 m2/V (10-12 cm2/statvolt in Gaussian units), 

showing excellent agreement with the experimental results of [64].

The plasmon coupling angle is given by [21]

1 2

1 2

( )( ) sin
( ) 1c . (3.25)

In our case, c( 0

collectively to incident light waves by oscillating in resonance with the FW, i.e., surface 

plasmon resonance (SPR) occurs. It can be clearly seen in Fig. 3.2(a) that due to the 

efficient coupling to surface plasmons, the reflected FW has a hole in the far-field 

spectrum. The electromagnetic energy is localized near the film-air interface, 

dramatically enhancing the efficiency of SFG. The generated SFW is then reflected from 
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the glass back to the detector and a large spectral peak, clearly visible in Fig. 2(b), is 

registered. Notice that the SFW is much better localized than the FW. For symmetric 

source spectra, one would expect the SFW spectrum to have a maximum at half the 

carrier wavelength of the FW (581 nm). However, the peak is actrally blue-shifted with 

respect to the expected position. We conclude that the SPR leaves unambiguous 

signatures in the far-field spectrum of generated SFW.

Figure 3.3 Normalized far-field SFW energy spectrum for different incident angle ranges. 
The source pulse duration is tp = 90 fs.
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Figure 3.4 Relative shifts of mean fundamental (sum-frequency) wavelengths at different 
incident angles with respect to the (half) pump carrier wavelength for different 
source pulse durations. Insert shows relative spectral shifts for incidence angles in 
the vincinity of the plasmon coupling angle. Negative values indicate blue shifts.

To better illustrate spectral aspects of SFG in the system, we normalize the SFW

spectrum of Fig. 3.2(b) to the corresponding maximum value for each i and display the 

result in Fig. 3.3. In Fig. 3.3(a), we exhibited the SFW spectrum in a narrow range of 

incidence angles around the plasmon coupling angle. It can be inferred from the figure 

that the SPR gives rises to an overall blue-shift of the SFW spectrum. Displaying a wider 

incidence angle range in Fig. 3.3(b), we can observe that there is another (smaller) 

spectral shift toward the blue around 46°. This results from the SPR at SFW wavelengths: 

as long as the SFW is generated due to the strong FW enhancement, it can also be 

coupled to surface plasmons resulting in SPR excitation in the SFW. The corresponding 

plasmon coupling angle can be determined from the equation identical to Eq. (3.25), 

except 2 is evaluated at 2 0 leading to (2)
0(2 )c 3.3(c), 
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which shows the SFW spectrum on an even larger scale, the spectrum is consistently 

centered at 581 nm for incidence angles ranging from 0 to 90°, except in the

neighborhood of linear and nonlinear SPRs. As the incidence angle deviates a little from 

c or (2)
c , the magnitude of the corresponding spectral shift falls off precipitously.

Figure 3.5 (a) Normalized far-field SFW energy spectrum in the vicinity of the plasmon 
coupling an.gle with an incident pulse duration of tp = 30 fs. (b) The SFW spectral 
switch

We can also show that the magnitude of discovered spectral changes is strongly 

influenced by the bandwidth of the source spectrum. To drive this point home, we display 

in Fig. 3.4 relative shifts of the mean fundamental (sum-frequency) wavelength relative 

to the (half) pump carrier wavelength as functions of the incidence angle for different 

pulse durations. It can be inferred from the figure that the shorter the pulse duration, the 

larger the spectral shift. More specifically, as we increase the source bandwidth, a sharp 

transition from blue to red in the vicinity of the plasmon coupling angle, seen in Fig. 

3.3(a), transforms to a spectral dip. We observe such a spectral switch in Fig. 3.5(a) at i

= 42.47° for the input pulse of tp = 30 fs duration. Qualitatively, the present spectral 

switch is similar to the one previously discovered in Fraunhofer diffraction of light by a 

circular aperture [66]. We note that for the incidence angles outside the immediate

neighborhood of the switch angle, the SFW spectrum displays no anomalous features, 
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remaining Gaussian-like. We stress that the appearance of extremely surface-sensitive 

features in the reflected SFW spectrum can provide for environmental sensing with 

unprecedented accuracy. Indeed, any tiny perturbation of the film surface, leading to the 

corresponding change in the refractive index, can cause a switch of the SFW spectrum. 

Although the principle has been previously employed in conventional linear plasmonic 

sensor configurations [3, 13, 21], the use of nonlinear wave spectra can help attain, 

perhaps, a single-atom level of accuracy. This point is illustrated in Fig. 3.5(b) where we 

show that the SFW spectral behavior at the switch angle is sensitive to the angle 

variations of just a fraction of a degree.

