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Abstract

In this thesis, we investigate the relation between invariants of minimal free resolu-
tions of monomial ideals and combinatorial properties of simplicial complexes. We
provide a sufficient combinatorial condition for monomial ideals to have nonzero Betti
numbers and show that such a condition completely characterizes Betti numbers of
facet ideals of simplicial forests. We also present a new approach to computing Betti

numbers of path ideals of certain graph classes.
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Description

the induced matching number of G
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Chapter 1

Introduction

A central topic in commutative algebra is minimal free resolutions over polynomial
rings. A particularly interesting case of this topic is the minimal free resolutions of
monomial ideals. Although it is possible to give inductive procedures to construct
minimal free resolutions of monomial ideals, no explicit description is known in gen-
eral. By virtue of the polarization method [18, 45] the study of resolutions of mono-
mial ideals can be restricted to squarefree monomial ideals [39, Theorem 21.10]. In
the squarefree case one can set a one-to-one correspondence between monomial ideals
and simplicial complexes thus connecting algebra and combinatorics. Two common
ways of setting such a correspondence has been traditionally through Stanley-Reisner
ideals of Stanley [41] and Reisner [40] and facet ideals of Faridi [17] (or, edge ideals of
Villarreal [43] for the quadratic monomial ideals). In this thesis we take the second
view and study squarefree monomial ideals via facet ideals.

The main theme of this thesis is to investigate the relation between combinatorial
properties of simplicial complexes and invariants of minimal free resolutions of their
facet ideals. In Chapter 2 we start with the necessary background. Chapter 3 is
devoted to some technical preliminary results on minimal vertex covers which will
be used in the subsequent two chapters. In Chapter 4 we generalize the methods
developed by Kimura [31] and we introduce the notion of well ordered facet cover to
give a sufficient condition (Corollary 4.2.6) for nonvanishing Betti numbers of facet

ideals. It was proved by Katzman [28] that the regularity of an edge ideal is strictly



2

greater than the induced matching number of the associated graph. As an application

of our condition we are able to extend Katzman’s regularity bound to facet ideals.

In Chapter 5 we focus on facet ideals of simplicial forests. Theorem 5.1.3 shows
that multigraded Betti numbers of such ideals are either 0 or 1; moreover a mul-
tidegree does not appear at two different homological positions in the resolution.
This generalizes a result of Bouchat [7] on edge ideals of graph forests. Using well
ordered facet covers we give a combinatorial description in Theorem 5.2.2 for the
Betti numbers of facet ideals of simplicial forests, and this generalizes the previously
given description of Betti numbers of edge ideals of forests by Kimura [31]. As a
consequence of our description we express the regularity of these ideals in terms of
facet covers (Corollary 5.2.3) and this extends a result of Zheng [46] which linked the
induced matching number of a graph forest to the regularity of its edge ideal.

In [7] Bouchat showed that the homological degree of a multigraded Betti num-
ber of the edge ideal of a forest can be determined by the projective dimension of
the edge ideal of the induced subgraph corresponding to the given multidegree. In
Theorem 5.3.7 we extend this result to some simplicial forests which include graph
forests. In Section 5.4 we use the combinatorial description of Betti numbers of edge
ideals of forests to give more detailed features of their multigraded Betti numbers.

In Chapter 6 we study path ideals. The path ideal of a graph is generated by
monomials which correspond to paths of a certain order. The graded Betti numbers
of path ideals of paths and cycles were computed by Alilooee and Faridi [1, 2] using
Hochster’s formula ([24, Theorem 8.1.1]). Also Bouchat, Ha and A. O'Keefe [8]
studied path ideals of paths in a different setting and they obtained formulas for
projective dimension and regularity of these ideals. In Sections 6.2 and 6.3 we go on
to give formulas for multigraded Betti numbers of those ideals except the top degree

ones for cycles using a different technique. We also compute graded Betti numbers
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of path ideals of star graphs in Section 6.4 and extend the work of Jacques [26], Ha
and Van Tuyl [22] who gave formulas for Betti numbers of edge ideals of stars.
The results of Section 4.1 and Section 5.1 were published in [14]. Sections 4.2, 4.3

and 5.2 are included in [13] and submitted for publication.



Chapter 2

Background

2.1 Simplicial Complexes and Homology

An abstract simplicial complex A on a set of vertices V(A) = {vy,...,v,} is a
collection of subsets of V(A) such that {v;} € A for all i, and F' € A implies that
all subsets of F' are also in A. The elements of A are called faces and the maximal
faces under inclusion are called facets. If the facets F,..., F, generate A, we write
A= (Fy,...,F,) or Facets(A) = {F, ..., F,}.

The dimension of a face F' is equal to |F| — 1. The dimension of A is the
maximum of the dimensions of its faces.

A face {vy,va, ..., v, }\{vsy, - . ., v;, } will be denoted by {vy, ..., Uiy, Visy -5 Un}
for i1 <ig < -+- < .

A subcollection of A is a simplicial complex I' such that every facet of I' is also
a facet of A. If A is a set of vertices of A, then the simplicial complex Ay is the
induced subcollection of A on A and it is equal to (F' € Facets(A) | FF C A). For
a monomial m, the simplicial complex A,, stands for the induced subcollection of A
on the set of vertices which divide m. A simplicial complex I is called a subcomplex
of Aif I' C A. Note that every subcollection of A is a subcomplex of A.

A set D of facets of A is called a matching if the facets in D are pairwise disjoint.
We say D is an induced matching if D is a matching, and moreover the induced
subcollection of A on UpcpF' is generated by the facets in D.

Facet removal: If F,... F, are facets of A, then A\ (F},..., F,) denotes

the simplicial complex whose facet set is Facets(A) \ {F1,..., F,}. Note that if A;

4
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and A, are simplicial complexes, then A\ A, is not necessarily a simplicial complex.
Therefore this notation should not be confused with taking the difference of simplicial
complexes.

A simplicial complex A is connected if for any two facets F' and G of A there
exists faces Fy = F,Fy,...,F, = G of A such that F; N F;.; # 0 for every i =
0,...,k — 1. The maximal connected subcomplexes of A are called the connected
components of A.

A facet F' of A is called a leaf if either F'is the only facet of A, or there exists a
facet G # F € A, called a joint of F', such that F'N H C G for every facet H # F.
By definition, every leaf F' of A has to contain a free vertex, i.e., a vertex v such
that v ¢ H for every facet H € Facets(A) \ {F}. A connected simplicial complex A
is called a simplicial tree if every nonempty subcollection of A has a leaf. If every
connected component of a simplicial complex A is a simplicial tree, then A is called a
simplicial forest. Simplicial forests were defined by Faridi [17] and they generalize
the notion of forest in graph theory to simplicial complexes.

Suppose that k is a fixed field. Given a simplicial complex I' on the vertices

T1,...,T, the facet ideal of I" is the squarefree monomial ideal

FIT) = (z1...24] {x1,...,2,} is a facet of ")

of S =Kklzy,...,z,]. Conversely, every squarefree monomial ideal of S is associated
in this way to the facet ideal of a unique simplicial complex since every monomial
ideal has a unique minimal monomial set of generators [24, Proposition 1.1.6], thus
establishing a bijection between facet ideals and squarefree monomial ideals.

If I is a squarefree monomial ideal which is minimally generated by the monomials

mi,...,m,, then the facet complex of I is the simplicial complex whose facets
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correspond to the minimal monomial generators of I. Note that if ' is a simplicial

complex, then the facet complex of F(I') is I itself.

Example 2.1.1. The simplicial complex I' in Figure 2.1 is a simplicial tree with
leaves K and F. The joint of K is H and the joint of F'is G. Also the free vertices

are ro and xg. However the simplicial complex in Figure 2.2 is not a simplicial tree.

Ty
T Ty

G | H

T2

T3 Te

Figure 2.1: A simplicial tree I' = (F, G, H, K') which has the facet ideal
?(F) = (551@5637 T1X3%4, T3T4Ts5, x3x5az6).

Figure 2.2: A simplicial complex which is not a tree.

A set of vertices C of a simplicial complex I is called a vertex cover if FNC # ()
for every F' € Facets(I'). A set D C Facets(I') is called a facet cover of I if every
vertex v of T belongs to some F in D. A facet cover (respectively vertex cover) is

called minimal if no proper subset of it is a facet cover (respectively vertex cover)

of T.
Localization: Suppose that I' is a simplicial complex on vertices z1, ..., x, and
{zi, ...,z } isavertex cover of I'. Then P = (z;,,...,x;, ) is a prime ideal containing

the ideal F(I') and by F(I')p we mean the ideal of k[zy,...,z,] whose monomial
generators are identified with those of the localized ideal of F(I') at P. We denote

by I'p the facet complex of F(I')p. We will make use of the fact that if ' is a
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simplicial forest, then I'p is also a simplicial forest [17, Lemma 1]. For example, if T’
is the simplicial complex in Figure 2.1, P, = (z1,x3,25) and Py = (z2, x4, x¢), then
Ip = ({1, 23}, {zs, 25}) and U'p, = ({xa}, {24}, {w6})-

Two simplicial complexes A and I' are isomorphic if there is a bijection ¢ :
V(A) — V(I') between their vertex sets such that F' is a face of A if and only if ¢(F)
is a face of I'.

Let A and I' be simplicial complexes which have no common vertices. Then the

join of A and I is the simplicial complex given by

AxT'={0Uvy:0e€Ayel}

A cone with apex v is a special join obtained by joining a simplicial complex A
with {(),v} where v is not in the vertex set of A. Equivalently, a simplicial complex
is a cone with apex v if v is a member of every facet.

If 0 is a face of A, then the deletion of A with respect to ¢ is the subcomplex

dela(o) ={r € A|7no =0}

For further definitions from combinatorial topology we refer to Bjorner [6].

We briefly review some concepts and results regarding simplicial homology, see
Hatcher [20] for a comprehensive treatment of this topic. Let A be a simplicial
complex with vertex set {1,...,n}. For each integer i, let C;(A) be a vector space
over k whose basis elements e, correspond to i-dimensional faces o of A. Note that
if i < —1ori>mn-—1, then C;(A) = 0 by definition. Also, as ) is the only (—1)-

dimensional face of A we have C_;(A) = k. The boundary maps

0;: Ci(A) — Ciy(A)
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are defined on the basis elements e, where o = {to,t1,...,t;} with tog <t; <--- <,
by '
i(es) = Y (=1)en ;)
5=0
and extended linearly to all of C;(A). It is easy to check that 0;0;;1 = 0. This means
that the image of 0,1 is contained in the kernel of 0;. For each integer i, the k -vector
space

H;(Ak) = Ker(0;)/ Im(0;11)

is called the ith reduced homology of A over k. For the sake of simplicity, we drop
k and write H;(A) whenever we work on a fixed ground field k.

A simplex is a simplicial complex that contains all subsets of its nonempty vertex
set. The boundary ¥ of a simplex A = ({v1,...,v,}) is obtained from A by

removing the maximal face of A. And, the homology groups of ¥ are given by

k, ifp=n-—2
H,(¥,k) = (2.1.1)

0, otherwise.

The irrelevant complex {(} has the homology groups

, ifp=—
,({0},k) = ootp =l (2.1.2)

0, otherwise.

whereas the void complex {} has trivial reduced homology in all degrees.

A simplicial complex A is acyclic (over k) if H;(A, k) is trivial for all i. Examples
of acyclic complexes include cones and simplices, see page 1853 of Bjorner [6].

The homology of two simplicial complexes is related to homology of their union

and intersection by the Mayer-Vietoris long exact sequence.
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Theorem 2.1.2. [20] Let Ay and Ay be two simplicial complexes. Then there is a

long exact sequence

cee — ﬁp(Aﬂ @E[p(Az) — I:[p(Al UAQ) — I;[p_l(Al ﬂAQ) — E[p_l(Al) @,E[p_l(AQ) — .
(2.1.3)

provided that Ay N Ay # {}.

A particular case of Theorem 2.1.2 occurs when a simplicial complex A = AjUA,
is a union of two acyclic subcomplexes A; and A,. In that case, the sequence (2.1.3)

becomes

%O—>}~IP(A1UA2)—>I:Ip_1(AlﬂA2)—>0—>

whence ]:Ip(Al UAy) and ﬁp_l(Al N Ay) are isomorphic for all p. Since we will make

frequent use of this specific case, we state it separately as an immediate Corollary.

Corollary 2.1.3. If Ay and As are acyclic simplicial complexes over k, then

H, (AU Ay, k) 2 H, (AN Ay k)

for every p, provided that Ay N Ay # {}.

2.2 Graph Theory

A graph G is an ordered pair (V(G), E(G)) consisting of a finite vertex set V(G)
and an edge set F(G) such that every edge e € E(G) is a subset of V(G) of
cardinality 2. We use the standard terminology on graph theory, see [44], for instance.
We say G is a graph of order n and size m if |V(G)| = n and |E(G)| = m. Two
vertices u and v are called adjacent if {u,v} is an edge of G. A vertex v is an

isolated vertex of G if no vertex of G is adjacent to v.
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We say H is a subgraph of G if V(H) C V(G) and E(H) C E(G). If Ais a
set of vertices of GG, then the induced subgraph G 4 of G on A is the graph whose
vertex set is A and edge set is {e € E(G) | e C A}.
If € is a set of edges of GG, then G — € denotes the graph which is obtained by G
by removing the edges in €.
A set D of pairwise disjoint edges of G is called a matching of G. If D is a
matching and moreover, the induced subgraph of G on U e has no edges outside
e€D

D, then D is called an induced matching of G. The maximum cardinality of an

induced matching of GG is called its induced matching number and is denoted by

im(Q).

Example 2.2.1. Suppose that G is the graph given in Figure 2.3. Then {{a, b}, {¢,d}}
is a matching but not induced matching of G. Also {{a,b},{d,e}} is an induced

matching of G.

a b c d e a b cd e
Figure 2.3: A graph G with im(G) = 2. Figure 2.4: G — {{b,c},{c, d}}

A set C' of vertices of GG is called a vertex cover if every edge of G contains a
vertex from C'. A vertex cover is called minimal if no proper subset of it is a vertex

cover of G. A set D of edges of G is called an edge cover if U e =V(G). If no
ecD

proper subset of D is an edge cover of G, then D is called a minimal edge cover.
A path of order n is a graph, denoted by P,, with vertex set V(P,) = {v1,...,v,}
and edge set E(P,) = {{vi,vis1} |i=1,...,n—1}. A cycle of order n > 3, denoted

by C,, is a graph with edges

{Ul, u2}7 {'LLQ, Ug}, ) {un717 un}; {un7 ul}-
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A star of size n, denoted by §,,, is a graph with vertices zy, ..., 2, and edges
{z0,21},-..,{%0,2n}. Star graphs are also known as bouquet graphs (see, Zheng
[46]) in the combinatorial commutative algebra literature. We shall use these terms

separately because with bouquet graphs we also choose some vertices as flowers (see,

Definition 3.1.3).
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r—0
——— o N
Figure 2.5: P, Figure 2.6: C, Figure 2.7: 84

Theorem 2.2.2. [44, Theorem 2.1.4] If G is a connected graph on n vertices, then

the following conditions are equivalent.

(1) G has no cycles.

(2) G hasn — 1 edges.

