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Abstract

In this thesis, we design data structures for colored counting queries. Our goal is to
preprocess a set, P, of n colored objects into a data structure such that given a query
(@, the number of distinct colors in P N () can be computed efficiently. The prob-
lem settings studied primarily fall in two categories: colored two-dimensional (2D)
orthogonal range counting where the input is a set of n colored points on the plane
and the query is an axis-aligned rectangle, and colored path counting where the input
is an ordinal tree on n colored nodes and the query is an arbitrary path. First, we
consider the colored 2D orthogonal range counting problem. We design three new
data structures, and the bounds of each can be expressed in some form of time-space
tradeoff. By setting appropriate parameter values for these solutions, we achieve four
time-space tradeoffs, which are O(nlg®n) space and O(\/ﬁlg“r’/ *nlglgn) query time,

O(nlg?n) space and O(y/nlg*™n) query time, O(nlffg’;) space and O(y/n1g’ n)

query time and O(nlgn) space and O(n'/?**) query time, respectively, for any con-
stant 0 < A < 1. Second, we consider the batched colored path counting problem, in
which the interest lies in the overall running time for n query paths, including the pre-
processing time. By reducing the problem to sparse matriz multiplication, we design

14071) time. Another

a solution that answers n colored path counting queries in O(n
related problem, batched path mode queries, is also considered, in which given n query
paths and we are asked to find a color of maximum multiplicity in each path. We

(n!-483811) time using the fast compu-

present a solution that answers n queries in O
tation of min-plus products over structured matrices. Third, we extend the study to
approzimate colored path counting. We design data structures for 2-approzimate col-
ored path counting with O(n) space and O(Ig*n) query time, O(nlglgn) space and
O(lglgn) time and O(nlg*n) space and O(1) time, respectively, for any constant
0 < A < 1. We also present a linear space data structure that supports (1 £ €)-

approzimate colored path counting in O(e ?1gn) time, for any 0 < € < 1.

viil
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Chapter 1

Introduction

The number of distinct elements in a multiset is one of the most fundamental statistics
that arise in many applications, such as data mining, databases and information
retrieval. Let A denote an array of n elements, i.e, {ai,as, -+ ,a,}. Any sub-array,
{ai,ait1,--- ,a;}, can be seen as a typical example of a multiset. The problem of
preprocessing A into a data structure, such that the number of distinct elements
in any sub-array can be computed efficiently, has been well studied [63, 27]. Data
elements can be organized in more complicated structures than arrays, such as points
in multi-dimensional space and nodes on trees, and the problem, counting the number
of distinct elements, emerges therein. If each distinct element in the data set is
assigned a unique color, then counting the number of distinct elements is generalized

to counting the number of distinct colors.

In the colored orthogonal range counting problem, each point in a dataset is as-
signed a color that represents the data it stores and a multiset contains the points in
a multi-dimensional axis-aligned rectangle. Accordingly, colored counting in a multi-
set is of interest, since the problem has applications in databases. For example, the
information of an athlete, including his/her country, age and weight, might be stored
as a record in the database, e.g., (country=Canada, age=18, weight=85kg). And a
typical query could be as follows: How many different countries are there represented
by the athletes with an age between 18 and 25 and a weight between 80kg and 90kg?
To answer the query, we represent each athlete by a point such that the age and
the weight of the athlete are stored as z- and y-coordinates of the point, and the
country that the athlete is from is encoded as the point color. Then the query is
two-dimensional axis-aligned rectangle, i.e., [18,25] x [80,90]. Thereby, the number
of distinct colors assigned to the points in the query range is the number of countries
that one is looking for. Henceforth, we focus on the two-dimensional space where the

input points reside on the grid.



Figure 1.1: The examples of colored path counting and path mode queries. The input
is a tree T' on 16 nodes, each assigned a color drawn from {0, 1,2, 3,4,5}. Let P, , be
the query path. There are 5 distinct colors and a unique mode, labeled by 1, in P, ,,.

Trees, as a versatile structure, can store data information on their nodes. In the
colored path counting problem [44], each tree node stores a color (or a label) as a data
element and a multiset contains the nodes in an arbitrary path. Given a query path,
this problem asks to count the number of distinct colors that are assigned to the
nodes in the path. Another fundamental statistic in paths is called path mode, which
is a node label that appears at least as frequently as other labels in a query path. See
Figure for the examples of both path queries. Both of them have applications in
Extensible Markup Language (XML). In XML documents, the hierarchical structure
of the texts can be modeled as ordinal trees. An ordinal tree is a rooted tree in which
the children of a node are ordered. Each tag in an XML text carries a name and
attributes, and both can be regarded as node labels. The problems, colored path
counting and path mode queries, can be used to count the number of the distinct tag

names and find a most frequent tag name in the paths from a tag to its ancestors.

The common difficulty in solving colored counting in grids or trees, as well as path
mode queries is that the query is not decomposable. In grids, query ranges are of
the form [a,b] X [c,d]. After dividing a query range into disjoint subranges, simply
adding up the number of distinct colors in each subrange might not give the correct
answer to the query range. Similarly, suppose that query path P, , is partitioned into
two subpaths P, , and P,, by a node v in P, ,. Being aware of the answers to P,
and P, , does not give much help in finding the answer to P, ,. Especially, the sets

of modes in P, ,, P, , and P, ,, respectively, could be pair-wise disjoint.

Interestingly, both colored counting queries in grids or trees, as well as path mode
queries share the same conditional lower bound: For any of these three problems; i.e.,

colored path counting, colored 2D orthogonal range counting and path mode queries,



3

with current knowledge, one might not be able to obtain a data structure that can
be built in o(n*/?) time and meanwhile support each query in o(n“/?~!) time, save
for polylogarithmic speedups, where w < 2.37286 is the exponent of matrix multipli-
cation [I]. When only pure combinatorial approaches are allowed in solving any of
these three problems, it might be infeasible to design a data structure that can be
built in 0(n%?) time and meanwhile support each query in o(y/n) time, save for poly-
logarithmic speedup, following from the bounds on the best combinatorial approach
for Boolean matrix multiplication [70]. Due to the difficulty of all three problems,
their approximate versions have been brought to attention [25] 66] [44], in which the
requirement that finds the precise number of distinct colors or a mode in a multiset
is relaxed and instead, a query asks for a value that is within a predefined factor of
the precise number of distinct colors in a multiset or a color whose frequency in a
multiset is at most a predefined factor smaller than a true mode’s. These problems
are of interest in theoretical computer science, as the design and analysis of these
approximate algorithms always involves mathematical proof, which helps us compre-
hend with provable guarantees how closely we are able to approximate the optimal
answers in polylogarithmic time and near linear working space.

In this thesis, we study three aspects of colored counting queries. First, we re-
visit the colored two-dimensional orthogonal range counting problem and design data
structures that improve the query times and space costs asymptotically. Second, we
study the problem of answering n colored path counting queries, in which the pre-
processing time matters, since it is included in the overall query time. In addition,
we also consider its relevant problem, batched path mode queries. Third, we study
the approximate version of the colored path counting problem. We aim at main-
taining the linear space cost of the data structure, while improving the query time

asymptotically.

1.1 Organization of the Thesis

The rest of this thesis is structured as follows.
Chapter 2| describes the notation and the preliminary knowledge that is commonly
used throughout this thesis. The model of computation that is applied can be found

there as well.
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In Chapter [3] we conduct a study on colored two-dimensional orthogonal range
counting. Obviously, a 4-sided query range can be decomposed into two subranges,
each of which is bounded by 3 sides. We propose a new framework that computes
the number of distinct colors that exist in both 3-sided subranges. Based on the new
framework, we design three data structures for the problem. The attention is given
to two important metrics of a data structure: query time and the space cost. We
achieve three different data structure solutions. This chapter is based on the joint
work with Meng He [34].

In Chapter [, we consider batched colored path counting and batched path mode
queries. We concentrate on the efficient preprocessing and query time of the data
structures. We show that by applying the centroid decomposition of trees, an ar-
bitrary path can be dealt with as a path that contains a centroid of some subtree.
This technique is used to solve both path query problems. Given that query paths
are through a fixed node of the input tree, say, a centroid, we design for colored path
counting a data structure whose construction can be facilitated by sparse matrix
multiplication and for path mode queries a data structure whose construction can
be facilitated by a min-plus product. Not only can our data structures be built in
o(n'9) time, but they also support each query in o(n®?) time, faster than any existing
combinatorial method. The results of Chapter |4 have been published in [35].

In Chapter |5, we design data structures for approximate colored path counting.
We consider this problem under two different approximate measures, i.e., 2- and
(1 + e)-approximate. By applying the technique, random sampling, we present a
reduction from the latter to the prior. For the prior, we present a data structure
with different time-space tradeoffs. To this end, we revisit the technique, centroid
decomposition, and design a space-efficient data structure such that the preorder
rank of a tree node in any recursive level can be computed efficiently. This chapter
is based on the joint work with Meng He [36].

In Chapter [6, we conclude this thesis by summarizing the technical details used
in different chapters, as well as the results we have achieved, and pointing out the

future research directions, including relevant open problems.



Chapter 2

Preliminaries

In this chapter, we introduce the preliminary knowledge and notation used throughout

this thesis.

2.1 Notation

We use Ign to represent log, n for short, i.e., the base-2 logarithm of n, and we denote
by [n] the set {0,1,2,--- ,n — 1}, for any integer n > 0. The O notation hides the
polylog(n) factors, e.g., O(nlg?n) = O(n), and we write down iff as a shortened form
of if and only if.

2.2 Models of Computation

Unless otherwise specified, all results presented throughout this thesis are valid under
the word random-access machine (word RAM) model [2§]. In this model, each cell
in the memory is a word of w bits. We usually assume that w = ©(lgn), where n
denotes the input size, e.g., n elements in an array, so that the address of any cell
in the memory can be encoded and stored in a constant number of memory cells.
Hence, if a data structure occupies s cells, then its space cost can also be stated as
s-w = O(slgn) bits.

Operations that are performed on a constant number of memory cells are called
word operations. The basic instruction set supported in word RAM consists of reading
(i.e., random access to a memory cell), writing (i.e., writing data into a memory cell),
arithmetic operations (including addition, subtraction, multiplication, and division),
and bitwise logical operations (including AND, OR, SHIFT, XOR, and NEGATION).
Each word operation in the basic instruction set takes constant time. Any other word
operation can be simulated by the technique, table lookup, taking constant time as

well. The running time of an algorithm is measured by the number of word operations
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performed, and the space cost is measured by the number of memory cells used by

the algorithm.

2.3 The Ball Inheritance Problem

In two-dimensional rank space [29], the point coordinates are drawn from the universe
{0,1,-+- ,n—1}? and no two points have the same - or y-coordinates. The wavelet
tree [37] constructed over the y-coordinates of n points in 2D rank space is a binary
balanced tree with lgn levels. Without loss of generality, we assume that n is a power
of 2. Each node of the tree represents a range of y-coordinates as follows: The i-th
leaf from the left represents the y-range [i,i] for each i € [0..n — 1]; and the range
represented by an internal node is the union of the ranges represented by its children.
Hence, the root represents y-range [0..n—1]. Each node v is associated with a sequence
of points, P(v), that includes all the input points whose y-coordinates are in the y-
range of node v, and points in P(v) are sorted by their z-coordinates. For example,
the root node is associated with n points increasingly sorted by x-coordinates. Each
internal node v explicitly stores a bit vector, B(v), such that if the point P(v)[7] is a
leaf descendant of the left child of v, then B(v)[i] is set to 0; otherwise B(v)[i] is set
to 1. All the B(v)’s built for internal nodes occupy O(nlgn) bits of space in total.
An example of a wavelet tree is shown in Figure [2.1

The ball inheritance problem [14] can be defined over a binary wavelet tree. In
this problem, given an arbitrary internal node v and an integer 0 < i < |P(v)|, we
are asked to find the coordinates of P(v)[i]. Henceforth, we denote this query by
point(v,4) for simplicity. This problem was formally defined by Chan et al. and was
used in solving orthogonal range searching [14]. We will see its applications on colored
counting in Chapters [3 and [5| If sequence P(v) is explicitly stored at each internal
node v, then operation point(v, i) can be answered trivially in constant time. However,
storing all P(v)’s for internal nodes overall requires O(nlgn) words of space, which
is not affordable sometimes in our linear space data structure. Instead, the support

for point(v, i) addressed in Lemma [1| provides a space-efficient solution:

Lemma 1 [7j, Lemma 2.3] Let 0 < XA < 1 be any small positive constant. A binary
wavelet tree over n points in 2D rank space can be augmented with a data structure

in O(nf(n)lgn) bits of space to support point(v,i) in g(n) time, where
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(10,0) (8,1) (5,2) (6,3) (12,4) (11,5) (1,6) 0,10) (14,11 12,13)(4,14

Figure 2.1: An example of a wavelet tree constructed upon a set of 16 points in 2D
rank space. The sequence P(v) that associates with node v in the figure stores points
(7,8) and (13,9), sorted by their z-coordinates. Function point(v,0) returns point
(7,8), following its definition. Given that points (7,8) and (13,9) are stored at the
left and right child of v, respectively, B(v) stores 0 and 1 from left to right.

a) f(n) = O(1) and g(n) = O(1g" n),
b) f(n) = O(glgn) and g(n) = O(lglgn) or

¢) f(n) = O(lg*n) and g(n) = O(1/X).

2.4 Ordinal Trees and Labeled Trees

Regarding each tree node color as an integer label, the input tree studied in this thesis
is both an ordinal tred] and a labeled tree.

Let |T'| denote the number of nodes in the input tree 7. The topmost node of
the tree is called the root, denoted by L. For any two nodes z,y € T, we use P, , to
represent the path whose endpoints are x and y. Thus, P, | is a root-to-node path.
Each non-root node x has a single parent, denoted by parent(z), which is the node
incident to x in path P, ;. Symmetrically, node = is a child of parent(x). A leaf in

the tree is a node that has no children. The ancestors of a node can be defined in

!The path query problems studied in this thesis can also be defined over free trees. However, we
follow the definitions given in previous work [23] 44] and assume that the input tree is ordinal, as
this allows us to directly apply previous solutions to the problems defined over ordinal trees.
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an inductive way: Node z is an ancestor of itself; and the ancestors of parent(z) are
ancestors of x as well. If node y is an ancestor of x and y is different from z, then we
call y a proper ancestor of x. The descendants or the proper descendants of a node
can be defined symmetrically. Given that y is an ancestor of z, we define P;ﬁy to
be the path whose endpoints are x and the child of y that is an ancestor of x, i.e.,
P, =P.y\{y}. We denote by T, the subtree of T rooted at node 2. We define the
depth or level of a node = to be the number of edges in path P, ;. Hence, the depth
of L is always 0. To identify each node in the tree, we refer to the i-th node visited
in a preorder traversal as the i-th node for short, where i starts from 0. We define
the degree of a tree node to be the number of edges incident to this node.

As a labeled ordinal tree, each node is labeled by a color that is encoded by an
integer. For a node z, its color is indicated by ¢(x), where ¢(x) € [C] and C' < n
denotes the total number of distinct colors in the tree. And we use C'(P, ) to represent

the set of distinct colors that appear in P .

2.4.1 Navigation in Colored Ordinal Trees

To support the basic navigational operations over the input tree, we apply the succinct
representation of ordinal trees by [45] and the result of He et al. [47] on labeled
tree representations. The following lemma summarizes the operations used in our
solution and their respective complexity. Following their notation, we call a node

(resp. ancestor) assigned color « an a-node (resp. a-ancestor).

Lemma 2 ([45], [47]) Let T be an ordinal tree on n nodes with each node assigned a
color from [C], where C' < n. A data structure occupying nlg C + 2n + o(nlg C) bits

can be built over T' in O(n) time to support
e counting the number, depth,(z), of a-ancestors of node x in O(lglg C) tz’meﬂ
e counting the number, depth(zx), of ancestors of x in O(1) time,

e finding the lowest common ancestor, LCA(x,y), of nodes x and y in O(1) time,

ZNote that the structure of He et al. [47] can support depth,, (x,i) in O(lg E%) time, faster than

what is stated in Lemmal[2] However, this requires a string representation with support for rank and
select [5] which uses perfect hashing, and it is not known how to construct this structure in O(n)
deterministic time. Therefore, we swap it with the string representation of Belazzougui et al. [4]
which can be constructed in linear deterministic time and achieve the bounds in Lemma E}



—— Delete u_ "

Figure 2.2: An example of finding and removing a centroid of a tree. In this figure,
the centroid, denoted by u, of the tree happens to be the root. After removing wu,
each connected component contains at most 7/2 nodes.

e counting the number, nbdesc(x), of descendants of node x in O(1) time,
e finding the parent node, parent(x), of non-root node x in O(1) time and

e finding the ancestor, level_anc(v,d), of v at depth depth(v) —d in O(1) time.

2.4.2 Colored Path Emptiness Queries

Given a query path P,, in a tree and a color «, a colored path emptiness query
determines whether color a appears in P, ,. He and Kazi [44] showed how to use
depth, and LCA to compute the number of appearances of a in P, in O(Iglg C)
time. Via counting the number of appearances of color o in P, ,, one can figure out

whether or not a appears in P, ,. Therefore,

Lemma 3 Let T denote a labeled ordinal tree on n nodes, each of which is labeled
by a color drawn from [C], where C < n. A data structure occupying O(nlgC') bits
can be built over T in O(n) time to support the colored path emptiness queries in

O(lglg C) time.

Especially, when C' is a constant, so is the bound of the running time.

2.4.3 Centroid Decomposition

A centroid of an n-node tree is a node whose removal splits the tree into connected
components each containing at most |n/2] nodes. See Figure for an example.
As proved by Jordan in 1869 [54], any tree of n nodes has at least one centroid. A

centroid can be found in O(n) time.
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Figure 2.3: An example of a centroid decomposition of a tree. In the figure, the
splinegons represent the connected components after removing centroids at different
recursive levels. The gray node within each component indicates the centroid to be
removed. In the last recursive level, each component to be generated contains one
node of the tree.

Centroid decomposition is a technique applied on trees, and it works in a recursive
way. A tree itself can be regarded as a connected component. In the first recursive
level, we identify a centroid of the input tree, and by removing it, the tree is divided
into connected components. Then we recursively apply this procedure on each of
these connected components and finally obtain a centroid decomposition of the input
tree. Given that the input tree contains n nodes, the recursion contains O(lgn) levels.
See Figure for an example. The centroid decomposition of any n-node tree can

be computed in O(n) time [21].



Chapter 3

Colored 2D Orthogonal Range Counting

3.1 Introduction

In computational geometry, there have been extensive studies on problems over points
associated with information represented as colors [40, [42], 57, 55], (59, B8, [63], 27, 4T, 15
13 44) [66]. Among them, the colored 2D orthogonal range counting query problem
is one of the most fundamental. In this problem, we preprocess a set, P, of n points
on the plane, each colored in one of C' different colors such that given an orthogonal
query rectangle, the number of distinct colors of the points contained in this rectangle
can be computed efficiently.

This problem is important in both theory and practice. Theoretically, it has
connections to matrix multiplication: The ability to answer m colored range counting
queries offline over n points on the plane in o(min{n, m}*/?) time, where w is the
best current exponent of the running time of matrix multiplication, would yield a
faster algorithm for Boolean matrix multiplication [55]. In practice, the records in
database systems and many other applications are often associated with categorical
information which can be modeled as colors. For example, in the Structured Query
Language (SQL), keyword DISTINCT is used for computing information about the
distinct categories of the records within a query range, which can be modeled using
colored range query problems, and these queries have also been used in database
query optimization [16].

One challenge in solving the colored 2D orthogonal range counting problem is that
the queries are not easily decomposable: If we partition the query range into two or
more subranges, we cannot simply obtain the number of distinct colors in the query
range by adding up the number of distinct colors in each subrange. Furthermore,
the conditional lower bound based on matrix multiplication as described above gives
theoretical evidence on the hardness of this problem. Indeed, if polylogarithmic query

times are desired, the solution with the best space efficiency [61] uses O(n?1gn/lglgn)

11



12

words of space and answers queries in O((lgn/lglgn)?) time. There is a big gap
between the complexities of this solution and those of the optimal solution to 2D
orthogonal range counting for which we do not have color information and are only
interested in computing the number of points in a 2D orthogonal query range. The
latter can be solved in merely linear space and O(lgn/lglgn) query time [51].
Applications that process a significant amount of data would typically require
structures whose space costs are much lower than quadratic. As the running time of
the best known combinatorial algorithm of multiplying two n x n Boolean matrices
is ©(n3/ polylog(n)) [3, 9, [70], the conditional lower bound of colored 2D orthogonal
range counting implies that no solution can simultaneously have preprocessing time
better than Q(n3/2) and query time better than Q(,/n), by purely combinatorial meth-
ods with current knowledge, save for polylogarithmic speed-ups. To match this query
time within polylogarithmic factors, the most space-efficient solution uses O(n lg* n)
words of space to answer queries in O(y/n1g®n) time [55]. Despite this breakthrough,
the exponents in the polylogarithmic factors in the time and space bounds leave much
room for potential improvements. Hence, in this chapter, we aim at decreasing these
polylogarithmic factors in both space and time costs and designing solutions that are

more desirable for applications that manage large data sets.

3.1.1 Previous Work

Gupta et al. [40] showed how to reduce the colored orthogonal range searching problem
in 1D to orthogonal range searching over uncolored points in 2D, thus achieving a
linear-space solution with O(lgn/lglgn) query time. Later, the query time was
improved to O(lg k/lglgn) by Nekrich [63] with an adaptive data structure, where k
is the number of distinct colors of the points in the query range.

To solve 2D colored orthogonal range counting, Gupta et al. [40] used persistent
data structures to extend their 1D solution to 2D and designed a data structure of
O(n?1g® n) words that supports queries in O(Ig”n) time. Kaplan et al. [55] achieved
the same bounds by decomposing the input points into disjoint boxes in 3D and
reducing the problem to 3D stabbing counting queries. Recently, Munro et al. [61]
showed that colored 3D 3-sided range counting can be answered in O((Ign/lglgn)?)

time using a data structure of O(n(lgn/lglgn)) words of space, which implies a
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solution to colored 2D 3-sided range counting with the same time and space bounds.
For each distinct z-coordinate x; of the points in the point set, if we use the strategy
of Gupta et al. [40] and Kaplan et al. [55] to build a data structure supporting
2D 3-sided queries upon the points whose x-coordinates are greater than or equal
to x;, then this set of data structures constructed can be used to answer a 4-sided
query. This yields a solution to the colored 2D orthogonal range counting problem
with O(n?1gn/lglgn) words of space and O((lgn/lglgn)?) query time. Kaplan et
al. [55] further showed how to achieve time-space tradeoffs by designing a solution
with O(X lg" n) query time that uses O((2)?1g°n + nlg*n) words of space. Setting
X = [y/nlgn] minimizes space usage, achieving an O(nlgn)-word solution with
O(y/nlg®n) query time. When only linear space is allowed, Grossi and Vind [3§]
showed how to answer a query in O(n/polylog(n)) time. Though not explicitly
stated anywhere, by combining an approach that Kaplan et al. [55] presented for
dimensions of 3 or higher (which also works for 2D) and a linear space solution to
2D orthogonal range emptiness [14], the query time can be improved to O(n/*1g*n)
for any constant 0 < A < 1 using a linear space structure. Finally, Kaplan et al.

also considered the offline version of this problem and showed that n colored 2D

orthogonal range counting queries can be answered in O(n4°™) time.

Researchers have also studied the approximate colored range counting problem.
In the (1 + €)-approximate colored range counting problem, instead of computing the
exact number, k, of distinct colors in the query range, the solution returns a value &/,
such that £ < k' < (1 +¢€) -k, where 0 < € < 1 is a pre-specified parameter. El-Zein
et al. [27] considered this problem in 1D space, and they designed a succinct data
structure to answer a (1 + €)-approximate colored counting query in constant time.
Another relaxed version, called (1 % €)-approximate colored range counting, has also
been studied, in which the answer returned is in the range [(1—¢€)-k, (1+¢)-k|. In 2D,
Rahul [66] provided a reduction from (1 4 €)-approximate colored orthogonal range
counting to 2D colored orthogonal range reporting (which reports each distinct color
in a 2D orthogonal query range). Based on this reduction, Rahul gave an O(nlgn)-
word data structure supporting (1+e)-approximate colored orthogonal range counting

in O(e?lgn) time.
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Table 3.1: Bounds of colored 2D orthogonal range counting structures. The results
in the form of time-space tradeoffs are listed in the top portion, in which X and
are integer parameters in [1,n] and [2, n|, respectively. The bottom portion presents
results with specific bounds, among which marked with a T are those obtained from
the top portion by setting appropriate parameter values.

Source | Model | Query Time Space Usage in Words

[55] PM O(X1g"n) O((%)2 1g°n +nlg'n)

Cor.|l] | PM O(lg” n + X 1g°n) O((%)*1g" n+ nlg’n)

Thm.[1] | RAM | O(Ig"n + X1g>nlglgn) O((%)ng n+nlg’n)

Thm.[2] | RAM | O(1g°n + X 1g°" n) O((£)?1g" n + nlg’n)
IRY:

Thm. RAM | O(y*1g° nlog? n + X 1g°"* nvylog, n) igg} llfgﬁsgw n

[40, B5] | PM O(lg”n) O(n*lg”n)

[61] RAM | O((Ign/lglgn)?) O(n*lgn/lglgn)

[55]1 PM O(v/nlg®n) O(nlg'n)

Cor. |l | PM O(y/nlg™?n) O(nlg’n)

Thm. [If | RAM | O(v/nlg”?nlglgn) O(nlg®n)

Thm. [2f | RAM | O(y/nlg*™ n) O(nlg*n)

Thm. 3 | RAM | O(y/nlg’* ' n) O(nE )

Thm. 3 | RAM | O(n'/?+%) O(nlgn)

[55] PM O(n3*1gn) O(nlgn)

[38] RAM | O(n/ polylog(n)) O(n)

[55, 4] | RAM | O(n*/*1g*n) O(n)

The colored orthogonal range counting problem has also been studied in higher di-
mensions [59, 55 60, [44]. Furthermore, He and Kazi [44] generalized it to colored path
counting by replacing the first dimension with a tree topology. One of their solutions
to a path query problem generalized from colored 2D orthogonal range counting also

3/4

uses linear space and provides O(n 1g* n) query time. We end this brief survey by

commenting that after a series of work [52], 40l 55, 63, 38, 41], Chan and Nekrich [15]

solved the related 2D orthogonal range reporting problem in O(nlgB/ A

n) words of
space and O(lglgn + k) query time for points in rank space, where k is the output
size. This almost matches the bounds of the optimal solution to (uncolored) 2D or-
thogonal range reporting over points in rank space, which uses O(n 1g* n) words to

answer queries in O(lglgn + k) time [14].



15

3.1.2 Our Results

Under the word RAM model, we present three results, all in the form of time-space
tradeoffs, for colored two-dimensional orthogonal range counting. Specifically, for an

integer parameter X € [1,n], we propose solutions (all space costs are in words),

o with O((%)? lg* n+nlg® n) space and O(Ig* n+X 1g” nlglgn) query time; setting
X = [v/nlgn) achieves O(nlg®n) space and O(y/nlg”?1glgn) query time;

o with O((2)?1g*n + nlg®n) space and O(lg’ n + X 1g"* n) query time for any
constant A € (0,1); setting X = [/nlgn] achieves O(nlg*n) space and
O(y/nl1g*™) query time;

o with O((2)?1g’n - 1og3n + nlgn -log, n) space and O(y*-1g°n - logzn +X-

A vlog, n) query time for an integer parameter v € [2,n]; setting X =

g
[V/nlgnlog, n] and v = [lg*n] achieves O(n&) space and O(y/nlg™ n)

query time for any A’ > 2\, while setting X = [v/nlgn] and v = [n*/®] achieves

O(nlgn) space and O(n'/?**) query time.

When presenting each result, we also gave the bounds of the most space-efficient
tradeoff that can be achieved by setting appropriate parameter values. The condi-
tional lower bound based on Boolean matrix multiplication that we discussed before
gives some evidence on the difficulty of achieving query time better than /n by more
than a polylogarithmic factor using combinatorial approaches without increasing these
space costs polynomially.

Prior to our work, only the time-space tradeoff presented by Kaplan et al. [55] can
achieve near-linear space and O(y/npolylog(n)) query time. More specifically, their
solution uses O((%)?1g°n + nlg*n) words of space and achieves O(X lg'n) query
time. The most space-efficient tradeoff that can be obtained from it is an O(nlg" n)-
word structure with O(y/n1g®n) query time. Thus we indeed achieve the goal of
improving significantly the polylogarithmic factors in both the query time and the
space cost.

It is worthwhile to mention that the result of Kaplan et al. works under the
pointer machine (PM) model. Thus, for an absolutely fair comparison, we show

how our first result can be adapted to the same model of computation to achieve
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O((%)? lg* n 4+ nlg® n) space and O(Ig” n + X 1g® n) query time. Thus under PM, we
have an O(nlg® n)-word structure with O(\/ﬁlgw *n) query time. This still improves
the query time and the space bounds of previous work. In the rest of this chapter,
however, we assume the word RAM model of computation unless otherwise specified,
since most of our results are designed under it. See Table |3.1|for a comparison of our

results to all previous results.

To achieve these results, we use the standard technique of decomposing a 4-sided
query range to two 3-sided subranges with a range tree. Then the answer can be
obtained by adding up the numbers of distinct colors assigned to points in each
subrange and then subtracting the number of distinct colors that exist in both. We
still use an approach of Kaplan et al. to reduce colored 2D 3-sided range counting to
3D stabbing queries over a set of boxes. What is new is our scheme of achieving time-
space tradeoffs when computing the number of colors that exist in both subranges.
Compared to the original scheme designed by Kaplan et al. for the same purpose,
ours gives more flexibility in the design of the 3D stabbing query structures that can
work with the new scheme. This extra flexibility further allows us to use and design

different stabbing query structures to achieve new results.

3.2 Preliminaries

In this section, we introduce some notation and previous results used in this chapter.

