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Abstract 

Explicitly-correlated wavefunctions are generated for the n'S, n3S, n'P, n3P, 

n'D, and n3D states, where n<6, of the helium isoelectronic series from He to Ne8+. 

These 100 term wavefunctions are optimized variationally and the resulting energies are 

the best available for 180 of the 261 states considered. In addition to the energy, each 

wavefunction is assessed by its asymptotic behaviour and by the degree to which it 

satisfies the virial theorem, electron-electron cusp condition, and electron-nucleus cusp 

condition. These criteria assess the overall wavefunction behaviour as well as the 

behaviour at small and large interparticle separations. 

The wavefunctions are used to systematically study the variation of the charge 

and intracule densities with respect to spin multiplicity, nuclear charge Z, degree; of 

excitation n, and angular momentum L. The accuracy of a screened hydrogenic density 

model is determined for each state and ion. The Z-, L-, and n- dependence of six 

correlation coefficients is systematically studied. These coefficients emphasize radial and 

angular correlation in the inner, intermediate, and outer regions of the electron 

distribution. From the explicitly correlated wavefunctions and near Hartree-Fock quality 

self-consistent-field wavefunctions, Coulomb holes and radial density holes are obtained 

for the 3'D and 33D states of the ions from He to Ne8+. 

For He, generalized oscillator strengths (GOS) are calculated for S-*S, S-»P, 

and S-»D transitions originating from the I'S, 2'S, and 23S states. Although, the GOS 

for each transition are calculated for over sixty momentum transfer (K) values, several 

small-K and large-K GOS expansion coefficients are also provided. For each ion, dipole 

oscillator strengths (DOS) are calculated for 55 S-P and 40 P-D transitions. These DOS 

are more accurate than previous values for 739 of the 855 transitions considered. 

Quadrupole oscillator strengths (QOS) are also obtained for 44 S-D transitions of each 

ion. 

For extrapolation to higher Z, 1/Z expansion coefficients are calculated for 

energies and correlation coefficients of each state, and each DOS transition. 

xix 



List of Symbols 

H Hamil tonian operator energy 

Y , i|f wavefunction 

Z nuclear charge 

EH 

V2 

energy in Hartrees 

Laplacian operator 

n principal quantum number C 

L angular momentum 

Y™ spherical harmonic 

< x > expectation value of x 

5:j Dirac delta function 

5(x) Kronecker delta function 

In natural logarithm 

Wi weight function 

P 1 2 permutation operator 

r, electron-nucleus separation rg 

ry interelectronic separation do/ dQ, 

f i position vector of electron i o 

c 
, - c n 

c 

V 

P(T) 

D(r) 

h(u) 

P(u) 

Djf,) 

D2{rlli2) 

electron-nucleus cusp ratio 

electron-electron cusp ratio 

virial ratio 

charge density 

radial charge density 

intracule function 

radial intracule density 

one-electron density 

electron pair density 

correlation coefficient 

differential cross section 

cross section 

k. 

K 

HF 

SCF 

momentum of electron i 

momentum transfer 

Hartree-Fock 

self-consistent-field 

DOS 

QOS 

GOS 

FF 

dipole oscillator strength 

quadrupole oscillator strength 

generalized oscillator strength 

form factor 

XX 



Acknowledgements 

Apparently anything goes on this page. It is ALL MINE! So I can do all the 

things I haven't been allowed to do in the rest of this document. First up, I would like 

to swear a bit (?*!%*!!!) then I'd like to misspell a few words (wavefuntion, tabble, 

generaliced, hellium) and last of all I would like to turn this sentence into a run-on 

sentence by cramming three sentences all into one and omitting the punctuation. Now 

that I have that out of my system, I would like to get to the business at hand. 

I have had the privilege to study theoretical chemistry under the guidance of two 

outstanding chemists: Ajit Thakkar and Russ Boyd. From each I have learned much 

about chemistry and much about life. I thank them both. 

Zheng Shi and I have shared an office for many years. We have had many a 

discussion and her advice has come in very handy. To Zheng Shi - A huge thank you. 

I would also like to thank the other members of the "Boyd group" - Jian Wang, 

Jing Kong, Mimi Lam, Jaime Martell, and Leif Erikkson - for helping this document 

along in many small ways. One special thank you to Jing Kong for never complaining 

about walking me to the car every night! 

On certain occasions, I have sought the advice of Profs. Jan Kwak and Mary 

Anne White. I thank them both for their openness and kindness. 

xxi 



My parents have always felt that education was key - and they never thought it 

strange that a girl should enjoy science and math. For their support and encouragement, 

I thank them and love them. My sister Carol and brother-in-law Leo-James also deserve 

a big thank you for letting me sleep on their couch and eat their food during my working 

trips to Fredericton. 

My husband Brian has contributed, in his own way, to this document. He has 

lifted my spirits when I felt the task at hand seemed insurmountable, coerced me into 

working when I was feeling lazy, and convinced me to take a break when I'd been 

working too hard. Thank you, Brian. I love you. Four down, forty to go. 

xxii 



CHAPTER 1 

INTRODUCTION 

To chemists and physicists alike, helium is a unique element [1.1-1.3]. Its name 

originates from the greek Helios (meaning sun) since its presence was first detected by 

Lockyer and Frankland on August 18 1868 while observing a solar eclipse. The helium 

found on earth is the product of radioactive decay and is normally extracted from natural 

gas wnere its concentration is as much as 7%. Despite the small amount of He found 

on Earth, it is nonetheless the second most abundant element in the universe. 

The past sixty years have seen many theoretical studies of helium since it is the 

simplest system for which quantum mechanics cannot provide an exact description. 

Therefore, theoretical studies are necessarily approximate and, as a result, helium has 

become a "testing ground" for new theoretical approaches. Experimentally, helium is 

a relatively simple system to study: it is nontoxic, nonflammable, inert, and readily 

obtained in high purity. 

With the rapid development of computers over the past 20 years, quantum 

mechanical calculations have been applied to larger and larger systems. On the other 

hand, the same computers allow more and more accurate descriptions of small systems. 

This document is devoted entirely to the latter. In particular, the focus is on helium and 

the heliumlike ions from Li+ to Ne8+. For each ion, 11 S states, 10 P states, and 8 D 

states are examined. The approach used is "even handed", that is, each state of each ion 

is described at an equal level of theory, even though it could be argued that helium is 
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sufficiently important to warrant special consideration. This consistent approach 

simplifies the analysis of results when effects of nuclear charge are being assessed. With 

the exception of a handful of studies, the previous treatments of heliumlike ions have 

dealt with specific properties of certain ions. 

A fundamental postulate of quantum mechanics states that everything that can be 

known about a system is contained in its wavefunction Ŝ . This function is the solution 

of the time-independent differential equation 

H Y = E T 0.1) 

where H is the Hamiltonian operator and E is the total energy for the system. With the 

exception of one-electron systems, ^ is not known exactly: it must be approximated by 

some function \p. Ideally, \p will include many adjustable parameters which will be 

varied such that the approximate function reproduces ^ as well as possible. ThLi task 

is greatly simplified by using the variational theorem which states that an approximate 

energy obtained by minimizing 

JV\|/<ix 

always lies above the true energy. The strategy is to adjust the parameters in \p such that E 

is minimized. Equation (1.2) is so useful, in fact, that it has often led to the assessment 

of approximate wavefunctions based solely on the energies they predict. 

Clearly, the selection and optimization of an approximate wavefunction Is a 

critical element in any study of atomic properties. Chapter 2 introduces the 
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wavefunctions selected for study, their optimization, and the energies obtained. 

However, chapter 2 also includes several other quality checks. 

Chapters 3 and 4 examine the effects, and the nature of, electron correlation in 

the two-electron ions. In particular, chapter 3 consists of an analysis of the effects of 

electron correlation, the investigation of correlation sensitive properties and their 

dependence on nuclear charge, principal quantum number, angular momentum and spin. 

Two different definitions of electron correlation, one based on conventional concepts, the 

other on statistics, are examined in chapter 4. Although some of the properties examined 

may also be measured experimentally, most cannot or have not. The purpose, however, 

is the understanding of which properties are sensitive to electron correlation, why these 

change, and how the changes will occur. 

Chapters 5 and 6 consider collision processes in the two-electron ions: the former 

considers the absorption of light whereas electron scattering forms the topic of the latter. 

In particular, S->P and P-»D dipole transitions and S-*D quadrupole transitions for the 

ions from He to Ne8+ are considered in chapter 5. It is hoped that these calculations will 

stimulate further experimental measurements of dipole and quadrupole transitions. High 

energy electron scattering from the three lowest He states forms the topic of chapter 6. 

Although electron scattering experiments have been published for many atoms and 

molecules, helium has been studied the most. Chapter 6 presents and discusses the 

theoretical results, as well, theory and experiment are compared whenever possible. 

Each chapter has been written to be, as much as possible, stand-alone or 

complete. With this objective in mind, the chapters are subdivided as follows: An 
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introduction to previous work and a brief review of the required theoretical background; 

a computational notes section where mathematical and computational details are 

discussed; and one, or several, sections devoted to the presentation and discussion of the 

results. However, any formulae specific to this work are presented in appendices. 

Most of the results presented in chapters 2, 3, 4, and 5 are in print [1.4][1.5], in 

press [1.6], or have been submitted [1.7] for publication. Atomic units have been used 

throughout.this document. 



CHAPTER 2: 

WAVEFUNCTIONS AND QUALITY TESTS 

2.1 Two-electron wavefunctions: An overview 

For two-electron atoms, the nonrelativistic, infinite nuclear mass, spin-

independent Hamiltonian is given by 

H=-^-^-l-l+± (2.1) 
2 2 r, r2 rn 

in which f1=(ri,Qi) is the position vector of electron i, r12 = | f x -z 2 | is the 

interelectronic distance, and Z is the nuclear charge. Trial wavefunctions for the 

resulting Schrodinger equation have the general form 

v=£ <*a ± AiW Wu> Yw (2,2) 

where PX2 is a permutation operator and the plus and minus signs refer to singlet and 

triplet states, respectively. "Explicitly correlated" wavefunctions are characterized byr12 

appearing explicitly in at least one fk(r1,r2,i12) . 7(1,2) represents the appropriate 

combination of spherical harmonics for the angular momentum or spatial symmetry of 

the state of interest: Y(l,2) =Y° (Q1) Y° (Q2) where L=0, 1, or 2 for S, P, or D 

states, respectively, and, for D states, the additional combination 

7(1,2) =2Y?(Q1)Y;(Q2)+Yi(Q1)Yi1(Q2)+Yi1(Q1)Yi(Q2) . D state expansions 

5 
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which do not include both spherical harmonic factors will suffer from angular 

incompleteness [2.1][2.2]. 

Hylleraas [2.3] was the first to include the interelectronic distance into the form 

of a wavefunction. For the helium atom in its gri» ,nd state, his simplest function has the 

° r m i|f = (l+0.364ru)exp(-1.849(r,+r2)) (2.3) 

Larger expansions included terms with powers of r,, r2, and r,2. The phrase "Hylleraas-

type expansion" often refers to wavefunctions with the general form 

* = E C^ltP^expl-arjGxrt-fLryrfrbniJ) (2.4) 

where a, & and the Clmn are parameters. 

For the helium isoelectronic series, the most extensive use of Hylleraas-type 

functions is contained in a series of papers by Pekeris and coworkers [2.4][2.5]. 

Expansions with as many as 2000 terms were used to compute energy values for several 

S and P states of the isoelectronic series from Z=2 to Z= 10. The problem of choosing 

1, m, and n, was addressed by introducing a parameter 0 such that 

Qzl+m+n l,m,nz0 @.5) 

and the total number of terms in the wavefunction is controlled by varying Q. 

Kono and Hattori [2.6-2.9] modified the l,m,n selection scheme shown above by 

eliminating terms in which w^O and \l-m\ is large. The latter should have appreciable 

values when the two electrons are far apart and hence have a small r,2 dependence. With 

this modification, equation (2.5) is 
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Qzl+m+n+\l-m\(l-bJ (2.6) 

With this generating technique, the S, P and D states of the helium atom and several P 

and D states for the ions from Z=3 to Z=7 were investigated. Instead of using only one 

expansion of the form given in equation (2.4), a second term of the type 

* = £ C^Cl i^MK-Yfr ! +r2))r1
,r2

fflr1
n
2r(l,2) (2.7) 

was included. The a and (3 values in equation (2.4) were assigned to describe the correct 

asymptotic behaviour while 7 was optimized variationally. For the D states, equation 

(2.7) includes both spherical harmonic combinations. By modifying Pekeris' approach, 

Kono and Hattori obtained comparable or improved energy values with expansions of 200 

terms or less. 

More recently, Drake [2.10-2.12] has extended Kono and Hattori's work for 

many S, P, and D states of helium. His wavefunctions include several terms with the 

form (2.5) as well as a term corresponding to the perfectly screened hydrogenic 

approximation. The usefulness of the hydrogenic term will be considered further in 

section 3.2. For S and P states the wavefunction is composed of the hydrogenic term 

s and two sets of terms of the form given by equation (2.4). All four nonlinear parameters 

were variationally optimized. For the D states, two additional parameters, corresponding 

to the second combination of spherical harmonics, were also optimized. Wavefunctions 

with as many as 840 terms were optimized and the corresponding non-relativistic energies 

are generally the most accurate computed values. 
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For neutral He, Hylleraas-type expansions have been used for states well beyond 

n=6 and L=2; energies for the He Rydberg states up to n=lO and L-6 have recently 

been obtained using Hylleraas-type expansions [2.13-2.15]. 

Most studies of Hylleraas-type expansions have focused on positive 1, m and n 

values, but negative powers of rI2 have also been investigated. Wavefunctions which 

include both negative and positive n values are often termed "Kinoshita-type" 

wavefunctions. Kinoshita's wavefunctions offer a larger selection range for n. This 

added flexibility allows for improved convergence. With an expansion length of 80 for 

the helium ground state, Kinoshita [2.16][2.17] obtained an energy which was only l̂ iE,, 

higher than Pekeris' 1078 term value [2.4]. Clearly, wavefunctions of this form 

converge rapidly. One serious disadvantage with this form of wavefunction is that the 

calculation of properties could require the evaluation of divergent integrals although their 

total sum will still converge. 

The use of half integral powers of the interelectronic separation also leads to 

rapidly convergent wavefunctions. For instance, Schwartz [2.18] matched the accuracy 

of the Pekeris 1078 term [2.4] helium ground state wavefunction by using a 164 term 

expansion with half integral powers. Although these functions have fast rates of 

convergence, the calculation of atomic properties using these wavefunctions will 

generally be difficult and possibly require numerical solutions to the integrals. Schwartz 

explained the convergence of his wavefunctions by noting that for the ground state of the 

helium atom a weak singularity of the form 
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(r2
+r2

2)ln(r2
+r2

2) <2-8> 

was a controlling factor in the rate of wavefunction convergence. Since he considered 

the inclusion of a logarithmic term in the wavefunction too difficult, the logarithmic 

singularity was approximated by including half integral powers. 

Perhaps not surprisingly, logarithmic terms have also been included in 

wavefunction expansions [2.19][2.20]. Recently, Baker et al. [2.21] and Kleindienst and 

Emrich [2.22] have investigated wavefunctions with logarithmic terms and negative 

powers. Using 476 term wavefunctions, Baker [2.21] obtained accurate ground state 

energies for the helium isoelectronic series. For example the calculated helium ground 

state energy is comparable to Drake's [2.10] value obtained using over 600 terms. 

Interestingly, Kleindienst and Emrich [2.22] noted that even with the inclusion of 

logarithmic terms, the presence of negative powers in the wavefunction expansion 

considerably reduced the expansion length required for a given accuracy. The 

logarithmic wavefunction expansions have the form 

*= E C ^ c ^ - o ^ + r ^ r u - ^ + r ^ f r a - r ^ l n ^ + r ^ Q ^ Q a ) (2*9) 

k,l,m,n 

where k may be negative or positive. These wavefunctions have the same basic 

disadvantage as the Schwartz and Kinoshita type expansions: they do not easily lend 

themselves to the calculation of atomic properties. 

Pritchard and Wallis [2.23] examined S and P states of helium using 

wavefunctions which included exponential terms of the interelectronic separation. This 

type of exponential term was originally proposed many years earlier by Slater [2.24] and 
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Hylleraas [2.3]. Wavefunctions of the following form 

* = E C^(l±P12)r;V2
+/4exp(-ar1)exp(-pr2)exp(-Yr12)yi)(2)^(l) (2.10) 

iJJc 

were used. The nonlinear parameters a, /?, and 7 were ident'cal for all terms in the 

wavefunction with a chosen as the nuclear charge and /3 and 7 varied to minimize the 

energy. 

Rosenthal [2.25], and Somorjai and Power [2.26], also used wavefunctions of this 

form in some of their discussions about integral wavefunction representations. They 

considered S state wavefunctions with the form 

N 

* = E CJt(l±P12)exp(-a/l)exp(-P/2)exp(-Y/l2)YS(Q2)Yj(£21) <2.H) 
k 

The emphasis was placed on the selection of optimal values for the 3N nonlinear 

parameters. Acknowledging the integral transform arguments presented by Rosenthal 

[2.25], and Somorjai and Power [2.26], Winkler and Porter [2.27] assigned the nonlinear 

parameters as the quadrature points from multidimensional Gauss-Laguerre integration 

techniques and computed energies for the S states of helium. Although one set of 

nonlinear parameters was used for all singlet and triplet S states, the energy values 

compared favourably with those obtained by Pekeris. 

Thakkar and Smith [2.28][2.29] performed a comprehensive study of several S 

and P states of the helium isor-'ectronic series using "integral transform" wavefunctions 

of the form 
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N 

* = £ Ct(l±i?12)r2
LexP(-a/1)exp(-pAr2)exp(-Y/12)yJ(2)yJ(l) (2-12) 

k 

where L=0 and 1 for S and P states, respectively. The convergence of equivalent length 

ground state wavefunctions, differing only by the schemes used in the selection of the 

nonlinear parameters, were discussed and compared. Further studies consider only one 

such scheme, "scheme P", which was chosen since it leads to comparable energies and 

is more readily extendable to arbitrary expansion lengths. According to "scheme P", the 

nonlinear parameters are selected as follows 

ak = [(/l2-y41)<v^it(A:+l)/2> + A J (2-13) 

p t = [(B2-fi1)<v/3ik(ik+l)/2> + Bx] (2.14) 

Y* = [(G2-G1)<^^+D/2> + GJ (2-15) 

where <\> is defined as the fractional part of x. Since individually optimizing each 

nonlinear parameter is computationally impractical, this scheme offers an attractive 

alternative; the six parallelotope or parallelpiped parameters A^ A2, B,, B2, Gi and G2 

are optimized, thus representing an 'average' optimization of the ak, j8k, and 7k. This 

effectively reduces the problem of optimizing 3N non-linear parameters to the much more 

tractable problem of optimizing 6 non-linear parameters. Integral transform 

wavefunctions were shown to possess two appealing properties: energies obtained from 

relatively short expansions compared favourably with the values obtained by Pekeris 

[2.4][2.5]; the calculation of atomic properties is relatively straightforward. 
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2.2 Integral transform wavefunctions: Computational notes 

On the basis of the previous integral transform work, 100-term expansions were 

estimated to be sufficient to obtain an accuracy comparable to that achieved in previous 

work using conventional Hylleraas wavefunctions containing several hundred terms. 

Energy values were obtained for the fl'S, «3S, w'P, //3P, w'D, and w3D states, with n<l, 

of the two-electron ions from He through Ne8+. For the S and P states, the 

wavefunctions have the form shown in equation (2.12) with N = 100. The D state 

expansions have the form 

N 

l|f =Y, C/fc(1±^l2)r2eXP(-a/l)eXP(-P/2)eXP(_Y/12)^(fi2)1o(Ql) 
* (2.16) 

+ J ] £>jk(l±^12)''i''2eXP(~a/l)eXP(-P/2)eXP("V/12)l'(l,2) 
k=N+l 

where _ 
7(1,2) =2Yj(Q1)Yj(Q2) + Yltt^Y^COj) +Y1"1(Q1)Y!(Q2) 

For convenience, the two sets of terms in equation (2.16) will be referred to as sd and 

pp terms, respectively. Numerical experimentation on the 3'D state of He indicated that 

M/(N+M)=0.3 is a good mix of sd and pp terms; therefore, N=70 and M=30 was 

chosen with the constraint that the non-linear parameters in the pp terms are the same as 

the non-linear parameters in the first M sd terms. 

The six nonlinear parameters are optimized according to a conjugate direction 

algorithm proposed by Powell [2.30]. This method proves itself very useful in situations 

where the determination of derivatives is impractical or impossible. An iteration of the 

basic procedure involves four steps: 
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l)For r=l,...,6 calculate Xr so that E(pz_x + Xztz) is a minimum and define 

Pt
=Pr-l + ^z%z-

2)Replace %z by ?r+1 for r=l,. . . ,5. 

3)Replace | 6 by (pn-pQ) and find X such that E(p6 +A [p6 -p0] ) is a minimum. 

4)Replace p0 by p6 +X (p6 -p0) . 

Each wavefunction optimization requires an initial estimate 

p0= (A1,A2,B1,B2,Gl,G2) and the coordinate directions are chosen as the initial 

search directions tx, . . . , %6. In the above algorithm, tx is discarded in favour of 

(P6
_Po) • The algorithm implemented differs from the above in that any one of the 

directions tx, . . . , £6, (p6 -p0) may be discarded in an iteration. The algorithm is 

illustrated in appendix 1 by following the variation of the 6 nonlinear parameters for a 

20 term wavefunction optimization for the ground state of He. 

Square integrability requires that the nonlinear parameters satisfy the following 

constraints: _ n 1fi. 
a / fc+P*> 0 (2.18) 

at+Yt>0 (2.19) 

Pfe+Y*>0 (2-20) 

An energy calculation proceeds only if all 300 nonlinear parameters, obtained from 

"scheme P", satisfy these constraints. Otherwise new estimates of Ab A2, B,, B2, G,, 

and G2 are obtained and the square integrability constraints verified. 
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Each energy calculation requires the evaluation of the integrals shown in equation 

(1.2). These are reduced [2,31] to the form 

c|exp(-ar1)exp(-6r2)exp(-cr12)r/r2
wr;2Y?(Q1)Y?(Q2)Jr1dr2 (2.21) 

and evaluated using a modified recursion relation of Sack et al [2.32]. By decomposing 

the positive definite overlap matrix into the product of a lower triangular matrix and its 

transpose, S=LLT, the secular equation is transformed into the eigenvalue equation 

H'B=EB, where D=LTC and H^L'HL-1", and solved. For an N term expansion of 

a given symmetry, the eigenvalue vector E contains the N lowest energies for the 

symmetry of interest. Clearly, an optimization proceeds by comparing the appropriate 

entry in the eigenvalue vector for different values of the 6 nonlinear parameters. 

The six parallelotope parameters were independently optimized for each of the 29 

states of each ion and all the linear parameters were found variationally. Since all 

optimization methods are plagued by local minima, it was not surprising that different 

initial estimates of the parallelotope parameters often led to substantially different 

'optimized' values. Due to the large number of slates considered, only one initial 

estimate was considered for each state except when the 'optimized' energies were higher 

than expected or the 'optimized' parameters were clearly inconsistent with physical 

arguments. In such instances, up to 70 initial parallelotope parameter estimates were 

tried. After the necessarily imperfect optimization, each wavefunction was scaled to 

satisfy the virial theorem [2.3][2.33]. The scale factors never deviated from unity by 

more than 10~6 reflecting the fact that the optimizations had been allowed to continue 

until the energies were stable to at least 1Q""EH - a threshold two orders of magnitude 
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lower than the absolute wavefunction accuracy. The optimized parallelotope parameters 

and virial scale factors are tabulated in appendix 2 for all 261 states considered. 

For the highly excited states and, in particular, for the low-Z ions, two of the 

parallelotope parameters have approximately converged to the nuclear charge Z. Several 

optimizations were performed with the constraint that two non-linear parameters were 

equal to Z. These expansions were clearly inadequate, even for n=6, since the energy 

errors increased by at least a tenfold factor. 

All calculations were performed in quadruple precision ( « 32 decimal digits) to 

avoid computational linear dependence. The latter problem was most acute in the 6'S 

state of He; in that case, the smallest eigenvalue of the Gram matrix, for normalized 

basis geminals, was 1.2 x 10"3(). 

2.3 Energies and quality tests 

The calculated energies for each of the S, P and D states with n < 7 are listed 

in tables 2.3.1-2.3.4 for He through Ne8+. The overall comparison, of energy values 

with published values is presented below, however individual comparisons for each state 

and ion are presented in appendix 3. 

The ground state energy of H" is included for the sake of completeness. The S 

state energies for 69 of the 100 S-states considered are the lowest reported so far; the 

improvements range up to 12 ^EH for the 5'S states of the ions with Z > 3 . The energies 

for the remaining 31 S-states are no more than 20 nEH above the best available results 

as outlined below. The I'S and 2'S energies respectively lie no more than 7.8 nEH and 
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16.9 nEH above the values obtained by Freund, Huxtable and Morgan [2.34] and 

Frankowski [2.35] using wavefunctions containing logarithmic terms, and by Drake 

[2.10] from Hylleraas-type expansions containing several hundred terms. For neutral He, 

the higher 'S and 3S energies respectively lie no more than 20 nF^ and 0.9 nEH above 

the results of Drake [2.10] and Kono and Hattori [2.8] obtained with Hylleraas-type 

expansions. 

The energies of the 48 P-states with n=4,5, and 6 for the cations lie below the 

best available values. The 'P and 3P energies for He lie no more than 10 nEH and 14 

nEH respectively above the values obtained by Drake and Makowski [2.11], and Kono 

and Hattori [2.8]. Most of the 2'P, 23P, 3'P and 33P energies for the cations lie above 

the values of Accad et al. [2.5] but never by more than 30 nEH. 

The 'D and 3D energies for helium lie no more than 15 nE„ and 10 nEH 

respectively above those of Drake [2.12]. The energies for the D-states of the cations 

are in all cases as good as or better than those in the literature [2.6]. 

Table 2.3.1: Ground state energies of the two-electron ions. 

Z -E Z -E 

1 0.5277510118 6 32.4062465980 

2 2.9037243736 7 44.7814451450 

3 7.2799134096 8 59.1565951190 

4 13.6555662340 9 75.5317123575 

5 22.0309715742 10 93.9068065072 



Table 2.3.2: Excited state energies for the two-electron ions. The tabulated entries are -E values. 

n nlS n3S ttV n3? K'D n3D 

He 

2 

3 

4 

5 

6 

Li+ 

2 

3 

4 

5 

6 

2.1459740292 2.175229378176 2.1238430802 2.1331641816 

2.0612719720 2.068689067283 2.0551463570 2.0580810772 2.0556207320 2.0556363088 

2.0335866995 2.036512082933 2.0310696464 2.0323243343 2.0312798445 2.0312888462 

2.0211768309 2.022618871382 2.0199059849 2.0205511765 2.0200158297 2.0200210228 

2.0145630847 2.015377452422 2.0138339705 2.0142079455 2.0138982125 2.0139014058 

5.0408767313 5.110727372509 4.9933510721 5.0277156770 

4.7337560778 4.752076455858 4.7202068728 4.7304596641 4.7223909884 4.7225269124 

4.6297835973 4.637136594629 4.6241513904 4.6284635563 4.6250741241 4.6251507732 

4.5824279527 4.586092669796 4.5795665136 4.5817684035 4.5800386956 4.5800824257 

4.5569531770 4.559038618569 4.5553050672 4.5565767839 4.5555781668 4.5556048684 



Table 2.3.2: Continued 

n n'S /73S w'P n3P nlT> n3D 

Be 2 + 

2 

3 

4 

5 

6 

B 3 + 

2 

3 

4 

5 

6 

9.1848738775 9.297166589741 9.1107716142 9.1749731379 

8.5173125465 8.546972068861 8.4959696290 8.5146043598 8.5002158256 8.5005823430 

8.2884946257 8.300455559448 8.2795901070 8.2873636556 8.2813398059 8.2815437460 

8.1836933067 8.189674851615 8.1791606106 8.1831162879 8.1800459490 8.1801615797 

8.1271314968 8.130543857315 8.1245176279 8.1267982858 8.1250265700 8.1250969820 

14.5785280140 14.733897348781 14.4772832536 14.5731376855 

13.4119969317 13.453104279643 13.3827148799 13.4100684802 13.3891003003 13.3897715900 

13.00Q7268262 13.026336958201 12.9974920527 13.0088461365 13.0000805582 13.0004510123 

12.8249726477 12.833292190279 12.8187397926 12.8245054260 12.8200397689 12.8202490428 

12.7250966433 12.729848532224 12.7215005159 12.7248212316 12.7222447566 12.7223719380 

oo 



Table 2.3.2: Continued 

rc'S n3S nlP n3P n'D n3D 

C4+ 

2 

3 

4 

5 

6 

N 5 + 

2 

3 

4 

5 

6 

21.2220176846 21.420755902276 21.0933323009 21.2217106899 

19.4178085256 19.470403018010 19.3805212872 19.4167350899 19.3890591297 19.3900835047 

18.7934728766 18.814746155889 18.7778829584 18.7928646702 18.7813037746 18.7818659335 

18.5062606182 18.516925265508 18.4983154158 18.5059126325 18.5000241801 18.5003410100 

18.3508450160 18.356940714471 18.3462597407 18.3506323301 18.3472352426 18.3474274513 

29.1154156939 29.357681737453 28.9591163884 29.1205017383 

26.5347425711 

25.6397276201 

25.2275537939 

25.0043744608 

26.598842151505 26.4894160317 26.5345607879 26.5001032847 26.5015131871 

25.665670121432 25.6207701763 25.6394021159 25.6250147845 25.6257854177 

25.240566728042 25.2178904229 25.2273293146 25.2200020950 25.2204356552 

25.011815871593 24.9987967976 25.0042266641 24.9999996437 25.0002624364 

\o 



Table 2.3.2: Continued 

n n'S n3S «'P /?3P nlD n3D 

o 6 + 

2 

3 

4 

5 

6 

F7+ 

2 

3 

4 

5 

6 

38.2587572858 38.544647320047 38.0747352216 38.2694227099 

34.7627955284 34.838409733347 34.7094102328 34.7635258578 34.7222401098 34.7240581557 

33.5484880064 33.579102862297 33.5261562824 33.5484506942 33.5312171008 33.5322078221 

32.9888503818 33.004213186445 32.9774656338 32.9887515913 32.9799754101 32.9805320322 

32.6856837812 32.694471907219 32.6791119566 32.6856019862 32.6805390523 32.6808762344 

48.6520616174 48.981638329481 48.4402442655 48.6684272877 

44.1019650589 44.189099531881 44.0405090344 44.1036200619 44.0554745177 44.0577170337 

42.5197521738 42.555041240113 42.4940420497 42.5200063687 42.4999130671 42.5011322182 

41.7901492430 41.807862859144 41.7770412551 41.7901774414 41.7799453295 41.7806295778 

41.3947722847 41.404907718164 41.3872052791 41.3947571531 41.3888543015 41.3892685098 

to 
© 



Table 2.3.2: Continued 

n'S *3S n'P n3V nlD n3D 

Ne 8 + 

2 

3 

4 

5 

6 

60.2953400241 

54.5522496178 

52.5535190410 

51.6314496325 

51.1316395090 

60.668646584034 60.0556767280 

54.650907980593 54.4827150911 

52.593483453112 52.5244280976 

51.651514721700 51.6166173033 

51.143122668823 51.1230767283 

60.3174888147 

54.5548375693 

52.5540668527 

51.6316056912 

51.1316914644 

54.4998098479 

52.5311042674 

51.6199126928 

51.1249458082 

54.5024889781 

52.5325580331 

51.6207279447 

51.1254391359 
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Independent checks of wavefunction accuracy can be made with the help of cusp 

conditions [2.36-2.40]. In particular, the electron-nuclear cusp condition [2.36-2.38] 

states 

V(r) 
2Zp(r)J 

1 (2.22) 
r=0 

in which p(r) is the spherically averaged electron number density. The electron-electron 

cusp condition [2.36][2.37][2.39] reads 

Cee = [h'(u)/h(u)}u__0 = 1 (2.23) 

in which h(u) is the spherical average of the interelectronic density. Equation (2.22) is 

satisfied trivially by virtue of the Pauli principle for states of maximum spin multiplicity 

(i.e. triplet states in two-electron systems). In such cases, there is a higher-order cusp 

condition [2.40]: 

2h(\u) 

l3A"(«)J 
1 (2.24) 

u=0 

Since exact wavefunctions satisfy the cusp conditions exactly, a measure of the 

quality of an approximate wavefunction is the degree to which it satisfies them. The one-

electron cusp condition of equation (2.22) is easier to satisfy than the two-electron cusp 

conditions of equations (2.23) and (2.24). For these 100-term expansions, the largest 

deviation of Ccn from unity is only 7. lxlO -5 for the 2'S state of B3+, whereas the largest 

deviation of C^ from unity is 0.20 for the 6'D state of B3+. The average deviations from 

unity are 9xl0~6 for Ccn and 0.045 for Cce. The average Ccc deviations for states of the 
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same symmetry are 0.037, 0.016, 0.031, 0.060, 0.067 and 0.071 for the 'S, 3S, 'P, 3P, 

'D and 3D states, respectively. Similarly, the average Cen deviations for states of the 

same symmetry are 1.4xl0"5, 2.2xl0"6, UxlO"5, l.lxlO"5, 6.7xl0-6,and5.2xl0"6for 

the 'S, 3S, 'P, 3P, lD and 3D states, respectively. For each state, the deviations averaged 

over all the ions tend to increase as the principal quantum number increases. For each 

symmetry, the deviations averaged over principal quantum number tend to remain 

constant as the nuclear charge increases. For all 261 states, appendix 3 shows Ccn, 

p (0) , Ccc, and, depending on the spin state, h(0) or h"(0) • 

The exact Ion? range behaviour [2.41][2.42] of p(r) can be used to determine 

the distance up to which the approximate wavefunctions are accurate. Thus, plots of 

ln(p(r)/p(0)) versus mr = 2(21)"2r, where / is the ionization energy, should become and 

stay linear as r becomes sufficiently large. Figure 2.3.1 shows asymptotic density plots 

for the 3'S, 3'P, and 3'D states of He, Be2+, C4+, and Ne8+. An approximate density 

does lead to a linear plot at large r but deviates from linearity at an even larger ar, say 

(ar)mat. The latter gives the upper limit to the range within which the approximate 

wavefunction is accurate. With the exception of the 3'S state where (otr)max « 35, the 

upper limits are as follows: (ar)max * 40 for the n=3 and n=A states, and (otr)niax « 45 

for the n=5 and n=6 states. These limits are quite conservative and may generally be 

extended for the triplet states and for the high-Z ions. Occasionally, as exemplified by 

the 3'S states of C4+ and Ne8+, a deviation from linearity does not occur. 
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2ry/2lE IrfiAE 2ry/2lE 

ure 2.3.1: Asymptotic density plots for theZ=2 (+), Z=4 (o), Z=6 (*), and Z=10 (v) ions of the 3'S, 3'P, 

and 3'D states. 
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Z-scaling of the coordinates and treatment of the interelectronic repulsion as a 

perturbation leads to so-called 1/Z perturbation theory [2.43]. Within this context, the 

1/Z expansion for the energy is given by 

E/Z2 = e0 + eJZ + e2/Z
2 + . . . (2.25) 

The first two coefficients in this expansion are well known and have been tabulated 

[2.44]. Higher coefficients have been calculated for the energies of some states by 

variational perturbation methods [2.45-2.50][2.21] and by fitting [2.51][2.45] 

variationally calculated energies [2.4][2.5]. 

Some higher order energy coefficients were determined by fitting our calculated 

energies using a least squares procedure in which the first two coefficients were 

constrained to the known values [2.44]. Table 2.3.3 lists the estimates of 6j, i=2,3,4 for 

the 6S and 6P states which were not considered by Blanchard [2.51], and for all the D 

states calculated. The latter are included because the existing variational perturbation 

estimates [2.50] were based on wavefunctions that did not include pp type terms which 

are necessary for angular completeness [2.1][2.2]. The L state expansion coefficients 

should be more accurate than previous estimates. 

For the 261 states considered, these variational energies are the lowest available 

for 180 states. The energies, the cusp conditions, and the long range behaviour ofp (r) 

clearly demonstrate the accuracy of these 100-term wavefunctions. The expansions are 

compact enough to render the calculation of properties computationally feasible. Indeed, 

the following chapters explore various properties of the two-electron ions. 



Table 2.3.3: Energy 1/Z expansion coefficients. 

State 

6'S 

63S 

6'P 

63P 

3'D 

4'D 

5'D 

6'D 

0.02701804 

0.02566888 

0.02801529 

0.02694951 

0.11127014 

0.06258203 

0.04004495 

0.02780463 

-0.012902 

-0.010880 

-0.014317 

-0.012256 

-0.057486 

-0.032170 

-0.020492 

-0.014180 

-0.00024 

-0.00040 

-0.00026 

-0.00039 

0.00609 

0.00281 

0.00149 

0.0009 

-0.0006 

-0.0002 

0.0001 

-0.0003 

-0.0084 

-0.0038 

-0.0020 

-0.0012 

33D 

43D 

53D 

63D 

0.11077576 

0.06231832 

0.03989813 

0.02771614 

-0.054620 

-0.030687 

-0.019677 

-0.013691 

-0.00071 

-0.00056 

-0.00034 

-0.00021 

0.0000 

0.0001 

0.0001 

0.0001 
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Larger wavefunction expansions were explored for the ground states of the ions. 

Optimizations were performed for 200-term ground state expansions of the ions from H~ 

to Ne8+. These wavefunctions are used only in section 3.3 where high order p(r) 

derivatives require longer expansions for improved accuracy. The energies, cusp ratios, 

virial scale factor and 6 nonlinear parameters are presented in table 2.3.4. Note that the 

energies lie no more than 0.2 nEH above the best values [2.10][2.34] and that the quality 

checks are generally, but not always, better than for the 100 term expansions. 



Table 2.3.4: Energies, cusp ratios, and nonlinear parameters for 200-term optimized ground state wavefunctions. 

Z A, A2 B, B2 G, G2 -E 1-ij 1-Cen 1-C, 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.22277 

0.93207 

2.20406 

4.35918 

4.89692 

5.02039 

6.11702 

7.05038 

8.14267 

9.01270 

1.58047 

4.41725 

7.17283 

6.53686 

9.36941 

13.49428 

16.25412 

19.24198 

21.84701 

21.68220 

0.98603 

1.34173 

2.63988 

3.12285 

4.03027 

4.45850 

4.84057 

5.65154 

6.26792 

6.64115 

1.33237 

2.46510 

4.03710 

5.85291 

6.81454 

7.72208 

8.44120 

9.63271 

10.55040 

12.26376 

-0.16261 

-0.34001 

-0.85676 

-1.78672 

-2.46245 

-1.79048 

-0.11014 

-0.10786 

-0.16743 

-0.15530 

0.76359 

4.03096 

4.82404 

7.88129 

11.30347 

12.30529 

15.45213 

16.96292 

18.98332 

24.30036 

0.527751016281 

2.903724376929 

7.279913412524 

13.655566238179 

22.030971580017 

32.406246601742 

44.781445148647 

59.156595122632 

75.531712363809 

93.906806514902 

-1.42(-9) 

-1.97(-11) 

-1.28(-12) 

-8.08(-12) 

1.76(-11) 

-5.83(-12) 

-3.06(-13) 

2.91(-13) 

1.01(-13) 

-6.48(-13) 

5.06(-7) 

-6.78(-6) 

-1.40(-5) 

-6.37(-6) 

-1.86(-6) 

-9.14(-7) 

-3.95(-6) 

-2.86(-6) 

-3.98(-7) 

-2.85(-6) 

1.31 (-3) 

2.42(-4) 

6.28(-4) 

-3.51 (-5) 

-2.66(-5) 

2.46(-4) 

3.04(-4) 

3.19(-4) 

3.49(-4) 

3.14(-4) 



CHAPTER 3: 

DENSITIES AND INTRACULES 

3.1 Overview 

The electronic charge density provides a bridge between sophisticated quantum 

mechanical calculations and the intuitive chemical picture of a molecule composed of 

atoms [3.1]. it is the fundamental quantity in density functional theory [3.2]. Generic 

knowledge of the intracule, or interelectronic, density [3.3] can be used to improve 

theories of electron correlation. Hence, charge densities, and to a much lesser extent, 

intracule densities, have been studied extensively by quantum chemical calculation 

[3.1][3.3] and by experimental techniques [3.4][3.5]. However, most such studies deal 

with the ground state, and those that consider excited states focus on only a few states. 

The physically meaningful densities are ensemble averages over the manifold of 

degenerate states corresponding to the same n, L and spin multiplicity. These ensemble 

averages are equivalent to a spherical average of the density of any state in this manifold. 

Thus the distribution functions studied are the spherically averaged charge density p(r), 

the radial charge density D(r), the spherically averaged intracule density h(u) and the 

radial intracule density P(u) where r and u are electron-nucleus and interelectronic 

distances, respectively. These distributions can be written as expectation values as 

follows: 

29 
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D(r) = 4 7 i r 2 p ( r ) = £ ( Y | 6 ( r - r , ) |Y) (3.1) 
k 

and 

P(u) = 4nu2h(u) = E < T l 6 ( u ~ - r i J MT> ( 3 . 2 ) 

Physically, Z5(r) d r is the probability of finding an electron at a distance 

between rard r+dr from the nucleus and P(u) du is the probability of finding the two 

electrons separated by a distance between u and u+du. Ideally, since the state of a 

system is completely specified by its wavefunction, the product 

Y* (xx,...,xn) *P (xx,....xn) dxx-dxn, where x i = (f ±, od) is the combined <pace-

spin coordinate, would be studied since it gives the probability of finding an electron of 

spin (?i at fx with volume element dfx, an electron with spin a7 at f2 with volume 

element df2, ..., and an electron with spin an at position fn with volume element dfn. 

However, the latter product is a J/7-dimensional function and consequently difficult to 

analyze and interpret. Equations (3.1) and (3.2) are two useful 1-dimensional 

contractions of the 5/;-dimensional function. Several reviews [3.6][3.3][3.7] analyze 

these and many other possible contractions. 

An antisymmetric wavefunction must vanish when electrons of like spin occupy 

the same location in space; thus h(o) =0 in the triplet states. Several of the features of p ( r ) 

and h (u) , in particular the singlet-triplet differences, may be explained by the presence 

of this "Fermi" correlation in the triplet states. 
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Charge and intracule densities, obtained from integral transform wavefunctions, 

have been examined previously for the five lowest states of the two-electron ions 

[2.25][3.8][3.9]. Analytic p (r) and h(u) formulae have been published by Thakkar and 

Smith for the S states [3.8], and Regier and Thakkar [3.9] for the P states. The ground 

state functions, obtained from 20 to 66 term expansions, were examined for the two 

electrons ions from H" to Mg+1° [3.8]. The charge and intracule densities for the 2'P, 

23P, 2'S and 23S states for the ions from He to Mg+1° were obtained from 20 to 55 term 

expansions [3.9]. Several interesting features of p (r) and h(u) were noted in these 

studies. With the exception of the 2'S states of He, Li+, and Be2+, the charge densities 

are monotonically decreasing. For the highly charged ions in the 2'P and 23P states, 

D(i) does not reveal shell structure. With the exception of the 2'S state where a local 

maximum appears at Zw»2, P(u) displays only one maximum. 

In order to fully understand the behaviour of the charge and intracule densities 

for the two-electron ions, the above work was extended to the next 24 Rydberg states 

(fl'S, n3S, fl'P, n3P, rt'D, and n3D with n=3-6) for each of the nine heliumlike ions from 

He through Ne8+. Charge and intracule density variations with respect to nuclear charge 

Z, angular momentum L, degree of excitation and spin multiplicity are examined. All 

calculations are performed using the-100 term integral transform wavefunctions discussed 

in chapter 2. 

The charge and intracule densities are often compared to the distributions obtained 

in the limit of infinite Z. For a given n and L, hydrogenic wavefunctions of the form 
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T ( f 1 , f 2 ) = ^ (1±PX2) <f>Uz?x) v
L

n(Z?2) , ( 3 . 3 ) 

where (p£ are hydrogenic orbitals, are the exact infinite Z limit wavefunctions. The 

appropriate integrals ((3.1) and (3.2)) are evaluated using these wavefunctions. The 

charge and intracule densities obtained are useful references when variations with Z are 

under consideration. 

Expectation values of the form <f{r)> and <g(u) > , where f(r) and g(u) are 

multiplicative operators, are readily obtained from the charge and intracule densities, 

respectively: 

<f(r)>=JD(r) f{r) dr ( 3 . 4 ) 
o 

<g(u)> -fp{u) g(u) du (3.5) 
0 

The moments of p ( r ) and h(u) , obtained by choosing f(r)=zk and 

g{u) =uk, were calculated for each state of each ion and for k=-2,..., +4. These 

calculations are performed by numerically integrating the integrals in equations (3.4) and 

(3.5). More specifically, scaled Gauss-Laguerre quadratures are employed. This 

numerical integration scheme makes the approximation 

(e-xf(x)dx^J2wif{xi) ( 3 , 6 ) 

o i"l 

where the weights V̂  and quadrature points x, are chosen to calculate f(x) =xk
f where 

fc=0,...,2N-l (ie T(2W) ,..., T ( l ) ) exactly. The moments are calculated using the 
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transformation 

OO GO CO 

(fix) dx=fe-axeaxfU) dx= A je'yeyf(y/a) dy 
(3.7) 

The parameter a scales the quadrature scheme and may be varied to improve the 

accuracy of the moments for fixed N. 

The analytic formulae for computing p(r) and h(u) from the D state wavefunctions 

are given in appendix 4. Numerical instabilities which arise for certain values of the 

parameters were circumvented by procedures entirely analogous to those described 

previously for the S [3.8] and P [3.9] states. Furthermore, all calculations were 

performed in quadruple precision to alleviate problems arising from near linear 

dependence of the basis geminals. Both p(r) and h(u) were tabulated on a mesh of 140 

fZ-/>scaled arguments (that is, a= Z-l). 

The moments of p(r) and h(u) were computed by using 64-point Gauss-Laguerre 

quadratures. For the «=3 states, the quadratures were Z-scaled, but (Z-lj-scalmg was 

used for the /?=4-6 states. The accuracy of the numerical integrations was assessed 

using two different techniques. The moments <r°> and <u°> are obtained from 

numerical integration and compared to their exact values: <r°>=n and 

<u°> =n (n-i) /2 where n is the number of electrons. Moreover, the moments <l/r> 

and <l/u> were computed directly from the wavefunctions and compared with the 

values computed using the 64-point Gauss-Laguerre quadrature. 
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3.2 p(r), D(r), h(u), and P(u) : Structure, trends, and moments 

Representative charge densities p(r) and D(r) are shown in Figure 3.2.1 for the 

4'S states of He, Ne8+, and the infinite Z limit. It is convenient to consider the 

behaviour of p(r) in three separate regions: small r (0<Zr<4), intermediate r 

(4<Zr<8), and large r (Zr>8). In the small r region, p(r) is essentially a hydrogenic 

Js density. For given n, L and spin multiplicity, the charge densities of the ions in the 

intermediate and large r regions can be brought into rough coincidence by (Z-/)-scaling. 

In the intermediate r region, the densities generally have either an inflection point or a 

minimum followed by a slight maximum. The inflection points are more pronounced for 

the low-Z ions and for the singlet states. The minimum appears for all the ions in the 

3D states and for the low-Z ions of the higher D states. In the large r region, the charge 

densities of the S, P, and D states have n-2, n-2, and n-3 pseudo-nodes, respectively, that 

are really minima at which p(r)*=0. In the vicinity of a pseudo-node, p(r) changes by 

several orders of magnitude within a very narrow range of electron-nucleus distances; 

thus the pseudo-node appears at the bottom of a narrow and steep well. The depth of 

this well increases as the node becomes further removed from the nucleus. The triplet 

pseudo-nodes are more shallow than their singlet counterparts since they always appear 

at smaller r. 

The radial probability densities for the electron-nucleus separation, D(r), display 

a sharp peak at small r that corresponds to the core electron. The hydrogenic model 

predicts n-L peaks corresponding to the outer electron. However, n-2 maxima beyond 

the small r peak are observed for most of the 216 states considered in this work. The 
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only exceptions are the 3'S and 4'S states of He which have n-1 outer maxima, and the 

6'D and 63D states of the high Z ions which have n-3 outer maxima. Z-scaling of D(r) 

for a fixed state of all the ions does bring the small r peaks into coincidence. However, 

as Z increases, the outer region of the Z-scaled D(r) contracts significantly, the peaks in 

the large r region increase in magnitude and shift to smaller Zr, and the intermediate r 

structure disappears. 

Charge densities of the Rydberg states of the heliumlike ions can be modelled by 

screened hydrogenic densities of the form [2.25][3.9] 

p n L ( r ) = ( 4 K ) " 1 [\R°x{Zr) |2 + |i?n
L( (Z-o)r) |2] (3.8) 

in which R% is a radial hydrogenic function. The choices <r=0 and a=\ correspond to 

the hydrogenic and perfect screening approximations, respectively. The latter has proven 

useful for the analysis of charge densities for the He S states [2.25], and the 2S and 2P 

states of the heliumlike ions [3.9]. 

As discussed in chapter 2, the convergence of Hylleraas-type wavefunctions has 

been accelerated by including a perfectly screened hydrogenic term [2.10-2.12]. Perhaps 

greater acceleration could be achieved by using an optimized screening constant a. There 

are several plausible methods for choosing o including minimization of the variational 

energy. An obvious method is to minimize, in a least squares fashion, the difference 

between the model and accurate charge density. Moreover, since the screened 

hydrogenic term is thought to be useful because it helps get the correct nodal structure, 

one could also choose a by forcing the model density to have a pseudo-node at the right 



36 
1 00 

0 80 

N 0 60 ! 

I 0 40 

0 20 

0 00 

I 

i 
! 

! 

I 
J 

i 

-

* 

0 10 

- 0 08 

0 06 

0 04 

- 0 02 

0 00 

Z r 

0 5 10 15 20 25 30 

Zu 

0 60 r 

0 50 

0 40 

0 30-

0 20 

0 10 

0 00 -| 1 r 

0 10 20 30 40 50 60 

Zu 

3.2.1' Spherically averaged and radial charge and intracule densities for the 4'S 

states of He ( ), Ne8+ ( ) and Z=oo ( ). 
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location. Since there are several pseudo-nodes in the states with larger n, this too leads 

to several estimates of a. 

If the screened hydrogenic model is a good one, then all the above estimates of 

a should be similar. Consider the 4'S and 43S states of He as test cases. The perfect 

screening approximation predicts pseudo-nodes at r=6.6 and r=15.5 whereas the 

observed ones occur at r=5.7 and r=14 for the singlet and r=4.9 and r=12.5 for the 

triplet. Exact location of the pseudo-nodes requires a=0.84 and <r=0.89 for the singlet, 

and a=0.65 and a=0.76 for the triplet state. In both cases, larger a estimates are 

obtained from the outer pseudo-nodes. The least squares procedure yields a=0.88 and 

a=0.83 for the singlet and triplet states, respectively. The sum of squares error for the 

triplet is twice as large as for the singlet and comparatively insensitive to changes in a. 

The perfect screening model is clearly an inadequate representation of the 4S p(r); 

imperfectly screened models are better especially for the 4'S where a=0.88 leads to a 

qualitatively correct p(r). 

We obtained estimates of a for all 216 states considered in this work. The least 

squares values of a range from 0.84 to 0.89 for the 'S states, from 0.71 to 0.86 for the 

3S states, and between 0.98 and 1.00 for the P and D states. The fits are invariably 

better for the singlet than corresponding triplet states, and improve as n and L increase. 

Moreover, the fits for the triplet states are relatively insensitive to a. The upper and 

lower limits in the a ranges correspond to the low-Z ions in the n=6 states, and the high-

Z ions in the A=3 states, respectively. For a given state and ion, the estimates of a 

obtained from the pseudo-nodes approach unity as the node-nucleus distance increases. 
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Thus, perfect screening seems reasonable for the P and D states but optimization of a is 

preferable in the S states. 

The hydrogenic model predicts that both the spherically averaged intracule density 

h(u) and the radial probability density for the interelectronic distance P(u) should have 

n-L peaks. This is the case for 180 of the 216 states considered; the exceptions are the 

'S states where an additional peak appears at small u. This additional small u maximum 

in the 'S states could be expected for the explicitly correlated wave functions since they 

satisfy h'(0)=h(0)>0 for a singlet state [2.37] and h'(0)=h(0)=0 for a triplet state 

[2.38]. However, the magnitude of h(0) does not determine whether an additional 

maximum appears for the singlet; for example, h(0) is larger for the 3'P states than for 

the 6'S states but the latter displays an additional small u maximum while the former 

does not. The first 3S maximum occurs between the first two 'S maxima, and the 

remaining n-1 maxima occur in pairs with the triplet maximum at smaller u than the 

singlet one. In the 'P states, the first maximum in h(u) occurs at smaller u whereas all 

the others occur at larger u relative to the corresponding 3P state. The 3D maxima in 

h(u) occur at slightly smaller u than for the corresponding 'D state. Representative 

examples of h(u) and P(u) are shown in Figure 3.2.1 for the 4'S states of He, Ne84", and 

the infinite Z limit. 

In contrast with the charge density, the basic structure of the intracule density 

remains the same as the nuclear charge increases. The probability density for the 

interelectronic separation fluctuates considerably as u increases since the maxima are 

separated by vanishingly small minima. Although the peaks in h(u) decrease as the 
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interelectronic separation increases, the maxima in P(u) increase. Consider, for 

instance, the extrema in P(u) for the 5'P state of He: P(2.9) =0.071, P(5.5) =0.006, 

P(9.2) =0.124, P(13A) =0.004, P(19.5)=0.206, P(26.5) =0.002, and P(39.1) =0.448. 

Variations in Z and L, and to a lesser degree n, strongly affect h(0). For the Z 

and n considered here, h(0) ranges from 1.7 to 0.0003, 0.5 to 0.00003, and 0.02 to 

0.0000005 for the 'S, 'P and 'D states, respectively. As n increases from 3 to 6, h(0) 

decreases by factors of 8, 8, and 5 for the 'S, 'P and 'D states, respectively. As Z 

increases from 2 to 10, h(0) increases by factors of 700, 2000 and 7000 for the 'S, 'P 

and 'D states, respectively. The values oih(0) for P states are 3 to 10 times smaller than 

those for the S states. In turn, the values of h(0) for D states are 19 to 110 times smaller 

than those for the P states. When the angular momentum increases, h(0) decreases most 

for the low-Z ions. Individual h(0) are tabulated in appendix 3. 

