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Abstract

This thesis describes a complete theory of optimal control of piecewise deterministic
Markov processes under weak assumptions. The theory consists of a description of the pro-
cesses, a nonsmooth stochastic maximum principle as a necessary optimality condition, a
generalized Bellman-Hamilton~Jacobi necessary and sufficient optimality condition involv-
ing the Clarke generalized gradient, existence results and regularity properties of the value
function. The impulse control problem is transformed to an equivalent optimal dynamic
control problem. Cost functions are subject only to growth conditions.

Piecewise deterministic Markov processes, termed PDPs for short, are continuous time
homogeneous Markov processes consisting of a mixture of deterministic motion and random
jumps. PDPs, with stochastic jump processes and deterministic dynamical systems as
special cases, include virtually all of the stochastic models of applied probability except
diffusions. Their impulse control cxtends their applicability to discrete event problems such
as stochastic scheduling. The processes are controlled by an open loop control depending
on the postjump state and the time elapsed since the last jump in the interior of the state
space, a feedback control on the boundary of the state space and impulse controls on the
entire state space. The expected value of a performance functional of integral type with
additional boundary and impulse costs is to be minimized.

The PDP optimal control problem is converted to an infinite horizon discrete-time
stochastic optimal control problem and it is shown that the optimal strategy for control
of a PDP is to choose after each jump a control function which is an optimal control in a
corresponding deterministic control problem where the state of the system is required to
stop at the boundary. This deterministic control problem is however non-standard in that
the terminal time is not fixed but instead is either infinity or the first time the trajectory
reaches the boundary of the state space. As preliminary results, we obtain a nonsmooth
maximum principle as a necessary optimality condition and a necessary and sufficient opti-

mality condition in terms of a generalized Bellman—Hamilton-Jacobi equation involving the
Clarke generalized gradient for the deterministic problem. The desired results then follow

in a straight-lorward manner.
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Introduction

Almost all the continuous-time stochastic process models of applied probability con-

sist of some combination of the following:
(a) diffusion
(b) deterministic motion
(¢) random jumps.

If one wishes to study a stochastic process with continuous trajectories, there is
a general model called a diffusion. For the study of diffusions, there are some stan-
dard techniques based on the theory of the Ito calculus and stochastic differential
equations. For control of a diffusion, there are some highly developed optimality
conditions such as those of the Bellman-Hamilton—Jacobi equation and Pontryagin’s
maximum principle. The situation is quite different, however, if one wishes to study
non-diffusion models—i.e., those involving ingredients (b) and (c). Before the inven-
tion of the piecewise deterministic Markov process (abbreviated as PDP) there was no
general model for non-diffusion processes. The available theory consisted largely of a
heterogeneous collection of special models and methodologies appropriate to specific
problems. Furthermore, some important problems, of which the capacity expansion
model described in §1.5.1 is an instance, fell outside the scope of any available theory
of control.

The class of piecewise deterministic Markov processes (PDPs), first introduced by
Davis (1984), provides a general family of stochastic models covering virtually all non-

diffusion applications. Such processes provide a framework for studying optimization

1



problems arising in queueing systems, inventory theory, resource allocation and other
areas of the operations research. Stochastic calculus for these processes was developed,
and a complete characterization of their extended generators was given by Davis
(1984).

Thbe optimal control theory of PDPs has recently been developed for optimal con-
trol by Vermes (1985), Soner (1986) and Davis (1986), optimal stopping by Lenhart
& Liao (1985), Gugerli (1986), Costa & Davis (1988) and impulse control by Costa
& Davis (1988), Gatarek (1988a,b) and Lenhart (1989). Using a modification of Vin-
ter and Lewis’s convex duality approach, Vermes (1985) showed the existence of an
optimal contrel and gave a limiting form of the Bellman-Hamilton—Jacobi partial
differential equation as a necessary and sufficient optimality condition. Soner (1986)
investigated the optimal control of PDPs with state space constraint, i.e., the process
whose trajectories have to stay within a given set and characterized tl & value func-
tion as the viscosity solution of the corresponding Bellman—Hamilton-Jacobi equation
(BHJ equation). Davis (1986) converted the optimal control problem of PDPs to an
infinite horizon discrete-time stochastic optimal contro! problem. Gugerli (1986) ob-
tained some optimality conditions for the value function of the optimal stopping of
PDPs by iteration methods. Lenhart & Liao (1985) characterized the value function
of the optimal stopping problem of PDPs as the unique solution to the variational
inequality with an integro-differential operator. Lenhart (1989) obtaired some exis-
tence and uniqueness results for viscosity solutions of the quasi-variational inequali-
ties associated with the optimal impulse control problem of PDPs. Gatarek (1988)
obtained similar results to Lenhart and Liao (1985) by using a different approach.
Gatarek’s technique is to approximate value functions for an optimal stopping (im-
pulse control) problem for a PDP by value functions fur Feller piecewise deterministic
processes. Costa and Davis (1988) presented a numerical technique for solving the
optimal stopping problem of PDPs by discretization of the state space. Applying
these results to the impulse control problem, they developed 4 numerical technique

for computing optimal impulse controls for PDPs (1988). Using the framework of
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PDPs, some specif = problems have been solved by Davis et al. (1987) and Dempster
and Solel (1987).

Related to PDPs are so-called Matkov u+ .i ica “rift processes (MDDP) intro-
duced by van der Duyn Schouten in his 1979 t..esis (now available as an Amsterdam
Mathematical Centre Tract, van der Duyn Schouten, 1983). The 1. ethods of analysis
are, however, completely different, being based on time discretization and weak con-
vergence. A slightly generalized MDDP is given by Yushkevich (1983). Yushkevick
also studied the problem involving interventions (impulse controls).

In this thesis, we study the control problem of PDPs with full control (i.e. dy-
namic control plus impulse control). Under fairly general assumptions, we obtain the

following main results:
(1) existence of an optimal control
(2) Lipschitz continuity of the value function

(3) necessary and sufficient optimality conditions in terms of a generalized BHJ

equation invelving Clarke generalized gradients
(4) a nonsmooth Pontryagin maximum principle.

We conclude this introduction with a bricf indication of some of the major points
in the six chapters that follow.

In Chapter 1, we introduce the concept of PDPs, the infinitesmal generator of a
PDP, the cortrol of PDPs and give some examples. We also introduce the definition
and properties of the Clarke generalized gradient. For future reference, we state a
nonsmooth maximum principle for a standard optimal control problem and give some
results on differential inclusions.

In Chapter 2, we study a deterministic control problem where the state of the
system is required to stop at the boundary. We show that the value function is
a Lipschitz continuous solution of the generalized BHJ equation with a boundary

condition and obtain some necessary and sufficient optimality conditions in terms of




the generalized BHJ equation. Under a certain regularity assumption, the uniqueness
result for the nonsmooth solution of the BHJ equation with a boundary condition is
also obtained.

In Chapter 3, we show that the optimal stralegy for control of PDPs is to choose
after each jump a control function which is an optimal control in the correspond-
ing deterministic optimal control problem with a boundary condition formulated in
Chapter 2. Then, by applying the results from Chapter 2, we prove that the value
function for the PDP optimal control problem is a Lipschitz continuous solution of
the generalized BHJ equation with the boundary condition and obtain necessary and
sufficient conditions for optimality in terms of the generalized BHJ equation involving
Clarke generalized gradients.

In Chapter 4, we develop a nonsmooth maximum principle for the deterministic
optimal control problem with a boundary condition formulated in Chapter 2. By
reducing the control problem of a PDP to a family of corresponding deterministic
contrel problems with a boundary condition parametrized by initial states, as in
Chapter 3, we derive a nonsmooth maximum principle for control of PDPs.

In Chapter 3 and 4, we discuss only problems with dynamic control. In Chapter 5,
we add impulse control. We transform the original process with dynamic control plus
impulse control to a process with only dynamic control so that the optimal control
theory dcveloped in the previous chapters can be u-ed.

In the previous chapters, we assumed that the cost functions are bounded. In
Chapter 6, we extend the results to include the case where the cost functions are

those subject only to bounded growth.



Chapter 1

Preliminaries

1.1 Introduction

This chapter basically contains the preliminaries and the preliminary results that will

be useful in the development of the following chapters.

1.2 Definition of a Piecewise Deterministic Pro-
cess

We give first some terminology for ordinary differential equations which will be useful
later.

If f:R® — IR™ is a Lipschitz continuous function (¢f. Definition 1.7), then the
equation ( = f(¢) has a unique solution defined for all ¢t € IR, i.e., there is a unique
function ( : IR X IR* — IR" such that for all z € R

{éO,z) =z (1)
& t2) = £c(t,2)).
If W: R — IR is an arbitrary sufficiently smooth (C*) function then

d
(‘EW(Q) = VW(&)F(¢)



= > A (12)

=1 O

where {; = ((t,2). Let X denote the first-order differential operator
XW(z) = VW(2)f(2)

n oW
= Za

1=1

(1.3)

Then (1.2) becomes
IW(e) = XW(G),
(o =z,
and this is equivalent to (1.1) in that {(%,2) is the unique function such that (1.4)
is satisfied for all smooth W. Equation (1.4) is the “co-ordinate-free” form of the

(1.4)

differential equation; X is a vector field and {(¢, 2) is the integral curve of X. It has
the semigroup property

((t+5,2) =t C(s,2),  s,t€ Ry

Formulated in this way the differential equation can take values in some differential
manifold or, in particular, in a Euclidean space IR™.

Now we can give a formal definition of a piecewise duterministic Markov process.
Its state space E° is defined as follows. Let K be a countablz set and d : K —s IN(the
natural numbers) be a given function. For each v € K, M, is an open subset of
IR¥*)(or M, can be a d(v)-dimensional manifold). Then the state space is

= M ={n{):veK, (e M}
veK
Let £ denote the following class of measurable sets in E°.
E={J 4 :4 M)},
veK

where M,, denotes the Borel sets of M,.. Then (E°, £) is a Borel space. The state of
the process will be denoted z := (v, (). The probability law of {x;} is determined by

the following objects, termed local characteristics:



(1) vector fields (X, v ¢ K)
(2) a jump rate which is a measurable function A : E° — IR,
(3) a transition measure @ : £ X (E°UT*) — [0,1] (I* is defined by (1.5) below.)

The vector fields X, are supposed to be such that for each z € M, there is a unique
integral curve ¢,(t,2) satisfying (1.4) with X = X, and {; = ¢,(¢,2). Further, it
is supposed that the X, are conservative, i.e., the integral curves are defined for all
t > 0 (no “ explosions”). We denote by M, the boundary of M, and by 8" M, those

boundary points which integral curves of M, may reach, i.e.

O*'M, :={¢ € OM, : $,(t,2) =( for some t>0and z€ M,}.

Now define
0F := UBM,,
veK
™ = U@‘M,,. (1.5)
veK

For z := (v,2) € E® we denote by
t(z) :=inf{t > 0: ¢.(1,2) € O*M,},

the first time a trajectory starting from z hits the boundary of the state space. By
convention, inf @ := oo, so that t.(z) = co means that a trajectory starting from
z € M, never hits the boundary of M, .

Finally, we write X, W(z) instead of the more accurate X, W (v, -)({) for the action
of vector fields X, on functions W : E° — R at z = (»,{) € E°.

As regards the function ), we suppose that for each (v,z) € E° there exists € > 0
such that the function s — A(v, ¢u(s, 2)) is integrable for s € [0,¢]. The transition
measure @J(A;z) is a measurable function of z for each fixed A € £, defined for

z € E°UT*, and is a probability measure on (E°, &) for each = € E°.



The motion of the process {x;} starting from z = (n,z) € E° can now be con-

structed in the following way. Define a survivor function F' by

Pre) = { exp(~ [ Mn, du(s,2))ds) ¢ < t.(a)
0 t > t.(z).

(1.6)

Realize a random variable T; = Tj such that P[T; > %] = F(t). Now realize,
independently, an E°-valued random variable (N, Z) = (N, Z) having distribution
Q(-; ¢n(T1, 2)). The trajectory of {x.} for ¢t < T} is given by

(n, ¢n(t,2)) t<Ti

mt:(Vt)Ct)= { (N,Z) t=1T;.

Starting from z7, we now realize the next inter-jump time T, — Ty = T — T} and
post-jump location X7, = 7, in a similar way, and so on. This gives a piecewise
deterministic trajectory of {x;} with jump times T3, Ty, ....
Under the stated local integrability condition on A,
P[T,>0]=1
PIT;,—-Ti;>0/=1 forz=23,....

We will also make the following assumption: Let IN; := ZI{tZTi} be the number

of jumps in [0, ¢], where
0 wgA
IA(U}) = { g
l wed

is the indicator function of the event A. Then

EN; < @ for all ¢. (1.7)
In particular, (1.7) implies that

P[T; 7 00,1 T o0] = 1. (1.8)

Since all the random variables in the above algorithm can be generated in the
standard way from uniform [0,1] random variables, we have in effect defined a mea-

surable mapping from a countable product of unit interval probability spaces denoted


http://too.it

by (Q, B, P), to the space of right-continuous left-limited E®-valued functions. Thus
the probability law P, of {x:} starting at = € E° is well defined.
As shown by Davis (1984), {x.} is a strong Markov process.

1.3 The Extended Generator of PDPs

Denote by B(E°) the set of bounded measurable real-valued functions on E° equipped
with the essential supremum norm || - ||c. It is well known that the following formula
defines a semigroup of operators {T;} on B(E®): (i.e. T; has the semigroup property
Tt+a = TtTa)

T.W(z) .= E;W(x,)

where E, denotes the expectation respect to x; with initial state =.
The strong (infinitesimal) generator of this semigroup is an operator A acting on
a domain of functions D(A) C B(E®) such that for W € D(A)

AW (z) = s- 1351%(T¢W(w) — W(=)),

where s-lim indicates that the limit is taken with respect to the supremum norm
in B(E®). The important property of the generator for our purposes is the Dynkin
formula

TW(2) - W(s) = | "1, AW (a)ds, (1.9)

which, from an analytic point of view, is the “fundamental theorem of calculus”
for semigroups. Probabilistically, however, the Dynkin formula is equivalent to the

statement that the process
t
CY = W(xe) — W(xo) — /0 AW (x,)ds

is an Fy-martingale, where the natural filtration F; := o{x, : s < t} is the o-algebra
generated by {x, : s < t} (i.e. E[CY¥ —CW |F,] =0). We can regard this property as

the minimal connection between an operator A and the corresponding process {x.}.
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For technical reasons it is however convenient to enlarge D(A4) to include those W
for which CY is only a local F-martingale, i.e. possesses the martingale property in

a (titne) neighbourhood of . This leads to the following definition of of the extended
generator A of {x;} .

Definition 1.1 The exztended generator of a homogeneous Markov process is an op-
erator A acting on a class D(A) of functions W : E® — IR such that for W € D(A)

the process

CY = Wix) ~ Wixo) — [ C AW (x,)ds

is a local martingale. |

This definition is given by Jacod (1979).

Evidentlv A and A coincide on D{A) so that A is an extension of the strong
generator A.

Davis (1984) gave an exact cha:acterization of (A4, D(A)) as follows.

Proposition 1.1 (Davis 1984, Theorem 5.5, p.367)
A measurable function W : E° — IR! belongs to the domain D(A) of the eztendzd

generator A if and only if the following three conditions are satisfied:-

(i) For each (n,z) € E° the function t — W(n, du(t, 2)) is absolutely continuous
for t € [0,t.(n, 2)).

(i) There exists a sequence op of stopping times (i.e. o, is Fe-measurable) such
that Pylon T o0,n T 00] =1 and for each n

Emz IW(XT-'/\%) - W(xT‘-—'/\O'")l < o0.

(ili) W(z):= ltilrgW o ¢n(—t,2) exists for all (n,2) € OE and W satisfies the bound-
ary condition

W(z) = /E W(y)Qdy;z) forz € OF.
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For W € D(A), Af is given at = = (n,z) by
AW(2) = LW(2)+ M=) [ () - Wa)Qdyia)  (110)

where X, is the first-order differential operator given by (1.3).

1.4 The PDP Optimal Contrcl Problein

Optimal dynamic control problems arise when the local characteristics, X, A, @ of a
PDP depend, besides on the state z, on a free control parameter v from a compact
set U. The set of admissible controls may be different for interior and boundary
states. We assume that v € Uy C R™ if z € E and v € Us C R' if ¢ € OE.
It should be noted that it suffices to take Uy and U to be Polish, i.e. compact
separable metric, spaces and we shall use such a control space in Chapter 5 where a
one-point compactification of a half line is used. We shall distinguish the transition
measure Qo(dy;z,v), for z € E° v € Uy, describing jumps from interior points,
from Qa(dy; z,v), for z € AE,v € Us, describing jumps from boundary points. The
“usual” class of admissible controls in Markovian problems is that of state feedback

controls u; = u(z:). Corresponding to u, functions X%, \*, Q* are defined by

X*W(z) := VW(z)f(z,uiz))
At(z) == Mz, u(z))
Q*(4;z) := Q(4;z, u(x)).

Under certain smoothness conditions on u(-), a PDP having local characteristics,
X% A%, Q*, can be constructed as in §1.2. The slate feedback control is however not
the appropriate choice if we require u to be only measurable since the secondary

component (; has to satisfy between jumps the ordinary differential equation

d
EG = f(l/t, ct, U(Vt) Ct))



T
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and this equation may fail to have a unique solution unless u is sufficiently smooth
(e.g. Lipschitz continuous). To be able to use controls that are only measurable, we

now consider controls in the form u = (uo, ug) where

u0:1R+><E°——>U0

Ua:aE—>Ua

are measurable functions. If Ty is the last jump time before time £, let z; := xp,
denote the post jump state and 7 :=t — T be the time elapsed since the last jump.

Then the ordinary differential equation
d
E(t = f(Vt) Ct)uo('rta zt)) t2 Tk

has 2 unique solution as long as f is Lipschitz in {;, by the Carathéodory ezistence and
uniqueness theorem. Augmentation of the process to keep track of z; and = as states is
also possible (see Davis 1984 . nd Vermes 1985 for details) but not necessary, since z,
¢ can be derived from x; and {Tk} in an obvious manner (cf. §1.2). Such piecewise
open loop controls are therefore the “appropriate” ones. Consider a deterministic
control problem as an extremal special case of a PDP. The “appropriate” controls
should be open loop controls depending only on the initial state zo (which is the only
“post jump state”) and the elapsed time ¢. Therefore it is interesting to see that the
control of PDPs involves an intriguing mixture of “deterministic” and “stochastic”
features.

The controls we have discussed so far are actions which only affect the infinitesimal
generator of the process. Impulse controls are required, however, if one wishes to take
actions which can cause an immediate change in the state of the process (i.e., a jump).
We shall term the times that a such decision is taken intervention times and denote
them by {r}. We define {r;} as a sequence of stopping times. At intervention times,
upon applying an impulse control action v € Us C IR¥, the state ¢ is moved to the
state y which is a random variable with transition measure Q4(4;z,v).

The performance criterion to be minimized includes a running cost
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lo: E°x Uy — R, , a boundary cost Iy : 0E x Us — IR, and an intervention cost
ls: ExUs — R,. Let § > 0 be a discount factor.

The PDP optimal (full) control problem is to find a sequence of optimal interven-
tion times {7;} and an optimal control (i.e. a triple u = (uo,us,us) of measurable
functions: uo : £° x Ry — Up,us : 8E — Up and us(Xy,)) such that the expected

cost

J,(u) = E',,[—/.9 e"“lo(xt,uo(n, Zt))dt + Z 6-5T‘la(xTi—, ua(xT‘-))l(xT'_ €E)
Ti#T: '

+ e lg(x, -, us(x,- )] (1.11)

1

1s minimized.

1.5 Examples

1.5.1 A model for capacity expansion

Capacity expansion is the process of adding facilities of similar type over time to meet
a rising demand for their services. Typical examples are electrical power generating
stations, water resource facilities, major computer and communication systems and
large manufacturing facilities such as blast furnaces and rolling mills in the steel indus-
try. These are large-scale projects, tackled relatively infrequently, and this precludes
a short term incremental approach to the planning of expansion. Planning decisions
concern timing, scale and location of major projects in the face of uncertain—often
highly uncertain-demand forecasts, costs and completion times. Project location de-
cisions are of fundamentally different character to those of timing and scale, and
indeed are often predetermined by engineering and /or political considerations. Here
we consider optimization of timing and scale with the major emphasis on timing. To
be realistic, the mathematical model we consider here incorporates uncertain future
demand, non-zero lead time and random cost overruns.

We present a simple model for the capacity expansion problem incorporating these
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features. The reader is referred to Davis et al. (1987) for some extensions in the
direction of more r«clistic models.

It is supposed that the demand for some utility is monotone increasing and can be
modelled as a Poisson process with rate g. This demand is to be met by construction
of new identical expansion projects, each of which costs $o and meets K units of
demand when completed. Investment is channelled into the current expansion project
at a rate $u, per unit time (to be decided upon). The maximum feasible investment
rate being a known constant. The current project is complete when investment in it
reaches level § o where o is a random variable whose distribution function is given
by

Plo < 8] = H(s) := { Joh(r)dr s<X
1 s> 2
where h(-) is a bounded continuous function and X is a given constant. Thus ¢ < X

always and o has a continuous density h on [0,X). The corresponding hazard rate is
¥(s) := ltilrglf‘lp[a- < s+tlo > §]
= h(s)/(1 - H(s)) s€l0,X). (1.12)

This can be interpreted as the completion rate of the project due to constant invest-
ment at unit rate. We assume that 4(-) is bounded. The costs of successive projects
are independent, and the cost of the current project is unknown to the decision-maker
(who, however, knows h and X) until completion actually takes place. Upon com-
pletion, K units of capacity are supplied and further investment beyond this time is
investment in the next project. We denote by c; the total capacity installed at time
t; thus ¢; = KN, where N, is the number of completed projects.

If the existing capacity does not meet the demand, a penalty (shortage cost) is
paid; excess capacity may also be penalized. Let d; be the demand process. We
denote by v; =: d; — ¢; the undercapacity process and by g(v) the penalty per unit
time paid for undercapacity v (thus g(v) is the shortage cost for » > 0 and the excess
capacity cost for v < 0). We assume that ¢{v) is non-negative and monotonically

increasing as v > 0 increases or v < 0 decreases, with at most polynomial growth in
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both cases. The decision-maker has to choose the investment rate u, for £ > 0 so as

to minimize the discounted infinite horizon cost

E /0 ” e8t(u, + g(ve))ds.

