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metric signature —h + + 

Tab,c a comma refers to ordinary partial differentiation. 

Tab;c a semicolon refers t o covariant differentiation (wi th respect to 

the m e t r i c tensor g„b). 

ua represents t h e fluid velocity. 

hab = gab 4- uaUb, — the project ion tensor (it projects tensors into 

t he three-dimensional space or thogonal to u° ) . 

6 vo lume expansion; H = 0 / 3 , where H is the H u b b l e pa ramete r . 

aab shear tensor 

p energy density 

p isotropic pressure 

n bulk viscous pressure 

wab shear viscous stress 

qa heat conduct ion vector 

T temperature 
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n baryon number density 
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n shear viscosity coefficient 

it thermal conductivity coefficient 
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Gn A n-dimensionai group of isometries generated by n Killing vectors. 

xix 
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Abstract 

It is proven that if one desires self-similar asymptotic limit points in spatially 

homogeneous cosmological models, then dimeusionless equations of state, .are neces

sary. The converse is also true; it is proven that dimensionless equations of state 

imply self-similar asymptotic limit points. These results are subsequently used in the. 

investigation of various cosmological models. 

Dimensionless equations of state and a set of dimensionless, expansion-normalized 

variables are used to reduce the dimension of the system describing the evolution 

of spatially homogeneous imperfect fluid cosmological models. Since the resulting 

system is an autonomous system of ordinary differential equations, dynamical systems 

techniques can be used to determine its qualitative behaviour. 

In particular, viscous fluid Bianchi type V models with heat conduction are ana

lyzed and compared using both the Eckart and the 'Truncated' Israel-Stewart theories 

of irreversible thermodynamics, and Friedmann-Robertsou-Walker models with bulk 

viscosity are studied and compared using both the 'Truncated' and the 'Full' Israel-

Stewart theories of irreversible thermodynamics. Furthermore,- the dynamical system 

describing the evolution of the viscous fluid isotropic curvature models is given. The 

qualitative behaviour of the first order Eckart theory can be very different from the 

qualitative behaviours of the second order Israel-Stewart theories. It is found that 

in the Eckart theory the anisotropic Bianchi type I and V models always isotropize, 

however, the same is not true in the second order Israel-Stewart theories where it is 

shown that they need not isotropize. It is also found that bulk viscous inflation is 
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possible in all of these theories. Finally, it is demonstrated that there can be more 

entropy produced in the Truncated Israel-Stewart theory than in the Eckart theory. 

The only scalar field models that allow self-similar asymptotic limit points are 

those in which the potential is either of exponential form or zero. Using the prop

erty that the dynamical system describing the spatially homogeneous models can be 

rewritten in terms of dimensionless variables, a class of spatially homogeneous mod

els are investigated. A general result pertaining to the isotropization and inflation 

of Bianchi models with an exponential potential is obtained. It is found that the 

only Bianchi models that can possibly inflate and isotropize when k2 > 2 are those 

of Bianchi types / , V, VII or IX. 

One of the criteria that breaks the self-similarity condition is the existence of a 

scalar field with a non-exponential potential. In isotropic and spatially homogeneous 

models with a quadratic potential, it is shown that oscillatory behaviour is possi

ble. A survey of various models exhibiting this oscillatory behaviour is given and 

examples demonstrating this oscillatory behaviour, are found. Also, a qualitative 

analysis of a cosmological model arising from a soft' inflationary scenario is done and 

the asymptotic behaviour is determined. 

xxi 
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Chapter 1 

Introduction 

1.1 Relativistic Cosmology 

In cosmology, one is primarily interested in studying mathematical models of the 

universe that agree with astronomical observations. Assuming that the universe is 

electrically neutral, the dominant force on large scales is that of gravity. At present, 

there are many theories of gravity to choose from, however, Einstein's General Rela

tivity has proven itself to be an excellent approximation in describing the gravitational 

dynamics of the solar system. We will extrapolate this observation and assume that 

General Relativity describes the gravitational interaction on scahs larger than that 

of the solar system, for instance,-on scales of galaxy clusters. 

In General Relativity, the force of gravity is represented by the curvature of a 

Lorentzian manifold representing our spacetime. The Einstein field equations which 

relate curvature and the matter content are, 

Gab — 8nTab, 

where Gab is the Einstein tensor calculated from the metric tensor, and Tab is the 

energy momentum tensor which represents the energy and matter contributions. By 

1 
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the contracted Bianchi identities, the energy-momentum tensor satisfies 

r*. = o, 

which represents the energy and momentum conservation equations. 

Recent measurements of the cosmic microwave background temperature indicate 

that the universe has a very high degree of isotropy [8], which in turn suggests that 

the universe is also largely spatially homogeneous. Assuming these two symmetries 

are exact, (isotropy and spatial homogeneity) is called the Cosmological Principle. 

On very large scales we can consider galaxy clusters as particles of a gas that fill 

the universe. We are then able to model this gas as a fluid. Astronomical observations 

also suggest that the distribution of galaxy clusters is rather isotropic about us and 

that there is an overall expansion of these clusters [9]. Therefore, (assuming we do not 

occupy a privileged position in spacetime), there is an average velocity vector at each 

spacetime point. This velocity vector can be thought of as representing the average 

velocity of the fluid particles [9]. By far, the most common assumption concerning 

the nature of the fluid approximation is that it have negligible viscosity and heat 

conduction, in which case it is called a perfect fluid. 

1.1.1 The Standard Model 

The Einstein field equations are very difficult to solve, and one usually imposes 

some symmetries on the spacetime so as to make some progress in solving them. Given 

that the matter can be described as a perfect fluid, the simplest cosmological models 

satisfying the Cosmological Principle are obtained when one assumes that there is a 

six-dimensional G6 group of isometries acting multiply transitively on spacelike orbits. 

This results in the spatially homogeneous and isotropic Friedmann-Robertson-Walker 

(FRW) model, also known as the Standard model. The Standard model has had some 

success in describing the present day universe. Firstly, the Standard model agrees 

with the Hubble expansion law. Secondly, since the FRW spacetime is isotropic, the 
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Standard model agret3 with the isotropy observations of the universe. Thirdly, and 

perhaps the greatest success of the Standard model was the prediction and subsequent 

discovery of the cosmic microwave background radiation. Fourthly, the Standard 

model predicts primordial abundances of light elements in accord with observations. 

Nonetheless, the Standard model does have its weaknesses. For instance, there is 

no acceptable theory of galaxy formation. Also, on scales larger than galaxy clusters, 

we observe the universe to be clumpy with large voids [10] — the Standard model 

does not allow the formation of such structures. Therefore, it becomes interesting to 

investigate cosmological models with a. richer structure both geometrically and with 

respect to the matter content. 

1.1.2 Spatially Homogeneous Models 

It is unrealistic to expect to solve the Einstein field equations in full generality. 

(They are a coupled non-linear system of partial differential equations.) The Stan

dard model is spatially homogeneous and isotropic, which is, perhaps, too restrictive 

to describe the true behaviour of the universe. By dropping the isotropy condition 

of the Standard model, the class of spatially homogeneous but anisotropic perfect 

fluid models result. A very important subclass of the general spatially homogeneous 

models are the crthogonal spatially homogeneous (OSH) models. (OSH models are 

those where the average fluid 4-velocity is orthogonal to the surfaces of homogeneity.) 

It was shown by Ellis and MacCallum [11] that the Einstein field equations for all 

OSH models with appropriate equations of state can be written as an autonomous 

system of ordinary differential equations. The perfect fluid OSH cosmological models 

have been extensively studied [12, 13, 14, 15, 16, 17, 18, 19] [see also [20, 21] and ref

erences therein] using various approaches and techniques. One of the most successful 

approaches is the use of dynamical systems techniques to determine the qualitative 

behaviour uf the perfect fluid OSH cosmological models. 
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1.2 Dynamical Systems and Spatially Homoge

neous Cosmologies 

There have been many groups using dynamical systems theory to study OSH cos

mological models. The most elegant, and perhaps, most complete qualitative analysis 

of the perfect fluid OSH models has been done by Wainwright and Hsu (Bianchi type I 

A) [18] and by Hewitt and Wainwright (Bianchi type B) [19]. In these papers, the 

Ellis-MacCallum orthonormal tetrad techniques [11] were used to write down the 

Einstein field equations. In this way, the commutation functions associated with this 

tetrad basis become the physical variables. The system of ordinary differential equa

tions with respect to these basic physical variables admits a scaling symmetry that 

allows one to introduce dimensionless variables. The way one chooses the dimension

less variables is not unique; however, since the expansion plays a dominant role in 

these models, it is natural to choose dimensionless, expansion-normalized variables 

[18]. A property of the dimensionless variables, is that the equilibrium points of the 

reduced dynamical system represent self-similar cosmological models, that is, in addi

tion to the three Killing vectors, there exists a homothetic vector (see equation (2.1) 

on page 13 for a definition of homothetic vector). In addition, the reduced dynamical 

system is analytic, (more over, it is polynomial). One further advantage of using 

dimensionless variables in the perfect fluid OSH models is that the phase space of the 

reduced dynamical system became a compact set in the Bianchi type B models [19] 

and becomes a closed but unbounded set in the Bianchi type A models [18]. 

The resulting system of ordinary differential equations permits one to use dynami

cal systems techniques to determine the qualitative behaviour. (See Appendix A for a 

review of Dynamical Systems techniques.) One of the aims in this thesis is to extend 

the ideas used by Wainwright and his collaborators [18, 19] to viscous fluid spatially 

homogeneous models. Since the dynamical system in the imperfect fluid case becomes 

significantly more complicated than in the perfect fluid cases previously studied, only 
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special subsets of the OSH viscous fluid models will be investigated here. 

1.3 Viscous Fluid Cosmological Models 

1.3.1 Motivation 

Much of this section has been taken from the recent comprehensive review of 

viscous fluid cosmology by 0. Gr0n [22]. 

It was Misner [23, 24, 25] who pointed out that viscosity, and in particular neu

trino viscosity, in the early universe may have played a part in the isotropization of 

the universe. Misner's idea [23, 24, 25] was that after the temperature decreased to 

about 1010 K, the neutrinos would decouple from the rest of the radiation. At this 

point, the neutrinos were neither collision-free nor collision-dominated and therefore 

viscosity would be the dominant process. However, Doroshkevich et al. [26], Stewart 

[27, 28] and Collins and Stewart [29] argued that Misner's suggestion, based on the 

relativistic fluid approximation, assumed that the initial anisotropy was already very 

small. Stewart [27, 28] and Collins and Stewart [29] have shown, using statistical me

chanical techniques, that if the initial anisotropy is sufficiently large then the universe 

need not isotropize. The question of isotropization in spatially homogeneous models 

has also been addressed by Collins and Hawking [30]. They proved that only a set of 

measure zero of all initial conditions in these models can possibly lead to isotropiza

tion (provided the dominant energy condition and the positive pressure criterion are 

satisfied). However, Belinskii and Khalatnikov [31] have shown that the viscous fluid 

anisotropic Bianchi type I models (in particular) do isotropize to the future. In all of 

the above work the Eckart theory was used, and it is not clear whether dissipation 

can lead to isotropization in anisotropic models using the second order Israel-Stewart 

theories. 

The present entropy per baryon in the universe is of the order of 108 - 109. This is 

an extremely large number. Why is it so large today? Because the universe has been 
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approximately Friedmann-Robertson-Walker from the time of recombination, there 

has been no significant growth in the entropy per baryon since this time. Therefore, 

any significant entropy growth must have occurred in the early universe. Weinberg [32] 

was the first to do some specific entropy growth calculations arising from dissipative 

effects. Using the Eckart theory, Weinberg [32] showed that bulk viscosity alone can 

in no way explain the enormous entropy per baryon. On the other hand, in work by 

Caderni and his coworkers [33, 34, 35], it was shown that shear viscosity can produce 

significant amounts of entropy. They found a class of models in which the entropy 

per baryon at the present time could be of the order of 109. Maartens [36] illustrated 

that during a period of bulk viscous inflation an enormous amount of entropy can 

be generated. Consequently, dissipation may offer a possible explanation for the 

currently observed high entropy per baryon. 

Barrow and Matzner [37] pointed out that there are other possible dissipative 

mechanisms available in the early universe, including, for example, graviton collisions, 

quantum particle creation, and mini blackholes. Higher-dimensional superstring cos

mological models give rise to bulk viscosity through the conversion of massive string 

modes to massless string modes [38]. Dissipative effects may also be important with 

respect to galaxy formation [29] and with respect to the possibility of bulk viscous 

inflation [22, 39, 40, 41, 42, 43]. In some instances dissipative effects have been known 

to change the nature of the initial singularity [44] and in other instances have been 

known to remove it altogether [45, 46]. 

Therefore, dissipative cosmological models are of interest and should be analyzed 

in order to discover what properties they may have. A number of important questions 

include; do dissipative models isotropize1, do dissipative models sufficiently increase 

the amount of entropy in the universe, do they cause inflation2, do they remove the 

initial singularity. These are all questions that will be addressed in the thesis. 

1A cosmological model will be said to isotropize if (i) the shear tends to zero and, (ii) in case of 
imperfect fluid models, the anisotropic stress also tends to zero. 

inflation is defined to occur when the generalized deceleration parameter, q = —ll/l2, is negative, 
where / is the average length scale. H ~ | 0 = /'// is the Hubble parameter. 
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1.3.2 Eckart Theory 

Given that the universe can be modelled as a simple fluid, a relativistic theory of 

irreversible thermodynamics is needed to describe the dissipative effects of the fluid. 

In one of the first proposed theories of irreversible thermodynamics [47], it was 

assumed that there was a linear relationship between the bulk viscous pressure3 II 

and the expansion 6, viscous pressure n and the expansion 0, and a linear relationship 

between the heat conduction vector, qa, and the gradient of the temperature summed 

with the acceleration ua, as well as a linear relationship between the anisotropic stress 

Trab and the shear o~ab] that is, 

n = -C0, 

qa = -Khab(Ttb-rTub), (1.1) 

7Ta6 = -2naab, 

where ( denotes the bulk viscosity coefficient, re denotes the thermal conductivity, and 

7/ denotes the shear viscosity coefficient. Equations (1.1) describe Eckart's theory of 

irreversible thermodynamics [47]. Eckart's theory is a first order approximation of 

the viscous pressure n , heat conduction vector qa, and the anisotropic stress tab and 

is assumed to be valid near equilibrium [47]. With equations of state of the form 

C = sV'\ v = v°pn> (1-2) 

Belinskii and Khalatnikov [31] found that the Bianchi type I models isotropized to 

the future. The addition of viscosity allowed for a variety of different qualitative 

behaviours (different from those of the corresponding perfect fluid models). However, 

Eckart's theory of irreversible thermodynamics [47] suffers from the property that 

signals in the fluid can propagate faster than the speed of light (i.e., non-causality), 

and also that the equilibrium states in this theory are unstable (see Hiscock and 

definitions of all terms can be found in the Glossary. 
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Salmonson [48] and references therein). Therefore, a more complete theory of irre

versible thermodynamics is necessary for fully analyzing cosmological models with 

viscosity. 

1,3.3 Israel-Stewart Theory 

Among the first to extend the Eckart theory of irreversible thermodynamics were 

Israel [49] and Israel and Stewart [50, 51], For a simple fluid, and for small deviations 

from equilibrium, one may write the entropy flux as 

Sa = s(p,n)Na + £-Q*(Tl,q"Xb), 

where .s is the specific entropy, p is the energy density, Na = nua is the number 

density flux, T is the. temperature and Qa is a general four-vector representing the 

deviations from equilibrium upto and including second order terms. In the first order 

Eckart theory, the general four vector Qa is zero. Kinetic theory arguments, however, 

suggest the contrary, that is, Qa does not vanish in general. To second order in n, 

qa, and nab, the most general expression for Qa is of the form 

Qa = ~a0Ilq
a - a^qt + | u " ( j ^n 8 + faqhqb + fcira\ab). 

Assuming an irrotational fluid flow, the simplest way to satisfy the H-theorem (pos

itive entropy production) is to assume the following set of linear (in n , qa, nab) 

phenomenological laws for n , qa, and 'Kah [48, 51, 52]: 

2 \ T 

= -nTha
hl •7£ + ub + fiiqb - af0n;6 - <*i V ; c + e 

^m. 

ir.l = -2<l (»«( + fti.j - « i } i ; . + £ 

-(.-^(^-(.-^^(DJ}, (1.3) 
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where the angle brackets denote the purely spatial trace-free part of the enclosed 

tensor; that is, 
1 2 

(Aab) = 2hahbd(Acd + Adc - -^hcdh
efA,j) 

The Israel-Stewart theory has three transport coefficients f, «, and n; three param

eters related to the relaxation times, /?o, fl\, and j3j; and two coupling coefficients 

c*o and «i, and two completely arbitrary parameters 70 and 71, The parameter e is 

a discrete parameter that takes on values of 1 or 0, thereby effectively switching off 

certain components of equations (1.3). The variable, T, represents the temperature. 

We shall refer to equations (1.3) with e — 1 as the full Israel-Stewart equations. Israel 

and Stewart [49, 50, 51] originally assumed that the divergences and spatial gradients 

were sufficiently small so that their products with first order quantities were negli

gible. This class of theories is effectively obtained from the above equations (1.3) 

by setting (e = 0) and is appropriately named the truncated Israel-Stewart theory. 

These equations, (1.3), reduce to the Eckart equations (1.1) used in [2, 53, 54, 55] 

when ao = «i = A) = P\ = #2 = 0. 

Belinskii et al. [44] were the first to study cosmological models satisfying the trun

cated (e = 0) Israel-Stewart theory of irreversible thermodynamics. Using qualitative 

analysis, Bianchi type I models were investigated. They assumed equations of state 

of the form [44] 

C = Copm, /? = W n , A> = />~\ and fa = p-\ (1.4) 

where m and n are constants and (0 and rj0 are parameters. The isotropizing effect 

found in the Eckart models no longer necessarily occurred in the truncated Israei-

Stewart models [44]. It was also found that the cosmological singularity still existed 

but was of a new type, namely one with an accumulated "visco-elastic" energy [44], 

Similar to the work done by Belinskii et al. [44], Pavon et al. [56] and Chimento 

and Jakubi [57] studied the flat Fnedmann-Robertson-Walker models. They assumed 

the same equations of state as Belinskii et al. [44], namely (1.4), but studied the 

models using slightly different techniques. Chimento and Jakubi [57] also found exact 

\ 
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solutions in the exceptional case m = 1/2. They found that the future qualitative 

behaviour of the model was independent of the value of m; however, to the past, 

"bouncing solutions" and deflationary evolutions are possible [57]. 

Hiscock and Salmonson [48] analyzed a viscous fluid cosmological model using the 

full (e = 1) Israel-Stewart theory. Hiscock and Salmonson used equations of state 

arising from the assumption that the fluid could be modelled as a Boltzmann gas. 

They concluded that when the Eckart equations, (1.1), or the truncated (e = 0) Israel-

Stewart equations, (1.3), were used, inflation could occur, but in the full (e = 1) Israel-

Stewart theory, inflation was no longer present. This result led them to conclude that 

"inflation is a spurious effect produced from using a truncated theory" [48]. However, 

Zakari and Jou [52] also employed the full (e = 1) Israel-Stewart theory of irreversible 

thermodynamics, but assumed equations of state of the form (1.4) and found that 

inflation was present in all three theories (Eckart, truncated (e = 0) Israel-Stewart, 

full (e = 1) Israel-Stewart). Therefore, it appears that the equations of state chosen 

determine whether the model will experience bulk-viscous inflation. Romano and 

Pavon [58] also analyzed Bianchi III models using both the truncated (e — 0) Israel-

Stewart theory and the full (e = 1) Israel-Stewart theory. They analyzed the isotropic 

singular points and concluded that the qualitative behaviour of the models in the two 

different theories was similar in that the anisotropy of the models died away. 

1.4 Remarks 

1.4.1 Inflationary Cosmologies 

In Chapters 6 and 7 various scalar field cosmological models are studied. In these 

chapters questions concerning isotropization and inflation are answered. See Chapter 

6 and Chapter 7 for a general introduction into scalar field cosmological models. 
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1.4.2 Divisions 

In all, there are four primary parts to the thesis. The first part comprises the Intro

duction, Chapter 1, and the chapter on Self-Similarity, Chapter 2. The. second part 

(and perhaps the primary theme in the thesis) is the work done on the viscous fluid 

cosmological models found in Chapters 3-5. The third part is work done in Chapter 

6 on the spatially homogeneous models with an exponential potential. The final part 

consists of the analysis of the inflationary theories undertaken in Chapter 7. The final 

chapter is a summary of the principal results together with some concluding remarks. 



Chapter 2 

Self-Similar Asymptotic Solutions 

of the Einstein Field Equations 

2.1 Introduction 

Wainwright and Hsu [18] have shown for the orthogonal Bianchi type A perfect 

fluid cosmological models that the asymptotic limit points are represented by self-

similar models. Similarly, Hewitt and Wainwright [19] have shown for the orthogonal 

Bianchi type B perfect fluid cosmological models that the asymptotic limit points are 

also represented by self-similar models. Hewitt and Wainwright [59] have also proved 

that the 'dynamical equilibrium states' are self-similar for the orthogonally transitive 

G-i cosmologies. How far can these observations be extended? We propose to gen

eralize these observations to general orthogonal Bianchi models containing imperfect 

fluid sources. 

In section 2.2 we shall define self-similarity. In section 2.3 the Einstein field 

equations will be set up as a dynamical system using the orthonormal tetrad formalism 

of Ellis and MacCallum [60]. Provided appropriate equations of state are given, the 

dynamical system will be shown to admit a symmetry. This symmetry defines new 

variables under which one of the equations in the system will decouple. It will be 

12 
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shown that the equilibrium points of the. reduced system represent self-similar space-

times provided p + 3p > 0. Conversely, it will also be shown that if self-similarity 

is assumed, the field equations will then imply these same equations of state for 

the isotropic pressure p and anisotropic stress 7Taig. In section 2.4 we will include 

dissipative effects arising from theories of irreversible thermodynamics (for example 

the Israel-Stewart theory of Irreversible Thermodynamics) and will determine the 

equations of state required. In section 2.5 the analysis will be further generalized to 

include a scalar field. In section 2.6 a list of conditions breaking self-similarity will 

be given and examples illustrating these conditions will be shown. In section 2.7 we 

shall analyze a class of scalar tensor theories. In section 2.8 we will conclude with 

a discussion. The notation will be consistent with that used by MacCallum in the 

Cargese Lectures [20]; in particular, lower case Latin indices range from 0 to 4 and 

lower case Greek indices range from 1 to 3. 

2.2 Self-Similarity 

Let (JW, g) be a space-time manifold with metric g. Let L% denote the Lie deriva-

tive in the direction X and let c be a constant. A vector X that satisfies 

% g = 2cg, (2.1) 

generates a one parameter family of similarities. If c = 0, then X is a Killing vector 

and if c ^ 0, then X is a homothetic vector. The collection of all similarities of a 

space-time (M, g) forms a Lie group, called the similarity group. A space-time is 

defined to be self-similar if it admit? a homothetic vector, and transitively self-similar 

if it admits an H\ [61]; that is, in addition to the homothetic vector, there exist three 

Killing vectors that act transitively on 3-dimensional hypersurfaces. In order to be 

consistent with previous work [61], we are using the term self-similarity to characterize 

the properties of the geometry, rather than characterize the properties of the matter 

[62]. It is somewhat conventional, however, to define self-similarity with respect to 
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symmetries on the matter [62]. For perfect fluid spacetimes the two definitions are 

compatible, however, the same cannot be said about imperfect fluid spacetimes. This 

observation is part of the symmetry inheritance problem. (See Coley and Tupper [62] 

for more details.) 

Hsu and Wainwright [61] state and prove a theorem in which the conditions are 

given for a simply transitive similarity group H4 to exist. 

Theorem 1. A spacetime (M,g) admits a simply transitive similarity group H4 if 

and only if there exists an orthonormal frame {ea} and a scaiar field t such that 

7°a6 = Kbr1 (2.2) 

g ° ( < ) = e ^ t ) = n a ( 2-3 ) 

where [e0, £*(,] = 7°a6ec, and where Fc
ab and na are constants. 

Proof. See Hsu and Wainwright [61]. 

2.3 The Field Equations 

Consider a 4-dimensional space-time manifold (M, g). Suppose we also have a 

timelike congruence of curves through every point p of the manifold M. This congru

ence of curves defines a tangent vector u at each space-time point p. The covariant 

derivative of u can be written as 

K 
Ua;b - rhab + (Tab + Uab ~ UaUb, (2.4) 

where cra6 = o-(a6), aabu
h = 0, aa

a - 0, wal)u
6 = 0, wa6 = W[ab]> a&d «t> = ua;bub. If we 

interpret u as the velocity field of a fluid, then 0 is the expansion, aab is the shear, 

uab is the vorticity, ua is the acceleration, of neighboring particles in the fluid and 

hab = uaUb + gab is the projection tensor [20]. 

The energy-momentum tensor, Tab, can be decomposed [20] with respect to ua as 

follows, 

Tab = puaub + phab + qaub -r- uaqb + 7r06, (2.5) 
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where qau
a = 0, irabub = 0, ra

a = 0 and irab = W(ab). In general the quantities p, 

qa, p, and irab have no physical meaning, however, if ua is the velocity vector of the 

fluid, then p can be interpreted as the energy density, qa as the energy flux, p as 

the isotropic pressure, and wab as the anisotropic stress as measured by au observer 

moving with 4-velocity ua. 

Assuming that the fluid is moving hypersurface orthogonal, u = ft (it is the unit 

normal to the surfaces of homogeneity), the acceleration and vorticity are zero; that 

is, ua =-• uab = 0. If we parameterize the surfaces by distance along the geodesies 

normal to the surfaces, then we can consider the surfaces as surfaces of constant time 

where na = —t>a. 

Using u and the three Killing vectors generating the $3 group of motions, the 

Einstein field equations for the orthogonal spatially homogeneous models may be 

written in terms of an orthonormal tetrad {ea}. If e0 = u, then the quantities 7f
nb 

defined by the commutator relation [e„,e&] = 7c
a()ec are spatially independent and 

are functions of t only. With respect to this basis, the non-zero components of aain 

qa, and irab are respectively aap, qa, and irap. The quantities 7°a6 may be written in 

terms of 6, aap, and new variables nap and ap as follows [20]: 

%a = 7a/J = 0) 
c 

lop = ~0^0/3 — Oup-V e«0T^T, (,2,6) 

1f)S = ePS<n + <>S 0/3 - <>0 as. 

Furthermore, the basis {e„} can be chosen so that nap = diag(ni,n2,ns) and a& = 

(a, 0,0). The Einstein field equations are [equations (113-121) in MacCallum's Cargese 

lectures [20], with A = 0 and 0ab = f fta& + o~ab] 

0 = Jl-2<T2-±(p + m, (2.7) 

qa - So-fap-ecp^a/, (2.8) 

2 (92
 2 \ 

vap = —z6ap I — - IT2 - p 1 + irap - 6aap 
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+njnap + Sap I 2aya
1 + n^n^g - « ) 5 

(2.9) 

The Jacobi identities, [ea, [e&,ec]] = 0, are 

aa - ~(rfap--aa^eap^afjW, (2.10) 

n«0 = 2n'y(ac^n f f + 2 n 7 ( a ^ + 2n}aS^B- - na/30. (2.11) 
o 

The energy-momentum conservation equations are 

P = -(p + p)e-TCapc-0"}-r2aaqa, (2.12) 

qa = -eap^SP - aapq0 - -9qa + dapirJ + TTp/e^asnp6. (2.13) 

The generalized Friedmann equation is 

t = CT2 + p + 1 / 6 f l a a a + na/Jna/J _ ( 2 | £ \ . ( 2 < 1 4 ) 

The quantity tia is essentially the angular velocity of an observer moving with 

velocity e0, of the triad {ea} with respect to a set of Fermi propagated axes. For 

models of Bianchi type A, Qa = 0, and for models of Bianchi type B, Cta is a linear 

combination of components of the shear tensor, o~ap [60]. 

Equations (2.8) and (2.14) are first integrals of the system. Hence, the generalized 

Friedmann equation (2.14) can be used to define p and equation (2.8) can be used 

to define qa in terms of the remaining variables. It is important to note that both 

p = p(6, crap, nap, aa) and qa — qa(0, aap, nap, aa) are homogeneous functions of degree 

two in their arguments. The remaining equations (2.7, 2.9, 2.10, 2.11) constitute a 

dynamical system. The dynamical system (2.7, 2.9, 2.10, 2.11) is invariant under the 

transformation 

9 —» X9, aa —• \aa, p —» A2p, 

aap - * \o-ap, nap ->• Xnap, (2.15) 

nap -* A27T«0, t -> \~H. 
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This invariance implies that there exists a symmetry in the. dynamical system [&< 

(See also Appendix B). With the following change of variables 

v „ = fa! A = <m M . — Usui 
£->otp — g , -™ar — g 5 J '0fj3 — g , 

0 = ln0, ^ - i 
(2,16) 

dr ~ 0> 

the new evolution equations for Tiap, Nap and Aa become independent of the variable 

0 . That is, 0 decouples from the dynamical system describing the. evolution of S«/)» 

Nap and Aa. The dynamical system can be considered as a reduced dynamical system 

for Hap, Nap and Aa together with an evolution equation for 0 . 

What equations of state for the isotropic pressure p and anisotropic stress n^p are 

needed to satisfy the conditions that p —> X2p and wap —> X2nap in equation (2.15)? 

In order for the dynamical system described by equations (2.7, 2.9, 2.10, 2.11) to have 

a unique solution, the equations of state must be C1 functions of their arguments. 

The equations of state for p and irap must also be homogeneous functions of degree 

two, that is, 

p(\9,\crap,\nap,\aa) = X2p(9,o-olp,nap,aa), (2.17) 

and 

ftap(X9, Xaap, \nap, \aa) = X Trap(9,aap,7iap,aa). (2.18) 

In the new variables (2.16) the equations of state needed are of the form 

_ p 
~ 02 = 

= 

p(9,<T 

' ( . • 

yp,nc 

92 

0~aP 

9 

K/9J da 

n«p 
9 

) 

' 9 

= P(Eap,Na0,Aa) (2.19) 

and 

Ilap = M = ]Jap(Xap, Nap, Aa). (2.20) 

Thus, any C1 functions of the dimensionless variables (Ea/g, JV^, /^) gives rise to 

equations of state that satisfy the conditions p —• \2p and irap ~4 X2ftap in equation 

(2.15). We note that P = p9~2 and Uap = irap9~2 are functions of dimensionless 
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variables and therefore are dimensionless. We shall call the corresponding equations 

of state (2.19, 2.20) 'dimensionless' equations of state [64]. 

The equilibrium points of the new reduced dynamical system can be found. At 

these equilibrium points T,ap, Nap, and Aa are constant and consequently the equation 

l2=-\-*a^-\{p6-2 + ZP) (2.21) 

may be integrated where P — P(Tiap, Nap, Aa). [Note that equation (2.14) is used to 

define p9~2 in terms of the other variables.] The solution to (2.23) is 

9 = < 

0J-1 if - § - S a / ? S ^ - \(p9-2 + SP) ? 0 

90 if - I - S ^ S ^ - \{p9~2 + 3P) = 0 

(2.22) 

at the equilibrium point. If the condition p -f 3p > 0 is satisfied at the equilibrium 

points then 9 = ̂ 0t_1 and the remaining physical variables may also be integrated 

to yield o-ap = (craj8)0£
-1, nap = (najg)0t-1, and aa — (aCT)02~\ where the subscript 

'o' denotes constant values. These solutions imply that the commutation coefficients 

7c
a6 are functions of t_ 1 [see equations (2.6)]. Therefore, using Theorem 1 stated 

in section 2.2, the equilibrium points of the reduced system represent transitively 

self-similar cosmological models. However, the equilibrium points of the reduced 

dynamical system also represent the asymptotic limit points of the Einstein field 

equations. 

Conversely, assume that the asymptotic limit points are self-similar then Theorem 

1 in section 2.2 implies that the commutation functions fc
ab oc i - 1 . Therefore 7oa = 

—9 a i"1, and similarly the physical variables o~ap, nap, and aa are also functions of 

t~l [see equations (2.6)]. Equations (2.7-2.14) then imply that the isotropic pressure 

p and anisotropic, stress irap are functions of t~2; that is, p(t) = p0t~
2 and irap(t) = 

(^a/3)o*~2- [Since 9, aap, nap, aa oc t~l, from equation (2.14) we see that p oc t~2 and 

substituting into (2.7), we obtain the result p oc t~2. Similarly for irap using equation 

(2.9).] 
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If the pressure p has an equation of state of the form 

p = P(9,<T0lp,nap,aa), (2.23) 

then 

p(t) --= p{9(t),<Tap(t),nap(t),aa(t)), 

= p{(9)or\(<Tap)0t-\(nap)or\(aa)0t-'). (2.24) 

Thus, it follows that 

^(A"1*) = p(X((9)or%X{(aap)or%X((nap)or"),X{(aa)0r
1)), 

- p(X9,Xo-ap,Xnolp,Xaa). (2.25) 

But p(A-1i) = A2p0£""2 = A2p(t), thus the equation of state for p is of the form 

p(X9, Xaap, Xnap, Xaa) = A2p(#, aap, nap, aa). The result is similar for irap. Therefore, 

assuming that the spacetime is transitively self-similar, the equations of state for the 

isotropic pressure p and anisotropic stress irap must be homogeneous functions of 

degree two of the variables (9, aap, nap, aa). The previous two results are summarized 

in the following theorem. 

Theorem 2. Let there be a Gz group of isometries acting transitively on a 3-

dimensional hypersurface, and assume that the fluid is moving hypersurface orthog

onal. Then the asymptotic limit points of the Einstein held equations are transi

tively self-similar if and only if the equations of state for the isotropic pressure p and 

anisotropic stress wap are homogeneous functions of degree two; thai is, 

p(X9,Xaap,Xnap,Xaa) = X2p(9,aap,nap,aa) 

irap(X9, Xaap, Xnap, Xaa) = A Trap(0,o-ap,nap,aa) (2.26) 

provided p + 3p > 0. 

Note: The condition p + 3p > 0 is a sufficient condition and not necessary. The 

equilibrium points are self-similar as long as — | — Sa^Sa '3 — \{p9~2 + 3P) ^ 0 at the 

equilibrium point. Also, the condition p 4- 3p > 0 is equivalent to the SEC (strong 

energy condition) if the energy momentum tensor, Tab, is diagonal. 
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2.4 Equations of State in Theories of Irreversible 

Thermodynamics 

We have already determined that the isotropic pressure p and the anisotropic 

stress TToip should be invariant under the transformation (2.15) so that the asymptotic 

limit points will be represented by self-similar cosmological models. We will now use 

this information to determine the equations of state that will be needed to complete 

various theories of irreversible thermodynamics if the requirement that the asymptotic 

limit points be represented by self-similar cosmological models is assumed. 

In imperfect fluid models with bulk viscosity, the isotropic pressure, p, has two 

components, the thermodynamic pressure, p, and the bulk viscous pressure, n , that 

is p = p + n. A second order theory of irreversible thermodynamics was proposed by 

Israel and Stewart [49, 50] to model viscous effects in a simple fluid. The evolution 

equations for the bulk viscous pressure, n , the heat conduction vector, qa, and the 

anisotropic stress, nab are given implicitly in equations (1.3). 