A comparison of the moments <rk> and <uk> , where &=-2,-l, + l,+2, with 

published values [2.5] reveals that, with the exception of a handful of moments, all 

values lie within 1 or 2 digits of the last significant figure of the reference values. This 

comparison of moments also indicates that the present S state densities are more compact 

whereas the P state densities more diffuse than the reference [2.5] densities obtained from 

Hylleraas-type expansions. The moments which have not been tabulated previously are 

given in tables 3.2.1-3.2.6. Additional, large rand large u enhancing moments, obtained 

from choosing k=+3, +4, have been included in Appendix 3. 

The moments are useful tools in the analysis of charge and intracule densities. 

For instance, consider the values of < r~2 >. These moments enhance toe small r region 
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of p (r) and can be used to quantify the contribution of the outer electron to the core 

density. Hence as n increases, <r_ 2> decreases. Consistent with the fact thatp (0) *0 

for electrons in spherically symmetric orbitals, the values are larger for the S states than 

for the P and D states. The effects of spin on p(r ) are often evident from a 

comparison of <r_ 2> values for different spin states. For instance, the triplet values 

are generally larger than the singlet values for the S states but smaller for the P and D 

states. The comparison of singlet and triplet p (r) . discussed in section 3.4, reflect this 

difference in the small r region between the S states and the P and D states. Finally, the 

significant increase of <r~2> with Z shows the considerable contraction of p (r) as Z 

increases. 

Clearly the p (r) and h (u) structure vary strongly with respect to Z, n, and L. 

Having systematically analysed the general trends, the next two sections address more 

subtle effects: section 3.3 considers the monotonicity of the ground state densities; 

singlet-triplet differences are analysed in section 3.4. 



Table 3.2.1: Moments for the 'S states of the two-electron ions 

He Li+ Be2+ B3+ 

< r ' > 

<u~ 2 > 

<u~'> 

4'S <r - 2 > 

< r ' > 

<u~2> 

<u~'> 

5'S <r - 2 > 

< r - ' > 

<u _ 2 > 

<u~'> 

8.08087 

2.11703 

0.04065 

0.11151 

8.03297 

2.06497 

0.01671 

0.06276 

8.01652 

2.04125 

0.00841 

0.04016 

18.3102 

3.22800 

0.16112 

0.21648 

18.1285 

3.12745 

0.06730 

0.12278 

18.0651 

3.08126 

0.03421 

0.07891 

32.6874 

4.33912 

0.36255 

0.32185 

32.2862 

4.18997 

0.15200 

0.18290 

32.1455 

4.12127 

0.07745 

0.11771 

51.2124 

5.45025 

0.64432 

0.42725 

50.5064 

5.25249 

0.27043 

0.24300 

50.2577 

5.16128 

0.13793 

0.15648 

C 4 + N 5 + 0 6 + F7+ Ne 8 + 

73.8856 

6.56137 

1.00611 

0.53262 

72.7891 

6.31500 

0.42246 

0.30306 

72.4019 

6.20129 

0.21554 

0.19522 

100.707 

7.67249 

1.44781 

0.63797 

99.1341 

7.37751 

0.60802 

0.36310 

98.5781 

7.24130 

0.31032 

0.23396 

131.676 

8.78361 

1.96937 

0.74330 

129.542 

8.44001 

0.82710 

0.42312 

128.787 

8.28130 

0.42222 

0.27268 

166.794 

9.89473 

2.57075 

0.84862 

164.012 

9.50252 

1.07969 

0.48314 

163.026 

9.32130 

0.55120 

0.31140 

206.060 

11.0058 

3.25193 

0.95392 

202.545 

10.5650 

1.36577 

0.54314 

201.299 

10.3613 

0.69733 

0.35011 



Table 3.2.1: Continued. 

6'S < r - 2 > 

< r ' > 

< r + I > 

< r + 2 > 

< u - 2 > 

< u ~ ' > 

< U + I > 

< u + 2 > 

He 

8.00944 

2.02850 

52.2648 

2965.73 

0.00481 

0.02788 

51.5222 

2965.74 

Li+ 

18.0374 

3.05628 

26.8397 

775.521 

0.01969 

0.05494 

26.3460 

775.527 

Be2+ 

32.0836 

4.08407 

18.0734 

350.186 

0.04466 

0.08203 

17.7036 

350.188 

B3+ 

50.1484 

5.11186 

13.6274 

198.587 

0.07959 

0.10909 

13.3317 

198.589 

C4+ N5+ 0 6 + F7+ Ne8+ 

72.2321 

6.13964 

10.9382 

127.729 

0.12444 

0.13614 

10.6919 

127.730 

98.3335 

7.16742 

9.13594 

88.9991 

0.17919 

0.16319 

8.92491 

88.9997 

128.454 

8.19520 

7.84383 

65.5460 

0.24383 

0.19022 

7.65923 

65.5464 

162.593 

9.22298 

6.87205 

50.2759 

0.31837 

0.21726 

6.70799 

50.2762 

200.750 

10.2508 

6.11460 

39.7814 

0.40280 

0.24429 

5.96697 

39.7816 

to 



Table 3.2.2: Moments for the 3S states of the two-electron ions 

He Li+ Be2+ B3+ 

<u~2> 

<u~ '> 

43S < r - 2 > 

< r > 

<u~2> 

< u " ' > 

53s <r2> 
< r _ 1 > 

<u~2> 

8.08588 

2.12735 

0.02310 

0.11732 

8.03356 

2.06914 

0.00911 

0.06526 

8.01643 

2.04334 

0.00447 

0.04145 

18.3249 

3.23922 

0.07445 

0.21352 

18.1311 

3.13201 

0.03052 

0.12176 

18.0654 

3.08355 

0.01532 

0.07847 

32.7129 

4.35053 

0.15375 

0.30819 

32.2915 

4.19461 

0.06405 

0.17753 

32.1465 

4.12360 

0.03245 

0.11507 

51.2494 

5.46172 

0.26104 

0.40240 

50.5146 

5.25715 

0.10971 

0.23307 

50.2597 

5.16363 

0.05587 

0.15155 

C4+ ]SP+ Q 6 + p7+ N e 8 + 

73.9343 

6.57287 

0.39631 

0.49642 

72.8002 

6.31967 

0.16752 

0.28852 

72.4049 

6.20364 

0.08558 

0.18798 

100.767 

7.68400 

0.55958 

0.59035 

99.1484 

7.38218 

0.23746 

0.34391 

98.5822 

7.24364 

0.12158 

0.22438 

131.749 

8.79513 

0.75085 

0.68422 

129.559 

8.44469 

0.31954 

0.39928 

128.791 

8.28365 

0.16388 

0.26076 

166.878 

9.90625 

0.97013 

0.77805 

164.032 

9.50719 

0.41376 

0.45463 

163.033 

9.32365 

0.21246 

0.29713 

206.156 

11.0174 

1.21740 

0.87185 

202.568 

10.5697 

0.52013 

0.50997 

201.306 

10.3637 

0.26734 

0.33350 



Table 3.2.2: Continued. 

63S < r " 2 > 

< r ' > 

< r + 1 > 

< r + 2 > 

<u" 2 > 

< u ~ ' > 

< u + 1 > 

< u + 2 > 

He 

8.00924 

2.02969 

49.5429 

2661.21 

0.00252 

0.02863 

48.8009 

2661.22 

Li+ 

18.0372 

3.05760 

25.9163 

722.076 

0.00874 

0.05471 

25.4230 

722.082 

Be2+ 

32.0838 

4.08541 

17.6157 

332.276 

0.01863 

0.08054 

17.2463 

332.278 

B3+ 

50.1489 

5.11320 

13.3554 

190.541 

0.03218 

0.10630 

13.0600 

190.543 

C 4 + N 5 + 0 6 + p7+ N e 8 + 

72.2326 

6.14098 

10.7582 

123.449 

0.04939 

0.13202 

10.5122 

123.450 

98.3347 

7.16877 

9.00817 

86.4587 

0.07027 

0.15773 

8.79741 

86.4592 

128.455 

8.19655 

7.74847 

63.9167 

0.09481 

0.18342 

7.56410 

63.9171 

162.595 

9.22433 

6.79818 

49.1693 

0.12301 

0.20911 

6.63433 

49.1696 

200.752 

10.2521 

6.05569 

38.9959 

0.15489 

0.23480 

5.90825 

38.9961 

.p. 



Table 3.2.3: Moments for the 'P states of the two-electron ions 

He Li+ Be2+ B3+ 

3'P < r 2 > 

< u _ 2 > 

4'P < r 2 > 

< u _ 2 > 

5'P < r 2 > 

< u _ 2 > 

6'P < r 2 > 

< r "«> 

< r + 1 > 

< r + 2 > 

< u _ 2 > 

< u ~ ' > 

< u + I > 

< u + 2 > 

8.0258) 

0.02567 

8.01095 

0.01088 

8.00561 

0.00559 

8.00326 

2.02763 

53.9683 

3176.40 

0.00324 

0.02759 

53.2253 

3176.42 

18.1038 

0.11024 

18.0437 

0.04685 

18.0223 

0.02407 

18.0129 

3.05533 

27.1217 

795.066 

0.01396 

0.05539 

26.6277 

795.070 

32.2307 

0.25892 

32.0967 

0.10988 

32.0494 

0.05643 

32.0287 

4.08310 

18.1103 

352.920 

0.03272 

0.08335 

17.7402 

352.921 

50.4063 

0.47244 

50.1705 

0.20020 

50.0871 

0.10272 

50.0504 

5.11087 

13.5930 

198.282 

0.05952 

0.11135 

13.2971 

198.283 

C 4 + 

72.6307 

0.75091 

72.2645 

0.31776 

72.1352 

0.16294 

72.0776 

6.13865 

10.8792 

126.784 

0.09438 

0.13937 

10.6327 

126.785 

N5+ 

98.9043 

1.09432 

98.3794 

0.46257 

98.1939 

0.23706 

98.1121 

7.16643 

9.06864 

87.9827 

0.13727 

0.16739 

8.85748 

87.9829 

Q 6 r 

129.227 

1.50265 

128.515 

0.63459 

128.263 

0.32508 

128.152 

8.19420 

7.77476 

64.6051 

0.18819 

0.19541 

7.59004 

64.6052 

F7+ 

163.600 

1.97591 

162.672 

0.83385 

162.343 

0.42698 

162.198 

9.22198 

6.80401 

49.4418 

0.24713 

0.22343 

6.63985 

49.4418 

Ne8+ 

202.021 

2.51405 

200.849 

1.06029 

200.434 

0.54278 

200.251 

10.2498 

6.04877 

39.0514 

0.31410 

0.25145 

5.90105 

39.0514 

4^ 



Table 3.2.4: Moments for the 3P states of the two-electron ions 

He Li+ Be2+ B3+ 

33P < r " 2 > 

< u - 2 > 

43P < r _ 2 > 

<u~2> 

53P < r 2 > 

< u - 2 > 

63P < r 2 > 

< r > 
< r + 1 > 

< r + 2 > 

<u" 2 > 

< u ~ ' > 

< u + I > 

< u + 2 > 

8.00852 

0.02639 

8.00358 

0.01086 

8.00181 

0.00548 

8.00105 

2.02839 

52.5277 

3008.33 

0.00315 

0.02836 

51.7860 

3008.35 

18.0561 

0.09365 

18.0239 

0.03857 

18.0122 

0.01950 

18.0072 

3.05631 

26.5119 

759.242 

0.01119 

0.05578 

26.0192 

759.250 

32.1537 

0.19839 

32.0653 

0.08197 

32.0335 

0.04152 

32.0194 

4.08413 

17.7868 

340.198 

0.02387 

0.08291 

17.4178 

340.202 

50.3012 

0.3406? 

50.1277 

0.14111 

50.0656 

0.07158 

50.0379 

5.11192 

13.3944 

192.412 

0.04119 

0.10995 

13.0995 

192.415 

C 4 + 

72.4984 

0.52059 

72.2112 

0.21602 

72.1083 

0.10969 

72.0627 

6.13970 

10.7454 

123.615 

0.06317 

0.13695 

10.4998 

123.616 

N5+ 

98.7450 

0.73811 

98.3156 

0.30672 

98.1618 

0.15587 

98.0936 

7.16749 

8.97254 

86.0833 

0.08980 

0.16394 

8.76210 

86.0842 

Q6+ 

129.041 

0.99327 

128.441 

0.41319 

128.226 

0.21010 

128.131 

8.19527 

7.70245 

63.3789 

0.12110 

0.19092 

7.51837 

63.3795 

F7+ 

163.387 

J.28606 

162.587 

0.53545 

162.301 

0.27240 

162.174 

9.22304 

6.74765 

48.6051 

0.15705 

0.21789 

6.58407 

48.6055 

Ne8+ 

201.782 

1.61648 

200.754 

0.67350 

200.386 

0.34276 

200.223 

10.2508 

6.00363 

38.4553 

0.19766 

0.24485 

5.85643 

38.4556 

-p. 
OS 



Table 3.2.5: Moments for the 'D states of the two-electron ions. 

He Li+ Be2+ B3+ 

3'D < r 2 > 

< r ' > 

< ; H > 

< r + 2 > 

<u" 2 > 

< u " ' > 

< u + 1 > 

< u + 2 > 

4'D <r~ 2> 

< r ' > 

< r + 1 > 

< r + 2 > 

< u _ 2 > 

<u~ '> 

< u + 1 > 

< u + 2 > 

8.01411 

2.11123 

11.2315 

126.336 

0.01497 

0.11122 

10.5133 

126.399 

8.00591 

2.06255 

21.7250 

503.611 

0.00632 

0.06255 

20.9923 

503.646 

18.0574 

3.22230 

5.74430 

31.7688 

0.06019 

0.22212 

5.27216 

31.7938 

18.0242 

3.12503 

10.9925 

126.160 

0.02543 

0.12494 

10.5077 

126.174 

32.1309 

4.33335 

3.87297 

14.1720 

0.13616 

0.33298 

3.52105 

14.1840 

32.0552 

4.18750 

7.37240 

56.1471 

0.05759 

0.18733 

7.01007 

56.1538 

50.2345 

5.44442 

2.92425 

7.99058 

0.24319 

0.44390 

2.64364 

7.99719 

50.0989 

5.24998 

5.54909 

31.6091 

0.10296 

0.24974 

5.25977 

31.6128 

C4+ N5* 0 6 + F7+ Ne8+ 

72.3682 

6.55550 

2.34975 

5.12212 

0.38146 

0.55488 

2.11639 

5.12612 

72.1553 

6.31247 

4.44975 

20.2407 

0.16164 

0.31219 

4.20893 

20.2429 

98.5316 

7.66659 

1.96426 

3.56105 

0.55105 

0.66592 

1.76450 

3.56366 

98.2242 

7.37496 

3.71431 

14.0612 

0.23365 

0.37466 

3.50807 

14.0627 

128.725 

8.77768 

1.68757 

2.61849 

0.75203 

0.77700 

1.51295 

2.62028 

128.306 

8.43745 

3.18764 

10.3334 

0.31904 

0.43716 

3.00729 

10.3344 

162.948 

9.88878 

1.47928 

2.00608 

0.98444 

0.88811 

1.32417 

2.00736 

162.400 

9.49994 

2.79186 

7.91305 

0.41782 

0.49966 

2.63161 

7.91376 

201.201 

10.9999 

1.31680 

1.58586 

1.24829 

0.99925 

1.17728 

1.58681 

200.507 

10.5624 

2.48354 

6.25322 

0.53001 

0.56218 

2.33937 

6.25375 

- J 



Table 3.2.5: Continued. 

5'D < r 2 > 

< r ' > 

< r + 1 > 

< r + 2 > 

<u" 2 > 

< u ~ ' > 

< u + 1 > 

< u + 2 > 

6'D < r 2 > 

< r ~ ' > 

< r + l > 

< r + 2 > 

<u" 2 > 

< u ~ ' > 

< u + l > 

< u + 2 > 

He 

8.00299 

2.04003 

35.2186 

1348.38 

0.00323 

0.04002 

34.4795 

1348.40 

8.00178 

2.02779 

51.7122 

2930.54 

0.00187 

0.02779 

50.9697 

2930.55 

Li+ 

18.0124 

3.08002 

17.7406 

337.475 

0.01303 

0.07997 

17.2502 

337.484 

18.0071 

3.05556 

25.9888 

733.204 

0.00754 

0.05554 

25.4954 

733.210 

Be2+ 

32.0282 

4.12000 

11.8718 

150.105 

0.02952 

0.11991 

11.5048 

150.109 

32.0163 

4.08333 

17.3712 

326.043 

0.01709 

0.08328 

17.0016 

326.046 

B3+ 

50.0506 

5.15999 

8.92388 

84.4731 

0.05280 

0.15986 

8.63063 

84.4754 

50.0294 

5.11110 

13.0487 

183.458 

0.03059 

0.11103 

12.7533 

183.459 

C 4 + N 5 + 0 6 + F7+ Ne1 

72.0796 

6.19998 

7.14970 

54.0783 

0.08292 

0.19984 

6.90551 

54.0797 

72.0461 

6.13888 

10.4497 

117.435 

0.04804 

0.13879 

10.2037 

117.436 

98.1150 

7.23998 

5.96433 

37.5615 

0.11990 

0.23982 

5.75514 

37.5624 

98.0664 

7.16665 

8.71434 

81.5620 

0.06948 

0.16656 

8.50357 

81.5626 

128.157 

8.27997 

5.11626 

27.5998 

0.16376 

0.27982 

4.93329 

27.6004 

128.091 

8.19443 

7.47345 

59.9281 

0.09490 

0.19434 

7.28908 

59.9285 

162.205 

9.31997 

4.47942 

21.1330 

0.21450 

0.31983 

4.31683 

21.1335 

162.118 

9.22220 

6.54197 

45.8849 

0.12432 

0.22212 

6.37812 

45.8852 

200.260 

10.3600 

3.98360 

16.6988 

0.27214 

0.35984 

3.83730 

16.6992 

200.150 

10.2500 

5.81699 

36.2562 

0.15772 

0.24991 

5.66955 

36.2564 

OO 



Table 3.2.6: Moments for the 3D states of the two-electron ions. 

He Li+ Be2+ B3+ 

33D < r 2 > 

<r-«> 

< r + 1 > 

< r + 2 > 

<u~2> 

< u " ' > 

< u + 1 > 

< u + 2 > 

43D < r 2 > 

< r ' > 

< r + 1 > 

< r + 2 > 

< u _ 2 > 

< u " ' > 

< u + 1 > 

< u + 2 > 

8.01396 

2.11128 

11.2258 

126.216 

0.01497 

0.11130 

10.5076 

126.278 

8.00582 

2.06258 

21.7162 

503.231 

0.00632 

0.06259 

20.9835 

503.266 

18.0561 

3.22248 

5.73832 

31.7044 

0.06004 

0.22239 

5.26609 

31.7286 

18.0235 

3.12513 

10.9833 

125.961 

0.02532 

0.12509 

10.4985 

125.974 

32.1274 

4.33363 

3.86827 

14.1380 

0.13520 

0.33334 

3.51627 

14.1493 

32.0532 

4.18765 

7.36528 

56.0430 

0.05700 

0.18752 

7.00290 

56.0493 

50.2281 

5.44475 

2.92065 

7.97098 

0.24045 

0.44422 

2.64000 

7.97712 

50.0954 

5.25016 

5.54366 

31.5494 

0.10133 

0.24991 

5.25432 

31.5529 

c4+ 

72.3583 

6.55587 

2.34696 

5.10991 

0.37578 

0.55506 

2.11358 

5.11358 

72.1500 

6.31267 

4.44555 

20.2037 

0.15833 

0.31227 

4.20473 

20.2058 

N5+ 

98.5181 

7.66699 

1.96204 

3.55297 

0.54120 

0.66589 

1.76229 

3.55534 

98.2171 

7.37517 

3.71099 

14.0368 

0.22797 

0.37463 

3.50475 

14.0381 

06+ 

128.707 

8.77810 

1.68578 

2.61287 

0.73671 

0.77670 

1.51118 

2.61449 

128.297 

8.43767 

3.18497 

10.3165 

0.31027 

0.43697 

3.00461 

10.3174 

F7+ 

162.926 

9.88922 

1.47780 

2.00202 

0.96230 

0.88751 

1.32273 

2.00317 

162.389 

9.50018 

2.78966 

7.90086 

0.40521 

0.49931 

2.62942 

7.90151 

Ne 8 + 

201.175 

11.0003 

1.31556 

1.58284 

1.21797 

0.99830 

1.17608 

1.58369 

200.493 

10.5627 

2.48170 

6.24415 

0.51281 

0.56165 

2.33754 

6.24463 

NO 



Table 3.2.6: Continued. 

He Li+ Be2+ B3+ 

53D <r~ 2> 

< r ' > 

< r + 1 > 

< r + 2 > 

<u" 2 > 

< u " ' > 

< u + 1 > 

< u + 2 > 

63D <r~ 2> 

< r ' > 

< r + 1 > 

<r2> 
<u" 2 > 

< u _ 1 > 

< u + 1 > 

< u + 2 > 

8.00297 

2.04005 

35.2071 

1347.55 

0.00323 

0.04005 

34.4680 

1347.57 

8.00175 

2.02781 

51.6984 

2929.04 

0.00187 

0.02781 

50.9559 

2929.05 

18.0119 

3.08007 

17.7288 

337.045 

0.01296 

0.08005 

17.2383 

337.054 

18.0068 

3.05560 

25.9744 

732.418 

0.00750 

0.05559 

25.4810 

732.424 

32.0272 

4.12008 

11.8626 

149.881 

0.02917 

0.12001 

11.4956 

149.885 

32.0158 

4.08338 

17.3600 

325.635 

0.01687 

0.08334 

16.9905 

325.638 

50.0486 

5.16009 

8.91690 

84.3451 

0.05185 

0.15995 

8.62364 

84.3473 

50.0281 

5.11117 

13.0402 

183.225 

0.02999 

0.11108 

12.7449 

183.227 

C4+ N5+ 0 6 + F7+ Ne! 

72.0764 

6.20009 

7.14431 

53.9991 

0.08100 

0.19988 

6.90012 

54.0005 

72.0442 

6.13895 

10.4431 

117.292 

0.04685 

0.13882 

10.1971 

117.293 

98.1108 

7.24010 

5.96007 

37.5093 

0.11662 

0.23980 

5.75088 

37.5101 

98.0642 

7.16672 

8.70919 

81.4675 

0.06745 

0.16655 

8.49842 

81.4681 

128.151 

8.28010 

5.11283 

27.5636 

0.15871 

0.27971 

4.92986 

27.5642 

128.088 

8.19450 

7.46929 

59.8626 

0.09179 

0.19427 

7.28492 

59.8630 

162.198 

9.32010 

4.47659 

21.1070 

0.20726 

0.31962 

4.31401 

21.1074 

162.115 

9.22228 

6.53855 

45.8379 

0.11988 

0.22200 

6.37470 

45.8382 

200.252 

10.3601 

3.98124 

16.6795 

0.26229 

0.35953 

3.83495 

16.6798 

200.146 

10.2501 

5.81413 

36.2212 

0.15170 

0.24972 

5.66670 

36.2214 

o 
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3.3 Density derivatives for the ground states 

In a series of recent papers, Angulo and Dehesa [3.10-3.14] and Galvez and 

Porras [3.15][3.16] have derived bounds on moments, p(0) and its derivatives. In 

particular, Angulo and Dehesa [3.13] have investigated bounds resulting from the 

complete monotonicity of p(r), i.e. 

(-l)np(n) ( r ) * 0 for 72=0,1,2, . . . (3 -9 ) 

for atomic ground states from hydrogen to xenon. Since their investigation focused on 

densities obtained from Hartree-Fock wavefunctions, density derivatives have been 

obtained for the ground states of the two-electron ions from He to Ne8+. The 200-term 

ground state expansions discussed in chapter 2 were used to generate p(r) derivatives up 

to tenth order. Figures 3.3.1-3.3.4 show p(r), p'(r), p"(r), and p(3)(r) for H~, He, B3+, 

and Ne8+. The calculations and the figures show quite clearly that the Z-scaled 

derivatives lie close together and are all monotonically decreasing. These results 

confirm, for the ground state of two-electron ions, the complete monotonicity of p(r). 

Although many bounds were obtained by Angulo and Dehesa [3.13], their use will 

be illustrated by considering the bounds on p(0) for a completely monotonic density 

[3.13]: 
_ L _ < l / r f > i S p { 0 ) s _ L < 1 / r 2 > ( 3 . 1 0 ) 
4K <l/r> K 2* 

The lower and upper limits are found to be within 10% of the true p(0) for the ground 

state of the ions. However, these bounds are roughly equidistant from the true p(0) and 

consequently, with the exception of H~, their average is within 0.2% of p(0). 
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3.4 Singlet-triplet differences for D(r) and P(u) 

Spin multiplicity differences between the densities of a pair of states arising from 

the same electron configuration of the same ion are of special interest. In two-electron 

ions, the hydrogenic model predicts that the charge densities p(r) are identical in the 

singlet and triplet states arising from the same electron configuration. The spin 

multiplicity differences can be studied by forming the differences between the radial 

charge and intracule densities of the singlet and triplet states corresponding to the same 

n, L and Z. These holes integrate to zero. The AD(r) and AP(u) curves are referred to 

as one- and two-electron "Hund holes", respectively, because they have been found to 

be useful [3.9][3.17] in studies of the interpretation of Hund's first rule [3.18]. The 

latter says that the lowest energy state in the manifold arising from the same electron 

configuration is the one with the highest spin multiplicity. 

One-electron Hund holes for the S, P and D states of He are shown in Figures 

3.4.1, 3.4.2 and 3.4.3, respectively. First consider the core region. The S state holes 

have a minimum at small r that is too small to be visible in Figure 3.4.1; this implies 

that the electron distribution is slightly enhanced in the central core region at the expense 

of the inner and outer core regions of the singlet relative to the triplet. This minimum 

is visible in Figure 3.4.4. Figures 3.4.2 and 3.4.3 show that the core electron 

distribution is contracted in the P and D singlet states relative to the triplet. The charge 

redistribution in the core region decreases in importance as n increases. Beyond the core 

peak, all the holes show a series of trough-peak pairs so that the net effect of the increase 

in spin is to significantly contract the charge cloud. This leads to a greater electron-
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nucleus attraction in the triplet which in turn leads to a lower energy for the triplet. This 

picture is entirely consistent with all previous energy component analyses of spin 

multiplicity differences [3.18-3.21]. Beyond the core peak, singlet and triplet pseudo-

nodes in p(r) respectively lie within the r range of the troughs and peaks in the holes. 

The Hund holes do not have a sharp structure although the densities change by several 

orders of magnitude near the pseudo-nodes. However, both the pseudo-node wells and 

the trough-peak pairs increase in amplitude with increasing r. 

As n increases from 3 to 6, the holes decrease by a factor of 4 for the S and P 

states and by a factor of 2 for the D states. A comparison of figures 3.4.2, 3.4.3 and 

3.4.4 shows that the S state holes are approximately twice as large as the P state holes 

and 400 times larger than the D state holes. The A;S holes have n maxima and n minima, 

the nP holes have n maxima and n-1 minima, and the //D holes have n-1 maxima and n-2 

minima. The first trough of the D state holes is slightly skewed whereas all the other 

peaks and troughs are roughly symmetrical. 

The influence of increasing nuclear charge on the holes is shown in Figures 3.4.4, 

3.4.5 and 3.4.6 for the 3S, 3P and 3D states, respectively. The figures show that the 

Z-scaled holes retain their structure but contract significantly as Z increases. In the S 

state holes, the core trough and peak are largest for either Li+ or Be2+. Beyond the core 

region, the troughs and peaks are largest for He and decrease with increasing Z. The 

troughs and peaks of the P state holes increase from He to Li+ and decrease thereafter. 

The inner peak of the D state holes is generally largest for N5+, whereas all other 

extreme points are largest for B3+ or C4+. A similar Z-dependence of the one-electron 
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Hund holes has been observed previously for the 2S and 2P states [3.9]. 

Two-electron Hund holes for the S, P, and D states of He are shown in Figures 

3.4.7, 3.4.8 and 3.4.9, respectively. In all cases, very small interelectronic distances 

are more probable in the singlet due to the presence of Fermi correlation for the triplet. 

This small u effect decreases in importance as n increases. Beyond the small // region, 

the two-electron holes for He qualitatively resemble the corresponding one-electron holes 

(see figures 3.4.1-3.4.3), and this resemblance increases with n. However, as Z 

increases, this similarity disappears since the one-electron holes vanish, unlike the two-

electron holes that always show the effects of Fermi correlation. 

Figures 3.4.10, 3.4.11 and 3.4.12 illustrate the variation of the two-electron Hund 

holes for the 3S, 3P and 3D states, respectively; holes for He, Li+, Ne8'*, and the infinite 

Z limit are shown in these figures. The holes contract as the nuclear charge increases. 

The outer maximum and minimum in the 3S and 3P holes disappear with increasing Z. 

The asymmetry of the initial minimum in the D state holes vanishes as Z increases. In 

the infinite Z limit, the D state holes are approximately 10 times smaller than the S and 

P state holes. 

Hund's rule has traditionally been rationalized by arguing that Fermi correlation 

keeps electrons of like spin apart resulting in a decreased interelectronic repulsion and 

and a lower energy for the high spin state. More recent studies [3.18-3.21] have shown 

that the lower energy in the high spin state results from increased electron-nuclear 

attraction. According to figure 3.4.13 and tables 3.2.1-3.2.6, the interelectronic 

repulsion < u~' > is greater in the singlet for all S, P and D state ions with Z > 3 , 4, and 
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7, respectively. For neutral helium and the lower members of the isoelectronic sequence, 

the interelectronic repulsion is actually greater in the triplet and figure 3.4.13 shows that 

the singlet-triplet D state differences actually decrease from Z=2 to 4. These results are 

in clear contradiction with the naive view of Hund's rule but entirely consistent with its 

modern interpretation. Similar behaviour is found for the lower S and P states of the two 

electron ions [3.9][3.17]. 
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Figure 3.4 1 Z-scaled one-electron Hund holes for the 3S (a), 4S (b) 5S (c), and 6S (d) 

states of He. 
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Figure 3 4 2: Z-scaled one-electron Hund holes for the 3P (a), 4P (b), 5P (c), and 6P 

(d) states of He. 
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Figure 3.4.3: Z-scaled one-electron Hund holes for the 3D (a), 4D (b), 5D (c), and 6D 

(d) states of He. 
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Figure 3.4.4: Z-scaled one-electron Hund holes for the 3S states of He ( ), Li+ 

(—--), and Ne8+ ( ). 
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Figure 3.4.5: Z-scaled one-electron Hund holes for the 3P states of He ( ), Li + 

(—--), and Ne8+ ( ). 
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Figure 3.4.6: Z-scaled one-electron Hund holes for the 3D states of He ( ), Li+ 

(-—), and Ne8+ ( ). 
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Figure 3.4.7: Z-scaled two-electron Hund holes for the 3S (a), 4S (b), 5S (c), and 6S (d) 

states of He. 
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Figure 3.4.8: Z-scaled two-electron Hund holes for the 3P (a), 4P (b), 5P (c), and 6P 

(d) states of He. 
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Figure 3.4.9: Z-scaled two-electron Hund holes for the 3D (a), 4D (b), 5D (c), and 6D 

(d) states of He. 



8.00 

N 

Q_ 
m 

i 

QT 

o o 
IT) 

•12.00 
0 10 20 30 40 50 

Z u 

Figure 3.4.10: Z-scaled two-electron Hund holes for the 3S states of He ( ), LiH 

(—--), Ne8+ ( ) and the infinite Z limit ( ). 
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3.4.11: Z-scaled two-electron Hund holes for the 3P states of He ( ), Li+ 

(-—), Ne8+ ( ) and the infinite Z limit ( ). 
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3.4.12: Z-scaled two-electron Hund holes for the 3D states of He ( ), Li+ 

(--—), Ne8+ ( ) and the infinite Z limit ( ). 
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CHAPTER 4: 

ELECTRON CORRELATION 

4.1 Correlation coefficients and Coulomb holes: An overview 

In conventional quantum chemistry, electron correlation effects are those that are 

not taken into account by the Hartree-Fock approxi.nation [3.3]. From a statistical 

perspective [3.3][3.6][4.1], electron correlation effects are those due to the difference 

between the true electron pair density and the product of the true one-electron densities: 

c<fvr2) = D2{r\,r2)-Dx(fx)D{(f2) (4.1) 

where 

D2{?vr2) = fy'ix^, ^n)Wi^2, ^n)doxda2dx3dx4 dxn (4.2) 

and 

*Wi)=jV(*i»%» ^ J t C W . jjdo^dx^dxt dxn H-3) 

The radial charge and intracule densities examined in chapter 3 can also be obtained from Dx(?x) 

and D2(fx, f2) , respectively: 

D(r)=n[Dx(rx)b(r-rx)dfx <4-4> 

and 

P«t) = ^ y ^ / * W 2 ) h(u-rX2)drxdr2 (4-5) 

73 
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The conventional and statistical definitions of electron correlation effects are 

different since Hartree-Fock wavefunctions are antisymmetric and therefore account for 

Fermi correlation between electrons of like spin [4.2][4.3]. Thus the Hartree-Fock 

wavefunction leads to nonvanishing statistical correlation effects in systems with two or 

more electrons of like spin. 

The pair correlation density, c(rx, f2) , is a rather complicated function of six 

variables and consequently difficult to analyze. Correlation coefficients, rg, were 

introduced by Kutzelnigg, Del Re, and Berthier [4.4] to provide overall measures of the 

statistical correlation. These numerical indices are defined by 

T =1ZLA ' (4.6) 

i i 

where the product of vectors is interpreted as a scalar product. When the electrons are 

statistically independent c(fx,f2) vanishes and, since x may be rewritten as 

/ D ^ ) / ) , ^ ) £(/,)[£(/,) -g(r3)i\drldFl 

xg vanishes also. These coefficients are origin dependent but, for atoms, the nucleus is 

the natural choice. When g(f) is spherically symmetric, the resulting coefficients are 

known as radial correlation coefficients. Otherwise, angular correlation coefficients are 

obtained. 

The angular correlation coefficients obtained from the function g(f) = f has 

received considerable attention [4.5-4.7] since, for ground states, it can be obtained 
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directly from experimental measurements of diamagnetic susceptibilities and, either 

oscillator strengths or the small momentum-transfer behaviour of scattering (x-ray, high 

energy electron, high energy proton...) intensities. xr has also been used to test various 

representations of the exchange-correlation energy within the Hohenberg-Kohn-Sham 

theory [4.7]. 

Sections 4.2 and 4.3 examine several radial and angular correlation coefficients 

for the fl'S, n3S, nlP, n3P, n'D, and n3D with n<l for each of the nine heliumlike ions. 

The coefficients studied have been chosen to emphasize the inner or 'core", intermediate, 

and outer regions of the electron distribution. The variations of the correlation 

coefficients with respect to nuclear charge Z, and angular momentum L, degree of 

excitation n , and spin multiplicity will be discussed Several of the correlation 

coefficients considered here have been studied previously for the five lowest states of the 

heliumlike ions [4.5]. 

As noted previously, in the conventional quantum chemistry sense, electron 

correlation effects are those not taken into account by the Hartree-Fock approximation. 

Thus, the correlation energy Ecorr was defined by Lowdin [4.8] asEcozz - EM ~ EHP 

in which Eex and EHF are the exact non-relativistic energy and Hartree-Fock (HF) energy, 

respectively. A natural way to visualize electron correlation is to use the change in the 

radial intracule density P(u). Hence, Coulson and Neilson [4.9] defined the Coulomb 

hole by 

AP(u)=PJu)-PHF(u) (4.8) 

in which PJu) and P„F(u) are the exact and Hartree-Fock (HF) radial intracule densities 
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respectively. For ground states of two-electron systems, estimates of AP(u) may be 

obtained directly from X-ray scattering experiments [4.10]. Since AP(u) does not contain 

information about the location of the electrons, it is useful to study the effects of 

correlation on the radial electron density D(r), the radial probability density for the 

electron-nucleus distance r, by a density hole defined as 

AD(r) = DJr)-DHF(r) (4.9) 

Both holes integrate to zero. Hole volumes are used as measures of the charge 

redistribution arising from electron correlation. Thus, the total hole volume for the 

one-electron radial density is 

VDT=~j\AD{r)\dr= f \AD{r)\dr = f \AD(r)\dr (4.10) 
0 AiDkO ADsO 

where the equalities hold since the hole integrates to zero. The outer hole volume is 

VDO = f\AD(r)\dr (4.11) 

where rf is the largest finite zero. The total and outer volumes of the Coulomb hole, Vyp 

and VPO, respectively, are defined by analogous integrals of AP(u). 

Conventional electron correlation effects have been studied in the ground 

[4.11][4.12], :,S [4.13][4.14], and 2P [4.15] states of the two-electron ions. Rydberg 

states of two-electron atoms can be expected to have relatively small electron correlation 

effects because the two electrons are in widely separated shells. Although these 

correlation effects may be smali, they are rather interesting because of their subtlety. 
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Since, as shown in chapter 3, one- and two-electron densities of these ions change 

significantly with the total angular momentum L, and electron correlation effects should 

get more subtle as the outer electron is excited to higher levels, electron correlation 

effects in the D states are of some interest. 

Sections 4.4 and 4.5 examine the conventional electron correlation effects in the 

3'D and 33D states of the ions from He to Ne8+. Coulomb holes, density holes, and their 

respective hole volumes are studied. The two definitions of electron correlation are 

shown to be complementary for these states since the hole structures are explained by an 

examination of correlation coefficients. 

4.2 Correlation coefficients: Computational notes 

The radial correlation coefficients obtained from the choice xzk have the form 

•f k =
 n~l »' ! (4.12) 

The coefficients obtained from the choice k= + \ have been studied in the five lowest 

states of the two-electron ions [4.5] and in the ground and first excited states of Li and 

Be [4.16][4.17]. In order to investigate shell effects, the £=-1 coefficient was also 

considered in the latter stud'es [4.16][4.17]. Similarly, since the state:; considered here 

are relatively diffuse, we place emphasis on the outer regions by including k=+2. The 

£=-1,1,2 coefficients are sufficient to emphasize radial correlation in the core, 

intermediate, and outer regions, respectively, of the charge cloud. 
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The angular correlation coefficients chosen to emphasize the core, intermediate, 

and outer regions are 

2 , v - , r . w ^ . v 2 
T-. -» - , - n ^E (")(^> = -pr, <E cosev), (4.i3) 

r/r n(H-l) 7^ r r n(n-l) ^ ' !>/ ' , 'y " V " * / l>/ 

and 

2(Evf ;} 2<z>1r;cos(e,;)> 
t- = - - ^ = —2 , (4.14) 
' (n-l)<5>,2> («-D(E^2) 

2 < E v , V r ; > 2<5:r,2ry
2cos(eiy)> 

T . = 2 = !2 . (4.15) 
(n-i)<5>,4> («-i)<E'.4> rr 

respectively, where 0j, is the angle subtended at the nucleus by the position vectorsT± 

and f j. These angular correlation coefficients are bounded in absolute value by unity: 

T=1 when the position vectors coincide, and r=-l when the position vectors are at 

diametrical positions with respect to the nucleus. The angular correlation coefficients 

vanish either when the electrons are independent (ie c(fx,f2) =0) or when their 

position vectors are orthogonal. 

The integrals required in the evaluation of me correlation coefficients are reduced 

[2.29] to the form shown in equation (2.19) and evaluated using a modified recursion 

relation of Sack et al [2.30]. The calculation of xx/z requires caution since integrals of 

the form <r"2> arise. These integrals, and the numerical instabilities which may arise 

in their evaluation, are evaluated by procedures analogous to those described previously 

[2.26]. 
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Correlation coefficients for the infinite Z limit have been evaluated by substituting 

wavefunctions of the form shown in equation (3.3) into the correlation coefficient 

expressions and evaluating the appropriate integrals. With the exception of the S states, 

the infinite Z limit of the radial correlation coefficients are equal for the singlet and 

triplets (that is, at infinite Z xzk(n1L) = xzk(n
3L) for L^O). Furthermore, with the 

exception of the P slates, the angular correlation coefficients vanish in the limit of infinite 

Z. 

The correction coefficients are presented graphically in this chapter. The figures 

for n=5 and n=6 are not shown since they qualitatively resemble the n=4 curves. 

Furthermore, the trends observed as n increases from 3 to 4 persist to larger n. For n=5 

and 6, xf and x2l (see equations (4.14) and (4.15)) show somewhat erratic behaviour 

as Z increases but the overall variation with Z is consistent with the n=3 and 4 results. 

This behaviour is considered aphysical and is due to the emphasis placed on energetically 

unimporujit regions of the charge cloud (i.e. <r i r2Cos (612) > emphasizes the situation 

where both electrons are distant from the nucleus). 

Numerical values of the correlation coefficients are given in Appendix 5. All 

calculations were performed in quadruple precision using the 100-term integral transform 

wavefunctions discussed in chapter 2. 

4.3 Correlation coefficients: Results and discussion 

The correlation coefficients are shown in figures 4.3.1-4.3.9: Figures 4.3.1-

4.3.3, 4.3.4-4.3.6, 4.3.7-4.3.9 show xx/r and xf/r, xz and x f , t r 2 and t f r , 

I 
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respectively. The first figure in each sequence shows the coefficients for the n=l and 

2 states, the second ^gure shows the n =3 coefficients, and the last of each sequence 

shows the w=4 results. 

Radial correlation is most important in the intermediate regions of the charge 

cloud, followed by the outer and core regions: the ratio •c1/r:xI.:tr2 is approximately 

3:7:5. Angular correlation, on the other hand, decreases in importance from the core 

to the intermediate to the outer regions of the charge cloud. For n=2, the ratio t f / r : 

xf: x f r is 4:2:1 and angular correlation is comparatively significant in all regions of the 

charge cloud, but for n=6 this ratio becomes 100000:500:1 and angular correlation is 

overwhelmingly more significant in the core region. These ratios can be understood 

quite simply. In the K-shell, angular correlation is more efficient than radiat correlation 

because of the small size of the K-shell; thus, in the K-shell, correlation energy is 

obtained primarily through decreased shielding leading to an increase in electron-nucleus 

attraction. In the intermediate region, both forms of correlation can be important. In 

the huge Rydberg region, radial correlation is favoured because greater stabilization can 

be obtained by reduction of interelectronic repulsion than by increase of attraction to the 

distant nucleus. The probability of finding both electrons in one of these regions is 

greatest for the intermediate region, and so radial correlation is most significant there. 

As n increases the radial correlation coefficients increase slightly in magnitude but 

angular correlation decreases in importance. In fact, the angular correlation coefficients 

change dramatically with n: xf/z, xf, and xtI decrease by factors of 40, 4000, and 

500000, respectively, as n increases from 2 to 6. These trends are expected since as n 



8 1 

increases, the size of tiie Rydberg region increases and radial correlation increasingly 

overshadows angular correlation. 

As shown in figures 4.3.1, 4.3.2, and 4.3.3, xx/z decreases approximately 

linearly with 1/Z. The maximum change in x1 / r as Z increases from 2 to oo is 15% and 

3%, for n=3 and n=6, respectively. Radial correlation in the core is considerably more 

significant for the 3S than for the 'S, slightly more significant for the 'P than for the 3P, 

and virtually identical for the 'D and 3D states. The figures show that radial correlation 

in the core is of similar importance for the 3S, 'P, 3P, 'D, and 3D states, but noticeably 

less important for the lS states. 

Since the x f / r curves for the $ ind D states lie close together, angular correlation 

in the core is of equal importance for these states. However, their Z dependence differs: 

xf/z increases with Z for the 3S states but has a slight minimum at Z=3 for the 'S ,'D, 

and 3D states. The 'P coefficients increase with Z becoming positive at Z=3; angular 

correlation keeps the electrons on the same side of the nucleus for Z>3 . x£/r decreases 

steadily with Z for the 3P states, indicating that the tendency to occupy opposite sides of 

the nucleus increases with Z. 

In the limit of Z=oo, radial correlation for intermediate-r is most important for 

the S states, followed by the P states, and finally the D states. As figures 4.3.4, 4.3.5, 

and 4.3.6 show, radial correlation is most significant for the S states for all Z. The 'S 

and 3S curves do cross however, with the'S coefficients larger for small Z. On the other 

hand, no singlet-triplet crossings occur for the P and D states, where the triplet 

correlation coefficients are always slightly smaller. For n = 3 the D state coefficients are 

* * 
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larger than the P state values for Z< 10 but, for n>3, the D and P state curves are well 

separated with the order at Z=a> persisting for all Z. Figure 4.3.6 shows that the Z 

dependence of %z is simile for the S, P and D states, that is, the slopes are similar. As 

n increases, these slopes become increasingly similar and approach 0. For n=A xz for 

the P stales is approximately the average of the S and D state values but, for n>A,xz 

for the P states approach the S state values. 

A comparison of figures 4.3.1 and 4.3.4, shows that xf and xf/z are qualitatively 

similar for n=2. These similarities disappear for larger n; the intermediate-r angular 

coefficients show stronger Z dependence, the S and D state curves are well separated, 

and x1/z becomes several orders of magnitude larger than xf. Also, although the 'P 

coefficients eventually become positive, the transition occurs at larger Z as n increases: 

xf is positive for Z=3, 5, 7, 10, and > 10 for n=2, 3, 4, 5, and 6, respectively. xr 

becomes more positive along the sequence 3P, 'D, 3D, 'S, 3S, and 'P. Exceptions to this 

ordering occur for He where the 3S coefficient is between the 3P and 'D values, and for 

Z=3 and Z=4 (n >4) where the S states are interchanged. As n increases, all x f curves 

show a minimum at Z=3, 4, or 5. These are most pronounced for the 3P states where 

angular correlation at the minimum is twice the He value, and least pronounced for the 

'P states where xf at the minimum is less than 20% larger than the He value. 

With the exception of the Z>6 ions in the 2'S state, radial correlation for large-r 

is most important for the singlet states; xr2 decreases along the sequence w'S, n3S, nlP, 

n3P, rt'D, and n3D. Similar to x r , the S, P, and D state curves become well separated 

but the curves do not show the same Z dependence. Except for the 2'S and 23P states, xf2 
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deceases slightly for the nxS and n3P states. All //3S coefficients increase with Zand all 

n3P, //'D, and n3D coefficients decrease with Z. However, as shown in figures 4.3.7, 

4.3.8, and 4.3.9, these variations with Z are quite small (from 12% in the 2'P state to 

0.04% in the 63D state). 

Angular correlation in the large-r region of the charge cloud decreases along the 

sequence lD, 3D, 3P, 3S, 'S, and 'P. Exceptions to this ordering do occur: for large Z, 

the 3P coefficient is most negative and the S states are interchanged; for small Z, the 3S 

coefficient becomes more negative than the 3P and even the D state values. The Z 

dependence of the correlation coefficients is more pronounced than for xg; angular 

correlation at the minimum is up to triple the He value. 

Within the context of Z~' perturbation theory, the correlation coefficients studied 

here may be expanded in the form 

^ = « , n + < W z + < W Z 2 + ( 4* l 6 ) 

where the first expansion coefficient, ag0, is the infinite Z limit of the correlation 

coefficient. Estimates of the next coefficients in the expansion have been calculated by 

least squares fitting of the correlation coefficients and by differencing techniques. Tables 

4.3.1-4.3.6 list the estimates of agl obtained for the 29 states and 6 coefficients 

considered. Each table considers one correlation coefficient; for each state, the top 

entry is a 0 , followed by agX, and, when an estimate is possible, ag2. The 

substitution of these values into equation (4.16) will provide estimates of the correlation 

coefficients for Z not considered in this work. 

\ 
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Table 4.3.1: 1/Z expansion coefficients of t 
l / r -

»lS n3S nlP n3P nlD «3D 

n=\ 
0 

-0.0734 
-0.022 

n=2 

-0.131716 
-0.2885 
0.04 

-0.251262 
-0.03303 
-0.012 

-0.216000 
-0.1322 
0.017 

-0.216000 
-0.0843 
-0.03 

/i=3 
-0.255098 -0.287275 -0.280702 -0.280702 -0.282686 -0.282686 
-0.1011 -0.03707 -0.0566 -0.04925 -0.0525 -0.05095 

0.002 -0.002 0.002 0.007 -0.0007 

n=A 
-0.293086 

-0.0502 

-0.306115 
-0.0246 
0.002 

-0.303917 

-0.0313 

-0.303917 

-0.0288 

0.003 

-0.304795 

-0.0296 

0.003 

-0.304795 

-0.02889 
-0.0001 

n=S 
-0.309099 

-0.0294 

-0.315630 
-0.01672 
0.002 

-0.314639 
-0.0197 

-0.314639 
-0.0186 
0.002 

-0.315098 

-0.0188 

0.001 

-0.315098 

-0.0185 

n=6 
-0.317227 

-0.0192 

-0.320960 

-0.0119 

0.001 

-0.320429 
-0.0135 

-0.320429 
-0.0129 
0.001 

-0.320697 

-0.0131 

0.001 

-0.320697 

-0.0128 
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Table 4.3.2: 1/Z expansion coefficients of x . 

nlS n3S nlP n3P n'D n3D 

n = l 
0 

-0.1794 
-0.07 

w=2 
-0.563005 
-0.2998 
0.116 

-0.636995 
•0.06007 
0.012 

-0.515789 
-0.3101 
0.118 

-0.515789 
-0.1822 
-0.01 

n-3 

n=A 

n=5 

-0.737245 -0.739678 -0.711765 -0.711765 -0.710526 -0.710526 
-0.0499 -0.04708 -0.0655 -0.0588 -0.0907 -0.0838 
-0.006 0.0173 -0.005 0.025 0.05 0.017 

-0.776621 -0.776888 -0.763104 -0.763104 -0.748892 -0.748892 

-0.0215 -0.02365 -0.0266 -0.0262 -0.0345 -0.0313 

-0.004 0.0073 -0.01 0.01 0.011 0.001 

-0.792635 -0.792686 -0.784251 -0.784251 -0.772340 -0.772340 

-0.0123 -0.01399 -0.0146 -0.01479 -0.018 -0.0165 

0.0036 -0.003 0.005 

n=6 

-0.800821 

-0.0081 

-0.800835 

-0.00925 

0.00200 

-0.795099 

-0.0093 

-0.003 

-0.795099 

-0.0095 

0.002 

-0.785903 
-0.0112 

-0.785903 

-0.0103 
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nlS n3S nlP n3P n'D n3D 

n=\ 

n=2 

n=3 

n=A 

n=5 

n=6 

0 

-0.145 

-0.04 

-0.392985 

-0.089 

0.08 

-0.529001 

-0.580451 

0.003 

-0.606524 

0.003 

-0.621464 

0.0016 

-0.411777 

0.0157 

0.043 

-0.529123 

0.0087 

0.028 

-0.580456 

0.0067 

0.013 

-0.606525 

0.00438 

0.0072 

-0.621464 

0.00289 

0.004 

-0.314767 

-0.1284 

0.08 

-0.497712 

-0.0176 

-0.01 

-0.564836 

-0.005 

-0.597238 

-0.0015 

-0.004 

-0.615312 

-0.0005 

-0.004 

-0.314767 

-0.050 

0.03 

-0.497712 

-0.0032 

0.017 

-0.564836 

0.0013 

0.006 

-0.597238 

0.0014 

-0.615312 

0.0011 

-0.439362 

-0.0274 

0.03 

-0.535462 

-0.0069 

0.009 

-0.579556 

-0.0026 

-0.603474 

-0.001 

-0.439362 

-0.0217 

0.009 

-0.535462 

-0.0041 

-0.579556 

-0.0011 

-0.603474 

-0.0003 
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n'S n3S w'P n3P «'D n3D 

n-

n-

n-

n-

n-

n-

= 1 

=3 

=4 

=5 

=6 

0 
-0.1332 
0.002 

0 
-0.0827 
0.134 

0 
-0.0264 
0.041 

0 

-0.0114 

0.018 

0 
-0.0059 
0.009 

0 

-0.00345 

0.006 

0 

-0.04736 
0.0237 

0 
-0.016643 
0.01596 

0 
-0.007382 
0.00837 

0 
-0.003862 
0.0047 

0 

-0.002261 

0.00291 

7.8037(-2) 
-0.2652 
0.144 

1.7578(-2) 
-0.04882 
0.002 

6.7948(-3) 

-0.0180 

3.3452(-3) 
-0.00876 
0.0006 

1.8957(-3) 
-0.00493 
0.0004 

-7.8037(-2) 
0.0454 
0.068 

-1.7578(-2) 
-0.0022 
0.032 

-6.7948(-3) 

-0.0023 

0.015 

-3.3452(-3) 
-0.0014 
0.007 

-1.8957(-3) 
-0.00091 
0.004 

0 

-0.0285 
0.059 

0 

-0.0122 

0.026 

0 
-0.006 
0.01 

0 

-0.0036 
0.008 

0 
-0.0244 
0.039 

0 

-0.0100 

0.015 

0 
-0.0051 
0.008 

0 
-0.0029 
0.004 



Table 4.3.5: 1/Z expansion coefficients of \ . 

nlS n3S nlP n3P n'D n3D 

n=\ 

n=2 

n=3 

n=A 

n=5 

n=6 

0 

-0.1261 

0.02 

0 

-0.0421 

0.110 

0 

-0.00413 

0.011 

0 

-0.00077 

0.002 

0 

-0.00021 

0.0006 

0 

-0.00007 

0.0002 

0 

-0.02229 

0.0217 

0 

-0.003174 

0.00596 

0 

-0.000654 

0.00143 

0 

-0.000183 

0.0004 

0 

-0.000064 

0.00015 

3.3632(-2) 

-0.1647 

0.213 

9.7256(-4) 

-0.00614 

0.009 

1.0257(-4) 

-0.00093 

0.0019 

1.9320(-4) 

-0.00023 

0.0005 

5.0887(-6) 

-0.00008 

0.0002 

-3.3632(-2) 

0.0426 

0.033 

-9.7256(-4) 

-0.00239 

0.010 

-1.0257(-4) 

-0.000599 

0.00200 

-1.9320(-4) 

-0.000174 

0.00054 

-5.0887(-6) 

-0.00006 

0.0002 

0 

-0.0078 

0.024 

0 

-0.00111 

0.003 

0 

-0.00026 

0 

-0.00008 

0.0002 

0 

-0.0069 

0.018 

0 

-0.00100 

0.0027 

0 

-0.000245 

0.0007 

0 

-0.00008 

0.0002 
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Table 4.3.6: 1/Z expansion coefficients of x 
rf ' 

n'S «3S n'P n3P nlD n3D 

n=\ 

n=2 

n=3 

0 

-0.07957 

0.039 

0 0 7.2433(-3) -7.2433(-3) 
-0.0108 -0.00536 -0.0488 0.0162 
0.040 0.0087 0.111 0.001 

0 0 2.3070(-5) -2.3070(-5) 0 0 
-0.00042 -0.000377 -0.00053 -0.00044 -0.00100 -0.000919 
0.0015 0.0010 0.0019 0.0017 0.004 0.00347 

n=A 
0 

-0.000043 

0.00014 

0 

-0.0000425 

0.000130 

6.3896(-7) 

-0.00005 

0.0002 

-6.3896(-7) 

-0.000048 

0.00018 

0 

-0.000069 

0.0003 

0 

-0.00007 

0.0002 

n=5 
0 

-0.000007 

0.00002 

0 

-0.0000075 

0.00002 

4.5354(-8) 

-0.000008 

0.00003 

-4.5354(-8) 

-0.000008 

0.00003 

0 

-0.000010 

0.00003 

0 

-0.000010 

0.00003 

n=6 
0 

-0.000002 

0 

-0.0000017 

0.000005 

5.5094(-9) 

-0.000002 

0.000001 

-5.5094(-9) 

-0.000002 

0 

-0.000002 

0.000008 

0 

-0.000002 

0.000007 
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4.4 Coulomb holes: Computational notes 

The evaluation of Coulomb and density holes for the 3D states requires intracule 

and charge densities for the exact and Hartree-Fock 3D state wavefunctions. Clearly, 

the exact wavefunctions and corresponding densities are approximated by those discussed 

in chapters 2 and 3, respectively. The Hartree-Fock (HF) wavefunctions are 

approximated by single-configuration, spin-free, self-consistent-field (SCF) wavefunctions 

of the form 

* * * = -pdî uCr,) yfljj^yo,) (4.17) 
v/2 

where the upper and lower signs correspond to the 'D and 3D states, respectively. The 

radial orbitals are expanded in Slater-type functions (STF). R,s is a linear combination 

of two Is-type STF of which one has an exponent equal to the nuclear charge Z. r'M is 

a linear combination of three (or two for the 'D states of Be2+ through Ne8+) id-type 

STF one of which has its exponent equal to J-2e3d where eir/ is the 3d orbital energy; 

this ensures the correct asymptotic behaviour of the one-electron density at large 

electron-nucleus distances. The remaining parameters were variationally determined by 

the Roothaan-Bagus SCF procedure [4.18] as implemented by Pitzer [4.19]. Numerical 

calculations were performed with a modified version of MCHF72 [4.20] to verify that 

the SCF wavefunctions are adequate approximations to the Hartree-Fock limits; the SCF 

energies lie no more than 0.11 microhartrees above the numerical ones. 
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4.5 Coulomb holes: Results and discussion 

Table 4.5.1 shows that the 3D state correlation energies are less than one 

millihartree which is much smaller than the 41 millihartree correlation energy for the 

Table 4.5.1: "Exact" and correlation energies(in ITIEH) for the 3'D and 33D states of the 

heliumlike ions. 