Now we formulate this problem as a PDP optimal control problem. Denote by (;

the cumulative investment in the current project. Thus,
d
d_tct = Ug.

We now formulate the process x; := (v, ¢;) as a controlled PDP taking values in the
state space E° = IN X (—1/2,%). An admissible control is a measurable function
u: Ry X E® — [0,p]. For all v € IN, we define the right hand side of the dynamics
as f(z,v):=wvforall z € E,v € [0,p]. Then f determines the vector fields X, = X.
Thus between jumps the secondary component (; satisfies the ordinary differential
equation

d
EZQ = fvt, G, ulTs, 22)) = u(me, 2e),

where 2, is the the most recent post jump state before t, 7; is the time elapsed since
the last jump. For z := (v,(), define AMz,v) := p + vy({) where « is the hazard
rate defined by (1.12). If a jump occurs, it may be because a demand increment
has arrived, or because a project has been completed, these events having relative

probalities p/A,vy/A respectively. Thus,

v
Qoldyiz,v] = L8uino(dy) + oe-sxo)dy)

forz = (v,(), ( < Z.

On the other hand, if { = X, then a completion must take place since ¥ is the

maximum project cost. Thus,

Qaldy; @] := 8-k ,0)(dy), for z = (v, %),

where 8, denotes the one-atom probability measure concentrated on y. Once the

control u is chosen, the above specifications determine the probability law of the



Ty

16

process {x;}. The expected cost is now
Jo(u) = E, /0 e [u(ms, 75) + q(ve)]dt

where z is the initial state. It is now an optimal PDP control problem to determine

the control u which minimizes J(u).

1.5.2 Stochastic scheduling

In this example, we will show how to formulate the stochastic scheduling problem
as a PDP optimal control problem. This extends the applicability of PDPs to some
discrete event systems. For a detailed description, see Dempster and Solel (1987) and
Solel (1986).

Consider the following general precedence constrained stochastic scheduling prob-
lem. A finite number n of jobs must be executed on a finite number m of parallel
identical (i.e. differing speed) machines. Jobs are to be processed by machines without
preemption of running jobs except at review times (interventions) to be determined.
There is a precedence (partial) order for processing jobs {j : 7 = ¢,...,n} and
there are forbidden sets of jobs which cannot be processed together. The random
job processing requirements p; have finite expectations and joint distribution P on
PP":={z € R*: z > 0}. The cost function k : IP® — IR, is such that if a job 7,
1 <7 < n, is processed in time ¢;j := t; + p;, where t; denotes the start time of job
3,3 =1,...,n, then k(c1, - -, cs) is the induced cost and is usually assumed to be a
linearly (polynomially, exponentially) bounded tunction. Scheduling (i.e. control) is
to decide, after jobs finish being processed or at review {imes, the set of jobs to start
(or to take off and process later) and the length ¢’ of the time remaining until the
next review time, in case no job finishes being processed within this time, based on
process information to date regarding finished, running and unprocessed jobs—start
times, processing times and present time—with a view to minimizing expected cost.

The PDP model of this situation involves the state vector

L= (wl" oy Wny b1yt 8y, 6, t', m)' = R3ﬂ+2,
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where prime denotes transpose and for job j,w; denotes the amount of processing
currently received and 6; denotes the current job state (0 not started, 1 running, Z
finished), t' represents either time remaining to the next review or fictitious time and
m is the current number of jumps completed by the process.

The process evolves in 3" +1 linear manifolds, corresponding to all possibilities of
job states and representing the combinatorial complexity of the scheduling problem,
and the coffin state A .

Real time t is represented only implicitly in terms of process time s as
t(s) := t;(s) + w;(s), where j is any currently running job.

The process jumps whenever there is a job completion or at review times. The

dynamics of the process between jumps consists of movement along straight lines:

{1 if §;=1and t' > 0

0 otherwise

) =0
) = 0
#(s) = -1
) = 0.

fl

The drift (vector field) and (job completion) intensity (which is assumes known) is
uncontrolled. Therefore there is no interior control and the only control {scheduling)
is the boundary control. The admissible controls are those taking account of the
precedence and the forbidden sets constraints.

Fictitious ¢ime #' is started by job completion or review epochs with a jump to
the interior of a suitable interval and runs while real time t is stopped until the
boundary of this interval is reached and the control (scheduling) is exerted at these
boundary points. By this device two jump states are passed through at each real time
jump epoch —one state (involving only a fictitious time change) to review or complete
finished jobs and another to start new jobs under the control process. The transition

measure can be calculated accordingly.
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The PDP control problem for this case is to find an admissible control u (schedul-

ing strategy) so as to minimize the expected cost defined by
B[ lo(xt)ds]
0
to+1 .
= E[/t 3k(t1 + P1,.. -, ta + Pa)(t'(s) + 6)°ds
0

where o is the time the process jumped to t' = —6 with §; = ... = §, = 2, and
t'(s) = —6 — (s — to) evolves until it reaches ' = —7 and then the process jumps to

the coffin state A and terminates.

1.6 Basic Concepts of Nonsmooth Analysis

In this section, we introduce some basic concepts on nonsmooth analysis. The reader

is referred to Clarke (1983) for further details.

1.6.1 Definition and properties of Clarke generalized gra-

dients

We shall be working in a Banach space X whose norm we shall denote by || - || x, and

whose open unit ball is denoted by Byx; the closed unit ball is denoted by Byx.

The Lipschitz condition

Definition 1.2 Let Y be a subset of X. A function f : Y — IR is said to be
Lipschitz continuous (on Y') or to be Lipschitz (on Y') with constant Ly provided

that, for some nonnegative scalar Ly, one has

[f(y) = f(2)] < Lylly — 2llx

for all points y,z in Y. We shall say that f is Lipschitz (with constant L;) near z
if, for some € > 0, f is Lipschitz continuous (with constant L;) on the set z + ¢Bx
(i.e. within an e-neighborhood of z). f is said to be locally Lipschitz if f is Lipschitz

near every interior point of Y. n
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A function which is Lipschitz near a point need not be differentiable there, nor

need it admit directional derivatives in the classical sense.
The generalized directional derivative

Definition 1.3 Let f be Lipschitz near a given point z, and let d be any vector
in X. The generalized directional derivative of f at z in the direction d, denoted
F°(z; d), is defined as follows:
td) —
o) o rmoup L) = 1)

ye t ’
tl0

where ¥ is a vector in X and ¢ is a positive scalar. |

Definition 1.4 If we use liminf instead of limsup in Definition 1.3, we define a

lower generalized directional derivative and denote it by fo(z; d). |

f° has the following basic properties:

Proposition 1.2 (cf. Clarke 1983, Proposition 2.1.1, p.25)
Let f be as in Definition 1.3. Then

(a) the function d — f°(z; d) is positively homogeneous, is subadditive on X and

satisfies
|f°(z; d)| < Ly|dllx,
where Ly > 0 is the Lipschitz constant of f,

(b) f(=;—d) = (~f)(=;d). u
The generalized gradient

Definition 1.5 Let f be Lipschitz continuous with constant Ly near z. Denote by
X* the dual space of X. The generalized gradient of f at z, denoted f(z), is the
subset of X* given by

Of(z) == {¢' € X*: foz;d) > {'d forall de€ X},

where / denotes that {’ is a dual object. In particular, if X = RR™, then a dual object
(' is the transpose of a vector { € IR™. |

b e e ey
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We denote by ||¢’||+ the norm in X*:
[¢'lls == sup{¢'d: d € X, ||d]|x <1}

and by B, the open unit ball in X*.

The following proposition summarizes some basic properties of the generalized

gradient:

Proposition 1.3 (cf. Clarke 1983, Proposition 2.1.2, p.27)
Let f be Lipschitz with constant Ly near . Then

(a) 8f(z) is a nonempty, convez, weak*-compact subset of X* and ||{'||x < Ly for
every (' in 0f(z),

(b) for every d in X, one has

0 d — ld
f(z;d) c,gg(cz)c
. !
fo(z; d) (lgélfI(lz)C d (1.13)

where fo(z;d) is the lower directional derivative of f (cf. Definition 1.4). m

Relation to derivatives and subderivatives
If f is smooth, 8f(z) reduces to the conventional gradient.
If f is continuous and convex, the generalized gradient coincides with the subgra-

dient of the convex analysis.

Basic calculus

Proposition 1.4 (Scalar Multiples, ¢f. Clarke 1983, Proposition 2.3.1, p.38)

Let f be Lipschitz near z. For any scalar s, one has

0(sf)(z) = s0f(=z).
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Proposition 1.5 (Local Extrema, ¢f. Clarke 1983, Proposition 2.3.2, p.38)
Let f be Lipschtiz near z. If f attains a local minimum or mazimum at x, then

0 € df(z). |

Proposition 1.6 (Finite Sums, ¢f. Clarke 1983, Proposition 2.3.3, p.38)
If fi(G = 1,2,...,n) is a finite family of functions each of which is Lipschitz near
z, it follows easily that their sum f = Y, f; is also Lipschitz near ¢. The following

inclusion holds:

0(3_ fi)(=) € 3. 0fi(=),
and the equality holds if all but at most one of the functions f; are continuously
(Giteauz) differentiable at z. N

The following proposition is based on Clarke (1983), Theorem 2.3.9, p.42.

Proposition 1.7 (Chain Rule)

Let f = go h, where h : X — IR™ and g : iIR® — IR are given functions. The
coordinate functions of h will be denoted h,(1 =1,2,...,n). We assume that each h;
is Lipschitz near © and g is Lipschitz near h(z); this implies that f is Lipschitz near

z. Let o' = (o, ay,...,an) € 0g. One has
0f(2) C ey au(; : ({ € Ohi(z), o' € Bg(h(z))}
i=1

(where €o denotes the weak*-closed convez hull). u

Regularity

It is often the case that calculus formulas for generalized gradients involve inclu-
sions, such as in the finite sums formula. The addition of further hypotheses can serve
to sharpen such rules by turning the inclusions to equalities. A class of functions that

proves useful in this connection is one called “regular”.

Definition 1.6 (Clarke) Regularity
f is said to be (Clarke) regulor at = provided
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(i) for all d, the usual one-sided directional derivative f'(z;d) exists,

(ii) for all d, f'(z;d) = f°(z;d). |

Partial generalized gradients

Let X = X3 x X,, where X;, X, are Banach spaces, and let f : X — IR be
Lipschitz near (z1,2;). We denote by 0;f(z1,z2) the (partial) generalized gradient
of f(-,z3) at ;, and by 8,f(z1,z2) that of f(z1,-) at z,. The notation f2(z1,z2;v)
will represent the generalized directional derivative at z; in the direction v € X; of
the function f(-,#;). It is a fact that in general neither of the sets 0f(z1,x;) and
O1f(1,22) x Oaf(%1,22) need be contained in the other. In some cases, however, we
can show that equalities hold between these sets. The following proposition which
gives such relations will be needed in the development of Theorem 2.2 and 4.1.

Throughout this thesis, we shall denote by || - || the Euclidean norm and in par-

ticular by |- | the Euclidean norm in IR, i.e. the absolute value.

Proposition 1.8 If the function f: R* x R — IR end g : R® X (0,00) — R is
such that f(zi1,z2) = F(z1), g(z1,22) = z2G(z:1), where z > 0, and
G(z1) : R* — IR is continuous, then the following equalities hold:

0f(z1,22) = 0O1f(m1,22) x {0}

= OF(z) x {0} (1.14)
0g(z1,33) = O1g(@1,22) X Gag(z1, T2)

= 2,00(z1) x {G(a1)}. (1.15)

Proof By Definition 1.3, for all d; € R", d; € IR*, we have

f(Z1 + tdy, z2) — f(Z1,m2)

(@, e25d1) = lim sup ;
N
_ o P 8) ~ FE)
Ty —+T1

t\0
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= Fo(ml;dl)

F(@1 + tdy, Tz + tdy) — (%4, T2)
t

(@1, 225 dy,dz) = limsup
Ty —3y

Tg— T
tl0

F(Z, + tdy) — F(%,)
t

= limsup
Ty -y

NG
= FO((U]_; dl)

f(21,33 4+ td3) — f(21,3,))
t

fAz1,23;d2) = limsup
Tg—bTa

N0
F(zy) — F(z4)

= limsup y

T9—rT3

t\0
=0
F(81 41t 0,8; +tdy) — f(51,55)
t

(21, 22;0,d2) = limsup
E}.—'fﬂl

g2
t]0

F(&) - F(z)

= limsup ;

:1:1 -1
t\,0

= 0,

That is,

If

ff(wl,mz;dl) fo(m1,$2;d1,d2) = Fo(ml;dl) (116)
folz,easda) = fo(m,22;0,d3) =0 (1.17)

from which we now derive equality (1.14).
Indeed, for all %' := (m1',72) € 8f(z1,22), we have by Definition 1.5 and equality
(1.16),

m'dy < Oz, @2;d4,0)
= F%zy;dy) foralld, € R"

which impies that ;' € 8F(z,) by Definition 1.5.
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Similarly, we have by Definition 1.5 and equality (1.17)
nada < fO(@1,;0,d3) =0 for all d; € R

which implies that 7; = 0.
Conversely, for all ' = (n:,0), where 7, € 0F(z,), we have by Definition 1.5
and equality (1.16)

m'dy < F%zy;dy)
= f%z1,zq;d1,d;) foralldy € R*, da€ R
which implies that 5’ = (7:/,0) € 9f(x1, z2).

Therefore, equality (1.14) holds.

Similarly for g(z;,z2) by definition, we have

ng(El + tdl) - sz(El)
2

(z1, 205 dr) = lim sup
N
= z3G°(zq;d1) (since zo > 0)
T,G(%, + tdy) — T.G(Z1)
t

0 . :
9 (21, %2; d1,0) 11_{11 sup
T Ty
T3— Ty
t10

_ G5, +td) — G(51)
T :

= inf sup
e1>0 [~
€2>0 ||§_=_1 —z1||<ey
550  |zp—xz2]<es
t(0,6)

G(Z:1 +tdy) — G(%,)
¢

= inf(inf sup Z;) sup
€1 >0 “ea>0 ~ ~
§50 [za—=z2|<ez [ler—zs[|<er

te(0,8)
(1.18)
G(Z1 + tdy) — G(Z1)

= I inf0 sup
92y |l ~a1j<er ¢
t€(0,6

= mgGo(ml;dl) (119)
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where equality (1.18) follows from the fact that z; > 0.

(52 + tdz)G(:Bl) - EQG(:BI)
t

g2(®1,22;d2) = limsup
Ta—T3

t\,0
= G(wl)dg
(Z2 +tdy)Gy. ) — %,G(1)
t

¢°(21,%2;0,d;) = limsup
;1—'3:1
;g—bmz
t10

= G(z1)d; (since G is continuous)
(T2 +1d2)G(ZF; + tdy) — T2G(Z1)
t

0 . — 13
g (whmZ)dhdz) = hinsup
Ty -y
R ]
t|0

52G(51 + tdl) - 52G(51) + tdgG(El + td1)
t

= limsup
T -z

Ty —T2
tl0

To(G(F1 + tdy) — G(Z,)] +Q
i

= limsup (z1)ds (1.20)

;1 —+T1

;g—imz
t10

= 23G°(z1;d1) + G(z1)ds  (since z; > 0)

where equality (1.20) follows from the fact that G is continuous. That is,

gg(ml, T, dl) = 90(221, T2, d1, 0) = $2G0($1; dl) (121)
gg(wl, T2, dz) = go(fﬂl, z2; 0, d2) = G(<E1)d2 (1-22)
gu(a:l, T3, dl, dz) = (I)QGO((E]_; dl) + G(ml)dz (123)

from which we now derive equality (1.15).
Indeed, for all 4’ = (m1',72) € 89(z1,z2), we have by Definition 1.5 and equality
(1.21)
m'dy < ¢%(z1, 22y d1,0) = 22G%(zy;dy) for all d; € R™

which implies that 7' € 2,0G(1).
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Similarly, we have by equality (1.22)
n2dz < ¢%(z1,22;0,d2) = G(z1)d; for all d; € R

which implies 7; = G(z2).
Conversely, for all 9’ = (71/, G(z1)), where 7,' € 2,0G(z1), we have by equality
(1.23),
'I]]_’dl + G(fﬂl)dz S (EzGo(ml; d1) + G((B]_)dg
= ¢%(z1,22;d1,d;) for all d; € R", d; € R?

which implies 7' = (m1/, G(z1)) € Og(z1,%2).
Therefore. equality (1.15) holds.

The case in which X is finite-dimensional

Proposition 1.9 (see e.g. Clarke 1983, Theorem 2.5.1, p.63)
Let f be Lipschitz near x, suppose S is any set of Lebesgue measure 0 in IR™ and Q¢
1s the set of points at which f fails to be differentiable. Then

Of(z) = co{imV f(z:) : z; = z,z: & S, z: & Oy}, (1.24)
where coA is the convex hull of set A defined by

coA = {zn:)\;a; ta; € A, > O’Z’\i =1}

1=1 T

Remark 1.1 The meaning of (1.24) is the following: consider any sequence z; con-
verging to « while avoiding both S and points at which f is not differentiable, and
such that the sequence V f(z;) converges; then the convex hull of all such limit points

is 0f(z). N

The following proposition is based on Clarke (1983), Proposition 2.1.5. p.29:
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Proposition 1.10 Let f : IR* — IR be Lipschitz near x, then

(a) the generalized gradient of f as a set-valued map f : R™ =3 R™ is closed; that
is
2 -3, & € 0f(z), ¢ = ¢ implies ¢' € f(a),
(b) Of is upper semicontinuous at z, i.e. for any € > 0, there is § > 0 such thai,
forally € z+ 6By
0f(y) C 0f(z)+ €Bn.
where Bx and B, denote the unit balls of X and IR™ respectively. |

Generalized Jacobians

Definition 1.7 Now consider a vector-valued function F : X ¢ R* — IR™. F
is saild to be Lipschitz continuous (on X) with constant Ly provided that, for some

nonnegative scalar Lp, one has

17(2) = F(y)ll < Lrle - yllx-

We shall say that F(-) is Lipschitz (with constant Lr) near « if, for some ¢ > 0, F

is Lipschitz continuous on the set z + eB,,. []

We shall endow the space of m X n matrices IR™*™ with the Frobenius or Euclidean

norm

| Allmxn == (ZZ&;J-Z)% VA = (ai;) € R™".

1=1 j=1
Denote by JF(y) for the usual m X n Jacobian matrix of partial derivatives

whenever ¥ is a point at which the necessary partial derivatives exist.

Definition 1.8 The generalized Jacobian of F at z, denoted 9F(z), is the convex
hull of all m x n matrices Z obtained as the limit of a sequence of the form JF(z;),
where z; — z and z; ¢ Qp, i.e. the set of points at which F fails to be differentiable.

Hence
OF(z) = co{lim JF(z;) : z; — =z,z; € Qr}.
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The following proposition is based on Clarke (1983), Proposition 2.6.2, p.70.

Proposition 1.11 Let F : IR* — IR™ be Lipschitz near © with constant Lp. Then

we have:
(a) OF(z) is a nonempty convez compact subset of R™ ™.

(b) The set-valued map OF : R* 3 R™ s closed.

(c) The set-valued map OF is upper semicontinuous at x, i.e. for any € > 0, there

18 a § > 0, such that

O0F(y) C OF(z)+ eBmxn Yy € T+ 6B,.

(d) 8F(z) C LrBmyn-
(e) If m =1, then the generalized gradient and the generalized Jacobian coincide.

Here By, denotes the unit ball of the m X n matriz space R™™ and By, denotes

the closure of Bmyn. [ ]

The follwing proposition is based on Clarke (1983), Proposition 2.2.1 and Propo-
sition 2.6.5.

Proposition 1.12 (Jacobian Chain Rule)
Let f = go F be the composite of F' and g, where F : R® — IR™ is Lipschitz near
z and where g : R™ — IR is Lipschitz near F(z). Then f is Lipschitz near z and

one has

0f(z) C co{8g(F(z))OF(z)}. (1.25)

b s e hae e
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1.6.2 A nonsmooth maximum principle

Definition 1.9 Let S, §; be the sets defined by

S
Q

{t:(t,z) € Q for some z € R"}

{z: (t,z) € Q}.

Q is called a tube provided the set S is an interval ([a,b], say) and provided there

exists a continuous function w and a continuous positive function £ on [a, b] such that

Q = w(t) + &(t)By, for t € [a,b]. We call such a tube Q a tube on [a,b]. n

Let f: R® x R™ — IR™ and fy: IR™ x R™ — IR be measurable and Lipschitz
continuous in z € IR™ uniformlyin u € U C JR™, with U compact. Let F: R* — R
be locally Lipschitz and C; be a closed subset of IR".

Consider the following autonomous deterministic optimal control problem with

fixed initial time and free terminal time:

(Po)  minimize /t“ Fola(8), u())dt + F(a(t))

over the class of admissible pairs (u(-),2(-))

such that  w: [to,t;] — JR™ is measurable,
u(t) e U C R™ Vi€ [t, 1],
(t,2(2)) € Q Vi € [to, ],
&(t) = f(z(t),u(t)) ae. t € [to, 1]
z(to) :=z0 z(t1) € C1.

Define the Hamiltonian function for (P¢)

H(m,u;p’,'r) = p'f(:z:,'u.) - Tfo(m’u)

forz € R*,u€ R™,p' € R" and r € R.
The following nonsmooth mazimum principle for problem (Pc) is based on Clarke

(1983), Theorem 5.2.1, p.211 and Theorem 5.2.3, p.213.
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Theorem 1.1 (Maximum Principle)
Let (z*,u*) solve the problem (Pc). Then there exists an absolutely continuous func-
tion

P [to,t1] — R™

and o nonegative scalar v, which can be taken as 0 or 1, such that:

(1) the optimal control function w* mazimizes the Hamiltonian function:

H(z*(t),u*(t);p'(t),7)
= maxH( *(t),u;2'(2),r) =0  a.e tE[to,t],

(2) the dual variable p' satisfies the adjoint equation in the form of the differential

wnclusion:
—p'(t) € 8- H(z*(t),w*(¢); P'(¢),r) a.e. t € [to, 1), (1.26)
(3) the system (1.26) is subject to the transversality condition:

P'(t) € —rdF (z(t1)) — pddc, (=(t1)),

where p is a nonegative scalar and dg, (y) is the distance function from the point
y to the set Cy defined by dg, (y) :=inf{||z — y|| : V2 € C1},

(4) the dual variable satisfies the nontrivality condition:
IP'lleo +7 >0,

where ||p]|oo = SuPseio,) IP'()]] s the supremum norm. ||

Remark 1.2 For a fixed initial and terminal time and state problem, i.e. t; is fixed
and C) := {1}, the optimal solution (z*,u*) satisfies all conditions of the maximum

principle except the transversality condition. ]
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1.7 Some Results on Differential Inclusions

In this section, we shall state some definitions and results on the differential inclusions
which will be used in Chapter 4. The reader is referred to Aubin and Cellina (1984)
for further details.