3.5 SUMMARY

To summarize, we theoretically explored the spectral behavior of surface-enhanced sum-

frequency generation from a thin metal film produced with coherent ultrashort laser 

pulses. We have shown that while spectra of fundamental waves, reflected at the angle 

corresponding to surface plasmon excitation in the film, can have a hole at the carrier 

freqency, the resonantly enhanced sum-frequency waves display pronounced spectral 

shifts. Thus, excited surface plasmons leave characteristic signatures in the spectra of 

fundamental and sum-frequency waves. We have also revealed that the discovered 

spectral changes strongly depend on the incidence angle and the bandwidth of the source 

spectrum, as well as observed a spectral switch which is sensitive to the angle variations. 

Our results may open up new avenues in nonlinear spectroscopy, surface plasmon 

sensing, and surface morphology studies.
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CHAPTER 4 CONCLUSION REMARKS AND 
RECOMMENDATIONS

4.1 CONCLUSION REMARKS

In this thesis, we have presented the first exploration of the spectral behavior of nonlinear 

plasmonics. We theoretically studied surface-enhanced sum-frequency generation from a 

thin gold film utilized with coherent ultrashort laser pulses.

The Kretschmann configuration, the platform of this work, is modeled as a planarly 

layered media, allowing us to describe the wave propagations in the film. The nonlinear 

polarizations are then found which can act as secondary sources of reflected SFW. We 

utilize the Lorentz-Drude model to characterize the dielectric permittivity of the gold 

film, and a hydrodynamic model to represent the weakly dispersive nonlinear 

susceptibility. At last, we employ Green’s function method to express the final far-field 

SFW spectrum.

We have shown that when the incidence angle approaches the angle corresponding to 

surface plasmon excitation in the film, the spectra of fundamental waves can have a hole 

at the carrier freqency, whereas the resonantly enhanced sum-frequency waves exhibit

spectacular spectral shifts. Thus, excited surface plasmons leave characteristic yet totally 

different signatures in the far-field spectra of fundamental and sum-frequency waves.

We have also revealed that the discovered spectral shifts shrongly depend on the 

incidence angle. When it is away from the plasmon coupling angle, the spectrum stays 

steady at the anticipated nonlinear frequency – only when the angle is in the close 

neighbourhood of SPR generation, the spectrum will shift to an unusual frequency. This 

is useful to easily and accurately detect SPR using spectroscopy techniques.

Another finding is that when tuning the duration of input laser pulse, the shifts will 

be strongly affected: the shorter the input pulse is, the more the spectrum shifts. This may 

make it possible to engineer the output spectra with tunable lasers readily available.

Last but not least, we have observed a spectral switch which is extremely sensitive to 

the angle variations. Although previously linear plasmonic surface sensors have been 
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taking advantage of this kind of feature, the appearance of it in the nonlinear spectrum 

holds promise for surface environmental sensing with unprecedented accuracy.

In summary, our results may trigger new developments in surface nonlinear

spectroscopy, microscopy, surface plasmon sensing, and surface morphology studies.

4.2 RECOMMENDATIONS FOR FUTURE WORK

There are several topics of future research that can be pursued further.

First of all, this work definitely requires future experiment verification of the 

discovered spectral changes.

Next, we made use of a plane wave model to describe the input laser field. To be 

more accurate, using a beam model with characteristic spatial field distribution, e.g., 

angular spectrum representation of a Gaussian beam, or even high order Hermite-

Gaussian beams, may reveal even more valuable information.

Also, except for SFG we have studied in this thesis, other nonlinear processes such 

as DFG or some third-order nonlinear processes could also leave unique spectral 

signature.

Finally, we found that the film thickness can affect the shifts dramatically. However, 

the mechanism under this effect has not been fully understood yet.
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APPENDIX A Analytical Analysis for Waves in the Kretschmann Confi-
guration

The Kretschmann configuration studied in this thesis can be treated as a planarly layered 

media. It consists of three layers: prism, gold, and air. This inhomogeneity will create a 

complex situation that waves are multiply reflected and transmitted. Fortunately with the 

theory well developed in [25] we can readily express those waves and fields in 

inhomogeneous media by correctly considering the corresponding Fresnel coefficients, 

for both linear and nonlinear process. 

Figure A.1 Illustration of reflected FW and SFW composation. (a) The FW gets reflected by 
the thin film directly. Also, the total SFW in the lower half-space comes from SF 
polarizions at both (b) lower and (c) upper interfaces.

Seen in Fig. A.1, the incident FW at an angle of i gets multiply reflected by the gold 

film. The wave bounces back and forth, and partially goes to the lower half-space. It can 

be written as 
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Here 12 ( , )ir is the double-interface Fresnel reflection coefficient for p-polarization 

given by [25]
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where 2 2
2 2z xk k k .