Ea E^ Ea E„ 

2 

3 

4 

5 

6 

S 

T 

S 

T 

S 

T 

S 

T 

S 

T 

-2.05562073 

-2.05563631 

-4.72239099 

-4.72252691 

-8.50021583 

-8.50058234 

-13.38910030 

-13.38977159 

-19.38905913 

-19.39008350 

0.075 

0.064 

0.236 

0.179 

0.378 

0.268 

0.491 

0.332 

0.580 

0.380 

7 

8 

9 

10 

S 

T 

S 

T 

S 

T 

S 

T 

-26.50010328 

-26.50151319 

-34.72224011 

-34.72405816 

-44.05547452 

-44.05771703 

-54.49980985 

-54.50248898 

0.650 

0.416 

0.707 

0.445 

0.754 

0.468 

0.793 

0.487 

ground state of these ions. The correlation energies increase with Z rather than stay 

constant as in the ground state because the first-order terms in the 1/Z perturbation 

expansions of the HF and exact energies do not cancel as they do in the ground state. 

The magnitude of the correlation energy for the 3'D state is consistently larger than its 
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33D counterpart because some of the Fermi correlation in the triplet is included in the HF 

model. 

Figures 4.5.1 and 4.5.2 show Z-scaled one-electron radial density holes for the 3'D 

and 33D states. Electron correlation increases the probability of finding an electron at 

intermediate distances from the nucleus. Since AD(r) integrates to zero, smaller and 

larger r have a decreased probability. For the high-Z triplets, there is an additional shift 

of charge from small to very small r. 

The depth of the small-r minimum decreases as the nuclear charge increases from 

Li+ to Ne8+. The minimum for He lies between the values for C4+ and N5+, and Li+ and 

Be2+ for the singlet and triplet, respectively. The small-r minima in the singlet are two 

to three times deeper than the corresponding triplet minima. In the singlet, these minima 

occur near Zr=s0.78. For the triplet, as Z increases the minimum shifts from Zr»0.88 

to Zr« 1.68. Note the presence of a maximum at very small r for Z > 5 in the triplet. 

A shoulder at Z/-«4 is present for all the ions in the singlet state and for the Z < 4 ions 

in the triplet state. A shoulder at Z/-«2 also appears in the one-electron radial density 

hole for the 23S state of He [4.21]. 

Some correlated moments <r*> of D(r) and the correlation differences are listed in 

table 4.5.2. The SCF and correlated moments differ by less than 0.7% for the 3'D state 

and 0.6% for the 33D states. For comparison, the moments were also calculated from 

screened hydrogenic wavefunctions in which the Is and 3d orbitals have effective nuclear 

charges of Zand Z-l, respectively. For the 33D state, the SCF values are significantly 

closer to the correlated values than the corresponding hydrogenic moments. However, 

with the exception of the high-Z < l/r> moments, the hydrogenic moments for the 3'D 

state lie closer than the SCF values to the correlated values. In fact, the hydrogenic 
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Zr 

Figure 4.5.1: Z-scaled one-electron density holes for the 3'D state of He, Li+, Be2+, C4*, 
06 + and Ne8+. The solid line is for He, and the curves for the other ions can be 
identified by noting that the maximum of the hole decreases with increasing Z. 
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Figure4.5.2: Z-scaled one-electron density holes for the 33D state of He, Li+, Be2+, C*\ 
06+ and Ne8+. The solid line is for He, and the curves for the other ions can be 
identified by noting that the maximum of the hole decreases with increasing Z. 
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Table 4.5.2: Moments of the correlated radial density D(r) and the density hole AD(r) 

for the 3'D (S) and 33D (T) states of the heliumlike ions. A(-n) means Ax 10"° 

Correlated Correlated - SCF 

2 <i/r2> <l/r> <r> <r4> <l/r2> <l/r> <r> <r4> 

2 S 8.0141 2.11123 11.2315 25367 -8.75H 

T 8.0140 2.11128 11.2258 25327 -5.27(-4 

3 S 18.057 3.22230 5.74430 1589.1 -2.90(-3 

T 18.056 3.22248 5.73832 1583.6 -9.20(-4 

4 S 32.131 4.33335 3.87297 314.45 -4.86(-3 

T 32.127 4.33363 3.86827 313.15 -6.44(-4 

5 S 50.235 5.44442 2.92425 99.599 -6.56(-3 

T 50.228 5.44475 2.92065 99.175 5.08(-5 

6 S 72.368 6.55550 2.34975 40.822 -7.94(-3 

T 72.358 6.55587 2.34696 40.653 1.01(-3 

7 S 98.532 7.66659 1.96426 19.694 -9.19(-3 

T 98.518 7.66699 1.96204 19.616 2.20(-3 

8 S 128.72 8.77768 1.68757 10.633 -1.03(-2 

T 128.71 8.77810 1.68578 10.593 3.42(-3 

9 S 162.95 9.88878 1.47928 6.2341 -1.14(-2 

T 162.93 9.88922 1.47780 6.2121 4.73(-3 

10 S 201.20 10.9999 1.31680 3.8924 -1.21(-2 

T 201.18 11.0003 1.31556 3.8794 6.17(-3 

1.40K 

1.39(-4 

1.28(-4 

1.75(-4 

5.18(-5 

1.90(-4 

1.38(-5 

2.00(-4 

-1.21(-5 

2.11(-4 

-3.24(-5 

2.23(-4 

-4.69(-5 

2.32(-4 

-5.61(-5 

2.40(-4 

-6.41 (-5 

2.46(-4 

-2.19(-2 

-1.89(-2 

-8.63(-3 

-6.41(-3 

-3.68(-3 

-2.80(-3 

-2.00(-3 

-1.44(-3; 

-1.20(-3 

-8.37(-4 

-7.70(-4 

-5.30(-4 

-5.23(-4 

-3.56(-4 

-3.70(-4 

-2.51 (-4 

-2.71(-4 

-1.84(-4 

-1.74(2 

-1.55(2; 

-8.67( o; 

-6.83( o; 

-i.05(o; 

-9.06(-l 

-2.38(-l 

-2.00(-l 

-7.22(-2 

-6.02(-2 

-2.66(-2 

-2.24(-2 

-1.13(-2 

-9.56(-3 

-5.28(-3 

-4.57(-3 

-2.69(-3 

-2.37(-3 
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moments generally lie between the SCF and correlated values for the singlet. This is an 

interesting example of how the variational procedure can lead to wavefunctions with good 

energies but unexpectedly poor values for other properties. 

The qualitative structure of the density holes can be deduced from their moments 

which are just differences between correlated and HF moments. The small-r structure 

of AD(r) is reflected by the <l/r> moments; for the triplet, as Z increases 

correlated values become larger than the corresponding SCF ones and a cross over occurs 

at B3+. For the singlets and low-Z triplets, the presence of the small-r minimum follows 

directly from the <l/r> moments but, for the high-Z triplets, must be deduced from 

a comparison of <l/r> and <l/r>. These moments are larger for the correlated 

wavefunctions but the: relative errors are smaller for <l/r>; if the minimum was 

absent, this error would be significantly larger than the < 1/r > error. Since the SCF 

<r4> values are always larger than the correlated ones, the SCF density is too diffuse 

and the large-r region of the holes is negative. Since the holes integrate to zero, they 

must be positive at intermediate r. For the singlets and low-Z triplets, a comparison of 

relative errors for the SCF moments of each ion reveals the Z dependence of the holes. 

In particular, the < r4> errors decrease with increasing Z and, for the 3'D state, the He 

<l/r> error lies between the errors for C4+ and N5+. Two features of the density 

holes are not exposed by the moments: the shoulder at Zr~A, and the depth of the small-

r minimum for the He triplet. 

Since correlation brings the outermost electron closer to the nucleus, as seen in 

figures 4.5.1 and 4.5.2, the mean interelectronic distance should be reduced by 
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correlation. Thus, the Z-scaled Coulomb holes in figures 4.5.3 and 4.5.4 show that 

electron correlation has reduced the probability of large interelectronic distances and 

increased the probability of intermediate ones. As Z increases, the small-w trough 

increases in depth whereas the large-w trough disappears. A comparison of the small~« 

behaviour in figures 4.5.3 and 4.5.4 clearly shows the effects of Fermi correlation for 

the triplet. The holes resemble the 2P holes published by Thakkar [4.15], but the depth 

of the large-M trough relative to the small-w trough is larger in the 3D states. The overall 

magnitude of the holes has decreased by a factor of 10 relative to the 2S [4.13][4.14] and 

2P [4.15] states. 

Several moments of P(u), <uk>, are given in table 4.5.3. The SCF and correlated 

moments differ by less than 1.0% for the singlet and 0.6% for the triplet. Due to Fermi 

correlation, the <l/u2> moments for the triplet are smaller than the corresponding 

moments in the singlet. Contrary to naive intuition, <U>SCF> <u>ex an^ 

<l/u>ex> < l/u>SCF at low Z, as in the 2P states [4.15]. The moments of P(u) were 

also calculated from hydrogenic wavefunctions. Interestingly, the <u4> hydrogenic 

moments are more accurate than the SCF values for the 3'D states of the low-Z ions. 

Similarly, in the triplet, the hydrogenic moments are closer to the correlated values for 

the <l/u2> and <l/u> moments for Z < 3 and Z > 6, respectively. 

With the exception of the He 33D state, the qualitative structure of the Coulomb 

holes can be deduced from the moments in table 4.5.3. The <l/ir> and <u4> 

moments show that the holes are negative at large and small u. Furthermore, the relative 

correlation corrections show that the outer trough decreases with increasing Z and the 
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Zu 

Figure 4.5.3: Z-scaled Coulomb holes for the 3'D state of He, Li+, Be2+, C4+, 0 6 + and 

Ne8+. The solid line is for He, and the curves for the other ions can be identified by 

noting that the maximum of the hole decreases with increasing Z. 
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Figure 4.5.4: Z-scaled Coulomb holes for the 33D state of He, Li+, Be2+, C4+, 05 + and 

Ne8+. The solid line is for He, and the curves for the other ions can be identified by 

noting that the maximum of the hole decreases with increasing Z. 
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Table 4.5.3: Moments of the correlated radial intracule P(u) and the Coulomb hole 

AP(u) for the 3'D (S) and 33D (T) states of the heliumlike ions. A(-n) means AxlO-". 

Correlated Correlated - SCF 

<l /u 2> <l/u> <u> <u4> <l/u 2> <l/u> <u> <u4> 

2 

3 

4 

5 

6 

7 

8 

9 

10 

S 
T 

S 

T 

S 
T 

S 
T 

S 
T 

S 

T 

S 
T 

S 

T 

S 

T 

0.014966 

0.014973 

0.060195 

0.060038 

0.13616 

0.13520 

0.24319 

0.24045 

0.38146 

0.37578 

0.55105 

0.54120 

0.75203 

0.73671 

0.98444 

0.96230 

1.2483 

1.2180 

0.111216 10.5133 25693 

0.111297 10.5076 25652 

0.222117 5.27216 1625.3 

0.222390 5.26609 1619.6 

0.332977 3.52105 323.46 

0.333336 3.51627 322.13 

0.443897 2.64364 102.83 

0.444215 2.64000 102.40 

0.554882 2.11639 42.254 

0.555061 2.11358 42.079 

0.665920 1.76450 20.424 

0.665887 1.76229 20.343 

0.776999 1.51295 11.043 

0.776700 1.51118 11.001 

0.888111 1.32417 6.4814 

0.887506 1.32273 6.4584 

0.999247 1.17728 4.0504 

0.998305 1.17608 4.0368 

-1.13(-5) 

4.55(-6) 

-3.96(-4) 

-1.71 (-4) 

-1.25(-3) 

-5.15(-4) 

-2.39(-3) 

-9.53(-4) 

-3.73(-3) 

-1.44(-3; 

-5.21 (-3) 

-1.97(-3) 

-6.79(-3) 

-2.51 (-3] 

-8.44(-3] 

-3.07(-3) 

-1.01(-2) 

-3.64(-3) 

1.48(-4) 

1.13(-4) 

1.59(-6) 

-3.98(-5) 

-2.79(-4) 

-2.27(-4) 

-5.14(-4) 

-3.84(-4] 

-7.16K 
1 -5.07(-4; 

-8.85(-4) 

-6.04K 

-1.03(-31 

) -6.8IK 

1 -1.15(-3 

-7.A5(-A) 

1 -1.25(-3; 

-7.97K 

-1.79(-2) 

-1.49(-2) 

-5.41 (-3) 

-3.36(-3) 

-1.37(-3) 

-6.89(-4) 

-3.12(-4) 

7.24(-5) 

1 7.99(-5) 

1 2.91(-4) 

2.27(-4) 

1 3.38(-4) 

1 2.75(-4] 

) 3.32(-4] 

> 2.83(-4; 

1 3.07(-4] 

) 2.72(-4; 

) 2.78(-4] 

-1.63(2) 

-1.44(2) 

-7.54( 0) 

-5.70( 0) 

-8.02(-l) 

-6.63(1) 

-1.60(1) 

-1.24(1) 

-4.12(-2) 

-3.07(-2) 

-1.25(-2) 

-9.02(-3) 

1 -4.08(-3) 

1 -2.83(-3) 

) -1.32(-3) 

-8.78(-4) 

1 -3.67(-4) 

1 -2.16(-4) 
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inner trough reaches a maximum at intermediate Z. Although the <l/u2> moments 

predict that the trough will be deepest for B5+, figures 4.5.3 and 4.5.4 show that the 

minimum occurs at C4+. The correct structure of the Coulomb hole for He 33D is not 

obtainable directly from the moments since < llir > is actually larger for the correlated 

wavefunction; however, the initial minimum may be predicted on the basis of the 

electron-electron cusp condition [2.38]. 

The total and, outer volumes of the Z-scaled Coulomb and one-electron density holes 

are given in table 4.5.4. A comparison of the total volumes clearly shows that 

correlation effects are more pronounced in the singlet. For the one-electron radial 

density holes, the ratio of VDO to VDT decreases slightly with increasing Z. However, for 

the Coulomb hole, the decrease of V,,0 with increasing Z shows quantitatively the 

disappearance of the large-w trough in figures 4.5.3 and 4.5.4. As Z increases, the ratio 

of total volumes, VnJVDr, changes from 0.86 to 1.64 in the singlet and 0.87 to 2.71 in 

the triplet. For both spin states of He approximately 14% more charge is redistributed 

by the density hole than the Coulomb hole, but as Z increases the Coulomb hole 

dominates and the volume ratio becomes strongly spin dependent. 

Statistical correlation coefficients for the correlated and SCF wavefunctions are given 

in tables 4.6.5 and 4.6.6. Since radial and angular correlation wn more important for 

the singlet, the correlation coefficients are larger in magnitude. As Z increases, radial 

correlation decreases by roughly 7% for the core and 4% for the outer region. Angular 

correlation varies rapidly with Z; t f / varies by =50% and reaches a maximum for 

Li+, x? doubles from He to Li+ and reaches a maximum for B3+ with a total variation 



Table 4.5.4: Total and outer volumes of the density and Coulomb holes. 

3'D 33D 

Z 1 0 % r 104VDO 104V„. 104VTO 104VOT. 104V/X, IOHV, 1 0 % , 

2 23.089 22.404 19.933 19.146 

3 18.581 17.634 15.397 12.754 

4 12.353 11.502 10.381 6.437 

5 9.162 8.453 8.431 3.832 

6 6.997 6.416 7.193 2.312 

7 5.486 4.995 6.362 1.433 

8 4.419 4.014 5.768 0.895 

9 3.616 3.266 5.323 0.562 

10 3.032 2.733 4.982 0.362 

19.720 19.248 17.151 16.178 

13.446 12.952 11.902 8.754 

8.814 8.436 9.002 4.586 

6.029 5.756 7.455 2.502 

4.363 4.151 6.548 1.486 

3.315 3.129 5.929 0.946 

2.613 2.448 5.440 0.622 

2.108 1.954 5.052 0.438 

1.741 1.598 4.719 0.318 
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Table 4.5.5: Statistical correlation coefficients from SCF and correlated wavefunctions 

for the 3'D state of the heliumlike ions. 

XX/z Xz Xf/z Xfz 

2 Corr -0.308241 -0.748477 -3.60(-3) -3.07(-5) 
SCF -0.308315 -0.749012 0 0 

3 Corr -0.299780 -0.737038 -4.21 (-3) -6.47(-5) 
SCF -0.299853 -0.737441 0 0 

4 Corr -0.295545 -0.730957 -3.98(-3) -7.78(-5) 
SCF -0.295865 -0.732075 0 0 

5 Corr -0.292999 -0.727165 -3.62(-3) -8.08(-5) 
SCF -0.293030 -0.727351 0 0 

6 Corr -0.291298 -0.724567 -3.27(-3) -7.94(-5) 
SCF -0.291317 -0.724691 0 0 

7 Corr -0.290080 -0.722675 -2.97(-3) -7.64(-5) 
SCF -0.290091 -0.722756 0 0 

8 Corr -0.289165 -0.721235 -2.71(-3) -7.27(-5) 
SCF -0.289170 -0.721286 0 0 

9 Corr -0.288452 -0.720101 -2.49(-3) -6.89(-5) 
SCF -0.288452 -0.720131 0 0 

10 Corr -0.287880 -0.719185 -2.30(-3) -6.52(-5) 
SCF -0.287878 -0.719200 0 0 
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Table 4.5.6: Statistical correlation coefficients from SCF and correlated wavefunctions 

for the 33D state of the heliumlike ions. 

X l / r Xz Xf/i Xfz 

2 Corr -0.308218 -0.748277 -3.55(-3) -3.06(-5) 
SCF -0.308273 -0.748650 0 0 

3 Corr -0.299711 -0.736596 -4.05(-3) -6.38(-5) 
SCF -0.299749 -0.736783 0 0 

4 Corr -0.295451 -0.730423 -3.75(-3) -7.60(-5) 
SCF -0.296479 -0.733312 0 0 

5 Corr -0.292895 -0.726610 -3.36(-3) -7.81 (-5) 
SCF -0.292899 -0.726622 0 0 

6 Corr -0.291191 -0.724023 -3.00(-3) -7.63(-5) 
SCF -0.291188 -0.724004 0 0 

7 Corr -0.289975 -0.722153 -2.70(-3) -7.29(-5) 
SCF -0.289862 -0.721958 0 0 

8 Corr -0.289063 -0.720737 -2.45(-3) -6.90(-5) 
SCF -0.289053 -0.720692 0 0 

9 Corr -0.288353 -0.719629 -2.23(-3) -6.52(-5) 
SCF -0.288342 -0.719587 0 0 

10 Corr -0.287786 -0.718738 -2.05(-3) -6.15(-5) 
SCF -0.287774 -0.718684 0 0 
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of «61%. In contrast with the ground state where angular correlation increases in 

importance with Z, the ratios xr/z/ xx/z and x f r / xz reach a maximum for Li+ and B3+, 

respectively. 

The correlation coefficients show clearly that the SCF wavefunctions for these open-

shell states have some radial but no angular statistical correlation built into them. The 

structure of the Coulomb and density holes is due to the change in radial correlation and 

the inclusion of angular correlation by the correlated wavefunction. Angular correlation 

allows the electrons to stay on opposite sides of the nucleus; the result is a reduction in 

the screening of the outer electron and consequent contraction of the charge cloud. An 

increase in radial correlation is most likely to increase the interelectronic separation by 

a contraction of the cere electron distribution. Similarly, a decrease in radial correlation 

would probably move the core electron away from the nucleus and closer to the outer 

electron. For the 3D states, radial correlation is overestimated by the SCF wavefunction 

for the singlets and low-Z triplets, but underestimated for the high-Z triplets. The small-

r maximum in the 33D density hole is due to the core electron distribution moving inward 

upon an increase in radial correlation. 



CHAPTER 5: 

OSCILLATOR STRENGTHS 

5.1 Overview 

Dipole oscillator strengths (DOS) are fundamental quantities in spectroscopy but 

they are difficult to calculate by nonempirical quantum mechanical methods. Hence, 

very many calculations of these quantities have been made for two-electron atoms which 

are the simplest atomic species for which exact dipole oscillator strengths are not known. 

However, most such studies have concentrated on a few select transitions with the aim 

of demonstrating that the method being used was generally useful. Only a few studies 

of high accuracy dealing with many transitions and many ions of the helium isoelectronic 

series have been reported. 

Schiff, Pekeris and Accad [5.1] used variationally determined wavefunctions to 

calculate dipole oscillator strengths for 36 S-P transitions in each of the ions from He 

through Ne8+. Kono and Hattori [2.6] improved and extended their work on He, and 

then reported DOS for 24 P-D transitions [2.7] in each of the ions from Li+ through N5'\ 

A less accurate but much more extensive study was carried out by Sanders and Knight 

[5.2] who used Z-dependent, variational perturbation theory of low oider to obtain dipole 

oscillator strengths for 136 S-P and 112 P-D transitions for each of the ions through 

Z=30. 

In contrast to the DOS, very few studies of quadrupole oscillator strengths (QOS) 

have appeared in the literature [5.3][5.4] even though a few transitions have been 
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detected experimentally [5.5][5.6]. 

The 100 term wavefunctions described in chapter 2 have been used to calculate 

DOS and QOS for each of the ions from He to Ne8+. DOS and QOS have been 

calculated for 55 S-»P and 40 P->D transitions, and 44 S-»D transitions, respectively. 

The accuracies of 739 of the 855 DOS and all the QOS considered have been improved. 

Estimates of coefficients in the 1/Z expansions of the dipole oscillator strengths are also 

obtained. 

5.2 Computational notes 

In reduced tensor notation, the length and velocity formulations of the DOS are 

given respectively by: 

2 (El ~E0) 
1 3 (2I-D \ r | r I / 

(5.1) 

and 

DOS.. 
3(E1-E()(2L+l) 

'yL[EVt\y'L' (5.2) 

and, for the QOS, 

QOSt 
( * , - * o ) 3 

30cc2(2L+l) 
VIE^IM (5.3) 

and 
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QOSv -
 2(E;~Eo) \lyL\j: r?h'L'\2 (5.4) 
15a2(2L+l)|\ | , I / 

where a is the fine structure constant, L and L' are the angular momentum quantum 

numbers of the initial and final states, respectively, and the 7's denote the collection of 

all other quantum numbers. E0 and E, are the initial and final state energies, 

respectively. 

The formulae for the dipole and quadrupole oscillator strengths, in the length 

formulation, are given in appendix 6. In particular, DOS, are given for the S-*P and 

P-»D transitions and QOS, are given for the S->D, P->P, and D->D transitions. The DOS 

and QOS values were computed in quadruple precision to reduce roundoff errors arising 

from cancellation among contributing terms that in turn is a consequence of the near 

linear dependence of the basis functions. 

Previous studies of the DOS [5.1] indicated that the velocity formulation was 

prone to numerical instability. However, in this study, the length and velocity forms 

proved to be equally susceptible to roundoff errors. Both length arid velocity forms are 

equivalent if initial and final state wavefunctions are exact, but give different results if 

approximate wavefunctions are used. There is no consensus in the literature [5.1][2.6] 

[2.7] as to which approximate value is more reliable and under what circumstances. The 

average of the length and velocity results, DOS=(DOS,+DOSJ/2, was used in this study. 

The difference between the two values, bDOS=DOS,-DOS v, was used as an estimate of 

the accuracy of the mean. Thus the mean DOS values are rounded on the basis of bDOS. 

A regular entry indicates that bDOS was between 0.7 and 2.99 units in the last quoted 

file:///lyL/j
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digit, whereas an underlined last digit indicates that bDOS was between 3 and 6.99 units 

in that digit. Since agreement between the two forms is not an infallible indicator of 

accuracy [5.1], the tabulated values are limited to six decimal digits whenever the length 

and velocity values agree to more than six digits. 

Due to the limited number of QOS studies, the convention chosen above for the 

DOS has also been applied to the tabulation of QOS values. 

5.3 Results and discussion 

Tables 5.3.1, 5.3.2, 5.3.3, and 5.3.4 give DOS for the 'S-^'P, 3S-»3P, 'P-*'D, and 

3P-»3D transitions, respectively. bDOS is generally found to be smaller for transitions 

involving lower lying states and for the more highly charged ions. However, in contrast 

to previous work [5.1], bDOS is not always smaller for the triplet than for the 

corresponding singlet transition. For instance, bDOS values for transitions originating 

from the 6'S, 4'P and 5'P states are smaller than for the corresponding triplet transitions. 

For each m'S-n'P and m3S-n3P transition, the dipole oscillator strengths are 

monotonic functions of the nuclear charge; they increase monotonically with Z when n 

> m and decrease monotonically otherwise. Moreover, the DOS are monotonic 

functions of Z for all m3P-n3D transitions except 23P-43D for which a maximum occurs 

at Z=4. On the other hand, the dipole oscillator strengths for the m'P-n'D transitions 

are unimodal functions of Z; the extremuin is usually a maximum if n > m. 

Dipole oscillator strengths for 503 of the 855 transitions considered have been 

calculated previously [5.1][2.6][2.7] using variationally determined Hylleraas-type 
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wavefunctions. An unequivocal comparison is not always possible because the previously 

tabulated values are sometimes the DOS, values, sometimes the DOSv values, and 

sometimes extrapolations based on both length and velocity values obtained from a series 

of wavefunctions. Nevertheless, detailed comparison of the DOS, and DOSv values with 

the older work [5.1][2.6][2.7] reveals several trends. Generally, when a discrepancy 

occurs, one of the DOS, and DOSv values (usually the latter) lies outside the error 

margins cited whereas the other agrees closely with the older value. For each ion, there 

are more discrepancies between these results and older work [5.1][2.6][2.7] for the triplet 

rather than the singlet transitions. In general, an observed discrepancy for a given 

transition tends to occur for several of the ions. 

For He, the DOS, and DOSv values lie within the recommended error margins of 

the values of Kono and Hattori [2.6] for 72 of the 95 transitions considered. If energies 

and suggested error margins in the oscillator strengths are taken as criteria, then the 

results of tables 5.3.1-5.3.4 are 'more accurate' than the Kono and Hattori [2.6] values 

for 60 transitions, comparable for 22, and Mess accurate' for 13 transitions. For the S-P 

transitions of the cations with Z > 2, a similar compa'ison with the work of Schiff et 

al. [5.1] suggests that the values given in tables 5.3.1 and 5.3.2 are 'more accurate' for 

255 transitions and 'less accurate' for 33 transitions. Most of the latter involve the 3'S 

and 33S states. Similarly, the values in tables 5.3.3 and 5.3.4 are 'more accurate' than 

those of Kono and Hattori [2.7] for 72, comparable for 19, and less accurate for 29 P-D 

transitions for the cations from Li+ through N5+. There are also 152 S-P and 200 P-D 

transitions considered for which no previous high accuracy values are available. 



Table 5.3.1: Dipole oscillator strengths for the /w'S to w'P transitions in the two-electron ions. 

m n He Li+ Be2+ 

1 2 0.27617 0.456627 0.551555 

3 0.07343 0.110637 0.126850 

4 0.029861 0.043667 0.049227 

5 0.015039 0.021697 0.024273 

6 0.008627 0.012358 0.013767 

2 2 0.37648 0.21258 0.14856 

3 0.15135 0.257085 0.30589 

4 0.04915 0.0727 0.08213 

5 0.02234 0.03155 0.03497 

6 0.012136 0.01677 0.01841 

B3+ C4+ N5+ 

0.608915 0.647067 0.674198 

0.135373 0.140479 0.143817 

0.051970 0.053529 0.054505 

0.025501 0.026178 0.026591 

0.014426 0.014782 0.014996 

0.11437 0.093057 0.07848 

0.333730 0.35169 0.364242 

0.08704 0.090089 0.09212 

0.036707 0.037746 0.038444 

0.019237 0.019721 0.020044 

06+ F7+ Ne8+ 

0.694449 0.710131 0.722625 

0.146149 0.147857 0.149158 

0.055161 0.055626 0.055971 

0.026862 0.027050 0.027186 

0.015134 0.015228 0.015296 

0.067860 0.059783 0.053430 

0.373502 0.380615 0.386251 

0.09360 0.09472 0.09560 

0.038939 0.039312 0.039600 

0.020272 0.020443 0.020575 



Table 5.3.1: Continued. 

m n He Li+ Be2+ 

3 2 0.145460 0.094671 0.077372 

3 0.6263 0.3627 0.2562 

4 0.1439 0.26506 0.32317 

5 0.0505 0.07976 0.09203 

6 0.0241 0.0362 0.04095 

4 2 0.025865 0.018748 0.015950 

3 0.30753 0.20532 0.17001 

4 0.8581 0.5013 0.3554 

5 0.14628 0.28424 0.35183 

6 0.0528 0.0872 0.101893 

B3+ C4+ N5+ 

0.068542 0.063160 0.059528 

0.1982 0.1617 0.1365 

0.3571 0.37924 0.39487 

0.0986 0.1029 0.10574 

0.04346 0.04500 0.04605 

0.014428 0.013466 0.012800 

0.15202 0.14110 0.13377 

0.2755 0.2249 0.1900 

0.3^162 0.41783 0.43638 

0.11012 0.11529 0.11886 

0 6 + F7+ Ne8+ 

0.056911 0.054936 0.053391 

0.1181 0.1041 0.0931 

0.40648 0.41541 0.42253 

0.1078 0.10943 0.11067 

0.04681 0.04737 0.04781 

0.012312 0.011939 0.011645 

0.12852 0.12456 0.12148 

0.16442 0.1450 0.1296 

0.45020 0.46088 0.46939 

0.12147 0.12345 0.125011 



Table 5.3.1: Continued. 

m n He Li+ Be2+ 

5 2 0.00966 0.007217 0.006210 

3 0.05550 0.04132 0.03564 

4 0.47580 0.322950 0.26962 

5 1.0833 0.6358 0.4516 

6 0.152646 0.30800 0.38515 

6 2 0.004771 0.003618 0.003132 

3 0.02109 0.01623 0.014157 

4 0.08620 0.06544 0.05698 

5 0.64677 0.44371 0.37245 

6 1.30537 0.7683 0.5464 

B 3 + C 4 + N 5 + 

0.005655 0.005297 0.005047 

0.032575 0.030649 0.029328 

0.24239 0.22584 0.21474 

0.3503 0.28617 0.24183 

0.4309 0.46108 0.48252 

0.002859 0.002683 0.002560 

0.013021 0.012299 0.011801 

0.05239 0.04951 0.04753 

0.33596 0.31379 0.29889 

0.4242 0.3466 0.29295 

Q6+ p7+ Nel 

0.004863 0.004721 0.004609 

0.028366 0.027636 0.027062 

0.20678 0.20080 0.19614 

0.20937 0.18459 0.16504 

0.4985 0.51089 0.5208 

0.002468 0.002397 0.002341 

0.011437 0.01117 0.010941 

0.04609 0.04499 0.04413 

0.288202 0.280162 0.273897 

0.25367 0.22366 0.19999 

to 
to 



Table 5.3.2: Dipole oscillator strengths for the m3S to n3P transitions in the two-electron ions. 

m n He Li+ Be2+ 

2 2 0.5391 0.307944 0.213139 

3 0.06447 0.18707 0.25258 

4 0.02576 0.05754 0.07152 

5 0.012493 0.02560 0.030955 

6 0.006981 0.013745 0.016411 

3 2 0.20852 0.11709 0.08870 

3 0.8910 0.5130 0.3558 

4 0.05006 0.18683 0.26406 

5 0.02291 0.06142 0.07930 

6 0.011985 0.028719 0.035918 

B 3 + C 4 + N 5 + 

0.162626 0.131381 0.110178 

0.29122 0.31648 0.33423 

0.07903 0.083665 0.086803 

0.033733 0.035409 0.036526 

0.017769 0.018578 0.019112 

0.075437 0.067845 0.062951 

0.2718 0.2198 0.1844 

0.31027 0.34067 0.36211 

0.08909 0.09520 0.09937 

0.03972 0.042045 0.043607 

0 6 + F7+ Ne 8 + 

0.094856 0.083267 0.074199 

0.347366 0.357482 0.365507 

0.089063 0.090765 0.092095 

0.037320 0.037911 0.038370 

0.019489 0.019770 0.019985 

0.059543 0.057035 0.055116 

0.1588 0.13943 0.1243 

0.37802 0.39030 0.40004 

0.10238 0.104662 0.106450 

0.044721 0.045563 0.0462 VJ 



Table 5.3.2: Continued. 

m n He Li+ Be2+ 

4 2 0.031715 0.021472 0.017328 

3 0.43571 0.25501 0.19746 

4 1.2154 0.7037 0.4891 

5 0.04422 0.19615 0.28520 

6 0.02163 0.06588 0.08720 

5 2 0.01132 0.008061 0.006623 

3 0.06759 0.04799 0.03962 

4 0.66835 0.40005 0.31328 

5 1.5308 0.8898 0.6191 

6 0.04151 0.20930 0.31034 

B3+ C 4 + N 5 + 

0.015221 0.013962 0.013131 

0.17016 0.15437 0.14413 

0.3739 0.3025 0.2539 

0.33900 0.37454 0.39967 

0.09899 0.10641 0.11148 

0.005876 0.005423 0.005120 

0.03529 0.032674 0.030921 

0.27178 0.24769 0.23199 

0.4737 0.3834 0.3219 

0.37177 0.41249 0.44134 

06+ F7+ Ne! 

0.012541 0.012104 0.011764 

0.136958 0.131663 0.127597 

0.2188 0.1921 0.1713 

0.41835 0.43278 0.44424 

0.11516 0.117950 0.12014 

0.004903 0.004742 0.004617 

0.02967 0.02874 0.028010 

0.22098 0.212823 0.206555 

0.2774 0.2436 0.2172 

0.46280 0.47938 0.49257 

to 



Table 5.3.2: Continued. 

m n He Li+ Be2+ 

6 2 0.005492 0.003990 0.003308 

3 0.02468 0.01845 0.015528 

4 0.10397 0.07588 0.0635 

5 0.9033 0.54828 0.43233 

6 1.8419 1.0737 0.7477 

B3+ C4+ N5+ 

0.002947 0.002727 0.002579 

0.013963 0.012998 0.012352 

0.056980 0.0530 0.05031 

0.37662 0.34417 0.32300 

0.5724 0.4633 0.3891 

Q6+ p7+ N e 8 + 

0.002475 0.002396 0.002335 

0.01188 0.011533 0.011267 

0.04840 0.04698 0.04586 

0.30812 0.29709 0.288601 

0.3353 0.2945 0.2626 

to 
on 



Table 5.3.3: Dipole oscillator strengths for the w'P to /i'D transitions in the two-electron ions. 

m n He Li + Be ,2 + B 3 + -•4 + N: 5 + a fi+ ;7+ Ne1 .8 + 

2 

3 

4 

3 

4 

5 

6 

3 

4 

5 

6 

3 

4 

5 

6 

0.71017 

0.12027 

0.04328 

0.020952 

0.0211 

0.64810 

0.14132 

0.05626 

0.015305 

0.04004 

0.64766 

0.15282 

0.71161 

0.119270 

0.04274 

0.020654 

0.0243 

0.651706 

0.141406 

0.05623 

0.01501 

0.0439 

0.6511 

0.15314 

0.708792 

0.119178 

0.042746 

0.020675 

0.0210 

0.646698 

0.141040 

0.056183 

0.01550 

0.03708 

0.64429 

0.15240 

0.70633 

0.119314 

0.042875 

0.020752 

0.0178 

0.642046 

0.140730 

0.056161 

0.01595 

0.03090 

0.63828 

0.15173 

0.704492 

0.119497 

0.043008 

0.020833 

0.01525 

0.638449 

0.140492 

0.05615 

0.016299 

0.02616 

0.633710 

0.15123 

0.703132 

0.119678 

0.043129 

0.020907 

0.01327 

0.635702 

0.140313 

0.056140 

0.016570 

0.02256 

0.630271 

0.15084 

0.702101 

0.119844 

0.043235 

0.020969 

0.01171 

0.633569 

0.140176 

0.056136 

0.016780 

0.01977 

0.627627 

0.15055 

0.701303 

0.119990 

0.043325 

0.021024 

0.01046 

0.631878 

0.140071 

0.05615 

0.016951 

0.01755 

0.62554 

0.15030 

0.700672 

0.120119 

0.043405 

0.021071 

0.00945 

0.630512 

0.13998 

0.056132 

0.017087 

0.01577 

0.623869 

0.150119 



Table 5.3.3: Continued. 

m n He Li+ Be2+ 

5 3 0.003114 0.003067 0.003163 

4 0.039300 0.03878 0.03999 

5 0.05731 0.06159 0.051415 

6 0.66983 0.67310 0.664842 

6 3 0.001190 0.001173 0.001210 

4 0.00838 0.00829 0.008532 

5 0.06842 0.067711 0.069746 

6 0.07360 0.0783 0.0648 

B3+ C 4 + N 5 + 

0.003249 0.003316 0.003366 

0.041067 0.041883 0.042505 

0.04251 0.03577 0.03072 

0.65773 0.652406 0.648425 

0.001243 0.001267 0.001286 

0.00872 0.008896 0.009012 

0.071516 0.07284 0.07385 

0.0535 0.04487 0.0384 

Q 6 + F7+ Ne 8 + 

0.003405 0.003437 0.003462 

0.042985 0.043364 0.043670 

0.02683 0.02379 0.02132 

0.645381 0.642992 0.641080 

0.001301 0.001312 0.001321 

0.009104 0.009175 0.009232 

0.074629 0.075238 0.075728 

0.0335 0.0296 0.02654 



Table 5.3.4: Dipole oscillator strengths for the m3P to n3T> transitions in the two-electron ions. 

m n He Li' Be 2 + B ,3 + -.4 + N: 5 + O' ,6 + 7̂ + Ne1 8 + 

2 

3 

4 

3 

4 

5 

6 

3 

4 

5 

6 

3 

4 

5 

6 

0.61024 

0.122850 

0.0470 

0.023472 

0.1122 

0.47760 

0.124531 

0.05298 

0.036960 

0.200947 

0.43839 

0.123972 

0.624659 

0.123214 

0.046795 

0.023277 

0.0908 

0.50338 

0.12785 

0.05388 

0.03279 

0.1606 

0.47054 

0.12922 

0.639126 

0.123275 

0.046447 

0.023016 

0.0712 

0.52727 

0.13060 

0.05455 

0.02930 

0.12526 

0.49949 

0.1337 

0.649263 

0.12320 

0.046160 

0.022808 

0.05781 

0.54377 

0.13241 

0.05495 

0.02705 

0.10152 

0.51940 

0.13665 

0.656473 

0.12310 

0.04593 

0.022647 

0.04850 

0.555417 

0.133631 

0.055196 

0.025540 

0.08505 

0.53346 

0.1386 

0.661802 

0.123000 

0.045749 

0.022524 

0.04171 

0.563999 

0.134484 

0.055366 

0.024462 
! 
0.07306 

0.54381 

0.14006 

0.665883 

0.122903 

0.045602 

0.022427 

0.03655 

0.570554 

0.13512 

0.05548 

0.023660 

0.06399 

0.55172 

0.14114 

0.669098 

0.122824 

0.045482 

0.022347 

0.03252 

0.575714 

0.13561 

0.05557 

0.023040 

0.05690 

0.55794 

0.14198 

0.671696 

0.122748 

0.045384 

0.022282 

0.02929 

0.579876 

0.135988 

0.055645 

0.022548 

0.05122 

0.56296 

0.14264 



Table 5.3.4: Continued. 

m n He Li+ Be2+ 

5 3 0.006902 0.006202 0.005613 

4 0.08831 0.07873 0.07090 

5 0.28009 0.2227 0.17337 

6 0.42944 0.46648 0.49946 

6 3 0.002586 0.002331 0.002114 

4 0.017043 0.01544 0.01411 

5 0.14698 0.13157 0.119085 

6 0.35432 0.2811 0.21865 

g3 + C 4 + N 5 + 

0.005229 0.004967 0.004779 

0.065873 0.062492 0.060085 

0.14040 0.11756 0.10096 

0.52213 0.538144 0.54994 

0.001975 0.001878 0.001809 

0.01323 0.012648 0.012221 

0.111089 0.105705 0.101873 

0.17702 0.14819 0.12726 

0 6 + F7+ Ne 8 + 

0.004639 0.004529 0.004442 

0.058294 0.056911 0.055813 

0.08841 0.07860 0.07073 

0.55895 0.566044 0.57177 

0.001757 0.001717 0.001685 

0.011902 0.011656 0.011458 

0.099018 0.096816 0.095066 

0.11142 0.09906 0.08914 

to 
so 
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Recent absolute measurements [5.7][5.8] for He yield experimental dipole 

oscillator strengths of 0.280(0.007), 0.0741(0.0007), 0.0303(0.0007), 0.0152(0.0003), 

0.00892(0.0005), 0.00587(0.0003) for the l'S-»n1P,n=2-7 transitions, respectively. The 

experimental uncertainties are shown in parentheses. These values agree with the values 

in table 5.3.1, in particular, the theoretical values are always smaller but still within 

experimental error. The experimental DOS measurements are obtained by measuring the 

intensity of forward scattered electrons in a high impact electron scattering experiment. 

The scattering of electrons by atoms will be the subject of the next chapter. 

The dipole transition moment DTM is given by 

<YLM/|Z1+Z2|Y/^/M/
/> ( 5 , 5 ) 

which is, apart from a constant, simply the integral appearing in equation (5.1). The 1/Z 

expansion of the DTM is 

DTM = M0 + MJZ + MJZ2 + .+.+. (5.6) 

where the first two coefficients in this expansion are known [5.2][5.9] and have been 

tabulated for dipole transition moments of many transitions. 

The third coefficient M2 in equation (5.6) has been estimated from the calculated 

transition moments DTM in both the length and velocity forms. Both differencing and 

least squares fitting of M2 were used, with M0 and M, constrained to their known values 

[5.2][5.9]. The estimated coefficients are listed in tables 5.3.5 and 5.3.6 for the S-P and 

P-D transitions, respectively. Most of these estimates should be more accurate than 

previous values [5.2] obtained by differencing calculated transition moments themselves; 
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the latter procedure is not as reliable because the moments often change sign over the 

range of nuclear charges considered. 

Quadrupole oscillator strengths for S-»D transitions from the lowest three states, 

I'S, 2'S, and 23S, of the ions from He to Ne8+ are given in table 5.3.7. Godefroid and 

Verhaegen [5.3] considered the l'S-*3'D, 2'S-»3'D, and 23S-*33D quadrupole transitions 

of the ions from He to Ne8+ using Hartree-Fock (HF) and multiconfiguration Hartree-

Fock (MCHF) wavefunctions. Their MCHF length and velocity QOS are within 0.5% 

of the values of table 5.3.5. However, the agreement between their length and velocity 

results is not indicative of the overall accuracy of their values. Their results also show 

the importance of electron correlation: the calculated HF and MCHF quadrupole 

oscillator strengths were found to disagree by as much as 21%. 

Cohen et al [5.4] calculated QOS for S-»D transitions in He and Li+ using simple 

frozen core wavefunctions. The tabulated values are always within 13% of the values 

of table 5.3.7. Although these values are generally less accurate than the HF [5.3] 

values, they do show that relatively simple wavefunctions will produce reasonable 

quadrupole oscillator strengths. Cohen et al [5.4] chose to tabulate all of their calculated 

QOS values to three figures since the length and velocity results agreed to within one unit 

in the third figure. However, the authors also note that, for a large number of 

transitions, the length and velocity results agreed to six figures. This clearly illustrates 

the perils of such comparisons: none of the length and velocity results calculated from 

100 term integral transform wavefunctions agreed to six figures. 
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Table 5.3.5: Second order coefficients for the 1/Z expansion of the transition 

moments for the wS to wP transitions. 

m n Singlet Triplet m n Singlet Triplet 

2 -0.359 4 2 0.53 0.68 

3 -0.209 4 3 4.14 5.0 

4 -0.103 4 4 -12.9 -10.7 

5 -0.0609 4 5 -0.81 -3.4 

6 -0.044 4 6 -0.5 -0.94 

2 2 -3.13 -2.054 5 2 0.28 0.372 

2 3 -0.15 -0.977 5 3 1.4 1.4 

2 4 0.1 -0.25 5 4 8.3 10 

2 5 0.18 -0.11 5 5 -20.42 -17.46 

2 6 0.14 -0.062 5 6 -1 -5.3 

3 2 1.7 2.0 6 2 0.19 0.25 

3 3 -7.167 -5.626 6 3 0.8 0.874 

3 4 -0.4 -2.03 6 4 2 2.8 

3 5 0.09 -0.530 6 5 12.6 14.3 

3 6 0.3 -0.22 6 6 -30.5 -25.90 
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Table 5.3.6: Second order coefficients for the 1/Z expansion of the transition 

moments for the wP to wD transitions. 

m n Singlet Triplet m n Singlet Triplet 

2 3 2.4 1.86 5 3 0.04 0.48 

2 4 0.720 0.74 5 4 1.2 3.42 

2 5 0.36 0.45 5 5 -17 -18 

2 6 0.23 0.31 5 6 10.7 3.8 

3 3 -2 -5.21 6 3 -0.08 0.28 

3 4 4.95 2.3 6 4 -2.4 1.0 

3 5 1.6 1.1 6 5 2.7 5.93 

3 6 0.85 0.74 6 6 -26.3 -26.0 

4 3 0.1 1.52 

4 4 -10.3 -10.7 

4 5 7.37 3.0 

4 6 2.3 1 



Table 5.3.7: Quadrupole oscillator strengths for S-»D transitions from the three lowest states of the two-electron ions. 

Trans. 

I'S-* 3'D 

4'D 

5'D 

6'D 

He 

2.809(-7) 

1.530(-7) 

8.596(-8) 

5.204(-8) 

Li+ 

1.966(-6) 

1.0355(-6) 

5.731 (-7) 

3.443(-7) 

Be2+ 

5.423(-6) 

2.811(-6) 

1.545(-6) 

9.25(-7) 

B3+ 

1.071(-5) 

5.500(-6) 

3.010(-6) 

1.797(-6) 

C4+ 

1.786(-5) 

9.11 (-6) 

4.972(-6) 

2.965(-6) 

N5+ 

2.686(-5) 

1.364(-5) 

7.43(-6) 

4.427(-6) 

Q6 + 

3.773(-5) 

1.910(-5) 

1.039(-5) 

6.18(-6) 

F7+ 

5.047(-5) 

2.548(-5) 

1.384(-5) 

8.24(-6) 

Ne8+ 

6.507(-5) 

3.279(-5) 

1.780(-5) 

1.058(-5) 

2 'S^ 3'D 1.9492(-7) 7.285(-6) 1.5881(5) 2.7755(-5) 4.2912(-5) 6.136(-5) 8.309(-5) 1.0812(-4) 1.3644(-4) 

4'D 2.703(-7) 7.07(-7) 1.3149(-6) 2.100(-6) 3.070(-6) 4.218(-6) 5.550(-6) 7.06(-6) 8.762(-6) 

5'D 8.14179(-8) 1.712(-7) 2.828(-7) 4.216(-7) 5.861(-7) 7.80(-7) 1.00(-6) 1.247(-6) 1.52K-6) 

6'D 3.494(-8) 6.32(-8) 9.527(-8) 1.338(-7) 1.7802(-7) 2.30(-7) 2.87(-7) 3.51(-7) 4.21(-7) 

23S^ 33D 2.03120(-6) 7.9852(-6) 1.7385(-5) 3.0128(-5) 4.6187(-5) 6.5551(-5) 8.8215(-5) 1.14177(-4) 1.43435(-4) 

43D 4.6753(-7) 1.2967(-6) 2.2898(-6) 3.4482(-6) 4.7786(-6) 6.2847(-6) 7.969(-6) 9.833(-6) 1.1876(-5) 

53D 1.812(-7) 4.246(-7) 6.69016(-7) 9.267(-7) 1.2038(-6) 1.5037(-6) 1.8278(-6) 2.1773(-6) 2.5526(-6) 

63D 9.01(-8) 1.9185(-7) 2.8156(-7) 3.688(-7) 4.578(-7) 5.504(-7) 6.478(-7) 7.504(-7) 8.587(-7) 

» — * 
oo 



CHAPTER 6: 

ELECTRON SCATTERING 

6.1 Overview 

The scattering of an electron by an atom may be represented graphically as 

f, 

where the incident particle approaches, with momentum Kx, along OA. The electron 

may transfer momentum to the atom A and be deflected during the collision. This 

deflection is represented by the angle 6, the final electron momentum is K2, and the 

momentum transferred to atom A is K~kx-k2. When the target atom undergoes an 

electronic transition during the collision, the transition is termed 'inelastic'. Otherwise, 

elastic scattering has occurred. Conservation of energy and momentum limit the 

magnitude of the momentum transfer. When the incident particle is an electron, the 
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momentum transfer, K, is given by 
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&=4TM2 AE (, AEY12 

1--=^-- 1 
2MT { MT) 

cos6 (6.1) 

where M« 1 is the reduced mass of the colliding system, T is the kinetic energy of the 

incoming electron, and AE is the excitation energy of atom A. 

Experimentally, the number of particles scattered into the solid angle dfi about 

6 per unit time is measured. The differential cross section, do/dQ, is the ratio of this 

quantity to the flux of incident particles. Also of interest is the total cross section, a, the 

average of do/dQ over all angles 6. 

For sufficiently fast collisions, an impulse approximation can be applied. Thus 

the collision is regarded as producing a sudden transfer of energy and momentum to the 

electrons of atom A. With this approximation, the incident particle provides a sudden 

and small external perturbation to the atom and the differential cross section is calculated 

in the lowest order of the interaction between the particle and the atom. When this 

interaction is Coulombic [6.1][6.2], the first Born approximation for the differential cross 

section is: 

da _ Az2M2k2 \FF(K)_l {62) 

dd k,K4 

for inelastic scattering and 
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do_ 4z2M2k2 \FF(K)-Z\2 

dQ ~ kxK* 

for elastic scattering. The form factor, FF(K), depends only on the target atom and z is 

the charge on the scatterer. The additional term in the elastic cross section originates 

from the Coulombic term between the nucleus of atom A and the scatterer. This term 

vanishes for inelastic collisions due to the orthogonality of the target states. 

The factor 4z2/M2Jc2/ic1i:
4 in equations (6.2) and (6.3) may be evaluated from 

the observables concerning the incident particle only (kx, k2,Q). This factor is actually 

the Rutherford cross section for the scattering of a particle of charge z by a free and 

stationary electron which receives a momentum transfer K. From this perspective, the 

form factor may be regarded as the correction to the Rutherford cross section for moving 

electrons bound to a nucleus. Thus the differential cross section, within the impulse 

approximation, consists of two factors: one dealing with the incident particle, the other 

dealing with the target atom. 

The form factor, FF(K), is given by 

n 

FF{K)=\v\Yte
Kr''V<>d?x<ffi dfn (6-4) 

J i-i 

where Y1 and ¥„ are the final state and initial state wavefunctions of atom A, 

respectively. For inelastic scattering, theoretical studies generally concentrate on a 

slightly different quantity, the generalized oscillator strength GOS(K), instead of FF(K). 

The GOS(K), given by 
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GOS(K)= — \FF(K)\2, (6.5) 
K2 

is studied rather than FF(K) simply because, in the limit as K-»0, the GOS(K) approaches 

the dipole oscillator strength, DOS, discussed in the previous chapter. Also, an analysis 

of the form factor is complicated by the fact that FF(K) may be positive, negative, purely 

real, or purely imaginary whereas the GOS is positive and real. 

In the case of electron scattering, the Born approximation ignores the possibility 

of exchanging the incoming electron with an atomic electron. Furthermore, 

"polarization" corrections such as the distortion of the atomic charge cloud due to the 

presence of the incoming scatterer and the distortion of the plane wave due to the atom 

are also neglected. At sufficiently high energies these effects may be neglected and the 

first Born approximation is valid. However, at low impact energies, first Born cross 

sections may be grossly in error. Currently, the range of validity of Born cross sections 

is obtained by comparisons with experimentally determined cross sections or theoretical 

cross sections which include corrections for polarization and exchange. 

Experimental measurements of cross sections are relative and require additional 

information to convert to absolute measurements. Often, absolute experimental cross 

sections are obtained by forcing a high impact energy experimental measurement to agree 

with a first Born calculation. Consequently the relevance of the first Born approximation 

extends also to intermediate and low impact energies. 