We start with some standard results on ordinary differential equations (see e.g.
Aubin and Cellina 1984, p.119).

Proposition 1.13 (Gronwall Inequality, see e.g. Aubin and Cellina 1984, Proposi-
tion 1, p.119)
Let o, ¢ : [a,b] — IR™ be continuous and k : la,b] — IR, be an integrable function.

Assume that
B alt) + [ He)ols)ds, € o,
Then
8 < alt) + | " k(s )a(s)els Mg,

w

Let f: [a,b] x R* — IR™, (,z) +— f(t,z) be continuous and Lipschitz contin-

uous in z with Lipschitz constant k(t), i.e. there is a nonnegative integrable function
k: [a,b — [0, 00) such that

17, 2) = F(& )l < k@lle - y])-

Let z(-j and y(-) be absolute continuous solutions of the differential equation

i = f(t,z) (1.27)

with initial points zo and yo respectively. Setting $(t) := z(1) — y(¢) and aft) :=
Zo — Yo in the Gronwall inequality, it is easy to derive the following result on the

continuous dependence of solutions on the initial data::

lz(2) = (D) < [lzo — yolledo ¥,
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For differential inclusions, Aubin and Cellina (1984) gave an analogue of Gron-
wall's inequality (cf. Aubin and Ceilina 1984, Theorem 1, p.121) from which a result
on continuous dependence of solutions was derived.

First we need the following definition, which is the analogue of that for a Lipschitz

continuous function.

Definition 1.10 Let F: R 3 R, (t,z) — F(t,z) be a set-valued map from
R™1 to subsets of IR™*. F i3 a Lipschitzean map with constant k(t) if there is a

nonnegative integrable function k(%) such that
d(F(t,2), F(t,y)) < k(t)[|z -y,
where d(Cy,C,) := inf{|jcy — c|| : &1 € C1,c2 € Ca} is the distance between the sets

Cl and Cg. |

Proposition 1.14 (¢f. Aubin and Cellina 1984, Theorem 1, p.121)
Let g, yo be two initial points. Then with any solution y(-) of the differential inclu-
sion
z(t) € F(¢,2(t))
such that y(0) = yo, we can associate a solution z(-) such that z(0) = o and
l2(2) = ¥ () < llmo = yoll o He).

Definition 1.11 We denote by Fo.(zo) the set of solutions of the differential inclu-
stom:

(t) € F(t,z(t)) z(0):==o (1.28)

on the interval [0, 00). n

Definition 1.12 Define m(K) := {k € K : ||k|| = mimex ||I||}. The solutions of the

differential inclusion
(1) = m(F(t,z(t)))

are called the minimal norm trajectories of the set-valued map F. n
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Now we are ready for the following proposition which is the analogue of the con-
tinuous dependence of solutions of differential equations on the initial data stated

above.

Proposition 1.15 (see e.g. Aubin and Cellina, Theorem 1, p.121)

Let F : [0,00) x EZ3R™" be an upper semicontinuous set-valued map from
[0,00)x C IR™?! to conver compact subsets F(t,z) of IR™'. Suppose m(F(:,-))
remains in a compact subset of IR®. Then for any z¢ € E there exists an absolutely

continuous solution of (1.28) and Foo(Zo) s a compact set in IR™. |



Chapter 2

Necessary and Suflicient
Optimality Conditions for a
Control Problem with a Boundary

Condition

2.1 Introduction

Let the state space E be a bounded connected set in IR™ with interior E° and
boundary OF.
The optimal control problem with a boundary condition we shall study is a Bolza

problem formulated as follows:

(P;) minimize J(z,u()):= -/OtE(Z)e‘A?(z)fo(m(t),u(t))dt-l- e"Aa(’)F(m(t;‘(z)))
over the class Q, of all admissible pairs (z(-),u(-))
such that w:[0,£¥(2)) — IR™ is measurable,
u(t) e U C R™ Vi€ [0,t4(2)),
5(0) = f(e)ut) ae. t€ [0,8(2)),
z(0) := z € E°,

34
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t_
where A}(z) := /; A(z(s),u(s))ds and t¥(z) is called the boundary hitting time of the

trajectory (t) corresponding to control u for initial state z defined by
ty(2) :=inf{t > 0: =z(t) € OF}. (2.1)

In the case where the trajectory for initial state z never reaches the boundary of E,
t%(z) = inf@ = oo by convention. Where there is no confusion, we will simply use
t.(2) or t. instead of t2(z).

To make sure that J is well defined, we assume that A := i g{}ﬁeuj\(m,v) > 0.
Thus even if t¥(z) is oo, the integral converges and in this case the term

e84 () F(2(t%(2))) vanishes (by virtue of the boundedness of the cost functions as-
sumed below).
Define I'* C 0F as

I*:={z2C8E:3t>0,z € E® (z(-),u()) € Q¢ s.t. 2z =2z(t)} (2.2)

the active boundary which flows may reach.

We also assume the following conditions hold:

(A2.1) the control set U is compact in R™,

(A2.2) f: ExU — R" is continuous, is Lipschitz continuoas with constant L; in
¢ € E uniformly in u € U and |f(z,u)| < My for all (z,u) € Ex U,

(A2.3) fo: E°x U — IR, is continuous, is Lipschitz continuous with constant Ly, in
z € E° uniformly in u € U and |fo(z,u)| < My, for all (z,u) € E® x U,

(A24) X : E° x U — R, is continous, is Lipschitz continuous with constant Ly in
z € E° uniformly in u € U and |A(z,u)| < Mj for all (z,u) € E° x U,

(A2.5) F is defined on OF and has a Lipschitz continuous extension to E such that
F : E — R, is Lipschitz continuous with constant Ly and |F(z)| < MF for
allz € E,

where My, My,, M5, MF are nonnegative constants.
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Remark 2.1 The Lipschitz continuity of F(-) on whole state space is only required

to show that the value function is Lipschitz continuous. n

We define the value function for (P,) as a function V : E — IR, such that

= i . E°
V(z) (m(.),hl(l‘f)')en‘ J(z,u(")) Vze
V(z) = F(z) VzeOE.

In the case where the value function V/(2) is smooth, in the spirit of classic optimal
control theory (see e.g. Fleming and Rishel 1975), the following sufficient condition

is also necessary.

Proposition 2.1 (Verification Theorem)
Let W be a C? solution of the Beliman—Hamilton-Jacobi (BHJ) equation

{,réi#{VW(z)f(z,v) ~ X(z,9)W(2) + fo(z,v)} =0 Vze E° (2.3)

with boundary condition

W(z)= F(2) Vze€dE. (2.4)
Let (z*,u*) be an admissible pair for P,, such that
VW (2" ()f(2"(£), (1)) — A" (), w' (W (2*(£)) + folz"(£),u*()) = 0
a.e. t € [0,* (20)).
Then (z*,u*) is an optimal solution for P,,. [

Remark 2.2 It should be noted that the boundary condition (2.4) is in fact only
required for z € I'™*. |

Unfortunately, however, the value function is generally not smooth, so that the
above condition is sufficient but far from necessary. For standard control problems,
several approaches have been taken in the control theory literature to cope with this

difficulty. Boltyanski (1966) (see also Fleming and Rishel 1975) restrict the class

[P - S
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of controls so that the value function becomes piecewise smooth. Instead of a C?
solution, Vinter and Lewis (1978) characterize optimality through a sequence of C?
subsolutions of the BHJ equation. Crandall and Lions (1983) consider a generalized
solution of the BHJ equation called a wiscosity solution. On the other hand, local
conditions for optimality has been given using nonsmooth analysis by Clarke and
Vinter (1983).

Using Clarke generalized gradients, the BHJ equation (2.3) can be generalized as
follows:

min {¢'f(z,v) — Az, v)W(2) + fo(z,v)} =0 Vz € E°.

¢leaw(z)
vel

It is obvious that when W is C!, the above equation is the BHJ equation (2.3).
Therefore, the generalized BHJ equation is a refined sufficient condition. For standard
optimal control problems, Clarke and Vinter (1983) showed that this condition is also
necessary under a calmness assumption (cf. Clarke 1983).

In this thesis, we will take the generalized approach to the BHJ equation first
introduced by Offin (1978). Under fairly general assumptions, we will provide a
necessary and sufficient optimality condition of this kind using simple straightforward

proofs.

2.2 Sufficiency of the Generalized BHJ Equation:

The Verification Theorem
Theorem 2.1 Let W be a locally Lipschitz solution of the generalized BHJ equation

E,{niéﬁz){f'f(z,v) — XMz,0)W(2) + fo(z,v)} =0 Vze E° (2.5)

with boundary condition

W(z) = F(z) Vze 0E (VzeI™). (2.6)
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Let (z*,u*) be an admissible pair for (P,,). If the following condition is satisfied:
t““( ) u® u* *
W)= [ M) foa(0), w(t))dt + M E@ R @ ))), (27)
0

then (z*,u*) solves (Py,).
Furthermore, if W is regular in the sense of Clarke (cf. Definition 1.6), then the
following condition implies condition (2.7): there ezists &' € GW(x*(t)) for almost

all t € [0,t.(20)) such that
Cf(E(8), (1) = A (1), W (@)W (= (1)) + fo(2"(2),w"($)) =0,  (28)
where OW (z*(t)) is the generalized gradient set of W at z*(t).

Proof Suppose (y(:),u(:)) is any admissible pair for (P,,) and let 8(¢) := W(y(2)).
Observe that § is the composition of two Lipschitz continuous maps and hence is Lip-

schitz continuous. By the chain rule for the generalized gradient (Proposition 1.12),

we have
B(t) € cof oW (y(£))By(t)}. (2.9)

That is,
(1) € coft' Fly(t) u(t) : & € OW ()} ae. tE[O,b(m).  (210)

Since W(-) is a solution of (2.5), we have V¢ € W (y(¢)),

& f(y(2), u(t)) — My(®), u(®))W (y(2)) + fo(y(2), u(2)) > 0
t € [0,%4(20))-

Therefore the following inequality holds

dw (y(t))

S — A(®), w(O)W (y() + foly(2), u(t)) > 0

a.e. t € [0,%.(z0))- (2.11)

Consequently,
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/otg(zo) &M foy(£), u(t))dt + e~ ) F(y(t(20)))
= [ enenmue+ W) (212)

= [T e (0, w0+ W ((0)

N ‘/(-)t'.‘(zo) e—A?(Zo)[—'}:(y(t), u(t))W(y(2)) + M_((in(i)—)]dt (2.13)
= [ e gy ), u(8) - X8, w42
dW (y(1))
+T]dt + W(z0)
2 Wiz) (2.14)

t:-"‘( ) u* u® .
[T e o), w)dt + NP () (219
0

The equalities (2.12) and (2.15) hold by virtue of conditions (2.6) and (2.7) respec-
tively. The equality (2.13) follows from an application of the fundamental theorem
of calculus to e—Az")(m)W(y(-)). The inequality (2.14) holds by virtue of inequality
(2.11). Therefore, (z*,u*) is an optimal solution to the problem (P, ).

Now suppose W is (Clarke) regular (Definition 1.6). At t,where y(t) exists and

6(t) exists, we have

a(t) . dW(y(t))

dt
= i VG R)) - Wy(2)
A —h
o Wy(t) — k() — W(y(t))
= lim Y - (2.16)
= —W(y(t); —9(¢)) (2.17)
< =&(-3t)
= £3(t)

= Gf(y(t),u(t)) Ve €W (y(2)), (2.18)
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where equality (2.16) follows by the Lipschitz continuity of W and equality (2.17)
holds by the regularity of W.
If condition (2.8) holds, by (2.18), we have for all £’ € W (z*(2)),

WEE) < g'fare)u(e)
= (0, @)W (D) ~ fola(E) (D)
a.e. t € [0,t*(20)). (2.19)
Combining (2.19) with (2.11), we have
WEE) S0 w@WEw) - he@u®)  (22)
a.e. t € [0,%(20)). (2.21)

Multiplying both sides of (2.21) by e~4¥" (=) and integrating from 0 to t%(20), we
obtain condition (2.7). N

2.3 Necessity of the Generalized BHJ Equation:

The Value Function is a Solution.

Theorem 2.2 Assume in addition to (A2.1)-(A2.5) that the following conditions are

met:

(A2.6) Ja > 0, such that

flz,v)-n(e) >a>0 Vz€dE, Ywel, (2.22)

where n(z) is the unit outward normal to OE at the point = and - denotes the

inner product,

(A2.7) A:= inf :\(m,v)> ;\3_,

z€E%vel
where {4 1= max{{,0} and

= sup (o2 (Hrs) - a0l — ol
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(A2.8) for every z € E° there exists an (ordinary, i.e. not a relazed) optimal solutivn
for (P;).
Then the value function V is a Lipschitz continuous solution of the generalized BHJ

equation

(B8, €S TV i) =0 VeeB (22
ve

with boundary condition
V(z)=F(z) Vze€dE (NzeTI™).
If (z*,u*) is an optimal solution for P,,, then

pemin (@ (8,0 () = Mo (1), w )V (@) + (" (@) w' (@)} = 0
a.e. t € [0,t.(20)), (2.24)

where t.(zo) can be equal to co. n

Remark 2.3 Condition (A2.6) postulates that when the controlled trajectories get
sufficiently close to the boundary, they must hit the boundary by virtue of the require-
ment (2.22) that on the boundary the corresponding field element makes an acute
angle with the unit outward normal. Therefore, this condition could be replaced by

any suitable condition: e.g. 3 positive 4 and a such that

d
;l_tdaE(y(t)) < —y forallt st dp.(y(2)) <a, (2.25)
where d¢(z) is the distance from a point z to a set C and I'* is the active boundary

defined by (2.2).
It is obvious that condition (A2.7) is implied by the following condition:

Ir>0s.t. Mz,v)>Li+r Vze 0F YveU, (2.26)

where Ly is the Lipschitz constant of function f(-,v).
Condition (A2.8) is implied by the condition that the set {(f(z,u), fo(z,u)) :
u € U} is convex for any z € E° (cf. §3.5). ]
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Proof Technique Before studying the original Bolza problem we study the corre-
sponding Mayer problem. We show that the value function for the Mayer problem
satisfies the generalized BHJ equation. We then transform the original Bolza problem
to the Mayer problem and investigate the relationship between value functions. Us-
ing this information, we derive the generalized BHJ equation for the original problem

from the one for the corresponding Mayer problem. ]

2.3.1 Lipschitz continuity of the value function

The following proposition is due to Gonzalez and Rofman (1978) (see also Lions 1982,
Proposition 1.4, p.39) and the proof technique is based on Gonzalez (1980).

Proposition 2.2 Under assumptions (A2.1)-(A2.7), the value function V(z) for

(P,) s Lipschitz continuous on E°.

Proof Let (¢.y(z),u(:)) and (#()(2),u(:)) be two admissible pairs for (P,) and (P,)
respectively and let 7, 7, be their corresponding boundary hitting times respectively

(see (2.1)). Define
(@) = espl= [ X(gu(a), u(s))ds]
() = el [ X(4(2),uls))ds].
We consider the difference
AT} = (2, u(-)) = T(zu()

separately for each of three cases: where 7, = 7, = 00, where 7, = 7, = 7 # 00 and

where 7, # 7,.
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= | m@) (o) u®)it~ [~ na)fole(z), uit)et

< 7 i) falu(z),u)) - fo(dl2),u®)
M ORLIOTECIORIONE:

< [T Laldde) - 4l + Mplnda) = ml=)la. (227)

Condition (A2.7) implies the following inequality:

Nl =2 2 (= — 2)(f(z,) — f(2,)),

from which we have

%II%(%‘)—MZ)IV = 2(¢u(2) = 4(2))'(f(¢e(=), u(t)) -

< 2X%144(2) — del2)I1%
Solving this differential inequality, we have

1 18:(@) — d:(2)]?

I o@) — do(2)F =2

That is,
I¢e(2) — ¢e(2)|I? < ||z — 2|,
or
I¢e(z) — $u(2)]) < |z — 2.
On the other hand,

F(¢(2), ()

(2.28)

%[ﬂt(w)—m(@] = —n(@)A(¢e(2), u(t)) + ne(2)Mde(2), u(t))

= Méu(z), u(t))lne(2) — ne(=)]

+me(2)[A(9(2), u(t)) — Mde(2), u(2))].
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Solving this differential equation, since no(z) = n¢(2) = 1, we have

ne(z) — 1e(2)
_ Iy Meu(z)) (D))l { /: ne(2)N(Be(2), 4(8)) — X(da(), u(s))Je N x(¢,(z),u(z))dzds}

= [ kR34, (2), () - M(e), uls)e e HBEIANG
Therefore, by virtue of inequality (2.28), we have
n(z) =) < [ eMLxlu(z) - dula)leHds
< ez [ oo ofds
I X0 = 0, the last inequality becomes
Ime(z) — me(2)| < Lyte iz — 2||; (2.29)
If X & 0, the last inequality becomes
[me(2) — me(2)| < Ly/X%2[Xt — 1]z — 2]|. (2.30)
Substituting (2.28) and (2.29) or (2.30) into (2.27), if X° = 0, we have

1A < /O°° e MLy |l — 2||dt + My, /Ow Lyte ™| — 2|/t
= (Lfo/.a- + MfoLX/A2)”$ - z”; (2'31)

if X° £ 0, we have

A < [T e ML o — 2lldt + My, [T /30 e — 1dbla — 5

= [/ =2) + M Ly/X°[A = )7 = A7)z — 2. (2.32)
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Case 2 7,=7,=17 # o0.

In this case, the difference

87] < [ In(@)fo(du(@), u(s)) — ma(2) ol 4u(2), u(s))lds
+n:(2)F($(=)) = 10(2)F(.(2))
< D1+ @) F($:(2)) = F(b ()] + In-(2) = 1n(2) F(r(2))
< D1+ e Lpligo(a) - ¢o()| + Mrln(z) = nr(2)] (2:33)

Substituting (2.28) and (2.29) or (2.30) into (2.33), if A% = 0, we have

AT < A+ e"ATLFII:z: —z|| + MFL;;'re'-'\-"Hm — 2|

< (Lgp/A+ My Ly /X + Ly + MpLsMy)|jz — 2|,

where the last inequality follows from ineqality (2.31) and the fact that e™2" <1 and
there exists a constant My > 0 for all ¢ > 0 such that te™2* < My; if X° # 0, we have
IAJ] < Ay +e¥Eped|z — 2] + MpLy/Xe ¥ (X" = 1)||z — 2|

< [La/(A = 2°) + My, Ly /3°[(A ~ 3°) ~ X7 + L + MpLy M|z — 2],

where the last inequality follows from inequality (2.32) and the fact that e**~2 < 1
forall t >0 and 2o e‘—A—‘(exot — 1) is bounded by a constant M, > 0.

Case 3 7, # 7,. Because of the symmetry, without loss of generality we may assume
that 7 < 7.

Case 3a. Suppose 7, < T, # 00. In this case, the difference

A7) < [ @) falgu(a), ue)) - ne()fol (=), u(t)) e

+ /: ne(2) fo($e(2), (@) 8t + [1ra (@) F($ro(@)) = 1 (2) F($r,(2))]
< A+ Mpe ¥ (r, — 1)

Hro (2)F($r. (@) — 17 (2) F ($r.(2))]. (2.34)
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Suppose w

ae—A Te
14+ Mg/y
where 7 and @ are the constants in condition (2.25) whose existence is assured by

(A2.6). Then it can be shown that

o — Il < (2.35)

T —Ts < €|z — 2| /7. (2.36)

Indeed, for all ¢ > 7;, by virtue of inequality (2.28) and the boundedness of the vector
field f, we have

16(2) = 8 (@) < N8e(2) = Bra(D] + 9ra(2) — $ma(a)]
< Mylt—ra)+ o — 2.