2.4.1 First Order Eckart Theory 

The first order Eckart theory [47] is obtained by setting «i = a2 = 0o = Pi = 02 = 

0, in equation (1.3). In the Eckart theory we need three equations of state for the 

three transport coefficients £, K, and TJ. In order for the system (1.3) to be invariant 

under the transformation (2.15), we must have 

n -v An, C ->• AC, K -»• A/c, n -»Xn. (2.27) 

Now if equations of state of the form 

C = (,{9,<yap,nap,aa), 

K = K(9,o-ap,nap,aa), (2.28) 

n = f)(9,aap,nap,aa), 
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are assumed such that they satisfy (2,27) then the corresponding dimensionless equa

tions of Ktate are 

- = ((Sap^aPiAa), 

j = K(Eap,Nap,Aa), (2.29) 

- = fjCSap:Nap,Aa). 

The dynamical system describing the evolution of the spatially homogeneous mod

els in dimensionless variables (2.16) is independent of the variable 0 = In 0 and hence 

the system has decoupled into a reduced system and an evolution equation for 0 . 

At the equilibrium points of the reduced dynamical system, Eap, N„p, and Aq, are 

constant and consequently the equation 

~ = - I - B ^ B ^ - \(P0-2 + 3P - 3C), (2.30) 

may be integrated where P — P(Eap,Nap,Aa) and ( = ((Hap,Nap,Aa). [Note that 

p0~2 is given by equation (2.14).] The solution to (2.30) is 

\ 90 

if - | - S a / J S ^ - \{P9-2 + 3P - 3<) ^ 0, 

if - | - S ^ E " " - \{p9~2 + W - 3<) = 0, 
0 J "o* » - 3 ~^ap^ ~2iPv T*r -M,) f»y 

at the equilibrium point. If the condition p -f- 3p > 0 (note p — p -f TI = p — £0) 

is satisfied at the equilibrium points then 9 = ^ i " 1 and the remaining physical 

variables may also be integrated to yield aap = ((Tap)ot~l> nap = (nctp)0t~
1, and 

a« = (aa)0t~
l, where the subscript 'o' denotes constant values. These solutions 

imply that the commutation coefficients i°ab are functions of t~l [see equations (2.6)]. 

Therefore, using Theorem 1 stated in section 2.2, the equilibrium points of the reduced 

system represent transitively self-similar cosmological models. 

We can deduce at the equilibrium points of the Teduced system that p = Pot"*, 

C = Cot'1, n = Kot"1, j] = rj0t~
l, and p = p0t~

2. Therefore, at the equilibrium points 

of the reduced system, the equations of state are of the form: 

p a p , ( oc p1/2 , 

K oc p1 /2 , n <x p1 /2 . (2.32) 
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We can now conclude that if we choose any dimensionless equations of state for p, (, 

K, and n, then, asymptotically, as the cosmological models approach an equilibrium 

point, the equations of state will have the above asymptotic form (2.32). 

2.4.2 Second Order Israel-Stewart Theories 

The second order Israel-Stewart theory is described by equations (1.3). In addition 

to the three transport coefficients ((, K, rj) also found in the Eckart theory, there are 

five other quantities (0Q, 0i, 02, ao, a%) that require equations of state. In order for the 

system (1.3) to be invariant under the transformation (2.15) we find that equation 

(2.27) and 

0i-.X-20i (1 = 0,1,2), ai-*\-*as (j = l,2) (2.33) 

must be satisfied. Therefore, if the equations of state for the above quantities satisfy 

(2.27) and (2.33) then it is possible to define new dimensionless variables y = TL/92 

and zap = irap/0'i and use the dimensionless variables (2.16) such that the dimension 

of the system governing this model is reduced by one. 

The most general equations of state are of the form: 

C = C{^j<Tap,nap,aa,U,'irap), 

K = n{0,crap,nap,aa,H,irap), 

V - n(9,<Tap,nap,aa,Il,irap), (2.34) 

Pi = 0i{O,(Tap,nap,aa,Il,irap), (i = 0,1,2) 

«i = ocj(9,crap,nap,aa,H,irap). (j' = 0,l) 

If the equations of state satisfy equations (2.27) and (2.33) then the above equations 

of state (2.34) can be written in terms of dimensionless variables (2.16), viz; 

a = C{^ap,Nap,Aa,y,zap), 
if 

- = K(£ap,Nap,Aa,y,zap), 
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I = v(Hap,Nap,Aa,y,zap), (2.35) 

0i9"2 = pi(Vap,Nap,Aa,y,zap), (i = 0,1,2) 

cx^2 = ajfiafaNcfaAcyiZcp). (i = 0,l) 

Using the same arguments found in the previous subsection we find at the equi

librium points of the dynamical system describing the model that 

j 2 = - \ - B^E"* - \(P9~2 + 3P + 3y), (2.36) 

may be integrated where P = P(Eaig, Nap, Aq,y,zap) and p9~2 is given by equation 

(2.14). The solution to (2.36) is 

e = f *,r> if - | - E^E** - \{p9~2 + 3P + ifr) * 0, 

\ 0O if - | - E ^ E ^ - | ( p r 2 + 3P + 3») = 0, 

at the equilibrium point. Therefore, using Theorem 1 stated in section 2.2, the equi

librium points of the reduced system represent transitively self-similar cosmological 

models provided p9~2 + 3P + 3y > 0. Note, this condition is satisfied if one assumes 

the strong energy condition [65]. 

We deduce that at the equilibrium points of the reduced system, p = p„t~\ 

( = Cot'1, K = Kot'1,n = n0t~
x, 0i = {0i)ot

2, cti = {cti)0t
2, and p = p0t~

2. Therefore, 

at the equilibrium points of the reduced system the equations of state are of the form: 

p oc p, ( oc p1/2, 

K oc p1'2, T) oc p1/2, (2.38) 

Pi oc p~l, ctj oc p_1. 

We can now conclude that if we choose any dimensionless equations of state for p, 

(, K, n, pi, and «_,-, then, asymptotically, as the cosmological models approach an 

equilibrium point, the equations of state will have the above asymptotic form (2.38). 
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2.5 Scalar Field 

We have seen in the previous sections that self-similarity plays a role in the spa

tially homogeneous fluid spacetimes. This property of self-similar asymptotic limit 

points may also be present in some scalar field cosmologies. In this section we shall 

determine which scalar field models allow self-similar asymptotic limit points. The 

addition of a scalar field (j> with potential V{<j>) is equivalent to 

P = pf + pf, Pt = \p + VU), (2.39) 

P = Pf+Pti Pt = -i2-V{<l>), (2.40) 

TTa/3 = fXaP, 

where a subscript / denotes the usual fluid components. With the introduction of the 

field <f>, one more equation is needed to complete the system, namely the Klein-Gordon 

equation 

* = -*-»M. (2.41) 

The conditions p —» A2p and irap —> A27raig, necessary for the symmetry to exist 

in the dynamical system, (see section 2.3), imply that (j> —• X(j> and V(^) —» X2V((f). 

Furthermore, since (j> —• A^ is a linear transformation, it follows that <f> —» <j> -j- (j>0, 

but this is incompatible with V(^) -»• X2V((j)), except when V((f>) = 0 or V(^) = 

AeK* (is ^ 0) in which case <̂ 0 = J In A. Therefore, if V((/>) = Ae"* (« ^ 0) a 

symmetry will exist. If A ^ 0 then the potential permits power law inflation while if 

A = 0 the scalar field is massless. 

The existence of this symmetry in the dynamical system again implies that there 

exists a transformation of variables (See Appendix B). Using the variables in equation 

(2.16) and the new variables $ = j>8~1 and * 2 = eK<t'9~2, the dynamical system is 

transformed such that one of the equations decouples. The equilibrium points of the 

new reduced dynamical system can be found. At these equilibrium points T,ap, Nap, 

I 
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Ac, W and $ are constant. Thus, at these equilibrium points the, equation 

£ = ~l ~ E^E"* - *2 - A*' - \{9}B-2 + ZPj), (2.42) 

may be integrated. [Note that equation (2.14) can be used to define. pj9"2 in terms 

of the other variables.] The solution to (2.42) is 

9 = | to"1 if - 1 - B„pB^ - *2 - A*2 - \{P{9-2 + ZPj) * 0, 

\ 0O if - 1 - Ea/3E^ - *a - A*2 - i ( ^ r 2 + 3P,) = 0, 

at the equilibrium point. If the condition p/ + 3p/ > 0, is satisfied then the remaining 

physical variables may also be integrated to yield aap = (o"«1o)oi-1, nap = (nO!/8)0f,'~
,, 

fla = (o«)o^_1 and § = (̂ )ot""1. These solutions imply that the commutation coef

ficients 7°a6 are functions of t_1. Therefore, using Theorem 1 stated in section 2.2 , 

the equilibrium points represent transitively self-similar cosmological models in the 

case of a zero or an exponential potential. See Chapter 6 for an explicit example of 

a cosmological model containing a scalar field with an exponential potential. 

2.6 Non-Self-Similar Asymptotic Models 

The self-similarity of the asymptotic limit points of the Einstein field equations is 

not a robust property. For example, self-similarity is broken if any of the following 

conditions are satisfied: 

A. The equations of state are not of the form (2.26). 

B. The existence of a scalar field with a non-exponential potential (e.g., V((j>) — 

Xn^
n). 

C. The existence of a cosmological constant A. 

In addition, self-similarity may be broken if : 

D. The condition p + 3p > 0 is not satisfied. 
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As an illustration, let us consider a Friedmann-Robertson-Walker (FRW) model 

with a perfect fluid source and a scalar field (j> with potential V((f>) = An^2". Since 

the k = 0 flat FRW model occurs as the asymptotic limit of the k = ±1 (positive 

and negative curvature) FRW models, we shall further simplify our examples by 

assuming k = 0. The solutions examined here are exact k = 0 FRW solutions and 

are not asymptotic solutions. 

The Einstein field equations are [see equations (2.39), (2.40)] 

0 = - ^ - ^ / + « + 3p/ + 3w), (2.44) 

92 

J = Pf + Ph (2-45) 

PS = -KPf+Pf), (2-46) 

P+ = -0{p* + P4). (2.47) 

Note that equation (2.47) is equivalent to the Klein-Gordon equation (2.41). 

Equations of State and Non-zero Potential. 

Let us demonstrate that dimensionless equations of state imply self-similarity. 

Consider a dimensionless equation of state of the form 

j i = ( 7 - l ) £ ; 7 = constant. (2.48) 

Substituting (2.48) and (2.45) into (2.44) we obtain 

— --1 
02 ~~2' 

(2.49) 

The solution is 0 ~ t~l, which implies that the model is self-similar. 

However, now assume pj = pj = 0 and a potential V(</>) = |m 2 ^ 2 . This is 

equivalent to having a non-dimensionless equation of state for p^, viz., 



27 

Substituting (2.50) into (2.44) and (2.45) we obtain 

0 = _ I ^ - ^ + m y , (2.51) 

If = \^ + 12m^- (2'52) 
Taking linear combinations of (2.51) and (2.52) we obtain 

9 + 92 = 2mV2, (2.53) 

6\-lo
2 = -2^ 2 . (2.54) 
o 

If we assume that the solution is self-similar, then 9 ~ t"1 and 9 ~ t~'2. Equations 

(2.53) and (2.54) then imply that both <̂  ̂  t_1 and <j> ~ t~l. However, this is a 

contradiction and thus the solution cannot be self-similar. 

Cosmological Constant. 

In a similar manner one may include a cosmological constant in the model by 

setting (j> — 0, whence p$ = V0 and p^ = — V0. If we consider the vacuum case 

in which p/ = pj = 0, equation (2.45) may be simplified to give 9 — y/ffl^,. This 

solution represents the de Sitter model which is not self-similar. Note, in this case 

p/02 = —V0/9
2, hence the equation of state for the pressure p is not dimensionless. 

p + 3p > 0. 

One may also consider a simple imperfect fluid model with bulk viscosity by 

putting p$ = p$ = 0 and pj — p — (9, where p is the thermodynamic pressure and 

( is the bulk viscosity coefficient. [This is an example from the Eckart theory, see 

previous section 2.5.] If we assume the equations of state 

£ = <-S and H = (7"1)S. (2-65) 

I 
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then the equation of state for pj9~2 is dimensionless. Substituting (2.55) and (2.45) 

into (2.44) we find that 

e = -\(i-Q02. • (2-56) 

The solution for 7 ^ (0 is 9 ~ t - 1 , which is self-similar. However, for 7 = Co the 

solution is 9 = 90 (a constant), which is not self-similar. In this case 

P + 3p = /V + 3P-3C0, 

= /V + 3 p / ( 7 - l ) - 3 7 / V , 

= -2/»/, (2-57) 

whence p + 3p~£0 if the energy density, p/ , is non-negative. 

2.7 Scalar Tensor Theories 

We have shown that, in General Relativity, the asymptotic limits of the Einstein 

field equations are self-similar provided that the equations of state for the isotropic 

pressure p and the anisotropic stress wab are of the form (2.26) and p-f 3p > 0. Building 

upon this result, a general class of modified theories of gravity will be studied to find 

under what conditions one might expect to have self-similar asymptotic limits in 

gravitational theories other than General Relativity. 

The class of scalar-tensor theories under consideration has an action of the form 

S = Jd4xx/-detgab[-f((l>)R - \<t>-A'c ~ V(<l>) + An} , (2.58) 

where Lm is the Lagrangian of matter. A number of theories can be cast in this form. 

For example, a) the classic Brans-Dicke theory is obtained by setting f(<j>) = (<f>2 

and V((f>) = 0, and b) the non-minimally coupled scalar field theories are achieved by 

se t t ing f(<j>) = - ^ + le(j>2. 

Varying the action S in a FRW background we obtain the following dynamical 

system 

p = -9{p + p), 
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<t> = *, 
$ = 

+ 4 ^ ) + p - 3 p ) l , (2.59) 

-i*2 + ^ $ 
3 " + /(« * 

1 l ( 2 _ 6 / " ( ^ ) ) $ 2 - 2 V ( ? i ) - r / 9 + 3p 
4(3/'(<£)2 - f(4)) 

+erw{t) - e ^ (p+^$2+^) 

with first integral 

""? • * - "7$ -«k ) ( ' + 5*" + ™)- P-») 
where A; takes on values +1,0, —1 which represents the closed, flat and open models 

respectively and where 0 = 3 - . 

The system (2.59) is invariant under the transformation 

0-^X0, p-+X2p, p-+A2p, 
(2.61) 

$ -*• A$, <̂  -* <£, 

if and only if V(^) = 0 and the equation of state for p has the form (2.26). Therefore, 

in the case V(<f>) = 0, new dimensionless variables can be defined as follows: 

x = %, ^ , * = | , 6 = In*, fT = 4 • (2.62) 

The evolution equations for x, tp, and $ are now independent of 0 . Hence, the 

equations decouple and the qualitative behaviour of the system can be determined 

from the reduced system of equations. A dimensionless equation of state of the form 

p/02 = (7 — l)ai/3 is assumed for p (this reduces to the usual 7-law equation of state) 

in which case the equations become: 

dx ( 9\ , AX 

Tr = - H 7 + 2 ^ j ' (2-63) 
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dr 
* , (2.64) 

* - -, ::JJ ., .. {(6/"M - l)*2 + (4 - 37)|} - *|f,(2.65) 
dr 2(3/W~/M) 

whore 

? - - i + ^ ' - W^)){(2-6rw)*2+(37-2)i 

The equilibrium points are found by setting each derivative to zero. Equation 

(2.64) implies that at any equilibrium point $ = 0. From equation (2.63) either 

x = 0 or -$2 = —y/2. If x = 0, then from equation (2.66), we see that ^ = —1/3. 

Hence in either case the equilibrium points of the system (2.63-2.66) represent self-

similar cosmological models if 7 ^ 0. 

In summary, if V((f>) = 0 and the equation of state for the pressure p = (7 — l)p, 

then the dynamical system describing the Friedmann-Robertson-Walker model in a 

Scalar tensor theory of gravity allows one equation to decouple when dimensionless 

variables are used. In these new dimensionless variables the explicit forms for ^ were 

found at all the equilibrium points. If 7 ^ 0 then 9 ~ t~x at all of the equilibrium 

points, and thus these equilibrium points represent self-similar cosmological models. 

This conclusion is independent of the particular scalar tensor theory, that is, it is 

independent of the form of f{&>), but this result does require that V(d>) = 0. [Unless 

/'(</;) = 0 in which case the theory reduces to general relativity with a scalar field 

(see section 2.4).] 

2.8 Conclusions 

The Einstein field equations with an imperfect fluid source were investigated using 

techniques from dynamical systems theory and employing methods from the theory 
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of symmetries of differential equations. We assumed a GQ group of isometrics acting 

transitively on 3-dimeusional spacelike hypersurfaces; that is, the models under con

sideration were the spatially homogeneous Bianchi models. Also, we assumed that the 

fluid flow is moving hypersurface orthogonal. The equations of state for the pressure 

p and anisotropic stress irap were assumed to be homogeneous functions of degioo two 

in the variables {9,o~ap,nap,alx), so that a symmetry in the Held equations could bo 

used to define new variables. The field equations in those now variables allowed one 

equation to decouple. The equilibrium points of the reduced system wore shown to 

represent self-similar cosmological models; provided p + 3p > 0. Also, it was shown 

that if the. spacetime is transitively self-similar then the equations of state for the 

pressure p and anisotropic stress 7r„̂  are homogeneous functions of degree two in the 

variables (9, aap, nap, aa), whence the resulting equations of state in the new variables 

(2.16) are 'dimensionless'. 

In the literature on cosmological models, the most utilized equation of state* lor 

the thermodynamic pressure p is the barotropic 7-law equation of state 

p = {l~l)p. (2.67) 

For the spatially homogeneous models, the energy density defined by the Friedmann 

equation (2.14) is a homogeneous function of degree two. Thus, employing the the

orem in section 2.3, self-similar asymptotic solutions are to be expected for 7 > 2/3 

(this is the condition for p + 'ip > 0). Hence, as is most common in the literature, if a 

7-law equation of state is assumed in the spatially homogeneous perfect fluid models, 

then the asymptotic solutions are generally going to be self-similar. 

Self-similarity is not only found in perfect fluid models, but it is also a feature of 

viscous fluid models. In both the. Eckart and the Israel-Stewart theories of irreversible 

thermodynamics, it was shown that if the the equations of state are dimensioiiloss and 

if the matter satisfies p -f 3p > 0 then the equilibrium points of the system describing 

the model represent self-similar cosmological models. It was also shown that if the. 

equations of state are dimensionless then asymptotically they had the form p oc p, 

n oc p1!'2, K oc p1/2, ( oc p1/2, 0i oc p - 1 , and ctj oc p _ 1 , where (i — 0,1,2) and (j = 0,1), 
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This result is helpful in determining appropriate equations of state since primarily 

they are a priori assumptions. Thus, we see that dimensionless equations of state 

lead naturally to the above asymptotic forms and therefore to self-similar solutions. 

(See Chapters 3, 4, 5.) 

The Einstein field equations containing an imperfect fluid and a scalar field were 

also investigated. It was shown that in the case of a scalar field with a non-exponential 

potential, the field equations in general did not admit a symmetry that allowed one 

to define new dimensionless variables. However, in the case of a massless scalar field 

or an exponential potential the field equations admitted a symmetry that did allow 

new variables to be defined. The dynamical system in the new variables led to one 

equation decoupling. The equilibrium points of the reduced dynamical system were 

shown to be transitively self-similar if the condition p + 3p > 0 is satisfied. (See 

Chapter 6.) 

The asymptotic behaviour of a class of scalar-tensor theories of gravity was also 

analyzed. If the action is of the form (2.58) where / and V are arbitrary functions 

of <j> [66], then the asymptotic states will not, in general, be self-similar. However, if 

V((j)) = 0 (this case includes the Brans-Dicke theory of gravity), then for isotropic 

and spatially homogeneous perfect fluid models, a symmetry exists. With a change of 

variables and provided the equations of state for p = (7 — l)p, the asymptotic limits 

can be shown to be self-similar independent of the form of f{<f>). 

It should be stated clearly that asymptotic self-similarity is not a generic property 

of cosmological models. For instance, with the existence of a scalar field with a non

zero potential, a cosmological constant, or non-'dimensionless' equations of state, the 

self-similarity may be broken. (See Chapter 7.) 

In closing, we note that the dynamical system (2.7, 2.9, 2.10, 2.11) admits a 

symmetry, and this symmetry allows one to define new variables. However, the choice 

of variables (2.16) made here is by no means the only choice. Any one of the original 

dynamical variables may be chosen so that it may decouple from the rest. This sort of 

analysis may be extended to other cosmological models, in particular the orthogonal 



I 

33 

G% cosmological models [59] and the tilting (non-orthogonal) G$ models [67]. 



Chapter 3 

Bianchi type V Imperfect Fluid 

Cosmological Models 

3.1 Introduction 

The purpose of this chapter and the following chapters 4 and 5 is to further extend 

the analysis in [12, 13, 14, 15, 16, 17, 18, 19] which analyzed spatially homogeneous 

perfect fluid models to imperfect fluid models. In particular, we shall investigate the 

effects of viscosity and heat conduction in the spatially homogeneous and anisotropic 

Bianchi type V model. Bianchi type V models are of interest because they are gen

eralizations of the negative curvature FRW models and are sufficiently complex to 

allow viscous processes and heat conduction. In the following sections, the dissipa

tive effects are described by Eckart's theory of irreversible thermodynamics [47]. The 

Einstein field equations are derived in section 3.2. Introducing dimensionless vari

ables and assuming a set of dimensionless equations of state, the system describing 

the Bianchi type V viscous fluid cosmological models with heat conduction reduces 

to a two-dimensional system of autonomous ordinary differential equations. A com

plete qualitative analysis is done in section 3.3.2 and exact solutions and asymptotic 

behaviour is discussed in section 3.3.4. 
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3.2 The Bianchi type V Model 

The diagonal form of the Bianchi type V metric is given by: 

ds2 = -dt2 + a(t)2dx2 + 5 ( t ) V V + e(i)a<><fc9. (3.1) 

The energy-momentum tensor considered in this work is due to an imperfect fluid 

that includes bulk viscosity, shear viscosity, and heat conduction, viz., 

Tab = (p + p)u»W(, + pgab + nab + q«m + qi,ua, (3.2) 

where ua is the fluid 4-velocity (which will be assumed to be co-moving), p is the 

energy density, the quantity p is defined to be p = p+n, where p is the thermodynamic 

pressure, n is the bulk viscous pressure, wab is the shear viscous stress, and qa is the 

heat conduction vector such that qau
a = 0 (which implies for a co-moving fluid, along 

with the field equations, that the only non-zero component of qa is q{). 

The Einstein field equations and the energy conservation equations in terms of 

the expansion(0) and shear(cr) are: 

0 = _ 2 < T
2 - l 0 2 - I ( / ) + 3p + 3n), (3,3) 

P = _^p + p + n) -^ f t -1 (^ (2^-n 3 ) + «ra(2n2-ni)), (3.4) 
(7! = -fcTi+Il!, (3.5) 

(72 = -6/0-2 + n2, (3.6) 

92 = oa2+ 3p-^3R, (3,7) 

<?i = -o\ - &2, (3.8) 

where a2 = |(cri 4- <r2)
2 — <TI<T2. We have used the property that both o~a

a — 0 and 

7r°a = 0 to define new shear variables o~\ — cr\ — o~\ and (72 = oX\ — <r33 and new 

anisotropic stress variables III = ir\ — n2
2 and n2 = it\ — %\ in an attempt to simplify 

the system. 
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Now the system of equations (3.3-3-8), is invariant under the mapping (see Chap

ter 2, equation (2.15) 

9 —• A0, <Ti -» Ac-!, (T2 —> Acr2, 

p-»A2p, P~>X2p, n - * A 2 n , (3.9) 

ni-^A2^, n2^A2n2, t^x-H. 

This invariance implies that there exists a symmetry [63] in the system and hence a 

change of variables such that one of the equations can be made to decouple from the 

system. 

We define new dimensionless variables x, Si , E2, y, z\, z% and a new time variable 

fi as follows: 

_ 'ip 2\/3cr1 _ 2 /̂30-2 _ 9n 
x = ~, E1== ——, S2 = - y - , y = -p, 

_V3ni _v1n2 <*n i 
, 1 = ^ - , *2 = - ^ r , and ^ = ~ / (3.10) 

The variable x measures the dynamical importance of the matter content, Si and S2 

(=/?i and 02 resp. in Ref. [68]), measures the rate of shear (anisotropy) in terms of 

the expansion, and we define i = en, where where I is the average length scale of the 

universe (i.e., 0 = 3|). 

The Einstein field equations (3.3-3.8) written in terms of the above dimensionless 

variables (3.10) are: 

^ = a ! ( l -2< ? ) + 9 ^ + j / - r S i ( 2 z i - 0 2 ) + S 2 (2^ 2 -^ i ) 

- ~ 7 | ( E i + E 2 ) ( 4 - 4 * - S a ) , (3.11) 

- — = S , ( 2 - g ) - 1 2 « 1 , (3.12) 

- ^ = E , ( 2 - , ) - l & j , (3.13) 
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where S2 = | ( S i -f S2)2 — SiE2 . The quantity q is the generalized dimensionless 

deceleration parameter given by 

^T^*^^^)' (3'15) 

Finally, from the Friedmann equation, (3.7), we obtain the dimensionless Fried

mann equation 

4 - 4 a ; - E 2 = - 6 3 # r 2 , (3.16) 

where, in the Bianchi type V model studied here 3R — — 6a(tf)-2, which results in the 

following inequality 

4-4 a ;-S2 = J ^ > 0 , (3.17) 

The interior of the parabola 4 = E2 -f 4a; in the phase space represents models of 

Bianchi type V, while the parabola itself represents models of Bianchi type I. There 

are other physical constraints that may be imposed, namely the energy conditions 

[65], which will place bounds on the variables a;, Si , S2, y, z\, and 22. A full list of 

the energy conditions is given in Appendix C. In the present work we shall always 

assume that x > 0, which states that the energy density be non-negative, which is a 

necessary condition of the weak energy condition (WEC) [69]. 

In order to complete the system of equations (3.11-3.13) describing an anisotropic 

viscous cosmological model, we require equations for the dimensionless bulk viscous 

pressure y and the dimensionless anisotropic stresses z\ and 22 (or equivalently, we 

require equations for the viscous pressure n and the anisotropic stresses 7Ti and 7r2). 

In the next section and in the following chapters we will analyze various scenarios 

concerning viscous fluid cosmological models in which the equations for the bulk 

viscous pressure n and the anisotropic stress it\ and ?r2 will be described by the 

Eckart theory (section 3.3), the truncated Israel-Stewart theory (Chapter 4), and the 

full Israel-Stewart theory, (Chapter 5). 
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3.3 Eckart Theory 

3.3.1 The Equations 

We will assume in this section that the bulk viscous pressure and the shear viscous 

stress can be approximated by the Eckart relations [47] 

Tl=-C0, vab =-2naab, ' (3.18) 

where ( is the bulk viscosity coefficient and n is the shear viscosity coefficient. These 

relationships are expected to be satisfied near equilibrium. Written in terms of the 

dimensionless variables (3 10), equation (3.18) yields algebraic equations for y, z\, 

and z%, of the form 

» = - # — 5 (?)=•• * ~ i ( 5 ) * - <3W> 
which can be directly substituted into the system (3.11-3.13). Therefore, we require 

equations of state for the thermodynamic pressure p and the transport coefficients £ 

and 77. 

There are very few known equations of state1, hence, they must be put forward 

as assumptions a priori. In the perfect fluid case with gamma-law equation of state 

for the pressure p, the asymptotic limit points of the Einstein field equations are 

represented by known self-similar cosmological models. We shall require that the 

same is true for the imperfect fluid models. Therefore, employing the conclusions 

reached in Chapter 2, dimensionless equations of state should to be introduced. To 

conform with previous usage of dimensionless equations of state, we follow the lead 

set forth by Coley [64, 70] and assume: 

P _ i 
02 ~ P°x ' 

~ = CoXm, (3.20) 

~ = VoXn, 

^.g., the equations of state are known for a Boltzmann gas. 
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where p0) (0, and n0 are positive constants, and £, m, and n are constant parameters (x 

is the dimensionless density parameter defined earlier). In the models under consider

ation, 0 is strictly positive, thus equations (3.20) are well defined. Equations of state 

(3.20) are phenomenological in nature and are no less appropriate than the equations 

of state used by Belinskii et al. [31, 44]. The most commonly used equation of state 

for the pressure is the barotropic equation of state p = (7 — l)p, hence p0 = ^(7 — 1) 

and £ •— 1 (where 1 < 7 < 2 is necessary for local mechanical stability and for 

the speed of sound in the fluid to be 110 greater than the speed of light). Employing 

these dimensionless equations of state (3.20) and substituting equation (3,19) into the 

system (3.11-3.13), a three dimensional system of autonomous ordinary differential 

equations results: 

dx 

In 
x(fii - 2)(1 - a;) - S2) - 9(0K'"(1 - x) - ot]0a;n£ 

Si + S2 
^ ( 4 - 4 Z - E 2 ) , (3.21) 

H = -Y((37-2)a;-4-9Coa;
m-12r?oa:'

l4-S2), (3.22) 

^ = _^( (3 7 -2)a ; -4-9C 0 a :
m -12 J ? 0 a : »4.S 2 ) , (3.23) 

where the physical phase space 5R is defined to be 

4 > E2 + 4a:, (3.24) 

x > 0, (3.25) 

where E2 = | (S a + S2)2 - SiS2. Equations (3.22) and (3.23) can be integrated to 

obtain Sj = fcE2 for any constant k. The shear squared S2 can now be written as 

S2 = l-(k2 - k + 1)S2
2 EE ~ 2

± 1 ^ 2 - (3.26) 

In this way we have reduced the three dimensional system (x, Si, S2) to a one param

eter family of two dimensional systems in variables (x, S). Each value of k represents 

a different surface in the 3-dimensional phase-space. As k ranges from —00 to 00, 

P 
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x- £ plane 

E, + £2-Z1£2+4x=4 

£, + £2-£,E2= 4 (KasnerRtag) 

Figure 3.1: T/ie interior of the three-dimensional paraboloid represents the physical 
phase space. The two-dimensional shaded parabola represents a particular x - E plane 
for a unique value of the parameter k. As we let k range through —oo to oo, the two-
dimensional x - S plane will rotate around and cover the entire three-dimensional 
phase space. For each value of k the plane intersects the Kasner ring of equilibrium 
points at hoo points, allowing us to isolate the equilibrium points. 

the one parameter family of 2-dimensional surfaces will rotate around the entire 3-

dimensional phase space. Hence the 3-dimensional phase portrait is the union of all 

the 2-dimensional phase portraits. See Figure 3.1. 

In order to simplify the analysis, we define the new parameter 

k+1 
C = (3.27) 

Vk2 - k +1 * 

The parameter G then ranges between - 1 and 2 (see reference [68]). When C = 0 we 

have no heat conduction and thus we have a imperfect fluid with viscosity (see Burd 

and Coley [55]), and when C = 2, we have the system analyzed by Coley and Dunn 

[54]. By choosing various values of the constants (0, n0, m, n, and C, the complete 

P I 
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qualitative structure of the system in question was determined in my Master's Thesis 

[68]. 

The qualitative behaviour of the Bianchi Type V imperfect fluid cosmological 

models was analyzed thoroughly in [68] (That is, eigenvalues, eigenvectors, and phase 

portraits are given in [68]). The sections below containing the qualitative analysis 

and the phase portraits are shortened adaptations of the reults in [68], These, results 

are then used and expanded upon in the following sections. 

3.3.2 Qualitative Analysis 

The system we are analyzing which describes a viscous fluid Bianchi type V cos

mological model satisfying the Eckart theory of irreversible thermodynamics is: 

^ = x((oi-2)(l-x)-T,2)-H0x
m(l-x)-Zn0x

nE2 • 

- ^ E ( 4 - 4 , - E 2 ) , 

f j = - f ( ( 3 7 - 2 ) a - 4 - 9 C 0 x w - 1 2 . 7 e a : » + Ea). (3.28) 

Information about the stability and other properties of the equilibrium points is 

summarized in Tables (3.1), (3.2), and (3.3) and some appropriate phase portraits are 

given in the figures. In the following analysis the order of the coordinates is (x, E). 

m = n > 1 

If 7 7̂  2, the point (0,2) is generally a stable two-tangent node, unless C = 

(37 — 2)/2 in which case the point degenerates to a one-tangent node. When (7 = 2 

the point is degenerate but the single sector in 3? is found to be hyperbolic in nature. 

Finally, if 7 = 2 the point behaves like a stable node. (See also Table A in Ref. [68].) 

The point (0, —2) (for 7 7̂  2), is generally a stable two-tangent node, unless 

C = —(37 — 2)/2, in which case the point degenerates to a one-tangent node. There 
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is also a degenerate case when 7 = 2 in which case the point behaves like a stable 

node. 

The point (0,0) is generally an unstable two-tangent node unless 7 = 4/3, in 

which case the point degenerates to a one-tangent node if C ^ 0 and a stellar node 

for C = 0. 

The point (1,0) will take on a variety of different natures depending on the sign 

of * i = 9(0 - (37 - 2). If $1 < 0 the point is a saddle point. When * i = 0 the point 

(1,0) is degenerate, but with a change to polar coordinates we find that the point is 

saddle-like. When ^1 > 0 the point is generally an unstable two-tangent node unless 

$ 2 = 9(0 — (37 — 2) — 4 — 12??0 = 0, in which case the point degenerates to a stellar 

node. 

When $1 > 0 we have a fifth equilibrium point (x,0) where x = (^ t^ ) 1 _ m - The 

point (x, 0) is found to be a saddle point. 

m = n = 1 

The equilibrium point (0,2) is generally a stable two-tangent node, unless ^/3+C = 

0 whence the point degenerates to a one-tangent node [where $3 = |(9Co — (37 — 

2) 4-12??0)]. There also exists a degenerate case when C = 2 which is found to be 

hyperbolic in 9£. (See also Table B in Ref. [68].) 

The equilibrium point (0, —2) is generally a stable two-tangent node, unless ^3 — 

C = 0 whence the point degenerates to a one-tangent node. There also exists a 

degenerate case when C = 2 which is found to be hyperbolic in 9ft. 

The point (0,0) has a variety of different natures depending on the sign of $1. If 

* i > 0, the point is a saddle point. When $1 = 0 the point (0,0) actually becomes 

an equilibrium point on a non-isolated line of equilibria, S = 0, and will be discussed 

later. When 'Pi < 0, the point (0,0) is generally an unstable two-tangent node unless 

^4 — 9Co — (37 — 2) + 2 = 0 in which case the point degenerates to a one-tangent 

node for C 7̂  0 and is a stellar node for C = 0. 
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The point (1,0), in this case, has the same qualitative behavior as in the case 

m = n > 1 except in the degenerate case when $i = 0 where it becomes part of the 

line of equilibrium points. 

In the case when ^ i = 0, we have a non-isolated line, of equilibria (*,0), where 

0 < a; < 1, The line is an attractor and the slope of the trajectories as S —• 0 is 

cffi - 2 , 

If C < 0, the slope of the trajectories as S —• 0 is always positive, if G — 0 the slope 

of the trajectories becomes infinite and the trajectories cross the line at right angles, 

and if G > 0 the slope of the trajectories is negative. 

m = n = 1/2 

In this case, there are at most five equilibrium points in 3ft. For the points (0,0), 

(0,2), and (0, —2), the system becomes non-analytic. By transforming to the variable 

u and time coordinate r (u2 = x; ĵf = u), these points can be analyzed using analytic 

methods. All three points become degenerate, and by a change to polar coordinates, 

the qualitative behaviour of the equilibrium points is determined. 