Several reviews have been devoted to the first Born approximation [6.3-6.5] as 

well as more general reviews which consider lower impact energies as well [6.6-6.17], 
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6.2 Computational notes 

The wavefunctions of chapter 2 have been used to calculate GOS(K) for the 

l 'S-VS, nlP, «'D, n = \-6, the 2 ' S ^ ' S , nlP, /?'D, *=2-6, and the 23S-»rt3S, ;;3P, /;3D, 

n=2-6 helium transitions. Experimentally, many differential cross sections have been 

measured for the He ground state. Far fewer experimental studies on the metastable 

states 2'S and 23S have been performed [6.18-6.23]. All of the experiments on the 

metastable states, performed with low impact energies, are unsuitable for comparison 

with first Born calculations. 

The l'S-»l'S and l'S^2'P transitions for the Z=3,...,10 ions have also been 

calculated. The GOS(K) for these transitions are presented, in tabular form, in appendix 

7. Only one experimental study [6.24] has been performed on these ions: the 

measurement of the cross section, a, for the l'S-*23P transition of Li+ from a crossed 

beam experiment. Several theoretical calculations have been performed and recent 

compilations are available [6.25] [6.26]. 

Formulae for the S->S, S->P, S-»D, and P->D generalized oscillator strengths are 

presented in appendix 8. The latter also includes a discussion of the numerical 

instabilities which arise and the procedures used to circumvent them. Note that the 

formula for the S-»S transitions from integral transform wavefunctions has been given 

previously [6.27]. 

The following sections present comparisons with experimental measurements and 

theoretical calculations for the He transitions. Note that comparisons with theoretical 
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studies will be restricted to first Born calculations and that experimental comparisons are 

possible only for transitions originating from the ground state. 

Small K expansion coefficients are useful for interpolation and extrapolation of 

tabular values of FF(K) or GOS(K) for K sufficiently small. For elastic scattering, the 

small K expansion of FF(K) is 

FF(K) = 2 + aJP + a2K* +... (6.6) 

where the first term is the number of target electrons. For inelastic scattering, the 

GOS(K) expansion coefficients are generally presented: 

GOS(K) =b0 + bxK
2 + b2K* +... (6.7) 

where, b0=0 for the optically forbidden S-»S and S-»D transitions and b0=DOS for the 

optically allowed S-»P transitions. Similarly, for large K, the GOS(K) and FF(K) may 

be expressed in power series of K. In general, the expansion of FF(K) for large K has 

the form 

FF(K) = c0K-(L^4)+cxK-(L^6)
 + ... (6.8) 

where L, and L2 are the angular momentum quantum numbers of the initial and final 

states, respectively. The expression for the large K expansion of GOS(K) is easily 

obtained by subtituting equation (6.8) into equation (6.5). 

The first three small and large K expansion coefficients of FF(K)(e\astic) or 

GOS(tf)(inelastic) will be given for each of the 43 He transitions considered in this 

chapter. Appendix 8 discusses the calculation of these expansion coefficients. 
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6.3 Elastic scattering: The I'S, 2'S, and 23S states of He 

Tables 6.3.1, 6.3.2, and 6.3.3 give FF(K) for elastic scattering of the I'S, 23S, 

and 2'S states, respectively. The form factors are given for a mesh of 63 values of K2. 

As the table shows, as K increases, FF(K) decreases monotonically from the initial value 

of 2 at K=0. 

The ground state elastic differential cross section obtained from the data of table 

6.3.1 is compared with experimental measurements in figures 6.3.1 and 6.3.2 for 

incident electron energies of 100, and 400 and 700 eV, respectively. These figures also 

include the "recommended" values of Boesten and Tanaka [6.30]. These are obtained 

by fitting a rational function of the form 

da a0+axQ+a2Q
2+a3B^a^ (fi 9 ) 

da i +i>1e+fc2e2+&3e3+z>484 

where 6 is in degrees, to experimental and theoretical data. 

Figure 6.3.1 shows that, with the exception of the experimental values of 

McConkey [6.30] the theoretical cross sections are smaller than the experimental values 

at 100 eV. The first Born cross sections are reasonable for 4O°<0<9O0 at 100 eV, 

0>3O° at 400 eV, and 0>15° for 700 eV. As the figures show, the convergence is 

slowest for small angles; the ratio of experimental to theoretical cross section at 0° is 

roughly 6 at 100 eV, 3 at 400 eV, and 2 at 700 eV. 

The 100 eV data of Kurepa [6.32] and Crooks [6.33], and the 400 eV data of Jost 

[6.39] are consistently higher than the other experimental measurements. Note the 

following normalizations of relative measurements: The cross sections of Sethuraman 
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[6.34] have been normalized using the Bromberg [6.35] value for 500 eV incident 

electrons at 60°; The data of McConkey [6.31] and Williams [6.36] have both been 

normalized to the 20° measurement of Vriens [6.37] which has, in turn, been normalized 

to the 5° measurements of Chamberlain [6.38]; The Jost [6.39] values have been 

normalized to the theoretical value of Fink [6.40] at 90°; The Gupta [6.41] values have 

been normalized to the 50° measurement of Jansen [6.42J. Also, the Williams [6.36], 

Jost T6.39], and Crooks [6.33] measurements are quoted from table I of Kurepa [6.32]. 

The most accurate FF(K) published for elastic scattering in the ground state of He 

are those of Thakkar and Smith [6.27]. Their form factors are calculated from 66 term 

integral transform wavefunctions and are reported in terms of an interpolating function. 

The latter reproduces their calculated FF(K) to within 10~8. The form factors calculated 

from the interpolating function differ from the values in table 6.3.1 by less than 0.003%. 

Other first Born FF(K) calculations for elastic scattering of the He ground state include 

values obtained from Hartree-Fock [6.43][6.45], configuration interaction [6.46], and 

explicitly correlated wavefunctions [6.47][6.48]. There are no published first Born 

FF(K) for the elastic transitions from the 2'S and 23S states. 

The first three small and large K expansion coefficients of FF(K) for the I'S, 2'S 

and 23S states are given in table 6.3.4 below. Using these coefficients, the FF(K) and 

GOS(K) can be calculated beyond the range of values given in tables 6.3.1-6.3.3. 
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Table 6.3.1: Elastic form factors FF(K) for squared momentum transfers, K\ between 

0.05 and 500 for the ground state of He. 

K2 FF(K) K2 FF(K) K2 FF(K) K2 FF(K) K2 FF(K) 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

1.98027 

1.96087 

1.94178 

1.92300 

1.90453 

1.88634 

1.86845 

1.85084 

1.83350 

1.81643 

1.79963 

1.78308 

1.76679 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.2 

1.4 

1.6 

1.8 

2.0 

2.2 

1.75074 

1.73494 

1.71937 

1.70403 

1.68892 

1.67403 

1.65936 

1.60275 

1.54929 

1.49873 

1.45084 

1.40544 

1.36235 

2.4 

2.6 

2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

1.32140 

1.28244 

1.24534 

1.20998 

1.17624 

1.14403 

1.11324 

1.08378 

1.05559 

1.02858 

1.00268 

0.97783 

0.95397 

5.0 

5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 

9.0 

9.5 

10 

20 

30 

0.93105 

0.87751 

0.82881 

0.78436 

0.74364 

0.70623 

0.67178 

0.63995 

0.61048 

0.58313 

0.55769 

0.27420 

0.16537 

40 

50 

60 

70 

80 

90 

100 

200 

300 

400 

500 

0.11122 

0.08014 

0.06056 

0.04742 

0.03815 

0.03136 

0.02625 

0.00767 

0.00360 

0.00209 

0.00136 
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Table 6.3.2: Elastic form factors FF(K) for squared momentum transfers, K2, 

between 0.05 and 500 for the He 23S state. 

K2 FF(K) K2 FF(K) K2 FF(K) K2 FF(K) K2 FF(K) 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

1.82557 

1.68011 

1.55820 

1.45554 

1.36870 

1.29491 

1.23195 

1.17801 

1.13160 

1.09152 

1.05676 

1.02650 

'..00005 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

2.2 

0.97683 

0.95637 

0.93826 

0.92217 

0.90780 

0.89492 

0.88332 

0.84654 

0.81995 

0.79922 

0.78190 

0.76662 

0.75257 

2.4 

2.6 

2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

0.73928 

0.72650 

0.71405 

0.70185 

0.68987 

0.67807 

0.66644 

0.65499 

0.64372 

0.63262 

0.62172 

0.61100 

0.60048 

5.0 

5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 

9.0 

9.5 

10 

20 

30 

0.59015 

0.56521 

0.54152 

0.51907 

0.49782 

0.47771 

0.45870 

0.44072 

0.42372 

0.40764 

0.39241 

0.20566 

0.12598 

40 

50 

60 

70 

80 

90 

100 

200 

300 

400 

500 

0.08498 

0.06115 

0.04610 

0.03600 

0.02888 

0.02368 

0.01977 

0.00570 

0.00266 

0.00154 

0.00100 
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Table 6.3.3: Elastic form factors FF(K) for squared momentum transfers, K\ 

between 0.05 and 500 for the He 2'S state. 

K2 FF(K) K2 FF(K) K2 FF(K) K2 FF(K) K2 FF(K) 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

1.76323 

1.57880 

1.43424 

1.32025 

1.22989 

1.15790 

1.10026 

1.05389 

1.01641 

0.98598 

0.96115 

0.94077 

0.92395 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

2.2 

0.90999 

0.89830 

0.88845 

0.88006 

0.87285 

0.86659 

0.86107 

0.84387 

0.83059 

0.81855 

0.80664 

0.79445 

0.78191 

2.4 

2.6 

2.8 

3.0 

3.2 

3.4 

3.6 

3.8 

4.0 

4.2 

4.4 

4.6 

4.8 

0.76903 

0.75591 

0.74264 

0.72931 

0.71600 

0.70276 

0.68966 

0.67673 

0.66400 

0.65150 

0.63923 

0.62722 

0.61547 

5.0 

5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 

9.0 

9.5 

10 

20 

30 

0.60399 

0.57644 

0.55054 

0.52621 

0.50337 

0.48194 

0.46180 

0.44289 

0.42509 

0.40834 

0.39256 

0.20326 

0.12418 

40 

50 

60 

70 

80 

90 

100 

200 

300 

400 

500 

0.08372 

0.06026 

0.04545 

0.03549 

0.02849 

0.02337 

0.01952 

0.00563 

0.00263 

0.00152 

0.00099 
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Table 6.3.4: First three small and large K form factor expansion coefficients for the 

He I'S, 2'S, and23S states. 

Small K Large K 

State K° K2 K4 K~4 K~6 K"8 

I'S 2 -0.39783(0) 0.66226(-l) 0.36403(3) -0.12943(5) 0.29683(6) 

2'S 2 -0.53631(1) 0.13763(2) 0.26325(3) -0.84914(4) 0.20130(6) 

23S 2 -0.38214(1) 0.71400(1) 0.26547(3) -0.84217(4) 0.19989(6) 
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Figure 6.3.1: Differential cross sections for elastic scattering of 100 eV electrons incident on He (I'S). Legend: , 

First Bom; • , Boesten [6.30]; + , Kurepa [6.32]; A, Jansen [6.42]; O, Sethuraman [6.34]; *, 

Vriens [6.37]; • , Williams [6.36]: v, Jost [6.39]; O, Crooks [6.33]; • , Gupta [6.41]; • , McConkey [6.31]. 
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6.4 Inelastic scattering: Transitions from the l 'S, 2'S, and 23S states of He 

The generalized oscillator strengths for l'S-»/t'S, l'S-* nlP, and l'S-*«'D 

transitions are given in tables 6.4.1, 6.4.2 and 6.4.3, respectively. The S-*S GOS reach 

a maximum at tf2«1.0, the S->P GOS decrease monotonically from the DOS value at 

K=0, and the S-»D GOS reach a maximum at K2*»0.5. At small and intermediate K 

values, the GOS ordering is generally S-*P > S-*S > S->D. 

The l'S->2'S differential cross sections are compared with experiment in figures 

6.4.1 and 6.4.2 for incident electron energies of 100, and 400 and 700 eV, respectively. 

At 100 eV, the first Born differential cross section is qualitatively correct at small angles 

but falls markedly below the experimental values for large angle. The latter is a well 

known shortcoming of the first Born approximation; backward scattered electrons 

penetrate deeply into the charge cloud but, as noted previously, the attractive potential 

arising from the interaction of the incoming electron with the nucleus vanishes due to the 

orthogonality of the target states. For 400 eV with 0<35°, and 700 eV with 0 < 17.5° 

the first Born cross sections are quantitatively correct. However, these angular limits are 

determined solely by the available experimental data; the angular range will increase 

with impact energy. 

The l'S-»5'S differential cross sections are compared, in figure 6.4.3, with the 

recent 100 eV results of Trajmar [6.49]. As with the transition to the 2'S state, the Born 

values are too large, but qualitatively correct, at small angles. Unfortunately, these are 

the only experimental values available for this transition. 
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Figures 6.4.4 and 6.4.5 compare the experimental cross sections of Pochat [6.52] 

with the first Born cross sections for the l'S-»4'S and l'S-»5'S transitions, respectively. 

Both figures show 100 and 200 eV results for 0<2O°. The 100 eV Bom cross sections 

are qualitatively incorrect over the angular range. The calculated 100 and 200 eV cross 

sections decrease less rapidly with 0 than the experimental values. However, the 

agreement between theory and experiment for 200 eV impact energy has improved 

markedly from the 100 eV results. 

Figures 6.4.1 -6.4.5 allow tentative remarks about the range of validity of the first 

Born approximaiion. At 0<4O° the calculated cross sections are larger than the 

experimental values. Exceptions occur at small angles for low incident energies. For 

the l'S-»/?'S, n=2-6, transitions, the first Born cross sections are quantitative for incident 

energies > 400 eV and 0 < 40°. Qualitative agreement between experiment and theory 

is estimated to occur for incident electron energies >250 eV. The angular limits are 

particularly tentative due to the limited data for 0>2O°. 

The 1 'S-*2'P differential cross sections are compared with experiment in figures 

6.4.6 and 6.4.7 for incident electron energies of 100, and 400 and 700 eV, respectively. 

Even at 100 eV, the theoretical and experimental cross sections agree closely for 0<3O°. 

Note, in particular, the "recommended" value of Trajmar [6.53] at 20°. This value has 

been obtained from the analysis of experimental and theoretical cross sections for 0=20°. 

Figure 6.4.8 shows the l'S^3'P results of Cartwright [6.54] and Chutjian [6.55] 

for 100 eV incident electrons and 5O<0<1350. The first Born cross sections are 

accurate at this incident energy for 0<4O°. 
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Experimental results for the 1 'S-*4'P and 1 'S-»5'P transitions are scarce. Figures 

6.4.9 and 6.4.10 compare the available data with the first Born values. 

Figures 6.4.6-6.4.10 show that, in contrast to the S-»S transitions, the first Born 

S-»P cross sections are quantitative for incident energies as low as 100 eV and 0<4O°. 

Unfortunately, there are no l'S-*3'D differential cross sections reported in the 

literature. However, Pochat [6.52] has measured 100 and 200 eV differential cross 

sections for the l'S^4'D and l'S->5'D transitions for 0<2O°. These are shown in figures 

6.4.11 and 6.4.12. At 100 eV the theoretical curves lie below the experimental values 

and the discrepancy is largest at smaller angles. At 200 eV the agreement between 

experiment and theory is much improved but still not quantitative. These results suggest 

that first Born results will be quantitative for incident energies >300 eV. 

Generalized oscillator strengths for the 1'S—*/7'S, n=\-l, l'S-»r/.'P, n=2-A and 

l'S-»3'D have been calculated by Bell et al [6.48] for thirty K values. These calculations 

are performed with Hylleraas-type wavefunctions for the initial and final states. Their 

GOS(K) for 1'S-*/?'S transitions agree within 1% of the values in table 6.4.1 and the 

agreement is generally best for K=\. The l'S->2'P, 3'P, and 4'P transitions agree with 

the GOS(K) of table 6.4.2 within 1 % for K< 1 but decrease too rapidly at large K. At 

tf=10, their GOS(K) are too small by 13%, 41%, and 48% for the 2'P, 3'P, and 4'P 

final states, respectively. The l'S-*3'D are up to 6% smaller than the values of table 

6.4.3 for K<1. Bell et al [6.48] also considered GOS(K) for the l'S-5'P, l'S-»6'P, 

l'S-*4'D, l'S^5'D, and l'S^6'D transitions. These calculations differ from those 

discussed above in that only ten K values were considered and the final state war. 
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represented by a numerical Hartree-Fock wavefunction rather than a Hylleraas-type 

expansion. The GOS(K) are up to 10% and 15% smaller than the values of tables 6.4.2 

and 6.4.3, respectively. 

Explicitly correlated wavefunctions have also been used by Kim and Inokuti 

[6.57][6.58] to calculate GOS(K) for the l'S-»2'S, l'S-^'S, l'S^2'P, l'S^3'P, l'S^4'P, 

and the l'S-^3'D transition. The initial and final state wavefunction expansions contained 

over 50 terms and calculations were performed for over 60 K values. Their l'S->2'S 

cross sections are larger by 2% at K2=0.05, but the difference decreases rapidly as K 

increases and is less than 0.1 % for K2 > 1.4. For the l'S-^3'S transition, the errors are 

largest for small K and large K, but the values agree within 5% and for 0.5 < K2 < 40 

the error is less than 1%. For the l'S-»2'P, l'S^-3'P, l'S-^4'P transitions the values 

agree within 0.1 %, 4%, and 5%, respectively, for K2< 10. For the l'S-*3'D transition 

the values agree within 5 % for K2 < 10. For the 6 transitions considered by Kim and 

Inokuti [6.57][6.58], the cross sections always decrease more rapidly at large K than the 

values in tables 6.4.1, 6.4.2 and 6.4.3. These comparisons indicate that the GOS(K) are 

most sensitive to wavefunction quality at small and large K. 

The up-to-60 term Hylleraas-type wavefunctions used by Kim and Inokuti 

[6.57][6.58] and Bell et al [6.48] for the final states lead to excitation energies which 

differ from the results of chapter 2 by as much as a millihartree. As a general rule, 50 

term integral transform wavefunctions are energetically equivalent to 60 term Hylleraas-

type wavefunctions. Therefore, the GOS(K) and FF(K) obtained from the 100 term 

integral transform wavefunctions of chapter 2 significantly improve upon the previously 
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published values. Finally, although the cross sections of Bell et al [6.48] and Kim and 

Inokuti [6.57][6.58] are the most accurate published values, others [6.54][6.59-6.66] 

have also calculated first Born cross sections for transitions from the ground state. 

Generalized oscillator strengths for the 23S^»n3S, w=3-6, the 23S-*/;3P, n=3-6, 

and the 23S-*/?3D, //=3-6 transitions are given in tables 6.4.4, 6.4.5, and 6.4.6, 

respectively. The GOS(K) for the 2lS-*/i'S, n=3-6, the 2'S^r/'P, n=3-6, and the 

2'S-*n'D, n=3-6 transitions are presented in tables 6.4.4, 6.4.5, and 6.4.6, respectively. 

The GOS(K) for these transitions from the metastable states are characterized by zeros 

in the GOS(K) for certain K. These zeros arise from the form factor changing signs at 

some K values. 

The GOS(K) for S-̂ -S transitions vanish at two intermediate K values: at AT2* 1 

and 3.8 for 23S^33S; at K2~ 1.2 and 3.8 for 23S-*43S; at K1« 1.2 and 4 for 23S^53S; at 

K2~\.A and 4 for 23S^63S; at AT2«0.8 and 2 for 2'S-*3'S; at K2«0.85 and 2.2 for 

2'S^4'S; at K2~0.9 and 2.2 for 2'S-»5'S; at K2~0.95 and 2.2 for 2'S-»6'S. Although 

both zeros shift to larger K as the n increases, this shift is relatively small. 

The GOS(K) for S^P transitions vanish at K2 = 2.2 and 1.4 for the 23S-23P and 

2'S->2'P transitions, respectively. For the 23S->/73P, n=3-6, transitions the GOS vanishes 

at K2«0.15 and 2.6, and for the 2'S-VP, A=3-6, transitions the GOS vanishes at 

tf2«0.15 and 1.6. The GOS(K) for the 23S^?3D and the 2'S-VD, A?=3-6, transitions 

vanish at AT2 = 3.2 and at K2**2, respectively. The location of the zeros seems to be 

largely independent of the final state wavefunctions. However, the latter certainly affect 
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the number of zeros. Also, relative to the singlet states, the zeros always occur at larger 

K for the triplets. 

Kim and Inokuti [6.67] calculated GOS(K) for the 2'S-*2'P, 2'S^3'P, 2'S^4'P, 

2'S->3'S, and 2'S->3'D and the corresponding triplet transitions. They used Hylleraas-

type wavefunctions with over 50 terms to calculate the GOS(K) for 31 /if values. With 

the exception of the vicinity of the zeros, their 23S-»33S, 23S-»23P, 23S-*33D, 2'S-*2'P, 

2'S-»3'P, and 2'S-»3'D values are within 1% of the values in tables 6.4.4-6.4.9. For the 

23S-*33P, 23S-»43P, and 2'S-»4'P transitions, the errors at small K are as much as 50% 

due to the presence of a zero, but they decrease rapidly as K increases. Generally, the 

zeros in the GOS(K) calculated by Kim and Inokuti [6.67] occur at larger K than the 

values obtained from integral transform wavefunctions. For the 2'S-»3'S transition, this 

discrepancy is large enough to cause significant discrepancies. Although the Kim and 

Inokuti [6.67] GOS(K) are the most accurate published values, Khayrallah [6.68] has also 

calculated GOS(K) for the 23S-*33S transition and Khurana [6.69] has calculated values 

for the 2'S-»2'P, 2'S-»3'P, 23S-»23P, and 23S^33P transitions. 

The small K expansion coefficients of the GOS(K) are given in tables 6.4.10, 

6.4.11, and 6.4.12 for the S-»S, S-»P, and S-»D transitions, respectively. Kim and 

Inokuti have also tabulated small K expansion coefficients for the 1 IS->2IS, l'S-»3'S, 

l'S^2'P, and l'S-»3'P transitions [6.57], the l'S-*3'D and l'S-*4'P transitions [6.58], 

and the ten transitions from the metastable states [6.67] discussed in the previous 

paragraph. For the transitions from the ground state, the agreement is within 2%, 5%, 

and 30%, for the first, second, and third coefficients, respectively. With the exception 
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of the 2'S-»4'P transition where the errors are 4%, 17% and 120%, the coefficients for 

the 2'S and 23S transitions are within 3%, 4%, and 9% of the values in tables 6.4.11 and 

6.4.12. 

The large K expansion coefficients of the GOS(K) are given in tables 6.4.13, 

6.4.14, and 6.4.15 for the S-*S, S-*P, and S^D transitions, respectively. 
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Table 6.4.1: Generalized oscillator strengths, GG>(K), for the He l'S->n'S transitions. 

K2 2'S 3'S 4'S 5'S 6'S 

0.05 
0.10 
0.15 
0.20 
0.25 
0.30 

0.35 
0.40 

0.45 
0.50 
0.55 
0.60 

0.65 
0.70 
0.75 
0.80 
0.85 

0.90 
0.95 

1.00 
1.2 
1.4 

1.6 

1.8 

2.0 
2.2 

2.4 

2.6 

2.8 

3.0 
3.2 

3.4 

3.89897(-3) 
7.24932(-3) 
1.01176(-2) 
1.25633(-2) 
1.46385(-2) 
1.63888(-2) 
1.78543(-2) 
1.90701 (-2) 
2.00671 (-2) 

2.08724(-2) 
2.15099(-2) 
2.20006(-2) 

2.23632(-2) 
2.26138(-2) 

2.27668(-2) 
2.28351 (-2) 

2.28298(-2) 

2.27608(-2) 

2.26367(-2) 

2.24654(-2) 

2.14321 (-2) 
2.00627(-2) 

1.85549(-2) 

1.70258(-2) 
1.55431 (-2) 
1.41434(-2) 

1.28446(-2) 
1.16531 (-2) 

1.05681 (-2) 

9.58513(-3) 

8.69763(-3) 

7.89799(-3) 

8.03902(-4) 

1.52510(-3) 
2.17033(-3) 

2.74484(-3) 
3.25381(-3) 
3.70230(-3) 

4.09519(-3) 
4.43712(-3) 
4.73250(-3) 

4.98545(-3) 
5.19983(-3) 
5.37923(-3) 

5.52697(-3) 
5.64612(-3) 

5.73952(-3) 
5.80976(-3) 

5.85923(-3) 

5.89010(-3) 

5.90438(-3) 

5.90387(-3) 

5.78491 (-3) 
5.53756(-3) 

5.21876(-3) 

4.86609(-3) 

4.50385(-3) 
4.14732(-3) 

3.80566(-3) 
3.48405 (-3) 

3.18497(-3) 

2.90920(-3) 
2.65646(-3) 

2.42580(-3) 

2.99534(-4) 
5.71442(-4) 
8.17526(-4) 

1.03916(-3) 
1.23777(-3) 
1.41483(-3) 
1.57179(-3) 
1.71010(-3) 

1.83115(-3) 

1.93628(-3) 
2.02679(-3) 
2.10388(-3) 

2.16871 (-3) 
2.22236(-3) 
2.26582(-3) 
2.30005(-3) 
2.32592(-3) 

2.34422(-3) 

2.35572(-3) 

2.36109(-3) 

2.33327(-3) 
2.24963(-3) 

2.13315(-3) 

1.99948(-3) 
1.85906(-3) 
1.71866(-3) 

1.58252(-3) 
1.45317(-3) 

1.33198(-3) 

1.21954(-3) 
1.11594(-3) 

1.02096(-3) 

1.44441 (-4) 
2.76216(-4) 
3.96047(-4) 

5.04487(-4) 
6.02132(-4) 
6.89604(-4) 
7.67535(-4) 
8.36558(-4) 
8.97295(-4) 

9.50354(-4) 
9.96318(-4) 

1.03575(-3) 

1.06918(-3) 
1.09711(-3) 

1.12002(-3) 
1.13835(-3) 
1.15252(-3) 

1.16292(-3) 

1.16989(3) 
1.17379(-3) 

1.16434(-3) 
1.12620(-3) 

1.07081 (-3) 

1.0O608(-3) 
9.37338(-4) 
8.68086(-4) 

8.00566(-4) 
7.36137(-4) 

6.75558(-4) 
6.19192(-4) 

5.67132(-4) 

5.19308(-4) 

8.07873(-5) 
1.54652(-4) 
2.21988(-4) 

2.83073(-4) 
3.38214(-4) 
3.87733(-4) 

4.31964(-4) 
4.71243(-4) 
5.05903(-4) 

5.36271 (-4) 
5.62663(-4) 
5.85385(-4) 

6.04727(-4) 
6.20967(-4) 
6.34366(-4) 
6.45170(-4) 

6.53609(-4) 

6.59899(-4) 
6.64240(-4) 

6.66819(-4) 

6.62769(-4) 

6.42150(-4) 
6.11460(-4) 

5.75219(-4) 
5.36497(-4) 
4.97331 (-4) 

4.59029(-4) 

4.22394(-4) 

3.87885(-4) 
3.55724(-4) 

3.25982(-4) 

2.98630(-4) 
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K2 2'S 3'S 

3.6 
3.8 
4.0 
4.2 
4.4 

4.6 
4.8 
5.0 

5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 

9.5 
10 

20 
30 

40 

50 
60 

70 

80 
90 
100 

200 

300 
400 

500 

7.17841 (-3) 

6.53126(-3) 

5.94929(-3) 

5.42580(-3) 

4.95466(-3) 

4.53031(-3) 

4.14777(-3) 

3.80256(-3) 

3.07775(-3) 

2.51129(-3) 

2.06508(-3) 

1.71078(-3) 

1.42726(-3) 

1.19865(-3) 

1.01297(-3) 

8.61111(-4) 

7.36089(-4) 

6.32515(-4) 

6.48538(-5) 

1.469220-5) 

4.85832(-6) 

2.00102(-6) 

9.51629(-7) 

5.01125(-7) 

2.848180-7) 

1.71799(-7) 

1.O86990-7) 

4.76189(-9) 

7.08604(-10) 

1.79027(-10) 

6.O93550-11) 

2.2b90(-3) 

2.02528(-3) 

1.85238(-3) 

1.69567(-3) 

1.55366(-3) 

1.42497(-3) 

1.30832(-3) 

1.20254(-3) 

9.787760-4) 

8.023120-4) 

6.62285(-4) 

5.50430(-4) 

4.60467(-4) 

3.87620(-4) 

3.28239(-4) 

2.79523(-4) 

2.39308(-4) 

2.05914(-4) 

2.13282(-5) 

4.83579(-6) 

1.59773(-6) 

6.57321(-7) 

3.12260(-7) 

1.64273(-7) 

9.32862(-8) 

5.62277(-8) 

3.55530(-8) 

1.55233(-9) 

2.30713(-10) 

5.82528(-ll) 

1.98202(-ll) 

9 
8 
7 

7 
6 
6 
5 
5 
4 

3 
2 
2 
1 
1 
1 
1 

1 

8 

9 
2 

6 
2 
1 

7 
4 

2 
1 
6 

9 
2 

8 

4'S 5'S 6'S 

.34203(-4) 

.551410-4) 

.83215(-4) 

.17848(-4) 

.58477(-4) 

.045630-4) 

.55599(-4) 

.11118(-4) 

.16795(-4) 

.42177(-4) 

.828l9(-4) 

.35306(-4) 

.97026(-4) 

.65985(-4) 

.40652(-4) 

.19846(-4) 

.02656(-4) 

.83700(-5) 

.18375(-6) 

.08284(-6) 

.87952(-7) 

.82909(-7) 

.34342(-7) 

.06503(-8) 

.01088(-8) 

.41695(-8) 

.52795(-8) 

.66528(-10) 

.90355(-ll) 

.50027(-ll) 

.50659(-12) 

4.75541(-4) 

4.35596(-4) 

3.99207(-4) 

3.66O960-4) 

3.35990(-4) 

3.08625(-4) 

2.83751(-4) 

2.611360-4) 

2.13127(-4) 

l.75093(-4) 

1.44804(-4) 

l.20536(-4) 

1.00969(-4) 

8.50915(-5) 

7.21264(-5) 

6.14736(-5) 

5.26683(-5) 

4.53480(-5) 

4.719160-6) 

1,07038(-6) 

3.53558(-7) 

1.45403(-7) 

6.9O4630-8) 

3.63098(-8) 

2.06117(-8) 

1.241920-8) 

7.85016(-9) 

3.41990(-1( 

5,07707(-l 

1.28107(-1 

4.35695(-L 

2.73573(-4) 

2.50686(-4) 

2.29821(-4) 

2.10823(-4) 

1.93539(-4) 

1.7782l(-4) 

1.63527(-4) 

1.505250-4) 

1.22907(-4) 

1.01012(-4) 

8.35632(-5) 

6.95765(-5) 

5.82948(-5) 

4.9137l(-5) 

4.165690-5) 

3.55092(-5) 

3.04266(-5) 

2.62004(-5) 

2.72890(-6) 

6.19020(-7) 

2.04440(-7) 

8.4O5860-8) 

3.99082(-8) 

2.O98330-8) 

1.19100(-8) 

7.17556(-9) 

4.53541(-9) 

)) 1.97620(-10) 

) 2.93503(-ll) 

) 7.40837(-12) 

>) 2.52026(-12) 
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Table 6.4.2: Generalized oscillator strengths, GOSOK), for the He I'S-w/'P transitions. 

K2 2'P 3'P 4'P 5'P 6'P 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.2 
1.4 

1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
3.0 
3.2 

3.4 

2.54610(-1) 

2.349990-1) 

2.17140(-1) 

2.00856(-l) 

1.85988(-1) 

1.72396(-1) 

1.59957(-1) 

1.48558(-1) 

1.38102(-1) 

1.28499(-1) 

1.19671(-1) 

1.115470-1) 

l.04062(-l) 

9.7:600(-2) 

9.07890(-2) 

8.49025 (-2) 

7.94588(-2) 

7.44201 (-2) 

6.97520(-2) 

6.54236(-2) 

5.09824(-2) 

4.013<H6(-2) 

3.19005(-2) 

2.55743(-2) 

2.06679(-2) 

1.68277(-2) 

1.37962(-2) 

1.13841(-2) 

9.45070(-3) 

7.89017(-3) 

6.62242(-3) 

5.58624(-3) 

6.89783(-2) 

6.47914(-2) 

6.08557(-2) 

5.7l604(-2) 

5.369410-2) 

5.044500-2) 

4.74012(-2) 

4.4551O0-2) 

4.l8828(-2) 

3.93856(-2) 

3.70487(-2) 

3.486180-2) 

3.28153(-2) 

3.09001 (-2) 

2.91074(-2) 

2.74293(-2) 

2.585790-2) 

2.43863(-2) 

2.30076(-2) 

2.171580-2) 

1.73051 (-2) 

1.38817(-2) 

1.12086(-2) 

9.10803(-3) 

7.44680(-3) 

6.12467(-3) 

5.06586(-3) 

4.21280(-3) 

3.52149(-3) 

2.95812(-3) 

2.49653(-3) 

2.116380-3) 

2.82045(-2) 

2.66300(-2) 

2.51355(-2) 

2.37196(-2) 

2.23800(-2) 

2.111430-2) 

1.99195(-2) 

1.87928(-2) 

1.77311(-2) 

1.67311(-2) 

1.578970-2) 

1.49038(-2) 

1.40704(-2) 

1.32866(-2) 

1.25494(-2) 

1.18562(-2) 

1.12043(-2) 

1.05914(-2) 

1.00149(-2) 

9.47279(-3) 

7.60687(-3) 

6.14171(-3) 

4.98648(-3) 

4.07123(-3) 

3.34235(-3) 

2.75878(-3) 

2.28900(-3) 

1.90881 (-3) 

1.599490-3) 

1.34654(-3) 

1.13865(-3) 

9.66967(-4) 

1.423790-2) 

1.34734(-2) 

1.27447(-2) 

1.20514(-2) 

1.13931(-2) 

1.07688(-2) 

1.01775 (-2) 

9.61807(-3) 

9.08931 (-3) 

8.58989(-3) 

8.11847(-3) 

7.67373(-3) 

7.25431(-3) 

6.85892(-3) 

6.486280-3) 

6.13513(-3) 

5.8O4290-3) 

5.49260(-3) 

5.19897(-3) 

4.92234(-3; 

3.96669(-3) 

3.21225(-3) 

2.61470(-3) 

2.139480-3) 

1.759790-3) 

1.45494(-3) 

1.20895 (-3) 

1.OO9450-3) 

8.46833(-4) 

7.136360-4) 

6.O4OO90-4) 

5.13360(-4) 

8.17815(-3) 

7.74825(-3) 

7.33753(-3) 

6.94595(-3) 

6.57332(-3) 

6.21928(-3) 

5.883360-3) 

5.56501(-3) 

5.2636l(-3) 

4.978490-3) 

4.70897(-3) 

4.45435(-3) 

4.21392(-3) 

3.98698(-3) 

3.77284(-3) 

3.57083(-3) 

3.38030(-3) 

3.20062(-3) 

3.03119(-3) 

2.87142(-3) 

2.318360-3) 

1.88046(-3) 

1.53278(-3) 

1.25569(-3) 

1.03392(-3) 

8.55584(4) 

7.114900-4) 

5.94493(-4) 

4.99034(-4) 

4.20773(-4) 

3.563ll(-4) 

3.02971 (-4) 



Table 6.4.2: Continued. 

K2 2'P 3'P 

3.6 
3.8 
4.0 
4.2 
4.4 
4.6 
4.8 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
200 
300 
400 
500 

4.73447(-3) 

4.03049(-3) 

3.44569(-3) 

2.95753(-3) 

2.54818(-3) 

2.20342(-3) 

1.91186(-3) 

1.66432(-3) 

1.19259^-3) 

8.69634(-4) 

6.44196(-4) 

4.84048(-4) 

3.68463(-4) 

2.83826(-4) 

2.21027(-4) 

1.73862(-4) 

1.38040(-4) 

l.l0550(-4) 

4.31L57(-6) 

5.71851(-7) 

1.34197(-7) 

4.33801(-8) 

1.71565(-8) 

7.78894(-9) 

3.90933(-9) 

2.118000-9) 

1.21888(-9) 

2.87684(-ll 

2.95579(-12 

5.70978(-13 

1.57361(-13 

1.80175(-3) 

1.54013(-3) 

1.32159(-3) 

1.13826(-3) 

9.83814(-4) 

8.53197(-4) 

7.42311(-4) 

6.47833(-4) 

4.66835(-4) 

3.42069(-4) 

2.54468(-4) 

1.91927(-4) 

l.46590(-4) 

1.13264(-4) 

8.84507(-5) 

6.97560(-5) 

5.55166(-5) 

4.45601 (-5) 

1.78497(-6) 

2.39182(-7) 

5.63115(-8) 

1.82061 (-8) 

7.19231(-9) 

3.26002(-9) 

1.63342(-9) 

8.83472(-10) 

5.0762 8(-10) 

) 1.186680-11) 

) 1.21439(-12) 

) 2.34105(-13) 

) 6.44393(-14) 

8 
7 
6 
5 
4 
3 
3 
2 
2 
1 
1 
8 
6 
5 
4 
3 
2 
2 
8 
1 
2 
8 
3 
1 
7 
4 
2 
5 
5 
1 
2 

4'P 5'P 6'P 

.24530(-4) 

.05826(-4) 

.06474(-4) 

.22976(-4) 

.52521(-4) 

.92846(-4) 

.42116(-4) 

.98838(-4) 

. 15770(-4) 

.58370(-4) 

.17985(-4) 

.91024(-5) 

.81331 (-5) 

.26981(-5) 

.119200-5) 

.25139(-5) 

.58975(-5) 

.080190-5) 

.40598(-7) 

.13030(-7) 

.66420(-8) 

.61402(-9) 

.40130(-9) 

.540570-9) 

.71252(-10) 

.167910-10) 

.39278(-10) 

.55728(-12) 

.66601(-13) 

.08974(-13) 

.99490(-14) 

4.38067(-4) 

3.752530-4) 

3.22631(-4) 

2.78369(-4) 

2.40993(-4) 

2.093130-4) 

1.82364(-4) 

1.593600-4) 

l.l5168(-4) 

8.45960(-5) 

6.30663(-5) 

4.765570-C) 

3.64595(-5) 

2.82131(-5) 

2.20625(-5) 

1.742130-5) 

1.388110-5) 

1.11535(-5) 

4.52500(-7) 

6.09418(-8) 

1.43685(-8) 

4.64382(-9) 

1.83238(-9) 

8.29321(-10) 

4.14878(-10) 

2.24054(-10) 

1.28552(-10) 

2.97690(-12) 

3.03288(-13) 

5.83188(-14) 

1.60268(-14) 

2.58639(-4) 

2.21634(-4) 

1.90617(-4) 

1.645160-4) 

1.42466(-4) 

1.23770(-4) 

1.07861 (-4) 

9.42757(-5) 

6.81656(-5) 

5.00919(-5) 

3.73574(-5) 

2.82384(-5) 

2.16106(-5) 

1.67275(-5) 

1.30842(-5) 

1.03343(-5) 

8.23621(-6) 

6.61933(-6) 

2.69191(-7) 

3.62062(-8) 

8.51027(-9) 

2.74134(-9) 

1.0 ."8450-9) 

4.86859(-10) 

2.43048(-10) 

1.31O33(-10) 

7.50754(-ll) 

1.72828(-12) 

1.758370-13) 

3.37963(-14) 

9.28605(-15) 

I ^ 
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Table 6.4.3: Generalized oscillator strengths, GOS(K), for the He l'S-*.»/'D transitions. 

K2 3'D 4'D 5'D 6'D 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
3.0 
3.2 
3.4 
3.6 

4.29032(-4) 

7.54666(-4) 

9.97842(-4) 

1.17532(-3) 

1.30056(-3) 

1.38435(-3) 

1.43540(-3) 

1.46069(-3) 

1.465860-3) 

1.45544(-3) 

1.43307(-3) 

1.40170(-3) 

1.36368(-3) 

1.32089(-3) 

1.27484(-3) 

1.22672(-3) 

1.17748(-3) 

1.12787(-3) 

1.07847(-3) 

1.02973(-3) 

8.46980(-4) 

6.89945(-4) 

5.59863(-4) 

4.54090(-4) 

3.68871(-4) 

3.00478(-4) 

2.45630(-4) 

2.01589(-4) 

1.661390-4) 

1.375120-4) 

1.14310(-4) 

9.54305(-5) 

8.000430-5) 

2.22900(-4) 

3.95503(-4) 

5.27174(-4) 

6.25607(-4) 

6.97123(-4) 

7.46903(-4) 

7.79201 (-4) 

7.97502(-4) 

8.04661(-4) 

8.03017(-4) 

7.944830-4) 

7.80620(-4) 

7.62702(-4) 

7.41766(-4) 

7.18654(-4) 

6.94045(-4) 

6.68488(-4) 

6.42423(-4) 

6.161990-4) 

5.90093(-4) 

4.90481 (-4) 

4.03033(-4) 

3.29434(-4) 

2.68844(-4) 

2.19537(-4) 

1.79637(-4) 

1.47416(-4) 

1.21392(-4) 

1.00339(-4) 

8.326470-5) 

6.93732(-5) 

5.80318(-5) 

4.87381(-5) 

1.22518(-4) 

2.18207(-4) 

2.9t875(-4) 

3.47514(-4) 

3.88436(-4) 

4.173810-4) 

4.36618(-4) 

4.48021 (-4) 

4.53139(-4) 

4.53248(-4) 

4.49400(-4) 

4.42462(-4) 

4.33143(-4) 

4.22027(-4) 

4.09590(-4) 

3.962180-4) 

3.82228(-4) 

3.67873(-4) 

3.53357(-4) 

3.38845(-4) 

2.83003(-4) 

2.33478(-4) 

1.914840-4) 

1.56711(-4) 

1.28280(-4) 

1.05184(-4) 

8.64730(-5) 

7.131860-5) 

5.90300(-5) 

4.90432(-5) 

4.09039(-5) 

3.424540-5) 

2.87871(-5) 

7.33212(-5) 

1.30844(-4) 

!.75342(-4) 

2.09131 (-4) 

2.34140(-4) 

2.519750-4) 

2.63971(-4) 

2.71236(-4) 

2.746890-4) 

2.75091 (-4) 

2.73071 (-4} 

2.69150(-4) 

2.63755(-4) 

2.57239(-4) 

2.4989! (-4) 

2.41947(-4) 

2.33601 (-4) 

2.250080-4) 

2.16295(-4) 

2.075620-4) 

1.73804(-4) 

1.436960-4) 

1.18063(-4) 

9.67690(-5) 

7.93142(-5) 

6.51051 (-5) 

5.35731(-5) 

4.4:1930-5) 

3.66248(-5) 

3.04461 (-5) 

2.54056(-5) 

2.12808(-5) 

1.78937(-5) 

w 



Table 6.4.3: Continued. 

K2 3'D 4'D 5'D 6'D 

3.8 
4.0 
4.2 
4.4 
4.6 
4.8 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
200 
300 
400 
500 

6.73474(-5) 

5.69194(-5) 

4.829220-5) 

4.11260(-5) 

3.51498(-5) 

3.01467(-5) 

2.59425(-5) 

1.80703(-5) 

1.28205(-5) 

9.24954(-6) 

6.77599(-6) 

5.03382(-6) 

3.78784(-6) 

2.884O70-6) 

2.2i994(-6) 

1.72601 (-6) 

1.35454(-6) 

3.80236(-8) 

3.84252(-9) 

7.08574(-10) 

1.85301 (-10) 

6.O87150-11) 

2.34778(-ll) 

1.02010(-11) 

4.85942(-12) 

2.49088(-12) 

2.75371(-14) 

1.83398(-15) 

2.6I746(-16) 

5.71760(-17) 

4.10931 (-5) 

3.47799(-5) 

2.95462(-5) 

2.51909(-5) 

2.15527(-5) 

1.85025(-5) 

1.59358(-5) 

I.U2O40-5) 

7.90126(-6) 

5.70720(-6) 

4.18499(-6) 

3.11144(-6) 

2.34282(-6) 

1.78479(-6) 

1.3744l(-6) 

1.06901 (-6) 

8.391940-7) 

2.35601(-8) 

2.37217(-9) 

4.35507(-10) 

!. 13398(-10) 

3.71037(-11) 

1.42602(-ll) 

6.176700-12) 

2.93434(-12) 

1.50048(-12) 

1.636040-14) 

1.08322(-15) 

1.54101(-16) 

3.35940(-17) 

2.42892( 

2.05709( 

1.74855( 

1.49157( 

1.27674( 

1.09650( 

9.44745( 

6.59776( 

4.69057( 

3.38960( 

2.48637( 

1.84903( 

1.39252( 

1.06098( 

8.17102( 

6.35568( 

4.98947( 

1.399O90 

1.40735( 

2.58230( 

6.72061( 

2.19790( 

8.44299( 

3.65512( 

1.73553( 

8.87029( 

9.63709( 

6.368880 

9.05076( 

1.97170( 

-5) 
-5) 
-5) 
-5) 
-5) 
-5) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 

-7) 
-7) 
-7) 
-8) 

-9) 
-10) 

-11) 

-11) 

-12) 

-12) 

-12) 

-13) 

-15) 

-16) 

-17) 

-17) 

1.51024 (-5) 

1.27936(-5) 

1.O877O0-5) 

9.27996(-6) 

7.94446(-6) 

6.82364(-6) 

5.87971(-6) 

4.10656(-6) 

2.91942(-6) 

2.10944(-6) 

I.54705(-6) 

1.15021 (-6) 

8.65976(-7) 

6.59581(-7) 

5.07785(-7) 

3.94818(-7) 

3.09822(-7) 

8.60366(-9) 

8.57215(-10) 

1.56011 (-10) 

4.O33240-11) 

1.31189(-11) 

5.01718f-12) 

2.16412(-12) 

1.02446(-12) 

5.22260(-13) 

5.60167(-15) 

3.68471(-16) 

5.22387(-17) 

1.13639(-17) 



1 

Table 6.4.4: Generalized oscillator strengths, GOS(K), for the He 23S-»/r'S transitions. 

K2 33S 43S 53S 63S 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.0 

1.2 
1.4 
1.6 

1.8 
2.0 
2.2 
2.4 

2.6 

2.8 
3.0 

3.2 
3.4 

1.16824(-2) 

1.34219(-2) 

1.175290-2) 

9.27472(-3) 

6.94165(-3) 

5.03555 0-3) 

3.578410-3) 

2.5O5O90-3) 

1.732580-3) 

1.18531(-3) 

8.O21810-4) 

5.36603(-4) 

3.541930-4) 

2.30082(-4) 

1.465260-4) 

9.09795(-5) 

5.46361(-5) 

3.13486(-5) 

1.68497(-5) 

8.19285(-6) 

8.64273(-8) 

2.79174(-6) 

4.62317(-6) 

4.77111(-6) 

4.03170(-6) 

3.03897(-6) 

2.11272(-6) 

1.36984(-6) 

8.25957(-7) 

4.55212(-7) 

2.20171(-7) 

8.48200(-8) 

1.009140-2) 

1.47891(-2) 

1.542790-2) 

1.38887(-2) 

1.151790-2) 

9.0717i(-3) 

6.89845(-3) 

5.11358(-3) 

3.71629(-3) 

2.65697(-3) 

1.872210-3) 

1.30108(-3) 

8.91473(-4) 

6.01527(-4) 

3.98846(-4) 

2.59005(-4) 

1.63914(-4) 

1.00357(-4) 

5.87847(-5) 

3.235760-5) 

2.70861 (-7) 

3.51163(-6) 

7.95280(-6) 

9.142280-6) 

8.18352(-6) 

6.41006(-6) 

4.59326(-6) 

3.06207(-6) 

1.90183(-6) 

1.08744(-6) 

5.54976(-7) 

2.35401(-7) 

3.83583(-3) 

6.09475(-3) 

6.78993(-3) 

6.445950-3) 

5.58199(-3) 

4.55621(-3) 

3.56988(-3) 

2.71455(-3) 

2.01696(-3) 

1.47062(-3) 

1.05489(-3) 

7.45370(-4) 

5.189260-4) 

3.55757(-4) 

2.39754(-4) 

1.58443(-4) 

1.02264(-4) 

6.40826(-5) 

3.86417(-5) 

2.211170-5) 

4.918130-7) 

1.43198(-6) 

3.916850-6) 

4.75891(-6) 

4.379950-6) 

3.49249(-6) 

2.53683(-6) 

1.71167(-6) 

1.07639(-6) 

6.24690(-7) 

3.25525(-7) 

1.43033(-7) 

1.89327(-3) 

3.12129(-3) 

3.58924(-3) 

3.498880-3) 

3.09752(-3) 

2.57547(-3) 

2.04975(-3) 

1.579680-3) 

1.18753(-3) 

8.74889(-4) 

6.334920-4) 

4.515350-4) 

3.169830-4] 

2.19086(4) 

1.4889 I K 
9.92681 (-5] 
6.46985 (-5: 
4.10033(-5; 
2.50689(-5; 

1.46052(-5' 
4.48922(-7 

7.104610-7 
2.18814(-6 
2.74380(-6 
2.56433(-6 
2.06451 (-6 

1.51039(-6 
1.02546(-6 
6.48923(-7 

3.793750-7 
1.99683(-7 

8.91981(-8 

m 



Table 6.4.4: Continued. 

K2 3:S 43S 53S 63S 

3.5 
3.8 
4.0 
4.2 
4.4 
4.6 
4.8 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
200 
300 
400 
500 

1.91728(-8) 

6.77362(-U) 

1.04408(-8) 

3.81534(-8) 

7.48292(-8) 

1.14864(-7) 

1.54643(-7) 

1.91952(-7) 

2.67738(-7) 

3.16103(-7) 

3.40808(-7) 

3.47821(-7) 

3.42662(-7) 

3.29685(-7) 

3.12078(-7) 

2.92068(-7) 

2.71157(-7) 

2.50323(-7) 

4.49070(-8) 

1.13195(-8) 

3.79716(-9) 

1.54358(-9) 

7.18630(-10) 

3.69921(-10) 

2.05721(-10) 

1.21633(-10) 

7.558320-11) 

2.980690-12) 

4.24594(-13) 

1.04812(-13) 

3.51690(-14) 

6.81089(-8) 

4.75806(-9) 

8.91837(-9) 

5.419820-8) 

1.22082(-7) 

1.99972(-7) 

2.795830-7) 

3.55702(-7) 

5.l4046(-7) 

6.18388(-7) 

6.74376(-7) 

6.93481(-7) 

6.868220-7) 

6.63367(-7) 

6.29762(-7) 

5.90696(-7) 

5.49360(-7) 

5.07854(-7) 

9.17001 (-8) 

2.31166(-8) 

7.75247(-9) 

3.15066(-9) 

1.466510-9) 

7.547740-10) 

4.19690(-10) 

2.481170-10) 

1.54167(-10) 

6.07752(-12) 

8.65656(-13) 

2.13682(-!3) 

7.169920-14) 

4.48504(-8) 

4.757680-9) 

2.78592(-9) 

2.43488(-8) 

5.91390(-S) 

t.00093(-7) 

1.42529(-7) 

1.83469(-7) 

2.69551(-7) 

3.27056(-7) 

3.58517(-7) 

3.699320-7) 

3.672540-7) 

3.55326(-7) 

3.37764(-7) 

3.17128(-7) 

2.95166(-7) 

2.73035(-7) 

4.94538(-8) 

1.247O20-8) 

4.18201 (-9) 

1.69945(-9) 

7.90940(-10) 

4.07026(-10) 

2.26298(-10) 

1.33770(-10) 

8.31087(-11) 

3.27378(-12) 

4.66116(-13) 

1.15O3O0-13) 

3.85912(-14) 

2.89921(-8) 

3.59757(-9) 

1.165850-9) 

1.30039(-8) 

3.29457(8) 

5.67502(-8) 

8.15948(-8) 

!.05676(-7) 

1.56586(-7) 

1.908250-7) 

2.09732(-7) 

2.167820-7) 

2.15468(-7) 

2.08650(-7) 

1.98465(-7) 

1.86430(-7) 

1.73585(-7) 

1.606180-7) 

2.91290(-8) 

7.34444(-9) 

2.46275 (-9) 

1.00071 (-9) 

4.657180-1O) 

2.39658(-10) 

1.332440-10) 

7.87635(-ll) 

4.893460-11) 

1.92793(-12) 

2.74534(-13) 

6.77570(-14) 

2.2733!(-14) 



I IV 

Table 6.4.5: Generalized oscillator strengths, GOS(K), for the He 23S-*//3P transitions. 

K2 23P 33P 43P 53P 6:,P 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

LOO 

1.2 

1.4 

1.6 
1.8 

2.0 

2.2 
2.4 

2.6 

2.8 

3.0 
3.2 

3.4 

3.89386(-l) 

2.84121(-1) 

2.09243(-l) 

1.55410(-1) 

l.i6326(-l) 

8.76928(-2) 

6.65388(-2) 

5.078890-2) 

3.89782(-2) 

3.00623(-2) 

2.32900(-2) 

1.81166(-2) 

1.41437(-2) 

l.l0778(-2) 

8.70112(-3) 

6.851160-3) 

5.40572(-3) 

4.27246(-3) 

3.38120(-3) 

2.67829(-3) 

1.055070-3) 

4.06059(-4) 

1.45787(-4) 

4.47262(-5) 

9.28869(-6) 

3.21248(-7) 

1.27767(-6) 

5.23949(-6) 

9.44231(-6) 

1.29O950-5) 

1.54137(-5) 

1.70701 (-5) 

5.99522(-3) 

8.582860-4) 

8.48305(-3) 

1.615230-2) 

2.08635(-2) 

2.269980-2) 

2.24876(-2) 

2.103930-2) 

t. 89634(-2) 

1.66626(-2) 

1.43809(-2) 

1.22523(-2) 

1.034O3(-2) 

8.66531(-3) 

7.22309(-3) 

5.99645(-3) 

4.96240(-3) 

4.09637(-3) 

3.37457(-3) 

2.77516(-3) 

1.25096(-3) 

5.49766(-4) 

2.32077(-4) 

9.111160-5) 

3.11280(-5) 

7.83363(-6) 

7.10041 (-7) 

2.85975(-7) 

2.25511(-6) 

4.73064(-6) 

6.95206(-6) 

8.67233(-6) 

7.20860(-3) 

6.00671 (-4) 

3.766260-4) 

2.43129(-3) 

4.67453(-3) 

6.31409(-3) 

7.20454(-3) 

7.459630-3) 

7.261O90-3) 

6.778610-3) 

6.14442(-3) 

5.45154(-3) 

4.76035(-3) 

4.10696(-3) 

3.51053(-3) 

2.97910(-3) 

2.51370(-3) 

2.11130(-3) 

1.76669(-3) 

1.47373(-3) 

6.96762(-4) 

3.189140-4) 

1.40392(-4) 

5.81050(-5) 

2.15485(-5) 

6.4ll56(-6) 
1.07001 (-6) 
8.7O2390-1O) 
6.14045(-7) 

1.72863(-6) 
2.83717(-6) 

3.74913(-6) 

4.539830-3) 
8.02400(-4) 

5.67799(-6) 
6.15525(-4) 

1.61450(-3) 
2.49846(-3) 
3.090030-3) 

3.38205(-3) 
3.42878(-3) 
3.30328(-3) 
3.07050(-3) 
2.78093(-3) 
2.47043(-3) 

2.16260(-3) 
1.87180(-3) 

1.60580(-3) 
1.36793(-3) 
1.15871(-3) 

9.76962(-4) 
8.20565(-4) 
3.96765(-4) 
1.84954(-4) 

8.28837(-5) 
3.50337(-5) 

1.33949(-5) 

4.21702(-6) 
8.25793(-7) 

8.53165(-9) 
2.38755(-7) 

8.09556(-7) 

1.41015(-6) 

1.91854(-6) 

2.83586(-3; 
6.4138O0-4] 
6.247530-6] 
2.17654(-4; 

7.2834^0-4^ 

1.23243(-3, 

1.602280-3] 
1.8I16O0-3; 

1.88O690-3) 
1.84499(-3; 

1.7398O0-3) 
1.59427(-3; 
1.43012(-3; 
1.26225(-3; 
1.10024(-3; 
9.496630-41 

8.13326(-4; 
6.92204(-4; 

5.86I06(-4N 

4.94163(-4; 

2.419320-4' 
1.139110-4; 

5.l5390(-5 

2.2O2880-5 

8.556820-6, 
2.771250-6 
5.84396(-7 

1.467990-8 
1.14016(-7 
4.39776(-7 
7.95086(7 

1.10098(-6 

I 
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Table 6.4.5: Continued. 