3.2.1 Notation

Throughout this chapter, we assume points are in general positions unless otherwise
specified. In three-dimensional space, we call a box B canonical if it is of the form
(1, +00) X [y1,Y2) X [21,22), where z1,y1,21 € IR and ys,20 € R U {4+00}. We use
B.xy to refer to the lower bound of the z-range of B, B.y; and B.y, to respectively
refer to the lower and upper bounds of the y-range of B, and so on. Let (p.xz,p.y,p.2)
denote the coordinates of a point P. We say a point ¢ € IR* dominates another point

p € R*if g.o > p.x, gy > p.y and ¢.z > p.z hold simultaneously.
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3.2.2 Colored 2D Orthogonal Range Emptiness

An orthogonal range emptiness query determines whether an axis-aligned query rect-
angle contains at least one point in the point set P. Observe that a solution to
this query problem directly leads to a solution to the colored version of this problem
called colored orthogonal range emptiness, in which each point in P is colored in one
of C different colors, and given a color ¢ and an axis-aligned rectangle, the query asks
whether the query range contains at least one point colored in c¢. The reduction works
as follows: For each color 1 < ¢ < C, let P, denote the subset of P containing all
points colored in c. If we construct an orthogonal range emptiness structure over P,
for each color ¢, then we can answer a colored orthogonal range emptiness query by
querying the structure constructed over the points with the query color. The follow-
ing lemma thus directly follows from the work of Chan et al. [14] on 2D orthogonal

range emptiness queries:

Lemma 4 Let 0 < A < 1 be any small constant. Given n colored points in 2-
dimensional rank space, there is a data structure occupying n- f(n) words that answers

colored 2D orthogonal range emptiness queries in g(n) time, where
a) f(n) = O(1) and g(n) = O(1g* n) or

b) f(n) =0O(lglgn) and g(n) = O(lglgn).

3.2.3 Segment Trees and Interval Trees

The segment tree [6] employed in this chapter is a balanced binary tree. Given a set
S of n segments on the real line, the segment tree T' constructed over these segments
has O(n) leaves. Let {po, p1, D2, ---, Pm, Pm+1} be the increasingly sorted list of distinct
endpoints of the segments in S, where m < 2n, and let py and p,,;1 denote —oo
and +oo, respectively. The real line is then partitioned into elementary intervals,
(po, p1)s [P1, 1], (P1sp2)s [P2, P2+ 5 (Pm—1, Pm)s [Pms Pm)s and (P Prmy1), in the order
from left to right. The segment tree, as a balanced binary tree, has the same number
of leaves as the number of elementary intervals. Each node v of T corresponds to an
interval I(v): The i-th leaf of T' from left corresponds to the i-th elementary interval

listed before, and the interval I(v) corresponding to an internal node v is the union
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of the elementary intervals corresponding to the leaves in the subtree rooted at v. A
segment [l, 7] spans a node v € T if interval I(v) C [, ], and for each segment s € S,
we say that s is relevant to node v if s spans node v but does not span the parent
of v. In this way, any segment is relevant to at most two nodes of T" at the same
tree level. We store segments in S at the nodes that they are relevant to. Given that
the height of T is O(lgn), each segment can be stored at O(lgn) different nodes of
the tree, and thus the segment tree constructed over S uses O(nlgn) words of space.
The examples in Figures and use segment trees to organize data.

An interval tree, as a binary tree, can be defined in a recursive way. Let S denote
a set of n intervals that the interval tree is constructed upon. If S has merely a single
interval, then the interval tree is a leaf storing S. Otherwise, let v denote the root
node and let m(v) be the median of the 2n endpoints of the intervals from S. We
store a set, I(v), of intervals at node v such that I(v) consists of all the intervals from
S that cover median m(v). Let I,(v) and I.(v) denote the sets of intervals from S
that stay completely to the left and the right of m(v), respectively. The left (resp.
right) subtree of v is an interval tree for the set I,(v) (resp. I.(v)). Note that given
that m(v) is the median, we have |I,(v)| < |S|/2 and |I.(v)| < |S|/2. After at most
lg n recursive levels, both sets Iy(v) and I.(v) are empty. Hence, the interval tree for
the interval set S has at most Ign tree levels. Since each interval from S is stored
in exactly one node of the tree, the interval tree is a linear space data structure.
Figure [3.6| gives an example. In this example, the median of all interval endpoints is
7. Since only intervals [3,13) and [2, 12) contain the median, they are assigned to the
set I(v'), where v’ is the root node. The set I,(v') contains intervals [1,4) and [5,7),
as they completely stay on the left side of median. Symmetrically, the remaining
intervals [8,15) and [10, 14) are on the right side of the median, so we put them into
the set I,.(v"). Then constructing the subtrees rooted at the left and right children of
v’ recursively upon interval sets I;(v') and I,(v) results in the interval tree shown in

the figure.

3.2.4 Orthogonal Stabbing Queries over 3D Canonical Boxes

In the 3D stabbing counting problem, we preprocess a set of 3D boxes, such that given

a query point ¢, we can compute the number of boxes containing q efficiently, while in
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(—oco, 1) 1, (1,4) ‘4, (4,6) 6, (6,11)

{B2, By, Bg; Bg, Bg}

Bi: [1,400) x[1,2) x [1,4)
By: [2,400) X [3,13) x [4,13)
Bs: [3,400) X [3,4) x [1,6)
Bsi: [4,400) X [2,12) x [4,12)
Bs: [5,4+00) x [4,8) x [6,11)
Bg: [6,+00) x[1,4) x [4,13)
B7: [7,400) x [5,7) x [1,18)
Bg: [8,400) X [8,15) x [4,14)
Bo: [9,400) x [10,14) x [4,15)

Figure 3.1: An example of the two layers of segment trees constructed upon a set of 9
canonical boxes, By, Ba, -+, Byg. All the empty elementary intervals, such as (11, 12)
and (12, 13), are omitted. The path colored in red shows the query procedure for the
query point (¢.x = 5,q.y = 10,q.z = 7). The second-layer segment tree T, stored at
node v is shown in Figure 3.2}

the 3D stabbing reporting query problem, we report these boxes. In both our solution
and the solution of Kaplan et al. [55], a special case of the 3D stabbing searching

problem is considered, in which each box is a canonical box.

Here we introduce the data structure of Kaplan et al. [55] that solves the stabbing
query problems over a set of n canonical boxes in 3D, as our first solution to the colored

range counting problem augments this data structure and uses it as a component.
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The data structure consists of two layers of segment trees. The structure at the top-
layer is a segment tree constructed over the z-segments of the boxes. More precisely,
we project each box onto the z-axis to obtain a segment, which we refer to as the z-
segment of this box, and the top-layer segment tree is constructed over the z-segments
of all the boxesﬂ A box is assigned to a node v in the segment tree if the z-segment
of the box is relevant to v. Let B(v) denote the set of boxes that are assigned to
each node v in the top-layer segment tree. Then we construct a segment tree over
the y-segments of the boxes in B(v), and refer to the newly constructed tree as the
bottom-layer segment tree. Again, to each node v’ of this bottom-layer segment tree,
we assign a subset of boxes in B(v) in which the y-segment of each box contains
interval I(v") (corresponding to node v’). Specifically, we sort these boxes assigned to
v’ by their z;-coordinates, i.e., the left endpoints of their projections on the z-axis,
and store them in a list, denoted by sList(v'). All the bottom-layer segment trees
with a list sList(v') of boxes being stored at each node together form the bottom-
layer structure. Observe that in the bottom-layer, each internal node has at most two
children, and the boxes stored there are sorted by their x;-coordinates. So we can
use the fractional cascading [19] data structure to link together the box lists stored
at each non-root node and its parent to speed up the query time by a logarithmic
factor.

Figures [3.1] and together give an example of the two layers of segment trees
constructed upon 9 canonical boxes, By, By, - -+, Bg. In particular, the segment tree
in Figure [3.1] shows the top-layer segment tree constructed upon the z-segments of
the boxes. The segments immediately below z-axis indicate these z-segments. The
real line along the z-axis is divided into 15 elementary intervals by the segment
endpoints. In the tree, leaves in white correspond to segment endpoints, while each
black leaf represents a non-empty interval between two consecutive endpoints. All
the empty elementary intervals are omitted due to space limitation. For example, the
interval I(v) of node v in the top-layer tree is set to be (4,11], which is the union
of the elementary intervals corresponding to the leaf descendants of node v, and set
B(v) contains boxes By, By, Bg, By, Bs, and By, as the z-segments of these boxes are

relevant to node v. Note that all the boxes that are assigned to the nodes along a path

'Later, we also use y-segments of the boxes to refer to the segments obtained by projecting these
boxes onto the y-axis.



21

{Bg, By}

Lot

{Bg, By, Bg

y

(oo, 1) 1 ) 3 A R RN '8 (8, 10) 10(10,12)12 13 14 15 (15, fo0)
. . . {B7}, By | . . . . . .
o e o .
. . . . Bg | . . .
C e o Lo
. Bg . . . .
O ) . . . .

. By | . .

O . .

. Bg . .

L 4 v
By :  [2,+00) x [3,13) x [4,13) B4
L 4 v

Bi: [4,+00) x [2,12) x [4,12)

Bs:  [6,+00) x [1,4) x [4,13)
B7: [7,400) x [5,7) x [1,18)
Bg: [8,+00) x [8,15) x [4,14)
By: [9,+00) x [10,14) x [4,15)

Figure 3.2: An example of a second-layer segment tree constructed over y-segments of
the boxes By, By, Bs, Br, Bs and By given in Figure 3.1} All the empty elementary
intervals are omitted. The path colored in red shows the query procedure for the
query point (q.x = 5,q.y = 10,q.2 = 7).

from the root to a leaf are pairwise distinct. The segment tree in Figure |3.2| represents
the bottom-layer segment tree constructed upon the y-segments of the boxes in B(v).
The boxes stored at each node of the bottom-layer segment tree are sorted by their

x-coordinates. In the figure, sList(v') stores boxes Bs, By and Bg in the order.

Let (¢.x,q.y,q.z) be the query point. The query algorithm first performs a search
in the top-layer segment tree to locate the O(lgn) nodes such that the z-segments
of the boxes stored on these nodes contain .z (the z-segments of a canonical box,
(1, +00) X [y1,92) X [21, 22), contains q.z if z; < ¢.z < z2). Among these boxes, we
need to identify the ones whose projections on the xy-plane contain point (g.x, q.y).
To achieve that, we query the bottom-layer segment tree constructed for each of the
O(lgn) nodes returned before. The searches within the bottom-layer structures end

at O(Ig”n) nodes of the bottom-layer trees, and each of these nodes stores a box list
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sList, in which these boxes are unbounded in the positive z direction and sorted by
their x1-coordinates. As a result, in the same sList, the boxes that contain the query
point forms a prefix of that sList. Observe that in the same bottom-layer segment
tree, 1) the nodes visited by a query lie in a path from the root of the bottom-layer
segment tree to a leaf, ii) and we always search for ¢.x at these nodes. So we apply
a binary search over the sList stored at the root of the bottom-layer segment tree to
find the prefix size and then apply the fractional cascading data structure to find the
prefix sizes for other nodes in the root-to-leaf path. In a bottom-layer segment tree,
we spend O(lgn+1gn) time instead of O(lgn-lgn) time, thereby saving a logarithmic
factor, due to the factional cascading data structure.

For example, let (5,10, 7) be the query point. First, the search is performed in the
top-layer segment tree. As shown in Figure [3.1] the element interval of the leaf w,
which is (6,11), in the top-layer tree contains ¢.z, and thus the query visits O(lgn)
nodes in the path from the root e to the leaf w. The boxes stored in these nodes consist
of By, By, Bg, B7, Bg, By and Bj, and the z-segment of each box contains ¢.z. Then,
the query proceeds over the bottom-layer segment trees that are constructed over the
y-segments of the boxes in the sets, B(e), B(u), B(v), B(f) and B(w). Especially, the
segment tree in Figure shows the bottom-layer segment tree that is constructed
for the boxes in B(v). Similarly, the query visits O(lgn) nodes in the path from the
root €’ to the leaf &’ in the bottom-layer tree, since the y-segments of the boxes stored
in the non-empty sList’s of these nodes all contain ¢.y. Those non-empty lists include
sList(v') and sList(f"). As mentioned before, the boxes in sList(v') and sList(f’) are
disjoint. In each sList, the boxes that contains the query point, if there are any, form
a prefix of sList, as all the boxes in the same list are sorted by their x;-coordinates.
For instance, the boxes that contain the query point in sList(v') are By and By, and
both boxes together form a prefix of sList(v'). Identifying the prefix, as the last step

of the query, can be achieved by a binary search over the zi-coordinates of the boxes.

Lemma 5 ([55]) Given a set of n canonical boxes in three dimensions, the above
data structure occupies O(nlg*n) words and answers stabbing counting queries in
O(1g* n) time and stabbing reporting queries in O(1g* n+k) time, where k denotes the
number of boxes reported. Furthermore, the output of the reporting query is the union

of O(1g%n) disjoint subsets, each containing the boxes stored in a nonempty prefiz of
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a bottom-layer sorted list. The preprocessing time is O(nlg®n).

3.2.5 Reducing Colored 2D 3-Sided Range Counting to 3D Stabbing

Counting over Canonical Boxes

A key technique used in both the solutions of Kaplan et al. [55] and ours is a reduction
from colored 2D 3-sided range counting queries, in which each query range is of
the form [a,b] X [¢,+00) for some a,b,¢c € IR, to 3D orthogonal stabbing queries
over canonical boxef’ The reduction is performed in two steps. First we reduce
the colored 2D 3-sided range counting query problem to the 3D colored dominance
counting problem, in which we preprocess a set, P, of colored points in IR® such
that given a query point ¢ in IR®, one can report the number of distinct colors in
PN (—o00,q.x] X (—00,q.y] X (—00,q.z] efficiently. This reduction works as follows:
For each point, p = (p.x,p.y), we create a point, p' = (—p.z,p.x, —p.y), in IR
and assign to it the color of P. Then a colored 2D 3-sided range counting query
over the original points in which the query range is [a, b] X [¢,+00) can be answered
by performing a 3D colored dominance query over the newly created points, using
(—00, —a] x (—00,b] x (—o0, —c| as the query range.

To further reduce the 3D colored dominance counting problem to 3D orthogonal
stabbing counting over canonical boxes, we need some additional notation: Given a
point P in 3D, let @ denote region [p.z,+00) X [p.y, +00) X [p.z,+00), and given
a point set A, let U(A) denote the region of | J,., @, Then the following lemma is

crucial:

Lemma 6 ([55]) Given a set, A, of n points in three-dimensional space, a set of
O(n) pairwise disjoint 3D canonical bozes can be computed in O(nlg*n) time such

that the union of these boxes is the region U(A).

Originally Kaplan et al. [55, Theorem 2.1] proved Lemma @ for d-dimensional
space, where d > 1; for a general d, the number of boxes required to cover U(A)
is O(nl¥2l). To help readers understand this decomposition, Figure shows an

example in 3D space.

2Later, we deal with query ranges of the form [a, b] X (—o0,d] for some a,b,d € IR, and a similar
reduction also works.
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Figure 3.3: An example of dividing U(A), where A = {s1, 9, s3,a,b,¢,d} is a set
of points in 3D, into 4 canonical disjoint boxes, including [s;.z, +00) X [s1.y, S2.y) X
[s1.2,+00) in orange (encoded by 3), [s2.x,4+00) X [s2.y, +00) X [$2.2, S3.2) in red
(encoded by 2), [s9.z,+00) X [$9.y, S3.Y) X [$3.2,+00) in green (encoded by 1), and
[s3.2, +00) X [83.y, +00) X [s3.2,400) in gray (encoded by 0). Figures 2(b), 2(c) and
2(d) show the projections of the boxes on xy-, zz-, and yz-planes, respectively. Points
a,b,c and d are in the interior of the boxes, while points sy, s, and s3 are on the box
boundaries.

With this lemma, the reduction works as follows. Let P denote the input colored
point set of the 3D colored dominance counting problem, and let C' denote the number
of colors. Then for each color ¢ € [C], we apply Lemma [6] to partition U(P.), where
P, is the set of all the points in P that are colored ¢, into a set, B., of O(|U(F.)|)

disjoint 3D canonical boxes. We then construct a 3D stabbing counting structure
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over B = UCC:_Ol B.. Note that this data structure is constructed over O(|P|) canonical
boxes, as ZCC:_OI |B.| = ZCC:_OI O(|P.]) = O(|P]). To answer a 3D colored dominance
counting query over P, for which the query range is the region dominated by a point
¢, observe that if ¢ dominates at least one point in P., then it must be located within
U(P.). Since U(PF,) is partitioned into the boxes in B,, we conclude that ¢ dominates
at least one point in P, iff ¢ is contained in a box in B,.. Furthermore, since the boxes
in B, are pairwise disjoint, ¢ is either contained in exactly one box in B, or outside
U(P.). Hence, the number of distinct colors in the region dominated by ¢ is equal to

the number of boxes in B that contains ¢, which can be computed by performing a

stabbing counting query in B using g as the query point.

3.3 A New Framework of Achieving Time-Space Tradeoffs

We present three new solutions to colored 2D orthogonal range counting in this section
and Section They follow the same framework, of which we give an overview in
Section One key component of this framework is a novel scheme of computing
the sizes of the intersections between the color sets assigned to different subsets of
points that lie within the query range; Section describes this scheme and shows
how to combine it with Lemma [5| to immediately achieve a new time-space tradeoff

for colored 2D orthogonal range counting.

3.3.1 Overview of the Data Structure Framework

Let P denote a set of n points on the plane, each assigned a color identified by an
integer in [C]. To support colored orthogonal range counting over P, we construct
a binary range tree T over the y-coordinates of the points in P such that each leaf
of T stores a point of P, and from left to right, the points stored in the leaves are
increasingly sorted by their y-coordinates. For each internal node v of T', we construct

the following data structures:

e P(v), a list that contains the points stored at the leaf descendants of v, sorted

by x-coordinate;

e P,(v), a sorted list that contains the y-coordinates of the points in P(v);
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e S(v;) (resp. S(v.)), the data structure for colored 2D 3-sided range counting
that is constructed over P(v;) (resp. P(v,)), where v; (resp. v,) is the left (resp.
right) child of v; S(v;) (resp. S(v,)) requires query ranges to be open at the top
(resp. bottom), e.g., [a,b] X [¢,+00) (resp. [a,b] X (—o0,d]); the specific data
structures to be adopted will be decided later for different tradeoffs; and

e E(vu) (resp. E(v,)), the data structure for colored 2D orthogonal range empti-
ness query that is constructed by the data structure of Lemma {4 over the point

set in rank space converted from P(v;)(resp. P(v,)).

Let @ = [a,b] x [c,d] be the query rectangle. Given an internal node v, let Cg(v)
denote the set of distinct colors assigned to points in P(v) N Q. We first find the
leftmost and rightmost leaves in which the y-coordinate of the point stored is no
less than ¢ and no more than d, respectively. Then we locate the lowest common
ancestor, u, of both leaves on T'. As all the points from P that are in the query range
() must be in P(u), |Cg(u)| is the answer to the query. To compute |Cq(u)|, let u,
and u, denote the left and right children of u, respectively. By the inclusion-exclusion
principle, we know that |Co(u)| = |Co(w)|+|Cq(u,)| — |Co(uw)NCq(u,)|. Among the
terms on the right hand side of this equation, |Cg(w;)| and |Cg(u,)| can be computed
by performing colored 2D 3-sided range counting queries over S(v;) and S(v,), using
[a,b] X [¢, +00) and [a, b] X (—00, d] as query ranges, respectively. What remains is to
compute |Co(u;) N Co(u,)l.

This idea of decomposing a 4-sided query range into two 3-sided query ranges
has been used before for both colored 2D orthogonal range reporting [41] and count-
ing [55]. Furthermore, to support colored 2D 3-sided range counting, we reduce it
to 3D stabbing queries over canonical boxes, applying the reduction of Kaplan et
al. [55] (summarized in Section . Thus, the techniques summarized so far have
been used in previous work (without the construction of range emptiness structures).
Our main contribution is a new scheme that computes |Cq(u;) NCg(u,)| and achieves
time-space tradeoffs. This new scheme gives us more flezibility in the design of 3D
stabbing query structures, thus allowing us to achieve new results.

Next we describe the conditions that a 3D stabbing query structure must meet

so that we can combine it with our scheme of computing |Cq(w;) N Cg(u,)|, while
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deferring the details of our scheme to Section [3.3.2l The stabbing query structure
consists of multiple layers of trees of some kind: The top-layer tree is constructed
over the entire set of canonical boxes, and each of its nodes is assigned a subset of
boxes; the second layer consists of a set of trees, each constructed over the boxes
assigned to a node in the top-layer tree, and so on; in the end, each bottom-layer
tree node is assigned a list of boxes in a certain order as well. Henceforth, we refer
to the complete box list assigned to a node of the bottom-layer tree as a bottom list
for convenience, e.g., the sList in the data structure for Lemma [5] We require that
the query algorithm locates a set S of bottom-layer tree nodes: For each node v € S,
there exists a nonempty prefix of the bottom list assigned to v such that these prefixes
over all the nodes in S form a partition of the set of boxes containing the query point
q; furthermore, the size of each of these prefixes can be computed efficiently and that

each box in a prefix can also be reported efficiently.

For example, Lemma ] satisfies these conditions and can be used in our framework.
In Lemma 5], the data structure contains two layers of segment trees. In the top-layer
tree, a set, B(u), of boxes is assigned to each node u, and we construct a new segment
tree upon B(u) at the bottom-layer. As a result, the bottom-layer consists of O(n)
segment trees. At each bottom-layer tree node v, we explicitly store the boxes in
a bottom list, sList(v), sorted by their single z;-coordinates. Due to this, if there
are boxes in sList(v) that contain the query point, then these boxes form a prefix
of sList(v), and the size of the prefix can be identified by a predecessor search, and
once the prefix is identified, each box that contains the query point can be reported

in constant time.

Even though Kaplan et al. proved Lemma [5| and used it successfully in their
O(n?1g? n) space solution, they cannot directly use it with their scheme of achieving
time-space tradeoffs. Indeed, in the scheme designed by Kaplan et al., the list of
boxes containing the query point are also decomposed into a bounded number of sub-
lists. However, their scheme requires each of the decomposed sub-list to be equal to a
bottom list stored at a bottom-layer tree node. With respect to Lemma |5, one must
makes sure that in each nonempty sList in the bottom-layer segment trees, either
all boxes contain the query point or there is no box that contains the query point.

Obviously, the data structure, two layers of segment trees, fails the requirement of
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their scheme: As shown in Figure [3.1] only the first two boxes of sList(v') in the
bottom-layer segment tree contain the query point (5, 10, 7), while the third box does
not. Instead, Kaplan et al. expand this structure with a third layer which is a
segment tree constructed over z-coordinates of the boxes, increasing both time and
space costs. On the other hand, our scheme relaxes this restriction. More specifically,
if a sList has some boxes that contain the query point, instead of requiring that the
query point must be contained by all the boxes in the list, we only need to make sure
that the query point is contained in the boxes in a prefix of that sList. For example,
as mentioned before, although not all the boxes in sList(v') contain the query point,
the boxes that do contain the query point, By and By, form a prefix of sList(v').
This extra flexibility allows us to use Lemma [5| and alternative 3D stabbing query

structures (to be shown later in Section [3.4) in our framework.

3.3.2 Computing Intersections between Color Sets

We now introduce our new scheme of computing |Cq(w;) N Cg(u,)| and then combine
it with the stabbing query structure from Lemma [5| to achieve a new time-space
tradeoff for colored 2D orthogonal range counting. Since our scheme works with some
other stabbing query structures, we describe it assuming a stabbing query structure
satisfying the conditions described in Section|3.3.1]is used. To understand this scheme
more easily, it may be advisable for readers to think about how it applies to the
stabbing query structure of Lemma [5]

Recall that the problems of computing |Cg(u;)| and |Cg(u,)| have each been
reduced to a 3D stabbing query. Furthermore, for each stabbing query, all reported
boxes are distributed into a number of disjoint bottom lists, and the boxes in the
same bottom list stored at a bottom-layer tree node form a nonempty prefix. For
the stabbing query that is performed to compute |Cg(u;)|, we define D¢ to be a list
in which each element is one of the non-empty disjoint prefixes, and the union of all
these prefixes forms the list of reported boxes. Ug is defined in a similar way for
|Co(u,)|. For instance, if we use the data structure for Lemma [5| to answer these
stabbing queries, Dg and Ug therein each contain O(lg”n) prefixes, and thus both
|Dg| and |Ug| are upper bounded by O(lgn). As shown in Section , when

reducing 2D 3-sided colored counting to 3D stabbing queries over canonical boxes,
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we decompose the region U(P,) constructed by the points colored by ¢ into pairwise
disjoint canonical boxes. For convenience, we assign to each canonical box color ¢,
if the box is part of U(P,), for each ¢ € [C]. Note that at most one canonical box
colored in ¢ contains the query point, which implies that each box in | J,. Do S (resp.
UteUQ t) has a distinct color. For each set s € Dg and t € Ug, let C(s) and C(¢)
denote the set of colors associated with the boxes in s and t, respectively. Then we
have [Co(u)] = Yoep, )], [Coun)l = Sreg, [CH], and [Cou) N Colur)| =
S e pren, 10(5) N CO).

To compute ) | |C'(s)NC(t)|, extra preprocessing steps are required. For

s€Dg teU,
each node v in the bigary q;ange tree T', we construct a matrix M (v) as follows: Let
X € [1,n] be an integer parameter to be chosen later. If the length, m, of a bottom
list in the stabbing query structure S(v;) or S(v,.) is greater than X, we divide the list
into [m/X] blocks such that each block is of length X, with the possible exception
of the last block. If m < X, then the entire bottom list is seen as a single block.
If a block is of length X, we call it a full block. Let bj(v) and b,.(v) denote the
total numbers of full blocks over all bottom lists in S(v;) and S(v,), respectively.
Then M (v) is a bj(v) X b,(v) matrix, in which each row (or column) corresponds to a
nonempty prefix of a bottom list in S(v;) (or S(v,)) that ends with the last entry of
a full block, and each entry M (v)]i, j| stores the number of colors that exist in both

the set of colors assigned to the boxes in the prefix corresponding to row ¢ and the set

of colors assigned to the boxes in the prefix corresponding to column j. See Figure

for an example.

To bound the size of M (v), we define the duplication factor, 6(n), of a stabbing
query structure that satisfies the conditions in Section to be the maximum
number of bottom lists that any canonical box can be contained in. For example, the
duplication factor of the structure for Lemma [5[is O(lg®n). (To see this, observe that
in a segment tree constructed over n segments, each segment is stored in O(lgn) tree
nodes. Since segment trees are used in both layers of the data structure for Lemma [f]
each box can be stored in O(lg®n) different bottom lists.) As each full block contains
X boxes, the numbers of full blocks in the bottom lists of S(v;) and S(v,) are at
most [§(n)|P(v)|/X]| and |§(n)|P(v.)|/X |, respectively. Therefore, M (v) occupies
O@0(n)*[P()[[P(v,) |/ X?) = O((6(n)|P(v)]/X)?) words.
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Figure 3.4: An example of matrix M(v). Matrix M(v) is an O(%) X
O(W) matrix. The integers in the left and right rectangles represent the colors
of boxes in the sList’s that are stored at some bottom-layer nodes of S(v;) and S(v,.),
respectively. The box colors that are in the same sList are distinct, and they are
divided into blocks. Especially, in this example, the block size is 4. Each row (resp.
column) of M (v) corresponds to a nonempty prefix of a bottom list in S(v;) (resp.
S(v,)) that ends with the last entry of a full block. In the figure, the i-th row and the
j-th column of M (v) correspond to the prefix of S(v;) marked by number-i and the
prefix of S(v,) marked by number-j on the top, respectively. In particular, the prefix
marked by ¢ + 1 in S(v;) and the prefix marked by j + 1 in S(v,) share 6 distinct
colors, which are {31,25,23,24,32,26}; hence, M(v)[i + 1,7 + 1] is set to 6.

|C(s) N C(t)| can proceed

as follows. Given that each s € Dy is a prefix of a bottom list, s can be split into

With these matrices, the computation of ) . DoteUo
two parts: s, which is the (possibly empty) prefix of s that consists of all the full
blocks entirely contained in s, and s; which contains the remaining (less than X)
boxes of s. For each t € Ug, we split ¢ into ¢, and ¢; in a similar way. Thus we have
C(sp) UC(s;) = C(s) and C(t,) U C(t;) = C(t). Since no two boxes in s have the
same color and the same applies to the boxes in ¢, C(sy) NC(s;) = C(tn) NC(t;) =0

also holds. Thus, we have

> Cs)nC)

SEDQ ,tGUQ

= > (IC(sn) NC(tn)| + |C(si) N C ()| + |C(s1) N C()])

SEDQ,tEUQ

= Y CE)nCt)+ Y. |C(s)NC)]

s€Dg,telUqg seDg,teUqg

+1(J ¢ n o

SEDQ tEUQ



31

For the first term in the last line of Equation we can retrieve |C'(s,) NC(t5)| from
the matrix M (v) for each possible pair of s, and ¢, and sum them up. Therefore,
the first term can be computed in O(|Dg| - |Ugl|) time. For the third term, observe
that ey, C(t) = Co(uy); thus, the third term can be computed by performing a
colored 2D orthogonal range emptiness query over P(u,) with ¢ as the query color

for each color ¢ € | C(s;) and with @ as the query range. Note that the range

seD
emptiness query data stfucture E(v,) defined in Section is built upon the points
P(vr) in rank space. We need to reduce () into rank space with respect to p(vr)
before performing colored range emptiness queries. Note that all these queries share
the same query range, and thus we need only convert () into rank space once. This
can be done by performing binary searches in P(v) and P,(v) in O(lgn) time. As
| USeDQ C(s1)| = | USeDQ si| = O(|Dg|- X), it requires O(lgn+ X|Dg|- (g(n)+7(n)))
time to compute these colors and then answer all these queries, where g(n) denotes
the query time of each range emptiness query in Lemma and 7(n) denotes the query
time of reporting a box and its color in the query range.

Finally, to compute the second term in the last line of Equation (3.1} observe that,

ST |G N Cw) =

s€Dg,telUqg

(U cnncld cwnl-1cY cenlU el

s€Dg tcUqg s€Dg tcUqg

(3.2)

The first term of the right hand side of Equation can be computed in O(lgn +
X|Ug| - (g(n) + 7(n))) time, again by performing range emptiness queries, but this
time we use data structure F(v;). For the second term, we retrieve and sort the colors
in Usep, C(s1) and those in gy, C(t1), and by scanning colors in both sorted lists
we can compute the intersection of the color sets. Given that (|, po € (s1))| (resp.
[(Usev, C(t1))]) are bounded by O(X|Dgl) (resp. O(X|Ug])), the two sets of colors
can be retrieved in O(X|Dg|7(n)) and O(X|Ug|r(n)) time and then sorted using
Han’s sorting algorithm [43] in O(X|Dgl|lglgn) and O(X|Ug|lglgn) time. Thus
the second term in the last line of Equation can be computed in O(X(|Ug| +
|Dg|)(Iglgn + 7(n))) time. Overall, computing |Cq(u;) N Cg(u,)| requires O(lgn +
|Dol - |Ug| + X(|Ug| + |Dgl|)(1glgn + g(n) + 7(n))) time. Lemma [7| summarizes the

complexities of our framework.
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Lemma 7 Suppose that the 3D stabbing query structure of S(v;) (or S(v,)) for each
node v € T has duplication factor 6(n), occupies O(|P(v)|h(n)) words, and, given a
query point q, it can compute ¢(n) disjoint sets of boxes whose union is the set of
bozes containing q in O(¢p(n)) time. Furthermore, each subset is a nonempty prefix
of a bottom list, and after this prefix is located, its length can be computed in O(1)
time and each boz in it can be reported in O(1(n)) time. Let f(n) and g(n) be the
functions set in Lemma |4 to implement E(v;) and E(v,). Then the structures in our
framework occupy O((nd(n)/X)* + nlgn(f(n) + h(n))) words and answer a colored
2D orthogonal range counting query in O(¢*(n) + X é(n)(lglgn +g(n) +7(n)) +1gn)

time, where X is an integer parameter in [1,n].