Define ¢ := X' flz — z|l/v. By assumption (2.35), we have for all 7, <t < 7, + o,
llge(2) = dr(z)]| £ Mjo+—r—F

aly a
< M =
= MM T T My

a,

which implies dp.(¢¢(z)) <a Vi € [z, 7z + o]. Therefore %dag(fﬁt(z)) <-—v Vite
[Tz, Tz + 0] by virtue of inequality (2.25) and this implies the following inequality:
don($e(2)) < dor(¢r(2)) + (—7)(t —72)

16n.(2) = @) = 7t — 72)
™o — 2] - 7(t 72, (2.37)

IN

IA

where the last inequality follows from inequality (2.28). If we suppose that ¢(z) € E°
for all ¢ € |7, 7> + o), we obtain by the last inequality that

dog(breso(2)) < €|z — 2| - y&* ||o — 2| /7 =,

i.e. $r,ta(2) € OF. Therefore, the trajectory ¢(.)(2) hits the boundary 6F at 7, + 0.
Therefore 7, < 7, + 0 1= 7, + €¥°™||z — 2||/. Inequality (2.36) follows from the last

inequality and the assumption that 7, < 7,.
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i

[ (@)X (e u(s))ds]

e ["13(4.(0), u(s))ds
e"AT’M;\('rz — Tz), (2.38)

IN

IA

lnfu(m)F(¢T=(m)) - nrz(z)F(d)-rz(z))l

<

IA

IA

Nra (@) F($r()) = F(¢ra(2))] + Inra(@) = 1ra(2)|| F (87 (2))]
(D) F($r.(2)) = F($r.(2))] + F(r,(2)) 1. (2) — 1. (2)]

e ¥ Lpe* ™ o — || + [, (2) ~ 7 ()| Mr

€727 Lp My(1, — 72) + Mpe 2™ Myx(7, — 75)

Lr|lz = 2| + MFnr () — nr. ()]

+(Lr My + MpMs)||z — z||/7, (2-39)

where the last inequality follows from inequality (2.36) and the fact that A > A°, If
A% = 0, by virtue of inequality (2.29), (2.39) becomes

[t (2) F(¢re(2)) = 7. (2) F (¢, (2))]

< Lpflz—z||+ MFL;'T,,e'A""Hm — 2|
+H(LrM; + MpM5)||z — 2|| /v (2.40)
= [Lr+ MpLx + (LrM; + MrMs)/qlllz — 2| (241)

Therefore, if A° = 0, by virtue of inequality (2.31) and (2.36), inequality (2.34)

becomes

A < A+ Mfoe"&“’('rz —Tz)

+[Lr + MrpLs + (LrMy + MpM5)/7)]ll= - ||
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< [Lg/A+ Mg, L3/ + My, [
+Lp + MpLy + (LrMj + MpMx) /9]l — 2||
If X% # 0, by virtue of inequality (2.30), (2.39) becomes
[Mra (2)F($ra(2)) — 0 (2) F($r.(2))]
< Lyfle — 2l + MpLs/X° - e7¥*[eX" 1| - 2
+(LrM; + MpMs)/v - ||z — 2|
= [Lr + MpLsM, + (Lr Mg + MrMs)/1l|z — 2|, (242)

where the last equality follows from _)\_“le‘—*-t(exot —1) < M,. Therefore, if A° # 0, by
virtue of inequality (2.32) and (2.36), inequality (2.34) becomes

IAJ] < Ay 4 Mge2m(r, —7,)
+[Lr + MpLsM; + (LrM; + MFMX)%]IIW — 2|
< (B f(A =A%) + My Ly /A%((A = A°)7 = A7) + My, [y
+LF + MpLs M + (Lr My + MpMz)/7]||lz — 2|

Now suppose inequality (2.36) fails to hold, i.e. 7, — 7. > e*°™||z — 2||/4. Then

we have )
—X07p

ae
1+ Ms/y’
because (2.35) implies (2.36). In this case the difference |AJ| is hounded in the

following way

lz -z > (2.43)

ATl < At / ne(2)| fo($e(2), u(t))ldt + Inr, (2) F (8r.(2)) — 0r.(2) F(4r.(2)))
< A+ My, / °° e ds + 2Mpe2™
< A+ Mpe 2™ /) + 2Mpe2™,
But by virtue of (2.43)

i < P LMY,y
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Case 3b. Now suppose 7, = +00, we have
T —To > € |z — 2| [y

which implies

30
ae—A Ta

“.’E — zll > m

Therefore,

AT < Bat [ )l fo(e(2), u(t))ldt + 1 () F(gru(a))
< A+ M_foe——A‘T”/_}\_ + MFe-AT".
But =¥ < =2 < 3—'%"L/l”:z: — z||.

In all cases, there exists a constant L such that for all admissible controls u(-),
V(z) < J(z,u(")) < J(z,u(-))+ Lj||z—z||. Hence V() < 11(115 J(z,u(-)) + Ly||z — =||.
Therefore, V(z)—V(z) < Ly||z—z||. Since z and z are arbitrary, we have the reverse
inequality, i.e.

[V(z) -~ V()| < Lz - 2|.

2.3.2 A Mayer problem
We define the Mayer problem of interest to us as follows:

(Peo o) minimize ®(t.,z(t.))
over the class F of all admissible pairs (z(-), u(-)) for (P ,zo)
such that u: [to,t,) — IR™ is measurable,
u(t) e U C R™ Vit € [to,t,),
o(t) = f(t,2(t),u(t)) ae tE[to,t.),
:I:(to) =gq € Eo,

where t, := inf{t > 0, z(t) € 0E} < oo is the boundary hitting time. When ¢, = oo,
we agree that ®(t.,z(t,)) 1= limuo ®(¢,2(t)) (which exists by assumption (A2.10)
below).
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Assume that the following conditions hold:
(A2.9) the control set U is compact in R™,

(A2.10) ®: Rx E° — IRy is locally Lipschitz, and for every admissible pair such that

t, = 0o limg o ®(2, 2(2)) exists and is finite,

(A2.11) f: R x E° x U — IR" is continuous and locally Lipschitz in (¢,z) € R x E°

uniformly in u € U.

Define the wvalue function for (Py,.,) as the function V : [t,00) X E° — R,
given by

— s [}
V(s,y) := (m(.)}f(f»ef@(tnw(t‘)) V(s,y) € [to, 0) X E

Vis,y) = &(s,y) V(s,y) € [to,0) X OF.
Then we have the following lemmas and theorem.

Lemma 2.1 The value function evaluated along any trajectory corresponding to a

control is a nondecreasing function of time. More specifically, for to < 7 < 12 < 1.

V(m,z(n)) < V(12,2(72)). n

Lemma 2.2 The value function evaluated along any optimal trajectory is constant
for to <t < t,. n

We skip the proofs of Lemmas 2.1 and 2.2 since they are exactly the same as the
proofs of Theorems 3.1 and 3.2 of Fleming and Rishel (1975).

Theorem 2.3 Suppose that the value function is locally Lipschitz on [tg,00) X E°.
Let (s,y) € (to,00) x E°. Then V(s,y) satisfies the BHJ partial differential inequality

in the following form:

at+Bf(s,3,v)20  V(a,f)€dV(sy), wveU. (2.44)
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If there exists an optimal solution (z*,u*) for any (P,,), then the value function

V(s,y) is a solution of the following generalized BHJ equation

(8" )eaV( o ){a +B'f(s,5,0)} =0 V(s,y) € (to,00) X E° (2.45)

with boundary condition

V(s,y) = &(s,y) V(s,y) € [to, ) x OF

and

o Bim e TA (@)W ()} = a.e. tE [s,8.). (2.46)

Proof Assume first that V(s,y) is differentiable at (s,y) € (%o, 00) X E°. Since (s, y)

is an interior point of [tg, ) X E, if an arbitrary constant control v € U is used over

an interval [s,s + k] and % is small enoughi, the solution of the system

= f(t,z,v) ae. t€]s,s+k
z(s):=y

will lie in [to,00) X E® for s <t < s+ k. Let %(t) be any control for initial point
(s + k,z(s + k)). Define a control u; by

v s<t<s+k
ug(t) =4 _
a(t) s+k<t<it,.

Let z; denote the solution of the system

& = f(¢,z,v) a.e. t € [s,s+ k]
z(s) =y
v = f(t,y,%) ae t€[s+k,t,)

y(s+k):=z(s+k).

Let Dtg(t) denote the right derivative of a function g(t). Since uy is constant on
[s,s + k], we have

D+zk(t) = f(4, xk(t):uk(t)+) Vit € [s,s + k|,

e st 3

- e et Car
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where ug(t)* is the limit from the right of ux at t. By Lemma 2.1, V(-, zx(-)) is non-
decreasing, hence DtV (¢, z(t)) > 0 for any value of ¢ for which this derivative exists.
Hence computing this derivative at ¢ := s, using the chain rule for differentiation, we
have
Vo +V,f(s,9,0)20  YoelU (2.47)
Now for any (s,y) € (to,00) X E°, since V(s,y) is locally Lipschitz, we have by
Proposition 1.9

aV(s7y) = co{limVV(s,', yi) : (Si,yi) - (37y) (s;,y.') ¢ Su QV}) (2'48)

where S is a set of measure zero and Qy is the set of points at which V is not differ-
entiable. Equation (2.48) implies that any (e, 8’) € 8V (s,y) is a convex combination

of sequential limits defined by (o, B;) = lirgVV(s{?,yf), where (s¥,95) ¢ SUQy

and (s¥,y¥) — (s,y) as 1+ — oo. Since (s,y) is an interior point, the points (s¥,yF)

1

can be chosen to be in the interior of [tg,00) X E° and where V is differentiable.

Therefore, by virtue of inequality(2.47), we have
Va(sf,oF) + V(sf, 9) f(shhyFv) 20 Yo el (249)
Taking limits as 2 — 00, we have, by the continuity of f and the definition of (e, 8;),
or+BLf(s,y,v)>0  Voel.

Since (@, (') is a convex combination of (e, 3;), inequality (2.44) follows.

To prove the validity of equation (2.45), it suffices to show that the equality
a* + B f(s,y,v*) = 0. (2.50)

holds for certain (a*, 8*) € dV(s,y), v* € U.

First, we can show that any ¢ € 0z(s) is a convex combination of ¢ such that

¢ € G(s,y) :=={f(s,y,v): veU} (2.51)

Indeed, by Proposition 1.9, 0z(s) = co{limz(s;) : s; = s s; ¢ SUQ:}. Therefore,

any ¢ € 0z(s) can be expressed as a convex combination of sequential limits ¢, defined
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by & = ‘_l_i’m:i:(sf), where sf — s,sf ¢ SUQ,. By the differentiablity of z(-) at s¥,
we have ”

a(sf) = f(sf, 2(s{), u(s})). (2.52)
By the compactness of U, there exists a convergent subsequence of the sequence
{u(s¥)}; (denoted by the same symbols) such that u(s¥) — v* € U i — oo0. Tak-
ing (sub)sequential limits in ( 2.52) as s¥ — s, we have & = f(s,z(s),v*) by the
continuity of f and @ and the definition of £&. This implies that ¢, € G(s,y).

By Lemma 2.2, the value function V evaluated along the corresponding trajectory

z* is constant. Hence
d *
—d_t—v(t,m (t)) = 0 1 S (S,t.).

Let H(t) := (t,z*(t)). By the chain rule for Clarke generalized gradients (Proposition
1.12) we have

=2V ) € cofdVit,e ()R}
1= co{(a, Bt') - (1,&') : (e, Br') € OV (2,2%(2)), & € Oz*(2)}
= co{oy + B/t : (ar, B') € BV (¢,3°(8)), & € Bx*(t)}  (2.53)
C cofas + B : (e, Be') € OV (3, 2*(2)), & € G(2,2°(2))},
(2.54)
where the last inclusion (2.54) follows from the inclusion (2.51).

Consequently, for all ¢ € (s,t.), there are element (at,3') € dV(t,z*(t)) and
vy € U, such that

0 = o + B f(t, z*(2), ve). (2.55)
By Proposition 1.3, for all (o, 8:') € 8V (¢,z*(t)), s <t < t., ||(as, B)|| £ Ly which
implies that the set {(at,B:') € dV(t,2*(t)) : s < ¢ < t.} contains in a compact set.
Therefore we can assume (taking subsequences if necessary) that (o, 8;') — (e, 8*')
as t — s. By Proposition 1.10, the generalized gradient of function V(:) as a set-
valued map is closed; therefore (a*,5*') € 8V (s,z*(s)) = V(s,y). By compactness
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of U, we may assume (taking a subsequence if necessary) that v, — v* € U. Taking
limits in (2.55), we obtain the desired equality (2.50) by continuity of the function f.
Equation (2.46) follows from inclusion (2.53) and inequality (2.44). |

2.3.3 Proof of necessity

(P,) can be equivalently posed as the following problem of Mayer type:

(Po) min @(F(t)) := zna(ts) + zo(t)F(2())
over the class F of all pairs (Z(-),u(:)) with
(-) = (2(-)', 2o("), Tnya(-))'
st.  w:[0,t,) — JR™ is measurable
u(t)eUCR™ Viel0,t.)
B(6) = Fatu)  ae. telo,t)
(0) = (2,1,0) € E® x (0,1] x [0, My, /A,

where F(,u) := (f(=, u)', —zoA(z,u), zofo(z, u))'.
Define the value function for (Po,;) as the function ¥ : (E x (0,1] x [0, My, /A]) U
(0E x {1} x {0}) — Ry given by

V()= inf 5 uper 2(E(E)),
(%) = F(2),

Then we Lave

wt

= (z7ZO:zn+1) € E°x (07 1] x [0, Mfo/—’x-]
:= (2, 20, Za41) € OF x {1} x {0}.

N

V(@) = ipf{ama(t) +salt)Fat)}
= int{mna(0)+ | 2ol (o(t), w0t + aa(t)Fla(t)}
= mpa gt [ ao(t)fola(t), W) + 2a(t) F(a(t))}
= 2o +inf{ [ " ao(0)e= i OO £ o) it

+(D0( ) j Mz(l),u(?) )le( (t ))}
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te ¢
= i +20inf{ /o - LR gy 0

te I3 Az () ()l F(z(t)}
= 2Zny1 + 20V (2).
By Proposition 1.6, we have
oV(z) = V() +0Ws(2)
= (0,0,1) + 8V5(2) (2.56)
where V;(Z) := zn41 and V3(Z) := 2V(2). Define Q(z, z0) := zV(z). By Proposi-
tion 1.8, since zo > 0, we have
0%a(2) = 8Q(z,20) x {0}
= z0V(z) x {V(z)} x {0}. (2.57)
Combining equalities (2.56) and (2.57), we have
OV(z,20,2041) = (0,0,1) + 200V (2) x {V(2)} x {0}
= 200V(z) x {V(2)} x {1}. (2.58)
By Proposition 2.2, V(2) is Lipschitz continuous, therefore 17(5) = Zny1 + 20V (2)
is Lipschitz continuous.
By virtue of assumptions (A2.1)-(A2.5), assumption (A2.9)-(A2.11) are satisfied

for problem (P,,). Noticing that ¥(Z) is time independent and applying Theorem 2.3,
we conclude that V(Z) satisfies the generalized BHJ equation

-~

min_{n'f(z,v)}=0. (2.59)
e

Using equation (2.58), any 7' € OV(Z) can be expressed as ' = (20, V(2),1)

where ¢’ € 0V(z). Therefore equation (2.59) is equivalent to the following equation
min {20!/ (2,) — 203(3,9)V (3) + z0ful2,)} = 0.
velU
Since z > 0, the above equation implies equation (2.23).

The rest of the theorem follows analogously. ]
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2.4 TUniqueness of the Generalized Solution

Following Dempster (1989), we shall need the following definitions.

Definition 2.1 Let function ¢ : E — IR be Lipschitz continuous. Its contingent
derivative at xg in direction dy € IR™ is defined by

¢(z +td) — ¢(z)
3

¢—(zo; do) := ligi?f
£\0
|
Definition 2.2 Let the function ¢ : E — IR be Lipschitz continuous. We say ¢ is
regular if, and only if, for all z € E and all d € R"
$-(z;d) = mi

= yeag(lz) ¢d. (2.60)
u

This definition of regularity is equivalent to ¢_(z;d) = do(z;d) (¢f. Proposition
1.3), where ¢o(z; d) is Clarke’s lower directional derivative (Definition 1.4) and hence
generalizes Clarke’s notion of regularity (¢f. Definition 1.6). It is implied by the
relation 0¢(x) = 84+ ¢(x), where 0;¢(x) denotes the superdifferential of the theory of
viscosity solutions (see e.g. Elliott 1987).

The uniqueness result for a regular Lipschitz continuous solution of the Dirichlet
problem with Cauchy data defined by (2.61) is new (Dempster 1989) and turns out
to be the nonsmooth extension in this context of a proof of Haar (1928) (see also
Courant and Hilbert 1953, pp. 145-147) of the uniqueness of a C! solution of the
Cauchy problem for a general class of first order nonlinear PDEs.

Under our assumptions we may consider the left hand side of the generalized BHJ
equation (2.23) to define an operator G(-; fo) : C(E°) — C(E°) by

G4 f)hi= mip. [€'F(z,v) = X(z,0)8(2) + fola, v,

where C(M) denotes the space of all bounded real-valued continuous functions on

the set M equipped with supremum norm.
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In terms of this operator the Dirichlet problem for the generalized BHJ equation
becomes to find a Lipschitz continuous funtion ¢ € C(E) such that

G(¢; fo)lgo =0 and ¢log = F. (2.61)
Theorem 2.4 A regular Lipschitz continuous solution ¢ of the Dirichlet problem
(2.61) is unique. |
To see the simple idea of the proof consider the following.

Proposition 2.3 A solution ¢ € C*(E), the space of all real-valued C* functions on
E equipped with the supremum norm, of the Dirichlet problem (2.61) is unique. m

This result is a simple consequence of the following.
Lemma 2.3 Let fo,g0 € C(E°xU) and suppose that ¢,v € C*(E) solve respectively
the BHJ equations G(¢; fo) = 0 and G(¢; go) = 0 on E® with ¢|og = plop = F. Then

Tagl4E) = 9Ll < malfler ) =l

where A:= _inf X(z,v) > 0.
zeE° velU

Proof Unless ¢ < 9 throughout E° ( in which case the roles of ¢ and 7 may
be reversed), a maximum of the C*(E) function ¢ — v exists at 2o € E° at which

Vé(20) = Vib(20). Now choose vy € U such that
P(z0) = [V4(20)f(20,v0) + go(z0,v0)]/X(z0,v0) (2.62)
and
$(20) < [V(20)f(20,v0) + foz0,v0)]/ (20, v0) (2.63)

and hence

[¢(20) — ¥(20)l+

< ATM(Ve(20) — Vp(20)) (20, v0) + folzo,v0) — go(20, o))+
= A7[fo(20,v0) — go(z0,v0)]+
< A7 max(fo(z,) — go(2, )} (2.54)
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By symmetry it follows that

¢ = Blloe < 27 fo = golloo

relative to the supremum norms for C(E) and C(E® x U) respectively. Hence a
C*(E) solution of (2.61) is unique.
B

To extend this result to the uniqueness of a regular Lipschitz continuous solution
of (2.61) , we replace (2.62) by

¥(20) = [10f(20,%0) + go(20,v0)]/A(20, v0),
for 7o' € arg minyeay(z) 7'f (20, v0), and (2.63) by

$(20) < (€65 (20,v0) + fo(20,v0)}/ A0, v0)],
for £’ € arg mingieag(zo) €'f(20,v0). Then (2.64) becomes

[$(20) — ¥(20)]+
< A7Y(éo —m0)' (20, v0) + fo(20,0) — go(20,v0)]+
and we are through by virbue of the following.
Lemma 2.4 For regular Lipschitz continuous solutions ¢, of (2.61), we have
(€0 —mo0)'f(20,20) < 0
Proof Since zp € E° maximizes ¢ — 1) over E°,
P(2) — P(20) = $(2) — ¢(20) (2.65)
for z € E°. Consider sequences
di > f(z0,%0) £\ 0

such that

Jimint ({9(ao +d) — $(aol /1) = im0 + tidh) — $(z0)} /),
t\.0
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for which from (2.65)
£ [ (20 + tids) — (20)] 2 7' [$(20 + tidi) — $(20)].
Taking (subsequential) limits (if necessary) it follows that

¥—(20; f(z0,v0)) 2 lim #7*[d(20 + tidi) — (0)]
> ¢_(20; f(20,0))-

By regularity (cf. (2.60)), nf(20,v0) = £ f(20,v0)- ]



Chapter 3

Necessary and Sufficient

Optimality Conditions for Control
of PDPs

3.1 Introduction

Throughout this chapter, for the purpose of exposition, we shall take the interior of
the state space E° of a PDP to be a open bounded connected subset in JR™ such that
E°={z € R*: +(z)> 0} defined by a boundary function ¢ € C}(JR") for which
[Mb(z)|| > 1 for ¢ € OE := {z € R™ : (x) = 0}, the boundary of the state space.
Denote the state space (once again) by E := E°UJE.

For more general cases where the state space is a union of sets in IR"™, or even
manifolds, all results remain true provided that each component satisfies the above
smoothness assumption on the boundary.

Supposing no impulse control action is allowable (to be relaxed in Chapter 5), we

make the following assumptions throughout this and the next chapter:

(A3.1) The interior control set Uy C R™ and the boundary control set Uy C IR’ are

compact.

60
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(A3.2) The vector field f : E x Uy — IR™ is bounded, continuous and Lipschitz

continuous in z € F uniformly in u € Us.

(A3.3) The jump rate A : E® x Uy — IR, is bounded, continuous and Lipschitz

continuous in z € E° uniformly in u € Us.

(A3.4) Asit was mentionedin §1.4, the transition measure @ may be expressed in terms
of Qo := Q|go : E® x Uy — IP(E®) and Qs := Q|og : OF x Us — IP(E").
Qo : E° x Uy — IP(E®) is bounded, continuous (where IP(E°®) denotes the
set of probability measures on E° with the topology of (probabilistic) weak
convergence) relative to the weak* topology on IP(E®) and Lipschitz continuous
in z € E° (eg. for all § € C(E®) the map z +— /Eo 0(y)Qo(dy; z,v) is
! continuous and Lipschitz) uniformly in v € Up. Qs is defined on 0F X Us and
has an extension to E X U such that the extension @5 : E x Uy — IP(E°) is

bounded, continuous and Lipschitz continuous in £ € F uniformly in u € Us.

(A3.5) The set of admissible controls u := (uo,us) C € C Co X C is defined in terms

of the set of interjump open loop measurable (deterministic) control functions,

e s o s e dhl s e

Co:={uog € L : uo(7,2) : Ry X E° — Uy},

where 7 represents the time elapsed since the last jump and z represents the

post jump state, and the set of measurable feedback boundary controls

Cs :={ua€£:ua:BE——>U3},

A ———

for which P*{lim, . Tp = o} =1 for all z € E°, where for initial state =
P(-) is the probability measure (on path space) induced by u and L denotes

the set of all measurable functions between a given domain and range.

(A3.6) The running cost lo : E° X Uy — IR is bounded, continuous and Lips-
chitz continuous in z € E° uniformly in u € Us. The boundary (jump) cost
ls : OE xUs — IR, is continuous and has an extension to E x Us such that the
extension lp : E x Us — IR, is bounded, continuous and Lipschitz continuous

in z € F uniformly in v € Us.



62

It should be noted that the requirement of the existence of Lipschitz continuous
extensions of Q5 and Iy to whole state space E is only needed for the Lipschitz
continuity of the value function as in the deterministic case (¢f. Remark 2.1).