K2 23P 33P 

3.6 
3.8 
4.0 
4.2 
4.4 
4.6 
4.8 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
200 
300 
400 
500 

1.788780-5) 

1.81873(-5) 

1.80696(-5) 

1.76579(-5) 

1.70476(-5) 

1.631120-5) 

1.55018(-5) 

1.46581(-5) 

1.25587(-5) 

1.063350-5) 

8.95889(-6) 

7.53963(-6) 

6.35206(-6) 

5.3641O0-6) 

4.54366(-6) 

3.86195(-6) 

3.29440(-6) 

2.82058(-6) 

2.35355(-7) 

4.07404(-8) 

1.04375(-8) 

3.42525(-9) 

1.33425(-9) 

5.894820-10) 

2.86803(-10) 

1.50590(-10) 

8.41038(-11) 

1.633490-12) 

i.53682(-13) 

2.82901(-14) 

7.56519(-15) 

9.86771(-6) 

1.060170-5) 

1.O96280-5) 

1.10383(-5) 

1.09036(-5) 

1.06200(-5) 

1.02356(-5) 

9.78711(-6) 

8.54727(-6) 

7.31758(-6) 

6.20395 (-6) 

5.23818(-6) 

4.41901(-6) 

3.73199(-6) 

3.1588i(-6) 

2.68142(-6) 

2.28362(-6) 

1.951570-6) 

1.57681(-7) 

2.69216(-8) 

6.85339(-9) 

2.24149(-9) 

8.71452(-10) 

3.84564(-10) 

1.86967(-10) 

9.81247(-11) 

5.478670-11) 

1.06406(-12) 

1.001740-13) 

1.84496(-14) 

4.93554(-15) 

4 3p 5 3p 6 3p 

4.41817(-6) 

4.85899(-6) 

5.10811 (-6) 

5.20606(-6) 

5.18999(-6) 

5.09109(-6) 

4.934380-6) 

4.739280-6) 

4.17114(-6) 

3.58777(-6) 

3.05043(-6) 

2.57996(-6) 

2.17860(-6) 

1.84077(-6) 

1.558290-6) 

1.32269(-6) 

1.12621(-6) 

9.62144(-7) 

7.71484(-8) 

1.31284(-8) 

3.33730(-9) 

1.09075(-9) 

4.23911(-10) 

1.87034(-10) 

9.09244(-ll) 

4.77180(-11) 

2.66430(-ll) 

5.17745(-13) 

4.87654(-14) 

8.98423(-15) 

2.40394(-15) 

2.30007( 

2.558110 

2.71042( 

2.778250 

2.78165( 

2 73777( 

2.66049( 

2.56067( 

2.26203( 

1.95007( 

1.66O360 

1.40552( 

1.18750( 

1.00365( 

8.49740( 

7.21273( 

6.14087( 

5.24554( 

4.18595( 

7.09870( 

1.800400 

5.874940 

2.28057( 

1.00531( 

4.88379( 

2.56162( 

1.42960( 

2.77201( 

2.60888( 

4.80453( 

1.28526( 

-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 

-7) 
-7) 
-7) 
-7) 
-8) 

-9) 
-9) 
-10) 

-10) 

-10) 

-11) 

-11) 

-11) 

-13) 

-14) 

-15) 

-15) 

1.33351( 

1.49299( 

1.5892O0 

1.634460 

1.64061( 

1.61790( 

1.57466( 

1.51744( 

1.34333( 

1.15956( 

9.88064( 

8.36806( 

7.07191( 

5.97790( 

5.06150( 

4.29632( 

3.65778( 

3.12436( 

2.49219( 

4.228320 

1.07303( 

3.50325( 

i.36048( 

5.99916( 

2.915120 

1.52931( 

8.53614( 

1.65592( 

1.55849( 

2.87000( 

7.67720( 

-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 
-6) 

-7) 
-7) 
-7) 
-7) 
-7) 
-7) 
-7) 
-7) 
-8) 

-9) 
-9) 
-10) 

-10) 

-11) 

-il) 

-11) 

-12) 

-13) 

-14) 

-15) 

-16) 



Table 6.4.6: Generalized o^iliator strengths, GOS(K), for the He 23S-*/i3D 

K2 33D 43D 53D 63D 

0.05 
0.10 
0.15 
0.20 
0.25 
0.30 
0.35 
0.40 
0.45 
0.50 
0.55 

0.60 
0.65 
0.70 
0.75 

0.80 
0.85 

0.90 

0.95 
1.00 

1.2 
1.4 

1.6 
1.8 

2.0 
2.2 
2.4 

2.6 
2.8 

3.0 
3.2 

3.4 

1.01351( 
1.188370 
1.07161( 
8.78581( 
6.89248( 
5.28811( 
4.01177( 
3.02785( 
2.28167( 

1.72045( 
1.29983( 
9.84797( 

7.48586( 
5.71074( 

4.37275( 

3.36080( 
2.59261( 

2.00725( 

1.559490 
1.21567( 
4.62574( 

1.829880 
7.42653( 
3.04681( 
1.24114( 
4.89884( 

1.8O2340 
5.73992( 

1.312550 
8.93164( 

7.46026( 

4.30266( 

-1) 

-1) 
-1) 
-2) 
-2) 
-2) 
-2) 

-2) 
-2) 
-2) 

-2) 
-3) 
-3) 
-3) 

-3) 
-3) 
-3) 
-3) 

-3) 

-3) 
-4) 
-4) 

-5) 

-5) 
-5) 
-6) 
-6) 

-7) 

-7) 

-9) 
-9) 
-8) 

2.37380(-2) 
3.599290-2) 
3.89445(-2) 
3.65484(-2) 
3.17981(-2) 
2.64614(-2) 
2.14247(-2) 

1.70502(-2) 

1.3423O0-2) 
1.O49820-2) 
8.18023^-3) 
6.36286(-3) 
4.94730(-3) 
3.84881(-3) 
2.99787(-3) 

2.33896(-3) 
1.82847(-3) 

1.43247(-3) 

1.124780-3) 
8.85207(-4) 
3.472660-4) 

1.405500-4) 
5.81524(-5) 
2.430400-5] 

1.010490-5) 
4.09277(-6) 

1.56319(-6) 
5.30680(-7) 

1.397710-7) 

1.747570-8) 

1.03821 (-9) 
2.05265 (-8) 

9.04261( 
1.51770( 
1.77472( 

1.76903( 
1.61412( 

1.395460 
1.16544( 

9.51449( 
7.651160 

6.091720 
4.81901( 
3.79716( 
2.^8545( 

2.345O90 
1.84208( 

1.44789( 
1.139310 

8.97779( 

7.O86150 

5.6O3O30 

2.231O10 
9.12929( 

3.811590 

1.6O6590 
6.74102( 

2.761180 
1.07146( 
3.73343( 

1.03746( 
1.55441( 

1.O12490 
1.02874( 

-3) 

-2) 
-2) 
-L) 

-2) 
-2) 
-2) 
_ 1 N , 

-3) 
-3) 
-3) 

-3) 
-3) 
-3) 

-3) 
-3) 
-3) 
-4) 

-4) 

-4) 

-4) 

-5) 

-5) 
-5) 
-6) 

-6) 

-6) 
-7) 

-7) 
-8) 

-10) 

-8) 

4.43918(-3) 
7.S4120(-3) 
9 546420-3) 
9.825l7(-3) 
9.197670-3) 
8.118630-3) 
6.89674(-3) 

5.7l027(-3) 
4.64630(-3) 
3.736160-3) 
2.98058(-3) 
2.36556(-3) 
1.87147(-3) 
1.47801 (-3) 
1.166460-3) 
9.20650(-4) 
7.270950-4) 
5.74821(-4) 

4.55028(-4) 
3.60735 (-4) 

1.44842(-4) 
5.96398(-5) 

2.50314(-5) 
1.06041 (-5) 
4.47385(-6) 

1.844990-6) 
7.22724(-7) 
2.55664(-7) 

7.31962(-8) 
1.20163(-8) 
2.04208(-13) 

5.66845(-9) 
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Table 6.4.6: Continued. 

K2 33D 43D 53D 63D 

3.6 
3.8 
4.0 
4.2 
4.4 
4.6 
4.8 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
200 
300 
400 
500 

8.23483(-8) 

1.13913(-7) 

1.35234(-7) 

1.47245(-7) 

1.51892(-7) 

1.51166(-7) 

1.467590-7) 

1.39992(-7) 

1.18516(-7) 

9.65726(-8) 

7.73585(-8) 

6.15785(-8) 

4.89942(-8) 

3.90886(-8) 

3.t3267(-8) 

2.52429(-8) 

2.04605(-8) 

1.66842(-8) 

7.46421 (-10) 

9.28516(-ll) 

l.88027( 11) 

5.111810-12) 

l.69891(-12) 

6.53913(-13) 

2.81601(-13) 

1.32524(-13) 

6.70187(-14) 

6.62291(-16) 

4.15490(-17) 

5.72810(-18) 

I.22367(-18) 

4.7153i(-8) 

7.02100(-8) 

8.67081 (-8) 

9.67397(-8) 

1.01441(-7) 

1.02137(-7) 

1.00013(-7) 

9.60227(-8) 

8.215720-8) 

6.73434(-8) 

5.41269(-8) 

4.3l657(-8) 

3.43750(-8) 

2.743250-8) 

2.19818(-8) 

1.77051 (-8) 

1.43417(-8) 

1.168590-8) 

5.14535(-10) 

6.35121(-11) 

1.28156(-ll) 

3.47805(-12) 

1.15495(-12) 

4.44376(-13) 

1.913450-13) 

9.OO5270-I4) 

4.55470(-14) 

4.51132(-16) 

2.83499(-17) 

3.91277(-18) 

8.36510(-19) 

2.64163(8) 

4.09626(-8) 

5.16548(-8) 

5.83622(-8) 

6.17128(-8) 

6.25037(-8) 

6.14700(-8) 

5.92122(-8) 

5.09367(-8) 

4.18813(-8) 

3.37231(-8) 

2.692190-8) 

2.14510(-8) 

1.71223(-8) 

1.37l98(-8) 

l.l0484(-8) 

8.94669(-9) 

7.28694(-9) 

3.17723(-10) 

3.90685(-ll) 

7.88121(-12) 

2.141390-12) 

7.122780-13) 

2.74550(-13) 

1.18430(-13) 

5.58304(-14) 

2.82821(-14) 

2.82988(-16) 

l.78707(-J7) 

2.47345(-18) 

5.29766(-l9) 

1.575410-8) 

2.510370-8) 

3.20956(-8) 

3.656530-8) 

3.88781(-8) 

3.95299(-8) 

3.89875(-8) 

3.76368(-8) 

3.248940-8) 

2.67625(-8) 

2.15681(-8) 

1.722260-8) 

1.37204(-8) 

1.09464(-8) 

8.765080-9) 

7.05234(-9) 

5.70522(-9) 

4.64185(-9) 

1.97764(-10) 

2.392680-11) 

4.775190-12) 

1.28787(-12) 

4.26097(-13) 

1.63591(-13) 

7.03532(-14) 

3.30878(-14) 

1.672990-14) 

1.66101(-16) 

l.04684(-17) 

1.44776(-18) 

3.09965 0-19) 
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Table 6.4.7: Generalized oscillator strengths, GOS(K), for the He2'S^//'S transitions. 

K2 

0.05 
0.10 
0.15 

0.20 
0.25 

0.30 
0.35 

0.40 

0.45 
0.50 
0.55 

0.60 
0.65 

0.70 
0.75 
0.80 

0.85 
0.90 

0.95 

1.0 

1.2 

1.4 

1.6 

1.8 
2.0 
2.2 
2.4 

2.6 

2.8 

3.0 

3.2 

3.4 

3'S 

5.79249(-2) 
5.59071 (-2) 
4.12177(-2) 
2.73820(-2) 

1.72O760-2) 
1.04244(-2) 
6.13275(-3) 
3.50848(-3) 

1.94632(-3) 
1.03973(-3) 
5.28251(-4) 

2.49800(-4) 
1.05630(-4) 

3.66581(-5) 
8.17453(-6) 
2.22231(-7) 

1.64504(-6) 
6.45468(-6) 
1.16382(-5) 

l.58504(-5) 
1.94726(-5) 

1.22484(-5) 

5.173410-6) 
1.24562(-6) 

2.04029(-8) 
3.95:20(-7) 

1.48409(-6) 

2.74319(-6) 

3.89100(-6) 

4.81034(-6) 
5.47476(-6) 

5.90239(-6) 

4'S 

1.36579(-2) 

1.77410(-2) 
1.60495 (-2) 
1.23932(-2) 
8.75159(-3) 

5.82951(-3) 
3.71942(-3) 
2.28957(-3) 

1.36269(-3) 
7.82698(-4) 
4.31271(-4) 
2.25367(-4) 

1.09428(-4) 
4.75136(-5) 
1.69965(-5) 
3.97923(-6) 
1.45900(-7) 
6.71905(-7) 

2.871 IOO-61 

5.33737(-6) 
9.80600(-6) 

7.18492(-6) 

3.46223(-6) 
1.05123(-6) 

8.87520(-8) 
8.50563(-8) 
5.62384(-7) 

1.2OO1O0-6) 
1.81968(-6) 

2.33832(-6) 

2.72917(-6) 

2.99466(-6) 

5'S 

5.32225(-3) 
7.68852(-3) 
7.55715(-3) 
6.22811(-3) 
4.63382(-3) 
3.22270(-3) 
2.13346(-3) 
1.35720(-3) 
8.33006(-4) 
4.93285(-4) 

2.80756(-4) 
1.52289(-4) 

7.75213(-5) 

3.60068(-5) 
1.44294(-5) 
4.35874(-6) 
6.00428(-7) 

4.72148(-8) 
9.06702(-7) 

2.195580-6) 
5.19105(-6) 

4.1O4O90-6) 
2.09439(-6) 
6.92902(-7) 

8.24893(-8) 
2.54522(-8) 
2.59641(-7) 

6.010060-7) 
9.436530--7) 

1.23644(-6) 
1.46112(-6) 
1.61701 (-6) 

6'S 

2.65795(-3) 
4.03718(-3) 
4.J?C44(-3) 
3.52582(-3) 
2.6966O0-3) 

1.91906(-3) 
1.29578(-3) 
8 38901 (-4) 

5.23349(-4) 
3.14892(-4) 

1 82220(-4) 
1.00696(-4) 

5.24390(-5) 
2.51246(-5) 
1.05725(-5) 
3.51620(-6) 
6.597180-7) 

1.069910-11) 
3 61225(-7) 

1.08406(-6) 
3.01943(-6) 

2.49211(-6) 

1.31085 (-6) 
4.52332(-7) 

6.21499(-8) 

9.92483(-9) 
I.40004(-7) 
3.402890-7) 

5.45146(-7) 
7.22229(-7) 

8.59452(-7) 

9.55731(-7) 



Tr,ble 6.4.7: Continued. 

r 3'S 4'S 5'S 6'S 

3.6 
3.8 
4.0 
4.2 
4.4 

4.6 
4.8 

5.0 
5.5 
6.0 
6.5 
/.0 

7.5 
8.0 
8.5 
9.0 
9.5 
10 

20 

30 
40 
50 

50 

70 

80 
90 

100 

200 
300 

400 
500 

6.12956(-6) 
6.19672(-6) 
6.14183(-6) 
5.99756(-6) 
5.79069(-6) 
5.54240(-6) 
5.26902(-6) 

4.98286(-6) 
4.26504(-6) 
3.60082(-6) 
3.02017(-6) 
2.527410-6) 
2.11581(-6) 
1.77475(-6) 
1.49314(-6) 
1.26074(-6) 
1.06873^-6) 
9.09716(-7) 

7.73588(-8) 

1.60243(-8) 

5.11282(-9) 
2.07963(-9) 
9.86511(-10) 

5.20407(40) 
2.96817(-10) 

1.79772(-10) 

1.14217(-10) 
5.14398(-12) 

7.74408(-13) 
1.96823(-13) 
6.7232SV-14) 

3.15040(-6) 
3.21637(-6) 
3.?1240(-6) 
3.15611(-6) 
3.06230(-6) 
2.94284(-6) 
2.80705(-6) 

2.66203(-6) 
2.290540-6) 
1.94074(-6) 
1.63187(-6) 
1.368O90-6) 
1.14680(-6) 
9.62882(-7) 
8.10676(-7) 

6.84861(-7) 
5.80781 (-7) 
4.94503(-7) 

4.19956(-8) 

8.68098(-9) 
2.76573(-9) 
1.12378(-9) 
5.32689(-10) 

2.8O8560-1O) 

1.60124(-10) 
9.69529(-ll) 

6.158390-11) 
2.77050(-12) 

4.16897(-13) 

1.059290-13) 
3.6I778(-14) 

1.711720-6) 
1.75580(-6) 
1.76008(-6) 
1.73432(-6) 
1.68677(-6) 
1.624170-6) 
1.55177(-6) 

1.47364(-6) 
1.27132(-6) 
1.07910(-6) 
9.08480(-7) 
7.62?75(-7) 
6.39346(-7) 
5.37021 (-7) 
4.52250(-7) 

3.82128(-7) 
3.24090(-7) 
2.75965(-7) 

2.34217(-8) 

4.83502(-9) 
1.53940(-9) 
6.25332(-10) 
2.96372(-10) 

1.562340-10 
8.90556(-ll) 

5.39093(-ll) 

3.42343(-ll) 
1.53663(-12) 

2.30914(-13) 
5.86241(-14) 

2.00107(-14) 

1.01523(-6) 
1.04411 (-6) 
1.O48770-6) 
1.03506(-6) 
1.00797(-6) 
9.71553(-7) 
9.29029(-7) 
8.828680-7) 
7.62645(-7) 
6.47899(-7) 
5.45798(-7) 
4.58173(-7) 
3.84423(-7) 
3.22988(-7) 
2.72063(-7) 

2.29919(-7) 
1.95025(-7) 
1.66081 (-7) 

1.4O9250-8) 

2.90820(-9) 
9.25604(-10) 
3.75855(-10) 
1.78075 (-10) 

9.384700-11) 

5.348270-11) 
3.23700(-ll) 
2.05534(-ll) 

9.22192(-13) 
1.38590(-13) 
3.51893(-14) 
1.20129(-14) 

I 



Table 6.4.8 Generalized oscillator strengths, GOS(K), for the He 2'S^/z'P transitions. 

2'P 3'P 4'p 5'P 6'P 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

0.35 

0.40 

0.45 

0.50 

0.55 

0.60 

0.65 

0.70 

0.75 

0.80 

0.85 

0.90 

0.95 

1.00 

1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 

2.6 
2.8 
3.0 
3.2 
3.4 

2.474310-1) 

1.64680(4) 

1.10819(4) 

7.529920-2) 

5.159640-2) 

3.56114(-2) 

2.47290(-2) 

1.72582(-2) 

1.20915(-2) 

8.49522(-3) 

5.97P42(-3) 

4.20906(-3) 

2.96074(-3) 

2.07776(-3) 

1.45227(-3) 

1.OO9O30-3) 

6.95266(-4) 

4.73718(-4) 

3.17978(-4) 

2.09242(-4) 

2.64376(-5) 

1.77554(-9) 

7.48829(-6) 

1.76759(-5) 

2.418620-5) 

2.69741(-5) 

2.71996(-5) 

2.59276(-5) 

2.39009(-5) 

2.15823(-5) 

1.92393(-5) 

1.70154(-5) 

1 72241(-2) 

1 O75450-4) 

7 24441(-3) 

1 46821(-2) 

1 82026( 2) 

1.84953(-2) 

1 69337(-2) 

1.45718(-2) 

1 2O4750-2, 

9 69167(-3) 

7.64474(-3) 

5 94155(-3) 

4 56408(4) 

3 47184(-3) 

2 6i819(-3) 

1 95835(-3) 

1.45286(-3) 

1 06858(-3) 

7 78481(-4) 

5 60993(-4) 

1 28890(-4) 

1 64755(-5) 

4.53793(-8) 

7.13507(-6) 

1.62732(-5) 

2.239200-5) 

2.52600(-5) 

2 57611(-5) 

2 47979(-5) 

2 30425(-5) 

2 09371 (-5) 

1 87511(-5) 

1 48200(-2) 

1.720590-3) 

1.89608(-4) 

2 3276O0-3) 

4.57211(-3) 

5.88578(-3) 

6.26487(-3) 

5.99676(4) 

5 37172(-3) 

4 60230(-3) 

3.82090(-3) 

3 O99290-3) 

2 46945(-3) 

1 93965(-3) 

1 50537(-3) 

1 15609(-3) 

8 792590-4) 

6 62413(-4) 

4 94239(-4) 

3 649660-4) 

9 47601 (-5) 

1 6l504(-5) 

3 45560(-7) 

2 05911 (-6) 

6 7142O0-6) 

1 03240(-5) 

1 22883(-5) 

1 29271(-5) 

1 269180-5) 

1 195O90-5) 

1 O95930-5) 

9.87909(-6) 

8.73627(-3) 

1.76548(-3) 

7 8<?994(-6) 

5.73737(4) 

1.64334(-3) 

2.46152(-3) 

2.859300-3) 

2 90254(-3) 

2 71407(-3) 

2 40354(4) 

2.04898(4) 

1 69867(4) 

1 37865( 3) 

1.10028(4) 

8.66056(4) 

6 73648(4) 

5 18419(4) 

3.94958(4) 

2 97909(4) 

2 22392(4) 

6 07411 (-5) 

1 14485(-5) 

4.97660(-7) 

7.93492(-7) 

3.29393(-6) 

5.38977(-6) 

6.59996(-6) 

7 05518(-6) 

6 99696(-6) 

6.63315(-6; 

6 11150(-6) 

5 52758(-6) 

5.31440(4) 

1.32093(4) 

4 93194(4) 

1.9293W-4) 

7.53782(4) 

1 °4890(4) 

| 52141(-3) 

1 61021(4) 

1 54412(4) 

1 3939, (-3) 

1.20658(4) 

1 01284(4) 

8.30686(4) 

6.68955(4) 

5.30736(4) 

4.15770(4) 

3.22060(4) 

2 46872(4) 

1 87315(4) 

1 40653(4) 

3 94421(-5) 

7 80555(-6) 

4.395290-7) 

3 77610(-7) 

1 846780-6) 

3.I364O0-6) 

3.90401 (-6) 

4 211330-6) 

4 20030(-6) 

3 997O50-6) 

3 692560-6) 

3.34623(-6) 

I 
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Table 6.4.8: Continued. 

K2 2 'P 3'P 4'P 5'P 6'P 

3.6 

3.8 
4.0 
4.2 

4.4 
4.6 
4.8 

5.0 
5.5 
6.0 

6.5 
7.0 
7.5 
8.0 
8.5 

9.0 

9.5 
10 

20 

30 

40 

50 
60 

70 

80 
90 

100 

200 
300 

400 

500 

1.49784( 
1.31528( 
1.15385( 
1.0123K 
8.88855( 
7.81484( 
6.88231( 

6.07263( 
4.48221( 
3.35444( 

2.54528( 
1.95695( 
1.52336( 
1.199550 
9.54668( 

7.67264( 

6.22249( 
5.08870( 

2.72989( 
4.18021( 

1.03299( 
3.37529( 
1.32588( 
5.93652( 

2.93161( 
1.56234( 

8.85020( 

1.88545( 

1.84979( 
3.48404( 

9.45103( 

-5) 

-5) 
-5) 
-5) 
-6) 

-6) 
-6) 

-6) 
-6) 
-6) 

-6) 
-6) 
-6) 
-6) 

-7) 

-7) 
-7) 
-7) 
-8) 

-9) 
-9) 
-10) 
-10) 
-11) 

-11) 
-11) 

-12) 

-13) 
-14) 

-15) 
-16) 

1.663760 
1.46757( 
1.28996( 
1.13171( 
9.92177( 

8.69956( 
7.63347( 

6.70581( 

4.88389( 
3.59889( 
2.68574( 

2.02985( 
1.55307( 

1.20219( 
9.40824( 

7.43854( 

5.937590 
4.78180( 

2.09968( 
2.97087( 

7.12155( 
2.30372( 
9.03864( 

4.05773( 

2.O123O0 
1.07750( 

6.13285( 
1.34934( 

1.34290( 

2.54871( 

6.94631( 

-5) 
-5) 
-5) 
-5) 
-6) 
-6) 
-6) 

-6) 
-6) 
-6) 

-6) 
-6) 
-6) 

-6) 

-7) 

-7) 
-7) 
-7) 
-8) 

-9) 
-10) 
-10) 
-11) 
-11) 

-11) 
-11) 

-12) 

-13) 
-14) 

-15) 

-16) 

8.80605( 
7.79282( 

6.864890 
6.03143( 
5.29222( 
4.64201( 
4.07313( 
3.57704( 

2.60068( 
1.91133( 

1.42178( 
1.07074( 
8.16167( 

6.29343( 
4.90608( 

3.86395( 
3.07249( 
2.46512( 

1.02554( 

1.41679( 

3.36258( 

1.O83690 
4.24795( 
1.90771( 

9.46923( 
5.07601( 

2.89244( 

6.412680 
6.40102( 

1.21653( 
3.31807( 

-6) 
-6) 
-6) 
-6) 

-6) 
-6) 
-6) 

-6) 
-6) 
-6) 

-6) 

-6) 

-7) 
-7) 
-7) 

-7) 
-7) 
-7) 
-8) 

-9) 
-10) 

-10) 
- 4 ) 

-11) 

-12) 
-12) 

-12) 
-14) 

-15) 

-15) 
-16) 

4.939O50 
4.37832( 
3.86170( 
3.39572( 

2.98118( 
2.61576( 
2.295530 
2.01594( 

1.46503( 
1.07575( 

7.99299( 

6.01173( 
4.57603( 
3.52345( 
2.74267( 

2.15688( 

1.712540 
1.37199( 

5.58572( 

7.64829( 

1.80938( 

5.82560( 

2.28348( 
1.02584( 

5.09448( 
2.73242( 

1.557870 
3.46841( 

3.47O120 
6.60447( 

1.80309( 

-6) 
-6) 
-6) 
-6) 

-6) 
-6) 
-6) 

-6) 
-6) 
-6) 

-7) 
-7) 
-7) 
-7) 
-7) 

-7) 
-7) 

-7) 
-9) 

-10) 

-10) 

-11) 
-11) 
-11) 

-12) 

-12) 
-12) 

-14) 

-15) 

-16) 

-16) 

2.99426( 
2.65720( 
2.34559( 
2.O63830 
1.81273( 
1.59107( 
1.39661( 

1.22669( 
8.915190 
6.54468( 

4.86059( 
3.65356( 
2.77909( 
2.13823( 
1.66313( 

1.30689( 
1.03687( 

8.30061( 

3.34822( 

4.55948( 
1.07357( 

3.44299( 
1.34530( 
6.02857( 

2.98795( 
1.60006( 
9.111120 

2.01835( 
2.01731( 

3.83840( 

1.04786( 

-6) 
-6) 
-6) 
-6) 

-6) 
-6) 
-6) 

-6) 

-7) 
-7) 
-7) 

-7) 
-7) 
-7) 
-7) 

-7) 
-7) 
-8) 

-9) 
-10) 

-10) 
-11) 
-11) 

-12) 

-12) 
-12) 

-13) 
-14) 

-15) 

-16) 

-16) 



Table 6.4.9: Generalized oscillator strengths, GOS(K), for the He 2'S-»VD transitions. 

K2 3'D 4'D 5'D 6'D 

0.05 
0.10 
0.15 
0.20 
0.25 

0.30 
0.35 
0.40 

0.45 
0.50 
0.55 

0.60 

0.65 
0.70 

0.75 
0.80 

0.85 
0.90 

0.95 
1.0 

1.2 

1.4 

1.6 

1.8 
2.0 
2.2 

2.4 

2.6 

2.8 

3.0 
3.2 

3.4 

1.53833(-1) 
1.64042(4) 

1.353510-1) 
1.02050(4) 
7.39299(-2) 

5.25588(-2) 
3.70509(-2) 
2.60432(-2) 

1.83097(42) 
1.28979(42) 
9.11210(4) 

6.45920(4) 
4.59473(4) 
3.27969(4) 

2.34856(4) 
1.686660-3) 

1.21432(4) 
8.76020(4) 

6.32899(4) 

4.57650(4) 

1.24376(4) 

3.18570(4) 

6.80693(-6) 
8.34026(-7) 

1.25222(-9) 
3.109120-7) 

6.92841 (-7) 

9.25852(-7) 

1.O14160-6) 

1.00506(-6) 
9.41018(-7) 

8.51280(-7) 

2.70288(42) 
4.32680(4) 
4.64775 (-2) 
4.21400(42) 
3.49530(4) 

2.75419(-2) 
2.10399(4) 
1.57687(4) 

1.16798(4) 
8.58998(4) 
6.29200(4) 

4.59929(4) 
3.35939(4) 
2.45386(4) 

1.79334(4) 
1.31160(4) 
9.60016(4) 

7.03154(4) 

5.15252(4) 
3.77610(4) 

1.07993(4) 

2.93419(4) 

6.90150(-6) 

1.09007(-6) 
2.07108(-8) 
1.30947(-7) 

4.04923(-7) 

5.98798(4) 

6.88822(4) 

7.02368(4) 
6.69785(4) 

6.13565(4) 

8.78849(4) 
1.66919(4) 
2.01915(4) 
1.99587(4) 
1.76659(4) 

1.46364(4) 
1.16326(4) 

9.00016(4) 

6.84186(4) 
5.14136(4) 
3.83458(4) 

2.84631(4) 
2.10657(4) 
1.55648(4) 

1.14904(4) 
8.47941(4) 
6.25679(4) 

4.61662(4) 

3.40606(4) 

2.512190-4) 

7.35590(4) 
2.05047(4) 

5.01297(-6) 
8 66038(4) 

3.28529(-8) 

5.92665(-8) 
2.27329(4) 

3.55526(4) 

4.19572(4) 

4.34071(4) 
4.17766(4) 

3.85111(4) 

3.93125(4) 
8.16612(4) 
1.05267(4) 
1.09061(4) 
1.00047(4) 

8.52305(4) 
6.92524(4) 
5.45442(4) 

4.20735(4) 
3.20013(4) 
2.41112(4) 

1.80521(4) 
1.34598(4) 
1.00091(4) 
7.43078(4) 
5.51112(4; 

4.08486K 
3.02638(4' 

2.24123(4 

1.65888(4 

4.92024(4 

1.39060(4 
3.46987(-6 
6.27132(4 

3.10231 (-8 
3.04695 (-8 
1.35843(4 
2.20046(4 
2.63805(4 

2.75367(4 
2.66544(4 

2.46680(4 



Table 6.4.9: Continued. 

K2 3'D 4'D 5'D 6'D 

3.6 
3.8 
4.0 
4.2 
4.4 
4.6 
4.8 
5.0 
5.5 
6.0 
6.5 
7.0 
7.5 
8.0 
8.5 
9.0 
9.5 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
200 
300 
400 
500 

7.53710(4) 

6.58308(4) 

5.70110(4) 

4.91213(4) 

4.22058(4) 

3.62219(4) 

3.10857(4) 

2.66989(4) 

1.83781(4) 

1.28205(4) 

9.08137(-8) 

6.53446(-8) 

4.77436(-8) 

3.539560-8) 

2.66030(-8) 

2.02516(-8) 

1.560070-8) 

1.21509(-8) 

3.47753(-10) 

3.75671(-11) 

7.19572(-12) 

1.91476(-12) 

6.32660(43) 

2.43910(43) 

1.055 85 (-13) 

5.00288(44) 

2.54879(-14) 

2.66903(46) 

1.72300(47) 

2.41304(48) 

5.20541 (-19) 

5.48119(4) 

4.81877(4) 

4.19345(4) 

3.62624(4) 

3.12420(4) 

2.68665(4) 

2.30908(4) 

1.98529(4) 

1.36822(4) 

9.54339(-8) 

6.75344(-8) 

4.851970-8) 

3.53833(-8) 

2.61759(-8) 

1.96284(-8) 

1.49064(-8) 

1.14549(-8) 

8.89987(-9) 

2.44975(-10) 

2.59578(-ll) 

4.92109(42) 

1.30122(42) 

4.28065(43) 

1.64491 (-13) 

7.10197(-14) 

3.35776(-14) 

1.70748(44) 

1.768930-16) 

1.136150-17) 

1.5 8640(-18) 

3.41540(-19) 

3.45578(4) 

3.04819(4) 

2.65923(4) 

2.30392(4) 

1.98785(-7) 

1.71139(4) 

1.47216(4) 

1.26657(4) 

8.73767(-8) 

6.09664(-8) 

4.31395(-8) 

3.09814(-8) 

2.258O10-8) 

1.66922(-8) 

1.25065(-8) 

9.48930(-9) 

7.28530(-9) 

5.65488(-9) 

1.53629(-10) 

1.627430-11) 

3.100940-12) 

8.25301(43) 

2.732840-13) 

1.05656(-13) 

4.58697(-14) 

2.179430-14) 

1.113180-14) 

1.18413(-16) 

7.69766(-18) 

1.08225(-18) 

2.34044(49) 

2.21989(4) 

1.96221(4) 

1.71457(4) 

1.48729(4) 

1.28445(4) 

1.10658(4) 

9.52383(-8) 

8.19674(-8) 

5.65691 (-8) 

3.94655(-8) 

2.791180-8) 

2.00304(-8) 

1.45851(-8) 

1.07704(-8) 

8.06012(-9) 

6.10793(-9) 

4.6831O0-9) 

3.63007(-9) 

9.56736(-ll) 

9.85317(-12) 

1.83419(-12) 

4.79091(-13) 

1.56264(-13) 

5.96758(-14) 

2.56465(-14) 

1.20827(44) 

6.12732(-15) 

6.27979(47) 

4.02350(48) 

5.61317(-19) 

1.20805(49) 
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Table 6.4.10: First three small K expansion coefficients of the GOS(K) for the 1 'S-v/'S. 

w'P, nlD, n=2-6 He transitions. 

Final K° K2 K" K6 

2'S 

3'S 

4'S 

5'S 

6'S 

2'P 

3'P 

4'P 

5'P 

6'P 

3'D 

4'D 

5'D 

6'D 

0 

0 

0 

0 

0 

0.27617( 0) 

0.73426(4) 

0.29860(4) 

0.15038(4) 

0.86270(4) 

0 

0 

0 

0 

0.84012(4) 

0.16890(4) 

0.62588(4) 

0.30114(4) 

0.16818(4) 

-0.45227( 0) 

-0.91606(4) 

-0.33921(-1) 

-0.16357(-l) 

-0.91644(4) 

0.97924(4) 

0.50403(4) 

0.27595(4) 

0.16480(4) 

-0.12543(0) 

-0.17198(-l) 

-0.56441(4) 

-0.25691(4) 

-0.13927(4) 

0.43557( 0) 

0.53621(4) 

0.16227(-1) 

0.70344(4) 

0.37049(4) 

-0.25833(-l) 

-0.12304(4) 

-0.65080(4) 

-0.38154(4) 

0.11097( 0) 

0.62161(4) 

0.13753(4) 

0.47330(4) 

0.21278(4) 

0.38920(4) 

0.16615(-l) 

0.84088(4) 

0.48137(4) 
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Table 6.4.11: First three small K expansion coefficients of the GOS(K) for the 21S->/?'S, 

fl'P, n[D, n=2-6 He transitions. 

Final 

3'S 

4'S 

5'S 

6'S 

2'P 

3'P 

4'P 

5'P 

6'P 

3'D 

4'D 

5'D 

6'D 

K° 

0 

0 

0 

0 

0.37644( 0) 

0.15135(0) 

0.49145(4) 

0.22336(4) 

0.12134(4) 

0 

0 

0 

0 

K2 

0.24572( 1) 

0.36042(0) 

0.12363(0) 

0.58502(4) 

-0.32104( 1) 

-0.53019( 1) 

-0.90153(0) 

-0.31160(0) 

-0.14651(0) 

0.59785( 1) 

0.51448(0) 

0.12850(0) 

0.50164(-1) 

K4 K6 

-0.37608( 2) 

-O.1O5930 1) 

-0.42968(-l) 

0.37812(4) 

0.14753(2) 

0.77337( 2) 

0.29969( 1) 

0.518960-1) 

-0.18161(0) 

-0.81735(2) 

0.319930 1) 

0.16617( 1) 

0.82374(0) 

0.30188( 3) 

-0.23756( 2) 

-0.815460 1) 

-0.35982( 1) 

0.60698( 3) 

-0.68694( 2) 

-0.13672(2) 

-0.38346( 1) 
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Table 6 .4 .12: First three small K expansion coefficients of the GOS(K) for the 2:,S-*//3S, 

/?3P, /?3D, n=2-6 He transitions. 

final K° K2 K4 K6 

33S 

43S 

53S 

63S 

23P 

33P 

43p 

53P 

63P 

33D 

43D 

53D 

63D 

0 

0 

0 

0 

0.53909( 0) 

0.6^4620-1) 

0.25769(-l) 

0.12493(-1) 

0.69791(4) 

0 

0 

0 

0 

0.16576( 1) 

0.24958( 0) 

0.86382(-l) 

0.40849(-l) 

-0.35654( 1) 

-0.22703( 1) 

-0.51731(0) 

-0.20018(0) 

-0.98315(4) 

0.35560( 1) 

0.56506( 0) 

0.18840(0) 

0.86576(-l) 

-0.19337(2) 

-0.67518(0) 

-0.74583(4) 

0.168290-1) 

0.12987(2) 

0.31123(2) 

0.28827( 1) 

0.71260(0) 

0.88698(-l) 

-0.41045(2) 

-0.10169( 1) 

0.21481(0) 

0.26516(0) 

0.11992(3) 

-0.89177( 1) 

-0.27431( 1) 

-0.31891( 1) 

0.25923( 3) 

-0.23930( 2) 

-0.79555( 0 

-0.86838( 1) 
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Table 6.4.13: First three large K expansion coefficients of the GOS(K) for the l'S-»tf'S, 

tf'P, tf'D, /7=2-6 He transitions. 

Final K-10 K~'2 K~14 K"16 K"18 

2'S 

3'S 

4'S 

5'S 

6'S 

2'P 

3'P 

4'P 

5'P 

6'P 

3'D 

4'D 

5'D 

6'D 

0.22211(4) 

0.72142(3) 

0.30960( 3) 

0.15828(3) 

0.91710(2) 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-0.17161(6) 

-0.55262( 5) 

-0.23737( 5) 

-0.11956(5) 

-0.70347( 4) 

0.30177(4) 

0.12299( 4) 

0.56710(3) 

0.30367( 3) 

0.17598(3) 

0 

0 

0 

0 

0.65077( 7) 

0.20995( 7) 

0.92256( 6) 

0.43973( 6) 

0.28107(6) 

-0.31209(6) 

-0.12452(6) 

-0.54716(5) 

-0.29525( 5) 

-0.17197(5) 

0.52724( 3) 

0.30706( 3) 

0.17967( 3) 

0.10297(3) 

0.16499(8) 

0.66108( 7) 

0.25370( 7) 

0.14557(7) 

0.88939( 6) 

-0.43847( 5) 

-0.24094( 5) 

-0.13810(5) 

-0.76264( 4) 

0.11826(7) 

0.59785( 6) 

0.36322( 6) 

0.20337( 6) 
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Table 6.4.14: First three large K expansion coefficients of the GOS(K) for the 2'S-»/;'S. 

AJ'P, // 'D, n=2-6 He transitions. 

Final K"10 K"12 K~'4 K~16 K~18 

3'S 0.24845(1) -0.20811(3) 0.79351(4) 

4'S 0.13358(1) -0.11123(3) 0.41805(4) 

5'S 0.73685(0) -0.60195(2) 0.21075(4) 

6'S 0.44275(0) -0.36487(2) 0.13638(4) 

2'P 0 0.16938(2) -0.11546(4) 0.31582(5) 

3'P 0 0.12689(2) -0.98557(3) 0.31066(5) 

4'P 0 0.60737(1) -0.47473(3) 0.13169(5) 

5'P 0 0.33168(1) -0.26904(3) 0.89012(4) 

6'P 0 0.19287(1) -0.15772(3) 0.56549(4) 

3'D 0 0 0.45195(1) -0.21985(3) -0.80049(4) 

4'D 0 0 0.29367(1) -0.12614(3) -0.69239(4) 

5'D 0 0 0.20553(1) -0.11318(3) -0.14641(4) 

6'D 0 0 0.10390(1) -0.45616(2) -0.16623(4) 
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Table 6.4.15: First three large AT expansion coefficients of the GOS(K) for the 23S-»/?3S, 

n3P, n3D, n=2-6 He transitions. 

Final K-'° K"12 K~14 K~16 K~18 

33S 

43S 

53S 

63S 

23P 

33P 

43p 

53P 

63P 

33D 

43D 

53D 

63D 

0.48354( 1) 

0.24645( 1) 

0.13255( 1) 

0.78108(0) 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-0.23097( 3) 

-0.11782(3) 

-0.62758( 2) 

-0.37158(2) 

0.12764(3) 

0.83450(2) 

0.40693( 2) 

0.21735(2) 

0.12979(2) 

0 

0 

0 

0 

0.58619( 4) 

0.30371(4) 

0.15561(4) 

0.94539( 3) 

-0.47427( 4) 

-0.32118(4) 

-0.15953(4) 

-0.84118(3) 

-0.49942( 3) 

0.10211(2) 

0.70085( 1) 

0.44764( 1) 

0.26174( 1) 

0.12204( 4) 

0.18193(5) 

0.13025(5) 

0.64060( 4) 

0.32589( 4) 

-0.29946( 3) 

-0.22282( 3) 

-0.16369(3) 

-0.95963( 2) 

-0.20248( 5) 

-0.12045(5) 

-0.53252( 4) 

-0.19924(4) 



CHAPTER 7: 

CONCLUSIONS 

The integral transform wavefunctions obtained and utilized in this research lead 

to the lowest variational energies for 180 of 261 states considered. Nonetheless, it is 

unfortunate that the comparison with previous work relies entirely on energies. The cusp 

ratios and the asymptotic density analysis provide a measure of the quality of an 

approximate wavefunction. However, if their use was more common, they could also 

enable wavefunction selection based on the requirements of the property under study. 

For instance <r 6 > heavily weights the outer regions of the charge cloud and the 

asymptotic behaviour of the density should be the deciding factor in the selection of a 

wavefunction suitable for the calculation. 

Although the perfectly screened hydrogenic density is conceptually appealing, its 

use requires care. In particular, as shown in chapter 3, its validity depends strongly on 

the angular momentum of the state of interest. Also, although the charge densities 

display pseudo-nodes, i.e. minima at which p(r) * 0 , the one-electron Hund holes do not 

display a similarly sharp structure. Singlet-triplet Hund holes show that spin effects are 

much smaller in the D states; the S state holes are roughly twice as large as the P state 

holes and 400 times larger than the D state holes. The correlation coefficients confirm 

this observation since the 3D and 'D coefficients are close regardless of the coefficient 

under examination. However, the density holes for the 3'D and 33D states show subtle 
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differences. In particular, radial correlation induces a redistribution of charge to very 

small r for the high-Z triplets. 

The dipole oscillator strengths presented in chapter 5 improve upon previous 

values for 739 of the 855 transitions considered. As well, all of the quadrupole oscillator 

strengths and generalized oscillator strengths improve upon previous theoretical 

calculations. The validity of the first Born approximation has been estimated as follows: 

at incident energies >400 eV for l'S-»n'S transitions, > 100 eV for l'S->n'P transitions, 

and >300 eV for l'S->n'D transitions. These limits are tentative due to the limited 

experimental information; in particular, the lack of cross sections for large angles. 

With few exceptions, the computations in this work were performed in quadruple 

precision. Although care was taken to provide alternate routines where numerical 

problems could arise, the near cancellation due to linear dependence of the basis 

functions required quadruple precision. These calculations were all performed on a 

multi-user VAX system, where the architecture is single precision, and were 

consequently very slow. Sufficiently so, in fact, that computation time was often the 

limiting factor. On some of the more recent generation of 'workstations', which have 

double precision architecture, the performance would be greatly enhanced. 

Some work, not discussed in this document, is in various stages of completion: 

Generalized oscillator strengths have been calculated for the l'S-»2'S and l'S-»3'P 

transitions of the ions from Li+ to Ne8+; 200 term wavefunctions are being optimized for 

all the states of helium; quadrupole oscillator strengths are being calculated for the P-»P 

and D-»D transitions of the ions from He to Ne8+; partial densities and intracules are 
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being studied; and spin-forbidden optical transitions, such as l'S-»23S, are being studied. 

Although these projects are under way, there are many others worthwhile for study. The 

next few paragraphs discuss some of these. 

Although the phrase 'variational energy optimization' is always interpreted as an 

upper bound minimization, lower bounds to the energy can also be calculated. Lower 

bounds remain largely ignored since they are very sensitive to the wavefunction quality 

and, consequently, are usually further from the true energy than the upper bounds. 

However, the integral transform wavefunctions of chapter 2 are sufficiently accurate to 

justify an attempt at lower bound optimization. 

Hylleraas-type wavefunction expansions have been successfully applied to three 

electrons atoms. At least for the S states, integral transform expansions are 

mathematically feasible and could greatly reduce the expansion lengths required. 

The application of the correlation coefficient: Jiscussed in chapter 4 to molecular 

systems immediately leads to a difficult problem: the coefficients are gauge-dependent. 

The study of these coefficients, or the selection of new coefficients, in molecular systems 

would be worthwhile. The goal would be to extract meaningful information about 

statistical electon correlation in molecules. 

As noted in chapter 6, many theoretical studies of intermediate impact energy 

differential cross sections have appeared in the literature. At intermediate energies, 

electron exchange and polarization are very important and an accurate differential cross 

section requires the inclusion of these effects. Although there are many methods for 

calculating differential cross sections, most are probably not suitable for integral 
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transform expansions due to the mathematical requirements. However, the second Born 

approximation, or more precisely an approximation to the second Born cross sections, 

with the addition of an exchange correction, shows promise. Also, distorted-wave 

methods are worth investigating farther. 



Appendix 1 

Table Al.l: Two iterations of Powell's algorithm for a 20 term wavefunction for the 

Calc. / 

He l'S state. 

t A, 

Search direction: 

1 

2 

3 

4 

5 

6 

0.30000 

0.31000 

0.32000 

0.42000 

0.52000 

0.54307 

Search direction: 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

0.52000 

A, 

lx=ex 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

1.00000 

ll=h 
1.01000 

1.02000 

1.12000 

1.22000 

1.32000 

1.42000 

1.52000 

1.62000 

1.72000 

1.82000 

1.92000 

2.02000 

2.12000 

2.22000 

2.16686 

B, 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

1.50000 

B2 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

2.50000 

G, 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

G2 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

E 

-2.902589760 

-2.902601304 

-2.902612637 

-2.902708937 

-2.902749595 

-2.902748587 

-2.902791390 

-2.902830790 

-2.9031261OS 

-2.903308902 

-2.903429166 

-2.903510675 

-2.903566717 

-2.903605258 

-2.903631760 

-2.903651033 

-2.903667182 

-2.903683211 

-2.903700647 

-2.903700081 

-2.903706132 

196 



Table A l . l : Continued. 

197 

Calc. # A, B, B, G, 

Search direction: 

22 0.52000 

23 0.52000 

24 0.52000 

25 0.52000 

Search direction: 

26 0.52000 

27 0.52000 

28 0.52000 

Search direction: 

29 0.52000 

30 0.52000 

31 0.52000 

Search direction: 

32 0.52000 

33 0.52000 

34 0.52000 

35 0.52000 

36 0.52000 

£3
=<?3 

2.16686 

2.16686 

2.16686 

2.16686 

?4= < ?4 
2.16686 

2.16686 

2.16686 

S5
=<?5 

2.16686 

2.16686 

2.16686 

Me 
2,16686 

2.16686 

2.16686 

2.16686 

2.16686 

New search direction: £ =p -

37 0.74000 

38 0.62930 

39 0.61542 

40 0.65186 

41 0.65614 

42 0.66085 

End of iteration 1 

3.33372 

2.74659 

2.67295 

2.86621 

2.88894 

2.91390 

1.51000 

1.49000 

1.49126 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

1.49229 

2.50000 

2.50000 

2.50000 

2.50000 

2.51000 

2.52000 

2.50776 

2.50776 

2.50776 

2.50776 

2.50776 

2.50776 

2.50776 

2.50776 

2.50776 

-£,=(0.22000,1.16686 

1.48457 

1.48845 

1.48894 

1.48766 

1.48751 

1.48735 

. <?., replaced by \. 

2.51552 

2.51162 

2.51113 

2.51241 

2.51257 

2.51273 

-0.10000 

-0.10000 

-0.10000 

-0.10000 

-040000 

-0.10000 

-0.10000 

-0.09000 

-0.08000 

-0.07409 

-0.07409 

-0.07409 

-0.07409 

-0.07409 

-0.07409 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.30000 

0.31000 

0.32000 

0.41955 

0.49182 

0.58188 

-2.903706001 

-2.903706167 

-2.903706170 

-2.903706171 

-2.903706231 

-2.903706073 

-2.903706236 

-2.903706331 

-2.903706381 

-2.903706387 

-2.903707017 

-2.903707591 

-2.903711536 

-2.903713240 

-2.903714008 

,-0.00771,0.00776,0.02591,0.28188) 

-0.04819 

-0.06122 

-0.06286 

-0.05857 

-0.05806 

-0.05751 

0.86375 

0.72192 

0.70413 

0.75082 

0.75631 

0.76234 

-2.903710430 

-2.903718978 

-2.903718013 

-2.903719928 

-2.903720018 

-2.903720087 



Table Al . l : Continued. 

198 

Calc. # A, 

Search direction: 

43 0.67085 

44 0.66595 

45 0.67011 

Search direction: 

46 0.67011 

47 0.67011 

48 0.67011 

49 0.67011 

Search direction: 

50 0.67011 

51 0.67011 

52 0.67011 

Search direction: 

53 0.67011 

54 0.67011 

55 0.67011 

56 0.67011 

Search direction: 

57 0.67011 

58 0.67011 

59 0.67011 

Search direction: 

60 0.67200 

61 0.67809 

62 0.67611 

A2 

l,=ex 

2.91390 

2.91390 

2.91390 

£ 3
= < ? 3 

2.91390 

2.91390 

2.91390 

2.91390 

l , = e 4 

2.91390 

2.91390 

2.91390 

h=i5 
2.91390 

2.91390 

2.91390 

2.91390 

U=K 
2.91390 

2.91390 

2.91390 

I =^36 ~P\ 
2.92390 

2.95623 

2.94568 

B, 

1.48735 

1.48735 

1.48735 

1.49735 

1.49756 

1.59756 

1.63146 

1.63146 

1.63146 

1.63146 

1.63146 

1.63146 

1.63146 

1.63146 

1.63146 

1.63146 

1.63146 

1.63139 

1.63118 

1.63125 

B, 

2.51273 

2.51273 

2.51273 

2.51273 

2.51273 

2.51273 

2.51273 

2.52273 

2.51829 

2.59989 

2.59989 

2.59989 

2.59989 

2.59989 

2.59989 

2.59989 

2.59989 

2.59995 

2.60017 

2.60010 

G, 

-0.05751 

-0.05751 

-0.05751 

-0.05751 

-0.05751 

-0.05751 

-0.05751 

-0.05751 

-0.05751 

-0.05751 

-0.04751 

-0.09583 

-0.08684 

-0.08848 

-0.08848 

-0.08848 

-0.08848 

-0.08825 

-0.08754 

-0.08777 

G2 

0.76234 

0.76234 

0.76234 

0.76234 

0.76234 

0.76234 

0.76234 

046234 

0.76234 

0.76234 

0.76234 

0.76234 

0.76234 

0.76234 

0.77234 

0.78633 

0.84808 

0.85050 

0.85831 

0.85576 

E 

-2.903720095 

-2.903720094 

-2.903720095 

-2.903720161 

-2.903720162 

-2.903720558 

-2.903720586 

-2.903720598 

-2.903720593 

-2.903720643 

-2.903720438 

-2.903720876 

-2.903720889 

-2.903720889 

-2.903720924 

-2.903720966 

-2.903721053 

-2.903721096 

-2.903721125 

-2.903721134 
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Calc. # A, A2 B, B2 G, G2 E 

New search direction: \ =p62 - p 4 2 =(0.01526,0.03178,0.14390,0.08737,-0.03026,0.09342) 

63 0.69136 2.97746 1.77514 2.68746 -0.11803 0.94919 -2.903719205 

64 0.68611 2.94568 1.63125 2.60010 -0.08777 0.85576 -2.903721127 

End of iteration 2. 