Proof. At each node v of T, we store
i) a pair of point lists P(v) and P,(v),
ii) the colored range emptiness query structures E(v;) and F(v,),
iii) the stabbing query data structures S(v;) and S(v,),
iv) and the matrix M (v).

Among them, both P(v) and P,(v) use |P(v)| words of space; E(v;) and E(v,) use
O(|P(v)|f(n)) words of space by Lemmalfd S(v;) and S(v,) use O(|P(v)|h(n)) words
of space; and the matrix M (v) uses O((6(n)|P(v)|/X)?) words of space. Summing
the space costs over all internal nodes of the range tree T, the overall space cost is at
most Y, . O((8(n)|P(v)|/X)*+|P(v)|(f(n)+h(n))). Tosimplify this expression, first
observe that >, . |P(v)| = O(nlgn). Furthermore, we can calculate Y, _,.|P(v)|*
as follows: At the i-th level of T, there are 2 nodes, and each node stores a point
list of length n/2¢. Therefore, the sum of the squares of the lengths of the point lists
at the 4th level is n?/2’. Summing up over all levels, we have Y _,.|P(v)]* = O(n?).
Therefore, the overall space cost simplifies to O((nd(n)/X)* + nlgn(f(n) + h(n))).
Given a query range @, both |Co(u;)| and |Cg(u,)| can be computed in O(¢(n))
time, as both Cg(w;) and Cg(u,) are partitioned into ¢(n) disjoint sets of boxes and
the number of boxes in each set can be computed in constant time. As shown before,

computing |Co(u;) N Cg(u,)| can be reduced to computing » | |C'(s)NC(t)],

seDg,telUq
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which requires O(lgn + |Dgl - |[Ug| + X (|Ug| + |Dgl)(Iglgn + g(n) + 7(n))) time.
Since both |Dg| and |Ug| are upper bounded by ¢(n), the overall query time is
O(lgn + ¢*(n) + Xo(n)(Iglgn + g(n) + 7(n))). m

Now, we are ready to present a new time-space tradeoff by combining the stabbing
query data structure from Lemma [f] and our framework summarized by Lemma [7]
Following both lemmas, we have h(n) = O(Ig?n), ¢(n) = O(lg°n), 7(n) = O(1),
and 0(n) = O(1g>n). To implement E(v;) and E(v,), we use part b) of Lemma , SO
f(n) =0(lglgn) and g(n) = O(lglgn). Hence:

Theorem 1 There is a data structure of O((%)? lg* n + nlg®n) words of space that
answers colored 2D orthogonal range counting queries in O(1g* n+X 1g> nlglgn) time,
where X is an integer parameter in [1,n]. In particular, setting X = [v/nlgn| yields
an O(nl1g® n)-word structure with O(v/n1g®?*n -1glgn) query time.

Unlike our result in Theorem , the solution of Kaplan et al. with O((2)?1g°n +
nlg*n) words of space and O(X lg’ n) query time works under the pointer machine
model. Nevertheless, with some modifications, our solution can also be made to
work under this same model. First, Lemma [ requires the word RAM model, we
can replace it by the optimal solution to the 2D orthogonal range emptiness query
problem by Chazelle [I7] with O(nlgn/lglgn) words of space and O(lgn) query
time. Thus, g(n) = O(lgn), while the overall space cost of the data structure remains
unchanged. Second, when computing |(US€DQ C(s))N (UteUQ C(t1))|, we cannot use
Han’s sorting algorithm [43] which requires the word RAM. Instead, using mergesort,
we can compute this value in O(X (|Ug| + |Dgl) - lgn) time. Finally, to simulate a
matrix M (v), we can use lists indexed by binary search trees, so that we can retrieve

each entry in O(Ign) time. Thus, we achieve the following result:

Corollary 1 Under the arithmetic pointer machine model, given n colored points
on the plane, there is a data structure of O((%)? lg*n 4 nlg®n) words of space that
answers colored orthogonal range counting queries in O(1g° n + X 1g*n) time, where
X is an integer parameter in [1,n]. In particular, setting X = [\/nlgn| yields an
O(nlg® n)-word structure with O(\/nlg”/?n) query time.
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3.4 Two More Solutions with Better Space Efficiency

In the previous section, we show a solution whose space cost is O(n lg* n) for colored
2D orthogonal range counting. In this section, we design another two data structures

with potentially better space efficiency.

3.4.1 Achieving O(nlg®n)-Word Space

We design an alternative solution for 3D stabbing queries over canonical boxes whose
space cost is a logarithmic factor less than that in Lemma [f] and it also satisfies the
conditions described in Section and can thus be applied in our framework. This
leads to another time-space tradeoft for colored 2D orthogonal range counting, whose
space cost can be as little as O(nlg®n) by setting appropriate parameter values.
This new 3D stabbing query solution requires a data structure for 2D dominance
counting and reporting. To achieve that, we augment a binary range tree, T, which
is constructed over the y-coordinates of the input points, and each node v of T
is conceptually associated with a list, P(v), of points that are leaf descendants of
v, sorted by z-coordinate, but the coordinates of points in P(v) are not explicitly
stored. Lemma 8| presents this data structure. We are aware of other solutions better
than the result shown in Lemma [§| for 2D dominance counting and reporting [51], [14].
However, Lemma 8| gives us additional range tree functionalities that are required for

our next two solutions to colored 2D orthogonal range counting.

Lemma 8 Consider a binary range tree T constructed over a set P of n points on
the plane as described above. The binary tree can be augmented using O(n) additional
words to support 2D dominance range reporting and counting queries. Specifically,
given a query range Q, which is the region dominated by a point q, a set S of O(lgn)

nodes can be located in O(lgn) time such that

e o nonempty prefix L(v) of P(v) contains a subset of points in PN Q for each
node v € S,

e these |S| prefizes are pairwise disjoint,

e the union of these |S| prefizes contains all the points in PN Q,
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Figure 3.5: An example of a binary range tree data structure that solves 2D dom-
inance range reporting and counting. In the query range (—oo, 10] x (—oo, 11], we
find points (1,6), (3,7), (5,2), (6,3), (8,1), (10,0), (7,8) and (0, 10).

e the individual sizes of these |S| prefizes can be computed in O(lgn) time and

e cach point in a prefix can be reported in O(lg’\ n) additional time for any constant

0< A<,

Proof. For simplicity, we assume that point coordinates are in rank spaceﬂ. Then
the i-th leaf from the left represents the range [i,] for each i € [0..n — 1]. The range
represented by an internal node v is [z, 7] if the leftmost leaf descendant and the
rightmost descendant of v is the i- and j-th leaf, respectively.

At each internal node v of T', we store a bit vector, B(v), such that if the point
P(v)[i] is a leaf descendant of the left child of v, then B(v)[i] is set to 0; otherwise
B(v)]i] is set to 1. Obviously, |B(v)| equals to |P(v)|. We construct an O(|P(v)|)-
bit space data structure, shown in [20], upon B(v) to support rank(v, k) queries in
constant time, for any 0 < k < [B(v)|, such that rank(v, k) = >_,; B(v)[i]. These
bit vectors over all internal nodes v of T use >, O(|B(v)]) = O(nlgn) bits, which is
O(n) words of space. An example of the data structure is shown in Figure 3.5] The
x- and y-coordinates of the points in P(v) and the bit vector B(v) are all presented

3By duplicating points in P and storing them in two sorted sequences, one ordered by z-coordinate
and the other by y-coordinate, the time required to perform the conversion between original coor-
dinates and coordinates in rank space does not affect the claimed query time.



36

at each node v of the tree. The point coordinates are in gray color, indicating that
they are not explicitly stored in the data structure.

Given a query range @ = (—00,¢q.x] X (—00,q.y], we find the path, =, from the
root node of T to the q.y-th leaf. The node set S can be constructed as follows: For
each node u in 7, if it is the right child of its parent, we add its left sibling into .S;
otherwise, we skip u. The q.y-th leaf is added into S as well. As a result, the ranges
represented by the nodes in S form a partition of the query y-range (—o0,q.y]. In
addition, for each node u of T, all points in P(u) are increasingly sorted by their
x-coordinates. Thus, a prefix, L(u), of P(u) contains points in the query z-range
(—o00, q.z|. Precisely, the size of prefix is exactly the same as the index, i, of the
leftmost point of P(u) whose z-coordinate is more than ¢.z, i.e., L(u) = P(u)[0..i—1].
To compute |L(v)| for all v € S, the following observation is crucial: Given that s
and t are two nodes of T, where s is the parent of ¢, if ¢ is the left child of s, then
|L(t)| is |L(s)| — rank(B(s),|L(s)|); otherwise, it is rank(B(s), |L(s)|). Clearly, |L(r)]
is g.x +1 at the root node r. By traversing the nodes of 7 downwards and performing
one rank operation at each level, we can compute |L(v)| for each v € S. The total
running time is O(lgn).

To support reporting, if the points in P(v) were explicitly stored at each node v,
then P(v)[i] can be trivially answered in constant time. However, storing the point
lists for all the nodes of 7" would require O(nlgn) words, which is not affordable.
Instead, we augment T with the data structure that solves the ball inheritance prob-
lem, as stated as part a) of Lemma[I] This costs us O(n) additional words of space
and allows us to find the coordinates of P(v)[i] in O(Ig*n) time. As a result, a point
of P(v) in the query range can be reported in O(lg* n) time provided that |L(v)] is

known. ]

Figure(3.5|gives an example to show how the query proceeds in a binary range tree.
As shown in the figure, the query range is (—o0, 10] x (—o0, 11], and the query path =
starts from the root and ends at the leaf that stores the point (14, 11). The four nodes
highlighted with bold blue borders in the figure, including two internal nodes and two
leaves, form the set S; each of them except the leaf representing point (14, 11) is the
left child of some node in 7. At each node v of these four nodes, the y-coordinates of

the points are in the range (—oo, 11|, and the points whose z-coordinates are in the
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Figure 3.6: The interval tree in the second layer constructed over the y-segments of
the boxes in B(v) (where B(v) represents the set of boxes that are assigned to node v
in the top-layer segment tree shown in Figure . All the boxes in B(v) are listed in
the bottom-left corner of the figure and their y-segments are highlighted in bold and
also drawn below the y-axis; the vertical dotted lines indicate the medians in different
recursive levels. Given that the y-segments of boxes By and B, contain the median,
which is 7, of the endpoints of all y-segments in B(v), both boxes are assigned to set
B(v'), where v’ is the root of the interval tree. Following our definitions, the lower
points of By and By are (2,3) and (4,2), and the upper points are (2,13) and (4, 12).

range (—oo,10] form a prefix of P(v). To compute the size of each prefix, we take
node u as an example. We can tell from Figure that u is the left child of the root
node 7 and the first 11 nodes in P(r) are in the range (—oo, 10] along the z-axis. As
argued before, the number of 0-bits in B[0..10] is the same as the size of the prefix
L(u). Therefore, by calling 11 — rank(B(r), 10), we find the size of L(u), which is
6. The prefixes of the other nodes in S can be computed in a similar way, and we

highlight these prefixes using dark rectangles in the figure.

Now we are ready to show the second stabbing query data structure. To answer
stabbing queries over a set of n canonical boxes in three-dimensional space, we con-
struct a data structure consisting of three layers of trees, but a different tree structure

is adopted in each layer. The top-layer tree, denoted by 77, is a segment tree built
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upon the z-segments of the boxesﬂ. A box is assigned to a node in T} if its z-segment
is relevant to this node. Henceforth, let B(v) denote the set of boxes that are assigned
to node v of T}. Then, we construct an interval tree, T5(v), over the y-segments of the
boxes in B(v). The interval trees constructed for all the nodes of the top-layer tree
form the middle-layer structure. Recall that Ty(v), as an interval tree, stores a list,
I(v") of intervals at each tree node v’. To each node v’ of Ty(v), we assign a set B(v)
of boxes as a subset of B(v) as follows: For each box b in B(v), b is assigned to B(v)
iff the y-segment of b is contained in (v’). Furthermore, we use the boxes in B(v') to
define two point sets, Sipwer (V') and Sypper(v'), on the plane as follows: By projecting
all the boxes in B(v') onto the zy-plane, we get a set of right-open rectangles, each
of the form [z, +00] X [y1,ys]. Then, Siuer(v') is the set of the lower left vertices of
these rectangles (henceforth called lower points), i.e., {(B.z1, B.y1)|B € B(v')}, and
Supper(V") 1s the set of the upper left vertices (henceforth called upper points), i.e.,
{(B.x1,B.y2)|B € B(v)}. See Figure for an illustration. Next, we build binary
range trees, Tjower (V') and Typper(V'), over Sipuwer (V") and Sypper(v'), respectively, ap-
plying Lemma |8l These range trees constructed for all the interval tree nodes form
the bottom-layer structure.

Following Lemma [§] each node v” of a binary range tree in the bottom-layer is
conceptually associated with a list, P(v”), of lower or upper points, which are the
points stored in the leaf descendants of v”, sorted by x-coordinate. Each point of
P(v") represents a box. Since there is a one-to-one correspondence between a point
in P(v") and the box it represents, we may abuse notation and use P(v”) to refer to
the list of boxes that these points represent when the context is clear. Hence P(v”)
is regarded as the bottom list when applying the new stabbing query data structure

in our framework. Lemma [0 summarizes the solution.

Lemma 9 Given a set of n canonical boxes in three dimension, the data structure
above occupies O(nlgn) words and answers stabbing counting queries in O(1gn) time
and stabbing reporting queries in O(1g> n+ k- 1g* n) time, where k denotes the number
of boxes reported. Furthermore, the set of reported boxes is the union of O(lg*n)

different disjoint sets, each of which is a nonempty prefiz of some bottom list in the

4More precisely, the segment tree is constructed over the segments that are generated by project-
ing each box onto the z-axis.
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data structure.

Proof. The top-layer segment tree occupies O(nlgn) words, while both interval
trees and binary range trees from Lemma |8 are linear-space data structures. There-

fore, the overall space cost is O(nlgn) words.

To show how to answer a query, let ¢ be the query point. Our query algorithm
first searches for ¢.z in the top-layer segment tree. This locates O(lgn) nodes of the
top-layer tree. Each node v located in this phase stores a list, B(v), of boxes whose
z-segments contain ¢.z. It now suffices to show how to count and report the boxes in
B(v) whose projections on the xy-plane contain point (g.x,q.y). To do this, we use
the interval tree in the middle-layer that is constructed over B(v).

Recall that at each node v’ of an interval tree, we keep the median m(v’) of the
endpoints of the y-segments of the boxes that are stored at the descendants of v’
(including itself), and we also store a list, B(v'), of boxes whose y-segments contain
median m(v’). Furthermore, the lower endpoint of a y-segment corresponds to the y-
coordinate of a point in Sj,ye-(v'), and the upper endpoint of a y-segment corresponds
to the y-coordinate of a point in Syppe, (V').

The next phase of our algorithm starts from the root, 7/, of this interval tree. We
consider two cases: either q.y < m(r’) or q.y > m(r’). If q.y < m(r'), a y-segment
of a box in B(r’) contains ¢.y iff its lower endpoint is less than or equal to ¢.y. This
means, among the points in Sj,e- (), those lying in the range (—o0, ¢.x] X (—00, ¢.y]
correspond to the boxes of B(r’) whose projections on the zy-plane contain point
(q.x,q.y). Since the z-segment of each of these boxes already contains ¢.z, these
boxes contain ¢ in the three-dimensional space. Hence, by performing a dominance
query over Tjyyer (1) using (—o0, g.x] X (—00, q.y] as the query range, we can find these
boxes. The lower endpoints of the y-segments of the boxes stored in the right subtree
of r" are all higher than m(r’), and thus none of these boxes can possibly contain
the point (q.z,q.y,q.2). As a result, we descend to the left child of r afterwards and
repeat this process. Otherwise, if ¢.y > m(r’) instead, then we perform a dominance
query over T, (1) using (—o0, ¢.z] X (q.y, +00) as the query range to find the boxes

of B(r') that contain ¢, descend to the right child of r, and then repeat.

To analyze the running time, observe that this algorithm locates O(lgn) nodes
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in the top-layer segment tree, and for each of these nodes, it further locates O(lgn)
nodes in the middle-layer interval trees. Hence, we perform a 2D dominance counting
and reporting query using Lemma (8| for each of these O(lg?n) interval tree nodes,

and the proof completes. [ ]

In an interval tree, each segment is stored at exactly one node, while in a segment
tree or a binary range tree, each segment or point can be stored at O(lgn) nodes.
Therefore, this data structure has duplication factor § = O(lg?n). By combining
Lemmas |5 and [7, we have h(n) = O(lgn), ¢(n) = O(lg*n) and 7(n) = O(1g* n). We
again use part b) of Lemma {4f to implement F(v;) and E(v,), so f(n) = O(lglgn)
and g(n) = O(lglgn). Hence:

Theorem 2 There is a data structure of O((%)*1g* n + nlg®n) words of space that
answers colored 2D orthogonal range counting queries in O(1g®n + X 1g*™ n) time,
where X is an integer parameter in [l,n] and 0 < X\ < 1 is an arbitrary con-
stant. In particular, setting X = [v/nlgn] yields an O(nlg®n)-word structure with
O(v/nlg*™n) query time.

3.4.2 Achieving O(nlgn)-Word Space

In this section, we further improve the space cost of the data structure for 3D stabbing
queries over canonical boxes. The new solution also satisfies the conditions described
in Section [3.3.1 and can thus be applied in our framework. This leads to our third
time-space tradeoff for colored 2D orthogonal range counting, whose space cost can
be as efficient as O(nlgn) words by setting appropriate parameter values.

Our solution will adopt a space-efficient data structure for 3D orthogonal dom-
inance range searching. Using a range tree with node degree v € [2,n], we can
transform a linear space data structure for 2D dominance range counting and report-
ing shown in Lemma [§ into a new data structure that supports dominance range

queries in 3D and uses O(nlog, n) words.

Lemma 10 There is a data structure of O(nlog, n) words of space that answers 3D
dominance counting queries in O(ylgn -log, n) time and 3D dominance reporting
queries in O(ylgn -log, n + kg n) time, where k is the number of reported points

and v s an integer parameter in [2,n].
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Proof. The data structure is a balanced v-ary range tree, T, constructed upon z-
coordinates of the points. Each leaf of T' stores an input point, and all leaves from left
to right are increasingly sorted by the z-coordinates of the points. At each internal
node v, we explicitly store a list, P(v), of points that are leaf descendants of v. Given
P(v), we construct a 2D dominance range searching data structure upon the x- and
y-coordinates of the points by applying Lemma . Since T has O(logﬁ/ n) tree levels
and each level stores a linear space data structure, the overall space cost is O(n log,, n)
words.

Given a query range @ = (—00,¢q.x] X (—00,q.y] x (—00,¢.z], we find the path,
7, from the root node of T to the leaf that stores the point whose z-coordinate is
a predecessor of ¢.z. Path 7 contains O(log, n) nodes, and the leaf it contains can
be found in O(lgn) time by a binary search over all the leaf points. We construct
a node set S such that for each node u € 7, we append all u’s siblings on its left
into .S, and finally the leaf node in 7 is appended into S as well. As a result, the
z-coordinates of points in P(v) for each v € S are within (—o0, ¢.z], i.e., the query
range along z-axis. Thus, we can find the points P(v)NQ and compute |P(v)NQ| by
2D dominance searching upon P(v) by applying Lemma . As 7 has O(log, n) nodes
and each node v of m has O(v) siblings, a 3D dominance counting (resp. reporting)

query takes O(ylgn -log, n) (resp. O(ylgn -log, n+k lg* n)) time. [

Now we are ready to show the third data structure for stabbing queries over 3D
canonical boxes. It again consists of three layers of trees, with interval trees in the
top- and middle- layers, plus the data structures for 3D dominance range searching
implemented by the data structure of Lemma [10]in the bottom-layer. More precisely,
the structure at the top layer is an interval tree, T}, constructed over the z-segments
of the boxes. To each node v in the top-layer tree, we assign a list, B(v) of boxes,
whose z-segments are contained in the segment set 1(v) (See Section for the def-
inition of I(v)), and we further construct an interval tree, Ty(v), over the y-segments
of the boxes in B(v). These interval trees constructed for all the nodes of the top-
layer tree form the middle-layer structure. At each node v’ of an interval tree in
the middle-layer, we store a list, B(v'), of boxes whose y-segments are contained in
the segment set I(v’). Given the box list, B(v'), we define four point sets, Sy ,(v'),
Ser(V'), Sue(v') and S, (v") in 3D such that Sy e(v') = {(B.x1, B.y1, B.z1)|B € B(v')},
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Figure 3.7: Illustrating how the endpoints of a box projected on the yz-plane are
assigned into different sets Sy, S¢r, Sue and Sy,

Ser(V') = {(B.x1, B.ayr, B.zo)|B € B(V')}, Suu(v') = {(B.21, B.ys, B.21)|B € B(v')},
and S, . (v') = {(B.x1, B.y2, B.z9)| B € B(v')}. Then, we build a set of 3D dominance
range searching structures 17 ,(v'), Ty, (v'), T, 0(v") and T, (V") over Sy (v'), Se,(V'),
Sue(v') and S, (v'), respectively, applying Lemma . See Figure for an illustra-
tion. The 3D dominance range searching structures constructed for the nodes of all
middle-layer interval trees form the bottom-layer structure.

As shown in the previous section, we need to identify the bottom lists from the
data structure described above, which are crucial when applying the data structure in
our framework. Without loss of generality, we take the 3D dominance range searching
structure 7y ,(v") built in the bottom-layer as an example. Observe that 7;,(v') is a
~-ary range tree, of which each internal node, v”, stores a binary range tree T(U” )
implemented by the data structure of Lemma [§ for 2D dominance range searching.
Recall that each node v of a binary range tree T(v” ) is conceptually associated with
a list, P(0), of points from the set Sy¢(v'), which are the points stored in the leaf
descendants of o, sorted by z-coordinate. Each point of P(0) represents a box. Since
there is a one-to-one correspondence between a point in P(0) and the box it represents,
we again use P(0) to refer to the list of boxes that these points represent. Hence, P(0)
is regarded as the bottom list when applying the data structure in our framework. The
following lemma summarizes our third solution to stabbing queries over 3D canonical

boxes:

Lemma 11 Given a set of n canonical boxes in three dimension, the data structure
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described above occupies O(nlog, n) words of space and answers stabbing counting
queries in O(1g%n - ylgn - log, n) time and stabbing reporting queries in o(lg’n -
vlgn-log. n+k- 1g* n) time, where k denotes the number of boxes reported and v is
an integer parameter in [2,n|. Furthermore, the set of reported boxes is the union of
O(lg’n - ylgn - log, n) different disjoint sets, each of which is a nonempty prefix of

some bottom list in the data structure.

Proof. Both the top- and middle- layer interval trees are linear-space data struc-
tures, while the 3D dominance range searching structures from Lemma occupy
O(nlog,n) words of space in total. Therefore, the overall space cost is O(nlog, n)

words.

Before showing the query algorithm, we review the data structure of an interval
tree. At each node v of the top-layer interval tree T, we keep i) the median, m,(v),
of the endpoints of the segments that are stored at v’s descendants (including itself),
ii) a list, 7,(v), of the segments that contain m,(v) and iii) a middle-layer interval
tree, Ty(v), that is constructed over the y-segments of the boxes in B(v). And we
use m,(v') and I,(v") to represent the median and the segment list that are stored
at tree node v’ of Ty(v), respectively. Note that a segment in I,(v) (resp. I,(v'))
corresponds to the z-segment (resp. y-segment) of a box in B(v) (resp. B(v')), and
thus if a segment in I,(v) (resp. I,(v’)) does not contain the projection of the query
point onto the z-axis (resp. y-axis), then it means that the box that this segment

corresponds to cannot contain the query point.

Let ¢ = (q.x,q.y,q.z) be the query point. The query visits O(lgn) nodes v of
the interval tree in the top-layer and O(lg®n) nodes v’ of the interval trees in the
middle-layer. By comparing ¢.z and m.(v) (resp. ¢.y and m,(v’)), one can decide
which child of v (resp. v') to be visited next. For example, let  denote the root of
Ty and assume that ¢.z < m,(r). Since the nodes in the subtree rooted at the right
child of r stores the z-segments of the boxes whose minimum endpoints are greater
than m,(r), none of these segments could possibly contain ¢.z. As a result, after
traversing the middle-layer interval tree T5(r) that is constructed over the y-segments
of the boxes in B(r), we descend to the left child of r. The procedure of traversing

T5(r) is the same as we have seen in the proof of Lemma [0}
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The comparison between ¢.z and m,(v) in the top-layer and the comparison be-
tween ¢.y and m,(v') in the middle-layer result in four different cases. To find the
boxes that contain the query point under each different case, we apply the correspond-

ing 3D dominance range searching data structure that is built in the bottom-layer:

e When ¢.z < m,(v) and q.y < m,(v"), we search Ty ,(v") for the points of Sy 4(v')

in the query range (—o0, ¢.z] X (—00, q.y] X (—00, q.z].

e When ¢.z < m,(v) and ¢.y > m,(v'), we search T, ((v") for the points of S, ,(v")
in the query range (—o0, ¢.x] X (q.y, +00) X (—00, q.z].

e When ¢.z > m,(v) and ¢.y < m,(v'), we search Ty, (v") for the points of Sy, (v')
in the query range (—o0, ¢.x] X (—00, q.y] X (q.z,4+00).

e When ¢.z > m,(v) and q.y > m,(v'), we search T, ,.(v") for the points of S, ,.(v")

in the query range (—o0, ¢.x] X (q.y, +0) X (q.z,4+00).

We give the reasoning of the first case, and similar arguments apply to the other
three cases. Given that ¢.z < m,(v), a segment in I,(v) contains ¢.z iff its minimum
endpoint is less than or equal to ¢.z. Given that ¢q.y < m,(v’), a segment in I,(v)
contains q.y iff its lower endpoint is less than or equal to ¢q.y. Therefore, among the
points in Sp,(v'), those lie in (—o0, ¢.x] x (—00,q.y] x (—00,q.2] correspond to the
boxes containing (q.x,q.y, q.z). Hence, by performing a dominance query over 7y ,(v')
using (—o00, q.z] X (—00, q.y] X (—o0, ¢.z] as the query range, we find these boxes.

To analyze the running time, observe that this algorithm locates O(lgn) nodes
in the top-layer interval tree, and for each of these nodes, it further locates O(Ign)
nodes in the middle-layer interval trees. Hence, we perform a 3D dominance counting
and reporting query using Lemma [10] for each of these O(lg?n) interval tree nodes,

and the proof completes. [ ]

In an interval tree, each interval is stored in exactly one node, while in a 3D
dominance range searching structure as shown in Lemma |10} each point can be asso-
ciated with O(Ign-log, n) nodes. Therefore, this data structure has duplication factor
d(n) = O(Ign - log, n). By combining Lemmas [11] and (7|, we have h(n) = O(log, n),
¢(n) = O(Ig?n - vlgn - log, n) and 7(n) = O(lg*n). This time, we use part a) of
Lemmato implement E(v;) and E(v,), so f(n) = O(1) and g(n) = O(lg* n). Hence:
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Theorem 3 There is a data structure of O((%)? 1g? n~10g3 n+nlgn-log, n) words of
space that answers colored 2D orthogonal range counting queries in 0(72-1g6 n-logi n+
X g vlog, n) time, where X is an integer parameter in [1,n], v is an integer
parameter in [2,n], and X is any constant in (0,1). Setting X = [/nlgnlog, n] and
v = [lg*n] yields an O(n lg” n )-word structure with O(y/n1g>™ n) query time for

Iglgn
any constant X' > 2\. Alternatively, setting X = [v/nlgn] and v = [n*®] yields an
O(nlgn)-word structure with O(nY/**) query time.

3.5 Conclusion

In this chapter, we design space-efficient data structures to solve colored 2D orthogo-
nal range counting. We apply the standard technique of decomposing a 4-sided query
range to two 3-sided subranges using a binary range tree. To compute the number of
colors in each subrange, we apply the same reduction from colored 2D 3-sided range
counting to stabbing queries over a set of 3D 5-sided boxes, developed by Kaplan
et al. [57], but we use three different data structures for solving the latter problem:
The first one consists of two layers of segment tree, occupying O(nlg®n) words of
space and supporting stabbing queries in O(lg?n + k) time and stabbing counting
in O(lg?n) time. The second one contains a segment tree, an interval tree and a bi-
nary range tree at different layers, occupying O(n lgn) words of space and supporting
stabbing queries in O(lg®n + k1g*n) time and stabbing counting in O(lg®n) time.
The third one is formed by a two layers of interval trees plus a linear space data
structure for 3D dominance range queries, occupying O(n) words of space and sup-
porting stabbing queries in O(n* +k1g* n) time and stabbing counting in O(n*) time.
To compute the number of colors that appear in both subranges, we design a novel
scheme. Combining our scheme and the different data structures for 3D stabbing
queries, we achieve three new solutions to colored 2D orthogonal range counting such
that each of them can be expressed in the form of time-space tradeoff. Comparing
to the tradeoff solution given by Kaplan et al. [55], each of our solutions improves
the space usage by polylog(n) factors. Specially, by setting the parameters in the

tradeoff solutions to be appropriate values, our data structures only use O(n1g3 n),

O(nlg*n), O(nlfggfgfl), and O(nlgn) words, and support colored 2D orthogonal range
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counting in O(y/n1g*?nlglgn), O(v/nlg"* n), O(y/nlg’ ™ n), and O(n'/>**) time,
respectively.

Finally, we conclude this chapter with one open problem. As mentioned in Section
3.1.1) one of the data structures by Kaplan et al. can be modified to achieve a
linear space solution, but its query time is w(n®*). However, the most space efficient
data structure we achieved uses O(nlgn) words of space and supports each query in
O(n'/?**) time. There is a gap in the query time between our solution and the linear
space solution. The open problem is whether there is a linear space data structure

that supports colored 2D orthogonal range counting in o(n3/*) time.