The point (0,0) has invariant rays 0 = 0 and 9 = 0* where tan 9* = r ^ £ . We find 

from the analysis that dr/dr < 0 along the invariant ray 9 = 0, and dr/dr > 0 along 

the invariant ray 9 = 9*, thus each sector is hyperbolic. (See also Table C in Ref. 

[68].) 

The point (0,2) has invariant rays 9 = 0 and 9 = 9* where tanfl* = 9 < ^ 2 ^ . The 

region 9ft in the new coordinates is now bounded by (E — 2)(S + 2) -f 4u2 = 4, so 

the invariant ray 9 = 0 corresponds to the trajectory along the boundary. If G > 0, 

the single sector in 3ft is hyperbolic. If G = 0, then 9* = — TT/2, which corresponds 

to the u = x = 0 boundary where dr/dr < 0; hence the trajectories are attracted 

to the point along the eigendirection x = 0. If C < 0, then 3ft is divided into two 

sectors. One can show that dr/dt < 0 along the invariant ray 9 = 9*. The trajectories 
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are attracted to the point along the eigendirection corresponding to the invariant ray 

9 = 9*. 

The point (0,-2) has invariant rays 9 = 0 and 9 = 9* where tan0* = 26d^2a. 

If G < 0, the single sector in 3ft is hyperbolic. If C = 0, then 9* = —w/2 which 

corresponds to the u = x = 0 boundary where dr/dr < 0; hence the trajectories are 

attracted to the point along the eigendirection x = 0. If C > 0, then 3ft is divided 

into two sectors. One can show that dr/dr < 0 along the invariant ray 9 = 9*. The 

trajectories are attracted to the point along the eigendirection corresponding to the 

invariant ray 9 = 0*. 

The point (1,0) has the same character as it did in the previous two cases except 

in the degenerate case when ^ i = 0. In the degenerate case, changing to polar 

coordinates, the two sectors in 3ft are found to be parabolic in nature, hence, the 

point behaves like an unstable node. 

When $ i < 0 there is a fifth equilibrium point (x,0), where x = (-S^)2- The 

point (x, 0) is an unstable two-tangent node, with the main eigendirection along the 

x-axis. 

m = n = 0 

In this case there are two separate situations depending upon whether (0 = 0 or 

(0 ^ 0. If (0 = 0, there are two equilibrium points, (0,0) and (1,0). The point (1,0) 

is a saddle point. The point (0,0) is generally an unstable two-tangent node, unless 

^5 = (37 - 2) — 2 — 677,, = 0, whence the point degenerates to a one-tangent node for 

C f 0 and to a stellar node for G = 0. (See also Table D in Ref. [68].) 

If Co 7̂  0, we have at most two equilibrium points depending on the sign of ^ j . If 

$1 < 0, there are two equilibrium points, (1,0) and (x,0), where x = j ^ . In this 

case, the point (1,0) is a saddle point. The point (x,0) is generally an unstable two-

tangent node, unless * 6 = 9(0 - (37 - 2) + 2 + 6r/0 = 0, whence the point degenerates 

to an unstable one-tangent node for C •£ 0, and to a stellar node for G = 0. If 

r 
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$ ! = 0, we have only one equilibrium point. The point (1,0) becomes degenerate, 

but by changing to polar coordinates and using higher order terms in the variable 

r, we find that the point acts like an unstable node. If $1 > 0, the point (1,0) is 

again the only equilibrium point where the qualitative behavior is the same as in the 

previous cases for $i > 0. 

C = n0 = 0 

For 7 7̂  2 there are four equilibrium points in 3ft. The points (0,2), (0,-2) , and 

(0,0) behave in the same manner as the points in the case m = n > 1 for 7 ^ 2, 

and will not be summarized here. The po;nt (1,0) is a saddle when 7 ^ 2. (See also 

Table E in Ref. [68].) 

However, in the case 7 = 2 every point on the boundary S2 + 4x = 4 becomes 

a non-isolated line of equilibria. The system of equations can be solved explicitly 

when 7 = 2. The solution is given by the line E = 0 and the family of parabolas 

AS2 — CS + 2a; = 0 (S ^ 0), where A is an arbitrary constant depending on initial 

conditions. 

3.3.3 Phase Portraits 

In the case of the perfect fluid Bianchi type V model with G = 0 and C,(, = T]0 = 0, 

we note that all trajectories remain in 3ft for all time. The models evolve from the. 

Kasner singularities at (0,2) and (0,-2) towards the Milne model at (0,0). In this 

case there also exists exceptional trajectories; there are two trajectories along the 

boundary of 3ft that evolve from the Kasner points towards the FRW model at (1,0) 

(these represent Bianchi I perfect fluid models), and one trajectory that evolves from 

the matter dominated FRW model at (1,0) towards the Milne model at (0,0) (See 

Figures 3.2). 

In the case of the imperfect fluid Bianchi type V model with viscosity and zero 
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(a) 6" = 0, Co = Vo = 0, 1 < 7 < 2 (6) C = 0, (a = T?O = 0, 7 = 2 

Figure 3.2: TTte p/iase portraits describe the behavior of the perfect fluid Bianchi type 
V models with no heat conduction or viscosity in the case Co = n0 — 0 and C = 0. In 
all figures, the arrows refer to increasing Cl-time ,)r decreasing t-time. 

heat conduction ((7 = 0), there are two cases depending upon whether m = n = 0 

or not. If m = n ^ 0, equation (3.28) implies that a; = 0 is an invariant set, hence 

no trajectories can cross the S-axis. Therefore, all trajectories remain in 3ft for all 

time. The behavior of the phase portraits depends critically on the sign of $ i as 

well as the parameters m and n. The models evolve from the Kasner singularities 

at (0,2) and (0,-2) towards one of the isotropic models either at (0,0), (x,0) or 

(1,0) depending on the sign of $i . There exists exceptional trajectories emitting 

from (0,2) and (0, —2) towards the FRW models either at (1,0) or (ai,0). There also 

exists exceptional trajectories on the a;-axis that remain on the axis for all time (see 

Figures 3.2a, 3.3). 

In the case m = n = 0 and C = 0, depending on the value of $ i , we find in 

all cases that the models start at some finite time t0 and evolve towards one of the 
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(a) C = 0, m = i» > 1, *i > 0 (6) G = 0, m = n = \, ¥, < 0 

(c) C = 0, m = n = 1, *i > 0 (d) (7 = 0, m = n = 1, % = 0 

Figure 3.3: The phase portraits describe the behavior of the Bianchi type V models 
with viscosity and no heat conduction in the case, m — n ^ 0 and (7 = 0. 
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(a) C = 0, m = n = 0, 
C0 = 0, t i < 0 

(6) C = 0, m = n = 0. 
Co ± 0, *i < 0 

(c) G = 0, m = n = 0, 
Co ^ 0, tfi > 0 

Figure 3.4: The phase portraits describe the behavior of the Bianchi type V models 
with viscosity and no heat conduction in the case m = n = 0 and (7 = 0. 

isotropic models. Note that the initial Big Bang singularity is avoided in this case 

(see Figures 3.4). 

With the introduction of heat conduction, x = 0 is no longer an invariant set, 

hence trajectories may leave 3ft, and consequently the WEC is violated. Equations 

(3.28) are invariant under the transformation S —• —S, C —> —C. The phase portraits 

for (7 > 0 are reflections over the x-axis of the phase portraits for C < 0. Therefore, 

in the remainder of the analysis only the case C < 0 will be considered. The specific 

case C = 2 is done by Coley and Dunn [54] (see Figures 2 in Coley and Dunn [54]). 

Let us investigate what happens when we have a perfect fluid with heat conduction 

(i.e., no viscosity). Assuming that the WEC is satisfied for all time, for 1 < 7 < | , 

the positive S quadrant has the same qualitative behavior as in the perfect fluid 

case. However, when 7 > | the WEC is violated for all trajectories at some finite 
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time (except for those exceptional trajectories which are qualitatively the same as in 

the perfect fluid case). In the. negative E quadrant, for G < ~^""2 ', all trajectories 

violate the WEC at some finite time (except again for those exceptional trajectories) 

and for C > ~'3^"2r, the qualitative behavior is the same as in the perfect fluid case 

(see Figures 3.5). 

Let us consider an imperfect fluid with both viscosity and heat conduction. In 

the case m = n = 0, all trajectories violate the WEC at some finite time and can 

only describe late time asymptotic behavior, we find in general that the qualitative 

behavior is the same as if we had viscosity and no heat (see Figures 3.4). But when 

Co = 0 and $5 > 0 there is a slight difference in behaviour; in the positive S quadrant 

all trajectories violate the WEC, while the negative quadrant is the same as if we had 

no heat (see Figure 3.6). 

When m = n = 1/2, there are two different phase portraits depending on the sign 

of * i . If \Pi < 0 and (7 < 0 there is a fifth equilibrium point at ($,0). The positive 

E quadrant is the same as in the case where we just had viscosity (Figure 3.4), but 

in the negative E quadrant all trajectories violate the WEC at some finite time (see 

Figure 3.7a). If $ i > 0 and (7 < 0, the positive S quadrant is the same as in the 

case where there was just viscosity (Figure 3.3c), but in ihe negative E quadrant all 

trajectories violate the WEC at some finite time (see Figure 3.7b). 

In the case m = n = 1, only the degenerate case when $i = 0 is qualitatively 

different (to those already discussed). In this case, for C < 0, the positive L quadrant 

is similar to that with just viscosity (Figure 3.3d) but trajectories in the negative S 

quadrant will violate the WEC at some finite time (see Figure 3.8). 

In the case m = n > l , ( 7 < 0 and <Pi < 0, the qualitative behavior is the same 

as that for other cases (see Figures 3.2a, 3.5 (a-d)). However, in the case ^ i > 0, 

there are different possibilities. Again there exists a fifth equilibrium point. When 

1 < 7 < 4/3 and G < 0, the positive E quadrant is similar to the case when no 

heat was present (Figure 3.2a). In the negative E quadrant, however, some or all 

trajectories will violate the WEC at some finite time (see Figures 3.9a, 3.9b). When 
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Co = n0 = o, (0 = r)0 = o , Co - Vo = o, 
7 = 1 | < 7 < 2 7=2 

Figure 3.5: The phase portraits describe the behavior of the Bianchi type V models 
with heat conduction and no viscosity in the case Co = Vo = 0 and C ^ 0. 
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(a) C < 0, m = n = 0, Co = 0, * 5 > 0 

Figure 3.6: The phase portrait describes the behavior of the Bianchi type V models 
with heat conduction and viscosity in the case m = n = 0 and G < 0. 

7 < 4/3 and (7 < 0 in the negative S quadrant some or all trajectories will violate 

the WEC at some finite time, while in the positive E quadrant the only physically 

realistic models evolve from the point (0,2) towards (1,0) whence the SEC is violated 

(see Figures 3.9c, 3.9d). 

3.3.4 Asymptotic Behaviour: Exact Solutions 

Equation (3.28) implies that there exists three invariant sets 3ft_ = {{x, E)|S < 0}, 

3ft0 = {(a;,S)|S = 0} and 3ft+ = {(x,E)|E > 0}. We shall discuss what happens in 

each invariant set and determine the exact solutions corresponding to each equilibrium 

point. We will also show that almost all of these solutions represent space-times which 

are transitively self similar (that is, there exists a homothetic vector field in addition 

to the three Killing vector fields). 

I 
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Table 3.1: Stability of the equilibrium points for different values of the parameters 
(with respect to fi-time). 

1 
m 

m 

m 

m 

Co 

= n> 1 

= n = l 

= n = 1/2 

= n = 0 

= rjo = 0 

*i > 0 

wx = 0 

#i < 0 

* i > 0 
^ 1 = 0 
* i < 0 
* i > 0 
*1 = 0 
Wi < 0 

Wi > 0 
* i = 0 
Vi < 0 

7 ^ 2 
7 = 2 
7 ^ 2 
7 = 2 
7 ^ 2 
7 = 2 

Co = o 
Co^O 
Co^o 
Co^o 
7 ^ 2 
7 = 2 

(0,0) 
R-N2* 
R-N2 

R-N2* 
R-N2 

R-N2* 
R-N2 

S 
* * * 
R-N2* 
S* 
S* 

s* 
R-N2

kl 

R-N2* 
R-N2 

(M) 
s 
s 

* * * 

R-N2 

R - N2
m 

(1,0) 
R-N2

b 

R-N2
h 

S* 
S* 

s 
s 
R-N2

h 

* * * 
S 
R-N2

h 

R-N* 
S 
S 
R-N2

h 

R-N* 
S 
S 
* * # 

(0,2) 
A - N2

C d 

A -• N* d 

A-N2
cd 

A-N*d 

A-N2
cd 

ji _ /V*d 

A-N2
td 

A-N2
ld 

A-N2
id 

A-N*'1 

A-N*'1 

A-N*'1 

A-N2
cd 

* * * 

(0,-2) 
A-N2

e 

A-N* 
A-N2° 
A-N* 
A-N2* 
A-N* 
A-N2

S 

A-N2
S 

A-N2
S 

A-N*' 
A-N*' 
A-N*i 

A-N2° 
* * * 

d 

0 If 7 = 4/3 for C ^ 0 the point becomes a It - Ni, and for C = 0 the point becomes a 
R-SN. 

b If W2 = 0 the point becomes a R - SN. 
If C = (37 - 2)/2 the. point becomes a A - N\. 
If C = 2 the point becomes a S*. 

e If C = -(37 - 2)/2 the point becomes aA-Ni. 
t If C — -W3 the point becomes a A - N\. 
9 If (7 = ¥3 the point becomes a .A - iVi. 
'l If W4 = 0 for C j£ 0 the point becomes a f t - iVi, and for (7 = 0 the point becomes a 

J l -S t f . 
' If C > 0 the point becomes a S*. 
3 If C < 0 the point becomes a 5*. 
k If (7 7̂  0 and $5 = 0 the point becomes a, R- N\. 
' If (7 = 0 and Ws > 0 the point becomes a, R-SN. 
m If We = 0 for C / 0 the point becomes a R - N\ and for (7 = 0 the point becomes a 

fl-SAT. 

I 
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Table 3.2: Definition of the quantities used in Table 3.1. 

Conditional Quantities 
* i 

$ 2 

w3 

* 4 

* 5 

* 6 

9Co-(3 7-2) 
9C» - (»7 - 2) - 4 - 12i/0 

i (9C 0-(37-2) + 12^) 
9Co- (3 7 -2 )+2 
( 3 7 - 2 ) - 2 - 6 r / 0 

9 C O - ( 3 7 - 2 ) - T 2 + 6J?0 

Table 3.3: Notation used to describe the equilibrium points in Table 3.1. 

Notation 
R 
A 
S 

s* 
AT, 
N2 

N* 
SN 
* * * 

No entry 

Repelling 
Attracting 
Saddle Point 
Saddle-like a 

One-tangent Node 
Two-tangent Node 
Node-like b 

Stellar Node 
Line Equilibria 
Not Singular 

a Degenerate point that has the qualitative nature of a saddle-point in the region of interest. 
b Degenerate point that has the qualitative nature of a two-tangent node in the region of 

interest. 
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(a) <7<0, m = n = \, Wi < 0 (6) C < 0, m = n = | , * i > 0 

Figure 3.7: TVie p/iase portraits describe the behavior of the Bianchi type V models 
with heat conduction and viscosity in the case m = n = | and (7 < 0. 

In the set 9ft_, there exists only one isolated equilibrium point, (0,-2). It lies on 

the boundary E2 + 4a: = 4 where 3R = 0, and hence the solution is of Bianchi type I. 

The Kasner coefficients are: 

The solution is given by 

ds2 = -dt2 + t2vidx2 + t2p*dy2 + t2p3dz2, 

0 = t~\ c = o, 
p = 0, 7? = 0, 

<r = - ( V ^ ) - 1 , 9i = 0, 

n = 0, irab = 0. 

(3.29) 

(3.30) 

(3.31) 

f I 
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(a) C < #3 , m = n = 1, * i = 0 

Figure 3.8: The phase portrait describes the behavior of the Bianchi type V models 
with heat conduction and viscosity for the degenerate case in = n = 1 and $i = 0. 

The space-time is transitively self-similar [61] with homothetic vector 

*3 £1 ii o 

X = t - + (1 - p i ) x - + (1 - P 2 ) y - + (1 - P 3 ) z - . (3.32) 

From a dynamical systems point of view, the equilibrium point (0, —2) is always 

a repellor in t — time (even when the sector in 3ft_ is hyperbolic in nature, since 

trajectories are repelled in t — time along an eigendirection that is not in 3ft_), which 

implies that this point represents an initial singularity. The singularity is generally 

of cigar type, but in the case when ( 7 = 1 the singularity is of pancake type, [71]. 

For particular values of the parameters, there exist trajectories that start at (0, —2) 

and leave 3ft_ after a finite time t0. There also exist trajectories that start from the 

equilibrium point (0, —2) and remain in 3ft_ for all time; these models expand from 

the Kasner singularity towards one of the isotropic models located on the X-axis (i.e., 

these models isotropize as t —> oo). In some cases, there exist trajectories that enter 
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(a) G < -&=*, m = n > 1, 
* ! > 0, 1 < 7 < | 

(6) - 2^2 < (7 < 0, m = n > 1, 
* i > 0, 1 < 7 < | 

(c) G = - 1 , m = n > 1, 

* i > 0 , 7 = | 

(d) - 1 < (7 < 0, m = n > 1, 

f , > 0 , 7 = | 

Figure 3.9: The phase portraits describe the behavior of the Bianchi type V models 
with heat conduction and viscosity in the case m = n > 1 and (7 < 0. 

I 
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3ft_ at some finite time t0; these models evolve towards one of the isotropic models 

and can only represent late time behavior. 

In the case m = n = 0, there are no equilibrium points in the invariant set 3ft_. 

All trajectories enter 3ft_ at some finite time and evolve towards one of the isotropic 

models. Hence these models can only describe late time behavior. 

In the case Co = Vo = 0 with 7 = 2, there is a non-isolated line of equilibria on the 

boundary S2 + 4a: = 4. The equilibrium points represent stiff perfect fluid Bianchi I 

solutions (3.30) with coefficients pc. 

P2= lO-vfe^TvT^;) , (3.33) 

0 = r\ c = o, 
x^f-2 »i — n 

9 3 /rf-r (3-34) 
° = -\M^t-\ «zi = 0, 
n = 0, nab = 0. 

where the parameter a;0 is bounded by 0 < a:0 < 1. The space-time is transitively 

self-similar [61] with homothetic vector (3.32) with the p; now defined by (3.33). For 

(7 < 0 all trajectories remain in 3ft_ for all time and evolve towards the isotropic 

model at (0,0). For (7 > 0 all trajectories leave 3ft_ after some finite time hence they 

may only describe early time behavior. 

In the invariant set 3ft0 there exists either 1, 2, 3, or a non-isolated line of equilibria. 

Points in this set represent negatively curved (i.e, x < 1) or flat (i.e., x = 1) FRW 

models with at most bulk viscosity. 

The point (1,0) is an equilibrium point in all cases. The point lies on the boundary 

S2 + 4a; = 4, hence, the point represents a flat FRW model. It is a saddle-point for 

$i = 9C0 — (37 — 2) < 0. However, when $1 > 0 the point becomes an attracting-

node and represents a late-time attractor, [but note that in this case the SEC (strong 

energy condition) (see Appendix C) is violated and the corresponding asymptotic 



58 

solution may not be physically acceptable]. In the case Wi = 0, the point is saddle

like for m = n > 1 and node-like in the remaining cases. The solution corresponding 

to this equilibrium point depends upon whether 7 = 3C0 or not. 

For 7 7̂  3Co the solution is 

ds2 = -dt2 + {t)WT^(dx2 + dy2 + dz2), (3.35) 

V ~ h-3<o)T ' ^ ~ (7-3<or ' 
.4-2 „ - _J22_*-1 4 

P-3(7-3Co)2 t ' ^~(7-3<o) r ' (3.3 6) 
a = 0, ft = 0, 

2 The space-time (3.35) admits the homothetic vector (3.32) with pi = p2 = P3 = 37_g 0̂ > 

hence the space-time is transitively self-similar [61]. 

For 7 = 3Co the solution is 

ds2 = -d t 2 + e2H\dx2 + dy2 + dz2), (3.37) 

0 = 3tf, C = H0H2, 

<7 = 0, ft = 0. 

n = -27CoH3, TCak = 0, 

where H is a constant. The space-time (3.37) does not admit a homothetic vector, 

hence, the spacetime is not self-similar [72]. 

When the point (1,0) is a saddle, models start from the matter dominated singu

larity at (1,0) and evolve towards either the Milne model at (0,0) or the FRW model 

at (a;, 0). However, if the point is an attracting node, all models evolve towards the 

point (1,0). 

The point (x, 0) represents a negatively curved FRW model with bulk viscosity 
. . 1 

where x = ( 3 ^ ) 1 _ m • The space-time is self-similar [61] and the corresponding exact 

solution is 
ds2 = -dt2 + (1 - x)-l(t)2(dx2 + e2xdy2 + e2xdz2), (3.39) 
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0 = 3 r \ 
P = 3 s r 2 , 
CT = 0 , 

n = -9C0x' m r 2 , 

x = 

C = 3C,5mt-1. 

7/ = 3//05'nr1 

< h = o , 

Tot = 0, 

4 

(3.40) 

with homothetic vector 
ft 

(3.41) 

When the equilibrium point (x,0) is a saddle, models start from (x,0) and evolve 

towards either the Milne model at (0,0) or the FRW model at (1,0) (however this 

latter model violates the SEC). However, if the point is a node, the solution is a late 

time asymptotic attractor (except in the degenerate case when there is a non-isolated 

line of equilibria). 

The point (0,0) represents an empty cosmological model, commonly known as the 

Milne model. The space-time is transitively self-similar [61] with homothetic vector 

(3.41). The solution is 

ds2 = -dt2 + (t)2{dx2 + e2xdy2 -I- e2Hz2), (3.42) 

9 = ot-\ 
,9 = 0, 

(T = 0, 

n = o, 

C = o, 
7/ = 0, 

9i = 0, 

7T0(, = 0. 

(3.43) 

(Note, there is one exception to the above solution; if m = n = 0 and Co = 0, then 

7/ = Srjot-1, but -Kab = 0.) When the point (0,0) is an attracting node, the matter 

dominated singularities at (x,0) or (1,0) evolve towards the Milne model at (0,0). 

However, when the point (0,0) is a saddle, the Milne model evolves towards one of 

the other isotropic models. 

In the set 3ft+ there exists only one isolated equilibrium point, (0,2). It lies on the 

boundary S2 + 4a; = 4 where 3R = 0, hence, the solution is of Bianchi type I. The 
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solution is given by equations (3.30) and (3.31) [except that a = (V^t)"1], with the 

Pi defined as: 

The space-time is transitively self-similar with homothetic vector (3.32) with the 

Pi defined by (3.44). From a dynamical systems point of view, the equilibrium point 

(0,2) is always a repellor in t — time (even when the sector in 3ft+ is hyperbolic in 

nature, since trajectories are repelled in t — time along an eigendirection that is not 

in 9ft+), which implies that this point represents an initial singularity. The singularity 

is generally of cigar type, but in the case when k = 1 or C = 2 (the LRS case), the 

singularity is of pancake type [71]. For particular values of the parameters, there exist 

trajectories that start at (0,2) and leave 3ft+ at some finite time t0. There also exist 

trajectories that start from the equilibrium point (0,2) and remain in 3ft+ for all time; 

these models expand from the Kasner singularity towards one of the isotropic models 

located on the x-axis (i.e., these models isotropize as t —*• oo). In some cases, there 

exist trajectories that enter 3ft+ at some finite time t0\ these models evolve towards 

oue of the isotropic models and can only represent late time behavior. 

In the case m = n = 0, there are no equilibrium points in the invariant set 3ft+. 

All trajectories enter 3ft+ at some finite time and evolve towards one of the isotropic 

models. Hence these models can only describe late time behavior. 

In the case Co = Vo = 0 and 7 = 2 there is a non-isolated line of equilibria on the 

boundary E2 + 4a; = 4. The equilibrium points represent stiff perfect fluid Bianchi I 

solutions (3.30) with coefficients p,-: 

« - K' + T^rvT^). 
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o = t~\ c = o, 
p = IT'"8. n = o» ., m 

. = y s r > qi=o, {iM) 

n = o, wab = o, 

where the parameter x0 is bounded by 0 < a;0 < 1. The space-time is transitively 

self-similar with homothetic vector (3.32) with the p,* defined by (3.45). For G > 0 

all trajectories remain in 3ft+ for all time and evolve towards the isotropic model at 

(0,0). For C < 0 all trajectories leave 3ft+ after some finite time hence they may only 

describe early time behavior. 

3.3.5 Invariant Curves and First Integrals 

An implicit function determining the integral curves in the phase portrait for the 

perfect fluid case Co = Vo = 0 and in the case m = n = 1, <7 = 0 can be constructed. 

We use the method of algebraic invariant curves to construct an algebraic first integral 

using Darboux's theorem (see [73] and references therein). An algebraic invariant 

curve, Qi = 0, is a curve in the phase space such that Q; = uQi, where, r,- is a 

polynomial of the phase space variables. The following are invariant curves of the 

system (3.28), 

Q\ = x, 

Q2 = E, (3.47) 

Q3 = E 2 + 4 a ; - 4 . 

Calculating Qi = riQi for i = 1,2,3 above, we find 

rx = ( 3 7 - 2 - 9 C 0 ) ( l - a ; ) - E 2 ( l - r 3 r / 0 ) , 

'•2 = - ^ [ ( 3 7 - 2 - 9 C 0 - 1 2 r , 0 ) a ; + E 2 - 4 ] , (3.48) 

r3 = _ [ ( 3 7 _ 2 - 9 C 0 ) a ; + E2]. 
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Using Darboux's Theorem, an algebraic first integral Q can be found by setting 

Q = QilQ."2QP and then determining what values of a,- satisfy the equation Q = 0. 

For the above set of invariant curves, (3.47), we have that 

Q = Q («iri + a2r2 + a3r3) = 0. (3.49) 

This yields a homogeneous system of equations for the constants a,-. A solution is 

o\ = «i, 

«2 = [9Co-(37-2)K/2, 

a3 = [ 3 ( 7 - 2 ) - 9 C „ - 1 2 ^ K / 4 . (3.50) 

Therefore without loss of generality we choose «i = 4 in which case the first integral 

is of the form 

Q{x, E) = ^s 1 8 ^- 2 ^" 2 ) (E 2 + 4a: - 4f(^h^-uv% ^ 

such that the level sets Q(x, E) = Q0 a constant, are integral curves of the system, 

(3.28), in the case m = n = 1 and (7 = 0. It is noteworthy to point out that the first 

integral red-ices to the perfect fluid form simply by setting Co = f]0 = 0 in equation 

(3.51). 

This technique, however, fails whenever the system (3.28) is not polynomial or 

when one cannot find enough algebraic invariant curves. Nevertheless, this technique 

has yielded another first integral in addition to the Friedmann equation which may 

aid us iii determining an exact solution of the Einstein field equations for spatially 

homogeneous cosmologies. 

3.4 Conclusions 

By using geometric techniques from dynamical systems theory we have been able 

to determine the qualitative behavior of a class of spatially homogeneous cosmological 

models that contain viscous matter and heat conduction. 

I 
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With the introduction of viscosity [satisfying the Eckart theory (3.18)] into the 

fluid, the qualitative behavior of the models differ frorr that of the perfect fluid models 

(for example, in some instances an additional equilibrium point is even created). In 

particular, it is the nature of ^ j and hence Co that affects the global behavior of the 

models, while the values of G and n0 change only the local behavior in a neighborhood 

of an equilibrium point. With the introduction of heat conduction, solutions that 

violate the WEC (weak energy condition) at some finite time t0 in the past (and, in 

some instances, in the future) arise. 

With the introduction of bulk viscosity, the deceleration parameter q, defined by 

equation (3.15) may become negative. A negative q indicates that there exists a 

region of phase space with an accelerated expansion; that is, inflation occurs. For 

$i > 0, in all cases, there exists some region of phase space such that q < 0, which 

implies that all models must inflate at some time in their evolution. For m = n < I 

and \&i > 0, inflation occurs as t —• oo. For m = n > 1, the models may inflate 

for all time t, or up to some finite time t0. For ^ i < 0 some models may inflate. In 

the perfect fluid case, inflation occurs, assuming an equation of state p = (7 — \.)p, 

when 7 < § [74]. With the addition of bulk viscosity, the fluid effectively acts like 

a perfect fluid with an equation of state p = (7^/ — \)p where ^eji — 7 — CV"1, 

Several authors [42, 75, 76] have investigated whether a non-vanishing bulk viscosity 

could drive an inflationary phase in the early universe. Bulk viscosity can only act as 

a source for inflation if the SEC is violated. Models that include bulk viscosity and 

in which the SEC is violated have also been studied [45] since the initial singularity 

can, in a sense, be eliminated. 

Except for the exceptional trajectories located on the x-axis (as well as the stiff 

perfect fluid case, 7 = 2, with (0 = n0 = 0), all models that satisfy the WEC for all 

time start their evolution from the Kasner singularities. Assuming all EC are satisfied, 

all models (except the exceptional trajectories) either evolve towards the Milne model 

at (0,0) or the FRW model at the point (x,0). If the EC are not satisfied, then the 

FRW model at (1,0) also becomes a late time attractor. In either case, models start 
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from an anisotropic state and isotropize towards a flat or negatively curved FRW 

model. In all models the shear viscous stress, nab, is asymptotically zero both to the 

past and to the future. We can also conclude that the bulk viscosity had little affect 

on the initial singularities at (0, ±2) in that the bulk viscous pressure is zero at the 

initial singularity. However the bulk viscosity did influence the type of singularity 

(cigar/barrel/pancake) and whether the matter was dynamically important or un

important initially. The bulk viscosity also determines the final asymptotic state and 

may cause the model to experience a period of inflation. 

Using the dimensionless equations of state, all asymptotic states represent self-

similar cosmological models (unless 7 = 3C0 whence the point (1,0) is no longer self-

similar). This shows that the past asymptotic behavior of the imperfect fluid Bianchi 

V model without a cosmological constant is represented by self-similar solutions, and 

if the EC are satisfied the future asymptotic states are also self-similar. 

We have shown in this chapter that by using dimensionless variables and di

mensionless equations of state, the Einstein field equations reduce to a system of 

autonomous ordinary differential equations. All models, that satisfy the WEC for 

all time, isotropize. Including viscosity (and heat conduction) in the models allow 

for processes such as inflation and the removal of the initial singularity. These mod

els are sufficiently simple to allow us to analyze them qualitatively. By considering 

better approximations to the bulk viscous pressure, H, and the shear viscous stress, 

•Kab, more physically realistic models may be analyzed using similar techniques, which 

may lead to interesting and different qualitative behaviour. (See Chapters 4 and 5.) 



Chapter 4 

Causal Viscous Fluid Cosmological 

Models (Truncated Theory) 

4.1 Introduction 

In the previous chapter and in papers [53, 54, 55] it was assumed that the viscous 

effects in the fluid could be described by Eckart's theory of irreversible thermodynam

ics [see equation (3.18)], However, Eckart's theory of irreversible thermodynamics [47] 

suffers from the property that signals in the fluid can propagate faster than the speed 

of light (i.e., non-causality), and, that the equilibrium states in the Eckart theory 

are unstable (see Hiscock and Salmonson [48] and references therein). Therefore, a 

more complete and satisfactory theory of irreversible thermodynamics is necessary for 

fully analyzing cosmological models with viscosity. One such theory is the truncated 

Israel-Stewart theory [49, 50, 51]. 

The intent of this chapter will be to build upon the foundation laid by Belinskii 

et al. [44], Pavon et al. [56] and Chimento and Jakubi [57], and investigate viscous 

fluid cosmological models satisfying the truncated Israel-Stewart theory of irreversible 

thermodynamics [equations (1.3) with e = 0]. We shall study the new "visco-elastic" 

singularity found in [44] and we shall determine whether bulk-viscous inflation is 
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possible. We will also determine if there is a qualitative difference between these 

models and the models studied in Chapter 3 where the Eckart equation (3.18) was 

assumed. In this chapter we shall analyze qualitatively a class of anisotropic Bianchi 

type V and Bianchi type I cosmological models in section 4.3, in addition to the 

isotropic FRW cosmological models investigated in section 4.2, thereby extending the 

analysis in Chapter 3 to causal theories. 

4.2 Friedmann-Robertson-Walker Models 

4.2.1 The Equations 

In this section we assume that the spacetime is spatially homogeneous and isotropic 

and that the fluid is moving orthogonal to the spatial hypersurfaces. The energy-

momentum tensor is an imperfect fluid with non-zero bulk viscosity (that is there is 

no heat conduction, qa = 0, and no anisotropic stress, irab = 0). The dimensionless 

Einstein field equations are equations (3.11), (3.15), and (3.16) with Ei = E2 = 0 

and z\ = z2 = 0. They reduce to the following three equations: 

- = *(l-2 ?) + 9£+y, (4.1) 

where q, the generalized dimensionless deceleration parameter, is given by 

1=t\(* + V + *£)- (4.2) 

Finally, from equation (3.16), we obtain 

4 -4a ; = - 6 3 £ 0 - 2 , (4>3) 

where 9 is the expansion and 3R is the curvature of the spatial hypersurfaces. If 

the curvature is negative, i.e., 3R < 0, then the FRW model is open. If 3R s 0, 

then the model is flat. If 3R > 0 then the FRW model is closed. Assuming that the 

energy density, p, is non-negative, it is easily seen from (3.7) that in the open and 

I 
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flat FRW models the expansion is always non-negative, i.e. 9 > 0, but for the closed 

FRW models the. expansion may become negative. (Great care must be taken in this 

case because the dimensionless quantities that we will be using become ill-defined at 

9 = 0.) 

In order to close the system given by (4.1-4.3), we need an equation for the 

dimensionless viscous pressure y, (hence, for n) . Using the truncated Israel-Stewart 

theory, we can obtain an evolution equation for n by solving (1.3) [with e = 0] for 11, 

fl=-5rs*- m 

Unlike in the Eckart theory where we ended up with an "Igebraic equation for y [see 

equation (3 19)], we have the ordinary differential equation 

s=4^)(^)-2-'- (3T-2W+9fe)' (w) 

In order to complete the system of equations wc need to specify equations of state 

for the quantities p, Po, and C- In principle equations of state can be clenved from 

kinetic theory, but in practice one must specify phenomenological equations of state 

which may or may not have any physical foundations. Following Coley [70, 64], we 

introduce dimensionless equations of state of the form 

(4.6) 

where p0, Co, and a are positive constants, and I, m, and ri are constant parameters 

(x is the dimensionless density parameter defined earlier). In the models under con

sideration, 9 is positive in the open and flat FRW models, thus equations (4.6) are 

well defined. In the closed FRW model the expansion could become zero, in which 

case these equations of state break down, However, we can utilize these equations to 

model the asymptotic behaviour at early times, i.e., when 9 > 0. The most commonly 

p 
02 

c 
9 

3 
a 02 

= poX(, 

= Co*m 

= axTl, 
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used equation of state for the pressure is the barotropic equation of state p = (7 — \)p, 

whence p0 = 5(7 — 1) and £ = 1 (where 1 < 7 < 2), 

If we define a new constant b = a/Co, then using equation (4.6), equations (4.1), 

(4.2) and (4.5) reduce to 

dx 
— = ( l - s ) [ (37 -2 )* + ri, 

^ = -y[2 + y + (o-i-2)x] + bxr>-my + 9axr>. (4.7) 
as I 

Also, from the Friedmann equation, (4.3), we obtain 

l-x = -~3R9~2. (4.8) 

Thus, the line a; = 1 divides the phase space into three invariant sets, x < 1, x = 1, 

and x > I. If x = 1, then the model is necessarily a flat FRW model, if x < 1 then 

the model is necessarily an open FRW model, and if x > 1 the model is necessarily a 

closed FRW model. 