Appendix 2 

Table A2.1: l 'S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 l-7j 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.19934 

0.96593 

1.82480 

4.31297 

5.54175 

6.10057 

6.23646 

7.17895 

8.57186 

10.28864 

1.14712 

3.98584 

6.02374 

6.39227 

7.38873 

10.79395 

11.76333 

13.79924 

13.51470 

13.88795 

1.16689 

1.55430 

2.26622 

3.17824 

3.92261 

5.03773 

4.41499 

5.01603 

5.22259 

6.81112 

0.99562 

2.09751 

3.99078 

5.83218 

6.40769 

9.13214 

8.86489 

10.09200 

11.45360 

12.36805 

-0.12963 

-0.49093 

-0.89466 

-1.01280 

-0.67594 

-1.65826 

-0.06975 

-0.07061 

-0.31444 

-0.27054 

0.76402 

3.21922 

4.25997 

4.89687 

5.61929 

7.68071 

12.19816 

13.00453 

15.61981 

14.62281 

3.8500(-9) 

-1.1898(-12) 

-2.71070-11) 

-1.14200-11) 

3.90320-12) 

-4.18200-11) 

8.12630-11) 

-1.56680-10) 

-7.98880-11) 

1.0365 (-10) 

Table A2.2: 2'S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1.96376 

2.93424 

3.63915 

4.85394 

5.61600 

6.81230 

7.73857 

8.44334 

9.37189 

2.00667 

3.10408 

4.40430 

5.24628 

6.44486 

7.31818 

8.45393 

9.94549 

11.09527 

0.33130 

0.97045 

1.03381 

1.88678 

1.76731 

2.82809 

3.29451 

3.73046 

4.24446 

1.72457 

2.73797 

4.19815 

5.36123 

6.59565 

7.43349 

8.70371 

9.18196 

10.26462 

-0.06832 

-0.34532 

-0.32066 

-0.57080 

-0.48991 

-0.78618 

-0.92856 

-0.99990 

-1.10297 

1.04197 

2.46189 

3.55295 

4.22516 

5.32956 

5.70406 

6.77833 

7.38279 

8.04448 

-5.48260-8) 

5.2158(-12) 

-3.6O270-8) 

3.6747(-8) 

1.0288(-8) 

-1.4426(-8) 

-3.9168(-10) 

-4.9627(-9) 

1.0253(9) 

2 00 
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Table A2.3: 23S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 l-t} 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.30039 

2.94086 

3.84120 

4.90342 

5.67967 

6.52845 

7.89200 

8.83222 

9.79361 

2.13995 

3.08429 

4.21134 

5.14948 

6.61948 

7.70498 

8.17088 

9.27231 

10.24129 

1.89335 

1.05269 

1.34452 

2.06061 

2.37624 

2.89931 

3.59868 

4.01530 

4.19810 

2.24210 

2.69861 

3.14411 

3.57139 

4.89055 

5.14131 

5.82052 

6.73528 

7.22016 

-0.25917 

-0.11440 

-0.45471 

-0.42377 

-0.75221 

-0.63528 

-0.64432 

-0.77707 

-0.62681 

0.46484 

1.02880 

2.41758 

3.03216 

4.12759 

5.22277 

4.55566 

5.50077 

6.36664 

-1.31150-12) 

-1.3402(-ll) 

3.4216(-11) 

-4.0632(42) 

-3.0487(-ll) 

2.1367(-13) 

3.0497(42) 

-1.11210-12) 

3.8619(-12) 

Table A2.4: 3'S parallelotope parameters and virial scaling coefficients. 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

2.03001 

3.05773 

3.97195 

4.96585 

5.96157 

6.95702 

7.95290 

8.96938 

10.10211 

A, 

1.99704 

2.98785 

4.04317 

5.05971 

6.06926 

7.07664 

8.07336 

9.04776 

9.83799 

B, 

0.17093 

0.35426 

0.60177 

1.16293 

1.46623 

1.76581 

2.03413 

2.34271 

2.56193 

B2 

2.06519 

2.59054 

2.25008 

5.34085 

6.71572 

7.82723 

8.74022 

9.64991 

4.96264 

G, 

-0.08117 

-0.50634 

-0.69068 

-0.12813 

-0.12762 

-0.14795 

-0.25152 

-0.31196 

-0.98771 

G2 

0.26967 

0.79140 

2.98507 

0.99551 

1.02810 

1.19574 

1.98647 

2.49296 

8.69210 

l-i, 

-6.45510-11) 

1.7701 (-9) 

-2.6647(-8) 

-6.2301(41) 

5.0853(-9) 

5.35180-9) 

-5.9575(-8) 

-8.0695(-9) 

-5.4213(-8) 
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Table A2.5: 33S parallelotope parameters and virial scaling coefficients. 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

0.29215 

2.89321 

3.92491 

4 93112 

5.95470 

7.04393 

7.90735 

8.87629 

9.93751 

A, 

0.70032 

3.20360 

4.13664 

5.11163 

6.06995 

6.92407 

8.17693 

9.20400 

10.09820 

B, 

1.96216 

0.51453 

0.95524 

1.26450 

1.58469 

1.87942 

1.93047 

2.49774 

2.83625 

B2 

1.99666 

2.96139 

3.51041 

3.57522 

4.24863 

4.55344 

5.55819 

6.11957 

4.92241 

G, 

-0.09991 

-0.03593 

-0.03757 

-0.13083 

-0.15823 

-0.21062 

-0.42968 

-0.29566 

-0.44959 

G2 

0.71887 

0.17619 

0.31794 

1.05521 

1.28139 

1.60514 

1.96451 

2.34051 

3.56711 

1-7, 

6.0686(40) 

5.98690-11) 

2.0079(-10) 

2.3132(-10) 

6.4702(4!) 

-9.7710(42) 

-2.0329(42) 

3.85980-11) 

1.42570-11) 

Table A2.6: 4'S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 I-?, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

2.00413 

2.98047 

4.00315 

5.00753 

6.00936 

6.99918 

7.99629 

9.02082 

10.01259 

2.02494 

3.05342 

4.00153 

5.01113 

6.01379 

7.00475 

8.00288 

9.02808 

10.02014 

0.12248 

0.26312 

0.36874 

0.64912 

0.82537 

0.87690 

1.05466 

1.39158 

1.52503 

1.92112 

3.06064 

4.10196 

5.04692 

6.06870 

6.92564 

8.06618 

9.15736 

10.11529 

-0.00911 

-0.01883 

-0.06659 

-0.09444 

-0.11359 

-0.10823 

-0.07554 

-0.19702 

-0.17166 

0.03620 

0.09156 

0.37476 

0.25244 

0.29548 

0.50800 

0.56490 

0.36103 

0.48723 

4.6622(-10) 

-3.0032(40) 

8.3492(4) 

1.1126(4) 

1.7203(4) 

-2.6370(-8) 

2.5489(-8) 

1.1421(4) 

5.91460-8) 
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Table A2.7 : 43S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-77 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1.99485 

3.03562 

3.99727 

4.97717 

6.00750 

7.07630 

7.99647 

9.03813 

9.99522 

2.00759 

2.99194 

4.03461 

5.05273 

6.01665 

6.94396 

8.01070 

8.94643 

10.01396 

0.06564 

0.32498 

0.53717 

0.70916 

0.99087 

1.08255 

1.23228 

1.79282 

1.59016 

1.60627 

2.14346 

2.92099 

3.78139 

4.50560 

5.00753 

6.79873 

6.87656 

8.63785 

-0.03925 

-0.02494 

-0.03929 

-0.06387 

-0.04428 

-0.11700 

-0.06143 

-0.02609 

-0.07794 

0.05093 

0.08775 

0.20551 

0.30792 

0.21339 

0.42562 

0.33650 

0.25169 

0.42784 

1.4494(-10) 

4.6672(40) 

2.0301(-9) 

-3.4741 (-10) 

9.5667(-10) 

-3.5304(40) 

-4.83820-11) 

-4.7557(40) 

1.0644(40) 

Table A2.8 : 5'S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-7, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1.99944 

3.00098 

4.01778 

4.99395 

6.00077 

7.04843 

7.97581 

8.99380 

9.97054 

1.99987 

3.00023 

3.99798 

5.01218 

6.00014 

6.98464 

8.04502 

9.02619 

10.05468 

0.04562 

0.11567 

0.17837 

0.63094 

0.39528 

0.15646 

1.12316 

0.83256 

1.45214 

1.80808 

2.53510 

3.73263 

4.54539 

6.75517 

6.93028 

6.22887 

9.08089 

7.79607 

-0.00363 

-0.04612 

-0.03499 

-0.00544 

-0.00596 

-0.11254 

-0.01031 

-0.02270 

-0.01248 

0.03743 

0.14701 

0.06810 

0.04361 

0.12873 

0.08501 

0.11366 

0.10759 

0.13814 

-3.9220(4) 

4.2996(-8) 

5.9936(-10) 

3.45100-9) 

-4.0713(-8) 

-1.99850-9) 

-1.58470-10) 

3.16940-9) 

1.3243(-9) 
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Table A2.9: 53S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 l-r, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1.99967 

2.99531 

3.99649 

5.01539 

6.01717 

7.00037 

8.00482 

9.00101 

10.00568 

2.00065 

2.98916 

4.00535 

4.99748 

5.99639 

7.00679 

8.01746 

9.01916 

10.02610 

0.15895 

0.15476 

0.24300 

0.52388 

0.66121 

0.82475 

1.00983 

1.11400 

1.24851 

0.36396 

1.89708 

2.54105 

2.80658 

3.42769 

3.87420 

5.24018 

5.85569 

6.79318 

-0.11027 

-0.00581 

-0.09340 

-0.05159 

-0.06039 

-0.11686 

-0.01598 

-0.02475 

-0.02035 

0.61283 

0.04180 

0.14605 

0.19529 

0.23069 

0.34230 

0.09608 

0.13744 

0.11863 

-1.8066(4) 

-2.28970-10) 

4.3179(40) 

-3.7594(-l 1) 

-1.11890-10) 

4.1503(-11) 

7.0914(41) 

6.6608(-10) 

l.7827(-9) 

Table A2.10: 6'S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-7, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

2.00002 

3.00378 

4.00661 

4.99385 

6.00705 

6.99245 

7.99196 

9.00221 

10.02360 

2.00001 

2.99859 

4.00211 

5.00464 

6.02179 

7.00705 

8.00813 

9.02300 

9.99324 

(..02918 

0.04542 

0.19195 

0.09050 

0.40632 

0.1825" 

0.23256 

0.67170 

0.73824 

1.63453 

2.39523 

3.19405 

3.82123 

4.54419 

5.45067 

6.24007 

6.93907 

7.27330 

-0.00142 

-0.00665 

-0.00139 

0.00301 

-0.00541 

0.00393 

0.00426 

-0.00791 

-0.01531 

0.01564 

0.00935 

0.01706 

0.04857 

0.01759 

0.06616 

0.07484 

0.02844 

0.06800 

9.5742(4) 

-1.6878(-9) 

1.5898(-8) 

1.1704(-8) 

1.3986(4) 

2.7331(40) 

7.4351 (-10) 

2.1114(-10) 

2.2099(-9) 
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Table ^ 2 . 1 1 : 63S parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

2.00169 

2.99955 

3.99931 

4.99902 

6.00907 

6.99311 

7.99234 

8.99518 

9.99300 

1.99752 

3.00653 

4.00767 

5.00860 

5.99784 

7.00823 

8.00981 

9.00009 

9.99868 

0.05367 

0.20437 

0.31407 

0.42330 

0.34133 

0.55575 

0.59357 

0.76351 

0.83925 

0.86410 

1.42372 

2.00057 

2.56843 

3.51469 

3.58470 

4.29592 

5.04335 

5.62308 

-0.00254 

-0.00540 

-0.00717 

-0.00883 

-0.02218 

-0.01833 

-0.02090 

-0.02287 

-0.02685 

0.01065 

0.01619 

0.02038 

0.02430 

0.04983 

0.05169 

0.06387 

0.05436 

0.06189 

-1.8923(-10) 

-7.6009(41) 

3.79360-11) 

3.4898(-ll) 

1.9776(-10) 

5.0695(-ll) 

3.3128(-10) 

1.0825(-9) 

-1.O7280-9) 

Table A2.12: 2 'P parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.25777 

0.50659 

0.58799 

0.30982 

0.36599 

0.87005 

0.46219 

3.22903 

3.64390 

1.98962 

3.92841 

5.64958 

5.49872 

6.87774 

8.39162 

9.73789 

8.55559 

9.56211 

1.43474 

2.29509 

3.35230 

3.94017 

4.71684 

6.79234 

6.34841 

7.45122 

8.25393 

3.23366 

4.49183 

5.04765 

5.89686 

7.06096 

8.81484 

9.34364 

12.32272 

13.73479 

-0.26963 

-0.52247 

-0.64130 

-0.36997 

-0.44363 

-0.66727 

-0.57254 

-3.31621 

-3.74313 

0.47087 

0.92463 

1.30556 

2.83251 

3.48931 

3.02493 

4.53643 

5.82582 

6.58452 

1.5227(-9) 

-9.2622(-10) 

2.8177(40) 

-4.7806(-10) 

-5.5425(40) 

-1.7599(-10) 

-2.6272(-10) 

8.9994(-ll) 

7.5190(41) 
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Table A2.13: 23P parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.04300 

0.26626 

0.66692 

1.76196 

1.76742 

2.15784 

3.37550 

3.88492 

4.34338 

1.44017 

2.52755 

3.26615 

5.02143 

7.15723 

8.31946 

8.51031 

9.34394 

10.74742 

1.48158 

1.60601 

2.51217 

3.34587 

4.05981 

4.68950 

7.76414 

8.81245 

9.75734 

2.40004 

4.11344 

5.18704 

5.00587 

10.05632 

11.82716 

12.48653 

13.42272 

15.27077 

-0.05100 

-0.26525 

-0.35918 

-0.53062 

-1.25957 

-1.52907 

-0.44816 

-0.67195 

-0.66554 

0.64842 

2.26785 

3.13353 

3.47134 

2.26695 

2.73966 

2.14241 

3.26297 

3.21649 

-4.55440-10) 

-5.9548(-9) 

-5.0331 (-10) 

-2.6968(-9) 

1.0983(-9) 

-1.18480-9) 

4.52970-9) 

1.8405 (-9) 

6.31850-11) 

Table A2.14: 3 'P parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-r, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.10824 

0.31838 

0.50591 

0.45973 

0.33580 

0.43632 

0.54114 

1.10219 

1.32545 

1.84180 

2.60155 

3.73410 

5.53826 

5.16061 

6.10950 

7.04545 

7.55807 

5.74989 

1.93073 

2.91993 

3.87272 

4.87192 

5.50895 

6.40387 

7.32880 

8.47285 

8.32667 

2.08138 

3.20340 

4.32153 

5.32348 

6.21471 

7.26118 

8.29482 

9.98094 

11.19417 

-0.11803 

-0.33708 

-0.51676 

-0.25860 

-0.05923 

-0.07085 

-0.07863 

-1.17197 

-0.65485 

0.11725 

0.58498 

0.88680 

0.52916 

1.94209 

2.23799 

2.53548 

2.52711 

5.25020 

6.7438(-ll) 

7.2573(-10) 

2.5988(-9) 

5.2321 (-10) 

3.0636(-9) 

-2.7279(-9) 

3.10300-10) 

-1.4281 (-10) 

-2.4230(42) 
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Table A2.15: 33P parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-r, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.04902 

0.15763 

0.80710 

1.07642 

0.52946 

0.61866 

1.57635 

1.80955 

1.00223 

1.07898 

3.41472 

4.39309 

5.78709 

7.64515 

9.32150 

11.11529 

12.57613 

13.60723 

1.79936 

2.87226 

3.99235 

4.98923 

5.75023 

6.73087 

7.44213 

8.39106 

9.65236 

2.08549 

3.26129 

4.27107 

5.32821 

6.52590 

7.57491 

8.15605 

9.17149 

10.77653 

-0.01395 

-0.17637 

-0.06785 

-0.07781 

-0.31833 

-0.35031 

-0.35339 

-0.38906 

-0.47341 

0.69632 

0.32680 

0.30577 

0.35515 

0.58856 

0.62608 

0.41864 

0.45672 

0.83045 

-4.72670-8) 

-2.0078(-10) 

1.39010-9) 

-4.3980(11) 

1.0151(41) 

3.9156(-11) 

9.7O1O0-11) 

2.8178(-11) 

-7.8791(-12) 

Table A2.16: 4'P parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.07032 

0.03561 

0.25431 

0.07576 

0.69458 

0.51983 

0.74202 

1.42549 

1.65059 

1.71136 

1.58388 

3.86868 

3.31771 

6.38838 

6.41188 

7.50983 

4.13300 

4.42386 

1.97188 

2.90824 

3.96184 

4.83878 

5.79994 

6.84239 

7.79777 

8.72194 

9.71327 

2.00635 

3.03577 

4.04860 

5.08050 

6.02934 

7.21612 

8.20914 

9.64376 

10.65403 

-0.05345 

-0.01836 

-0.26751 

-0.06635 

-0.16022 

-0.30046 

-0.41733 

-1.46148 

-1.68997 

0.04373 

0.62867 

0.24660 

0.70060 

0.13502 

0.40388 

0.37921 

2.39063 

2.80049 

-3.0838(-9) 

-5.15790-9) 

6.8822(-9) 

2.4612(-8) 

5.4619(40) 

-1.2847(-9) 

-8.73680-11) 

1.6347(-9) 

1.2612(-9) 
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Table A2.17: 43P parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.14386 

0.34698 

0.53878 

0.30336 

0.92698 

1.12210 

1.31801 

1.75391 

1.71132 

0.44194 

2.33429 

3.18202 

4.95599 

4.91919 

5.77816 

6.62252 

7.81924 

8.29639 

1.92709 

3.00026 

3.99731 

4.96128 

5.98868 

6.98494 

7.98118 

8.73656 

9.97437 

2.02674 

3.04496 

4.08113 

5.06069 

6.12508 

7.14384 

8.16200 

9 10830 

10.19631 

-0.02020 

-0.02812 

-0.03441 

-0.27984 

-0.05434 

-0.06414 

-0.07369 

-0.63535 

-0.09228 

0.71861 

0.11442 

0.15779 

0.35944 

0.23519 

0.27075 

0.30617 

0.07593 

0.37325 

7.6424(-10) 

5.12780-11) 

1.3169(-11) 

-2.5550(-9) 

-5.75120-12) 

1.3192(-10) 

-9.6993(-13) 

1.25390-9) 

-6.7422(-13) 

Table A2.18 : 5 'P parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.03481 

0.20128 

0.32309 

0.44277 

0.56581 

0.69053 

0.81654 

0.94375 

1.07192 

1.24330 

2.55535 

3.60818 

4.59285 

5.59530 

6.57908 

7.54921 

8.50581 

9.45214 

1.99885 

2.97857 

3.97442 

4.94556 

5.93377 

6.92316 

7.91324 

8.90382 

9.89488 

2.00377 

3.00836 

4.01158 

5.01430 

6.01637 

7.01811 

8.01964 

9.02102 

10.02231 

0.04106 

-0.03024 

-0.03269 

-0.06123 

-0.07288 

-0.08388 

-0.09444 

-0.10459 

-0.11449 

-0.01585 

0.02666 

0.03210 

0.03993 

0.04551 

0.05087 

0.05606 

0.06110 

0.06601 

1.29950-9) 

4.6353(-9) 

-1.3880(-8) 

-2.4146(40) 

3.8425(-10) 

1.9156(40) 

2.2639(41) 

4.0638(40) 

5.5247(-l 1) 
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Table A2.19: 53P parall4otope parameters and virial scaling coefficients. 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

0.01445 

0.22969 

0.31360 

0.43072 

0.54450 

0.99411 

1.16360 

0.99879 

1.51277 

A2 

1.25392 

2.40892 

3.87540 

5.01181 

6.18368 

6.33082 

7.26823 

7.29181 

7.86944 

B, 

2.00061 

2.99783 

3.96202 

4.95217 

5.94312 

6.99633 

7.99605 

8.90846 

9.91550 

B2 

2.01277 

3.01241 

4.01396 

5.01603 

6.01750 

7.00630 

8.00665 

9.00853 

10.04393 

G, 

-O.J1730 

-0.01286 

-0.03089 

-0.03709 

-0.04386 

-0.14276 

-0.15730 

-0.24199 

-0.02941 

G2 

0.00836 

0.03292 

0.02583 

0.02979 

0.03378 

0.01108 

0.01179 

0.14340 

0.04389 

1-7, 

1.6863(-10) 

1.9601(40) 

1.2606(-9) 

1.4O690-9) 

-7.6909(40) 

1.1120(-9) 

1.8434(-9) 

3.6083(40) 

-2.4455(-8) 

Table A2.20: 6'P parallelotope parameters and virial scaling coefficients. 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

0.09376 

0.05091 

0.24393 

0.33916 

0.16262 

0.52915 

0.62583 

0.72387 

0.82178 

A, 

0.92289 

2.23402 

2.92511 

3.75835 

5.31691 

5.44326 

6.27073 

7.08258 

7.90256 

B, 

2.00264 

3.00377 

3.98228 

4.97740 

6.00325 

6.96924 

7.96565 

8.96268 

9.95925 

B2 

2.00053 

2.99462 

4.00310 

5.00403 

6.02739 

7.00487 

8.00514 

9.00547 

10.00557 

G, 

-0.03525 

-0.01782 

-0.01991 

-0.02449 

-0.02092 

-0.03270 

-0.03650 

-0.04032 

-0.04362 

G2 

0.00444 

0.00615 

0.01622 

0.02020 

0.00049 

0.02661 

0.02945 

0.03211 

0.03462 

1-7, 

-6.4084(-8) 

2.6401 (-9) 

-3.4279(-8) 

-1.9074(-9) 

4.81660-9) 

2.0619(40) 

-3.3009(40) 

6.2986(-9) 

-5.37980-11) 
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Table A2.21: 63P parallelotope parameters and virial scaling coefficients. 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

0.00190 

0.02336 

0.26278 

0.39170 

0.03971 

0.06410 

0.29559 

0.81487 

0.08787 

A2 

1.07885 

1.73956 

2.88799 

4 27555 

4.94844 

5.83858 

7.38069 

7.93098 

7.86995 

B, 

2.00054 

2.99534 

3.98513 

4.99997 

5.99490 

6.99401 

7.99656 

8 99975 

10.00630 

B2 

2.00944 

3.01157 

4.00660 

5.00323 

6.02618 

7.02883 

8.00365 

9.00412 

10.01434 

G, 

-0.00358 

-0.02587 

-0.00675 

-0.02637 

-0.01739 

-0.01987 

-0.02520 

-0.04443 

-0.10522 

G, 

0.00441 

0.01596 

0.00979 

0.02696 

0.00883 

0.00957 

0.00822 

0.04444 

0.00991 

1-T, 

1.0599(-9) 

-2 3484(42) 

1 1215(-8) 

3 1363(-8) 

6 1539(-10) 

-1 2360(40) 

1 7072(40) 

1 9785(4) 

-4.8860(-10) 

Table A2.22: 3'D parallelotope parameters and virial scaling coefficients 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

0.22310 

0.37758 

0.57604 

0.81858 

0.68618 

1.36642 

1.66792 

1.52924 

1.04687 

A2 

0.97605 

2.40966 

3.55469 

4.43283 

3.63629 

3.35561 

3.77928 

6.14518 

5.77142 

B, 

1.96979 

2.73873 

3.49155 

4.36886 

5.36040 

6.42524 

7.42038 

8.45594 

6.77225 

B2 

2.08047 

3.54848 

5.07302 

6.32747 

6.49246 

7.45711 

8.46456 

9.22833 

10.98828 

G, 

-0.22371 

-0.39375 

-0 60448 

-0 73183 

-0.28103 

-0.45497 

-0.50706 

-0.10733 

-1.11475 

G2 

0.41212 

0.70409 

1.07944 

1.30915 

2.48027 

3.78749 

4.19701 

3.79830 

5.10953 

1-T, 

3 0222(-10) 

1 48950-9) 

3 21640-9) 

6 0210(-10) 

3 89360-9) 

1 0760(40) 

8.52150-11) 

1.8701 (-9) 

-4.58470-9) 
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Table A2.23: 33D parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.31490 

0.49963 

0.79191 

1.01115 

1.65640 

1.93026 

1.65286 

2.63888 

2.89035 

0.86786 

1.67239 

2.25123 

3.27868 

2.92414 

4.09582 

3.58549 

4.47990 

6.35117 

1.99471 

2.71361 

3.66810 

4.52585 

5.47410 

6.94524 

7.13190 

8.49467 

9.94054 

2.18446 

3.60702 

4.70683 

6.00817 

6.27577 

8.29332 

8.14026 

9.26461 

11.54858 

-0.05791 

-0.50853 

-0.80751 

-1.03836 

-0.01643 

-0.50693 

-0.45862 

-0.02650 

-0.65782 

0.28892 

0.90762 

1.43785 

1.84699 

2.56902 

2.46492 

3.93762 

3.91204 

3.17247 

5.9614(-9) 

2.94900-10) 

1.5779(-10) 

-5.49920-11) 

7.8619(40) 

-7.9360(41) 

1.0230(-ll) 

2.7572(40) 

2.7150(-9) 

Table A2.24: 4'D parallelotope parameters and virial scaling coefficients. 

Z A, A, B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.20545 

0.29274 

0.35715 

0.88879 

0.41014 

1.26022 

0.80189 

0.93605 

1.07035 

0.51555 

1.49036 

1.38228 

2.95001 

2.73843 

2.86084 

3.31685 

3.75621 

4.19453 

1.97415 

2.97844 

3.83632 

4.98976 

5.91223 

6.84699 

7.81550 

8.79197 

9.75240 

1.99855 

3.04103 

4.06286 

5.02055 

6.02836 

7.00251 

8.06489 

9.07219 

10.07809 

-0.08197 

-0.29808 

-0.17684 

-0.03726 

-0.26082 

-0.35189 

-0.37232 

-0.41823 

-0.45471 

0.54242 

0.53303 

1.45899 

0.48580 

1.96822 

2.30790 

3.00485 

3.38794 

3.68252 

-1.0740(-8) 

3.3333(-9) 

-3.7513(40) 

2.1285(-8) 

2.3402(-9) 

-6.3761(40) 

2.0202(41) 

4.3712(40) 

-5.74640-10) 



2 1 2 

Table A2.25: 43D parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.11511 

0.11208 

0.69721 

0.86899 

0.87073 

1.32622 

1.22606 

1.14186 

1.01313 

0.89212 

1.16923 

1.44396 

2.52212 

2.84787 

3.37600 

4.15385 

4.00626 

5.37303 

1.98928 

3.00993 

4.03372 

4.99139 

5.92773 

6.98970 

7.90857 

8.71710 

9.87533 

2.01858 

3.17277 

3.97999 

5.15912 

6.17935 

7.12961 

8.24843 

9.10307 

10.05665 

-0.10020 

-0.11677 

-0.00156 

-0.13145 

-0.71065 

-0.30691 

-0.86100 

-0.82821 

-0.05319 

0.22848 

0.62835 

1.14034 

0.61771 

1.28620 

1.42015 

1.49352 

2.32332 

2.35571 

-4.56830-8) 

1.2514(-9) 

4.5067(4 1) 

3.8258(40) 

2.9342(40) 

-6.4040(40) 

-9.2847(41) 

-5.0586(41) 

-3.4488(40) 

Table A2.26: 5 'D parallelotope parameters and virial scaling coefficients. 

Z A, A, B, B2 G, G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.14893 

0.23055 

0.31278 

0.47616 

0.61372 

0.74951 

0.43109 

1.29365 

0.64061 

0.29346 

0.71707 

1.08509 

1.38289 

1.70560 

2.02949 

3.45883 

1.92322 

4.20450 

2.00121 

2.99301 

4.02130 

4.98927 

5.98516 

6.98140 

7.97850 

8.95834 

9.96902 

1.99503 

3.02205 

3.99755 

5.03237 

6.03662 

7.03957 

8.01072 

9.01739 

10.01677 

-0.09107 

-0.22549 

-0.00947 

-0.40697 

-0.50107 

-0.59457 

-0.01951 

-0.11723 

-0.02505 

0.57892 

0.74647 

0.89347 

1.35137 

1.61642 

1.88310 

1.53925 

3.34469 

2.10102 

9.5079(-9) 

5.8837(-8) 

2.6285(-9) 

1.19660-8) 

1.5218(-10) 

-7.17590-12) 

3.7140(-8) 

4.5075(-9) 

1.39l6(-8) 
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Table A2.27: 53D parallelotope parameters and virial scaling coefficients. 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

0.10700 

0.15085 

0.19271 

0.53680 

0.43404 

0.38214 

0.90624 

0.74465 

1.16389 

A2 

0.61704 

0.93544 

1.52914 

1.26787 

2.14653 

3.07221 

5.84066 

3.35694 

1.96497 

B, 

1.99939 

2.99887 

3.98381 

4.99318 

5.96492 

6.97549 

7.97849 

8.95824 

9.98722 

B2 

2.00131 

3.00088 

4.00816 

5.01356 

6.01855 

7.01236 

8.00466 

9.02310 

10.11214 

G, 

-0.10381 

-0.00922 

-0.01533 

-0.47511 

-0.01345 

-0.03401 

-0.40518 

-0.02641 

-0.28270 

G2 

0.19490 

0.52197 

0.47933 

1.48292 

1.10153 

0.93573 

0.20346 

1.61170 

2.96692 

1-7, 

-1.0542(-9) 

1.9802(-9) 

8.4452(-8) 

1.0996(-9) 

-1.09700-8) 

7.4335(-9) 

-1.29960-8) 

4.15940-10) 

-1.69630-12) 

Table A2.28: 6'D parallelotope parameters and virial scaling coefficients. 

z 

2 

3 

4 

5 

6 

7 

8 

9 

10 

A, 

0.15665 

0.23551 

0.30348 

0.50054 

0.34342 

0.59838 

0.98207 

0.81098 

1.24747 

A2 

0.28043 

0.40722 

1.18949 

1.29250 

1.60775 

2.25079 

2.30923 

2.91490 

1.77274 

B, 

2.00067 

2.99914 

3.99720 

4.99289 

5.99349 

6.99278 

7.99747 

8.99037 

9.99424 

B2 

1.99912 

3.00124 

3.99857 

5.01233 

6.00865 

6.99631 

7.99529 

8.99512 

9.97815 

G, 

-0.09503 

-0.03177 

-0.06725 

-0.13240 

0.00294 

-0.11157 

-0.32001 

-0.14587 

-0.56941 

G2 

0.35157 

0.77252 

0.50643 

0.70411 

0.92320 

0.94682 

1.24060 

1.23949 

3.11063 

1-7, 

-1.6217(4) 

-4.10550-8) 

4.0763(4) 

1.53130-9) 

2.1O280-7) 

4.584O0-9) 

-1.55440-7) 

4.3081 (-9) 

-1.92700-8) 
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Table A2.29: 63D parallelotope parameters and virial scaling coefficients. 

Z A, A2 B, B2 G. G2 1-T, 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0.15607 

0.17105 

0.12755 

0.30240 

0.48273 

0.79198 

1.02710 

0.80006 

1.29508 

0.27994 

0.46172 

2.28564 

1.75358 

1.85141 

1.70461 

1.48404 

2.86920 

2.10194 

2.00045 

3.00095 

4.01177 

5.00373 

5.99138 

6.99872 

7.99511 

8.98823 

10.00455 

1.99889 

2.99481 

3.98192 

5.00799 

6.01299 

6.99985 

8.00463 

9.01652 

9.99392 

-0.09386 

-0.08168 

0.03719 

-0.31105 

-0.34248 

-0.24273 

0.01452 

-0.51405 

-0.41783 

0.34611 

0.68962 

-0.00737 

0.50525 

0.67706 

1.50441 

1.72267 

1.01334 

2.09751 

-8.4563(-8) 

9.9847(-8) 

6.5384(-9) 

4.1838(-8) 

-1.1755(-9) 

-8.2917(-8) 

-1.4026(-9) 

-1.09400-8) 

9.98690-9) 



Appendix 3 

Table A3.1: Expectation values and quality checks for the l'S state. 

z 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

1.520( 2) 
3.936( 0) 
8.826(-l) 
3.284(-l) 
1.565(-1) 
8.646(-2) 
5.27O0-2) 
3.446(-2) 
2.3760-2) 
1.706(-2) 

<r4> 

1.29(3) 
7.95( 0) 
1.06(0) 
2.81(-1) 
1.04(4) 
4.71(4) 
2.43(4) 
1.38(-2) 
8.37(4) 
5.38(4) 

<u3> 

1.806(2) 
5.308(0) 
1.189(0) 
4.405(4) 
2.092(4) 
1.153(-1) 
7.014(4) 
4.579(-2) 
3.153(4) 
2.2630-2) 

<u4> 

1.59( 3) 
1.3O0 1) 
1.77(0) 
4.71(4) 
1.75(4) 
7.89(4) 
4.07(4) 
2.31(4) 
1.40(4) 
9.01(4) 

i-c« 

5.56(4) 
-2.83(-4) 
7.77(-4) 
1.28(4) 
2.23(4) 
8.83(-4) 
5.44(-5) 
4.730-4) 
4.14(-4) 
2.16(4) 

i-c„ 

4.97(-5) 
-4.2O0-5) 
-3.O10-5) 
4.13(-6) 

-1.670-6) 
-2.1O0-6) 
-7.O50-6) 
-2.630-6) 
-2.87(-5) 
-1.140-5) 

p ( 0 ) 

3.29105(-1) 
3.62087( 0) 
1.370410 1) 
3.43963( 1) 
6.951750 1) 
1.22887( 2) 
1.98325(2) 
2.99651(2) 
4.30686( 2) 
5.95246( 2) 

h(0) 

2.73931(4) 
1.06345(4) 
5.33733(-l) 
1.522930 0) 
3.31253(0) 
6.14110(0) 
1.02474( I) 
1.58703( I) 
2.32484( 1) 
3.26207( 1) 

AE(nEH) 

[4.7] 
[3.4] 
[3.1] 
[4.4] 
[6.0] 
[5.4] 
[3.8] 
[3.8] 
[6.5] 
[7.8] 

Ref. 

[2.10] 
[2.10] 
[2.34] 
[2.34] 
[2.34] 
[2.34] 
[2.34] 
[2.34] 
[2.34] 
[2.34] 

Table A3.2: Expectation values and quality checks for the 2'S state. 

z 
2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

2.161(2) 
3.344( 1) 
1.069( 1) 
4.684( 0) 
2.455( 0) 
1.443(0) 
9.1880-1) 
6.2O70-1) 
4.3880-1) 

<r4> 

1.65(3) 
1.36(2) 
2.95( 1) 
9.8O0 0) 
4.13(0) 
2.03( 0) 
1.11(0) 
6.590-1) 
445(4) 

<u3> 

2.240( 2) 
3.529( 1) 
1.138(1) 
5.017( 0) 
2.639( 0) 
1.555(0) 
9.923(-l) 
6.7140-1) 
4.7520-1) 

<u4> 

1.74( 3) 
1.47( 2) 
3.24( 1) 
1.09( 1) 
4.61( 0) 
2.280 0) 
1.250 0) 
7.44(-l) 
4.69(-l) 

1-CK 

1.18(4) 
9.01(4) 
9.83(-3) 
7.29(4) 
8.44(4) 
8.67(4) 
8.53(4) 
9.22(4) 
8.96(4) 

i-c„ 

6.47(-5) 
5.41(-5) 
4.54(-5) 
7.O50-5) 
3.33(-5) 
5.170-5) 
4.6O0-5) 
6.O40-6) 
2.780-6) 

p ( 0 ) 

2.61881(0) 
9.03746( 0) 
2.17220( I) 
4.28209( 1) 
7.44843( 1) 
1.18859(2) 
1.78094( 2) 
2.54342( 2) 
3.49746( 2) 

h{0) 

8.65438(-3) 
6.42866(-2) 
2.13981(-1) 
5.04914(-1) 
9.843090-1) 
1.699310 0) 
2.69703( 0) 
4.024730 0) 
5.729440 0) 

AE0nEH) 

[ 16.9] 
[ 13.2] 
[ 15.2] 
[ 15.3] 
[ H.9] 
[ 14.5] 
[ 14.1] 
[ 13.3] 
[ 14-8] 

Ref. 

[2.10] 
[2.35] 
[2.35] 
[2.35] 

• [2.35] 
[2.35] 
[2.35] 
[2.35] 
[2.35] 



Table A3.3: 

Z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

1.304(2) 
2.402( 1) 
8.371(0) 
3.862(0) 
2.093( 0) 
1.260(0) 
8.165(-1) 
5.591(-1) 
3.996(-l) 

Table A3.4: 

Z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

2.1850 2) 
2.777( 1) 
8.231(0) 
3.465( 0) 
1.770(0) 
1.022(0) 
6.429(4) 
4.301(4) 
3.017(4) 

Expectation values and quality < 

<r4> 

8.57( 2) 
8.80( 1) 
244(1) 
7.60( 0) 
3.35( 0) 
1.70(0) 
9.51(4) 
5.74(-l) 
3.66(-l) 

<u3> 

1.367(2) 
2.552( 1) 
8.941( 0) 
4.1380 0) 
2.246( 0) 
1.354(0) 
8.780(4) 
6.017(4) 
4.302(4) 

<u4> 

9.16(2) 
9.63( 1) 
2.37( 1) 
8.45( 0) 
3.74( 0) 
1.90(0) 
1.07(0) 
6.44(-l) 
4.12(-1) 

Expectation values and quality ( 

<r4> 

1.760 3) 
1.12(2) 
2.20( I) 
6.92( 0) 
2.82(0) 
1.35(0) 
7.29(4) 
4.26(4) 
2.65(4) 

<u3> 

2.259( 2) 
2.923( 1) 
8.731(0) 
3.690( 0) 
1.889( 0) 
1.093( 0) 
6.8760-1) 
4.603(4) 
3.230(4) 

<u4> 

1.84(3) 
1.20(2) 
2.41(1) 
7.65( 0) 
3.140O) 
1.51(0) 
8.17(-1) 
4.79(-l) 
2.99(-l) 

;hecks for the 23S state. 

1-Cee 

1.16(-3) 
5.070-3) 
5.110-3) 

-1.31(4) 
-7.57(-4) 
-4.04(4) 
-2.86(-4) 
-1.67(4) 
-3.32(-4) 

;hecks for the 

1-Cee 

1.31(4) 
8.17(4) 
6.620-3) 
2.11(4) 
1.24(4) 
5.26(4) 
7.96(-4) 
2.99(4) 
2.83(4) 

i-c„ 

-5.36(4) 
8.55(4) 

-4.67(4) 
1.59(4) 

-3.83(4) 
-3.94(4) 
5.49(4) 
3.81(4) 
3.45(4) 

2!P state. 

i-ccn 

-1.59(-5) 
-2.650-5) 
5.03(-5) 
5.70(-5) 
5.34(-5) 
4.41(-5) 
4.74(-5) 

-6.99(-6) 
-7.O70-6) 

p(0) 

2.64071 OO) 
9.127590 0) 
2.19259(1) 
4.3183901) 
7.50504( 1) 
1.196740 2) 
1.792030 2) 
2.557860 2) 
3.51571(2) 

p ( 0 ) 

2.54880( 0) 
8.61322( 0) 
2.042200 1) 
3.98846( 1) 
6.891O70 1) 
1.09410(2) 
1.632920 2) 
2.32471( 2) 
3.188490 2) 

h"(0) 

1.49081(4) 
2.42960(4) 
1.42358(-1) 
5.22933(-l) 
1.46605(0) 
3.44346( 0) 
7.13877(0) 
1.34851( 1) 
2.37O670 1) 

h(0) 

7.36242(-4) 
9.84257(-3) 
4.12843(4) 
1.10373(-1) 
2.32715(-1) 
4.24018(4) 
6.99848(-l) 
1.07609(0) 
1.56832(0) 

AE(nEH) 

[ 0.06] 
[-3.5, 1.1] 
[-9] 
[-1.1] 
[-2.2] 
[-1.3] 
[-1.5] 
[-1.5] 
[-1.6] 

AE(nE„) 

[6.3] 
[2 .3 , 2.8] 
[4.9,5.5] 
[8 .1 , 8.8] 
[ 8.0, 9.0] 
[-13.3,-12.2] 
[9.9, 11.1] 
[ 6.3, 7.7] 
[ 7.0, 8.5] 

Ref. 

[2.10] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

Ref. 

[2.11] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

ro 
ON 



Table A3.5: 

Z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

1.698(2) 
2.217( 1) 
6.848( 0) 
2.974( 0) 
1.555(0) 
9.135(-1) 
5.820(4) 
3.935(-l) 
2.784(-l) 

Table A3.6: 

Z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

2.5930 3) 
3.717(2) 
1.156(2) 
4.995( 1) 
2.596( 1) 
1.517( 1) 
9.623( 0) 
6.482( 0) 
4.571(0) 

Expectat 

<r4> 

1.28(3) 
8.37( 1) 
1.74(1) 
5.68( 0) 
2.38( 0) 
1.17(0) 
6.40(4) 
3.80(4) 
2.39(-l) 

ion values and quality checks for the 23P state. 

<u3> 

1.770(2) 
2.384( 1) 
7.485( 0) 
3.283( 0) 
1.7270 0) 
1.019(0) 
6.517(4) 
4.417(4) 
3.132(4) 

<u4> 

1.35(3) 
9.22( 1) 
1.96( 1) 
6.50( 0) 
2.75( 0) 
1.36( 0) 
7.48(-l) 
4.45(-l) 
2.81(-1) 

1-Cee 

2.690-2) 
2.11(4) 
2.18(4) 
1.26(4) 
2.81(4) 
2.95(4) 
1.90(-2) 
2.54(4) 
2.30(4) 

I'Cen 

2.96(-5) 
1.05(-6) 
1.20(-6) 
5.05(-5) 
5.93(-6) 
2.73(-6) 

4.2O0-5) 
2.22(-6) 

-5.120-6) 

Expectation values and quality checks for the 3'S state. 

<r4> 

4.230 4) 
3.16(3) 
6.65( 2) 
2.17(2) 
9.07( 1) 
4.43( 1) 
2.41( 1) 
1.43( 1) 
8.950 0) 

<u3> 

2.612(3) 
3.759( 2) 
-1.171(2) 
5.071( 1) 
2.638( 1) 
1.543( 1) 
9.791( 0) 
6.598( 0) 
4.6550 0) 

<u4> 

4.270 4) 
3.220 3) 
6.79( 2) 
2.22( 2) 
9.30( 1) 
4.55( 1) 
2.48( 1) 
1.46( 1) 
9.2O0 0) 

1-Cee 

2.90(4) 
3.71(4) 
1.80(4) 
2.26(4) 
2.18(4) 
2.21(4) 
2.21(4) 
1.80(4) 
1.55(4) 

1-Cc 

4.65(-6) 
5.77(-6) 
1.17(-5) 
1.26(-5) 
9.04(-6) 
7.53(-6) 
8.43(-6) 
2.34(-5) 

-2.27(-6) 

p(0) 

2.51770(0) 
8.47012( 0) 
2.00954( 1) 
3.93042( 1) 
6.80088( 1) 
1.08117(2) 
1.61540(2) 
2.30186(2) 
3.15967(2) 

p(0) 

2.56624( 0) 
8.71990(0) 
2.07600( 1) 
4.06669( 1) 
7.04218( 1) 
1.12005(2) 
1.67396(2) 
2.38577( 2) 
3.27532( 2) 

A"<0) 

4.121940-3) 
8.91323(4) 
5.62313(-1) 
2.13056(0) 
6.07397( 0) 
1.44090( 1) 
3.00596( 1) 
5.70502( 1) 
1.00629( 2) 

-h(O) 

2.43861(4) 
1.87987(4) 
6.28128(4) 
1.48165(4) 
2.88311(4) 
4.96805(4) 
7.87141(-1) 
1.17279(0) 
1.66730( 0) 

AE(nEH) 

[9.2] 
[2.8, 3.2] 
[ 3.6, 4.2] 
[ 5.2, 6.0] 
[5.4, 5.5] 
[5.4, 5.5] 
[5.3,5.4] 
[4.5,4.6] 
[ 4.8, 4.9] 

AE(nEH) 

[ 17.2] 
[-746,-290] 
[-3878,-3294] 
[-3574,-3501] 
[-3429,-3341] 
[-3369,-3266] 
[-3289,-3171] 
[-3235,-3102] 
[-3220,-3073] 

Ref. 

[2.H] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

Ref. 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

to 
^1 



Table A3.7: Expectation values and quality checks for the 33S state. 

Z <r3> <r4> <u3> <u4> 1-CCC 1-Cen p ( 0 ) h"(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.862(3) 
2.990( 2) 
9.846( 1) 
4.403( 1) 
2.339( 1) 
1.389( 1) 
8.910(0) 
6.055( 0) 
4.301(0) 

2.74( 4) 
2.37( 3) 
5.38( 2) 
1-84(2) 
7.91( 1) 
3.94( 1) 
2.18( 1) 
1.30( 1) 
8.25( 0) 

1.878(3) 
3.029( 2) 
9.994( 1) 
4.475( 1) 
2.379( 1) 
1.413( 1) 
9.072( 0) 
6.167(0) 
4.382( 0) 

2.77( 4) 
2.42( 3) 
5.51(2) 
1.88(2) 
8.11(1) 
4.05( 1) 
2.24( 1) 
1.34(1) 
8.49( 0) 

-1.37(4) 
8.28(4) 
1.02(4) 
5.22(4) 
4.18(4) 
3.86(4) 
1.93(4) 
5.08(-4) 
3.25(-4) 

1.380-5) 
1.26(-6) 
2.02(-6) 
3.O60-6) 
1.06(-6) 
3.150-6) 

-6.08(4) 
2.22(-6) 
1.34(-6) 

2.57010( 0) 
8.73770( 0) 
2.08016( 1) 
4.07422( 1) 
7.05404( 1) 
1.12177(2) 
1.67632(2) 
2.38885( 2) 
3.27919(2) 

4.12437(4) 
7.542960-3) 
4.64318(4) 
1.75297(-l) 
5.00096(4) 
1.18898(0) 
2.48683( 0) 
4.72962( 0) 
8.35921(0) 

[-0.67, 0.24] 
[-7.8,-3.3] 
[-15.5,-14.9] 
[-13.5,-12.7] 
[-12.7,-11.8] 
[-11.6,-10.5] 
[-11.1,-9.9] 
[-11.8,-10.5] 
[-11.2,-9.7] 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

Table A3 .8 : Expectation values and quality checks for the 3 'P state. 

Z < r 3 > < r 4 > <u 3 > <u 4 > 1-Cte l-CL.n p ( 0 ) h(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

2.905(3) 
3.649( 2) 
1.078( 2) 
4.531( 1) 
2.313( 1) 
1.336( 1) 
8.398(0) 
5.618(0) 
3.941(0) 

4.97( 4) 
3.13(3) 
6.15(2) 
1.94(2) 
7.90( 1) 
3.80( 1) 
2.05( 1) 
1.20( 1) 
7.46( 0) 

2.923( 3) 
3.690( 2) 
1.093(2) 
4.602( 1) 
2.352( 1) 
1.36O0 1) 
8.553( 0) 
5.725(0) 
4.018(0) 

5.O20 4) 
3.180 3) 
6.28(2) 
1.98(2) 
8.11(1) 
3 90( I) 
2.1O0 1) 
1.23( 1) 
7.690 0) 

2 J 9(4) 
2.04(4) 
1.80(4) 
1.53(4) 
1.36(4) 
1.36(4) 
1.35(4) 
1.94(4) 
1.13(4) 

2.69(-5) 
5.62(-6) 
8.O20-6) 

-4.33(-6) 
1.40(-5) 
1.220-5) 
1.13(-5) 

-3.430-6) 
-2.64(4) 

2.54722( 0) 
8.59894( 0) 
2.03820( 1) 
3.98O580 1) 
6.877930 1) 
1.09213(2) 
1.63017( 2) 
2.32103( 2) 
3.18380(2) 

2.52656(-4) 
3.342520-3) 
1.38446(4) 
3.66325(4) 
7.66036(4) 
1.386630-1) 
2.27704(4) 
3.48684(-l) 
5.06313(4) 

[ 4.4, 5.3] 
[-16.0,-11.6] 
[-6.1,-0.3] 
[ 2.3, 9.6] 
[6.0, 14.8] 
[ 5.7, 16.0] 
[3 .1 , 14.9] 
[ 12.1, 25.4] 
[ 14.3, 29.1] 

[2.8] 
[2-5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

to 
00 



Table A3.9: Expectation values and quality checks for the 33P state. 

Z <r 3 > <r 4> <u3> <u4> 1-Ce,. 1-Cen p ( 0 ) h"(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

2.4640 3) 
3.1640 2) 
9.6O90 1) 
4.123( 1) 
2.136( 1) 
1.247( 1) 
7.903( 0) 
5.322(0) 
3.753(0) 

4.01(4) 
2.60( 3) 
5.29( 2) 
1.71(2) 
7.12( 1) 
3.47( 1) 
1.890 1) 
1.11(1) 
7.00( 0) 

2.482( 3) 
3.204( 2) 
9.757( 1) 
4.193( 1) 
2.175( 1) 
1.271( 1) 
8.059( 0) 
5.430(0) 
3.831(0) 

4.06( 4) 
2.64( 3) 
5.41(2) 
1.75(2) 
7.31( 1) 
3.570 1) 
1.950 1) 
1.15(1) 
7.22( 0) 

2.01(4) 
4.44(4) 
4.98(4) 
5.12(4) 
4.97(4) 
5.22(4) 
5.68(4) 
5.74(4) 
5.32(4) 

2.90(-5) 
2.80(-5) 
3.34(-5) 
2.92(-5) 
2.67(-5) 
2.22(-5) 
2.08(-5) 
1.850-5) 
1.62(-5) 

2.53820( 0) 
8.56118(0) 
2.03000( 1) 
3.96649( 1) 
6.85658( 1) 
1.08913(2) 
1.62615(2) 
2.31583(2) 
3.17726(2) 

1.32288(4) 
2.79641(4) 
1.75887(-1) 
6.66995(-l) 
1.90336(0) 
4.52190( 0) 
9.44808( 0) 
1.79496( 1) 
3.169O50 1) 

[ 6.5, 7.4] 
[5.4, 5.8] 
[ 14.6, 15.2] 
[20.1, 20.9] 
[21.5, 22.4] 
[ 24.3, 25.3] 
[ 23.6, 24.8] 
[24.1, 25.4] 
[ 27.9, 29.4] 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

Table A3.10: Expectation values and quality checks for the 3'D state. 

Z <r 3 > <r4> <u3> <u4> 1-Cee 1-C™ p ( 0 ) h(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.694(3) 
2.1230 2) 
6.3O20 1) 
2.662( 1) 
1.3640 1) 
7.8960 0) 
4.9740 0) 
3.333(0) 
2.341(0) 

2.54( 4) 
1.59(3) 
3.14(2) 
9.96( 1) 
4.08( 1) 
1.97( 1) 
1.06(1) 
6.23( 0) 
3.89(0) 

1.710(3) 
2.157(2) 
6.427( 1) 
2.721( 1) 
1.397( 1) 
8.096( 0) 
5.1O50O) 
3.423( 0) 
2.406( 0) 

2.57( 4) 
1.63(3) 
3.23(2) 
1.03( 2) 
4.2?' 1) 
2.04( 1) 
1.10(1) 
6.48( 0) 
4.O50 0) 

6.02(4) 
4.18(4) 
3.32(4) 
3.48(4) 
3.54(4) 
6.21(4) 
5.58(4) 
2.01(4) 
2.89(4) 

4.03(-6) 
4.49(-6) 
8.84(-6) 
1.05(-5) 

-2.500-6) 
1.650-6) 
1.97(-6) 
7.21(-6) 

-5.60(-6) 

2.54619(0) 
8.59326( 0) 
2.03699( 1) 
3.97861( 1) 
6.87524( 1) 
1.09178(2) 
1.62973(2) 
2.32047( 2) 
3.18313(2) 

2.31535(-6) [ 0.91] 
5.72886(-5) 
3.10398(-4) 
9.58492(-4) 
2.216950-3) 
4.30505(4) 
7.45844(4) 
1.19084(4) 
1.78867(4) 

[2.12] 

to 
SO 



Table A3.11: Expectation values and quality checks for the 33D state. 

<r3> <r4> <uJ> <u4> 1-C 1-C„, p ( 0 ) h"{Q) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.692(3) 
2.117(2) 
6.28I( 1) 
2.653( 1) 
1.359( 1) 
7.871(0) 
4.959( 0) 
3.324( 0) 
2.335( 0) 

Table A3.12: 

z <r3> 

2.53( 4) 
1.58( 4) 
3.13(2) 
9.92( 1) 
4.07( 1) 
1.96( 0 
1.06( 1) 
6.21(0) 
3.88( 0) 

1.708( 3) 
2.151(2) 
6.406( 1) 
2.7120 1) 
1.392( 1) 
8.070( 0) 
5.089(0) 
3.413(0) 
2.399( 0) 

2.57( 4) 
1.62(3) 
3.22( 2) 
1.02(2) 
4.21( 1) 
2.03( 1) 
1.10(1) 
6.46( 0) 
4.04( 0) 

Expectation values and quality c 

<r4> <u3> <u4> 

1.01(4) 
4.44(4) 
4.09(4) 
3.99(4) 
9.78(4) 
1.84(4) 
2.03(4) 
3.29(4) 
2.68(4) 

2.76(-6) 
-8.99(4) 
1.62(-6) 

-4.49(4) 
3.83(4) 

-2.40(-6) 
-1.64(4) 
-8.67(4) 
-4.23(-6) 

;hecks for the 4'S state. 

1-Cee i-ccn 

2.54613(0) 
8.59245( 0) 
2.03669( 1) 
3.97796( 1) 
6.87400( 1) 
1.09158(2) 
1.62944(2) 
2.32008( 2) 
3.18259(2) 

p(0) 

1.04326(-5) 
5.00488(-4) 
4.44245(4) 
2.03312(4) 
6.52123(4) 
1.68052(-1) 
3.72445(-l) 
7.39814(-1) 
1.35389(0) 

h(Q) 

[0.7] 

AE(nE„) 

[2.12] 

Ref. 

3 
4 
5 
6 
7 
8 
9 

1.514(4) 
2.095( 3) 
6.433( 2) 
2.763(2) 
1.431(2) 
8.3410 1) 
5.281( 1) 
3.5520 1) 
2.503( 1) 

4.31(5) 
3.08( 4) 
6.38(3) 
2.07( 3) 
8.59(2) 
4.18(2) 
2.27(2) 
1.34(2) 
8.40( 1) 

1.518(4) 
2.103(3) 
6.461(2) 
2.777(2) 
1.438( 2) 
8.388( 1) 
5.311( 1) 
3.573( 1) 
2.518( 1) 

4.320 5) 
3.1O0 4) 
6.420 3) 
2.08( 3) 
8.66( 2) 
4.22(2) 
2.29( 2) 
1.35(2) 
8.48( 1) 

4.80(4) 
4.74(4) 
2.870-2) 
3.41(4) 
3.51(4) 
3.44(4) 
3.42(4) 
3.83(4) 
3.66(4) 

-7.150-6) 
-1.28(4) 
1.04(-6) 
5.69(-6) 
3.44(-6) 
1.86(-6) 
2.68(-6) 
1.50(-6) 

-6.14(-7) 

2.55453( 0) 
8.64636( 0) 
2.05334( 1) 
4.01554( 1) 
6.94524( 1) 
1.10363(2) 
1.64829(2) 
2.34789( 2) 
3.221830 2) 

1.00260(4) 
7.84242(4) 
2.62734(4) 
6.20042(4) 
1.20650(4) 
2.07849(4) 
3.29248(4) 
4.90540(4) 
6.97256(4) 

[ 16.0, 17.0] [2.8] 
[-583,-127] [2.5] 
[-8803,-8227] [2.5] 
[-8233,-7512] [2.5] 
[-8480,-7613] [2.5] 
[-8249,-7236] [2.5] 
[-8255,-7096] [2.5] 
[-7848,-6544] [2.5] 
[-7932,-6482] [2.5] 

to 
to o 



Table A3.13: 

Z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r2> 

1.184( 4) 
1.782(3) 
5.711(2) 
2.516(2) 
1.324(2) 
7.810( 1) 
4.988( 1) 
3.377( 1) 
2.392( 1) 

Table A3.14: 

Expectat 

<r4> 

3.11(5) 
2.49( 4) 
5.45( 3) 
1.83(3) 
7.75( 2) 
3.83(2) 
2.11(2) 
1.25(2) 
7.910 1) 

ion values and quality checks for the 43S state. 