A connected graph which satisfies one of the equivalent conditions of Theo-
rem 2.2.2 is called a tree. If every connected component of G is a tree, then G
is called a forest. When G is considered as a 1-dimensional or 0-dimensional simpli-
cial complex the definition of tree matches that of simplicial tree.

Let G be a graph with V(G) = {x1,...,x,}. The edge ideal of G is defined as

I(G) = (w;x; | {z;,z;} is an edge of G).

When a graph G without isolated vertices is considered as a simplicial complex, we
have I(G) = F(G). For instance, if the adjacent vertices of P5 are labeled respectively

with x1,..., x5, then I(P5) = (2122, T223, T34, T4T5).

2.3 Minimal Free Resolutions

Let S = k[x1,...,z,] be the polynomial ring in n variables over a field k. A mono-
mial is a polynomial of the form x7'z5?...x% with a; € N. An ideal I is called

monomial if it is generated by monomials. A free resolution of a monomial ideal
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I is an exact sequence of free S-modules
F:0—F-% ... .—n-%F %10 (2.3.1)

If the differential maps satisfy d;1(Fii1) C (21,...,2,)F; for all i > 0, then the reso-
lution is called minimal. The minimality of the resolution is alternatively equivalent
to each of the modules F; having minimum possible rank. Up to an isomorphism,
there exists a unique minimal free resolution of I ([39, Theorem 7.5]) and therefore
the ranks of the free modules are independent of the choice of the minimal free reso-
lution. The rank of F; is called the ¢th total Betti number of I and is denoted by
b ().

We consider a standard grading on S by setting the degree of a monomial
x{tag? . .zt (denoted by deg(zi'z5?...x%)) equal to a; + -+ + a,. If S; is the

k-vector space generated by all monomials of degree 7, then S = @®;cnS; is a direct

sum decomposition of S as a k-vector space such that
SZ‘SJ‘ g Si—i—j for all Z,j € N.

If a polynomial u € S belongs to some S;, then we say that u has (standard) degree
7. Similarly, S has a multigrading where the multidegree of a monomial m =
xPad? ..ozt is equal to m = (ay,. .., a,). For simplicity, we shall use a monomial m
and its multidegree m interchangeably:.

For a € N the module S(—a) denotes the graded free S-module which is generated
by one element in degree a. Likewise, if m € N" then the module S(—m) denotes
the multigraded free S-module which is generated by one element in degree m.

If the differential maps of a minimal free resolution preserve the standard degrees,

then the resolution is called a minimal graded free resolution. In this case, the
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resolution takes the form

0— P S(—)"s D 5 — @ S(—)" D s P S(—j)s D L5 T — 0

JEN jEN jEN

where the integers b7, (1) are the graded Betti numbers of /. Similarly, a minimal

multigraded free resolution of I has the form

OH@ m)?” (I)*T%“—)@S(fm) @S NG SN

meN™ meN” meN”

The associated ranks bfm(l ) are called multigraded Betti numbers of I. We
say that bfm(l ) has homological degree i and multidegree m. Then the Betti

numbers are related with the following equations.

- bej([)

jeN

= Y b (2.3.2)

deg(m)=j

The projective dimension of [ is defined by

pd(1) = max{i | b7 () # 0}.

Note that the projective dimension of a monomial ideal is always a finite num-
ber because of Hilbert’s Syzygy Theorem ([39, Theorem 15.2]) which states that
every graded finitely generated S-module has a finite graded free resolution. The

(Castelnuovo-Mumford) regularity of [ is

reg(l) = max{j — i | bfj(l) # 0}.
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Remark 2.3.1. The minimal free resolution of the S-module S/I is similar to that

of 1. If (2.3.1) is the minimal free resolution of I, then
F.0—F -2 RS F %S 5510

is the minimal free resolution of S/I where the last differential map is the natural

projection. Therefore we have
o 07, (I) = b}y 1 (S/T) for all i, j and m
e pd(/) =pd(S/I) -1
o reg(l) =reg(S/I) +1

provided that S # I # 0.

While Betti numbers are invariants of minimal free resolutions, one can get in-
formation about them without finding minimal free resolutions. For example, if

G:0— Gy i e — Gy i> Gy ﬁ)[ — 0 is any free resolution of I, then
b (1) = dimy (H;(G @5 k);) (2.3.3)

since by (1) is equal to dimy(Tor{ (I,k);), see [39, Theorem 11.2].

Example 2.3.2. Let [ = (abc, acd, cde, cef) be the facet ideal of I" in Figure 2.1 with
the 1,9, ... changed to a,b,.... Using Macaulay2 [35] and taking k as the field of

rational numbers, we compute a minimal multigraded free resolution of I as

0 — S(—abcdef) AN S(—abed) ® S(—acde) ® S(—cdef) ® S(—abcef)
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S(—abc) ® S(—acd) & S(—cde) ® S(—cef)

(abc acd cde cef>
» I — 0.

Therefore

bg,abc<[) = bg,acd([> = bg,cde([) = bg,cef<j) =1 and bg,?)([) = 47

biabcd<[) = bS

1,acde

(I) = bicdef([) = biabcef([) =1 and bi4([) = 37 bi5(1> = 17

bo.abeder(I) = 1 and bg,ﬁ([) = 1.

The projective dimension of [ is 2 and the regularity is 4.

Recall that the study of minimal free resolutions of monomial ideals can be re-
stricted to squarefree monomial ideals [39, Theorem 21.10] thanks to the polarization

method [18, 45].

2.3.1 Simplicial Resolutions

The first explicit (multigraded) free resolution of a monomial ideal was constructed
by Taylor [42]. Taylor’s resolution is similar to a chain complex associated to a
simplicial complex in algebraic topology. Inspired by Taylor’s resolution, Bayer,
Peeva and Sturmfels [5] introduced a general approach to construct free resolutions
which is simplicial resolutions.

We now describe this construction and refer the reader for further details to

Mermin [37] from where we adopted this presentation.
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Suppose that [ is a monomial ideal. Let I" be an (r — 1)-dimensional simplicial
complex whose vertices are labeled with s monomials, say my, ..., m,. For every face
F of T we set

lem(F) = lem(m; | m; € F).

For each i > 0, we let H; be the free S-module generated by {[F]: F € I" and |F| =
i}, where [F] is a symbol for the generator corresponding to the face F. The differ-

ential map ¢; : H; = H;_; with 1 <1 < r is defined by

! . lem(F)
i Fl) = -1 g+l F my.
for F' = {m,,my,,...,my} and t; <ty < --- < t;. Also ¢ is the natural projection

map. If the algebraic chain complex
HFO—>Hrﬂ>—>Hlﬂ>HOﬂ>S/I—>O

is exact, then it is called a simplicial resolution supported on I

2.3.2 The Taylor Resolution

Although Taylor’s resolution is usually non-minimal, it has been a useful tool to inves-
tigate the invariants of minimal free resolutions. Suppose that I is a monomial ideal
which is minimally generated by the monomials my, ..., ms. Let Taylor([) (called the
Taylor simplex) be the simplex whose vertices are labeled with my, ..., ms. Then
the free resolution constructed by Taylor is the same as the simplicial resolution
supported on Taylor([).

Since the minimal free resolution of [ is a summand of any free resolution of I [39,

Theorem 7.5] we can get immediate bounds on Betti numbers via Taylor’s resolution.
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For instance, for each i > 0 we have
bfm(I ) < the number of i dimensional faces of Taylor(/) whose label is m.

In fact, the Betti numbers of I can be computed by the dimensions of reduced ho-
mologies of certain subcomplexes of the Taylor simplex. Before stating this precisely,
we fix the following notation. For any monomial m in S the simplicial subcomplex

Taylor(I),, stands for
Taylor(I) <, = {7 € Taylor(I) | lem(7) strictly divides m}.

Example 2.3.3. For I = (xyx9, 2173, 124, T374) the Taylor simplex of I and a

subcomplex Taylor(/) <., z,usz, are illustrated in Figures 2.8 and 2.9 respectively.

T1X2 T1T2
4} 1Ty 1Ty
13 13
3Ty T3y
Figure 2.8: Taylor(I) Figure 2.9: Taylor(!) <z, zpu52s

Theorem 2.3.4 ([5]). Let I be a monomial ideal of S which is minimally generated by
the monomials my, ..., mg and such that I # 0 and I # S. Fori > 0, the multigraded

Betti numbers of I are given by

dimy H;_1(Taylor(l)<pm; k), if m divides lem(my, ..., my)
vy (1) = (2.3.4)

0, otherwise.

Remark 2.3.5. By Theorem 2.3.4, we are allowed not to specify a polynomial ring

S when we deal with Betti numbers. We can think of a facet ideal F(I") lying in a
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polynomial ring over k that contains at least as many variables as the vertices of I.

Therefore we drop S and write b; m (F(I')) and b; ;(F(I')) for the Betti numbers.

Remark 2.3.6. If | = (my,...,m,) and ¢ = deg(lem(my,...,my)), then for any
r > q we have b; (1) = 0 for all 7. That is, ¢ is the largest possible degree in which
the Betti number can be nonzero. Therefore we call the numbers b; ,() with ¢ € N
the top degree Betti numbers. If I' is a simplicial complex, then its facet ideal
F(T') is squarefree monomial ideal, and hence the highest possible degree for a Betti

number is the number of vertices of I'.

2.3.3 The Lyubeznik Resolution

Another tool of which we will make use is a refinement of Taylor resolution due to
Lyubeznik [34]. Let J be a monomial ideal and let M be the set of minimal generators
of J. Suppose that < is a total ordering on the elements of M. For a monomial u € J,

define

min(u) = min.{m € M | m divides u}

and for a face F' € Taylor(J) define

min(F) = min(lem(F)).

A face F € Taylor(J) is called rooted (or L-admissable) if for every ) # G C F,
the property min(G) € G holds. The rooted faces of Taylor(J) form a simplicial
complex A ;. which is called the Lyubeznik simplicial complex associated to J
and <. This simplicial complex always supports a resolution of S/.J and is called the

Lyubeznik resolution of S/.J.

Example 2.3.7. Let I" be the simplicial complex in Example 2.3.2 whose facets are

F ={a,b,c}, G={a,c,d}, H={c,d,e} and K = {c,e, f}. Let H< K < F <G
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be an ordering on the facets of I'. Observe that min({K,G}) = H, so {K,G} is
not a face of Agry <. However {H, K, F} and {H, F,G} are rooted and therefore
they are the facets of Agr) <. The simplicial complexes Taylor(J(I')) and Agr) < are

illustrated in Figures 2.10 and 2.11 respectively.

H H
F F

Figure 2.10: Taylor(F(T)) Figure 2.11: Ag(r) <

The Taylor resolution of S/F(I") is
1

-1

0 — S(—abcdef) —f—+ S(—abedef) ® S(—acdef) & S(—abedef) & S(—abede)

0 —f 0 —b
ef 0 0 e
0 0 —f 1
0 a ab O
d 0 d 0
-b 1 0 0
S(—acde) ® S(—abed) & S(—abede) & S(—cdef) & S(—abeef)
4 0 —ab —f 0 0
0 0 0 d —ab —ad
0 —d de 0 ef 0
e b 0 0 0 ef
@S (—acdef) S(—cde) ® S(—cef) ® S(—abc)

(cde cef abc acd)

> S — S/F(I) — 0.
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The Lyubeznik resolution of S/F(T") is

0 b
0 e
|
ab 0
d 0

0 — S(—abcdef) & S(—abede) ———— S(—acde) ® S(—abed) ® S(—abede)

—a 0 —ab —f O

®S(—cdef) & S(—abcef) S(—cde) & S(—cef)

(cde cef abc acd)

@S (—abc) & S(—acd) S — S/F(T) — 0.



Chapter 3

Bouquets, Vertex Covers and Facet Ideals

In this chapter, we will investigate the relation between minimal vertex covers of
simplicial complexes and projective dimension of squarefree monomial ideals. We
will associate bouquet structures to minimal vertex covers and use them to bound
the projective dimension of facet ideals in Corollary 3.1.12. While our bound for
projective dimension is equivalent to a previously known bound, we will take technical

advantage of using bouquets in the subsequent chapters.

3.1 Bouquets and Minimal Vertex Covers

Let A be a simplicial complex on the vertices x4, ..., z,. Following the notation used
by Morey and Villarreal [38] we write of(A) for the maximum possible cardinality
of a minimal vertex cover of A. There is a one-to-one correspondence between the

minimal vertex covers of A and the minimal prime ideals of F(A) given by

C'is a minimal vertex cover of A < (z; : z; € C) is a minimal prime ideal of F(A).

Therefore the parameter af(A) coincides with the big height of F(A), which is the
maximum height of the minimal prime ideals of F(A). This invariant is linked to the

projective dimension of facet ideals as follows.

Theorem 3.1.1. [38, Corollary 3.33] If A is a simplicial complex, then

pd(S5/F(A)) = ag(A)

22
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with equality if S/F(A) is sequentially Cohen-Macaulay.

Corollary 3.1.2 (Projective dimension of simplicial forests). If ' is a simpli-

cial forest, then pd(S/F(I')) = ag(T).

Proof. By [16, Corollary 5.6] if I is a simplicial forest, then S/F(I") is sequentially

Cohen-Macaulay. O

Given a simplicial complex A and a minimal vertex cover A of size i, since ag(A)
bounds pd(S/F(A)), there exists a non-zero Betti number b;(S/F(A)). It is interest-
ing to know what conditions on A give rise to non-zero Betti numbers of S/F(A) in
homological degree i. A partial answer to this question was given by Kimura in [31,
Theorem 3.1] where the author developed the concept of strongly disjoint bouquets
to give sufficient conditions for non-vanishing Betti numbers of edge ideals of simple
graphs. In Theorem 3.1.10 we will give an alternative description of minimal vertex
covers which is closely aligned with the positioning of facets with respect to each

other.

Definition 3.1.3 (Bouquet). (Compare to [46, Definition 1.7]) A bouquet is a
simplicial complex B = (Fy, ..., Fy) together with an assigned set of vertices called

flowers F'(B) = {uy,...,uq} such that

(1) N F#0

(2) uiEFj<:>i:jf0ralli,j€{1,...,d}.

The notion of bouquet for simple graphs was defined and used by Zheng [46] to
study resolutions of edge ideals of forests. Our definition generalizes this to arbitrary
simplicial complexes. Observe that one can assign flowers to a simplicial complex in
different ways to make it a bouquet. However if the bouquet B is a simple graph
with at least two edges, then its flowers are automatically determined and one can

think of it as a star graph which was defined in Section 2.2.
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Example 3.1.4. Figures 3.1 and 3.2 respectively illustrate 1-dimensional and 2-

dimensional bouquets.

)
u v w T .
Figure 3.1: A bouquet with flowers Figure 3.2: A bouquet with flowers
U, U, W. XY, 2.

Remark 3.1.5. In [25] Hoefel and Mermin defined supernovas to characterize Gotz-
mann squarefree monomial ideals. A d-dimensional simplicial complex A is called a
supernova if there exists a chain of faces ) C Fy C F} C --- C F;_; such that every
i-dimensional facet of A contains the (i — 1)-dimensional face F;_;. Observe that the
facets of the supernova A have a nonempty intersection as Fj is contained in every
facet of A. Moreover, if G is an i-dimensional facet, then the vertex in G \ F;_; is a
free vertex of A. Therefore every supernova is a bouquet.