Chapter 4

Faster Path Queries in Colored Trees

4.1 Introduction

Trees are used to represent information in many areas of computer science. In tree-
structured data, additional properties, such as categorical information, are often en-
coded as colors of tree nodes. To facilitate the retrieval of color information, re-
searchers have defined the following queries over an ordinal tree T on n nodes with
each node assigned a color from {0, 1,...,C —1}, where C' < n: Given a pathin T, a
colored path counting query returns the number of distinct colors assigned to the nodes
in this path, while a path mode query returns a mode of the path, i.e, a most frequent
color among the multiset of colors assigned to nodes in this path. These queries can
be used to compute fundamental statistic information over tree-structured data.

Researchers have studied these query problems and designed data structure so-
lutions [58, 23], 44]. Different time-space tradeoffs have been achieved, and among
the best linear-space solutions under word RAM, the structure of He and Kazi [44]
can answer a colored path counting query in O(y/nlglg C) time, and the solution of
Durocher et al. [23] can answer a path mode query in O(y/n/wlglgn) time, where
w denotes the number of bits stored in a word. The support for these queries is
thus much slower than the support for many other path queries in trees, such as
path minimum [I8 2, 56, 22| 8, 12], path medium [58, 64, 48, 49], path counting
[18, 68|, 64, 48, 49] and path majority [23, [30], for which linear-space solutions with
sublogarithmic or even constant query times exist.

However, researchers have given evidence to show that these solutions to col-
ored path counting and path mode queries are efficient, by proving conditional lower
bounds. It has been shown that the multiplication of two \/n X y/n Boolean matri-
ces can be performed by answering n colored path counting queries or n path mode
queries. This reduction was explicitly given for colored path counting [44], while

for path mode queries, it follows from the same conditional lower bound on range
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mode queries [I0] in arrays, for which we preprocessing an array A such that given
a range [i,j], we can find a most frequent element in A[i, j] efficiently. Note that
when the input tree has a single path only, path mode queries becomes range mode
queries. This reduction means, with current knowledge, the total running time of
answering n of these paths or range queries, including preprocessing, cannot be faster
than n“/?, save for polylogarithmic speedups, where w < 2.37286 denotes the expo-
nent of matrix multiplication [I]. Furthermore, since the best known combinatorial
approach of multiplying two n x n Boolean matrices under the word RAM model
requires ©(n?/ polylog(n)) time [70], the total time of answering n of these queries

15 save for polylogarithmic speedups, using pure combinato-

cannot be faster than n
rial methods with current knowledge. Since the structures of He and Kazi [44] and
Durocher et al. [23] can be built in O(n'®) time, they can be used to answer n colored
path counting or path mode queries in O(n“’) time, matching this conditional lower

bound on pure combinatorial methods within polylogarithmic factors.

The problem of answering n queries given offline is the batched version of these

15=¢)_time solutions for some positive constant e,

query problems. To achieve O(n
Williams and Xu [69] reduced batched range mode to the min-plus product of a
pair of matrices of special structures, which makes it possible to answer a batch of
n range mode queries over an array of length n in O(n'*%1) time. Gu et al. [39]
further improved the running time to O(n!8%). Similar ideas have also yielded

(n0655991) query and update times [39]. This

dynamic range mode structures with O
is surprising as Jin and Xu [53] showed that dynamic range mode structure cannot
simultaneously support update and query in O(n?/37¢) time for any positive constant
€ using purely combinatorial method with current knowledge. Even before that,
Kaplan et al. [57] used sparse matrix multiplication to answer n colored orthogonal
range counting queries over n colored points on the plane in O(n!4°™) total time. This
query counts the number of distinct colors assigned to points in each of n axis-aligned
query rectangles and is related to colored path counting in the sense that they both

generalize colored 1D range counting [31, [63] and have the same conditional lower
bound.

Despite all these exciting works which beat the conditional lower bounds for com-

binatorial methods, no previous work was done to solve batched colored path counting
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1.5=¢)_time. In this chapter, we use matrix mul-

or batched path mode queries in O(n

tiplication and min-plus product to solve these problems.

4.1.1 Previous Work

The study on colored range counting started in the 1D case, for which Gupta et al. [42]
showed a reduction to 2D orthogonal range counting over uncolored points, hence
achieving a linear space solution with O(Ign/lglgn) query time. This problem has
been studied extensively in 2D [40, 57, B8, 61, B4], for which Kaplan et al. [55]
proved the conditional lower bound based on Boolean matrix multiplication which we
discussed previously. They further designed a data structure occupying O((%)2 1g% n+
nlg*n) words that supports colored 2D range counting in O(tlg’n) time for any
0 < t < n, which was later improved by Gao and He [34] by shaving off several log n-
factors in time/space bounds. See also Chapter [3|for the details of the improvements.
Kaplan et al. also showed how to solve batched colored 2D orthogonal range counting
in O(na1) = O(n'471) time by reducing it to sparse matrix multiplication. Colored
range counting has also been studied in high dimensions [40], 57, [38]. Finally, He
and Kazi [44] considered colored path counting in trees and proved a conditional
lower bound which is also based on Boolean matrix multiplication. They designed an
O(n + ’Z—j)—word structure that answers queries in O(tlglg C) time for any ¢ € [1,n],
and it can be constructed in O( 1glg C') time. Hence it implies an O(n®*?1glg C)-
time solution to batched colored path counting.

Since Krizanc et al. [58] proposed range and path mode query problems, a long
series of papers have been published on these and related problems [58, 10, [11], 26], 69,
68, 39, 53]. The best linear-space solutions include the structure of Chan et al. [10]
that answers range mode queries in arrays in O(\/n/_w) time and the structure of
Durocher et al. [23] that answers path mode queries in trees in O(~/n/wlglgn) time.
Chan et al. [I0] also studied dynamic range mode queries in arrays, and their solution
was later improved by El-Zein et al. [26], whose linear-space structure supports both
queries and updates in O(n?3) time. It is worth mentioning that all the results
summarized in this paragraph use purely combinatorial approaches. They match the
conditional lower bounds [10, 1T}, 53] within polylogarithmic factors.

Recently, more efficient solutions to the batched range mode problem in arrays [68,
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69, B9] have been found. Williams and Xu [69] reduced this problem to the min-plus
product of a pair of matrices. The second matrix has the property that the entries at
each row are non-decreasing, which allows designing a truly subcubic time algorithm
for the min-plus product of two n x n matrices. With it, they can solve batched
range mode in O(n'**) time. Later, the query time was improved by Gu et al. [39]
to O(n**¥%). Sandlund and Xu [68] broke the O(n*?3) per-operation time barrier
for dynamic range mode in arrays; they reduced the problem to the min-plus-query-
witness problem, and achieved a dynamic data structure that supports both queries
and updates in O(n°%5%) time. Later, Gu et al. [39] further improved the time for

each operation to O(n"%2%).

4.1.2 Our Contributions

In this section, we summarize our results and give a brief overview of our methods.

Our Results. We have achieved the following results:

e an O(nw%) = O(n'19")-time algorithm for batched colored path counting in
trees, improving the previous best approach which solves this problem in O(n1'5)

time [44];

o an O(n17rs ) = O(n483814)_time algorithm for batched path mode queries in

trees, improving the previous best result with O(n!®) running time [23).

Overview of Our Approach. To achieve these results, we develop new algo-
rithmic ideas to address the challenges we encounter due to the tree topology. The
first challenge is how to apply a divide-and-conquer approach to batched path queries.
The solution of Williams and Xu [69] to batched range mode recursively divides the
input array into halves, and at each level of recursion, they build data structures
that answer queries whose ranges straddle the midpoint. This ensures that the set
of possible queries considered share subranges instead of being disjoint, facilitating
preprocessing. The solution of Kaplan et al. [57] to batched colored 2D orthogonal
range counting is based on a similar idea in 2D. To adapt to tree topology, we apply

the centroid decomposition of trees instead. Then, in each component obtained as a
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result of the decomposition, we preprocess for queries whose paths cross the centroid.
This decomposition scheme helps us solve batched path queries.

When preprocessing for query paths that contain the centroid in a component,
we mark a subset of nodes and attempt to use either sparse matrix multiplication or
min-plus product as in previous work. However, more twists to previous approaches
are needed. In the solution of Kaplan et al. [57] to batched colored 2D orthogonal
counting, the matrices that they need to multiply during preprocessing are already
sparse. This is however not the case in our solution to batched colored path counting.
To resolve this, we use the properties of our node marking scheme to carefully reduce
the problem of multiplying these matrices to the multiplication of two different but
related matrices that are sparse. There is a similar challenge for batched path mode.
Previous solutions to batched range mode in [68],39] reduce the preprocessing for each
set of query ranges to the min-plus-query-witness problem over two matrices of which
the second matrix is monotone, i.e., entries in the same row are non-decreasing. This
allows applying strategies such as dividing each entry by a carefully chosen integer
and rounding down the result to decrease the total number of different entries in the
matrix. Note that this measure, i.e., the total number of different entries, plays an
important role in the fast three-phase algorithm presented by Gu et al. [39]. Inspired
by previous work [68, [39], we find a reduction from the preprocessing for each set
of query paths to the min-plus-query-witness problem as well. However, due to the
tree topology, the second matrix in our case is not monotone, so this way of applying
integer division does not apply. To overcome this difficulty, we propose a two-level
marking scheme. By applying it, we manage to create a related matrix in which
the total number of different entries between consecutive columns can be smaller by
a polynomial factor, comparing to the original matrix generated directly from the
tree using the one-level marking scheme, so that we are able to adopt the fast three-
phase algorithm presented by Gu et al. [39] mentioned earlier and achieve the fast

preprocessing time.

4.2 Preliminaries

This section introduces the previous results used in this chapter, including basic path

queries, tree node sampling technique and sparse rectangular matrix multiplication.
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4.2.1 Counting Colors for All Root-to-node Paths

Lemma [3] in Section [2.4.2] shows a data structure that supports each colored path
emptiness queries in O(lglg C) time. We can further use it to compute {|C(P,, 1) :
x € T)}, i.e., the numbers of distinct colors on all root-to-node paths. To do this, per-
form a preorder traversal of 7', and each time we visit a node x, we compute |C(P, | )|
as follows: If z is the root, then |C(P, ;)| is 1. Otherwise, locate 2’ = parent(z), and
answer a colored path emptiness query to find out whether ¢(z) appears in P,/ ;. If
it does, set |C(P, 1 )| = |C(Puw.1)]; otherwise, |C(P, )| = |C(Py 1)+ 1. Overall, n

emptiness queries are called. Hence, this process uses O(nlglg C) time.

Lemma 12 Let T be a colored ordinal tree on n nodes with each node assigned a
color drawn from [C], where C' < n. The numbers of distinct colors on all root-to-
node paths on T can be computed in overall O(nlglg C) time using O(n) words of

working space.

4.2.2 Node Sampling

In our solutions, we use the following lemma based on the pigeonhole principle to

select a subset of tree nodes and precompute information for them.

Lemma 13 ([50]) Let T be a tree on n nodes. Given an integert € [1,n], an integer
¢ €10,t) can be found in O(n) time such that, if one marks nodes at every t levels of

T starting from level £, at most n/t nodes will be marked.

Throughout this chapter, we call the nodes selected by the method of Lemma
marked nodes, and we refer to the i-th marked node visited in a preorder traversal as

the ¢-th marked node for short, where ¢ starts from 0, and this node is denoted by ;.

4.2.3 Rectangular Matrix Multiplication

Matrix multiplication is one of the most important problems in theoretical computer
science. It can be defined as follows: Given an m X n matrix A and an n X p matrix
B, the product of A and B, denoted by AB, is an m X p matrix in which entry
(AB)i; = Y2020 Aiy x By for each i € [m] and j € [p]. Throughout this chapter,

the row or column indexes of a matrix always start from 0.
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Let 8 > 1 be a constant. Following [39], we use w(1, 3, 1) to denote the minimum
value such that the product of an n x n” matrix and an n® x n matrix can be computed
in O(n“(H#D+2) time for any small constant A > 0. Occasionally, we write down in
this chapter w to represent w(1,1,1) for short. The best bounds of w(1, 8, 1) to date
for different § are given by Le Gall and Urrutia [32], e.g., w(1,2,1) € [2,3.251640),
and the current best bound on w is [2,2.37286), given by Alman and Williams [I].

All bounds mentioned above apply to general matrices. In this chapter, we are
interested in sparse matrices in which the numbers of non-zero entries are bounded.
Kaplan et al. [57] design a fast algorithm for sparse matrix multiplication. Their

result is shown as follows:

Lemma 14 ([57, Theorem 2.5]) Let A be an m x n matriz having at most t non-
zero entries, where t > m. Then, given the list of non-zero entries of A as the
input without storing A wverbatim, the product of A and the transpose of A can be

computed in O(tm*z") time.

4.2.4 Min-Plus Product and Min-Plus-Query-Witness Problem

Given an m x n matrix A and an n X p matrix B, the min-plus product of A and B,
denoted by A B, is an m X p matrix in which entry (A B); ; = ming{A; » + By}
Following [68], we define Min-Plus-Query-Witness problem as Problem .

Problem 1 (Min-Plus-Query-Witness problem [68]) Build a data structure upon a
pair of input matrices A and B such that given two integers i and j as a query, an

index k* with A; y» + By»j = ming{A; ;, + By ;} can be found efficiently.

The following result that solves the min-plus-query-witness query problem when

the entries of the first matrix are bounded will be used in our solution.

Lemma 15 [68, Lemma 9] Let 3 > 1 be a constant and let A be an m x mP in-
teger matriz, in which each entry is drawn from {—=M,--- M} U {co} for some
M > 1; let B be an m® x m matriz, in which each entry is a number encoded by
polylog m bits. Given matrices A and B as the input, there is a data structure of
O(Mm>F=7 - m'+26=9) words of space that can be constructed in O(Mme (L1 +5-0)
time and support finding an index k* such that A; g~ + By ; = ming{A;x + By ;} in

O(m?) time, where o denotes any constant such that 0 < o < 3.
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4.3 Batched Colored Path Counting

We first show, in Section [£.3.1] a data structure to answer a restricted version of
colored path counting which requires the query path to contain the root, and we
defer the analysis of its preprocessing time to Section [4.3.2] in which we present a
reduction from colored path counting to sparse matrix multiplication. Finally, in
Section [4.3.3] we generalize this solution to be workable for arbitrary paths, which

yields a new result for batched colored path counting.

4.3.1 Color Counting over Paths Containing the Root

We represent the tree 7' using the data structure of Lemma [2 As discussed in
Section [2.4.2] this structure supports colored path emptiness. Then, for an integer
parameter 0 < X < n to be chosen later, we select at most n/X nodes of T" using the
method of Lemma (13| and mark them. This means we mark nodes at every X levels
of T, starting from some level ¢ € [0, X — 1] determined by the method of Lemmal[l3]
In addition, we mark the root node as well and denote it by xy. The number, m, of
nodes that we mark satisfies m < n/X + 1. Recall that for each i € [m], z; denotes
the i-th marked node visited in a preorder traversal as described in Section [£.2.2] For
each marked node z, we precompute r(z) which is the rank of z among marked nodes
defined this way, where r(z) € [m], as well as the value |C(P, ,)|. Furthermore, each
node in the tree stores a flag indicating whether it is marked, as well as a pointer to
the lowest marked proper ancestor. See Figure for an example.

Next, we construct an m x m matrix M. For every pair of integers ¢ and j in
[0,m — 1], M;; stores |C(P,, 1) N C(P,, 1)|, i.e., the number of distinct colors that
appear in both the path between the i-marked node and the root and the path between
j-th marked node and the root. As shown in Figure , Path P,/ | and Path P, |
together share a single common color, which is color 1; therefore, entry M 3 is set to
be 1. It is worth mentioning that our query algorithm to be described later only uses
entries of M that correspond to two marked nodes whose lowest common ancestor
is the root. The other entries are never used, but we precompute them regardless.
Indeed, both paths P, | and P, | contain colors, 1, 3, and 5, and thus entry Ms 3 is

set to be 3; however, since LCA(2', /) is different from L, entry M;3 will never be
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M| o 1 2 | 3w)| 4
0 1 1 1 1 1
1) | 1 3 3 1 2
2 1 3 ) 3 4
3(2") 1 1 3 3 3
4 1 2 4 3 5

Figure 4.1: An example of marking nodes using the method of Lemma (13| and its
corresponding matrix M. Apart from the root, the other marked nodes are at levels
(+ X x i and represented by squares, where £ and X are set to be 2 and 3, respectively.
Each node is labeled by an integer representing the node color. Since the input tree
contains 6 different colors, the integers used for the colors are drawn from [6], i.e.,
{0,1,2,3,4,5}. The query path is P,,, through the root of the tree. And nodes
labeled by a2’ and 3’ are the lowest marked proper ancestors of = and y, respectively.

used in our algorithm.

Overall, our data structures use O(n + (5)?) words.

To describe the query algorithm, let P, , denote a query path containing the root.
Since L€ P,,, we always have LCA(z,y) =L. W.lLo.g., we assume that neither x

nor y is the root node. Let 2’ and 3y’ denote the lowest marked ancestors of x and

/
x,x’

y, respectively, and we divide the query path P, , into three disjoint subpaths:
P,/ and P} ,. Following the inclusion-exclusion principle, we have that |C'(Py /)| =
|IC(Pyr )| + |C(PLy)| — My ry- Since the three terms on the right-hand side of
this formula have all been precomputed, |C(P,s /)| can be computed in constant time.
Next, we count the number of distinct colors that appear in me, but not in Py .
This can be done by iterating through each node z in P/, , in the direction towards
and check whether ¢(z) appears in Pparent(z),,» by performing a path emptiness query.
The number of distinct colors that are in P;/,y’ but not in P, , can be counted in a
similar way. Adding these two counts to |C'(P, /)| yields the answer. Since x (resp.
y) and 2’ (resp. y') are at most X — 1 levels apart, the query time is O(X Iglg C).
This query algorithm is adapted from an algorithm of He and Kazi [44] for arbitrary
query paths, though we use a different matrix. As a result, we achieve Lemma

that supports queries over any path that contains the root.

Lemma 16 Let0 < X < n be an arbitrary integer. Given that matrix M is available,

in which My (g vy stores |C'(Py 1 )NC(Py 1)| for each pair of O(n/X) marked nodes
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' and y' selected by the method of Lemma an additional O(n)-word space data
structure can be constructed in O(nlglgC) time to support finding in O(X lglg C)
time |C'(Py, 1) NC(Py.1)| for any pair of nodes x and y.

Proof. To see the preprocessing, apart from the matrix M, our data structure

consists of three components:

i) an O(n)-word data structure for colored path emptiness queries, which can

be built in O(n) time, applying Lemma

ii) the numbers of distinct colors on all root-to-node paths, which can be com-

puted in O(nlglg C) time, applying Lemma [12| and

iii) the O(n/X) marked nodes found in O(n) time, applying the method of
Lemma [13l

All these data structure components, other than matrix M, can be constructed in
overall O(nlglgC) time. Both the space cost of the data structure and its query
algorithm have been given, so Lemma [16| follows. [ ]

4.3.2 Faster Preprocessing via Sparse Matrix Multiplication

To compute matrix M, one way is to define an m x C' matrix A, in which entry A4, , is
set to 1 if color a € C(P,, 1), and it is set to 0 otherwise. Then, we have M = AAT,
where AT denotes the transpose of A. Note that matrix A could have as many as
Q(% x C') non-zero entries, where C' can be as large as n. In the example shown in
Figure more than half of entries in matrix A are non-zero. As a result, computing
M directly by multiplying A and A7 can be costly.

Matrix A might store more non-zero entries than necessary: Given any pair of
marked nodes a and b such that b is the lowest marked proper ancestor of a, any color
« that appears in C'(Py, | ) appears in C'(P, 1) as well, so « is recorded multiple times
in A. Intuitively, if we only record colors in C'(Py, ;) in the matrix row corresponding
to node a, then the number of non-zero entries in that row is at most X, and if
each row stores no more than X non-zero entries, the new matrix would have O(n)

non-zero entries overall, as only m rows exist, where m < n/X + 1. However, this
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0 0 1 0 0 0 0 0 0 0 0 1
1 0 1 1 0 1 0 X 1 1 1 1 1
2 0 1 1 1 1 1 0 1 1 0 0
3 0 1 0 1 0 1 0 0 1 1 1
4 1 1 0 1 1 1 0 1 1 0 1
o | o | 1 1 1

M| 0 1 2 | 3()| 4

0 1 1 1 1 1

= |1@) | 1 3 3 1 2

2 1 3 5 3 4

3 1 1 3 3 3

4 1 2 4 3 5

Figure 4.2: An example of computing matrix M using matrix A and A”. The columns
of matrix A (or the rows of matrix A”) correspond to different node colors, and each
different color is encoded by a distinct integer. Note that in this specific example,
more than half of the entries in matrix A are non-zero.

leads to a new problem: We cannot compute |C(P, 1 )| by simply adding up |C(Py, 1 )|
and |C(P,,)|, as C(Py, 1) N C(P,,) might be non-empty. Instead, we propose a new
definition, C'(a), such that C'(a) = C( w5) \C(Py1). For example, as shown in Figure

[4.1] the lowest marked proper ancestor of marked node x, is 2/, and there are two

/

colors that appear in P, ,

, but not appear in P,/ |, which are orange (encoded by 3)
and red (encoded by 5). The new definition brings us two properties, i.e., |C(a)| < X
and |C(P,..)NC (P, )| = |C(Py,)NC(P.1 )|+ |C(a) NC(P,..)], for any node ¢, and
both of them play an important role in our faster preprocessing method. To achieve
faster preprocessing time, we use the computation of two related but different m x m
matrices, M and M’ as stepping stones, whose definitions will be given later. Due
to the first property, matrix M can be computed more efficiently using sparse matrix
multiplication; due to the second property, turning M into M, as well as M’ into M,

only requires processing m X m entries in the matrices, and thus the running time
can be bounded by O(n + m?), which could be far less than O(m - C).

Now we are ready to present the faster preprocessing method. We define M
as an m X m matrix, in which for each pair of integers i,j € [0, m — 1], M” stores
|C(z;)NC(x;)|. For example, from Figure we know that C'(z) = {blue:2, pink:4}
and C(y') = {orange:3, red:5}, and the intersection of both color sets is empty. Hence,

the entry M 1,3 corresponding to the pair of nodes 2’ and ¢/’ is set to be 0. To compute
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; BN Mmoo [
0 0 0 0 0 0 0 0 0 0 0 1
1 0 0 1 0 1 0 X 0 0 0 0 0
2 0 0 0 1 0 1 0 1 0 0 0
3 0 0 0 1 0 1 0 0 1 1 0
4 1 0 0 0 1 0 0 1 0 0 1
0o | o 1 1 0

M| 0 1 2 | 3(y)| 4

0 0 0 0 0 0

= [1@) | o 2 0 0 1

2 0 0 2 2 0

3 0 0 2 2 0

4 0 1 0 0 2

Figure 4.3: An example of matrices M and A. In matrix A, each row contains at
most 2 non-zero entries, less than X. As a result, there are O(n) non-zero entries in
matrix A.

M i.j» we define an m x C' matrix A, and for each integer ¢ € [0, m — 1] and each color
a € 0,0 —1], A is set to be 1 if a € C(z;) and 0 otherwise. Then M = AA". See
Figure for an example. Each row of A indicates whether each color appears in
the set C (a) for some marked node a and each row has at most X non-zero entries.
Since A has m rows and m < n/X + 1, overall A has at most n + X < 2n non-zero

entries only.

To compute the non-zero entries in A, initialize a bit vector V of C' 0 bits. We
then perform a preorder traversal of 7', and for each marked node x encountered, we
compute the non-zero entries in the r(z)-th row by iterating over the ancestors of
upward starting from x until we reach the lowest marked proper ancestor, y, of x.
Before reaching y, for each color ¢ encountered, if V[c] = 0, we set V[c] = 1. During
this process, we also chain the 1 bits in V' using a doubly linked list L. Upon reaching
y, L and the positions of the corresponding 1 bits in V' give us the non-zero entries
in the r(x)-th row of A. We then iterate through L to set the corresponding entries
of V' back to 0 and deallocate L before we continue the traversal of T" to locate the
next marked node. Since x and y are at most X levels apart, L has at most X items
at all times, and hence the non-zero entries at each row of A can be located in O(X)
time. Therefore, across all m rows, the non-zero entries of A can be reported in O(n)
time. With these non-zero entries as input, we can apply Lemma [14] to compute M
in O(n@+V/2) x@=1/2) time for any X € [n@=D/(@+) 5],
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Mg My M4 My My M,

0 0 0 0 0 0

0 rp=0 0 2.1 O 2 2

0 j=1 0 0 j=2 0 0 2

0 0 0 0 0 2

0 0 1 0 1 1

M ;=M\ + M T(y; - g

My My My M3 M, My My My My
0 0 0 0 0 0 0 0 0
0 2 2 0 1 r(y) =3 0 2 2 0
0 0 2 2 2 j=4 0 0 2 2
0 0 2 2 2 0 0 2 2
0 1 1 0 2 0 1 1 0

Figure 4.4: TIllustrating the construction of matrix M’ provided that matrix M is
available as shown in Figure [£.3] In the figure, node y represents the lowest marked
proper ancestor of node z;, and we use M; to represent the j-th column of matrix
M’. The figure shows that Matrix M’ is constructed from the 0-th column to the
(m — 1)-st column.

The other m x m matrix that is used to help us compute M is called M’. For
each pair of integers i, j € [0,m — 1], entry M; ; stores 1C(;) NC(P,,1)|. To compute
M', we perform a preorder traversal of 7. Each time we visit a marked node z;,
we compute the j-th column of M’ as follows: If z; =1, then j = 0 and, for each
i € [0,m — 1], we set entry M;, to be 0, since c¢(L) ¢ C(z;). If z; is not the
root, we locate the lowest marked proper ancestor, y, of x;. Since y is visited before
j, Mj,
correctness, observe that M; ; = |C’(xi)ﬁC(ij,l)| = |C(z;)N(C (P, )UC (x;))|; since
C(Py,1)NC(x;) = 0, thisis equal to |C(z;)NC(Py, 1 )|[+]C(z:)NC (x;)| = M],y+ M.
This way we can compute M’ in O(n + (%)?) time provided that M is available. See

W) has already been computed, and we set M ; = Mi’r(y) + ]\A/./” To see the

Figure [4.4] for an example of constructing matrix M’.

After computing M and M’ , we can compute M by performing another preorder
traversal of T. Each time we visit a marked node z;, we compute the i-th row of M
as follows: If ; =1, then M, ; = 1 for any j € [m]. Otherwise, we locate the lowest
marked proper ancestor, y, of x;. Since y is visited before x;, M, ; has already
been computed, and we set M; j = M, ;+ M; ;. To see the correctness, observe that
M;; =|C(P,,  )NC(Py, )| = |(C(P, 1 )UC(2,))NC(P,, 1 )]; since C(P, 1 )NC(x;) =
0, this is equal to [C(Py,1) N C(Py, 1) + |Cla;) N C(Py, 1) = My + M. In this
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M; ;= M,y,; + ]\’ji/,j

My 1 1 1 1 1 My 1 1 1 1 1

My 1 3 3 1 2

ry) = ? My 1 3 5 3 4

J= My 1 1 3 3 3

My 1 1 1 1 1 My 1 2 4 3 5
My 1 3 3 1 2 r(y) =3
r(y) =1 j=4

j=2 My 1 1 1 1 1

My 1.1 1 1 1 »y=0 M 1 3 3 1 2

My 1 3 3 1 2 j=3 My 1 3 5 3 4

My 1.3 5 3 4 —— MM 1 1 3 3 3

Figure 4.5: Illustrating the construction of matrix M provided that matrix M’ is
available as shown in Figure [£.4] In the figure, node y represents the lowest marked
proper ancestor of node z;, and we use M; to represent the i-th row of matrix M.
The figure shows that Matrix M is constructed from the 0-th row to the (m — 1)-st
row. After all, one can verify that the matrix M computed in this new method is
exactly the same as the one shown in Figure .

way, we can compute M in O(n+ (%)?) time after computing M and M'. See Figure
nlwt+1)/2 )

E for an example. The total preprocessing time is hence O(nlglg C+(%)*+ Fo7z

for any integer X € [nﬁ, n]. Our result can be summarized as Lemma

Lemma 17 Let X € [n%,n] be an arbitrary integer. The matriz M, in which

M) vy Stores |C(Py 1 )NC(Py 1 )| for each pair of O(n/X) marked nodes &' and y'
(w+1)/2

Ne7z)

selected by the method of Lemma can be constructed in O(nlglg C+(%)*+ o7

time.

4.3.3 Color Counting on an Arbitrary Path

We now generalize the structure in the previous section to support queries over arbi-
trary paths. Our strategy is to decompose T using centroid decomposition.

At level 0 of the recursion, the given tree T is a connected component by itself
and we call it the level-0 component. We find a centroid, u, of T, and define a new
rooted tree T by designating u as the root of 7', reorienting edges when necessary.
Then we build the query structure in Section over T". Afterwards, we remove
u from T, and build our data structure recursively over each connected component

that has more than X nodes. In general, at the i-th level of the recursion, we have a
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Figure 4.6: Illustrating the recursive data structure using the centroid decomposition.
The components in different recursive levels are in different colors. And the centroid
in each component that contains more than one node is highlighted in gray color.
Each leaf component represents a base component, in which there are at most X
nodes, where X is set to be 3 in this particular example.

set of connected components called level-i components obtained by removing from T’
the centroids computed in previous levels of the recursion. For each component, we
find its centroid and designate the centroid as the root of this component to build the
query structure of Section One minor detail is that, before building the query
structure over a component of size n’, we need to ensure that colors are encoded as
nonnegative integers less than n’. Thus, when n’ < C', we sort the colors that appear
in this component using integer sorting in O(n’lglgn’) = O(n'1glg C) time [43] and
re-encode these colors using their ranks. Then we remove the centroid of each level-z
component to split it into a set of level-(i + 1) components and recurse. When a
component has at most X nodes, we no longer apply this recursive procedure to it,
and we call it a base component. Thus, we have O(lg(n/X)) recursion levels. See

Figure [4.6] for an example of the recursive data structure.

In addition, for each node x € T, we store a list of O(lg(n/X)) pointers, and
the i-th pointer maps x to its copy in a level-i component; this pointer is null if
x is removed as a centroid node found in a previous level. Furthermore, we build
a weighted tree T” by assigning weights to the nodes of T" as follows: If a node z is

chosen as the centroid node of a level-i component, its weight is ¢. If x is never chosen
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Figure 4.7: An example of the weighted tree T".

as a centroid, then its weight is co. See Figure for an example of T”. Then we
construct the linear-space data structure of Chan et al. [I2, Theorem 1.1] to support
path minimum queries over T in constant time; a path minimum query returns the
node with minimum weight in a given query path.