It can be shown that the total FW field in the glass is simply a superposition of the 

incident and reflected waves in Eqs. (2.1) and (A.1), respectively. The normal component 

of the reflected electric field is then
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Similarly, the total FW field in the film is a superposition of the waves transmitted and 

reflected by the upper interface. The corresponding normal component of the field can be 

represented as
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The nonlinear polarization field at the lower interface P< gives rise to a contribution to 

the SFW through the field directly reflected into the lower half-space [Fig. A.1(b)]. It can 

be obtained by substituting from Eqs. (2.12) and (2.17) into Eq. (2.16),  and using Eq. 

(2.18), yielding
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where 1 3 3 1 3( ) ( ) ( )x zk kx zk e e . By the same token, the other contribution from P<

to the SF field, partially transmitted into the film and eventually reflected back to the 

lower half-space, is
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The Fresnel coefficients here are all evaluated at the frequency 3 1 2 while 

2 2
2 3 3 2 3( ) ( ) ( )x zk k k .

Following Fig. A.1(c), the contribution to the reflected SFW from the nonlinear 

polarization field at the upper interface P> is determined as
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APPENDIX B Numerical Codes for Solving Linear Spectral Changes

%**********************************************************************
%     Linear spectral changes by Surface Plasmon Resonance
%**********************************************************************
%
%     Program author: Luyu Wang
%                     Department of Electrical and Computer Engineering
%                     Dalhousie University
%                     1360 Barrington St.
%                     Halifax, NS B3J 2X4
%                     902-999-2630
%                     luyuwang@dal.ca
%
%     Date of this version:  Mar. 24, 2013
%
%**********************************************************************

clear

%**********************************************************************
%     Parameters
%**********************************************************************

cc=2.99792458e8; %speed of light in free space
muz=4.0*pi*1.0e-7; %permeability of free space
epsz=1.0/(cc*cc*muz); %permittivity of free space

epsr1=2.25; %permittivity of glass
epsr3=1.0; %permittivity of air
d=52.0e-9; %thickness of the gold film

d_omega1=1.6e+15*0.002;
d_thetai=0.01/180.0*pi;

%**********************************************************************
%     loop1-1: angular frequency
%**********************************************************************

ii=1;
for omega1=1.3e+15:d_omega1:1.9e+15

lambda1=2.0*pi*cc/omega1; %wavelength
Si(ii)=Gaussian(omega1); %input spectrum
epsr21=IB_FF(lambda1); %permittivity

k11=sqrt(epsr1)*omega1/cc; %wave number in glass
k21=sqrt(epsr21)*omega1/cc; %wave number in gold film
k31=sqrt(epsr3)*omega1/cc; %wave number in air

%**********************************************************************
%     loop1-2: incident angle
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%**********************************************************************

jj=1;
for thetai=41.0/180.0*pi:d_thetai:48.0/180.0*pi;

kx1=k11*sin(thetai); %wave number components of FF
k1z1=sqrt(k11^2-kx1^2);
k2z1=sqrt(k21^2-kx1^2);
k3z1=sqrt(k31^2-kx1^2);

r121=(epsr21*k1z1-epsr1*k2z1)/(epsr21*k1z1+epsr1*k2z1);
r231=(epsr3*k2z1-epsr21*k3z1)/(epsr3*k2z1+epsr21*k3z1);

Rs121=(r121+r231*exp(2.0*1i*k2z1*d))/(1.0+r121*r231*exp(2.0*1i*k2z1*d));
%Fresnel coefficients

S1(jj,ii)=abs(Rs121^2)*Si(ii);
%linear spectrum wanted

jj=jj+1;
end

%**********************************************************************
%     End varible loop
%**********************************************************************

ii=ii+1;
end

%intensity normalization
for mm=1:jj-1

S1n(mm,:)=S1(mm,:)/max(S1(mm,:));
end

mesh(S1n)
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APPENDIX C Numerical Codes for Solving Nonlinear Spectral Changes

%**********************************************************************
%     Nonlinear spectrum caculated using polychromatic plane wave
%**********************************************************************
%
%     Program author: Luyu Wang
%                     Department of Electrical and Computer Engineering
%                     Dalhousie University
%                     1360 Barrington St.
%                     Halifax, NS B3J 2X4
%                     902-999-2630
%                     luyuwang@dal.ca
%
%     Date of this version:  Mar. 24, 2013
%
%**********************************************************************

clear

%**********************************************************************
%     Parameters
%**********************************************************************

cc=2.99792458e8; %speed of light in free space
muz=4.0*pi*1.0e-7; %permeability of free space
epsz=1.0/(cc*cc*muz); %permittivity of free space

epsr1=2.25; %permittivity of glass
epsr3=1.0; %permittivity of air
E0=1.0; %input field amplitude
d=52.0e-9; %thickness of the gold film

d_omega1=1.6e+15*0.01;
d_omega2=3.2e+15*0.01;
d_thetai=0.1/180.0*pi;