On the other hand, not every bouquet is a supernova. For example, let B be a
bouquet with facets {a,b,d},{a,b,c, f},{b,c,e} and flowers d, e, f. Then B is not a
supernova. To see this, notice that if G and H are distinct facets of a supernova with

the same dimension, then G \ F' is a 0-dimensional face of the supernova. But we see

that {a,b,d} \ {b,c,e} = {a,d} is a 1-dimensional face of B.

If a subcollection B of A is a bouquet, then we simply say that B is a bouquet
of A. Suppose that B = {B,...,B;} is a set of bouquets of A. Then we call
J

F(B) := UF(Bi), the flower set of B

=1
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J
Facets(B) := U Facets (B;), the facet set of B, and
i=1

J
V(B) := U V(B;), the vertex set of B.
i=1
In [31] Kimura made use of bouquets to study resolutions of edge ideals. She

introduced the notion of semi-strongly disjoint bouquets [31, Definition 5.1] which

we broaden to simplicial complexes.

Definition 3.1.6 (Semi-strongly disjoint bouquets). (Compare to Kimura [31,
Definition 5.1]) A set B = {B4, Bo, ..., B} of bouquets of a simplicial complex A is

said to be semi-strongly disjoint in A if the following conditions hold.

(1) If o € Facets (B,), then o N F(B,) = 0 for all ¢ # p.

(2) V(B) \ F(B) does not contain any facet of A.
We define

’s = max{|Facets(B)| : B is a semi-strongly disjoint set of bouquets of A}.

Example 3.1.7. Suppose that A = ({a,b,c},{b,c,d},{b,d,e},{d,e, f},{e, f,g})
Let B = ({a,b,c}, {b,c,d}) with F(By) = {a,d} and By = ({e, f, g}) with F(By) =

{g}. Then {B;,Bs} is a set of semi-strongly disjoint bouquets in A.

For a simple graph G, Khosh-Ahang and Moradi proved that of(G) > di ([30,
Proposition 2.7]). They proved af(G) = di; for the special case of vertex decompos-
able graphs (|29, Theorem 3.8]). We will see that in fact, the parameters af(A) and

d'\ are the same for any simplicial complex A and in particular for a simple graph G.

Lemma 3.1.8. Let A be a simplicial complex. If I' is an induced subcollection of A,
then any minimal vertex cover of I' can be extended to a minimal vertex cover of A.

In particular, of(T") < af(A).
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Proof. Suppose that V(A) \ V(I') = A and C is a minimal vertex cover of I'. If
A =10, then I' = A and there is nothing to prove. So we assume that A # (). Then
ANC =0 and AU C covers A. By removing the redundant elements from A U C,
one can get a minimal vertex cover ¢’ C AU C of A. But then C’\ A is a vertex
cover of I'. Since C"\ A C C we get C'\ A = C by minimality of C. Thus C' C " is

the desired extension. O

Remark 3.1.9. The Lemma above is not necessarily true if I" is an arbitrary sub-

collection of A. See for example Figures 3.3 and 3.4.

Figure 3.3: A simple graph K with Figure 3.4: A simple graph H with
a(K) = 4 a(H) = 3

We now prove the main result of this section which shows the equivalence of the

parameters op(A) and d'y.

Theorem 3.1.10. For any simplicial complex A, the flower set of a semi-strongly
disjoint set of bouquets of A can be extended to a minimal vertex cover of A. Also, for
any minimal vertex cover C' of A, there exists a semi-strongly disjoint set of bouquets

of A with the flower set C. In particular, the equality ag(A) = d\ holds.

Proof. First suppose that B = {B,...,B;} is a semi-strongly disjoint set of bou-
quets of A. Consider Ay gy, the induced subcollection of A on V(B). Then F(B)
is a vertex cover of Ay gy by condition (2) of Definition 3.1.6. To see the minimality
of F(B), assume for a contradiction F'(B) \ {v} covers Ay (g for some v € F(B,)
with p € {1,...,7}. Let o be a facet of B, containing v. Then by Definition 3.1.6(1)
and Definition 3.1.3(2) we get o N (F(B) \ {v}) = 0. This contradicts the initial
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assumption that F(B) \ {v} covers Ay(g). Thus, by Lemma 3.1.8 the first part of
the given statement is verified.

Next, suppose that C' is a minimal vertex cover of A. We will construct a set
B of semi-strongly disjoint bouquets of A such that F(B) = C. Observe that if A
has any facets of the form {u} for some vertex u, then C' must contain u, and every
semi-strongly disjoint bouquet can have {u} added to it as a bouquet with one facet
and u as the flower of that facet. Therefore we may assume that A has no facets of
cardinality 1.

Note that by Lemma 3.2.1(1), for every v € C there exists a facet o, of A such
that 0, N C = {v}. Pick an element uj € C. Then there exists a facet o} of A

such that C' Nof = {ul}. As o} # {ul} there exists 7, € o} \ {ui}. Suppose that

uy, uy, ..., uy are the elements of C' that satisfy the property
there exists o] € Facets(A) such that o; N C = {u;} and r; € o} (3.1.1)

for every 1 <i < d;. Let o1,...,0} be chosen fixed facets that satisfy the property

above. Consider the subcollection By = (07,...,0y,) of A with the assigned flowers

Uy, ..Uy

Now if F(B;) = C, then B = {B;} and we are done. Otherwise we keep con-
structing new bouquets inductively as follows. Suppose that we have semi-strongly
disjoint bouquets {B1, ..., B;} such that U._, F(B;) is a proper subset of C. Pick an
element u‘™! € C'\ U'_,F(B;) and a facet o'™! of A such that o't N C = {u/™}.

Fix r1 € opt\ {uf™'} and let ui™, up™, ... uif! be the elements of C'\ Uj_, F(B;)

that satisfy the property

there exists o/ ™' € E(A) such that ¢! NC = {u!™} and r,yy € 0/ (3.1.2)
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for every 1 < ¢ < dyyq. Let ottt ..ot Dbe chosen fixed facets that satisfy the
property above. Consider the subcollection B,y ; = (..., 02j+11> of A as a bouquet
with flowers uf™!, wb™ ... ,uﬁl;ll. Now we show that {B,...,B;1} is semi-strongly

disjoint. Condition (1) of Definition 3.1.6 clearly holds by construction. To see that

the second condition holds, observe that

VB, B\ FUB1,.... B )) = V({Br,..., B )\ C

does not contain any facet of A since C'is a vertex cover, so every facet intersects C.
Having verified that this construction yields semi-strongly disjoint bouquets at
every step, we know that it will terminate as A has finitely many vertices. In that

case, C' = UY_ F(B;) for some p > 1 and B = {By,...,B,} is as desired. O
The following is an immediate consequence of Theorem 3.1.10.
Corollary 3.1.11. Given a simplicial complex A, we have the following.

(1) If B is a semi-strongly disjoint set of bouquets of A such that |F(B)| = dy,
then F(B) is a minimal vertez cover of A of maximum cardinality.

(2) If C is a minimal vertex cover of A of maximum cardinality, then there exist a
semi-strongly disjoint set B of bouquets of A such that F(B) = C and |F(B)| =
d'x.

We conclude with a statement regarding projective dimension of facet ideals.

Corollary 3.1.12 (A bound on projective dimension). Let A be a simplicial
complezx. Then pd(S/F(A)) > dy.

Proof. By Theorem 3.1.1, we have pd(S/F(A)) > aj(A). Hence the proof is imme-

diate from Theorem 3.1.10. OJ
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3.2 Properties of Minimal Vertex Covers

In this section, we will investigate how minimal vertex covers change under facet
removal and localization. As we have seen in Corollary 3.1.2, when I' is a simplicial
forest (") determines the projective dimension of the facet ideal of I'. Therefore

the results of this section will be used in the sequel.

Lemma 3.2.1. Suppose that T is a simplicial complex. Let C' be a minimal vertex

cover of I and let F' be a facet of I'. Then the following properties hold.

(1) For every a € C there exists a facet H such that C N H = {a}. In particular
|Facets(I")| > ag(T).
(2) If |CNF| > 2, then C is also a minimal vertex cover of I'\ (F).

(3) Fither C is a minimal vertex cover of I' \ (F) or there exists u € F such that

CNF ={u} and C\ {u} is a minimal vertex cover of I\ (F').
(4) ap(I'\ (F)) +1 = ap(I).

(5) If F contains a free vertex of T', then agy(T') > af (T \ (F)).

Proof. (1) Assume for a contradiction that for every facet H of I' we have a ¢ H
or u € HNC for some u # a. But then a is redundant in C' which contradicts
minimality of C.

(2) Suppose that C' contains at least 2 vertices from F'. Then C' does not contain
a free vertex which belongs to F' as it is a minimal vertex cover of I". This implies
that C' covers I' \ (F'). To see that it is minimal, let C' = {uy,...u,} and observe
that by part (1) there exists facets Gy, ..., G, of I' such that C' N G; = {u;} for all
i=1,...,n. As F ¢ {G1,...,G,} no element in C' is redundant as a cover I" \ (F).

(3) Suppose that C' is not a minimal vertex cover of I'\ (F'). Then by (2) we have
C N F = {u} for some u. Note that by (1) no element of C'\ {u} is redundant in C

as a cover of I'\ (F'). Therefore u is redundant in C as a cover I\ (F).
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(4) The proof is immediate by applying part (3) to a minimal vertex cover of I
of maximum size.

(5) It is straightforward to show that every minimal vertex cover of I' \ (F) is
either a minimal vertex cover of I' or it can be extended to a minimal vertex cover

of I' by adding the free vertex of F' to it. m

Remark 3.2.2. In statement (5) of Lemma 3.2.1 the assumption of F' containing a
free vertex is crucial. For instance, if H is the graph in Figure 3.4 and F' is the edge

which does not contain a free vertex, then we have o(H) =3 <4 = o(H \ (F)).

Remark 3.2.3 (Localized Complex). Let F' be a facet of a simplicial complex I'.
Let A be the localized complex (I'\ (F)) (z,|z,¢r)- Then the set of facets of A is given
by

{(G\F)|G#F and (G\F) 2 (H\F) for all H € Facets(I') \ {G, F'}}.

For instance, if I' = ({a,b,c},{a,c,d},{c,d,e},{c,e, f}) and F = {a,b,c}, then
A= ({d},{e, [}).
Note that every vertex of A belongs to V(I')\ F'. However V' (A) is not necessarily

equal to V(T") \ . For example, if I' is the same simplicial complex as above and

F ={a,c,d}, then A = ({b},{e}).

Lemma 3.2.4. Let F' be a facet of a simplicial complex I' which contains a free vertex
u. Let A be the localized complex (I'\ (F)) (.| w:¢r)- Then the following conditions
hold.

(1) If C is a vertex cover of A, then C U {u} is a vertex cover of I'. Moreover, if
C' is a minimal vertex cover of A, then C U {u} is a minimal vertex cover of

I'. In particular,
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(2) If V(A) =V(I)\ F and C is a minimal vertex cover of T' that contains u, then

C'\ {u} is a minimal vertex cover of A.

Proof. (1) Suppose that C'is a vertex cover of A. We first show that C'U {u} covers
I'. We need to verify that for every facet G of T' such that G # F we have GNC # ().
To this end, we consider two cases. First, if G\ F is a facet of A, then we have
nothing to show as G N C # () is clear. Second, suppose that G \ F' is not a facet of
A. Then K\ FF C G\ F for some facet K \ F' of A. But since C' is a vertex cover of
A, there exists a vertex v € CN (K \ F). Thusv e CN(G\ F)andv e GNC #0
as we claimed.

Now, suppose that C' is a minimal vertex of A. We claim that C'U{u} is minimal
as a vertex cover of I'. First, observe that u is not redundant in C'U {u} because
CNF = (. Assume for a contradiction that v is redundant in C'U {u} for some
v € C so that (C'U{u}) \ {v} covers I'. Since C' is minimal vertex cover of A, by
Lemma 3.2.1(1) there exists a facet H \ F' of A such that C' N (H \ F) = {v}. But
then as u is a free vertex, we get ((C' U{u})\ {v}) N H = () which is a contradiction.

(2) First note that by minimality of C' we have CNF = {u} and C'\ {u} C V(') \
F =V(A).If H\ F is a facet of A for some facet H of T, then (H\ F)N(C\ {u}) # 0
since H N (C'\ {u}) # 0. So C\ {u} is a vertex cover of A. To see that C'\ {u}
minimally covers A, assume for a contradiction that C'\ {u,v} covers A for some
v € C such that v # u. By Lemma 3.2.1(1) there exists a facet G # F of I" such
that G N C = {v}. Now if G\ F is a facet of A, then (G \ F) N (C\ {u,v}) =0
because G N C' = {v}. But this contradicts C'\ {u,v} being a vertex cover of A.
Therefore G\ F' is not a facet of A. Then there exists a facet H \ F' of A such that
H\F C G\ F. Since C\ {u,v} covers A there exists w € C \ {u,v} such that

we H\F CG\ F. But this is again a contradiction as GNC = {v}. O



Chapter 4

Well Ordered Facet Covers and Betti Numbers

Let I = (mq,...,m,) be a squarefree monomial ideal in S = k[xq,...,z,]. As seen
in Section 2.3.2, Taylor’s resolution gives some restrictions on possible Betti numbers
of I. Suppose that b; m(S/I) # 0 for some i and m. Since any minimal multigraded
free resolution of S/I is a direct summand of Taylor’s resolution, the nonzero Betti
number b; ,(S/1) implies that I has ¢ monomial generators whose least common
multiple is m. Let us rephrase this in terms of facet ideals: If I is the facet ideal
of the simplicial complex I', then the nonzero b; ;,(S/I) tells us that the induced
subcollection I'y, has a facet cover of cardinality .

This observation raises the natural question of conversely which facet covers give

nonzero Betti numbers. Now, suppose that
F:0—F % . —FR-%F %510

is a simplicial resolution supported on a simplicial complex ©. For simplicity, we
use the minimal monomial generators of I with the facets of I' interchangeably. A

minimal facet cover {my,,...,my,} of T'y, satisfies

—

lem(my,, ... ,my,...,my,) # lem(my,,...,my) forall j =1,...,i

32
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and thus corresponds to an element in Ker(d; ® 1) as in Section 2.3. To see this,
observe that

(i © L) ([{meys . me J @ 1) =D (=17

j=1

lem(my,, ..., my,)

lcm(mtl,.. ~7mt_77---7mti)[{mt1’ y Mt ;s 7mtz}] ®

%

=S ey, m )] ©

j=1

lem(my,, ..., my;)

lem(my,, ..., my,, ... my,)

SC Tr)

= Z(—l)j+1[{mtl,. cey W/it\j, ey mtl}] ® 0.
Jj=1

Moreover, if {my,,...,my,} is a facet of ©, then [{my,,...,my,}] ®1 ¢ Im(d;41 ® k).
In that case, the ¢th homology of F ® k in degree m does not vanish and we have
bim(S/I) # 0 by the multigraded version of (2.3.3).

In [4] Barile noted this nonvanishing condition for Lyubeznik resolutions (Subsec-

tion 2.3.3).

Theorem 4.0.5 ([4]). Let I = (my,...,ms) be a monomial ideal and let < be

a total order on the set of minimal generators of I. If there exists a facet ' =

{me,,myy, ..., my,} of Aj o such that
lem(my,, ..., my,, ..., my,) # lem(my,, ..., my,)

forall j =1,2,...,i, then b, 4w(S/I) # 0 where u = lem(my,, ..., my,).