<u3> 

1.1870 4) 
1.789(3) 
5.738( 2) 
2.529( 2) 
1.332( 2) 
7.856( 1) 
5.018( 1) 
3.398( 1) 
2.407( 1) 

<u4> 

3.13(5) 
2.50( 4) 
5.49(3) 
1.84(3) 
7.82(2) 
3.87(2) 
2.13(2) 
1.26(2) 
7.99( 1) 

Expectation values and quality < 

1-Cee 

1.89(4) 
2.25(4) 
1.01(4) 
1.11(4) 
1.33(4) 
9.72(4) 
8.70(4) 
2.68(4) 
9.32(4) 

1-Cen 

8.490.-6) 
4.830-7) 
5.01(-6) 
4.790-6) 
2.57(-6) 

-9.7O0-7) 
1.94(-6) 

-1.49(-6) 
1.650-6) 

;hecks for the 4'P state. 

p(0) 

2.55569( 0) 
8.65215(0) 
2.05473( 1) 
4.01810( 1) 
6.94929( 1) 
1.10423(2) 
1.64910(2) 
2.34895( 2) 
3.22316(2) 

h"(0) 

1.65921 (-4) 
3.17719(4) 
1.99356(4) 
7.61177(4) 
2.18699(4) 
5.22440(4) 
1.09659(0) 
2.09208( 0) 
3.70426( 0) 

AE(nEH) 

[-0.54, 0.37] 
[-13.2, 32.3] 
[-52.4,-46.6] 
[-50.5,-43.3] 
[-48.1,-39.4] 
[-43.5,-42.5] 
[-41.6,-40.5] 
[-41.2,-39.8] 
[-39.5,-38.1] 

Ref. 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2-5] 

z 
2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

1.711(4) 
2.145(3) 
6.336(2) 
2.666( 2) 
1.362( 2) 
7.868( 1) 
4.948( 1) 
3.312( 1) 
2.324( 1) 

<r4> 

5.O90 5) 
3.19(4) 
6.29( 3) 
1.98(3) 
8.09( 2) 
3.89(2) 
2.10(2) 
1.23(2) 
7.66( 1) 

<u3> 

1.714(4) 
2.152(3) 
6.364( 2) 
2.679( 2) 
1.369(2) 
7.914( 1) 
4.978( 1) 
3.332( 1) 
2.339( 1) 

<u4> 

5.11(5) 
3.21(4) 
6.33( 3) 
2.00( 3) 
8.16(2) 
3.93( 2) 
2.12(2) 
1.24(2) 
7.74( 1) 

1-Cee 

2.87(4) 
3.98(4) 
2.36(4) 
4.30(4) 
3.34(4) 
3.13(4) 
3.12(4) 
4.67(4) 
4.40(4) 

i-cen 

-1.280-6) 
1.560-7) 
2.83(-5) 

-5.240-6) 
4.86(-6) 
7.O80-6) 
1.240-5) 

-1.50(-5) 
-8.370-6) 

p(0) 

2.54682( 0) 
8.59611(0) 
2.03751( 1) 
3.97945( 1) 
6.87623( 1) 
1.09190(2) 
1.62985(2) 
2.32064( 2) 
3.18328(2) 

MO) 

l.U858(-4) 
1.47505(-3) 
6.06940(4) 
1.60194(4) 
3.33740(4) 
6.02646(4) 
9.87817(4) 
1.51110(4) 
2.191740-1) 

AE0nEH) 

[3.2,4.1] 
[-237,-194] 
[-255,-197] 
[-173,-101] 
[-213,-126] 
[-287,-186] 
[-280,-164] 
[-134,-3] 
[-159,-14] 

Ref. 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2-5] 
[2.5] 
[2.5] 
[2.5] 

to 
to 



Table A3.15: Expectation values and quality checks for the 43P state. 

<r3> < 2 4 > <u3> <u4> 1-C, 1-C, p ( 0 ) ^" (O) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.514(4) 
1.931(3) 
5.827( 2) 
2.488( 2) 
1.285(2) 
7.483( 1) 
4.735( 1) 
3.1840 1) 
2.243( 1) 

Table A3.16: 

z <r3> 

4.340 5) 
2.78( 4) 
5.630 3) 
1.81(3) 
7.50( 2) 
3.65( 2) 
1.98(2) 
1.17(2) 
7.31( 1) 

1.517(4) 
1.939( 3) 
5.854(2) 
2.502( 2) 
1.292(2) 
7.528( 1) 
4.765( 1) 
3.204( 1) 
2.258( 1) 

4.35( 5) 
2.80( 4) 
5.67( 3) 
1.83(3) 
7.56( 2) 
3.68( 2) 
2.00(2) 
1.18(2) 
7.38( 1) 

Expectation values and quality < 

<r4> <u3> <u4> 

5.17(4) 
6.20(4) 
5.82(4) 
4.75(4) 
6.03(4) 
6.09(4) 
6.15(4) 
6.87(4) 
6.23(4) 

-2.330-5) 
1.41(-5) 
9.49(-6) 
9.580-6) 
6.680-6) 
5.96(-6) 
5.33(-6) 
1.40(-5) 
4.470-6) 

checks for the 4'D state. 

1-QL i-Q„ 

2.54310( 0) 
8.58091(0) 
2.03430( 1) 
3.97391( 1) 
6.86795( 1) 
1.09074( 2) 
1.62831(2) 
2.31861(2) 
3.18078(2) 

p(0) 

5.66568(-4) 
1.19348(4) 
7.50842(4) 
2.84949(4) 
8.14570(4) 
1.93688(0) 
4.04974( 0) 
7.70008( 0) 
1.35994( 1) 

h(0) 

[ 19.0, 20.0] 
[-64.7,-60.4] 
[-44.6,48.8] 
[-34.3,-27.1] 
[-31.2,-22.5] 
[-31.6,-21.5] 
[-24.5,-12.9] 
[-20.9,-7.9] 
[-26.2,-11.7] 

AE(nE„) 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.306(4) 
1.635( 3) 
4.849(2) 
2.047(2) 
1.048( 2) 
6.069( I) 
3.822( 1) 
2.5610 1) 
1.7990 1) 

3.61(5) 
2.26( 4) 
4.47( 3) 
1.42(3) 
5.80( 2) 
2.80(2) 
1.51(2) 
8.86( 0 
5.53( 1) 

1.309(4) 
1.642(3) 
4.875(2) 
2.059(2) 
1.055( 2) 
6.110( 1) 
3.849( 1) 
2.580( 1) 
1.812( 1) 

3.63( 5) 
2.28( 4) 
4.51(3) 
1.43(3) 
5.86(2) 
2.83(2) 
1.530 2) 
8.96( 1) 
5.60( 1) 

5.99(4) 
8.41(4) 
3.98(4) 
5.55(4) 
4.11(4) 
3.42(4) 
3.84(4) 
3.79(4) 
3.76(4) 

1.09(-5) 
7.64(-6) 

-6.15(-6) 
8.52(-6) 
6.12(-6) 
9.51(-6) 
4.57(-6) 
4.30(-6) 
3.30(-6) 

2.54633( 0) 
8.59384( 0) 
2.03711( 1) 
3.97876( 1) 
6.87537( 1) 
1.09179(2) 
1.62974(2) 
2.32048( 2) 
3.18311(2) 

1.36470(-6) 
3.35037(-5) 
1.79035(-4) 
5.50604(-4) 
1.26805(4) 
2.45822(4) 
4.25133(4) 
6.77467(-3) 
1.01590(4) 

[1.7] [2.12] 



Table A3.17: 

z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<z3> 

i. 305(4) 
1.631(3) 
4.837( 2) 
2.042( 2) 
1.046( 2) 
6.054( 1) 
3.813( 1) 
2.555( 1) 
1.795( 1) 

Table A3.18: 

z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

5.936( 4) 
8.043( 3) 
2.452( 3) 
1.049( 3) 
5.421(2) 
3.156(2) 
1.996( 2) 
1.341(2) 
9.445( 1) 

Expectat 

<r4> 

3.61(5) 
2.26( 4) 
4.46( 3) 
1.410 3) 
5.79( 2) 
2.79( 2) 
1.51(2) 
8.84( 1) 
5.52( 1) 

ion values and quality checks for the 43D state. 

<u3> 

1.308( 4) 
1.638(3) 
4.862(2) 
2.054( 2) 
1.052( 2) 
6.095( 1) 
3.840( 1) 
2.574( 1) 
1.808( 1) 

<u4> 

3.62(5) 
2.27( 4) 
4.49( 3) 
1.42(3) 
5.84(2) 
2.82(2) 
1.52( 2) 
8.93( 1) 
5.58( 1) 

Expectation values and quality < 

<r4> 

2.62( 6) 
1.82(5) 
3.74( 4) 
1.21(4) 
5.00( 3) 
2.43( 3) 
1.32(3) 
7.77( 2) 
4.87( 2) 

<u3> 

5.941(4) 
8.055( 3) 
2.456( 3) 
1.052(3) 
5.433( 2) 
3.163(2) 
2.001(2) 
1.345(2) 
9.470( 1) 

<u4> 

2.63C 6) 
1.83(5) 
3.75(4) 
1.21(4) 
5.02( 3) 
2.44( 3) 
1.32(3) 
7.80(2) 
4.88( 2) 

1-C. 

7.20(4) 
8.29(4) 
2.38(4) 
8.59(4) 
4.95(4) 
2.72(4) 
3.98(4) 
4.24(4) 
5.45(4) 

i-ccn 

9.82(-6) 
-9.03(4) 
1.06(-5) 
2.73(-6) 
5.600-6) 
8.43(-6) 
4.97(-6) 
1.79(-6) 
6.69(-6) 

;hecks for the 5'S state. 

1-Cee 

4.14(4) 
5.07(4) 
6.84(4) 
7.50(4) 
4.95(4) 
7.06(4) 
8.27(4) 
6.82(4) 
8.38(-2) 

i-Cm 

9.19(-6) 
9.00(-6) 

-9.51 (-6) 
-5.20(-6) 
2.32(-6) 
7.80(4) 

-5.86(-6) 
1.71 (-6) 

-5.18(-6) 

p(0) 

2.54630( 0) 
8.59343( 0) 
2.03693( 1) 
3.97841( 1) 
6.87472( 1) 
1.09169(2) 
1.62959(2) 
2.32027( 2) 
3.18282(2) 

p(0) 

2.55049( 0) 
8.62064( 0) 
2.04540( 1) 
3.99754( 1) 
6.91100( 1) 
1.09783(2) 
1.63921(2) 
2.33446( 2) 
3.20287( 2) 

h"(0) 

6.14574(-6) 
2.93917(-4) 
2.57688(4) 
1.17889(4) 
3.76617(4) 
9.66915(4) 
2.14046(4) 
4.24598(-l) 
7.75811(-1) 

h(0) 

5.041970-4) 
3.98344(-3) 
1.33970(4) 
3.16240(4) 
6.14699(4) 
1.05985 (-1) 
1.67930(-l) 
2.50056(4) 
3.555450-1) 

AE(nEH) 

[1.3] 

AE(nEH) 

[ 20.2] 

Ref. 

[2.12] 

Ref. 

P.8] 
[-814,-358] p.5] 
[-13008, 
[-13229, 
[-12940, 
[-12888, 
[-12232, 
[-12112, 
[-12796, 

-12436] p.5] 
-12513] [2.5] 
-12080] p.5] 
-11884] p.5] 
-11083] p.5] 
-10819] p.5] 
-11359] p.5] 

to 
to 



Table A3.19: Expectation values and quality checks for the 53S state. 

z 
2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

4.8820 4) 
7.072( 3) 
2.230( 3) 
9.74O0 2) 
5.097( 2) 
2.995( 2) 
1.9070 2) 
1.289(2) 
9.111( 1) 

Table A3.20: 

<r4> 

2.02( 6) 
1.54(5) 
3.30( 4) 
1.09(4) 
4.61(3) 
2.27( 3) 
1.24( 3) 
7.36(2) 
4.64( 2) 

<u3> 

4.887(4) 
7.083( 3) 
2.235(3) 
9.761(2) 
5.109(2) 
3.002( 2) 
1.912(2) 
1.292( 2) 
9.135( 1) 

<u4> 

2.03( 6) 
1.54(5) 
3.31(4) 
1.10(4) 
4.63( 3) 
2.28( 3) 
1.25(3) 
7.39( 2) 
4.66( 2) 

Expectation values and quality c 

1-Cee 

2.91(4) 
2.44(4) 
8.97(-3) 
2.38(4) 
2.31(4) 
5.30(4) 
2.50(4) 
2.35(4) 
2.38(4) 

1-Cen 

8.49(-6) 
1.38(-6) 
4.26(-6) 
3.02(-6) 
2.57(-6) 
1.16(-6) 
1.47(-6) 
1.96(-6) 
1.13(-6) 

checks for the 5'P state. 

p(0) 

2.55099( 0) 
8.62317(0) 
2.04600( 1) 
3.99866( 1) 
6.91282( 1) 
1.09810(2) 
1.63957(2) 
2.33494( 2) 
3.20347( 2) 

h"{Q) 

8.21772(-5) 
1.61409(4) 
1.02348(4) 
3.93315(4) 
1.13424(-1) 
2.71559(-1) 
5.71424(-1) 
1.09128(0) 
1.93513(0) 

AE(nEH) 

[ 0.86] 
[-128, 328] 
[-75.6,-75.1] 
[-79.1,-78.3] 
[-80.2,-79.3] 
[-80.2,-79.2] 
[-80.4,-79.2] 
[-80.8,-79.5] 
[-80.7,-79.3] 

Ref. 

[2.8] 
[2.5] 
[2.5] 
[2.5J 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

z 
2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

6.658( 4) 
8.340( 3) 
2.465( 3) 
1.038(3) 
5.304(2) 
3.065( 2) 
1.928(2) 
1.291(2) 
9.059( 1) 

<r4> 

3.06( 6) 
1.92(5) 
3.781(4) 
1.19(4) 
4.87( 3) 
2.35( 3) 
1.27(3) 
7.41(2) 
4.62( 2) 

<u3> 

6.664(4) 
8.352(3) 
2.47O0 3) 
1.040(3) 
5.3160 2) 
3.073( 2) 
1.933(2) 
1.294(2) 
9.083( 1) 

<u4> 

3.07( 6) 
1.92(5) 
3.79(4) 
1.200 4) 
4.89( 3) 
2.36( 3) 
1.27(3) 
7.43(2) 
4.64(2) 

1-Cee 

4.05(4) 
3.68(4) 
3.83(4) 
4.27(4) 
445(4) 
4.41(4) 
4.47(4) 
4.52(4) 
4.57(4) 

1-Cen 

-3.62(4) 
1.OO0.-5) 
1.22(-5) 
4.12(-6) 
2.72(-6) 
2.07(-6) 
1.74(-6) 
1.56(-6) 
1.460-6) 

p ( 0 ) 

2.54665( 0) 
8.595180 0) 
2.03734( 1) 
3.97912( 1) 
6.87582( 1) 
1.091840 2) 
1.62979(2) 
2.320530 2) 
3.18316(2) 

h(0) 

5.86593(-5) 
7.69928(-4) 
3.16500(4) 
8.32709(4) 
1.73353(4) 
3.12708(4) 
5.12131(4) 
7.82415(4) 
1.13435(4) 

AE(nEH) 

[4.8] 
[-261,-219] 
[-158,-101] 
[-192,-120] 
[-216,-130] 
[-144,-134] 
[-141,-129] 
[-137,-124] 
[-140,-126] 

Ref. 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

to 
to 



Table A3.21: 

Z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

6.0400 4) 
7.6750 3) 
2.307( 3) 
9.8280 2) 
5.066( 2) 
2.946(2) 
1.863(2) 
1.251(2) 
8.810( 1) 

Table A3.22: 

Z 

2 
3 
4 
5 
6 
7 
8 
9 
10 

<r3> 

5.633(4) 
7.049( 3) 
2.090( 3) 
8.821(2) 
4.518(2) 
2.615(2) 
3.647(2) 
1.103(2) 
7.749( 1) 

Expectation values and quality checks for the 53P state. 

<JT4> 

2.69( 6) 
1.72(5) 
3.46( 4) 
1.11(4) 
4.59( 3) 
2.23(3) 
1.21(3) 
7.11(2) 
4.45( 2) 

<u3> 

6.045( 4) 
7.687( 3) 
2.312(3) 
9.849(2) 
5.078( 2) 
2.954( 2) 
1.867(2) 
1.255(2) 
8.834( 1) 

<u4> 

2.70( 6) 
1.72(5) 
3.47( 4) 
1.11(4) 
4.60( 3) 
2.24( 3) 
1.21(3) 
7.14(2) 
4.47( 2) 

1-Cee 

7.33(4) 
7.97(4) 
9.21(4) 
9.35(4) 
9.52(4) 
7.03(4) 
7.05(4) 
7.00(4) 
1.02(4) 

1-Cen 

9.21 (-6) 
6.55(-6) 
1.77(-6) 
1.36(-6) 
1.110-6) 

4.470-6) 
-2.06(-6) 
4.810-6) 
5.65(-6) 

Expectation values and quality checks for the 5'D state. 

<r4> 

2.47( 6) 
1.55(5) 
3.06( 4) 
9.69( 3) 
3.97( 3) 
1.91(3) 
1.03( 3) 
6.06( 2) 
3.78( 2) 

<u3> 

5.638( 4) 
7.060( 3) 
2.094( 3) 
8.842(2) 
4.529( 2) 
2.622( 2) 
1.651(2) 
1.106(2) 
7.772( 1) 

< u 4 > 

2.48( 6) 
1.55(5) 
3.07( 4) 
9.72( 3) 
3.98( 3) 
1.92( 3) 
1.04( 3) 
6.08( 2) 
3.80(2) 

1-Cee 

7.51(4) 
1.24(4) 
2.00(4) 
2.67(4) 
9.87(4) 
9.78(4) 
8.30(4) 
1.60(4) 
8.79(4) 

1-Cen 

1.83(-5) 
-9.34(-6) 
4.47(-6) 
8.45(-6) 

-7.880-6) 
-5.92(-6) 
4.O20-6) 
2.690-6) 
1.57(-6) 

P(0) 

2.54475( 0) 
8.58764( 0) 
2.03575( 1) 
3.97641( 1) 
6.87174( 1) 
1.09127(2) 
1.62904(2) 
2.31956(2) 
3.18193(2) 

p ( 0 ) 

2.54637( 0) 
8.59416(0) 
2.03713( 1) 
3.97880( 1) 
6.87548( 1) 
1.09180(2) 
1.62974(2) 
2.32048( 2) 
3.18311(2) 

h"(o) 

2.93218(4) 
6.13437(4) 
3.86445(4) 
1.46829(4) 
4.19719(4) 
9.97715(4) 
2.08692( 0) 
3.96820( 0) 
7.01724(0) 

h(0) 

7.99492(4) 
1.954120-5) 
1.02958(-4) 
3.159620-4) 
7.317O60-4) 
1.41653(4) 
2.44227(4) 
3.87656(-3) 
5.82804(4) 

AE(nEH) 

[ 10.5] 
[-42.3,48.0] 
[43.4,-17.7] 
[-16.5,-9.4] 
[-14.4,-5.8] 
[-9.8, 0.2] 
[-3.3, 8.2] 
[-3.8,9.1] 
[-2.6, 11.8] 

AE(nEH) 

[6 .5] 

Ref. 

[2.8] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 
[2.5] 

Ref. 

[2.12] 

to 
to 



Table A3.23: Expectation values and quality checks for the 53D state. 

<r3> <r4> < i r <u4> 1-C 1-C, p ( 0 ) h"(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 

5.628(4) 
7.036( 3) 
2.086( 3) 
8.802( 2) 
4.508( 2) 
2.610(2) 
1.644(2) 
1.101(2) 
7.736( 1) 

2.47( 6 
1.54(5 
3.05(4 
9.66(3 
3.96(3 
1.91(3 
1.03(3 
6.04(2 
3.77(2 

5.633( 4) 
7.047( 3) 
2.090( 3) 
8.822(2) 
4.519( 2) 
2.616(2) 
1.648(2) 
1.104(2) 
7.758( 1) 

2.47( 6) 
1.55(5) 
3.06( 4) 
9.69( 3) 
3.97( 3) 
1.92(3) 
1.04(3) 
6.07( 2) 
3.79( 2) 

8.94(4) 
8.42(4) 
1.07(-1) 
5.05(4) 
8.82(4) 
1.00(4) 
7.13(4) 
9.01(4) 
2.07(4) 

1.01(-5) 
44(-5) 
87(4) 
20(-6) 
380-6) 
30(-6) 
33(-6) 

5.92(-6) 
2.240-6) 

2.54638( 0) 
8.59377( 0) 
2.03705( 1) 
3.97860(1) 
6.875O30 1) 
1.09174(2) 
1.62965(2) 
2.32035( 2) 
3.18295(2) 

3.60412(-6) 
1.702720-4) 
1.50023(4) 
6.79011(4) 
2.17495(4) 
5.58172(4) 
1.23213(4) 
2.44524(4) 
4.45447(4) 

[4.6] [2.12] 

Table A3.24: Expectation values and quality checks for the 6'S state. 

<r3> <r4> <u3> <u4> 1-C 1-C,.n p ( 0 ) h(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.808(5) 
2.417(4) 
7.331(3) 
3.130(3) 
1.615(3) 
9.390( 2) 
5.935( 2) 
3.987( 2) 
2.806(2) 

1.15(7) 
7.84(5) 
1.60(5) 
5.14(4) 
2.13(4) 
1.03(4) 
5.60( 3) 
3.29(3) 
2.06( 3) 

1.809(5) 
2.418(4) 
7.338( 3) 
3.134(3) 
1.616(3) 
9.401(2) 
5.942( 2) 
3.991(2) 
2.809(2) 

1.15(7) 
7.85( 5) 
1.60(5) 
5.15(4) 
2.13(4) 
1.03(4) 
5.61(3) 
3.30(3) 
2.07( 3) 

5.05(4) 
8.94(4) 
9.45(4) 
9.43(4) 
9.70(4) 
9.60(4) 
9.67(4) 
9.94(4) 
1.02(4) 

-4.81(4) 
4.05(-6) 
4.49(-6) 
1.00(-5) 

-6.89(-6) 
8.26(-6) 
7.520-6) 

-2.630-6) 
4.47(-6) 

2.548780 0) 
8.60945(0) 
2.04189( 1) 
3.98960( 1) 
6.89604( 1) 
1.09528(2) 
1.63520(2) 
2.32857( 2) 
3.19450(2) 

2.88601 (-4) 
2.29870(4) 
7.73143(4) 
1.82501(4) 
3.55162(4) 
6.11822(4) 
9.69123(4) 
1.44370(4) 
2.05221(4) 

[ 12.9, 13.8] [2.8] 

to to 
as 



Table A3.25: Expectation values and quality checks for the 63S state. 

<rJ> <r4> <u3> <u4> 1-C, 1-C P ( 0 ) h"(o) AE(nE„) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.538(5) 
2.172(4) 
6.777( 3) 
2.942( 3) 
1.534(3) 
8.991( 2) 
5.715(2) 
3.856(2) 
2.723( 2) 

9.26( 6) 
6.80( 5) 
1.44(5) 
4.73(4) 
1.99(4) 
9.74( 3) 
5.322( 3) 
3.149(3) 
1.981(3) 

1.538(5) 
2.173(4) 
6.783( 3) 
2.945( 3) 
1.536(3) 
9.002( 2) 
5.722( 2) 
3.861(2) 
2.727( 2) 

9.27( 6) 
6.81(5) 
1.44(5) 
4.74( 4) 
1.99(4) 
9.76( 3) 
5.33(3) 
3.16(3) 
1.98( 3) 

4.250-2) 
4.39(4) 
4.69(4) 
4.92(4) 
3.23(4) 
3.76(4) 
3.51(4) 
3.74(4) 
3.78(4) 

-3.530-6) 
-1.68(4) 
1.59(4) 
4.40(4) 
1.49(4) 
2.58(-6) 
3.310-6) 
1.880-6) 
2.150-6) 

2.549O20 0) 
8.61O750 0) 
2.O42220 1) 
3.99O220 1) 
6.89694( 1) 
1.09542(2) 
1.63539(2) 
2.32880( 2) 
3.19483(2) 

4.65562(-5) 
9.28145(-4) 
5.929230-3) 
2.285340-2) 
6.60043(4) 
1.583840-1) 
3.33441(4) 
6.37420(4) 
1.13109(0) 

[ 0.49, 0.58] [2.8] 

Table A3.26: Expectation values and quality checks for the 6'P state. 

<r3> <r4> <u3> <u4> 1-C 1-C, p ( 0 ) h(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

2.009( 5) 
2.515(4) 
7.436( 3) 
3.131(3) 
1.601(3) 
9.254( 2) 
5.823( 2) 
3.898( 2) 
2.736( 2) 

1.32(7) 
8.29( 5) 
1.63(5) 
5.15(4) 
2.11(4) 
1.01(4) 
5.47( 3) 
3.200 3) 
2.00( 3) 

2.0090 5) 
2.5170 4) 
7.443( 3) 
3.1340 3) 
1.603(3) 
9.265( 2) 
5.830(2) 
3.903( 2) 
2.740( 2) 

1.32(7) 
8.29( 5) 
1.63(5) 
5.16(4) 
2.11(4) 
1.02(4) 
5.48( 3) 
3.21(3) 
2.00( 3) 

7.69(4) 
5.22(4) 
4.95(4) 
5.08(4) 
5.17(4) 
5.17(4) 
5.21(4) 
5.25(4) 
5.28(4) 

2.11(4) 
1.340-5) 

-1.120-6) 
2.6O0-7) 
2.920-5) 
1.O70-6) 
I.O80-6) 
8.550-7) 
8.740-7) 

2.54659( 0) 
8.594760 0) 
2.O37280 1) 
3.97901( 1) 
6.875490 1) 
1.09182(2) 
1.62977(2) 
2.32051(2) 
3.18313(2) 

3.46125(-5) 
4.51152(-4) 
1.850510-3) 
4.86156(4) 
1.01121(4) 
1.82281(4) 
2.98376(4) 
4.55665(4) 
6.60414(4) 

[ 9.0, 9.9] [2.8] 

to 
to 
-J 



Table A3.27: Expectation values and quality checks for the 63P state. 

<rJ> <r4> <uJ> <u4> 1-C p ( 0 ) h"(0) AE(nE„) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.852(5) 
2.347( 4) 
7.039( 3) 
2.994( 3) 
1.541(3) 
8.957( 2) 
5.658( 2) 
3.800(2) 
2.674( 2) 

1.19(7) 
7.56( 5) 
1.52(5) 
4.85( 4) 
2.00( 4) 
9.71(3) 
5.26( 3) 
3.10(3) 
1.93(3) 

1.853(5) 
2.349( 4) 
7.046( 3) 
2.997( 3) 
1.543( 3) 
8.967( 2) 
5.665(2) 
3.805( 2) 
2.677( 2) 

1.19(7) 
7.57( 5) 
1.52(5) 
4.86(4) 
2.00( 4) 
9.73( 3) 
5.27( 3) 
3.10(3) 
1.94(3) 

9.06(4 
8.58(4 
9.74(4 
7.89(4 
1.07(-1 
1.08(-1 
8.97(4 
8.33(4 
1.00(4 

7.54(-6) 
-9.79(-6) 
4.93(-6) 
3.69(4) 

-1.43(-6) 
-1.16(-6) 
2.45(-6) 
2.70(4) 
1.33(-6) 

2.54549( 0) 
8.59062( 0) 
2.03636( 1) 
3.97747( 1) 
6.87336( 1) 
1.09150(2) 
1.62934(2) 
2.31995(2) 
3.18243(2) 

1.70292(-4) 
3.55460(4) 
2.24027(4) 
8.50631(4) 
2.43584(-l) 
5.796O70-1) 
1.21183(0) 
2.30435( 0) 
4.07473( 0) 

[ 12.7, 13.7] [2.8] 

Table A3.28: Expectation values and quality checks for the 6'D state. 

<rJ> <r4> <u3> <u4> 1-C 1-C p(0) h(0) AE(nEH) Ref. 

2 
3 
4 
5 
6 
7 
8 
9 
10 

1.790(5) 
2.239( 4) 
6.638( 3) 
2.801(3) 
1.435(3) 
8.303( 2) 
5.229( 2) 
3.503( 2) 
2.460(2) 

1.14(7) 
7.13(5) 
1.41(5) 
4.46( 4) 
1.83(4) 
8.82( 3) 
4.76( 3) 
2.79( 3) 
1.74(3) 

1.790(5) 
2.241(4) 
6.644( 3) 
2.804(3) 
1.436(3) 
8.313(2) 
5.236(2) 
3.508( 2) 
2.464( 2) 

1.14(7) 
7.14(5) 
1.41(5) 
4.47( 4) 
1.83(4) 
8.84(3) 
4.77( 3) 
2.80(3) 
1.75(3) 

1.160-1) 
8.92(4) 
1.30(4) 
2.02(4) 
1.71(4) 
1.30(4) 
7.10(4) 
1.30(-1) 
4.03(4) 

-1.130-5) 
1.53(-5) 
1.53(-5) 

-9.90(4) 
-9.67(4) 
1.01 (-5) 
4.13(-6) 
7.980-6) 
4.22(-6) 

2.54647( 0) 
8.59410(0) 
2.03714( 1) 
3.97886( 1) 
6.87548( 1) 
1.09179(2) 
1.62974(2) 
2.32047( 2) 
3.18309(2) 

5.03401(4) 
1.19479(-5) 
6.428350-5) 
1.981110-4) 
4.523480-4) 
8.70546(-4) 
1.49632(-3) 
2.388920-3) 
3.56093(4) 

[ 14.9] [2.12] 

to 
to 
oo 



Table A3.29: Expectation values and quality checks for the 63D state 

Z <r3> <r4> <u3> <u4> 1-C 1-C, 

o 

3 
4 
5 
6 
7 
8 
9 
10 

1.788(5) 
2.235( 4) 
6.626( 3) 
2.796( 3) 
1.432( 3) 
8.289( 2) 
5.221(2) 
3.498( 2) 
2.457( 2) 

1.14(7) 
7.12(5) 
1.41(5) 
4.45( 4) 
1.82(4) 
8.80( 3) 
4.75( 3) 
2.790 3) 
1.740 3) 

1.789(5) 
2.237( 4) 
6.632( 3) 
2.799( 3) 
1.434(3) 
8.299( 2) 
5.227( 2) 
3.503( 2) 
2.460( 2) 

1-14(7) 
7.13(5) 
1.41(5) 
4.46( 4) 
1.83(4) 
8.82(3) 
4.76( 3) 
2.79(3) 
1.74(3) 

5.26(4) 
1.72(-1) 
1.66(-1) 
7.14(4) 
1.66(-1) 
6.520-2) 
7.870-2) 
1.60(4) 
1.44(4) 

-1.00(-5) 
2.36(-5) 

-5.470-6) 
8.150-6) 
4.29(-6) 

-3.73(-8) 
-6.25(4) 
3.61(-6) 

-4.22(-6) 

p(0) h"(0) AE(nE„) Ref. 

2.54645( 0) 
8.59390( 0) 
2.O37120 1) 
3.9787O0 1) 
6.87522(1) 
1.09177(2) 
1.62970(2) 
2.32040( 2) 
3.18302(2) 

2.21569(-6) 
1.05854(-4) 
9.28780(-4) 
4.18225(4) 
1.34215(4) 
3.41943(4) 
7.56315(4) 
1.50398(-1) 
2.74046(-l) 

NO 



Appendix 4 

Formulae for the charge density and intracule function 

Formulae for the charge density p (r) and intracule function h (u) for the S and 

P states have been previously published. Thus only the D states will be considered here. 

For the wavefunction products required in the derivation of the p(.r) and Mi/) 

formulae, the D state wavefunctions are expressed in the form: 

ty = E c ' t(1±A2) r22exP("a/i)exP("P/2)exP("Y/,2) y^(a2)Y^(Qx) 
k 
M 

+ z3]£>/(l±P12)rlr2exp(-a,r1)exp(-p/r2)exp(-Y<r12)y(l,2) 
/=! 

and 

* "=E Cm(l±P12)r2exp(-amr1)exp(-Pm/-2)exp(-7^,2)^(02)1^(0,) 
m 
M 

+ E Dn0- ±Pt2)
ri r2exP(-«/i)exp(-P/2)exp(-Y/I2)K(l,2) 

n=l 

where 
7(1,2) =2Y?(Q1)Y?(Q2) +Y\(QX)Y~X

](Q2) +Y-,(fll)Y|0Q2) 

Thus, summations over kand m, 1 and n, and k and 1, result from the products of sd-sd, 

pp-pp, and sd-pp type terms, respectively. The charge density and intracule function are 

expressed in terms of 

230 
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TV U ^ 1 ['ar\~brl~Cr 

T{a,b,cjc) = —le 
32n2x2j 

(b2-c2f[ 
ce'bx+be~cx + 

nb(rx-x)dfxdr2 

4bc 

(b2-c2)x 
(e-"x-e-cx) 

and its derivatives 

T(a,b,cs)i 
4) 
db) i. & 

T(a,b,cj) 

T(a,b, c,x) and its derivatives become numerically unstable when | £ - c | is small. 

Alternative formulae are derived by extracting e'bx from the expressions and expanding 

the resulting expressions in (b-c)x. These alternate expressions, used when 

\b - c\ < 0 . 3 , are infinite series but converge rapidly Computationally, the series are 

summed until the last term added is less than 1030 times the total. 

For convenience, the following notation has been introduced: 

fan In ki 

a, =<x,+a . a, =a, + cc . a, =cc,+<x, 
" 1 "Jfc m ' 1 / n> " 1 k I 

*f=p*+pm> *!"=P,+P,,> *f=p*+P/ 
km n In n ki n 

a2 = a t+Pm- °2 =«/+P«' °2 = a* + P/ 

b2V" = ^k + am' bl=$l + a-n> b2=Pk + al 

skm=yi+ym> g'^vi+y,, S ^ Y . + Y , 

The permutation operators P^, P 0 J P J , Panpn, have also been introduced along with the 

Kronecker deltas 5 t m , 8 km' vln-



The charge density is given by 

2 3 2 

P«=^- E ^J^-bJiUPJ 
onk,m,mik 

+A**Ha7J>TJm*) + 4T40(br,a?4>
kms) 

±3x*T(a?',b2™£
k°>s) ± ITJ&Jbfj"*) 

,*"• „km L*"1 *>" „bn uhn 

±3TJ.aT^,b2rx) * 6x2T20(aT^,bT^) 

^T^jf^jt) ± 2x2T20(a2™,bk
2

m<8kms) 

M 

20* A ~ , 
E W - a j o i t ^ a ^ ) 

+18x2rjaj,XsV) + x4T(a 
+T40(ax,b[n,g'nrx) 

-2x%0{aW»,b";j) 

TJa 

n ,ln in •. 

A #'"*) 

g A ,*) 
A g"\x) 

N M 

\f5~Tlk= 
EE^i^,P; 

i /=i 

+x47tfl"^V) + r40(ftfVf,gV) 

+x2r20(«f,fcf^^) + *X(*WV**) 
^ „ « J.W w „ w „ « •̂ rjoCar̂ frr.*) - ^(^r^r^v) 
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The intracule density is given by 

N 

A(")=-ri- E c^jz-bjiupj 
1 0 7 1 k.m.nnk 

.fan „*»» ,km 4'jY„km L*"1 „km 
+%Tig<*fFJb™ji) ± 3u"T{g'an,b2,a2,u) 

±6TJgb'**jt,#) * \2u2T2^^,bf,u) 

±2r220jfa",62
fa",af,M) 

M 

*±Xd^2-^up^liP^) 
l,n,ns.l 

Jn J* uln *Tf„ln Jn l > +i4722te
i>;>;» + «47Tgvr.*» 

,'/» J" uln In J* ,ln 
2u%0(g'\a?„b\n,u) + ITJgrtftf*) 

N M +*fEE^^V 
/ 5 K * = I /=I 

+r40(gVf,*f,«) + r22ojw,6f,af,M) 

-«2r20(g
w,af,6f,w) 

Formulae for the partial densities and intracules of the S, P and D states have also 

been derived. The partial charge density is given by 

p(Xj);) = _ J _ ^ r T - r 6 ( r i - x ) 8 ( r 2 - y ) + 8(r2-x)6(r1-y)lTrfr1cfr2 
1 6 7 r 2 j c 2 y 2 j J 

and the partial intracule is given by 

h(x,u) = f—-[V'\b(rx-x)b(ru-u) + b(r2-x)b(rx2-u)]ydrldr2 

16K~X2U2J L J 



p (x,y) and h (x, u) are expressed in terms of the function 
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S(a,b,cj,y) = —— f, 
2 5 6 n V y 2 j 

ei-arx -br2-crn) ^ ^ fi(^ _ y ^ ^ 

32 TIC2 
[c \x-y\ g-cl-v">'l -c(jc+y)e~c<j:4-v) +e"cljr-^l -«-««*->)] 

and its derivatives 

ay 
8c 

S,,(<iAw)=| — S(a,b,cjc,y) 

and the abbreviations previously introduced for p (x) and Mu) 

For the S states: 

N 

,v k,m,mzk 

h(x,u)^ £ Ctcin(2-8J(l±P )(l±/>ap)[5(«fVmXV,M) 
"• k,m,mik 

For the P states: 

""• kjnjnik 

+x2S(a?tf\g^*,yWS(b*\ak
x
m^y) 

±(x2
+y

2)S(a2™,b2™,gk"s,y)*S2(a2™,b2
vnj>kms,y) 

h(x,u)=±- £ ^ ( 2 - 6 ^ ( 1 ^ ) 
'+x2S(aT^J>T^) +S2(b

k
x
mj>km,a?s,u) 

±(x2~u2)S(akm,gk",,bz
3n^u)±S2(a;n^,b^tx,u) 



the D states: 

2 

pfcrt-i E V.C-fiJCl+PJ 4rc kjnjnsk 

+4x4S(ar,br^s,y)+4y*S(br,akm£kms) 

±(3x4
+2x2y2

+3y4)S(a2
w',b^^km^y) 

km L*™ „*ro *6(x2+y2)S2(a2 ,fc2 ,gto,x,)0 

±3S4(a2
bnA*m,gfaV,>*) 

Af 

10K E rfA(2-»fcKi*^a±^1Ip.) 
I,n,nzt 

+(x4+14x2y2+y4)S(a[n,b[nglns,y) 

+2(x2
+y2)S2(a^b[n,gl"s,y)+S4(a[n,b'x

nglns,y) 

N U 

EE#^ 
\[5%k=\ M 

-A<«"*iV^O*)-A<^iV.*oO 
u *> „ « . 

+(x4
+xy)5(z>r,ar,g*U)') 



2 3 6 

N 

A(x,M)=J- £ c^V-b^il+PJ 

,hn „km uhn k"> -ton ~km 
+4x*S(ar£*n,b?s,u)+4S(brj>*m,alms,u) 

±3(x2-u2)2S(a2
angkm,b2

Ms,u) 

±2(x2 -3tt2)52(af ,^*™^,«) 

±3S40fl2*"^fa,,&?,A«) 

M 

*""• Z î,ns/ 

+(*2 -«2)2S(«;V,*>;V,M) +S4(a!V\*,V,") 

+2(7x2-M
2)52(a!"^'",Z>f,x,M) 

N M 

EE c^(1 ± j P« / P /) v/5iit=i /=i 

+(x4-x2u2)S(aklgk',b?,x,u) 

2c i ki kl rkJ ^ 4 r / L W t; */ •. 
+x%(ax gia,bx ,x,u)+u*S(bx ,gKl,ax j,u) 

kl kl » +(x2-uz)S2(bx ,a, g"jc,u) 



Appendix 5 

Table A5.I: Correlation coefficients for the ground state. 

Z xx/z x r 2 xzz 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

-0.129604 

-0.044761 

-0.027661 

-0.020052 

-0.015734 

-0.012948 

-0.011002 

-0.009565 

-0.008460 

-0.007584 

-0.151046 

-0.082825 

-0.052911 

-0.038812 

-0.030641 

-0.025310 

-0.021560 

-0.018778 

-0.016632 

-0.014926 

-0.011845 

-0.027383 

-0.021461 

-0.017156 

-0.014203 

-0.012091 

-0.010517 

-0.009300 

-0.008334 

-0.007548 

0 0 0 

I 
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Table A5.2: rUr for the excited states of helium-like ions. 

238 

z 

«=2 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

A» = 3 

2 

3 

4 

5 

6 

7 

8 

9 

10 

00 

w'S 

-0.254498 

-0.219837 

-0.199805 

-0.187028 

-0.178232 

-0.171827 

-0.166961 

-0.163142 

-0.160067 

-0.131716 

-0.301421 

-0.287619 

-0.279901 

-0.275090 

-0.271822 

-0.269466 

-0.267690 

-0.266302 

-0.265188 

-0.255098 

/?3S 

-0.272283 

-0.263993 

-0.260426 

-0.258427 

-0.257146 

-0.256254 

-0.255598 

-0.255094 

-0.254695 

-0.251262 

-0.305927 

-0.299571 

-0.296485 

-0.294644 

-0.293419 

-0.292543 

-0.291887 

-0.291376 

-0.290967 

-0.287275 

n'P 

-0.276928 

-0.257760 

-0.247785 

-0.241650 

-0.237496 

-0.234498 

-0.232233 

-0.230460 

-0.229037 

-0.216000 

-0.308133 

-0.299330 

-0.294770 

-0.291991 

-0.290126 

-0.288787 

-0.287781 

-0.286996 

-0.286367 

-0.280702 

/;3P 

-0.268765 

-0.248523 

-0.239465 

-0.234353 

-0.231067 

-0.228780 

-0.227096 

-0 125804 

-0.224782 

-0.216000 

-0.305916 

-0.297190 

-0.293006 

-0.290529 

-0.288887 

-0.287716 

-0.286840 

-0.286158 

-0.285613 

-0.280702 

/;'D 

-0.308241 

-0.299780 

-0.295545 

-0.292999 

-0.291298 

-0.290080 

-0.289165 

-0.288452 

-0.287880 

-0.282686 

n3D 

-0.308218 

-0.299711 

-0.295451 

-0.292895 

-0.291191 

-0.289975 

-0.289063 

-0.288353 

-0.287786 

-0.282686 



Table A5.2: Continued. 

Z w'S n3S 

n=A 

2 -0.316376 -0.318168 

3 -0.309294 -0.314150 

4 -0.305414 -0.312161 

5 -0.303009 -0.310965 

6 -0.301383 -0.310165 

7 -0.300212 -0.309592 

8 -0.299330 -0.309161 

9 -0.298641 -0.308825 

10 -0.298089 -0.308556 

oo -0.293086 -0.306115 

H = 5 

2 

3 

4 

5 

6 

7 

8 

9 

0 

» 

-0.322873 

-0.318632 

-0.316336 

-0.314922 

-0.313967 

-0.313280 

-0.312761 

-0.312358 

-0.312034 

-0.309099 

-0.323762 

-0.321067 

-0.319725 

-0.318916 

-0.318375 

-0.317987 

-0.317695 

-0.317468 

-0.317285 

-0.315630 

w'P n3P 

-0.319173 -0.318274 

-0.314237 -0.313415 

-0.311698 -0.311040 

-0.310154 -0.309622 

-0.309121 -0.308676 

-0.308381 -0.308000 

-0.307825 -0.307493 

-0.307391 -0.307098 

-0.307045 -0.306781 

-0.303917 -0.303917 

-0.324288 -0.323839 

-0.321151 -0.320749 

-0.319543 -0.319227 

-0.318569 -0.318316 

-0.317918 -0.317707 

-0.317451 -0.317272 

-0.317101 -0.316945 

-0.316828 -0.316691 

-0.316610 -0.316487 

-0.314639 -0.314639 

A'D n3D 

-0.319224 -0.319211 

-0.314456 -0.314419 

-0.312064 -0.312017 

-0.310624 -0.310574 

-0.309663 -0.309611 

-0.308974 -0.308923 

-0.308456 -0.308407 

-0.308053 -0.308006 

-0.307730 -0.307685 

-0.304795 -0.304795 

-0.324318 -0.324309 

-0.321268 -0.321250 

-0.319741 -0.319714 

-0.318822 -0.318793 

-0.318205 -0.318178 

-0.317765 -0.317738 

-0.317435 -0.317409 

-0.317177 -0.317152 

-0.316971 -0.316947 

-0.315098 -0.315098 



2 4 0 

Table A5.2: Continued. 

Z w'S //3S /;lP /i3P w'D /r'D 

A? = 6 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

-0.326252 

-0.323448 

-0.321946 

-0.321021 

-0.320396 

-0.319950 

-0.319613 

-0.319348 

-0.319139 

-0.317227 

-0.326756 

-0.324839 

-0.323881 

-0.323304 

-0.322918 

-0.322641 

-0.322433 

-0.322271 

-0.322141 

-0.320960 

-0.327063 

-0.324899 

-0.323792 

-0.323124 

-0.322681 

-0.322357 

-0.322117 

-0.321929 

-0.321780 

-0.320429 

-0.326807 

-0.324671 

-0.323617 

-0.322984 

-0.322561 

-0.322258 

-0.322032 

-0.321854 

-0.321713 

-0.320429 

-0.327078 

-0.324973 

-0423910 

-0.323273 

-0.322846 

-0.322542 

-0.322312 

-0.322134 

-0.321992 

-0.320697 

-0.327074 

-0.324959 

-0.323893 

-0.323256 

-0.322831 

-0.322525 

-0.322300 

-0.322121 

-0.321980 

-0.320697 
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Table A5.3: rr for the excited states of helium-like ions. 

Z /?'S n3S nlP n3P w'D n3D 

n=3 

2 

3 

A 

5 

6 

7 

8 

9 

10 

oo 

-0.763224 

-0.754771 

-0.750263 

-0.747573 

-0.745799 

-0.744543 

-0.743609 

-0.742887 

-0.742312 

-0.737245 

-0.757724 

-0.753137 

-0.750241 

-0.748339 

-0.747008 

-0.746028 

-0.745278 

-0.744685 

-0.744205 

-0.739678 

-0.744018 

-0.733951 

-0.728458 

-0.725101 

-0.722856 

-0.721254 

-0.720055 

-0.719124 

-0.718381 

-0.711765 

-0.736240 

-0.728790 

-0.724960 

-0.722547 

-0.720880 

-0.719659 

-0.718726 

-0.717990 

-0.717394 

-0.711765 

-0.748477 

-0.737038 

-0.730957 

-0.727165 

-0.724567 

-0.722675 

-0.721235 

-0.720101 

-0.719185 

-0.710526 

-0.748277 

-0.736596 

-0.730423 

-0.726610 

-0.724023 

-0.722153 

-0.720737 

-0.719629 

-0.718738 

-0.710526 

2 

a 

4 

5 

6 

7 

8 

9 

10 

oo 

-0.78848? 

0.78^438 

-0.782365 

-0.781148 

-0.780355 

-0.779799 

-0.779387 

-0.779069 

-0.778818 

-0.776621 

-0.786393 

-0.783827 

-0.782291 

-0.781300 

-0.780612 

-0.780109 

-0.779725 

-0.779422 

-0.779177 

-0.776888 

-0.777263 

-0.772618 

-0.770169 

-0.768701 

-0.767734 

-0.767050 

-0.766541 

-0.766148 

-0.765836 

-0.763104 

-0.774165 

-0.770792 

-0.769049 

-0.767953 

-0.767197 

-0.766645 

-0.766224 

-0.765892 

-0.765624 

-0.763104 

-0.764227 

-0.759407 

-0.756922 

-0.755394 

-0.754360 

-0.753609 

-0.753041 

-0.752596 

-0.752236 

-0.748892 

-0.764101 

-0.759152 

-0.756628 

-0.755099 

-0.754073 

-0.753338 

-0.752787 

-0.752356 

-0.752012 

-0.748892 



2 4 2 

Table A5.3: Continued. 

Z w'S //3S /I 'P »3P N'D //3D 

n=5 

2 

3 

A 

5 

6 

7 

8 

9 

10 

oo 

-0.799533 

-0.797149 

-0.795942 

-0.795238 

-0.794782 

-0.794461 

-0.794223 

-0.794041 

-0.793896 

-0.792635 

-0.798527 

-0.796880 

-0.795931 

-0.795327 

-0.794911 

-0.794607 

-0.794376 

-0.794194 

-0.794048 

-0.792686 

-0.792203 

-0.789541 

-0.788160 

-0.787340 

-0.786801 

-0.786422 

-0.786140 

-0.785923 

-0.785751 

-0.784251 

-0.790661 

-0.788680 

-0.787661 

-0.787024 

-0.786587 

-0.786269 

-0.786027 

-0.785837 

-0.785684 

-0.784251 

-0.780647 

-0.777985 

-0.776634 

-0.775808 

-0.775247 

-0.774844 

-0.774545 

-0.774304 

-0.774113 

-0.772340 

-0.780576 

-0.777843 

-0.776468 

-0.775643 

-0.775091 

-0.774698 

-0.774405 

-0.774174 

-0.773991 

-0.772340 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

-0.805371 

-0.803792 

-0.802999 

-0.802536 

-0.802235 

-0.802025 

-0.801869 

-0.801748 

-0.801653 

-0.800821 

-0.804810 

-0.803654 

-0.803005 

-0.802597 

-0.802316 

-0.802113 

-0.801958 

-0.801837 

-0.801739 

-0.800835 

-0.800212 

-0.798484 

-0.797596 

-0.797071 

-0.796728 

-0.796485 

-0.796305 

-0.796166 

-0.796056 

-0.795099 

-0.799332 

-0.798008 

-0.797330 

-0.796909 

-0.796622 

-0.796413 

-0.796254 

-0.796130 

-0.796029 

-0.795099 

-0.791132 

-0.789446 

-0.788579 

-0.788065 

-0.787715 

-0.787458 

-0.787265 

-0 787119 

-0.787004 

-0.785903 

-0.79i086 

-0.789350 

-0.788488 

-0.787965 

-0.787623 

-0.787376 

-0.787192 

-0.787048 

-0.786930 

-0.785903 
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Table A5.4: xr2 for the excited states of helium-like ions. 

Z «'S /r\S /?'P n3P n'D fl3D 

2 

3 

4 

5 

6 

7 

8 

9 

10 

OO 

-0.414696 

-0.413544 

-0.410293 

-0.407673 

-0.405682 

-0.404140 

-0.402923 

-0.401942 

-0.401134 

-0.392985 

-0.387463 

-0.400278 

-0.404568 

-0.406619 

-0.407796 

-0.408551 

-0.409072 

-0.409452 

-0.409741 

-0.411777 

-0.357872 

-0.348497 

-0.341822 

-0.337228 

-0.333932 

-0.331466 

-0.329556 

-0.328036 

-0.326797 

-0.314767 

-0.334251 

-0.328169 

-0.325347 

-0.323538 

-0.322257 

-0.321301 

-0.320561 

-0.319971 

-0.319489 

-0.314767 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

-0.526806 

-0.528697 

-0.528956 

-0.528994 

-0.529002 

-0.529004 

-0.528998 

-0.529003 

-0.529000 

-0.529001 

-0.515273 

-0.522489 

-0.524958 

-0.526147 

-0.526831 

-0.527269 

-0.527572 

-0.527793 

-0.527960 

-0.529123 

-0.505791 

-0.503811 

-0.502375 

-0.501443 

-0.500809 

-0.500355 

-0.500016 

-0.499753 

-0.499543 

-0.497712 

-0.496725 

-0.497148 

-0.497513 

-0.497691 

-0.497780 

-0.497825 

-0.497848 

-0.497858 

-0.497863 

-0.497712 

-0.448157 

-0.446015 

-0.444721 

-0.443847 

-0.443215 

-0.442741 

-0.442371 

-0.442074 

-0.441830 

-0.439362 

-0.447957 

-0.445596 

-0.444224 

-0.443343 

-0.442729 

-0.442279 

-0.441934 

-0.441663 

-0.441443 

-0.439362 
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Table A5.4: Continued. 

Z n'S n3S n'P «3P w'D /rlD 

A7=4 

2 

3 

4 

5 

6 

7 

8 

9 

10 

00 

n=5 

2 

3 

4 

5 

6 

7 

8 

9 

10 

00 

-0.578180 

-0.579445 

-0.579755 

-0.579895 

-0.579986 

-0.580050 

-0.580098 

-0.580135 

-0.580166 

-0.580451 

-0.604973 

-0.605755 

-0.605972 

-0.606073 

-0.606155 

-0.606205 

-0.606236 

-0.606273 

-0.606293 

-0.606524 

-0.572566 

-0.576442 

-0.577833 

-0.578528 

-0.578939 

-0.579208 

-0.579398 

-0.579539 

-0.579647 

-0.580456 

-0.601901 

-0.604108 

-0.604921 

-0.605333 

-0.605580 

-0.605743 

-0.605859 

-0.605945 

-0.606012 

-0.606525 

-0.567444 

-0.566738 

-0.566251 

-0.565931 

-0.565730 

-0.565586 

-0.565481 

-0.565400 

-0.565340 

-0.564836 

-0.598360 

-0.598050 

-0.597821 

-0.597680 

-0.597591 

-0.597530 

-0.597486 

-0.597453 

-0.597428 

-0.597238 

-0.563196 

-0.563753 

-0.564112 

-0.564315 

-0.564434 

-0.564513 

-0.564568 

-0.564608 

-0.564639 

-0.564836 

-0.596077 

-0.596459 

-0.596699 

-0.596835 

-0.596919 

-0.596974 

-0.597014 

-0.597045 

-0.597068 

-0.597238 

-0.537507 

-0.537021 

-0.536740 

-0.536538 

-0.536397 

-0.536285 

-0.536199 

-0.536128 

-0.536070 

-0.535462 

-0.580257 

-0.580100 

-0.580009 

-0.579942 

-0.579891 

-0.579853 

-0.579826 

-0.579801 

-0.579779 

-0.579556 

-0.537396 

-0.536797 

-0.536474 

-0.536274 

-0.536140 

-0.536045 

-0.535972 

-0.535916 

-0.535872 

-0.535462 

-0.580206 

-0.579973 

-0.579862 

-0.579796 

-0.579752 

-0.579723 

-0.579703 

-0.579684 

-0.579671 

-0.579556 
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Table A5.4: Continued. 