As mentioned in §1.4, the use of controls which are only measurable necessitates
the open loop nature of the interjump control function wuo(:,2) (or ugey(z) in an
obvious notation) which is appropriate to the initial condition z and which need
only be specified from 0 to the controlled boundary hitting time £%(2) < oo (cf.
(2.1)) in case no random jump occurs up to this time elapsed from the last jump
time. If a jump occurs before %(z) elapses, to w € E° say, the control function
uo(+,w) is used next and the corresponding flow ¢*(:,w) (or ¢{3(w)) is the unique
absolutely continuous solution of the nonautonomous dynamical system determined

by the controlled vector field f(,uo(:,w)): E X [0,¥(w)) — E as

- g(r,u) = (g (r ) uo(ru))  §0(0,u) = w. (31)

This follows from Caratheodory’s existence and uniqueness theorem for first order
differential equations of the form (3.1) in JR™ on [0,%(w)) written in terms of the

Lebesgue integral as

8% (7, w) = w + /0 " F(4% (tw), wo(t, w))dt T € [0, t¥(w)) (3.2)

(see e.g. Fleming and Rishel 1975, p.63).
The PDP optimal control problem(with dynamic control) is to find an admissi-
ble control u = (ug,us) € C so as to minimize the expected discounted total cost

functional
Tu(w) = B[ e loock, ot 5))di+ 30 e Lo, uo(ox e _com)- (33)

where E? denotes expectation with respect to P¥, § > 0 is the discount rate and
1} denotes the indicator function of the event {-}. Henceforth for simplicity we
sometimes suppress the notation showing the explicit dependence of process entities

on a control policy u € C.
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In this chapter, we aim at developing a necessary and sufficient optimality con-
dition of dynamic programming type for the PDP control problem. First we will
show that the optimal control for the PDP control problem is to choose after each
jump a control function which is an optimal control in a deterministic optimal control
problem with boundary conditions by applying the theory on discrete time stochastic
optimal control problems of Bertsekas & Shreve (1978). Then by applying the results
in Chapter 2, we will conclude that the value function for the PDP optimal control
problem is Lipschitz continuous and that a generalized BHJ equation is a necessary

and sufficient condition for optimality.

3.2 Reduction to Discrete Time Stochastic Con-

trol

In order to establish the existence of an optimal policy, as mentioned in §3.1, Davis’s
(1986) idea (originally carried out for the case of no boundary control, i.e. Cy := ()
is to reduce the continuous time PDP optimal control problem to an optimal discrete
time stochastic control problem by examination of the embedded Markov decision
process with the same admissible policies C.

To this end assume further that:
(A3.7) There exists & > 0 such that for all z € F and all v € U,

f(@,0)-n(z) 2 a >0, (3.4

where n(z) := Vi(z)/||Vi(z)]| is the unit outward normal to E C IR™ at the point

z € OF. (This is actually assumption (A2.6) repeated here in the PDP context.)
Let Uy = Loo(IRy;Us) denote the space of all bounded measurable functions

uo : IRy — Up with the essential supremum norm. For any ue € Up, let ¢}(z)

be the integral curve of

&y = f(ze,u0(t)) @o:=2z ae t€[0,2(2)),
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where t%(2) := inf{t > 0 : ¢?(z) € OE} is the boundary hitting time. Define the

cumulative jump rate

K(2) 1= [ ((8202), uols)) + 8)ds) (35)

Expression (3.5) represents the cumulative total jump rate of the killed process (see

the proof of Proposition 3.3).
Let U := Uy x Us. Define the function g: E° x Y — Ry by

t(2) u U -A¥ (2 1y
9(z,1u) == /0 e~ MO $2(2), uo(t))dt + e M5 Ol5(¢2 (2), 0), (3.6)

and the transition measure Q : E® x U — IP(E°) by

Q(4;z,u) :=
£(2) u A\ u -A¥(2) —A¥ (z) u
[ Qo(4; ¢(2), uo(t))Mi(2), wolt))e ™" di + 7% Qa(4; ¢ (2),v), (3.7)
where A € £ (here the Borel sets of E°).
The following problem is a well defined infinite horizon discrete time stochastic

control problem (cf. Bertsekas and Shreve 1978):

(DP1)  minimize E. Y g(zk, p)
0

over policies w := (fo, fi1,y- -y ANy« - -)

such that Be(20, foy -+ - -y Zk1y k-1, 2k) EUo X Us k=1,2,...,

where g is defined by (3.6) and zj is the discrete time Markov process with transition
measure Q defined by (3.7). We shall call g the one step cost function and Us x Us
the control space.

According to Bertsekas and Shreve (1978) (Definition 8.7, p.208), (DP1) belongs to
the lower semicontinuous model if the state space E° is a Borel space, the control space
Uo x Uy is compact, the transition measure Q : E° x4 — IP(E®) is continuous and
the one step cost function ¢ : E® x Y — IR, is lower semicontinuous and bounded
below. Alternatively (see Bertsekas and Shreve 1978, Definition 8.8, p.210), if the
state space E° and the control space are both Borel spaces, Q : E® x Y — IP(E°)
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is continuous and g : E® x Y — IR, is upper semicontinuous and bounded above,
then (DP1) belongs to the upper semicontinuous model

The state space E° of our model (defined in §3.1) with the Euclidean topology is
a Borel space. Both Iy and 5 are positive and bounded above, so g is bounded both
below and above. However the set of admissible interior controls Uy := Leo(R+; Up)
is not compact, so that the control space U = Uy X IJs is not compact.

In order to make the nonseparable space Lo (IR4;Us) compact we must con-
sider Loo(R+; IP(Us)), the space of probability measure-valued relazed (generalized,
mixed) controls. Using a relaxed control amounts to randomizing at each time ¢ over
U, rather than choosing a specific value u € Up. The space of all ordinary controls
Uy is embedded in the space of all relaxed controls by means of the injection de-
fined by u(t) — %(t) := 8,)(-) where & denotes the 1-atom probability measure
concentrated on £.

Now we define a topology on the relazed control space Us = Leo(IRy; IP(Us)) C
Lo(Ry; C*(Up)) as follows: Let X := Ly(IRy; C(Uo)) denote the space of all map-
pings k() : Ry — C(Up) such that [5° ||2e()]|edt < 00. It is a Banach space whose
dual space is X* = Lo,(IR4; C*(Uo)) with the pairing

(h,) = /0 /U (w)iy(du)dt
for h(y € X and %gy € X*. Let || - |j1 denote the total variation norm in C*(Up).
Then the unit ball in X* is
B, = {ig) € LRy 0°(U0) ¢ ess sup [k <1}
+

and this is weak*-compact by Alaoglu’s theorem. The following proposition shows

that the set of relaxed controls i, is a weak®-closed subset of B,.

Proposition 3.1 Uy is weak®-closed in B,. That is, for any sequence {#*} C Us,
@ — 1 in the weak® topology implies & € Uy.
Proof
Up = {fi € Loo(Ry4;C*(Uo)) : ess sup [[a(-)]l = 1}
telly
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is obviously a subset of B,
Since B, is weak*-compact, 7' — % in the weak® topology implies that % € B.,.

By definition, &' — % in the weak* topology means that for any k() € Li(RR4; C(Us)),
(h, @) — (b, @),

) /Om /u., he(u) @ (du)dt — fo ~ /U  ha(u)u(du)dt. (3.8)

In particular, let hy(u) := et € Ly(R4;C(Uo)). Since @ € U, fy, Gi(du) = 1.
Therefore (3.8) implies that

[ e [ = [~ etat
0 Us 0

/0 T e fU (d) — 1)dt = 0.

Since 4 € B, implies fy; 4 (du) < 1, we have

That is,

/U idu) = /U m(d)| =1 e te000)

by standard results in funtional analysis. Hence That is,
ess sup ||a(-)[: =1
teRy
and 7 € 270 as required. ]

Thus Hp is a weak®-compact subset of X*. We term the relative weak* topology
on Uy the Young topolgy, and this is the only topology on Uy considered hence forth.
With the Young topology on ¥, and the Euclidean topology on Us, the control space
Uy x Us with the product topology is compact.

Redefine, in terms of % := (i, v) € U , a relaxed control function %, and boundary

control action v pair, the flow (3.2) as

$ie) =zt [ [ F(6HE) u)aldu)it, (3.9)
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with boundary hitting time
£5(2) == inf{t > 0 : ¢() € OB}
and cumnulative jump rate (3.5) as
K@) = [ [ 266, wtadu)ds + 5t
Then the one step cost (cf. (3.6)) becomes
9(z,%) =
[ ] (i) wiadu)ds + O (2),0) (310
with corresponding one step transition measure (cf. (3.7)) given by
O(4;2,4) =
| w0 |, QoA 65(2), w)(F(a), e F
e (2)Qo(4; 42 (2),v). (3.11)

To show that the functions defined by g : E° x i — R, and Q : E° x U —s
IP(E®) are continuous with respect the topology defined on E® x U, we need the
following lemma (see e.g. Warga 1972, p.325).

Lemma 3.1 Under assumption (A3.2), the map (z,%o()) — ¢?)(z) is continuous
from R™ x Uy to C([0,T]; R™) with respect to the supi mum norm on C([0,T); R™)
for any T < t¥(2) € R,

Proof To show that the map (z, Uo(.)) — ¢E")(z) is continuous. We must show that

if (2zn,%") € E® x Uy and (20, U") — (2,7U) as n — oo, then it follows that
#F — ¢ asn — oo,

where ¢, is the solution of (3.9) and ¢ is the solution of (3.9) with (z,%) replaced
by (2n,Un).

71'
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For simplicity, define

_/OT f(¢e,Te)dt := /O‘T_/UO F(e,w)t(du)dt.

Then (3.9) becomes t
¢t =2z+ J/D f(¢na 'ﬁ,)ds.

Therefore, we have,
19 =8l < lan 2l + | [ 1F(63,32) = FiguT)s
< Yool + [ TG0 - Fgo s +| [ Fige T - T)ds
< Jomm el 4 I [ 197 - dilds +1 [ oo —T)dsl. (312)
Let
h(t) = [ T~ )ds
= [7 Toals) T4 — 7)ds
Since @, — @ as n — 00, we have,
ha(t) = 0 forallt € [0,T]

by the general convergence theorem (see e.g. Royden 1963, Proposition 18, p.232).

Now we prove that this convergence is uniform on [0, 7] by contradition. Therefore
suppose h,(t) do not converge to zero uniformly for ¢ € [0,T]. Then there must exist
e >0, 7 € [0,T] and subsequence {t;};cs € [0,T] with J C {1,2,---} such that

ljien}t,- =7 and |h;i(t;)|>e Vi€ (3.13)
Since hy, is continuous for each j € J, let § > 0 be such that
|hi(t) — hi(T)| < €/2 if [t—T| < §
and since h;(7) — 0 choose jo € IV such that for all j > jo,

|hj(7)] < €/2 and |t; — 7| < 6.
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Then for all § € J such that 7 > 7o, we have

Ri(t)l < Ihy(t5) — hi(m)| + |hs(7)]
< e/2+e/2=¢

contradictory to (3.13).
By Gronwall’s inequality (Proposition 1.13), from (3.12) we have

6= Sl = 2l + b0+ [ Ll = 21+ (o)l s
= n = all+ Ionlt)] + L Ol — 2l + L4 CC) [ Ihas)lds
< llzn = 2l + C(TYE Tllon — 2l + OT)L; [ Ihn(o)ids,

where C(t) := f; els 21d'ds. We conclude that ¢¢ — ¢ as n — oo uniformly in

t € [0,T] from the fact that hn(t) — 0 uniformly. [

We now have the following continuity result.

Proposition 3.2 Suppose conditions (A3.1)-(A3.7) hold. Then the maps g : E° x
U — Ry and Q : E° XU —> IP(E®) are continuous respect to the appropriate

topologies. ]

Davis (1986) proved this result with the assumption of no boundary controls. Using
same technique, we shall give a proof allowing boundary controls.

Proof Fix o) € Uy, 6(-) € C(E®) and z € E°, define functions ¢,7:, 1 and C,
by the following differential equations

b = [ F(boulioldu) b=z (314)
ieo= = [ Mguundodu) Bo=1  (315)
B o= [ @)y o duuniind ) Km0 (310
C. = fU omlo(«bt,u)ﬁm(du) Co := 0. (3.17)
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To show that Q is continuous we must show that if (2,,%,.) — (2,%) as n — oo,

then
L, @)@y zosin) [ 0(4)Qdy32,7) (318)
for all 8 € C(E").

Let ¢: be the solution of (3.14) with boundary hitting time ¢, and ¢} be the
solution of (3.14) with (2,,%,) replacing (z,%) with boundary hitting time ¢? and let
ne, 7 and I, I? be the corresponding solutions of (3.15) and (3.16) for § € C(E®)
fixed. Then

L 0wy ) = I+ [ 0)Qaldyi ). (3.20)

Case a. 1, = 0.

Let T,(t) denote the e-tube around ¢ up to time ¢, i.e.
L(@):={y € R": mig ||¢s —y| < e}-

Lemma 3.1 implies that {¢?,0 < s < ¢} C T,(¢) for n sufficiently large and hence,
since T(t) C E° for small ¢, that t7 — oo as n — oo. Thus using (A3.4) the last
term in (3.19) converges to zero as n — oo and it remains to show that I — I..
It follows from the definitions that 4 < e for all n and that 7; < e® which
together imply that I — I} as ¢ — oo uniformly in n and I; — I,. Applying
the general convergence theorem, we have I — Iy as n — oo uniformly in ¢ by

Lemma 3.1. Hence I® — I, as n — co; since for aay T > 0 we can write
o = Joo| < G, — I3] + 17 — £y | + I — Ioo|-

We can now choose T' (independently of n) aud then n to yield |I% — I] < € for
any € > 0. Finally, we have

1T = Too| < Wep = T3] + |15, = Lo

The result follows, using again the uniform convergence of I} to I” and the fact that

iy — o0 as n — oo.
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Case b. t, <

Let & := (¢¢',me, I C:)' denote the solution of equations (3.14)~(3.17) and let £
denote this solution with (z,,%,) replacing (2, %). These solutions evolve in the space
E=ExR = {(z,y): '»/S(a:,y) > 0}, where 1/3(:1:,3/) := ¢(z), the original boundary
function of §3.1, for z € R™,y € IR®. It follows from this construction that if f(z,v)
satisfies (A3.7) then ¢, satisfies

lim nf G =8V 0, ' (3.20)

Lttty t'r -1

where v := Vzﬁ(&_)[“V'gZ(&_) ]-* is the outward unit normal to AE. Now the right
hand side of (3.19) takes the form h(£:,7,) for some continuous function A(:,-), so to
establish (3.18) it suffices to prove that £ — £, as n — co. We do this by showing

that

diam(T.(t.)NOE) — 0 ase [0 (3.21)

where T,(t) is an e-tube around {&,0 < s <t} . Applying Lemma 3.1, we have
¢ — ¢, as n — oo for any t. Therefore for arbitrary ¢ and €, {¢7,0 < s < t} C To(2)
for sufficiently large n. Hence (3.21) will imply that eventually ¢7 is finite and that
|5 — &e| < diam(T%(t,) N 8E). ;From the hypothesis that E has a C! boundary we
see that (3.21) holds if

diam(T.(t,)NT) =0 ase |0, (3.22)

where T is the tangent hyperplane to 8E at &, .
Thus it remains to establish (3.22). To this end, using (3.20), take ¢, € [0,%,) and
4 > 0 such that for all ¢ € [t4,1.)

(&, — &)v > (. — ). (3.23)

Since {¢,,0 < 5 < #,} C E°, there exists £, > 0 such that T, () C E°. Thus for
e € (0,¢], T,(t.) NI = [T.(t.) — T.(t:)] N T, i.e. we can discard the trajectory prior
to t;. From (A3.2) the velocity of ¢ is locally bounded, i.e. there exists a constant
a such that for t € [t1,1.)

1€ — &.

< ot —t). (3.24)
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Now (3.23) and (3.24) imply that the trajectory segment F = {§,%; <t <t} is
contained in a cone of internal angle 2 cos(y/c). Hence if € < &1, and y € T' is such
that dp(y) < € then |ly —&. || < ae/v, i.e. diam(T.(t.)NT) < 2aey. This establishes
(3.22) and shows that Q is continuous.

Continuity of g is proved in an exactly similar manner. n

From above discussion, we have seen that the control space Uy x Us is compact
and that g and Q are continuous. Therefore we conclude that the problem (DP1)

with relaxed controls may be defined as:
(DP1) minimize  E. Y. g(zk, )
k=0

over relaxed policies m := (Lo, f1, -+ -y BNy -+ -)

such that P20, Boy - - + 5 Zk=1, k=1, 2k) € L?o xUs k=1,2,...,

where 2z is the discrete time Markov process with the transition measure given by
Q(A; z,%) and that belongs both to the classes of upper and of lower semicontinuous
models.

In particular, if 7 := (g, 4,...) for p: E° — Uy % Us, then the policy is called a
stationary (relazed) policy. Moreover if 7 := (g, p,...) for p: E® — Uy X Up, then
the policy is called a simple stationary policy.

By Corollary 9.17.2 of Bertsekas and Shreve (1978), p.235, there exists a Borel
measurable optimal stationary policy for (DP1), i.e. u: E® —» { is Borel measur-
able. Therefore, from now on, we may consider only stationary polices.

Rewrite the problem (DP1) with stationary policies as follows:
(DP1)  minimize E.> g{zk, p(2s))
k=0
over stationary policies p = (po, tg) : E° — Uy x Up,

where z; is the discrete time Markov process with the transition measure given by
Q(4; 2, u(z)).

We now reformulate the PDP optimal ¢ .rol problem of §3.1 as (DP1). In the
case of no boundary control Davis (1986) has shown that the PDP optimal control

e
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problem can be reformulated as (DP1) by considering the the embedded Markov chain
given by sequence of postjump states, i.e. {2z :=xr,,k =0,1,...}. For the case in
which boundary controls are allowable, we now prove the following theorem using the

same techniques.

Proposition 3.3 The PDP optimal control problem is equivalent to the following

infinite horizon discrete time stochastic decision problem:

(DP2) minimize EcZg(zk, 1(z))
k=0
over simple stationary policies p := (o, pa) : E® — Uy x Up
such that p(z) = (UOt(Z),Ua(ﬁbZ(z)))

where 2z := Xr,, the postjump process, is a discrete time Markov process with the

transition measure given by Q(A4; z, u(z)). ]

Remark 3.1 If we define (DP2) with relaxed control (D?2) as above, then the
PDP optimal control problem with relaxed interior controls is equivalent to (ﬁ2)

by this theorem. ]

Proof For convenience, we avoid explicit mention of the discount factor by introduc-
ing killing. We adjoin an isolated point A (termed the coffin state) to the state space
and define a new process %; on ER := E°U {A} by

R X t<T
X =
A t>2T

where T is an independent exponentially distributed (process) killing time
(i.e. P[T > t] = €7 for all z € E°). The running cot I : E° x Uy — Ry
is extended to EQ x Uy by setting lo(A,u) := 0 for all u € Uy. The boundary cost
la: E x Us — IRY is extended to Ep x Us by setting lo(A,u) := 0 for all u € Up
where Ep ;= EQ UJE.
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Let F, denote the natural filtration of X,, Then the cost J,(u) can be written in

terms of the killed process X; as
J,_-('U:) = EI[,/Q lo(}‘(t,’uao(‘ll\'t, %t)dt
+ Z la(JACT,;- y ua(iT; ))I()“c,_,,k_ EBE)]
k
b Trir . .
= Ex Z Em[/ lo(xt, UQ(Tt, Zt))dt
k=0 T

+la(5cr;‘_1:ua(i1'; ))I(J“CT_. EaE)i‘FT;.]

0 [ Y8 Rt
= E:c Z Ei:l‘k [ /; IO(xt) ’u,o(t ka))dt
k=0 v
+la(5\c(Tk+1—Tk ) uB(f{(Tk+1_T")~ )I(x(Th-}.l =Ty)" EBE)] (325)

where the last equation holds by virtue of the strong Markov property (see §1.2).
Let ¢}(z) be the deterministic flow given by

59:(z) = f(¢(z), uo(z)) ae. t €[0,2:(z))
¢o(z) := =z,
where t}(z) := inf{t > 0: ¢}(z) € OE}. Then by the construction of a PDP we have

T,
| /0 lo(Xe, uor(z))dt + lo(Xz-, Ua(fiT;))I(chl_ com))

T,
= B A €~6tlo(xt,u0t($))]dt+Em[e—sTlla(xT“)ua(xT"))I(XTI—GBE)]

Y i 2 L d(1 — P[T; > sj)
= /0 fo &St lo($2(z), uod(w))dt = ds

et @) (g1 (z),ua(d3.(2)))P[T1 = £¥(z)]
= / "'“[0 ¢t (23 um(m))dtP[Tl > S]It,(m)

+ [ e 1g2(e), vou () PIT: > slds
e P (82 (), up(gE (z)))eJo M ()wor(a)lat

= 0+ /ot"‘(m) e ENo($1 (), tos())ds + e M Os(gE (), us($L (2)))
= g(z,u(z)). (3.26)

[PPSR NS RN VU N SOV
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Similarly, we find that

P.[x7, € A] (3.27)
= Plxr, € AT, < ti(2)|P:[T1 < ti(z)]
+Plky, € AT, = t¥(z)] P|T; = t¥(z)]

_ /ot‘:(z) Plin, € AT = { d(1 - Pgl > 1)

+F[Xn € A|Ty = t3(e)] P[T; = t}(=)]

dt

t:‘(’:) J u
= [Tl € AT, = 2(4t(e) e X
8]
+e @R, [y, € ATy = ti()]e™ fo @i
th(z) ty iy
= [ e Qs (), uom)A(81(2), () NN

© te A3
+e—6t.(m)Q3( A; ¢;“(m),u3(¢;“(m)))e“~’; A% (z),u04(z))ds

ty(=)

= | Qo(4; 8} (2), uo(2))M$i(2), uor(w))e ™ dt
+e~ 1 )Q0(4; 61 (), ua( 1. (2)))
= Q(4;z, u(z)). (3.28)
Let 2 := x7, be the postjump process. By virtue of equality (3.28), z is a
discrete time Markov process with the transition measure Q. Due to equality (3.26),
the cost (3.25) can be rewritten as

Tu(u) = B 3 oo, 1))

k=0
|

(DP2) ((DP2)) is equivalent to (DP1) ((DP1)) if and only if the following result
holds. As a consequence, the PDP optimal control problem (with relaxed controls)
is equivalent to (DP1) ((DP1)).