Kimura [31] used this condition to give sufficient conditions for nonvanishing Betti
numbers of edge ideals in terms of bouquet subgraphs. In this chapter, we will define
the concept of well ordered facet covers to generalize Kimura’s results to facet ideals.
In Section 4.3 we will see that well ordered edge covers of graphs are the same as

strongly disjoint bouquets (Definition 4.3.1).
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4.1 Betti Numbers of Induced Subcollections and Connected

Components

Lemma 4.1.1. Suppose that I is a simplicial complex on vertices labeled with the
variables xy,...,x, of the polynomial ring S = K[x1,...,x,]. If m is a squarefree

monomial of degree j, then b; m(F (L)) = b; ;(F(Tm)).

Proof. Observe that Taylor_,,(F(I')) = Taylor_,,(F(I'm)). So by Theorem 2.3.4,
we have b; m(F(I)) = bim(F(I'm)). But by Equation (2.3.2) we get b;m(F(T'm)) =
b; j(F(I'm)) since m is the only possible squarefree monomial of degree j that can

divide the lem of the generators of F(I'y,). O

Lemma 4.1.2. If I, s, ..., Iy are squarefree monomial ideals whose minimal gen-

erators contain no common variable, then fori,5 > 0

bij(S/(Ii+ 1+ -+ Iy)) = Z buy vy (S/11) < by oy (S/IN). (4.1.1)

U1+"'+UN:7;
V1t HUN =]

Moreover, for each k = 1,..., N if q. is the degree of the least common multiple of

the entire minimal monomial generating set of Iy, then

bigisotan S/ A L+ IN) = Y buygy (S/T) - buy gy (S/In). (4.1.2)

ur+-tun=t

Proof. The case N = 2 of Equation (4.1.1) is Corollary 2.2 of [27], and the general

case follows from an easy induction on N. To see (4.1.2), note that we have

bi,chrerQN(S/(Il +[2+"'+[N)) = Z buhvl(S/[l)"'buN7UN<S/[N>'

U+ un =i
Vit FUN=q1t N

by Equation (4.1.1). Suppose that vy + -+ vy = ¢ + -+ + qn. If v, # ¢ for some

¢, then there exists a j such that v; > ¢; whence by, ,,(S/1I;) = 0 since b, 4, is a top
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degree Betti number. In this case the term by, », (S/I1) ... buy.wy (S/In) vanishes. So

we can rewrite the sum above as

Z bul,vl(S/Il)"‘buN,UN(S/IN)

uy - Fun =i
V1=q1,...,UN =4N

and this completes the proof. O

4.2 Resolutions via well ordered facet covers

Definition 4.2.1. A sequence I, ..., F}, of facets of a simplicial complex I" is called
a well ordered facet cover if {F,..., F;} is a minimal facet cover of I" and for
every facet H ¢ {F},..., Fi} of I there exists i« < k — 1 such that F; C HU F;,; U

FioU...UF,

Example 4.2.2. Suppose that I' is the simplicial complex given in Figure 4.1. Then
F1, F,, F3 is a well ordered facet cover of T'. Indeed {Fy, F», F3} is a minimal facet
cover of I' and F} C F, U F5.

If we consider the subcomplex A = (F, I, Fy) of I', then A has no well ordered
facet cover. To confirm this, observe that {F5, Fy} is the only minimal facet cover of

A. But neither Fy, F; nor Fy, F5 is a well ordered facet cover of A.

Ly
X Zs

3 Fy

X2
Zs3 Te

Figure 4.1: A simplicial tree I' with a well ordered facet cover F}, Fy, F5.

Remark 4.2.3. Observe that if {F},..., F}} is a minimal facet cover of a simplicial

complex I', then there exist ay, . .., a; such that a; € F} if and only if ¢ = j for all 4, j €
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{1,...,k}. Moreover, if Fi,..., F} is a well ordered facet cover, then {ay,...,a;} is

a minimal vertex cover of I'.

Example 4.2.4. Let D be an induced matching of I'. Then any ordering on the
elements of D forms a well ordered facet cover for the induced subcollection I'4

where A = Jpep F.

Theorem 4.2.5. Let F},...,F; be a well ordered facet cover of I'. Then there is a
total order < on the facets of T' such that {F},..., F;} is a facet of the Lyubeznik

simplicial complex Agr) <.

Proof. First note that since {F},..., F;} is a minimal facet cover of I, we have
FU..UFRU...UF,#FRU...UF (4.2.1)
forall ¢ =1,...,i by Remark 4.2.3. Consider the order
Fy <F, <--- <F, <Facets(I') \ {F,..., F;}

on the facets of I' where the facets in Facets(I') \ {F1,..., F;} have any fixed or-

der. Observe that for any {Fj F,} € {F,...,F} with j; < -+ < j; we

have min({F},,..., F;}) = Fj, because of Eq. (4.2.1). Therefore {F,..., F;} is
rooted. To see that the face {F},..., F;} is a facet, assume for a contradiction that
{F\,...,F;, H} is rooted for some H ¢ {Fi,...,F;}. But then since Fi,...,F;
is a well ordered facet cover of I' there exists ¥ < ¢ — 1 such that F, € H U
Fri1 U FpoU...UF,. Thus min({H, Fyi1, Fiyo,..., F;}) < Fi by the given or-
der and min({H, Fy.1,...,F;}) ¢ {H, Fxi1,..., F;}. This contradicts rootedness of

(F,...,F,, H. O
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Corollary 4.2.6 (Betti numbers from facet covers). Let I' be a simplicial com-

plex and let m be a squarefree monomial. Suppose that 'y, has a well ordered facet

cover of cardinality i. Then b; m(S/F(T)) # 0.

Proof. Since any minimal facet cover satisfies Eq.(4.2.1) the proof follows from ap-

plying Theorem 4.2.5 to Theorem 4.0.5. [

Note that in Proposition 4.3.3 we show that well ordered facet covers of 1-
dimensional simplicial complexes correspond to strongly disjoint bouquets (Definition
4.3.1). Therefore the corollary above generalizes Theorem 3.1 of Kimura [31] from
quadratic to all squarefree monomial ideals.

In [38, Corollary 3.9] Morey and Villarreal proved that if I is a simplicial complex
and {Fy,..., F,} is an induced matching in T, then

reg(5/F()) =

— S

e
=1

which improved the previously known bounds in [28, Lemma 2.2] and [21, Theo-
rem 6.5]. Using Corollary 4.2.6 we give the following bound for regularity which is

an improvement of the bound mentioned above because of Example 4.2.4.

Corollary 4.2.7 (Combinatorial bound for regularity). Let I' be a simplicial
complex and let F, ..., Fs be a well ordered facet cover of some induced subcollection

of I'. Then

s

UFR

i=1

— S.

reg(5/F()) =

Remark 4.2.8. Let 7(I') be the maximum cardinality of a well ordered facet cover

of an induced subcollection of I". Then we have

pd(S/F(I') = ap(I') = 7(I')
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where the first inequality comes from Theorem 3.1.1 and the second one holds by
Remark 4.2.3 and Lemma 3.1.8. Note that for a simplicial complex I', we may have
ay(T') > 7(I"). For instance, o(C5) = 3, but no induced subcollection of C5 has a
well ordered facet cover of cardinality greater than 2. Therefore Corollary 4.2.6 gives
a weaker bound than Morey and Villarreal’s result mentioned in Theorem 3.1.1 for

the projective dimension.

4.3 Well ordered edge covers of graphs

In this section we will show that well ordered facet covers of graphs correspond to

certain bouquet subgraphs.

Definition 4.3.1 (Kimura [31, Definitions 2.1, 2.3]). A set B = {By,...,B,} of
bouquets of a graph G is called disjoint in G if V(By) NV (By) = 0 for all k # ¢.
Moreover, if for every k = 1,..., ¢ there exists e, € E(By) such that {e1,...,e,} is
an induced matching in GG, then B is called a strongly disjoint set of bouquets in
G. We say that G contains a strongly disjoint set of bouquets if there exists a

strongly disjoint set of bouquets B of G such that V(G) = V(B).

Notice that if G contains a strongly disjoint set B of bouquets of G, then B is

semi-strongly disjoint.

Remark 4.3.2. It is a well known fact in graph theory that if D is a minimal facet
cover of a graph G which has no isolated vertices, then there is a set B of disjoint
bouquets in G such that Facets(B) = D. We refer to [44, Theorem 3.1.22] for a proof

of this fact.

Proposition 4.3.3. Let G be a graph with no isolated vertices, and let D = {dy, ..., d,}

be a set of facets in G. Then the following are equivalent.

(1) D is a well ordered facet cover of G.
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(2) D = Facets(B) where B is a strongly disjoint set of bouquets in G.

Proof. First suppose that G has a well ordered facet cover dy,...,d,. Then by Re-
mark 4.3.2 there exists a set T = {17, ...,T,} of disjoint bouquets with Facets(T') =
{di,...,d,}. We claim that T is strongly disjoint. Let s, = dmax{i|d;cFacets(r,)} for
every p = 1,...,q. We will show that {s1,...,s,} is an induced matching. Let
h ¢ {dy,...,d,} be a facet of G. Then d; C hUdpy U---Ud, for some { <n —1
because di, ...,d, is a well ordered facet cover. As {d,...,d,} is a minimal facet
cover, dy SZ des1U---Ud,. Since each facet has exactly 2 vertices, we have d, C hUd),
for some k > ¢. This implies that d Nd, # (). Therefore d, and d;, belong to the
same bouquet of T, say T,,. Let u be the vertex of d, which does not belong to dj.
Since d; C h U dy, the vertex u is also in h. But u ¢ s, because k > . Therefore h
contains a vertex, namely u, which does not belong to s, for each p = 1,...,¢. Then
we conclude that there is no pair 7, j (¢ # j) such that h intersects both of s; and s;.

Conversely, suppose that G contains a strongly disjoint set of bouquets B =
{Bi, ..., By} where Facets(B,) = {€f,...,¢e; ,s,} foreveryp=1,...,q,and {s1,..., 5.}
is an induced matching in G. Then Facets(B) is a minimal facet cover of G since
V(G) = V(B). We claim that Facets(G) \ {s1,...,5¢},51,-..,5, is a well ordered
facet cover of G where the facets in Facets(G) \ {s1,...,s,} are listed in any fixed
order.

Let h € Facets(G) \ Facets(B). Observe that since {si,...,s,} is an induced
matching, h N (U?_;s,) has cardinality at most one. Therefore h contains at least
one vertex which do not belong to U!_;s,. Then there exists p € {1,...,¢} and

1 <j <ty suchthat efNh # () and efNh # €} Ns,. Hence € C hUs, as desired. [



Chapter 5
Facet Ideals of Simplicial Forests

In this chapter we will generalize many results about Betti numbers of edge ideals
of forests to facet ideals of simplicial forests. Along the way we prove some new

properties of edge ideals.

5.1 Multigraded Betti Numbers

Faridi [15] proved that if T' is a simplicial tree, then one can order its facets as
Fy, Fy, ..., F, so that each facet F), is a leaf of the simplicial tree I'y, = (Fy, ..., F,)
for 0 < u < ¢ and Fj is a good leaf of I'. Based on such an order, she gave a
refinement ([15, Proposition 4.9]) of the recursive formula for graded Betti numbers
of simplicial forests ([21, Theorem 5.8]) of Ha and Van Tuyl. As pointed out in
[15], the proof of [15, Proposition 4.9] does not use the fact that Fp is a good leaf.

Therefore this refinement can be stated in the following form.

Theorem 5.1.1. Let I' be a simplicial tree whose facets Fy, Fy, ..., F, are ordered
such that each facet F, is a leaf of the simplicial tree ', = (Fy, ..., F,) for0 <u <gq.
Let x4, ..., x, be the vertices of I' and for each u let P, be the ideal (z; | z; ¢ F,).

Then for alli > 1 and j > 0

bi g (F(T)) = iy (F((Fo) + D> bict joip (FTuzr)p,)

where we adopt the convention that b_y ;(I) is 1 if j = 0 and is 0 otherwise for any

ideal 1.

40
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Proof. The proof is identical to that of [15, Proposition 4.9]. O

Note that by [17, Lemma 1], if T is a simplicial forest, then its localization T'p is
also a simplicial forest for any prime ideal P of k[z1, ..., x,]. Therefore the formula

given in Theorem 5.1.1 is recursive.

Remark 5.1.2. If m is one of the minimal monomial generators of I, then b; (/) = 1
when i = 0 and is 0 otherwise. If I is generated by a single monomial m, then its
multigraded resolution is

0—S(—m)—1I1—0.

We now prove the main result of this section.

Theorem 5.1.3. Let I' be a simplicial forest. Then the multigraded Betti numbers
of F(I') are either 0 or 1. Also, if for some monomial m we have b; m(F(I')) # 0,
then bpm(F(I')) = 0 for all h # i.

Proof. We prove the given statements by induction on the number of vertices of I
The cases when I' has only one vertex or ¢ = 0 follow from Remark 5.1.2. Suppose
that the given statements hold for any simplicial forest whose number of vertices is s
or less. Now let I' be a simplicial forest on s+1 vertices and take a monomial m which
divides the product of vertices of I'. Then the induced subcollection I'y, is also a forest
by definition. Note that we have b; m(F(I')) = b; j(F(I'mm)) by Lemma 4.1.1 where
j = deg(m). If j is greater than the number of vertices of I'y,, then by Remark 2.3.6
we have b; m(F(I)) = b; ;(F(T'm)) = 0. So we assume |V (I'y,)| = j = deg(m).

If 'y, is not a tree, then its connected components Y1, ..., T, satisfy the induction
hypothesis. If F(I';y,) = 0 we have nothing to prove. So we assume that F(I'y,) # 0,

and using Remark 2.3.1 and Lemma 4.1.2 we get

big(F(Tm)) = birig(S/FCm) = D by (S/F (Y1) by (S/F(T)

N ty=itl
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where [, is the number of vertices of Y, for each 1 < v < t. As each connected
component has at least one vertex, F(1,) # 0 for each v. By induction hypothesis
for each [, there exists at most one +, such that b, ;, (F(T,)) # 0. Therefore for each
l, there exists at most one ~, such that b, ;, (S/F(T,)) # 0.

Hence we see that there must be at most one 4 such that b; j(F(I'y)) # 0. And,

in such a case

b (F Hb% L (S/F(T Hb%—ll T,)) = H =1

as desired. Therefore we assume that I'y, is a tree and j = |V/(I'm)|.
Suppose that the facets Fy, Fy,..., F, of I'y, are ordered as in Theorem 5.1.1.

Then we have j = ||J!_, F»| as I'n, is a simplicial complex on j vertices. Now we have

bij(F(Twm)) = big (FUFD)) + D bimtjip (F(Tm)u1)p,) (5.1.1)

by Theorem 5.1.1. If Fy is the only facet of I'y,, then we are done by Remark 5.1.2.
So assume that ¢ > 1 and let A, be the facet complex of F((I'y,)u—1)p, for every
1 < wu < q. Note that the set of facets of A, is a subset of {Fy \ F, ..., F, 1\ Fu}
for every 1 < u <gq.

Since F, has a free vertex in I'y,, |V ((I'm)w)| < j for u < ¢. In particular, |Fpy| < j
and |V (A,)] < j — |F.| when u < ¢. Hence by Remark 2.3.6, Equation (5.1.1) turns
into

bim(F(T)) = bim1,j- 17, (F(Tm)g-1)p, ).