The equilibrium points of the above system all represent self-similar cosmological 

models, except in the case 7 = 3Co- K 7 / 3Coi the behaviour of the equations of 

state, equation (4.6), at the equilibrium points, is independent of the parameters m 

and »'i; namely the behaviour is 

C oc/)=, and 0o<xp~1. (4.9) 

Therefore, natural choices for m and T'I are respectively 1/2, 1. We note that in the 

exceptional case 7 = 3Co, there is a singular point {x = 1, y = —37} which represents 

a de Sitter solution and is not self-similar. (This is also the case in the Eckart theory 

as was analyzed in Chapter 3.) 

To further motivate the choice of the parameter r%, we consider the velocity of a 

viscous pulse in the fluid [52], 

• = ( » ) " ' • ( 4 - 1 0 ) 

where v = 1 corresponds to the speed of light. Using (3.10) and equations (4.6), we 

obtain 

v = (ax^'1)^2. (4.11) 

I I 



69 

Now, if ?'i = 1 then not only do we obtain the correct asymptotic behaviour of the 

equation of state for the quantity 0O but we are also allowed to choose a < 1 since 

then the velocity of a viscous pulse is less than the velocity of light for any value 

of the density parameter x. Thus in the remainder of this analysis we shall choose 

ri = l. In order for the system of differential equations (4.7) to remain continuous 

everywhere, we also assume m < 1. 

4.2.2 Qualitative Analysis 

m = r i = 1 

We now study the specific case when m = i\ = 1. In this case there are three 

singular points, 

(0,0), (1 , JT) , and (l,y+), (4.12) 

where 

- 6 ~ 3 7 v/(&-37)2 + 36a 6 _ 3 7 ^ ( 6 - 3T)2 + 36« 
y = _ 1 _ and y+ = -j--r^ . (4.13) 

The point (0,0) has eigenvalues 

This point is either a saddle or a source depending on the value of the parameter, B\\ 

Si = (2 - 6)(37 - 2) + 9a. (4.15) 

If Si > 0, then the point is a saddle point and if B\ < 0, then the point is a source. 

If B\ = 0 (the bifurcation value), then the point is degenerate (discussed later). 

The point (l,y~) has eigenvalues 

«/(&-37)2 +36a, _ 3 7 ~ 4 + & + y ^ _ ^ 2 + ^ ^{^ 

r 
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If Bi < 0, then the point (1, y~) is a saddle point and if Bi > 0, then the point (l , y~) 

is a source. If B\ = 0 (the bifurcation value), then the point (l,y"~) is degenerate 

(discussed later). 

The singular point (l,y+) has eigenvalues 

^ ( 6 - 3 7 ) 2 + 36a, - § I = i ± * _ 1 ^ 0 - 3 7 ) 2 + 36a. (4.17) 

This singular point is a sink for 7 > 2/3 (See also Table 4.1 for details). 

In addition to the invariant set a: = 1, there exist two other invariant sets. These 

are straight lines, y = m±x, where 

( 6 - 3 7 ) ± y / ( 6 - 3 7 ) 2 + 3 6 q 
m± = v— . (4.18) 

The invariant line y = m+x passes through the singular points (0,0) and ( l ,y+) 

while the line y = m_x passes through the singular points (0,0), and (l,y~). These 

invariant sets represent the eigendirections at each of the singular points [see also 

section 4.2.3]. 

In order to sketch a complete phase portrait, we also need to calculate the vertical 

isoclines which occur whenever dx/dil = 0. From (4.7) we can see that this occurs 

either when x = 1 or when y = —(37 — 2)a:. This straight line passes through 

the. origin, and through the singular point (l,2/~) if B\ = 0. If Bx > 0 then the 

vertical isocline has a negative slope which is greater than the slope of the slope of 

the. invariant line y = m-X, [i.e., m_ < —(37 — 2)], and when £?i < 0 the vertical 

isocline has a negative slope which is less than the slope of the invariant line y = m-x 

[i.e., m_ > - ( 3 7 - 2 ) ] . 

To complete the analysis of this model we need to analyze the poir'-s at infinity. 

We do this by first converting to polar coordinates and then compactifying the radial 

coordinate. We change to polar coordinates via 

r2 = a;2 + y2 and 9 = tan - 1 - , (4.19) 
30 

and we derive evolution equations for r and 9. We essentially compactify the phase 
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space by changing our radial coordinate r and our time (I as follows, 

r'=TTr "^ ^ = ( 1~ f ) ' {U0) 

that is, the plane R2 is mapped to the interior of the unit circle, with the boundary 

of this circle representing points at infinity of R . We have, (for n = 1 and general 

m) 

^ = ( l -7 : ) | r ( l -? T ) [ (37-2)cos 2 6l -2s in 2 0- | - ( l+9a)cos0s in6 ' ] 

- f 2 [ (3 7 - 2) cos9 + sin9] + f2~m{\ - r)"l[6sin2 0cos1"'" 0]\, (4.21) 

A9 ( 
— = (1 —f)<9acos20 — sin20 — 37cos#sin0 
dr I 

+&7-x-m(l - r)"1 - 1 sin^cos2""1#}. (4.22) 

We easily conclude that if m = 1 (or any m > 0), then the entire circle, f = I, 

is singular. Therefore, we have a non-isolated set of singular points at infinity. To 

determine their stability we look at the sign of dr/dr as f —> 1. In this case we see 

dr 

dr 
« ( 3 7 - 2 ) c o s 0 + sin0 (4.23) 

rail 

which implies that points above the line y = —(87 — 2)a: are repellors, while those 

points which lie below the line are attractors. 

For completeness, we would also like to determine the qualitative behaviour of 

the system at the bifurcation value B\ = 0 where the singular points are (1,6 — 2) 

and the line of singular points y = —(37 — 2)a;. (Note that since B\ = 0, 6 — 2 > 0.) 

Fortunately we are able to completely integrate the equations in this case to find 

| 6 - 2 - t / | = fc|l-a;|, (4.24) 

where k is an integration constant. We see that all trajectories are straight lines that 

pass through the point (1,6 — 2). It is straightforward to see that the line of singular 

points are repellors while the point (1,6 — 2) is an attractor. We are now able to 

sketch complete phase portraits (See Figures 4.1, 4.2 and 4.3). 
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Figure 4.1: The phase portrait describes the qualitative behavior of the FRW models 
with bulk viscous pressure in the case m = n = 1 and Bi < 0. The arrows in the 
figure denote increasing fl-time (Q, —* ooj or decreasing t-time (t —> 0+). 

m = 1/2 and r i = 1 

This is a case of particular interest since it represents the asymptotic behaviour of 

the FRW models for any m and n (since at the singular points the viscosity coefficient 

behaves like C oc p1?2 and the relaxation time like p0 oc p~x). Note that the physical 

phase space is defined for x > 0, but the system is not differentiable at x = 0. In this 

case there are four singular points, 

wher re 

(0,0), (x,y), (l,y~), and (l,y+), 

( 9 a - r 2 ( 3 7 - 2 ) ) 2 

x = 
62(37 - 2)2 ' 

aud y+ and y~ are given be equation (4.13). 

y = - (37 -2 )a j , 

(4.25) 

(4.26) 

I 
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Figure 4.2: The phase portrait describes the qualitative behavior of the FRW models 
with bulk viscous pressure in the case m = ?"i = 1 and B\ — 0. The arrows in the 
figure denote increasing Q-time (Ct —> coj or decreasi,\q t-time (t —> 0+). 

The dynamical system, (4.7) is not differentiable at the singular point (0,0). We. 

can circumvent this problem by changing variables to u2 = x and a new time variable 

r defined by dCl/dr = u. The system then becomes 

fT = (l-u2Wi-2)u2 + y], (4.27) 

-j- = u[9au2 - 2y - y2 - (37 - 2)u2 + byu}. (4.28) 
dr 

In terms of the new variables the system is differentiable at the point u = 0,y -= 0, 

but one of the eigenvalues is zero, hence the point is not hyperbolic. Therefore in 

order to determine the stability of the point we change to polar coordinates, and find 

that the point has some saddle-like properties; however, the true determination of 

the stability is difficult. [We investigate the nature of this singular point numerically. 

The integration and plotting was done using Maple V release 3. From the qualitative 

I 
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y=-(3f.2)x 

y=m. * 

Figure 4.3: The phase portrait describes the qualitative, behavior of the FRW models 
with bulk viscous pressure in the case m = ri = 1 and B] > 0. The arrows in I he-
figure denote increasing 0,-time (0 —> ooj or decreasing t-time (t —• 0+J. 

analysis we find that the behaviour depends on the parameter B\. In the first of these 

two plots we choose 7 = 1, a = 1/9, and 6 = 4, so that B\ = — 1 < 0 (see Figure 

4.4). In the second plot we choose 7 = 1, a = 1/9, and 6 = 2 so that B^ = I > 0 

(see Figure 4.5). From the numerical plots we can conclude that the point (0,0) has 

a saddle-point like nature, in agreement with preliminary remarks.] 

The singular point (x,y) has eigenvalues 

( 3 7 - 2 ) 2 + 9 a ± l ; 

2(37-2 ) - 2 ^ ( \ 7 2 - 2 | 9 a ) 2 - 2 ( 1 - ^ + 2 ( 3 ^ 2 ) ] - ^ 

This singular point varies both its position in phase space with its stability depending 

upon whether x is less than, equal to or greater than one. If Bi > 0, then x > i and 

the point is a saddle point. If Bi < 0, then x < 1 and the point is a source. Finally, 

if J?i = 0 (the bifurcation value), then x = 1 and the point is degenerate (discussed 

I 
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Figure 4.4: The phase portrait describes the qualitative behavior of the FRW models in 
a neighborhood of the equilibrium point (0,0) in the case m = 1/2 and Bi = — 1 < 0. 

later). 

The stability of the points (l,j/~) and (1,2/+) is the same as in the previous case, 

see equations (4.16) and (4.17) for their eigenvalues and the corresponding text. (See 

also Table 4.1 for details). 

The vertical isoclines occur at a; = 1 and y = —(37 — 2)ai. This straight line is 

easily seen to pass through the origin and the point (al, —(37 — 2)x). If Bi > 0, then 

the vertical isocline lies below the point (1, y~) and if Bi < 0, the vertical isocline lies 

above the point (1, y~). Finally if Bx = 0 (the bifurcation value), the vertical isocline 

passes through the point (l,y~). 

From an analysis similar to that in the previous subsection, we conclude that there 

is a non-isolatcd set of singular points at infinity. Their qualitative behaviour is the 

same in this case m = 1/2 as in the previous case m = 1; namely, points which lie 

I > I 
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Figure 4.5: The phase portrait describes the qualitative behavior of the FRW models 
in a neighborhood of the equilibrium point (0,0) in the case, m = 1/2 and B\ = I > 0. 

above the line y = —(37 - 2)a: are repellors, while those points which lie below the 

line are at tractors. 

At the bifurcation value Bi = 0, the points (l,2/~) and (£,—(37 — 2)x) come 

together; consequently these points undergo a saddle-node bifurcation as By passes 

through the value 0. The singular point is no longer hyperbolic, but the qualitative 

behaviour near the singular point can be determined from the fact that we know the 

nature of the bifurcation. Hence the singular point is a repelling node in one sector 

and a saddle in the others. A complete phase portrait is sketched in Figures 4.6, 4.7 

and 4.8. 

I 
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Figure, 4.6: The phase portrait describes the qualitative behavior of the FRW models 
with bulk viscous pressure in the case m = 1/2 and i'i = 1 with Bi < 0. The arrows 
in the figure denote increasing tt-time (fl —• oo_) or decreasing t-time (t —*• 0+). 

4.2.3 Discussion 

Exact Solutions 

The exact solution of ihe Einstein field equations at each of the singular points 

represent the asymptotic solutions (both past and future) of FRW models with a 

causal viscous fluid source. The solution at each of the singular points represents 

a self similar cosmological model except in one isolated case [see the singular point 

(i,r)]. 

At the singular point (0,0) we have (after a re-coordinatization) 

9(t) = ot~\ a{t) = a0t, 

p(t) = 0, n(t) = o, 
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Figure 4.7: The phase portrait describes the qualitative behavior of the. FRW models 
with bulk viscous pressure in the case m = 1/2 and r\ = 1 with Bi = 0. The arrows 
in the figure denote increasing fl-time (Q, —• ooj or decreasing t-iimc (t —> 0+J. 

which represents the standard vaccuum Milne model. 

The singular point ( l ,y+) represents a flat FRW model with a solution (after a 

re-coordinatization) 

0(i) = 3A+-T1, a(t) = a0t
A+, 

p(t) = o(A+)H-2, U(t) = y+(A+)H-2, 

where A+ = 2/(37 + V+) > 0. 

The singular point (l,j/~) represents a flat FRW model. If 7 ^ 3̂ 0 then the 

solution is 

9{t) = 3A"(i - 1 0 ) ~ \ a{t) = a0\t - t0\
A~, 

p{t) = 3(A")2(t - 1 0 ) ~ 2 , U(t) = y+(A~)2(t - 1 0 ) ~ 2 , 

I I 
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Figure 4.8: The phase portrait describes the qualitative behavior of the FRW models 
with bulk viscous pressure in the case m = 1/2 and rx = 1 with Bi > 0. The arrows 
in the figure denote increasing Cl-time (d —> ooj or decreasing t-time (t —> 0 + j . 

where A~ = 2/('ii-\-y~). (Note that in this case we cannot simply change coordinates 

to remove the constants of integration.) The sign of A~ depends on the sign of 7—3Co-

If 7 > 3Co then A~ > 0, and if 7 < 3Co then A~ < 0. Thus if A - < 3 then 9 is positive 

only in the interval 0 < t < t0, hence we can see that after a finite time t0 9, p, and 

a all approach infinity. (We will see later that the WEC is violated in this case). 

If A" > 0 then we can re-coordiuatize the time t so as to remove the constant of 

integration, t0, and the absolute value signs in the solution for a(t). If 7 = 3Co then 

A" = 0 and the solution is the de Sitter model with (after a re-coordinatization) 

9(t) = W0, a{t) = a0e
H°\ 

p(t)=oH0
2, Tl(t) = H0

2y-. 

This exceptional solution is the only one that is not self-similar. It can be noted here 

that this is precisely the same situation that occurred in the Eckart models studied 
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Table 4.1: Qualitative nature of the equilibrium points of the dynamical system, (4.7), 
for different values of the parameter Bia and ry = 1 (with respect to O-time), 

TO = 1 and Bi < 0 
TO = 1 and B\ = 0 
TO = 1 and Bi > 0 
TO = 1/2 and Bi < 0 
m = 1/2 and Bx = 0 
TO = 1/2 and #i > 0 

(0,0) 
source 

source e 

saddle 
saddle 
saddle 
saddle 

( i ,y - ) b 

saddle 
source e 

source 
saddle 

saddle-node f 

source 

(l,2/+)c 

sink 
sink 
sink 
sink 
sink 
sink 

(•?,?/)" 

source 
saddle-node f 

saddle 

a Bi = (6 - 6)(7 - 2) + 3a, 
b y- = (b - 3T - \/(6-37) :- + 36a) /2. 
c 1/+ = ( 6 - 3 7 + v/(&-37)2 + 36a) /2-

<- s = (9a + 2(37 ~ 2))2/62(37 - 2)2, y = - ( 3 7 - 2)5, 
e These points are part of the non-isolated fine singularity y = -(37 - 2)x. 
J This is the situation when the points (l,y~) and (x,y) coalesce. 

in [55]. 

The singular point (x,y) represents either an open, flat, or closed model de

pending on the value of the parameter Bi. The solution in all cases is (after a 

re-coordinatization) 

9(t) = 3t-1, a(t) = a0t, 

p{t) = 3air2, n(t) = yt~2. 

Energy Conditions 

The Energy conditions are given explicitly in Appendix C. Since the energy 

momentum tensor is diagonal in this case the energy conditions simplify immmensely. 

In the particular model under investigation here, the WEC in dimensionless variables 

becomes 

x > 0 and y > - 3 7 a ; . (4.30) 
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The dominant energy (DEC) becomes 

WEC and y<3(7-2)a* . (4.31) 

The strong energy condition (SEC) becomes 

WEC and y > - ( 8 7 - 2)as. (4.32) 

If we assume that the WEC is satisfied throughout the evolution of these models 

then we find that there are five distinct situations. If 7 < 3Co, then Bi > 0 and the 

line y = —37a; intersects the line x = 1 at a point y > y~. If 7 = 3Co» then Bi > 0 

and the line y = —37a; intersects the line x = 1 at the point y = y~. If 7 > 3Co 

then Bi can be of any sign or zero, but the line y = —37a; intersects the line a; = 1 

at a point y < y~. If the WEC condition is assumed to be satisfied throughout the 

evolution of these models then the possible asymptotic behaviour of the models is 

greatly restricted. 

Asymptotic Behaviour 

The qualitative behaviour depends on the values of Bi and m. If the parameter 

TO is different from unity then there is an additional singular point. This property 

is also present in the Eckart models studied in Chapter 3 and in [55]. The value 

TO — 1 corresponds to the case when the dynamical system, (4.7), is polynomial (the 

only other value of TO that exhibits this property is TO = 0). The value TO = 1/2 

is of particular interest as it represents the asymptotic behaviour of all the viscous 

fluid FRW models, and also, this is the case when the equation of state for C is 

independent of 9 (i.e., C « p1^2). The parameter, Bi, plays a role similar to the 

parameter <I>i = 9Co — (37 - 2) found in the previous chapter 3, The value of the 

parameter Bi determines the stability and global behaviour of the system. 

One of the goals of this section is to determine the generic behaviour of the 

system of equations (4.7). Using the above energy conditions, and in particular the 

I 
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WEC, and the phase-portraits (Figures 4.1-4.8), we can determine the generic and 

exceptional behaviour of all the viscous fluid models satisfying the WEC. We are 

primarily interested in the generic asymptotic behaviour of the FRW model with 

viscosity: If we consider the dynamical system, (4.7), as X = F(X) where X •» 

(a;, y, a, 6,7) C R5, x,y are the variables, and a, 6,7 are the free parameters then 

generic behaviour occurs in sets of non-zero measure with respect to the set R'1 (except 

for the flat models in which case the state space is a subset of R4). For example, the 

case JE?i = 0 is a set of measure zero with respect to tlie set R5. All behaviour is 

summarized in Table 4.2. 

Typically, if Bt < 0, then the open models evolve from the big-bang visco-elasfic 

singularity at (1,2/+) and evolve to the Milne model at (0,0) [if m = l] or the non-

vacuum open model at (x,y) [if m = 1/2], If Bi < 0, then the closed models evolve 

from the big-bang visco-elastic singularity at ( l ,y+) to points at infinity. A visco-

elastic singularity is a singularity in which a significant portion of the initial total 

energy is in the form of viscous elastic energy, that is n >• 1. These particular points 

at infinity correspond to the points where 9 = 0 (point of maximum expansion) and 

the various dimensionless variables breakdown. 

Typical behaviour of models with Bi > 0 depends upon the sign of 7 — 3Co-

If 7 < 3Co, then all trajectories for the open models will violate the WEC and if 

7 > 3Co, then the open models evolve from the big-bang visco-elastic singularity 

at ( l ,y+ ) , become open models and then evolve towards an inflationary flat FRW 

model at the point (l,j/~). Concerning the closed models when Bi > 0, if 7 < 3Co 

then models evolve from the big-bang visco-elastic singularity at (1,2/+) to points 

at infinity. However, if 7 > 3Co, then the closed models again evolve from the big-

bang visco-elastic singularity at (l,y+) but now have two different typical behaviours. 

There is a class of models which approach points at infinity and do not inflate and 

there is a class of models which evolve towards the inflationary flat FRW model at 

the point (l,y~). 

The flat FRW models consist of a subset of measure zero of the total state space 
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parameters 

7 < 3Co, Bi > 0 

7 > 3Co, Bi > 0 

7 > 3Co, # i = 0 

7 > 3Co, Bi < 0 

l 

m 
TO = 1 , 1 / 2 

TO = 1,1/2 

m = l 

m = l / 2 

m = l 

m = l / 2 

models | 
open 
flat 
closed 
open 
flat 

closed 

open 
flat 

closed 

open 
flat 

closed 
open 
flat 

closed 
open 
flat 

closed 

generic behaviour 

},y+) —• ° ° 
i j y + ) -* °° 

: i , y + ) - * ( i , y - ) 
[1,2/+) -» oo 
[ l , y + ) - ( l , y - ) 
1,2/+) —> oo 

( l , y + ) - + ( l , y - ) 
[1,2/+) -* (x0,y0)

c 

( l , y+) —> oo 
( l , y + ) - > ( l , y - ) 
l , y + ) —> oo 

[1,2/+) -»• (a-0,y0)c 

( l , y + ) - > ( l , y - ) 
[ l , y+ ) -» oo 

( l , y + ) - + ( l , y - ) 
l , y + ) —»• oo 

[ l , y + ) - ( 0 , 0 ) 
( l , y + ) —>• oo 
( l , y + ) - > ( l , y - ) 
( l , y+ ) —> oo 
( i , y + ) — ( s , y ) 
(1)2/+) — ° ° 
( l , y + ) - * ( l , y - ) 
( l , y + ) -* oo 

exceptional behaviour** 

( i , y + ) 

(•*. y) -
(1,2/+) 

(&«y) -
(z ,y) -

( i , y + ) 

(i-ir) 
( i . » - ) 

( i , y ~ ) 
U,y+) 

(i-r) 

- ( 0 , 0 ) 

•.oo, ( l , y + ) ^ ( x , y ) b 

- > ( 0 , 0 ) , ( 0 , 0 ) - > ( l , y - ) 

• ( ! . » " ) 
* oo, ( i , y + ) — ( s , y ) b 

- * ( 0 , 0 ) s ( 0 , 0 ) - > ( l , y - ) 

—4 OO 

- ( 0 , 0 ) 

—»• oo 
- ( 0 , 0 ) , ( l , y - ) - > ( x , j 7 ) 

—> oo 

a These axe exceptional trajectories and do not represent typical or generic behaviour. 
6 In the case m = 1/2. 
c I/o = - ( 3 7 - 2)x0. 
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R5. The flat models are of a special interest however, in that the Hat models represent 

the past asymptotic behaviour of both the open and closed models. If B\ < 0, thou 

the flat models evolve from the visco-elastic singularity at (1,2/+) to points at infinity 

or to the flat model located at (l,y~). If Bt > 0, and 7 < 3Co, then the Hat models 

evolve from the big-bang visco-elastic singularity at (1, </+) 1,0 points at infinity. And if 

Bi> 0 and 7 > 3Co, then models evolve from the visco-elastic singularity at (1, y+) to 

points at infinity (non-inflationary) or to the inflationary model at the point (I, {/**-). 

Note, that if the WEC is dropped (i.e., let 7 < 3Co), then a class of very inter

esting models occurs. There will exist models that will evolve from the visco-elastic 

singularity at (l ,y+) with 0 > 0 and 9 < 0 start inflating at some point ti and at 

a finite time after U will start expanding at increasing rates, that is 0 > 0, and will 

eventually evolve towards the point (1, y~). (This is the special rase mentioned in the 

previous subsection.) What this means in terms of the open and flat models is that 

they will expand with decreasing rates of expansion, start to inflate, and then con

tinue to expand with increasing rates of expansion. For the closed models, the models 

will expand with decreasing rates of expansion, start to inflate, and then continue to 

expand with increasing rates of expansion, these models will not recollapse. 

First Integrals 

We will use Darboux's theorem [73] to find an algebraic first integral of the system 

in the case m = ri = 1 by first finding a number of a algebraic invariant curves. The 

following are invariant curves of the system: 

Qi = x-l, 

Q2 = y-m_x, 

Q3 = y-m+x, 

where 
( 6 - 3 7 ) ± * / 0 > - 3 7 ) 2 + 36a . 

m± = "-- . (4.33) 
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Calculating Qi = i\Qi, we find 

r, = -(y + (37-2H 
r2 = _[y + ( 3 7 - 2 ) j - f ( 2 - 6 + m-)], 

r3 = -[y + (37-2)a; + ( 2 - 6 + TO+)]. 

Using Darboux's Theorem, an algebraic first integral Q can be found by setting 

Q = QilQ2
a2Q33 and then determining what values of a,- satisfy the equation Q = 0. 

Solving the resulting algebraic system we find the following algebraic first integral of 

the dynamical system, (4.7), in the case TO = i\ = 1: 

Q = (x- l)"1 (y - m_a;)a2 (y - m+x)"* = K (constant) (4.34) 

where a?i is a free parameter and a2 and 03 must satisfy 

I_I _ & + 37 - 4 \ 
[ 2 ^/(6 _ 37)2 + 36a J " 1 ' 

a 3 = ( 1 + / + 3 7 - 4 \ 

This first integral determines the integral curves of the phase portraits in Figures 

4.1, 4.2 and 4.3, where the value K determines which integral curve(s) is being de

scribed. For example, if K = 0, the integral curves are x = 1 and y = m±a:. Also, we 

can see that if b = 4 — 37, ai = —2 and K = 1 then the integral curve describes an 

ellipse; however, these closed curves necessarily pass through the points (l,y+) and 

(1, j / - ) , thereby nullifying the possible existence of closed orbits. 

4.2.4 Summary of the Isotropic Models 

The only models that can possibly satisfy the WEC and inflate are those models 

with 7 > 3Co and Bi > 0. Therefore, we can conclude that bulk-viscous inflation 

is possible in the truncated Israel-Stewart models. However, in the models studied 
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by Hiscock and Salmonsou [48] inflation did not occur (note, the equations of state 

assumed in [48] are derived from assuming that the universe could be modelled as 

a Boltzmann gas), while inflation does occur in the models studied by Zakari ami 

Jou [52] who utilized different equations of state. In our truncated mode1! we choose 

dimensionless equations of state and find that inflation is sometimes possible. The 

question of which equations of state are most appropriate remains unanswered, and 

clearly the possibility of inflation depends critically upon the equations of state uti

lized [52]. 

This work improves over previous work on viscous cosmology using the non-causal 

and unstable first order thermodynamics of Eckart [47] and differs from the work of 

Belinskii et al. [44] in that dimensionless equations of state are utilized, Fiom the 

previous discussion we can conclude that the visco-elastic singularity at the point 

(l,y+) is a dominant feature in our truncated models. This singular point remains 

the typical past asymptotic attractor for various values of the parameters rn and B\. 

This agrees with the results of Belinskii et al. [44]. The future asymptotic behaviour 

depends upon both the values of TO and B\. If B\ < 0, then the open models tenet 

to the Milne model at (0,0) [m = 1] or to the open model at (x,y) [TO = 1/2], and 

if Bi > 0, then the open models tend to the inflationary model at the point (I, y~) 

or are unphysical. If Bi < 0, then the closed models tend to points at infinity, and 

if Bi > 0, then the closed models tend to the inflationary model at the point (1, y~). 

The future asymptotic behaviour of the flat models is that they either tend to points 

at infinity or tend to the point (1, y~), in agreement with the exact solution given in 

[57]. 

Belinskii et al. [44] utilized the physical variables 9, p, and O in their analysis 

and assumed non-dimensionless equations of state, and they found a singularity in 

which the expansion was zero but the metric coefficients were neither infinite nor zero; 

the authors passed over this observation stating that in a more realistic theory this 

undesirable asymptotic behaviour would not occur. We note, by using dimensionless 

variables and and a set of dimensionless equations of state, all asymptotic behaviour 

•i F 
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in our models can be represented by either a de Sitter model or by an exact power-

law solution (i.e., the length scale a(t) oc ta for some constant a). Therefore the 

un-desirable behaviour observed in [44] does not occur in our analysis. 

The behaviour of the Eckart models in Chapter 3 and in Burd and Coley [55] with 

\Pi = 9Co~(37~2) > 0 is very similar to the behaviour of the truncated Israel-Stewart 

models studied here in the case Bi < 0. This result also agrees with the conclusions 

of Zakari and Jou [52]. However, when Bi > 0 various new possibilities can occur; 

for instance, there exist open and closed models that asymptotically approach a flat 

FRW model both to the past and to the future. Interestingly enough this is also the 

case in which the future asymptotic endpoint is an inflationary attractor. This type 

of behaviour does not occur in the Eckart theory. 

4.3 Anisotropic Models 

4.3.1 Introduct ion 

Recently, Romano and Pavon [58, 77] have studied anisotropic cosmological mod

els in a causal theory of irreversible thermodynamics, analyzing the stability of the 

isotropic equilibrium points in the Bianch; ^ype I and III models. They also as

sumed equations of state of the form (1.4). However, they concluded that any initial 

anisotropy dies away rapidly but the shear viscous stress need not vanish, hence 

neither the de Sitter models nor the Friedmann models are attractors. 

In this section . ' shall analyze qualitatively a class of anisotropic cosmological 

models arising from the use of the truncated Israel-Stewart equations, thereby ex

panding the analysis in section 4.2 to anisotropic models and extending the analysis 

in Chapter 3 and in [53, 54, 55] to causal theories. We will analyze both the Bianchi 

t"pe V aud the Bianchi type I models, which are simple generalizations of the open 

and flat FRW models. 
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4.3.2 T h e Equations 

The dimensionless Einstein fieid equations are given by equations (3.11-3.16), 

where in the Bianchi V case studied here, 3R = — 6a(t)~2. In order to close the 

system we need equations for y, z\, and z2 and therefore for n, III, and \\2. 

Assuming that n, III, and U2 can be described by the truncated Israel-Stewart 

theory [49, 51], the evolution equations for n, III, and n2 in this particular model are 

derived from (1.3) [with e = 0], 

(4.36) 

n, = • i ^ - S (•«-$«.(•>+ ^ - - - - - W ) . 

Note that the heat conduction qi is completely determined by the shear via equation 

(3.8); thus the equation for qa in equations (1.3) is not needed for the determination 

of the asymptotic behaviour of the models. The corresponding evolution equations 

for y, Zi and z2 are: 

da 

dz2 

In 

Z\ 

"2 

2 I » 
V 

PoP 
- 2 -2 (7 + 9 

Po9* 

+ ( ^ ) ( ^ ) < E ' + s d ( 4 - f e - E 2 ) ' 

ip29
2 2-2(7 + S, 

4/?202 

ai9" 

36 

ip29
2 2-2? + E 

ax9
2 

W1, 
(EI + E 2 ) ( 4 - 4 . T - E 2 ) , (4,37) 

3 
ip29

2 

(Si + E2)(4-4a;-E2). 
^p29

2J V 36 

In order to complete the system of equations we need to specify equations of slate 

for the quantities p, C5 V, Po, Pi, <*o and ax. In principle, equations of state can 
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be. derived from kinetic theory, but in practice one must specify phenomenological 

equations of state which may or may not have any physical foundations. We shall 

introduce dimensionless equations of state similar to that used in section 4.2 of the 

form: 

P _ t 
02 ~ P°x ' 

£ _ f rm H „ rn 

W = a^ W>2=a2^ ^ 
f * £ = *,»•», ^ = d2Xn, 
4-^3 36 ' 

where p0, Co, T?O> &i and d; (1 < i < 2) are positive constants, and i, m, n, n and pi 

(1 < i < 2) are constant parameters (a; is the dimensionless density parameter defined 

earlier). In the models under consideration 9 is strictly positive, thus equations (4.38) 

are well defined. 

We define new constants bi = (ii/Co, b2 = a2/n0, ci = axdi and c3 = a2d2. Aug

menting the system of equations (3.11-3.13), and (4.37), and employing the equations 

of state (4.38), the following system results: 
dx 

= x(l-2q)-r9p0x' + y-r^i(2zi-z2)-rM^2-^) dtt 

dZi 

da 
dS2 

da 
dy 
da 

dz-i 

la 

dz2 

la 

_ - - ( E x + E 2 ) ( 4 - 4 a ; - S 2 ) , (4.39) 

*= Zi(2 - q) - I2zi, (4.40) 

= E 2 (2- (7) -12z 2 , (4.41) 

= y(&ia:r*-m - 2 - 2q) + 9aja;ri 

+cia;p'+r> (Ei + S2)(4 - 4a; - E2), (4.42) 

= z,{2b2x
r*~n- 2-2<7) + «2Xr2Ei 

-c2x^* (Ei + S2)(4 - 4a; - E2), (4.43) 

= z2(2b2x
T*~n - 2 - 2g) + a2a;r2 E2 

-c2x^^(lli + E2)(4 - 4a; - E2), (4.44) 
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where E2 = KE1 + E2)2 —SiE2 and the dimensionless deceleration parameter is given 

by 

q = \(x + y + 9p0x
l + Y,2). (4.45) 

From (3.14) we have 

Ei + S, = -2V3-J, (4.46) 

and finally, from the Friedmann equation, (3.16), we obtain the inequality 

4 _ 4 , - S 2 = i ^ > 0 . (4:47) 

The interior of the parabola 4 = E2 + 4a; in the phase space represents models of 

Bianchi type V, while the parabola itself represents models of Bianchi type I. There 

are other physical constraints that may be imposed, namely the energy conditions 

[65], which will place bounds on the variables a;, y, Ei, E2, Z\, and z2. A full list of 

the energy conditions is given in Appendix C. We shall always assume that x > 0, 

which states that the energy density be non-negative, which is a necessary condition 

of the weak energy condition (WEC) [69]. 

The equilibrium points of the above system all represent self-similar cosmological 

models, except for those equilibrium points that satisfy 9/92 = —((/ -f-1)/3 = 0. If 

q f^ —1, the nature of the equations of state (4.38) at the equilibrium points, is 

independent of the parameters /, m, n, r\, r2, pi, and p2, and is given by 

peep, C« / ' 5 ) V*P*, 

Po<xp~l, p2ocp~x, ctoocp"1, and a\ oc p~x. (4.48) 

Therefore natural choices for I, m, n, ri, r2, p\ and p2 are respectively 1, 1/2, 1/2, 

1, 1, —1, —1. We note, if there exists a equilibrium point with q = — 1, then it 

necessarily represents a de Sitter type solution which is not self-similar. 

The most commonly used equation of state for the pressure is the barotropic 

equation of state p = (7 — \)p, whence from (4.38) p0 = 5(7 — 1) and / = 1 (where 

1 < 7 < 2 is necessary for local mechanical stability and for the speed of sound in 
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the fluid to be no greater than the speed of light). In addition, I = 1 reflects the 

asymptotic behaviour of the equation of state for p. 

Using analogous arguments found in the previous section we set i\.= 1, and 

therefore the requirement that viscous pulses travel at sub-light speed translates to 

the condition 0 < «i < 1. In this way the parameter ax has a, physical interpretation 

as the square of the speed of a viscous pulse in the fluid. Therefore, in the remainder 

of this analysis we shall choose ri = 7*2 = 1. In an effort to keep the system polynomial 

and therefore tractable we shall choose TO = n = 1 and pi = p2 = — 1. 