Since we have O(lg(n/X)) recursion levels, both the space costs and construc-
tion time of this new structure is a factor of O(lg(n/X)) more than those of the
structure in Section 4.3.1, Obviously, the space cost is dominated by the storage
of the query structures in Section [4.3.1| constructed over the components at all lev-
els. To bound this cost, consider level i of the recursion. Let ¢; denote the num-
ber of level-i components. We order these components arbitrarily, and let n; de-
note the number of nodes in the j-th level-i component. Then Zj’zl n; < n. The
space cost of the query structures constructed over all level-i components is then
O(S5, (my 4+ 30)) < O(n+ (S5, n2)/X?) < Oln+ (S5, my - m)/X?) < O(n+45).
Summing up over all O(Ig §), the total space cost is O((lg ¥ )(n + ;—22)) words.

Similar to the space cost analysis, it suffices to show that the total time required
to construct the query structures in Section over all the components at any
level of recursion is O(nlglgC' + (%)* + %) To show this, we again use ¢; to
represent the number of level-i components, and n; denotes the number of nodes in
the j-th level-i component. Then the time needed to construct the query structures
over these components is O(37, (n;1glg C+(5£)* + %)) <O 5L (nylglgC+
M+ %)) = O(nlglgC + (%)* + %) Note that the above calculation
already includes the time needed to re-encode colors when a component has fewer

than C nodes.
To answer a query with P, , as the query path, query 7" to find the smallest
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Figure 4.8: An example of identifying the component in the recursive data structure
through the path minimum queries. The query path in 7”7 is as shown in the left
figure, on which the minimum weight is 1. Therefore, the query proceeds over a
level-1 component as shown in the right figure. In this component, the query path
contains its centroid.

weight, s, assigned to nodes in P,,. If s = oo, then x and y are in the same base
component, and thus P,, has at most X vertices. We can traverse P,, in T" to
count the number of distinct colors; each time we visit a new node, we perform a
path emptiness query to determine whether we have already encountered this color.
This way we can answer the query in O(X lglg C) time. Otherwise, observe that no
nodes in P, , are chosen as centroids for recursion level s — 1 or smaller. Therefore,
x and y must reside in a same level-s component S, and P, , contains the centroid
of S. Since this centroid is designated as the root of S before building the query
structure of Section [4.3.1f over S, we can use this query structure to answer the query
in O(X lglg C') time. See Figure for an example. Thus we have:

Lemma 18 Let T be a colored ordinal tree on n nodes with each node assigned a color
from {0,1,...,C =1}, where C < n, and let X be an arbitrary integer in [n%, n]. A
data structure of O((Ig %)(n + ?722)) words can be constructed in O((I1g %)(nlglgC +

(%) + %)) time to support colored path counting query in O(X 1glg C) time.

Proof. Combining Lemmas |16{and , we achieve an O(n + (%)?)-word data struc-

ture that only supports queries for the paths containing the root. The construction
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time is bounded by O((nlglgC + (%)* + %))

. To generalize this solution to
queries over arbitrary paths, we apply the centroid decomposition technique as de-
scribed in this section. As a result, both the bounds of the space cost and the
preprocessing time are increased by an O(lg §) factor, while the query time bound is

maintained. ]

We finally solve the batched colored path counting problem by first building the
query structure of Lemma and then using it to answer n queries. Theorem [

presents our result:

Theorem 4 A batch of n colored path counting queries over a colored tree T on n

n1.4071>

nodes can be answered in O(nw%) = O time in total.

Proof. Recall that the overall running time of batched colored path counting queries

includes two parts: the overall query time of n queries, bounded by O(n - X Iglg C'),

and the overall preprocessing time, bounded by O((lg %)(nlglg C + (%)*+ %))

By setting the overall query time to be equal to the preprocessing time, we obtain
the proper value for X. The details can be found as follows:

Given that X > n%% and w > 2, we notice that

n +1 —1

(=) < n2Ea—om
4

= nw+1
2w

S nw+1
(w+D)+(w—1)

=N w41

(w=1)
= nN-nN w+1

<n-X.

And thus, the term (%)2 in the preprocessing time bound is absorbed by the relatively
bigger term n - X in the query time bound, as long as X > neti. Observe that the
bound of the overall running time is a polynomial of n. In the rest of the analysis,

we ignore for simplicity the polylog factors that appear in both the query time and

n(w+1)/2

the preprocessing time. By setting the term n - X' to be equal to the term =7,
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we have

nlw+1)/2
X (w—1)/2
X (@tw-1)/2 _ p(w+1-2)/2

n-X =

x(Hw)/2 _  (w=1)/2
X = niF,
Therefore, by setting X to be (n%] , the overall running time of batched path colored

counting is bounded by O(n - n&31) = O(na+1) = O(n!4071) | ]

4.4 Batched Path Mode Queries

To solve batched path mode queries over tree T', let t; and £ be two constant param-
eters, such that 0 <ty <t; < 1. We categorize node colors into two different types,
i.e., infrequent colors and frequent colors. A color « is an infrequent color if it is
assigned to at most n'~% nodes in T’; otherwise, we call it a frequent color. Thereby,
a mode of a query path could be either a frequent or an infrequent color.

In Section [4.4.1] we present a data structure for queries over infrequent colors. To
achieve that, we define a new problem in trees and name it path containment. Given
a set of paths as the input and an arbitrary path as the query, the path containment
problem is to find out whether any input path is contained by the query path. We will
see in Section two reductions, from finding a most frequent color in the multiset
of infrequent colors assigned to the nodes in a query path to the path containment
problem and then from the latter to a classic computational geometry problem, five
dimensional dominance range searching.

To handle frequent colors, we introduce a two-level marking scheme in Section
[.4.2] via which we select O(n'~*2) nodes from the tree as marked nodes.

Let 2’ and 9/ be any pair of marked nodes. We prove that finding a most frequent
color in the multiset of frequent colors assigned to the nodes in P,» | UP,/ | can be
reduced to min-plus products. In terms of computing the min-plus products, we
present a special structure shared by the matrices generated from colored trees, due

to which we manage to adjust the three-phase algorithm presented by Gu et al. [39]
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and achieve an efficient preprocessing time bound. All these details can be found in
Section [4£.4.3
In Section [£.4.4] we assemble all components mentioned above and solve path

mode queries for arbitrary paths.

4.4.1 Queries for Infrequent Colors

In this section, we first introduce and solve the path containment problem in trees.
Then we use the solution to this problem as a black box to find one of the most
frequent elements in the multiset of infrequent colors assigned to the nodes in the
query path.

In the path containment problem, we preprocess a set, S, of paths over an ordinal
tree T" such that given a query path Pg;, we can determine efficiently whether there
exists at least one path in S that is a subpath of P,;. To solve this problem, we give
a reduction from the path containment problem to five-dimensional dominance range
emptiness queries. In the latter problem, the dominance range with respect to a query
point (a, b, ¢, d, e) is defined to be (—o0, a] x (—00,b] X (—00, c] X (—00,d] X (—c0, €].

Our result is summarized as Lemma [19]

Lemma 19 Let T denote an ordinal tree and S be a set of |S| paths in T. If T is rep-
resented by the data structure of Lemma@ then a data structure of O(|S|1g*|S|) extra
words of space can be constructed in O(|S|1g” |S|) time to answer a path containment

query over S in O(1g* |S|) time.

Proof. Let P,; denote the query path and P, , denote any path in S. Recall that
each node is identified by its preorder rank. W.l.o.g., assume that u < v and s < t.
Observe that P, , C P, iff both nodes v and v are in P,;. To determine whether
both nodes u and v are in P,;, we can check the ancestor-descendant relationships
among nodes u, v, LCA(u,v), s, t and LCA(s,t). Especially, given a pair of nodes
x and y, node z is an ancestor of node y iff x < y < z + |T,|. Our strategy is to
map P, , to a point, (v, —u — |T,| + 1,v, —v — |T,| + 1, — depth(LCA(u,v))), in five-
dimensional space, so let S” denote the set containing all the points that the paths in

S are mapped to. Then, P, , C Py, holds in three different cases:
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(a) case 1 (b) case-2 (c) case 3-a) (d) case 3-b)

Figure 4.9: Three different cases in which P, ,, C P,;. Note that Case 3 contains two
sub-cases.

Case 1: LCA(u, v) is neither u nor v, LCA(s, t) is neither s nor ¢, and P,,, C P, ;.
Observe that if u is an ancestor of s, v is an ancestor of ¢, and LCA(u,v) =
LCA(s,t), then P, ,, C P,,. See Figure (a) for an example. Given that u is an
ancestor of s and v is an ancestor of t, LCA(u, v) is a common ancestor of s and
t. If depth(LCA(u,v)) equals to depth(LCA(s,t)), then LCA(u,v) is the same
as LCA(s,t). The reason is that at a specific depth, the common ancestor of s
and t is unique. Hence, if u < s, —u— |T,|+1 < —s, v <t, —v—|T,| +1 < —t
and depth(LCA (u, v)) equals to depth(LCA(s, t)), then P, , C P, ;. Finding out
whether P, , exits for the first case is equivalent to determining whether in S’
there is at least one point dominated by point (s, —s, t, —t, — depth(LCA(s,t))).

A five-dimensional dominance range emptiness query is sufficient.

Case 2: Py, C Preoa(sy),s- Observe that a path P, , exists such that P,, C
Prcags,,s iff v is an ancestor of s, v is an ancestor of s, and LCA(u,v) is
a descendant of LCA(s,t). See Figure [£.9(b) for an example. To find out
whether P, , exists, it is sufficient to perform a five-dimensional dominance
range emptiness query over S’ using (s, —s, s, —s, —depth(LCA(s,t)) as the
query point.

Case 3: Py, € Proags,,- Observe that a path P, , exists such that P, , C
Prcagp iff v is an ancestor of ¢, v is an ancestor of ¢, and LCA(u,v) is a
descendant of LCA(s,t). See Figures [1.9(c) and [1.9(d) for examples. This can
be determined by performing a five dimensional dominance range emptiness

query over S” with query point (¢, —t, ¢, —t, — depth(LCA(s, t))).

Given a query path P,;, we map it into three query ranges shown in the three
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different cases mentioned earlier and perform 5D dominance range emptiness queries
to find out whether at least one of three query ranges contains at least a point. If
so, at least one path in S is contained in P, ;; otherwise, no path in S is contained in
Ps+.

Since T is represented by the data structure of Lemma [2], operations LCA, nbdesc
and depth can be supported in constant time. Therefore, a path from set S can be
mapped in constant time into a point in S’, and the 5D dominance query range can
be computed in constant time as well. To answer a 5D dominance range emptiness
query over S’ we construct a five-dimensional range tree [7, Section 5.4]. Since S’
has |S| points, this data structure occupies O(|S|1g* |S|) words of space, answers a
query in O(lg* |S|) time, and can be built in O(]S|1g” |S|) time. With it, a path

containment query can be answered in O(lg* [S]) time. n

The path containment problem described above can be regarded as a generalized
version of interval containment queries over intervals on a real line. As shown in [69]
Proof of Theorem 6.1], the latter problem can be used for finding a most frequent
element in the multi-set of infrequent colors within the sub-array. Similarly, we can

apply Lemma to support queries over infrequent colors in trees.

Lemma 20 An O(n* " 1g" n)-word structure can be constructed in O(n?> "t 1g°n)
time such that given a query path P,,, the most frequent element and its frequency
in the multiset of infrequent colors assigned to the nodes in P, can be computed in

O(n'~t1g*n) time.

Proof. First, we represent 7' using the data structure of Lemma [2] Then, we
iterate through each infrequent color . For each pair of nodes, v and v, colored in
o/, such that u < v, we create path P, , with assigned weight w, where w denotes the
number of nodes colored in o in P, ,. We claim that in this way, the total number
of weighted paths to be created for all infrequent colors is at most n?~*. To see the
correctness of the claim, let Freq(«) denote the total number of tree nodes that are
colored in a. For any infrequent color o/, we have Freq(a’) < n'~'; hence, the total
number of paths created is at most Y, (T°U*)) < 3 (Freq(a’) - n'~1) < n?~4,
since ), Freq(a/) < n.
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We divide the weighted paths into n'~* groups, such that the paths that share the

t

same weight, w, are assigned to group w, for each 1 < w < n'~t. Then we construct

the data structure of Lemma over the paths within each group. Since at most
n2—t1
O(n*> " 1g*n) words and constructing the data structure of Lemma [19| over O(n?~")

paths takes O(n?~*1g° n) time.

paths are created, the overall space cost of the data structure for all groups is

Given a query path P, ,, the most frequent element (along with its frequency) in
the multiset of infrequent colors assigned to P, , can be found as follows: Follow the
order from group n'=% to group 1 and perform a path containment query over paths
within each group until we find the first path, P, ,, that is contained in P, ,. Finally,
return the color of the endpoints of P, , and the path weight (as its frequency). Since

1—t1

there are n groups and a path containment query for each group can be answered

in O(Ig* n) time, the overall query time is O(n'~* 1g*n). n

In our solution to path mode queries, we divide in the preprocessing stage the color
set into two types, i.e., the set of infrequent colors and the set of frequent colors. A
mode of a path can be from either of both types. The data structure of Lemma
allows us to find a most frequent color in the multiset of the infrequent colors assigned
to the nodes in an arbitrary query path. We will see in Section how the data

structure of Lemma [20|is being used in solving path mode queries.

4.4.2 Marking O(n'~*) Nodes

To solve colored path counting, we apply the node-marking strategy following from
Lemma [13| once for each connected component. As a result, we select at most n’/X
nodes to be marked for a component with n’ nodes. As we have seen in Section [4.3.1]
this single-level marking scheme is sufficient for solving colored path counting. When
applying the same scheme in path mode queries, we found the matrix generated from
the marked nodes does not have the needed structure for faster computation of the
min-plus product. The detail of the structure will be explained later in Section |4.4.3]|
Therefore, we introduce a two-level marking scheme as follows:

Let X be an integer parameter in [n'2,n| to be determined later. We choose at
most n/X nodes of T using the method of Lemma mark these nodes and the

root, and call them tier-1 marked nodes. Since the tier-1 marked nodes form a subset
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of levels of T', removing them splits T into a forest of subtrees. Then we use the
same lemma to mark nodes at every [n'2] levels of each subtree starting from some
level of the subtree, and these nodes are called tier-2 marked nodes. Since the total
number of nodes over all subtrees is less than n, there are O(n'~%) tier-2 marked
nodes. We regard both tier-1 and tier-2 marked nodes as marked nodes, and there
are O(n/X + n'=%2) = O(n'~*) marked nodes in total, as X > n'. It follows that
a path that connects any non-root node to its lowest proper ancestor that is marked
contains no more than [n'2] + 1 nodes. As before, we refer to the i-th marked node,
x;, visited in a preorder traversal as the i-th marked node for short, starting from 0,

and r(z;) is the rank of the marked node x;, where r(x;) € O(n'~*2).

4.4.3 Queries for Frequent Colors over Predefined Paths

We refer to a path that contains root L and has a pair of marked nodes as its endpoints
as a predefined path. Given a predefined path P,/ ,/, we present in this section how
to find a most frequent element and its frequency in the multiset of frequent colors
assigned to nodes in Pyry \{L} (or P}, , UP,, | J] The techniques for computing

min-plus products are used in our solution.

Reducing Path Queries to Min-Plus-Query-Witness Problem

A frequent color appears more than n'~"* times in T, so there are only O(n'!) distinct
frequent colors. Let p denote the total number of marked nodes, and let x denote
the total number of distinct frequent colors. Then = O(n'~2) and k = O(n'). We
number the frequent colors incrementally starting from 0 in an arbitrary order, and
we refer to the frequent color numbered by & as color f;, where 0 < k < k — 1. Next,
we construct a pu x xk matrix M. Corresponding to marked node x; and frequent
color fi, M, stores the negation of the frequency of fj in path P;h 1. It follows
that the min-plus product of M and its transpose, denoted by M x M7, is a ju x
matrix, in which entry (M x M7T), ; stores the negation of the maximum frequency of
a frequent color in P}, U P;% 1, provided L€ P,, ... As before, some entries of this

matrix correspond to a pair of nodes whose lowest common ancestor is not the root

'For each color other than ¢(L), its frequencies in P}, | UP,, | and in P, , are exactly the
same, while later we consider ¢(.L) separately.
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Figure 4.10: An example of finding maximum frequency of a frequent color in each
predefined path. The frequent colors, including 2, 3 and 4, each appear more than
5 times in the tree. The tier-1 marked nodes, represented by squares, are selected
by the method of Lemma [13] setting parameter ¢ to be 5. Removing all the tier-1
nodes splits the tree into a forest of subtrees, and the tier-2 marked nodes, denoted
by triangles, are selected by the method of Lemma [13|to each subtree, setting ¢ to be
3. The matrices M, M, and M x M7 are defined as before. A mode of the predefined
path P,, .. is 4, whose frequency is 3, and entry (M * M7T); 7 stores —3.

and are thus never used, but we compute these entries regardless. See Figure for
an example. In this way, finding a most frequent element in the multiset of frequent
colors assigned to nodes in each predefined path is equivalent to solving Problem
using M and M7 as input matrices. In other words, given k* as the answer for a
query (i,7), we know that color fi« appears at least as frequently as other frequent
colors in the predefined path P} | UP, . Naively, computing the answers for all
pairs of (4,7) takes O(u?k) time. We describe a data structure solution, in which
both the preprocessing time and the overall running time for n queries are bounded

by o(u’k).

Solving Problem [1) with Three Preprocessing Steps

Henceforth, we use k* to denote an index such that M; s« —i—M,Z;,j = mink{MM—l—M,z:j}.
Gu et al. provided an efficient solution to Problem [1| when the second input matrix
is monotone, i.e., entries in the same row are non-decreasing. In our case, the second

matrix, M7, does not have such a property due to the tree topology. For example,
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matrix M7 in Figure is obviously not a monotone matrix.

The Total Difference of a Matrix. Our first step is to generalize their defi-
nition of total range over a monotone matrix to our notion of total difference, defined
over an arbitrary a x b matrix A as Z?:(ZZ;& [Ak; # Ak j—1]), in which the Iverson
notation [Ay; # Ak ;1] evaluates to 1 if Ay ; # Ay ;1 is true and 0 otherwise. We
will see that in our data structure solution, the total difference of M7T decides the

preprocessing time. For now, we prove that the total difference of M7 is bounded.

Lemma 21 The total difference of matriz MT is bounded by O(n).

Proof. Recall that we refer to the i-th node visited in a preorder traversal as the i-
th node for short, where i starts from 0. For each node z, we precompute 7(x) which
is the rank of z among n nodes defined this way. We turn tree T' into a directed
graph G by replacing each edge (u,v) of T" with directed edges (u,v) and (v, u) and
construct an empty integer array F. Starting from the root node, for each node z
visited in Eulerian tour of G, append 7(z) into E. Since G has 2(n — 1) edges, £
stores 2(n—1) entries in the end, and 7(z) appears d times in E[0, 2n — 3] if the degree
of zin T is d. Let F[0,n— 1] denote an array such that F'[i] stores the leftmost index
of integer 7 in F, and let x; denote the j-th marked node in a preorder traversal.
Observe that 1) F[r(z;)] — F[r(x;_1)] equals to the number of nodes in the walk from
the marked node z;_; (not included) to the marked node z; and ii) each node in
this walk contributes at most one value to 35—y |[M{, — M. _,|. Therefore, we have
S M, — M, | < Fli(ay)] - Fli(e;1)). Hence, 02} SiAIME, # MT, ] <
25:_11 SisoIME — M| < F[#(z,-1)] = O(n). This telescoping sum shows that
the total difference of matrix M7 is always bounded by O(n). n

To improve the preprocessing time to be o(u%k), the total difference of M7 as
shown in Lemma [21]is still not small enough. Gu et al. decreased the total difference
of their second input matrix by simply dividing each matrix entry by a carefully
chosen integer and then rounding down each resulted quotient. However, the same
method would fail to decrease the total difference of M7 in our case as dividing by

a nonzero integer won'’t change equality; Z:;é [A)] i F M, ;1] might be equal to
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Figure 4.11: Tlustrating the proof of Lemma [21) with an example. On the left-hand
side, it shows the Euler Tour of a colored tree with 33 nodes. The tour starts with
the circle and ends with the cross, visiting 64 (= 2 x (33 — 1)) nodes in total. Each
node has an integer on it, representing its preorder rank. The arrays E|0,63] and
F[0,32] are presented in the right-hand side. Especially, the entries of array F are
in black color, and the entries of array F' that correspond to the marked nodes are
in light color and highlighted by rectangles; namely, F[#(zq)] = 1, F[r(z)] = 11,
F[r(z9)] = 33 and F[r(z3)] = 42.

T T
Zg;(l) L@J # L%Jﬂ for some integer ¢ # 0. So we design a new approach to

construct a matrix B that has a smaller total difference.

Making the Total Difference Smaller. Henceforth, we define mparent,(v)
to be node v’s lowest proper ancestor that is tier-1 marked and mparent(v) to be
v’s lowest proper ancestor that is either tier-1 or tier-2 marked. For a tier-1 marked
node o1, let Ry(21) denote the frequency of the frequent color f; in P} |, and for
a tier-2 marked node @y, let R} (2) denote the frequency of fi, in Pf, . enis,) and
W (0y) denote the set of tier-2 marked nodes in P, .\ oen (o,) We define parameter
W to be Ln(l_t2)9J, where 6 is a constant with 0 < 6 < 1. With the above notation,
we construct matrix B which has the same size as MT. For each pair (k,j), if
the j-th column of M7 corresponds to a tier-1 marked node ©;, then By, stores
LMJ. Otherwise, this column must correspond to a tier-2 marked node 09; let 04

W
denote mparent, (5) and we set By ; = %(Ul)] D uew(o) L_Rv%/(u)J. Observe that
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M}, = =Ry (01) + > uecw(on) (L (w)). 1t follows that
By, W < M, < By W+ ([00(6a)| + 1)(W — 1). (4.1)
Furthermore, Lemma [22] shows that the total difference of B is bounded.

Lemma 22 The total difference of B is O(% -n't + 7). Setting X to be |[Wn' |, the
total difference of B is O(n/W).

Proof. Let 9; be any marked node that corresponds to column M ]T where j > 1, and
let Diff; denote ZZ;(I) [Bi, # Bij_1]. We prove that the total difference, Z;:ll Diff;,
is upper bounded by O(% - n" + 7).

If 9; is a tier-1 marked node, Diff; could be as large as & = O(n't), since matrix B
has x rows and Diff; is no more than x. All O(n/X) tier-1 marked nodes correspond to
O(n/X) columns in B, and these columns contribute a value of O(n/X)-x = O(%-n")
to the total difference of B. If 0, is a not tier-1 marked node, then it must be a tier-2
marked node. Let @;_; denote the lowest ancestorﬂ of ¥;_; that is a tier-1 marked
node. We consider two different cases: i) @;_ is different from mparent, (9;); and ii)
Uj_1 is the same as mparent, (0;).

We claim that the number of pairs of v, and ?; in the first case is bounded by
O(n/X). Since u;_; is different from mparent, (v;), @;_; must be in path P%j—h%j (not
including node %), where z; denotes LCA(0,_1,9;). Foreach 1 < j < p—1, let S

denote the set of paths P%j_ such that ©0; is a tier-2 marked and @;_; is different

1,%)
from mparent, (0;). Observe that each tier-1 marked node appears in at most one
path in S. Given that there are O(n/X) marked nodes, S stores at most O(n/X)
paths, so the claim has been proved. Although Diff; could be as large as &, given the
limited number of pairs of ©;_; and ¥, in the first case, the total difference contributed
by the corresponding columns is bounded by O(n/X) -k = O(§ - n").

If w;_; is the same as mparent,(?;), then both ©,_; and ¢, are in the subtree
rooted by ;1 (or mparent;(9;)). Consider the simplest case in which node v,_4
is mparent(9;). Following the strategy that is used to construct matrix B, for any

frequent color fy, entry B;w-_l differs from B;w- iff color fj appears no less than W

times in P’ . Note that P’

. t2 .
%, mparent(3;) o, mparent(s;) Contains at most [n'2] nodes following

?Note that %;_1 could be the same as ¥;_; in the case that ©;_; is a tier-1 marked node.
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from the method of Lemma ; therefore, Diff; < “;:,21. In general, if Py 5., \0j1

contains ¢ marked nodes, then Diff; < ¢- [’;”;/2] . Although the value Diff; for a specific

7 might vary according to the value of ¢, which could be as large as k, we aim at
bounding the sum of Diff; in Case-ii). We define S to be the set of paths Py, , 3, such
that @;_; is the same as mparent, (0,) and T, to be a tree extraction [48] from tree T" of
the set of all marked nodes (including tier-1 and tier-2 marked nodes). With Eulerian
tour technique being applied to T, similar to the proof of Lemma [21], one can prove
that all paths in S contains at most O(n/X + n'~*) = O(n'~"2) marked nodes in
total; therefore, the sum of Diff; in Case-ii) is bounded by O(n'~2)- [”—Mtf] = O(n/W).

By summing up the total differences computed in each case above, we prove that

the total difference of B is bounded by O(% -n" + ). n

New Notations in Our Method. Gu et al. [39] solved Problem (1| with three
preprocessing steps. We generalize their solution by adjusting each step. After all,
our method is workable for matrices M and M7, where M?T is even non-monotone
but has a bounded total difference. Before introducing the adjusted version of the
method by Gu et al., we introduce some notations used in this new method.

M

i~ Let’s compare the matrices

We define a matrix A, in which entry AM =
M and A as well as the matrices M and B.

Lemma 23 (i) Ai’k W < My (i) My, < WAi,k + W —1; (iii) Bk,j W< Mlgj"
and () ML, <W - Bij+ (W —=1)- (24 W - nlti=t2),

Proof. Given that A;; = LMW’“J, statement (i) and statement (ii) immediately

follow, and statement (iii) holds following from Equation [£.1] Let 9; be the marked
node that corresponds to column M]T where j > 1. As shown as Equation , if

Pl mparent, (;) contains £ marked nodes, then we have M5 < By, W+ (L+1)(W—1).
By the method of Lemma , Pl mmparent, (3,) contains at most [X/[n"]] nodes that

are tier-2 marked. Since X is set to |[Wnt|, £ < W -nt1=%) £ 1; therefore, By ;- W <
MEI <SW B+ (W —=1)- 24+ W - nlti—t2)), n

Let matrix ¢’ denote A  B. Following [39], we call a triple (i, k, §)

e almost relevant if 0 < A, + By — C's; < (W_1)-(3+vav.n(trtz>)’ and
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o weakly relevant if 0 < My + M, — W - CN"W- <2(W —1)- (3+ W -nltit2)),

It turns out that the set of almost relevant triples is a subset of the set of weakly

relevant triples.

Lemma 24 Fvery almost relevant triple is weakly relevant as well.

Proof. Following from statement (i) and statement (iii) of Lemmal[23] we first prove
that M;y + M, — W - é’i,j is always no less than 0:

W-Clij <W- A+ W- By,

It remains to show that if A,k + Bk,j — CN”M < (W_1).(3+m[iv.n(t1*f2))’ then M, j, + M,zjj —

W (f”i,j <2(W —1)-(3+ W -nt~%)), Following from statement (i) and statement
(iv) of Lemma 23| one can deduce that

Mg+ ML, —WC; < (WA, +W — 1)
+ (W By + (W = 1)(2 + Walt=))) — W'y,
= W(Az,k + Bk,j — é/i,j) +3(W —=1)+ (W — 1)Wn(t1—t2)
< (W =13+ Wnt=2)) £ 3(W — 1) + (W — )Wnl—#)
=2(W = 1)(3 4+ Wn"1=%)),

Therefore, every almost relevant triple is weakly relevant as well. [ ]

Lemma [25] explains why we care about triples that are almost relevant.

Lemma 25 Azk + Bk*,j - é/i,j < (Wfl)(wvgtl_tug), where k* denotes an index such

that My + M. ; = ming{ My + M}

Proof. Let k' be the index such that M, + MT/J = mingex { M, + M,Zj}, where
K' ={k: Ap+ By, —C'yj > (W_l)(WV;tlft“g)}; let k" be the index such that
Mi,k” + M”Z;,’j = maxkeK”{Mi,k -+ MIZ:]'}J where K” = {l{} . Ai,k -+ Bk,j - é/i,j S O} We
claim that M; i + MkT,J. > M, + M, T,,’j always holds. The claim can be proved using
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Lemma 23] and the definitions of ¥’ and k”:

Mo+ M > WAy + W By
> W+ (W —1D)(Wnth=t) 4 3)
> WAi,k” + WBk//,j + (W = D) (Wntt—t2) 4 3)
= Wi + (W = 1) + WBjj + (W = 1)(2+ Wnl1=2)
> M, i + M,?,,’j.

As a result, we know that k* ¢ K’. Let K* denote set {k : Alk + Bk:,j - <
(W_l)(WV;trmrg)}. Therefore, k* € K*. u

Overview of Our Method. The method contains three preprocessing steps.
In the first preprocessing step, we introduce a fast algorithm that computes matrix
C'. Recall that ¢’ = A% B. Matrix ¢’ will be used in the second preprocessing step.

In the second preprocessing step, we construct (¢ 4+ 2)u”Inn different pairs of
matrices AT and B(") using a randomized technique, where p > 0 is a parameter.
All finite entries of A" are of small absolute values, so we can apply Lemma [15] to
compute the min-plus product of A" and B"") efficiently. Especially, the non-infinity
entries of A" and entries of B") are linear combinations of matrices M, M7 and
C'. Let C™ = A® % B for each r € [(c + 2)p”Inn]. Given a query (i,7), our
ultimate goal is to find k*. We observe that if Aka) # oo for some 7 € [(c+2)p” Inn),
then M, - + MkT*J- = C’i(;) + W é"ivj(ﬁ) and M, g+ + MkTJ < C’i(;) + W é”ivj(r) for
all 7 € [(¢c + 2)u”Inn]. Of course, we don’t know what 7 is beforehand, so we have
to iterate through each r € [(c + 2)u”Inn] to figure it out. It turns out that this
iteration is affordable.

However, there might be cases such that Agrk) = oo for all r € (¢ + 2)p”. In the
third preprocessing step, we take care of those remaining cases. Especially, Lemma
will be used in this preprocessing step to help narrow down the searching scope
for k*. We will see that the number of triples (i, k,j) such that AE’”,Q = oo for all

r € (c+ 2)u” and Ai,k + Bk,j — C~”i,j < (Wfl)(WV[’}tl_t”?’) is bounded. By using this

property, we can bound the preprocessing time in this step.
The three-step solution is originally from Gu et al. [39] for computing the min-

plus product of matrices A and B, in which matrix B is monotone. For simplicity of
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presentation, Gu et al. first showed a randomized algorithm and then derandomized
it. For the same reason, we first present the adjusted version of their randomized
algorithm and defer the derandomization method to the end of this section. In the
end, the running time of the adjusted solution is deterministic as well.