Observe that by definition of A, some of Fy \ Fy,..., F,_1 \ F, might have already

been omitted when forming the facet set of A,. So, j — |F,| is greater than or equal
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to the number of vertices of A,. If it is greater, then

bisn (F (L)) = bic1j— 17, (F(Tim)g-1)p,) =0

and nothing is left to prove. Otherwise, A, is a simplicial forest on j — |F}| vertices
by [17, Lemma 1]. Since j < s+ 1, A, satisfies the induction hypothesis. The
proof follows from observing that b;_1 ;_g,| (3" ((Cm)g—1) pq) is also a multigraded Betti

number. O

Observe that in the proof of Theorem 5.1.3 when we focused on the top degree
Betti numbers of a simplicial tree I', the recursive formula of Theorem 5.1.1 came

down to

bin(F()) = bis il (TN F) e agr) (5.1.2)

where F'is a leaf of I', ¢« > 1 and n is the number of vertices of I'. By the virtue of
Lemma 4.1.1 we will only need this shortened version of the recursive formula given

in Theorem 5.1.1.

5.2 Combinatorial Description for the Betti Numbers, Projective

Dimension and Regularity

The Betti numbers of facet ideals of simplicial forests are completely characterized
by the well ordered facet covers. We set to prove this next by observing how such

facet covers behave under localization.

Lemma 5.2.1. Let I' be a simplicial complex and let F' be a facet of ' that contains
a free vertex. Let P = (x; | x; ¢ F) be an ideal of k[z1,...,x,]. Suppose that
F(I\ (F))p is the facet ideal of A and V(A) =V (I')\ F. Then the following hold.

(1) If{FA\ F,...,EF,\ F'} is a minimal facet cover of A, then {Fy,..., Fy, F} is a

minimal facet cover of I
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(2) If 1\ F,...,Fy \ F is a well ordered facet cover of A, then Fy,..., Fy, F is a

well ordered facet cover of .

Proof. (1) Assume that {F} \ F,..., F} \ F'} is a minimal facet cover of A. Observe
that {Fi,..., Fy, F'} covers I' since V(A) = V(I') \ F. To see the minimality of
{F,..., Fy, F'}, assume for a contradiction one of its elements is redundant. Note
that the redundant facet cannot be F' since it contains a free vertex of I'. So say Fj is
redundant for some s = 1,..., k. Then we obtain Fy C F'U (U, F}) or equivalently
Fo\ F C U, (Fi \ F) which contradicts the minimality of {F; \ F,..., F} \ F'}.

(2) Assume that Fy \ F,..., F},\ F is a well ordered facet cover of A. By part (1),
{F,..., Fy, F'} is a minimal facet cover of I". Let H ¢ {F},..., Fy, F'} be a facet of
I'. Then we consider two cases:

Case 1: If H\ F is a facet of A, then by assumption

FAFC(H\F)U(Fui \ F)U...U(F\ F)

for some s < k —1 and hence F;, C HU F, 1 U...UF, UF as desired.

Case 2: If H\ F is not a facet of A, then K \ FF C H \ F for some facet
K\ F of A, Nowif K\ F = F,\ F for some 1 <t <k, then F;\ F C H\F
and ; C HUF C HUF,;1U...UF,UF as desired. Therefore we assume that

K\ F # F,\ F for all 1 <t < k. Then by assumption we have

F\NFC(K\F)U(Fy \F)U...U(F\ F)

for some ¢ < k—1. Thus we get F;, C KUF,,ZU...UF,UF C HUF,,ZU.. .UF,UF

which completes the proof. O

We are now ready to prove the main result of this section.
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Theorem 5.2.2 (Combinatorial description for Betti numbers of simplicial
forests). Let I' be a simplicial forest. Suppose that m is a monomial and i > 1.

Then the following are equivalent.

(1) bim(S/F(I)) # 0.
(2) bim(S/F(I)) =1.
(3) The induced subcollection 'y, has a well ordered facet cover of cardinality i.

In particular, b; j(S/F(T)) is the number of induced subcollections of I' which have j

vertices and which have well ordered facet covers of cardinality i.

Proof. The equivalence of (1) and (2) follows from Theorem 5.1.3. So we only need to
prove that (1) and (3) are equivalent. We may assume that i > 2 since the statement
is trivial for i = 1. By Lemma 4.1.1, it suffices to prove that b;,(S/F(I')) # 0 if
and only if I" has a well ordered facet cover of cardinality ¢ where n is the number
of vertices of I'. First observe that if I' has a well ordered facet cover of cardinality
i, then b;,(S/F(')) # 0 follows from Corollary 4.2.6. Therefore we assume that
bin(S/F()) # 0. We will proceed by induction on the number of vertices of I'. If I' is
not connected, then we can apply Lemma 4.1.2 to F(1),...,F(Tx) where Tq,..., Ty
are the connected components of I'. Then by using (4.1.2) and Theorem 5.1.3 we
get 0 b (S/F(L)) = buy .y (S/F (Y1) ... buy g, (S/F(Ty)) for some uy, ..., u, where
qi, - - -, qr are the number of vertices of Y1, ..., T, respectively and wuy, ..., u; satisfy
uy + --- + up = i. But then by induction hypothesis for each ¢ = 1,...,k the
simplicial tree T; has a well ordered facet cover FY,..., F} . It is easy then to check

that F, ... F!

e ,FF ... FF is a well ordered facet cover of I' of cardinality 1.

Uk

Now we may assume that I' is a simplicial tree on the vertices zy,...,x,. Let F
be a leaf of I' and F(I' \ (F))(q,|z,¢r) be the facet ideal of A. Observe that A has at
most n — |F'| vertices. By Eq. (5.1.2) we have 1 = b; ,,(S/F(I")) = b—1,n— 5| (S/F(A)).

Hence the nonvanishing Betti number and Remark 2.3.6 require A to have exactly
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n — |F| vertices. By induction hypothesis A has a well ordered facet cover of size
1 — 1. Thus Lemma 5.2.1 gives that ' has a well ordered facet cover of cardinality ¢

which completes the proof. ]

Corollary 5.2.3 (Combinatorial description for projective dimension and

regularity of simplicial forests). If ' is a simplicial forest, then

(1) pd(S/F(I')) is the mazimum cardinality of a well ordered facet cover of an

induced subcollection of T'.

(2) reg(S/F(I)) is equal to

max { deg(m) — s, | Fi,..., Fs,, is a well ordered facet cover of T, }.

sy Lsm

(3) All well ordered facet covers of a simplicial forest have the same cardinality.
Proof. Immediately follows from Theorem 5.2.2 and Theorem 5.1.3. O]

Recall that Corollary 3.1.2 already provided a combinatorial formula for the pro-
jective dimension of facet ideals of simplicial forests. However, our formula for projec-
tive dimension in Corollary 4.2.7 is different since it is expressed in terms of minimal
facet covers instead of minimal vertex covers.

Ly
xy X5
Fy | By

£y £y

€2

T3 Ze

Figure 5.1: A simplicial tree I' = (Fy, Fy, F3, Fy)

Example 5.2.4. Suppose that I is the simplicial tree in Figure 5.1. We wish to apply
Theorem 5.2.2 to find the Betti numbers of S/F(T"). Observe that Fy, Fy, F3 is a well
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ordered facet cover of I' since Fy C F, U F3 U Fy. Therefore b3 = 1. Since the multi-
graded Betti numbers come from the induced subcollections we check which subcol-
lections give Betti numbers. We see that I' has two induced subcollections which are
generated by 3 facets, namely 'y, vorawies = (F1, F3, Fy) and Uy vazywane = (F1, Fo, Fy).
These two simplicial complexes are isomorphic and have no well ordered facet covers,
so they do not give Betti numbers. Next, we see that I' has four induced subcollections
which are generated by 2 facets, namely Iy pyuene = (F1, o)y Tayzgzses = (F1, Fu),
Loy zozszszs = (Fo, F3) and Iy ppuan, = (F3, Fy). For each of these subcollections the
facet set is the same as the unique minimal facet cover. Therefore they all have
well ordered facet covers of cardinality 2 and b yy040506 = D2,51050005 = 02,0120252576 =
b2 2129252, = 1. Finally every facet of I' generates an induced subcollection with a
well ordered facet cover. Thus b1 0005 = 01212524 = 012smazs = D1gsaseg = 1. The

Betti diagram of S/F(T") is

Total |1 4 4 1

o1 - - -
-
2/- 4 3 -
31— — 11

where ith column and jth row is b; ;.

Remark 5.2.5. Although the Betti numbers of facet ideals of simplicial forests can
be described as in Theorem 5.2.2, it is not possible in general to minimally resolve
such ideals by Lyubeznik resolution. In fact, the ideal given in Example 5.2.4 has
no simplicial resolution. To see this, assume for a contradiction that © supports a
minimal free resolution of S/F(I"). Looking at the multigraded Betti number in the

third homological degree, we can see that either {Fj, F3, Fy} or {Fy, F», F3} must
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be a face of ©. If {Fy, Fs, Fy} is a face, then {Fy, Fy} is a face as well. But then
bo.zyawszszsze 7 0 Which is not true. Similarly if {F}, F», F3} is a face, then {Fy, F5} is

a face and we get by 420040425 7 0, & contradiction.

5.3 A Homological Characterization for the Betti Numbers of Some

Facet Ideals

In [7] Bouchat provided the following homological description for the Betti numbers

of edge ideals of forests.

Theorem 5.3.1. [7, Theorem 2.2.7] Let the graph G be a forest and m be a monomial.

Then the following are equivalent.

(1) bim(S/I(G)) # 0 for some i.

(2) bpd(s/1(Gm)m(S/1(G)) # 0.

Note that this characterization does not involve any combinatorial properties of
the graph. The theorem asserts that appearance of a monomial m as a multidegree
in the resolution of S/I(G) is equivalent to the fact that m appears as a multidegree
in the last homological position of the resolution of S/I(Gy,). Notice that since the
statement (2) of the theorem trivially implies the first statement, we can rephrase it

in a plainer form.

Theorem 5.3.2. [7, Theorem 2.2.7] Let the graph G be a forest and m be a monomial.
If b;m(S/I1(G)) # 0 for some i, then i = pd(S/I(Gm)).

Remark 5.3.3. The converse of Theorem 5.3.2 is not true. For example, consider
the graph G with I(G) = (ab,bc,cd) and m = abed. The projective dimension of
S/I(G) is 2 but we have b; i, (S/I(G)) = 0 for all 1.
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The goal of this section is to show that Theorem 5.3.1 holds for a larger class
of ideals, namely for facet ideals of those simplicial forests which satisfy a certain
condition.

We will first prove some results concerning minimal vertex covers and localizations

which will be essential in the proof of the main result (Theorem 5.3.7) of this section.

Proposition 5.3.4. If I" is a simplicial forest which satisfies

FNGNH#0=FNG=GNH=HNF (5.3.1)

for all facets F, G, H (in particular, if I is any graph forest), then I' has a minimal

vertex cover of maximum cardinality which contains a free vertez.

Proof. We use induction on the number of facets of the simplicial forest. If I" has only
one facet, then for any vertex v the set {v} is a minimal vertex cover of maximum
cardinality, and v is a free vertex of I.

So we assume that I' has at least two facets. If I' is not connected, then its
connected components satisfy the induction hypothesis. Since every minimal vertex
cover of I' is a union of minimal vertex covers of its connected components, we are
done.

We assume that I' is connected. Let C' be a minimal vertex cover of I' with
|C| = a(T"). Let F be a leaf of I" with a free vertex u. If C' is not a minimal vertex
cover of I"\ (F'), then by Lemma 3.2.1(3) we have CNF = {a} for some vertex a, and
C'\{a} is a minimal vertex cover of I\ (F'). But since u is a free vertex (C'\ {a})U{u}
is a minimal vertex cover of I' and we are done.

So, we assume that C' is a minimal vertex cover of I'\ (F'). Then we have af (') <
ay(I'\ (F)) and combining this with Lemma 3.2.1(5) yields of(I") = ag(T"\ (F)).
Since any subcollection of T" satisfies (5.3.1), the simplicial forest I' \ (F') satisfies the

induction hypothesis. Therefore there exists a minimal vertex cover D of I' \ (F') of
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maximum cardinality such that D contains a free vertex v of T'\ (F). Let Fj be a
joint of F'. We will consider two cases:

Case 1: There are at least two facets of I', say, F; and F5, that intersect F'. Since
Fiisajoint, FNFiNFy, #0 and FNF, = FNF, by (5.3.1). But then v ¢ F as
otherwise v € Fy N Fy is not a free vertex of I'\ (F). Thus D is a minimal vertex
cover of I" which contains the free vertex v of I'.

Case 2: Suppose that F} is the only facet of I' that intersects F. If v ¢ F', then D
is a minimal vertex cover of I' which contains the free vertex v of I' and we the proof is
complete. So we assume that v € F'N F;. But then F' and F} are the only facets of I'
that contain v and D\ {v} covers I'\ (F, F}). Observe that by Lemma 3.2.1(1), D\ {v}
is a minimal vertex cover of I'\ (F, Fy). Therefore, af(I'\ (F, F1)) > o (I') — 1. Note
that any minimal vertex cover of I' \ (F, F1) can be extended to that of I' by adding
at least one vertex. Thus we have in fact of(I"\ (F), F1)) = aof(I") — 1. By induction
assumption, I'\ (¥, F}) has a minimal vertex cover E of cardinality af(I") — 1 which
contains a free vertex w of I' \ (F, F}). Recall that F} is the only facet of I that
intersects F' and thus w ¢ F. We will consider two cases.

Case 2.1: Suppose that w € Fy. Then, it is straightforward to check that EU{u}
is a minimal vertex cover of I' of cardinality aj(I"), and we are done.

Case 2.2: Suppose that w ¢ Fy. Then w is a free vertex of I'. Now we claim
that F can be extended to a minimal vertex cover of I by adding exactly one vertex.
To this end, if ENF; # 0, then £ U {u} is a minimal vertex cover of I as desired.
Otherwise pick z € F N F; and observe that £ U {z} is a minimal vertex cover of

r. [l

Remark 5.3.5. Note that if the assumption (5.3.1) is omitted, Proposition 5.3.4 is
no longer true. For example, for the simplicial tree I' of Figure 5.2 we have a5 (') =

4. Indeed, {b,e, f,h} is a minimal vertex cover, and no minimal vertex cover has
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cardinality greater than 4. However if a minimal vertex cover contains a free vertex

of I, then it has cardinality 3.

€ f

Figure 5.2: A simplicial tree I' with af(I") = 4.

Lemma 5.3.6. Let I" be a simplicial tree which satisfies (5.3.1) for all facets F, G, H
of I'. Let K be a facet of I and let A be the localized complex (I'\ (K))z,jz:¢x)- Then
for any F,G, H € Facets(A) (5.3.1) holds.

Proof. Let 0,7 and k be facets of A. Then,

cNTNk#P=0=F\K, =G\ K, k=H\ K for some F,G, H € Facets(T)
and (F\ K)N (G\K)N(H\ K) #0
=FNGNH#D
= FNG=GNH=HNF
= (FNG\K=(GNH)\K=(HnNF)\K
= (FAK)N(G\K) = (G\K)N(H\K) = (H\K)N(F\K)

0cNT=7TNK=kKNoO.