Z w'S n3S nlP n3P nlD n3D 

n=6 

2 

3 

4 

5 

6 

7 

8 

9 

10 

OO 

-0.620430 

-0.620926 

-0.621072 

-0.621150 

-0.621199 

-0.621238 

-0.621265 

-0.621286 

-0.621303 

-0.621464 

-0.618588 

-0.619938 

-0.620442 

-0.620701 

-0.620857 

-0.620960 

-0.621034 

-0.621089 

-0.621132 

-0.621464 

-0.615885 

-0.615723 

-0.615596 

-0.615524 

-0.615479 

-0.615447 

-0.615426 

-0.615410 

-0.615398 

-0.615312 

-0.614523 

-0.614772 

-0.614939 

-0.615030 

-0.615087 

-0.615125 

-0.615152 

-0.615173 

-0.615189 

-0.615312 

-0.603732 

-0.603695 

-0.603657 

-0.603606 

-0.603621 

-0.603600 

-0.603576 

-0.603578 

-0.603572 

-0.603474 

-0.603695 

-0.603619 

-0.603584 

-0.603548 

-0.603534 

-0.603528 

-0.603521 

-0.603513 

-0.603507 

-0.603474 



Table A5.5: xf/z for the excited states of 

Z n'S n3S nlP 

n=3 

2 

3 

A 

5 

6 

7 

8 

9 

10 

oo 

n=t 

2 

3 

A 

5 

6 

7 

8 

9 

10 

-4.317O0-3) 

-4.5546(-3) 

-4.14610-3) 

-3.6894(-3) 

-3.28770-3) 

-2.9508(4) 

-2.6702(4) 

-2.4349(4) 

-2.2359(4) 

0 

1 

-1.7954(4) 

-1.9371(4) 

-1.7756(4) 

-1.5846(4) 

-1.4144(4) 

-1.2709(4) 

-1.1509(4) 

-1.0499(4) 

-9.6448(4) 

-4.2451(4) 

-3.7580(4) 

-3.1583(4) 

-2.6883(4) 

-2.3296(4) 

4.0514(4) 

-1.8308(4) 

-1.6521(4) 

-1.5046(4) 

0 

-1.6870(4) 

-1.5587(4) 

-1.3346(4) 

-1.1480(4) 

-1.0016(4) 

-8.8613(4) 

-7.9357(4) 

-7.1802(4) 

-6.5533(4) 

-1.1768(4) 

2.9488(4) 

6.0470(4) 

8.1546(4) 

9.6385(4^ 

1.0729(4) 

1.1561(4: 

1.22150-2^ 

1.2742(4, 

1.7578(4; 

-4.6828(4 

1.2157(4 

2.4402(4 

3.2570(4 

3.8251(4 

4.2393(4 

4.5535(4 

4.7997(4 

4.9974(4 

0 0 6.7948(4 

2 4 6 

helium-like ions. 

/r3P //'D «3D 

-1.0420(4) 

-1.46170-2) 

-1.6061(4) 

-1.6700(4) 

-1.7032(4) 

-1.7223(4) 

-1.7342(4) 

-1.7419(4) 

-1.7471(4) 

-1.7578(4) 

-3.5986(4) 

-4.2088(4) 

-3.9796(4) 

4.6190(4) 

-3.2728(4) 

4.9693(4) 

4.7091(4) 

-2.4869(4) 

-2.2948(4) 

0 

-3.5498(4) 

-4.0459(4) 

-3.7484(4) 

-3.3582(4) 

-3.0029(4) 

-2.7007(4) 

-2.4465(4) 

-2.2335(4) 

-2.0526(4) 

0 

-4.2928(4) 

-5.9242(4) 

-6.4520(4) 

-6.6696(4) 

-6.7731(4) 

-6.8266(4) 

-6.8557(4) 

-6.8717(4) 

-6.8804(4) 

-6.7948(4) 

-1.5162(4) 

-1.7771(4) 

-1.6856(4) 

-1.5344(4) 

-1.3896(4) 

-1.2623(4) 

-1.1524(4) 

-1.0583(4) 

-9.7739(4) 

0 

-1.4867(4) 

-1.6849(4) 

-1.5551(4) 

-1.3900(4) 

-1.2415(4) 

-1.1151(4) 

-1.0100(4) 

-9.2086(4) 

-8.4514(-4) 

0 



Table A5.5: Continued. 

Z /I'S n3S rt'P 

n=5 

2 -9.0869(4) -8.3132(4) -2.3372(-4* 

3 -9.9230(-4) -7.8644(-4) 6.1516(4; 

4 -9.1312(4) -6.8028(4) 1.2232(4] 

5 -8.1642(4) -5.8850(4) 1.6252(4) 

6 -7.2967(-4) -5.1533(4) 1.9034(4) 

7 -6.5609(4) -4.5708(4) 2.1055(4) 

8 -5.9437(4) -4.1012(4) 2.2585(4) 

9 -5.4254(4) -3.7161(4) 2.3782(4) 

10 -4.9848(4) -3.3955(4) 2.4742(4) 

oo 0 0 3.3452(4) 

w=6 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

-5.2103(4) 

-5.7365(4) 

-5.2929(-4) 

-4.7382(4) 

-4.2345(-4) 

-3.8111 (-4) 

-3.4539(4) 

-3.1533(4) 

-2.8984(-4) 

0 

-4.6860(4) 

-4.4995(4) 

-3.9171(4) 

-3.4009(4) 

-2.9848(4) 

-2.6519(-4) 

4.3822(4) 

4.1604(4) 

-1.9755(4) 

0 

-1.3345(4 

3.5374(4 

6.9977(4 

9.2749(-4 

1.0846(4 

1.1986(4, 

1.2848(4; 

1.3521(4, 

1.4061(4; 

1.89570-3) 

247 

n3P w'D n3D 

4.16770-3) 

-2.9721(4) 

-3.2261(4) 

4.3274(4) 

-3.3734(4) 

-3.3956(4) 

-3.4066(4) 

-3.4117(4) 

-3.4137(4) 

-3.3452(4) 

-7.7521(4) 

-9.0942(-4) 

-7.9639(-4) 

-7.8612(4) 

-7.1242(4) 

-6.47110-4) 

-5.9048(-4) 

-5.4242(-4) 

-5.0124(-4) 

0 

-7.5876(-4) 

-8.5626(-4) 

-7.9007(-4) 

-7.0565(-4) 

-6.2975(-4) 

-5.64880-4) 

-5.11720-4) 

-4.6674(-4) 

-4.2891(-4) 

0 

-1.2434(4) 

-1.6993(4) 

-1.8418(4) 

-1.8977(4) 

-1.9224(4) 

-1.9339(4) 

-1.9393(4) 

-1.9415(4) 

-1.9419(4) 

-1.8957(4) 

-4.4856(-4) 

-5.2430(4) 

-5.0108(4) 

-4.5282(-4) 

-4.1206(-4) 

-3.7601 (-4) 

-3.41810-4) 

-3.1542(4) 

-2.9047(-4) 

0 

-4.3866(-4) 

-4.95260-4) 

-4.5517(-4) 

-4.0650(-4) 

-3.6291(4) 

-3.2564(-4) 

-2.9457(-4) 

-2.68780-4) 

-2.46660-4) 

0 
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Table A5.6: x2 for the excited states of helium-like ions. 

Z nlS /?3S n'P //3P w'D n3D 

n=3 

2 

3 

A 

5 

6 

7 

8 

9 

10 

oo 

-3.3982(-4) 

-4.7366(-4) 

-4.8443(4) 

-4.59310-4) 

-4.2642(4) 

-3.9368(4) 

-3.6339(4) 

-3.3664(4) 

-3.1326(-4) 

0 

-4.24110-4) 

-4.9276(-4) 

-4.6201(-4) 

-4.1744(-4) 

-3.7563(4) 

-3.39470-4) 

-3.0878(-4) 

-2.8271(4) 

-2.6044(-4) 

0 

-2.22O80-4) 

-1.68830-4) 

-3.329O0-5) 

9.1534(-5) 

1.9445(4) 

2.7798(4) 

3.4631(4) 

4.O2860-4) 

4.5033(4) 

9.7256(4) 

-5.O5930-4) 

-8.9567(4) 

-1.0431(4) 

-1.1002(4) 

-1.1217(4) 

-1.1279(4) 

-1.1271(4) 

-1.1232(4) 

-1.1177(4) 

-9.7256(4) 

-4.8866(4) 

-7.6461(4) 

-8.1394(4) 

-7.8967(4) 

-7.43780-4) 

-6.9421(4) 

-6.4659(4) 

-6.0296(4) 

-5.6321(4) 

0 

-4.8548(4) 

-7.4690(4) 

-7.8313(-4) 

-7.5084(4) 

-7.0092(4) 

-6.4928(4) 

-6.0113(4) 

-5.5793(4) 

-5.1942(4) 

0 

2 

3 

4 

5 

6 

7 

8 

9 

10 

0 0 

-5.9297(4) 

-8.5692(4) 

-8.8040(-5) 

-8.4598(-5) 

-7.8830(-5) 

-7.2829(-5) 

-6.7384(-5) 

-6.2654(-5) 

-5.8247(-5) 

0 

-7.0756(-5) 

-8.9529(4) 

-8.7039(-5) 

-8.0228(-5) 

-7.3114(-5) 

-6.6669(-5) 

-6.1015(4) 

-5.6149(-5) 

-5.1921 (-5) 

0 

-4.25890.-5) 

-4.6321(-5) 

-3.34310-5) 

-1.9108(-5) 

-6.6093(-6) 

4.0354(-6) 

1.2970(-5) 

2.0494(-5) 

2.6928(-5) 

1.0257(4) 

-7.7497(-5) 

-1.3174(4) 

-1.4910(4) 

-1.5353(4) 

-1.5331(4) 

-1.5140(4) 

-1.4893(4) 

-1.4635(4) 

-1.4387(4) 

-1.0257(4) 

-6.9278(-5) 

-1.0886(4) 

-1.1643(4) 

-1.1297(4) 

-1.0666(4) 

-9.9627(-5) 

-9.28100-5) 

-8.6562(-5) 

-8.0930(4) 

0 

-6.8714(-5) 

-1.0650(4) 

-1.1211(-4) 

-1.0787(4) 

-1.0105(-4) 

-9.3751(-5) 

-8.6999(-5) 

-8.0758(4) 

-7.51380-5) 

0 
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Table A5.6: Continued. 

Z w'S AZ 3 S w'P w3P w 'D A73D 

/i=5 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

-1.4523(-5) 

-2.18160-5) 

-2.32790-5) 

-2.18880-5) 

-2.O2570-5) 

-1.9575(4) 

-1.7737(-5) 

-1.6645(4) 

-1.5363(-5) 

0 

-1.7674(-5) 

-2.35330-5) 

4.33530-5) 

-2.17440-5) 

-1.9959(-5) 

-1.8279(-5) 

-1.67970-5) 

-1.5505(-5) 

4.43660-5) 

0 

-1.1678(-5) 

-1.4312(4) 

-1.2191(4) 

-9.4224(-6) 

-6.72350-6) 

-4.3595(-6) 

4.32930-6) 

-5.8850(4) 

9.1065(4) 

1.9320(4) 

-1.8501 (-5) 

-3.12O40-5) 

4.4858(-5) 

-3.5469(4) 

-3.5024(-5) 

-3.4175(-5) 

-3.3311(4) 

-3.2514(-5) 

-3.1653(-5) 

4.9320(4) 

-1.65850-5) 

-2.6052(-5) 

-2.6918(-5) 

4.6990(-5) 

-2.5540(-5) 

-2.3843(-5) 

-2.21460-5) 

4.06120-5) 

-1.9366(-5) 

0 

-1.6415(4) 

-2.54680-5) 

-2.7063(-5) 

4.6085(4) 

-2.4474(-5) 

-2.2709(-5) 

4.1141(-5) 

-1.9636(-5) 

-1.8252(-5) 

0 

2 

3 

4 

5 

6 

7 

8 

9 

10 

OO 

-4.7547(-6) 

-7.17580-6) 

-7.4907(-6) 

-7.4132(-6) 

-7.0264(-6) 

-6.4232(-6) 

-5.9555 (-6) 

-5.6215(-6) 

-5.14130-6) 

0 

-5.6970(-6) 

-7.8159(-6) 

-7.86910-6) 

-7.3942(-6) 

-6.8144(-6) 

-6.2718(-6) 

-5.7719(-6) 

-5.3263(-6) 

-4.9452(-6) 

0 

-3.9594(-6) 

-4.9819(-6) 

-4.6741(-6) 

-3.92190-6) 

4.8093(-6) 

4.4375 (-6) 

-1.8203(-6) 

-1.2868(-6) 

-8.1932(4) 

5.0887(-6) 

-5.7233(-6) 

-9.7788(-6) 

-1.0702(-5) 

-1.0799(-5) 

-1.0592(4) 

-1.0301 (-5) 

-9.8152(-6) 

-9.6888(-6) 

-9.4786(-6) 

-5.0887(-6) 

-5.3088(-6) 

-8.0897(-6) 

-8.9775(-6) 

-8.61080-6) 

-8.1631 (-6) 

-7.7624(-6) 

-6.9937(-6) 

-6.7679(-6) 

-6.1930(-6) 

0 

-5.2718(-6) 

-8.2J44(-6) 

-8.61160-6) 

-8.5O860-6) 

-7.9292(-6) 

-7.2135(-6) 

-6.7335(-6) 

-6.37O60-6) 

-5.82850-6) 

0 
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Table A5.7: xfz for the excited states of helium-like ions. 

Z w'S //3S //'P w3P ;/'D //3D 

n=2 

2 -4.9369(4) 4.5477(-4) 4.9849(4) -8.3148(4) 

3 -8.3909(4) -8.8226(4) -8.46l6(-5) -2.3256(4) 

4 -9.4755(4) -8.2062(4) 5.2329(-4) 4.3801(4) 

5 -9.5396(4) -7.3603(4) 1.1713(4) -4.0899(4) 

6 -9.2165(4) -6.58510-4) 1.7565(4) -4.5881(4) 

7 -8.7538(4) -5.9245(4) 2.2616(4) -4.9539(4) 

8 -8.2602(-4) -5.3694(4) 2.6930(4) -5.2327(4) 

9 -7.7802(4) -4.9018(-4) 3.0617(4) -5.4519(4) 

10 -7.3306(4) -4.5050(4) 3.3788(4) -5.6284(4) 

oo 0 0 7.2433(4) -7.2433(4) 

n=3 

2 -1.8599(-5) 4.75280-5) -1.4335(4) -2.1054(4) 4.0695(-5) -3.0601 (-5) 

3 -3.3150(4) -4.1113(-5) -2.6411 (-5) -4.5486(4) -6.4676(4) -6.380l(-5) 

4 -3.7664(-5) -4.2711 (-5) -2.87780.-5) -5.5130(4) -7.7848(-5) 4.5970(4) 

5 -3.7761(-5) -4.08200-5) 4.7334(4) -5.7980(4) -8.0803(4) -7.8124(-5) 

6 -3.6408(-5) -3.8059(-5) -2.4656(4) -5.8078(-5) -7.9401(4) 4.6275(4) 

7 -3.4501(-5) -3.5250(-5) -2.1703(-5) -5.6980(-5) -7.6361(4) -7.2880(-5) 

8 -3.2389(-5) -3.2650(-5) -1.8826(4) -5.5452(4) -7.2691(4) -6.9047(-5) 

9 -3.0446(-5) -3.0305(4) -1.61750-5) -5.3814(4) -6.8920(-5) -6.5193(4) 

10 -2.87150-5) 4.82210-5) -1.3738(-5) -5.2200(4) -6.5214(-5) -6.1541(-5) 

oo 0 0 2.3070(-5) 4.3070(-5) 0 0 
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Table A5.7: Continued. 

Z n'S n3S n]P n3P /?'D n3D 

n=< 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

2 

3 

4 

5 

6 

7 

8 

9 

10 

oo 

X 

-1.7830(-6) 

-3.3346(-6) 

-3.7582(-6) 

-3.9002(-6) 

-3.7837(-6) 

-3.5761 (-6) 

-3.3744(-6) 

-3.2104(-6) 

-3.0097(-6) 

0 

) 

4.5106(4) 

-5.0435(4) 

-6.3092(4) 

-6.0577(4) 

-5.7693(4) 

-6.2341(4) 

-5.46490-7) 

-5.3316(4) 

-4.8848(4) 

0 

4.4747(-6) 

-4.0562(-6) 

-4.3836(-6) 

-4.2800(-6) 

-4.0451 (-6) 

-3.7821 (-6) 

-3.5245(-6) 

-3.2898(-6) 

-3.0755 (-6) 

0 

-3.7989(4) 

-6.6311(4) 

-7.3354(4) 

-7.2150(4) 

-6.8743(4) 

-6.4604(4) 

-6.0475(4) 

-5.6700(4) 

-5.3094(4) 

0 

-1.4576(-6) 

4.97320-6) 

-3.51190-6) 

-3.56320-6) 

4.45360-6) 

4.26650-6) 

-3.06010-6) 

-2.8406(-6) 

4.64390-6) 

6.3896(-7) 

4.4562(4) 

-5.0905 (-7) 

-6.0654(4) 

-6.3264(4) 

-6.1784(4) 

-5.8984(4) 

-5.5768(4) 

-5.2523(4) 

-4.9420(4) 

4.5354(-8) 

-1.8579(-6) 

-3.8750(-6) 

-4.5999(-6) 

-4.7525(-6) 

-4.6497(-6) 

-4.4731 (-6) 

-4.2704(-6) 

-4.0723(-6) 

-3.8736(-6) 

-6.3896(4) 

-2.8122(4) 

-6.0575(4) 

-7.1979(4) 

-7.4101(4) 

-7.2434(4) 

-6.8850(4) 

-6.5465(4) 

-6.2551(4) 

-5.8652(4) 

-4.5354(-8) 

-2.16610-6) 

-4.5291(-6) 

-5.46O90-6) 

-5.6374(-6) 

-5.5561(-6) 

-5.33910-6) 

-5.0657(-6) 

-4.79750-6) 

-4.5422(-6) 

0 

-3.1581(4) 

-6.5505(4) 

-7.7739(4) 

-8.1641(4) 

-8.0241(4) 

-7.6922(4) 

-7.2961(4) 

-6.8541(4) 

-6.6016(4) 

0 

-2.15610-6) 

-4.5183(-6) 

-5.3870(-6) 

-5.5707(-6) 

-5.4618(-6) 

-5.23O90-6) 

-4.96510-6) 

-4.6897(-6) 

-4.4221(-6) 

0 

-3.1201(4) 

-6.5304(4) 

-7.9205(4) 

-8.1865(4) 

-8.0590(4) 

-7.7176(4) 

-7.3801(4) 

-6.9548(4) 

-6.5063(4) 

0 



Table A5.7: Continued. 

Z /?'S //3S w'P 

n=6 

2 -5.5436(-8) -8.17130-8) -5.4305(-8) 

3 -1.1065(4) -1.4685(4) -1.0677(4) 

4 -1.2827(4) -1.6561(4) -1.3599(4) 

5 -1.4337(4) -1.6553(4) -1.4300(4 

6 -1.4483(4) -1.5876(4) -1.2271(4) 

7 -1.3247(4) -1.5006(4) -1.3545(4) 

8 -1.2533(4) -1.4067(4) -1.2879(4) 

9 -1.2368(4) -1.3112(4) -1.2203(4) 

10 -1.1020(4) -1.2324(4) -1.1523(4) 

oo 0 0 5.5094(-9) 

//3P w'D //JD 

-5.7308(-8) -6.9037(-8) -6.8877(-8) 

-1.3453(4) -1.3025(4) -1.4175(4) 

-1.5135(4) -1.7073(4) -1.6868(4) 

-1.5543(4) -1.7656(4) -1.8595(4) 

-1.5200(4) -1.7323(4) -1.7786(4) 

-1.4619(4) -1.7283(4) -1.6016(4) 

-1.2792(4) -1.5366(4) -1.5523(4) 

-1.3201(4) -1.5777(4) -1.5397(4) 

-1.2981(4) -1.4052(4) -1.3720(4) 

-5.5094(-9) 0 0 



Appendix 6 

Formulae for the S-*P and P-»D dipole oscillator strengths and 

the S-»D, P->P, D->D quadrupole oscillator strengths 

Only the length formulation of the dipole(DOS) and quadrupole(QOS) oscillator 

strength formulae are presented in this appendix. For convenience, the linear and 

nonlinear parameters in the wavefunctions representing the initial and final states are 

subscripted with a 0 and a 1, respectively. Therefore, the initial S, P, and D state 

wavefunctions are written 

NO 

* = E C/W(l±-P12)exp(-awr1)exp(-pjt0r2)exp(-YAOr12)y;(l)<(2) 
kO 

NO 

* = E Cfa3(1±A2)rieXP(_a^l)eXP(~Pit/2)eXP(_YW/*i2)11)(1)Jo(2) 
kO 

and 

NO 

• = E Cw(1±A2)rfeXP(~aWri)eXP("P^2)eXP(~YW/-i2)l/20(^i)^(^2) 
kO 
NO+MO < 

+ E £)*o(1±-Pl2)ri'*2eXP(_afa/l)eXP(~PtO/'2)eXP("YW)r
12)y(1.2) 

kO=NO+l 

where 
y(l,2) =2Y?OQ1)Y;OQ2) +Y 1

1 (O 1 )YI 1 (Q 2 )+Y 1 - 1 (O 1 )Y;(Q 2 ) 

and the final S, P, and D states wavefunctions are written 
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Nl 

I 
kl 

* = E CyOli^expO-a^expO-Pur^xpO-Yt/.j) 1̂ 01)̂ (2) 

AT/ 

I • = E c«(1 ±A2)riexP(-a^i^xpO-P*/2)exp(-yklrx2) Y°x(l) Y°0(2) 

and 

Nl 

* = E Cw(l±P12)rfexp(-a j t /r1)exp(-p t /r2)exp(-Y t/12)l^(Q,)yJ(Q2) 

+ E I)w(1±^12)rir2eXP("aW/'l)eXP("P«r2)eXP(~Yt/i?.)>'(l>2) 
kl=Nl+l 

where 

7(1,2) = 2Y*J(01)Y?(Q2) +¥{(«,) Y-'OQJ) +Y1"
1(Q1) Y1(Q2) 

In reduced tensor notation, the length formulation of the DOS and QOS are given 

respectively by: 

DOF = 
2 (^i ~E0) 

3 (21+1) 
yL E', / / / y'L 

and 

QOS 
<*. -E0) 

30a2(2L+l) 

.2 
ytXZK ijr 

V'L 

where a is the fine structure constant, L and L' are the angular momentum quantum 

numbers of the initial and final states, respectively, and the 7's denote the collection of 

all other quantum numbers. E0 and E, are the initial and final state energies, 

respectively. Using the Wigner-Eckart theorem, these may be reexpressed as 
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DOS = 

2 (A -E0) 

3 (2L+1) (^[E r tPx(cosQ) y'L'Mi 

1 L 
\2 

-M'L 0 ML) 

where 

(ErEj 

QQS __ 30a\2L+l)\ 
lyLML Y, r?P2(cosQ) y'L'M1, 

' V 2 L ? 

-M1, 0 M, 

'a b c 

is a Wigner 3-j symbol. For the wavefunctions considered in this work ML=ML'=0. 

The formulae presented in this appendix are for the dipole (DTM) and quadrupole 

(QTM) transition moments given respectively by 

DTM = lyLMj^ r^icosQ y'L'M'L 

and 

QTM=lyLML £ /-^(cose,) y'L'M'L 

Clearly, the DOS and QOS are easily obtained from the DTM and QTM, respectively. 

The expressions for the DTM and QTM are expanded r, terms of the integral 

F(a,b,c,L,M,N) given by 



256 

F(a,b,c,L,M,W = je'arie'bT'e'crnrxr2Y°x{Qx)Yl{a2)dfxdr2 

where y? is a spherical harmonic. The F(a,b,c,L,M,k) are easily expressed, in closed 

form, such that \b-c\ terms do not appear. Therefore these formulae are acceptable for 

all values of a, b, and c. 

For S->P transitions the dipole transition moment is 

. ix NO Nl 

DTM=^-T T Ck0C.,(l±Pa B ) 
F(ako+«ki>Vko+Pki>yko+Vki>l>0>°)+ 

F(P*o+P*/'a*0
+a«'Y«,+Y t;Al,l) 

For P-»D transitions the dipole transition moment is 

iJ3 
NO Nl 

DTM=-^Y;I;CkoCkJ 
2TZ\]5 ko ki 

F(ako+aki^ko+^kryko+yki^0fi) 
+ F(pM+P*/'Va*/>Yw

+Yt/,0,3,l) 
±/r(aw+Pw.Pi0

+a^Yi0-<-Yw,l,2,2) 

± FWko+aki>ako+ P«»Y»+YW A l , I) 

6^aM+«u.P«+Pw»Y«+Y*/Al,l) 
+5^P«+P«.aw+a«.Yw

+Yw , lA0) 
+ F(Pw+P*/'aw+at/'Yw+YA,»1.2,2) 

For S->D transitions, the quadrupole transition moment is 

. pr NO Nl+Ml 
+iy3 
10n w ki=Ni+\ 

E E c^a^, ) 

NO M 

2V/5TC *O W wnw 

/r(aw+ct«'P/to+Pw>Y«)+Yw.4.0'0) + 

^(PW+PH.«»+«W.Y»+Y*I .2.2,2) 

WO WtM/ 
+ f : E E CwDu(l±^-)(l±^H)[fTOaw*«u,pw+PH,YiWn«Al.l)] 

5TV <W kl=Nl*l 



For P-»P transitions, the quadrupole transition moment is 
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NO Nl 

QTM=±YL 
J 7 t kO kl 

F(«jw+««.Pw+P«.Yw
+YwAO,0) 

F<P»+P«»aw+«M»Yw
+YHA2,2) 

^«»+Pu.P»+«u»Yw
+Yu .3 ,U) 

^(P»+««.««+Pu»Yw
+Yu,3,l,D 

For D-̂ D transitions, the quadrupole transition moment is 

. NO Nl 

/n to a 

F(«*0
+aW'Pw+Pti.Yio

+Yti,6,0,0) 
F(P*0

+P*/>a*o+a*v>Y«,+YwA4,2) 
F(ako+Vki>VkO+aki>yko+yki>4m 
F(P*0

+«*Pa*o+P*/.Yw
+Y*;,4A2) 

NO NH-M1 

+ - ^ - £ E ckoDki^Paklh) 
yJSti kO Kl-Nl+l 

7F(aw+ai/'Piw+Pw.Yw
+Yw,5,l,l) 

+ ^ / r (Pw + Pw a w + a ^Y M
+ Y w ,3 ,3 , l ) 

+-^P»+Pw» a»+ aw»Yw
+Yu .3,3,3) 

NO+MO Nl 

r= I s L*t kO kis "ttfirf 
y]5n kO=N0+l kl 

^F (Va t />Pw+Pi7'Yw
+Y*AU) 

+ I o F ( * 3 * 0 + f 3 * i , a w ) + a w , Y ' f c o + Y w ' 3 ' 3 ' 1 ) 

+ 70 F ( ' 3 w ' + P w ' a * 0 + a w ' Y ' l o + Y w ' 3 ' 3 ' 3 ) 

NO*MO Nl+Ml 

*— y y DknD..(\±pn. )(i±? B ) 
kO=NO+\ kl~Nl + \ 

5^aw+««»P«+P*i»Yw
+Y«.4A0) 

+ 7f'(aw+««.Pw+P«»Yw
+Yu.4W) 



Appendix 7 

Table A7.1: Ground state elastic form factors for various Z-scaled momentum transfers 

(U/Z)2 Z==3 Z=4 Z=5 Z=6 Z=7 Z=8 Z=9 Z=10 

0.0125 1.98638 1.98462 1.98530 1.98572 1.98601 1.98622 1.98638 1.98650 

0.0250 1.97290 1.96943 1.97076 1.97159 1.97216 1.97258 1.97290 1.97315 

0.0375 1.95956 1.95442 1.95639 1.95762 1.95847 1.95909 1.95956 1.95993 

0.0500 1.94635 1.93958 1.94217 1.94380 1.94492 1.94573 1.94635 1.94684 

0.0625 1.93328 1.92492 1.92812 1.93013 1.93151 1.93252 1.93328 1.93389 

0.0750 1.92035 1.91044 1.91423 1.91661 1.91825 1.91944 1.92035 1.92106 

0.0875 1.90755 1.89612 1.90049 1.90323 1.90512 1.90650 1.90755 1.90837 

0.1000 1.89487 1.88197 1.88690 1.89000 1.89213 1.89369 1.89487 1.89580 

0.1125 1.88233 1.86799 1.87346 1.87691 1.87928 1.88101 1.88233 1.88336 

0.1250 1.86991 1.85417 1.86017 1.86396 1.86656 1.86846 1.86991 1.87105 

0.1375 1.85761 1.84051 1.847C3 1.85114 1.85397 1.85604 1.85761 1.85885 

0.1500 1.84544 1.82700 1.83403 1.83846 1.84151 1.84374 1.84544 1.84678 

0.1625 1.83339 1.81365 1.82117 1.82591 1.82918 1.83157 1.83339 1.83482 

0.1750 1.82146 1.80045 1.80845 1.81350 1.81698 1.81952 1.82146 1.82298 

0.1875 1.80964 1.78740 1.79586 1.80121 1.80490 1.80759 1.80964 1.81126 

0.2000 1.79795 1.77450 1.78341 1.78905 1.79294 1.79578 1.79795 1.79965 

0.2125 1.78637 1.76174 1.77110 1.77702 1.78110 1.78409 1.78637 1.78816 

0.2250 1.77490 1.74913 1.75892 1.76511 1.76939 1.77251 1.77490 1.77678 

0.2375 1.76354 1.73665 1.74686 1.75333 1.75779 1.76105 1.76354 1.76550 

0.250 1.75229 1.72432 1.73493 1.74166 1.74630 1.74970 1.75229 1.75434 

0.300 1.70839 1.67632 1.68846 1.69617 1.70150 1.70541 1.70839 1.71074 

0.350 1.66614 1.63038 1.64390 1.65249 1.65844 1.66280 1.66614 1.66877 

0.400 1.62546 1.58638 1.60112 1.61052 1.61703 1.62180 1.62546 1.62834 

0.450 1.58628 1.54421 1.56005 1.57016 1.57718 1.58233 1.58628 1.58939 

0.500 1.54852 1.50376 1.52058 1.53134 1.53881 1.54431 1.54852 1.55184 

0.550 1.51211 1.46495 1.48264 1.49398 1.50186 1.50766 1.51211 1.51563 

0.600 1.47699 1.42767 1.44614 1.45800 1.46625 1.47233 1.47699 1.48068 

0.650 1.44310 1.39186 1.41101 1.42334 1.43192 1.43825 1.44310 1.44695 

0.700 1.41039 1.35742 1.37719 1.38992 1.39881 1.40536 1.41039 1.41437 

0.750 1.37879 1.32430 1.34461 1.35770 1.36685 1.37360 1.37879 1.38289 

0.800 1.34825 1.29243 1.31320 1.32662 1.33600 434293 1.34825 1.35247 

258 



Table A7.1: Continued. 

(U/Z)2 Z=3 Z=4 

0.850 1.31874 1.26173 

0.900 1.29020 1.23215 

0.950 1.26258 1.20365 

1.000 1.23586 1.17615 

1.050 1.21000 1.14963 

1.100 1.18494 1.12402 

1.150 1.16067 1.09929 

1.200 1.13715 1.07539 

1.250 1.11435 1.05230 

1.375 1.06029 0.99783 

1.500 1.01013 0.94761 

1.625 0.96350 0.90122 

1.750 0.92006 0.85826 

1.875 0.87954 0.81840 

2.000 0.84167 0.78134 

2.125 0.80622 0.74682 

2.250 0.77300 0.71460 

2.375 0.74181 0.68449 

2.500 0.71250 0.65629 

5.00 0.36538 0.33032 

7.50 0.22250 0.20008 

10.0 0.14985 0.13456 

12.5 0.10783 0.09684 

15.0 0.08134 0.07309 

17.5 0.06355 0.05715 

20.0 0.05103 0.04592 

22.5 0.04188 0.03771 

25.0 0.03499 0.03153 

50.0 0.01013 0.00916 

75.0 0.00474 0.00430 

100 0.00274 0.00248 

125 0.00178 0.00162 

Z=5 Z=6 Z=7 

1.28291 1.29661 1.30620 

1.25369 1.26764 1.27741 

1.22548 1.23965 1.24958 

1.19824 1.21259 1.22267 

1.17193 1.18644 1.19663 

1.14650 1.16114 1.17143 

1.12191 1.13666 1.14704 

1.09812 1.11296 1.12341 

1.07511 1.09002 1.10053 

1.02072 1.03573 1.04633 

0.97046 0.98549 0.99611 

0.92392 0.93889 0.94949 

0.88074 0.89558 0.90612 

0.84058 0.85527 0.86570 

0.80318 0.81767 0.82798 

0.76828 0.78255 0.79271 

0.73566 0.74969 0.75969 

0.70512 0.71889 0.72872 

0.67649 0.68999 0.69963 

0.34266 0.35106 0.35715 

0.20790 0.21327 0.21719 

0.13987 0.14353 0.14621 

0.10065 0.10329 0.10521 

0.07595 0.07792 0.07937 

0.05937 0.06090 0.06202 

0.04769 0.04892 0.04981 

0.03916 0.04016 0.04089 

0.03273 0.03356 0.03417 

0.00950 0.00973 0.00990 

0.00445 0.00456 0.00464 

0.00257 0.00263 0.00268 

0.00167 0.00171 0.00174 

259 

Z=8 Z=9 Z=10 

1.31329 1.31874 1.32306 

1.28464 1.29020 1.29460 

1.25693 1.26258 1.26707 

1.23012 1.23586 1.24042 

1.20418 1.21000 1.21461 

1.17906 1.18494 1.18961 

1.15474 1.16067 1.16539 

1.13117 1.13715 1.14190 

1.10833 1.11435 1.11913 

1.05421 1.06029 1.06513 

1.00402 1.01013 1.01500 

0.95739 0.96350 0.96837 

0.91398 0.92006 0.92491 

0.87350 0.87954 0.88435 

0.83569 0.84167 0.84644 

0.80032 0.80622 0.81094 

0.76718 0.77300 0.77765 

0.73609 0.74181 0.74639 

0.70687 0.71250 0.71700 

0.36176 0.36538 0.36829 

0.22016 0.22250 0.22439 

0.14824 0.14985 0.15114 

0.10668 0.10783 0.10877 

0.08047 0.08134 0.08204 

0.06288 0.06355 0.06410 

0.05049 0.05103 0.05147 

0.04144 0.04188 0.04224 

0.03463 0.03499 0.03529 

0.01003 0.01013 0.01021 

0.00469 0.00474 0.00478 

0.00271 0.00274 0.00276 

0.00176 0.00178 0.00179 



Table A7.2: Generalized oscillator strengths for the ltS-»21P for various Z-scaled momentum transfers 

OU/Z)2 Z = 3 Z=4 Z=5 Z=6 Z=7 Z = 8 Z = 9 Z = 1 0 

0.0125 

0.0250 

0.0375 

0.0500 

0.0625 

0.0750 

0.0875 

0.1000 

0.1125 

0.1250 

0.1375 

0.1500 

0.1625 

0.1750 

0.1875 

0.2000 

0.2125 

0.2250 

0.2375 

0.250 

0.300 

4.31146(-1 

4.07318(-1 

3.850180-1 

3.64134(-1 

3.445660-1 

3.262180-1 

3.09004(4 

2.92844(4 

2.77665 (-1 

2.63400(4 

2.49986(4 

2.37365(4 

2.25483(4 

2.142930-1 

2.03747(4 

1.93804(4 

1.84424(-1 

1.75572(-1 

1.672130-1 

1.59317(-1 

1.31802(4 

5.25010(4 

4.99948(4 

4.76274(4 

4.53902(4 

4.32750(4 

4.12743(4 

3.93810(4 

3.75885(4 

3.58908(4 

3.42821(4 

3.27572(4 

3.13110(4 

2.993910-1 

2.86369(-l 

2.74006(4 

2.62262(4 

2.51103(4 

2.40496(4 

2.30410(4 

2.20815(-1 

1.868310-1 

5.819620-1 

5.563930-1 

5.32128(-1 

5.090920-1 

4.87214(-1 

4.664270-1 

4.466710-1 

4.278870-1 

4.10020(4 

3.93019(4 

3.76838(4 

3.61430(4 

3.46754(4 

3.32770(4 

3.19442(-1 

3.06734(4 

2.94613(4 

2.83048(4 

2.72012(4 

2.61475(-1 

2.238350-1 

6.199260-1 

5.94107(4 

5.69537(4 

5.46146(4 

5.238710-1 

5.026510-1 

4.824290-1 

4.63152(-1 

4.4477O0-1 

4.272350-1 

4.10503(4 

3 94532(4 

3.79283(4 

3.647180-1 
3.50804(4 

3.37506(4 

3.24794(4 

3.126380-1 

3.01010(4 

2.89886(4 

2.49938(4 

6.46963(4 

6.21005(4 

5.96256(4 

5.72652(4 

5.50134(4 

5.28644(4 

5.08128(4 

4.88538(4 

4.69824(4 

4.51943(4 

4.34852(4 

4 18513(4 

4.02886(4 

3.87937(4 

3.73633(4 

3.59941 (-1 

3 46832(-l 

3.34278(4 

3.22252(4 

3.10729(4 

2.69203(4 

6.671630-1 

6.411220-1 

6.16261(-1 

5.925190-1 

5.69839(4 

5.481670-1 

5.27453(4 

5.07647(4 

4.88705 (-1 

4.70584(4 

4.53243(4 

4.36645(4 

4.20753(4 

4.05532(4 

3.90951(4 

3.76979(4 

3 63588(4 

3.50749(4 

3.38436(4 

3.266260-1 

2.83959(-l 

6.828160-1 

6.567220-1 

6.31785(-1 

6.079480-1 

5.851550-1 

5.63354(-l 

5.424960-1 

5.22535(-l 

5.03428(4 

4.85131(-1 

4.676O70-1 

4.50818(4 

4.34729(4 

4.193081-1 

4.04521 (-1 

3.90341(4 

3.76737(4 

3.63685(4 

3.511580-1 

3.391320-1 

2.95603(4 

6.95296(4) 

6.69166(4) 

6.44176(-1) 

6.20270(4) 

5.97394(-l) 

5.75497(-l) 

5.54533(-l) 

5.34455(-l) 

5.15222(-1) 

4.96792(-l) 

4.791280-1) 

4.62193(-1) 

4.45954(-

4.30377(4) 

4.154320-1) 

4.01090(4) 

3.87324(4) 

3.74106(4) 

3.614120-1) 

3.492190-1) 

3.05017(4; 



Table A7.2: Continued. 

OU/ZJ2 Z=3 Z=4 Z=5 Z=6 Z=7 Z=8 Z=9 Z=10 

0.350 

0.400 

0.450 

0.500 

0.550 

0.600 

0.650 

0.700 

0.750 

0.800 

0.850 

0.900 

0.950 

1.000 

1.050 

1.100 

1.150 

1.200 

1.250 

1.375 

1.500 

1.09690(4) 
9.17995(4) 

7.72319(4) 

6.52987(4) 

5.54681(4) 

4.73263(4) 

4.05491(4) 

3.48806(4) 

3.01180(4) 

2.60992(4) 

2.26941(4) 

1.97976(4) 

1.73247(4) 

1.52058(4) 

1.33840(4) 

1.18127(4) 

1.04530(4) 

9.27311(4) 

8.24618(4) 

6.21055(4) 

4.73930(4) 

1.58809(4) 

1.35583(-1) 

1.162340-1) 

1.00040(4) 
8.64245(4) 

7.49282(4) 

6.51817(4) 

5.68867(4) 

4.98008(4) 

4.37264(4) 

3.85015(4) 

3.39927(4) 

3.00899(4) 

2.67015(4) 

2.37514(4) 

2.11758(4) 

1.89212(4) 

1.69427(4) 

1.52022(4) 

1.16923(4) 

9.09504(4) 

1.923810-1) 
1.65976(-1) 

1.437130-1) 

1.248650-1) 

1.08846(4) 

9.51789(4) 

8.34775(4) 

7.34246(4) 

6.47596(4) 

5.72673(4) 

5.07697(4) 

4.51183(4) 

4.01894(4) 

3.58790(4) 

3.20999(4) 

2.87785(4) 

2.58523(4) 

2.32684(4) 

2.09818(4) 

1.63262(4) 

1.28353(4) 

2.16279(4) 

1.87802(4) 

1.636130-1) 

1.42989(-1) 

1.253420-1) 

1.10189(4) 

9.71351(4) 

8.58544(4) 

7.60761(4) 

6.75757(4) 

6.01656(4) 

5.36885(4) 

4.80124(4) 

4.30259(4) 

3.86347(4) 

3.47589(4) 

3.13304(4) 

2.82910(4) 

2.55911(4) 

2.00602(4) 

1.58780(4) 

2.34021(4) 

2.04096(4) 

1.78551(-1) 

1.566650-1) 

1.378510-1) 
1.21627(-1) 

1.07591 (-1) 

9.54124(4) 

8.48154(4) 

7.55692(4) 

6.74802(4) 

6.03857(4) 

5.41481(4) 

4.86510(4) 

4.37956(4) 

3.94974(4) 

3.56846(4) 

3.22953(4) 

2.92766(4) 

2.30666(4) 

1.83434(4) 

2.47665 (-1) 

2.16677(4) 

1.90127(4) 

1.67302(4) 

1.476160-1) 

1.30585(4) 

1.15806(4) 

1.02946(4) 

9.17246(4) 

8.19071(4) 

7.32961(4) 

6.57249(4) 

5.90524(4) 

5.31585(4) 

4.79409(4) 

4.33124(4) 

3.91979(4) 

3.55333(4) 

3.22631(4) 

2.55147(4) 

2.03600(4) 

2.58464(-l) 

2.26664(-l) 

1.99343(-1) 

1.75793(-1) 

1.554300-1) 

1.377710-1) 
1.22413(-1) 

1.09019(4) 

9.73060(4) 

8.70379(4) 

7.80141(4) 

7.00649(4) 

6.30465(4) 

5.68362(4) 

5.13293(4) 

4.64361(4) 

4.20796(4) 

3.81934(4) 

3.47204(4) 

2.75364(4) 

2.20310(4) 

2.67215(-1) 
2.34774(-l) 

2.06842(4) 

1.827170-1) 

1.618160-1) 

1.43655(-1) 

1.278320-1) 

1.140080-1) 
1.019000-1) 

9.126830-2) 

8.19103(4) 

7.36546(4) 

6.63550(4) 

5.98870(4) 

5.41440(4) 

4.90344(4) 

4.44796(4) 

4.04116(4) 

3.67720(4) 

2.92292(4) 

2.34339(4) 



Table A7.2: Continued. 

OU/Z)2 Z=3 Z=4 Z=5 Z=6 Z=7 Z=8 Z=9 Z=10 

1.625 
1.750 
1.875 
2.000 
2.125 
2.250 
2.375 
2.500 
5.00 
7.50 
10.0 
12.5 
15.0 
17.5 
20.0 
22.5 
25.0 
50.0 
75.0 
100 
125 

3.66022(4) 
2.85807(4) 
2.25439(4) 
1.79490(4) 
1.44146(4) 
1.16695(4) 
9.51810(4) 
7.81767(4) 

4.09532 (-5) 
6.025170-6) 
1.46010(-6) 
4.73458(4) 

1.856640-71 
8.32253(-8) 
4.12016(-8) 
2.202520-8) 
1.251750-8) 
2.73555(-l( 
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Appendix 8 

Formulae for the S-»S, S^P, S->D, and P-»D generalized oscillator strengths 

Within the first Born approximation, the GOS is easily expressed in terms of the 

form factor (FF)-

2(£i- £o) , GOS(K) = - — - \FF(K) 2 

K2 

2(£1~£0) 

K2 
h;J2e'*r^0drxdf2 drn 

J .=i 

where the subscripts 0 and 1 refer to the initial and final target states, respectively, and 

the summation is over all n electrons in the target. K is the momentum transferred to 

the target from the collision and E0 and E, are the energies of the initial and final states, 

respectively. 

The expressions tor the form factor are expanded in terms of the integral 

F(a,b,c,L,M,N,X,K) given by 

F(a,b,c,LMAK10=[e'ar,e'bhe'criirl
Lr2

Mj^Krx)Yl(Ql)Yl(Q2)drxdr2 

where j^Kr) is a spherical Bessel function of order N, and Ŷ  IS a spherical harmonic. 

The evaluation of F(a,b,c,L,M,N,X,K), the derivation of alternate expressions when 

\b-c\ is small, and the small-K. and large-K expansions will be discussed at the end of 

this appendix. 

For convenience, the linear and nonlinear parameters in the wavefunctions 

representing the initial and final states are subscripted with a 0 and a 1, respectively. 
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Therefore, the initial S and P state wavefunctions are written 

NO 

* = E C'K.(1±-Pl2)eXP("aWri)eXP("P*Or2)eXP("YW/'i2)}i(1)}0(2) 
kO 

and 

NO 

* = E Cw(1±A2),'ieXP(_a«/'l)eXP(_P*/2)CXP(-"YW)/*12) ^ (1)^(2) 
kO 

and the final S, P, and D states wavefunctions are written 

Nl 

1 
kl 

* = E Cw(l±P12)exp(-awr,)expO-PHr2)expO-Ywi-12)l{01)^02) 

* = E Cw(1±A2)^e^(~ait/l)eXP("P*/ r2)eXP("Y*/|2)^(1)1o(2) 
kl 

and 

w 
* = E CW(l±A2)rfeXP(_a«l"l)eXP(~Pwr2)CXP("YW',i2)*2(Ql)1o(Q2) 

kl 
Nl+Ml 

+ E £>
W(1±^l2)

/'l/"2eXP(~aW/'l)eXP(~Pwr2)eXP(""Y*/''i2)>'(1.2) 
kl=Nl+\ 

where 

F ( 1 , 2 ) = 2 Y ? ( Q 1 ) Y ? ( Q 2 ) + Y ; ( Q 1 ) Y - 1 ( Q 2 ) + Y ; 1 ( Q 1 ) Y | ( Q 2 ) 

The form factor for S->S transitions is 

NO Nl 

mv^EZCnCuiup^j 
2K kO kl 

*0«W
+«W.PW

+P*/>YM+YWAO,0,0,K)* 

/r(PiW
+P«'«w+aw»Yw

+YwA0>0,0,«) 



For S-»P transitions the form factor is 

. ft fo Nl 

2TI kO kl 

'F(«ko+*kl,tu+pi
kl,Yu+ykjX0,l,0JQ + 

FWko+Pki>ako+*ki>yko+yki>°>l>lhK) 

For S-»D transitions the form factor is 

NO Nl 

*•"• kO kl 

4> 
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NO Nl+Ml 

E E CUDUH±P^J 
kO kl=Nl+l 

F(aAO+aw,pw43w,Yw+YwA0,2,0^)H 

.^P»+P*f>«M+««.Yw+YHA2A2,K) 

F(«w+«w.Pw+P«»Yw
+Yw,l,l,2,l,K) + 

^P*o+Pw»0M+a«»Ytf+Yw,l,lAl,AO 

For P-»D transitions the form factor is 

iJ3 
NO Nl 

4ltv/5 kO kl 

•H'y/3 

lOn 

NO N/+M/ 

E E ^D w ( i ± J p a t ; P t ; ) 
to */=M+l 

2F(aAO+aw,Pw+Pw,Yw,-Yw,3AlA/0 

-3F(«w+a*/'P*o+Pw»Yw
+Yw,3A3AicO 

+2^P»+P t,.«»+«U,YW+YU.0A1,1^) 

-3JWw+Pu ,«w+«uor»nuA3A3,A) 

±2F(aw+pw>pw+aw ,Yw
+Yw , lAlA# 

* 3 ^ w
+ P u . P » + « u o r w n u , l A 3 A * ) 

±2i7(Pw+««.«w+P«»Yw
+YwAl,l,l,X) 

*3^Pw+au ,aw +pu ,Y t t+YuAlAl ,K) 

6F(«w+a«»Pw+P«'Yw+YuAl,l,l,«) 

-9^«W
+««.P»+PU.YW+YUA1A1^) 

+5^Pw +pu ,ow +ou ,Yw+Y«,lAl,0J0 
+ F(Pw+P*/'aw+a^YAO

+Y i /,lAlAAO 

-9^PM
+Pu.«w+«u.Yw+Yu, lA3^JO 
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Each F(a,b,c,L,M,N,X,K) integral is expanded into a sum of integrals of the form 

JnJK,a)=fr%(Kr)e-dr 
o 

and these are evaluated by applying the following three recursion relations 

«/*,<*«) +KJmn+x(K,a) - (m+n)Jm_Un(K,a) 

(K2+a2)Jm^K,a)+(m + n)(m--n-\)Jm_x/K,a)=2^ 

and 

j (K,d) = 2nK J AK,a) 
n+l,nv ' ' .si i « , / i - l v ' ' 

K~ + a~ 

successively to j and j . Both of these are readily evaluated: 

J00(̂ ) = L l > ) e ^ = / ^ « ^ 4 t a n - f ^ 
o o Kr K \a> 

and 

J10(K,a)P{rj0(Kr)e^drPf^^e-dr^~±-
o o K K +a 

Clearly different transitions require different 7m„: the S-*S transitions require JIU and 

J2i0; the S^P transitions require J0J, J,,, J2/, J3I\ the S-*D transitions require./, 3, J02, 

J is., h& Js,2, and J4i2; the P-*D transitions require Joh Jlh J2J, Jlh J4ih JSJ, ./.,.„ ./. u , 

Jo,3, J 1,3, Jl,3> J3,3, J4,3, aU(^ J5,3-
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Large and small K expansion of F(a,b,c,L,MJS,X,K) are obtained by a Taylor 

expansion of the Jnm(K,a) about a/K and K/c, respectively. These expansions are 

substituted into the expression for F(a,b,c,L,M,N,k,K)- The first few terms in the. 

expansions of F{a,b,c,L,MJ^,k,K) cancel; for instance the lowest order terms in the small 

K expansions of J20(K,a) and J,0(K,a) are of the order of K° but the lowest order term 

in the small K expansion of F(a,b,c,0,0,0,0,K) is K2. Each coefficient in the small and 

large K expansion will suffer from numerical instabilities when \b-c\ is small. 

Alternate expressions were derived for the first three expansion coefficients. Although 

the program allows any number of expansion terms to be calculated, numerical 

instabilities may arise in terms beyond the third order. 

F(a,b,c,L,MJ,,X,K) becomes numerically unstable when |/;-c | is small. The 

alleviation of this problem will be illustrated using F(a,b,c,0,3,l,l,K) as an example. 

Each F(a,b,c,L,M,N,k,K) required individual consideration but the example illustrates the 

general procedure. 
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F(a,b,c,0,3,l,l,K) = ufe'^e'^'^rlj^Kr^iQ^ia^dr^ 

= nU'arijXKr.) 

8crje~6r* mbcr\e~bTi 32cr\(3lb2+5c2)e'br' 
+. + 

(b2-c2f (b2-c2)3 (b2-c2)4 

I92bcr2
x[(23b2+9c2) e ~bFl + (5b2

+3c2) e ~cr*] 
+ (b2-c2)5 ~ ~ 

\53(>bcrl (lb
2+3c2) (be ~bTl -ce ~"1) 

+ (b2-c2f 

t I536bc(lb2+3c2)(e'brx-e'cri) 

(b2-c2f 

When \b-c\ is sufficiently large, the above is written as 

F(a,b,c,0,3,l,l,K) = n 

ScJ5X(K,a+b) mbcJ4X(K,a+b) 32c(3lb2+5c2)J:il(K,a+b) 

(b2-c2)2 (b2-c2)3 (b2-c2)4 

mbc[(23b1+9c2)J2X(K,a+b)+(5b2+3c2)J2l(K,a+c)] 

(b2-c2)5 

l536bc(lb2+3c2)(bJxx(K,a+b)-cJxx(K,a+c)) 
2 „2\6 (b'-c2) 

I536bc (lb2 +3cr) (J0X(K,a+b) -Jox(K,a +c)) 

(b2-c2)6 

and evaluated using the expressions for j (K,a) • Otherwise, e'
bri is extracted from the 

m,n 

term in brackets and the resulting exponentials are Taylor expanded. F(a,b,c,0,3,l,\,K) 

becomes 

I 
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F(a,b,c,0,3,l,l,K) = - ^ - fe~(a*b)rijx(Krx)x 

, . cr,(49Z>2+^c+5c2) 
20cr,3 + 20bcr\ + —i2 1 

44jbc£ 
(^-.;)'+V;+5 

1=1 0+5)! 
[(/?+c)(5&2-3c2)(r+9/+20) 

-8(7^+3c4(c(/+5)+(/>-c))] 

or, expressed in terms of j (K,a), 

F(a,b,c,0,3,lXK) 
Sit 

(b+cf 

20cJ3X(K,a +b) + 20bcJiX(K,a +b) 

+ cJsx(K,a+b) (A9b2+6bc+5c2) 

™(b-c)'+4Jl+,.(K,a+b) , „ „ 
^Abc^- " ' -[(fc+c)(5fc2+3c2)(.-2+9<+20) 

-8 (7Z7 2 +JC 2 ) (C ( /+5 )+ ( /> -C) ) | 

For each I, Jl+51(K,a+b) may be evaluated by 

r l v ,s lU+4)(a+by^x(K,a+b)-(i+5)(i+2)J^x(K,a+b) 
•/I+5 AK,a+b) = ! : 

-1 K2+(a+b)2 

whicn is simply a substitution (n— 1, /??=i-f4) and rearrangement of one of the previous 

recursion relations. Although the infinite summation does converge, it is currently a 

product of increasingly small ((b-c)+4/(i+5)') and large (Jll5l(K,a+b)) terms 

Therefore, numerical instabilities arise These are avoided by introducing the function 

' 5>1 (i +5)' 

Substituting this function in the expression for 7H5,(K,a+b) yields 
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2(i+A)(a+b)jU,l(K,a+b) «+2)(b-c)jUtl(K,a+b) 

0+5) ~ 0+4) 

and F(a,b,c,Oi3,l,l,K) becomes 

"20c73 x(K,a +b) + 20bcJ4x(Kfi+b) 

+ cJ5X(K,a +b) (49b2 +6bc +5c2) 

5 
00 

+24bcY jUx(K,a +b)[(b+c)(5b2+3c2)(i2 +9i +20) 
1=1 

-8(7Z>2+3c2)(c0'+5)+(fc-c))] 

jUA(K<a+b) = (b-c) 

K2Ha+b)2 

F(a,b,c,0,3,l,l,K) = 
8K 

(b+cf 

I 
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