Before, we have proved that the total difference of matrix M* is bounded by O(n),
and we made effort to construct a new matrix B with smaller total difference. We
will see that matrix B plays a crucial role in the first and the third preprocessing
steps, as well as the derandomization step. And due to its small total difference, we

can design efficient algorithms in those steps.

Preprocessing Step 1. In the first preprocessing step, the goal is to compute

matrix C". We introduce a fast algorithm to achieve that.

Lemma 26 Computing C' takes O((n'~2 4 n2=22 4 n(=2) /W) 1gn) time.

Proof. A similar proof has been given in [39, Proof of Lemma 17]. Henceforth,
given any two entry-pairs (f1, k1) and (fs, k2), we regard that pair (fi, k) is no more
than pair (fa, ko) iff f1 < fo.

Fix i € [u]; we maintain a red-black tree, T}, as follows: i) Add entry-pair (Aiyk +
Bk,o; k) into T; for each k € [k]; ii) then find the minimum entry-pair, (f,, k), in T;,
and set é’w to be f,,; iil) iterate through j € [1, ), and each time B;w-,l + Bk,j,
replace (Alk + B;w-_l,k:) with (A@k + Bk,j,k) in T}, and each time j increases, find
the new minimum entry-pair in 7}, and update entry C" ;.; as in step (ii).

For each i € [u], we make O(k+n/W) updates on T; and perform O(u) queries for
minimum entry-pairs, given that the total difference of B is bounded by O(n/W). A
red-black tree supports each update and minimum query in O(lgn) time. The overall
computation time is bounded by O(uu(k+n/W +pu)lgn) = O((n*~2+h 4=t /I +

n?~212)1g n). Storing entries of C' uses O(n?22) words. u

Preprocessing Step 2. In this step, we take matrices M, M7T and C’ as input
and partially solve Problem [I| under certain conditions.
Let p > 0 be a parameter to be chosen later; let ¢ be any constant that is no less

than 1. For each r € [(c + 2)u” Inn|, we sample 7 uniformly at random from []
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and construct matrices A™ and B as follows:

(

Mivk + M () Wé/i,j(’”) if 0 S Mi,k + M FQ) Wé/i,ﬂ”

A < 2(W — 1)+ Wals)
i,k = ’
and AET,C) =oo V' <r, (4.2)

00 otherwise,
\

(r) _ agT T
Bk,j - Mk,j - Mk,j(”

Following [39], for a pair (i, k), if AETk) # oo for some 7 € [(c + 2)p” Inn], we call
(i, k) covered; otherwise it is uncovered. Similarly, we call a triple (i, k, j) covered iff
(i,k) is covered. Let C™ = A" x B™ for each r € [(c + 2)u” Inn]. Next we prove
Lemma [27, which will be used later for finding k*, when (i, k*) is covered.

Lemma 27 If (i,k*) is covered, then

M, + ML . = min C’(T WO .

L TE[(C+2)pﬁlnn]{ + i}

Proof. Given that (i, k*) is covered, there exists an index 7 € [(¢ + 2)u” Inn] such
that Airk) is set to be M j« + MT e (7) Wé’i’jm and B,(CZ)J is set to be M,zl’j — M/Z;,j@)'
Thereby,

Afrk* + B i+ wc, i@ = Mg + ML ) — Wé’i,jm + M. ;- M,Zlvj(f) + Wé’w

3
T

We claim that C’( equals to Al k*—i-Bk* . Given that C’(T < A k*—l—Bk*) it is sufficient
to prove that no &’ exists such that &' # k* and A( k,—i—B , Airk)* —I—Bk* .. We give the
proof by contradiction. If &’ exists, then A(Tk?, cannot be co. Following from Equation
, we know that Airk), + B](;)] + Wé;,jm =M, + M]z,ﬂﬁj < Al(rk)* + B,(;)j + Wé';jm =
M e + M:';?j. This conflicts with the claim that M; ;- + Mjl = ming { M, + M,;‘F]}
Therefore, k' does not exist, so C\) = AV).+ B, and O’ +Wc’”m M+ ML .

Next, we claim that C'(T) +W- C””(r) is no less than MZ Bt M,g’j for all r € [(c+
2)p” Inn]. Again, we give the proof by contradiction. Assume that there is an index r”
such that C )+ W -C", n < Mg + M . Recall that € = min, {A},” + B}
Let k" denote any index such that A(T o+ BY N C(T Obviously, AZ(T];,) # 00, SO
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Agzrkl/) = Mi,k” —|— MZ:/J(T//) — WC/i,j(T
would find that C) + W - C', ;on = AVp) + BY) + W - ¢

M e + Mjljj, which is impossible.

1
ny and B,(CT,’,J). = M — Mg,j(r,,). As a result, we

i i = Mg & My <
Combining both claims, we prove that if (i, k*) is covered, then M, j+ + M,CTJ =

minre[(c+2)pp lnn]{ci(j;') +W- él@j(?“)}- |

In the second preprocessing step, we build the data structures over all pairs of
matrices A" and B", such that if (i,k*) happened to be covered, the answer k*
would be found efficiently. Otherwise, we defer the solution to finding k* to the
third preprocessing step. Given that all non-infinity entries of A" are bounded by
2(W — 1)(3 4+ Wnt1=2)) we can apply Lemma [15so that all data structures can be
constructed efficiently. The result of the second preprocessing step can be summarized

as follows:

Lemma 28 Given (c+ 2)u”Inn pairs of matrices A7) and B", a data structure of

2t

O(2AW — 1)(3 + Wity . p (=24 5 | (1-t2)-p152 o)

words can be built in time

t1

O(Q(W _ 1)(3 + Wn(t1—t2)> . n(1*t2)'(P+w(17t1/(1*t2)71)+ —t; *U))

to partially solve the min-plus-query-witness query problem upon matrices M and M7 .
More precisely, given a query (i,j), if (i,k*) has been covered, then k* can be found
in O(n=12) (49 time where p denotes any constant such that p >0 and o denotes

any constant such that 0 < o < 1t__1t2

Proof. The data structure part is straightforward. Since the non-infinity entries in
A’s are bounded, we can apply Lemma to solve Problem |1| with each pair of
matrices A7) and B as the input.

We analyze the space cost and the preprocessing time of the data structure. We
substitute M, 8, and m in Lemma [L5| for the values as follows: M =2(W —1)- (3 +
W-nti=t)) m = n'=*2 and B = t;/(1 — t3). Then it follows that the space cost
for a single pair of matrices A" and B is bounded by O(S) (M, m, 3,0)) words of
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space, where

SO(M,m, §,0) = Mm**=7 4 m! 2772

3]

— (W — 1)(3 + Wnlt—t2)) . (=)@ —0) | (Ot2) (455 —0)

Similarly, the time spent on building the data structure for A" and B is bounded
by O(P")(M,m, §,0)), where

PO(M,m, B,0) = Mm~1A+5-0

— 2 — 1)(3 + W) . pi- gt g o)

In the second preprocessing step, we construct (c 4 2)u” Inn pairs of matrices A
and B, Recall that u is bounded by O(n'~*2). The overall space cost of the data

structure in words is

ZS (M, m, B,0) = O(nI=* . SO(M,m, 8,0)))

(1—t2)-(p+ 1+ )y,

— O(2(W — 1)(3 +Wn (t1—t2) ) . n(l—tg).(p+2+171t2_ ) .

And the overall preprocessing time for all (¢ 4+ 2)u” Inn pairs of matrices is

ZP(’” (M,m, 3,0) = On=2r . PO(M m,B,0)))

= 0(2(W — 1)(3 —+ Wn (t1—t2) ) . n(l—tQ) (ptw(1l,+=L= 1)+1 - _U))'

Note that the factor (¢ + 2)Inn is hidden in the notation O.
Next, we give the query algorithm that finds &*. For each r € [(¢ + 2)u” Inn], we
query over the data structure built upon matrices A" and B with (i, 5) as the query

parameters. Let k(" denote the index returned for each r. Then, we compute the

set {(A(r . B

o TW C””(T), k), for all r € [(c+2)p” Inn]}, find the minimum

entry-pair from the set, and return the index-entry as the answer. The correctness of
the algorithm is implied by Lemma [27]

Finally, we give the query time analysis. Substitute m in Lemma for n'=t2.
Then finding k) for each pair of A®) and B™) takes O(n(!~*2)%) time. For all r €

[(c 4 2)u” Inn), the overall query time is bounded by O(n(—%2)(P+9)) time. n
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Remarks after the Second Preprocessing Step. Before concluding the sec-
ond preprocessing step, we bound the number of triples that are almost relevant and
uncovered. Lemma [24] tells that the number of triples that are almost relevant is no
more than the the number of triples that are weakly relevant. Now it is sufficient to

give the upper bound of the number of triples that are weakly relevant and uncovered.

Lemma 29 (69, Lemma 4.5],[39, Lemma 18]) With probability at least 1 —n=¢ for
any constant ¢ > 1, the number of uncovered and weakly relevant triples (i, k,j)
1s bounded by O(n(l_m'(”liiltz_p)); therefore, the number of triples that are almost
relevant and uncovered is bounded by O(n(lftQ)'(H%*p)).
Proof. We call a pair (i, k) potentially covered if the number of triples (i, k, j) that
are weakly relevant is at least u'~”. Note that as shown in the proof of Lemma ,
M, + Ml;f,j —-W- é’i,j is always no less than 0. To confirm whether a triple (7, k, j)
is weakly relevant or not, we can simply check whether M;; + MkT ;W C’ i <
2(W — 1) - (3+ W - nthi—t2)),

Given a potentially covered pair (7, k), after (¢ + 2)u” Inn rounds, we will sample

a j), such that (i, k, j) is weakly relevant with probability at least

1—
1 — (1 _ N_p)(c'f‘Q)Mplnn -1 — (1 _ i)(c+2)/ﬂ’lnn
2 1P
1
>1— o~ (cT2)uP Inn (Note that (1 — —p) < e_u%),
1
—1— e—lnnc'*'2
B 1
- net2’

As a result, (i,k,7) will be covered for all j. There are no more than n'* - 1 pairs
of (i, k). All potentially covered pairs (i, k) will be covered with probability at least
(1 —ne2)nn > 1 _p=c asph .y < n2

On the other hand, if a pair (i, k) is not potentially covered, then the number of
those triples (i, k, ) that are weakly relevant is less than p!=?; we cannot guarantee
that those triples (i, k,j) are covered with high probability. Given that there are
only n't -y pairs of (i, k) in total, the number of the triples (4, k, j) that are weakly
relevant and are contributed by all the non-potentially covered pairs (i,k) is less

O(n(l—t2)'(2+1i71t2—f7))

than p'= - nit .y = ; therefore, with probability no less than
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1 —n~¢ the number of triples that are weakly relevant and uncovered is bounded by
Ofult= 425 .

As shown in [39, Section 3.1, Full Version], the randomized part in this prepro-

cessing step can be derandomized. We defer the details to the end of this section.

Preprocessing Step 3. For each pair (¢, j), let (F;;,V;;) denote the minimum
entry-pair in set {(M;x + M, k) : (i,k,j) is an uncovered and almost relevant},
keyed by the first item of each entry-pair. In this preprocessing step, we enumer-
ate the triples that are uncovered and almost relevant and compute (F; ;, V; ;) for all

pairs of (i, 7).

t
Lemma 30 In O((n'~t+t 4+ n@=t) /W) 1gn + n0 72 CT=0 70 4 p2-2%) gime one
can find all almost relevant and uncovered triples and compute (F;;,V;;) for all y?

pairs of (i,7), where i,j € [p]

Proof. In the third preprocessing step, we only need to consider the uncovered
triples. First, we filter out the triples that have been covered in the second prepro-
cessing step by constructing a matrix A, such that AM is set to oo if (i, k) is covered;
otherwise, Ai,k is set to A,k

Next, we present in the following paragraph an algorithm that constructs a linked
list, Y; ;, for each pair of ¢ and j, where i,j € [u|. In Y, ;, we store the entry-pairs
(M, + Mlzj, k) such that 0 < Ai,k + B/w‘ — C~",~7j < (W_1).(3+lev.n<trtz>)‘ As a result,
we can find the the

Y; ; stores a multiset, and by iterating through entry-pairs in Y; ;,
minimum pair-entry (F;;, V).

Fix i € [u]. When j equals to 0, the algorithm can be described as follows: 1)
Create a red-black tree, T;, and add entry-pair (Azk +Bk70, k) into T; for each k € [k];
ii) construct a linked list Y;; iii) and list, in increasing order, the elements that are
being stored in 7;, meanwhile appending entry-pair (M; .+ M ,? 0, k) into Y; o as long as
0< Ai,k + Bk,o — C~”i,0 < (W_l)'(?’}v/v'”(ttm), and stop immediately after an entry-pair
(Ai,k + Bk,o; k) is spotted, such that Aiﬁk + Bk,o — C~”7;,0 > (Wfl)'(ngV‘[/,V'"(tl_tg)). Then we
iterate through j € [1, ). Each time j increases, we proceed as follows: i) Replace

(Ai,k + Bm_l,l{:) with (Ai’k + BM,/{:) in T;, as long as Bm_l #+ Bk,j; ii) construct

an empty linked list Y;;; iii) list, in increasing order, the elements that are being



84

stored in the T}, meanwhile appending entry-pair (M;  + M,

kjo k) into Y; ; as long as

0< Ai’k + Bkd — é/i,j < (W_l)'(?’JFV‘[;V'"(tFtQ)), and stop immediately after an entry-pair
(Aiyk + Bkyj, k) is spotted, such that A, + Bkhj —-C'; > (W_l)'(3+vyn(tl_t2)).
After performing the algorithm described above for each i € [u], we know that all

t
Y ;’s store at most O(n(lftQ)'(“ﬁ*p)) entry-pairs, following from Lemma . For

each pair (1, j), we iterate through elements in Y; ; to find the the minimum pair-entry
(EJ" ‘/27.7 ) °

We conclude the proof by giving the analysis of the running time and the space
cost. For each i € [u], we make O(x + n/W) updates on T;, and each update re-

quires O(lgn) time. Computing all pair-entries, (F; ;,V; ), need O(n(l_tZ)'(“ﬁ_p) +

n?>7?%2) time. The overall computation time is bounded by O(u(x + n/W)lgn +
n(l—tz)'(2+1i71t2—P)+n272tg) = O((nl—t2+ +n(27t2)/W) lgn—kn(l_tz)'(“liiltz_p)+n2*2t2).
Storing all F;; and V;; uses O(n* ?%2) words of space. ]

The Querying Procedure. Let (i,j) be the query parameters. If (i, k*) is
covered, then we use Lemma 28 to find k* in O(n(—%2)(#+9)) time. Otherwise, since

0< AM* + Bk*yj — é’i,j < (W_l)(wvgtlft“g), following Lemma , k* must be stored

in V; ;, which can be found in constant time.
As a result, we have solved the min-plus-query-witness problem over M and M7T

and achieve Lemma Recall that parameter W was set to be [n(172)7].

~ t 2t
Lemma 31 A O(n2—2t2+n29(1—t2)+(t1—t2)+(1—t2)(10+2+ﬁ—0)+n(1—t2)(ﬂ+1+ﬁ—0))_w0rd

data structure can be constructed upon matrices M and M7 in O(n'~t2th 4 p2-202 4
n1+(1—t2)(1—9)+n29(1—t2)+(t1—t2)+(1—t2)(P+w(1,1i71t2,1)+1i71t2—0)+n(1—t2)(2+1i71t2—9)) time, such
that a query defined in Problem can be answered in O(n(l_b)(”p)) time, where p, o,

and 0 denote any constants such that p >0, 0 <o < lith, and 0 <0 < 1.

Proof. In this proof, we analyze the overall space cost and the construction time
of the data structure. The preprocessing contains three steps.

In the first preprocessing step, we construct matrices ' taking O((nt=t2tt 4
n2=% 4+ pC=t) /W)lgn) time. Storing entries of C' occupies O(n?=*?) words of
space. In the second preprocessing steps, we construct (¢+ 2)u” Inn pairs of matrices

A and B and build data structure applying Lemma upon each pair of A" and
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B™. As shown in Lemma the overall space cost of the data structures built in this
step is O(2(W —1)(34Wn(t1—t2)) (1712 (24 7 =) +n(1_t2)'(p+1+%_0)) words, and
the preprocessing time is O(2(W — 1)(3 + Wn(t1—t2) () e (Lt /() D - M.
The third preprocessing step is to construct matrix V; ;. Lemma [30[ shows that this
step takes O((n'~2F 4 n(C=t2) /TV) g n + p(mt) Gty =p) | n?722) time.

Substitute the parameter W for |n(!=%2)?|  Summing up the space cost required

in each step, the total space cost is

O(n2—2t2) + O(Q(W . 1)(3 + Wn(t1—t2)) . n(1*t2)'(P+2+1i71t2*0) + n(1*752)'(P+1+ 1222 *0))

O(n2—2t2) + O(n20(1—t2) Cp(ti—t2) n(l—t2)'(ﬂ+2+1i71t2—0) + n(l—t2)'(P+1+ 1232 )

— O(n2—2t2 + n29(1—t2)+(t1—t2)+(1—t2).(p+2+1i—1t2—a) + n(l—t2)~(p+1+12_tt12 _U)).

And the overall preprocessing time is

O((nl—tg—i—tl + n2—2t2 + n(2—t2)/W) lg n)
0(2( —1)(3+Wn (t1— tz)) (1- t2)'(ﬂ+w(1¢1/(1*t2)»1)+132*0)>
O

(ni-tett 4 (2=t JW) lgn+n(1 ) (24 2 )+n2_2t2)

nl to+t1 _|_n2 2to +n(2 to)— (1—t2))

- 4

(
(

I
O

20(1—t2)+(t1—t2)+(1—t2) (pFw(l, 724, >+1i1t;a>)

O

(n
O(

I—tatts 4 p2—to— (1—t2)+n(1—t2)-(2+1i—1t2—p)+n2—2t2)

tg

n

— é(nl—tz—‘rtl + n2—2t2 + nl-i—(l—tg)(l—@) _|_ n29(1*t2)+(t17t2)+(1*t2)(ﬁ’+w(1,1i71t2;1)+ 1i1t2 70‘)

)>'

n(l—t2)(

+

The query time analysis has been given before. [ ]

We can apply Lemma [31] to find the most frequent element and its frequency in
the multiset of frequent colors assigned to the nodes in P, | UP, | provided that

P, is a predefined path.

Derandomization. In the preprocessing step 2, we construct (c+2)u” Inn pairs
of matrices A" and B" | where p = O(n'~%2). Recall that we call a pair (i, k) covered
if there is some 7 € [(¢+2)p” Inn| such that A i 7 00. In Lemma 29| we have proved

that after constructing (¢ + 2)u” Inn pairs of matrlces AT and B, the number of
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t
almost relevant and uncovered triples (i, k, j) is bounded by O(n(l_tz)(ﬂﬁ_p )) with

high probability.

In the derandomized algorithm, we will construct at most n{!=*2)? pairs (less than
the number of pairs required by the randomized algorithm) of matrices A" and
B where A" and B are defined in the same way as Equation , while ;)
will be chosen deterministically instead. Recall that a pair (i, k) is covered if there
exists a 7 such that AZ(Tk) + 00. Each matrix A™ to be constructed covers at least

(112 (1255 —p) (1—t2) (14 7245 —p)

pairs of (7, k), so that there are at least n non-infinity

entries in A", Furthermore, different matrices A™ cover different pairs of (4, k).

The algorithm contains p iterations for each j from 0 to u — 1. In each iteration
J, we maintain a red-black tree, T;, for each i € [u]. Fix i € [u]. If (4,k) has not
been covered yet, where k € [x], then we add entry-pair (Azk + Bkvj,k:) into T;.
Then, for each i € [u], we use T; to compute the number of triples (i,k,j) such
that CN"M < Alk + Bk,j < CN’/i,j + (W_l)'(3+vlév'n(tlit2>). That is the number of almost
relevant and uncovered triples (i, k, j). If the sum of these numbers is no more than
)

, we increment j by 1 and continue the next iteration, and in the
next iteration, we only update entries of T; when (i,k) has not been covered yet
and Bk,j #* B;w_l. Otherwise, we remove all entry-pairs (Azk + Bk’j, k) such that
éli,j < AM + B’k,j < é/iyj + (W_l)'(3+WW'n<trt2)) from T; for each i € [u] and set their

corresponding (i, k) to be covered. Then we set j) to be j, construct matrices A

and B following from Equation and continue the next iteration.

(1—t2)(1+1=

For each j € [u], each iteration j contributes at most n =y ) triples

(i, k,7) that are uncovered and almost relevant. After performing the algorithm, the
(1—t2) (14125 —p)

total number of uncovered and almost relevant triples is at most p-n

t
2 57 Bach time we construct matrices A™) and B we made at least

1=ttt pairs

n 0= ) different pairs of (i, k) covered. Since there are only n
of (i,k) in total, at most n!=*2)? pairs of matrices A") and B are constructed.
Especially, if triple (4, k, j) is set to be covered and (i, k, j) happens to be almost

relevant, then Agrk) # 00, following from Equation and Lemma .
Finally, we give the running time analysis. Recall that the statement that C ij <

A;j + By is always true. For each i € [u] and each j € [u], we simply perform one

predecessor query over T; to find the number of triples (i, k, j) such that Ai,k + Bkd‘ <
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~ W—1)-(34+W-nlt1—t2)
Gr,, + WG )

of matrix B is bounded by O(n/W), the total number of updates on all 7}’s is bounded
by O(n'~%-(n/W4nt)) = O(n'~t2+t 4+ (1—t2)0=0))  Therefore, the overall running
time of this algorithm is bounded by O(n!~t2t1 4 plt(1-12)(1=0) | p2-2t2)

, for a total of n?72%2 queries. Given that the total difference

4.4.4 Mode Queries on an Arbitrary Path

In the previous sections, we have seen a data structure that finds an infrequent color
that appears at least as frequently as other infrequent colors that are assigned to
nodes in an arbitrary path. We also described a data structure that finds a frequent
color that appears at least as frequently as other frequent colors assigned to the nodes
in P;,’ s, P;,7 | for any predefined path P,/ ,,. In this section, we present a solution
that finds a mode for an arbitrary path by combining both data structures mentioned
earlier.

We first represent tree T using the data structure of Lemma [2 As discussed in
Section [4.2] this structure supports finding the number of appearances of a color on
a path in O(lglg C) time. Then we mark O(n'~%) nodes of T' as discussed in Section
[4.4.2] We compute the number of appearances of each color on T' to determine whether
it is frequent or infrequent. Then we construct the data structures of Lemmas [20| and
for queries over infrequent and frequent colors, respectively.

Let P,, be a query path that contains the root L. We consider two different
cases: Either P, , contains only one marked node, i.e., L, or P, , contains more than
one marked nodes, including L.

In the first case, it follows that |P,,| = O(n'?), and a mode in P,, can be
found in O(n'2) time. The query algorithm requires two variables: a potential mode,
and its frequency, as well as an array V[0..C' — 1]. Initially, entries in V', as well as
the frequency of the potential mode, are all set to be 0. Note that array V' can be
constructed once but shared by all queries. A query scans P, , twice. In the first pass,
each time a node v is visited, we increment entry Vic(v)] by 1, where ¢(v) denotes
the color of node v. If V[e(v)] after being incremented happens to be more than the
frequency of the potential mode, we set the potential mode to be ¢(v) and update
its frequency by V[c(v)]. Obviously, after the first pass, the potential mode becomes

a mode in P,,. Finally, we scan the nodes in P,, the second time to reset all the
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non-zero entries in V' back to 0 for future queries. Given that the number of nodes
in P, , is bounded by O(n'2), so is the query time.

It remains to handle the second case. Let ' and ¢y’ denote the lowest marked
ancestors of x and y, respectively. Given that the root node is always marked in
the preprocessing stage, neither 2’ nor ' is a null. We divide P, , into four disjoint
parts: P, .., P, , UP,, |, L and P, .. Note that any of P, ,,, P}, , UP,, | and P},
might be empty. Especially, there are O(n*?) nodes in P} ,UP, ,U L; for each
distinct color that appears in P}, ,, UP] U L, counting its occurrences in P, , takes
O(Iglg C) time by the data structure of Lemma [3] for a total of O(n'21glgC) time.
Let ¢; be the color with maximum number of occurrences found this way. Then we
apply Lemma [20] to find the infrequent color, ¢;, with maximum frequency in P,/
in O(n'~") time, and we query over the data structure of Lemma [31| to find the
frequent color, c3, with maximum frequency in P, ; UP!, | in O(n(!=2/+0) time.
We also obtain the frequency of ¢; in P, and the frequency of c3 in P;y 1 UP;,7 1
when finding ¢ and c3. Note that, if the mode is not ¢;, then the mode does not
appear in P;’m, U P;ﬁy, U 1, so it must be either ¢y or c3. Hence it suffices to compare

the frequency of ¢; in P, 4, the frequency of ¢y in P, ., and the frequency of cz in

T,y

P, U P;,,L to find the answer to the query.
Finally, we apply the technique in Section to compute the mode in an arbi-
trary path:

Lemma 32 Let T be a colored ordinal tree on n nodes with each node assigned a

color from {0,1,...,C — 1}, where C < n. A data structure of O(n*~" + n?-22 4
2t t
pmt2 =) | n29(1_t2)+(t1_t2)+(1_t2)(p+2+ﬁ_0)) words can be constructed in

@(nze<1—tz>+<t1—tz)+(1—tz><p+w(1,1i—1t2,1)+1i—1t2—o> | plH(1-t2)(1-6) +n<1—t2>(2+1i—52—p> L2ty

n?22 4 =240 time such that a path mode query can be answered in O(n' +n'~" +

t1
1—to

n(l_t2)("+p)) time, where p, o and 6 denote any constants such thatp > 0,0 < o <

and 0 <0 <1.

Proof. It remains to present the analysis for the space cost and the construction
time. As shown in Lemma [20] the data structure for infrequent colors occupies

O(n*>"*1g*n) words of space and can be built in O(n?> % 1g°n) time. Lemma

L—t2) (p+1+ 15 —0) n

shows that the data structure for frequent colors requires O(n(
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t ~
n2-2t2 4 n29(1—t2)+(t1—t2)+(1—t2)(p+2+ﬁ—0)) words of space and O(nl=t2+t 4 p2=2t2 4

plH(=t2)(1-0) | p(=t)@+ 5 =p) n29<17t2)+<t17t2>+<17t2><p+w(1,ﬁ—a,é,,nﬂi—afa)) time to
construct. By combining data structures for infrequent colors and frequent colors,
we achieve the space cost and construction time as shown in Lemma [32] Note that
to support queries over arbitrary path, we apply the centroid decomposition shown
in Section As a result, both the space cost and the preprocessing time will be

increased by an O(lgn) factor, while this extra lgn factor is hidden in 0. ]

Lemma shows a data structure solution, which means that being aware of
queries in the preprocessing stage is unnecessary. On the other hand, given the fast
preprocessing and query time of this data structure, it can be naturally transformed
into an efficient offline algorithm for batched path mode queries: We simply build the
data structure following Lemma [32] and then use it to answer n queries. Setting the

proper values for parameters in Lemma [32] yields Theorem [5]

Theorem 5 A batch of n path mode queries over a colored tree T on m nodes can be

answered in O(n75s ) = O(n'453814) time.

Proof. The running time of batched path mode queries includes two parts: the
overall query time of n queries and its preprocessing time. The prior one is bounded
by O(n - (nf? + nl—t 4 n(lftg)(aer))) — O(n1+t2 + 2t 4 n1+(17t2)(0+p))’ while the
latter one is given in Lemma By setting the overall query time to be equal to

the preprocessing time, we obtain proper values for parameters, including ¢, ¢, p, o,

1.483814)

and 6, thereby achieving the optimum running time, i.e., O(n , as promised.

To do that, we first express t9, p, 0 and 6 as functions of ¢; and decide the value of
t; in the end.

By setting the term n'™*2 from the total query time to be equal to the term n2~"

2—1t1

from the preprocessing time, we have t; = 1 — t;. By comparing the term n from

(1—t2)(2+

the total query time and the term n 5" from the preprocessing time, we
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find
n2-t — (1) + 12 —p)
2—t1 :t1(3—p)
Aty -2
=

By comparing the term n!T(1~%2)(+0) from the total query time and the term n?>~*

from the preprocessing time, we find

1+(1—t2)(0’+p) 2—1t1

n =N

(I—=t)(oc+p)=1-1

C1-t
1, P
1t 4t -2
ot ot
3-5h
==

By comparing the term n!'t(1=%2)(e+2) from the total query time and the term

n!*T=t2)0-9) from the preprocessing time, we find

pit=t2)(o+p) _ ,1+(1—t2)(1-6)

(1 —t2)(0 +p) = (1= 12)(1 - 0)
(0 +p)=(1-0)

0=1—(0c+p)
L 3-5h A -2
B ( 1 * 1 )
:1_1—t1
t
2t1 — 1

Finally, by comparing the term n'*(~%) from the total query time and the term

p20—t2)+(t—t2)+ (1=t2) (p+w(L = D= 79) o the preprocessing time, we find the
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proper value of #;:

plH—t) — 200 —t2)+(t—to)+(1=t2) (p+eo(l, T2 D)+ 2 —0)

t
2 —t; =20(1 —to) + (t — to) + (1 — L) (p + w(l, ——,1) + —— — 0)
11—ty 11—t
4t — 2 4t — 2 3 — 5t
29—ty = —— "+ (2 — )+t (—— Fw(l,1,1)+1— b
tl 1 tl
2—t; =06t —3+4t; — 2+ tw(1,1,1) + t; — (3 — 5t1)
10
=
174+ w(1,1,1)

The values, chosen as shown above, for parameters t,, t5, p, 0 and 6 ensure
that the preprocessing time is proportional to the time of answering n path mode
queries, ignoring polylog(n) factors. To compute the time complexity of our solution
to batched path mode queries, it suffices to give the bound of the total running time

for n queries, which is

O(nlthQ +n27t1 + n1+(17t2)(o+p))
3-5 4ty —2

~ t
:O(n1+17t1+n27t1+n1+t1( ot ))

2442w

:O(n27tl> = O(n2fm) = O(n 174w )

Observe that the function, 214712;, is monotonically increasing for positive z. As

w(1,1,1) < 2.37286, n path mode queries can be answered in overall O(n!4838139)

O(n™453814) time, .