We are now ready to prove the main result of this section.
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Theorem 5.3.7. Suppose that I' is a simplicial forest which satisfies

FNGNH#0=FNG=GNH=HNF (5.3.2)

for any facets F,G,H of I'. Then for any monomial m the following statements are

equivalent.

(1) bym(S/F(T)) # 0 for some i.

(2) bpacs/F(rm))m(S/F(I)) # 0.

Proof. Since the statement (2) trivially implies the statement (1), we only need to
show that (1) implies (2). We use induction on the number of facets of I'. When I' is
generated by a single facet, the given statement follows from Remark 5.1.2. Suppose
that b; ;m(S/F(I')) # 0 for some i. By virtue of Theorem 3.1.1 it suffices to show that
ay(I'm) = . Since we already know that af(I'y,) > @ we only want to show that
ay(I'm) < i. Note that by Lemma 4.1.1 we have b; u (S/F(I")) = b; j(S/F(I'ym)) where
J is the degree of m. We will consider two cases.

Case 1: Suppose that I', is not connected. Let Ti,..., Ty be the connected

components of I'y,. By Equation (4.1.2) and Theorem 5.1.3 we have

bl,](S/St(Fm)) = buhql (S/?<T1>) <. buNﬂN(S/g:(TN))

for some uy,...,uy such that uy +---+wuy = ¢ and where ¢, ..., gy are respectively
the number of vertices of Ty,..., Ty and ¢; + --- + gy = j. Observe that for each

k=1,...,N, we have

Dug 05 (S/F(Tk)) = buga (S/F (1))
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where qi is the monomial corresponding to the product of vertices of T;. Therefore
by induction hypothesis, aj(Yg) = u for each k& = 1,..., N. Since any minimal
vertex cover of a simplicial complex is a disjoint union of minimal vertex covers of its

connected components, we have

&y (Tm) = (Y1) 4+ ah(Tw) = s + -+ +uy =i

which completes the proof for this case.
Case 2: Suppose that 'y, is a simplicial tree and let F' be a leaf of I'y,,. Let A

be the localized complex (I'y \ (F'))(2;|es¢F)- By Equation (5.1.2) we have

bij(S/F(Tm)) = biv1,j- 11 (S/T(A)) # 0.

But then by Remark 2.3.6, A must have j — [F| vertices and b;_1 ;_p|(S/F(A)) =
bi—14(S/F(A)) where q is the product of vertices of A. Observe that A satisfies the

induction hypothesis by Lemma 5.3.6. Therefore by Theorem 5.1.3 we get

i —1=pd(S/F(Aq)) = pd(S/F(A)) = ay(A).

By Proposition 5.3.4 there exists a minimal vertex cover C of I'y, of cardinality
a4 (') which contains a free vertex u of I'y,. But then by Lemma 3.2.4(2), C'\ {u}
is a minimal vertex cover of A. Hence af(A) =i —1 > aj(I'm) — 1 which completes

the proof. O

We do not know if Theorem 5.3.7 holds for all simplicial forests. In particular, by
Lemma 4.1.1 this is equivalent to ask whether the top degree Betti numbers occur at

the projective dimension.
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Although Proposition 5.3.4 cannot be extended to all simplicial complexes, The-
orem 5.3.7 might be true for all simplicial complexes. Going over the proof of this
theorem, we can see that it requires a simplicial forest to have a minimal vertex cover
of maximum cardinality with free vertex only if there is a nonzero Betti number at

the top degree. Therefore the following questions arise naturally.

Question 5.3.8. Does Theorem 5.3.7 still hold when I' is an arbitrary simplicial

forest?

Question 5.3.9. Suppose that I" is a simplicial forest which has a well ordered facet
cover. Then does I' have a minimal vertex cover of maximum cardinality which

contains a free vertex?

As we have discussed above, an affirmative answer to Question 5.3.9 would settle

Question 5.3.8 in the positive as well.

5.4 Edge Ideals of Forests

In this section we will focus on the Betti numbers of edge ideals of forests. When
G is a graph, unless it has isolated vertices, its edge ideal I(G) is the same as its
facet ideal F(G) where G is considered as a simplicial complex in the latter case. The

following observation will be useful in the sequel.

Remark 5.4.1. Let G be a graph such that the induced subgraph Gy, contains an
isolated vertex. Then Taylor(I(G))<m is a simplex and thus Theorem 2.3.4 gives
bim(S/I(G)) = 0. Therefore if b; (S/I(G)) # 0, then the induced subgraph G,

does not contain any isolated vertices and

Gm (induced subgraph of G) = Gy, (induced subcollection of G)

where G is considered as a simplicial complex in the latter one.
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If we restrict Theorem 5.2.2 to edge ideals, we get the following description for

Betti numbers of edge ideals of forests which is originally due to Kimura [31].

Corollary 5.4.2. [31, Theorem 4.1] If the graph G is a forest and m is a monomial,

then the following are equivalent.

(1) bim(S/1(G)) # 0.
(2) bim(S/1(G)) = 1.

(3) The induced subgraph Gy, contains a strongly disjoint set of deg(m)—i bouquets.

Proof. Note that by Remark 5.4.1 we may assume that G has no isolated vertices.
Since G has no isolated vertices, F(G) = I(G). The equivalence of the given state-

ments then follows by Theorem 5.2.2 and Proposition 4.3.3. O

As an immediate consequence of the result above we recover a result of Zheng [46]

which relates the induced matching number of a forest to the regularity of its edge

ideal.
Corollary 5.4.3. [46, Theorem 2.18] If G is a forest, then reg(S/I(G)) = im(G).

Using Corollary 5.4.2 we will establish further properties of edge ideals of forests.

To this end, we will first prove some combinatorial results concerning graph forests.

Lemma 5.4.4. Let the graph G be a forest on q vertices. Let A be a subset of
V(G) U E(G) such that for every u,v € V(Q)

{u,v} € A= u,v ¢ A. (5.4.1)

Then |A] < q. Also if AN E(G) # 0, then |A| < q— 1.

Proof. It AN E(G) =0, then A C V(G) and |A| < ¢ is clear.
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Suppose that AN E(G) # (0. Let H be the subgraph of G which is obtained by
taking the edges of G which appear in A. More precisely, H is the subgraph of G
such that

E(H):=ANE(G)and V(H):= | ] e

e€ANE(G)
Let Hy, ..., H, be the connected components of H. Observe that by (5.4.1) we have
ANV (H;) =0 for every i = 1,...,r and thus J_, V(H;) C V(G) \ A. Then we get
q= V(G| = |ANV(G)|+ |[V(G) \ A]

> [ANV(G) + V()
i=1

= [ANV(@)+ ) _|V(H))
i=1

=|ANV(GQ)| + Z|E(HZ) + 1|, since each H; is a tree
i=1

=|ANV(G)|+|EH)|+r
=|ANV(G)|+|ANEG)| +r

=|A|+r

and this gives |A| <g—T1asr > 1. O

Lemma 5.4.5. Let the graph G be a forest. Suppose that G contains s strongly

disjoint bouquets By, ..., B,. Then the following statements hold.

(1) Given any two distinct bouquets B; and By, there exists at most one edge of G

which contains a vertex of each.
(2) im(G) = s.
(3) im(G) > im(G — E(B;)) for eachi=1,...,s.
Proof. (1) Assume for a contradiction that there exist exactly r > 2 edges of G which

contain a vertex of each of the bouquets B; and Bj;. Then the induced subgraph K
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of G on V(B;) UV(By) is a connected graph of order |V (B;)| + |V (By)| and of size
\V(B;)| + |V (Bg)| +r — 2. Therefore K is not a tree by Theorem 2.2.2(2). But this
is absurd because every connected subgraph of a forest must be a tree.

Before proving the next statement, we define a new graph H whose vertices are
the bouquets and two vertices are adjacent if there exists an edge of G which contains

a vertex from each of these bouquets. In other words,

V(H) :={By,...,B,},
E(H) :={{B;, By} | enV(B;) #0,enV(By) # 0 for some j # k and e € E(G)}.

This will allow us to identify some set of edges of G with some subsets of V/(H)UE(H).
To make this precise, we will need the function f : E(G) — V(H) U E(H) such that

for every e € E(G)

fe) {B;,Br} ifenV(B;)#0and eNV(Bg) # D for some j # k
e) =
B, if e € E(B,) for some j.

First, we will prove the following.

Claim: H is a forest.

Proof of the claim: Assume for a contradiction H contains a cycle on the vertices
Biys ..., B, with t > 3 where {B;,,B;,,,} € E(H) for 1 <u <t—1and {B;,B;} €
E(H). By definition of H and since the bouquets are pairwise disjoint, there exist ¢

edges €1, es,...,¢e of G such that

e, NV(B;,) #0Dand e, NV (B;,,,) #0, forall 1 <u<t—1,
e, NV(B;,) # 0 and e, NV (By,) # 0.

Note that since each bouquet B;, for 1 < u < ¢ intersects exactly two of the edges
€1, €, ..., e, the induced subgraph of G on Ul_,e; cannot contain a star subgraph

of size 3 or more. Now if e, Ne,y1 # 0 for all 1 < u < ¢ (we use the convention
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€41 1= €1), then

€1,€2,...,6 (5.4.2)

is the list of edges of a cycle of G and we are done. Otherwise, the list in (5.4.2)
can be completed to the list of edges of a cycle of G by inserting new edges. To
see this, let e, Neypy = 0 for some 1 < p < t. Let r, and r,;; be respectively the
roots of B;, and B;,,, (by roots we mean the vertices which are not flowers). If e,
does not contain 7,1, then in the list we insert the edge {r,41,V(B;,,,) Ne,} right
after e,. Similarly, if e,;; does not contain 7,1, then in the list we insert the edge
{rp41, V(Bi,,,) Neps1 } right before e,y1. Thus, H is indeed a forest.

(2) Next, we will show that im(G) = s. We already know im(G) > s and so, we
only need to show that im(G) < s. Let D be an induced matching in G. We claim
that |D| < s. Notice that if f(e1) = f(ez) = {B;, By} for some e1,e; € D, then
e1 = ey by part (1). Also since D is a matching, we have |D N E(By)| < 1 for every
k =1,...,s. Therefore if f(e;) = f(ez) = B, then e; = e;. Hence the function
f is one-to-one on D and we get |D| = |f(D)|. Notice that since D is an induced

matching we have

{Bj, B} € f(D) = B;, B, ¢ f(D).

But then as H is a forest, we can apply Lemma 5.4.4 to get | f(D)| < s as desired.
(3) To prove the last statement, let i be fixed and let A be an induced matching
of G — E(B;). By part (2) it suffices to show that s > |A|. Observe that since A is
a matching, we have |[A N E(By)| < 1 for every k = 1,...,s. Therefore by part (1),
the function f is one-to-one on A and we get |A| = |f(A)|. Notice that since A is an

induced matching of G — F(B;) we have

{Bj, Br} € f(A) = B;, By ¢ f(A). (5.4.3)
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Now we consider two cases.

Case 1: Suppose that f(A) does not contain any edges of H so that f(A) C V(H).
But since we know that B; ¢ f(A) we must have f(A) C V(H) \ {B;}. This yields
|lf(A)] < |V(H)| —1=s—1 as desired.

Case 2: Suppose that f(A) contains at least one edge from E(H). Then since
H is a forest, by Lemma 5.4.4 and (5.4.3) we obtain |f(A)| = |A] <s— 1. O

As a consequence of this lemma, we obtain a result that has a similar flavor to

Theorem 5.3.2.

Corollary 5.4.6. Suppose that the graph G is a forest and m a monomial. If
bim(S/I(G)) # 0 for some i, then deg(m) — i = reg(S/I1(Gm))-

Proof. Follows from combining Lemma 5.4.5, Corollary 5.4.2 and Lemma 4.1.1. [

Theorem 5.4.7. Let G be a forest and m a monomial such that b;m(S/I(G)) =

bim' (S/I(G)) =1 for some monomial m' # m. Then m'{ m.

Proof. Assume for a contradiction m’ | m. Suppose that Gy, is a graph on i + r
vertices and Gy, is a graph on ¢ + k + r vertices for some k,r > 0. Note that by
Lemma 4.1.1 and Remark 5.4.1 we have b;,1i1£(S/I(Gm)) = bir+i(S/I(Gw)) = 1.
By Theorem 5.3.1 and Corollary 3.1.2 we have of,(Gm) = af(Gm) = i. By Corollary
5.4.2, the graph Gy contains r strongly disjoint bouquets, say B = {Bq,...,B,}.
Since F'(B) (the flowers of B) is a minimal vertex cover of Gy of cardinality of ¢ and
since Gy is an induced subgraph of Gy,, we can extend F(B) to a minimal vertex
cover of Gy by Lemma 3.1.8. But we have af(Gm) = ¢ and so, F'(B) must be a
minimal vertex cover of GG, as well. Note that by Lemma 5.4.5 we also know that
im(Gm) =7+ k and im(Gu) = 7.

Let D be an induced matching of Gy, of cardinality » + k. We claim that the

following statements hold.
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Claim 1: If e € E(Gm) \ E(Guy), then e = {ue,v.} for some u, € F(B) and
Ve € V(Gm) \ V(Gyy).
Claim 2: |[DNE(Gy)| =7 and |[DN(E(Gm) \ E(Gw))| = k.
Claim 3: There exists t € {1,...,s} such that DN (E(Gu) \ E(B:)) is an induced
matching of Gy — E(B,) and |D N (E(Gw) \ E(By))| = 7.

Proof of Claim 1: Suppose that e € E(Gm) \ E(Gny). Since Gy is an induced
subgraph of Gy, one of the vertices in e, call it v., do not belong to V(Gpy). Since
F(B) is a minimal vertex cover of Gy, we have F(B)Ne # (). But v, ¢ F(B)Ne as
F(B) C V(Gpy). Therefore F(B)Ne=c¢e\ {v.}.

Proof of Claim 2: Observe that D N E(Gyy) is an induced matching of Gy
because D is an induced matching of Gy, and Gy is a subgraph of Gy,. Therefore

|DNE(Gu)| <7 is clear. Now we want to show that |D N E(Gpy)| > 7. Since

r+k=|D|=|DN(E(Gm)\ EGuw))| + DN EGu) (5.4.4)

it suffices to show that |[DN(E(Gm)\ E(Gm))| < k. Moreover as D is a matching, for
e, € DN(E(Gm) \ E(Gw)) and e # €’ we have v, # ve. Therefore the assignment
DN(E(Gm) \ E(Gw)) = V(Gm) \ V(Gny) given by e — v, is one-to-one. This
implies that

[DO(E(Gm) \ E(Gw))| < [V(Gm) \ V(Gu)| = k

as desired. Hence we obtained |D N (E(Gm) \ E(Gw))| = k and |D N E(Gw)| =7
as we claimed.

Proof of Claim 3: Since k > 0 and |D N (E(Gm) \ E(Gw))| = k there exists
e € DN(E(Gm) \ E(Gyy)). Let e = {ue,v.} as in Claim 1. Since u, € F(B)
there exists ¢t € {1,...,s} such that u, € F(B;). Recall that D N E(Gyy) is an
induced matching of Gyy. Therefore (D N E(Gun)) \ E(B;) must be an induced

matching of Gy — E(B;). To complete the proof of Claim (3), we need to show that
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|D N (E(Gw) \ E(B;))] = r. By Claim (2) it suffices to show that D N E(B;) = (.
But this is clear because D is an induced matching of G and e contains a vertex of
By.