Using these particular values for m, n, 7*1, ?-2, pi, and p2, we can easily show that all 

eciuilibrium points are self-similar except in the case 7 = 3Co, whence the equilibrium 

point (x,Ei,T,2,y,z\,z2) = (1,0,0,-37,0,0) represents a de Sitter model. This is 

precisely the same as in in Chapter 3 where the Eckart theory was employed. 

The full six-dimensional system (4.39-4.47) is very difficult to analyze completely, 

so various physically interesting subsystems are investigated. The case of zero heat 

conduction implies, via equations (4.46) that Ex + E2 = 0. In addition, adding equa

tions (4.40) and (4.41) we deduce that zx -\-z2 = 0, in which case the resulting system 

is four-dimensional (see Section 4.3.3). The case of non-zero heat conduction with 

zero anisotropic stress is a three dimensional system and is discussed in Section 4,3.4. 

4.3.3 Qualitative Analysis — Zero Heat Conduction 

In the case of zero heat conduction, qi = 0, the field equations imply that Ei+E 2 = 

0 and z\ + z2 = 0. Since, E2 = Ej2, we shall drop the subscripts on E and z; that 

is, E = Ei = — E2 and z = Z\ = — z2. The system of equations (4.39-4.47) then 

becomes: 

x' = x(Zj - 2 - 2(?) + y + 6*E, 

S' = E ( 2 - ( / ) - 1 2 2 , 

y' = y{bi-2-2q) + 9aix, (4.49) 

T 
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z' = z(2b2-2-2q) + a2xE, 

where 

q = \{(o1-2)x + y + ^), (.1.50) 

and the physical phase space is 

4 - 4a; - E2 > 0 and x > 0. (4.51) 

There exists three obvious and physically motivated invariant sots of the system. 

They are T%W := {(a;,E,y,z)|E = z = 0}, BI := {(j,S,y,-:)|4 - 4.r - E2 = 

0, andS ^ 0}, and BV := BXC n FR.Wr (where subscript c denotes the complement) 

which represents the Bianchi type V models. The set FHW represents the spatially 

homogeneous and isotropic negative and flat curvature FRW models and the set, BI 

represents the Bianchi type I models. There are possibly eleven different equilibrium 

points of the system (4.49) at finite values. The equilibrium points lying in the set 

FRW are 

(0,0,0,0), ( l ,0,y",0), ( l ,0 ,y+ ,0) , (4.52) 

where 

y± = ^ ^ ± \ v / ( 6 1 - 3 7 ) 2 + 36a1. (4.53) 

Also, if B\ = 0 then there is a non-isolated line of equilibrium points that passes 

through the points (0,0,0,0) and (l,0,y~,0), where B\ is, 

5i = ( 3 7 - 2 ) ( 2 - t i ) + 9ai. (4.54) 

These points represent open (a; = 0) and flat (x = 1) FRW models. There are possibly 

six equilibrium points lying in the BT invariant set. They are 

(0,-2,0,0), (0,4-2,0,0) (4.55) 

which represent Kasner models, and 

(*•+,+£+, y+,+*+), ( # , - £ + , y+,-*+) 

(x-,+Z-,y~,+z-), (5T,-£-,ir,-n (4.56) 
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where 

i ± . itza^.Lrt, 
(£±)2 = 4 - 4 5 * , 

(ia2 + (2 - 7 ) ( & 2 - l - ? * ) ) , 

* * = ^ ^ " 2 ) ' 

and </-*• is given by 

t 
where 

_ (Si + 2S2) ± y/(St - 252)2 + 96aia2 

4(2 - 7) 

Si = (2-i){bi-2) + oai, 

S2 = ( 2 - 7 ) ( & 2 - l ) + 4a2. 

The remaining two equilibrium points lie in the BV invariant set. They are 

/ ( l - 6 2 ) (1 - *>2)Bi 3ai(l-fe2) 1 (1 - b2)Bi 
3a2 " ' + ^ 3 a 2 ( 2 - & i ) ' o2(2 - 6,) ' 6 \J 3a2(2 - 6,)^ 

\l-b2) 
3a2 

-(l-b2)Bi 3 a x ( l - 6 2 ) 1 

\ 3a2(2 - 6i) ' a2(2 - 6i) ' 6 ^ 18a2(2 - h) 
- ( 1 - b2)Bj 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

where Bi is given by equation (4.54). 

The stability of each of these equilibrium points is very difficult to determine in 

general. However, one question that can be asked is whether these anisotropic models 

generally isotropize; that is, "Does there exist a stable (i-time) equilibrium point in 

the set FRW? (see the following subsection). We shall also analyze the model when 

there is zero anisotropic stress (z = 0) in order to determine the effects that bulk 

viscous pressure may have on the models (see two subsections ahead). We shall also 

analyze the effect of anisotropic stress in an anisotropic model with zero bulk viscous 

pressure (y = 0). (see three subsections ahead). 
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Stability of Isotropic Singular Points 

In this subsection we are going to resolve the stability of the isotropic equilibrium 

points, that is, those equilibrium points lying in the set FR,W. We want to deter

mine if there exists a stable, (i-time) equilibrium point in the future. In fi-time this 

translates to showing that there exists a source in the set FR-W. 

The equilibrium point (0,0,0,0) represents the Milne model, and has eigenvalues 

2, 2(62 - 1), \ {(37 + h ~ 4) -f */(37 + &i - 4)2 + 4BX} , 

I {(37 + bt - 4) - >/(37 + fc1-4)» + 4B1} , (4.61) 

where Bi is given by equation (4.54). The bifurcation values are b2 = 1 and B\ = 0. 

If Bi = 0 then there exists a non-isolated line of equilibrium points. The stability of 

this point is summarized in Table 4.3. 

The equilibrium point (1,0, y~,0) represents a flat viscous fluid FRW model and 

has eigenvalues 

- \ {Oi -r 3 7 - 4) - v/(61 + 3 7 - 4 ) 2 + 4 B i | , i /f t + 3 7 - 4)2 + ABU 

iJBa + ^ - S J S a } , \ {B3 - ^ - 8B2} , (4.62) 

where 

B2 = (262 - 3T - y~)(6 - 3 7 - y") + 24a2, (4.63) 

B3 = 4& 2 -3(37-2)-3y~. (4.64) 

The stability of this point is summarized in Table 4.4. 

The equilibrium point (1,0, y+,0) represents a flat viscous fluid FRW model and 

has eigenvalues 

~\ {(fei + 37 - 4) + J(bi +oi- 4)2 + 4BX | , -*/(&!+37-4)2 + 4A, 

i { B s + - / B 6
2 - 8 B 4 } , i { B 5 - V

/ B s
2 - 8 B 4 } , (4.65) 
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Table 4.3: Stability of the equilibrium point (0,0,0,0) where dim(VP) is the dimen
sion of the stable manifold with respect to fi-time. 

sgn(Bi) 
+ 
+ 

sgn(62 - 1) type 
+ Saddle 
— Saddle 
+ Source 

Saddle 

dim(W) 
1 
2 
0 
1 

Table 4.4: Stability of the equilibrium point (1,0, y ,0) where dim(W*) is the dimen
sion of the stable manifold with respect to fi-time. 

sgn(Bi) 

+ 
+ 
— 
— 
— 

sgn(B2) 
— 

+ 
— 

+ 
+ 

sgn(B3) 

+ 

+ 
— 

type 
Saddle 
Source 
Saddle 
Saddle 
Saddle 

dim(PP) 
1 
0 
2 
1 
3 
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where 

B4 = ( 2 6 2 - 3 7 - y + ) ( 6 - 3 7 - y + ) + 2 4 a 2 , (4.66) 

B5 = 462 - 3(37 - 2) - 3y+. (4.67) 

The stability of this point is summarized in Table 4.5. 

From the stability analysis of these equilibrium points we can conclude that there 

exists a range of parameter values such that one of the equilibrium points in the set 

FRW is a source (sink in t-time). If Bi < 0 and b2 > 1 then the point (0,0,0,0) is a 

source — this result is similar to the observation in Chapter 3 using the Eckart theory 

when m = n = 1 and * i = 9C0 - (37 - 2) < 0. If Bx > 0, B2 > 0, and B3 > 0 then 

the point ( l ,0,y",0) is a source. However, if either of these two conditions are. not 

satisfied then the anisotropic models will not tend to an isotropic FRW model to the 

future (t-time). Therefore there is a set of parameter values having non-zero measure 

such that the models will not isotropize. Romano and Pavon [77, 58] remarked that 

the anisotropy dies away quickly in the anisotropic models but does not tend to an 

FRW or de Sitter model since the anisotropic stress does not tend to zero. The same, 

result is true here for some range of parameter values. If b2 < 1 and Bi < 0 then the 

models all isotropize but the anisotropic stress does not tend to zero and therefore 

the model does not asymptotically approach an FRW model. 

Zero Anisotropic Stress 

In order to observe the effects of bulk viscous pressure in the model we set n i = 

n 2 = 0, and r/ = 0. In the model under consideration here this amounts to setting 

z = 0 and a2 = 0 in system (4.49). The resulting system is three-dimensional and 

has the form 

x' = x{o-i-2-2q) + y, 

E' = 2 ( 2 - 4 ) , (4.68) 

y> = y(bl_2-2q)-r9aix, 

I 
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where 

? = I ( ( 3 T - 2 ) a ; + y + E 2 ) , (4.69) 

and the physical phase space is 

4 - 4 a ; - E 2 > 0 , and x > 0. (4.70) 

In this case there exist four invariant sets of particular interest. Similar to the 

previous analysis we have the set FRW := {(x, E, y)|E = 0} and BI := {(a;, E, y)|4 — 

4a; — E2 = OandE ^ 0}. The Bianchi type V invariant set can be subdivided into two 

disjoint sets, BV+ := BT n FRWC D {(x, E, y)|E > 0} and BV" := BT n FRWC D 

{(a*,E,y)|E < 0}. Due to the symmetry in the equations (reflection through the 

E = 0 plane) the qualitative behaviour in the set E < 0 is equivalent to that in 

the set E > 0; henceforth ( and without loss of generality), we shall only concern 

ourselves with the part of the phase space with E > 0. 

The equilibrium points of the system (4.68) are 

(0,2,0), (0,0,0), (1,0,*/-), (l,0,y+), (4.71) 

where y*- is given by equation (4.53). 

There is only one equilibrium point in the invariant set S > 0. The equilibrium 

point (0,2,0) is in the set BX and has eigenvalues 

t ' + 3
2

7 ' 1 2 + ^ . - 3 7 ) ' + 3 6 a 1 . (4.72) 

This equilibrium point is either a saddle or a sink depending on the value of the 

parameter 

B6 = ( 2 - 7 ) ( 6 i - 6 ) + 3ai. (4.73) 

If Be > 0, then the point is a saddle with a 2-dimensional stable manifold. If B6 < 0, 

then the point is a sink, and if Be = 0, then the point is degenerate (discussed later). 

The solution at this equilibrium point is a Kasner model. The stability of this point 

is summarized in Table 4,7. 

I 
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The equilibrium point (0,0,0) has eigenvalues 

2, \ {fa + 3 7 - 4) + •/(&! + 3 7 - 4)* + 4Bi} , 

\ {{hi + 3 7 - 4) - y/iln + 3 7 - 4)2 + 4Bt} . (4.74) 

This point is either a saddle or a source depending on the value of the parameter Bi. 

If Bi > 0, then the point is a saddle with a 1-dimensional stable manifold. If Bi < 0, 

then the point is a source, and if Bi = 0 the point becomes degenerate, (discussed 

later). The stability of this point is summarized in Table 4.7. 

The equihbrium point (1,0, y") has eigenvalues 

- \ {fa + 3 7 - 4 ) - */(&i + 3 7 - 4)2 + 4Bi} , ^(6, + 3 7 - 4)2 -f 4Bi, 

~\ {fa + 3 7 - 12) - * / f a - 3 7 ) 2 + 36ai} . (4.75) 

This point is either a saddle or a source depending on the value of the. parameter 

Bi. If Bi < 0, then the point is a saddle point with a 1-dimensional stable, manifold. 

If Bi > 0, then the point is a source, and if Bi = 0 the point becomes degenerate 

(discussed later). The stability of this point is summarized in Table 4.7. 

The equilibrium point (1,0, y+) has eigenvalues 

4 { f a + 37-4) + V
/fa + 37-4)2 + 4Bi}, -*/fa + 37-4)2'+4B7, 

~\ {fa + 37 - 12) + \ / f a - 3 7 ) 2 + 36ai} . (4.76) 

This equilibrium point is either a saddle or a sink depending on the parameter B&. If 

B6 < 0, then the point is a saddle with a 2-dimensional stable manifold. If Be > 0, 

then the point is a sink, and if B$ = 0 then the point is degenerate (discussed later). 

The stability of this point is summarized in Table 4.7. 

The bifurcations in this model occur at Bi = 0 and B6 = 0. If Bi = 0 then there 

exists a line of equilibrium points passing through the points (0,0,0) and (1,0, y"). 

This line can be shown to have some saddle-like properties. In particular, if Bi = 0 

then the points (1,0, y~) and (0,0,0) experience a saddle-node bifurcation. If Bg = 0 
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then the curve y = 3(2-7)a;, E2 = 4-4a; which lies in the set BI is a non-isolated line 

of equilibria. This observation is analogous to the case 7 = 2 in perfect fluid Bianchi 

type V models in Chapter 3. In particular, if Be = 0 then the points (1,0, y+) and 

(0,2,0) experience a saddle-node bifurcation. 

All information about the equilibrium points is summarized in Table 4.7. It is 

very easily seen that if B6 > 0 then the solutions tend to an isotropic model both 

to the past and to the future (in t-time), while if B6 < 0, then solutions only tend 

to an isotropic model to the future. In the region of phase space where the DEC 

is satisfied, it can be shown that E' > 0 in that set. Therefore in this region there 

are no periodic orbits. Thus, all models that initially are in the set where the DEC 

is satisfied isotropize to the future (fi —> —00 or t —» 00). Note the difference in 

the result here and the result in the previous subsection. If there is a 'non-zero' 

anisotropic stress then there is a range of parameter values such that models will not 

isotropize, and if there is 'zero' anisotropic stress then all models will isotropize to 

the future. Therefore we can conclude that in the truncated Israel-Stewart theory the 

anisotropic stress plays a dominant role in determining the future evolution of the 

anisotropic models. This result is contrary to the observations in the previous chapter 

based upon the Eckart theory where the anisotropic stress played only a minor role 

and did not determine the the future evolution of the models. 

Zero Bulk Viscous Pressure 

As we have seen in the previous subsection, anisotropic stress plays a dominant 

role in the evolution of the anisotropic cosmological models. To further analyze the 

effects of anisotropic stress on the evolution of an anisotropic model we shall .et n = 0 

and C = 0. This translates into setting y = 0 and ai = 0 in equations (4.49). In 

order to illustrate the possible influence anisotropic stress may have on an anisotropic 

model we further restrict ourselves to the set BX := {(x, E, z)|4 — 4a; - E2 = 0}. The 

resulting system is planar and lends itself easily to a complete qualitative analysis. 
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Consequently the system under consideration is 

E' = ^(2- 7 )E(<! -E 2 ) -12 2 , 

z' = ( 2 6 2 - 3 7 ) ^ - ^ ( 2 - 7 ) ^ 2 + ^ S ( 4 - S 2 ) . (4.77) 

The equilibrium points are (0,0), (+2,0), (-2,0), (E+,g+), and (E - ,*-) where 

E ± = ±\[^2(2^yB7> Z± = ^ 3 2 ^ E : b ( 4 " S ± 2 ) ' ( 4 7 8 ) 

where 

B7 = (2-7) (6 2 -3) + 4a2. (4,79) 

The point (0,0) represents a flat FRW model; the eigenvalues of this point are 

\ | B8 ± ^B8
2 - 48[Br + | (2 - 7)2] , (4,80) 

where 

B8 = 4&2 - 3(37 - 2). (4.81) 

If B7 + |(2 - 7)2 < 0, then the point (0,0) is a saddle point. If B7 + f (2 - 7)2 > 0, 

then the stability of the point (0,0) depends on the parameter Bg. If Bg > 0 the 

point (0,0) is a source and if B8 < 0 the point (0,0) is a sink. Bifurcations of this 

point occur when B7 = —1(2 — 7)2 and Bs = 0 and are discussed later. 

The points (±2,0) represent Kasner models. The eigenvalues are 

i {(262 + 3 7 - 12) ± «/(2&2 + 37-12)2+24B7 j . (4.82) 

If B7 > 0, the points (±2,0) are saddle points. If B7 < 0, then the points (±2,0) are 

sinks. The bifurcation that occurs when B7 = 0 is discussed later. 

The points (S1*1, z^) only exist when B7 + |(2 — 7)2 > 0. The eigenvalues are 

8 >2 

^ + 37 - ,2 - ~B,j - 2«7 (l + jj-i-jjAJJ-lUS, 
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If - | ( 2 - 7)2 < B7 < 0, then the points (E-*-, Z-*-) are saddle points. If B7 > 0, then 

the points (E+,«+) are sinks. The bifurcation values B7 = - | ( 2 — 7)2 and B7 = 0 

are discussed later. The stability of all equilibrium points is summarized in Table 4.6. 

Knowing the equilibrium points and their eigenvalues only reveals the local be

haviour of the system (4.77). The determination of some of the global properties 

requires investigating the existence or non-existence of periodic OTbits and analyzing 

points at infinity. 

The existence of periodic orbits is difficult to prove. However, with the aid of 

Dulac's criterion [78] (see Appendix A), we are able to prove the non-existence of 

periodic orbits for a range of parameter values. Taking the divergence of the system 

(4.77) we can see that 

V - / = ^ B 8 - ^ ( 2 - 7 ) S 2 . (4.84) 

Therefore, if B8 < 0 then there do not exist any periodic orbits. 

To analyze the points at infinity we first change to polar coordinates r2 = E2 + z2 

and 9 = tan_ 1(z/E) and then we compactify the phase space through the following 

transformations: 

in which case the evolution equations for r and 9 become: 

f | = ( l - r ) 3 7-={^(2-7)cos 2 e + ( 2 6 2 - 3 7 ) s i n 2 ^ ± ( a 2 - 1 2 ) c o s e s i n ^ } 

_ (1 _ F ) * * 3 ^ - ^ {|(2 - 7) cos2 9 + 3(2 - 7) sin2 9 + a2 cos 0 sin $\ , (4.86) 

— = ( l - 7 - ) 2 { ( 2 6 2 - - 7 - 3 ) c o s ^ s i n ^ + a2cos25 + 12sin 2^| 

,cos30 (3 
-f2- {^(2-i)sm9 + a2cos9\. (4.87) 

4 

The points at 7" = 00 are mapped to the unit circle f = 1. Hence the equilibrium 

points at infinity are those points on the unit circle 7~ = 1 where ^| = 0. The 

equilibrium points are thus 

(1,|), (1 ,~) , (l ,r) , and (l,0* + w), (4.88) 
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where tan 0* = —2a2/3(2—7). In order to determine the stability of these equilibrium 

points we need to study the values of | | and ^ | in a neighborhood of each of the 

equilibrium points. We find that the points (1,0*) and (1,9* +t) are saddle-points 

while the points (1, ±ir/2) are sources. 

To obtain a complete picture of the qualitative behaviour of the model we must 

discuss the various bifurcations that occur. A bifurcation occurs at B7 = — f (2 — 1)2, 

in which case the point (0,0) undergoes a pitchfork bifurcation [79] to create the 

two new equilibrium points (E ± ,2 ± ) and its stability is transferred to them. When 

B7 > —1(2—7)2, the point (0,0) experiences an Andronov-Hopf bifurcation at B8 = 0 

[79]. Therefore, it can be shown that there exists a S > 0 such that for every B8 G 

(0,6) there exists a periodic orbit. In addition, the periodic orbit is an attractor. A 

third bifurcation occurs at B7 = 0 when the points (E**1,^) and (±2,0) undergo a 

transcritical bifurcation [79] in which they exchange stability. The stability of all of 

the equilibrium points (finite and infinite) is given in Table 4.6. 

Let us now discuss the qualitative properties of this model. If B7 < — f (2 — 7)2, 

then all trajectories evolve from the equilibrium points at (±2,0) representing Kasner 

models to points at infinity. These models are generally unsatisfactory since, the WEC 

(which implies E2 < 4 for the Bianchi I models here), is broken eventually. However, 

there do exist two exceptional trajectories for which the WEC is satisfied always. 

These are the trajectories that lie on the unstable manifold of the equilibrium point 

(0,0) which describe models that have a Kasner-like behaviour in the past (t-time) 

and isotropize to the future toward the point (0,0). A phase portrait of this model 

is given in Figure 4.9. 

If —1(2 — 7)2 < B7 < 0 and B8 < 0 then there exist two classes of generic 

behaviour. One class of trajectories evolve from the isotropic equilibrium point (0,0) 

and evolve to points at infinity. The second class of trajectories evolve from the 

equihbrium points (±2,0), which represent Kasner models, and evolve to points at 

infinity. Both of these classes of trajectories describe models that fail to isotropize, 

and describe models that will eventually violate the WEC. If — f (2 - 7)2 < B7 < 0 
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Table 4.5: Stability of the equilibrium point (1,0, y+, 0) where dim(Ws) is the dimen
sion of the stable manifold with respect to fi-time. 

sgn(B4) sgn(B5) type dim(frP) 
Saddle 3 

+ + Saddle 2 
+ - Sink 4 

Table 4.6: Stability of the equilibrium points with respect to fi-time, at both finite 
and infinite values, for the Bianchi type I anisotropic model with anisotropic stress 
and zero viscous pressure. 

5 7 

Br<Bd 

B < B7 < 0 
B < Br < 0 
B 7 > 0 
B 7 > 0 

sgn(B8) 

— 

+ 
— 

+ 

(0,0) 
saddle 
sink 
source 
sink 
source 

(±2,0) 
sink 
sink 
sink 
saddle 
saddle 

(S*,**) 

saddle 
Saddle 
sink 
sink 

(0,±oo)a 

source 
source 
source 
source 
source 

(±oo, :fco)b 

saddle 
saddle 
saddle 
saddle 
saddle 

P.O.c 

sink 

sink 

a These are the points at infinity corresponding to (r = 1,8 — ±n/2). 
b These are the points at infinity corresponding to (f = 1,8 = 8*) and (f = 1,6 = 8* -f x). 
c P.O. = Periodic Orbit 
rfB = ~ f ( 2 - 7 ) 2 

P 
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Figure 4.9: The phase portrait describes the qualitative behavior of the anisotropic 
Bianchi type I models with anisotropic stress and zero bulk viscous pressure, in the 
case Br < —1(2 — 7)2 . The arrows in the figure denote increasing a~time (Q —> ooj 
or decreasing t-time (t -* 0+J. 

and B8 < 0, then there exists three sets of exceptional trajectories. One set is the 

stable manifolds of the points (E**-, z**-) which represent models that start at (E**-, z*) 

and evolve to points at infinity, hence the WEC will be violated. There do exist 

trajectories describing models that satisfy the WEC for all time, namely the unstable 

manifolds of the point (E+, z*). One set of these trajectories start at the equilibrium 

point (±2,0) which represent the Kasner models and evolve to the point (E-^z*). 

The other set of trajectories evolve from the isotropic equilibrium point (0,0) to the 

equilibrium points ( S ^ z * ) . In this case there are no models which isotropize. A 

phase portrait of this model is given in Figure 4.10. 

If —1(2 — 7)2 < B7 < 0 and B8 > 0 then there exist three classes of models. 

One class of trajectories evolves from the periodic orbit to the isotropic equilibrium 
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point (0,0). This class of models is interesting in that the past singularity has an 

oscillatory nature, that is, both the dimensionless shear E and the dimensionless 

anisotropic stress z tend to a closed periodic orbit in the past (t-time). This class of 

trajectories also represent models that isotropize and represent models in which the 

WEC is satisfied always. The second class of trajectories are those which evolve from 

the periodic orbit to points at infinity. This class of trajectories represent models that 

will not satisfy the WEC at some point in the future. The third class of trajectories 

is the same as the second class of trajectories in the case — | (2 — 7)2 < B7 < 0. 

Again there exist three sets of exceptional trajectories. The stable manifolds of the 

points (E*, z**-) represent models that will eventually violate the WEC. The unstable 

manifolds of the points (E-^z-1-) represent either models that start at the Kasner-like 

equilibrium point (±2,0) and evolve to the point (E-^z-1-) or represent models that 

start from the periodic orbit and evolve to the point (E1*-, z-1-). The phase portrait in 

this case is very similar to that of Figure 4.11. 

If B7 > 0 and B8 < 0, then the behaviour of the trajectories is very similar to 

the behaviour of the trajectories in the case —1(2 — 7)2 < B7 < 0 and B8 < 0. The 

difference stems from the fact that the points (±2,0) are now saddles and .the points 

(E± ,z : t) are now sinks. The phase portrait in this case is very similar to that of 

Figure 4.10. 

If B7 > 0 and B8 > 0, then the behaviour of the trajectories is very similar to 

the behaviour of the trajectories in the case —1(2 — 7)2 < B7 < 0 and B8 > 0. The 

difference stems from the fact that the points (±2,0) are now saddles and ( S ^ z * ) 

are now sinks. A phase portrait of this model is given in Figure 4.11. 

In conclusion, the general behaviour of these models is unsatisfactory in that the 

WEC is violated eventually, except in the case B8 > 0 and — f (2 - 7)2 < B7 where 

there exists a set of models (of non-zero measure) that will always satisfy the WEC. 

These are the models represented by the trajectories which start at the periodic orbit 

and isotropize to the point (0,0) to the future (t-time). There also exist models 

which satisfy the WEC always, but these are the models represented by the unstable 
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Figure 4.10: The phase portrait describes the qualitative behavior of the anisotropic 
Bianchi type I models with anisotropic stress and zero bulk viscous pressure in the 
case —1(2 — 7)2 < B7 < 0 and B8 < 0. The arrows in the figure denote increasing 
a-time (a —• 00 j or decreasing t-time (t —> 0+). 

manifolds of the saddle-points. 

Clearly the anisotropic stress in the truncated-Israel-Stewart theory plays a very 

dominant role in the evolution of the anisotropic models. This is in contrast to what 

was found in Chapter 3 using the Eckart theory where it was found that anisotropic 

stress played a very minor role in determining the asymptotic behaviour. However, 

if B 8 < 0, then all models are generically unsatisfactory in that the WEC will be 

violated. If B8 > 0, then there does exist a set of satisfactory model 1 v.'here the 

WEC will always be satisfied. It is also interesting to note briefly the existence of 

a periodic orbit, this type of behaviour is not seen in the Eckart models. With the 

existence of this periodic orbit, the past attractor which this periodic orbit represents, 

has a oscillatory character to it, in that the dimensionless shear (and therefore the 

1 
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Figure 4.11: The phase portrait describes the qualitative behavior of the anisotropic 
Bianchi type I model with anisotropic stress and zero bulk viscous pressure in the 
case. Br > 0 and B8 > 0. The closed elliptical orbit close to the center represents 
the periodic orbit. The arrows in the figure denote increasing a-time (a —> ooj or 
decreasing t-time (t —> 0+J. 

dimensionless density) and the dimensionless anisotropic stress will have an oscillatory 

nature. 

4.3.4 Qualitative Analysis — Non-Zero Heat Conduction 

In this section we will study the effects of heat conduction on the models. For 

simplicity we will assume that the anisotropic stress is zero. Although naj, = 0, the 

bulk viscosity is still present, therefore, in a sense, we are investigating the effect 

heat conduction will have on the viscous models with bulk viscosity. Under these 

assumptions, the system (4.39-4.46) reduces to a one-parameter family (that is, in 
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addition to the parameters arising from the equations of state) of three-dimensional 

systems analogous to the parameterization used in Chapter 3. We label this new 

parameter — 1 < G = (k -f 1)/\A'2 — fc + 1 < 2, which is a function of the integration 

constant, k, that appears when equations (4.40) and (4.41) are integrated. The value 

C = 0 corresponds to the case in which there is zero heat conduction, and G = 2 

corresponds to the case in which the model is locally rotationally symmetric (LRS). 

We define a new shear variable 

E"W' (4'89) 

whence the system (4.39-4.47) becomes 

x' = a;(37-2-2(z) + y - c | ( 4 - 4 a ; - E 2 ) , 

E' = E(2-g) , (4.90) 

y' = y(6i-2-2<?) + 9aia; + V3CciE(4-4a;-E2), 

q = l((3l-2)x-ry + X2), (4.91) 

where 

2 
and the physical phase space is 

4 - 4a; - E2 > 0 and x > 0. (4,92) 

There exists three physically interesting invariant sets in the phase space of the 

system, namely,FRW := {(x,E,y)|E = 0},BJ:= {(a;,E,y)|4-4a;-E2 = 0,andE ± 

0}, and BV := BX" (1 FRWC (where subscript c denotes the complement) which 

represents Bianchi type V models. As before, the set FRW represents the spatially 

homogeneous and isotropic negative and flat curvature FRW models and the set BX 

represents the Bianchi type I models. 

There are six different equilibrium points of the system. The equilibrium points 

lying in the set FRW are: 

(0,0,0), (1,0,7/-), (1,0,2/+), (4.93) 
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where y* is given by equation (4.53). Also, if Bi = 0 then there is a non-isolated 

line of equilibria that passes through the points (0,0,0) and (1,0, y~), where Bi is 

given by equation (4.54). These points represent open (x = 0) and flat (a; = 1) 

FRW models. The eigenvalues of the linearization in a neighborhood of each of the 

isotropic equilibrium points are the same as in the case with zero heat conduction 

(see equations (4.74), (4.75), and (4.76) for the eigenvalues of (0,0,0), (1,0, y"), and 

(1,0, y+), respectively, and the appropriate parts of Table 4.7). 

The equilibrium points located in the set BX are 

(0,-2,0), and (0,+2,0). (4.94) 

The eigenvalues of the linearization about the point (0, —2,0) are similar to those 

in the case with zero heat conduction [see equation (4.72)]; indeed, only the first 

eigenvalue is different, namely, instead of Ai = —4, we now have Aa = - 4 — 2C, 

which is very easily seen to be negative definite. Therefore the stability of the point 

(0, —2,0) is the same as in the previous case with zero heat conduction. Similarly, for 

the eigenvalues of the linearization about the point (0, +2,0), only the first eigenvalue 

is different, namely, instead of Ai = —4 we now have Ai = —4 + 2C, which is negative 

definite for C ^ 2. Therefore, if C ^ 2, the stability of the point (0,+2,0) is the 

same as in the case with zero heat conduction. The case C = 2 is discussed below. 

The sixth equilibrium point is (x, E,y), where 

- - 4(C72-4)(&i-6 + 4y/3ci) 

<72[16>/3ci + (37 - 2)(&i - 6) - 9ai]' 

E - 1 

v = 1 2 ( ( 7 2 - 4 ) [ 4 v ^ c i ( 2 - 7 ) - 3 a i ] 

C2[16x/3"ci + (3 7 - 2)(6i - 6) - 9aj]' [ ' J 

However this last equilibrium point hes outside the region of phase space defined by 

equations (4.92) for C ^ 2. 

If C = 2, then a 'transcritical' bifurcation occurs, the points (x, S, y) and (0, +2,0) 

coalesce and become a single point. The stability of this point cannot be determined 
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via linearization. If (37 — 2)(6 — bi) + 9ai — 16\/3ci = 0, then there is a line, of 

equilibrium points y + (37 — 2)x = 0, E == 2. The stability of the equilibrium point is 

very difficult to determine analytically (even with the use of center manifold theory 

[79]). However, numerical experiments in addition to some analysis show that the 

equilibrium point has some of the same behaviour as in the case with G y= 2 (e.g., if 

Bg > 0 the point is a saddle and if B$ < 0 then the point has both saddle-like and 

sink-like behaviour). 

The stability of the equilibrium points (0,0,0), (1,0, y"), (1,0, y+), (0, -2 ,0) , and 

(0, +2,0) are the same as in the case with zero heat conduction. The heat conduction 

does not determine the stability of the equilibrium points that lie in the physical 

phase space (4.92) but does play a role in determining their eigendirections. This is 

similar to the situation in which the bulk viscous pressure is absent whence the model 

reduces to one that was analyzed in Chapter 3; there the addition of heat conduction 

did not change the stability of the equilibrium points but did allow the models to 

violate the WEC by rotating the principal eigendirections [68]. 

4.3.5 Summary of the Anisotropic Models 

This work improves over previous work in Chapter 3 and in [53, 54, 55] on viscous 

cosmology using the non-causal first-order thermodynamics of Eckart [47] in that 

a causal theory of irreversible thermodynamics has been utilized. Also, this work 

enhances the analysis of anisotropic viscous cosmologies in [44, 58, 77] because more 

than just the isotropic equilibrium points have been analyzed. The present work also 

generalizes the analysis of causal viscous FRW models in section 4.2. 

Again we have seen that the equilibrium points of the dynamical system describing 

the evolution of an anisotropic viscous fluid cosmological model are, in general, self-

similar. In the case in which m = n = 1, r,- = 1 and p,- = - 1 (i = 1,2) all 

equilibrium points are self-similar except in the case in which 7 = 3C<, when there 

exists a equilibrium point that represents a de Sitter model which is not self-similar. 



I l l 

We have found that in the case of zero heat conduction the anisotropic models 

need not isotropize (that is, there exists a range of parameter values and initial 

conditions such that the models will not isotropize). The parameter b2, which is the 

parameter related to the relaxation time of the anisotropic stress, plays a major role in 

determining the stability of the isotropic models. In the special case of zero anisotropic 

stress we have shown that all models isotropize. The addition of anisotropic stress 

on an anisotropic Bianchi type I model reveals some of the effects that anisotropic 

stress has on an anisotropic model. For instance, anisotropic stress generically causes 

models to increase their anisotropy and eventually violate the weak energy condition. 

Anisotropic stress in some instances causes the creation of a periodic orbit. This 

periodic orbit represents a past attractor in which the dimensionless quantities p/02 

and a/9 are approximately periodic. It is interesting to note that it is only when this 

periodic orbit is present that there exist trajectories (in the interior) which represent 

models that will isotropize and satisfy the weak energy condition. 

The models with heat conduction analyzed here had no anisotropic stress but 

did have bulk viscosity. Consequently, we have investigated whether any qualitative 

changes arise from the inclusion of heat conduction. From our analysis the addition 

of heat conduction in the model did not change the stability of the equilibrium points, 

and hence the asymptotic states of the models. However, the inclusion of heat con

duction did affect the dynamics in a neighborhood of each of the equilibrium points 

in that some of the eigendirections have changed. 

4.4 Conclusions 

In this chapter we have employed the truncated Israel-Stewart theory which is 

a causal and stable second order relativistic theory of irreversible thermodynamics. 

The asymptotic behaviour of the Eckart models can be significantly different than the 

asymptotic behaviour of the truncated Israel-Stewart models. Therefore, one must 

I 
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exercise caution when drawing conclusions about the dynamics of the universe, when 

using the Eckart theory. 