4.5 Conclusion

In this chapter, we saw efficient solutions to batched colored path counting queries
and batched path mode queries. The strategy used in both our solutions can be
summarized as follows: Consider a restricted case, in which all query paths contain a
pre-selected node; then apply centroid decomposition, relaxing the restriction. This
strategy induces a reduction from queries over arbitrary paths to queries over paths
that contain a pre-selected node. As we have seen, the latter problem is much easier
to cope with. We expect that this versatile strategy to find its application to other

path queries as well.
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In our solutions to batched path queries, we choose a set of nodes in the tree as
the marked nodes. Combining with the restriction mentioned before, we precompute
queries for the predefined paths, which contain the pre-selected node and have a pair
of pre-selected nodes as their endpoints. In this preprocessing phase, we manage to
reduce colored path counting to matrix multiplication and reduce path mode queries
to the min-plus product. For the former reduction, we show a non-trivial transfor-
mation that turns bit matrices created directly using the pre-selected nodes of the
input tree into sparse matrices, in which the number of non-zero bits are bounded.
Then we apply the efficient algorithm for sparse matrix multiplication, improving the
overall preprocessing time. As we have seen, the latter reduction is different from
the reduction [69] 68, 39] from range mode queries to the min-plus product, in which
matrices generated from arrays are monotone. To capture the special structure of
matrices generated from trees, we define a new notion, total difference, and we prove
that the total differences of the matrices for path mode queries are always bounded
by the number of nodes in the tree. Then, to further reduce the total difference of
the matrices from O(n) to O(n/W), we design a more involved technique, two-level
marking scheme, due to which, we further improve the computation time of the min-
plus product. Our algorithm can be seen as a generalization of the method by Gu et
al. [39], given that a monotone matrix always has bounded total difference, while a
matrix with bounded total difference does not have to be monotone.

After all, we manage to design solutions that support n queries for colored path

counting and path mode in O(n'497) and O(n!483814)

time, respectively.

The problem, batched path mode queries, is a generalized version of the batched
mode query problem on 1D arrays, i.e., batched range mode queries. Recently, a new
improvement on the latter problem has been achieved: The algorithm that supports n
range mode queries is as fast as O(n 3 ) = O(n!441%) time [24]. There is an obvious

gap in the running time between batched path mode queries and batched range mode

queries. We expect to see a faster algorithm for batched path mode queries than ours.



Chapter 5

Approximate Colored Path Counting

5.1 Introduction

In Chapter [4, we studied colored path counting queries, in which the precise number of
distinct colors in a query path is expected as an answer. We have seen a data structure

1.1860) time.

words of space and supports each query in O(n%497")

that occupies Q(n
Given the conditional lower bound of this problem, this solution is efficient. As a
result of the rapid growth of large data sets, linear space data structures are favored
by applications that deal with massive amounts of data. The super-linear space used
by that data structure is not ideal for handling large data sets. The only known linear
space solution to this problem requires Q(y/n) time in the worst case [44]. For other
path queries, such as path minimum [18] 2, 56}, 22, [8, 12], path medium [58, 64] [48], 49],
path counting [18| [58], [64) 48, 49] and path majority [23] [30], linear-space solutions
with sublogarithmic or even constant query times exist, which are much faster.

To achieve faster queries, approximate colored path counting problems have been
studied. Similar to Chapter 4} these problems are defined over an ordinal tree T on n
nodes, each assigned a color from {0,1,...,C — 1}, where C' < n. Two different ways
of bounding approximate ratios have been considered [44]: a 2-approzimate colored
path counting query computes a number in [occ, 2 - occ], while a (1 & €)-approzimate
query returns a number in [(1 — €) occ, (1 4 €) occ| for any € € (0,1). In this chapter,
we study approximate colored path counting and aim at improving previous results
under both approximate measures.

We also note that 1D colored range counting is sometimes called 1D colored type-
1 range counting in the literature [40] 3], while 1D colored type-2 range counting
reports the number of occurrences of each distinct color in a query range. We can
also generalize the latter to consider tree topology by defining colored type-2 path
counting over a colored tree, which reports the number of occurrences of each distinct

color in a query path. See Figure for an example. The O(n)-word data structures
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Figure 5.1: Examples of colored type-1 and type-2 path counting. The input is a
tree T on 16 nodes, each assigned a color drawn from {0,1,2,3,4,5}. Let P,, be
a query path. The answer to the colored type-1 path counting query over P, is
5, while the answer to the colored type-2 path counting query over P, is a set of
entries, {(5,1),(2,1),(4,1),(3,1),(1,3)}, where each entry (e, f) indicates that color
e appears f times in P, .

of Durocher et al. [23] can be used to answer a colored type-2 path counting query
in O(occlglgn) time. This is slower than the O(occ +1)-time support for 1D colored
type-2 range counting over points in rank space [40, 33]. Thus we also investigate the

possibility of closing this gap.

5.1.1 Previous Work

By reducing colored path counting to path counting over weighted trees [48] using the
chaining approach [62], He and Kazi [44] designed a linear space data structure that
supports 2-approximate colored path counting in O(lgn/lglgn) time. For (1 £ ¢)-

approximate colored path counting queries, they described a sketching data structure

n

4-1gn) words and answers a query in O(e *tlgn) time with

that occupies O(n +
success probability no less than 1 — d, where ¢ is an arbitrary integer in [1,n] and ¢
is an arbitrary constant in (0, 1). D Setting t = [e ?1gn| makes the space cost linear
and the query time O(e~*1g%n).

Similar approximate problems can also be defined for colored 1D range counting
and colored 2D orthogonal range counting which generalizes the former by preprocess-
ing colored points in 2D to efficiently compute the number of distinct colors assigned
to points in an axis-aligned query rectangle. The same conditional lower bound for

colored path counting also applies to the latter [55]. In the 1D case, given n colored

points in the rank space, El-Zein et al. [27] designed an index data structure that

'He and Kazi [44] originally stated their result for constant €, but it is easy to generalize their
bounds when € = o(1).
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uses O(n)-bits of spaceﬂ and supports c-approximate colored counting in constant
time for any constant ¢ > 1. In higher dimensions, Rahul [66] showed that (1 + ¢)-
approximate colored range counting can be answered by combining a colored range
reporting structure and a c-approximate colored range counting structure. With it,
he designed an O(nlgn)-word structure to support (1 & €)-approximate colored 2D
orthogonal range counting in O(¢~2Ign) time.

Regarding 1D colored type-2 range counting, Gupta et al. [40] designed an O(n)-
word structure with O(lgn + occ) query time, over a set of n colored points on a real
line. Ganguly et al. [33] stated that, by combining the approach of Gupta et al. and
some other results [62, 67], the query time can be further improved to O(1 + occ)
if all points are in rank space. This query problem can also be generalized to point
sets on the plane, and we refer to [I5], [13] for recent work on 2D colored type-2 range
counting. For colored trees, the linear word structures designed by Durocher et al. [23]
can answer a colored type-2 path counting query in O(occlglgn) time. They did not
state this result explicitly, but it is implied by the algorithmic steps stated in the

proof of Theorem 6 in their paper.

5.1.2 Our Results

Under the word RAM model, we first design 2-approximate colored path counting
structures with i) O(n) words of space and O(lg*n) query time for any constant
0 < X\ < 1,ii) O(nlglgn) words of space and O(lglgn) query time and iii) O(nlg*n)
words of space and O(1) query time. In all three cases, the preprocessing time is
O(nlgn). Hence the first trade-off beats the O(lgn/lglgn) query time of the linear-
word 2-approximate structure of He and Kazi [44].

We then design an O(n)-word (14 €)-approximate colored path counting structure
with O(% Ign) deterministic query time and O(n?1g C'lglg C) expected preprocessing
time. Compared to the sketching structure by He and Kazi [44] with O(n)-word space
and O(e~*1g” n) query time, we not only achieve improvement for query time but also
guarantee that the query algorithm always returns a (1 £ €)-approximation, though

the cost of preprocessing is higher.

2Note that storing the original data set would occupy Q(nlgC) bits of space. The index data
structure given by El-Zein et al. [27] does not store the original data set.
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Table 5.1: A summary of our results on approximate colored path counting and
colored type-2 path counting, in which space costs are measured in words, € is an
arbitrary parameter in (0, 1), A is an arbitrary constant in (0, 1), T marks an expected
bound, and ¥ marks a solution that returns a correct answer with probability no less
than 1 — ¢ for any constant ¢ € (0,1).

Space Query Preprocess Ref
O(n) O(FE) | O(nEZ) E

2-appr O(n) O(lg* n) Thm |6f)

' O(nlglgn) O(lglgn) O(nlgn) Thm |6b)

O(nlg* n) O(1) Thm |6c)
O(n+ "% | O(e?tlgn) | O(e2nlgn) [

(14 €)-appr. O(n) O(c ZIgn) [0(n?1gClglgC)|  Thml]
O(occlglgn) [23]

Type-2 O(n) Oocc) O(nlgn) Fommalt]]

When designing our (1 £ €)-approximate solutions, our techniques also lead to a
linear-word data structure supporting colored type-2 path counting in O(occ) time.
This result improves the solution of Durocher et al. [23] which has O(occlglgn) query

time. See Table [5.1] for a comparison of our results to all previous results.

To achieve these results, we develop new techniques. For 2-approximate colored
path counting, note that no further improvement can be made using the strategy of He
and Kazi for this problem, due to the lower bound on (uncolored) 2D orthogonal range
counting [65] (which is a special case of path counting over weighted trees). Instead,
we adopt the strategy, presented in the previous chapter, for batched colored path
counting which applies centroid decomposition to decompose the tree into a hierarchy
of components. A query is answered by locating and querying the component that
satisfies these two conditions: This component contains the entire query path, and its
centroid is in the path. This means, within each component, we need only support
queries for the paths that pass through a fixed node, e.g, the selected centroid, given
during the construction. This strategy however incurs O(nlgn) words of space cost
in Chapter . To address this, we design a data structure of O(n) bits that answers 2-
approximate queries in constant time, provided that a query path must pass through
a certain node. To speed up the mapping of the endpoints of a query path to nodes in
a specific component in a space-efficient manner, we borrow ideas from the solutions

to the ball inheritance problem, introduced in Section and design data structures
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with different time-space trade-offs.

With regard to (1 % €)-approximate colored path counting queries, we provide a
completely different solution from the previous one by He and Kazi [44]. Previously,
He and Kazi selected O(n/t) nodes from the input tree as the marked nodes in the
preprocessing stage, where t is a parameter defined in the preprocessing stage. Then
they constructed and stored an O(e ?1lgn)-word sketch at each marked node. Due
to the sketches used in their solution, their query algorithm might not always return
a (1 & €)-approximation. Unfortunately, we are unaware of any method that uses
these sketches and guarantees a (1 + €)-approximation is always returned. In the new
solution, we divide all query paths into O(lgn) tiers, depending on the number of
distinct colors in each path. For the paths of each tier, we design an efficient solution
to (1 £ €)-approximate queries by combining the tree extraction and the random
sampling techniques. We also describe a linear space data structure for colored type-
2 path counting, which allows us to compute efficiently the number of distinct colors
in a query path by simply reporting all the distinct colors in it, whenever a query path
contains no more than O(e~21gn) distinct colors. For the query paths that contains
Q(e?1gn) distinct colors, we use our solution to 2-approximate colored path counting
to decide which tier the query path belongs to and then use the corresponding data
structure for (1 + €)-approximate queries to find the answer. The idea that reduces
(1 £ €)- to 2-approximate colored path counting queries is inspired by the work of

Rahul [66].

5.2 Preliminaries

This section introduces the previous results used in this chapter.

5.2.1 Partial Rank

Let A[0..n — 1] be a sequence of symbols drawn from alphabet [o] = {1,2,...,0},
where ¢ < n. The partial rank operation [4], rank’(A,4), counts the number of

elements equal to A[i] in A[0..q].

Lemma 33 [}, Lemma 3.5] Given a sequence A]0..n — 1] drawn from alphabet [o],

where o < n, a data structure of O(nlgao) bits can be constructed in O(n) time to
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(a) Tree T with P, (b) Tree T'x with P/

Figure 5.2: An example of tree extraction. The first figure shows path P, in the
original tree 7" and its corresponding path P, s in the extracted tree Ty, where the
set, X, of extracted nodes are colored black in 7. Since the root of T is not in X,
Tx has a dummy root. The decompose(z,y) operation returns 2’ and ¢’ in Ty, which
correspond to nodes  and ¢ in T, respectively.

support rank’(A, 1) in constant time.

5.2.2 Tree extraction

Given a subset, X, of nodes of an ordinal tree T', the extracted tree, T, can be
constructed by deleting each node v ¢ X using the following approach: If v is not
the root, let u = parent(v). We remove v and its incident edges from 7" and insert
its children into the list of children of u, replacing v in this list while preserving these
children’s original left-to-right order. This means that v’s left and right siblings before
the deletion will respectively become the left and right siblings of its children after
the deletion. If v is the root, then, before we apply the same procedure to delete v,
we add a dummy root to T and make it the parent of v, so that Tx will remain a
tree. This technique first appears in [4§].

To map a path P, , in T to a path in Ty, we use the operation, decompose(x, y),
defined in [44]: If P,,NX = 0, it returns null. Otherwise, let # and § denote the
nodes in P, , NX that are closest to = and y, respectively (this can be the node x or
y itself if it is in X). Then decompose(z,y) returns the nodes 2’ and 3 in Ty that
correspond to (i.e., whose original copies are) nodes Z and ¢ in T, respectively. See

Figure [5.2] for examples.

Lemma 34 [}4, Proposition 9] Given a tree T on n nodes and a tree extraction Tx,
an O(n)-bit structure on top of T and Tx can be constructed in O(n) time to support

decompose in O(1) time.
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5.2.3 The k-nearest distinct ancestor queries.

Let T be a colored tree. In a k-nearest distinct ancestor query [23], we are given a
node v of T', and the goal is to find a sequence aq, as,--- of ancestors of v, in which
a; is node v itself and a; is the lowest ancestor of ¢ such that c(a;) does not appear

in P, 4, \{a;} for any 1 <i < k. We have the following lemma:

Lemma 35 [253, Lemma 13] Given a colored tree T on n nodes, an O(n)-word data
structure can be constructed in O(nlgn) time to support k-nearest distinct ancestor
queries over T in O(k) time. The ancestors are reported in the lowest-to-highest

order, and thus k need not be specified in a query.

5.2.4 Colored Path Counting over All Paths

A tree of n nodes can have ©(n?) different query paths on it. He and Kazi [44]
described an efficient algorithm that answers colored path counting queries over all

different paths, summarized as Lemma

Lemma 36 [/4, Theorem 10] Let T denote a labeled ordinal tree on n nodes, each
of which is assigned a color from {0,1,...,C — 1}, where C < n. The colored path
counting queries over all possible query paths can be answered in O(n?lglg C) time in

total.

5.2.5 The Chernoff Bound

The Chernoff Bound summarized as Lemma [B7 will be later used in our solution to

(1 + e)-approximate colored path counting.

Lemma 37 (Chernoff Bound [60, Corollary 4.6]) Let Xy - - - X, be independent Pois-
son trials such that Pr[X; = 1] = p; for each 1 < i < n/. Let X = Z;il X, and
p=E[X]. Forany 0 < e <1, Pr[|X — p| > ep] < 2e+</3.

5.3 2-Approximate Colored Path Counting

For 2-approximate colored path counting, we first consider a special case in which
query paths must contain a fixed tree node specified in the preprocessing step (Section

5.3.1). Then we generalize it for arbitrary paths (Sections [5.3.215.3.3)).
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Figure 5.3: The data structure for 2-approximate queries. Given the input tree T
and the pre-selected node v, the binary label B(u) constructed for each node u of
T is shown on the right-hand side. The query path P, , contains node v and has 5
distinct colors on it. Accordingly, we find 6 1-bits in P, in the 0/1-labeled tree, so
we return 6 as a 2-approximate of the exact answer.

5.3.1 Counting over a Path that Contains a Fixed Node

Fix a node v of T, and we design an O(n)-bit encoding data structure that supports
2-approximate colored path counting over any query path containing v. To answer
a query, our encoding data structure does not need to access T  after preprocessing,

provided that the preorder ranks of the endpoints of the query path are known.

Lemma 38 Let T be a colored tree onn nodes and fix any node v inT'. A data struc-
ture of O(n) bits can be constructed in O(n) time to support 2-approximate colored

path counting over any query path containing v in O(1) time.

Proof. We associate a Boolean label B(u) to each node u of T" as follows: If u = v,
then B(u) = 1. Otherwise, locate the node, ¢, in P, , that is adjacent to u. If color
c(u) appears in Py, then set B(u) = 0. If not, set B(u) = 1. See Figure |5.3| for an
example. We discard the original colors of T', treat these labels as node colors and
represent 7' with these labels using the data structure of Lemma [2] Since there are
only two possible labels, this uses 3n + o(n) bits.

Let P, , be a query path containing v. Consider the nodes in the subpath P, one
by one in the direction from v to . Observe that, each time we see a node labeled
by 1, we encounter a color that has not been seen previously. Therefore, the number
of 1-bits assigned to nodes in P,, is equal to |C(P,,)|. Similarly, the number of
1-bits assigned to nodes in P, , is equal to |C(P,,)|. Therefore, the number of 1-
bits assigned to nodes in P, , is a 2-approximate of the precise answer. Following

Lemma |3, this number can be computed in O(Iglg C') = O(1) time using operations
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depth, and LCA, as C' < 2.

To prove the bound on construction time, it suffices to show that these binary
labels can be assigned in O(n) time. This can be done by performing a depth-first
traversal of T' using v as the starting node. During this traversal, we also update an
array A[0..C'—1], and the invariant that we maintain is that, each time we visit a node
u, Ali] stores the number of nodes in P, ,, that are assigned color ¢ in the original tree
T. The following are the steps: We start the traversal from vertex v, set Alc(v)] =1
and initialize all other entries of A to 0. During the traversal, each time we follow an
edge (z,y) with z € P, ,, there are two cases. In the first case, we follow this edge
to visit node y. Then this is the first time we visit y. We check if Alc[y]] = 0. If it
is, then the color of y does not appeared in P, ,, so we set B(y) = 1. Afterwards,
we increment A[c[y]] to maintain the invariant. Otherwise, we set B(y) = 0 and also
increment Alc[y]]. In the second case, we follow this edge to visit x. Since z is closer
to v than y is, we have visited x before, and we will not traverse any paths containing

y in the future. In this case, we decrement A[c[y]|] to maintain the invariant. n

5.3.2 Counting over Arbitrary Paths

To support 2-approximate colored path counting queries over arbitrary paths, we
transform the given ordinal tree T on n colored nodes into a binary tree T. Our
transformation is similar to that used by Chan et al. [12], but some modifications
are necessary. Ultimately, this is because, unlike the queries considered by Chan et
al., to compute a 2-approximate answer for a query path P,,, we cannot add up
2-approximate answers for query paths P, , and P, , where z = LCA(z,y).

Our transformation works as follows: For each node v with degree d, where d > 2,
we remove the edges between v and its children, vy, vs, ..., v4, to detach the subtrees
rooted at these children from 7. For the convenience of the description, let vy denote
the node v. We then create d — 2 dummy nodes, ¥y, Vs, ..., 04_2, each assigned the
color of vy. Next we add edges to reconnect vy and its d children with the newly
created dummy nodes as follows: For t =1,2,...,d — 2, make v; and v; the left and
right children of v;_, respectively. Afterwards, make vy_; and vy the left and right
children of ¥4_,, respectively. The resulting tree is 7' which has at most 2n nodes. See

Figure for an example. This transformation preserves preorder among the original
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(a) Tree T

(b) Tree T

Figure 5.4: The input tree T and its transformed binary tree 7. In 7, dummy
nodes are represented by squares. Query paths can be conceptually divided into two
categories, depending on whether or not the LCA of their endpoints in T is a dummy
node. For example, P, , and P, are in different categories, as LCA(x,y) of T and
LCA(z, z) of T are non-dummy and dummy nodes, respectively. In either category, a
query path in 7" and its corresponding path in T always share the same set of colors.

nodes of T'. More importantly, any path P, , in 7" and its corresponding path, P, in
T share the same set of colors. To see this, observe that the lowest common ancestor,
z, of nodes x and y in 7" is the only original node that appears in P, , but may not
necessarily appear in P. If z does not appear in P, then P must contain a dummy
node created for z which is also colored in ¢(z). On the other hand, any original node
in P must also be in P, in T, while any dummy node that appears in P must satisfy

the condition that the original node it is created for must be in P, , in 7"

After this transformation, for each node in T, we store the preorder rank of its
corresponding node in T. Then we follow the strategy, presented in the previous
chapter, to decompose T recursively using centroid decomposition, but different data

structures will be constructed this time.

We now give the details of the recursion. At level 0 of the recursion, we call tree T
the level-0 component. We find a centroid, u, of T' and construct the data structure
in Lemma supporting 2-approximate queries over paths containing u. Since Tisa
binary tree, after removing u, we are left with at most three connected components,
and we add u back into the smallest component. In this way, tree T is partitioned
into at most three pairwise-disjoint connected components in the level-0 recursion,
each of which is a tree on no more than |T|/2 nodes. We call each of these three

components a level-1 component and build the data structure recursively upon each
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of them. In general, at level 7 of the recursion, we compute a centroid, v, of each level-z
component . We then use Lemma to construct a data structure D(7y) supporting
2-approximate colored path counting over paths that are entirely contained within ~
and also contain v. This component can be partitioned into up to three level-(i + 1)
components using the approach described above. We call component v the parent
of these up to three level-(i + 1) components, and each of these up to three level-
(i + 1) components is a child of . A component that has a single node is called a
base component and is not partitioned further. Hence, the recursion contains O(lgn)
levels in total.

Suppose that query path P, , is contained entirely within a level-£ component «y
but not in any level-(¢+1) components. This means that P, , contains the centroid of

7. Therefore, we can find a 2-approximate of |C(P,,,)| using the data structure D(v),

Y
provided that the preorder ranks of x and y in v are known. To locate component ~
and then to compute the preorder rank of x and y in it, we define a component tree
CT. A component tree is a 3-ary tree in which each node represents a component
and the edges represent the parent-child relationship between components. More
specifically, a node v at level [ of CT represents a level-l component C,, where [ starts
from 0. A node v of C7T is the parent of another node u iff component C, is the parent
of component C,. Among the nodes that share the same parent in C7T, the relative
order between them does not matter, so we order them arbitrarily. The height of CT
is bounded by O(lgn), and each leaf in it represents a base component. Since each
internal node has at least two children, C7 has O(n) nodes in total.

At each internal node v of CT, we build an array SP(v) of length |C,|, in which
SP(v)[¢] is set to be d if the i-th node (in preorder) in C, is stored in the d-th child
component of v in the next level. Then we represent SP(v) using Lemmato support
rank’. Since v can have at most 3 children, the alphabet size of SP(v) is constant.
Therefore, SP(v) is represented in O(| SP(v)|) bits. See Figures and for an
example. With these data structures, we can support queries over arbitrary paths

and achieve Lemma [39]

Lemma 39 Let T be an ordinal tree on n nodes in which each node is assigned a
color. A data structure of O(n) words can be constructed in O(nlgn) time to support

2-approximate colored path counting over T' in O(lgn) time.
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Figure 5.5: An example of a component tree. The component tree in the figure repre-
sents a centroid decomposition of the binary tree T' presented in Figure d(b) Each
node of the component tree represents a connected component of T'. For illustrative
purposes, we explicitly draw these components as well. Within each component, the
label on each node is its original preorder rank in 7', and the gray node represents
the selected centroid. Consider the query path between nodes labeled 8 and 12 in T.
The component labeled e, as the LCA of the base components that represent nodes
labeled 8 and 12, contains the query path, and the pre-selected centroid of e is on the
query path.

Proof. Given anode i € T, let 7 denote the path from the root of CT to the leaf of
CT representing the base component that contains ¢, and let m; denote the node in 7
whose depth is [. First, we show how to locate m; and to compute the preorder rank of
¢ in component C,, for [ = 0,1,2,.... The procedure proceeds as follows: We start at
the root my of CT. The preorder rank of i in Cy, is ¢, and m; is the SP(mg)][i]-th child of
7o, following the definition of array SP(m). In general, given that the preorder rank
of i in Cy, is j, one can find node 741, which is the SP(m;)[j]-th child of 7. Since tree
is rank’(SP(m), j) — 1.

extraction preserves preorder, the preorder rank of 7 in Cr,_,

Each rank’ query takes constant time, so this procedure uses constant time per level
of CT.

Since each node of T stores the preorder rank of its corresponding node in 7', to
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Figure 5.6: The SP’s constructed for the component tree presented in Figure 5.5
Consider the query path between the endpoints labeled 8 and 12 in 7. The entries
of the SP arrays at each level that we examine in a top-down traversal to reach the
base clusters for nodes 8 and 12 are highlighted in red.

answer a query, it is sufficient to compute a 2-approximate of |C(P,,)| for a query
path P,, in T. This can be done by performing the top-down traversals of CT
described in the previous paragraph for x and for y simultaneously until we reach the
lowest level, [, of CT such that x and y are contained in the same level-I component
~. This process also gives us the preorder ranks of  and y in v, which allows us to
query D(7v) to find a 2-approximate answer. Since CT has O(lgn) levels, the query
algorithm uses O(lgn) time.

To analyze the space cost, observe that the total number of nodes in the com-
ponents at the same level is at most the number of nodes of T, which is 2n. The
component tree contains O(lgn) levels, and all D(~)’s and SP(v)’s at the same level
use O(n) bits, for a total of O(nlgn) bits, or O(n) words. The O(n)-node component
tree CT itself occupies another O(n) words of space. Therefore, the total space cost
is O(n) words. The data structure at each level can be constructed in linear time, so

the overall construction time is O(nlgn). n

5.3.3 Speeding up the Query

To further improve the query efficiency in Lemma observe that two procedures
introduced before require O(lgn) time for a query P, , in T: The first locates the
lowest component v in CT that contains both nodes = and y, and the second computes
the preorder ranks of  and y in . Previously, both procedures proceed in the same

top-down traversal of CT. Now, we perform them separately. For the first procedure,
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observe that the node representing component v in C7 must be the lowest common
ancestor of the two leaves of CT representing the base components that contain nodes
x and y, respectively. To locate v in constant time, we can represent C7 using the
data structure of Lemma [2| to support LCA in O(1) time and store with each node
z of T a pointer to the base component that contains z. This incurs O(n) words of
space and O(n) preprocessing time. To improve the second procedure, we model it
by defining an operation, preorder(v, x), as follows: Given a node v of CT and a tree
node z of T that appears in component C,, preorder(v, z) returns the preorder rank

of node x in C,.

To support preorder(v,x), we borrow ideas from the solutions to the ball inheri-
tance problem, introduced in Section [2.3| and achieve various trade-offs. Let 7 denote
the path between the root of CT and the leaf representing the base component that
contains z, and let m; denote the node in ™ whose depth is {. Then each component C,
contains a copy of node x. Array SP’s in Section [5.3.2] work as pointers between these
copies in components at consecutive levels. The algorithm in the proof of Lemma
follows these pointers one by one till we locate z in C,, which requires O(lgn) time.
To speed it up, we construct skipping pointers which allow us to jump over many
levels at one time: Suppose that we have computed the preorder rank, ¢, of node x in

component Cr,, and we need to locate x in C for some positive integer A. What

A
we can do is to build an array SPa(m;) with length |Cy, |, in which SPa(m;)[k] is set to
d if the k-th node in preorder in C,, appears in the component represented by the d-th
descendant of m; at depth [ + A of CT. If this node is not stored in any level-(I + A)
descendant component of 7; (this may happen when C7 is not a complete tree), then
SPa(m)[k] = —1. Since m has up to 32 descendants at level [ + A, we can represent
SPA(m) in O(|Cy,|A) bits by the data structure of Lemma [33] to support rank’. Then

rank’(SPa(m),4) — 1 is the preorder rank of node z in C,,, , and can be computed

+A

in O(1) time. We regard SPa(m) as an array of skipping pointers that connect the

nodes in component C, to the nodes in level-(I + A) descendant components of ;.

If an array of skipping pointers map nodes in a level-/ component to nodes in level-
(I + A) descendants of this component, then we say that the length of each of these
skipping pointers is A. Furthermore, based on previous discussions, storing a skipping

pointer of length A incurs a space cost of O(A) bits. To achieve good time/space
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[Level [O]1[2[3[4[5[6][7]8]9]10[11][12]13[14[15][16 |

Figure 5.7: An example of the first traversal strategy. In this example, the component
tree CT has 17 levels, and parameter B is set to be 4. The arrows represent the
skipping pointer. By following 6 skipping pointers, one can reach level-15 from the
root level.

trade-offs, we design two strategies to decide what skipping pointers to construct for
each level. Henceforth, let h = O(lgn) denote the height of CT. Let B € [2,h| be an
integer parameter to be chosen later, and let 7 = logy h; for simplicity, assume that
T is an integer.

In the first strategy, consider level [ of the component tree C7T. For each integer
i € [0,7—1] such that [ is a multiple of B? but [+ B’ is not a multiple of B!, we build
an array of length B® skipping pointers for each level-I component. See Figure
for an example. Since at most % levels of CT have skipping pointers of length B,
the total space cost of all the skipping pointers constructed using this strategy is
Z@:ol(%) -0(nB") = O(nlgnloggzlgn) bits, which is O(nloggzlgn) words of space.

To use these skipping pointers to compute preorder(v, x), let b,_1b,_5 - - - by denote
the base-B expression of the depth[ir]7 l,, of node v in CT. That is, each b; is in [0, B—1]
and [, = Z;Ol b;B'. We then compute preorder (v, z) in 7 phases. In phase-1, we start
from the root of CT and follow length B™~! skipping pointers b,_; times. Each time
after we follow a skipping pointer to reach a level of CT, we use level_anc to locate the
ancestor, u, of v at that level. We then follow the skipping pointers in SPg--1(u) to
continue this phase. At the end of phase-1, we have located the ancestor of v at level
b,_1B™! of CT and computed the preorder rank of node z in the component that
this ancestor represents. In phase-2, we start from this ancestor and follow length
B7~2 skipping pointers b,_, times, and so on. In general, in phase-p, we follow length
BT7P skipping pointers b,_, times, reach the ancestor of v at level Z§:1 b,_,B"7P
of CT and compute the preorder rank of node z in the component represented by
this ancestor. Thus, we reach v and compute the answer after 7 phases. Since

we follow at most B — 1 skipping pointers in each phase, the total running time is

3Note that a component tree has O(Ign) depths and the base-B expression of any depth can be
encoded in O(log B x logg lgn) = O(Ign) bits. Storing the base-B expression of each of the O(lgn)
depths uses O(lgn) words of space overall.
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Figure 5.8: An example of the second traversal strategy. In this example, the com-
ponent tree CT has 17 levels, and parameter B is set to be 4. The arrows represent
the skipping pointer. By following 2 skipping pointers, one can reach level-15 from
the root level.

O(BT1) = O(Blogglgn). Setting B = lg*n for an arbitrary constant A € (0,1) yields
a solution with O(n) space and O(lg* n)-time support for preorder(v, z).