Having verified all of the claims, we complete the proof as follows. By Claim 3
there exists t € {1,...,s} such that im(Gp — E(B;)) > r. But then by Lemma

5.4.5, we get r = im(Gu) > im(Gu — E(B;)) > r which is a contradiction. O

Clark and Mapes [10] called a monomial ideal rigid if all its multigraded Betti
numbers are 0 or 1, and if two multidegrees appear in the same homological degree,
then the monomials corresponding to those multidegrees do not divide each other.
Theorem 5.4.7 along with Corollary 5.4.2 shows that edge ideals of forests are rigid.
The authors in [10] gave a construction which produces the minimal resolution for
rigid monomial ideals [36]. Therefore such a construction can be applied to edge
ideals of forests. We do not know if the facet ideals of simplicial forests are rigid
monomial ideals as well. In order to prove they are rigid, thanks to Theorem 5.1.3
and Theorem 5.2.2, it suffices to show that if a simplicial tree I' has a well ordered
facet cover of cardinality ¢, then no induced subcollection of I' has a well ordered

facet cover of cardinality .



Chapter 6

Betti Numbers of Path Ideals

The path ideal of a directed graph was introduced by Conca and De Negri [12] and
since then these ideals and their generalizations have been studied by many authors,
see [1, 2, 3, 8,9, 23, 32, 33].

If G is a graph with vertex set V' = {x,...,x,}, then its path ideal I;(G) is the

monomial ideal defined by
I,(G) = (x4, ... x;, | G has a path subgraph with vertices z;,, ..., z;,).

Note that when ¢ = 2 the path ideal I;(G) is the same as the edge ideal of G. Therefore
path ideals generalize edge ideals. Formulas for Betti numbers of edge ideals of paths,
cycles and stars were given by Jacques in [26] using Hochster’s formula ([24, Theorem
8.1.1)). Alilooee and Faridi [1, 2] generalized the techniques of Jacques to find Betti
numbers of path ideals of paths and cycles.

In this section we will use a different method, namely Theorem 2.3.4 to find

multigraded Betti numbers of path ideals of paths, cycles and stars.
Example 6.0.8. Consider the graph G in Figure 6.1. Then the path ideals of G are

I4(G) = (vaz12473), I3(G) = (xemq 24, Xowq T3, T12324) and Io(G) = (x129, X123, 124, T3Ty).

Definition 6.0.9. For any n >t > 1 the simplicial complex {2} on the set of vertices

{1,...,n} is defined by

OF = ({1,441, itt—1i+t,....n}i=1,....n—t+1).

62
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T )

T3 Ty

Figure 6.1: A graph G of order 4.

Example 6.0.10. For n = 5 and ¢t = 2 the simplicial complex €25 has facets
{1,2,3,4,5}, {1,2,3,4,5}, {1,2,3,4,5} and {1,2,3,4,5}.

Remark 6.0.11. For n = ¢ the simplicial complex Q' is the irrelevant complex {(}.

If t =1, then QF coincides with the boundary of an n — 1 dimensional simplex.

6.1 Homology computation for 2}

In Section 6.2 when we calculate the Betti numbers of path ideals of paths we will
come across the simplicial complex Q. This section is devoted to computing the

homology groups of 2 as we will need them later on.

Lemma 6.1.1. Forn > 2t + 1 we have H,(QF) =2 H,_o(QF~"1) for each integer p.

Otheruwise, (
o,({0}),  ifn=t
Hy() = f,,({0}), ifn=t+1 (6.1.1)
0, ift+2<n <2t

\

Proof. The case n = t is clear as Q! = {(}}. So we assume that n > ¢ and fix an index

p. Note that

Q? = <O'1,0'2, e 7Un—t+1>

where for each 7, oy = {1,...,n} \{i,i+1,...,i+¢ — 1}. Then QF = SUC where
S = (oq) is the simplex on vertices {t+1,...,n} and C' = (09, ...,0,_¢11) is the cone

generated by the facets of {2} that contain the vertex 1. Note that by Corollary 2.1.3



64

we have

Hp(Q?) = ﬁp%(‘g N C)-

We consider the three possible cases left.

Case 1: Suppose that n =t+1. Then S = ({t+1}) and C = ({1}). Thus SNC
is the irrelevant complex and we are done.

Case 2: Suppose that t +2 < n < 2t. Observe that since n < 2t we have
orNo; CoyNog forali=23,...,n—1t+ 1. Therefore SNC = (o3 Noy) is a
simplex whose maximal face is {t +2,...,n} ast + 2 < n.

Case 3: Suppose that n > 2¢ + 1. In this case, we have o1 N og; C 01 N oy for all

1=2,3,...,t+ 1. Thus we obtain
SNC = (o1 Noy) U<01 N, 01 N Opty1).

Let us set Sy := (01 Noy) and C) := (01 N O4y9,...,01 No,). Then S is a simplex

with vertex set {t +2,...,n}, and C} is a cone with apex t + 1 such that
Facets(Ch) = {{t+1,...,n}\ {i,i+1,...,i+t—1}|i=t+2,....n—t+1}.

Hence we get Sy N C; = Q?_t_l. Since both S; and C are acyclic, by Corol-
lary 2.1.3 we get H, 1(SNC) = H, 5(S;NCy) = H, () which completes the

proof. ]

Notation 6.1.2. For two integers 7, j the symbol ¢; ; is 1 if ¢ = 7, and is 0 otherwise.
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Corollary 6.1.3. The dimensions of reduced homology modules of 2} are indepen-

dent of the ground field. And they are given by

(

5p+27t2+7nl, ifn=0modt+1
dim I:[p(Q?) =430 3 2041) ifn=tmodt+1 (6.1.2)
P73
0, otherwise.
\

Proof. Follows from a straightforward induction using Lemma 6.1.1 and Eq. (2.1.2).
0

6.2 Paths

The purpose of this section is to calculate (multi)graded Betti numbers of path ideals
of paths. Before proving our results we need to fix some notations. Let [ be a

monomial ideal. For any monomial u let us define the simplicial complex
Taylor(I)<, = {7 € Taylor(I) | lem(7) divides u}.

Then we can write

Taylor([) ., = U Taylor(I)<

x; divides u

(6.2.1)

o
g

Recall that by Theorem 2.3.4 we need to find the homology of Taylor([),. Through-
out this section let A be the Taylor simplex of I,(P,) where P, is a path on vertices
Z1,...,%,. If n <t then there is no path on P, of order ¢, and therefore I;,(P,) = 0.

Let us assume n > t then we have

A= <{xixi+1...xi+t_1|i:1,...,n—t+1}>.
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For simplicity, we replace the label of a vertex z;x;y1 ... 241 of A with 7; for all

t=1,...,n—t+ 1. Hence A is the simplex given by

A = <{T1,T2, e ,Tn,tJrl}).
Now we want to find A_,, where m = x;1...z,. Observe that we have
[} AgmgASm fOI'aHlSZSt

[} Agzﬂ = <{7'1, c. ,Tn,tJrl} \ {T(i—t)—l-l; c. 7T(i—t)+t}> for all t+1 S 7 S n—t

e Acm CAcm foralln—t+1<i<n

Therefore,
n—t
Facets(A.,,) = Facets(A U Facets(A<m U U Facets(A<m).
i=t41 '
For future reference, we explicitly list the facets of A_,,.
Facets(Acp) = {{A, 72, ..o Tuce1 } {71, - oo Tt Tt }}
Ut omd\ {7 mia} li=2,n =2t + 1}

(6.2.2)

Note that when n < 2t + 1 there is no 7 such that t + 1 < 4§ < n — t. Therefore

the list of items above become

OAS

33

CAcm foralll <i<t

Rt

o A

IA
&3
N

A< foralln—t+1<i<n

S8

for n < 2t + 1. Thus we get

A= HA, oo Tt B AT o s Tty Tt 1 1) (6.2.3)
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for n < 2t + 1.
We will first determine the top degree Betti numbers of path ideals of paths. The

following result was also proved by Alilooee and Faridi [1].

Theorem 6.2.1 (Top degree Betti numbers of path ideals of paths). |1,

Theorem 4.13] For alli>1,n >t and n > 1, we have

¢

52‘,%7 ifn=0modt+1
bin(S/1i(P)) = 5”1’%, ifn=tmodt+1 (6.2.4)
0, otherwise.

\

Proof. Let m be the product of vertices of P,,. By Equation (2.3.2) and Theorem 2.3.4

we have

bz’n(S/It(Pn)) = bz,m(‘s/-[t(Pn)) == dlm]k Hi_2<A<m, k)

We consider two cases:

Case 1: Suppose that n < 2t + 1. By Equation (6.2.3) we have
Ao,y =dela({m}) Udela({Tn_t41})-
Observe that if n = ¢, then A_,, = {0} and so that
dimy H;_5(Acp, k) = dimy H;_o({0}, k) = 6,5 _1.

But for n =t we have §;_5_; = 5”1,2%12 which proves the formula given in (6.2.4)

for this case. So, we may assume that n > t. Note that by Corollary 2.1.3 we have

dimk Hi,Q(A<m, ]k) = dlmk Hl;g(delA({Tl}) N delA({Tn,tH}), ]]()
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as both dela({71}) and dela({7,—+11}) are simplices. We consider two cases.
Case 1.1: Suppose that n = ¢t + 1. Then A = ({7, 2}) and dela({71}) N

dela({7n—t4+1}) is the irrelevant complex. Therefore we have
dimy, H;_s(dela({m}) Ndela({Tn_r41}), k) = dimy H;_3({0},k) = §;_5 1.

Check that if n =¢ + 1, then 0;_3 1 = (51-’152%1 and the proof is complete for this case.
Case 1.2: Next, suppose that n > ¢t + 1. Then dela({m}) N dela({Tn—t+1}) =
dela ({71, Tn—t+1}) is a simplex and has trivial reduced homology in all degrees.

Case 2: Suppose that n > 2t + 1. Then by Equation (6.2.2) we have

Ay = dela(f1}) Udela({rup DUT

where T = ({71, ..., Tn—ts1 } \ {70y .- s Tire—1} |1 =2,...,n—2t+1). Now we can see
that A, is a union of dela ({71 }) and dela({7—¢+1}) UY. But since dela({71}) is a
simplex and dela({7,—++1}) U T is a cone with apex 7, by virtue of Corollary 2.1.3

we have
dimk ]:[i72<A<m; ]k) = dlmk F[i,3<delA({T1}) N (delA({Tn,tH}) U T) s k)

Now observe that dela ({m})N ( dela({Tn—t11})UT) = CUdela ({71, Tu—t+1}) where C
is the cone generated by the facets of dela({71}) N (dela({7—s+1}) UT) that contain

the vertex 7,, ;1. Again, as dela ({71, 7,_t11}) is a simplex, by Corollary 2.1.3 we get

dimy H;—3(dela({m })N(dela({Tn—s+1}UY), k) = dimy H;_4(CNdela ({71, Tur11}), k).
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Finally, observe that C' N dela ({71, Th—t1+1}) is isomorphic to the simplicial complex
Q71 (recall Definition 6.0.9) and by Corollary 6.1.3 we have

(

0. o 2n—t-1), fn=0modt+1

AT

dim ﬁifz;(Q?ftfl) = 5i_1 2n—t) fn=tmodt+1 (6.2.5)
P TEFL
0, otherwise
which agrees with the formula given in Equation (6.2.4). O

Remark 6.2.2. In [23, Corollary 2.9] He and Van Tuyl proved that the facet complex
of the path ideal of a rooted tree is a simplicial tree. This in particular implies that
the facet complex of the path ideal of a path is a simplicial tree. Therefore all results
in this section can be stated in terms of facet ideals of simplicial forests. In [1,
Corollary 4.14] Alilooee and Faridi provided a formula for projective dimension of
path ideals of paths. Using their formula and Theorem 6.2.1 one can see that for all
i >1landn>t

bin(S/1(Pa)) # 0 = i = pd(S/L(P.)).

Therefore using a straightforward induction and [27, Corollary 2.3] one can show that

bim(S/1i(Pr)) # 0 == i = pd(5/1¢((Pn)m)) (6.2.6)

answering Question 5.3.8 in the affirmative for the class of simplicial trees which

correspond to path complexes of path ideals of paths.

Theorem 6.2.3 (Multigraded Betti numbers of path ideals of paths). Let
t > 2 and m be a squarefree monomial of degree j. Then the multigraded Betti number
bim(S/1:(P,)) = 1 if the induced graph (P, )m consists of a collection of disjoint paths

that satisfy the following conditions:
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(1) Each path is of order 0 ort mod ¢t + 1

i(t+1)—2;5
-t -

(2) The number of paths of order t mod t + 1 is equal to
Otherwise, by m(S/1(P,)) = 0.

Proof. Let )1, ..., Q, be the connected components of (F,)m where each ), is a path

of order v, for 1 < ¢ < p. We have

bim(S/1:(Py)) = b; j(S/1;((Py)m)) by Lemma 4.1.1

= > buy (S/1(Q1)) - iy, (S/1(Q,)) by Equation (4.1.2).

U+ Fup=t

By Theorem 6.2.1 if one of ) is not of order 0 or t mod ¢ + 1, then the sum above is
0. So without loss of generality let us assume that @)1, ..., Q. are of order 0 mod ¢ + 1
and Q.41,...,Q, are of order t mod ¢ + 1 for some 0 < z < p. Again by Theorem

6.2.1, the sum above is equal to 1 if

z

21}4 P 2Uz+2 .
—1): 6.2.7
Z1ﬁ+1+Z <t+1 ! (6.2.7)

/=1 l=z+1

and 0 otherwise. Observe that (6.2.7) holds if and only if p — z = % since

v1 + -+ v, = j. Hence the result follows. O
Remark 6.2.4. It is worth noting that for a path P, (or a cycle C,,) on the vertex
set {z1,...,2,}, every induced subcollection on a subset W of {zy,...,z,} is a
disjoint union of paths. For simplicity of arguments one can represent such an induced
subcollection as disjoint paths @,...,Q, where for each i € {1,...,p} there are

integers a; and ¢; with
V(Q:) =A{%a,, Ta;41,- -, Tayte, } (mod n in the case of C),),

where 1 <a; <ap <--- <a, <n.
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The fact that the @); are disjoint in the induced subollections implies that for each

a; +4; +1 < ajr;

in other words, between each two consecutive Q; and @41 there is a vertex of P, (or

C,) not in W.

We are now ready to give a combinatorial description for the graded Betti numbers
of path ideals of paths. Alilooee and Faridi [2] also gave a combinatorial description
for the graded Betti numbers of path ideals of paths which has a different form
than ours. They defined eligible subcollections ([2, Definition 4.2.1]) to state these

formulas.

Corollary 6.2.5. If P is a path, b; ;(S/1(P)) is the number of ways of choosing a
collection of disjoint paths of P that correspond to an induced subcollection of P and
that satisfy the following conditions:

(1) The orders of the paths add up to j

(2) Each path is of order 0 or t mod t + 1

(3) The number of paths of order t mod t + 1 is equal to %

Proof. Immediately follows from Theorem 6.2.3 and Equation (2.3.2). O]

Using the description above, we will obtain a closed formula for graded Betti
numbers thus recovering a result of Alilooee and Faridi given in [1, Theorem 4.13].
First, we will need some combinatorial lemmas. The lemma below is well known but

we shall provide a proof for completeness.