Proposition 3.4 If u* = (pg, u3) is an optimal policy for (DAﬁl), then there exists
o feedback function ug : OF — Uy such that ua(gbf_(:c)) = puy(z), t.e. of p* i3 an
optimal policy for (DTl) and aSE(m) = E(z), then pd(z) = p3(z) for all z,z € E°.
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Proof Suppose the assertion is not true. That is, there exists z # z such that

¢ () = ¢¥ (2) and py(z) # ug(2). Without loss of generality, we can assume that

(42 #3(e)) + [ V) Qaldy; 62 (a), 3())
> (4L () () + [ V(0)Qaldyi £(0), k3(2)-

By Proposition 9.12 of Bertsekas and Shreve (1978), p.227, a stationary (relaxed)
policy p* is optimal, if and only if for all z € E°, pu*(z) € Up x Uy solves the following

problem

(B)  _min {ofe,)+ [ V()@ )
uEUoXUo

Let i(z) := (ug(e), u3(2)), for which we have
(e, 1(e)) + [, V(y)Qdy;, )
= [ g ) )t + (g (o), ()
w7 [ VaNSE), e 0u(dy; (e, wiadduit
+e 50 [ Vi)Qa{dy; 6(0), 45(2)
< gl (@) + [ V)Qdiz, ().

Therefore, fi(z) is a better solution than p*(z). This contradicts the fact that u*(z)
is optimal for (P;). n

3.3 Regularity Properties of the Value Function

We show first that the value function of the PDP is continuous by showing that this
property holds for the value function of the equivalent problem (D?l).

By Corollary 9.17.2 of Bertsekas and Shreve (1978), p.235, since (DP1) belongs
to the class of lower semicontinuous models, V(z) is lower semicontinuous. By iheir

Proposition 9.21, p.241, for negative upper semicontinuous models, V(z) is upper
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semicontinuous. Our model does not satisfy the negativity assumption of ¢ but g is
bounded above. Suppose g(x, %) < b, then g(z,%)—b < 0 and the value function using
g(z, %) — b as one step cost instead of g(z,%) will be upper semicontinuous. Recall
from the proof of Proposition 3.3 that the killing time T is distributed exponentially,
ie. P[T >t]=e®. Since E.[T] =6 < oo and Po(lim Ty = co] = 1 , we must

have

J(u) = B g‘{g(zk,p(zk» — b}

= E, i 9(zx, p(2zx)) — bE-(N)

k=0

= Jo(u) — bE,(N),

where N is the jump number at which the process is killed, 1.e. zny = X7, the coffin
state.

Therefore,
V(z) = V(z) — bE,[N],

where V(z) denotes the value function with g(z,%) — b as the one step cost.

Consequently, by Proposition 9.21 of Bertsekas and Shreve (1978), p.241, V(m)
is upper semicontinuous. This implies that V(z) is upper semicontinuous and hence
V(z) is continuous.

Next we can show that V(z) is bounded in E°.

Indeed, suppose ly < My, ls < Mp, for any € E° and any u = (uo, us). Then

Jz(u)

i

Bl [ e o, ol )t + 3 e Tlole o) sy _co)]
< Mo [ ettt MpEu[Y e
0 k

< Mo)§+ Maf§ = (Mo + Ms)/6.

[P
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3.4 Reduction to the Family of Deterministic Prob-

lems

The purpose of this section is to prove the following theorem.

Theorem 3.1 The PDP optimal (relazed) control & = (o, us) s equivalent to choos-
ing for each possible postjump state z € E°, an optimal (relazed) control function

tio(.y(2) in the deterministic control problem with boundary condition (P,) defined in
§2.1 where

fo(z,v) = ly(z,v)+ »/;70 V(y)Qo(dy; z,v) (3.29)
F(a) = min{lo(s,v)+ [ V(¥)Qe(dyiw,v)} (3.30)
Mz,v) = Mz,v)+6 (3.31)

and for each z € OF, an optimal feedback control action us(z) which solves the

following optimization problem:

min{lo(z,v) + [, V(4)Qe(dyi 2, v)}.

Proof By Proposition 9.12 of Berksekas and Shreve (1978), p.227, a stationary policy
4t is optimal if and only if for any z € E°, pu(z) € Uy x Us solves the following problem

(Pe) _min {g(z,8)+ | V(y)Q(dy;z,u)}

uclyxUs
and V(z) is the corresponding value.

Using the definivions of g (see (3.10)) and Q (see (3.11)), we have
oo, )+ [ V(y)Qdyi2,2)
- He) (g7 = ~KE (o)), ( 4F
= [7 [ e (g (o), e du)it + e Ola(4 (2),0)

+ /E /oh /U V(y)Qoldy; #¥(a), u)Mg¥(z), w)e™ o, du)dt

e ne W e e s g sm s e e
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+e80) [ V(3)Qa(dy; 4 (2),v)

= [ ] e OU(ge), ) dui
+ [, V(©)Qldy; 65(@), I (a), u) o du)t
+e (4 (2),0) + [ V()Qeldys dEa), )1,

where the last equlity follows from Fubini theorem.
Define f5, F' and X by (3.29), (3.30) and (3.31) respectively. The desired result

follows in a straightforward manmner. ]

3.5 Existence of an Optimal Ordinary Control

We now impose the following assumption:

(A3.8) The set
No(a) 1= {(f(z,u)', Mz,u), bz, u) + [ 0(y)Qo{dy; 2, w)A(z,0)) : u € U}

is convex for all z € E° and 6 € C(E°).
This required only in the interests of clear presentation to obviate the necessity
for considering relaxed or generalized control policies in cumbersome detail. The

following approximation lemma is given by Young (1969), Lemma 76.1, p.190.

Lemma 3.2 Let U denote a compact (o-compact) subset of a Banach space X with
norm ||-||x. Let f : U — X be continuous end take § > 0. Then there ezists a finite
number of points u; € U and a finite number of continuous functions h; : U — [0, 1]

such that 3;1.; =1 and
1£0) = 25 Fuhi( e < &,

where |gllo =: supyerr [lg(w)llx- n

Using the approximation lemma, it is easy to see that the following proposition

(see Young 1969, Theorem 79.1, p.192) holds.
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Proposition 3.5 Let U denote a compact (o-compact) subset of a Banach space
X. Let f: U — X be continuous and p be a unit Ricsz measure on U, t.e. a

nonnegative Borel measure satisfying fy 1dp = 1. Then

‘/;]f(u)d,u cco{f(u):ue U}

Now we are ready for the following existence result.

Theorem 3.2 Under assumption (A3.1)-(A3.8), there ezists a simple optimal sta-
tionary policy (or equivalently, an ordinary optimal conirol for the original PDP).

Proof By Corollary 9.17.2 of Berksekas and Shreve (1978), p.235, there exists an
optimal stationary policy for (D?l). Under our assumption that Ng(z) is convex,
we shall show that this stationary policy must be a simple one.

Reformulate the problem (P, ) with relaxed controls as a problem of Mayer type.

(Por) minimize  @nya(t) + zo(ta) F(4 (a))
over all admissible controls 4q(.) € L{o
such that ¢¥(a) = / F(S¥(z), w)iior(du) ae. t € [0,8,)
do(t) = —ao(t) / IM¢5(2),u) + 8)on(du)] ae. t€[0,4)
Tnp1(t) = ~zo(t) / la(ﬁ?(m‘ u)
+ [ V()Qo{dy; 6F(2), w)(#7(), u)lic(du) ace. € [0,1.)
$h(z) =2
zo(0) :=1
Tus1(0) 1= 0.

Define the set

Ma(a', o) := {f(z,u), 2o M=, 1), zo[lo(z,u) + /EO 0(y)Qo(dy; =, u)A(z,u)]) : u € Up}.

By Proposition 3.5, since every relaxed control 4y € Up is a unit Riesz measure,

we have
($2(z), #o(t), Ensa(8)) € DMy ($i(2), o). (3.32)
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For any fixed (', z0), Ms(z', zo) is convex and compact by virtue of the convexity
of Ny(z) (assumption A3.8) and the compactness of Up. Consequently, c6Mp(z', 7o) =
Mg(z',z0). In particular, since V(z) € C(E°) by §3.3, we have coMy(z',zo) =
My(z',zg). Conseguently, the right hand side of (3.32) is equal to

My(#;(=),o(t))
= {(f(¢:(=), ), 2o(t) M8} (2), u), 2o(t)llo( f2 (), u)
+ [, V() Qoldy; ¢¥(e), w)M#E(e), u)) : u € Vo).

Therefore, we have

($¥(2)s &o(t), Enaa(t))
€ {(f(4(2),u), 2o(t)A($E(a), u), zo(t)[lo(B (<), )
+ [ VO)@ldy; 65(2), wNE(@), w)]): u € ).

By the Fillippov Lemma (see e.g. Young 1968, Corollary 34.7, p.297), we can

choose a measurable function wuq(.) : [0,.) — Uy such that

$i(z) = f(4i(=), ugt)
o(t) = “‘”0(’5)[)\(11’? (), var) + 6] ) )
Eni1 = zo(t){lo($% (), vor) + _/EOV(ZI)QO(dy; ¢t(z), uor) M9 (), uor) }-

This implies that the optimal control can be taken to be ordinary. ]

3.6 Necessary and Sufficient Optimality Condi-

tions for Control of PDPs

We are now in a position to state the main result of this chapter.
First we set out a final assumption (cf. Gonzalez and Rofman 1978 and A2.7) on

the PDP jump rate which ensures the Lipschitz continuity of the value function of
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the PDP optimal control problem:
(A3.9) The jump rate satisfies

0
cesien, (W8> R (35
where \° := su};o (z —y)(f(z,v) = j(y,v))/|lz — y||2-
z,y€
ucly

Theorem 3.3 Under assumptions (A3.1)-(A3.9), there ezists an optimal ordinary
control policy u* = (uy,u}) € C which solves the PDP optimal control problem with
(ezpected) cost functional J, defined by (3.3) for any initial point z € E and the value
function V(z) defined by

V(z) := ItI;IGI(I:IJz(u) Vze E
is a Lipschitz continuous solution of the generalized BHJ equation on E°

f'fggg ){f f(z,v)+A(z,v) _/;O(V(y)—V(z))Qo(dy;z,v)——éV(z)-{-lo(z,v)} =0 (3.34)

with boundary condition

V(z) = min{lo(z,0)+ [ V(4)Qe(dy; )} (3.35)

on OE. If V is regular in the sense of (2.60), then it is the unique solution of
(3.34),(3.35).
An admissible control u = (uo,us) € C is optimal if and only if for all z € E°
V() = )
= [ M O(gi(z), uo2)

/ )Qo(dy; 6 (2),toe()) Ma(2), uon(2) et
AL {1( 41 (<), ua(42(2)))
. / V{y)Qa(dy; 81.(2), ua( 4 (2))}- (3.36)
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and forl all z € OF,

V() = bo(a,ue(z)) + [ V(y)Qaldi 2, ua(),

where V(2) is the value function.
Furthermore, if the value function is (Clarke) regular, then condition (3.36) can
be replaced by the following condition: there ezists €(2) € OV (¢}(2)) such that

&(2)F(¢2(2) uar(2)) + M2 (2), war(2)) /EO(V(y) — V(42(2)))Qo(dy; 2(2), uo2))

6V(42(2) + b(d(2)uae(2)) =0 ace. t € [0,8)

Remark 3.2 As in the deterministic case (Chapter 2), the first term in the gener-
alized BHJ equation shows that the nature of the generalization is that the usual
gradient term for a C! value fruction is replaced by the appropriate minimum ele-
ment of the Clarke generalized gradient of the Lipschitz continuous value function at
z € E°. The remaining terms in this equation are due respectively to interior jumps,
discounting and running costs. In the extreme case when A = 0, the PDP is reduced
to the deterministic control problem with boundary condition and the generalized

BHJ equation is reduced to (2.5) for the case when X := §. [

Proof The existence of an optimal ordinary control has been shown in §3.5. Here we
prove the rest of theorem.

By §3.4 and §3.5, the PDP optimal control u = (ug, us) is equivalent to choose for
each z € E° an optimal control function Uug(.)(2) in a deterministic control problem

with boundary condition (P,) defined in §2.1 where

fo(z,v) := lo(a:,v)—i—/Eo V(y)Qo(dy; z,v)

F(z) := ,{g}‘};{’a(wﬂ’”/ﬂo V(y)Qas(dy; z,v)}
Az,v) = Mz,v)+6
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and for each z € 8E, an optimal feedback control action ua(z) which solves the

following optimization problem:

min{lo(2,9)+ [ V(y)Qaldy; 2,0)}.

Since V(z) € C(E®), fo, F satisfies conditions (A2.3), (A2.5) respectively by virtue of
(A3.4) (A3.7) & (A3.6), A satisfies conditions (A2.4) &(A2.7) by virtue of (A3.3) and
(A3.9) respectively. Therefore (P,) is a well-defined deterministic optimal control
problem with boundary condition (see Chapter 2). Applying results obtained in
Chapter 2, we conclude that the value function V(z) is Lipschitz continuous on E°
and satisfies the generalized BHJ equation

min {¢f(z,v) — A(z,9)V(2) + fo(2,9)} = 0 z€E° (3.37)

¢'edV(z)
velUs

with boundary condition
V(z)=F(z) z€0E. (3.38)

Substituting fo, F and X into equations (3.37) and (3.38), we obtain the generalized
BHJ equation for the PDP control problem:

e'%%if(zz){flf(z’v) + A(z,v) /};o(V(y) — V(2))Qo(dy; z,v) — 6V (z) + lp(z,v)} =0

Vz € E°

with the boundary condition

V(z) = 111161%Ir;{l,9(z,v) + -/ED V(2)Qs(dy; 2,v)}
Vze 0FE (VzeT™).

The rest of the theorem follows analogously.
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Chapter 4

Maximum Principles

4.1 Introduction

In this chapter, our aim is to develop a nonsmooth maximum principle for control of
piecewise deterministic Markov processes under weak assumptions. The PDP opti-
mal control problem considered in this chapter is the one formulated in §3.1 and all
assumptions remain in effect.

In Chapter 3 we have shown that the optimal control for the PDP control problem
is to choose after each jump a control function which is an optimal control in a
deterministic optimal control problem with a boundary condition. Therefore it is
obvious that a maximum principle for the PDP control problem will follow once the
appropriate one for the control problem with boundary condition is established.

As noted in Chapter 2, this deterministic control problem is however non-standard
in that the terminal time ¢, is not fixed, but is instead either +oco or the first time
the trajectory reaches the boundary of the state space. In the proof, we will consider
separately the case when t, is finite and when %, is +00. A nonsmooth maximum
principle developed by Clarke (1983) will be used in the case where %, is finite, while
an infinite horizon nonsmooth maximum principle will be developed for the case where

t. is infinite using some results on differential inclusions of Aubin and Cellina (1984).

85
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4.2 A Maximum Principle for a Contrel Problem

with a Boundary Condition

In this section, we consider the deterministic control problem with boundary condition
(P,) as formulated in §2.1.
Givenz € E°,ve U, p € RY, q€ R, r € R, define the Hamiltonian function
for (P;) as
H(z,v;p',q,7) =P f(2,v) — g, v) — rfo(z,v).

The following theorem provides a maximum principle for (P,).

Theorem 4.1 Let (z*(-),u*(:)) be an optimal solution for problem (P,) and i, the
corresponding boundary hitting time. Then under assumptions (A2.1)-(A2.5), there

exist:
(a) absolutely continuous functions

? :[0,t.) — R g:[0,t.) — R,

(b) a scalar r € {0,1}
such that:-
(1) The optimal control u*(t) mazimizes the Hamiltonian pointwise, viz.
max H(z*(t),v; p(t), 4(t),7)

H(z*(t),w*(t); p'(t), alt), )

= 0 ae tel0,t,). 14.1)

i

(2) The dual variables (', q) satisfy the adjoint equations in the form of the differ-

ential inclusions
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—p(t) € p()2:f(z"(t),u"(t))

—q(t)8:M(z*(£), u*(2))
—70, fo(z*(t),w"(t))
—X(z*(t), w*()P'(2)
ae te[0,t.) (42)
—q(t) = —rfolz*(t),u*(t))
—q(t)A(z*(t), u*(2))
ace. t € 0,1,). (4:3)

(3) The system is subject to the transversality condition: if t, < oo, then

(P(te), a(te)) + 7€' € —pBdan(z*(t.)) x {0'} (44)
for some scalar p > 0 and ¢ € R™ with

¢ € 9F(z*(4)) x {(F(a"(t))}-
(4) If t. < 0o, then the dual variables satisfy the nontriviality condition

I7'lle0 + llglleo + 7 >0, (4.5)

where 0 denotes either the Clarke generalized gradient or the generalized Jacobian, 0,
denotes the generalized partial derivative with respect to ¢ and ||-||e s the supremum

norm for the spaces of appropriate continuous functions on [0,1.).

Proof It is convenient to replace the exponential term in the cost by an extra

differential relation .
so(t) = ~sa(®)X(a(t), u(t)

Problem (P,) can be equivalently posed as follows:
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(B,) min [ "o(t) fo(a(t), u(t))dk + zo(t.) F(a(t.)
on the class Q of all pairs (2(-), u(-)) with
Ed(') = (2(-)'szo(-))
st () = [f(2(t), u(?)), —2o(t)Ma(e), u(t))
a.e. t €[0,%.)
z(0) := (', 1)
t.:=inf{t > 0:2(¢) € OE}

For an optimal pair (z*(),u*(-)) in Q we denote by (Z*( ),u*(:)) the corresponding
solution for (P,) in the class Q.

Now we divide the analysis into two cases:
(a) the boundary hitting time of the optimal trajectory z*(-) is finite,
(b) the boundary hitting time of the optimal trajectory z*(-) is infinite.

Since by assumption (A2.6) any trajectory must hit the boundary of E in such a way
that the corresponding vector field element makes an acnte angle with the outward
pointing unit normal, we can find a tube about the optimal trajectory z*(t) such that
any trajectory in the tube hits the boundary at most once. Therefore, (Z(-),u*()) is

the optimal solution of the following problem:

(Pc) minimize [5* zo(t) fo(z(t), u(2))dt + zo(t. ) F(z(t.))

on the class @ of all pairs (Z(-),u(-)) with
5{5') = (@'(-), zo())'

st —8(t) = [f(=(t), u(®))', ~2o()M(a(t), u(®)))

a.e. t€[0,t.)

z(t) € T(z*;€)
z(0) := (2, 1)
(t.,3(t.)) € M,
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where M =: [0,00) X dE x [0,1] in case (a), M = {oo} x E°® x [0,1] in case (b),
T(z*; <) is the e-tube about optimal {rajectory z* defined by

T(a%e) = {v € B : o' (t) ]| < &, > O},

and £ > 0 is sufficiently small to ensure that T'(z*;¢) C E° for ¢ € [0,1.).

Case (a). %, < o0

In this case the time interval is finite and the endpoint constraint set [0, 00) x OF x
[0,1] is closed in IR™*?'| the nonsmooth deterministic maximum principle developed
by Clarke is applicable. We refer to Theorem 1.1 and identify the data for (Pg) with
the corresponding data in the theorem.

The Hamiltonian function for the problem (P¢) is defined as follows:
E(:E) ’U;]_)', q, 'F) = Z_"f(w: 'U) - qmo)_‘(m) 'U) - F‘BC'J‘-O(:”: 1))

for &:=(2',z0) € R*',veU,f € RY,gc Rand 7 € RR.

Applying Theorem 1.1 we have the fcllowing maximum principle for the problem
(Fe):

There exist

(a) absolutely continuous functions

p:[00,t.)— RY §:[0,t.) > R

(b) a scalar 7 € {0,1}
such that:-
(1) The optimal control function u*(¢) minimizes the Hamiltonian pointwise, viz.
max H(z*(t),v; 7, §,7)
= H(z'(t),w"(t);7,4,7)

= 0 a.e. t €[0,1.). (4.6)

W OEER A e
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(2) The dual variables (7', §) satisfies the adjoint equations in the form of the dif-

ferential inclusions
d — - YT [ =% * = - =
— E{(pl(t)’q(t)) € O:H(Z*(t),u"(t); P'(t),q(t),7) ae te[0,t). (4.7)
(3) The system is subject to the transversality condition

(7'(t.), q(%)) € —FOF(3(4.)) ~ pOdomxio(z(ts), To(t.)) (4.8)
where the function F(z) := zoF(z) and p is some nonnegative scalar.

(4) The dual variables satisfy the nontriviality condition
(7, D)l +7 > 0. (4.9)

Now we need to rearrange the expressions so that we have a maximum principle
for the problem (P,).

Define p'(+) := p'(-)/x(-), which is well defined since z3(-) > 0. We also identify
g(*) := q(*) and r := 7. It follows that (4.6) implies (4.1) and (4.9) implies (4.5) by
the above definitions.

Let Hi(z,v;7) := 7 f(z,v) and Hy(3,v;§,7,) = —zo(@\(z,v) + 7fo(z,v)). By

Proposition 1.8 we have

651?1 = 6;,;1%_[1 X {0}
O0:H, = 0, H, x {—=gM=z,u) — 7fo(z,u)}.

Consequently, we have
351-1 = BE[Hl + Hz]
C O:H, + 8:H, (4.10)

= (8. H + 0:H;) x {~g)\(z,u) — Ffo(z,u)}, (4.11)

where the inclusion (4.10) follows from the finite sums formula (Proposition 1.6).
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Therefore (4.7) implies
L5 € B (a0 ) + B T(E(0), w (0200, )
= P00 0)) - s (), u'(E)
+7 8 fola*(8), u*(2))] ae. t€[0,4) (4.12)
and
“La) = a0 — Fola(), ()
ac. £ € [0,4,). (4.13)

Since F(t) := z3(¢)p'(t) by definition, the left hand side of inclusion (4.12) is equal
to

d - (AN ® d / d * U
E[mo(t)l’ (7311i = “’o(t)‘d—tp (t) + (‘i‘i%(t) P (t)

* a € \Y (. * *
= (8P (8) + 2o (t)A(a"(2), w())P'(t).
Therefore inclusion (4.12) and the definition of p’' imply (4.2). Equation (4.3) is
obtained from equation (4.13) and this definition.