The second strategy improves the running time of the above process by con-
structing a different set of skipping pointers so that each phase can be completed by
following exactly one skipping pointer. Let [ be an arbitrary level of CT. For each
integer i € [0,7 — 1] such that [ is a multiple of B?, we construct for level-l clusters
skipping pointers of length B! 2B ... (B—1)B"!. See Figure for an exam-
ple. In the first strategy, in phrase-p, for each p € [r], we proceed b,_, hops. Now,
with these new skipping pointers, we need only one hop, following a skipping pointer
of length b,_,B"P. As a result, the total query time is improved from O(BT) to
O(7) = O(logglgn). The total space cost of these skipping pointers is then at most
ST L. (B-1)O(nB") = O(nBlgnlogglgn) bits, which is O(nBlogglgn) words.
Setting B = 2 bounds the space cost by O(nlglgn) and query time by O(lglgn),
while setting B = lg* n bounds the space cost by O(nlg*n) and query time by O(1).

With these three trade-offs for preorder, we have the following theorem:

Theorem 6 Let T be an ordinal tree on n nodes in which each node is assigned a
color. A data structure of s(n) words can be constructed in O(nlgn) time to support
2-approximate colored path counting over T in q(n) time, where a) s(n) = O(n) and
q(n) = O(1g*n); b) s(n) = O(nlglgn) and q(n) = O(glgn); or ¢) s(n) = O(nlg*n)
and q(n) = O(1) for any constant 0 < A < 1.

5.4 (1 + €)-Approximate Colored Path Counting

Our solution to (1 + €)-approximate colored path counting consists of three parts: a

structure for colored path reporting, which lists the set of distinct colors assigned to
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the nodes in a query path, a structure for 2-approximate colored path counting and
a refinement structure that reduces (1 + ¢€)- to 2-approximate colored path counting.

We first present in Section a linear space data structure that solves colored
type-2 path counting in optimal time, thereby solving the colored path reporting
problem. In the remaining sections, we show the new data structure solution to
(1 + e)-approximate colored path counting.

In Section [5.4.2] we describe a random sampling technique that applies to node
colors. Then we construct a tree extraction of the input tree based on the sampled
colors, which uses less space cost in the expected case, comparing to the original
input tree. More importantly, the tree extraction can be used for finding an (1 + ¢)-
approximate answer under certain conditions. The conditions will be specified in the
same section.

In Section [5.4.3] we will see a solution that is only applicable to canonical paths. A
canonical path is a path in which the number of distinct colors assigned to the nodes
in the path is [k/2, 2k], where & is an integer parameter specified in the preprocessing
stage. The tree extraction constructed on the sampled color set is adopted. Recall
that a query path P, , in the original input tree has a counterpart, P, ,/, in a tree
extraction. We will see how to use |C'(P, )| to compute an (1 & €)-approximate
value of |C(P,,,)| with high probability. The probability is guaranteed by the Chernoff
bound stated as Lemma . To find |C(P, )|, we apply the solution to colored type-
2 path counting described in Section [5.4.1} We also provide a verifier, the algorithm
that computes the number of distinct colors for all paths, stated as Lemma and
turn this Monte Carlo data structure to a Las Vegas data structure, so that the results
returned by our data structure are always correct. Unfortunately, the preprocessing
time bound of our data structure is still non-deterministic.

In the last subsection, we generalize the data structure solution, described in
Section , for arbitrary query paths, and we will see a reduction from (1 + ¢€)- to

2-approximate colored path counting.

5.4.1 Colored Type-2 Path Counting in Optimal Time

We describe a data structure for colored type-2 path counting, which implies the

support for colored path reporting. It turns out the colored type-2 path counting
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problem is decomposable as shown as Observation

Observation 1 Let T denote a labeled ordinal tree on n nodes, each of which is
assigned a color from {0,1,...,C — 1}. Consider a query path, P, of T. Suppose
that P is partitioned into a constant number of subpaths, and that the answer to the
colored type-2 path counting query over each subpath is known. Then the answer to
the colored type-2 path counting query over P can be computed in O(occ) time, where
occ denotes the number of distinct colors in P, with the help of an O(C)-word array

with all entries initially set to 0 during preprocessing.

Proof. During preprocessing, we construct an array, V', of C' integers with each
entry set to 0. This is the array mentioned in the lemma. Note that array V is
constructed once and will be used by all the queries in the future.

Suppose that the answer to the colored type-2 path counting query over each
subpath is given as a list of pairs, in which each entry (c, f.) stores a color ¢ that
occurs in this subpath as well as its frequency f.. For each entry, (¢, f.), in this list,
we increase Vc] by f.. After scanning these pairs for all the subpaths, each non-zero
entry Vc| of V' corresponds to a color ¢ that appears in P and stores its frequency
in P. To find these non-zero entries of V', we iterate through the answers for each
subpath a second time. For each pair (¢, f.) in the answer, if V[c] is non-zero, we
return (¢, Vc]) and set V[c] to zero. All the pairs returned in this procedure form the
answer to the colored type-2 path counting query over P. Furthermore, it maintains
the invariant that all the entries of V' are reset to 0 when the procedure ends.

For each color ¢ € C(P), entry V(] is updated a constant number of times, as

there are only a constant number of subpaths. Therefore, the overall running time is

O(occ). n

Let P, . denote any query path such that 2" is an ancestor of z. We first consider
colored type-2 path counting for P, .. The following is our main strategy: For each
color ¢ € C(P, ), we locate the lowest node, £, in P, ,» whose color is ¢, as well as
the highest node, h., in P, . colored in c¢. Then the frequency of color ¢ in P, . is
depth,(¢.) — depth,(h.) + 1. If we precompute the value of depth,,(v) for each node

v, then, after locating ¢, and h., we can compute the frequency of color ¢ in P .
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immediately. Lemma (35 can locate ¢.’s for all ¢ € C(P, ) in O(|C(P,.)|) time.

Next, we discuss how to find all h.’s efficiently.

Lemma 40 Let T denote a labeled ordinal tree on n nodes, each of which is assigned
a color from [C]. A data structure of O(n) words of space can be constructed in
O(nlglgn) time to support finding h.’s of any path P, . in O(|C(P, . )|) time, where

x' is an ancestor of x.

Proof. It turns out that the problem of finding all h.’s can be reduced to path
minimum queries, which ask for a node with the minimum weight in a query path.
The idea is borrowed from the chaining approach [62], which was also used for colored
path counting [44]. For this reduction, we assign a weight w(u) to each node u € T
as follows: If c(u) does not appear in P parent(u), then w(u) is set to —1; otherwise,
w(u) is set to be depth(parent,,(u)), i.e., the depth of the lowest proper ancestor of
u that is colored in c¢(u). In addition, w(L) is set to be —1. Observe that for each
node v in P, ., if its weight is less than depth(z’), then color ¢(v) does not appear in
Pparent(v),a’, 80 v i8 heyy. Therefore, finding all h.’s is equivalent to finding in P,/ all
nodes whose weight are less than depth(z’), for which we can use a path minimum
query structure. The algorithm proceeds as follows: We find the node, y, with the
smallest weight in P, ,». Due to the way that weights are assigned, the inequality
w(y) < depth(z’) always holds, and we report y. Next, consider the two disjoint
subpaths that P, . \{y} consists of, i.e., Pparent(y),»r and P, \{y}, and for either of
them, perform a path minimum query. If the minimum weight of a subpath, P, is no
less than depth(z’), then the weights of the nodes in this subpath are all greater than
or equal to depth(z’). In this case, we do not report any node in this subpath and
return. Otherwise, report the minimum-weight node z. Then perform this process
recursively over the two disjoint subpaths whose union is P \{z}. The total number
of path minimum queries we perform is O(|C(P(x,2))|).

In the data structure part, we represent 7" in O(n lg C') bits using the data structure
of Lemmafor fast navigation. Asaresult, depth,,)(v) can be computed in O(Iglg C')
time for any node v, so precomputing these values for all nodes uses O(nlglg C) time
in total and storing these values requires O(n) words of space. It remains to assign

weights to the nodes of T" and to build the data structure over the node weights for
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path minimum queries. To assign node weights, we perform a preorder traversal of
T. Each time a node v is visited, we locate v" = parent(v) and perform a colored
path emptiness query to find out whether c¢(v) appears in P, . If it does not, set
w(v) = —1; otherwise, set w(v) = parent,,(v). Each colored path emptiness query
and each parent, (v) query takes O(lglg C') time by the data structure of Lemmal[2] so
assigning weights to all n nodes uses O(nlglg C') time. To answer each path minimum
query in O(1) time, the linear data structure given in [12, Theorem 1.1(a)] is applied,
which can be constructed in o(nlglgn) time. In the end, the overall preprocessing
time is bounded by O(nlglg C)+o(nlglgn) = O(nlglgn), and the overall space cost

is O(n) words. u

Note that the order in which we report the h.’s by the data structure of Lemma
[40], differs from the order in which £.’s are reported by the data structure of Lemma
B5l In the proof of Lemma |41 we show how to match h. to £. for the same color ¢
efficiently and also extend this method to general query paths.

Lemma 41 Let T be an ordinal tree on n nodes with each node assigned a color from
{0,1,...,C — 1}, where C < n. A data structure occupying O(n) words of space can
be constructed over T in O(nlgn) time to support colored type-2 path counting in

O(occ) time, where occ denotes the number of distinct colors in a query path.

Proof. The data structure part is straightforward. We apply the linear space data
structures shown in Lemmas and [40] respectively. In addition, we construct an
array, V', of C integers with each entry set to 0. Overall, the space cost of our data
structures is O(n) words, and the construction requires O(nlgn) time, bounded by
building the data structure of Lemma

Let P,, denote an arbitrary query path. To answer the query, we first locate
u = LCA(z,y) in constant time. Nodes z, u and y together partition P, , into three
pairwise disjoint subpaths, P, ./, P, , and P, ,, where 2’ and ' denote the children
of v in P,, and P, ,, respectively. Next, we show how to answer the colored type-2
path counting query over P, ... As defined before, /. and h. denote the lowest and
highest nodes colored in ¢ in P, . for any color ¢ € C'(P, /), and all ¢.’s and h.’s can
be computed in O(|C(P, . )|) time, but the order in which all £.’s are reported differs

from the order in which all h.’s are reported. To compute the answer in optimal time,



113

each time we compute a {., we retrieve the precomputed depth,(¢.) and store it in
entry V[c|. Then, for each h., we return (¢, V'[c|] —depth,(h.) 4+ 1). The pairs returned
form the answer to the colored type-2 path counting query over P, ,/, and this process
uses O(|C'(Py4)|) time. The colored type-2 path counting query for subpath P,
can be answered in a similar way, and it is trivial to answer the query over P, ,,.

Finally, to find the answer for P, ,, we merge the answers for all subpaths, which

T,y

uses O(occ) time by Observation . Therefore, the overall query time is bounded by
O(occ). u

Remark. Our (1 + €)-approximate colored path counting structure only needs
a component that supports colored path reporting in O(occ) time. Thus, Lemma
is already sufficient. Here we prove Lemma not only because it supports the
more powerful colored type-2 path counting queries, but also because our techniques
imply a simple optimal solution to path colored reporting: Given P, ./, we compute
all h.'s (without computing £.’s) and report their colors, and this solution can be
generalized to arbitrary query paths using the same approach we just described. Our
data structure is simpler than the structures of Lemma [35| which use hive graphs and
point location (to report £.’s in the order needed for other results in [23]). Henceforth,
when we apply Lemma [41| to support colored path reporting, we mean to construct

this simple solution only.

5.4.2 Random Sampling

Our solution, to be presented later, to (1 4 €)-approximate queries, combines the

techniques, random sampling and tree extraction. The details can be found as follows:

Set § = Sletilan

Tlae where e denotes Euler’s number and ¢; > 1 is an arbitrary

positive constant. Let x € (0,n] be an integer parameter to be chosen later, and
define M = 0/k. We create a random color set C’ by choosing each color that
appears in T independently at random with probability M. Then we construct a
tree extraction 7" from T by removing nodes whose colors are not in C’ using the
approach described in Section All the nodes in T" are assigned their original
color in T except for the dummy root; if a dummy root is added, it is uncolored. For

each color ¢ € {0,---,C — 1}, let X, denote a random variable indicating whether
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color ¢ is sampled: X, is set to 1 if ¢ has been sampled and 0 otherwise. Thus,
Pr[X. = 1] = M. Furthermore, for an arbitrary path P,, in T, we define a random
variable X, = ZCQC(P%VQ) X.. Lemma {42| states the conditions under which X, ,/M
is a (1 £ €)-approximate of |C(P,,)| with high probability.

Lemma 42 Consider an arbitrary path P, in T. If occ > k /2, where occ denotes

|C(P,)|, then Pr[(1 —€)occ < % < (1+e)oce] >1— 2.

Proof. Let p be E[X,,]. Following the Chernoff bound in Lemma [37, we observe
that Pr(|X,, — u| > eu) < 2e7#/3 for any 0 < € < 1. Since p = occ-M and

k /2 < occ, we have

PrHXz,y — OcCC- M‘ > €- OCC-M] S 2€—OCC~M€2/3

_E.G(c1+3)lgn.£
SQ@ 2 re2lge 3

—(c1+3)
— Qelnn 1

1
=2 -nats,

Therefore, Pr[(1 — €) occ < Xﬁy < (1+e)oce] >1— 2. n

5.4.3 Approximate Colored Path Counting over Canonical Paths

Now, we are ready to present our data structure for (1 4 ¢)-approximate colored path
counting queries. To use Lemma {42 and also due to other considerations, we call a
path in T canonical if the number of colors that appear in the path is in [k /2,2 k], for
an integer [0] < k < C/2 to be decided later. In this section, we solve the problem
for canonical paths, and then generalize our solution to be workable for arbitrary

paths in the next section.

Lemma 43 Let T' be an ordinal tree on n nodes represented by the data structure
of Lemma @ With success probability more than 1 — ﬁ, one can construct a data
structure in O(nlgn) worst-case time to answer (1 + €)-approzimate colored path
counting queries over canonical paths in O(e~21gn) worst-case time. The space cost

is O(n - M+n/lgn) words in the expected case (and O(n) words in the worst case).



115

Proof. First, we present the data structures. As described in Section [5.4.2] we
choose a random color set and construct a tree extraction 7" consisting of nodes with
the sampled colors. Tree T" has O(n - M) expected number of nodes but O(n) nodes
in the worst case. We represent 7" by the data structure of Lemma [2[in O(|T"|1g C)
bits to support fast navigation. We also construct the data structure of Lemma [34]
over T" and T" to support decompose(z,y) in constant time; the data structure uses
O(n) bits which is O(n/lgn) words. Finally, we construct in O(nlgn) time in the
worst case the linear space data structure for colored path reporting queries over T”
by applying Lemma . The overall space cost is O(n - M+n/lgn) words in the
expected case and O(n) words in the worst case. The construction time is bounded
by O(nlgn).

To describe the query algorithm, let P, be a canonical query path. Since
|IC(P.y)| > k /2, Xypy/ Mis a (1+e)-approximate of |C(P, )| with probability greater
than 1 — # following Lemma . Since M is given in preprocessing, we need only
compute X, ,. Let 2’ and ' be the nodes of 7" returned by decompose(z,y) in O(1)
time. If 2’ and gy’ are null, no color in P,, has been sampled, so we set X, , to
be 0. Otherwise, X, is either |C(P, /)| or |C(P. )| — 1, and we can determine
which case it is by performing these steps: If the color of z = LCA(z,y) in T is
sampled, then its corresponding node, 2’, in 7" belongs to P,/ .. In this case, there
is a one-to-one correspondence between the nodes in P, , and the nodes in P, ,
whose colors are sampled, so X,, = |C(P,,)|. If the color of z is not sampled,
then the node 2" = LCA(2',y') in T" does not correspond to z, but all other nodes
in P, correspond to nodes with sampled colors in the query path. Then there are
two sub-cases to be considered, depending on whether the color of z” also happens
to appear in P, \{z"}. If it does, then we have X, , = |C(P, )|, and otherwise,
Xey = |C(Pu )| — 1. Navigational operations such as LCA can be performed over
T and 7" in constant time, and whether ¢(z”) appears in P, \{2"} can be tested
by two path emptiness queries in O(lglg C) time. Therefore, if we know the value of
|C(Pyr )|, we can compute X, in O(lglg C) extra time.

It remains to show how to compute |C(P,/ ,/)|. To do it, observe that if X, ,/ M is
a (1 £ e)-approximate, then X, , < (1+¢€)-M:|C(P,,)| < (1+¢€)-M-2x. Since X,
is at least |C'(P, )| — 1, we have |C(P, )| < (1+¢€)-M-2kx+1. With this, we can
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apply Lemma 41| to report the distinct colors in C(P,/ /), and instead of reporting all
these colors, we stop when the number of reported colors reaches (1+¢€)-M -2k +2. If
this happens, we terminate our query algorithm with failure. Otherwise, the number
of colors reported is |C'(Py,/)|. Since (14¢€)-M-2k+2 = O(% lgn), this process uses
O(%1gn) time.
By Lemma 2] for an arbitrary query path, our data structure fails to returns a
2

correct answer with probability Pr[|s: — occ| > € occ] < —2. Since there are (})

different query paths, the probability of constructing a data structure that answers

n 1

all queries correctly is more than 1 — (2) . # >1— 5 ]

Next, we consider finding a data structure that occupies O(n - M —I—lgln) words in
the worst case and can always answer correctly for canonical paths. Our approach,
presented in the proof of Lemma [44] is to keep resampling colors and building the

data structure of Lemma [43| for the sample, until such a data structure is found.

Lemma 44 Let T be an ordinal tree on n nodes represented by the data structure
of Lemma @ A data structure occupying O(n - M 4n/lgn) extra words in the worst
case can be constructed in O(n?1glg C) expected time to support (1 + €)-approvimate

colored path counting over canonical paths in O(e~%1gn) worst-case time.

Proof. We first analyze how many tries we need until such a data structure is built.
Each try could fail in two ways: Either the data structure constructed returns an
incorrect answer for at least one canonical query path, or it uses more than O(n -
M+n/lgn) words. By Lemma , the former happens with probability less than
nT1+1~ For the latter, we bound the probability that the extracted tree 7" has more
than 3 - n - M nodes. Due to the possible addition of a dummy root, the expected
number of nodes in 7" is at most n - M +1. Then, by Markov’s inequality, Pr[|T"| >
3-n-M| < % < % Therefore, the overall probability of failure for a single try
is less than ﬁ + %, where ¢; > 1. Hence, the expected number of tries is at most
1/(1 = (za5r + 2)) = O(1) for sufficiently large n.

The time spent on each try is dominated by the time of verifying whether the
structure built in this try can answer queries over all possible canonical paths correctly.
This can be done in O((n?*+|7"]?)-1glg C') = O(n?1glg C') time with the help of Lemma
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B0l As discussed in the proof of Lemma[43], up to two colored path emptiness queries
may be performed for each path in 7", and this cost is absorbed in the above bound.
Since the expected number of tries is O(1) and each tries uses O(n?1glg C) time, this

lemma follows. u

5.4.4 Approximate Colored Path Counting over Arbitrary Paths

To solve queries over arbitrary paths, we first represent T by the data structure of
Lemma [2| to support navigational operations. We also construct the data structures
of part a) of Theorem |§| to support 2-approximate colored path counting over 7'. In
addition, we build the data structures of Lemma[4I]to support colored path reporting.
These data structures use O(n) words and can be built in O(nlgn) time.

Then, for each i € [[Igf], [IlgC1), let k; be 2°. We refer to a query path as a
tier-i canonical path if the number of distinct colors that appear in it is in [r; /2, 2 k).
For each possible value of i, we apply Lemma [4] to construct a data structure DS;
to support (1 + €)-approximate colored path counting over tier-i canonical paths.
Data structure DS; uses O(nf/ k; +n/lgn) = O(nf/2" + n/lgn) words in the worst
case and can be constructed in O(n?1glgC') expected time. Summing up over all
i € [[lgf], [lgC), the overall space cost of these data structures is O(n) words in the
worst case, and they can be constructed in O(n?1g C'lglg C') expected time. Theorem

summarizes our final result.

Theorem 7 Let T be an ordinal tree on n nodes with each node assigned a color
from [C], where C < n. A data structure of O(n) words of space in the worst case
can be constructed in O(n?1g C'lglg C) expected time to support (1 + €)-approzimate

colored path counting in O(e~%1gn) worst-case time.

Proof. It remains to present the query algorithm. Let P, , denote the query path.
We first use the colored path reporting structure to report up to 6 distinct colors that
appear in P,,. If this step reports less than 6 colors, then we return the number
of colors reported, taking O(e ?1lgn) time. Otherwise, occ > 6. In this case, we
compute a 2-approximate result, occ, in O(lg*n) time. Then, occ < occ, < 2occ.

Observe that, for any i € [[lgf], [lgC1), if k; < occ, < 2k, then k; /2 < oce < 2 k;.
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This allows us to perform a binary search in O(lglgn) time to find the value of i
such that P, , is a tier-i canonical path. Finally, by querying DS;, we can find a

(1 + €)-approximate of occ in O(e ?1gn) worst-case time. u

5.5 Conclusion

In this chapter, we saw data structures that solve approximate colored path counting
under two different approximate measures, i.e., 2- and (1+e)-approximate. In terms of
2-approximate colored path counting, we achieve three different time-space tradeoffs,
which have O(n) words of space usage and O(Ig* n) query time, O(nlglgn) words of
space usage and O(lglgn) time and O(nlg* n) words of space usage and O(1) time,
respectively. For (1 4 €)-approximate colored path counting, we design a linear space
data structure that supports each counting query in O(e~21gn) time.

For 2-approximate queries, our work has shown that the strategy of using cen-
troid decomposition for colored path counting not only works for exact queries as in
Chapter [4 but also works for approximate queries. We have also seen how to use
succinct data structures carefully to achieve better time-space tradeoffs. For (1 + ¢)-
approximate queries, we apply the technique, tree extraction, which has been shown
to be a powerful tool to answer various types of path queries exactly such as path
counting [48], path reporting [46], path medium [48] and colored path counting [44].
Our work has shown that it can be further combined with random sampling to design
approximate solutions.

However, there are several problems left to be solved in the future. When a
path contains e ?1gn distinct colors, answering the (1 4 €)-approximate query for
this path requires Q(e"21gn) time in our solution. In this case, using colored type-
2 path counting queries, we find the exact number of distinct colors, instead of an
approximate number. Due to this, the overall query time of (1 + €)-approximate
colored path counting is bounded by ©(¢21gn) in the worst case, although each
2-approximate query used in our solution takes as little as O(lgA n) time. It is worth
looking into a faster solution to (1 + €)-approximate colored path counting over paths
that contain no more than O(e ?1gn) distinct colors.

To guarantee that the query algorithm always returns a (1 =+ €)-approximation, we
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need spend O(n?1g C'lglg C') time on the preprocessing. An open problem is whether

the overall preprocessing time can be further improved.



Chapter 6

Conclusion and Future Work

In this chapter, we conclude this thesis by discussing all the results achieved in the

previous three chapters and proposing open problems.

6.1 Results

In Chapter [3| we design three different data structures for solving the colored 2D or-
thogonal range counting problem, resulting in four time-space tradeoffs, which have

O(nlg®n) words of space usage and O(\/ﬁlg5/2 nlglgn) query time, O(nlg?n) words
g2 n
Iglgn
O(v/n1g”™ n) query time, and O(nlgn) words of space usage and O(n'/**+*) query

of space usage and O(y/nlg*™ n) query time, O(n ) words of space usage and
time. In Chapter [} we present the data structures that solve the colored path count-
ing and path mode query problems. Our data structures are efficient in terms of query
time and the preprocessing time so that we are able to answer n colored path counting

1.483814) time,

queries in overall O(n!4%™) time and n path mode queries in overall O(n
both including the preprocessing time. In Chapter [5, we consider the approximate
colored path counting problem. For 2-approximate colored path counting, we design
data structures with O(n) words of space and O(lg* n) query time, O(nlglgn) words
of space and O(lglgn) time and O(n 1g* n) words of space and O(1) time, respectively.
We also present a linear space data structure that supports (1 £ €)-approximate col-
ored path counting in O(e ?1gn) time.

As mentioned in the first chapter, the common difficulty in solving colored count-
ing is that the query is not decomposable. We manage to overcome this difficulty by
fulfilling the following principle: After dividing a query range or a query path into
subranges or subpaths, make sure that each color that appears in multiple subranges

or subpaths is counted only once. We design new techniques to guarantee this, and

by doing so, we add to the tool-set that can be used to answer colored queries.
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To solve the colored 2D orthogonal range counting problem, we partition the 4-
sided query range [z1, 2] X [y1, 2] into two subranges, each bounded by 3 sides, and
then we reduce colored 2D 3-sided range counting to stabbing queries over 3D canon-
ical boxes, so that the number of boxes that contain the query point, transformed by
a 2D 3-sided query range, equals to the number of distinct colors in this 2D 3-sided
query range. Using different combinations of the geometric data structures, includ-
ing segment trees, interval trees and wavelet trees, we design three different data
structures for stabbing queries. In each solution, we preprocess the input boxes and
assign them into bottom lists, and in the query procedure, we decompose the boxes
containing the query point into a bounded number of sub-lists. Unlike the solution
by Kaplan et al. [55], in which one has to make sure that each sub-list has to be
exactly the same as some bottom list predefined, ours only requires that each sub-list
is a prefix of some bottom list. This extra flexibility allows us to design a new scheme
that computes the number of distinct colors that appear in both 2D 3-sided query
ranges generated from a 2D 4-sided query range. Furthermore, this new scheme is
applicable to all our three different stabbing query data structures, resulting in three

different data structures for the colored 2D orthogonal range counting in the end.

As we have seen in Chapters [4] and [5 the technique, centroid decomposition, is
a cornerstone in our solutions to all path queries, apart from colored type-2 path
counting. Previously, He and Kazi [44] solved the colored path counting problem by
performing one-level partition of trees: One of their solutions uses an approach from
Durocher et al. [23] and the other one based on the pigeon hole principle. What’s
new in our work is that we put together two techniques, i.e., centroid decomposition
and node-marking with the pigeon hole principle. This combination appears in our
solutions to the colored path counting and the path mode query problems. By apply-
ing it, we manage to reduce the prior to the matrix multiplication and the latter to
the min-plus product. Unlike the previous solution by Kaplan et al. [56] to batched
colored 2D orthogonal range counting and the previous solution by Gu et al. [39] to
batched range mode queries, the matrices in our reductions are neither sparse nor
monotone. To resolve the difficulty in colored path counting, we use the properties
of our one-level node marking scheme to carefully reduce the problem of multiplying

these non-sparse matrices to the multiplication of two different but related matrices
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that are sparse, and to overcome the difficulty in path mode queries, we propose a
two-level marking scheme that reduces our non-monotone matrix to a related matrix
that has smaller number of different entries between each consecutive columns. As a
result, we are able to apply the sparse matrix multiplication and the three-phase algo-
rithm presented by Gu et al. [39] for the min-plus product and achieve the improved
the preprocessing time bounds in building both data structures.

In Chapter 5], we saw centroid decomposition adopted to solve approximate colored
path counting. As a recursive technique, it divides the input tree into connected
components of smaller sizes; as a result, a path P, , is always contained within some
component and at the same time contains the pre-selected centroid of this component.
To find the preorder ranks of nodes z and y in the component, unlike the strategy
adopted in Chapter |4, in which we simply store at nodes = and y O(lgn) pointers
that point to their copies at O(lgn) recursive levels, we manage to design space-
efficient data structures that give three different time-space bounds. Namely, within
O(n), O(nlglgn) and O(nlg*n) words of space, we can find the preorder rank of
z in any component in O(lg*n), O(lglgn) and O(1) time, respectively. We believe
these data structures could find their applications in other path queries, as it can be
seen as a generalization of rank reduction on binary range trees, presented in Section
2.3l As we know, the latter has numerous applications in range searching and string
processing. Furthermore, with the restriction that all query paths contain the same
pre-selected node and are contained within a component of smaller size, path queries
can be always significantly simplified. For example, as we have seen in Lemma |38],
after adding the restriction, an index data structure that supports 2-approximate

colored path counting in optimal time only requires O(n) bits of space.

6.2 Future Work

Some open problems which aim at improving our results have been already proposed
at the end of each chapter. In this section, we discuss possible future work on closely
related problems.

In Chapter {4, we saw efficient algorithms that answer n colored path counting

1.483814)

queries in O(n*4™) time and n path mode queries in O(n time. However,

the working space of our algorithm for batched colored path counting is Q(n!-1869)
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words. Currently, the only known solution in linear space supports each colored path
counting in O(y/nlglgC) time [44]. On the other hand, to path mode queries, a
linear space solution with O(y/n/wlglgn) = o(/n) query time has been achieved by
Durocher et al. [23]. An interesting open problem is whether we can achieve a similar
result for colored path counting, i.e., a linear space data structure that supports each

colored path counting query in O(n'/27°)) time.

In Chapter 5], we described space-efficient data structures built for the components
generated after applying the centroid decomposition to a binary tree, which support
computing efficiently the preorder rank of any tree node in any component. Although
the data structure is only workable for a binary tree, it is sufficient for colored path
counting as we have seen after turning a labeled tree with unbounded degree into a
binary tree, the numbers of distinct colors in query paths remain unchanged. However,
after the transformation, we added extra colored nodes. As a result, the frequency of
a color in a path might change after the transformation. In terms of color-frequency
related problems, such as path mode queries, our solution only applies to binary
trees. We would like to see similar data structures that are workable for arbitrary-ary

labeled trees so that they could have a bigger scope of applications in path queries.

In Chapter [5 we saw a linear space data structure that supports colored type-2
path counting queries in optimal time, which can also be used for finding a a-minority
in a query path. Given a query path P, ,, a a-minority, for any o € [0, 1], of P, is
a color that appears at least once and at most «|P, , | times in P, ,. and a path a-
minority query returns one a-minority, if there are multiple of them. As observed by
Chan et al. [I1], any set of ! distinct colors that appear in P, , must has at least one
a-minority. Durocher et al. [23] described an O(n)-word space data structure that
supports path a-minority queries in O(a~!1glgn) time. In their solution, they report
o~ ! distinet colors in P, ,. Each time a color is reported, they spend O(lglgn) on
computing its frequency in the query path and check whether or not it is a a-minority.
Naturally, their solution supports colored type-2 path counting in O(occlglgn) time
by simply reporting all occ distinct colors and their respective frequencies. Although
we improve the query time for type-2 queries from O(occlglgn) to O(occ), our data
structure would take O(occ) time to find a a-minority, since our solution cannot

guarantee to find all the frequencies of a~! distinct colors until it reports all occ
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distinct colors. So we would like to ask whether there is a linear space data structure

that supports path a-minority queries in O(a™!) time.
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