It is possible that the truncated theory is applicable in the very early universe, 

however, it is known that such a truncated theory could result in some pathological 

behaviour, (e.g., in the temperature [36]). Hence, this work should be considered as a 

first step in the analysis of the full Israel-Stewart theory [48, 52, 51, 80]. This chapter 

provides a foundation for the analysis of viscous cosmological models using the Full 

Israel-Stewart theory which will be presented in the following chapter. 
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Table 4.7: Stability of the equilibrium points with respect to O-time (both with and 
without heat conduction). 

sgn(B6) 

+ 
+ 
— 
— 

sgn 
— 

+ 
— 

+ 

w (0,0,0) 
source 
saddle 
source 
saddle 

(1,0,2/-) 
saddle 
source 
saddle 
source 

(1,0,7/+) 
sink 
sink 

saddle 
saddle 

(0,2,0) 
saddle 
saddle 
sink 
sink 



Chapter 5 

Causal Viscous Fluid Cosmological 

Models (Full Theory) 

5.1 Introduction 

In Chapter 4 spatially homogeneous viscous fluid cosmological models were in

vestigated using the truncated Israel-Stewart [49, 50, 81] theory of irreversible ther

modynamics to model the viscous effects. Although the truncated theory is a causal 

and stable second order relativistic theory of thermodynamics, the truncated version 

of the theory is known to give rise to very different behaviour than the full Israel-

Stewart theory [49, 50, 81]; in fact, Maartens [36] argues that in many cases the 

truncated theory will lead to pathological behaviour (for example, in the behaviour 

of the temperature). Therefore, although it can be argued that the truncated theory 

might be better formulated in terms of a redefinition of equilibrium values and that 

the truncated theory may be applicable in particular circumstances, a neglection of 

the divergence terms in Chapter 4 can only be regarded as a first step in the study 

of dissipative processes in the universe utilizing the full (non-truncated) theory. 

114 
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5.2 Friedmann-Robert son-Walker Models 

5.2.1 The Equations 

The dimensionless Einstein field equations for a spatially homogeneous and isotropic, 

cosmological model are given by equations (4.1-4.3). Analogous to the analysis in the 

truncated Israel-Stewart theory, we require an equation for the dimensionless viscous 

pressure y and therefore for n . Here, we shall assume that the bulk viscous pressure, 

n , obeys the evolution equation (1.3) [48, 52], 

n = -C0- r n - - r n 
< 

T 

T 
(5.1) 

where C > 0 is the bulk viscosity coefficient, 0O > 0 is a relaxation coefficient for 

transient bulk viscous effects, and T > 0 is the temperature. Equation (5.1) with 

e = 1 arises as a simple solution of the H-theorem (positive entropy production) [36]. 

The truncated theory effectively arises by setting e = 0, and it is the vanishing of the 

term in square brackets in equation (5.1) that is the effective source of the pathological 

behaviour of T [36]. Rewriting equation (5.1) with respect to the dimensionless 

variables (3.10) we derive 

dy 
= y ?)£ ' - - - + 9 

0o92 
+ ly 

0o T 
(5.2) 

Equations of state for p, C and 0o and a temperature law for T are needed in 

order for the system of equations (4.1-4.3) and (5.2) to be closed. Unlike Belinski et 

al. [44] in which C, Po (and T) are assumed to be proportional to powers of p [36], 

we shall adopt dimensionless equations of state (4.6) where p/92, C/9 and po92 are 

proportional to powers of the dimensionless density parameter x, namely, 

^ = 3 (7- iK - = C rm 

9 ^ ' 
and 

Po92 ax (5.3) 

where m and 7*1 are constants which are assumed to be non-negative and Co and a are 

positive parameters. Clearly the equations of state employed will determine the qual

itative properties of the models [36, 48, 52, 44]. Equations of state (5.3), which ensure 
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that the asymptotic limit points represent self-similar models, are phenomenolog'ical 

in nature and are no less appropriate than the equations of state used by Belinskii et 

al. [44]. We note that the equations of state chosen by Belinskii et al. [44] and those 

above coincide when m = 1/2, ?-i = 1. For simplicity we shall assume that 7*i = m, 

and define b = a/Co- (Note, the parameters a and b used here, are precisely those used 

in Chapter 4.) 

Finally, using equation (5.3), equations (4.1-4.3) and (5.2) become: 

x' = ( l - x ) [ ( 3 7 - 2 ) x + y], (5.4) 

y' = y[b-2-y-(Zi-2)x] + 9axm + ^y[% (5.5) 

where 
9' %' T' 

* = 3 4 - 2 - + 7 n - + - , (5.6) 

and 

l^x = JhR9-\ (5.7) 

Thus, the Une x = 1 divides the phase space into three invariant sets, x < 1, x — 1, 

and x > 1. If x = 1, then the model is necessarily a flat FRW model, if x < 1 then 

the model is necessarily an open FRW model, and if x > 1 the model is necessarily a 

closed FRW model. 

Equations (5.4) and (5.5) constitute a plane autonomous system of ODEs for * 

and y. In the truncated theory e = 0, whence the final term in equation (5.5) is 

absent and there is no need to specify an equation for T. From this point on, we shall 

set e = 1, and adopt the following temperature law: 

T = T0x
p92qera, (5.8) 

where p, q, and 7* are constant. Consequently 

•J = (3 + r) + 2 ( l * r ? ) J + ( m * r p ) p 

V 
= Co-T-Ciy-r-C2X-r-c3-, 

x 
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where 

co = 5 + r + 29 + ( 3 7 - 2 ) ( m + p ) , 

a = \-\-q — m- p, 

c2 = ( 3 7 - 2 ) c i , 

c3 = m + p. 

Relation (5.8) supports a variety of different interesting temperature laws, including, 

for example, 

1. T ~ ToXp91/2 (r = 0, q = 1/4) Represents a dimensionless equation of state, 

assuming that the matter is pure radiation. 

2. T = T0XP92P (r = 0,q = 2p) Represents the equation of state T = Top111 which 

is usually assumed when studying dissipative cosmology. 

5.2.2 Qualitative Analysis 

The flat case 

All of the FRW models are governed by equations (5,4) and (5.5) together with 

equation (5.7). We note from (5.4) that x = 1 is an invariant set, where from (5.7) 

we see that this set represents the flat FRW models. Let us study this physically 

important zero curvature case first. When x = 1, we have that 

* = (co + C2) + (ci+c3)y, (5.9) 

whence equation (5.5) becomes 

y' = ^-—-y2 + \[2b + 3 + r-f- Hq - i)]y + 9a. (5.10) 

That is, the equations governing the evolution of the flat FRW viscous fluid models 

reduce to a single autonomous ODE in y. If q ^ 1, then equation (5.10) is a Riccati 

file:///-/-q
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equation with constant coefficients and its solutions can be found in implicit form. If 

q= I, then equation (5.10) is linear with the solution 

y = Coe**^0 - T^hr-2o + 3 + r 

The analysis of (5.10) is straightforward. There are three possibilities concerning 

the number of equilibrium points at finite values. There are either two, one, or 

zero equilibrium points depending upon the, values of the parameters q and Bo s 

i[2&-r3 + r + 3 7 ( g - l ) ] 2 - 1 8 a ( < 7 - l ) . 

If B9 > 0 and q -̂  J, then there are two equilibrium points at 

± - l [26 + 3 + r + 3 7 ( g - l ) ] ± y / R , r l | . 
y — —— , (,<->-*U 

where one is a sink and the other is a source (with respect to the invariant set x = •1 , 

not the full set of all FRW models). If Bg > 0 and q < 1, then one root is positive 

and the other negative. See Figure 5.1 for phase portrai t . If Bg > 0, q > 1, and 

2b + 3 + 7* + 37(5 — 1) > 0, then both roots are negative. See Figure 5.2 for phase 

portrai t . If B 9 > 0, q > 1, and 2 6 + 3 + 7-+ 3 7 ( 4 - 1 ) < 0, then both roots are positive. 

There are two isolated cases when there is only a single equilibrium point, namely 

when q = 1 or Bg = 0. If q = 1, then there is a single equilibrium point a t 

- 1 8 a 
V ~ 2 6 + 3 + r" 

If a = 1 and 2b + 3 + r > 0, then this point is a source. See Figure 5.3 for a phase 

portrait. If q = 1 and 26 + 3 + r < 0, then this point is a sink. See Figure 5.4 for 

a phase portrait. If B9 = 0, then necessarily q > 1 and the equilibrium point has 

coordinate 
= - | [26 + 3 + r + 37(ff-l)] 

q-l 

If Bg = 0 and 26+3+r + 37(g- l ) > 0, then this point has a negative y coordinate. If 

Bg = 0 and 26+3 + r + %i(q — 1) < 0, then this point has a positive y coordinate. In 

each case the equilibrium point, is nonlinear and has a stable and an unstable direction. 

See Figure 5.5 for a phase portrait. If Bg < 0, then there are no equilibrium points 
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at finite values. Evaluating y' at y = 0 reveals the direction of the flow. See Figure 

5.6 for a phase portrait. 

Two conclusions can be made quite easily concerning the flat FRW models. One 

is that the behaviour of the flat models depends critically upon the value of the 

parameter q found in the temperature law (5.8). The second is that the behaviour of 

the flat models with q < 1 using the full (non-truncated) theory is qualitatively the 

same, as the. qualitative behaviour in the truncated theory (see Chapter 4). 

The general curvature case 

Let us now return to the general curvature case x ^ 1 [see equations (5.4) and 

(5.5)]. Equation (5.5) can be written as 

y' 6 - 2 + | ) + x(37 - 2) ( ! - l ) + y ( ! - l ) + !yx"1] + 9ax"\ (5.12) 

From equation (5.4), the equilibrium points (x, y) not lying in the invariant set x = 1 

satisfy y = —(37 — 2)x, and from (5.12) we obtain 

9axm - ^(37 - 2)(26 + r + 2q + l)x = 0 (5.13) 
Li 

For m > 0, there exists a singular point at the origin (0,0). (Note, however, that the 

system of ODEs as given by equations (5.4) and (5.12) is not defined at x = 0 except 

when c3 = 0, therefore the point (0,0) may not be a well defined equilibrium point of 

the system. Changing to polar coordinates, it can be shown that this singular point 

is saddle-like in nature (hyperbolic sectors) if m < 1. If m > 1 then the point (0,0) 

has parabolic and hyperbolic sectors. 

If m -̂  1, then there is a second equilibrium point at 

(*' ̂  = ( ^Ti2b + r + 2q +1} '_(37 " 2 ) 5 ) • (5-14) 

If Bio = (37 - 2) (26 + r + 2q + 1) - 18a > 0, then x > 1, and when m < 1, this point 

is a saddle. If Bi0 < 0, then x < 1, and when m > 1, this equilibrium point is again 

a saddle. There is a variety of other possible behaviours. 
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5.2.3 Summary 

The qualitative behaviour of the flat FRW models has been determined com

pletely. If q < 1 (necessarily Bg > 0), then the flat models evolv; from the visco-

elastic singularity represented by the point y = y+ with corresponding solution (after 

recoordination) 

towards either points at infinity or to the point y = y~ which has solution 

a(t) = \t- fcp/«™*>, 9(t) = •——-(* - toY" 

^-(F+Trt'«*-«" nW=fo=W l'-'°r- (5''0) 

[Note if y"+37 > 0, then the solution (5.16) can be recoordinatized such that to = 0.] 

The Israel-Stewart theory of irreversible thermodynamics is a linear approximation 

of the true dynamics of a viscous fluid. The theory can only describe processes near 

equilibrium and therefore the magnitude of the bulk viscous pressure j should be less 

than the equilibrium thermodynamical pressure p, that is, 

| n | < (7-!)/>• (5.17) 

[Note: this condition can be relaxed if the bulk viscosity is a result of particle creation.] 

In dimensionless variables, equation (5.17) becomes 

|y|< 3 ( 7 - l ) s . (5.18) 

One can easily verify that solution (5.15) satisfies (5.18) if (y+ + 37) < 3(27 - 1), It 

can also be shown that solution (5.16) satisfies (5.18) if y" + 37 > 3. 

If q = 1 and 26+3 + r > 0, then the trajectories describing the models evolve from 

points at infinity to the point y = —18a/(26 + 3 + r) which has a solution similar to 
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(5.16). If q = 1 and 26 + 3 + r < 0 then the trajectories describing the models evolve 

from point y = —18a/(26 + 3 + r) which has a solution of the form (5.15) to points 

at infinity. 

If Bg = 0 (necessarily q > 1) then tLere are trajectories that describe models 

which evolve from the point y = —§[26 + 3 + r + 37(0 - l)]/(g - 1) [which has 

a solution of the form (5.15) if y + 37 > 0] to points at infinity. There are also 

trajectories that describe models that evolve from points at infinity to the point 

y = -\[2b + 3 + r + 37(0 - l)]/(q - 1). If B9 < 0, then the trajectory describing 

the flat models evolves from y = +00 to y = —00. This trajectory describes models 

that evolve from a big-bang singularity and after a finite time start to inflate. After 

inflating for a finite period of time, the models will start expanding at increasing rates 

(i.e., 9 > 0) and will evolve to y — —00, which represents models with an infinite 

negative viscous pressure. 

The behaviour of the viscous fluid FRW models where the bulk viscous pressure 

satisfies the full Israel-Stewart theory of irreversible thermodynamics has been ana

lyzed. The stability of the singular point (0,0), representing the Milne model depends 

upon the value of m. The equilibrium point (x, y) can represent either an open, flat 

or closed FRW model depending upon the value of the parameter Bi0. Exact deter

mination of the nature of this particular singular point is extremely difficult; however, 

a partial result is possible—if Bi0(l — m) > 0 then the equilibrium point is a saddle. 

Maartens [36] has derived the evolution of the specific entropy, s, to be 

en , , 

where n is the number density. Using the number density conservation law (77, + n9 *= 

0), equation (5.19) can be translated to dimensionless variables 

3' = (3Tono)-V~p02(1~?)e~(3+'-)n, (5.20) 

Requiring s > 0 or equivalently 5' < 0 indicates that y should be constrained to be 

less than zero, i.e., y < 0. Other possible constraints on p, q , and r can be found by 
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imposing further conditions on the entropy evolution, e.g., imposing that it increase 

but at decreasing rates, i.e. 5 < 0. 

It can be concluded that the behaviour of the FRW models in which the bulk 

viscous pressure satisfies the full Israel-Stewart theory can be qualitatively quite dif

ferent from the behaviour of the truncated models, On the other hand, it can be 

argued that the physically meaningful case is when q < 1, in which case the qualita

tive behaviour of the flat FRW models using the truncated and the full Israel-Stewart 

theory is similar. The equations of state utilized for the temperature (5.8) and for 

the bulk viscosity coefficient C play major roles in determining the dynamics of the. 

models. 

A complete analysis of the asymptotic behaviours of these viscous fluid models, 

depending on the (many) free parameters in the model (a, 6,7, m, p, q, r) and utiliz

ing the energy conditions can be made. The next step in this research programme, 

however, is to attempt to use results from kinetic theory in order to motivate phys

ically plausible equations of state, or, at the very least, to limit the form of the 

phenomenological equations of state used. 

5.3 Isotropic Curvature Models 

5.3.1 Introduction 

In Chapter 3, a simple Bianchi type V model was investigated where the viscous ef

fects were modelled by the first-order non-causal Eckart theory of irreversible thermo

dynamics [47]. In Chapter 4, isotropic Friedmann-Robertson-Walker and anisotropic 

Bianchi type I and type V models were analyzed where the viscous effects were de

scribed by the second-order causal truncated Israel-Stewart theory of irreversible ther

modynamics [49, 50] where it was found that anisotropy led to some interesting be

haviour. In the previous section 5.2, an isotropic Friedmann-Robertson-Walker model 
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r-y" 0 y=y+ 

Figure 5.1: The phase portrait describes the qualitative behavior of the isotropic vis
cous fluid FRW models in the case Bg > 0 and q < 1. The arrows in all the figures 
denote increasing a-time. (a —> ooj or decreasing t-time (t —* 0+j. 

> 9 * -

y=y y=y *v+ o 

Figure 5.2: The case B$ > 0 and q > 1. 

y=y 

Figure 5.3: The case q = 1 and 26 + 3 + r > 0. 

- • — * -
y=y+ 

Figure 5.4: The case q = 1 a7id 26 + 3 + r < 0. 

* • » 1 

y=y" o 

Figure 5.5: The case B9 = 0 and 26 + 3 + r + 37(0 - 1) > 0. 

Figure 5.6: 7%e case B9 < 0. 
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was studied in which the bulk viscous pressure satisfies the full (non-truncated) Israel-

Stewart theory of irreversible thermodynamics [48, 51, 52]. The obvious next step in 

this line of research is to analyze the anisotropic generalizations of the Friedmann-

Robertson-Walker models employing the full Israel-Stewart theory of irreversible, ther

modynamics to describe the viscous effects. 

In this section, to simplify the mathematics and derive a tractable system of 

equations we shall assume zero heat conduction. We will investigate viscous effects in 

a class of spatially homogeneous and anisotropic cosmological models, in particular, 

the class of isotropic curvature models. The isotropic curvature models are described 

by the property that the three dimensional Ricci curvature tensor is isotropic; that 

is, 3Rap = 13Rb~ap on the spatial hypersurfaces [20] (hence, the. spatial hypersurfaces 

have constant curvature [20]). This class of models contains the Bianchi type I (3R = 

0) and Bianchi type V (3R < 0) models and a special case of the Bianchi type IX 

(3R > 0) models. In essence, the isotropic curvature models (Bianchi V, Bianchi 

I, Bianchi IX) can be regarded as the simplest anisotropic generalizations of the 

Friedmann-Robertson-Walker (open, flat, closed) models. 

5.3.2 The Equations 

The dimensionless Einstein field equations are for the isotropic curvature models 

equivalent to equations (3.11-3.16). If the model is of Bianchi type V then there is 

an additional constraint that must be satisfied, namely Ei + E2 = 0. In order to close 

the system of equations we need relationships for the dimensionless viscous pressure y 

and the dimensionless anisotropic stresses zi and z2. Therefore, we require equations 

for n , III, and I^. 

Assuming that the universe can be modelled as a simple fluid , the non-truncated 

Israel-Stewart equations for the bulk viscous pressure, n , and the anisotropic stresses, 



125 

III, and n 2 , are given by (1.3) [48, 51, 52]: 

n -C|0 + /3on + -A>n 
',0o T 
0 + Jo-T ) • 

n x = -27?[<Ti+/?27r] + - ^ n i 

n2 = -2T/ i 02 + 02*2 + -Z02&2 

9J-1 T 

9 + J2-T, 
8 J2 f 
6 + l2~T 

(5.21) 

) • 

The variable T represents the temperature, C is the bulk viscosity coefficient, n is the 

shear viscosity coefficient, 0o and 02 are proportional to the relaxation times. The 

above equations reduce to the Eckart equations used in Chapter 3 and in [53, 54, 55] 

when a0 = ai = 0o = 0i = 02 = 0, and reduce to the truncated equations used in 

Chapter 4 when e = 0. 

Rewriting the above system (5.21) in terms of the dimensionless variables (3.10) 

and augmenting the result to equations (3.11-3.13) we obtain the following system: 

^ = x ( l - 2 a ) + 9 ^ + y + S i ( 2 z i - * 2 ) + E 2 (20 2 - z i ) 

dSi 
da 

dEji 
da 
dy_ 
da 

dzi 

In 
dz2 

la 

= E i (2 -g ) -12z i , 

= E 2 (2-a) -12z 2 , (5.22) 

0' 

[\CJ \0o92 -2-2q +im+62y 
3 0o+T 

Zl 
7?/ \4020

2 

0\ ( 3 

4029
2 

0 -
) -

+ Ei 

+ S2 

e 
A029

2J + 2Zl 

3 \ c 

4029
2) + 2Z2 

3 02+T 

where E2 = | (E i + E2)2 — E]S2 , the dimensionless deceleration parameter 

I(x + y + 9 £ + E2), (5.23) 

and where' denotes differentiation with respect to fi. Finally, the Friedmann equation 

(3.16) is 

4 - 4 x - S 2 = - 6 ^ . (5.24) 
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The interior of the parabola 4 = E2 + 4x in the phase space represents models of 

Bianchi type V. The parabola itself represents models of Bianchi type I, and the 

exterior of the parabola represents models of Bianchi type IX, Presently, we shall 

always assume that x > 0, which states that the energy density in the rest frame of 

the matter is non-negative. This is a necessary condition for the fulfillment of the 

WEC [69]. 

Note also that if 3R < 0 then the model is of Bianchi type V and the extra 

constraint Ei + E2 = 0 must be satisfied. Imposing this constraint on the Bianchi 

type I and IX models leads to a sub-class of the isotropic curvature models, which, 

since E = Ei = —E2 and n = Hi = —n2, is governed by the four-dimensional system 

of ordinary differential equations: 

dx 

la 
dE 

da 

da 
dz 

In 

= x(l-2a) + 9 ^ + y + 6Ez 

= E(2-g)-12z, 

LVcj [W 

(5.25) 

= y 

= z 

-2-2q + 9 
Po92 

e 

+ 2* 
3 ^ 4 - T ' 

2-2q + S 4#>0-

€ + -z 
2 3 P2+T 

where q is given by equation (5.23). In order to close the system, a set of equations 

of state must again be adopted. These equations of state can be chosen phenomeno-

logically in the same way as in the previous chapter [see Chapter 4, equation (4.38)]. 

However, the full Israel-Stewart theory requires a temperature law for T. 

5.3.3 Future Work 

Future work will include (i) an attempt at using relativistic kinetic theory to place 

limits on the form of the phenomenological equations of state and (ii) an extensive 

qualitative analysis of the isotropic curvature models using these physically motivated 

equations of state, thereby expanding the analysis in section 5.2 to anisotropic models 

and extending the analysis in Chapter 3 and in [53, 54, 55] to causal theories. 
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5.4 Conclusions 

The most obvious observation that one can make regarding this chapter is that 

the qualitative behaviour of the flat FRW models, using the truncated Israel-Stewart 

theory, and the qualitative behaviour of the flat models, using the full Israel-Stewart 

theory, can be significantly different. This difference however, appears as a result of 

the equation of state for the temperature. The primary conclusion that can be drawn 

from all these results is that the equations of state play a primary role in determining 

the behaviour of the viscous fluid cosmological models. Which equations of state are 

most appropriate remains to be seen, however, from a mathematical perspective, the 

dimensionless equations of state used throughout this thesis offer a convenient way of 

reducing the dimensionality of the problem. It is hoped that through some analysis 

of kinetic theory of relativistic fluids that the form of the equations of state can be 

found explicitly or for our matters at least asymptotically. 



Chapter 6 

Spatially Homogeneous 

Cosmologies with an Exponential 

Potential 

6.1 Introduction 

We shall study cosmological models containing a self-interacting scalar field with 

an exponential potential. Scalar field cosmology is of importance in the study of 

inflation, an idea originally proposed by Guth [82], in which the universe under

went a period of accelerated expansion (see, for example, Olive [83]). Models with 

an exponential scalar field potential arise naturally in alternative theories of grav

ity, such as, for example, theories based on the Brans-Dicke theory (for example, 

extended inflation [84, 85], and hyper-extended inflation [86]), in the Salam-Sezgin 

model of N = 2 super-gravity coupled to matter [87], and in theories undergoing 

dimensional reduction to an effective four dimensional theory [88]. In addition, other 

theories of gravity, such as, for example, quadratic Lagrangian theories, are known 

to be conformally equivalent to general relativity plus a scalar field with potentials of 

exponential-type [89, 90]. Cosmologies of this type have been studied by a number of 

128 
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authors, including Burd and Barrow [91], Kitada and Maeda [92, 93] and Feinstein 

and Ibanez [94], 

Our aim here is to perform a qualitative analysis on a class of Bianchi cosmologies 

containing a scalar field with an exponential potential. Since the potential is an expo

nential function, the governing differential equations exhibit a symmetry [63] which 

allows expansion-normalized variables to be defined. The resulting phase space is com

pact (except in the Bianchi IX case in which the phase space is closed but unbounded), 

and the differential equation for the expansion decouples from the other equations. 

Therefore the reduced system of ordinary differential equations can be analyzed by 

using standard geometric (dynamical systems) techniques [18, 54, 55]. In particular, 

we wish to study qualitatively whether the models inflate and/or isotropize, thereby 

deter, lining the applicability of the so-called cosmic no-hair theorem in homogeneous 

scalar field cosmologies with an exponential potential. Essentially the cosmic no-hair 

conjecture asserts that inflation is typical in a wide class of scalar field cosmologies. 

Because inflation in scalar field models with an exponential potential is of power-law 

type [91] which is weaker than in conventional exponential inflation (for which no-hair 

theorems exist [95]), it is not obvious that there exists a cosmic no-hair theorem for 

these models. In addition, Feinstein and Ibanez [94] have found exact homogeneous 

solutions (of Bianchi types III and VI) which neither inflate nor isotropize; this work 

will determine the relevance of these exact solutions and investigate whether their 

qualitative properties are generic. 

Cosmological models with a minimally coupled scalar field have a stress-energy 

censor given by 

Tat = < M ; 6 - ^ ( ^ M : c + ^ ) ) , (6.1) 

where for a homogeneous scalar field (j> = <j)(t), so that <j>.c<j>'c = —<̂ 2 (where an 

over-dot denotes differentiation with respect to the proper time). In this case we 

can formally treat the stress-energy tensor as a perfect fluid with velocity vector 

•u* = ^a/J—^>;a^'a, where the energy density and the pressure are given by 

Pi = B = ^ 2 + V(<£), (6.2) 

% 
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P4 = \¥~V(<f). (6.3) 

In the models under consideration, the potential of the scalar field is given by 

V(</>) = Aefc*, (6.4) 

where A (> 0) and k are constants. 

As noted earlier, a number of authors have studied such cosmological models. 

Homogeneous and isotropic, FRW models were studied using phase-plane methods 

by Halliwell [88] [see also, for example, Olive [83]]. Homogeneous but anisotropic 

models have been studied by Burd and Barrow [91] [Bianchi models of type I and III 

(and Kantowski-Sachs models); exact solutions and a discussion of their stability], 

Lidsey [96] [Bianchi type I], Aguirregabiria et al. [97] [Bianchi type I; exact solutions 

and qualitative analysis for all k], Feinstein and Ibanez [94] [Bianchi types III and VI; 

exact solutions for all k] and Kitada and Maeda [92, 93] [all Bianchi types; qualitative 

analysis for models with k2 < 2, including standard matter satisfying the various 

energy conditions]. 

This chapter is organized as follows. In section 6.2 we shall discuss general quali

tative features of homogeneous scalar field cosmologies with an exponential potential, 

such as for example, whether they isotropize or inflate and what is the relevance of the 

Feinstein-Ibanez solutions [94]. In addition, we will show that all equilibrium points 

in the 'reduced' dynamical system correspond to self-similar cosmological models. In 

section 6.3 we will perform a qualitative analysis of a particular class of Bianchi mod

els, and in doing so illustrate these general properties. In section 6.4 we conclude 

with a discussion. 

I 
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6.2 Isotropization and the Cosmic No-Hair 

Theorem 

6.2.1 Background 

Wald's [95] result that "all initially expanding homogeneous models, with ordinary 

matter satisfying both the strong and dominant energy conditions and with a positive 

cosmological constant, asymptotically approach the isotropic de Sitter space-time", 

was one of the first versions of the cosmic no-hair theorem that was actually proven. 

Since, then a number of extended 'cosmic no-hair theorems' have been proven for 

Bianchi models. In particular, and essentially using Wald's approach, Kitada and 

Maeda [92, 93] have proven that for k2 < 2, all initially expanding anisotropic models 

containing a scalar field with an exponential potential (and ordinary matter satisfying 

the energy conditions) locally approach an isotropic, power-law inflationary (FRW) 

solution (in the Bianchi type IX case the models must also satisfy the condition that 

the ratio of the effective vacuum energy to the maximum three curvature is larger 

than some critical value). In the special case k = 0, the theorem essentially reduces to 

Wald's result [95], and the unique attractor is the exponential inflationary de Sitter 

solution, 

In related work, Heusler [98] proved that all Bianchi models with ordinary matter 

satisfying the usual energy conditions and containing a scalar field with a positive, 

convex potential (with a local minimum such that V(<f>0) = 0; for example, V((j>) = 

\m(j>2), can only approach isotropy at infinite times if the underlying isometry group 

is a He subgroup of the Ge group of isometries describing the FRW model, that is, if 

the underlying Lie group is one of Bianchi types I, V, VII, or IX. This work extended 

(by including scalar fields) the famous result of Collins and Hawking [30] that only 

a subclass of measure zero in the space of all homogeneous models can approach 

isotropy. Here, we shall extend Heusler's result to the case of a scalar field with an 

exponential potential of the form (6.4) with k2 > 2. In this case, the scalar field 

I 
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^ is generally not bounded and (/>V'(<j>) > V(<f>) is only satisfied when <j> is positive; 

therefore, the conditions in Heusler's main theorem are not met. However, Heusler's 

Proposition 1 (where now 9 —• 0 and V —» 0 as t —> oo if there exists a time ta 

with 9(t0) > 0) and Proposition 2 (which gives necessary conditions in order for a 

homogeneous model which is not among the Bianchi types admitted by an FRW 

model to isotropize), are both true in the case of an exponential potential. In our 

calculation below we effectively replace Heusler's Proposition 3 with an analogous 

result on the behaviour of V/E in the case of an exponential potential. 

6.2.2 Equations 

From the Einstein field equations describing the spatially homogeneous models, 

we have the Raychaudhuri equation governing the evolution of the expansion 

0 = _2<r2 - I92 - ft + V(<!>), (6.5) 
o 

and the generalized Friedmann equation 

0a = 3ff» + | ^ + 3 V ( $ - | / > (6.6) 

where o- is the shear scalar, P is the scalar curvature of the homogeneous hypersur

faces, which is always negative or zero except in the Bianchi IX case [95], and V((j>) 

is given by equation (6.4). The Klein-Gordon equation for the scalar field with an 

exponential potential is then 

t + 0J> + kV(<f>) = Q. (6-7) 

Defining the new variable ip as 

* = * + !*, (6-8) 

and using equations (6.5) and (6.6), the Klein-Gordon equation can be rewritten as 

^ + ty + | p = 0. (6.9) 
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We now introduce new expansion-normalized variables and a new time variable 

as follows: 

, . $ , * = V M ^ . (6.10) 

With these definitions and using equations (6.5) and (6.6), equation (6.7) can be 

rewritten as 

* ' = -* (2 -2 / ? 2 -2 f 2 + $ 2 ) - - ^ $ 2 , " (6.11) 
Li 

$< = _ $ ( _ ! _ 2p2 - 2*2 + <52 - ^ - f ) , (6.12) 

where ' denotes differentiation with respect the new time a. The equilibrium points 

of the system have either $ -= \& = 0, which corresponds to the massless scalar field 

case, or /92 + "P2 = 1, $ = 0, which represents the Kasner-like initial (line) singularity, 

or else (and in all cases of interest here) obey the following relation 

$2 + i$2 = _ 2 ^ ( 6 1 3 ) 

In terms of these new expansion-normalized variables, the energy density of the 

scalar field (6.2) can be written as 

j2=^(*2+n (6.i4) 

and we have that 

Hence, at the equilibrium points we obtain 

E _ Vs - i / 3VA 
¥ ~ ~3T* - 3 y1 - m)' (6-16) 

E ~ W + Q2' 6 + 2 0' ^' ' 
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6.2.3 Isotropization 

Following Heusler [98], the necessary conditions for the anisotropic and homoge

neous models, which are not admitted by the FRW models1, that contain a homoge

neous scalar field, to isotropize are: 

P = 0, (6.18) 

and (Heusler's Proposition 2 [98]) 

E 1 
92 ~* 3' aS t -> oo (6.19) 

where ( ) denotes an appropriate time average [Heusler [98], equation (20)]. 

Now, using equation (6.16), equation (6.19) implies that as t —• oo 

£ -» 0. (6.21) 

Substituting equation (6.21) into (6.17) we can compute (V/E), viz., 

G> n / I - Y ) = 1"? (6>22) 

Hence, the necessary condition, equation (6.20), for isotropization to occur implies 

that 

l - - y > | •* k2<2. (6.23) 

Therefore, we have shown that if k2 > 2 and if the model is of Bianchi types II, 

III, IV, VI or VIII then it cannot isotropize. Another way, if k2 > 2 and the model 

is not of Bianchi types I, V, VII, or IX, then it cannot isotropize. Like Heusler [98], 

we have not completely generalized the Collins and Hawking [30] result that only a 

subclass of homogeneous models of measure zero can isotropize, since we have not 

explicitly investigated Bianchi models of types VUh and IX. 

iThese are the Bianchi type II, III, IV, VI and VIII models, 
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The following question consequently arises; what is the future asymptotic be

haviour of the models when k2 > 2. This question will be partially addressed in 

section 6.3. 

6.2.4 Inflation 

For inflation to occur we must have a negative deceleration parameter q, i.e., 

q = 202 + 2* 2 - $ 2 < 0, (6.24) 

so that, using equations (6.13), (6.15) and (6.24), at the equihbrium points the solu

tion will inflate if 

(k2 - 2) - Zk^ < 0. (6.25) 

Therefore, from equations (6.18) and (6.21), for models to inflate and isotrop;ze k2 

must be less than two, a well known result [88, 92, 93]. 

We have shown that k2 < 2 is a necessary condition for the spatially homogeneous 

models under consideration to isotropize, and when k2 < 2 these models will also in

flate. Note, we have not proven that all such models with k2 < 2 isotropize (although 

we shall explicitly demonstrate that this is the case for a subclass of Bianchi models 

in section III). However, the no-hair theorem of Kitada and Maeda [92, 93], described 

in section 6.2.1, shows precisely this; namely, that for k2 < 2 the isotropic, power-law 

inflationary FRW solution is the unique attractor for any initially expanding Bianchi 

model. In addition, these authors also showed [93] that in these models anisotropics 

always enhance inflation in models with non-positive spatial curvature (over their 

isotropic counterparts) and generally enhance inflation in models of Bianchi type IX 

(however; see the detailed discussion in Kitada and Maeda [93], pp 720-721). 
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6.2.5 Remarks 

First, we note that in our investigation we have not included ordinary matter 

(satisfying the usual energy conditions). However, matter could easily be included in 

precisely the same way as in Heusler [98] and Kitada and Maeda [92, 93], One would 

just require that the matter satisfy the DEC and the SEC. 

Second, for an exponential potential the equation describing the evolution of the 

expansion (6.5) written in terms of the new expansion-normalized variables (6.10) 

decouples from the 'reduced dynamical system' and can be written as 

Consequently at the equilibrium points of the reduced system 0, l5 and $ are con

stants, therefore we must have that 

0 = 0or\ (6.27) 

whence the corresponding cosmological models are necessarily self-similar in that 

they admit a homothetic vector [61] (except in the degenerate case k = 0 in which 

the right-hand side of equation (6.5) can be zero and the corresponding model is the 

de Sitter space-time which is not self-similar). 

In particular, the isotropic, power-law inflationary (FRW) attracting solutions (in 

the case k2 < 2), are self-similar models and the Feinstein-Ibaiiez [94] solutions (in 

the case k2 > 2) are also self-similar. 

6.3 A Class of Anisotropic Cosmological Models 

6.3.1 The Equations 

The diagonal form of the Bianchi type VI-, metric is given by: 

ds2 = -dt2 + a(t)2dx2 + b(t)2e2mi!dy2 + c(tf e2x dz2, (6.28) 
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where m = h — 1. If m = 1 then the metric is of Bianchi type V, if m = 0 then the 

metric is of Bianchi type III, and if m = - 1 then the metric is of Bianchi type VI0. 