By Proposition 1.8, since zo(¢,) > 0 and F' is continuous, we have
OF(z(t.)) = =zolt.)0F(z(t.)) x {F(z(t.))}- (4.14)

Since Odg, xc, (%1, T2) = 0de, (z1) X Odc,(z2) (see the corollary of ‘L'heorem 2.4.5
of Clarke 1983, p.54), we have

Odamxpay(2(te), zo(te)) = Odap(z(ts)) X Odjoa)(2o(ts))
= Bdsn(a(t.)) x {0}, (4.15)

where the last equality follows from the fact that zo(2.) € (0,1).
By substituting equalities (4.14) and (4.15) into inclusion (4.8), we have

(#'(8),q(8)) € —Flzo(t.)0F (a(t.)) x {F(a(t.))} — pOdam(z(t.)) x {0}
= [(—To(t.))0F (a(t.)) — pBdar(a(t.))} x {~FF(z(t.))},

from which we derive the inclusion (4.4).
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Case (b). t, =

The situation of this case is not covered derectly by the results employed in the
previous case due to the fact that £, = +oo. For infinite horizon optimal control
problems with smooth data, a maximum principle is developed b * Carlson and Haurie

(1987). Here we develop a nonsmooth maximum principle for infinite horizon optimal

control problems.
Take a strictly increasing sequence {¢;} in [0, 00) such that ¢; — oo as 1 — oo.
A collection of deterministic problems {(B;)} can be defined as follows:
(B)  minimize / ¥ o) fola(t), u(t))dt
over the class ; of all pairs (Z(-),u(-)) on [0, ;] with Z(-) := ('(-), zo(-))’
st £ 5(t) = Lf(a(e), ut), ~ao() (a(0) u(t)}
a.e te|0,t,)
2(0) = (#,1)
3(t:) = ('(&:), 25(k:))'-
Then Z* restricted to [0,%;] is an optimal trajectory for (P;). Sirce, if Z* is not

optimal, then for some %; > 0 and some (Z*,u't) € §; one has

A G OO LR A OTACORAC) IS (BT
Now let (Z,%) be defined by

H(t),ut(t)) forte 0,

NN
(&(2), (t)) = { ( (t), ( )) fort e [t,-,oo)-
)t

From the optimality of (Z*(t), u*(t)), there exists T' > ¢; so that

jC.rma(t)fo(a;*(t),u*(t))dt< /0 Fo(t) fo(3(t), U(t))dt
= /Ot.- o (t) folat(2), u* (t))dt + /tT 23 folw*(t), ut(2) ) dt

t; T
[ ssepe @,ue)de + | aile)fla (1), (6
= [ s i @)

A
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This is a contradiction. Therefore (Z*(t), u*(t)) restricted to [0,%;] is an optimal pair
for (P,).
Thus we can again use Clarke’s nonsmooth maximum principle. By Theorem 1.2,

we conclude that for the problem (P;) there exist absolutely continuous functions
Bi:[0,t] — R g:[0,t] — R

and a scalar 7; > 0 such that

111"1&3‘(}( H’(i‘(t): Uy f’:(t)v qi(t)7 Fi)
= H(z*(t),u"(t); 5i(t), &(t), )

=0 a.e. t €[0,%] (4.17)

~LE0.80) € BlEE,uEY, 50,
a.e. t € [0, (4.18)
(7, @)oo + 73 > 0. (4.19)

As in case (a) , we can rearrange the expressions by redefining

p() = B ) m () mm

z3(")
to yield
—pi(t) € m(t)0f(z"(t),u(t))
—gi(t)0:A(2" (2), u'(2))
—ri0:fo(z"(2), u'(t))
~Aa*(t),w*(2)P'(2)
ae. t€[0,4] (4.20)
—6i(t) = —aq(t)M(2"(t),u"(t)) - rifo(a*(t), u"(2))
ae t€0,4] (4.21)
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IPilloo + llgilloo + i > 0. (4.22)

By rormalization, the condition (4.22) could be equivalently replaced by
lpé'lloo + |1Gilloe + i = 1 so that ||p/(0)]| + |g:(0)] + r; is bounded. Hence by passing

to an appropriate subsequence one may assume that
im p;(0) = p(0), lim g(0) = q(0), hmr =r
exist.

Define set-valued maps A(t) and B(t) as follows:
At A(t) C RVHIX(H) guch that Va(t) € A(t)

zutA 2 Tt Zin o
2n Zat+ A o Zom Qg
a(t)= | : : e S
Zn1 Zna o Zant A an
| 0 0 0 0 )
where X = Maz*(t),u*(t)), @ := (o1,--+,an) € 8:A(z*(t),u*(t)) and

(Zij)nxn € amf(:z;‘(t),u*(t)).
B(:): t — B(t) C IR™" such that Vb(t) € B(t)

e

b= |,

where fo := fo(z*(t),u*(t)), B:= (b1, +,Bs) € Bufo(z*(t), u*(t)).
Rewrite the differential equation (4.3) and the differential i1 lusion (4.2) as a

differential inclusion in the form:

d

(P (2),a(t)) € F(t, (#(2), o(2))) ae #>0, (4.23)
where F is a set-valued map from JR™*! into subsets of IR**! defined by

F(t,z) = A(t)e + B(2).
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The set value map A is compact-valued due to the compactness of generalized
gradient sets and generalized Jacobians (see Propositions 1.3 and 1.11). Consequently,

the set-valued map F satisfies

d(F (2, z), F(t) y))

”“t“" — agy||

IA

lac]ll= -yl

< Al —
< a{g%)llatll |z —v]

ie. F is a Lipschitzean map with Lipschitz constant k(t) := maxaca | a:|
(see Definition 1.10).
Let ¢ : [0,00) — IR be the unique absolutely continuous solution of the differen-

tial equation (4.3) with the initial data g(0) = lim;c 4:(0). One has

Jim qi(t) = q(t) (4.24)

due to the continuous dependence of solutions of the differential equation (4.3) with
respect to the initial data (see §1.7).

By results on continuous dependence of solutions for differential inclusions of
Aubin and Cellina (Proposition 1.14), since p(0) = limi,epi(0) and
g(0) = limy_ gi(0), for each (pi(:),q:(:)) of the differential inclusion (4.23) with
initial data (p{(0), ¢:(0)), we can associate a solution y!(-) of the differential inclusion
(4.2) with initial point p'(0) (or equivalently (y'(-), g(+)) of the differential inclusion
(4.23) with initial data (p'(0), ¢(0)) such that

() a(8)) — (&) gD < [(2'(0), (0)) — ((0), a:( ) M4 (4.95)

which implies that

lus(t) = B < (19(0) = piCO)IE + a(0) - ae(0) [*)e e ¥ — 1 g2) - g(®)|P. (4:26)

Since X is bounded, X, f, and f is Lipschitz in & uniformly in u, by Proposi-
tions 1.3 and 1.11, it is easy to see that F(f,z) remains in a compact set of R**!,

that is the minimum norm trajectory of (4.23) remains in 2 compact subset of R™*1.
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Since F is convex and compact valued by the convexity and compactness of the gen-
eralized gradients and generalized Jacobians (Propositions 1.3 and 1.11 respectively),
by Proposition 1.15 the set of all solutions of the differential inclusion (4.23) s-ith
initial data (p'(0),(0)) is compact in the uniform convergence (supremum) norm.
Therefore, without loss of generality, we may assume there exists a solution p(t) to

the differential inclusion (4.4) with initial data p(0) such that

lim 3/'() = 7(8). (827)
We now show that
(2) = lim pl(2). (4.28)

Indeed, we have

lp(t) — el < lpu(2) — w(@)I + lla(t) — p(E)]]-
Hence for any £ > 0, we can choose an N € IN so that the right hand side of inequality

(4.26) (consequently the first term of the last inequality) is less then or equal to £/2

for all ¢ > N. The second term of the last inequality can be treated in the same way
by virtue of (4.27).

Taking limits in (4.17), by virtue of (4.24) and (4.28), we obtain (4.1) due to the
linearity of H in r, g and p.

It is obvious that r can be taken as 0 or 1 so the proof is complete. [

4.3 A Maximum Principle for the PDP Control
Problem

Definition 4.1 The Hamiltonian function for the PDP control problem is defined as

follows:
H(z,up,q,7,0) = p'f(z,u)—q(Mz,u)+6)
~rllo(z,u) + Ma,u) [ 6(y)Q(dyi, )]
forze R*, ue Uy, p € RV, q,r € R and 6 € C(E°). |
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Theorem 4.2 (A Nonsmooth Maximum Principle for the PDP Control Problem)

Under assumptions (A3.1)-(A3.8), let u* = (ug,up) be an ordinary control policy
which solves the PDP optimal control problem. For arbitrary z € E°, let ¢;“(z) be
the corresponding trajectory in E° on [0,1%'(z)) with initial point z. Then (set.ing
$i(2) == ¢¢"(2) and t, =12 (2)) there ezist:

(2) absolutely continuous functions

PI : [07 t') - -Rn, q: [0) t‘) - ‘RJ

(b) A scalar r € {0,1}
such that:-

(1) The optimal control function ug y(z) mazimizes the Hamiltonian pointwise, viz.

max H(¢}(2),v; p'(t), 4(t),m Ju(w"))

= H(¢;(2),ua(2); /(1)) 9(2), 7, Je(u"))
= 0 ae. te[0,t,)

(2) The dual variables (p',q) satisfy the adjoint equations in the form of the differ-
ential inclusions
P(t) € POO($i(2)u5, () — N (), ui(=) + 8)1)
~(®)3M(¢:(2), w3 (2)
~r3:{lo(4;(2), 43()
FX@i(2)wi2) [ Jy(t)Qo(dy; 92(w), ui(2))]
ae. t€[0,t)
—i(t) = —a()N#(=),uil2) - rle(i(z) us(2)
XS, u5l2)) [ )@l dy; 41(2), ut(2))]
a.e. 1€0,t,)
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where Jy(u) is the cost corresponding to control u starting from the interior

state y € E° and J(u) is defined us the function y — Jy(u).
(3) The system is subject to the transversality condition: if t, < oo, then
(2'(t), a(t)) + 7€' € —pBdap(di(2)) x {0} (4.29)
for some scalar p > 0 and & € R™ with
¢' € OF(41,(2)) x {F (L. ()},

where

F(z) = lg(z,uj(z)) + _/Eo Jy(u")Qa(dy; z, uz(z)).
(4) If t. < o0, then the dual variables satisfy nontriviality condition

[7'lleo + llglleo +7 > 0. (4.30)

Remark 4.1 For every z € E°, there is a multiplier function (p’,q) which depends
Borel measurably on z. Hence corresponding to the optimally controlled PDP {x,}

we may consider the multiplier process (p’,q) as a random process. ]

Proof In §3.4 we have shown that a control (ug,u3) is optimal if and only if
for each . € E° ugy(2) is an optimal control function in the deterministic optimal

control problem with boundary condition (P,) with the following data:

fo(z,u) := lo(z,u) + Mz, u) -/EO V(y)Qo(dy; z,u) (4.31)
F(a) := min{la(e,v) + [ V(y)Qe(dy;z,v)} (4.32)
Az, u) == Mz,u)+ 6 (4.33)

and for z € OF, uj(z) sclves the following optimization problem:

min{lo(,9) + [ V(y)Qaldy; %0)}.



99

Notice that we are dealing with a necessary condition. The value function V(y)
is known to be equal to the expected cost J,(u*). Subsituting fo(z,u),F(z),X(z,u)
defined by (4.31), (4.32) and (4.33) respectively into Theorem 4.1, the maximum

principle for optimal control of PDF's follows in a straightforward manner. n



Chapter 5

Optimal Impulse Control of PDPs

5.1 Introduction

In the previous chapters we have developed a control theory for optimal control of
PDPs in the absence of impulse controls. In this chapter, we study the PDP optimal
control problem with dynamic control pl.is impulse control as formulated in §1.3.
The impulse control problem for PDPs has been studied in the literature by Costa
and Davis (1988), Gatarek (1988a,b) and Lenha-t (1988). In their papers, the optimal
PDP impulse control problem is formulated as follows. At stopping time T, the state
is moved from z to z + ¢ € E° with impulse £ € U C R™ and cost ¢(z, §) is incurred
when the impulse ¢ is applied while the process is in state z. An impulse control

(strategy) 7 is a sequence of stopping times and impulses,

= {71: £117_2: 621 . '})
where 7; — oo almost surely as 7 — co. The controlled PDP z™ satisfies z(r*) =
m"('r,-‘) + &.

The associated ezpected cost to be minimized is

Tow) = B[ e ())di + Y e el (), )

1=1

To solve this optimal impulse control problem, Costa and Davis take the value im-

provement approach while the others take the (quasi-)variational inequality approach.

100
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Since we will relate our approach to the quasi-variational inequality approach in
the end of this chapter, we now illustrate this approach. Under certain assumptions,
Gatarek (1988a,b) and Lenhart (1989) characterized the value function as a general-

ized (e.g. Viscosity) solution of the following quasi-variational inequality:
(AV -V +)A(MV —V)=0 forz€E°
Vie)=| V dy;
() = [, V5)Qaldy;)

where
AV(z)i= VV(2)f(a) + Xa) [ (V(s) - V(2))Qo(dy;=)
and
MV (z) = lFéllf]{c(rz:, v)+ V(z +v)}
The approach taken to the optimal PDP impulse control problem in this chap-
ter is different from the ones in the literature in the two aspects: the very general

formulation of the problem and the characterization of optimality given. It was first
studied in a special case by Dempster and Solel (1987) ( see also Solel 1986).

1. Formulation of the problem

By applying an impulse contrc! action v at state z, instead of being moved to
state z + v , the state z will be moved to state y which is a random variable with
transition measure Qg(-;z,v). Since a determined change to state z + v can be
considered to be a random variable with distribution &{z1,}(-), the 1-atom measure
concentrated on z + v, our problem formulation generalizes the formulation of the
PDP optimal impulse control problem considered in the literature. It is similar to the
concept of interventions introduced by Yushkevich (1983). Therefore we will use the
words interveniion and impulse control interchangeably. We will also call a stopping
time an intervention epoch (or moment).

Due to the (strong) Markov nature of PDPs and by the structure of stopping
times (Davis 1976), for any stopping time = there exists a sequence of non-negative

random variable r,, such that:
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(1) r, is Fr, measurable for n =0,1,2,...,

(2) T= Z I{Tn<rn<Tn+l}(T" + r") A Tﬂ+11

where Ty, Ts,... is the sequence of jump times of the (controlled) PDP. Conse-
quently, by specifying after each jump (either a process jump or a jump caused by
an intervention) a time remaining to intervene t' > 0 (r,), then an_ stopping time
T € (T, Tpi1) is either the time when ¢’ = 0, providing no process jump has occurred
(this corresponds to the case where T}, + rn < Tny1), or the jump epoch, if a process
jump has occurred with t' > 0 (this corresponds to the case where Ty, + rn > Thy1).

Therefore, impulse control strategies can be implemented as follows. For each
possible prejump state z € E° of the process, a time remaining to intervene t'(z) > 0
(in the absence of a process jump) is specified which subsequently diminishes with
(process) time. Providing no process jump has occurred previously, an impulse control
action is applied whenever ¢/ = 0 and a decision is made whether or not to intervene
at each jump epoch.

Unlike the usual formulation of impulse control problems with no dynamic control,
the problem considered here includes not only impulse control but also full dynamic
control.

Having implemented interventions in the way we have just described, we can
formulate the PDP optimal control problem with dynamic and impulse control as
follows.

The PDP optimal control problem with both dynamic and impulse control is to
find a dynamic control (policy) u as before (i.e. a pair u := (ug,us) of measur-
able functions uo : E° x IRy — Up and us : OF — Up) and an impulse control
(policy) (us,t'), which specifies for each (pre jump) state z € E a (post jump) time
remaining to intervene t'(z) > 0 (i.e. a measurable function t' : E — (0, 00]) and
an intervention control action us(z) (i.e. a measurable intervention control function

ugs : E — Us C IR™, a compact) which influences the (given) intervention transition
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measure Qs : E X Us — IP(E®)) so as to minimize the expected cost

Lw)= Bl [ et ualet, e+ S e (i, wal Wiees _eom
TEr: i

+ 30 e I (x us(x;))), (5.1)

where 1, T3, .. denotes the sequence of stopping times corresponding to the impulse

control (us,t').

2. Characterization of optimality

The approach used here is to reduce the original PDP control problem with both
dynamic control and impulse contro! to a new PDP control problem with only dy-
namic control. The new problem is equivalent to the original problem in that they
both have the same expected cost, the data for the new problem is obtained from
the original problem, and the control strategy (dynamic plus impulse control) of the
original problem can be recovered from the corresponding control strategy (dynamic
control only) of the new problem. Although the new state space is not bounded,
we note that the boundness of the state space was only needed for previously the
uniqueness results, so that we can characterize optimality through applying the BHJ
necessary and suflicient optimality condition and the maximum principle to the new
problem with only dynamic control.

On the other hand, we deal with the nonsmoothness of the value function by using
Clarke generalized gradients instead of viscosity solutions.

The results in this chapter are related to the quasi-variational inequality approach
by a relation between the value function for the original optimal process and the one

for the new problem.
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5.2 Reduction to a New Problem with Only Dy-

namic Control

If we compare a boundary control with an impulse control, we find that they both
move a process instantaneously to a new state chosen according to the transition
measures @ and Qs respectively. The difference is only in the timing. A boundary
control action is applied whenever the process hits the boundary of the state space,
while an impulse control action is applied at intervention epochs. To reduce impulse
controls to boundary controls, it is sufficient to embed the original process in a new
process in such way so that at intervention epochs of the original process the embedded
process will hit the boundary of the new state space.

It is obvious that if we let ¢’ be one of the coordinates of state of the new process,
the new process will hit the boundary of the new state space when ¢’ = 0 since 0 is
an end point of the interval (0,00). However, in the case when the process jumps
while ¢’ > 0, i.e. an ordinary interior jump, the problem is how to embed the original
process so that the new process will hit the boundary at this time.

The idea here is to use a fictitious time construction following Yuskevitch (1983,
1988) and Dempster and Solel (1987). We consider an ordinary interior jump to be
an interior jump of the new process. The new process jumps to a state where all the
coordinates are kept constant except for which ¢’ is set equal to —5, an interior point
of the fictitious time interval (—6, —4). Fictious time then runs backwards until it
hits the boundary at ¢’ = —6 at which time we decide whether or .10t to intervene.

To be consistent, we also let fictitious time run after both jump epochs and in-
terventions. We distinguish two kinds of boundary states for the new process, i.e.
boundary states at which we always intervene and ones at which we can decide
whether or not to intervene. Thus we define the state space for fictitious time as
a union of two disjoint time intervals (—6,—4) U (—3,—1). In the case when t' = 0,
the new process will jump to a state where all the coodinates are kept constant except

t' which is set equal to ~2, an interior point of the fictitious time interval (—3,—1).
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When the new process hits the boundary #' = —3, an impulse control action is taken.

Due to the use of fictitious time, the new process time increases one unit for each
intervention and each process jump. To calculate the original process time, we must
therefore keep track both of the number of original process jumps and the number of
interventions.

We must also keep track of the postiump state and the time elapsed since the last
jump for the original process because interior cnntrols depend on them.

We now give the precise formulation. Define from given controlled process x; a

new controlled process X, with state
& = (z,2,7,t',m,n),
where
z is the state of the original process;
z is the postjump s*ate of the original process;
T is the time elapsed since the last jump of the original process ;
t' is the time remaining to intervene or fictitious time;

m,, n, are respectively number of interventions and the number of original

process jumps up to the present process time s.

If a strategy under consideration does not specify a next intervention decision
time, i.e. we need to take ¢’ to be 0o, we will instead take t' := —8. Therefore, the

new process X, evolves in a new state space defined as follows:

B = (E°xE°xTxT x IN?)
U(BE x E° x T x [(~6,~4) U (-3,-1)] x IN?),

where
T = (0, 00);

T' = (—o00,—T)U(—6,—4) U(-3,-1) U (0, 0)
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The effective boundary is

I* = (E°xE°xTx[{—6}U{-3}U{0}] x N*)u
(I* x E° x T x [{—6} U {=3}U {0}] x IN?).

Denote by (x; € E°: t € T') the original process and (%, € E° : s € §) the new
process, where the original time set T is called the real time and S is termed the
new process time set. Then real time ¢ in the new process is represented implicitly in
terms of process time s as {(s) := s — (m, +n, +1).

Since the time remaining to i~tervene and fictitious time ¢’ runs backwards at unit
speed and all coordinates but fictitious time are kept constant while fictitious time is

running, the dynamics of the new process are as follows:

In E%°x E°x T X [(—o0,—-T)U (0, 00)] x IN? Ts = f(Ts,0(Ts, 24))
2,=0
fy=1
i =-1
e =
n, =0

In [E°UBE]x E°x T x [(—6,—4)U(-3,-1)] x N? &,=0

2, =10
T, =0
i =-1
m, =
Ty =

While a trajectory of the original controlled process x; starting at zo proceeds
with time ¢, the corresponding trajectory of the new controlled process %X, taking
values in the state space £ with the dynamics defined as above proceeds with time s
in the following way.

The new process X, starts at the initial point (zo,x0,0,—2,0,0) at time s :=
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0 and goes in fictitious time to (%o, Zo,0,—3,0,0) which is a boundary point of
E°x E° x T x (—3,-1) x {0} x {0} at s =1.

Applying an impulse control action us,, the original process jumps to z§ chosen
by transition measure Qs(-;zo,us,) and o’ is set. This formulation allows impulse
controls to be taken even at time t = 0. The new process jumps to (zg, zd, 0,15, 1,0)
which is an interior point of E® x E° x T x T' x {1} x {0} and the new process
continues its motion described by the integral curves until one of two possible cases

occurs at real time ¢ or process time s = ¢+ 1
(i) ¢ =0,

(ii) ¢’ > 0 or ¢’ < —8 and it is a jump epoch ( either an interior jump or a boundary
jump).

In case (i), the new process hits the boundary. It yumps to (z,~,zg, 7-, —2,1,0) €
E°Xx E°XT x(—3,~1)x {1} x {0} or 3E X E®x T x (-3, —1) x {1} x {0} depending
on whether z,~ € E° or z,- € JE.

In case (i), if z,- € E° the new process has an interior jump to
(z4-, 28, T, —5,1,0) € E°x E®x T'x (—6,—4) x {1} x {0}. If z,- € OE, the new pro-
cess hits the boundary. It jumps to (-, 2, 7~, —5,1,0) which is an interior point of
OF x E° x T x (—6,—4) x {1} x {0}.

In both cases, the new process will continue along the appropriate integral curve
until ¢ . --3 in case (i) or ¢’ = —6 in case (ii) at which point it will jump using the
given contro! strategy to a new state in which ¢’ € (0,00) or ' := —8 € (—00, 7).