Lemma 6.2.6. The number of integer solutions of the equation

A+ Ayt A =N
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with A; >0 is (V1.

Proof. Every solution of the given equation corresponds to a partition of N objects in
a row into r parts using r — 1 bars. Then we count the number of ways of partitioning
N objects in a row into r parts using r — 1 bars. But this is simply ordering /N objects

and r — 1 bars in a row. O

Lemma 6.2.7. The number of ways of fitting o« red balls and 3 green balls in v > 1

bags in a row such that each bag contains at most 1 red ball s

T\ (v—1+58
« v—1
provided that v > «.

Proof. Since every bag contains at most 1 red ball, there must be at least o bags,
i.e., v > a. To count the number of solutions to this problem we spread the a bags
which contain a red ball in a row as below. We denote the bags which contain a red
ball by B..

B, B, B, --- B,

Next, we will insert the remaining v — « bags in the row. Note that there are oo + 1

places to insert these bags. We denote these places by — as below.
- B, - B,— B, —--— B, —
This is equivalent to finding the number of integer solutions to the equation
A+ As+- -+ A1 =7—«a

with A; > 0, which is @) by Lemma 6.2.6.
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Finally we fit the 8 green balls in the v bags. But the number of ways of doing

this is equal to the number of integer solutions of the equation
Al+ A+ +A, =8

with A; > 0, which is (7;:“3 ) by Lemma 6.2.6. Hence the total number of ways of

fitting o red balls and S green balls in v bags such that each bag contains at most 1

(050

as desired. O

red ball is

Theorem 6.2.8 (Graded Betti numbers of path ideals of paths). [1, Theorem

4.13] Fort > 2, the nonzero graded Betti numbers of S/I(P,) are given by

n—j+1\ (n—j+=4
s (S/L(Py) = ( s ) ( =

1—¢ n—=J

provided that n,i and j satisfy the following relations.
(1) n=y
. i(t+1)—2j
(2) = t(*7) =20

(8) n—j > A 1

Otherwise, the graded Betti numbers b; ;(S/1,(P,)) are 0.

Proof. By Corollary 6.2.5 we count the number of ways of choosing induced subcol-
lections of P, that satisfy the conditions given in Corollary 6.2.5. Note that there
might be no way to choose such a subcollection, and in that case the Betti number
b;;(S/I(P,)) is 0.

Assume for a moment that @)q,...,Q, are disjoint induced paths of P, as in

Remark 6.2.4 and satisfying the conditions in Corollary 6.2.5. Since the orders of
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Q1,...,Q, add up to j, we have
p
i=1U V@l

k=1

But this requires n > j which is the necessary condition in (1). Also as the number of

. i(4+1)—27 . .
paths of order t mod ¢ 4 1 is equal to u = (tt_)t 1, at least tu vertices in | J{_, V(Qx)

belong to a path of order t mod ¢ + 1. This in particular requires

],Zt(i(t+1)—2j>>0

1-1¢

which is condition (2).

) remaining vertices of | Jj_, V/(Q). Let v = =2

, i
There are j —tu = (14 1)(3=

Since each of the (); has order 0 or t mod ¢ + 1, we can say each (); consists of
some blocks of ¢ + 1 vertices, and at most one block of ¢ vertices.

By Remark 6.2.4, between every two of the @); there must be a vertex of P, not
in any of the ();, and we have n — j such vertices. We call these n — j vertices the
“gold vertices”.

Putting all this together, we have to try to fit between each of the gold vertices of
P, at most one block of ¢ vertices and some (or no) blocks of ¢ + 1 vertices. We have
available to us u blocks of ¢ verices and v blocks of ¢ + 1 vertices. This is the same
as fitting u red balls and v green balls in n — j + 1 bags such that each bag contains

at most 1 red ball. According to Lemma 6.2.7 there are

()

ways of doing that provided that n — j > u — 1 which is the necessary condition in

(3). Having proved our claim, the proof follows. O
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6.3 Cycles

Corollary 6.3.1 (Multigraded Betti numbers of path ideals of cycles). Let
t > 2 and m be a squarefree monomial of degree j < n. Then the multigraded Betti
number b; m(S/1;(Cy)) = 1 if the induced graph (C,)m consists of a collection of

disjoint paths that satisfy the following conditions:

(1) Each path is of order 0 ort mod t + 1

. i(t+1)—2;
(2) The number of paths of order t mod t + 1 is equal to (T)t]
Otherwise, by m(S/1(Cy)) = 0.

Proof. By Lemma 4.1.1 we have b; m(S/1;(Cy)) = b; j(S/1;((Cy)m)). Since (Cp)m is

a disjoint union of paths the proof follows from Theorem 6.2.3. O

6.4 Stars

Throughout this section §,, will be a star graph of size n.

Lemma 6.4.1. Let G be a connected graph with no isolated vertices. Then G is a

star graph if and only if every edge of G contains a free vertez.

Proof. If GG is a star graph, then every edge contains a free vertex by definition. So,
suppose that every edge of G contains a free vertex. Then G has no path subgraph
of order at least 4. Indeed, if ey, e, e3 are distinct edges of GG, then e ,@ ey U €3
because e; has a free vertex. This implies that the longest path of G has 2 edges. In

particular, since GG is connected every pair of edges intersect. O]

Lemma 6.4.2. Let G be a connected graph with no isolated vertices. If m is the prod-
uct of the vertices of G, then the simplicial complex Taylor(I(G))<y, is the boundary
of Taylor(I(G)) if and only if G is a star.
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Proof. Suppose that ey, ..., e, are the edges of the graph G. Then, Taylor(I(G))<m,
is the boundary of Taylor(/(G)) if and only if F; := {ey,...,¢e,} \ {e:} is a facet of

Taylor(I)<,, for each i = 1,...,q. But observe that

F; is a facet of Taylor(I(G))<m < F; is a face of Taylor(I(G))<m

& lem(eq, ..., 6, ...,e) #m, foreachi=1,...,q
< e; contains a free vertex, for each i =1,...,q.
Since G is a connected graph, our claim follows from Lemma 6.4.1. O

Using the lemma above, we will determine the graded Betti numbers of edge ideals

of stars recovering results of Jacques [26], Ha and Van Tuyl [22].

Corollary 6.4.3 (Graded Betti numbers of edge ideals of stars). [26, Theorem

5.4.11}, [22, Theorem 2.7] Let 8,, be a star on n+ 1 vertices. Then

(/1 = | U I

0, otherwise.

Proof. First, we find the top degree Betti numbers. Combining Lemma 6.4.2, Theo-

rem 2.3.4 and Equation (2.1.1) we get
bi,nJ’»l (S/[(Sn)) = (51',71 for all 4. (641)

Fix j and recall Equation (2.3.2) and Lemma 4.1.1. Any induced subgraph of 8,
is either a star or contains an isolated vertex. If it contains an isolated vertex, then
by Remark 5.4.1 the multigraded Betti number for such an induced subgraph is 0.
Hence by (6.4.1) we see that b; j(S/I(8,)) is the number of induced star subgraphs

of 8, of order j if i = 7 — 1 and is 0 otherwise. O



7

We will extend the result above to path ideals. To this end, we will need the

following proposition.

Proposition 6.4.4. Let I be a simplicial complex which is not a cone. Suppose that
(F1,...,F,) =T and there ezists a sequence of distinct vertices vy, ...,v, of I' such

that v; ¢ Fy if and only if i = j. Then H,(T,k) = H,_,.1({0},k) for any field k.

Proof. We use induction on ¢, the number of facets. Since there is no simplex which
satisfies the assumptions of the given proposition, the base case starts at ¢ = 2.

Suppose that I' = (F7, Fy) is not a cone and it has two vertices vy, v such that
v; ¢ F; < i =j. Since I is not a cone, (F1) N (Fy) = {0}. Now I' = (F}) U (F3),
and the simplicial complexes (F1), (Fy) are acyclic. By virtue of Corollary 2.1.3 we
obtain

Hy() = Hy-1((F1) N (Fy)) = Hyo1({0})

as desired.
Now let I' = (Fy, ..., F,),q > 3 be a simplicial complex as in the statement of the
Proposition. We write

D= (F,...,F,_))U(F,)

where (F,) is a simplex and (F}, ..., F,_;) is a cone with apex v,. By Corollary 2.1.3
we have H,(T') = H, (((Fy,...,F,_1) N (F,)). But observe that

(Fr,...,Fi)N(F) =(FMNEFy, ..., Fp 1N EF)

asforall 1 <i#j<qg—1,v;€ [ENE,v; ¢ F;NF,sothat F;NE, € F;NEF,.
Observe that the simplicial complex (Fy N Fy, ..., F,—1 N F,) is not a cone since I is

not a cone. Moreover for all 1 <4, 5 <gqg—1

v ¢ F;NF <=1i=].
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Hence it satisfies the inductive hypothesis and we get

Hp—1(<F1 n qu s 7Fq—1 N Fq>) = gp—qﬂ({w})

which completes the proof. O

Theorem 6.4.5. Let 8,, be a star graph of size n > 2. Then for all i > 1

1, ifi=n—1

0, otherwise.

Proof. Let §,, be a star graph of size n with the edge set E(S8,) = {{xo,2;} | i =
1,...,n}. Suppose that © is the Taylor simplex of I3(8,). We prove the given

statement by induction on n. We will use Theorem 2.3.4 so that for all 7 > 1 we have

bint1(S/13(8,)) = dimy H; 2(O<p, k)

where m = g ... 1, is the product of vertices of 8,,. For n = 2, we have O_,, = {0}
so the base case is settled by (2.1.2).

Now suppose that n > 3 is fixed. Recall that by (6.2.1) we have a decomposition
O =0 | J ( U @Szﬂi) (6.4.3)
since @S% = {0}. For i > 1 we set
F; = {zoxjx, | j,k € {1,...,n} \ {i} and j < k}

Because of the symmetry of star graphs, every element of {F},..., F,} is maximal

with respect to inclusion. Consequently, we get ©_,, = (Fi,...,F,) and (6.4.3)
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becomes

Ocm = (F)U(F1,... Fuy) (6.4.4)

Let H = §,, — {{x0, z,}} be the star obtained by removing the edge {zo,x,} from
8,. We claim the following:

Claim 1: (F,) N (Fy, ..., F,_1) = Taylor(I3(H))<wy..z -

Claim 2: ﬁlp(<F1, o Fy)) = ﬁ[p_n+2({®}).

Observe that K is a facet of (F,) N (Fy,...,F,_1) if and only if K = F, N F;
for some 1 < 7 < n — 1. But the latter means that K consists of all monomials
corresponding to paths of the form xgz;x) where j, k € {x1,...,z,} \ {zi, 2, } and
j # k. And this proves Claim 1.

For Claim 2 we show that Proposition 6.4.4 applies to the simplicial complex
(Fy,...,F,_1). To this end, we first check that (Fy,..., F,_) is not a cone. Assume
for a contradiction it is a cone with apex xox;x;. Then zoz;z; € Fy N --- N F,_y
which is only possible if ¢ = j = n which is a contradiction. Now consider v, :=
TOL1 Ty -+« Up1 = ToTp_1Ty, & sequence of vertices of (F1, ..., F,_1). By definition
of Fy,...,F, we have v; ¢ F; < i = j, and this proves Claim 2.

Therefore (2.1.2) yields

. 1, ifp=n-3
dim H,((F,..., F,—1)) = (6.4.5)

0, otherwise.

Also by our induction hypothesis and Claim 1 we have

. p+2, ifp=n—4
dim H,((F,) N (F1,..., Fh1)) = (6.4.6)

0, otherwise.
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Therefore the Mayer-Vietoris sequence for (6.4.4) is

i =202 0— Hy(Ocp) 2 0—=0— Hy 1(0cp) = 0—0— Hy 5(0,,) =0

— f{n_g«Fl, A 7Fn—1>) — ﬁn—3(6<m) — f{n—4(<Fn> N <F1, A 7Fn—1>) —0—

H, ,(0.,) —0—=0— Fln_5(@<m) —-0—=0— Fln_6(®<m) —0—=0—---.
It follows lfli(@<m) =0fori>n—2andi<n—4. Hence we have

e — 00— 00— F[n—?)((Fl? s 7Fn—1>) — ﬁ[n—3(@<x0...xn)

— Hy y((FE)N(Fy, . Fyy)) — 0 — 0 — -+

which gives that

dim H,_3(0,,) = dim H,_s((Fy, ..., F,_1)) +dim H,_4((F,) 0 (Fy,..., Fy1))
=1+ (n—2) by (6.4.5) and (6.4.6)
=n—1
and the proof is completed. O

Finally, we extend Corollary 6.4.3 to path ideals.

Theorem 6.4.6 (Graded Betti numbers of path ideals of stars). Let 8, be a

star graph of sizen > 2. For alli>1 and j <n+1

(S = 4 U I

0, otherwise.

Proof. Similar to proof of Corollary 6.4.3. [
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Conclusion

In Corollary 4.2.6 we gave a sufficient combinatorial condition for nonvanishing Betti
numbers of squarefree monomial ideals in terms of facet covers of simplicial complexes.
While this condition turned out to be a necessary one for facet ideals of simplicial
forests, it is far from being a necessary condition in general. For instance, if we
consider the class of graphs whose complement has no induced Cy, our condition can
help us to detect only nonvanishing of Betti numbers which lie in the linear strand
of the minimal free resolution. This is because when G is a such graph, its induced
matching number is 1 and we cannot draw any conclusions about b; ;4;(I(G)) unless
Jj=2.

It would be worthwhile to find generalizations of our nonvanishing condition which
would yield complete answers for classes of ideals that are associated to interesting
simplicial complexes or graphs. We should note that it is not possible to find a neces-
sary and sufficient combinatorial condition which applies to all squarefree monomial
ideals because the Betti numbers also depend on the characteristic of the ground
field (see examples in [28]). However as we discussed in Remark 4.2.8 and Section 3.1
we think that improvements of Corollary 4.2.6 using minimal vertex covers might be
possible.

There are some questions which were partially answered in Chapter 5. For in-
stance, we would like to know if Theorem 5.3.1 generalizes to simplicial forests. As
we discussed after the proof of Theorem 5.3.7, it is sufficient to give a positive answer

to Question 5.3.9 in order to achieve such a generalization. We also do not know if

81
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the results in Section 5.4 can be extended to simplicial forests. The proofs of these
results heavily relied on the fact that both minimal vertex covers and minimal edge
covers of graphs can be managed with bouquet subgraphs. For higher dimensional
simplicial complexes minimal vertex and facet covers seem to have more complicated
structure.

In [8] Bouchat, Ha and O’Keefe studied path ideals of rooted trees. Using the
mapping cone construction they obtained numerical formulas for the invariants of
such ideals. Since the path ideal of a rooted tree is the facet ideal of a simplicial tree
(23, Corollary 2.9], our results provide a new combinatorial method to study path
ideals of rooted trees. Note that not every facet ideal of a simplicial tree is the path
ideal of a rooted tree. Therefore our approach is more general in this setting.

In conclusion, we think that our results in Chapter 5 help to better understand
minimal free resolutions of facet ideals of simplicial forests and they will also find

applications in future research.
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