Thus we are considering a l-parameter (m) class of Bianchi models which include 

Bianchi types III (m = 0), V (m = 1), VI0 (m = -1 ) , and Wh (all other m). In 

addition, the Bianchi type I models can also be included as they are on the boundary. 

The expansion scalar, which determines the volume behavior of the fluid, is given 

by 

* = - + M- (6.29) 
a b c 

The shear tensor, aab, determines the distortion arising in the fluid flow leaving the 

volume invariant. The nonzero components of the shear tensor are 
a / j b c 

0n = r I 2 T — 
3 \ a b c 

(T22 = 
be2m* (h 

— \H (6.30) 

033 
_ ce2x 1 c a b\ 

3 \ c a b) 

and the shear scalar, a2 = \o-abcrab, is given by 

a2 = ;H-: + (!) 
ab 
ab 

ac 
ac 

be 
be 

(6.31) 

In the case under consideration here, there is no rotation and no acceleration. 

The Einstein field equations with a homogeneous scalar field having an exponential 

potential (6.4) are: 

a, b c 
- + T + -
a o c 

= _ ^ + Ae**} 

a. . b e 
- ( l + m ) - m - - - = 0, 
a b e 
ab ac m2 +1 

- + - T + i~ a 
ab ac a 

b ab be m2+ m 
7 + - T + 7 - -b ab bt a* 

c ac be m + 1 

ac be 

= Ae* 

= Aefc*, 

= Ae**. 

(6.32) 

(6.33) 

(6.34) 

(6.35) 

(6.36) 

I 



138 

From the above equations one obtains the generalized Friedmann equation [see. equa

tion (6.6)] 

02 = 3<r2 + \ft + 3Ae* + ~(m2 + m + 1). (6.37) 

Note that the quantity m2 + m + 1 > 3/4 > 0. The Raychaudhtiri equation is [see 

equation 6.5)] 

0 = -2a2 - l-92 -ft + Ae**. (6.38) 

The evolution equation for the shear is 

* = - * * + i M {j i r i . - . 1(*2 -3a2 - 1 ^ 2 - 3A^}- (6-a9) 
3v3v m + m + 1 2 

The Klein-Gordon equation for the scalar field is [see equation (6.7)] 

]> = -9J>- J b A e w . (6.40) 

The above system of equations (6.37)-(6.40) is invariant under the transformation 

(see section 2.5), 
9-+X9 ij>-^\j> ^ - x ^ + f lnA 

(6.41) 
a —» ACT t —> \~lt 

This invariance implies that there exists a symmetry in the dynamical system (6.37)-

(6.40) [63]. With the change of variables given by equation (6.10), the evolution 

equations for 0, * and $ become independent of the variable 9. That is, 9 decouples 

from the dynamical system describing the evolution of 0, \I> and $ . The dynamical 

system can be considered as a reduced dynamical system for 0, $ and 4> together 

with an evolution equation for 9 (see equations below). 

The system of differential equations in the expansion-normalized variables be

comes: 

^ = 0(q-2)+ . l~m ( l - ^ -^ -^ ) 
da HKH ' vW + w + l v ; 

£ = *(q-2)-^e (6.42) 
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where the deceleration parameter q, is defined to be 

q = 202-r2q2-$2 (6.43) 

The phase space [determined by equation (6.37)] is the region defined by 

02 + V2 + $ 2 < 1, (6.44) 

which describes the interior of a sphere. The sphere itself is the phase space for the 

Bianchi type I models. We also note that the above system is invariant under the 

transformation $ -*• —$, hence without loss of generality we restrict ourselves to the 

set defined by equation (6.44) and $ > 0. 

Inflation, in the context of this paper, is defined to occur whenever the deceleration 

parameter q is negative, that is q < 0. We easily see from equation (6.43) the 

inflationary regime describes a cone inside the sphere. 

6.3.2 Qualitative Analysis 

Equilibrium Points 

The equilibrium point 

/3=9-74==TT'* = °^ = 0 l ' <6-45) 
2 vm' + m + 1 J 

satisfies the boundary condition for all m, and when m = — 1 the point is part of the 

non-isolated line of equilibrium points 02 + ^ 2 = 1 (which will be discussed later). 

The inflationary condition q < 0 is never satisfied, hence this point is non-inflationary. 

The linearized system in a neighborhood of the equilibrium point has the following 

eigenvalues: 
-3 (m +1) 2 

Ai = 
2(m2 + m + l ) ' 
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-3-m + l)2 . 
^2 = ,,, , , TTT, (6.46) 

2(m2 + ra +1) 
3(m2 +1) 

A3 ~ 2(m2 + m + l) -

It is easily seen that this point is a saddle point with a 2-dimensional stable manifold, 

The exact solution corresponding to this point is that of a vacuum Bianchi type Vl/t 

model or its degeneracies (that is if m = 0 it is type III, and if 77? = 1 it is of type 

V), with line element (after a re-coordinatization) 

ds2 = -d i 2 + a0
2(t2^dx2 + t2p2e2,nxdy2 + t*"*ete<fc2), (6.47) 

where 
m2 + m 777.+ 1 

* = 1' P2 = ^ T P P3 = ^TI' (M8) 

such that pi + p2 + p3 = p\ + p\ + p\. 

The equilibrium point 

{̂ 0,* = -^,$ = ^ ^ ^ } , (6.49) 

does not exist if k2 > 6 and is part of the non-isolated line of equilibrium points 

B2 + ty2 = 1 when k2 = 6. The point lies on the boundary of the phase space 

02 + \&2 + $2 = 1, hence it is of Bianchi type I. The point is inflationary if 

q = ^p- < 0; (6.50) 

that is, the point represents an inflationary model if k2 < 2. The linearized system 

in a neighborhood of the equilibrium point has the following eigenvalues: 

. &2-6 
Ai - - j - , 

k2 - f i 
A2 = - V ^ , (6.51) 

2 
A3 = k2-2. 

If k2 < 2 the point is a sink, and if 2 < k2 < 6 the the point is a saddle point. (The 

behaviour when k2 = 2 or k2 = 6, the bifurcation values, will be discussed later.) For 
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k ^ 0 the exact solution corresponding to this equilibrium point is that of a flat FRW 

model with line element given by (after a re-coordinatization) 

ds
2 = -dt2 + tA'k\dx2 + dy2 + dz2), (6.52) 

and if k = 0 then the exact solution is the de Sitter model. The scalar field is given 

4> = <f>0--lnt (6.53) 

The equilibrium point 

(k2 - 2) (m - l)Vm2 + m + 1 
0 = 2 [(k2 - 2)(m2 + m + 1) + 3(m2 + 1)]' 

9 = - 2 ^ * <"" + X) (6.54) 
2 P 2 - 2 ) ( m 2 + m + l)+3(m2 + l)]' ^ ; 

y/Q Vm^n^/[(k2 - 2)(m + l)2 + 4(m2 + 1)] \ 

2 p 2 - 2 ) ( m 2 + m + l) + 3(77i2 + l)] J 

can be shown (after much algebra) to satisfy the boundary condition if k2 > 2 and 

satisfies the inflationary condition q < 0 if k2 < 2, which reveals that the point is 

inflationary if k2 < 2 and is non-inflationary if k2 > 2. The linearized part of the 

system in a neighborhood of the equilibrium point has the following eigenvalues: 

3 [ 4(m2 + 1) + (fc2 - 2)(m + l)2 

1 2 {(k2 - 2)(m2 + m + 1) + 3(m2 + 1) 
3 f (fe2-2)(m + l)2 + 4(m2 + l) 

A2 — 
4 \ (k2 - 2)(m2 + m + 1) + 3(m2 + 1)] 

yj[(k2 - 2)(m + l)2 + 4(m2 + l)][4(m2 + 1) - (k2 - 2)(7m2 - 2m + 7)] 
+ (fc2 - 2)(m2 + m + 1) + 3(m2 + 1) 

3 [ (fc?'-2)(m + l)2 + 4(m2 + l) 
4 { (fc2 - 2)(m2 + m + 1) + 3(m2 + 1) 

^[(k2 - 2)(m + l)2 + 4(m2 + l)][4(m2 + 1) - (fc2 - 2)(7m2 - 2m + 7)] 

} (fc2 - 2)(m2 + m + 1) + 3(m2 + 1) 

It can be shown that if fc2 > 2 then all three eigenvalues are negative, hence the 

equilibrium point represents a stable node. It is also interesting to note that if fc2 > 

P 
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2 + 4(m2 + l)/(7?n2 — 2m + 7), then the point is a focus (i.e., the solution oscillates 

in a neighborhood of the equilibrium point). The behaviour of the system at the 

bifurcation value fc2 = 2 will be discussed later. The exact solution corresponding to 

this point is that of a Bianchi type VI/, or its degeneracies (that is if 771. = 0 it is type 

III and if m = 1 it is of type V), with line element (after a re-coordinatization) 

where 

ds2 = -eft2 + a0
2(t2pidx2 + f^e2mxdy2 + t2»*e2*dz2), (6,55) 

Pi = 1, 
2 ^ , (fc2-2)(7tt2 + m)\ 

P2 = P ( 1 + 2(m2 + l) ' ' (G->6) 

_ 2 / (fc2-2)(m+l) 
P3 — 7-; 1 + fc2 V 2(m2 + l) 

The scalar field in this case is given by 

<77 = ^ 0 - - h i t (6.57) 
fc 

This solution was first given by Feinstein and Ibanez [94], 

Boundaries 

The qualitative behaviour on the boundaries can also help to determine, the be

haviour in the interior of the phase space. In this situation, each boundary set $ = 0, 

02 + ty2 + $ 2 = 1 is an invariant set. The invariant set $ = 0 represents models 

with a massless scalar field or zero potential. Presumably, this invariant set will rep

resent the behaviour of the system as the scalar field <p tends to minus infinity. The 

remaining system of equations for 0 and $ can be directly integrated to yield 

$ = C(2/?--7.(1~TO) V (6.58) 
\ v/m

2 + m + l ) / 

* 
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Figure 6.1: Phase portrait in the invariant set $ = 0. 

These are straight lines emanating from the equihbrium point, (6.45), directed in

wards, and thus in the two dimensional invariant set $ = 0 the point is a sink. 

However, in the three dimensional phase space, the point is a saddle point, and thus 

we can conclude that the invariant set $ = 0 is the 2-dimensional stable manifold. 

Also, it is easy to conclude that the outer ring described * y 02 + *P2 = 1 is a source 

(see Figure 6.1). 

We can alsc analyze the invariant set 02 + -J2 + $2 = 1 which represents the 

Bianchi type I models with a scalar field and an exponential potential. Again the 

system of equations can be integrated and the solutions are found to be straight lines 

emanating from the ring of equilibrium points given by 02 + \&2 = 1 and evolving to 

the equilibrium point, (6.49), if fc2 < 6, In the full three dimensional phase space for 

2 < fc2 < 6 this point is a saddle, and thus we can conclude that the invariant set 

02 + $2 + $ 2 = 1 is the 2-dimensional stable manifold. However, if fc2 > 6, then part 

of the ring of equihbrium points 02 + $ 2 = 1 becomes a sink and the rest remains a 

source (see Figures 6.2 and 6.3). Also, in the full three dimensional phase space, the 

ring of equilibrium points (02 + $2 = 1, $ = 0) for fc2 < 6 is a global source, and for 

fc2 > 6 we find that some of the ring acts like a source and the remaining part of the 

ring behaves like a saddle. The solution at the equilibrium points (0o,±Jl - 02,O) 
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Figure 6.2: Projection of the phase portrait in the invariant set 02 + $2 + $2 = 1 with 
fc2<6. 

has the form 

ds
2 = -dt2 + t2pidx2 + t2p2dy2 + t2p3dz2, (6.59) 

where 

Pl = H +V/m2 + m + l j ' 
1 / (2 + m)0o\ . . 

P2 = -i *~ r i T ^ T T • (G-6°) 
3 \ v ^ + m + 1 / 

„ - 1A , (l+2m)fl, \ 
P3 " 3 V i " V m 2 + m + i ; ' 

where - 1 < 0O < 1. Note that pi + p2 + ps = 1 but p2+p2 + pi = |(1 + 20a), hence 

these points are not Kasner models but are Kasner-like. 

Bifurcation Values 

We shall now concern ourselves with the bifurcation values. If fc2 = 0, it is easily 

determined that the critical points and the qualitative behaviour is the same as in the 

case 0 < fc2 < 2. However, the exact solutions are different. (Note that the fc2 •= 0 

case corresponds to the situation of when there is a positive cosmological constant.) 

I 
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** 

P 

Figure 6.3: Phase portrait in the invariant set 02 + $ 2 + $ 2 = 1 mi/i fc2 > 6. 

At the bifurcation value of fc2 = 2, We find that the equilibrium points, (6.49) and 

equation (6.55), coalesce to become a single equilibrium point. The linearized system 

at this point has a zero eigenvalue. However, by using polar coordinates we can see 

that the point is a sink, hence the qualitative behaviour of the system is the same 

as in the case 0 < fc2 < 2. Thus, we conclude that the equilibrium point, (6.49), 

undergoes a saddle-node bifurcation at fc2 = 2. At the bifurcation value of fc2 = 6, 

the equilibrium point, (6.49), now becomes part of the line of equihbrium points 

(02 + $ 2 = 1, $ = 0). This particular point remains a saddle point and the rest of 

the ring of equilibrium points remain sources, however as the value of fc2 is increased 

past 6, more and more of the ring starts to behave like a saddle point. Thus, in some 

extended sense of the definition, the ring of equilibrium points (02 + "J/2 = 1, $ = 0) 

starts to undergo a saddle-node bifurcation at fc2 = 6. 

6.3.3 Remarks 

The behaviour of the models depend critically on the values of fc and somewhat on 

the parameter m. The parameter m determines which Bianchi model we are consid

ering. However, the parameter fc has a profound affect on the qualitative behaviour 
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of the models. For 0 < fc2 < 2 all trajectories (that is, all models Bianchi I's, Ill's, 

V's and the VIu's) except for a set of measure zero, evolved from the ring of equi

libria 02 + \P2 = 1, $ = 0, representing the Kasner models and evolved towards the 

isotropic and power-law inflationary model located at equation (6,49). For fc2 = 2 

all trajectories evolved from the ring of equilibrium poiuts 02 + "J3 — 1, 4» = 0 

and evolved towards the isotropic model located at equation (6.49), however, these 

models need not inflate. For 2 < fc2 all trajectories in the. Bianchi III and Vh, cases 

evolved from some portion of the ring 02 + Vf2 = 1 representing the Kasner models 

and evolved to the equilibrium point, (6.55), which represents the Feinstein-Ibaiiez 

solution [94] which is neither isotropic nor inflationary. However, in the Biauchi I 

and Bianchi V cases, for 2 < fc2 < 6 all trajectories evolved from some portion of the 

ring and isotropized, but they need not inflate. For 6 < fc2 the Bianchi V models 

remain to isotropize while the Bianchi I models fail to do so. Hence the, condition 

given be Kitada and Maeda [93] for the Cosmic No-Hair conjecture to hold follows 

here. We also see that if fc2 > 6 that the Cosmic No-hair conjecture cannot in general 

be satisfied. 

6.4 Discussion 

We have shown in section 6.2 a result that extends the analysis of Heusler [98] to 

potentials that are exponential functions. Namely, if V(<j>) = Ae^ and fc2 > 2 then 

the spatially homogeneous models cannot isotropize to the future unless they are of 

Bianchi types I, V, VII/, or IX. We have also demonstrated that if fc2 > 6 then the 

Bianchi type I model does not isotropize to the future, however, this set of models 

represents a set of measure zero, with respect to the set of all spatially homogeneous 

models, the most general being Bianchi types VII/,, VIII, and IX. 

The investigation started here is not a complete qualitative analysis of the spatially 

homogeneous cosmological models with an exponential potential. It does, however, 
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illustrate, how the dimension of the problem can be, reduced through the use of di

mensionless variables. In addition, this analysis puts into perspective the role played 

by the Feinstein-Ibaiiez solutions [94]. These solutions are neither isotropic nor in

flationary and therefore created an interesting problem as to whether these solutions 

violated the cosmic no-hair theorems proven Kitada and Maeda [92, 93] for fc2 < 2. 

We show that the Feinstein-Ibaiiez solutions only become physical when fc2 > 2 and 

therefore do not violate the Cosmic No-Hair theorems of Kitada and Maeda [92, 93]. 

It is also interesting to note that these solutions also represent the generic future 

asymptotic behaviour of the Bianchi types III and VI models when fc2 > 2. 

I 



Chapter 7 

Qualitative Analysis of 

Inflationary Theories 

7.1 Soft Inflation 

7.1.1 Introduction 

Inflationary cosmology was originally investigated in the hope that some out

standing problems in cosmology might be solved. To date, however, there is no fully 

acceptable model for the source of inflation. In a recent paper [89], a Soft Inflation

ary scenario was proposed in which the matter content is described by two coupled 

scalar fields, one of which has a decaying potential and the other which serves as 

the inflaton during the expansion [89, 90]. Inflation, with two scalar fields, has been 

considered previously in [99,100,101]. The effect of the decaying exponential poten

tial in Soft Inflation, however, is to reduce the rate of inflation in a manner similar 

to that in Extended Inflation [84, 85]. As the inflaton rolls down a flat plateau the 

second scalar field evolves on the exponential potential resulting in power-law infla

tion [88, 102, 103, 104], The advantages of Soft Inflation are: (i) when the inflaton 

is of New Inflation-type [105, 106] the fine tuning of initial conditions is lessened 
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and density perturbations are suppressed, and (ii) when the inflaton is of Chaotic 

Inflation-type [105, 107], the restrictions placed upon the coupling parameter are re

duced considerably. Thus, Soft Inflation allows the constraints placed on pievious 

models to be loosened. 

In this chapter we shall show that the field equations governing soft inflatioL can be 

written as a dynamical system allowing us to analyze, in a mathematically rigourous 

manner, the evolution of the model and the corresponding asymptotic behaviours. 

The action under investigation is 

S = /dW^(~ ~ \m* - \m* - e-WvW), (7-1) 

where K2 = 8irG, <f> and */>(the inflaton) are scalar fields, V(il>) is a potential and 0 

is the coupling constant. Variation of the action in a flat FRW universe yields the 

following set of non-linear second order ordinary differential equations: 

i + ZHi-pKe-MVty) = 0, (7.2) 

7J5 + 3 # ^ e - ^ ^ M = 0, (7.3) 

where the constraint equation is 

# = j(\(tf + \{+)2+e-p,*Vffl), (7.4) 

and where an overdot denotes differentiation with respect to time and H = - is the 

Hubble parameter where a is the length scale. 

Berkin et al. [89] have found a unique stable power-law inflationary solution as 

the field (j> —*• +oo. The solution is given by 

K<p = K^c + (2/P)ln(t/K), 

a = a0(t/t0)
2^\ 

/WO = Mo)-(l-P2/(>)hi(a/a0), (7.5) 

where for a general potential V we have 

j»*. = P*VM 
~ 12(1-/?2 /6) ' 

/(V-) = K2jd^. 

I 
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dt 
dr 

$ 

* 

= 

= 

— 

fix* 
e 2 

<j>> = 

7>' = 

> 

• em 
(fa a , 

: '0e 2 

We wish to investigate whether this solution is generic. This can be done using 

qualitative techniques of dynamical systems theory. 

First we define new independent and dependent variables 

(7.6) 

where ' denotes differentiation with respect to the new time r. Calculating both 

$' and \P', the resulting equations form a four dimensional autonomous system of 

ordinary differential equations: 

(7.7) 

(7.8) 

^ $ ( $ 2
 + $2 +2VO))* + PKVM, (7.9) 

*< = ^ $ _ ^ ( $ 2 + ip2
 + 2 V ( V ' ) ) " - ^ , (7.10) 

where the constraint equation is 

H* = &-*"+j(*2 + &+2V(ip)\ (7.11) 

We observe that the equilibrium points (defined by </>' = i// = $' =- $' = 0) at 

finite values are given by 

$ = 0, * = 0, n-/-) = 0, ^ 7 7 ^ = 0. (7.12) 
dip 

We note that the equations (3.5)-(3.7) in Berkin and Maeda [90] hold at all finite 

equilibrium points in the full system which implies that the slow-roll approximation 

employed by Berkin and Maeda [90] and the full system are compatible close to the 

equilibrium points. Further analysis depends on the chosen form of the potential 

V(tp). In the next section we shall consider potentials arising from Chaotic inflation. 

if = 

rp< = 

$' = 

= *, 

= *, 
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7.1.2 Chaotic Inflation 

In Chaotic Inflation we choose the potential V(tji) = ^•tpn where n is even and 

An is constant [90], In particular, here we consider 71 = 2. From (7.12), we see 

that for finite values of <$, we have a non-isolated line of equilibria along the 0-axis 

((j)0,0,0,0). Linearizing about this line, we find that all eigenvalues have 3?e(A) = 0, 

hence, all equilibrium points are 'nonlinear'. We note that the system (0, $,'#) is 

independent of $. Thus, for each <f> = (j>0 we need only consider a three dimensional 

system to determine the qualitative behavior. Progress is achieved by converting to 

cylindrical-coordinates: 

*$ = 7' cos 9, 

%p = -J=sin0, (7.13) 
VA2 

$ = z. 

The inverse transformation is 

r2 = *2 + A2^
2, 

0 = t a n - M ^ I , (7.14) 

z = 4>. 

The equations then become (hereafter dropping the suffix on A for convenience), 

r> = r c o s 2 ^ ( ^ - ^ 2 + r 2 ) l ) , (7.15) 

9' = V\-cos9sm9^(0z-\^(z2 + r2)2)} (7.16) 

z' = ^ ( / ^ - v ^ ( z 2
+ r

2 ) § ) + ^ s m 2 0 . (7.17) 

It can be shown that if 0 < \/6 then 

/ ? 0 - v % 2 + r2)3 < 0 , (7.18) 

and therefore r' < 0 everywhere. We define the compact set Si = {(r,9,z)\r < 

e, - 1 < 2 < 1}) where e2 + 1 = |?. On the boundary r = e, for (-1 < z < 1), 
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r' < 0. On the boundary z = —1, for (0 < r < e), it is easily seen that z' > 0. On 

the boundary 2 = 1, for (0 < r < e), after some algebra it can be seen that sf < 0, 

Hence the set S\ is a positively invariant compact set in R3, i.e., it is a trapping set. 

We can choose V = r as a Lyapunov function. Since r' < 0 everywhere, V = r' < 0 

everywhere in S. From the Global Lyapunov Theorem [108, 79], we have 

Va G Si, w(a) C W = {a: € ^ ^ ( x ) = 0}, (7.19) 

where 

W = {(r = O),(0 = | ) , ( * = ~ | ) , ( r = 0,* = 0)} (7.20) 

but the omega-limit set of {a} , u>(a), is the union of complete orbits. The only whole 

orbit in W is the equilibrium point {7- = 0, z = 0}. Therefore, the w(a) for any point 

{a} in the trapping set Si is the equilibrium point. Therefore, for each <j> = <j>0 the 

equihbrium point ((/>0,0,0,0) is a sink. 

Let us now consider the conditions for these equilibrium points to be inflationary. 

Using the fact that a = a • H and the appropriate coordinate transformations we 

calculate 

° = e - ^ ~ ( ^ 3 - - S 3 - * 2 ) . (7.21) 
a o z 

For inflation to occur ^ must be greater than zero. Hence, the condition for which 

inflation takes place is given by 

±tf - $2 _ #2 > 0. (7.22) 
LJ 

This inequality describes the interior of a cone aligned along the ij> axis, so any orbits 

inside the cone will experience an acceleration in their expansion. We note that the 

apex of the cone is at the equilibrium point (see Figure 7.1). 

Let us define the compact set S2 — {(r,9,z)\r < e, — e < z < e}, where e = 

KfflWiih > ®" ^ e r s o m e algebra it can be shown that 9' > 0 inside S2. Along 

with the fact that r' < 0, this shows that orbits spiral around the equilibrium point 

infinitely many times in a sufficiently small neighborhood of the equilibrium point, 

Thus, for any point {a} in the inflationary regime, we can show that the orbit through 

{a} will eventually leave the inflationary regime. 

I 
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Infbhonaiy Regime 

Figure 7.1: The cone describes the inflationary regime defined by equation (7.22). 

We can show that if 0 < \/2 then every orbit (except the orbit r = 0) that enteis 

the inflationary regime will do so infinitely many times as it spirals its way to the 

equilibrium point. We choose 63 = {(r,9,z)\r < e, \z\ < -^} where e > 0. The set 

S3 is a compact set that contains part of the inflationary region in such a way that 

at 9 = I or — the inflationary cone is bounded by S3. On the boundary r — e, we 

have that r' < 0. The system of differential equations, equations (7.15-7.17) defines 

a vector field v on the surfaces z = •=*£ with inward normals (with respect to S3) n+ 

and n_. It can be shown that if 0 < y/2, that n • v > 0, so the angle between n 

and v is less than 90° which implies that the vector field v is directed into S3, that is 

trajectories are flowing into the set S3. Hence, for 0 < y/2 the set S3 is a trapping set, 

and thus any oibit that enters S3 must also enter the inflationary regime infinitely 

many times as it spirals its way to the equihbrium point. 

We are also interested in the behavior of the field <f> at infinity1. By making use 

1 Soft Inflation [89, 90] (and for that matter, Extended Inflation [84, 85]) occurs as (j> ~* 00 (with 
the scale factor inflating as a power-law) - see equation (7 5) 

I 
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of a Poincare-like transformation (and a new time transformation) given by: 

x = 4> u=r w = 7 j w=r \^=V' {7M) 

the transformed set of equations become: 

x = -vx2, (7.24) 

ii = x(w — uv), (7.25) 

. = P^v2_y/^v{v2 + w2 + Xu2)k_xv2+P±Xu2^ (?>26) 
Li Li LI 

w = ^—-vw 7T-w(v2 + w2 + AM2)5 - a;i7U7 - Xux. (7.27) 

We are interested in the equilibrium points on the hypersurface x = 0 (that is, as 

<f> —» +oo, a; —> 0+). We note that the set x = 0 is an invariant set. Thus, the problem 

becomes less difficult because x = 0 divides the phase space into three invariant sets. 

In the set x = 0 we find that the critical values depend on the value of the 

parameter 0 and are given by: 

u = u0, v = v0 = \J-gzpi0 |w0|, u; = 0, 0 < y/%, 

u = 0, v = v0, w = 0, 0 = VE, (7.28) 

u = 0, v = v0 = .y^zg |u?0|, w = w0, P > V6. 

Note that in each case the equilibrium points are again non-isolated. Motivated by 

Berkin et al. [89], hereafter, we shah consider the case 0 < y6. 

Linearizing the system about the non-isolated line of equilibria, we find that the 

eigenvalues are: 

Ax =0, A2 = A3 = -^*/A(6-/?2) K | < 0. (7.29) 

There exists a center manifold which is tangent to the eigenvector associated with 

the zero eigenvalue namely v = w = 0, the U-axis is a center manifold for all u0. The 

file:///J-gzpi0
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nonlinear system is thus topological^ equivalent in a neighborhood of the equilibrium 

point to the linear system restricted to the center manifold [109]. We also note that 

u = u0 is a 2-dimensional invariant set and thus we have effectively foliated the phase 

space and now need only consider the planar system (v, w) (with parameter u0). 

For u0 -̂  0, the equilibrium point is hyperbolic and so (by the Hartman-Grobman 

Theorem [10]) the non-linear system is topologically equivalent to the linear system 

which is an attracting stellar node. For u0 = 0, the equations can be integrated exactly 

and the same behavior results. Thus inside the invariant set x = 0 the non-isolated 

line of equilibria is a sink. 

We note, x = —t?a:2 and that the line of equilibria has positive v coordinate. 

Hence, in any sufficiently small neighborhood of the line x < 0, so in the set x > 0 

the orbits are attracted to the line. However, in the set x < 0 orbits are repelled 

away from the line. Thus as </> —• +oo the line is a sink and as (f> —> —oo the line is a 

source. 

We next consider whether these equilibrium points at positive infinity are infla

tionary. In the appropriate coordinates we have 

-jM„.-2 A, ,2 _ 2 _ 2 a 
— — e '""'a: 

Zu* - „* _ ^2 ( ? 3 0 ) 
a \2 

We note that in a neighborhood of the equilibrium point the condition 

L» 

must hold true if inflation is to occur. Equation (7.31) represents a cone along the 

u-axis. If in any u = u0 stable manifold we substitute the coordinate values of 

the equihbrium point into the condition (7,31) we find that in order to have inflation 

0 < */2 (which is precisely the same condition given in Berkin et al. [89] to guarantee 

power-law inflation). Thus there is a neighborhood about the line of equilibria such 

that it is a stable attractor and for 0 < y/2 it is also inflationary. 
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7.1.3 Summary of Soft Inflation 

We have used the geometrical techniques of dynamical systems theory to inves

tigate the generic behavior of the differential equations resulting from Soft Inflation, 

We found that as the field (j> —* +00 there exists no unique equilibrium point which 

can act as an attractor, but a one-dimensional submanifold of equilibrium points; 

consequently the nature of this submanifold needed further analysis. For the Chaotic 

Inflation case, we found that for finite values of <p0, there does not exist an asymp

totically stable inflationary solution, but if 0 < y/2 then there exists trajectories that 

enter the inflationary regime infinitely many times. Also, as the field (j> —»• +oc, for 

0 < y/2 there exist regions U C R4 such that for any initial point in U the orbit 

asymptotically approaches a stable equihbrium point evolving through some infla

tionary regime as it approaches the equilibrium point; hence the solution given by 

Berkin et al. [89] is representative of a class of solutions in which the model undergoes 

power-law inflation as (f> —> +00. 

7.2 Oscillatory Behaviour in Inflationary Theo

ries 

7.2.1 Introduction 

Cosmological models with an oscillatory behaviour are investigated. This anal

ysis is motivated, in part, by observations from the deep narrow-cone pencil beam 

surveys of Broadhurst et al. [110] which find an apparent regular galaxy distribution 

with a characteristic scale of 128h-1 Mpc. This apparent periodicity in the galaxy 

distribution suggests that the universe may have an oscillatory nature. The analysis 

in this section is also related to work of Morikawa [111, 112] in which the oscillatory 
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behaviour in the Hubble parameter was used to model these observations. The cos

mological models proposed by Morikawa are not physical in the sense that they do not 

agree with all astronomical observations [113]. However, we want to stress the fact 

that oscillatory behaviour is a general feature of general relativity with a scalar field 

in particular, and of scalar-tensor theories in general (in which oscillatory behaviour 

is found in the effective gravitational constant as well as in the Hubble parameter). 

It is this oscillatory behaviour in the cosmological models that may account for the 

apparent periodicity in the Broadhurst et al. observations. 

In section 7.1.2, it was shown that the oscillating behaviour of the scalar field in 

the soft-inflationary model manifests itself in the Hubble parameter. It is known that 

in the standard Friedmann-Robertson-Walker (FRW) model with a single scalar field 

with potential V(</») = \ft that the scalar field undergoes oscillatory behaviour [114, 

115, 116]. We further expand this result in section 7.2.3 by analyzing an FRW model 

containing a perfect fluid source and a scalar field. Again an approximate solution 

is found whereby the Hubble parameter is assumed a priori to have an oscillatory 

nature. In section 7.2.4, we argue (using the conformal equivalence between general 

relativity with minimally coupled scalar fields and scalar-tensor theories of gravity), 

that this oscillatory behaviour is a general property of cosmological models arising 

from scalar-tensor theories of gravity. In the final section we make some concluding 

remarks and briefly comment upon the question of whether the oscillatory nature 

observed in flat FRW models persists in non-flat models and the related question of 

chaotic behaviour in closed models. 

7.2.2 Soft Inflation 

Asymptotic Solution 

In a neighborhood of the stable equilibrium point (r = 0, z = 0) an approximate 

solution may be found. For small r, z, equation (7.16) yields 9' = >/A, which may be 

integrated to yield 9 = VAT (after normalization). Assuming z = ar (a constant), 
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equations (7.15) and (7.17) are consistent if 02 < 6 and 

0 
a = • (7.32) 

(Note, the assumption z = or is only good for z > 0, as a must be positive.) The 

evolution equation for r becomes 

r = ^ ,. c o s (VXr), 

which is integrated to yield a solution for r: 

1 1 _ / c V o " - ^ 
7* r0 4 

T + -=s in(2* /A>) 
2*7A 

From equations (7.34) and (7.11) we then obtain (after re-normalizing r) 

- l 

Hr = 
6-/?2 T + ̂ = s i n ( 2 V A ( r - r 0 ) ) 

where 

T„ = 

(7.33) 

(7.34) 

(7.35) 

0 r0Kyfi=W' 

We note the presence of a trigonometric term in the Hubble parameter. It is precisely 

this term that leads to the oscillatory behavior of the cosmological models. 

7.2.3 Friedmann-Robertson-Walker Model with a 

Scalar Field 

Qualitative Analysis 

We will use a qualitative analysis to show that this oscillatory type of behavior 

is possible for an isotropic and spatially homogeneous universe containing a single 

classical scalar field and non-interacting matter. We shall then adopt the 'Ellis-

inverse method' [117], to obtain an ad-hoc potential V(<j>) corresponding to the desired 

behavior of the scale factor a. 

I 
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The field equations of general relativity for an FRW model with a homogeneous 

scalar field with potential V(4>) and a matter field in the form of a non-interacting 

co-moving perfect fluid with equation of state p = (7 — l)p are: 

*+* « £ ( ! * + v W ) + M ) , 
3# + 3tf2 = K

2(y(4)-ft-\(3i-2)p)j, (7.36) 

where k = ±1,0, and K2 = %irG. The separate conservation laws are: 

<£ + 3 i ^ + V'f» = 0 (7.37) 

and 

A + &rHp =0; p= Ma~3\ (7.38) 

where V = -jr and Af is a constant. The weak and dominant energy conditions 

require M > 0, 0 < 7 < 2, and V" > 0. 

In particular, in the qualitative analysis we shall assume that k = 0 and that 

the potential V((j>) has the form, V(<j>) = \\<f>2. By defining the new cylindrical-

coordinates (7*, 9, z) as follows, 

r 1 
</> = r c o s 9 , </> = —= s in 9, p, = - z 2 , (7.39) 

vA 2 
the following autonomous system of ODEs result: 

r = _ ^ K r ( r
2
 + ^ 2 ) i / 2

c o s 2 ^ (7.40) 

0 = v ^ + ^ c ^ + ^ c o s f l s i n f l , (7.41) 

4 
i = _ ^ - K 7 2 ( r

2 + z
2)i/2. (7_42) 

The equilibrium point at finite values of the variables is given by (r = 0, z = 0). 

This equilibrium point is easily seen to be a sink, because r < 0, and for z > 0, z < 0 

and for z < 0, i > 0. As both 7* and 2 approach zero the dominant part of equation 

(7.41) is the first constant term, thus 0 will monotonically increase as t —> 00. Hence, 

the equilibrium point (r = 0, z = 0) is a stable focus for the fc = 0 flat FRW models. 
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Asymptotic Solution 

A simple Painleve analysis using the ARS algorithm [118, 119] indicates that the 

system of equations (7.36),(7.37), and (7.38) (for general k and a potential of the 

form V((j>) = |A<ji2) does not have the Painleve property, which is conjectured to be a 

necessary condition for integrability [118, 119], and hence an exact solution may not 

exist. Consequently, we shall seek an approximate solution. 