In case (i), the original process jumps under an impulse control action us from
x¢- to oy according to the transition measure Qs(-; z¢~,us). In case (ii), the original
process jumps under an impulse control (as in case (i)) or jumps under an ordi-
nary control according to the appropriate transition measure Qo(- ;zs-,uo(7e-, 23 ))
or Qa(:;x;—,us) optimally according to relevant remaining expected total cost. In
the first instance, a cost e~®tls(z,-,us) is incurred, while in the second instance, a
cost 0 or e~®l5(z,-,us) is incurred as the process enjoyed an interior or a boundary

jump.

. A -
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Note that in all cases, whether or not an intervention is dictated by the control
policy, the state variable of the original process jumps to a point in E°. In case (i),
the process restarts again from the interior point (4, z¢,0,%,2,0) or (., z:,0,¢',1,1)
depending on which action (impulse or not) takes place. Similarly in case (ii), the
process restarts again from the interior point (x,x,0,%',2,0) or (z¢,z,0,t,1,1).

To ensure that the new controlled process proceeds in the way described above,
it remains to define the control sets Uy and U, admissable controls 4 = (i, Ua), the
jump rate :\, and the transition measures Qo, Qa. The new control sets f]o and ffa
to be defined below will also be compact.

Since the new process undergoes an interior jump only when t' > 0 and it is an
interior jump epoch of the original process, the interior control set of the new process

can be taken to be that of the original process, i.e. Up := Up. The new jump rate is

(5, ) Mz,u) f2€E°x E°xT x[(0,00)U(—00,—T7)] x IN?
T,u) =
g 0 otherwise

When the new process has an interior jump, we expect it jump to the state with
all coordinates kept the same except that fictitious time is set to —5. Therefore, the

new interior jump transition measure is given by

Ooles3) [ irzmsmm() if &€ E®x E®xT x[(—o0,~7) U (0,00)] x N2

. ; ) =

° b5z (+) otherwise.
The new boundary control set is defined as

Us = (Uo UUs U Us) X Uy,

where Uy := [0,00) U {—8} is a one point compacification of [0,00). It is thus a
compact separable metric space. As mentioned in §1.3, this control set is well-defined
since all results in Chapters 3 and 4 will hold if we use a such control set instead of

a compact subset in Euclidean space.
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An admissible boundary control is a feedback function dig : 8 —> Us such that

1g(2) € Us X Uy if € E°%x E° x T x {—3} x {m} x {n}
1a(2) € [Us U U] x Uy if £ € OF x E° x T x {—6} x {m} x {n}
ta(2) € [Us U {uo(T,2)}] x Uy if & € E° < E®x T x {~6} x {m} x {n}.

The boundary jump transition measure Qp is defined as follows:

4

5{31"!1""2;7"1"}(.) if é\: e E X EG X T
x{0} x {m} x {n},

6{31317'»“5,"3'7‘}(.) if :i: E aE X EO X TX
[(0, 00) U (—00, ~T)]
X{m} X {n}’

8515y (d2)Qs(dy; =, us )80,/ m41.my () f2€cExE°xT

- {=3} x {m} x {n}
and 4 := (us, t'),
81y} (d2)Qo(dy; 2, uo(7, 2))b0mms1} (1) if & C E®x E°x T
5 x{—6} x {m} x {n}
Qa(; &,1a) := and fip := (uo(T, z)’tl),
by3(dz)Qs(dy; <z’;"‘6)‘5‘{0,t',m-i~1,n}(‘) fte E°x E°x T
x{—6} x {m} x {n}
and g := (us,t'),
613 (d2)Qa(dy; 2, ua)bg0,4'mm+13(-) f2ecOExE°x T
x{-6} x {m} x {n}
and 1 = (ug, t'),
5{y}(dz)Q5(dy;m)uﬁ)s{ﬂ,t',m+1,n}(‘) fZ€0ExE°xT
x{—6} x {m} x {n}

and ’fLa = (U5,t').

\

We have now finished the construction of the embeddiug process.
Next we identify cost functions for the new problem so that it has the same

expected total cost as the original problem.

TSNS SR o T s
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The expected total cost of the original problem is
L) = Bl e Plo(xt uolet, 7))t
0

+ 3 e p(xg ua(x3-))Lix:_eom
Trdw :

+ Z e"Tls (x:‘.— s Us (x:; )]

Arrange T; and 7; in increasiz g order and denote the resulting sequence by {17},
so that T} is the 7th jump epoch of the original process x; controlled by both dynamic
and impulse control. In terms of new process time, we define the jump time as
To=Tr+i+1.

Now rewrite the expected total cost of the original problem as follows:

Jo(u) = E [X;/ e To(xe, uo(Te, 2¢))dt

+ ) e ST'la(xT- ua(Xor- ))I{x —€E}
Ti#7:

-I-Ze Tils(x, - us(X,-))) (5.2)

Setting t := s — (i + 1), we have

Ti‘
/T (e, uo(me, 21))dt

T +(+1) ;
_ jf + e~Sle=(H1) oz,
T,

—(t ) s—(1 y ©a—(1 d
- 4(541) (+41)> Yo Tam (1), Za—(i41)) )3

Tig1—1 .
= /5;‘1 e~% 65('“) ZO(za—(i-{—l)) Uo(’ra—(i+1), 2a—(i+1) ))ds.
Therefore, if we define the new running cost function o for u € Uy as

efmtnti)ly(z,u) if & € E® x E® x T X [(—o0, —T) U (0, 00)]
lo(#,u) := x{m} x {n}
0 otherwise,

we have

1

T Tt 64t 1n o gn s
»/.T' i e'“lo(mt,uo('rt,zt))dt = /T e"s'lo(:z:,,uo(v',,z,))ds.
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Consequently, we have

X T 0 Tip N
Z/.“ e"“lo(:vg,uo('rt,zg))dt] = Z-/T ¥ e“s'lo(é‘:,,ﬁo('f',,i,))ds

1=0 1=0

= / ~ €1y (&4, G0, 5a))ds. (5.3)
0
Similarly, if we define the new boundary cost function I as

[ etmtntl)] (g us) ifd € OE x E® x T x {—6} x {m} x {n}
and ’&a = (UQ,t')
ia(&,1g) 1= { efm+mt]s(z us) if & € OE x BO x T x [{—3} U{—6}] x {m} x {n}

and g := (us, t')

0 otherwise,

we have
> e""T‘la(mT;, us(@r-)) iz, _eomy + doe s CERCES)]
Ti#ri ' i

= Z e~ ia(ﬁj-‘—, ’fl:a(i?f«; ))l{i,j,‘_ €9E}- (5'4)

The new PDP optimal control problem is to find an optimal control among all

admissible controls 4 := (o, Ug) € ¢ such that the ezpected total cost
Ji(ﬁ) = Ei[/m e_JJiO(in '&0(:“-57 2a))d‘s
4]
+ 30 e i lp(p-, Ba(Rr)) iz, eoty]
is minimized. Here £ := (zo, %o, 0, —2,0,0).
We conclude from equalities (5.2), (5.3) and (5.4) that the expected cost of the
new problem is the same as that of the original problem.

We will give an example to illustrate the construction of a new boundary controlled

process from an original impulse controlled process.
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Example A Repair/Maintenance Model

Suppose «, repesents the cumulative degree of damage to a machine at time ¢. This
increases at rate f(z) when the degree of damage is «, and also discontinuouly due
to independent random shocks which occur at Poisson times and have some known
distribution function G. The intervention stategy is to replace the machine (i.e. set
2, to 0) when the cumulative damage first exceeds some fixed level Zrmax. (Of course,
this could happen at a shock time or between shocks, see the figure.) There may or

may not be some delay in doing this.

Cumulative

damage z
A

mma.\'

AL

N
-

t() TJ T_) time £
1st 2nd
Intervention Interveation
Time Time

Since there is no dynamic control in this case, we can take the new state space to be
E := E® x T' x IN?, where T" is defined as above.

While the trajectory of the original impulse controlled process x; starting at zq
proceeds with (real) time ¢, the corresponding trajectory of the new process X, taking
values in the new state space £ proceeds with (process) time s in the following way.

The new process starts at the initial state (2o, —2,0,0) at time s := 0 and goes in
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fictitious time to (zg, —3,0,0) which is a boundary point of E°x (—3,—1)x {0} x {0}
at s =1.

Set the time remaining to intervene (i.e. the time remaining to replace the machine
provided no random shocks have occurred) ¢’ := #¢’, the time at which, starting from
the initial damage level o, the cumulative damage will first exceed zpyax at t = 2o/,
i.e. such that fot“' f(z)dz 4 Zo = Tmax, providing no random shocks occur before time
to' and let the impulse control action be equal to zero. This is equivalent to taking a
new boundary control g := {ug,t') := (0,%'). Under this boundary control action,
the new process jumps to (zo,%0’,1,0) € E® x T' x {1} x {0} and, if (as shown)
there are no shocks before ¢ = %y, continues its motion until it reaches the state
(Zmax, 0,1,0) which is a boundary point of E° x T x {1} x {0}. At this boundary
point, the new process has an uncontrolled boundary jump to (Zmax, —2,1,0) € E® x
(—3,—-1)x{1} x {0} and goes in fictitious time to (Zmax, —3, 1,0) which is a boundary
point of E® x (—3,-1) x {1} x {0}. Applying the boundary control action 1 :=
(—Zmax, t1’), where 1)’ satisfies Zmax = Ji*' f(z)dz, the new process &; jumps to
(0,1,/,2,0) € E° x T' x {2} x {0} and continues its motion until it reaches the state
("’T;:tl"‘ (T1—1'),2,0) at the first jump time t = T} or s = T3 +2. The process &,
then takes an interior jump to (zg,-, —5,2,0) € E°x(—6,—4)x {2} x {0} and runs in
fictitious time to (:z:Tl—, —6,2,0) which is a boundary point of E°x(—6,—4)x{2}x {0}.
Applying the boundary control action s := %5’ (i.e. do not intervene), where Zpyax =

b’ f(z)dz + z7,, the new process jumps to (z7,%s,2,1) € E® x T' x {2} x {1},
where z7, is determined by the distribution function G. The new process £, again
continues its motion until it reaches the state (“’T;’ ty' — (T2 — T1),2,1) at the second
jump time t = Ty or 8 = T3 + 3, It then takes an interior jump to (mTz-,—5,2, 1)
and proceeds in fictitious time to (sz-,—6,2,1), a boundary point. Applying the
boundary control action ds := (—zs-,%5) (i.e. intervene to replace the machine),
where ty’ i=t)’ (l.e. Tmax = J¢* f(z)dz), the new process jumps to (0,5,3,1) and
restarts again from this interior point.

This example shows that three possible cases can occur (see the figure).
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(1) At time t¢', ' = 0. We intervene to replace the machine.
(2) At time Ti, a jump epoch, a decision is made not to intervene.

(3) At time T3, a (second) jump epoch, a decision is made to intervene and replace

the machine.

5.3 Generalized BHJ Equation for the New Prob-

lem

In the last section, we have reduced the original problem with both dynamic and
impulse control to an equivalent problem with only dynamic contrcl. Therefore if
Qs satisfies the same conditions as @y and @5, we can apply all but the uniqueness
result (which as stated requires the compactness of the state space not satisfied in
this case) obtained in Charpters 3 and 4 to the new problem. We will not state the
BHJ necessary and sufficient optimality condition or the maximum principle for the
new problem here since they are straightforward but complicated. However, since the
value function and the BHJ equation play a very important role in our charactrizations
of the optimality, we will set up the generalized BHJ equation for the new problem
in this section.

Define the value function for the new problem by

V(2) := minJ;(4) for any & € E.
ae€
Then the generalized BHJ equation for the new problem is
min {¢'f(2,9) + M(&,0) [ (V(3) - V(2)Quldsi )

¢edv(z)
velp

—8V(5) + o(3,v)} =0  VieE° (5.5)
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with boundary condition
V(2) = min{ls(2,9) + / U(9)0s(di; 3,5)} V3 € OE. (5.6)
0606 E°

Substitute the non-hat ccunterparts into equations (5.5) and (5.6). Then the BHJ

equation (5.5) becomes

min {¢'(f(z,v),0,1,—1,0,0) + Xz, v)[V(z, 2,7, =5, m,n) — V()]
¢'eav(s)
vel, R
—§V(&) + eflmntl)jo(z, v)} = 0

V&€ E°x E° x T x [(—o0,=T)U (0,00)] x IN?

in {£(0,0,0,—1,0,0)— §V(2)} =0
5,22{%(‘@){5( ,0,0,-1,0,0) — 6V(2)}

Vi€ [E°UOE| x E° x T x [(—6,—4) U (—3,—1] x IN?

and the boundary condition (5.6) implies

V(%) = rre%n {5t ) (2, v) + /:E V(2,2,0,t',m +1,n)Qs(dz; z,v)} (5.7)
veUsy 0
t'eUy

Vi € [E°UBE] x E° x T x {-8} x {m} x {n}

7(8)= mip min{ O (o,u5)+ [ T(z,2,0,¢,m,m+1)Qa(ds; ,u9),
ﬂsegs
t'eU,

1o, ug) + [ T (9,9,0,8,m + 1,n)Qu(dy; 2,us)}

V2 € 8E x E° x T x {—6} x {m} x {n}

V(ﬁ:) = Il’(lin) min{ S s(z ug) + /Of/(z,z, 0,t,m +1,n)Qs(dz; z, us),
‘:::seba 5
t'EUtl

/I-sov(z’ 2,0,t',m,n + 1)Qo(dz; z, uo(T, 2))}

Vi € B° x E° x T x {—6} x {m} x {n} .

[

o 2 v it i
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Remark 5.1 It follows from the above construction that prior to jumps of the new

process

V(iz) = 3—6(m+n+1)v(m, z,7,—3,m,n) (intervention)

V(z) = e )Y (g 5 7 6 m,n) (jump),

while postjump we have

V(z) = 52%}1 e~ Smin )y (5 2. 0,t,m +1,n) (intervention)
t’

V(z) = tr'reliUn e“5(m+n+1)f/(z, Z, 0; tly m,n + 1) (Jump)
Iy

|

To relate our approach to the quasi-variational approach, assume there is no dy-
namic control, the impulse control action does not take place at boundary states,
lp =0 and Qs(-;2,v) := 8z44(-) the one-atom probability measure concentrated on
z+v. Then the boundary condition for the new embedding problem and Remark 5.1
together imply that if z € E° is a state where the BHJ equation is not satisfied by
the original problem, then following equality, which implicitly defines the intervention

boundaries in E°, must be satisfied,
V(z) = ‘xgiljg:{lé(m, v) 4+ V(z 4+ v)},
while if ¢ € OF, then the following boundary condition must be satisfied,
V()= [ V)Qo(dy;a)

This relates our approach to the quasi-variational inequality approach (cf. §5.1).



Chapter 6

An Equivalent model with
Bounded Costs

6.1 Introduction

In the previous chapters, we have developed a control theory for the PDP optimal
control problem with bounded cost functions Iy and l3. Unfortunately, cost functions
are in general not bounded. In a lot of cases, for example, capacity expansion problems
(cf. Davis et al. 1986, 1987 or Example 1.5.1) and stochastic scheduling (cf. Solel
1986, Dempster and Solel 1987 or Example 1.52.), cost functions are not bounded
but are instead subject to certain bounded growth conditions.

In this chapter, we consider a PDP optimal (dynamic) control problem as for-
mulated in §3.1 with cost functions Iy and Iz that are subject to bounded growth by
which we mean that there exists a function g(z) : E — IR, such that ly(z,u) < g(z)
and ls(z,u) < g(z) for all z and u. Applying the results of the previous chapter this
extends immediately to the PDP optimal control problem with both dynamic and
impulse control.

The purpose of this chapter is to construct an equivalent PDP control problem

with bounded costs using the technique of vhe multiplicative functional transformation
as in Davis et al. (1986).

117

fo e 11



B wmnn EeEwEs e e

118

6.2 An Equivalent Model with Bounded Costs

As was shown in the proof of Proposition 3.3, a discounted problem with discount rate
6 is equivalent to a non-discounted problem with killing rate §. The killed process
is a new PDP on EQ := E°U {A} with total jump rate A(z,u)+ §. All functions
x(z,u) are extended to E x Uy or Ea X Us by setiing x(A,u) = 0. A trajectory
of the killed process proceeds as the original one until it jumps to the coffin state A
and remains at A thereafter. Since the killing rate is a part of the jump rate for the
killed process, it can be generalized to depend on the state z and control u just as

the original jump rate A(z,u) does.

Definition 6.1 A multiplicative functional of a Markov process x; is an adapted

two-parameter process Aj such that
B, =p.8 for r<s<t.

L]
Multiplicative functionals and their properties are described in detail in Dynkin (1965)
and Blumenthal and Getoor (1968). An introduction adequate for our purposes here
may be found in Davis (1981).

The purpose of this section is to prove the following theorem.

Theorem 6.1 Suppose there is a C* function g : E — IR, such that the following

conditions are satisfied:

(A6.1) lo(z,v) < g(z) for all z € E® and v € Uy
lao(z,v) < g(z) for all z € OF and v € Uy,

(A6.2) EZlg(xo)] < g(2),

(A6.7)

(1 —g(z,v)/g(z))A(z,v) + 6+ 1/g(z) - Vg(z) f(z,v) > 0,
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where §(z,v) := [z Qo(dy;z,v). Then there is a PDP {X:} on E° with the same
vector field f, jump rate X(z,v) := Mz, v)§(z,v)/g(z), killing rate

¥(,v) = (1 = §(z,)/9(2))M(2,v) + 6 + 1/9(z) - Vg(2)f(z,v)

and transition measure

1
§(z,v)

A@o(dy;m,v) = /Ag(y)Qo(dy; z,v).

The problem of control of the new process {X:} with initial state ¢ € E° and the
bounded costs Io(z,v) := lo(z,v)/g(z) and B(z,v) := la(z,v)/g(z) is equivalent to
the original problem in the sense that its ezpected costs are equal to ;—(1;7 times the

ezpected costs of the original problem.

Proof
Step 1. Fix an admissible control » and let P be the semigroup (i.e. P* has

the semigroup property PP} = P},) of the corresponding controlled killed process
{x:} defined for ¢ € B(EY) (or ¢ € B(Ea)) by

P ¢(e) := E7[(x.)],

where E* denotes the expectation with respect to the process x; with initial state z.
Define B, := g(x¢)/g(z). Since B, = ByB,, it is a one-parameter multiplicative
functional of x,.

Let }3;‘ be the semigroup corresponding to 8 defined by

Prd(a) = E'[(x)B]
- R%E:Wxt)g(xt)]. (6.1)

By assumption (A6.2), we have
PrIge < 1.

Therefore, 13;“ defines a sub-Markovian semigroup.

M b e w

T !
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As is shown in Blumenthal and Getoor (1968), one can construct a transformed

process {X,} satisfying
Pé(z) = E*$(%4) € B(EQ) (or V¢ e B(En)) =€ E° (6.2)

For simplicity, we write lo(z,u) as [§(z) and ls(z,u) as I3(z). It follows from this
and (6.1) that for

#(z) := [i(z) = &(z)/9(z) € B(ER)
and
$(2) := I3(2)Izeom) = 13(2)/9(z)(acom) € B(En),

we can use the Fubini theorem to yield
L) = B[ B+ L EE g, eon)
= [ Elldt+ 3 B2 (%), eon) (6.3)
= [T Efx)gx
- A ( :I)) x t)g\ Xt
+Z ( )E: lu XT‘.—)g(XT‘.—)I(xT._eaE)] (6.4:)

= —;)Eé‘[ AR ICAENE:

Z_ la(xT‘.- )g (XT‘.‘ ), (Xpm ear)] (6.5)

1 u b u
= /0 I3, )dt

+ Z lg(xT;)I(xTi_ com)] (6.6)
1
= sz(u)- (6.7)

Here the equalities (6.3) and (6.5) follow from Fubini theorem. The equality (6.4)
has on both sides an expression for }3‘“(-) given respectively by equalities (6.1) and
(6.2). The equalities (6.6) and (6.7) follow from the definitions of I and I3 and Jy(u)

respectively.
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Since lo(z,u) < g(z) and ls(z,u) < g(z) by assumption (A6.2), 'l:)(:c,u) =
lo(z,u)/g(z) < 1 and lp(z,u) = lp(z,u)/g(z) < 1. Thus the control problem for
{x:} is replaced by an equivalent one for {X;} with bounded cost functions.

Step 2. By Davis (1981), the extended generator of the transformed process {X:}
s

(L4)(z) = ;(1-5.4”[@1@),

where AY¢ is the extended generator of the original process {x:} corresponding to
a fixed control action v € Up. By Proposition 1.1, the extended generator of the
original killed process {x;} is given by:

(4"$)(2) = V(2)f(2,0) + Az, 0)[ |, 4()Qoldy;,v) - $(a)] - 64(a).

Consequently,

- L -
(A8)(z) = g(m)A [¢9](=)
B sT(I'w_)[qs(w)Vg(m)f(w,v) +9(2) V() (2, )

+X(z,0)( [ 90)9(w)Qo(dws 2,v) — $(a)g(a)) - 64(=)g(a)]
= VH(E)f(s,0)+1/g(e) - Vo(e)f(z,0)p(a)

(@ )3(2,0)/9(0)] [ 6(1)o(v)/3(=,)Qoldyi 2,0) - §(a)

~[(1 - 3(z,v)/a()A(,v) + 81(a),

where §(z,v) = /Eog(y)Qo(dy;m,v).
Using

XNz,v) = Ma,v)g(z,v)/9(z)
Qo(dy; T,v) = g(y)/g(m"u)QU(dy; z,v)
¥(z,v) = (1-3(z,v)/9(z))Mz,v) + 6+ 1/g(z) - Vg(z)(2,v),

we have that

(A9)@) = Vo(a)f(a,0) + Xz, ) [, 60)@o(dy; 2,5) — 8(2)] - ¥(z,9)8(2).

g g,
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Since ¥(x,v) > 0 by assumption (A6.3), this is the generator of a PDP with vector
field f, jump rate X, killing rate ¥(z,v) and transition measure Qo.
Consequently, we have the desired result from the uniqueness of the extended ~ener-

ator. ]

Remark 6.1 If g(z) is equal to a constant, then it is easy to see that the transformed

process coincides with the original process. =
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