%**********************************************************************
%     loop 1: SH angular frequency
%**********************************************************************

ii=1;
for omega2=2.6e+15:d_omega2:3.8e+15

lambda2=2.0*pi*cc/omega2; %wavelength

epsr22=IB_SH(lambda2); %permittivity
e_3=LD(lambda2,'Au','D'); %permittivity for kai caculation -

Drude

k12=sqrt(epsr1)*omega2/cc; %wave number in glass
k22=sqrt(epsr22)*omega2/cc; %wave number in gold film
k32=sqrt(epsr3)*omega2/cc; %wave number in air
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%**********************************************************************
%     loop 1.1: incident angle
%**********************************************************************

jj=1;
for thetai=0.0/180.0*pi:d_thetai:90.0/180.0*pi;

kx2=k12*sin(thetai); %wave number components of SH
k1z2=sqrt(k12^2-kx2^2);
k2z2=sqrt(k22^2-kx2^2);
k3z2=sqrt(k32^2-kx2^2);

%**********************************************************************
%     loop 1.2: FF angular frequency
%**********************************************************************

sum1=0.0; %for integral caculation
sum2=0.0;

kk=1;
for omega1=0.6e+15:d_omega1:2.6e+15

[F1_w1,F2_w1,A1(kk),epsr2_w1,e_1]=Fresnel(omega1,thetai);

omega11=omega2-omega1;

[F1_w2,F2_w2,A2(kk),epsr2_w2,e_2]=Fresnel(omega11,thetai);

%intergral caculation
kai=kai_zzz(e_1,e_2,e_3);

I1=kai*F1_w1*A1(kk)/epsr2_w1*F1_w2*A2(kk)/epsr2_w2*d_omega1;
I2=kai*F2_w1*A1(kk)*F2_w2*A2(kk)*d_omega1;

sum1=sum1+I1;
sum2=sum2+I2;

kk=kk+1;
end

Il=sum1;
Iu=sum2;

p0lz=epsz*epsr1^2*sin(thetai)^2*Il/2.0/pi; %lower interface
p0uz=epsz*sin(thetai)^2*Iu/2.0/pi; %upper interface

%Fresnel coefficient at SH frequencies
r122=(epsr22*k1z2-epsr1*k2z2)/(epsr22*k1z2+epsr1*k2z2);
r232=(epsr3*k2z2-epsr22*k3z2)/(epsr3*k2z2+epsr22*k3z2);
t212=2.0*sqrt(epsr1*epsr22)*k2z2/(epsr1*k2z2+epsr22*k1z2);
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frsl=r232*t212*exp(2.0*1i*k2z2*d)/(1.0+r122*r232*exp(2.0*1i*k2z2*d));
frsu=t212*exp(1i*k2z2*d)/(1.0+r122*r232*exp(2.0*1i*k2z2*d));

%field caculation

Exld=1i*p0lz*omega2/cc*E0^2*sin(thetai)/8.0/pi^2/epsz/sqrt(epsr1);

Ezld=1i*p0lz*omega2/cc*E0^2*sin(thetai)^2/8.0/pi^2/epsz/sqrt(epsr1)/cos
(thetai);

Exlu=1i*p0lz*omega2/cc*E0^2*sin(thetai)/8.0/pi^2/epsz/sqrt(epsr22)*frsl;

Ezlu=1i*p0lz*omega2/cc*E0^2*sin(thetai)^2/8.0/pi^2/epsz/sqrt(epsr22)/co
s(thetai)*frsl;

Exu=1i*p0uz*omega2/cc*E0^2*sin(thetai)/8.0/pi^2/epsz/sqrt(epsr22)*frsu;

Ezu=1i*p0uz*omega2/cc*E0^2*sin(thetai)^2/8.0/pi^2/epsz/sqrt(epsr22)/cos
(thetai)*frsu;

%intensity caculation
Ex=Exld+Exlu+Exu;
Ez=Ezld+Ezlu+Ezu;
S2(jj,ii)=abs(Ex^2+Ez^2);

jj=jj+1;
end

%**********************************************************************
%     End varible loop
%**********************************************************************

ii=ii+1;
end

%intensity normalization
for mm=1:jj-1

S2n(mm,:)=S2(mm,:)/max(S2(mm,:));
end

mesh(S2n)
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