Again, in a neighborhood of the equilibrium point (r = 0, z = 0), an approximate 

solution may be found. Using the 'Ellis-inverse method', and in analogy with (7.35), 

we assume that the Hubble parameter is of the following form 

^ = " ( l ~ IS i n ( 6 t ) ) ' (?,43) 

where a, P and b are constants and we choose units so that 8T"(? = K2 — 1. From 

equation (7.43) we have 

a = ao*-(l + ^ooB(4*j + 0 ( i ) j , (7.44) 

H = - | ( l + ^cos(W)) + 0 ( i ) , (7.45) 

where 0(-^) denotes terms of order ^-(trigonometric functions). From (7.38) we have 

/̂  = mr 2 + 0(^) , (7.46) 

where m = Mao'3-1 and we have chosen a = ^-. 

From equations (7.36) we find that 

ft = 2--2H-imr2. (7.47) 
a1 

Hence-forward we shall assume that k — 0, whence 

ft = i ( [2a -7m] + 2a6/3cos(6t)), 

= £ ( l + cos(fc)), (7-48) 
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and therefore 

where S2 = 2a — im = 2abp (which serves to define m). Thus 

^ = A, + 2 ^ . t a ( ^ + 0 ( i ) , (7.50) 

which serves to define t — t((j)). 

Finally, from equations (7.36) and (7.50), we obtain the potential V(<j>): 

V(<f>) = B-r3H2+1-(~,-2)p, 

= (3a2-a-abp-r~(l-2)m^ + ^Sm
2fy 

To leading order, equations (7.36) and equation (7.37) are satisfied. In general, we 

obtain the desired behavior for H(t) [viz. (7.43)] for a single scalar field with potential 

(7.51) which has a quadratic part and an 'additional part'. Note, however, that in 

the case 7 = 1 the first term in (7.51) is absent; that is, the potential V((j>) will be a 

simple quadratic function of the scalar field and the energy density p will be of the 

form p = mt~2, where m = |(1 — b0). 

7.2.4 Scalar-Tensor Theories 

In the previous two sections we have demonstrated that in two cosmological models 

the lata-time asymptotic behaviour (that is, as t -*• oo) of the Hubble parameter 

contains trigonometric contributions. We will argue that this oscillatory behaviour is 

a rather general property in the class of scalar-tensor theories of gravity. 

The action in the so-called Bergmann-Wagoner theories of gravity [120] can be 

written in the form 

S = J d\,prg UR - - ^ ( V ^ ) 2 - 2(t>\(^) + LmV (7.52) 
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where Lm is the Lagrangian due to matter and other non-gravitational fields. Action 

(7.52) is equivalent (up to field redefinitions) to, 

S = J dAx^~g {/($)/? - ^(V§)2 - V(*) + ijj , 

where 

<j> = / ( $ ) , w((t>) = / ( * ) and «»-m 
(7.53) 

(7.54) 2/W 
One of the well known examples of a scalar-tensor theory of gravity is the subclass 

where 
/*d)2 

and V(*) = 0, 

or equivalently 

/ ( * ) = 

w((/>) 

C$2 

16TT 

: C 
and \(<f>) = 0, 

which results in the standard Brans-Dicke theory of gravity. The benefits of using 

either the action (7.52) or the action (7.53) are discussed in [121]. 

We note that if Lm = 0, then both (7.52) and (7.53) can be recast into the. 

form of general relativity minimally coupled to a scalar field through conformal 

transformations and field redefinitions (see [122, 123] and references within). If 

Lm — — \iyi))2 ~ V(ip), whence the matter is due to a second scalar field, then (7.52) 

and (7.53) may be recast into the form of a soft-inflationary scenario again through a 

conformal transformation and field redefinitions [90]. It was precisely these two cases 

that were investigated in the previous two sections of this paper. In sections 7.1.2 and 

7.2.3 we observed that asymptotically the Hubble parameter contained trigonometric 

contributions. Therefore, in scalar-tensor theories, the conformally related Hubble 

parameter might also be expected to contain trigonometric contributions in general. 

However, these conformal transformations may lead to problems, such as, for ex

ample, the metric may change signature [122], or the conformal transformation may 

become singular at the equilibrium points of the field equations [123]. Therefore, gen

eral results using qualitative theory are problematic. Consequently, we shall, simply 

demonstrate the genericity of the oscillatory behaviour of these models with the above 
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action (7,52) or (7.53), by briefly discussing previous work done without utilizing a 

conformal transformation. 

Walliser [123] has studied the field equations resulting from the action 

S = J #xy/qj {l-h(<j>)R+9(<$>)(v<t>)2 - V(<f>) + Lm}, 

which is a further generalization of the the action (7.53), in a flat Robertson-Walker 

background. He has found that at finite values, there is a equilibrium point that 

is a stable focus, and near this equilibrium point the oscillatory behaviour in the 

variables manifests itself in both the Hubble parameter and the effective gravitational 

constant. Romero and Barros [124] have investigated a class of vacuum Brans-Dicke 

models. They have found that for appropriate values of the parameter u>, the late time 

asymptotic behaviour may be oscillatory in nature, whence the effective gravitational 

constant will also oscillate. (Note, in this case the potential A(^) = 0.) Scalar-tensor 

theories of gravity based upon the action (7.53) with a non-minimal coupling function 

/ ( $ ) of the form 

have also been investigated recently [111, 112, 125, 126]. Barroso et al. [125] have 

shown that for finite values, the equilibrium points exhibit an oscillatory nature. It is 

precisely these models that Morikawa [111, 112], investigated in an attempt to model 

the periodic distribution of galaxies. 

However, oscillatory behaviour is found not only in scalar-tensor theories of grav

ity, but also in more general theories of gravity such as, for example, theories in which 

derivatives of the scalar field are non-minimally coupled to the curvature R via an 

action of the form 

S = J*x,/=g { [ - J L _ f/(«) _ ̂ (V$)2]i? - (V4>)2 + V(*) + Ljj , 

where C and rj are constants and where / ( $ ) is an arbitrary function of $ [127, 128], 

and modified theories of gravity with an action of the form 

S = jd4xy/^{F(R, R^RT, CaHSC
aW, ...)), 
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where F is an arbitrary function of its arguments [129]. This indicates that oscillatory 

behaviour in alternative theories of gravity may be a generic property. 

It is also interesting to note that the deceleration parameter q, defined by 

changes sign periodically. A negative, q indicates that there exists a region of phase 

space with an accelerated expansion; that is, inflation occurs. In the soft inflation 

case of section 7.1.2 it was shown in [130] and [6] that for 82 < 2 the model must 

undergo periods of both accelerated and decelerated expansion. For the asymptotic 

solution (7.35) it is easy to see that q has the form 

q = tlJ- + tJl C0S(2v/A(r - r0)), (7.57) 

which has an oscillatory nature. For the asymptotic solution (7.43) the deceleration 

parameter is given by 

9 = iz^ + MC 0 S(^) (7i58\ 
a a 

which is again easily seen to have an oscillatory behaviour [130]. 

The oscillatory behaviour in (both the Hubble parameter H and) the deceleration 

parameter q implies that the universe expands faster in some stages (and slower in 

others) than its average value (which is the same as in the 'non-oscillating' case) [66]. 

Maeda [131] has studied such oscillatory models with regards to structure'formation 

and found a significant enhancement in the growth of density perturbations, which 

perhaps further motivates the study of such models. In other work Futamase and 

Maeda [126] studied scalar-tensor theories with a non-minimal coupling function of 

the form (7.55) and found that there exist severe restrictions on the parameter ( in 

order for inflation to occur, and suggested that adding a second minimally coupled 

scalar field might give rise to a more realistic model. 

H 
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7.2.5 Summary of Oscillatory Behaviour in Inflationary 

Theories 

It was proposed by Morikawa [111, 112] that an oscillating Hubble parameter may 

be responsible for the apparent periodic distribution of galaxies [110). However, Hill et 

al. [113] have argued that such oscillations in the Hubble parameter are not consistent 

with the observations of Broadhurst et al. within the standard FRW model of general 

relativity. In addition, they argue that Morikawa's models are not physically viable. 

However, according to Hill et al. [113], an oscillating gravitational constant G 

is one of the most viable candidates for generating an apparent periodicity in the 

distribution of galaxies. If the gravitational constant G is allowed to vary with respect 

to time in the standard FRW models, then oscillations in the Hubble parameter induce 

oscillations in the gravitational constant G. In thk case, the resulting model nearly 

agrees with the Broadhurst et al. results and the shortfalls may be due to errors in 

determining the quantity G/G from the Viking experiment [113]. 

Morikawa [111, 112], Hill et al. [113] and Steinhardt [66], have suggested that one 

way in which the gravitational constant G may vary is to introduce a scalar field that 

is non-minimally coupled to the curvature R in the Lagrangian (in other words, to 

introduce a scalar-tensor theory of gravity). In Morikawa [111, 112] and Hill et al. 

[113] the non-minimal coupling function has the form (7.55), and consequently the 

effective gravitational constant, Gejf, is given by 

l f a a — ( i K S - 5 * * ) " 1 ' (7'89) 

and thus varies with time. This class of theories constitute a subclass of the larger 

class of scalar-tensor theories of gravity governed by (7.53) in which the effective 

gravitational constant varies with time according to 

167rGeff = / ($) -* , ' (7.60) 

[or, equivalently, 167rGeff = (f)'1 from (7.52)]. Therefore, these more general scalar-

tensor theories of gravity may give rise to physically acceptable cosmological models. 

**W P 
! 
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Both of the models that we have analyzed are flat FRW models and the discussion 

has focussed upon such zero-curvature cosmologies. It is of interest to ask whether the 

oscillatory nature of the k = 0 FRW models is stable to perturbations in the curvature; 

that is, whether this oscillatory behaviour persists in the k =j£ 0 models. Belinskii et 

al. [114, 115, 116] have studied the FRW models with a minimally coupled scalar 

field and a potential of the form V(<j>) = ^Xft using qualitative :-j' 'ysis. They found 

that for the fc = 0 and k = — 1 models the oscillatory behaviour is a general feature; 

however, in the fc = +1 case they noted the existence of a closed chain of trajectories 

which hints at the possibility of the system having periodic orbits. Hawking [132] has 

shown that there do indeed exist periodic orbits in such models and, in particular, a 

countable infinite set of periodic orbits without singularity. Furthermore, Page [133] 

has shown that there exists a discrete set of non-periodic orbits without a equilibrium 

point. These two properties suggest the possibility of chaos in the closed models. 

We note that the Painleve analysis discussed in section 7.2.3 concerning the inte

grability of the minimally coupled FRW model also suggests chaos. Recently, Calzetta 

[134] has studied various cosmological models using Melnikov's method, In particular, 

Calzetta analyzed a class of scalar-tensor theories with / ( $ ) of the form (7.55) with 

£ = 1/6 (the conformally coupled case) and with a potential of the form V($) = |A#2 

and found, using both Melnikov's method and numerical techniques, that the fc -= +1 

FRW models exhibit chaotic behaviour (which in turn, suggests the non-integrability 

of the models). Clearly it is of interest to study whether closed FRW models with 

a potential of the form V($) = |A$ 2 exhibit chaotic behaviour in other theories of 

gravity. 

7.3 Conclusions 

In closing, we have studied two inflationary models using geometric techniques 

from dynamical systems theory. In section 7.1.2 the primary result is: as the field 

I r 
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<j) —* +00, for 0 < \/2 there exist regions U C H4 such that for any initial point in U 

the orbit asymptotically approaches a stable equilibrium point evolving through some 

inflationary regime as it approaches the equilibrium point; hence the solution given by 

Berkin et al. [89] is representative of a class of solutions in which the model undergoes 

power-law inflation as (f> —> +00. A secondary result (and much less important) was 

the observation that the soft-inflationary model exhibited an oscillatory behaviour in 

its expansion towards the future. 

In section 7.2 both the soft-inflationary model and the FRW model with a scalar 

field exhibited some oscillatory behaviour. It was shown that the Hubble parame

ter contained trigonometric contributions asymptotically. Using the fact that these 

two theories are conformally equivalent to particular scalar-tensor theories of grav

ity (up to field redefinitions), we have argued that such oscillatory behaviour is a 

general property of models in all scalar-tensor theories of gravity. We also remarked 

that this oscillatory behaviour is found not only in general relativity and in scalar-

tensor theories of gravity but also in other alternative theories of gravity. With the 

deep narrow-cone pencil-beam red-shift surveys exhibiting an apparent oscillatory 

behaviour in the observed universe [110], these oscillatory cosmological models merit 

further investigation. 



Chapter 8 

Conclusions 

8.1 General Remarks 

8.1.1 Self-Similarity 

Cosmological models with various matter sources have been investigated using 

techniques from dynamical systems theory and employing methods from the theory 

of symmetries of differential equations. In particular, spatially homogeneous models 

were analyzed, primarily since the set of equations describing the evolution of such 

cosmological models reduce to a set of autonomous ordinary differential equations, 

susceptible to a qualitative analysis. In addition, if one assumes a set of dimensionless 

equations of state, then a symmetry in the system allows one to define new dimen

sionless variables that permits one differential equation to decouple (in essence, reduc

ing the dimensionality of the problem). In dimensionless variables, the equilibrium 

points of the reduced dynamical system always represent self-similar cosmological 

models (provided 0/02 -̂  0 at the equihbrium point). One then uses this property of 

asymptotic self-similarity as an ansatz to derive equations of state needed for various 

theories of irreversible thermodynamics. In addition, it was demonstrated that the 

only scalar field cosmological models that can be asymptotically self-similar are those 

168 
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with an exponential potential (V ~ efcl )̂ or with a massless scalar field (V = 0). It 

was argued that self-similar asymptotic limit points are to be expected in various 

Scalar-Tensor theories of gravity in which V((f>) = 0 (e.g., this includes the standard 

Brans-Dicke models). Furthermore, it was shown that self-similarity is not a robust 

property in that the existence of non-dimensionless equations of state, a cosmological 

constant, or a non-exponential potential can destroy this property. 

8.1.2 Viscous Fluid Models 

Viscous fluid cosmological models were investigated using various theories of irre

versible thermodynamics to describe the viscous effects. In particular, a rather com

prehensive analysis was completed for the Eckart and the Truncated Israel-Stewart 

theories of irreversible thermodynamics and a partial analysis was done using the Full 

Israel-Stewart theory. 

Past Asymptotic Behaviour In the anisotropic Bianchi type I and V models, if 

the Eckart theory is employed, then the past asymptotic attractor is always a Kasner 

model, while if the truncated theory is employed, then the past asymptotic attractor 

need not always be a Kasner model (e.g., sometimes there exists a periodic orbit or 

a non-vacuum model representing the past asymptotic attractor.) 

Concerning the isotropic models, if the energy conditions are satisfied then the 

past asymptotic attractor in both the Eckart and the Truncated Israel-Stewart theory 

is represented by a flat FRW model representing a Big-Bang singularity. In the 

Truncated theory, however, the nature of the initial singularity is different than that 

of the standard Big-Bang singularity in that the bulk viscous pressure makes up a 

significant portion of the initial total energy. 

Future Asymptotic Behaviour In the Eckart theory the anisotropic Bianchi type 

I and V models with zero heat conduction isotropize to the future. In the case of 

I I 
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non-zero heat conduction, the anisotropic Bianchi type V model isotropizes provided 

the weak energy condition is satisfied. In the Truncated Israel-Stewart theory this 

result no longer remains true since there exists sets of non-zero measure of parameter 

values in which the models do not isotropize. In those models which do not isotropize 

to the future, the shear viscous stress becomes arbitrarily large. 

For the negatively curved FRW models, the future asymptotic state is represented 

by a Milne model or a negatively curved FRW model with viscosity, unless the models 

experience a period of inflation, in which case the models evolve toward a power-law 

inflationary attractor (or an exponential inflationary attractor if 7 = 3(b). 

Entropy Production Using the Eckart theory, Weinberg [32] showed that bulk 

viscosity could not have produced the presently observed high entropy per baryon, 

Fustero and Pavon [135] have done calculations which imply that there is more entropy 

produced if one uses the Truncated Israel-Stewart theory instead of the Eckart theory. 

In the viscous fluid models studied here, one finds that the total change in entropy 

in a co-moving volume is given as 

E=snR3, 

where s is the specific entropy, n is the baryon number density and R is the scale 

factor of the universe. It follows from 

77, + n8 = 0, and s = —, 
nl 

that the total change of entropy in a comoving volume between times t0 < t < ti is 

S(t1)-S(*o) = - £ I ^ d * . 

Converting to dimensionless variables and assuming 

T = Tox
p02", 

for the temperature T, we find that in the case of the flat FRW models (note, x = I 

for flat FRW models) 

B(ti)-E(t0) = -^rj\&3-^R3dt 
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It was shewn previously tha t t he re exists an a t t r ac t ing equil ibr ium point in each of 

t h e Eckart , T runca ted Israel-Stewart, and the Full Israel-Stewart t he rmodynamica l 

theories. At these equil ibrium points , y = y is a negative constant and y + 37 > 0 is 

necessary for t h e weak energy condit ion to be satisfied. For the 

Eckart theory: y = ys = —9Co? 

Trunca ted Israel-Stewart oUeory: y = y? = -(& — 37) — - y (b — S'y)2 + 36a, 
2V " 2 

Full Israel-Stewart theory: y = yp = 
i[2& + 3 + 3 7 ( < / - i ) ] - v % 

(l-q) 

where Bg is given by equat ion ( ?? ) . T h e solution at each of these points is given by 

R(t) = Rot2'^3-\ B[fi = -^—t-\ 
y + 37 

K*) = 7 T 7 T ^ r a . n W = 7 T 7 l r « r 3 . (8-1) 

whence 

p 3 / 0 \ 3~'lq 1 

£ ( < ! ) - E ( « o ) - - ^ ^ + 3 7 j 2g - 2 + 6/(y + *r) ( ' 1 

, 2(/-2+6/(y+37)\ 

except if 2g —2 + 6/(j/ + 37) = 0 whence S(ix) —S(i0) is proportional to ln(ti/to). We 

shall compare the amount of entropy generated as ti —»• 00 in each of these theories. 

Let £#, Ex and Up represent the total entropy in a comoving volume for ti >• 

to in each of the Eckart, Truncated Israel-Stewart, and Full Israel-Stewart theories 

respectively. Then 
V „ HUT-UFI) 

YTT ~ CB^Ttl 

where GE/T is a positive constant depending upon the various parameters, in the 

model and a similar expression also holds for £#/£;?• In the limit as ti -+ 00 we find 

that 
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L-*E 

— < 1 whenever yr — yE < 0 which implies that 7 — 3fo > 0, 

%E 
— < 1 whenever yp — yE < 0 which implies that 7 — 3Co > 1/(1 — ?)• 

The condition 7—3Co > 0 is the weak energy conditior for the Eckart models, We can 

conclude that there is more entropy produced in the Truncated theory than in the 

Eckart theory (in agreement with the result of Fustero and Pavon [135]). Comparisons 

of the entropy production in the the Full theory and the Eckart and the Truncated 

theories does not yield a definitive result. 

Summary 

There exist different qualitative behaviours between the Eckart theory and the 

Truncated Israel-Stewart theory. The striking difference between the Eckart and the 

Truncated Israel-Stewart theory is the fact that the anisotropic stress can play a 

very dominant role in determining the future asymptotic behaviour of the truncated 

Israel-Stewart theop*, while in the Eckart theory the anisotropic stress plays a very 

minor role and does not affect the global dynamics. One of the similarities between 

the Eckart theory and the truncated Israel-Stewart theory is that the addition of heat 

conduction in both theories does not change the global dynamics or the stability of 

the equilibrium points. The question of whether inflation can occur is also addressed 

in both theories and it is found that bulk viscous inflation can indeed occur in both 

theories depending upon the particular equations of state chosen. 

There can exist different qualitative behaviours betwee?i the Truncated and the Full 

Israel-Stewart theories. Preliminary results concerning the Full Israel-Stewart theory 

indicate that the auymptotic behaviour depends crucially upon the temperature law 

chosen for T. There do exist parameter values such that the Full Israel-Stewart model 

has the same qualitative behaviour as the Truncated Israel-Stewart theory, at least 

for simple FRW models. If r = 0 and p = q, then the assumed equation of state for 

the temperature is T = Topq. It can be argued that the most physically plausible 

1 
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range, for the parameter q is q < 1. It is in this case that the qualitative behaviour 

of the Truncated am1 the Full Israel-Stewart theories is similar. Again bulk viscous 

inflation is possible in the Full Israel-Stewart theory. 

8.1.3 Exponential Potential 

The key idea in the analysis of the cosmological models with an exponential po

tential is the fact that new variables can be defined so that the dimension of the 

problem can again be reduced. The main result is that if V(<j>) = Aew and A:2 > 2, 

then the spatially homogeneous models cannot isotropize unless the underlying Lie 

group is one of Bianchi types I, V, VII, or IX. Another interesting result is that the 

non-isotropic non-inflationary Feinstein-Ibaiiez Bianchi type VI/t solution [94] repre

sents the future asymptotic solution for all Bianchi type VI-j models if k2 > 2. In 

addition, we have illustrated how the techniques from dynamical systems theory and 

how dimensionless variables can be applied to analyze this particular inflationary 

model. 

8.1.4 Inflationary Models 

The use of dynamical systems theory has proven itself to be very powerful in the 

analysis of other inflationary scenarios as well. In the Soft Inflationary scenario, in 

which the potential of the inflaton field is quadratic, it was proven that the solution 

given by Berkin et al. [89] is the future asymptotic attractor of the governing au

tonomous system of ordinary differential equations. Qualitative analysis was also used 

to illustrate that large classes of cosmological models exhibit some sort of oscillatory 

behaviour. 

I 
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8.2 Future Work 

Throughout this thesis dynamical systems techniques have been used extensively 

to determine various properties of different cosmological models. These techniques 

are ideally suited for the type of questions we wish to ask concerning the possible 

past, intermediate, and future asymptotic behaviours of the models. The methods, 

techniques, and analysis employed in this thesis will provide an excellent foundation 

for future research concerning the qualitative properties of cosmological models. 

One conclusion that can be drawn from our analysis is that the equations of state 

play a fundamental role in determining the behaviour of the viscous fluid cosmological 

models. Which equations of state are most appropriate is unclear; however, from a 

mathematical perspective, the dimensionless equations of state used throughout this 

thesis offer a convenient way of reducing the dimensionality of the problem and making 

the analysis more tractable. The primary weakness in the analysis of these viscous 

fluid models is the fact that the equations of state used are phenomenological in 

nature. It is clear, however, that the qualitative behaviour in each of the three theories 

of irreversible thermodynamics can be quite different. Indeed, one can conclude that 

the first order Eckart theory does not accurately approximate the higher order Israel-

Stewart theories. Future work will include both an attempt to use relativistic kinetic 

theory to determine (or at least place limits on) the form of the phenomenological 

equations of state to be used in the Full Israel-Stewart theory, and then an extensive 

qualitative analysis of the isotropic curvature models (discussed in Chapter 5) using 

more physically motivated equations of state. 

In this thesis we have employed the Eckart and the Truncated Israel-Stewart the

ory of irreversible thermodynamics to describe the viscous effects. It was originally 

assumed that the Eckart theory and the Truncated Israel-Stewart theory would at 

least be applicable in the very early universe; however, the Eckart theory is non-causal 

and the Truncated Israel-Stewart theory suffers from a pathological behaviour in the 

temperature [36]. Hence, this work should only be considered as a first step in the 
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analysis of the Full Israel-Stewart theory. Moreover, by considering better approxi

mations for the bulk viscous pressure, n, and the shear viscous stress, tab, than in the 

Full Israel-Stewart theory, perhaps more physically realistic models may be analyzed 

using similar techniques. The analysis of fhe isotropic curvature models using the 

Full Israel-Stewart theory will be of great interest. In a preliminary investigation, we 

have found that there appear to exist open sets (of initial conditions and parameter 

values) of non-zero measure for which these models isotropize (and opens sets of non

zero measure which do not). The results depend on the values of the parameters used 

in the equations of state, and consequently the question of isotropization in viscous 

fluid models is as yet unresolved. 

Concerning the cosmological models with an exponential potential, there are a 

number of problems that merit further investigation. Future work will consist of a 

comprehensive analysis of the Bianchi type VII/i models, with particular focus on 

the question of whether these models isotropize if k2 > 2. Another problem, and 

perhaps a more important one, is to extend the analysis done in this thesis to the 

inhomogeneous G2 cosmological models containing a scalar field with an exponential 

potential, thereby generalizing the Hewitt and Wainwright [59]. analysis of perfect 

fluid G2 models. 

I 
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Appendix A 

Dynamical Systems Review 

A.l Preliminary Definitions 

This review comes from two primary sources. A set of dynamical systems notes 

prepared by John Wainwright which appeared in the workshop proceedings Deter

ministic Chaos in General Relativity [136] and out of the first chapter of Stephen 

Wiggins book Introduction to Applied Nonlinear Dynamical Systems and Chaos [79], 

Definition 1 An equilibrium solution of the DE x = f(x) is a point x 6 R" such 

that 

f(x) = 0. 

Once an equilibrium solution is found, it becomes of interest to determine the be

haviour of solutions of the DE in a neighborhood of the equilibrium solution. 

Definition 2 Let x £ Wl be an equilibrium point of the DE x = f(x), and let 

u = x — x, then the nonlinear DE x = f(x) has an associated linear DE 

u = Df(x)u 

which is called the linearization of the DE x = f(x) at the equilibrium point x. 

Definition 3 Let x be a equilibrium point of the DE x = f(x). Then x is called a 

hyperbolic equilibrium point if none of eigenvalues ofDf(x) have zero real parts. 
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A.2 The Flow of a Non-Linear DE 

Definition 4 Let x(t) = ipa(t) be a solution of the DE x = f(x) with initial condition 

x(0) = a. The flow {g1} is defined in terms of the solution function ipa(t) of the DE 

by 

gta = Mt)-

Definition 5 The orbit through a, denoted by i(a) is defined to be 

7(a) = {x e R*\x = g'a, for all t e R} 

Orbits are classified as point orbits, periodic orbits, and non-periodic orbits. 

Definition 6 An uj-limit set of a point a, co(a), is the set of points in R" which are 

approached along the orbit through a with increasing time. 

Definition 7 Given a DE x -= f(x) in R", a set S C Rn is called an invariant set for 

the DE if for any point a 6 S, the orbit through a lies entirely in S, that is 7(a) C S. 

In order to determine an w-limit set, it is helpful to know that an orbit enters a 

bounded set S and never leaves it. Such a set is called a trapping set. 

Definition 8 Given a DE x = f(x) in R", with flow {g*}, a subset S C R" is said 

to be a trapping set of the DE if it satisfies 

1. S is a closed and bounded set, 

2. a (= S implies g"a 6 S for all t>0. 

The usefulness of trapping sets lies in this result; if S is a trapping set of a DE 

x = f(x), then for all a € S, the w-limit set w(a) is non-empty and is contained in S. 

I 
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Definition 9 

1. The equilibrium point x of a DE x = f(x) is stable if for all neighborhoods U 

of x, there exists a neighborhood Vofx such that glV C U for allt>0 where 

g* is the flow of the DE. 

2- The equilibruim point x of a DE x = f(x) is asymptotically stable if it is stable 

and if, in addition, for all x G V, lim^oo ||g4a; — Jc|| = 0. 

Theorem 1 (Lyapunov Stability) Let x be an equilibrium point of the DE x = 

f(x) in Rn. Let V : Rn -+ R be a C * function such that V(x) = 0, V(x) > 0 for all 

x £ U — {x}, where U is a neighborhood of x. 

1. IfV(x) < 0 for all x 6 U — [x], then x is asymptotically stable. 

2- IfV<0 for all x 6 U — {x}, then x is stable. 

3. IfV(x) > 0 for all x 6 U — {x}, then x is unstable. 

Proof. [See Wainwright [136].] • 

A function V : Rn -> R which satisfies V(x) = 0, V(x) > 0 for all x € U - {x}, 

and V(x) < 0 (respectively < 0) for all x € U — {x}, is called a Lyapunov function 

(respectively, a strict Lyapunov function for the equilibrium point x). 

Theorem 2 (Criterion for Asymptotic Stability) Let x be an equilibrium point 

of the DE x = f(x) in R". If all eigenvalues of the derivative matrix D/(J) satisfy 

5fte(A) < 0, then the equilibrium point x is asymptotically stable. 

Proof. [See Wiggins [79], page 13.] • 
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A.3 The Hartman-Grobman Theorem 

Theorem 3 (Hartman-Grobman) Let x be a hyperbolic equilibrium point of the 

DE x = f(x) in Rn, where / : Rw -» Rn is of class C1. Then there is a homeomor-

phism which maps orbits of the linear flow e*0-^ onto orbits of the non-linear flow 

g* in a neighborhood of the equilibrium point x, preserving the parameter t. 

Proof. [See Hartman [137], pages 244-250.] • 

A hyperbolic fixed point x, is called a saddle if not all of the eigenvalues of the 

associated linearization are of the same sign, x is called a source if the eigenvalues 

are all positive, and a sink if they are all negative. 

The following theorem follows from the Hartmann-Grobman theorem. 

Theorem 4 (Stable Manifold Theorem) Letx be a equilibrium point ofx = f(x) 

in Rn, where f is of class G2, and let Es be the stable subspace of the linearization at 

x, that is the subspace spanned by the eigenvectors corresponding to the eigenvalues 

with JRe(A) < 0. Then there exists a neighborhood U of x such that the local stable 

manifold Ws(x, U) is a smooth (Cl) manifold that is tangent to Es at x. 

A.4 Periodic Orbits and Limit Sets in the Plane 

Theorem 5 (Dulac's Criterion) If D C R2 is a simply connected open set and 

div(Bf) = £-(Bfi) + £;{Bf2) > 0, (or < 0) for allx^D where BisaC1 function, 

then the DE x = f(x) where f E.C1 has no periodic orbit which is contained in D. 

Proof. Based on Green's Theorem, D 

Comment: The function B(xi,x2) is called a Dulac function for the DE in the set D. 
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The second criterion for excluding periodic orbits, which is valid in Rn, n > 2, follows 

from the observation that if a function V(x) is monotone decreasing along an orbit 

of a DE, then that orbit cannot be periodic. 

Theorem 6 Let V : R" -> R be a C * function. If V(x) = W ( z ) • f(x) < 0 on a 

subset D C R", then any periodic orbit of the DE x = f(x) which lies in D, belongs 

to the subset {x\V(x) = o } n D . 

Theorem 7 Consider a DE x = f(x) in R2. Let a £ R2 be an initial point such 

that {gta\t > 0} lies in a closed bounded subset K C R2. If K contains only a finite 

number of equilibrium points then one of the following holds: 

1. w(a) is an equilibrium point 

2. u>(a) is a periodic orbit 

3. w(a) is a cycle graph1. 

Proof. The proof is based on the fundamental lemma of w-limit sets in R2. [See Hale 

[138], page 230, and Lefshetz [139], page 129]. D 

Comment: This theorem does not generalize to DEs in Rn, n > 3, or to DEs on the 

2-torus. Indeed, the problem of describing all possible w-limit sets in R", n > 3, is 

presently unsolved. 

A.5 Bifurcations of Equilibria 

Consider a DE in R™ of the form i = f(x, p) where p, is a real parameter. Bifurcation 

theory, as applied to DEs, is the study of how the portrait of the orbits change as p 

varies. 

Theorem 8 (Hopf) Consider the DE x = f(x,p) in R2, where f £ C 3 . Suppose 

f(0,p) = 0 for all p £ I C R, and that Df(0,p) has eigenvalues a(p) + ip(p). If 

1A cycle graph is a union of two or more whole orbits, e.g., a homoclinic orbit. 
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HI: there exists p0 £ I such that a(p0) =" 0, 0(po) ?*= ®> ^'(po) f^ 0 

H2: the equilibrium point x = 0 is riot a nonlinear center when p = po 

then 

C: there exists a fi > 0 such that for each p £ (po, p0 + 6) or p £ (po — 5, po), the DE 

has a unique periodic orbit (when restricted to a sufficiently small neighborhood 

ofx = 0). 

Proof. [See Hopf [140, 141], vol. 94 , pages 1-22 and vo,. 95, pages 3-22.] • 



Appendix B 

Homogeneous Differential 

Equations 

Consider an autonomous system of second order homogeneous equations 

dx' 
—Y = ii = Fi(xx,x2,...,xn), i = \...n (B.l) 
at 

that is Fi(Xxi, Xx2,. ••, Xxn) = X2F(xi,x2,...,xn). This system is invariant under 

the transformation 

xt -> Xxu t -> X~lt. (B.2) 

Taere exists new variables such that the n-dimensional system (B.l) can be reduced 

by one dimension. Define 

%i 
ri = —, t = 1 . . .n — 1 

xn 

s = lnxn, 

Then 

di\ dri dt 

dr dt d r ' 
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and 

£L* A J_ 
2 **•"• ) 

On / Xn 

"i\%li &2, • • • > -En) 2»t ^ r i i ^ ' l j 3*2, • • • > <Bn) 

2 **'n / ' 
«Cft 3*?i / &n 

X n a.71 

= i i {(r i , r2 ) . . . , r n _ 1 , l ) - r iF n ( r i , r2 , . . . , r n - i , l ) , (B.4) 

ds __ ds dt 
dr dt dr"1 

Fn(xi,a:2, ...,a:„) 
X n 

= /• ,
n(r1 ,r2 , . . . ,rB_1 , l). (B.5) 

Therefore one can easily see that the original system (B.l) rewritten in the new 

variables (B.3) decouples to an 71 — 1 system (B.4) for n and 1 equation for s where 

.? is given by the integral of (B.5), 

s- I Fn(ri,r2..... rn-i)dr. (B.6) 
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Appendix C 

Energy Conditions 

For the imperfect fluid cosmological models studied in Chapters 3-5, the energy 

conditions can be formulated with respect to the eigenvalues of the energy momentum 

tensor [69]. The weak energ„ condition (WEC) states that TabW
aWb > 0 for any 

timelike vector Wa [65]. In the models under investigation the WEC, written in 

dimensionless variables (3.10), becomes 

3 ( 2 - 7 ) a : - 7 / - 2 v / 3 ( 2 i + ^ ) + 9A > 0, 

373! + y + 2V3(z! - 5z2) + 9A > 0, 

373: + 7/ + 2V$(z2 -5z j ) + 9A > 0, 

where 

A = ^[Qix + 2y + QV^(zi + z2)]
2 - 3(Si + S2)2(4 - Ax - S2). (Cl ) 

Before we proceed, it must be stated that the eigenvalues of the energy momentum 

tensor must be real [69] and therefore the quantity under the root sign in (C.l) must 

be positive. 

The dominant energy condition (DEC) states that for every timelike vector Wa, 

TabW
aWb > 0 and TabWa is non-spacelike [65]. In the models under investigation the 
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DEC becomes 

0 < 3(2 - 7 > - y - 2s/Z(zx + z2), 

0 < Six + y + 2\/3(zi - 5*2) + 9A < 6(2 - 7)1 - 2y - iV3(zx + z2) + 18A, 

0 < 37a; + y + 2v^(^2-52;i) + 9A<6(2-7)a ; -27 / -4V3(^+22) + 18A. 

The strong energy condition (SEC) states that TabW
aWb - \Ta

aWbWb > 0 for 

any timelike vector Wa [65]. In the models under investigation the SEC becomes 

WEC and 6(7 - l)x + 2y- 2V$(zi + z2) + 9A > 0. 
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